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Preface to the Fourth Edition

As in former editions of this book, I have expanded the present one to contain
new sections on subjects beyond those found in the previous editions, thereby
filling some of the existing gaps. Thus, we now have a section on heavy
quark effective theories, one of the more powerful methods devised to take
advantage of the existence a large scale (the mass of the heavy quark) for
observables involving at least a heavy quark; a new section on lattice QCD,
a method of calculation that is already giving reasonably reliable results for
a number of observables; and several sections with a detailed discussion of
chiral perturbation theory. There is little doubt that, at least at the one
loop level, chiral perturbation theory has led to an important insight into
pion physics in a region where methods derived from ordinary perturbation
theory are not at applicable, which justifies this substantial addition.

Besides this, I have corrected errors in the previous edition and improved,
here and there, the material on several among the various topics; in particu-
lar, including more information on experiment, and on comparison of theory
with experiment. The values of the basic QCD parameters have also been
completely updated.

There are, of course, a large number of topics still not touched upon in
the present edition: QCD has grown into such a vast field that no single book
can hope to provide anything near a full coverage of it. But I feel confident
that, with the new additions, the book presents at least a fair sample of the
main areas where QCD allows one to get quantitative results.

It is a pleasure to thank the colleagues that have contributed with
their collaboration, discussions and information, to whatever improvement
this new edition presents: J. Santiago and, above all, J. R. Peldez and
J. de Troconiz. Correspondence with J. Gasser concerning certain matters
associated with chiral perturbation theory has also been helpful.

Once again, I would like to acknowledge the continued support and un-
derstanding of Springer—Verlag in all editorial matters.

Madrid, January, 2006 F. J. Yndurdin



Preface to the Third Edition

QCD is an ever growing area of physics; when writing a new edition of a
book dealing with it, it is thus impossible not to take into account some at
least of the new developments in the field. In selecting those to be included, I
have followed the principle of incorporating developments pertaining to topics
already treated in the former editions. Thus I have not included sections on
chiral dynamics or effective theories.* What has been included are expansions
of a number of sections. In particular of those dealing with deep inelastic
scattering: both on higher order calculations, quite a number of which have
become available in the last few years and, especially, on the small x limit of
structure functions where, triggered by the results of HERA, there has been
considerable activity. In this chapter dealing with perturbative QCD we have
also added a section on 7 and Z decays, at present the more reliable processes
from which to extract the QCD coupling constant, .

Two more topics have also received special attention. One is the matter
of bound states of heavy quarks, where inclusion of higher order perturba-
tive and nonperturbative evaluations has led to a clarification of the QCD
description, particularly of lowest states of heavy quarkonia: Chapter 6 has
been almost entirely rewritten. The other concerns Chapter 10, expanded
to include the results of high order (four loop) calculations of 8, v,,; an
updated determination of the parameters of the theory (quark masses, A,
condensates); and a few considerations on the character of the perturbative
QCD series, including discussion of saturation and renormalons.

Besides this, I have profited to improve some of the features of the book:
a general polishing, including updating of Sect. 7.4 and relocating of the sec-
tions on instantons and lattice QCD from Chapter 8 to two separate chapters
(plus addition of a small Subsection 9.5iii); and technical improvements such
as replacement of the old fashioned figures by computer generated graphs.

For this new edition, I would like to record my gratitude to, besides people
already quoted in former ones, A. Pich, J. Vermaseren and Yu. Simonov, who
read some of the new material in the manuscript; and to K. Adel for his
program “Kdraw”, used for the computer generation of the figures. Finally,

* With respect to the first, see bibliography in text. For the second, the interested
reader may consult the original paper of Caswell and Lepage (1986) and the reviews
of Lepage and Thacker (1988) and Grinstein (1991).



X Preface

the continued support of Springer—Verlag in all editorial matters is warmly
acknowledged.

Madrid, December 1998 F. J. Ynduréin



Preface to the Second Edition

The present book is not merely an elaboration of the 1982 text Quantum
Chromodynamics: An Introduction to the Theory of Quarks and Gluons. In
fact, a lot of material has been added: some of which is entirely new, and
some of which is an extension of topics in the older text. Among the latter
there are two sections dealing with the background field method, and the
expansion of the section devoted to processes describable by perturbative
QCD (other than deep inelastic scattering) into a whole chapter, containing
a detailed description of Drell-Yan scattering, jet physics, exclusive processes,
QCD sum rules, etc. Besides this, I have added a completely new chapter on
constituent quark models of hadrons, including a derivation of the quark—
quark potential and, also entirely new, a half chapter containing a detailed
introduction to lattice QCD. An extra short chapter on the parameters of
QCD and an appendix on group integration contribute to making the present
book a really new text, sufficiently so to justify the change of title to The
Theory of Quark and Gluon Interactions: a change that also emphasizes the
consolidation of QCD as the theory of strong interactions.

Of course, even with the inclusion of new material there are whole areas of
quark and gluon physics not covered at all. Among these, let me mention the
large N, limit of QCD (the interested reader may consult 't Hooft, 1974a.b,
Witten, 1979b, 1980); the infrared problems in QCD, very poorly understood
(see, e.g., the classic paper of Lee and Nauenberg, 1964; Muller, 1978 and
Zachariasen, 1980), and, especially, QCD at finite temperature, a fashionable
subject at present, which the reader may follow from the review of Gross,
Pisarski and Yaffe (1981).

Besides the people quoted in the preface to the 1982 edition, I would
like to acknowledge the valuable influence of my scientific involvement with
R. Akhoury, F. Barreiro, G. Lépez Castro and M. Veltman, and thank again
A. Gonzalez-Arroyo, who kindly undertook a most useful critical reading of
the part concerning lattice QCD.

Madrid, 1992 F. J. Yndurdin



Preface to the First Edition

Quantum Chromodynamics — An Introductionto the Theory
of Quark and Gluon Interactions

It is almost thirty years since Yang and Mills (1954) performed their pio-
neering work on gauge theories, and it is probably safe to say that we have
in our hands a good candidate for a theory of the strong interactions based,
precisely, on a non-Abelian gauge theory. While our understanding of quan-
tum chromodynamics (QCD) is still incomplete, there have been sufficient
theoretical developments, many of them enjoying a degree of support from
experimental evidence, to justify a reasonably systematic treatise on the sub-
ject.

Of course, no presentation of QCD can claim to be complete, since the
theory is still in the process of elaboration. The selection of topics reflects
this: I have tried to discuss those parts of the theory that are more likely
to endure, and particularly those developments that can, with a minimum
of rigour, be derived from “first principles”. To be sure, prejudice has also
influenced my choice: one necessarily tends to give more attention to subjects
with which one is familiar, and to eschew unfamiliar ones. I will not pause
here to point out topics which perhaps should have been included; the list of
references should fill the gaps.

This work grew out of graduate courses I have been teaching for the last
few years: the book is intended to reflect the pedagogical and introductory
nature of those lectures. With this aim in mind, I have tried to write a self-
contained text which avoids as far as possible the maddening circumventions
of sentences like “it can be shown” or “as is well known”. However, I have
assumed the reader to have a basic knowledge of field theory and particle
phenomenology, and have no doubt that occasional recourse to the literature
will be necessary.

What this book owes to the standard reviews and articles on the subject
should be apparent and is recorded in the references. I have directly benefited
from collaboration with my colleagues: A. Gonzélez-Arroyo, C. Becchi, S.
Narison, J. Bernabeu, E. de Rafael, R. Tarrach and, particularly, C. Lépez
and P. Pascual (who also spotted several mistakes in a preliminary version
of this work), to name only a few. I also wish to acknowledge the invaluable
secretarial help of Antoinette Malene.

Madrid, 1982 F. J. Yndurdin



Contents

1.

Generalities
1.1 The Rationale for QCD ... ... ... ... . .. . .. 1
1.2 Perturbative Expansions; S-Matrix and Green’s Functions;
Wick’s Theorem . ......... .. . .. i 6
1.3 Path Integral Formulation of Field Theory .................. 12
QCD as a Field Theory
2.1 Gauge Invariance ............. i 19
2.2 Canonical Quantization; Gauge Fixing; Covariant Gauges ..... 22
2.3 Unitarity; Lorentz Gauges; Ghosts; Physical Gauges .......... 25
i Covariant Gauges ... .......oiuiiiintiiii i 25
ii Physical Gauges .......... i 30
2.4 The Becchi-Rouet—Stora Transformations ................... 32
2.5 Functional Formalism for QCD. Gauge Invariance.
Integration of Fermions ........... ... .. .. o i .. 35
i Gauge Invariance. Ghosts . ....... ... ... ... . . . . ... 35
ii Integration of Fermions .......... ... ... .. .. . .. 39
2.6 Feynman Rules in the Path Integral Formalism .............. 40
2.7 The Background Field Method .......... .. . .. ... .. ... 44
2.8 Global Symmetries of the QCD Lagrangian:
Conserved Currents . .............iiiininiiennn. 46
Renormalization in QCD: Asymptotic Freedom.
Operator Expansions
3.1 Regularization (Dimensional) ............ ..., 49
3.2 Renormalization: Generalities .......... .. .. .. .. .. .. ... ... 54
3.3 Renormalization of QCD (One Loop) ...............cooo... 59
i p-Renormalization ........... ... . 59
ii The Minimal Subtraction Scheme ........................... 63
iii Renormalization in the Background Field Formalism ........... 69
3.4 The Renormalization Group ........... .. .. ... ..., 71
3.5 The Callan-Symanzik Equation ............................ 73
3.6 Renormalization of Composite Operators ................... 75
3.7 The Running Coupling Constant and the Running Mass
in QCD: Asymptotic Freedom ......... ... ... ... ... ........ 79

3.8 Heavy and Light Quarks: the Decoupling Theorem.
Effective ny, A ... 83



XVI Contents

3.9 The Operator Product Expansion (OPE) at Short Distances.

Nonperturbative Effects in Quark and Gluon Propagators .. ... 87
i Short Distance Expansion ............. . ... .. 88
ii Nonperturbative Effects in Quark and Gluon Propagators ....... 90
3.10 Effective Theories for Heavy Quarks ........... ... ... ...... 93
i The Functional Integration Method .......... ... ... ... ... .... 94
ii The Foldy—Wouthusen Method .......... ... . ... . ... . .... 97
iii Discussion; a Sample Calculation; Radiative Corrections ........ 99

4. Perturbative QCD
I. Deep Inelastic Processes

4.1 eTe” Annihilation into Hadrons .......................... 105
4.2 7 and Z Decays Involving Hadrons ........................ 111
17 DCAY v vttt 111
1 Z DeCay .o v 117
4.3 Kinematics of Deep Inelastic Scattering.
The Parton Model ....... ... . . 119
i Kinematics. Structure Functions ............ ... ... ... ...... 119
ii The Parton Model ......... ... .. .. ... 124
4.4 Light Cone Expansion of Products of Currents .............. 126
4.5 The OPE for Deep Inelastic Scattering in QCD. Moments .... 133
4.6 Renormalization Group Analysis:
the QCD Equations for the Moments ...................... 138
4.7 QCD Equations for the Moments to Second
and Higher Orders ......... .. .. .. . i 143
iNonsinglet .. ... 143
ii Longitudinal Structure Function ........................... 145
i Singlet ..o 149
iv Comparison with Experiment .............. ... .. ... ..... 152
4.8 The Altarelli-Parisi, or DGLAP, Method ................... 154
4.9 General Consequences of QCD for Structure Functions ...... 163
PSum Rules ... 163
ii Behaviour of Structure Functionsasx — 1 .................. 166
iii The Limit  — 0, Nonsinglet . .......... ... ... ... ... ...... 168
iv The Limit x — 0, Singlet . ....... ... .. . ... 171
v The BFKL Pomeron ......... ... . ... ... 174
4.10 Target Mass Corrections . ............c.ooiiiiiinnennao... 175
4.11 Nonperturbative Effects in eTe™ Annihilations
and Higher Twists in Deep Inelastic Scattering ............. 177
4.12 More about Comparison of DIS Calculations with Experiment 180
i Parametrizations . ........... ... 180
ii Exact Reconstruction ........... .. ... . ... . i 181
iii Structure Functions at Small x ............ ... ............ 182

iv Structure Functions at Small z and Small Q% ................ 185



Contents XVII

5. Perturbative QCD
I1. OZI Forbidden Decays; Drell-Yan Processes;
Jets; SVZ Sum Rules; Exclusive Processes and so on.

5.1 OZI Forbidden Decays .......... ..o . 189
5.2 Drell-Yan Processes ............ciiiiiiiiiii.. 193
i Partonic Formulation ............ .. .. .. ... . . ... 193
ii Radiative QCD Corrections . ........ ..ot 195
iii The K Factor . .......oiiiini e e 199
5.3 Jets: Generalities .......... .. 205
5.4 Jetsin eTe™ Annihilations ............... ... ... ... ... 210
iTwo Jet Events ...... ... .. 210
ii Three Jet Events .. ........ .. 214
iii Multijet Events . ... 218
iv Gluon Jets in Quarkonium Decays ............ ... .. ... .... 218
5.5 Jets in Hadron Physics ........ ... .. .. .. .. . . .. 219
56 The SVZ Sum Rules ............ . .. . . .. 226
5.7 Exclusive Processes ........... .. .. . ... ... 232
5.8 Other Processes that can be Described with
Perturbative QCD ... ... 240
i Deep Inelastic Scattering on 7, K, v Targets ................. 240

ii Strong Interaction Corrections to Weak and
Electromagnetic Decays of Hadrons . ....................... 242

6. Hadrons as Bound States of Quarks

6.1 Generalities. The Quark Model of Hadrons ................. 247
6.2 Pole Mass and the Schrodinger Equation. Corrections ....... 249
i Confinement. Pole Mass. Relation with the MS Mass .......... 249
ii The Schrodinger Equation. Ladders . ....................... 252
iii The Static Potential; Radiative Corrections ................. 256
iv The pNRQCD Method ........ ... . ... . . . 258

6.3 Relativistic, Radiative and Nonperturbative Corrections
to Heavy Quarkonium. Evaluation of Lowest Lying ¢c

and bb States ... ... 258
i Coulomb Potential and Relativistic Corrections ............... 258
ii One and Two Loop Radiative Corrections to the Coulombic
Potential. Mixed Radiative—Relativistic Corrections ........... 262
iii Nonperturbative Corrections . .............. .. ... oo, 267
iv QCD Analysis of Lowest Lying éc and bb States .............. 271
6.4 Higher Excited éc and bb States. Confinement Forces.
Effective Potentials ........... ... .. .. .. .. . .. . 273
6.5 The Constituent Quark Model ............................ 280
6.6 Bag Models ....... ... i 281
i Introduction. Bogoliubov’s Model . .......... ... ... ... ... ... 281

ii The MIT Bag ... ..ot e 285



XVIII Contents

7.

Light Quarks; PCAC; Chiral Dynamics; the QCD Vacuum

7.1 Mass Terms and Invariances: Chiral Invariance .............
7.2 Wigner—-Weyl and Nambu—Goldstone Realizations
of Symmetries ....... ..
7.3 PCAC and Light Quark Mass Ratios ......................
7.4 Bounds and Estimates of Light Quark Masses ..............
7.5 The Decay 7% — ~v; the Axial Anomaly ...................
7.6 The U(1) Problem. The Gluon Anomaly ...................
7.7 The 0 Parameter; the QCD Vacuum; the Effect
of Massless Quarks; Solution to the U(1) Problem ...........
7.8 Chiral Lagrangians .............. ..
iThe o Model . ... ... e
ii Exponential Formulation ........... ... ... ... ... .......
7.9 Connection with PCAC, and a First Application ............
7.10 Chiral Perturbation Theory: General Formulation ..........
i Gauge Extension of Chiral Invariance ......................
ii Effective Lagrangians in the Chiral Limit ...................
iii Finite Pion Mass Corrections .............. .. ..o,
iv Renormalized Effective Theory ............ ... ... ... ... ...
7.11 Comparison of Chiral Perturbation Theory with Experiment
7.12 The Accuracy of Chiral Perturbation Theory Calculations . ...

Instantons

8.1 The WKB Approximation in the Path Integral Formalism;
Tunnelling . ..o
8.2 Euclidean QCD ... ... . .. .
8.3 Imstantons ...... ... ..
8.4 Connection with the Topological Quantum Number
and the QCD Vacuum .......... .. .. iiiiiiininnn.

Lattice QCD

9.1 Quarks (and Gluons) on an Euclidean Lattice ..............
9.2 Gluons (and Quarks) on the Lattice. Paths and Loops.
The Wilson Action ... ... .
i Abelian Gauge Theories .......... ...,
ii QCD. The Wilson Action .......... ...ttt
9.3 Feynman Rules on the Lattice. Renormalization Group.
Connection with the Continuum Parameters ................
iFeynman Rules ........ ... . ... . . ..
ii Renormalization, and Renormalization Group ................
9.4 The Wilson Loop. Strong Coupling. Confinement ...........

287



Contents XIX

9.5 Observable Consequences of Lattice QCD

I General ... .. 384
i Wilson Loop; String Tension;

Connection Between Long and Short Distances .............. 384
ii Hadronization of Jets . ........ .. . 386

iii Locality of the QCD Vacuum. Long Distance Behaviour
of Invariant Propagators. Constituent Quark Mass ............ 389

9.6 Observable Consequences of Lattice QCD
II. Hadron and Quark Masses; Decay Constants ............. 391
i Non-Goldstone Hadrons . ............ ... i, 392
ii Pion Physics on the Lattice ......... ... ... .. .. .. ... ... 395
10. The Perturbative QCD Series. The Parameters of QCD.
Condensates

10.1 The Functions [, Ym o e v vttt e 399

10.2 The Character of the QCD Perturbative Series.
Renormalization Scheme Dependence of Calculations

and Parameters. Renormalons. Saturation .................. 402

i Truncation and Renormalization Effects ..................... 402

it Renormalons . ......... ... e 405

iii Saturation ... ... ... 410

iv The Limit of Accuracy of QCD Calculations ................ 412

10.3 Coupling Constants: 6, ag, A . ... ... i 414
i The parameter 0 .. ... i e 414
HAANA s e et e e e e, 414

10.4  Quark MasSes . ...ttt 417
10.5 Condensates . ...........ouuiiiien i 422
i Quark Condensates, (Gq) .. ... ..ot 423

ii The Gluon Condensate, (asG?) ... ... 424

Appendices

Appendix A: y-Algebra in Dimension D ..................... 431
Appendix B: Some Useful Integrals .......................... 433
Integration in Feynman Amplitudes ............ ... . ... .... 433

Some numerical Integrals .............. ... . . ... 436
Appendix C: Group-theoretic Quantities. Group Integration .... 437
Lie Algebra. Invariants .. .........coutiueininninnennennn.. 437
Group Integration .......... ... ... i 438
Appendix D: Feynman Rules for QCD ....................... 440
Ordinary FormaliSm . ....... ..ottt 440
Background Field Formalism . ......... ... ... .. .. .. ... ... 442
Appendix E: Feynman Rules for Composite Operators ......... 445
Appendix F: Some Singular Functions ....................... 446

Appendix G: Kinematics, Cross Sections, Decay Rates.
Units oo 447



XX Contents

Appendix H: Functional Derivatives ......................... 449
Appendix I: Gauge Invariant Operator Product ............... 450
References .......... ... ... . 451

Subject Index ......... ... ... 469



1 Generalities

Anaximander, student of Thales of Miletus, maintained that the
primordial substance of things should be called the unbound: he
was the first to use this word for the substratum. He pointed
out, however, that this primeval substance, of which all elements
in heaven and the worlds are made, is not water or any of the
so-called “elements” we find around, but a different, limitless
substance which fills all of them.

ANAXIMANDER, 546 B.C.E.

1.1 The Rationale for QCD

Historically, quantum chromodynamics (QCD) originated as a development
of the quark model. In the early sixties it was established that hadrons could
be classified according to the representations of what today we would call
flavour SUFR(3) (Gell-Mann, 1961; Ne’eman, 1961). This classification pre-
sented a number of features that are worth noting. First of all, only a few,
very specific representations occurred; they were such that they built repre-
sentations of a group SU(6) (Giirsey and Radicati, 1964; Pais, 1964) obtained
by adjoining the group of spin rotations SU(2) to the internal symmetry
group, SUr(3). However, neither for SUg(3), or SU(6) did the fundamental
representations (3 and 3 for SUr(3)) appear to be realized in nature. This led
Gell-Mann (1964a) and Zweig (1964) to postulate that physical hadrons are
composite objects, made up of three quarks (baryons) or a quark-antiquark
pair (mesons). These three quarks are now widely known as the three flavours,
u (up), d (down) and s (strange); the first two carry the quantum numbers
of isospin, and the third strangeness. It has been found that precisely those
representations of SUg(3) occur that may be obtained by reducing the prod-
ucts 3 x 3 x 3 (baryons) or 3 x 3 (mesons); when the spin 1/> of the quarks
is taken into account, the SU(6) scheme is obtained. In addition, the mass
differences of the hadrons may be understood by assuming

mg —my ~4 MeV, mgz;—mgq= 150 MeV, (1.1.1)

together with eventual electromagnetic radiative corrections. The electric
charges of the quarks, in units of the proton charge, are

Qu=13% Qi=Qs=—3. (1.1.2)

That hadrons are composite objects was a welcome hypothesis on other
grounds, too. For example, it is known that the magnetic moment of the
proton is pp = 2.79 x eh/2m,, instead of the value p, = eh/2m, expected if
it were elementary. The values of the magnetic moments calculated with the



2 Chapter 1

quark model (first developed by Morpurgo and by Dalitz and collaborators)
are, on the other hand, in reasonable agreement with experimental results.

These successes stimulated a massive search for quarks that still goes on.
None of the candidates found to this date has been confirmed, but at least
we have a lower bound (of the order of 200 GeV) for the mass of free quarks,
which seemed to imply that hadrons are very tightly bound states of quarks
indeed. This picture, however, can be challenged on at least two grounds.
First, the fundamental state of a composite system, in the SU(6) scheme, is
one in which all relative angular momenta vanish. Thus the ATT resonance
had to be interpreted as being made up of

UT, uT, UT’ (113)

(where the arrows stand for spin components) at relative rest. However, this
is preposterous: being spin one-half objects, quarks should obey Fermi—Dirac
statistics and their states should be antisymmetric, which is certainly not
the case in (1.1.3). Second, one can use current algebra techniques (Gell-
Mann, Oakes and Renner, 1968; Glashow and Weinberg, 1968; Okubo, 1969)
to calculate mg/my with the result

mg/mq ~ 20, (1.1.4)

which is a flat contradiction of (1.1.1) for quarks of a few GeV of mass.

With respect to the first objection, a possible solution was proposed by
Greenberg (1964), who assumed that quarks obey parastatistics of rank three.
It is known that such parastatistics can be disposed of by taking ordinary
Fermi-Dirac statistics and introducing a new internal quantum number,’
which Gell-Mann and his collaborators? called “colour”, so that each species
of quark may come in any of the three colours i = r, y, v (red, yellow, violet).
Then, one can reinterpret the AT+ as

i.e., perfectly antisymmetric. In addition, the absence of states with, say, two
or four quarks (so-called “exotics”) could be explained by postulating that
all physical hadrons are colourless; that is to say, that they are singlets under
rotations in colour space:

Ue: g = Uke", UUS =1, (1.1.5)
k

If we take these transformations of determinant unity so as to eliminate
a trivial overall phase, they build a new invariance group, namely colour

! In fact, a colour quantum number was first introduced by Han and Nambu (1965).

? See Bardeen, Fritzsch and Gell-Mann (1972); Fritzsch and Gell-Mann (1972);
Fritzsch, Gell-Mann and Leutwyler (1973).



Generalities 3

SU.(3). Now the singlet representation of this group only appears in the
products 3. x 3. x 3. (baryons) or 3. X 3. (mesons), and this explains why
we have these particles, and no exotics, which we do not find in nature.

We will not yet discuss a solution to the second difficulty, but rather
make it worse by digressing to current algebra. If quarks are elementary, one
must build currents out of quarks. Thus, the electromagnetic (e.m.) current
is

Jh = 2uytu — 2dytd + 2eyie — §5yts; (1.1.6a)
and the charged weak current
_ul=s _ul=s
Ty = iyt ==Ly + ey ==L,
W= o Ty (1.1.6b)
dg = dcosfc + ssinfe; sy = —dsinfc + scosfc

(0c is the Cabibbo angle). Summing over omitted colour indices is under-
stood, and we have included the contribution of the ¢ (charmed) quark. Gell-
Mann (1962, 1964b) then postulated that, at short distances, the commuta-
tion relations of these currents are as if the quark fields entering into them
were free (current algebra):

L:quarks ~ L:O - Z Z qj(x)(la - mq)qj(x) (117)

q=u,d,... J

It was difficult to understand how this could be so, but the hypoth-
esis met with spectacular success in the Adler—Weissberger sum rule, the
Cabibbo—Radicatti sum rule, and the calculations by Sirlin and others of
certain radiative corrections to 8 decay in nuclei.

Another view of the quark model came from deep inelastic scattering
experiments. Here a virtual photon, or W, with large virtuality, —Q?, and
high energy, v, is scattered off some target (a proton, for example). One found
the surprising result, which had been anticipated by Bjorken (1969), that the
cross section was of the form (for the kinematics, see Sect. 4.3)

0o « 50 . 90
= — — 1.1.
000K, 4myk2sin’ 0/2 {W2 cos” 5 +2Wasin 2} ’ (1.1.8a)

where, if we write

v

Fi(z,Q*) =Wy, F(z,Q%) = WWZ’ z=Q%v;
. : ) (1.1.8b)
[t el a), Ol & ~g" Wi+ W

P

then the F; are approximately independent of Q? for Q? — oo, when z has a
fixed value (Bjorken scaling). Feynman showed how this could be understood
if, in the limit Q?, v — oo (which, in view of (1.1.8b) means short distances),
we consider the proton to be made up of parts, the “partons”, that do not
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interact among themselves. It took only one step to identify these partons
with quarks, which appear again free at short distances, thus creating another
puzzle.

Clearly, all these difficulties are dynamical and can therefore only be
solved by building a theory of strong interactions, so we come to the crux
of the matter: Which are the interactions among hadrons? A remarkable
fact of hadron physics is that in spite of the variety of hadrons (compare, for
example, the 7, K masses), interactions among them (coupling constants and
high energy cross-sections, where one can neglect mass differences) are flavour
independent. This means that whatever agency causes quarks to interact, it
must act equally on u or d, s or c.

In the meantime, renormalizable theories of weak and electromagnetic in-
teractions had been constructed by Glashow, Weinberg and Salam and Ward
and others. Weinberg (1973a) and Nanopoulos (1973) have shown that, to
avoid catastrophic violations of parity to order «, one needs that strong inter-
actions act on quantum numbers other than flavour. These were among the
reasons that led physicists to consider the possibility that whatever glued the
quarks (the gluons) interacted precisely with colour to which weak and elec-
tromagnetic interactions are blind, cf. (1.1.6). One takes eight vector gluons,
with fields BY, a = 1 to 8, in the adjoint representation of SU.(3) interacting
universally with all quark flavours:

L= Lo+ 93 T @) utid (@) Bl(a), (1.1.9)

q ika

where Lo is still given by (1.1.7) and the ¢$, matrices are t%, = 1\, with
A% the Gell-Mann matrices; they generate the fundamental representation of
SU.(3), and satisfy the commutation relations

[t "] =iy febere. (1.1.10)

The f¢ are called structure constants.® The colour and vector character of
gluons has the extra virtue of explaining the split between the masses of the
Ass and the nucleons, and even the mass difference between the A and X9
particles (De Rujula, Georgi and Glashow, 1975).

A further step is taken if it is realized that, for massless vector fields, a
non-Abelian gauge theory (first introduced by Yang and Mills, 1954) presents
hideous infrared singularities that could prevent the liberation of individual
quarks and gluons. Thus, we can at least be reconciled to (1.1.1) and (1.1.4):
one cannot see isolated quarks because they cannot escape from hadrons due

3 For group theoretic relations, see Appendix C. We will write colour indices as
subscripts or superscripts indifferently: f2¢ = fape, t% =t etc.
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to their interactions, not because they are heavy. This is the hypothesis of
confinement. Now, we modify (1.1.9) to

Lacp = Zq V(i@ — mg)d’ (x) + 9> > @ (@) yutia" () Bl (x)
q ika
ZGuV auu( )s

G (x) =0"BY — "Bl + 9> fare Bl BY.

(1.1.11)

We get a bonus: as occurs in all non-Abelian gauge theories, the coupling
constant is automatically universal. Eq. (1.1.11) shows the standard QCD
Lagrangian, which will be our starting point in the following sections.

Until now the entire construction has been rather fragile. It consists of
a set of assumptions, culminating in Eq. (1.1.11), in which each hypothesis
takes us further away from the real world (pions, protons, etc.) into what
appeared to be a fictitious realm (quarks and gluons) with a set of predic-
tions that hardly outnumber the assumptions. However, the situation changed
radically in the early seventies. At that time 't Hooft (unpublished), Politzer
(1973) and, independently, Gross and Wilczek (1973a, b, 1974), proved that
in a theory such as that described by the Lagrangian (1.1.11), the effective
coupling constant vanishes at short distances (asymptotic freedom) and in-
creases at long distances. Thus at one stroke they explained the success of
current algebra and the parton model, and made confinement probable. What
is more, the corrections to the free-field behaviour of quarks are calculable;
when calculated, they are found in systematic agreement with experiment
— as much, indeed, as the accuracy of calculations (and of the experimental
datal!) allows. By and large, there is impressive evidence that QCD is the
theory of strong interactions.

Another important property of QCD, which is perhaps not sufficiently
emphasized in most presentations, is its character as a local field theory,
which leads to local observables. To be precise, the expected pattern is the
following. The fields in the Lagrangian (1.1.11) are defined in a Hilbert space,
$Hqcp, made up of quark and gluon states, and built from a perturbation
theoretic treatment of Eq. (1.1.11), for example. The quarks and gluons are
described there by local fields, ¢(z), B(x). If confinement ideas are correct,
however, it is the space of bound states $pnys that contains physical states.
That is, if we solved the theory exactly, only colour singlet operators would
survive. These include currents, such as

> Ty (1 £)d",

or other composite operators: the operator for a 7 or a proton,

Zﬁi,ysdi’ Zeikluiukdl7
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etc. The point is that these operators, tough composite, are still local; so if
the picture is right, it follows that operators in the physical Hilbert space,
$phys, are local. This is sufficient* to derive all the standard results of old-
fashioned hadron physics —fixed ¢ dispersion relations, Froissart-like bounds,
etc.— whose success, when tested experimentally, is very impressive.

One more property of QCD which, although at a speculative level is still
worth noting, is that of allowing naturally grand unifications. Because SU(3)
of colour is a larger group than the standard SU(2) x U(1) of electroweak
interactions, it follows that an energy scale may exist where all couplings are
equal. Although the more naive grand unification schemes have been proven
in disagreement with experiment, the possibility for more sophisticated ones
remains.

1.2 Perturbative Expansions; S-Matrix and Green'’s
Functions; Wick’s Theorem

In this section we review very briefly a few basic topics of relativistic field
theory. Of course this is by no means intended to cover the subject. The
topics in this section are presented merely to establish the notation and to
outline the prerequisites for understanding what will follow; the details will
have to be sought for elsewhere.®

A field theory may be specified by giving the relevant Lagrangian. If &;(x)
are the fields in the theory, the Lagrangian is a function of the @;(x) and their
space-time derivatives, 0®;(x). It is customary and convenient to split the
Lagrangian, £ (£ is actually the Lagrangian density) into free and interaction
pieces, Lo and L, with Ly obtained from £ by setting all interactions
to zero, and Liy; is defined as Ly = £ — L. For example, in QCD, the
Lagrangian is (1.1.11) and

Lo=_ a(x)(iy —mg)q()
— 1) (0"B{(x) — 0"B}(2)) (OuBav(7) — 0y Bap(2)) -

a

Besides the basic, or elementary, fields @;(x) that enter into the theory (the
q, B for QCD), we often require composite operators, usually local combi-
nations of the ®;(x), i.e., combinations involving finite products of the &;(x)
and its derivatives at the same point. For example, in QCD we will use the
currents, (z)y"q'(x). Of course, L itself is a composite local operator.

* See Epstein, Glaser and Martin (1969) and Bogolubov, Logunov and Todorov
(1975), from where one can trace the relevant literature.

5 For example, in standard textbooks such as Bogoliubov and Shirkov (1959);
Bjorken and Drell (1965) or Itzykson and Zuber (1980).
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With local fields or, more generally, local operators (whether elementary
or composite), we can form new local operators. The simplest method is
by ordinary multiplication; but there are other types of product that we
will consider repeatedly. These are the Wick product and the time ordered
product. The Wick, or normal product, is defined primarily for free basic
fields, as follows. Expand the ®; in creation-annihilation operators:

:ZC,L(k) a/k"’ZC a/k7
k

where a, @ may, or may not coincide and the sums over k are partly continuous
sums. For example, if @ is g,

(27)2 Z/zpo ﬂp'w“(p"’)“(p’a)+ei”'zv(p,0)dT(p,a)},

with u, v standard Dirac spinors and a (aT) annihilates quarks (creates anti-
quarks). Then, the Wick product, : @1 (x1)P2(x2) : is obtained by placing all
creators to the left of all annihilators as if they commuted/anticommuted if
the fields @; corresponded to bosons/fermions:

: Py (z1)P2(w2) Z {C'(k) (ch)akak/ C_'fk)(arl) _2(k )(xg)&l&,t,
k!

o) (xl)cg’“')(@)a,iak/ + (=1)°C®) (21) O (w2)a), ax )

6 = 1 for fermions, 6 = 0 for bosons.
The extension to Wick products of more factors,

@1(3}1)@]\[(37]\]) Ty

or to Wick products of Wick products like
: ( 1 D (x1)Pa(x2) : )( : D3 (x3)Py(xy) : ) :

is straightforward: one always expands in creators and annihilators, and
writes creators to the left of annihilators as if they commuted/anticommuted.

The proof is not totally trivial, yet it is not too difficult to verify that
the Wick product of local operators at the same point is itself local,® i.e., if
O1,...,0, are local, so is : O1(x)...Op(x) .

Another important property of the Wick product is that it is regular;
that is to say, for any states a, b, the matrix elements of a Wick product,
{a| : O1(z1) ...O0n(zy) : |b) are regular (i.e., differentiable) functions of the
by b,
6 For our purposes a local operator O, () is one transforming locally under Poincaré

transformations, U(a, 4)Ou(z)U ™" (a, A) = > Ppar(A)Oy (Az+a), and commut-
ing with itself at spacelike distances: [Oa(z), Os(y)] = 0 if (z —y)* < 0.
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The time-ordered product, or T-product of local (elementary or compos-
ite) operators, O1(x)...Op(z) is defined as follows:

TO1(z)...0n(z) = T{O1(x)...On(x)} = (71)502-1 (z)...0;, (z).

Here the permutation i1, . . in is such that, in the right hand side, the times
are ordered: ) > 22 ... > 2? , and § is the number of transpositions of
the indices corresponding to fermion operators necessary to bring 1,...,n
to i1,...,1,. Otherwise stated, the time ordered product is obtained by re-
arranging the operators in the natural sequence of times as if they com-
muted/anticommuted for boson/fermion operators. For example, for two fac-
tors,

Ta1(x)g2(y) = 0(2° — y°)q1 (2)q2(y) — 0(y° — 2°)q2(y) a1 ()

Tq(2)B(y) = 0(z" — y°)q(2)B(y) + 0(y° — 2”) B(y)q(x).

Note that boson-fermion operators are always taken to be commuting. The
time ordered product of local fields is relativistically invariant.

The S matrix is the operator that transforms free states at time —oo
into free states at time +o0o. S may be obtained in terms of the interaction
Lagrangian using Matthews’ formula:

S = Texpi/d4x£31t( ). (1.2.1a)

Here £9  (z) is the interaction Lagrangian with all fields in it taken as if they
were free, and in normal order. The time-ordered exponential is a formal
device; it actually is defined by its series expansion,

S:Texpi/d z LY () _1—|—1/d4x£?nt
o (1.2.1b)
+ o} /d4x1 o df e, TLY (1) . LD () + -

Many times, instead of matrix elements of S, we will require the ma-
trix elements of currents, or products of currents, or more general composite
operators. These may be obtained by adding a fictitious extra term to the
interaction. For example, suppose that we require

(a|TJy () J5 (y) b)), (1.2.2)

where the J are weak or electromagnetic currents; see (1.1.6). We then change
Lint according to

Ling — LL, = Ling + J1,(2)0 () + Jopu (@) (2), (1.2.3)
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where the ¢ are c-number auxiliary fields. We expand again:
<a\Texp/d4xc;¢;t( )|b) = (alb)
‘/d4 1nt Z }|b>
n' a|/d4xl { ot (71 —|—ZJO z1) ¢t (21 }
{ int .’L’n +Z‘]O {En (bll .’L'n)}|b> +

We let ¢ be infinitesimal and keep only terms O(¢), O(¢?). The last are of
the form

i’I’L
m<a|/d4:171. anTﬁmt 1) '[‘Cmt( DIEEE

X [Li ()] - E?nt(er)Jlu(xi)Jzy(xj)|b>¢ﬁ‘($i)¢2(xj)y

where [£] means that we have dropped the bracketed term. Letting ¢;,(z) =
€;,0(x — y;), differentiating with respect to €1, e2 and setting €1 = e2 = 0 we
get the Gell-Mann-Low equation,’

(a|TJ{ () J3 (y)|b)
—L a|Texpi 23 L9 0 (2)d)M(z
 0¢1(2)32,(y) (ol T exp /d {E”“ )+;JM( % )}|b> (1.2.4)

oo in .
= > el [t A T (o) ) S )T ()
n=0
To identify the right hand side with (1.2.2) we have used the formula, proved

e.g. in Bogoliubov and Shirkov (1959) (see also Sects. 1.3, 2.6 below)

525,
61 ()82 (y)

We then turn to the requirements of relativistic invariance and unitarity.
If (a, A) is a transformation in the Poincaré group, then

= T (x)J% (y). (1.2.5)

U(a, N)SU a,A) =S : (1.2.6)
S is relativistically invariant. It is also unitary,
sts=sst =1. (1.2.7)

" Functional derivatives are defined in Appendix H.
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If we write
S =1+iT,

where (a|7|b) is the so-called transition amplitude, then (1.2.7) may be
rewritten in terms of 7,

Im(alT|b) = Y (c|T|b)(c[T]a)*, (1.2.8)

alle

and we have assumed time reversal invariance, which holds for QCD, to
derive (1.2.8). When expanding in powers of g, Egs. (1.2.6) and (1.2.8) imply
relations order by order in perturbation theory. As (1.2.6) is linear, it must
hold for each order; but, because of its nonlinearity, (1.2.8) mixes different
orders. For example, if we let

T=g9» g"T,

n=0

then the second order constraint is

tm(a|Tolt) = 3 3 { (clTo|b) (el TsJa)*
alle (1.2.9)
+ (c|T2|b)(c|Tola)" + <6|71\b><6|71|a>*}-

We next introduce reduction formulas. Consider a scattering amplitude,
say a +b — a’ + b, with a, a’ bosons with fields ¢, ¢,. We may write the
scattering amplitude as

(' ¥'|S]a,b) = lim {(a’,b';t|a,b;t).
t/ —+oco
t— —oo

Now, if p; is the momentum of particle ¢, we may use the expression for the
creation operator in terms of the field,

t = lim
a'(pa) tlfoo 2(271_)%

/dgxeﬁpa'x 9o ' (2),
to write, after some manipulations, reduction formulas; for example,
i

" b'|S]a, b) = 3
@ 1Slat) = o

/ dtze e (O +m2) (a',V|¢] (2)[b).

We will not prove this, or give a full set of reduction formulas, which
may be found in Bjorken and Drell (1965); but we will at least present a few
typical cases. If we also “reduce” a’ we obtain

i —i

(2m)% (2m)3
X / dz / dtye PemePar Y (O, +m2) ™y +m2) (V| Tha (y)61 (2)[b).

(d,V/|S]a,b) =
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If we continue reducing we ultimately obtain the Fourier transform of the
vacuum expectation value (VEV) of the T-product of four fields,

(0T s () (2)6] ()] () [0).

The extension to spinor fields is easy. If we reduce a fermion with mo-
mentum p, and spin o, and denote its corresponding field by 1, we obtain

(2m)

etc.; the arrow means that the derivative acts on the left.

Finally, we turn to Wick’s theorem. An expression such as (1.2.1b) per-
mits us to calculate, order by order in perturbation theory, the S matrix
elements (or current matrix elements, or Green’s functions). The tool that
allows us to do this is Wick’s theorem. Consider the time-ordered product
of two free fields, T®(z1)®PI(x2). We expand the ®; in creation-annihilation
operators:

(@, V15| (pa; ), b) = / d'z (a! B ()[D)( P+ ma)ulp.o)e P,

[MY]

d3k : )
@i % / 2]€0 _lkwar(ka U)a+(k> U) + elk»wgi (ka O—)a—‘; (ka U)}

Here o is the spin, £+ the wave functions and a4, al the annihilation, creation
operators for particles (+) and antiparticles (—). Their commutation relations

{ai(k,a), al(k’,a')} = 26,0 k"6(k — K),

[a+,ai] =0

(where the symbol [ , ] is to be interpreted as the anticommutator for
fermions) can be applied to check that the difference

TP (1) PG (2) — : DY (21)P3(x2) : = PY (1) P 5 (2)

is a c-number, called the contraction. Thus it coincides with its vacuum ex-
pectation value (the propagator):

DY (21)D §(w2) = (0] TP (21)P5(x2)|0) = (TP (21)P5(2))o -

Applying this repeatedly to, say, (1.2.1) we find that TL), ... L0, may be
written as a combination of contractions times fully normal ordered products
of operators. As matrix elements of these may be easily calculated, the full
result for each term in the perturbation expansion may be so evaluated. The
Feynman rules are such that they summarize these manipulations, allowing us
to write the final result directly. For QCD, they are as shown in Appendix D

(see also Sect. 2.6, where some of the Feynman rules are explicitly deduced).
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1.3 Path Integral Formulation of Field Theory

In many applications we are concerned with the perturbative aspects of QCD.
For these, the use of either a canonical or path integral formalism is largely
a matter of taste. Nonperturbative aspects of QCD, however, can be formu-
lated with greater clarity in functional language. In this section we review
briefly the Feynman path integral formalism, in particular as applied to field
theory. Of course, this is no substitute for a detailed treatment, for which the
interested reader may consult the lectures of Fadeyev (1976) and Lee (1976)
or the textbooks of Itzykson and Zuber (1980) and Fadeyev and Slavnov
(1980).

Let us start with nonrelativistic quantum mechanics, in one dimension
(Feynman and Hibbs, 1965). Here we have a Hamiltonian, H, which is a func-
tion of momentum and posmon P Q, we assume that it has been written in

“normal form”, with all P’s to the left of all Q s. The classical Hamiltonian
may be obtained as

(p|Hq) = (2m)"2e 1 H (p, q), (1.3.1)

where P|p) = plp), Qlg) = qlq), (plg) = (27)"2e~"P4. We then evaluate the
matrix elements of the evolution operator,

(q"e” T OH g, (1.3.2)

To do so we write

R it N
—itH . ] " ’
e im ( ) , ,

N—o0

and insert sums over complete sets of states:
A it -
1 —i(t"—t"YH | 1 = i d d 1 1— LH
(q"e q') Nggo/ll pn [ [ dan (@"Ipn) (pn ] v Hlan)

it - it
_ 11— =Hlgn_1) ... 1— —H|{¢).
X <QN|pN 1><pN 1| N |QN 1> <p1| N |Q>

Now, using (1.3.1) we find

i~ (1 B ;f]’H) 4) = exp{—ipngn —%N)H(pn,qn)} Lo (1\}2> 7

SO

Ma—it" —t"H) 1y _
(q"le q')
. pn
NIEI})O/H qun eXpl{pN( —qn) +- (1.3.3)

(g —¢) — < (H(px.aw) . H(pl,q))}~

N

8 We place carets over operators temporarily.
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Feynman’s procedure consists of defining two functions, p(t), ¢(t), with
p(tn) = pn, q(tn) = gn so we may replace the integrals

dpn dp(t dgy, dg(t
H;;HIZIZ;), HQ‘;_,l:[g;), (1.3.4)

i.e., we now integrate over all functions, and the term in brackets in (1.3.3)
gives

[ alowio - w0} F=5

The entire (1.3.3) thus becomes

() dq(t)dp(t [t _
<q//|e—1(t —t )H|q/> Z/H%expl/ dt (pq—H). (1_3.5)
t t

1ol
»q

Of course this expression is formal,” and it only makes sense as a limit of
(1.3.3), but in this it is not so very different from the usual Riemann def-
inition of an ordinary integral. The important thing about (1.3.5) is that
only classical c-number functions enter: we have traded the complexities of
operator calculus for those of functional integrations.

Equation (1.3.5) may be simplified in some circumstances. If H =
p?/2m +V (q), then the integration over dp is Gaussian and can be explicitly
evaluated. Shifting the integration variables by p — p — mg,

/Hdlz)f:) expi/dt <pq— 2”;)
:/H(jlé)ff)exp(—i/dt;il)exp (i dtmq;(t)>;

therefore,

"o
t

(|71 =gy = F/qu(t) expi//qt, dt L(q(t),4(t)).  (1.3.6)

Here we have identified %mq'2 — V with the (integrated) Lagrangian, and
extracted the normalization factor, independent of the dynamics,

Fz/l?[dgff)exp{—i/dtp;ﬁz)}.

The generalization of (1.3.6) to several degrees of freedom is obvious.
Let us write the coordinates as ¢(t, k) instead of ¢x(t), &k = 1,...,N, to

¥ See, however, Wiener (1923) for a rigorous treatment of functional integrals sim-
ilar to (1.3.5).
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facilitate the transition to the field theoretic case; and let us also introduce
the Lagrangian density, writing L = >, £. We find

< |efl t”ft)H| />:F/qu(t,k)exp{/q 't dtZL tk‘ tk))}

tk
(1.3.7)

. t". For an arbitrary

The product in (1.3.7) excludes the endpoints ¢', t'; ¢”,
state |¥) we have,

@Oy = [agag @l g )

- / dg'dg” (") (" |e= ¢~ | ().

The state with minimum energy, which will correspond to the vacuum in
field theory, is one with zero momentum. Thus its wave function is constant,
Yy (q) = const. Therefore, for it,

"o
i

. q ,
Wl gg) = F [ qu tRepi [t Y Lol ). de. ).
/7tl k

and the product now includes the endpoints ¢’, t'; q”, t.
We consider now the case of field theory. Here k is replaced by x, >,
by [ d3x; q(t, k) is replaced by a field (or fields, if there is more than one)

¢(t,x) = ¢(x) and |¥y) by the vacuum state |0). Then we find

(Ofe 1" =10 ) N/ H do(z exp{/ d4x£(¢,8¢)}, (1.3.8)

&
'<10 <t/

N a constant factor. Of course, just as in ordinary quantum mechanics, the
functional integral has to be interpreted via a limiting procedure. Consider a
large volume of space, V', and divide the four-dimensional volume (¢ —¢', V')
into a finite number n of cells. Let z;, j = 1,...,n, be points inside each cell,
and let & be the four-dimensional volume of each cell. Then the right hand
side of (1.3.8) is defined as

lim [ d(z1). .. dd(ay) e 2 LO@00()) (1.3.9)

V —oco
n— oo
5—0

Later on we will see that the normalization factor N in e.g. (1.3.8) can be
disposed of when considering transition amplitudes.

To evaluate S matrix elements or Green’s functions, we require VEVs
(T$(x)...h(2))o. For this we consider the vacuum-to-vacuum amplitude,

(0|8]0) = lim (0fe "=t H gy,

t/ — —oco
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and obtain the Green’s functions through the introduction of sources. Ac-
cording to (1.3.8),

(05]0) = N/Hd(b(x) expid, A= /d%ﬁ; (1.3.10)
x
A is the action, and the product runs now over all . We add a source term

to L,
Ly,=L+nx)p(x), A,= /d4x Ly,

and define the generating functional
Z[n) = N/quﬁ(x) expid,. (1.3.11)

We will see that from this it follows that

" log Zn) B i"(T(x1) - .. d(an))o

() ... on(zn)|,—g ) ; (1.3.12)

where the right hand side is the connected Green’s function, which we have
until now denoted simply by

(Thp(x1) ... d(zn))o,

absorbing the phase (S)g in the definition of the physical S.
Let us prove (1.3.12) in the free field case (we will consider interactions
later). The Lagrangian is thus

L=18,00"0— %mij)z = -1+ m?)¢ + four-divergence.

The trick lies in reducing the integral to a Gaussian integral. For this, define
¢ so that
¢ (@) = @+m?)' 2o (x),

which is accomplished with

¢/(x) = / dly K12z — y)é(y),
. (1.3.13)

-1 e .
K(z)= G /d4k 0 1A(z).

The +i0 prescription guarantees that we will obtain time ordered products.
Then,

2l = [ T]d40'(w) dex(05/06)

xexpi [ da{ - 1000 (@) + [ dyn@K - o)
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det(d¢/¢’) is the (infinite dimensional) Jacobian of the change of variables.
The final step is a shift of the integration variable

¢(x) = ¢"(z) + / dly K2z — y)n(y)

so that
Zln] = {N/quzﬁ”(x) det(

where A(x — y) is the propagator

88¢ o [atae? | 5 [ dteatyn@)A@—yn)
¢//

(1.3.14)

i e—ik~x ~ ~
Aw) = e [ % gy = (THIO

The term in braces in the right hand side of (1.3.14) is independent of 7;
hence it will cancel when taking the logarithmic derivative. So we may write

i2

Z[n) = N exp { 5 /d4x dtyn(z) Az — y)n(y)} , (1.3.15)

from which (1.3.12) follows directly.

The treatment of vector fields presents no problems, and we will describe
it in Sect. 2.5. Operator insertions are dealt with by the introduction of extra
sources (an example will be found in Sect. 2.6). Only fermion fields require
some elaboration. We have to introduce, at the classical level, anticommuting
c-numbers,'? defined by the relations

D(@)o(y) = —¢(y)e(), [¥(@)? =0.

A functional of (classical) fermion fields will be of the general form
Flol = Ko+ [ doy Ka(on)o(an) + -

+ [ dordoy Kl i) )+

where K is an anticommuting c-number function and the K,, n > 2, may
be taken as fully antisymmetric in their arguments. The extension of the

definition
SF[) _ . Flb+eb] - FIY]
(51/) TS0 € ’

%The corresponding structure is known as a Grassmann algebra in the standard
mathematical literature. More details may be found in the treatise of Berezin
(1966).
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where € is an anticommuting number,

) = —pe, € =0,
yields the derivatives
" F[y]
o (an) ... 69(21) |y
Note the reversed order of the z; this is so because
52 52
TIPSR T

The integration over anticommuting functions also presents peculiarities be-
cause, in order to be consistent, we have to define

=nlK,(z1,...,2Tp).

[av@ =0, [av@ v = s -

A peculiarity of fermion fields is that they can be integrated explicitly in
QCD (or QED). This is because the Lagrangian is bilinear in fermion fields.
The explicit procedure will be described in Sect. 2.5.

Finally, if we want to generate one particle irreducible (1PI) Green’s
functions, i.e., Green’s functions that remain connected when cutting one
internal line, we do so by functional differentiation, but not with respect to
7, but with respect to a new field ¢, the functional I'[¢] defined by:

r(6) = jlog Zlnl - [ d*en(a)io); (1.3.16a)
#(z) = W. (1.3.16b)

 is the VEV of ¢.
The proof that I" generates 1PI Green’s functions is apparent from an
identity that we now prove. Differentiating I" twice,

2T on) [_&b(y)

06(2)oy)  dd(y) L @)

so that, in particular, A{6%1"/6¢(x)dp(y)}A = iA: up to an i, the propagator
is obtained by dressing the 1PI Green’s function with propagators. More
generally,

] = —iA7 (z —y),

1) (57’] ) ca—1 g
— = || = =LA —y)— 1.3.17
5 l&b] o = (z y)577’ ( )

which is the required equation.



2 QCD as a Field Theory

Puisque ces mystéres nous depassent, feignons de les avoir organisés.
J. COCTEAU

2.1 Gauge Invariance

Let us consider the set of fields that we have postulated for QCD: three
¢’ (x) for each quark flavour and the eight gluon fields, B, (z). The first set
builds up the fundamental representation of SU(3): if U is a 3 x 3 unitary
matrix of determinant unity, then the ¢’ transform as

U: ¢d(z)— ZUjqu(x).
k

It is possible to write any matrix in SU(3), U, in terms of the eight generators
of its Lie algebra, t®. (The explicit form of these 3 x 3 matrices is given in
Appendix C.) We have

U—exp{—igZGata}.

The 6, are the parameters of the group, and the factor g is introduced for
future convenience. Representing ¢’ by a vertical matrix, it transforms ac-
cording to

qla) — 192" g(a).

For B, we consider the adjoint (dimension 8) representation of SU(3). We
let C* be the corresponding matrices, with elements Cf, = —if,p. (see again
Appendix C for the explicit values). Then

BH(x) — e_igzg“caB“(a:).

If the 6, are constant independent of the space-time point, the analysis is com-
plete; we have a global SU(3) invariance. However, as we know from quantum
electrodynamics (QED), we have an interest in extending the transformations
to transformations with parameters 6,(z) which depend upon the space-time
point. We thus define the (local) gauge transformations, considering for the
moment only classical fields,

q(z) — e 2 0a ()t 0 (). (2.1.1a)
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Similarly, we generalize the usual QED transformations and define
BH(z) — e71922 00" Bir(g) — grg(z), (2.1.1b)

or, for infinitesimal 6,

¢ () 1920 )t5,4"(

Bl(x) — Bi(x +ngabct9b 2) B (z) — 0", (x).

b,c

(2.1.1c)

We will assume invariance under the transformations (2.1.1): in fact, the La-
grangian (1.1.11) has this property built in. As we shall see, this invariance
forces the fields to appear in very precise combinations, and it will be clear at
the end of the present section that, indeed, (1.1.11) is the most general La-
grangian invariant under (2.1.1) and involving no couplings with dimensions
of a negative power of the mass (cf., however, Sect. 7.7 and Chap. 8).

Let us consider the transformation properties of the derivative of a field,
say OMq(x). From (2.1.1c),

Mg’ (z) — ¢! 1thak9 1th (004 ()" ().

We see that it transforms differently from the field itself. To obtain an in-
variant Lagrangian, all derivatives must appear in covariant combinations:

Dl (x )fz{ §ind" — IQZBH }qk(x), (2.1.2)
k

where D* is called the (gauge) covariant derivative. The proof that D* is
covariant is straightforward. Using matrix notation,

D*q(z) — 0*q(x 1th“9 q(z fith“ (0"04( x))q(m)
— ¢ ZB“ t“tbeb 1gZB“ta
—ig Zfabct Op(x)BE (z)q(x +1gz (004 ()t q(z).

(2.1.3a)
Because

agh — gbya [ta7tb} 7 [ta’tb] _ iZfabctc’
the right hand side of (2.1.3a) is

—ig Y 90, (2)Dg(x) = 920" Dig 1 O(6%),  (2.1.3b)
as we wished to prove. Similarly, the covariant curl of the field B is

GW = (D" x B")g = 0"BY, —0"Bl + 9> fucB{ B, (2.1.4)
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and the analogy of GF¥ with the electromagnetic field strength tensor, F*" =
Ot AY — 0¥ A¥, is apparent. In terms of these, we can write (1.1.11) in a manner
that is manifestly gauge invariant. We have

Lacp = Y {iq(x) Pa(z) — meq(x)q(z)} — (D x B)”. (2.1.5a)

Here (D x B)? is short for the pure Yang—Mills component,

(DxB)*=G?=Y G"™Gau; Lym=L(DxB)" (2.1.5b)

The importance of (non-Abelian) gauge invariance is threefold. First, as
is clear from the evaluations in (2.1.3), it requires universality of the coupling;
i.e., one single constant g characterizes the coupling of quarks to gluons, or
of gluons among themselves. Second, 't Hooft (1971) has proved that a non-
Abelian theory is renormalizable, but only if it is gauge invariant. Third, it
has been shown by Coleman and Gross (1973) that only a non-Abelian theory
can be asymptotically free.

At first sight it looks as if Eq. (2.1.5) could be carried over to the quan-
tum theory directly by simply reinterpreting the fields as quantum fields.
However, and as we already know from quantum electrodynamics (QED),
this is not so. It is clear from gauge invariance that the fields B are unde-
fined, since we may effect transformations such as (2.1.1) that will alter the
commutation relations. Of course, this is related to the fact that the particles
corresponding to the fields B, being massless, have only two degrees of free-
dom; whereas the fields B* have four independent components. To effect the
quantization, we will be forced to select definite representatives of each gauge
class (gauge fixing), which breaks manifest gauge invariance. Because of the
presence of gluon self-interactions, we expect this to cause more trouble than
in the Abelian case and, indeed, we will see that the Lorentz covariant gauges
require the introduction of extra, nonphysical fields' (ghosts) to restore gauge
invariance and unitarity. Alternatively, we may choose ghost-free gauges (like
the so-called axial gauges) which, however, break manifest Lorentz invariance.

To complete this, and before considering the quantized theory, we write
the equations of motion that follow from (2.1.5), at the classical level. The
Euler-Lagrange equations for a generic field ¢ are obtained by requiring
stationary action, A = [ d*z L: they are
oL oL

O (0,d) 0D’

! Peculiar gauges with ghosts may also be constructed for Abelian theories.
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so for QCD we find

Qi p-m) =0, (P -mglx)=0
D,GL (z) = 0,GLY (z) + ¢ Z fabeBou(x)GEY (z) = 0.

)

(2.1.6)

2.2 Canonical Quantization; Gauge Fixing;
Covariant Gauges

Let us start by trying to quantize the free gluon fields. The free gluon (Yang—
Mills) Lagrangian is

‘C%M = 7% Z Ggl“ng,u.y7

GO = Y — o B

and the index 0 denotes free fields (¢ = 0). Eq. (2.2.1) is similar to the
Lagrangian for eight uncoupled electromagnetic fields; as such it is invariant
under the free gauge transformations. Dropping the labels 0 that denote free
fields, these are,

(2.2.1)

B (z) — B"(z) — 0"04(x). (2.2.2)

We expect all the problems and benefits associated with gauge invariance.
In particular, since B is undefined, it will be impossible to quantize (2.2.1)
directly. In fact, suppose we want to implement the standard canonical quan-
tization procedure. We define momenta conjugate to the BY:

oL
i (z) @0 Bor) GH°, (2.2.3)

and we see that 70(x) vanishes identically. The canonical commutation rela-
tions are

[mh(x), By (y)] (2" — y°) = —idapg" d(z — y), (2.2.4)

for i =1, 2, 3, so that the BY would commute with all operators and should
thus be c-numbers.

At this point, two paths lie open to us. We may choose a gauge in which
the nonphysical degrees of freedom are absent. It is quite clear that this
violates manifest Lorentz invariance. Or we may treat all the B* in the same
manner. Since this introduces nonphysical degrees of freedom, we will be
forced to work in a space with an indefinite metric. We shall discuss physical
gauges later on and for the moment consider covariant ones.

As is known from the case of the electromagnetic field (and at the level at
which we are working now there is no difference), we cannot have the Lorentz
condition, 0 - B, = 0, and at the same time keep covariant commutation
relations: therefore, we have to give up d - B = 0 as an operator statement.
We then introduce the Gupta—Bleuler space $)gp where Eq. (2.2.4) is realized.
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We shall see that this implies an indefinite metric for $gp. Physical vectors
will be those for which

<¢Ph‘8,uBg(x)|@Ph> =0. (225)
If we identify vectors that differ by a vector of zero norm, i.e.,
[®en) ~ |[Ppn) = [Ppn) + [217), (2.2.6)

when ($(9]$()) = 0, we finally obtain the space of physical vectors £.
To maintain Eq. (2.2.4) also for u = 0 we have to modify the Lagrangian
(2.2.1). We do this by adding a term —(\/2) Y, (9 - B,)? (gauge fixing):

A
Lyvm=—% Y G Gopy — 3 > (0.B)?. (2.2.7)

a

This should have no physical consequences, at least in the free field case,
because the term added vanishes between physical vectors, as in Eq. (2.2.5).
The momenta conjugate to the B are now

mha(2) = GO (x) — Ag"°D, B} (x), (2.2.8)

which is not zero, and thus we may keep (2.2.4). However, there arises an
indefinite metric. For example, consider (2.2.4) with pu = 0:

A0uBl (), BY ()] 8(2° = 4°) = i6apgorda(z — y). (2.2.9)
The sign is undefined. To see this more clearly, we consider momentum space.
Let us take the case A = 1 and introduce a canonical tetrad e*) (k) associated
to the lightlike vector k:

i 1
.EL = 0u0, eé) =Y 6/(5)) = @ku — 00

_ K (2.2.10)
ke =0, i=1,2; e = 5y, i, j=1,23

Of these, only €9, i = 1, 2, are associated to physical zero mass particles; (®)

is longitudinal, and €©) corresponds to a spin-zero object. We may expand

B into creation and annihilation operators:

Byl / 200 Z {e7 R e@h(k)a, (b, k) +e* e (k) al (b, k) }.

(2.2.11)
From (2.2.4) we then find

[0, (b, k), al (0, )] = — g0 205 (k — K) : (2.2.12)

thus <O|a0(k)aJ0r|O> is negative in the gauge we are considering.
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Using (2.2.12) we may calculate the propagator. If we let
(TB(x)By(0))o = Dy (x),
then, writing the answer for an arbitrary value of the gauge parameter, A\, we
have
i

Dg%)w(x) = 5ab7(2ﬂ_)4 /d4k g ik

—g" + (1 = A" HEEY /(K2 +10)
k2 +1i0 ’
(2.2.13a)
(0)pv

the superindex 0 in D_,’*" indicating free fields. We have used the notation,
that will be consistently employed in this text,

(fg...h)o={0|fg...h|0).

It is convenient to write 1 — 1/A = &; this simplifies the expression for the
propagator. In momentum space,

—g" + EkMEY /(K2 +10)

D(O)p,l/ _
ab (k) =10a k2110

: (2.2.13b)

These gauges are known as (linear) Lorentz gauges. An especially simple case
is the Fermi—Feynman gauge, £ = 0; also useful is the Landau or transverse
gauge, £ = 1.

Actually, and for A # 1, Egs. (2.2.13) have to be obtained somewhat
indirectly because, for physical, massless gluons, the term k*k" /k? is infinite.
The solution is obtained by introducing a fictitious mass, M. With it we
obtain, in momentum space,

—g" + (1= A"HkrEY (K2 — N1 M? + i0)
k2 — M? +i0 ’
taking the limit M — 0, Egs. (2.2.13) follow.
In QED, because photons do not possess self-interactions, one can work

with covariant gauges without additional considerations. In QCD, self-inter-
actions cause further complications. This will be seen in next section.

DO (k, M) = 16,
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2.3 Unitarity; Lorentz Gauges; Ghosts; Physical Gauges

i Covariant Gauges

The fact that not all states in the space where fields are defined correspond
to physical vectors means that we have to be careful with unitarity. The
unitarity condition, (1.2.7) or (1.2.8), is valid only for physical states. To
extend it to our case, we introduce the projector into physical states, P:

Poep=¢ P:=Pl=p (2.3.1)
The unitarity condition then reads
(psp)(PsP)t =P. (2.3.2)

If the Lagrangian is Hermitian, the S matrix is unitary in $gp, so we find
that (2.3.2) will be satisfied if S commutes with P. In QED this is automatic
for the gauges defined previously. In QCD such is not the case because, except
for ¢ = 0, gauge transformations involve interactions. This means that the
Lagrangian

£t =" {ighq—mqaq} — (D x B)? - 3(6-3)2, E=1-1/X, (2.3.3)

q

obtained by adjoining the gauge-fixing term to (2.1.5) is not complete as
it stands and will have to be modified. To see how this modification comes
about, we will check, in the Fermi-Feynman gauge, how (2.3.2) is violated.

T P
i -

Fig. 2.3.1A. Some of the diagrams contributing to quark-antiquark scat-

tering to second order.
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b,k+q

c,k

Fig. 2.3.1B. The diagram, contributing to quark-antiquark scattering,
where the conflict with unitarity appears. i, k, i’, k’; a, b, ¢ are colour in-
dices.

Fig. 2.3.1C. “Tadpole” diagram for second order gq scattering.

Consider second order quark-antiquark scattering. The Feynman dia-
grams that describe this process are shown in Figs. 2.3.1A, B, C. It is not diffi-
cult to see that only the diagram involving a modification of the gluon propa-
gator, depicted in Fig. 2.3.1B, may cause trouble. The diagram in Fig. 2.3.1C
contains what is known as a “tadpole”. In the regularization scheme known
as dimensional regularization, it vanishes identically as it contains an integral

/de (k* +i0)"' =0;

see Sect. 3.1.
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We will calculate the diagram in Fig. 2.3.1B in dimension D (see below,
Sect. 3.1 for more details) and at the end we will take the physical limit,
D — 4. The corresponding amplitude, with the routing of momenta of the
Fig. 2.3.1B, is

’
1YV

—g? _igh'n _i ,
T = # > vyuty, 5—211/@/,” g—zafwvft;gk,a(Pf —P), (2.3.4a)
aa’

where
) D
v —19 abe pa’be d”k 1
Y, = ——
O A b= F e

X { [ = (2k + @) gap + (k — @)pgh + (20 + k) agh) (2.3.4b)

x [— 2k +q)"g*" + (k — q)°g"* + (2¢ + k)*g"”] }

(we will consistently omit the terms i0 in the denominators, which should be
understood). Using the relation fabepa'be — 5, Cy, Cp =3 (Appendix C)
and carrying out standard manipulations (that the reader may find in field
theory textbooks, or in Appendix B here) we obtain the expression

2

, g
I = §ur Ca—2—
aa A3or

1
X { {169N5 -1- / dz (112* — 11z + 5)log ( — 2(1 — m)qQ)] g™
0

1
- [131N€ +2- /0 dz (—102% + 10z + 2) log ( — z(1 — x))] q“q”};
(2.3.5)
N.=2/e— g +logdr, e=4—D — 0.
This is divergent, but that is not the difficulty worrying us at present.
Unitarity tells us that Im7 = %T'TT. Now, Im 7 is obtained from (2.3.4) by
replacing IT by Im IT which, according to (2.3.5), is

2
v g 17 17
Im Hga’ (Q) = 5(1(1/0147327‘_9((]2) {7%(}29” —+ %q“q } , (236)

which is finite even for D = 4. This should be proportional to

13" (qalTle, phys.)(c, phys.|T T|qq),

c,phys.
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i k ba i
q
X
k k2 C,ﬁ k’

Fig. 2.3.2. Imaginary part of 7, 7 X Tt

i.e., to the square of the amplitude for g¢ — BB with physical gluons BB
(Fig. 2.3.2). If we make use of the Feynman rules we see that the expression
for this is similar to Im 7', with the replacement of Im IT%”, (¢) by

SaaCa Y Aulky, kosmu,n2) Aj (k1 ki m1,2), (2.3.7a)

1,2
k1+ka=q

where 71, 72 are the physical helicities of the gluons and
A= [(ky + )pgh — (q+ k2)agly + (k2 — k1) gap] €ys (B1, M) ey (2, 12).

(2.3.7b)
Here the epnys are the polarization vectors for physical gluons given by, e.g.,

« 1 a : 2)a
) = 5 {0 +ine® k)

with the € of (2.2.10). Because the gluons are physical, the €phys Vverify
ko€ oo(k,n) =0, k*=0,

phys

s0 (2.3.7b) may be written as (note that ¢ = ki + k»)

At = 2159k — 2kaagls + (ko — k1)#9aﬁ]63hys(k1,771)€§hys(k‘2,772),
and it is then easy to check that
A" =0

(transversality). Unitarity cannot be satisfied in the space of physical glu-
ons. Indeed, from (2.3.6) it is clear that ¢,II"" (q) # 0, which contradicts
transversality.

Of course, what happens is that Efm sends physical states into nonphys-
ical ones. This fact was noted by DeWitt (1964) and by Feynman; the solu-
tion was given by Feynman (1963) in particular cases, and by Fadeyev and
Popov (1967) in general. The idea is to introduce extra nonphysical particles
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w,k+q
a,u 2 d v
/ \
q \(// q
,k

Fig. 2.3.3. Ghost loop contribution to the gluon propagator.

(ghosts) that will cancel exactly the nonphysical states produced by Lfnt. We
thus modify £¢ by adding the ghost term

L8 = L5+ 3" (0,@a(2)) (00" — gfabeBE (x))wp(2), (2.3.8)

with £¢ given by (2.3.3). The fields w, @ are of spin zero, but they satisfy
Fermi—Dirac statistics. Since they will never appear in initial or final states
(they are, by hypothesis, nonphysical) this should not worry us. 2

Let us proceed with our analysis, introducing the ghost contribution.
Since ghosts only couple to gluons, they will only modify Fig. 2.3.1B, which
suits us. Their contribution to IT is easily evaluated to be, with the conven-
tions of Fig. 2.3.3,

dPk k' (k+q)"  Sawg?Ca

iy /:6aa’ci2/ B
(ghost)aa Alg @m)P K2k + q)? 3972

X { {é]\/} +3 - /01 dzz(l—z)log (—z(1 — x)qZ)] g

— {—éNc + 2/01 dzz(1l —z)log ( —z(l - x)q2)} q“q”}.

After some manipulations, using the integration formulas of Appendix
B, adding the result to (2.3.5) and integrating dz, we find

i o 6aa’g2CA pv 2 wov 10N 62 101 2 2.3.9
(allaa’ — 392 (_9 ¢ +aq ){_? e— 5 + 3 loglg )}, (2.3.9)

2 Tt is convenient at times, although not necessary, to think of w, @ as mutually
adjoint. The deduction of (2.3.8) to all orders will be given in Sect. 2.5.
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which certainly verifies the transversality condition,

Gl g = {3y g @ = 0- (2.3.10)

We leave it to the reader to check that now Im IT ~ > AA*. We will hence-
forth drop the index “all” and consider the QCD Lagrangian in a covariant
(Lorentz) gauge to be (2.3.8), i.e.,

Chop =X {iaPg —myia} — £(D x B’ = 5(0- BY?
! (2.3.11)
+ (0u@a) (660" — gfape B )wp, & =1—1/A.

abe

We will also drop at times the index QCD from EgQCD as given by (2.3.11).

ii Physical Gauges

Since the appearance of ghosts was caused by the fact that the projection over
physical states P does not commute with the QCD Lagrangian in a Lorentz
gauge, it may appear that the problem will not arise if we choose a gauge
with only physical gluons, so that the whole Hilbert space is physical. As we
already know at the level of QED, we cannot simultaneously have positivity,
locality and manifest Lorentz invariance; so we will have to work with a non-
covariant gauge. A Coulomb gauge still has ghosts,® but ghost-free gauges
exist if we require

n-B=0, n®<0. (2.3.12)

For n? < 0, one talks of an axial gauge; n?> = 0 gives a lightlike gauge.* Since
n is an external vector, manifest Lorentz invariance is lost; of course, gauge
invariance guarantees that physical quantities will be independent of n, hence
Lorentz invariant.

Let us begin with an axial gauge. The Lagrangian is

Lo=_ {igPg —mydq} — 5(D x B) - %(n - B)?, (2:3.13)

and the limit 5 — 0 is to be taken so that the condition (2.3.12) holds as
an operator statement over the entire Hilbert space. The propagator that
corresponds to (2.3.13) is

=g — kR (0?4 BK)/ (k- n)? + (W R + 0"k /(- k)
k2 +i0 ’

(2.3.14)

3 And it also presents further complications. The formulation of QCD in a Coulomb
gauge may be found in Christ and Lee (1980).

4 Axial gauges are discussed in Kummer (1975) and work quoted there. For a
lightlike gauge, see for example Tomboulis (1973) and references therein.
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which in the limit # — 0 becomes

i—g"” —n2kPEY (k- n)? + (nHkY +nVk*)/(n - k)
k2 410 '

(2.3.15)

These propagators may be obtained with some effort from the canonical for-
mulation or, more easily, in the path integral formalism (Sects. 2.5, 2.6).

The extension of the theory to axial gauges is nontrivial due to the singu-
larities of (2.3.14, 15) for n-k = 0. Actually, the way we choose to circumvent
these singularities is in principle irrelevant, provided that we choose it con-
sistently: because of gauge invariance the terms proportional to k* or k¥ in
the propagator will end up canceling out. But this indicates that care has to
be exercised in effecting this cancellation before removing whatever regulator
one has introduced. In this text we will only make one loop calculations, for
which the problem is absent.

For lightlike gauges it is convenient to introduce so-called “null” coordi-
nates: for any vector v,

1 U1> .
+ 0 3 « + %
viE=— (v x0v’), v= ;o v =vrorv (1=1,2).

\/5( ) = (UZ ( )

We also define the metric

9+—- =9—+ = 1, 9++ =9——- = 0, 9ij = _51J7 for 27.7 =12
Note that

Veow=vpw_ +U_wy —vw = %,

For a lightlike vector, we may choose n = u with u? = 0, and, if we require
a specific value for u, the choice uy =1, u_ = 0, u = 0 is convenient. Then
the supplementary condition u - B = 0 may be written as

B¢ (x) =0. (2.3.16)
The propagator is now

PP (kou) | —gM 4 (PR +ut k) [ (u - k)
=i
k2 +i0 k2 +10 ’

(2.3.17)

which will be recognized as the limit of (2.3.15) for n = u, u? — 0. In terms
of null coordinates (2.3.17) may be rewritten as

PP =g 4 (5K + 07 k) [k
2 kak® + 10 '

i
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As an example of the use of a lightlike gauge, we consider the second-order
gluon propagator. In this gauge, and with ordinary Minkowski coordinates,

HHV _ _iQQCA(Sab / de 1
light.ab 2 (2’/T)D k2(k + q)Q
X [=(2k + )*g*? + (k — )P g"* + (2 + k)*g"?] Pap(k,v)
x [—(2k+q)" " + (k—q)7g"" + (2¢ + k)’ ¢"7| Prp(k + q,u).

We will only consider the divergent and logarithmic part. This simplifies the
calculation and we find easily,

11C 4¢3
ighe.ab(@) = 74252 b (—a*9" + ¢"q"){ N — log(—g®) + const. terms}.
(2.3.18)
We check that IT is transverse; no ghosts are required. It should also be noted
that the propagator is “self-reproducing” under the transverse tensor in the
sense that

PH*(q,u) PP (qu) P (q,u)
T{*q2gaﬂ+qatm} Z

(2.3.19)

2.4 The Becchi—-Rouet—Stora Transformations

In the previous section, we showed that the QCD Lagrangian without ghosts
violates unitarity in the space of physical states. Since gauge invariance guar-
antees that this should not occur, it is clear that the phenomenon must be
due to the introduction of the gauge-fixing term which, by its very nature, is
not gauge invariant. One may wonder whether the ghosts could not be inter-
preted as an addition that restores something equivalent to gauge invariance.
This is indeed so, as will be discussed in the present section.
Let us begin with QED.® The Lagrangian in a covariant gauge is

LS =P — m)yp — LF,, P — g(a - A)?, (2.4.1)

where now

F,, =0"AY — 0"A", D! =0" —ieA".

It is not gauge invariant because of the gauge fixing term —(A\/2)(d - A)2.
Invariance under suitably generalized gauge transformations may, however,
be restored by means of the following trick. Add a term

L,=—%(0"w)d,w (2.4.2)

® We follow the discussion of de Rafael (1977, 1979).
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to £&, with w a massless field without interactions. We could take w to be
fermionic, and then the parameter ¢ below would be an anticommuting c-
number, but this is not necessary in the Abelian case.

The gauge transformations are then generalized as follows. Consider in-
finitesimal transformations and set 6(x) = ew(x); then the extended gauge
transformations are defined as

P(z) = ¥() +iew(z)y(x), A¥(r) — A¥(z) — edw(z),

243
w(z) — w(x) — eAd, AH(z). ( )

Then, up to a four-divergence, the Lagrangian
Lqep = L5+ L., (2.4.4)

is invariant under (2.4.3).

The restoration of gauge invariance was easy here: because A has no self-
interactions, we could take w to be real and free. However, the simplicity of
L, does not mean that the extended gauge invariance does not have deep
consequences. In fact, one may show that the transformations (2.4.3) gener-
ate all the Ward identities of QED — which, in particular, ensure that the
interaction does not lead from physical to unphysical states. As an example,
we will show how the transversality condition for the photon propagator can
be deduced from (2.4.3) and (2.4.4). Of course, it can also be verified by
direct computation of the vacuum polarization tensor.

Consider the VEV

(TA, (2)(0)o.

Effecting a generalized gauge transformation we find, to first order in e,
MTA(x) (8,47(0)))o = (T (uw(x)) w(0))o-

A Fourier transformation gives
10,0 (q) =g, [ d'a (24" (@) 4" (O)o

/d4xelqr<TAﬂ( ) (8, 47(0 :—f/d‘la:e“” (0"w(2)) w(0))o

=5 [ dtoer e (Tutau(o), -

)\ ¢ +1i0

(2.4.5)
The last equality holds true because the field w is free, so its propagator is a
free-field propagator. We have thus proved in particular that if we write D*¥
as a sum of a transverse and a longitudinal part,
W v

D" (q) = (—*9" +q"q") Dy + %Dmﬁ), (2.4.6)
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then .
1 i

YRR
i.e., the longitudinal part of D remains as in the free-field case; recall that,
for free fields,

Dp(q®) = (2.4.7)

il A )

Otherwise stated: if, in perturbation theory, we write

e2

1672

D" (q) = DO (q) + D@ (g) 4 ...,

then all the D(™#(q) with n > 0 will satisfy the transversality condition
qu(n)MV(Q) = 07 n= 27 43 vy

so the equivalent of (2.3.10) is automatic here.

For a non-Abelian theory the generalization of (2.4.3) are the Becchi-
Rouet-Stora (1974, 1975), or BRST, transformations.® They extend gauge
invariance to the ghost fields and leave invariant (up to a four-divergence)
the full QCD Lagrangian (2.3.11). As for QED, they generate the analogue
of the Ward identities, the Slavnov—Taylor identities (Taylor, 1971; Slavnov,
1975). The BRST transformations for QCD are, for infinitesimal €, assumed
to be an anticommuting,  independent c-number,”

Bl — BY — Y {6ap0" — gfabeBl} wp,
q—q— ieth“waq,

. (2.4.8)
Wq — Wq — 59 Z fabcwbwcy

Wq — Wq + €A, BY.

Using them it is easy to derive, by the same method as for QED, the result
analogous to (2.4.7). If we write

v v v quu
Dy (a) = 5ab{ (=" 4+ ¢"q") Dy + ?DL(QQ)}7 (2.4.9)
then also here 1 .
Di(g®) = -~ ——. 2.4.10
L) =3 7510 (2:4.10)

5 The name BRST records also the work of Tyutin (1974); see also Tofa and Tyutin
(1976).

" Hence €2 = 0, ew = —we, eq = —qe, B = Be, etc. Remember also that the w are
fermions, so wywe = —wWcwp.
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Therefore if we expand,

0o 2 n
2 g (n)pv
Dabz<16ﬂ_2> Dab )

n=0

and recall that, say to second order,

D(i)uv _ Z DOur 7(2) DOy

aa’ a’b ;v b'b )
(I is the second order vacuum polarization tensor), then we have
2)pv _
qMHab =0.

This we have already checked in Egs. (2.3.9, 10).

A last important point is that all of the above derivations are formal; that
is, we neglected to consider, when manipulating propagators (for example)
that they are singular functions. To actually verify the identities, one has
to check that they go through the renormalization program; see Sects. 3.1,
3.2 and 3.3. Indeed, some formal identities do break down: an example will
be found in Sect. 7.5. But even those that do not break down may have to
be interpreted. This is true for Eq. (2.4.10), because the gauge parameter
becomes renormalized in QCD.

2.5 Functional Formalism for QCD. Gauge Invariance.
Integration of Fermions

i Gauge Invariance. Ghosts

In this and the following sections, we present the path integral formulation of
QCD. The formalism of Sect. 1.3 may be applied to QCD, provided we first
tackle the question of gauge invariance. To do so, we start with a physical

gauge,
u- Bu(z) =0, u*<0, (2.5.1)

and we have to integrate over all B compatible with (2.5.1); i.e., we define,
with N an arbitrary normalization factor,

Z = N/DquDB JJRICE Ba(x))expi/d4x L, (2.5.2)
a,r
where we have introduced the notation, to be used systematically,
Dq = H dqu’a(x), DB = H dB(z), etc.
z,f,i,« xz,u,a

with a the Dirac index, i a colour index and f labeling the quark flavour,
f=u,d; s.... 1In (25.2), L, is the QCD Lagrangian without the gauge-
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fixing term, which is unnecessary since the delta function in Eq. (2.5.2) au-
tomatically selects the gauge. If we want to work in a physical gauge, this is
all we need. However, we will want to extend the formalism to other gauges,
particularly covariant ones. We may write the gauge condition as

Kq[B(z)] =0, (2.5.3)

where K, is the gauge-fixing functional. For example, the Lorentz gauges are
selected by choosing

K.[B(z)] = 9 Bu() - pa(2), (2.5.4)

where ¢ is a prescribed function. (We could in particular take ¢ = 0.)
Let T'(0) be a gauge transformation with parameters 6(z), and let By be
the transform of B under 7"

BY,(2) = Bi(x) + 9 Y farely(x) Bl (x) — 0"64(x)

(cf. Sect. 2.1). The quantity
AZB) = / [T d6a(2) [[6(Ka [Br(2)]) (2.5.5)

is independent of the gauge
Ay [Br] = AR'[B].

The proof only requires the fact that the integration element Hx’a df,(x) is
a gauge invariant measure. This is indeed obvious for infinitesimal 6, because
then

T(6)T(0) =T(20),

and by iteration we get it for any 6.
Let us temporarily neglect quarks, which play no role in gauge shifts. We
may rewrite (2.5.2) as

Z = N/DB DO [[6(u- Ba(x)) [] 6(Ke[Br]) Ax[Brle™™,  (2.5.6)
where Ay is the pure Yang—Mills action,

Ayn = -1 / d*z ) Gap (2)GE ().

Suppose we change variables in (2.5.6) via a gauge transformation

B(:L‘) - BTo ('7;)7
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choosing Ty = T—'. We find
Z = N/DB DOAk(B][[6(u- Brya(w)) [ [ 6 (K[Bw)])e ™.

Let B, be a gluon field that verifies (2.5.1). We may find By, by a gauge
transformation U(6). Then

(5(’U, . BTO) = (S(U . BuU),

and thus

/Da [16(u- Bryaly /D0 [I6(=u-06u()),

which is independent of B and can therefore be absorbed into the normaliza-
tion. We have obtained the result

Z = N’/DB A[B] [ 6(K[B])e. (2.5.7)

We have to eliminate the 0 function and calculate Ak . For the former, we
choose a Lorentz gauge (2.5.4). Integrating (2.5.7) over dy with the weight

exp {5 [ ate foua?}.

we obtain, on the left-hand side, Z times a factor independent of B, namely

/D@ exp{—i;\/d4x [goa(x)]Q},

which can again be lumped into N’, while, on the right-hand side, the inte-
gration over Dy may be performed trivially with the help of the § function:

Z=N" / DBAg|B]el(AvitAcr) (2.5.8a)

where the gauge-fixing action is
Aqr = —% / Az [0, B! (2)]2. (2.5.8h)
Let us then turn to Ag. Because of Eq. (2.5.7), we require only B’s

such that they verify (2.5.3). Thus, for infinitesimal 0, K[By] = K[B] +
(0K/6B)éB ~ (6K/6B)dB, 6B = By — B, so that

/D9H6< 53“ (a by —9 focaB 9)>



38 Chapter 2
This may be cast into a more convenient form by introducing the Fadeyev—

Popov ghost fields w, @ as anticommuting c-number functions, for then, with
N a number independent of B and w,
5(8 i Ba)

Ak|[B] :N/DwDaD exp{ —i/d4wd4y@a(y) (SB“

x [0rwn(@) = 93 freaBlfwe()] }.

The proof is based on the formula

/Hdci Hdéj e ek ARk Cr — (const.) x det A,
( J

(2.5.9)

valid for anticommuting c-numbers,® ¢;, and on the fact that, because

k 1
/dml.../dxk ]:[1(5(fi(1'1;-~-755k)) = [det(@7,/0z,)]

Ag is simply the determinant of the (infinite) matrix

0 [6(0-By)
— S ————= (0" B0
aa{ 5BF (000~ 93 fiea )}
The functional derivative entering (2.5.9) is (cf. Appendix H)
5(9- Ba(x))/éBlg(y) = 5abau5(x —Y);
we transfer the 0, to the left-hand side and partial integrate d*y. Finally,

Z=N / DB Dw D e!(AvvtAcr+Are) (2.5.10a)

where the Fadeyev-Popov ghost action is

/d x Z O0pwa(x [ abO" — gfape BH (x )}wb(x), (2.5.10Db)

in agreement with the result we found to one loop in Sect. 2.3, using unitarity.
8 PROOF.
No No N
[ o Ton o [ oo foo S (S}
i=1 j=1 j=1
only the term with N = Ny will not vanish and there we obtain

{1 /Not} D " sign(ka, .. ko) sign(e, - Kvg) Ay - Ak gy

The sum is extended over permutations ki, ..., kngy; k1, - kNO of the sequence
1,2,...,No. This is (—1)0 det A/No!. The extra —1i of the exponent in (2.5.9) con-
tributes only an overall factor. We also see that the phase of the Fadeyev—Popov
term is arbitrary. We have chosen it to agree with conventional scalar fields.
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To generate Green’s functions, we have to introduce anticommuting
sources g, Ma; &f, &y for the ghost wg, W, and quark q;}, q} fields (f be-
ing the flavour index), and commuting sources A* for the gluons B¥. Thus,
our starting point will be the functional

Zn, 7; &, f; Al = /DqD(ij’DGJDBeXpi /d4l‘ {EgCD + Esource},
(2.5.11a)
where E%CD is given in Eq. (2.3.11) and

Esource = Z {ﬁawa + (Dana + gifq? + qlffzf + )‘auBZL}' (2'5'11b)

ii Integration of Fermions

We finish this section by showing how to integrate explicitly fermion fields.
Consider a given flavour of quark, ¢, and write the QCD Lagrangian as

L =q(ip) —m)q+ng+ qn + Lrest- (2.5.12a)

Here n, 77 are the sources corresponding to the quark ¢, and L, contains
the other flavours, gluon fields, etc., but not q. The generating functional we
write as

7= /DquDgoeifd%’c, (2.5.12b)

and the integral over Dy represents collectively the integral over degrees of
freedom other than ¢: other flavours, gluons and eventually ghosts.

We proceed as in the derivation of Feynman rules in Sect. 1.3. We define
a new field ¢’ by letting

q=5"%¢ +v, ST'=ip-m,

and substitute into (2.5.12a). If we choose v = —Sn then the linear terms
will cancel and (2.5.12a) becomes

1
L =qq -7 Lrost, 2.5.13
T4 =gy Lrest ( )

and the integral over the ¢’, ¢ is now immediate. We get the generating
functional

7 7 = /Dq' D§ Dy det(S™1) expi/d“x{fj’q’ -1

= /D(p det(ip — m) expi/d4${ =1

1
lp 7mn+£rest}

n + ‘crest}-

1
iD—m

(2.5.14)
The last expression does not contain ¢ anymore and so the functional deriva-
tives with respect to the sources 7, n may be evaluated explicitly. It may be
shown that the determinant det(i]) — m), which is the determinant of the
transformation, generates, in a perturbative expansion, the loops containing
the flavour q.
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2.6 Feynman Rules in the Path Integral Formalism

In Sect. 1.3 we stated that the expansion of the Green’s functions generated
by (2.5.11) in powers of g reproduces the usual Feynman rules which were
previously obtained with Wick’s theorem and the decomposition of field oper-
ators in creation-annihilation operators. Alternatively, we could have derived
the Feynman rules from Eq. (2.5.11). We will exemplify this with three typ-
ical cases: the gluon propagator, the ghost-gluon vertex, and the insertion
of certain composite operators which will appear in studies of deep inelastic
scattering.
With respect to the first, we consider

5% log Z

(TB () B (y))o e ()50 ()

(2.6.1)

sources=0
g=0

We here use carets to denote operators. Imitating the discussion of Sect. 1.3,
we write, up to a four-divergence, and with A = a~! for the gauge parameter,

(07B5 (2) — 07 BY(&) (0, Bo (x) — 0y Buy(a)) — 5 3 (9 Bu())’
=4 B(2)(0Bas — (1= a 1)3,0°Byy(x)) + 0, f*
=3 ZBGU ‘TP Bbp( ) + 8/%]0#?

where

02 o 0
—1\0p o g
(K1), = dab {g e (1-a )a% oz, } . (2.6.2)
Thus, setting 7, 7, &, € and g in (2.5.11) to zero,
7 = /DquDw Do DB exp i/d433 { Z (ig(x)@ q(z) — mqydq)
33 Buo(@) (K1) 07 Bup(@) + > Aau(@) B () }.

The integrals over ¢, ¢, w and @ yield a constant that will drop when the
logarithmic derivative is taken. If we change variables,

(2.6.3)

B — B =K '/?B,

(2.6.3) becomes
Z = (const.) x /DB’ J(K)
><exp1/d4 Z (x)B""(x )—i—)\a#(x)(KlmB')g(x)},

where J(K) is the Jacobian. Finally, we displace the integration variable,

B — B" = B/—I-Kl/Q)\,
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so that, with IV a constant,

7 = N/DB” ) exp 1/d4 B(’I’M(x)B”Z(x)
(2.6.4a)

— Dhan(@) (K@)}

It is convenient to write K in integral form: for any ¢,
(Koli) = i3 [y D@ -venw).  (264b)
We then obtain the desired result:
6%log Z
—i)? = D" (z — 2.6.4

(=) Aau (@) N (y) | oo — (@ =), (2.64c)

and we omit the index 0 denoting order zero in g. The explicit value of D is
obtained from its definition, Eq. (2.6.4b). It is such that for any function ¢

(K Z (5ab{g‘“’ (1—a~ 8“8”}901,,,(3:)
so, with the help of a Fourier transform which we denote by a tilde,
(K1 => da{ — g"E + (1 — a” K"K }Bav ()

Letting K f = ¢, and inverting the relation above, this immediately yields

—g" + (1 — a)kHk" [k? ~
Kf /L Z(S g k2 ) / fbl/(k)?

and therefore we have the explicit expression

(TB (@) By ()| _ =Dl (e~ )

9=0
3 ng L1V /1.2
— 1 47, —ik-(z—y) _gl + (1 — a)k;/ k /k (265)
6ab (271_) /d ke k'2 )
a=A\"

1
)

as was to be expected. This evaluation identifies the propagators as the in-
verses of the free Lagrangian differential operators,® which very much sim-
plifies their evaluation. The proof that the poles, say in (2.6.5), have to be
circumvented with the +i0 prescription requires a consideration of asymp-
totic states or other similar boundary conditions; it may be found in the
lectures of Fadeyev (1976).

9 This property may also be deduced in the canonical formalism by the identifi-
cation of the propagators as Green’s functions of the corresponding differential
equations.
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For the vertex we require
_ 6% log Z
order g 577a(x1)577b(x2)5)\6#(x3) sources=0 '

first order g

(2.6.6)

(T@a (1)@ (z2) BE (23))o

We perform the change of variables
B—B =K '?’B w—uo =0"0, 0o—o =0",

and integrate out the quarks, which play no role here. Then Z becomes (with,
as usual, N a constant)

Z = N/Dw’ D' DB J(K)J () exp i/d4x Z{g au(ul/%')a(x)]
Xfabc(Kl/zB/)g(I)(D1/20/){)( ) 1B/2 —/ /
+17a(2) (@2 )a () + @20 ) o (@)na (@) + Mo (@) (K /? B )ap () + - }

where the dots represent terms that will vanish for g = 0, sources = 0. Next,
we translate:

B - B'=RB — K1/2/\, W =W = +D1/277a o =o' = @/+\:|1/2’7].

The only term that will yield a contribution is the one containing a
product of three sources. This is

gz fabc(K)‘) (z )(Dﬁ)b($)7

and therefore
(T@a(@1)dp(w2) B (w3))0 oxder o

4 : 4 : 4
:/ d*py e—iT1p1 1 d*p2 o iz2p2 i/ d*p3 o~ 173P3

(2m)* ptJ) (2m)* p3

A uv 1— /\—1 Mo v )02
X i g + ( p2 )p3p3/p3 (277)45(
3

p1+p2+ p3)gfabcp11/a

again as expected.
Finally, we consider the vertex

(TG, (1) N (2)d2(23))o (2.6.7)
to order zero in g and where
Nﬁls“" (z) = 4i"71S: Go(z)y"1 D2 . DFn gy () : — traces (2.6.8)

(its usefulness will appear in Sect. 4.5). Here the indices f = 1, 2 for the
quarks gy are flavour indices; S stands for symmetrization in the indices
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L1y, M, and by “traces” we mean terms obtained replacing DDV —
g'i#i D - D. To calculate (2.6.7) we introduce into (2.5.11) a new source term,

. H1---fn
]#1---#nNNS ’

so that
i3 log Z
661 (21)0&2(23)0j s ooy (B2) | 9=0

09(569)
To zero order in g, the gluons or ghosts play no role and can be eliminated
through integration. Similarly, the covariant derivatives of N may be replaced
by ordinary derivatives. The quark fields may be treated in the same way in

which we treated the gluon fields before. Using the definitions

(TG (21) NRS ™ (22)do(3))0 =

q/f = Sil/zq‘fa q_,f = 6f§71/27 f = 17 27

where

S7lqp(z) = Pas(@), TS =) G,

we find, to zero order in g,
Z = (comst.) / DqDGJ(S)J(S)

X exp i/d4x {q_/lq/1 + q_/2q/2 + 5151/2Q/1 + 5251/261/2 (2.6.10)
+(¢'19") 6+ (@256 + (SN SV dius i }
Nyt = %in_ls : 5’2(@’)”“3”2 . OFng () : — traces.
Then we shift: o
qf =dp + 5%, @ =d) + &5V
The only term that contains all three sources &1, & and j is
%1”71{8(525’71)@)7”18“2 S OF (ST (2) — traces}ju, .., (%),
so that, using the explicit expression for S, we find
(T (1) N&G ™ (2)da(23)) o
d*pe . d*pr e, 1 u fin
= / @)t e ip2rw2 / 2n) e iPra . {8y ph? .. phr — traces}

d* e 1
X / (2:; e'P3-es E(Qw)‘lé(pl + p2 — p3).

(2.6.11)
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We can simplify the formula by introducing a vector A* with A? = 0, and
contracting (2.6.11) with it:

Ay oo Ay (TG (1) NG (22) G2 (23))o = (2m)*8(p1 + p2 — p3)

4 4 ; 4 :
X/ d p24 efipz'«h/ d p14 e~ P11 LA (A ~p3)"*1/ d pi PRIZRE B .
(2m) (2m) Py (2m) Py
(2.6.12)
the symmetrization is automatic and the traces give zero (they contain terms

g““/AMAH/). The vertex may be recovered by differentiation,

(9/0A,,)...(9/94,.,).

Eq. (2.6.12) generates the Feynman rule given in Appendix E and to be used
in Sect. 4.6.

2.7 The Background Field Method

The functional formalism allows a simple introduction of the background
field method, an elegant and powerful formalism whereby gauge invariance
of the generating functional (in a sense to be specified) is preserved. The
method was first introduced by DeWitt (1967), and was extended by 't Hooft,
Boulware and Abbott. In our exposition we will follow the very readable
account of the last author (Abbott, 1981), which may also be consulted for
more details and references.

Consider the generating functional for pure Yang-Mills fields; fermions
play no role in the background field method (i.e., they are treated as in the
ordinary formalism) and will be neglected. We write it as

Z[na ﬁv >‘] = N/Dw DuoDB exp 1/d4$ (Esource + EQCD + »CGF) P

(2.7.1a)
where (cf. Eq. (2.5.11)),

Esource - (ﬁawa + ‘Dana + )\a B(/j) )
2 ) ! (2.7.1b)
Lqacp =— 1(D x B)* + Z(d@a)(csaba“ — g fabe BE )wy,

and Lgr is the gauge fixing term, which we do not specify yet.
We now shift the gauge field by an external, background field, ¢#(z):

BE(x) — BH(z) + ¢h(x). (2.7.2)
We get a new generating functional,

Zln, i, A ¢ = N/Dw D& DB exp i/d4x (Zsoume + Locp + ZGF) ,
(2.7.3a)
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and now

Esource = Z (ﬁawa + Wala + AauBg) ,
EQCD =— LD xB+Dx¢)? (2.7.3b)
+ Z(aﬂwa)(éabau - gfachg - gfabc(bg)wb;

we have omitted a term
> Al

in the definition of Esource as we want ¢ to be external, and thus we need not
attach a source to it.
Now we choose the form of the gauge fixing term. We write

~ 1 2 1
Lar = —5- (9Bl + 9 fabetpuBY)” = —5- (Do - B)?, (2.7.3¢)
where D is the covariant derivative with respect to the field ¢,

(Dg)ab = 5abaﬂ +g Z facbd);cj"

The gauge fixed by (2.7.3) is called the background gauge (or gauges). We re-
mark that (2.7.3c) contains the parameter a: in the background field method
one still has the liberty to alter the gauge by changing a, so there is a back-
ground Fermi—Feynman gauge, a background Landau gauge, etc.

We next prove the announced gauge invariance: the generating functional
(2.7.3) is left unaltered by gauge shifts of the background field ¢. To verify
this, consider infinitesimal transformations:

B — O+ D farclhdh — 00, = ¢l + 50/ (2.7.4)
be

We perform the same transformation on the source,

ME= NE 4 fancOb N — 00, (2.7.5)
be

Then we shift the variable of integration

BY = BN+ fanclp Bt — 0", (2.7.6)
be

Because (2.7.6) is a unitary transformation, one has DB = DB’. Apply-
ing (2.7.4-6) to (2.7.3) we find that Louee does not change as (2.7.4) and
(2.7.6) are compensated in (2.7.3): ZQCD is invariant under gauge transfor-
mations, and hence under (2.7.4-6). Finally, and this is the point of using

the background fixing (2.7.3c), Lgr contains the covariant derivative DyB,
manifestly invariant under (2.7.4) and (2.7.6) by its very construction.
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Using (2.7.3) we can generate the Feynman rules in the background gauge
formalism. The propagator of the field ¢ is undefined, which is irrelevant since
¢, being classical, will not appear in loops. Vertices with only one field B need
not be considered if we are interested in 1PI Green’s functions. Compared
with ordinary Feynman rules, the only difference lies in the appearance of
the ¢ field in external legs; we denote this field by a fuzzy blob. The full set
of Feynman rules is shown in Appendix D. An example of application of the
background field method will be given in Sect. 3.3iii.

2.8 Global Symmetries of the QCD Lagrangian:
Conserved Currents

In this section we will discuss the global symmetries of the QCD Lagrangian.
Since its form is unaltered by renormalization (as we will see), we can neglect
the distinction between bare and renormalized L.

Clearly, £ is invariant under Poincaré transformations, * — Ax + a. The
currents corresponding to (homogeneous) Lorentz transformations A are not
of great interest for us here. Space-time translations generate the energy-
momentum tensor. Its form is fixed by Noether’s theorem, which gives

iy
Za 8,@ —g"L, (2.8.1)

and the sum over ¢ runs over all the fields in the QCD Lagrangian. These
currents are conserved,

9,6M =0,

and the corresponding “charges” are the components of the four-momentum

. / Px 0% (z).
The explicit expression for @# in QCD is

V=i @y'DYq—ig"™ > aPq+ g™y madq
q q q (2.8.2)
— gapG"G"P + Lg" G? + gauge fixing + ghost terms

(sum over omitted colour indices understood).

In the quantum version, we understand that products are replaced by
Wick ordered products. © is not unique and, as a matter of fact, direct ap-
plication of (2.8.1) does not yield a gauge invariant tensor. To obtain the
gauge invariant expression (2.8.2) one may proceed by replacing derivatives
by covariant derivatives. A more rigorous procedure would be to reformulate
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(2.8.1) in a way consistent with gauge invariance by performing gauge trans-
formations simultaneously to the spacetime translation. For an infinitesimal
one, " — x* + €, we then define

B — BF + (e,0“BY = D'e By + €, GoM).

The term D*e,BS may be absorbed by a gauge transformation, so we may
write the transformation as BY — B! + e¢,G¢*. For a discussion of the
arbitrariness in the definition of the energy-momentum tensor, see Callan,
Coleman and Jackiw (1970) and Collins, Duncan and Joglekar (1977).

Next, we have the currents and charges associated with colour rotations.
We leave it to the reader to write them explicitly; they are particular cases of
colour gauge transformations (with constant parameters). We now pass over
to a different set of currents not associated with interactions of quarks and
gluons among themselves.

If all the quark masses vanished, we would have invariance of £ under
the transformations,

nf

nf
a5 — Z Urpar, ar — Z Usfprysdy (2.8.3)
;=1 =1

where f, f’ are flavour indices, and U, Us unitary matrices. This implies that
the currents ~ ,

Vi (x) = gx)y"qd (z),

Al (@) = q(x)y"v5q (x)

are each separately conserved. When mass terms are taken into account, only

the diagonal Vi are conserved; the others are what is called quasi-conserved

currents, i.e., their divergences are proportional to masses. These divergences

are easily calculated: since the transformations in (2.8.3) commute with the

interaction part of £, we may evaluate them with free fields, in which case
use of the free Dirac equation id ¢ = mqq gives

(2.8.4)

Vg = ilmg —mg)qq’,  9,AL, =i(mg +mg)qvsq - (2.8.5)

In fact, there is a subtle point concerning the divergence of axial currents.
Eq. (2.8.5) is correct as it stands for the nondiagonal currents, ¢ # ¢’; for
q = ¢, however, one has instead

: = Trg® vpo
8HAg‘q(x) =i(mq + mq)q(z)ys9(z) + %e“ PPG L (2)Gpe (), (2.8.6)

with Tp = 1/2 a colour factor. This is the so-called Adler-Bell-Jackiw
anomaly that will be discussed in detail in Sects. 7.5, 7.6 and 7.7.
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The equal time commutation relations (ETC) of the V, A with the fields
are also easily calculated, for free fields. Using (2.8.4) and the ETC of quark
fields, one finds,

3(a” = y) Vg (@), 4" ()] —9)d4qnd' (@),

§(a” = y")[AGy (2), 4" (y)] = = 0(2 — y)dgq5d (), ete.
The V, A commute with gluon and ghost fields. The equal time commutation
relations of the V, A among themselves (again for free fields) are best de-

scribed for three flavours, f =1, 2, 3 = u, d, s by introducing the Gell-Mann
A% matrices in flavour space; cf. Appendix C. So we let

V@) = ar @)X ap (@), Al(w) =Y qp (@)X sap (),
I ir

I

\
By

8

(2.8.7)

(2.8.8)
and we then obtain the commutation relations

5(z° — ") [V2(z), VI (y)] =2i6(z — Zfach“ x),
3@’ =y )V (2), Af (y)] =2i6(x —y) > fave Ak (2) (2.8.9)
5z —y0)[AS (), AL (y)] =2i6(x — y) D> fareVI(x), ete.

Equations (2.8.7) and (2.8.9) have been derived only for free fields. However,
they involve short distances; therefore, in QCD and because of asymptotic
freedom, they will hold as they stand even in the presence of interactions.

Equal time commutation relations of conserved or quasi-conserved cur-
rents with the Hamiltonian (or Lagrangian) may also be easily obtained. If
J# is conserved, then the corresponding charge

Q1) = /d3xJ0(t,x), t = g,

commutes with H:

Here H is the Hamiltonian density, H = ©%. If J is quasi-conserved, let H,,,
be the mass term in H,
Hom Z mydq.

Then,
Qy(t), Hm(t,y)] =10, J"(t,y). (2.8.10)

Of course, @ still commutes with the rest of H.

Chiral invariance, as well as the way it is broken in QCD, may be used to
get a semi-phenomenological description of interactions of light pseudoscalar
mesons, especially of pions. This we will discuss in detail in Sects. 7.8 to 7.12.



3 Renormalization in QCD:
Asymptotic Freedom.
Operator Expansions

“A slow sort of country!” said the Queen. “Here, you see, it takes all
the running you can do to stay in the same place”.
LEWIS CARROLL, 1896

3.1 Regularization (Dimensional)

As we saw in the example of Sect. 2.3i, some amplitudes are divergent. This
is due to the fact that field operators are singular objects: it is easy to trace
the divergence of the d*k integral in (2.3.4b) at large values of k to the occur-
rence, in position space, of products of field operators at the same space-time
point. Because of this we must, in order to discuss QCD (or indeed any local
relativistic field theory), give a meaning to the integrals that appear when we
evaluate Feynman diagrams. This is called regularization, and it amounts to
altering the Lagrangian £ to L. in such a way that £, produces finite answers
(at least in perturbation theory) and, in some sense, we have that £, — L for
€ — 0. Since the classical work of Bohr and Rosenfeld (1933, 1950), we know
that field operators are intrinsically singular; therefore, any regularization
must destroy some physical feature of the theory. Thus, Pauli-Villars regu-
larization destroys hermiticity and gauge invariance for non-Abelian theories;
lattice regularization destroys Poincaré invariance, etc. In the limit e — 0
these properties are recovered (if one was careful enough!). Because gauge
invariance is essential for QCD we will use now dimensional regularization,
that destroys only scale invariance. The method is related to so-called analyt-
ical regularization (Bollini, Giambiagi and Gonzélez-Dominguez, 1964; Speer,
1968) and has been thoroughly developed by 't Hooft and Veltman! (1972).
It amounts to working in an arbitrary dimension, D = 4 — ¢; the physical
limit is of course e — 0. Divergences appear as poles in 1/e. A mathematical
treatment of dimensional regularization has been given by Speer (1975). It is
rather complicated, but fortunately we will not need to delve into its intri-
cacies. All we require are interpolation formulas consistent with gauge and
Poincaré invariance, applicable to the evaluation of Feynman integrals. This
we accomplish in steps.

! Dimensional regularization had been introduced independently, and in fact slightly
earlier, by Bollini and Giambiagi (1972).
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We discuss first a convergent integral of the form (27)~P [dPk f(k?),
where typically f(k?) = (k?)" (k% — a®)~™ and

dPk = dkPdkt .. dkPTY k2 = (B0 — (BN — .. — (RPTH2

We will start by considering integer r, m, but it will be obvious at the end
that the formulation is valid for arbitrary, even complex, values of these pa-
rameters. Because f is analytic in the k° plane, we can rotate the integration
from (—o0, +00) to (—ico, +ic0), a so-called Wick rotation.? We then recover
an integration over (—oo,+0c0) by defining a new variable k% — kP = ik?.
Thus we obtain an ordinary Euclidean integral in D dimensions,

) +oo dkl +oo de
1/ / ——f(—k3), kE=(EYH2+- + (kD) = kg%

oo 2m oo 2T

We let dPkg = dk'...dkP, and introduce polar coordinates, dPkg =
d|kg| |kg|P~1ds2. Using the formula [ d2 = 27/2/1'(D/2), we finally find

dPk i > »
/(27T)D f: (ZW)D/QF(D/Q) /0 d|kEHkE|D f(f‘k'EF)

The manipulations we have carried out are only valid for 2r > 1— D, D =
positive integer, and D/2 + Rer < Rem, but we can use the last formula to
define the integral for arbitrary complex D, r, m.

Consider next the integral of a polynomial in & times f(k?); we can
reduce this to the former situation by symmetric integration writing, for
example,

ynZ
/de FRD kK = %/de FRDK2.
Likewise,
/de FEE" kM =0, if n = odd integer.

Finally, the general case is treated by expanding in a tensor basis in the k.
In this way, the integrals of Appendix B, and many more, can be worked out
for arbitrary D. For example, by straightforward application of the methods
above and use of standard one-dimensional integration formulas we find

@n)P (& —a®)"  (16x2)P/F T(Dj2)[(m)(a®)m—D/

/ Pk (K (=1)""™ I'(r+ D/2)[(m —r— D/2)

If the left-hand side was divergent in, say, the physical case D = 4, which
occurs (for real parameters) when m—r—D/2 < 0, this is reflected in poles in

2 If the denominator of f has poles, one first has to regulate them by replacing
k? —a? by k* —a® +in, n — 0, and also take care that the deformation of the
integration contour is made avoiding the poles.
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the right-hand side due to the poles of the function I'(m—r — D/2), as shown
by the above formula. An arbitrariness in the method is already apparent;
we might have multiplied the right-hand side above by any function (D),
provided that it is analytic in D and ¢(4) = 1. This will be useful later on.

Now we will consider spin. It will be convenient to distinguish between
external and internal lines in Feynman graphs. Later on we will show that,
after renormalization, Green’s functions with their external legs amputated
are finite in perturbation theory, in the limit D — 4. Since spin factors
in external legs (i.e., factors u, v, @, v, €*...; cf. Appendix D) are certainly
finite for D = 4, we may already take them in physical dimension. As for
spin effects in internal lines, we have to take g"” in dimension D so that,
for example, g"” g, = D, etc. Likewise, we must consider that we have D
gamma matrices, 7°,...,¥”~!. To be totally consistent, we would have to
admit that the v* were 2P/2 x 2P/2 matrices, which is the dimension of a D-
dimensional Clifford algebra, but this is not necessary. We are still consistent
with gauge invariance if we take the v* to be 4 x 4 matrices so that, e.g.,
TryH~y¥ = 4¢g*¥, and this is what will be done here. Spin is, however, treated
in another manner in a different, but related, method of regularization called
dimensional reduction, useful especially for supersymmetry. The interested
reader is referred to Siegel (1979) for details.

Thus, the extension of integrals and Dirac algebra to arbitrary D is fairly
simple; a set of useful formulas is collected in Appendices A and B. Only the

introduction of vy is a bit trickier. If, for example, we write v5 = 179y v2+3, it

is clear that this will not exist for D < 4. The definition 75 = iy!...y”~! may
be shown to be inconsistent in particular with gauge invariance (see Sect. 7.5,

especially between Eqs. (7.5.18, 20) for a discussion). We will choose

i
V5= gD VeV

where e€p coincides with the antisymmetric tensor only for D = 4. We do not

specify it further beyond requiring that it be such that, for arbitrary D,

=1, Trysy™ ...t =0, and TrysyHy” = 0.

It can be shown that this is enough to give a meaning to all calculations
involving ~5. A possible specific choice for ep is that of 't Hooft and Veltman
(1972),

en’P? = M7 for prpo = 0 to 3;

and €,”? = 0 if any of the indices is larger than 3. Here one assumes that

D > 4.

We have thus fully built dimensional regularization; as long as D is not
an integer we see that, with it, all integrals appearing in Feynman graphs
are finite. The regularization preserves gauge and Poincaré invariance, but it
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a, k
i p lLp+k  p

Fig. 3.1.1. One loop correction to the quark propagator.

breaks scale invariance. Indeed, a Feynman integral like the one in (2.3.4b)

becomes altered:
/ d*k / dPk
=~ =
(2m)* (2m)P

One could correct this by rescaling all fields and coupling constants accord-
ingly, but it is perhaps more transparent to use instead the prescription

4 D 4—D
/dk /dD /d k")"D , D=4—¢ (3.1.1a)

o = v/ P e ) (2m), (3.1.1b)

thereby explicitly introducing the scale-invariance-breaking arbitrary (but
fixed) parameter vy with dimensions of mass.

As a first example of the methods of dimensional regularization, let us
calculate the propagator of a quark to second order, in momentum space:

where

5S¢ (p) = / d'a e (Tq! ()7 (0))o, (3.12)

i, j colour indices. This is given by the graph of Fig. 3.1.1. We have, in an
arbitrary gauge, and for dimension D =4 — ¢,
i
p—m —|— i0
7 5 i (3.1.3a)
ot — 1
S p—m+i0 m+10 Zﬂ“ )75 m + 10

+ higher orders,

Sgg(P) ="

i [app el g ko /12

TR 2 2 . (3.1.3p)

and we omit the terms +i0 in the denominators, which are to be understood
implicitly.
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Writing identically

E@+ K +m)=(p+k)?*—m?—(@p*—m?) - (p —mk,

we find

2 . ~ D -2 —Dm— —m
S0 = -3 /dnk{< )+ F)— D= 66 = o)

e —m2 K
w )k4[<p+k>2—m21}'

After standard manipulations, this gives (neglecting terms that will van-
ish as € — 0)

Ie(p) = (p —m) Ape(p?) + mBpe(p?), (3.1.4a)
where

2

am? — x(1 — x)p?

1 1
ADE:W{(l—g)NE—l—/O dz [2(1 — z) — ¢]log
1
2 2 x
—&(p —m)/0 dwmz_xpz}’
{ 3N, —|—1—|—2/ dz (14 z)log

p—m /dx }
2 _gp?

Here we have introduced the notation, to be used systematically in what
follows,

Vo

(3.1.4b)

2

xm? — x(1 — z)p?

1
Bpe = ——
DE = 672 0

(3.1.4¢)

2
N, = — — g + log 4.
€

To one loop, all poles in dimensional regularization appear in this combina-
tion. Noting that (see Appendix C) Y tit; = Crd;; = 36;j, we insert (3.1.4)
into (3.1.3) and rearrange it to read

-1
Spe(p) =i {75 —m+ gQCFxgg} (3.1.5a)
or
) 1 — Cpg*Ape(p?)
P —m[l— Crg®Bpe(p)]
Actually, we have summed into (3.1.5b) the contribution of the iteration
of the one loop correction, Fig. 3.1.2. It is easy to verify that (3.1.5a) is the

Spe(p) = + higher orders. (3.1.5b)
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P E ;

e VY

Fig. 3.1.2. Tteration of the one loop correction to the quark propagator.

more general expression for Spe if we replace Zg% by the corresponding exact
expression, X pe.

As we see from this calculation, there are two divergences:
9
1672

which multiplies the entire Sp¢, and

1-— CF (1 - f)NE (fI"OIH ADE) (316)

2
g

which multiplies m; but both Ap¢, Bpe are finite provided that we keep
€ #0.

We end this section with a comment on infrared singularities. In this
work we will be mainly concerned with ultraviolet singularities, which are
connected with the behaviour of integrals as £ — oo and give divergences
proportional to I'(e/2); but dimensional regularization also regulates infrared
singularities, caused by divergence of the integrals for £ — 0 and producing
terms in I'(—e/2). For details, see Gastmans and Meuldermans (1973).

3.2 Renormalization: Generalities

Let us consider the following process: a photon hits a u quark (for example,
in a proton) and u subsequently decays weakly into d+ e+ v (Fig. 3.2.1). To
the lowest order in weak and electromagnetic interactions, and to zero order
in g, we have the diagram (a) of Fig. 3.2.1. Gluon radiative corrections then
intervene: see the diagrams (b) of Fig. 3.2.1.3 In particular, this shows that
S(p) will enter into the amplitude with, in obvious notation, p = p, + py.

3 In Fig. 3.2.1 we have represented gluon lines by curly lines; we reserve wavy lines
for photons or W, Z lines. This practice will be followed consistently in this text.
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y v >@<
u @ d
o<

Fig. 3.2.1. The process v +u — v + e' 4 d and some divergent radiative

(b)

corrections.

Therefore, it looks as if the result for the amplitude is divergent and no sense
can be extracted from the theory, at least in a perturbative expansion.

Of course, this is not so. We have been somewhat lax in our formulation.
To show the problem at hand, and its solution, let us consider as a simple
example a scalar interaction ¢1)¢ with massless field ¢. The Lagrangian is

L =939 —m)y + 50,00"d + giipe. (3.2.1)

As stated previously, the S matrix is given by

S =Texp i/d4x L9 (x)
i (3.2.2)
=1+ Z ] /d4x1 oo dta, TLY (1) . LD (),

n=1

where the fields in £ are to be taken as free, and in normal order; we
identified £9 . with the trilinear term in (3.2.1) after replacing ¢ — 1%, ¢ —
¢ )

L0 =g: %Y ¢ (3.2.3)
However, this is incorrect. Clearly, the fields in (3.2.1) are not free; and it is
also conceivable that the mass that appears there is not the mass one would
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have if there were no interactions. This should be apparent from (3.1.5): the
mass has been shifted by the amount

m{l - %QQBD}v
and the normalization multiplied by
1—24°Ap.

On the grounds of invariance, all possible changes are of two types: of the
multiplicative type,

= 2%, 620 g Zyg, m— Zpm, 3.2.4
g

or of the type obtained by adding some invariant extra term (or terms) to £. A
theory is renormalizable if the number of such terms is finite; if infinitely many
terms are needed, the theory is non-renormalizable. The theory described by
(3.2.1) is renormalizable and, besides the replacements (3.2.4), it also requires
the addition of a term A¢* to £. We will neglect this term here; so, taking
into account only (3.2.4), we see that the Lagrangian (3.2.1) becomes the
so-called “renormalized” Lagrangian,

LT = Zyhidp — Zy Zinidt) + Z50,00" 6 + ZyZy 2, *gibbe; (3.2.5)

we find that the interaction Lagrangian, defined as Liy = £ — Liree, is really

LR = g0 + (2Y2 2, 2,)% — 1)gi%y0¢°
(Zy — DG ° — (Zy Zym — Dymip%4° (3.2.6)
+(Zy —1)0,¢° 0" -,

where 19, ¢° are free fields, satisfying canonical commutation relations. The
constants Z are called renormalization constants, and the terms containing
the factors (Z — ...) are the counterterms. If we expand them in a power
series in g, this series has to begin at unity for, if g were zero, all Z would
equal unity. So we write

2 n
n (9
Z; f1+ZC (1%2) , (3.2.7)

where, if we want these counterterms to cancel the divergences of the theory,
the C; (") are expected to be singular as e — 0, and actually to be of the form
> k=0 akn)e_k +O(e).

There is another way in which the necessity of counterterms may be seen
(Bogoliubov and Shirkov, 1959). If we look at the expansion (3.2.2), it turns
out that, because the fields are singular, the product

TL (1) - Lo (20) (3.2.8a)
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is undefined for equal arguments, x; = x;. Therefore, one can add arbitrary
terms

p(0)d(x1 —x2)...0(x; —xj)...0(xpo1 — Tn), (3.2.8b)

with p a polynomial in the derivatives, to each of (3.2.8a). On analysis, the
terms (3.2.8b) are seen to correspond to the counterterms in (3.2.6).

How arbitrary are the values of the Z7 A first condition on them is that
L produce finite answers in the limit ¢ — 0. This, however, does not com-
pletely fix all the CJ(-") in (3.2.7), as one can add to them constant (in €) terms.
To have a unique theory we have to fix these constants, specifying sufficiently
many independent amplitudes as there are renormalization constants, Z.

Let us now return to the QCD Lagrangian. Since QCD is a gauge theory,
and we have seen that gauge invariance is essential to keep the theory mean-
ingful, the possible counterterms are strongly restricted: they must respect
gauge invariance. A look at the expression for EECD, Eq. (2.3.11), shows that

the only modifications allowed are the following:*

(@) = Z2}%¢ (@), ¢(@)— 27 (),
wa(x) - Ziﬂwa(x), Da(x) - Zulj/zwa(x)a
Bli(w) — 2" Bl (x), (3.2.9)
9 — 249,
Mg — Lim,qMq,

A — Z\A.

Gauge invariance forces the Z for all the quarks to be equal to one single
Zp and, likewise, there is one common Zp for all the gluons. In addition,
the potentially different renormalization of the trilinear ggB, the trilinear
BBB, the quadrilinear BB BB and the ghost wwB couplings must be induced
by the same Z,. That this very specific set of Zs is sufficient to render all
Green’s functions finite is a consequence of the identities (Ward identities
for Abelian, Slavnov—Taylor identities for non-Abelian theories) that gauge
invariance forces on these Green’s functions. As stated earlier, these identities
may be generated by the BRST transformations; later on, we will explicitly
check a few representative ones.

Let us next introduce a bit of notation. After the replacements of (3.2.9),
the renormalized QCD Lagrangian becomes

£ =" (iqPg—mqggq) — (D x B)” - g(a - B)? + (0,0)D"®, (3.2.10a)

4 Note that not all the Z are independent; the Slavnov—Taylor identities, that we
will discuss in Sect. 3.3, give Zx = Zp. Detailed studies of these identities may
be found in the treatises of Lee (1976), Taylor (1976) and Fadeyev and Slavnov
(1980).
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where the tilde means that the corresponding objects embody the appropriate
Z factors: o
a:ZF/ Q7 §:Zgg7 T%:Z7nm7"'a

@QN: @ — iﬁt%)qﬁ ..., etc.

Thus, E% is formally identical with £¢, with the replacement of all objects by

(3.2.10b)

renormalized objects. We may also split E%, explicitly exhibiting the coun-
terterms:
L5 =L+ LS, (3.2.11a)

where Li p is the unrenormalized or “bare” part

Lip=> (ighq—mqqq) — (D x B)® - %(a -B)? + (8,0)D"w, (3.2.11D)

q

and
& _ p€ 13
‘CctD - ‘CR - £uD

= (Zp ~ 0. @+ (Zr 2?2, ~ 1)g Y quutqBl 4. (3210
q

We see that, in perturbation theory, the interaction contains not only the
terms g > ¢%,tq°B%,.. ., but also i(Zr — 1) > ¢°@ ¢°, etc., where the fields
q°, B°, wY are the ones that verify free-field canonical commutation relations,
and thus generate the Feynman rules of Appendix D. In the renormalization
procedure one expects that, while /Ji D> Egt p each require regularization, pro-
vided by the value D # 4, the singularities must compensate in such a way
that L% produce finite answers in the limit D — 4. It is far from obvious
that there exists a choice of Z values that achieves this, and indeed (at least
in perturbation theory) only a limited numbers of field theories are renor-
malizable. The proof of the renormalizability of non-Abelian field theories, in
particular QCD, was given by 't Hooft (1971). Here we will not go so far, but
only check explicitly that ﬁ% produces finite answers to the lowest orders in
perturbation theory.’

5 For a very readable account of renormalization, see Lee and Zinn-Justin (1972).
A more recent account is that in Fadeyev (1976). For practical applications in
QCD, the treatise of Pascual and Tarrach (1984) is useful.
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3.3 Renormalization of QCD (One Loop)

In our presentation of renormalization theory, based essentially on the dis-
cussion of Bogoliubov and Shirkov (1959), finite (renormalized) Green’s func-
tions are obtained for the VEVs

(O|T...q(z)...By)...w(z)...]0)

in perturbation theory, calculating with the full interaction Lagrangian of
(3.2.11), including counterterms. The multiplicative character of renormal-
ization for QCD, however, allows us to follow a different path. We may ne-
glect the counterterms and simply rescale the fields and couplings in Green’s
functions according to (3.2.9). Also, one should be aware that we will be
renormalizing perturbatively. This means that we have to be consistent, and
work to the same order both in the “primitive” interaction and in the coun-
terterms. In this and the following sections, we will see detailed examples of
this.

i p-Renormalization

Consider the renormalized QCD Lagrangian. In order to specify it, we have
to give the values of the Z. To do so, we begin by defining the unrenormalized
Green’s functions,

GuD(mla-~'axN)7

which are calculated with ﬁi p- If G corresponds to the VEV of a field prod-
uct,
<T@1($1)...¢N(J}N)>0:GuD($1,...,$N), (331)

where the @, are the ¢, w, B or, more generally, local operators built from
these, then in perturbation theory,

GuD(,’L‘l,...7$N) =
Z % /d421 Cdiz, (TP (1) ... ds?v(xN)ﬁiD,int(zl) e ‘CiD,int(Z”»O'
n=0

(3.3.2)
The G,p are, generally speaking, divergent as D — 4. The renormalized
Green’s functions are defined as

GR(,’L‘17...7.'EN) ==
Z % / d'zy ... d%z, (TS (21) .. 'gp(])V(IN)L:%,int(Zl) e ‘C%,int('zn»o'
n=0

(3.3.3)
What we then require is that G be finite, i.e., that the modifications that
counterterms introduce in (3.3.3) cancel the singularities of (3.3.2). In QCD,
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we have six values of Z; to fix them it will be sufficient to fix six independent
Green’s functions. That the result is independent of the choice we make for
these six functions is a consequence of the Ward—Slavnov—Taylor identities
among Green’s functions, and this is actually a highly nontrivial part of the
renormalization program. For the moment, we shall make a specific choice.
We work in momentum space and start with the quark propagator

. -1

Sre(p) =i{p —m + Zre(p)}
Zre(p) = (p —m)Are(p*) + mBre (p°).
The p-renormalization, also called momentum renormalization, is defined as
follows. Let us choose a spacelike momentum, p, p? = —pu? < 0; this condition
being imposed to avoid confusion between the singularities as D — 4 and the

discontinuities of Green’s functions as functions of the momenta, which in
our case occur for timelike p, p? > m?2. We may specify the values of

Are(p®),  Bre(0®). (3.3.4b)

The first will fix Z, the second a combination of Zp, Z,,, Z). Then we turn
to the gluon propagator,

Dige = (= """ + ¢"¢") Dru(a*) + 9" Drr(d”), (3.3.5a)

(3.3.4a)

which, also choosing ¢ = p for simplicity and fixing
Dru(p®), Dru(P®), (3.3.5b)

allows us to obtain Zg and a combination of Zg, Z). The ghost propagator,
Gr(p) = / d*z e P (Tw(2)@(0))o, (3.3.6a)

when chosen at p = p,
Gr(p), (3.3.6b)
yields Z,,.
The missing condition that will allow us to fix Z; is provided by any

vertex: ggB, BBB, BBBB or wwB. Here we will select the first. If we define
the “amputated” vertex V by

[ dadtyemer ) B @)
= ZDW D2 — D1 Sﬂa (p2)V}gg§5/ (plaPQ)Slgj;a(pl),

il;b,v
V}%g '@ (p17p2) = ltzl,ya/ﬂ’ + V]-(zg)a/g/ (p17p2) + -

(3.3.7a)
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(a, 8 Dirac indices, and the S are the quark propagators) then we can specify
the value of the vertex

VRel 22— (51 —pay2——p2 - (3.3.7b)

The implementation of the renormalization program is greatly facilitated
by the fact, already noted, that C% may be obtained from Li p by simply ef-
fecting the replacements (3.2.9). To calculate any renormalized Green’s func-
tion, we begin by writing it more explicitly, in momentum space and after
so-called amputation (eliminating the external legs), as

FR = F(pl,noyprl;mvgv)‘)a

where, denoting by @ to generic fields,
F(ph--'7PN—1;m>g’)\)5(Zp)

:Kl(pl)...KN(pN)/d4m1...d4a:NeiZz""p"<Td51(a:1)...@N(xN))O,

(3.3.8)
and where the K; are the appropriate inverse propagators, iK(p) = Sgl(p)
for fermion fields, iK (p) = D]_%l(p) for gluons, etc. Note that amputation has
the virtue of removing the poles associated with the external legs. Moreover,
since Sg, Dpg are renormalized propagators, I" will contain a factor Z; 12 for

each field and a factor Zg for each Kg, and hence an effective factor Z;/ 2 for
each field @.
Next, we calculate

FuD(pl,“'?prl;m,ga/\)

by using EiD-int’ cf. Eq. (3.3.2). Then, I' = I'y is obtained from I',p as

F(pla"'aprl;mvgﬂ )\)

(3.3.9)
= Z;? .. Z;{VQFuD(pl, e s DN=1; Zm, Zgq, ZHN).

This equation takes on a more transparent appearance if we define the bare
couplings,’
MguD = ZmgMqs  AuD = ZaN\,  GuD = Z49, (3.3.10)

for then (3.3.9) reads
F(p17' .. 7pN—1;m7g7A)

(3.3.11a)
= qu5<2 e Z;CVQFuD(Ph s PN=1;MuDs JuD» AuD),

5 It is at times convenient to think of the mass and gauge parameter as coupling
constants.
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or, written in terms of nonamputated Green’s functions, and using the nota-
tion p = (p1,...,pn—1) for short,

Grp.m, g, \) = Z3 ' ... Zy *Gup (0, mups gups Aub)- (3.3.11b)

To see how this works, consider the (non-amputated) quark propagator.
According to the general discussion,

Sr(p;g,m,A) = Zp 2 25 2 Sup (03 249, Zmm, ZaN).

We shall calculate to second order only. In this case, we may replace Z,, Z) by
unity, since the corrections will be of higher order in g. Using the expression
computed in (3.1.4) and (3.1.5),

1 — Crg*Ape(p?)
— Zmm|[1 — Cpg?Bpe(p?)]

SR(p§97m7)‘) = 1251}6

As stated, to determine the Z we have to specify Si at a given p = p. We
will do so by requiring that, at this point, Sg equal the free propagator:
Sr(p: g, m,\) =3 . (3.3.12)

—m

Thus we find, with 2 = —p?,

Zp = Z%D(,uQ,mz) =1-Cp

g !
16#2{@—5)]%—1—/0 (21— 2) ¢

am? + x(1 — z)pu? ! x
1 2 2 / de ——
x log 0 +&(p® +m?) ; me—l—,uzx )
(3.3.13)
and
g’ '
T = Zon(p%,m?) =1 - Cp—— 3NE—1—2/ de (1+ )

167T2 0

(3.3.14)

am? + z(l — x)u? ! T
x log 1/(2 I +§(u2+m2)/ doe ————— 3.
0

5 m2 + plx

An important fact to be noted is that, while the divergent part of Zr depends
on the gauge, that of Z,, is gauge independent (although in this renormal-
ization scheme, the finite parts of Z,, are still gauge dependent). The gauge
dependence of Zp implies that there will exist gauge choices where it is finite.
From (3.3.13) it is clear that, to second order, this will be the case for the
Landau gauge, £ = 1.

In QED there is a natural renormalization scheme: we take electrons and
photons on their mass shells, i.e., we choose p?> = m? for S and ¢*> = 0 for
D# Because confinement is a feature of QCD, no such natural scheme exists



Renormalization in QCD: Asymptotic Freedom. Operator Expansions 63

in our case; in fact, the residue of D*(q) at ¢ = 0 is infinite. So we are free
to choose renormalization schemes that simplify the calculations as much
as possible. This occurs in particular for the so-called minimal subtraction
schemes, that we subsequently discuss.

ii The Minimal Subtraction Scheme

It was noted by ’t Hooft (1973) that the simplest way to eliminate diver-
gences in Green’s functions is to chop off the poles in 1/e that appear in
dimensional regularization. This procedure is known as minimal subtraction.
Subsequently, a number of people realized that these poles appear in the
combination

2
N, = — — g + log 4r. (3.3.15)
€

Therefore, if one simply cancels the 2/¢ one introduces, somewhat artificially,
the transcendentals g, log4m. These, it will be recalled, appear because of
the specific way in which we continued to the dimension D = 4 — ¢, which

yielded the terms
(4m)/2I'(e/2) = N+ O(e).

It seems natural to eliminate these by introducing the modified minimal
subtraction scheme, or MS, in which the entire N, is subtracted. In this

scheme we find 2

Zp=1- CF16 (11— &N, (3.3.16)
> 9>
T =1— N.. 3.1
m 3Cri— (3.3.17)

In this book we will mainly work with this MS scheme and shall therefore
drop from now on the bar over the Z.

An interesting property of this scheme is that here Z,, is fully gauge
invariant. This is due to the gauge independence of the mass term, mgq, and
has been checked explicitly to four loops. Another interesting property is that
Zp, is actually independent of m.

From (3.3.16) and (3.3.17) we see that if we write

ZF *1+Fc(1)NE+...’

Zy =1 7(1)1\/}
T erCm et
then we have
V= _—Ccp1-¢) (3.3.18)
) = _3Cp. (3.3.19)

The coefficients of Z,,, of second, third and fourth order have been calculated;
they are given in Sect. 10.1.
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a, i, q b, v.q
j, k+q

Fig. 3.3.1A. One loop corrections to the gluon propagator.

Next we evaluate, in the MS scheme, the remaining renormalization con-
stants of QCD. We begin with the gluon propagator. Its transverse part may
be written as

—g" + q"q" /¢?

Dﬁg str;ab =i q2 5@b
—g"" +¢"q" /q oo 9" 07"/
+ Z q2 / 5aa/H3/S,(q2)l q2 / 6b’b —+ e

(3.3.20)
The relevant diagrams are shown in Fig.3.3.1A. The part of IT originating
from gluons and ghosts in Fig. 3.3.1A has already been calculated earlier,
Eq. (2.3.9).7. To second order, the renormalization of the gauge parameter,
mass or g do not intervene. The part arising from a quark loop, with the
routing of momenta given in Fig. 3.3.1A, is, for each flavour f of quark,

dPk Te(f +me vk + ¢ +myp)y”
v 2 4—D f f
H‘}L”Lqudrk ab — lg th ﬂ/ D Yo (kQ —m )[(k + q) 2]

" Equation (2.3.9) was calculated without taking into account a factor 3~ . When
we include it, the only difference in the result is the replacement of log(—g¢?) by

log(—q¢°/133).
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+. ..+ ~vvoe 5> R SLLEER +. ..

Fig. 3.3.1B. Tterations of the one loop corrections to the gluon propagator.

The calculation may be carried out with the standard techniques. The result
is like that for the photon vacuum polarization in QED, apart from the colour
factor Tr¢%t? = Tré,,. With ny the total number of quark flavours, we have
g 2
v
Halxtll quark;ab = = 2TF6CLb 1672 (_gqu + q#qu)
ny m2 _ z(1— x)qz } (3.3.21)

1
x{gNEnf—ZL/O dxw(l—x)Zlog ! 7

f=1

We can sum all the graphs of Fig. 3.3.1B, where the hazy disk represents
any gluon, ghost or quark loop. If we write

I = —0ab(=9""a" + ¢"q") L, (3.3.22a)

where “all” means that we have summed gluons, ghosts and quarks, we obtain
the expression for the transverse part of the gluon propagator, correct to one
loop,
_gpy + ququ/q2
[1 — ITa(g®))g*
This equation is the analogue of (3.1.5).

Let us introduce the notation

DZE;tr;ab(q> = i(sab

(3.3.22D)

div

=g

to mean that the coefficients of N, of f and g are equal (equal divergent
parts). The renormalized nonamputated transverse part of D is

1124 _ z—1lppv .
DRtr;ab - ZB DuD;tr;ab’

using Egs. (2.3.9), (3.3.20) and (3.3.21) we see that

iv 2 (10C 8T
1 _Halld: 1+ g . A FNf N,
167

6 6



66 Chapter 3

c, k

(b) (©)

Fig. 3.3.2. The quark-gluon vertex, and corrections. (a) Bare vertex.
(b, ¢) One loop corrections.

and therefore, in the MS scheme and in the Fermi-Feynman gauge to one
loop,

2
_ 9 5 4
Zp =1+ 62 {8Ca — 3Trny} Ne. (3.3.23)

In an arbitrary gauge, Zp has been calculated by Gross and Wilczek (1973a)

and Politzer (1973). The corresponding cgg is

4

Gl=1 {10+3§— g‘f} (3.3.24)
We shall not calculate Z, explicitly; the Slavnov—Taylor identity which we
proved in Sect. 2.4 implies that, to all orders, Zg = Z,, so in particular

cf\lg) = cgz, (3.3.25)

which the reader may verify easily.

To complete this section, let us calculate Z,. This we do from the ggB
vertex. With the choice of momenta of Fig. 3.3.2, we write the (amputated)
vertex as

VM

uD,ija = lgfyut(;l + 1]1152&;]& “+ .. (3326&)
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(cf. Eq. 3.3.7) with

iyt (v.p') = (F“’) +F(C))“D . (3.3.26b)
uD,ija

The indices in I'®, I'(¢) refer to the contributions of the diagrams (b, ¢)
in Fig. 3.3.2. Note that the three diagrams where the gluon is radiated and
absorbed by the same external leg are not included, because the vertex is
taken to be amputated. The diagram (a) of Fig. 3.3.2 gives the term igy"¢5;in
Eq. (3.3.26a). As should be obvious from the previous examples, the quark
masses play no role in the evaluation of the Z (except, of course, Z,,) so we
will simplify the calculation by taking m = 0. Also, we will only calculate the
divergent part of the I'. Then, in the Fermi-Feynman gauge,

iF(b)N ) leigBClqj

. /le% VP1(2k = @) gap — (K + @) pgh + (2¢ — k)agsl (P + ¥)7™
[(p+ k)2 + iO][(k — ¢)% 4 0] (k2 + i0)

div, D D)/D aiv 92
=ig CZJVH hm /d k k2 n)? 30“ 602"
(3.3.27a)
We have used the customary notation
~ dPk
de — 4—D
@emp0

and the colour factor ij is

We have profited from the antisymmetry of the f°¢® to replace t°t®fbc@ —
l[tc tb]fbca
PIL :

Likewise,

p©n v 3C,a/dpk V(' +E)v" (b + K)rag®”
uD,ija p) N
[(p+ k)2 +10][(p' + k)% 4 i0](k2 4 i0)
div .
= lgcz{?Ne 16 Ta 920
(3.3.27b)
and the colour factor is now

cle = Z(tCt“tC)ji = > ([t 1]t) i + t“Zt )i

c (3.3.27¢)
= { 3Ca+Cr}tl;



68 Chapter 3

+ crossed graphs

Fig. 3.3.3. The gluon-gluon (amputated) vertex: bare vertex and one loop

corrections.

we have used repeatedly formulas of Appendix C.
Adding '@, 7(®)

2
2 div . ,q g
FqED)f;ja = igt§; 7" NA{Ca + CF}W~ (3.3.28)
Now, the renormalization of the vertex involves Z, and Zr, Zp,
Vﬁ,ija = Zl;lzglngvuup,ija; (3.3.29)

using the values for the Zp, Zp that we found before, and the expression just
calculated for the divergent part of I'®), we find, to second order,

1672

) = {5 —sns}-

Zy=1 {UCy — 2Trns ) N.. (3.3.30)

Thus,
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It is interesting to watch the cancellation of the Cr terms. This is nec-
essary because we could have calculated Z, for a pure Yang-Mills theory.
We see that the cancellation is due to the gauge structure; cf. Eq. (3.3.27¢).
The original calculation was actually performed using the gluon-gluon vertex
(Gross and Wilczek, 1973a; Politzer, 1973). This involves the diagrams of
Fig. 3.3.3. One could also have used the wwB vertex. The result in all cases
is the same, which is of course a reflection of gauge invariance.

A result that is worth noting is that, to all orders, Z, is gauge invariant,
in the MS scheme of renormalization (Caswell and Wilczek, 1974).

iii Renormalization in the Background Field Formalism

As an example of the uses of the background gauge method that was de-
veloped in Sect. 2.7, we will compute the coupling constant renormalization
using it.

In the background gauge formalism the renormalization is performed as in
other gauges; but, because the Lagrangian now also involves the background
field ¢, we have another renormalization constant, Zy: to Egs. (3.2.9) we have
to add

¢t (x) — Z) ¢t (x). (3.3.31)

The background field method simplifies the calculation of Z,, at least to one
and two loops.® The reason is that, as shown in Sect. 2.7, the Lagrangian is
invariant under gauge transformations. This means that the ¢ field strength
tensor,

Gl = "Gl = 0"+ gD faredh b (3.3.32)

must be the same in terms of renormalized and unrenormalized fields. In the
presence of the quadratic piece of (3.3.32), this is only possible if

Zy,=2,""?, (3.3.33)
because only thus will G be proportional to G:
Gg’,ja - Z¢1>/2(8H¢ZD,0, - 8V¢5D7a + ZQZ;/%Q Z fabC¢ZD,b¢ZD,c) = égl,ja'

Therefore, to evaluate Z, with the background field method, we only have
to find Z,, which is accomplished by calculating the graphs of Fig. 3.3.4, a
much simpler task than the calculation of Zp, Z; which was necessary with
the previous methods.

The calculation is straightforward with the Feynman rules for the back-
ground gauge, given in Appendix D. It is here interesting to watch two effects:

8 However, to three and, especially, four loops, the complication caused by the
extra couplings of ¢ offsets the gains we make. Nevertheless, the background field
method has other applications.
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(@

Fig. 3.3.4. Renormalization of the background field, ¢.

first, both diagrams (a) and (b) in Fig. 3.3.4 give, independently, transverse
polarization functions. Secondly, the graph (a) of Fig. 3.3.4 gives a result that
does not depend on the gauge parameter, a or ¢. This is a reflection of the
gauge invariance (with respect to ¢) of the Lagrangian. The results are

ghwe_yy 9 10Ca
2 €
167 03 (3.3.34a)
Zligb _ g 7AN5
¢ 6z 3
and therefore Eq. (3.3.33) gives
_ —-1/2 2 11c
B 1/2 _ [ fig.a fig. b _ g A 4
Zy =2, = [Zd) + 28 } =1 g — N+ 0(g"), (3.3.34b)

which is, of course, in agreement with our previous result, Eq. (3.3.30), up to
fermion contributions which we have not included now.
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3.4 The Renormalization Group

Consider, as a first example for what will follow, the renormalized quark
propagator. In the pu-scheme and in the Fermi-Feynman gauge,

1- Crg® AW (p%)

S¥ (prg.m) =i , (3.4.1a)
* b —mll - Crg By (7))
where
2 1 2 1 _ 2
AP (p?) = / dz (1 — z)log 22 ta(l o)
1672 J, am? — z(1 — x)p? (3.4.1b)
2 ! xm? +x(1 — z)p? o
B (p?) =— / dz (14 )1 :
r (7) 1672 J z(1+2)log am? — z(1 — x)p?
In the MS scheme,
5 1-C ZA(VO) 2
SE (prg,m) =i F9 7R _((f)) : (3.4.2a)
p —m[l = Crg®BR" (p?)]
and
— (v 1 1 2 _ 1— 2
A;O)(pQ) = 5 {—1 — 2/ dz (1 —z)log rm x(2 z)p } ;
16177 o , (1’0 v (3.4.2b)
—(wo), 2\ am? —xz(1 —2x)p
By (p)_16772 {1—1—2/0 dz (1 +z)log ” }

We see that the renormalization introduces an arbitrary mass parameter in
the Green’s functions of the theory: it is the renormalization point y in the
p-scheme or the mass v in the MS scheme.

Let us begin the discussion with the p scheme. Suppose we change the
renormalization point to u’. If we merely replace p by u' in Eq. (3.4.1b),

we would find a value S}({L/) different from Sg%“ ), However, we want to have a
single theory; we must therefore compensate for this change. This we do by
allowing a dependence of the parameters of the theory on p. So we rewrite
(3.4.1a) as

L 1 Crg?AR Y
b —m(p)[1 — Crg(u)?BY (p?)]

That such m(u), g(p) exist is clear from the expression of Sg in terms of the
unrenormalized propagator:

S (pi g(), mA)) (3.4.3)

S (03 9(w),m(p)) = Zi" (1)Su (b gups mup); (3.4.4)
myp = Zm(“)m(:u)7 GuD = Zg (:u)
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All we thus have to do is to appropriately choose the p dependence of
Zr, Zm, Zg etc. to get a unique theory. Thus we take a new renormaliza-

tion point p’, SI(%” ") such that now
B i

P —mw)
25/2 _ _ //*/2

S (s g(u'),mu'))

and we fix? m(y), Zr(t'), Zm(1') by requiring equality of the propagators,
Sl({‘) (p; g(p), m(p)) and Sg‘ )(p;g(,u’),m(,u')), for all p. This gives, for exam-
ple,

am +z(1 — x)p? }

m(p') =m(p) {1 - (f?/o do (1 +2)log zm + z(1 — z)p?

In the MS scheme the argument is simpler, but also subtler.!® We reg-
ularized in such a manner that an arbitrary mass scale, vy, was introduced.
If we want to obtain Green’s functions independent of vy we can make them
so by canceling not only the divergence of the term (47)¢/2I'(e/2)v§, but the
vy dependence as well. This can only be achieved at the expense of introduc-
ing a new mass scale, v, so that we replace Z — Z(v) = (v/v)¢Z, which
thus cancels the quantity N?° = 2/e¢ — g + log 47 + log 1. The renormalized
Green’s functions will depend on v, but no longer on vy. Now, we want the
theory to be independent of the value of v that we choose: it will be sufficient

to allow for a v dependence of g, m, £ (besides Z). For amputated I,
Ir(p1s-- s pn-1;9(v),m(v),&{(v);v) (3.4.5)
:qus{2(1/)~~'Z;5{VQ(V)FuD(p1a~-~apN—1;guD;muDa£uD); B

and
gup =Z4W)g(v), mup = Zm(v)m(v),

AuD ZZ)\(Z/)/\(I/), §=1—)\71.

It is not difficult to see what v dependence we need. We recall that v
entered in the combination

(3.4.6)

dPk =

)

dPk JA=D
(2m)P
so the only dependence on v lies in the divergent part:

(4m)/2 I (e/2) V5.

9 g does not intervene for S to the order at which we are working.

%0ur version of the MS scheme is slightly different (although equivalent) to the
standard one.
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Therefore, the Z;(v) will be of the form
2

9
167T2—|—...,

2 2
CVw) =2 —qp +logdm 4+ log 2 L
T () =c; . Ve + log 47 + log 2

Zi(v) =1+ CP ()
(3.4.7)

the coefficients of the log /2 terms are the same c;-l) as the coefficients of the

divergent term N, we have calculated, up to a change of sign. It is easy to
show that the same is true, to lowest order, for the coefficients of log 12 in
the p-scheme.

The set of transformations p — u’ (or v — ') constitutes the renormal-
ization group,*! first introduced by Stiickelberg and Peterman (1953); see also
Gell-Mann and Low (1954) and Bogoliubov and Shirkov (1959). The invari-
ance of physical quantities under this group of transformations may be used,
as will be done here, to study the asymptotic behaviour of Green’s functions.
This is best accomplished by using the Callan (1970) and Symanzik (1970)
equation, which will be the subject of the next section.

3.5 The Callan—Symanzik Equation

The Callan-Symanzik equation is more simply derived by noting that the
I'ups guDs Mup, Aup are v-independent (for definiteness we work in the MS
scheme). Therefore we have

vd
a uD(pla cee 7pN—1;guDamuD7AuD) = 07

and using (3.4.5) and (3.5.6) we immediately obtain

v 0 0 0
{aV + gﬂ% + (—)\)55 + zq:mq’}’m,q amq - VF} (351)
XIr(p1; ..., pn-1;9(v),m(v), A(v);v) = 0.

We have defined the universal functions 3, v, §:

Y g(w) = 98
gmq(”) = mq () Ym.q; (3.5.2)
vd
EEAW) = AW,

M Actually, a group structure is obtained only within a given renormalization
scheme.
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and, moreover,

Zr =27 1/2 g2 Z: yvd

Ve d Z[‘ Yr- (353)

The functions «, 8 and « can again be calculated using the same trick that
was used to derive (3.5.1): Eq. (3.3.10), and the fact that the g,p, mup, Aub
are independent of v. We get,

b= 2, )5 2,0,
fmg:_z—(ﬁi (), (3.5.4)
§=—2Z'(v )ZSZ,\( v);

Ym,q is called the anomalous dimension of the mass.

Equation (3.5.1) is not very useful as it stands, because it contains the
partial derivative 9/0v. However, we can transform it into a more useful form
by using dimensional analysis. Suppose pr is the dimension'? of I'p; then
v~ PI ['g is dimensionless, and thus it can only depend on ratios of dimensional
parameters. We scale the momenta,

VP TR(Ap1, -, ADN—1;G, M, a” 5 v)

:F()\pl/l/, < '7>‘pN—1/V;gam/Vﬂa71)7
and we replaced the gauge parameter A by a = A~! to avoid confusion with

the scale A. If we now trade the vd/0v for —A\J/OX, we obtain the Callan—
Symanzik equation:

o .
{_m%x+w*” ’

0
+qu7mq 8—7F+PF}
Mg
XFR()‘pla teey )\prl;ga m, ail; V) =0.
(3.5.5)
To solve this equation, we define effective, or “running”’, parameters given
implicitly by the equations

dg(N) dm(})

d—l
dlog A =g(M)BaN)), da—"(A)

dlog A

=a " '(\)J,
(3.5.6a)

= m(A)’ym,qv

*The dimension of a field is easily deduced by noting that the action A = [d*z L
must be dimensionless. Hence, [¢q] = [M]*/2, [w] = [M]' and [B] = [M]'. The
dimension of I" is obtained from those of the fields it contains. For example, for
the quark propagator (nonamputated) one has ps = —1; that is, 3/2 + 3/2 from
the quark fields and —4 from the d*z.
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with the boundary conditions
g|)\=1 e g(V), ’n_’l|)\:1 = m(u), (_1‘)\:1 e a(u). (356b)
Then,

FR()‘plv . ',)‘prl;g(V)am(V)’a(V)il;V)

:)\pFFR(plv s 7pN—1;g(>\)am(>‘)aa(>\)71;V)

log A
X exp {—/0 dlog X' vr (g(\'),m(\),a(\)™")

(3.5.7)
We see that, when we scale the momenta by A\, I'r does not simply scale
as A\PT": corrections to this have developed, incorporated into the exponential
term on the right hand side of Eq. (3.5.7). For this reason, yr is usually
called the anomalous dimension of I'r. In this respect the renormalization
group may be interpreted as the realization of scale invariance in local quan-
tum field theory; this realization is nontrivial due to the infinite character
of renormalization, which introduces an extraneous mass scale. The devel-
opment of this point of view may be found in Callan, Coleman and Jackiw
(1970) and, for QCD, Collins, Duncan and Joglekar (1977).

There is an additional point to be made about (3.5.7). In principle it
is valid independently of perturbation theory; for example, in lattice for-
mulations (see later, Chap. 9). However, most of the applications involve
perturbative expansions.

3.6 Renormalization of Composite Operators

Because we probe hadronic structure mostly with external currents, both
weak and electromagnetic, we must discuss not only Green’s functions, but
matrix elements of composite operators as well. These operators may, from
the point of view of renormalization, be classified into two categories: those
which are conserved or partially conserved, and those that are not conserved
(nor partially conserved).

A conserved operator is the electromagnetic current of any number of
quark flavours: J&, = > Q,V/, with

Vig(®) =: q(e)y"q(@)

it satisfies
GM\/:Z‘;(LU) =0 (3.6.1a)

to all orders in perturbation theory. A partially conserved current is, for
example, the axial weak current

Al () =1 q(x)y ' vsq  (2)
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Using the equations of motion (2.1.6), we see that it verifies
AL (x) = i(mg + mg ) oy (@), Jou (@) = q(x)75¢ (2) -, (3.6.1b)

so it will be asymptotically conserved in the limit of high energies, where
masses can be neglected.

In general, the matrix elements of any composite operator are divergent.
However, if we take into account the full QCD Lagrangian, i.e., including
counterterms, then the conserved and quasi-conserved currents have finite
matrix elements.'® Physically this is obvious; a formal proof will be given
later.

Nonconserved operators, on the other hand, generally require renormal-
ization; that is, they have to be defined including a specific Z to make them
finite. To see this, we begin with a simple example, the operator defined as
M(x) =: g(x)g(z) :, with sum over the implicit colour indices understood so
that M is a colour singlet. As discussed in Sects. 3.2 and 3.3, we may either
work with gg and calculate taking counterterms into account, or use (for am-
putated Green’s functions) Zrgq, replace g — gup = Zy9, m — myp = Zypm
and neglect counterterms. This, however, is insufficient to make M finite: to
obtain finite matrix elements we must still multiply by an extra Z,;, called
the operator renormalization: we thus define

MR(LL') = ZJMM((E) (362)

Let us evaluate Z);. We use the formulas of Sect. 1.2: letting the subscript
or superscript 0 mean free fields, ¢y = ¢°, By = B,

Mp(z) = ZuT: go(x)go(x) : exp i/d4z L:?nt(z).

To lowest order in g, this is

Mpg(z) = ZyZp" : Go(x)qo(x) :
_ ﬁZ /d4 d4 T - g - a .
212> [ dtadts T ao(@)ao(@) ozt yud0(z1) -

X do(z2)"a0(22) : Bl (21) Bl (22) }-
(3.6.3)
Because we expect Zy; = 1+ O(g?), we can neglect the Z,; in the second
term on the right hand side of (3.6.3).
We next consider matrix elements between quark states with the same
momentum, that we denote by (M),, (Mg),; it is not difficult to see that,

13This is true to lowest order in weak and electromagnetic interactions. If we in-

clude higher orders in these, we would have to add weak and electromagnetic

K
counterterms, Zyeek, Zem etc.
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qq
(a
i,p I, p
qq qq
(b)

qq

[, p+k [, ptk
(c)
a, k .

i, p I, p

Fig. 3.6.1. Renormalization of the operator gq. (a) Bare vertex.
(b) Radiative corrections to external legs. (c) Vertex correction.

in our case, the divergence is the same for diagonal or off-diagonal matrix
elements. Then Eq. (3.6.3) gives, after simple manipulations and without
amputation now,

(MR)p = ZnZp' (M),

(M), {g2cF [aok LB s ) + SuD<p)} ,

Moy =: qogo : -
(3.6.4)
The calculation has been performed in the Fermi—Feynman gauge, and ne-
glecting the quark masses, which does not affect the divergence; the Feynman
diagrams that intervene in the calculation are shown in Fig. 3.6.1. Clearly,
the divergent part of one of the S,p in (3.6.3) (see Fig. 3.6.1, b) is exactly
canceled by that of Zg; we thus need only the formula

. ~ s iv 4920}7
—iCpg? [ aPk e dis I(e/2)(4m)/2 ¢
kg / k2(p+k.)2 167T2 (6/ )( 7T) VO’
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which, when added to the remaining S, p gives us the desired result:

2

Zyu(v)=1-3Cp 1g7r2 {i +logdm — vg — log V2/1/§} . (3.6.5)

We leave it as an exercise to show that Z,; is actually independent of the

gauge, the reason being that M is a gauge invariant operator. The quantity

yur, defined by Zyr = 1 — (¢g2/167%)Neyar + ... is called the anomalous

dimension of the operator, to one loop (this name is also used for the whole

If we had carried out the calculation for gy*q’ or gy vsq" we would have

obtained zero for the anomalous dimension. As stated before, this is a special

case of a general result, which we now prove. Let J* be a quasi-conserved

operator, i.e., for zero masses d,J"(x) = 0. Consider any T-product with
arbitrary fields @;:

TJ*(2)P1(y1) ... Pn(yn)-
Then, using 9o6(z° — y°) = §(x° — ¢¥), we find the identity

T T (@)®1(y1) - .- PN (yn) = T(9uJ"(2))P1(y1) - - - P (yn)

N
+ Z 5(x0 _ yk)T@1 (yl) L [Jo(x%djk(yk)} B ~@N(yN). (366)

k=1
Now let
3(® —yR)[J° (), Pu(yn)] = P (yr)d(z — y)-
If Z; and Zp are the renormalization constants for J* and 0-J, and ~y; and
vp the anomalous dimensions (coefficients of —(g?/167%)N,) we find, from
(3.6.6) and by differentiating vd/dv, that

Y70, TI*(2)P1(y1) ... PN (yn)
1S 0 S Brl) ) (36)

+ypT(0 - J(2))P1(y1) - .- PN (yn)-
This is possible only if v; = 0 and, moreover,
0
a0-J=— mm—=—20 - J. 3.6.8
g > tmmy (3.6.8)
This relation may be verified for the case J* = gy*q with the help of our
previous calculation, because
9-J=i(m' —m)qq’;

we may then use the 7, (whose explicit value will be given in Sect. 3.7).
Alternatively, one can take into account (3.3.17) and (3.4.6) to verify that,
to second order,

muD((jQ)uD = mZm(dQ)uD = mZM(QQ)uD = m(qQ)Ra

as indeed Z,, equals the Z;; we have just calculated.
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3.7 The Running Coupling Constant and the Running
Mass in QCD: Asymptotic Freedom

Let us now turn to Egs. (3.5.6) and (3.5.7). To solve (3.5.6), we assume that
for some v the renormalized coupling constant is sufficiently small that we
can expand the functions (3, v, d in power series in g(v):

(AL o (2) o (22) )
Y = 753)% + D (9126(”2))2 V) (ig)g b (3.7.1)

5= 5<0)916( ) | 50 (16( )>2+5<2> (9{26(77”2))3

The value of 3y can be read off from (3.3.30) and (3.5.4):14

Using the calculations of Z, to second order (two loops) by Caswell (1974)
and Jones (1974) we also have:

B =303 — RCTpny — 4CrTrny = 102 — Eny. (3.7.2b)

Bo, B1 are scheme independent; the value for G5 given here below is that in the
MS scheme. The coefficients 32, #3 have been calculated, the first by Tarasov,
Vladimirov and Zharkov (1980) and the second by Larin, van Ritbergen and
Vermaseren (1997a); see Sect. 10.1 for details.

We then calculate the corresponding expressions for g. We introduce the
standard notation

2\ _ g(v)?
(V) = 4r
and then Egs. (3.5.6a) give immediately
dg g’
= _ﬁO 29
dlog A 16m

so that, defining A\? = Q?/v?,

/ @ day __po (RO
_ o8
«

s(V2) Ozg _% 0

"Gross and Wilczek (1973), Politzer (1973). Actually, B0 had been calculated be-
fore by ’t Hooft (unpublished) and Khriplovich (1969). See also Terentiev and
Vanyashin (1965).
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with the solution
as(v?)
L+ as(v?)Bo(log Q2 /v?) /AT

It is customary to re-express this in terms of an invariant mass parameter,
denoted by A, so that (3.7.3) becomes

47

as(QZ) =

(3.7.3)

Q) = ——se, AP= p2e=4m/Bocs (%) 3.7.4a
Q)= Bloe @) (374
With the explicit value of 3y,
12
as(Q%) = " (3.7.4b)

(33 — 2np)log(Q?/A2)’

The renormalization group equation may be solved by iteration to any arbi-
trary order. For example, to two loops,

127 | 133 —19ny loglog Q2/A?
(33 — 2ny) log Q%/ A2 (33 —2ny)? logQ?/A% [’

g (Qz) =

(3.7.4¢)
and to three loops we find,

2 271 _ 92 _ 732
47 {1_ﬁllogL+ﬁllog L — Bilog L + B2 51} (3.7.4d)

OCS(QQ) = 607 (2)L 58‘L2

where

2
857 5033 _|_ 325

Q
:logﬁa ﬁ2:22 18n f

Denoting temporarily by agn) to ay calculated to m-loop accuracy (so that
agl) is given by (3.7.4a) and o by (3.7.4d)), one can easily verify that, as
Q% — o0,

a(Q%)/al (@) — 1, alV(Q%) —0

for all n,k > 1, provided that ny < 16, a bound comfortably satisfied, as
there seem to exist only six flavours of quark. The vanishing of a,(Q?) for
large momenta, @2, is the celebrated property of asymptotic freedom, first
discussed by Gross and Wilczek (1973a) and Politzer (1973) Recalling (3.5.7)
this means that, at large spacelike momenta Ap; ~ ¢q, ¢q —Q?, Q% — oo,
the theory will behave as a free field theory, modulo logarlthmlc corrections.



Renormalization in QCD: Asymptotic Freedom. Operator Expansions 81
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Fig. 3.7.1. The running of as, here calculated to four loops (the gray
band covers the error in this quantity) is shown against experimental
data. Commnicated by S. Bethke (cf. also Bethke, 2004).

Moreover, and because a,(Q?) vanishes for large Q?, it follows that for suffi-
ciently large momenta we will be able to calculate the corrections to free-field
theory in a power series in as(Q?).

The running mass is also easily calculated. To lowest order, we require
(3.5.2), (3.5.6) and (3.3.17). We then have

mdlog A ™ 16w2 2Bplog A’

Using (3.7.4a) with log Q?/A% = 2log )\, and introducing the integration con-
stant 7 (which is the mass analogue of A), this gives,

o\ 79/8o
m(Q?) = m (é log /12) . Y = -3CF, (3.7.5a)

which we also write as

2\ —dm
N 12
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dp, (or 77(7?)) are called at times the anomalous dimension of the mass. One
checks that, as Q% — oo, also m(Q?) vanishes logarithmically. The higher or-
der coefficients ’yy(,? ) are known to four loops; they may be found in Sect. 10.1.

To two loops,

. —d,, loglogt/A? 1
t) =m (L logt/A%) " |1—d ;
m(t) =1 (5 logt/A%) { " logt/A2 *logt/A%]’
4 51 — Yn, 8
n = gy =8 o= g (8 o) o514

(3.7.5¢)
and By = 11 — %nf.
The running gauge parameter can be similarly calculated; the details may
be found in Narison (1989). One finds, to two loops,

-1
e 1 )
Q) =1 X(%logQQ/Az)di {1+ (394nf)5\(logQ2//12)ds} ’
39 —4ny
de = — .
66—47’Lf

(3.7.6)

As a first example of the techniques developed, we present an evaluation

of the behaviour of the renormalized, nonamputated quark propagator, at
large momentum:

Sr(p,g(v),m(v),Ew);v), p*=-Q% Q° > A*

The naive dimension of Sg is ps = —1. Hence, Eq. (3.5.7) gives, with p = An,
n? = —A2, and noting that Z = Zr now,

o —1/2
Sa(p.90).m (). 0)50) = Sl gm0, €01 (%)

1— logQ/A
X exp {—&TE dlog N as(A\?) b
0

To zero order in g,

i
)Qz:oo %a
5o, using (3.7.4a),
i 1

Sr(p,g(v),m(v),{(v);v) Q2,ioo }z (l IOgQ2/A2)dF5’

(3.7.7a)



Renormalization in QCD: Asymptotic Freedom. Operator Expansions 83

and the anomalous dimension of the propagator is

3(1-¢§)Cr
dpe = ——>——. 3.7.7b
P 9220, — 8Tpmy ( )
Sk behaves, at large momenta, as a free propagator, except for the loga-
rithmic correction (log @%/A%)~%¢. Note that dp¢ depends on the gauge, as
expected, and it vanishes in the Landau gauge £ = 1, where Sk thus has
canonical dimension.

3.8 Heavy and Light Quarks: the Decoupling Theorem.
Effective ny, A

The singularities in the MS scheme are independent of quark masses; there-
fore, when calculating the 3, or the 77(7? ) one has to take into account all
existing quark flavours. For simplicity, let us concentrate on the § function
and work in an axial gauge so that the entire Q? evolution may be obtained
with just the gluon propagator. Furthermore, we will simplify the discussion
by considering a model with only two quark flavours: one essentially massless,
7y = 0, and a heavy one, iy, > A. In the MS scheme to one loop, we have

127
(33 —2ny)log Q2/ A%’

as(Q%) = (3.8.1)
and we have to take ny = 2. However, it stands to reason that, while ny = 2
will be a good choice for @ > 1y, there will be a region my; > @ > A
where one would expect that (3.8.1) with ny = 1 would be a more reasonable
choice. This is made more dramatic if we set 7, extremely large, for instance,
1 gram. Clearly, GeV or TeV physics can hardly depend on the existence or
nonexistence of that particle.

This is basically the content of a theorem proved by Symanzik (1973) and
rediscovered!® and elaborated by Appelquist and Carrazzone (1975) which
states that, in the particular case of QCD, we can neglect the existence of the
heavy quark when my > @; and this neglect only produces errors of order
m3/Q%. In fact, Eq. (3.8.1) is valid as it stands only if Q% > m?, where m
is any relevant mass, in particular 1. In intermediate regions we will have
a dependence on Q? besides that in log Q?/A2.

Since the problem arises because we neglected masses, we must re-derive
(3.8.1), but now with masses taken into account; we simplify even further by

15 Actually, the result is essentially contained (for Abelian theories) in the basic pa-
per of Kinoshita (1962). For a discussion using functional methods, see Weinberg
(1980).
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taking only one quark flavour. We recall that the running coupling constant
was defined as oy = g*/4m, with g a solution of (3.5.6a),

dg o -
Togqfy ~ 99@) dle=v = 9(), (3.8.2a)
with .
14
B==2,"TZ, (3.8.2b)

‘We now consider the behaviour of the transverse part of the gluon propagator,
which we write as in Eq. (2.4.9). From (3.5.1), (3.5.7), and with Q/v = A,

Di(q% g(v), m(v); v*)

oA .O.
= Dtr(l/2;g()\),m()\);l/2)exp {_/0 dlog N vp (g()\,))} . (3.8.3)

In the physical gauge we are using, yp = 283p9°/1672; see Eq. (3.3.18). Hence,
B 2
 logQ?/v?

Next we require Dy, (v?; G(\), m()\); v?) exactly in m. We have

De(g%; 9(v), m(v); v?) Dex(v?%;g(\), m(N); ). (3.84)

De:(v*;g(N), m(A); 1) =

2T < 2 1 + 2 1— 2
KV+L(Q)/ dz z(1 —x)logm +x(2 z)v ,
™ 0 1%
where K, is a constant. To begin with, we choose v ~ A: then,
Dunlg% g(v) m():v?) = —— 4 K,
) ) 7 log QQ/]/2
oT 2 1 =2 2
—|—L(Q)/ dzz(1 —z)log [m (22 ) —|—x(1—x)} }
Vs 0 A
(3.8.5)
We will assume m > A. This then becomes
Tras(@Q*) ,  m(Q?) 2
2, c 2~
Dtr(q 79(1/)3 m(}/), v ) ~ {KA + p 1Og A2 IOg Q2/V2 . (386)

It is clear that, in the momentum region where m? > Q2 > A2, the correction
to K in (3.8.6) is large: although nominally of higher order, it will dominate
in the limit of very large quark mass. The same will of course be the case for
higher order corrections so the approach is not very useful here. This was to
be expected. The MS scheme, or any other mass independent scheme (like
that of Weinberg, 1973b) must necessarily destroy convergence when there is
a mass much larger than the momentum scale.
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A simple solution to this problem is to modify the MS scheme taking an
effective number of flavours; for example,

nf

np(Q%) = 6(Q* —m3), (3.8.7)
=1

i.e., we consider particles with masses larger than the momentum to be ef-
fectively decoupled.'® Of course, the procedure is only a good approximation
away from quark thresholds, although we will use it in all the range.

We now show that this procedure is consistent; we will do this for the
transverse part of the gluon propagator, which will indicate how to extend it
to the general case. That (3.8.7) is right for Q% much larger than all quark
masses we already know; the corrections are easily checked to be O(1m?/Q?).
Then we consider Q? < m?2. Because the contributions of quarks and gluons
to Dy, are additive, we need only consider the former. To one loop, then,

> ! (1 —2)Q? +m?

(quark) _
Dy, flfm ; dzz(l —z)log 2 ,

(3.8.8)

and to this order we need not consider the renormalization of g or m. Now,
for Q% <« m?, we obtain

D(quark) ~1— Qs IOg 7’?7/72 Qg Q2

— 3.8.9
tr 6m v?2  30m m?’ ( )

i.e., constant up to terms O(Q?/m?). Therefore, it coincides (up to these
corrections) with the gluon propagator calculated with zero flavours, but for
a different value of v?; namely, v? — v2{1 + logm?/v?}. Because physical
observables are independent of v, it follows that we can drop this heavy quark,
which only contributes corrections O(Q?/m?).

The case of the gluon propagator is simple; in general, the corrections
can include logarithms and so they are of the type

O (QQj 1og’“<cz2/m2>) :

m2

5Other interpolation formulas are possible; cf. Weinberg (1973b) or the papers
of Coquereaux (1980, 1981). It should be remarked that a simple choice such as
(3.8.7) can only be an approximation and that, particularly when there are several
momentum scales involved, there is no substitute for a detailed calculation taking
into account all masses which do not decouple.
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The decoupling theorem is particularly transparent in the p scheme of
renormalization. Consider again the quark contribution to the gluon propa-
gator. We work to second order and then, recalling (3.3.21),

rk i
DI =
q
Trg? [2Neng /1 4 m? — (1 — 2)¢?
— 4 dza(1 - 1
+ = 3 | xx( JJ)fZ:1 og 7 +

It will be remembered that in the p scheme we renormalize by requiring the
equality Dggltlf ™) (g2 = —p2) = DY) (_1,2) Therefore,

free,tr

2

r i Tog? 1 m2 —z(l —x
P = g+ s | 4 [ dewtt =) S T
0

1672 7 m3 +a(l — z)p?

Take Q? = —¢?. For Q2, u? > m?,

1 m2 + x(1 — 2)Q? Q? m2 m2
f 1 f f
dzz(l—2z)l ~ =] +0 , ;
/0 wa(l —=)log m2 +a(l—a)p? 0 R p2 Q2

for m? > Q2 P,

1 2 _ 2
/dl’x(lw)logmﬁx(l ir (MQ Q2>v
0

m3 +a(l — z)p? =0 m3’ m3
from which expressions the decoupling theorem is apparent.

Let us now return to the MS scheme, with a momentum-dependent effec-
tive ny. When using this modified version of the MS scheme, some care has to
be exercised because the QCD parameters will become effective parameters,
and they will vary across thresholds. To see what this means, take for exam-
ple the expression (3.7.4b) for the running coupling constant. When crossing
e.g. the éc quark threshold we will have two expressions: one for Q > m?,
and another for Q% < m?. In the first, ny = 4; in the second, ny = 3. Because
we want to have the same coupling constant, we will have to admit that A
really depends on n;. Writing A(ns) we thus have (Marciano, 1984)

2 127 9 9
as(@) = 271log Q%/A2(3)’ @ <me,
2 127 9 9
as(Q7) = 25 log Q2/A2(4)’ Q7> m;.

Matching these two expressions we find the relation between the values of A;
for example, matching at m? gives

A(4) = [A(3)/m ¥ A3). (3.8.10a)
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The dependence on ny is weak, but noticeable.
A more accurate result is obtained using higher order formulas for as.
For example, to three loops a simple calculation gives

ny+1 lo Az(nf —+ 1)

0 g A2(ny) :(ﬁgf-i—l*ﬁgf)Lh+5NLo+5NNLo (3.8.10b)

where
nf +1

n 1 n n 1
Snzo =07 — b7 )log Ly, — b7 log o,
0

SNNLO = [(b?f* LB log Ly

B! Ly,
O @y 0y .
Here we have defined
Ly, =log [mQ(nf + 1)//12(nf)] . bi=0i/bBo

and m(ny + 1) is the pole mass of the (n; + 1)th quark.'”
The running masses also run differently at different momenta. For exam-
ple, to leading order, Eq. (3.7.5b) should be replaced by

(3) 12

Tlog @2/ 2@ ) =535 (3.8.11a)

_ 2y
Q) = T 33— 2n,’

for Q% < m?, and

o2y m(4)

™) Fog @/ 2@
m(4) _ [logme/A(4)]4m ™)

(3.8.11b)

m(3)  [logme/A(3)]dm(3)’

when m?2 < Q* < m?, and so forth.

3.9 The Operator Product Expansion (OPE)
at Short Distances. Nonperturbative Effects in Quark
and Gluon Propagators

This and the following section belong, more properly, to the previous chap-
ter. We have displaced them here because the subject requires, to be fully
understood, to have mastered the basics of the renormalization program.

"The pole mass is defined such that the quark propagator satisfies S™*(p = m) = 0.
It will be calculated in terms of the mass m in Sect. 6.2.
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i Short Distance Expansion

The tool to analyze rigorously the product of operators at short or lightlike
distances is the operator product expansion (OPE).'® To discuss it, we begin
with free massless fields and the simplest possible case of a time ordered
product of scalar fields:

To(x)o(y).

As z — y this is singular; but this singularity is a c-number. We may separate
it and write

To(z)p(y) = d(2)d(y)+ : ¢(x)p(y) := Az —y) 1+ : ¢(x)¢(y) :

| |

where the contraction is a c-number, coinciding with the propagator:

i a1 11
A _ 4 —ik-x — _ )
(@)= G2 /d R R TR oY =) g

The operator : ¢(z)d(y) : is regular as © — y, and so is of course the unit
operator. In general, we can write the product of the local (elementary or
composite) operators A, B as the short distance, or Wilson expansion

TA(x)B(y) = > Cilx — y)Ni(, ), (3.9.1)

where the C; are c-numbers (Wilson coefficients), and the Ny (z,y) are bilocal
operators, regular as ¢ — y; the use of the letter N for them is a reminder
that they will be normal-ordered composite operators. The expansion (3.9.1)
is simply a generalization of the free-field case. We write

TA(z)B(y) =Y _ lni' / dzy ... dz, TAY(2) B°(y) L2, (21) ... L2 (2n),

where the superscript 0 means that the fields have to be taken as free. System-
atic application of Wick’s theorem then produces (3.9.1). However, it is sel-
dom necessary to write the above expression in complete generality; if we are
only interested in the behaviour as  — y, there is a simpler way to proceed.
One considers a basis formed by all the operators with the same quantum
numbers and transformation properties as the product AB. In particular, if

8The operator product expansion was first introduced by Wilson (1969) and further
developed (for short distances) by Zimmermann (1970), Wilson and Zimmermann
(1972) and others. For the light cone expansions, see Brandt and Preparata (1971),
Fritzsch and Gell-Mann (1971). The general use of this tool for deep inelastic
scattering was developed by Christ, Hasslacher and Muller (1972); its application
to QCD was discussed first by Gross and Wilczek (1973b, 1974) and Georgi and
Politzer (1974). We consider here expansions of T-products in view of applications,
but the same techniques may be used to expand ordinary products.
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A and B are scalars, and gauge invariant, only scalar, gauge-invariant oper-
ators have to be considered. In this case, we have the operators (sum over
omitted colour indices understood)

L 2 q(@)q(y) 5 a@)Pa(y) :, -y 2 (@@)a®)? .oy 1 G@)Gy) 5, ooy
(3.9.2)
in fact, an infinite array: but, in the limit  — y, only a few (at times only one
for the leading behaviour) are required. This may be seen as follows. Let px
be the naive dimension of the operator N. The lowest dimensional operators
in (3.9.2) are 1, with p; = 0, : gq : with p.ge. = 3, : @Pq : with p.gp,. = 4
and : GG : with p.gg. = 4. If we suppose that the dimension of each A, B
is 3, simple counting tells us that the Wilson coefficient C; has dimension 6,
C.gq: has dimension 3, and both C\zp,., C.gg: have dimension 4. Therefore,
including explicitly a mass in C'gq:,

Cilw—y) = (@=y)"° Cmgele—y) = (@-y)7,

~ Ly _ Ly (3.9.3)
C:(ﬂZ)q: l"_)"y(x - y) , Caa: L:y(x - y) )
where 2% means (x - )3, 272 means 1/(x - x), etc. The coefficients accompa-

nying other, higher dimensional operators will be finite as z — ¥, so (3.9.3)
exhausts the list of singular coefficients.

Clearly, (3.9.3) will only be exactly true in free field theory; however in
QCD, and because of asymptotic freedom, high energies, and thus short dis-
tance behaviour, only get logarithmic corrections, which do not substantially
alter the analysis. If we now take any matrix element of the expansion (3.9.1),
with NV, the operators in (3.9.2),

(@TA@)BONF) = Ci(x)(@|7)
+ Cugqe(@) (@] : 4(0)q(0) : |) (39.0
T Clapas(@)(®] : G(0) Pa(0) : |¥)
+ Coe(@)(@] : GP(0) : |0) + -,

then, because the normal operators are regular, we find that the x — 0
behaviour of the left hand side in (3.9.4) is given by that of the Wilson
coefficients, up to the finite constants ($|N;|¥). Thus, the leading behaviour
as x — 0 of TA(z)B(0) is given by C4(x), and the subleading one by C.zq:,
C:q]pq: and C:GG:-

Let us return to (3.9.1). Since the operators N;(x,y) are regular, we can
expand them in x —y. With y = 0, we then write

Ne(@,0) =Y @y ..y, N{VH87(0,0).
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For example,

="
—z) = Zwm c Ty g(0)ors ..ot q(0) - . (3.9.5)
In a gauge theory such as QCD, we should replace the derivatives in (3.9.5)
by covariant derivatives (see Appendix I). So we finally obtain the expansion

TA@)B(0) = Ci(z)1

“D" e " (3.9.6)
leu- Ilini':q(O)Dl...D "q(O);+....

As x — 0, the derivatives in (3.9.6) are (in general) subleading because of
the extra x,, factors. This is not, however, the case in the light-cone expansion.
In this expansion we are interested in the behaviour of operator products as
22 — 0 for otherwise arbitrary x. Because of this, in the light-cone limit, all
derivatives on the right hand side of (3.9.6) contribute equally.

The details of the light-cone expansion are deferred to Sects. 4.4 ff. We
now pass to an application of the short distance expansion.

ii Nonperturbative Effects in Quark and Gluon Propagators

To all orders in perturbation theory, the vacuum expectation values of the
operators : §(0)g(0) : and

s G2(0):= i’;z £ G (0)Glap (0) - (3.9.7)

vanish. However, later in this book we will give arguments that indicate that,
in the physical (nonperturbative) vacuum, that we denote by |vac), both the
quark condensate and the gluon condensate,

(q9) = (49)vac = (vac| : 4(0)q(0) : [vac) (3.9.8)

and
(asG?) = (sG?) yae = (vac|a, : GZ(0) : |vac), (3.9.9)

are nonzero.'? This will induce effects in all Green’s functions, in particular
in the quark and gluon propagator, that we now study.
We begin with the quark propagator,

$9(p / Pz 6P (Tg! ()3 (0)) vac, (3.9.10)

19Sum over omitted colour indices is understood in (3.9.8) and (3.9.9).
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@ (b)

Fig. 3.9.1. First nonperturbative contributions to the quark and gluon
propagators. The black dots represent the vacuum expectation values of the
operators associated to the lines that terminate in the dots.

(a) Disconnected diagrams. (b) Connected, higher order corrections.

which will be evaluated for large p. We write an OPE for it, neglecting terms
that give zero when sandwiched with |vac):

Tfmm%mzam{cmml—w%meZ:Jmm%w:+~}; (3.9.11)

l

only the perturbative coefficient, C, was considered in Sects. 3.1 and 3.3. To
zero order in g,

AN () - L _imzy, OV (O -
zl: 2 q5(0)qy () : i {5aﬁ 5 fyaﬁ} Zl: 27 (0)¢'(0) :;
«, B are Dirac indices, and we still neglect terms that vanish between vacuum
states.

If we denote by Sp, Sxp the perturbative, nonperturbative contributions
of (3.9.11) to (3.9.10) (the last represented graphically in Fig. 3.9.1), we find

S =S5p + Sne,

ij 045 (qq) vac m 0 (3.9.12a)
SO — (myp Sl [y B T o), =3

4N, D ' Opt

This expression vanishes for p # 0, and has a singularity at the origin. Both
effects, as well as similar ones for the gluon case, Eq. (3.9.15) below, are due
to neglect of confinement. A regulated version of (3.9.12a) requires a fuller
treatment of this, that will be sketched in Sect. 9.5iii; but, even as they stand,
we will see that terms like that in (3.9.12a) are important in connection with
a number of physical quantities.
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The expression (3.9.12a) can be generalized to all orders in the quark
mass, mg, but still for a free propagator, to read

—(2m)P1r(D/2)(2(0)9(0))di;
4N.myg

(vac| : @;i(x)g;(0) : |vac) =
(3.9.12b)

00 1 ' mQ n
dD ~ —ipx 4 92 5 .
. HZ::O nlT(n + D/2) / pe P A my) ( 1 %) o)
The second order correction to Sxp is evaluated by writing
2)1]
E NP Z 75 my

X g /de iy, t5 S” (p+ k)l’y,,tl/ Oab

—gh kPR
k2 p—mg’

and replacing, on the right hand side, S by Sl(\?g”/. We thus find
SNp = Sl(\loli + SENP + -

SS@( ) = —id; @ {D —&- 2(DD_ 2) (1-— g)”;‘;ﬁ } (3.9.13)

+ higher orders in m?/p*.

This is gauge dependent, so one cannot interpret in a direct way the quantity

—masCr(qq) (

Me(p) = 37

4-¢)

as a physical mass, although it has some mass-like properties, such as breaking
chiral invariance.

A similar calculation may be performed for the gluon propagator (see
Fig. 3.9.1). We write

DEY (k) = / d*z ™ *(TB"(x) By (0))vac,

TBY(z)By (0) =da {C1 (2) 1 + Chis(z) : G*(0)Gap(0) : +-+ -},

(3.9.14)

obtaining
D = Dp + Dnp,

where the nonperturbativer piece is

Sab(G?)

O)pv —
Dl\?Pab (k) = (QF)D4(NC2 —1)D(D - 1)(D +2)

{(D +1)g" 0—20"0" }5(k)
(3.9.15)
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It is to be noted that Dl(\?ll‘w is transverse, k#Dl(\?llW(k) = 0. DI(\%))W also
contributes to Sl(\?}z; it adds to (3.9.13) the expression

2CF m(asG?) i

2
Sexp(p) = T S (3.9.16)

It is also not difficult to evaluate the (second order) contributions of (gq), (G?)
to D. These would give mass-like terms, unfortunately gauge dependent. In
fact, as we will see later in this text, the masses of physical particles are not
directly related to quantities such as Mg or the equivalent for gluons; these
contribute only at a nonleading order. The main contributions come from the
terms in Egs. (3.9.12), (3.9.15). A detailed discussion of this in connection
with (gg) may be found in Pascual and de Rafael (1982).

3.10 Effective Theories for Heavy Quarks

A method reminiscent of the operator product expansion, useful to treat pro-
cesses involving a heavy quark, is that of the heavy quark effective theories?
(HQET). They permit, in a systematic way and among other things, expan-
sions around the infinite mass regime and, in particular, simplified study of
nonrelativistic physics.

The basic idea is as follows. Consider a process involving a heavy quark,
@, with mass M > A, apart from other light quarks, g7 and of course gluons.
There may also be more than one heavy quark; the method may easily be
adapted to this case. We then seek an expansion of the observables, or more
generally the Green’s functions, in inverse powers of M. Generally speaking,
this will allow us to parametrize the observables in terms of operators of
higher and higher dimensionalities, with coeflicients calculable in perturba-
tion theory. On the other hand, the matrix elements of the operators may be
taken from experiment or, in favourable cases, evaluated from the theory.

There are two standard methods to perform the expansion; both take
advantage of the possibility to redefine the fields in the Lagrangian. The first
profits from the fact that fermionic degrees of freedom may be integrated in
the generating functional, as shown in Sect. 2.5, to arrive at a Lagrangian not

20These theories were first formulated (for QED) by Caswell and Lepage (1986),
and have been developed for QCD by Isgur, Grinstein, Scora and Wise (1989),
Grinstein (1990), Georgi (1990), Falk, Georgi, Grinstein and Wise (1990), Bod-
win, Braaten and Lepage (1995), etc.; we send to the reviews of Grinstein (1991),
Manohar (2000) and Mannel (1996), which we more or less follow, for detailed
references; in the review of Manohar, recent applications to QED may also be
found.

The quantum chromodynamics of quarks in the infinite mass limit was con-
sidered by Voloshin and Shifman (1987), Isgur and Wise (1989) and Eichten and
Hill (1990), among others.
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containing the heavy degrees of freedom; it is in fact a variant of the general
method of effective theories, devised by Coleman, Wess and Zumino (1969)
and, for non-Abelian theories, by Witten (1977b) and Weinberg (1979). The
Lagrangian will be nonlocal due to the presence of a heavy quark propagator.
This in turn may be expanded in powers of M !, leading to the HQET.
The second method is a generalization of the Foldy-Wouthuysen trans-
formation of the Dirac equation in relativistic quantum mechanics, and is
equivalent to an expansion in powers of the velocity of the heavy quark.

i The Functional Integration Method
We consider the Lagrangian (cf. (2.5.12))
L= Q(ilpr)Q+ﬁQ+Qn+£rest7 (3101)

where the 7, 77 are the sources associated to the quark, @ and L5 contains the
light degrees of freedom: ¢y, B, and eventually ghosts. We will denote collec-
tively by ¢ to these light degrees of freedom, so Dy = [, Dgy [[, Dgy DB - -
The generating functional is

= /'DQ'DQD@eiAQJFiArcst’ (3.10.2a)
with
-AQ :/d4a: EQ, Arest = /d4$ Lrests
Lo =Q(P — M)Q +7Q + Qn.

For free quarks, we may expand Q(z) into creators and annihilators,

(3.10.2b)

Qz) = 3/2 Z/ {e_’pr u(p, \)b(p, A) + € “v(p, \)dT (p, A) }.

In the Pauli realization of the gamma matrices, the spinors (say, u) may

be written as
_ [ w
’U,(p7>\) - (us) )

where u; (the “large”) and us (the “small”) components are bispinors, and
us is of order 1/M with respect to u;. Because in the Pauli representation

one has
(T 0 j 1 0
Yo = 0 —T ’ - 0 1 )

it follows that we can project u;, us with, respectively, (14 o), 3(1 — o).
This suggests the strategy to follow. In an arbitrary representation we
consider the timelike unitary vector 7,

7'2:1, 70 > 0.
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In the Pauli representation (or, equivalently, in an appropriate reference
system), we would take 70 = 1, 7 = 0. We then decompose the covariant
derivative D into a “timelike” and a “spacelike” part,

D" =Dl + D¥,

3.10.3
DY =r#r.D; D! = (¢g" —7*1")D,. ( )

In the Pauli realization we would have D; = Dy and Dy = D, which
justifies the names “timelike” and “spacelike”. For the field Q(z), we set

V() =5(1-7-7)Q), ¥(@)=35(1+7 7)Q).

Substituting and using that v- 7% = ¥ and v - 7¢ = —, we find that the
action Ag may be rewritten as

Ag = /d4x {&(i]pt — M)y — B (i, + M)W

D ) + PP + sources} : )
3.104

:/d4x {gﬂ(iDO — M)y —¥(iDy + M)W
D) + HIDT + sources}7

the last expression in the Pauli realization, and we use the notation I =
—D.

Next we extract the time dependence the v, ¥ would have if they were
infinitely massive, defining

P(z) = e MTn(z), T(x)=e MTTH(z). (3.10.5)

In terms of these last fields, the @) quark action becomes, working directly in
the Pauli realization,

Ag — Ag{’h) = /d4x {ﬁ(iDo+2M)H+ﬁiD0h+BiDH+ﬁi]Z)h} -+ sources
(3.10.6a)
where, redefining the 7, n — exp(—iMz()n, the sources piece above is

sources = M h + o H + hny + Hnp. (3.10.6b)

We now integrate the component H, as in Sect. 2.5ii. The generating func-
tional becomes

Z = / DhDh Dy DH DH eAa"" +ides
(3.10.7)
= (comnst.) x /Dh DhDyp A elAg)J’_lArest’
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where now

Ag) = / d*z Lo + sources,

1
S—1)Y
iDo + 2M — 0?

The —i0 in the denominator in (3.10.8) is obtained by boundary condition
considerations, as for the ordinary propagators, and A is the determinant
of the Dirac operator for H, A = det(iDg + 2M). It would generate loops
of heavy quarks, which are of relative order 1/M?2. If we work only to order
1/M?, we may replace A — 1, and calculate by hand the contribution of
graphs with one loop involving flavour @Q; in potential theory they would
contribute only to the Uehling—Serber potential.

It is to be noted that the integration over H produces the same result as
use of the equations of motion to eliminate it, writing

1 .
Do+ 2M —10'

(3.10.8)
Log ZiLiDOh — BD

H(z) Dh(z). (3.10.9)

We can also undo our transformations and express Q(z) in terms of h(z):

Qlz) = oMo {1 N WlM_iOi]p} h(z). (3.10.10)

Lo is nonlocal, and so is the relation (3.10.10) between @ and h. To
a given order in 1/M, (3.10.8) and (3.10.10) are treated by expanding the
denominators in powers of 1/M: note that M appears only in this place,
apart from the exponential in (3.10.10). So we find

. 1o o
Leg =hiDgh + mh (ip)?ih

2 (3.10.11a)
+ (211\4) RiID(—iDg)iDh + - - -;
Qz) = e_iM“{l + ﬁlp + (2]1\4>2 (=iDo) + - - }h(x). (3.10.11b)

To any finite order in 1/M, the effective Lagrangian is local and does contain
only the light degrees of freedom.
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ii The Foldy—Wouthuysen Method

We write the heavy quark Lagrangian as (omitting the source terms)

Lo=Q(D - M)Q=—-QT(BM —iDy + 2)Q = —QTDQ,  (3.10.12)

0 o .
B =0, a—vov—(a 0>, 2 =iaD
and the Dirac operator © in (3.10.12) is
D =M —1iDg + (2.

To achieve a separation between “large” and “small” components, we
perform a transformation

Q—Qrw=¢"Q, Tt=-T
so that the Dirac operator becomes
D — Dpw =’ De 7.

We will construct T so that Dpw is diagonal (in Dirac space). This cannot
be done exactly, but we can arrange it to any desired accuracy by perform-
ing successive transformations eT el l,. .., which will leave a residual non-
diagonal piece of higher and hlgher order in 1/M. The Foldy—Wouthuysen
transformation is the product of these: 7 = - -- eT" el

Of the operators appearing in ®, M and —iDg are diagonal, and {2 is
antidiagonal. To perform the calculations we note that, for any operators F,

T, we have the relation

+ =TT (T, FY) + -

e'Fe ' = F+[T,F] + 21 (7,17, F)) + 5

We will say that an operator O is odd if it is antidiagonal, i.e., if it is of the

form
0 a
-5 ¢)

with a, b two-dimensional matrices. For any odd operator, one has

(80, 8] = —

If we choose T proportional to 32 then, after the transformation, the domi-
nating odd term of © gets canceled by the leading piece of [T, D].
To be precise, we first carry the transformation

oI — o 382/M
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SO

1

1 1 1 1

+57 5 16, [BQ,D]] - QW[

2! (2M)? B, B, [BLD])] + -

Note that, since ® contains a term of order M, we have to evaluate to order
1/M?3 to get quadratic corrections right. The first commutator above gives

1 1

—— 812 = -0+ — (—2802% +i{0,Dy}).

537 2% 2 + 557 (72892° +1{2, Do})
The —2 in the right-hand side here cancels the {2 in ©’ which, therefore, is
even to order 1/M. We next get rid of the odd term of order 1/M, with a
similar procedure.?! Evaluating also the second commutator, we then write
D’ as )

i
2M
This is similar to @; all terms of order M, M° and 1/M are diagonal except

D' = MpB—iDy + ﬁﬁm + ——[2, Do]B + O(1/M?).

i

— /

which is odd. To get rid of it we perform a further transformation,

11

Q” — eT Ql
with T = Q' /2M, so that
D :eT”QlefT”
VB Aoz o L s 2
=Mp —iDg + 2MﬂQ + Q'+ 2M[,BQ ,MpB]+O(1/M?)
1
=Mp —iDg + mﬂﬁz +O(1/M?).

Now, ®” is diagonal to order 1/M so to that order we can separate “small”
and “large” components in the Lagrangian,

ﬁQ — *QHJF@/IQ” _ 7QI/+ {Mﬁ _ iDo + Q}Wﬂ(iaD)z} Q//-

213We will perform only the explicit calculation to order 1/M, and present the results
to order 1/M?. The full details of the evaluation to O(1/M?), or indeed any order,
may be seen in Bjorken and Drell (1964) or Yndurdin (1996), Sect. 4.5.
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After redefining the fields by the phase exp(—iMzg), just as in the
functional integration method, we write the effective Foldy—Wouthuysen La-
grangian (including also the terms of order 1/M?) as

- . 1 .
Lrw :hFW{lDO + m(lm)Q

1 2
+i(5y7) (C4D*D0+ DD — 1DiD?) + - e + sources.

2M
(3.10.13a)
The field Q(z) can also be expressed first in terms of the @', Q”, and
then in terms of the FW field hpw (z):

Q) =e V=" (14 (D)

+ <2]1w>2 (DD — 31%) + - }th(fc)~

It is interesting to note that, if we write © keeping explicit ¢ (the speed
of light), we have

(3.10.13b)

D = fMc* —iDyc + iaDe,

and then Lpw reads
- 1
Lrw = hFW{lDOC + Wi (ip)?

L (2]1\4) (~1p2Dy + DD — D0D2)+0<012) }hpw-i—sources.

So, we can interpret the Foldy—Wouthuysen transformation as an expansion
in inverse powers of 1/¢, i.e., valid for small velocities of the heavy quark.

iii Discussion; a Sample Calculation; Radiative Corrections

The terms of order 1/M for Q(z), Lo in both the functional integral
(Egs. (3.10.11)) and Foldy—Wouthuysen (Egs. (3.10.13)) approaches are the
same, but differences start appearing at order 1/M?2. These differences, in
both the Lagrangians and the expression for the field @, consist of terms
that would vanish if using the equations of motion. So, they would be zero
on the mass shell but will give different contributions in high orders of pertur-
bation theory. Of course, since both approaches stem from the same original
Lagrangian, they will end up by producing the same results for physical
amplitudes: the differences in the L.g, Lrw and in the expressions for @
will compensate one another, since the methods are equivalent. The Foldy—
Wouthuysen one is perhaps to be preferred in that it avoids contact terms
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in time-ordered products, but the expressions found with the functional in-
tegration method are generally simpler.

The Feynman rules are however the same in both approaches, and iden-
tical to those in ordinary QCD, with two exceptions. This is because all the
terms of order 1/M, 1/M? ... in the L.g, Lrw are to be treated as pertur-
bations, so the Feynman rules for HQET are identical to those of ordinary
QCD for light quarks and gluons. For the heavy quark, however, the bilinear
and trilinear terms are different from those in ordinary QCD; we have to
replace the Feynman factors corresponding to heavy quark propagator and
gluon vertex according to

i i
—
p—M+i0  po+i0

(3.10.14a)

and
igyuts; — iggoutf;- (3.10.14b)

In some cases, notably in the study of heavy quarkonia (Pineda and Soto,
1998; Brambilla, Soto, Pineda and Vairo, 1999), HQET allows an elegant and
relatively straightforward discussion of bound states; we will come back to
this in Chap. 6. Nevertheless, the HQET does not work miracles; for many
processes the matrix elements of the higher dimensionality operators

(iD)?, —3D°Do+ PDY — 5 DP?

e.g. in Lyw will have to be taken from experiment, or will represent unknown
parameters. Still, even in these cases, the fact that a system with an infinitely
heavy quark possesses extra symmetries will help to find relations that are
not obvious in ordinary QCD. To see how this works, we will describe a
typical example with one heavy and one light quark; a large number of other
similar applications may be found in the quoted reviews.

We will consider a bound state with momentum p of a heavy quark ) and
a light one ¢, which we denote by |A(p)). We define the vector 7 = p/M(A)
with M (A), the mass of the bound state. We take it that the bound state
decays through, e.g., a weak interaction, which we treat to first order, into a
final state |F'). Assume that the interaction is mediated by a current

qre,

where I is an appropriate combination of gamma matrices. The matrix ele-
ment for the transition is

(Flar'Q|A(p)) = (F|a(0)I'Q(0)|A(p))-

The idea behind the method in the present case is that the binding effects are
of order of the only dimensionfull parameter of QCD, A ~ 0.3 GeV. So, if the
heavy quark is ¢, b or ¢, this is much smaller than the heavy quark mass, and
it makes sense to expand observables in powers of 1/M, M being the mass of
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the heavy quark. We can decompose the fields, and write an HQET. Working
in the rest system, 70 = 1, 7 = 0, and substituting (3.10.11) or (3.10.13), we
have, to order 1/M,

(Flgr'QIA(p)) = (FlgI'h|H(p)) + ﬁ(FldFiDth(p»

*ﬁ / d*z (F|T h(z)P*h(2)q(0)I'h(0)|H (p)) (3.10.15)
+O0(1/M?).

Here we have denoted by |H(p)) to the bound state with an infinitely heavy
quark @. This is of course the interest of (3.10.15): this state is the same
for any heavy quark, and so we are relating processes with any of the three
heavy quarks, ¢, b or t. In particular, a similar analysis of the mass of bound
states of a heavy and a light quark allows us to reach the conclusion that the
mass splittings between D, D* and B, B* mesons are inversely proportional
to the masses of the heavy quarks contained in each pair, times a universal
factor (Falk, Grinstein and Luke, 1991). So we should have
M(B*)— M(B) m.

M(D*) — M(D)  my’
Experimentally,

M(B") — M(B) ~ﬁg1/3.4

M(B7) - M(B)
M(D*) = M(D) |, 153
not much unlike the value of the ratio of pole masses (cf. Sect. 10.4 for a

review of these)

me _ 1866 407

my 5022
It may be noted that this result shows not only the capabilities, but also
the weakness of HQET. For indeed the result could have been obtained from
the standard Fermi analysis of spin splittings in systems with a heavy and a
light particle (see any textbook in relativistic quantum mechanics). The fact
remains, however, that the present derivation is more general than Fermi’s,
which indeed was devised for electromagnetic interactions.

An equation like (3.10.15) was obtained at tree level, that is to say,
we neglected gluon corrections, which may easily be considered respon-
sible for, e.g., the slight mismatch with experiment we found above for
(M(B*) — M(B))/(M(D*) — M(D)). Radiative corrections can be calcu-
lated without much more difficulty than in standard QCD. Since HQET is
equivalent to ordinary QCD, the fact that the interactions described by Leg,
Lyw are non-renormalizable should not pose an unsurmountable problem.
The evaluation of radiative corrections is easiest done by introducing renor-
malization constants in the contributions of the various terms of the effective
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Lagrangians; constants which are then found by matching the Green’s func-
tions evaluated with Leg, Lrw to those of ordinary QCD.

We describe the details of the mechanism with the help of an example
previously presented. We write

(Flgr'QIH (p))ren =Z1(g, M, p)(F|qI'Q|H (p)) .,
(F|gIiPh|H (p))ren =Z2(g, M, p)(F|qI PRI H (p)),..

Since we have two renormalization scales in the problem (M and the renor-
malization point, u), we will get terms in log M/u. That one can factorize
the singularity follows from the fact that the effective theory is equivalent
to the original QCD and hence they have the same ultraviolet behaviour.
This ultraviolet behaviour of the HQET may be studied with the help of the
renormalization group. For example, for the first term in (3.10.16), we profit
from the fact that the physical quantity (F|gI'Q|H (p))ren does not depend
on p to write

(3.10.16)

(FlgrQIH (p))ren = {Z1(g. M, p)(F|arQIH ()}

:dlogu dlog
(3.10.17)
and so
70 ) Zalg M) = (o + Blg) o+ ) Zulg, M) =0
leg,LL YJ 1.9, M) = [La,u g ag YJ 1.9, s ) =U.
(3.10.18)
Here

— log(F|GIQ|H
Y= Tlog og(F|qI'Q|H (p)),

is the anomalous dimension of the operator J = ¢l h, which is in fact inde-
pendent of the matrix element in which it is sandwiched, as it is related to
the ultraviolet singularities of the operator. Therefore, it can be evaluated
using the matrix element between free quark states. Solving (3.10.18) then
allows an estimate of the scaling properties of Z7, obtaining, to leading order,

71 = (const.) x <§:((A‘2>)>Wﬁo .

This shows that the use of the renormalization group is equivalent to summing
leading logarithms in the heavy mass, which are absorbed in ag(M).

The treatment of the second term in (3.10.16) is essentially identical to
that just presented. The third term in the right-hand side of (3.10.15),

—5a7 | A (FITh(@)Dh(2)7(0) Ph(0)|H (p)),
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is somewhat more complicated. First, one has to write a short distance (Wil-
son) expansion for the time-ordered product,

T h(2)P*h(x)G(0)I"h(0)

in terms of local operators, as in Eq. (3.9.1). These are then treated like the
other pieces of (3.10.16).22

22More details and applications may be found in the paper of Isgur, Grinstein, Scora
and Wise (1989).



4 Perturbative QCD
I. Deep Inelastic Processes

“Is there any point to which you would wish to draw my attention?”
“To the curious incident of the dog in the night-time”
“The dog did nothing in the night-time!”
“That was the curious incident,” remarked Sherlock Holmes.
ARTHUR CONAN DOYLE, 1892

4.1 ete~ Annihilation into Hadrons

The Lagrangian for strong and electromagnetic interactions of quarks may
be written as

LQcDtem = Z {iCNDq - mquI} - i (D X B)2
1 (4.1.1)
+ ez Qqqr)/qu# - iFleuuv
q

where @), is the charge of quark flavour ¢ in units of the proton charge, e.
Sum over omitted colour indices is understood. We have not explicitly written
gauge fixing and ghost terms in (4.1.1). The electromagnetic current operator
is

JH = ZQq T la et
q

Let us consider a generic hadronic state with the quantum numbers of eTe™
that we denote by I'. The (unpolarized) hadron annihilation cross section
of ete™ is defined as the sum of the cross sections for all the processes!
ete™ — I', averaged over the spins of the eTe™. To calculate it, we consider
the matrix element,

(T|S]e* (pr,01)e™ (p2,02))
= (I'|T exp i/d4$ {Lint,qcp (@) + Lingem (@) He (p1,01)e™ (p2, 02)).
! The name “deep inelastic scattering” is at times reserved only for scattering of
photons (or W, Z) probes off hadron targets, in the deep inelastic kinematic re-

gion; but we include in its study that of hadronic annihilations of ete™, Z, 7 both
for historical reasons and because of the similarities in the theoretical analysis.
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q >F

& P1

Fig. 4.1.1. Hadronic annihilations of an electron—positron pair.

To lowest order in the electromagnetic interactions, we obtain
_ e’
(L[Sle™ (p1,01)e™ (p2, 02)) = —§<F|/d4331 Ao TLY em (1) Lo em (272)

x exp i / a4z L3, gop (@)le™ (pr, 01)e™ (92 02)).

Using the Feynman rules for QED we then find, with the kinematics of
Fig. 4.1.1,

2re?
Flete™ —I) = Z—Qm,onw(pz,az><r|ﬂ<o>|0>;

hence, we get the cross section

on(s) = olete” = s = (p1+p2)’ =¢°)
r

7'1'26%2
= L Y 0m S + 2 — pr)TITO)0)" (D17#(0)]0),
i (4.1.2)

where [,,,, is the leptonic tensor

luw :i Z v(p1, 01)uu(p2, 02)[0(p1, 1) u(p2, 02)]"

0102
:% {quql/ - ngxw = (p1 = p2)u(m _p2)u} )

and we have neglected the electron mass.
Equation (4.1.2) shows that we have to consider the quantity

A = "(2m)*6(p1 + p2 — pr)(T'|J*(0)[0)* (I'|.7*(0)[0).
r
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Using completeness, > - [I')(I'| =1 and that, because of energy-momentum
conservation, the term with a reversed order of Js gives zero, one can rewrite
ARV as

2(q) = [ et (7%(@), 7 (O, (4.13)

It is convenient to define the hadronic vacuum polarization tensor, also called
current-current correlator,

1" (q) = i/d4x (T JH ()Y (0))o; (4.1.4a)

then one can see that A*” = 2Im IT*¥: the ete™ annihilation cross section
is related to the imaginary part of the photon propagator.

A slight complication is introduced here because of the interplay of strong
and electromagnetic interactions. Because IT*” is the coefficient of a second-
order term in the electric charge, e, we should, when evaluating IT*”, also
consider the electromagnetic charge renormalization. The simplest solution to
this problem is to forget it, as it does not arise when evaluating the quantity
relevant for us here, Im IT#. A second point is that, in the preceding chapter,
we have derived the renormalization group equations for spacelike momenta,
while we now require the quantity Im IT*"(¢?) for timelike q. We can use the
analytic properties that IT(t) possesses,? to evaluate it for spacelike ¢ < 0 and
obtain Im IT#"(¢?) for positive ¢? by analytic continuation. Alternatively, we
can repeat the arguments given in Sects. 3.4, 5 directly for this last quantity.
Both methods are of course strictly equivalent and have been used in the
existing literature.

The electromagnetic current is conserved; therefore we need not include
a Z for the renormalization of it. If we explicitly extract the tensor —g*¥¢?+
q"q” from ITHY,

1 (q) = (~g"a* + ¢“¢")1T(?), (4.1.4D)

then the general theory gives us the simple result

ImITr (g;m(v),g(v);v) =Im IR (Vn;m(Qz),g(Cf); 1/) ,

4.1.5
Q*=—-¢*=s n?>=1. ( )

Therefore, all we have to do is calculate Im ITr(g; m(v), g(v);v) and then
replace ¢ — v, m(v) — m(Q?), g(v) — §(Q?).

2 It can be proved with great generality that I1(t) is analytic in the complex t
plane except for a cut along the real axis from ¢ to co, where t¢ is the threshold
for production of hadrons, ty = 4m2. Likewise, one has quite generally that the
discontinuity on the cut coincides with Im I7.
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O @

Fig. 4.1.2. Vacuum polarization to order zero in a; (top graph), and
corrections of order as.

To zero order the calculation is of course trivial. We have the diagram at
the top of Fig. 4.1.2 which gives, to corrections of order m?/s,

N,
0 _ HNe 2 _
Tm IT _127T§ Q3, N.=3, (4.1.6)
F=1

and ny is the effective number of flavours, i.e., the flavours excited at the an-
nihilation energy E = s2. This justifies the old parton model result (Cabibbo,
Parisi and Testa, 1970; Feynman, 1972) in which quarks were considered to
be free, so that the cross section into hadrons is like that into a p™p™ pair,
up to the quark charges. Because of this, it is customary to define the ratio

on(s
R(s) = ﬁ, (4.1.7)
0’6+8*~>‘u,+p,*
where both cross sections are to be calculated to lowest order in the electro-
magnetic interactions. We see that we have obtained

R9(s)=3 Z Q3 (4.1.8)

a result that, because of asymptotic freedom, would become exact at infinite
energy, s — 00.

The following correction involves the lower diagrams in Fig. 4.1.2. One
may profit from the fact that they are like those in QED with the gluon
replaced by a photon, except for the group-theoretic factor

Zt Wt = Crpéij, Cp=4/3,
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and that, in QED, they were calculated long ago by Jost and Luttinger (1950).
So we find (Appelquist and Georgi, 1973; Zee, 1973)

™

R(s) :35:@; {1+ as(s)} +0(a?). (4.1.9)
f=1

The following correction is the first where the non-Abelian character of
the gluons enters explicitly (and not merely in the running of ay). It is scheme
dependent; in the MS scheme one has?

nf 2
R(5)=35 @3 {1 # 2y, (2] } +0(ad),
f=1

ro = 332 —11¢(3) + [5¢(3) — {3] ny ~ 2.0 — 0.12n;.

(4.1.10)

The symbol ((3) stands for Riemann’s function, ¢(3) ~ 1.20, and the two
loop expression is to be used for a;(s). The four loop expression for R is also
known (Gorishny, Kataev and Larin, 1991; Sugurladze and Samuel, 1991;
Baikov and Chetyrkin, 2004). Also known are the O(a?) expressions, in-
cluding finite mass corrections: see Chetyrkin, Kuhn and Steinhauser (1997)
and Chetyrkin, Harlander, Kuhn and Steinhauser (1997). The fact that in
the renormalization group equations a,(Q?) is defined at spacelike momenta
first enters the calculation at order o, contributing a term proportional to

72 (from the analytical continuation) to the coefficient r3: in the MS scheme

R(s) = 3%@; {1 2, () (0‘75))} +o(al)

(4.1.11a)

where

nf 2 nf -1
r3 = —6.637 — 1.200n; — 0.005n% — 1.240 (Z Qf> (32@?)
1 1

ng 2 ny -1
= 18.243 — 4.216n; + 0.086n7% — 1.240 (Z Qf> (3 > Q?) + g
1 1

(4.1.11b)
The three loop expression for a(s), Eq. (3.7.4d), is to be used in this formula.
The piece coming from the analytical continuation is r§",

gt = — (L& — Zng + 1gnt) 70 ~ —24.880 4+ 3.016n; — 0.091n7%; (4.1.11c)

3 Chetyrkin, Kataev and Tkachov (1979); Dine and Sapiristein (1979).
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Fig. 4.1.3. Plot of the annihilation cross section, e
of R vs. s'/? (from Eidelman et al. 2004). We only show a selection of low
energy points. The dotted lines bracket the full theoretical prediction, in-
cluding electroweak corrections (relevant at high energy). Details of the low
energy data, with references, may be found in e.g. Wiik and Wolf (1979),

and for the high energy data in Haidt et al. (1995) and Ammar et al. (1998).

it partially cancels the remaining terms to give the smaller result for r3 quoted
above. For the record, we mention that the leading terms in the limit in which
one takes the number of colours as a variable, and lets N, — oo, are, for ra, 3,
ro — 028N2  r3 — 1.05N2
c—00 N.—o0

A question to be discussed further is the number of flavours to be taken
into account, i.e., the value of ny in the formulas given. We have already
referred to the “number of active flavours”: the question is related to the
problem of the quark masses. If we have a quark of mass m, # 0, then the
corrections that this induces, for s > mz, are of order mg /s and one can thus
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neglect my, as we have done in our calculations. The situation is different,
however, for quarks for which mg > s, for then there is insufficient energy to
create the corresponding ¢q pairs, and these quarks only contribute through
virtual loops. Here we will follow the analysis of Sect. 3.8 and conclude that,
since these quarks only give corrections at the level ~ s/ mg, their contribution
can be forgotten. This is what is meant by active flavours: one only considers
the contributions of quarks whose mass is much smaller than the energy. As
discussed in Sect. 3.8, we also assume the QCD parameter A to depend on
ny. Note that the regions s ~ 4m3 (thresholds) are omitted from the analysis;
they will be discussed in Sect. 5.4. In fact, it may be shown that perturbative
QCD is not directly applicable there.

A precise comparison of theory and experiment for R requires incorpora-
tion of higher order electromagnetic, and of weak interaction effects, impor-
tant for s 2 20 GeV, and also to take into account the dependence on the
masses for the heavier quarks, ¢, b, with careful study of the corresponding
thresholds. Moreover, and as systematic experimental errors are rather large,
the comparison is not very precise. It is shown in Fig. 4.1.3 here and, in
more detail around the Z mass, in next section (Fig. 4.2.4). If one fits the
values of the QCD parameter A with the more recent experimental data, a
wide range is obtained (Haidt et al., 1995 and Ammar et al., 1998):

A(ny = 4, three loops) = 200 to 460 MeV . (4.1.12)

Still, the agreement between theory and experiment is nontrivial, holding as
it does between s ~ 2 GeV? and the highest energies of LEP II, where one
has energies up to s ~ (200 GeV)2.

4.2 7 and Z Decays Involving Hadrons

i 7 Decay

The 7 lepton, so called because it shares the properties of other, truly light®
particles such as the electron or muon, has a rather large mass, m, = 1777.0+£
0.3 MeV and thus can decay not only into other leptons, but into final states
involving hadrons as well. The leptonic decays are

T—ov+ W l=pore. (4.2.1)

=+
We will write formulas for 7 = 77; the formulas for 7+ are obtained with
obvious changes. Besides the decays (4.2.1), we have the hadronic decays

4 A detailed discussion of the comparison of theory and experiment, including the
analysis of errors, can be found in Barnett, Dine and McLerran (1980), Ali (1981)
and, especially, Marshall (1989).

® Lepton comes from the Greek word for light.
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(d,s) e u

u  ve v,
Fig. 4.2.1. Leptonic and hadronic decays of 7 at zero order in «s.

which may be split between decays that involve only nonstrange particles, or
decays involving strange particles. At zero order in strong interactions, these
are given, respectively, by the processes

T—v+ W , T—ouv+ W . (4.2.2)
d+u L>S+ﬂ

The Feynman diagrams for Egs. (4.2.1, 2) are shown in Fig. 4.2.1.

For a precise calculation (besides of course QCD corrections) we need
electroweak radiative corrections. These have been evaluated by Marciano
and Sirlin (1988). Taking them into account we find, for the leptonic decays,

o %ms 27/, 2
F(T — Ur +1" + Vl) = 19273 (ml /mT)TEW’
flx)=1-8zx+ 82 — z* — 1222 log x, (4.2.3)
_ 2
@ o5 2 3 My
TEW:|:1+§(T_7T ):| {1+5M3V}7

where @ is the QED running coupling evaluated at m?2, & ~ 1/133.3, G is
the Fermi coupling constant as measured, for example, in p decay, and the
mass of the final lepton is neglected in rgw, which is then only evaluated to
corrections O(m?/M3,). The prediction (4.2.3) is in perfect agreement with
the experimental leptonic decay rates.

The hadronic decays, which are the ones that interest us here, involve

the piece of the weak Lagrangian,

aw

Lw,et = 2\ﬁW;ﬂ’y”(l — v5)dc + Hermitian conjugate, (4.2.4)
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Fig. 4.2.2. Hadronic decay of 7. The similarity with Fig. 4.1.1 is
obvious.

and d¢ is the Cabibbo rotated d quark field,
do = (cosbc)d + (sinfc)s.

In a more precise analysis we would take into account the full Kobayashi—
Maskawa mixing matrix: this is effected by replacing, in all subsequent for-
mulas, the mixing factors according to cos? g — |Viq|?, sin? 0o — |Vis|?.

Inclusive hadronic decays of the 7 (Fig. 4.2.2) are very similar to ete™
annihilation into hadrons, the main difference being that we now have axial
as well as vector current correlators. We define the ratio

I'(t — v, + hadrons)

R, = , 4.2.5
't —vr+e+70e) ( )
and the current correlators
Mpv gy - 4 ikx "
1§ ) =i [ ateet oV o)),
(4.2.6)

IO (k) =i / a6 (0T A% () A%, (0)]0):
i, j are flavour indices and the currents are those entering Eq. (4.2.4), viz.,
Vi =a"qy, Al = " 545
We may split the II into a transverse and a longitudinal part, writing
o™ (k) = (g™ k? + kPR IS (62) + ke 50 () (4.2.7)

where the indices J = 0,1 in I7(V>4/) refer to the total spin carried by the
correlator.
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The hadronic decay rates are evaluated by an extension of the calculation
performed for the ete™ annihilation into hadrons. We find, for decays into
(respectively) nonstrange, strange final states, and integrating over the energy
of the neutrino v,

2
R;}.St- — 1271— 00282 ec /mT dt (1 — t2>
mz to mz

(4.2.8a)
142t oY Im 172, (¢
X + mi m ( ) +Im n.st. ( ) )
127 sin? m?
Ry = 12msibe / dt <1 _ t2>
Mz to m (4.2.8b)

{1+ 2 ) o)+ o f

Here t = p? (Fig. 4.2.2) is the square of the invariant masb of the hadronic
final state with production threshold at to = m2, tg = m32 for the n.st, st.
cases respectively. Moreover,

.2.0C
) =U£¥;J’ + I

The main differences with eTe™ annihilation are as follows. First, the
appearance of the correlators IT(Vi9) and IT(47)| J = 0,1; secondly, we now
have an integral over the energies of the hadronic states.

It is convenient to consider separately the strange and nonstrange decays.
In the first, and because the s quark intervenes and one has ms ~ 150 MeV,
the approximation of neglecting the quark masses is not as good as for the
nonstrange case where m,, 4 are really minute in comparison with the scale
of the problem, m,. In fact, one can use the experimental data for strange 7
decays to get estimates of the s quark mass; see Sect. 10.4 for the resulting
figures. Nevertheless, we will here neglect the mass of the s quark. The reader
interested in the corrections due to inclusion of mg can find them in the review
of Pich (1997) and, for the determinations of myg, in the paper of Chen et al.
(2001).

If we neglect quark masses, then the analysis simplifies a lot. The rea-
son is that the divergences of the currents, 9, Vw’ 0, A”, are proportional to
m; +m;; see Eq. (2.8.5). Therefore we can neglect the correlators® I7(Y>4:0):
5 Except for the axial case for k? ~ 0, where we have a pole due to the pion (or

kaon) intermediate state, which produces a divergence proportional to 1/(m2 ~
my + mq), say for the nonstrange decays; see Sect. 7.3. This problem can be
avoided by subtracting the channels 7 — v, 7, v- K from 7 — v, 4+ hadrons.
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indeed, contracting (4.2.7) with k,,, k, it immediately follows that these cor-
relators are proportional to (mi:I:mj)Q. Another simplification obtained when
neglecting masses is that now
o) =t

The reason is that, when the mass of quark i is zero, the QCD Lagrangian
is invariant under the chiral transformation ¢; — 5¢;, separately for each
quark flavour. If we apply these transformations to the u quark (but not to
the d, s) then under it V,q — Aug, Vus — Aus and the announced result
follows. It is to be noted that this equality Hi(JV’J) = HZ-(JA ) only requires
that we neglect the mass of the u quark.

In view of these simplifications, we see that we have reduced the calcu-
lation of R, to that of the integral

F(m,) = /tm dt (1 _ t>2 (1 + %> T I1(t), (4.2.9)

my my
with the nonstrange and strange decays ratios given by

12 2 127 sin?
Rofnst) = 270 0p g () = L2msini0p

2 I
mT

m2
and I7 is defined as

(—g" K + k") IT(K?) = i/d4x e* (0| TV () V" (0)]0). (4.2.10)

V*# is here a generic current for massless quarks: the ensuing II is indepen-
dent, in the limit of massless quarks, of which quarks we choose for V#.

In this approximation I is identical with the quantity of the same name
introduced for e*e™ annihilations in Eq. (4.1.4b), up to the factor > ch due
to the charge of the quarks that does not appear here. Therefore, to zero
order in oy we may write

ImII(t) = N./127, N, =3.

The main problem that occurs when calculating hadronic 7 decays lies
in the fact that, while QCD predicts Im II(t) for large ¢, the integral (4.2.9)
involves all values of ¢ between threshold and m?2; and the integrand is in fact
peaked at rather small values of t. However, not all is lost. We can consider
that the quantity F(m?2) in (4.2.9) does only depend on m?; therefore we may
expand it in powers of as(m?2), and check, a posteriori, that the series has
reasonable convergence properties. This expansion can be arranged in fancy
ways (see e.g. Pich, 1997). Some of these are useful in that they simplify
the evaluation of nonperturbative corrections, or for resummations; but they
can be easily proved to be mathematically equivalent to the following simple
procedure. First, one computes Im IT(¢) in an expansion in powers of a(t).
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The expansion, up to the quark charges, is identical to that for the ete~
annihilation (see the previous section), so we have

Im I1(t) = i {1 + a“;ft) + 7o (ait)f +73 (aﬂ(t))g +} (4.2.11)

Then one writes a,(t) in terms of az(m?2) using the renormalization group

equations so that, to two loops, which is what we need for (4.2.11),

_ Bologt/m2

as(t) = Oés(mf){l T%(mz)
(4.2.12)

| BBllog? t/m? — (81/3) log t/m?] a2<m2)}.

1672 sSVT

One then substitutes (4.2.12) into (4.2.11) and the result into (4.2.9). We then
integrate, taking care that, at the perturbative level, the threshold should be
taken as tg = (m; + mj)2 with m the quark masses. The desired result is, for
ny = 3, and in the limit m, 45 = 0,

F(m2)=F®© {1+0‘5(m$)+5.20 (O‘S(mg))2+26.37 (O‘(mz)>3+}

s m m

(4.2.13a)
and F(©) is the zero order result,

2 2
1 [m t 2t
F(O):—/ dt(l) (1+>.
4 Ji, m, mr

The series (4.2.13a) is not a prodigy of fast convergence; but it is not too
bad either. With the current values of as(m?2) ~ 0.3, as(m?2)/m ~ 0.1, the
various terms inside the bracket in (4.2.13a) are

1, 0.1, 0.05, 0.026.

It is quite obvious that the series has to diverge, and there is already a hint
of this in the last term here; but it can probably be used to the order given
in (4.2.13a), with care.

The reason for the large coefficients in (4.2.13a) is that we have taken an
“unnatural” renormalization point, u© = m., at the edge of phase space. If
we had renormalized at the average energy in tau decay, u = E ~ 1.1 GeV,
we would have obtained

F(E)=F© {1+ @ +3.04 <a(ﬂE2)>2 —4.73 <O‘(7TE2)>3+

(4.2.13b)
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Fig. 4.2.3. Z decay into a gq pair.

An alternate method uses moments of the differential decay rate. One
defines (Le Diberder and Pich, 1992)

2 l
Rnl _ 1 /mT dt (1 _ t>n (t) thadrons
T Heptons to mr m.?. dt ’

which have the advantage that, for large [, they weight the large t region.
One then uses these moments for comparison with experiment, as has been
done by e.g. the ALEPH collaboration (Buskulic et al., 1997).

Having obtained the theoretical expression for the decay, one can take
as(m?) from other sources and predict the decay rate; or, better still, one
can use the experimental decay rate to find a very precise determination of
as(m?). If we do this, we find

as(m?) = 0.350 4 0.020 [from R, and (4.2.13a)], (4.2.14a)

as(m?) =0.299 4+ 0.020 [from R, and (4.2.13b)]; (4.2.14b)

as(m?) = 0.330 4 0.046 [moments]. (4.2.14c)
ii Z Decay

The piece of the weak interaction Lagrangian responsible for Z decay into
hadrons is

Lz = Y™ Z, Z Y (vg + aqys)4,
q

14202 __1
vg = —35 + 5sin” Oy, ag = —3,

and identical expressions for v, a for the ¢, s and ¢, b weak doublets. At tree
level a simple calculation using the diagram of Fig. 4.2.3 gives

G
672

rz - qq) = (v + a2). (4.2.15)
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Combined LEP

Ghadron

| —sm:VsTs>0.10 Qfﬁo
----- SM: Vs'/s > 0.85
100 150
Vs [GeV]

Fig. 4.2.4. The ratio o(ete™ — hadrons)/c(ete™ — p*p™) in the vicinity
of the Z as a function of the c.m. energy of the eTe™ pair, s*/2. s'*/2 is the
visible hadron energy, which would equal s'/? if there was no radiation from
the initial state. To identify the events, cuts are made requiring that /s’/s
be larger than a certain pre-assigned number. According to the value of this
number we find the solid or hollow dots in the figure. Data: combined LEP

data. Continuous and dotted lines: theoretical calculation with the standard
model. (Communicated by E. Ferndndez, 1997.)

A precise calculation involves vector and axial currents, and is similar in
(almost) all respects” to the calculation for 7 decay with the simplification
that now the vector currents are diagonal, V/7, so the correlator IT (V30) ig zero.
Neglecting the masses of the quarks as compared to My, an approximation
that even for the b quark only produces an error of m3(M2)/M% ~ 1073, the
axial correlators may be identified with the vector ones and we find that the

ratio of full QCD to the zero order formula is for Z decays as for ete™. So,

" The only important difference is the appearance now of a diagram Z — #t —
GG — gq, which produces a contribution of order m?a? with m; the top quark
mass. This effect involves a diagram similar to that of the axial anomaly that
we will study in Sect. 7.5. For a detailed review of Z decay calculations see, for
example, Chetyrkin, Kuhn and Kwiatowski (1996).
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I'(Z — had.) as(M2) as(M2)\? as(M2)\*
Ty 827 527 sz .
rOZ g o« ™ tTs o +

The more precise values for the Z decay come from the experiments
made at the accelerator LEP, where one produces Z in ete™ annihilations,
subsequently observing its decays according to the scheme efe™ — Z —
hadrons. The cross section, normalized to eTe™ — pTpu~, is depicted in
Figs. 4.1.3, 4.2.4, where the comparison with the theoretical predictions is
also shown.

One can look at the total hadronic decay width, as we have done here, or
to the decays into jets, which will be discussed in Sect. 5.4. As was the case
for 7 decays, we can take as(M%) from other sources, and obtain theoretical
predictions for Z decays, or deduce as(M%) from the Z width. If we do the
last, we find

s (M%) = 0.123 + 0.005. (4.2.16)

The variation between (4.2.14) and (4.2.16) dramatically exhibits the run-
ning of the strong coupling constant. The compatibility between the two
determinations is highly nontrivial. Indeed, if we evolve the weighted average
of (4.2.14) from p? = m?2 to u?> = M} with the renormalization group, we
get

as(M%) = 0.119 £ 0.0025, (4.2.17).

in impressive agreement® with (4.2.16).

4.3 Kinematics of Deep Inelastic Scattering.
The Parton Model

i Kinematics. Structure Functions

We consider the process | +h — I’ + all, where [ and I’ are leptons, h is a
hadron target which, unless otherwise stated, we take to be a proton; “all”
means that we sum over all possible final hadron states, I" (see Fig. 4.3.1).
We assume that the scattering takes place at high energy, and that also
the virtuality of the exchanged particle is large (deep inelastic scattering, or
DIS for short). If I = I’ = e or pu we are probing h with electromagnetic
interactions to which one has to add, if the energy is large enough, neutral
weak currents. In this case, and working (as we will throughout this section)
to lowest order in weak or electromagnetic interactions, the vector particle
represented with the wavy line in Fig. 4.3.1 is a virtual photon, v*, or a virtual

8 Note, however, that the errors given in this and the preceding subsection for o
are only indicative; see Chap. 10 for a full discussion about determinations of as.
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Fig. 4.3.1. Deep inelastic scattering process, and its kinematics.

Z*. Neglecting this last contribution, we have that the relevant interaction
will be the electromagnetic one, and the relevant current the e.m. current:

Eint,em = ngnAum Jeum = Z Qqq’yu(b
q

and @, is the charge of flavour ¢ in units of the proton charge, e.

If Il = vye, ! = p,e we have charged weak interactions; then the ex-
changed particle in Fig. 4.3.1 would be a virtual W*. The interaction and
current are now

1 )
Lint,w = —=gwWully, Ty =" (1=7s)d +ey" (1—75)s + 19" (1 —5)0

2V/2

where
g% /M2 = 4V2Gr, Gp~1.027m;2

proton?

and d’, §', b are the Cabibbo-Kobayashi-Maskawa rotated quarks. Finally,
for I =1’ = v, or for the neutral weak interactions of e, u, we take

e

fcint,NC = Zujga

2 cos Oy sin Oy

with

4sin Oy \ _ 2sinfy \ - _ -
T4 d = (; - ) ay ut (; + ) Ayt d4-L iy ysu—Ldytasd,
for the ud part of the current. Identical expressions hold replacing u — ¢ — t,
d — s — b for the other quarks, and corresponding ones for the leptonic part

of the current. The weak mixing angle is sin? Oy ~ 0.22.



Perturbative QCD 121

With the kinematics of Fig. 4.3.1, we introduce the Bjorken variables,
Q*=-¢ v=pgq z=Q/)
in terms of these,
s=pr=—-Q*+mi +2v=20{1+m}/2v -z},

where s coincides with the square of the energy of the final hadron system.
The deep inelastic, or Bjorken, limit will be defined as

Q* v> A% x=Q%/2v = fixed.

Using the standard rules, the scattering matrix may be written for e.g.,
electromagnetic electron scattering on protons, as

2a
Te+h—e+T)= ?a(k’, oyt u(k,o)(2m)*5(p + g — pr){I]J,.(0)|p, ),
(4.3.1)
and we have suppressed the tag “em” in the electromagnetic current, J. Here

o, o’ are the spins of the incoming/outgoing electrons, and 7 that of the
target, h. We normalize the states covariantly (cf. Appendix G):

<p/5 T/|p7 T> = 2]7057—7—’5(13 - pl)

The unpolarized cross section for e+ h — e+ all will thus involve the tensors

=315 A, o ulk, o) k', o'y ulk, o)

oo’

= 2(KPK" + KK — kK g,

where we neglect the lepton masses (as we will do systematically) and

W (p,q) = 51 35" @2m)%(p + ¢ — pr)(p, 7174 (0) T [0)(I]77 (0) p, 7).
T I

(4.3.2a)
Of course, J t=1 , but we have written the general expression that also holds
for weak currents. The factors of 1/ both in L and WH¥ are introduced
to average the spin of the initial electron and hadron, assumed to be of spin
one-half, and over the “helicity” of the virtual photon: as we will see, the
process may be related to (off-shell) Compton scattering.

Equation (4.3.2a) may be recast in the form

W (pg) = ) [ dtzr ol )T O)l) (4.3.2b)
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h h

Fig. 4.3.2. Deep inelastic (electromagnetic) scattering as virtual forward
Compton scattering.

where the average over the spin of the target, 7, is understood. The equiv-
alence of (4.3.2a) and (4.3.2b) may be verified by inserting a sum over a
complete set of states, > |I")(I'| in (4.3.2b), replacing

JH(2) — U(2)J*0) U (),

with U(z) a translation by the vector z so that U(z)|p) = e*%|p), and not-
ing that the second term in the commutator does not contribute because
of energy—momentum conservation. In this form, the relation with forward
Compton scattering v* + h — ~v* + h is obvious (see Fig. (4.3.2)); the tensor
WHY is the same that appears in the expression for the imaginary part of this
scattering amplitude, 7 (v* + h — v* + h), as a simple calculation shows.

Let us consider the general case of weak or electromagnetic currents. The
general expression for W#¥(p, ¢) in terms of invariants is

v i v, e 1 vg" v Y
W (p,q) = (_gM + e ) Wi+ Tz (pu - 7 p - ¢ Wa
h

oy,

mp
(4.3.3)

The notation & means that there are other terms in the expansion, but they
will give zero when contracted with the leptonic tensor L,,. We can express
the corresponding cross sections in terms of these W;. In the lab. system of
reference (the target h at rest) and with 8 = Z(k,k’), and d2 = d cos 8d¢,

do® a?

dQdk) ~ 4mpkZsin®(0/2)

0 0
{W; cos? 3 + 2W7 sin? 2} . (4.3.4a)

We write all formulas for electron scattering on protons; for u scattering they
are identical, if m,, is neglected. For neutrino scattering,
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do/? GEEY?
dQdk) — 2n%my,

/
{WQV/”COSQ§+2W1"/VSiHQZ:F WW:;/V};
(4.3.4b)
in the last, the signs + hold for v,  respectively.
The W; are invariant and thus depend only on Q2 and v or, equivalently,

Q? and z. It is convenient to define the structure functions,”
a a a v a a v a
Fl (xaQQ) :W17 F2 (xaQ2) = 72W2a F3 (%,QQ) = 72W3a (435)
my, my,
where the superscript a refers to the process, (e/u)h, vh, vh. The longitudinal
structure function,
Fi(x, Q%) = Fy(z,Q%) — 2z F{(x,Q%), (4.3.6)

is also used in lieu of F}'. Expressed in terms of the structure functions,
Egs. (4.3.2), (4.3.3) become

W (p,q) = 1(2m)? / dtz = (p|[ 72 ()T, 72 (0))[p)

YT
e:ﬁ‘_g,u,l/Fla_Fpp

(4.3.7)

. PadB a
Fg + jetves 22l pa
2 + o, 13

and we have neglected terms proportional to ¢, ¢¥ which will give zero when
contracted with the leptonic tensor. Note that, throughout this, and some of
the coming section, we use z for the space-time variable to avoid confusion
with Bjorken’s variable x.

As for eTe™ annihilations, we will find it convenient to consider a T-
product of currents:

1 (p.q) = i2m)* [tz T () T2 0) ) (4.380)
if we now write the decomposition analogous to (4.3.7),

v vra pl‘p’/ a . rva pOéq a
Ti (b o) = =g Ti (0, Q%) + = = T3 (@, Q) + i SR T (@,Q%),
(4.3.8b)
then it follows that 1

Ff = o—ImT}, i=123 (4.3.8¢)

9 We return here to the standard definition of structure functions; this is at variance
with the first editions of this book, where we used
ffld _ 2xFlnow f;ld _ F2now fé)ld _ LBF;OW
- ) - ) - .

Although more rational, the old conventions were different from what has become
ingrained use.
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1

Fig. 4.3.3. The parton model: resolution of the scattering v* + h into
scattering off the individual partons.

ii The Parton Model

let us now consider the Bjorken limit in the so-called infinite momentum
frame, neglecting the mass of the target, that we will for definiteness suppose
to be a proton:

p= (p()a 0,07])0), q= (V/2p07 V Q2703 7V/2p0)a Po =~ V1/2 — OQ. (439)

Rewriting q - z as

q-z= %(QO +q3)(20 — 23) + %(qo —q3)(20 + 23) — qu21,
we see that ¢ - z ~ 0 corresponds, in the Bjorken limit, to

20 £ 23 ~ 1/1/1/2, 2~ 1/1/1/27

i.e., 22 — 0. Actually, we could still have z, as large as we wished. But in

this situation, one has z - z < 0 in which case, by locality, the commutator in
Eq. (4.3.2b) or Eq. (4.3.7) vanishes: we get no contribution to the structure
functions except if 23 ~ 22, i.e., still 22 ~ 0. Because of a well-known property
of Fourier transforms, it follows that the fixed x, large v behaviour of the
transforms in (4.3.2b), or (4.3.7), are given by the values of the argument for
z such that 2% = O(1/Q?) — 0; that is to say, by the light-cone behaviour of

)T 0] o TR (0). (4.3.10)

Because of asymptotic freedom, we expect that, up to logarithmic correc-
tions, we will be able to calculate these commutators, or T-ordered products,
neglecting strong interactions, and treating the hadron target as a bunch of
free quarks. This suggests the parton model (Feynman, 1969). Let us specify
it. As stated, we consider that the hadron consists of a collection of “parts”,
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quarks and (as we will see) also gluons, that do not interact among themselves
during the process of scattering by the external probe, v*; see Fig.4.3.3. Then
we take it that they have each a certain fraction of the hadron momentum. To
be precise, if we denote this fraction by x, we will have a certain probability
of finding each individual parton, f, with momentum zp. Let us denote this
probability, also called density, by gs(x). If we could solve the equations that
govern the formation of the hadron as a bound state of the partons, we could
calculate g¢(z), which is easily seen to be related to the wave function of the
parton in the hadron. As it is, we have to take the densities from experiment.
Within this model, it is not difficult to calculate the cross section for
e.g. e+ h — e+ all. Because h is a bunch of free partons, this cross section
is the sum of the elementary cross sections e + f — e + f, weighted with
qf, and summed to all f. To the order at which we are working (neglect of
strong interactions except in that they bind the partons in h), we need only
consider the quarks among the f, since the gluons do not have electric charge.
However, we have to consider not only quarks, but antiquarks as well. Indeed,
one would expect that even a hadron such as the proton would contain light
quark-antiquark pairs. Thus we find a formula like (4.3.4a), viz.

do® a?

2
_ mpr o0 50 2
ddk, ~ 9/2) < y S g 2) Zf:quf(x)

2 ik
dmpkg sin

and the sum runs over the quarks and antiquarks in the proton. Therefore,
within the model, we have calculated the structure functions in terms of the
densities:
t
PNz, Q%) =2y Q}qr(x), (4.3.11a)
f

and, moreover, we find the relation
FPR (2,.Q?) = 20 FP*" (2, Q). (4.3.11b)

This relation is the co-called Callan—Gross relation; we will study it in detail
in Subsect. 4.7ii.

We can also verify that x actually coincides with the Bjorken variable,
thus providing a physical interpretation for it: x may be considered either
as the ratio Q%/2v, or as the fraction of momentum carried by the parton
struck by the photon. Later, we will rewrite (4.3.11) in a more detailed form,
specifying some of the properties of the parton densities ¢y.

A remarkable feature of (4.3.11) is scaling. Scaling was proposed by
Bjorken (1969) before the parton model, which in fact was devised to ex-
plain it. Scaling means that as Q% — oo the structure functions F; should
become independent of Q2:

Fi(z,Q%) — FO(2). (4.3.12)

Q25
x fixed
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We shall see that a rigorous treatment justifies this in the sense that one gets
scaling up to logarithmic variations of the type (log @2/A%)¢. What is more,
the corrections can be calculated, and the results of the calculations are in
full agreement with experimental measurements.

4.4. Light Cone Expansion of Products of Currents

With the parton model we have evaluated the structure functions F; ne-
glecting the strong interactions, except in as much as they bind quarks. This
calculation can be made more precise using the operator product expansion,
which will also allow us later to take interactions into account. We will then
consider T-ordered products of currents

TJ(x)J'(0) (4.4.1)

building them first from free fields, and later taking into account interactions;
from the beginning we will express (4.4.1) as combinations, with known co-
efficients,

TJ(x)J'(0) = Z Ci(x)N;(0), (4.4.2)

of a set of local operators N;(0). All bound state complexities will be buried
in the matrix elements

(pIN:(0)|p)- (4.4.3)

We will present a detailed derivation: the techniques are important not only
for deep inelastic scattering, but also for the analysis of a large class of other
processes where the dynamics is governed by the light cone behaviour of field
products.

Before entering into the specific calculations, a number of points are
worth discussing. First of all, when forgetting interactions one may write
Taylor expansions like

: q(0)gq(x) := Z % Ty oo Ty, G(O)OHE .. OHg(0) (4.4.4)

n

however, when interactions are taken into account one should replace deriva-
tives by covariant derivatives,

o* — DH, (4.4.5)

as discussed in Sect. 3.9 (see also Appendix I). We will do this as a matter of
course. Secondly, we remark that, in the free field case, a product of operators
containing only quark fields will only produce operators N with quark fields;
but, when interactions are taken into account, gluon operators such as

:GM(0)Gya(z) (4.4.6)
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will also appear. We will see this in the next section.

We will be interested in T-products of vector and axial vector currents
like those considered in Sect. 2.8. In bases like (2.8.8), the currents correspond
to observable quantities, and thus will be represented by Hermitian opera-
tors. Take ny to be the number of flavours that are excited in the range of
energies in which we are interested. We will consider the corresponding group
of transformations SUr(nys). Denote its generators by T%; thus, for ny = 2,
T = 0 (0 the Pauli matrices) and if ny = 3, the T are T* = 1A%, with
A% the Gell-Mann matrices. In general, there are n} — 1 matrices T°. We will
let flavour indices a, b, ¢... run from 1 to nfc — 1 and we will introduce the
unit matrix 7° = 1. We may unify the T by letting Greek indices o, 3...
run from 0 to n?p — 1. Then we define the currents,

Vi) = ap (@) T qp (@) 5,
ff
At () = Z L@ (@) Ty sy () : .

If

(4.4.7)

Sums over omitted colour indices are understood. Other currents can be built
from these. For example, for ny = 3, the electromagnetic current is

1
Jh =V =V
3 \/g 8

We first discuss the flavour algebra. Considering the product of two T's,
we can write it as

n2—1 n2—1
7 F
ToTP = cgT0+ > 5T =g+ Z ST (4.4.82)
c=1

The superindices in the coefficients ¢, ¢V refer to the transformation prop-

erties under the flavour group: the unit matrix is a singlet, while the T°°
transform as nonsinglet.

We will make explicit calculations for the case in which @ = a # 0,
B =0 # 0; if one of the «, 8 equals zero, the calculations are trivial. First of

all, we have ¢, = (1/2n)da, as is easily verified by taking traces. Writing

T°T" = L ({T*, 7} + [T, T")
we can then split
Cfl\/lv)f - (dabc +i é\lics) )

where d%‘j is symmetric, and abc antisymmetric, in the first two indices.
For ny = 3, we have

dabc dabca abc fabm

and the d, f are now as in Appendix C.
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As a second example, consider the electromagnetic current in the case
ny = 4. Here, it is more convenient to write it as

b= 4 Qg (4.4.8b)
Iz

where Q). = Q€ is the matrix, in flavour space, of the charges of the quarks,
u, d, s, c:

2.0 0 0
0 -2 0 0
Q == 3 1 (448C)
¢ 0 0 —5 0
0 0 0 2
Then
Q=2 +1V5, (4.4.8d)
and
£ 0 0 0
1
ns_ [0 =3 0 0
™" =10 o -+ 0
0 0 3

is a combination of the matrices T3, T® and T'°.

For the complete calculation we begin, as stated, with the free field case
and consider the T-product of two vector currents. With i, k, j, [ flavour
indices and a, 3, §, p Dirac ones, we can use Wick’s theorem to get

TV (x ZT i (@) T v 05 (%) = = G5 (W) TJ5 @1 (y) -
Nebap(gh 2% — 2212Y)
20 2npmt(2? — i0)4
2 Z dabc +1 abc 'Yaﬁsﬁé(x - y)’Y(SDp : Qa(I)TCqP(y) :
+3 Z dabc i abc 7@[3555( - 93)75;, : (ja(y)Tqu(:E) :
+ey

(4.4.9)
where we have written the unit operator, 1, explicitly; 2 = x — y and the
dots stand for operators with four quark fields, : gqgq :. As explained in
Sect. 3.9, these will give subleading contributions on the light cone, and for
the moment we are only interested in leading effects, which is why we omit
them. To obtain (4.4.9) we have repeatedly used the relation

Tqis(7)qja(y) = — : Ga(¥)qis(®) : +0ijSpa(z — y),

and properties of the v matrices; see Appendix A.
Next, we replace the propagator by its light cone behaviour,

_ 2i#
EECEE e
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which is easily obtained from the explicit expression

_ i 4 —ip-z ]ZS +m
S(z) = (277)4/dpe p? —m?+i0’

After some manipulations of v matrices, Eq. (4.4.9) can be simplified to

TVM( 2 IZ dabc +i abc

20

SR T — T TR
2 2 _ 3 2

{ (2m)*(2* —10) (4.4.10)

+ie“a”ﬁ

+(z <y, a < b, u < v) + (constant term).

& 0) 5‘?(I)TC’YB’Y5Q(ZI):}

By “constant term” we denote the term

Nebap(ghv 22 — 22127)
2nym(22 —i0)4

(constant term) =

This term is actually dominating (as is clear on dimensional grounds) for the
T-product TV(z)Vy (y) itself, and indeed in other cases that we will see in
the future; but for deep inelastic scattering, because the cross section involves
the discontinuity of TV}V/Y, it simply does not contribute (being real) and
can thus be neglected. Taking now y = 0, and expanding the regular operators
:q...q:in powers of z, we find the light-cone expansion appropriate for our
case:

SuavBy oy iz
~ Jvs o Fn Hn
V ( )Vb( 220 nXO(:id abc 7-‘—2 22 _ 0)2 n!
_(O)Tc'yﬁD“1 .D#7q(0) :
etvBry 2 z
p 4.4.11
+3 Zodd b w2 (22 —10)2 n! ( )

G(0)Tvygys D** ... D*q(0) :
+ constant term + gradient terms
+ terms odd under (x < y, a < b, p < v).
We have not written explicitly those terms that are odd under the exchange

(x < y,a < b, u — v). Also, we have brought all derivatives to act to the
right by adding, if necessary, a gradient:

( 9)q = 0(dq) — 7(Jq).
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All of these terms give zero for the structure functions because we take diag-
onal matrix elements, (p|TV/V}|p). However, in other processes they have
to be retained; in Sect. 5.7 we will study a situation in which the gradient
terms have to be taken into account because nondiagonal matrix elements
are involved.

It will prove convenient to rearrange (4.4.11) in a way that will lend itself
to easiest comparison with the expression in terms of structure functions. This
we will do in the case where we consider the T-product of two electromagnetic
currents. If we do not show explicitly the terms that will give zero for deep
inelastic scattering, we rewrite (4.4.10) simply as

y . SHOYB 2 2y e 2,
TJeljm(z>Jem(O) = 1 Z 7T2(Z2 _ 10)2 - n
dd

22—0
n=o

(4.4.12)
x 1 (0)Q3ys D" ... D" gq(0) : .
Separating a term proportional to g"¥, whose matrix element will thus be

identified with F7, from another that will yield F5, and changing slightly the
notation, we find

v 3 v 1
TJE (2)J5,(0) zg:ol{g'u’ T2E 02 22 . Z Zuy v 2y, -1
—( )QQ H1DM2  Dkn (0) .
1 4.4.13
P D DI (1413

x[: g(0)Q2A* DY D" ... D7 q(0) : +(p < V)]}'

For the second term here we have written
za /(22 —10)? = —10,(z* —i0) !

transferring then the derivative to act on the z,,. Now only remains the
flavour algebra. We separate the squared mass matrix Q? into a part propor-
tional to the unit matrix, and hence singlet under flavour transformations,
and a traceless matrix, hence nonsinglet. We write Q?> = ¢%1 + TN%. For
ny = 3, a simple calculation gives ¢® = 2/9, TVS = (1/3)T3 + (1/32)T8; for
ny = 4, see Eq. (4.4.8). Defining the operators

N ) = ,Z gy @)y D2 DTN qp(x) -,

w (4.4.14)

in—1 _
N @) = g D 4@ D D (a) ¢
Cf
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we find
m—1
T Jin(0) 2 = 0" s D e

220 —1
n—=even

% {Nﬁgﬂl-~~#n (0) + CSNée)#lman (0)}

+2772 Z Zpy e 2 n'"_l

n=even
’ {Nz‘v; (0) + SNG4 (0) + (= v)

(4.4.14b)

To end this section, we will rederive the property of scaling from the light

cone expansion. Consider, for example, Eq. (4.4.12). Taking matrix elements
we have

v Bj gtv ig-x iz, ... 12, o
T (ps Q):J(QW)?’{ - ?/d%eq Z (22 _Mio)z(nu_ I)Aﬁl Hr(p)

n=even

1 . iz, ...z,
—oar [ At Y0 S A () + (o v)]
n=even
(4.4.15a)
where the tag “Bj” means that equality holds asymptotically in the Bjorken
limit, and we have defined the matrix elements
n

1 ),<p|:ci(0) 2ypiphz | DHEng(0) : |p).  (4.4.15Db)

A () = oy

We may write the A in terms of invariants. Of these, there will be only one
proportional to p#t ...p#n; all the others will contain the metric tensor g
at least once. We will call these “trace terms’, so we have

Abi-Bn(p) = —ipht . ptra, 4 trace terms. (4.4.15¢)

The reason why we do not specify trace terms is that they will give contribu-
tions proportional to p?> = m? (target mass corrections) that, on dimensional
grounds, must be of the order m?/Q? m? /v, and hence negligible in the
Bjorken limit. Note that the a,, are pure numbers, as they only depend on
p?, which is constant. Then,

v Bj. gp,u iq-z 1 : n_Qn
Té‘m(p,q)—ll(%r)?’{ﬁ/d%eq [ > (izp)t

n=—even

p,upu 4 iq-z 1 : n
+ — /d ze' 20 Z (iz - p) an+2}.

n—=even
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Comparing with (4.3.8b), we find

. 1 a
em 2\ _Q: 4 ig-z . n n
Tl (l’,Q)—SlT(/d ze' m Z (IZp) m,
) neeven (4.4.16)
em 2\ _ Q: 4 ig-z . n
5% (z,Q )—811/7T/d ze' 20 n§cn(1z-p) Q2.
The final formula that we will require is
0 0 o \"
. =2"g" ... gM" () + trace terms, 4.4.17
9qu,  Oqu, 9q* ( )

for then, replacing the iz, by 0/0¢" and using (4.4.17), it follows that
Eq. (4.4.16) can be written as

iq-z

om Bj .. 2"q a\" e
T1 (.T,QQ):J817TZ T_Tiqﬂl ...qunplll p,LLn (8(12) /d42m

even

Bj n n a\"

n=even

- 2)la,
=(2m)3 Z (0= 2)an = independent of Q.
x

n
n=even

(4.4.18a)
Likewise, we find

T (2, Q%) 2 20Te™ (2, Q2). (4.4.18b)

Taking the imaginary part, we therefore obtain scaling and, moreover, Fy =
2xFy. This last relation, which implies that to the order at which we are
working the longitudinal structure function vanishes, is the Callan—Gross
(1969) relation, that we had already derived in the parton model (see also
Bjorken and Paschos, 1969).

Another derivation of scaling that makes apparent that Fy(z)/x is the
probability that the quark has fraction x of the total momentum may be
found in Gross (1976).
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4.5 The OPE for Deep Inelastic Scattering in QCD.
Moments

Throughout the discussions of the previous section, the underlying field the-
ory was unspecified except when it was free-field theory. Now we shall add
substance to that earlier discussion.

We again consider a two-current T-product:

T4 () T4 (), (4.5.1)

where P labels any current or combination of currents like those in (4.4.7).
In our calculations we will still neglect terms that are suppressed by powers
of M?/Q? where M is any mass like, for example, the target mass or the
quark masses. The OPE may be written by specifying a basis consisting of
operators that give leading contributions, in powers of M?/Q?, for free fields:
in QCD this will only be modified by logarithmic corrections. If one classifies
operators according to their twist 7, where 7 = p — j with p the (free field)
dimension and j the spin of the operator, it is not difficult to see by mere
dimensional analysis that the leading operators are those of twist 2. Operators
of twist 7 = 2 + 2n are suppressed by powers (M?/Q?)" with respect to the
former.

Now, the only operators of twist 2 that can be formed, and which can be
connected to (4.5.1), are

infl ~ "
NNsd = gy S P AOT"" (1£95) D™ .. Dq(0) -
in—l
Ngybn =2 w2 S : q(0)y"* (1 & ~5) D" ... DFg(0) , (4.5.2)
im—2
Nfibn — 7(7; —gy ST G OD" .. DG (0)

The first is nonsinglet and the other two singlet. The labels S/G denote
fermion/vector boson (gluon) singlet operators; S stands for symmetrization,
i.e., sum over permutations of the Minkowski indices divided by the number
of such permutations. The trace refers to the colour indices and, finally,

DGy =3 {aﬂzsac +9> f‘“’CBZ} g

Among the operators in (4.5.2), we have already encountered the first two
types, cf. Eq. (4.4.14) with N§ ¢ = %(NNS+ + Nyg—). As for the third type,
it is obvious that the only way in which currents made up of quarks can
have nonzero projection on purely gluon operators is to take interactions
into account, which is the reason why the Ng only appear now.

If we work in a gauge that requires ghosts, there are other operators
beyond (4.5.2) that have to be considered; they are made up of ghosts. We



134 Chapter 4

may consider working in a ghostless gauge, say a lightlike gauge. For leading
order calculations, it can be shown that one can also work in a gauge with
ghosts, but these may be neglected. This is because the mixing matrix of
the ghosts and other operators is triangular (cf. Dixon and Taylor, 1974;
Kluberg-Stern and Zuber, 1975); so we forget about ghosts. With this, we
can write the OPE for the product of currents (4.5.1) as follows:

TJE(2) T 7%(0) Z Crp i (Z2)g™ ™ 2y . 250, NI (0)

n—1 MV - i
- E Cyp,( 22)i" Zuy - - 2 NG (0)

+ Z C'gpj(zz)e””aﬁ 1”722@2#1 .. .z#ano‘“l‘““” (0),

(4.5.3)
where the sum over j runs over all the operators in (4.5.2) that have the same
quantum numbers as the T-product of currents. In this context, it is worth
noting that the flavour symmetries are preserved by the QCD interaction and
therefore the flavour algebra can be carried over as in the free field case.

In the particularly important case of two electromagnetic currents, (4.5.3)
becomes

TJE, (2)J5,(0) = { ST Cing(ANGE T (0)

n—=even

+ CSC'?S(Zz)NéE)M'““" (0) }inlzul 2,

+ Z {CQNS N(E)NVM Mn(o)

(4.5.4)
+ SO (22Nt ) }i"_lzm iz,

+{gw ST SO (NG (0)

n=even

+ Y S (P)NE ""(0)}1"—2,2#1...,2#”

n=even

and the N éej)vs are as in Eq. (4.4.14). Thus, we have symmetrized the op-
erators IV in the Minkowski indices; this is permissible if, as occurs in our
case, only diagonal matrix elements are required and terms O(m3/Q?) are
neglected; cf. Egs. (4.4.15b, ¢).

In fact, both (4.5.3) and (4.5.4) have been written somewhat sketchily.
When taking into account interactions, renormalization will occur. This
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causes, among others, two important effects. First, because the operators
Ng, N¢g have the same quantum numbers (those of a flavour singlet), they
will mix under renormalization: only the Ny g operators are renormalized by
themselves. Secondly, renormalization introduces a dependence of the C, N
on a dimensional parameter that we will temporarily denote by u to avoid
confusion with the variable v = p - q.

The currents J of the form

JH(x) = aVF#(z) + bAH (z), (4.5.5)

do not require specific renormalization because the operators V, A are con-
served or quasi—conserved (see Sect. 3.6). However, except in special in-
stances, the operators N require renormalization, and so do the Wilson co-
efficients C.

For the nonsinglet operators, which do not mix, renormalization reads!®

Nll\tfls atR = Zsz( )Nzl\trls at - (4.5.6a)

Actually, the Z are independent of a and of whether we have +.
For the singlet operators, on the other hand, we have matrix renormal-
ization

Nt = Z, o (pu)NHbn (4.5.6b)
and we have defined the matrices
_(Ns
N = (NG> , (4.5.6¢)
and p 7
Z =25 SG> . 4.5.6d
(ZGS Zaa ( )

With this, we define the anomalous dimension and anomalous dimension
matrix for the operators N,

0
s (9) = = Zalp) ™ 5 Zalh),
1 (4.5.7)
v(n,g) = — Zn(u)’lafuzn(u),
and their expansions:
k) g k+1
ws(n,g) Zv o3
(4.5.8)

g k+1
_ (k)
9 kZ:O'Y (W) .

ONote that, as in Sect. 3.6, the quark or gluon fields entering the N are assumed
to be renormalized.
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We will pursue this matter of renormalization later; for the moment we return
to the formal machinery, that follows closely the free field derivation of the
previous section. Consider momentum space and write the part of the OPE
that contributes to the nonsinglet piece of the structure function Fj, i.e., to
the part of F; that contains the nonsinglet operators. This is the quantity
for which we will carry out detailed calculations; later, we will present results
for other structure functions as well as for the singlet piece.
Selecting the appropriate portion of (4.5.3), we have

NS
pHpY

i / A%z 62T 7 ()7 (0)
o (4.5.9)
=3 [T g N 0)

so, if we take the matrix element relevant to deep inelastic scattering, as in
Eq. (4.3.8a), we find

prp” iqoz A . Vit o fin
Povs = @n)* S [ d2e g ()5 20, BINEL O,

(4.5.10)
We can write, up to trace terms,
i(p| N Fm(0)|p) = ptp”p"* ... ph AR g + trace terms (4.5.11)

and replace

i" 9 9 2n (a>n+tacete s
"z o2y, — =2"qu, - qu, | = r rms,
g g aqul 8qun ! a 8(12
(4.5.12)
so that (4.5.10) becomes, omitting the “trace terms”
TQNS(JT,QQ;Q,M)
B o \" 1 -
. 3 n AN 4 ig-z n 2 n
= (2m) Vﬂ;ﬂ? ARs (aqg) /d zel TCQNS(Z )(q-p) (4.5.13)
n AN 0 " i -z]' ~n
:%(277)3 Z (2v)"H A (8(12) /d4zeq YCQNS(Z2)'
n=even

Because of the calculations of Sect. 4.4 we know that, in the free field case,
Ciys(2?) behaves on the light cone as

1

- 4.5.14
9=0 22,0 72(22 —10) ( )

iégNs(ZQH
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so we will define new coefficients taking this into account; in momentum
space, we therefore set

@hﬂ@yu{fﬁm)zﬂQ%“1<;;>t/d%&“ia%s@%.(45%)

We thus arrive at the expression, the analogue of (4.4.18),

Tons (5, Q% 9. 1) =23 oy ARsCls(Q?/, g7 A4m), A" = (2m)P A",
(4.5.16)
As we will see later, asymptotic freedom allows us to calculate the Wilson
coefficients C' in (4.5.16); but in general the A are unknown constants. To
be able to extract physical information, we have to single out the individual
terms in Eq. (4.5.16). This we do now. From the known analyticity properties
of the T, it follows that we can write a dispersion relation'! for 15, at fixed

QQ?, in the variable v:
< dy Q?
o, mTens | 55, Q%9 m
Q%/2

—Q*/2 gy Q?
_/ 7 ImT2NS <2V,7Q27gv/i> .

e v —v

(4.5.17)
One can only relate this to the physical structure functions if 7" has a definite
signature, i.e., is even or odd under the exchange ¢ — —gq; this is the case
for Ty in electroproduction as Ta(x,...) = To(—x,...). In the general case
we would have to consider symmetric or antisymmetric combinations of T-
products, and structure functions. Then we change variables in (4.5.17), to
get

1
TZNS(‘f?QQ;g?M) = {

™

I da’
T2NS(177Q2§97M) = ;/0 m ImTst(l‘/7Q2§g7M)~

It only remains to expand in powers of 2’ /z to obtain (Cornwall and Norton,
1969)

1
T2NS(£7Q2597/J’) = QZ ﬁﬂQNS(n + 17Q2;g7u)7 (4518)

"Tn principle, the dispersion relation should be written with subtractions, but it
may be seen that these alter nothing of what follows, provided that the integral
in Eq. (4.5.19) below is convergent. For information on dispersion relations, see
the treatise of Eden, Landshoff, Olive and Polkinghorne (1966).
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where the moments psng are defined by

1

pans(n, Q* g, u) = / de 2" ?Fyns(z, Q% g, 1) (4.5.19)
0

One also says that the p(n) is the Mellin transform of F(x). Comparing with

(4.5.16) we immediately obtain the expression for the moments:

pans(n, Q% g, n) = A sCins(Q? /12, g° [4m). (4.5.20)

It should be kept in mind that we have derived Egs. (4.5.19) and (4.5.20)
under the assumption of evenness for T: otherwise, we cannot replace the
integral f?l dz’ by fol dz’. Therefore, Egs. (4.5.19, 20) are only valid for
n = even if T'is even, as is the case for T5 in electron scattering, or for n = odd
if T was odd, as occurs for T3 in neutrino scattering by a singlet target. The
corresponding equations for other n have to be obtained by analytic (Regge—
Carlson) continuation. This is rather trivial for the leading order calculations
(see Sect. 4.6) but less straightforward for higher order ones. Another point
is that, as already noted, we have to restrict the above equations to values of
n such that the integral in (4.5.19) converges. From Regge theory, and sum
rule considerations (topics which will be discussed later on), we expect that
this will occur for Ren > 1 for the nonsinglet structure functions, and for
Ren > 2 for singlet ones.

4.6 Renormalization Group Analysis:
the QCD Equations for the Moments

We will now write a renormalization group equation for the moments. Since
these are integrals over the structure functions, they are physical observables
and hence are independent of the renormalization point. As a result of this
and of Eqgs. (4.5.6), (4.5.11) and (4.5.20), it follows that the renormalization
constant of the Wilson coefficients C' must be precisely the inverse of that of
the operators N. Thus we obtain renormalization group equations. For the
nonsinglet case, we have the Callan-Symanzik type equation,

0 0
{Na’u + /3(9)9879 - ’YNS(Q,TL)} CSNS(Qz/M2,g2/47T) =0, (4.6.1)
with solution

_ t ’ 2 n n
Cons(Q2/2, g% /4m) =~ Jo Ws@@Dman (1 6,(Q?))
t=1logQ*/p?, ' =1logQ”/u’.

For the singlet case there are complications due to the coupled character
of the equations. It is necessary to introduce an extra structure function,

(4.6.2)
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denoted by Fg(z,Q?) or xG(x,Q?) whose physical interpretation is that it
describes the (momentum) density of the gluons one finds in the target:'2

_ Fs n __ Cg
() o= (&)

1
uz(n,Q2):/ dxm"szg(x,QQ).

0

(4.6.3)

The analogue of (4.6.2) is now (Gross and Wilczek, 1974; Gross, 1976)

CH@ /i g f4m) = Te~ o Y@M O (1L0,@?) . (46.4)

The operator T is formally identical to time ordering, except that now it
orders in the variable ¢t = %log Q?/u?.

Because of asymptotic freedom we can use perturbation theory if Q? is
large enough that a,(Q?) is small, and calculate the Wilson coefficients from
Egs. (4.6.2) and (4.6.4). However, since the A,, are still unknown, we will
only be able to predict the evolution of the moments with Q2. To see this,
consider (4.6.2) to lowest order. We obtain

log QQ/AQ > dns(n)

Chs (@21 9* 1) = Chs(1.0) (1241 (4.65)

where the anomalous dimension!'? dyg is
dns(n) = =7\ (n) /200 (4.6.6a)

Coyns(1,0) is merely the free field value of the Wilson coefficient, which we
calculated in Sect. 4.4. One can then eliminate the A™ by normalizing to a
reference Q2 sufficiently large that a(Q3) will also be small. We then obtain
the QCD evolution equations for the moments to leading order: dropping
unnecessary labels,

2y 1dns(n)
s, Q%) = | 2] (o, @) (4.6.6b)
For the singlet, »
_ O‘S(Qz) b
p(n @) = | 2428 ) W

D(n) = — 7% (n)/20,.

2The structure function G is not uniquely defined beyond the leading order. We
will see this in some detail when we discuss higher order calculations in Sect. 4.7iii.

3The name “anomalous dimension” is used for both the v and the d = ~/20o.
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a, k a, k
[, p+k I, p+k
i, p ip i,p i»p
(b) (c)
[, p+k I, p+k
(@
. a’k .
ip P

Fig. 4.6.1. Diagrams involved in the calculation of ZY5.

(0)

It only remains for us to calculate the anomalous dimensions vy g¢ and
7© . To do this, we first have to deduce the Feynman rules for the operators
N. This we did, for the NS case, in Sect. 2.6, especially Eq. (2.6.12); in general,
see Appendix E. Then we will evaluate the renormalization constants for the
N. The singlet case may be found in Gross and Wilczek (1974) and Georgi
and Politzer (1974); here we will consider the Nj's ", which involves the
diagrams of Fig. 4.6.1. In the Feynman gauge, diagram (a) of Fig. 4.6.1 gives

5o [ pp YEAA-E)"T 1%’7 ~Guw)
A'Va,ij_l g /d k ]{;4(k p Zt tli

=ig?0,;CF

' —29M({ +ap) LU +xp)ru[A- U+ 2p)]" !
x/odx(l—x)/le Bt 21— 2)p2) .
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To calculate Z we only require the divergent part of the coefficient of
(A-p)" 4.

Let us use the notation a2 b to mean that a and b have equal such divergent
parts. Then, identifying the coefficient of (A -p)"~14 in A-V,

AV, Eig2c 5--/1dx(1x)/ 4>l
i TR (1 +z(1 — z)p?)?
212 « n— n—
% {_D,y 7%%%@ 1}(A-p) LA (4.6.8)
2

g
= 7N€
1672

2
i ———— (A p)" AL
C1F6zj TL(TL =+ 1)( p) 4
The diagram (b) of Fig. 4.6.1 gives

A Vyij = ig°Créy; / (o A A SIS (A -m;[ﬁk- f};k)]"”(ﬁ + )

Here we also have to extract the coefficient of the (A - p)"~14 term; so,

1 n—2 1 n—i-1
off . 2 Da 210 (A-p)[A-r+zA-p|
A B VBZ] = 219 CFélJA /0 d.'L' d T (7’2 + 33(1 _ x)p2)2

- 92N . 1 n—1 l
M 99 Ve o 5,(A - p) d
foriCron(@ o4 [fard s

2 n
g 1 -1
=2 NCroy; | 23~ | (a-p)" 4.

1671'2 ECF(SZ] = ] ( p) 4

(4.6.9)
The diagram (c) in Fig. 4.6.1 gives the same result as the diagram (b) we have
just calculated. The two diagrams without tags in Fig. 4.6.1 merely give, for
nonamputated matrix elements, contributions equivalent to the wave function
renormalization, Zp. To obtain yyg we still have to add the counterterm
contribution, to obtain anglN finite. Therefore, using the value of Zp
calculated in Sect. 3.3, we find,

I\
1672

2
ZNS =14 Cp {431(n) —3- n} , (4.6.10)

(n+1)
Si(n) = Zn: 1 (4.6.11)
=17
and thus we get the one-loop anomalous dimension,

N5 (n) = 2Ck {4Sl(n) —-3- n(n2+1)} (4.6.12)
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and 16 )
d = 3-8 : 4.6.13
ns(n) 33 — 2n; {2n(n+1)+4 1(”)} (4.6.13)
Likewise, for the singlet case one finds the anomalous dimension matrices
(0)
7 (n) (0)
D n)=— s —_ =
(n) T v
1 3 n?+n+2
4 3_g Sy —m =
o | T T1 50 S S+ D(n+2)
3 n?+n+2 33—-2n¢ 1 1
2 -5
on(n? — 1) 16 1 {n(n T mrnmry W
(4.6.14)

The function S;(n) can be continued analytically to complex n. Due to Carl-
son’s theorem (see, e.g., Titchmarsh, 1939) there is only one such continuation
with the property that Egs. (4.5.19), (4.6.3), (4.6.6) and (4.6.7) remain valid
for complex n; it is

oo

Su(n) = (kly - M) , (4.6.15a)

k=1

and we have profited to give a generalized definition which will cover other
functions that will appear later. For the case of interest to us now, one has
the relation to the digamma function,

dlog I'(2)

(4.6.15b)

where vg ~ 0.5772 is Euler’s constant.

To this order, there is no problem with even/odd structure functions, nor
with the corresponding validity of the original equations for only even/odd
values of n, because the continuations of the v(%)(n) starting from even or
odd values of n coincide.

Two properties of D(n), dygs(n) as functions of n, which will be useful
for the behaviour of structure functions for x — 0, 1, are the following: first,
that the rightmost singularity of D(n), dys(n) is located at n = 1, n = 0,
respectively; and second, that one has the behaviour of the () (n) for large
n

)

0 0 0 n
W) = () = § (ogn+am— 1), ) ~—FEL
0 1 0
% (n) =~ 7% (n) = B §(logn +7g).

(4.6.16)
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4.7 QCD Equations for the Moments to Second
and Higher Orders

i Nonsinglet

In the previous section we derived the QCD equations for the evolution of the
moments to leading order; now we will turn to second and higher order cor-
rections. Because, as we will see immediately, one and two loop corrections in
deep inelastic scattering get mixed, it is customary to speak of leading order
(LO) calculations, precisely the ones carried over in the preceding section;
next-to-leading order (NLO), or evaluations pushed to one extra order in as;
next-to-next-to-leading order (NNLO), etc. From LO onwards the calcula-
tions are very lengthy and complicated, and the results long and uninspiring.
We will here present explicitly some of the simplest results, and the simplest
calculation, just to give a flavour of what is involved; detailed references will
be quoted so that the interested reader may find explicit results and evalua-
tions.

From Eqs. (4.6.2) and (4.6.4) we see that to calculate next-to-leading
contributions we have to consider two separate effects besides, of course, us-
ing the two loop expression for as(Q?), Sect. 3.7, and taking into account
the finite parts of the LO diagrams that we calculated in the previous sec-
tion. First, we have the effect of the anomalous dimensions to two loops,
’y](\}zg (n) and (M (n). Then, we must calculate the next term (one loop) in the
expansion of the Wilson coefficients; for the nonsinglet,

2

Cirs(1,04(@2) = Cis1.0 {14 0™ by
The calculation of the nonsinglet anomalous dimensions was carried out
first by Floratos, Ross and Sachrajda (1977), the results were simplified,
and some errors corrected, by Gonzélez-Arroyo, Lépez and Yndurdin (1979).
These results were checked by Curci, Furmanski and Petronzio (1980). Let-
ting the indices =+ refer to even/odd structure functions and with ¢ being

Riemann’s function,
o0

((n) =" 1/5",

j=1
and the definitions

SH(x/2) = Si(x/2), S, (x/2) = Si(x/2 —1/2),

SF(x) =

ool

%> A 6k 4 o)
2 )
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we have
(1)+ _ 2n+1

1
_ 32 ot 1
2 [Sy(n) — S£(n/2)] {251 )~ }
_3 16 ot
n(n+1) 7} + 555 (n/2)
_98_ 16 151n% + 2603 + 96n2 + 3n + 10
9 n3(n+ 1)3

—1289%(n) + ifsg(n){

n2+2n+1 32n 11n?2 +5n —3

32 f 3

- 65 — 108 2 .

9 n3(n+1)3 27 { 2(n) in) 5+ n?(n + 1)2
(4.7.22)

The NNLO anomalous dimension fyg\%)g(n) was calculated for some specific

values of n by Larin, Nogueira, van Ritbergen and Vermaseren (1997) and
Bliimlein and Vermaseren (2005). The full NNLO result is given in Moch,
Vermaseren and Vogt (2004a).

Let us now turn to the Wilson coefficients. Since these are constants,
they can be calculated by taking matrix elements of TJ*J" between any
states. We are at liberty to take whichever make the calculation simplest,
and, of course, we choose quark and gluon states. A point to be kept in
mind is that, unlike for the anomalous dimension, the Wilson coefficients
also depend on the process under consideration. The coefficients to one loop
(NLO calculation) have been evaluated by a number of people.'* Here, we
give the values for the electroproduction on proton targets:

C4(n) =
) B _ 25 3. 4 2
CF{QSI(H) +381(n) = 28a(n) — ST 4 D g =9

(4.7.2b)
For other processes, see the compilation of Buras (1980). The two loop Wilson
coeflicients would enter the NNLO calculation; they have been evaluated by
van Neerven and Zijlstra (1991a, b, c), (1992a, c¢), to which we refer for
the explicit expressions. They are checked for particular values of n in the
evaluation of Larin, Nogueira, van Ritbergen and Vermaseren (1997) and the
evaluation of the equations to NNLO has been fully completed by Moch,
Vermaseren and Vogt (2005b).

“Kingsley (1973); Walsh and Zerwas (1973); Zee, Wilczek and Treiman (1974);
Witten (1976); De Rujula, Georgi and Politzer, (1977a); Calvo (1977); Hinch-
liffe and Llewellyn Smith (1977); Altarelli, Ellis and Martinelli (1978); Abad and
Humpert (1978); Kubar-André and Paige (1979); Floratos, Ross and Sachrajda
(1979), etc. The values reported by Bardeen, Buras, Duke and Muta (1978) or
Buras (1980, 1981) have all been checked by at least two independent calculations.
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Having calculated the anomalous dimension (to two loops) and the coef-
ficient (to one loop), the NLO evolution equation for the moments is imme-
diately written:

pns(n, Q?) = L+ C(l) s(n)as(Q?) /4 | 1+ (B1/Bo)as(Q?)/An P
1+ 00 (n)as(@3)/ar | 1+ (Bi/Bo)es(@3)/4n
a 2 dns(n)
Jata] " st
(1) (0)
Tns(n)  ns(n)
p(n)Ql 3, o ]

(4.7.3)

ii Longitudinal Structure Function

To LO the two structure functions F» and 2z F) are equal and hence to this
order the longitudinal structure function F, = Fy — 2z F; vanishes. This was
shown in Sect. 4.4 for free fields; but since leading order QCD corrections
only multiply C7(1,0) by a factor of (log Q'/A%)%, § = dys or D, it follows
that all moments of Fy, vanish to this order, as claimed. This means that for
the longitudinal case (4.7.1) should actually read

CH(1,a,) = C7(1,0) {2‘7 +}

To NLO, however, we get a nonzero F, and hence violations of the Callan—
Gross relation. To evaluate this it is convenient to extract a factor that de-
pends on the process, and a process-independent part, writing

cB)m1,0) =6pBM"™ (4.7.4)

The factors are, denoting a proton or a neutron by N, and an “isoscalar”
nucleon (average of p, n) by I

1 eN 5 eN
=, for F = for F.
(5 — 6’ 2 B ; 5 — { 182 21? , nf = 4. 475
s { 1, for F{"1 s 1, for By~ ! ( :

)

Let us then consider the nonsinglet piece of Fp,, F' iv 3. The only diagram
that enters the calculation is that of Fig. 4.7.1; all other diagrams either
contribute equally to the terms of which F is the difference, or are singlet.
In fact, for the singlet component of the longitudinal structure function we
have two contributions: that of the quark singlet which, to the present order
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VV

p+k + Crossed diagram

i,p ip

Fig. 4.7.1. Diagrams contributing to FY°. The “Crossed diagram” is a dia-
gram with the photon lines exchanged.

of accuracy, coincides with the nonsinglet one, and the gluon contribution,
evaluated with the help of the diagram of Fig. 4.7.2.

To NLO, and since F, begins at order ay, we do not have to worry about
the contribution of the renormalization of the operators N which will, in the
present case, give effects of order a2. The calculation is further simplified by
noting that, if we keep terms proportional to ¢*¢” in T*”, then F7, is the only
invariant amplitude which is multiplied by them: for, say, vector currents

oV 2 Ha? 4+ p¥ gt
T = <gw - )TL + (g‘“’ -yl s R )Tz, (4.7.6)

and one has Fy, = (1/27) Im T%,. In general, we have to carry out the calcula-
tion for p? < 0 to regulate infrared divergences; but, again, this is unnecessary
for Fy, to the order at which we are working, since it remains finite in the
limit p? — 0.
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i VY
q q
ptk+q
p+k A Y p+k + Crossed diagram
ko
p, B” p, 8’

Fig. 4.7.2. Diagram contributing to the gluon component of Fr,.

The amplitude for the diagram of Fig. 4.7.1 is then

%(%)3Z/d‘lzei"'z@,O;jITJ“(Z)J”(O)Ip,U;ﬁ
ET/%V + crossed term,
T/éijl/ _ _iCF(sijgz

_ Yo RN K+ + "
ng:u(p’g)/d% (p+ k) (p+ -+ )22

u(p, o).

Using
Zﬁ(pu U)Mu(pa 0) = Tl"ﬁ,/\/l, p2 = 07

o

extracting the term proportional to ¢*¢”, and introducing Feynman param-
eters, we find

2 8 1 1 1—
s _ 9 2Cpf/ daa/ ds (1~ uz)us
T x Jg 0 [1— usg

16 — (1= (uy +ug)/a]?’

where u; = of and us = 1 — . Expanding in powers of 1/x and integrating,

2 =1 1\"
N5~ 940 =)
L 1672 F;nﬂ T
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The crossed diagram doubles even and cancels odd powers of 1/z, so

- i : <i>n (4.7.7)

writing the analogue of Eq. (4.5.18), we therefore find

NS

n=even

4
B(l)n,NS _ C
L nt+1

n = even,

and comparing with the corresponding expression for the NS piece of F5,

as(Q?) 4CF
T n+ 1

pis(n, Q%) = 65'° vs(n, Q). (4.7.8)

It is not difficult to invert the Mellin transforms in the definitions of
o, ¥ and in (4.7.8) to find directly a relation between structure functions.
For electroproduction on proton targets, we have

Fys(z,Q%) :/ dy Cs(y, Q%) Fans (;QQ) (4.7.9a)
and
Qs 1)L o (Q?
Chst: @) = G L) 4 o0y (22D) s (anom)

the first term corresponds to the moments relation calculated in (4.7.8), as

may be easily verified. The function CS\%L (z) was evaluated by Kazakov and
Kotikov (1987, 1988) and somewhat later by Sénchez-Guillén et al. (1991).

For the singlet, the calculation is similar to the one just performed, but
using now also the diagram of Fig. 4.7.2 for the leading gluonic piece. One
has, for electroproduction on protons,

! x T
Fh.@) = [ ay{ctn Qs (£.0°) + ch@dre (£.0°) |
(4.7.10a)
where the kernels CL are now

0§ (2, Q%) = Cs(2, Q) + Cps(z, Q°),

Qs 2 1 Qg 2 2
Chsle, @) = 140ra] 0D 1 DL () <§§)> b

Chite, @) =) (D)

. (Q2)\ 2
Ch(w.Q%) = [16n,Tran(1 - ) 2% | (07 (=42
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The kernel cg;L(x) was calculated by Kazakov et al. (1990) and Sénchez-

Guillén et al. (1991). The kernel cg )L(x) was evaluated by Kazakov and
Kotikov (1992) and by van Neerven and Zijlstra (1991b, ¢), who also checked
the calculations of Sdnchez-Guillén et al. and Kazakov et al. (and corrected an

error in the evaluation of cg )L(az) by these authors). The results are confirmed
by the calculations of the first moments by Larin and Vermaseren (1993) and,
for all moments, by Moch, Vermaseren and Vogt (2005a, b). All three kernels
to NLO may be found collected in Adel, Barreiro and Yndurdin (1997).

The full longitudinal function is the sum of the nonsinglet and the quark
singlet component:

Fp =F, —2zF, = F& + FL.

iii Singlet

The singlet calculations are much more difficult than the nonsinglet, or lon-
gitudinal structure function, ones. For the anomalous dimension, Floratos,
Ross and Sachrajda (1979) and Gonzélez-Arroyo and Lépez (1980) made the
first two-loop calculation; these contained errors in the yge term. A cor-
rect calculation of yga was provided by Furmanski and Petronzio (1980) in

the so-called Altarelli-Parisi formalism. The collected 71(]1 )(n) may be found
in Adel, Barreiro and Yndurdin (1997). There exist evaluations for the first
few moments to NNLO by Larin, Nogueira, van Ritbergen and Vermaseren
(1997), Retey and Vermaseren (2001), and an extension to all moments by
Moch, Vermaseren and Vogt (2004b).

The Wilson coefficients were first calculated to one loop by Bardeen,
Buras, Duke and Muta (1978), and Bardeen and Buras (1979); see also
Buras (1980). To two loops they were evaluated by van Neerven and Zijlstra
(1991a, c; 19924, c), in the Altarelli-Parisi formalism; these calculations have
also been checked by the moments evaluation of Larin, Nogueira, van Rit-
bergen and Vermaseren (1997); see also Moch, Vermaseren and Vogt (2004b,
2005b).

The equations themselves are now not trivial to obtain, because of their
matrix character. To derive them, we let

a=0y(Q)/4r, d =0, (Q7)/dn, t= 1log =

We also define, temporarily suppressing the variable n to lighten the notation,

_ (a)
D(a) = 28(a)’
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and the series expansions

Cla)=1+CWa+CPa? 4.
v(a) =7 a+yM a® + 4@ 3+...7
—B(a) = ﬁoa + Bra® + Brat +. (4.7.11a)
D(a) =-D© + DM + D®g 4 .
DO — ;1,7(0)7 pw_ —1 (7(1) B 51,7(0)) 7
2% o %o (4.7.11b)
2 .
D® = = 4@ B Prow g <61 52> 7(0)]
2ﬂ Po Bo  Bo

The matrix C is built from the Wilson coefficients. As already remarked, the
gluon structure function is not unique, beyond the LO. This is because we
may alter the mixing by adding pieces proportional to €, €2,..., e = 4 — D,
shifting pieces from coefficients to matrix elements. A way to make the C
unique is to require that it commute with the anomalous dimension matrix:

[C(a),7(a)] = 0.
Expanding, this implies

7%, cV) =0,

AV 440 C@ — Oy 4 @y O (4.7.12a)

The solution to these equations is

(0)
1 Y 1
C’2(1) - ?é) C§2)7

( ) (0)
1 1 - 1
02(2) 70( ) ’y(o) 11 052),

1 2 0 1 1
o® _ CHYY +CDAY - e
21 —

(0) ’

V12
NONND (1) oW _ ol
02(3) :C(2)+ (0711 0(2) To2 — — 711 C(l) 11 - 22 %)
712 V12 Bl

(4.7.12b)
The p satisfy the differential equation

%p.(a) = {82((:) C (a) - C(a)D(a)C_l(a)} u(a). (4.7.13)
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We now seek M(a) such that
0

o {aD“” M(a)C_l(a)p,(a)} =0 (4.7.14)
this gives the condition
1 oM
~DOM(a) + OMla) _ M(a)D(a) = 0, (4.7.15a)
a da
which may be solved iteratively. Write
M(a) =1+ MY+ MPa? + ... (4.7.15b)
Then, to NLO and NNLO we obtain the equations
MO 4 [D(O),M(l)] =DW,
) ) ) D1 (4.7.15¢)
oM@ [D(O),M( )] =DO® L MODD),
To solve them we define the matrix S that diagonalizes D(©):
~1pOg —pO — (d+ 0
ST DYWS =DV = L dy >d_. (4.7.16a)
We standardize it by requiring S1; = det S = 1; then,
0
1 D%Q)
S = d- —ds (4.7.16b)
“|a-n ol | v
D%g) d_ —dy
and we also define
STIDMS =DW) sTIMWNVIs =MW §7Iy()g = (V)
_ . (4.7.17)
(D(O) :D(O)).
From Eq. (4.7.15¢),
_ 1 _
DY i
MO — . 1+dy —d- , (4.7.18a)
- p Dw
1 + d, _ d+ 21 22
_2) ) D + (MO DW),,
3 [Du + (M(l)D(l))ll} =
N — 24dy —d- . (4.7.18b)

Dg) + (M(l)D(l))m
24d_ —dy

3 [P + (1 D)y
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Because of Eq. (4.7.14) it follows that one can write
aD(U)M(a)Cfl(a)u(a) = b = independent of a;
hence, inserting the moment index n explicitly,
n,a) =C(n,a)S(n)M(n,a ~1,~ DO mp ,
(r,0) = C(n. )S(1)M(n, o ) w10
b =Sb = independent of a,

from which the evolution of the moments is obtained directly: considering
(4.7.19a) for Q2 and Q3, and eliminating from the equations the unknown b,
we find the evolution equation

u(n,a) = C(n,a)S(n)M(n,a)! (ao/a)D(O)(n) M(n,a)S ' C(n,a) *u(n, ap),

(4.7.19D)
where a = a,(Q?) /4w, ag = as(Q3%)/4n and ay is to be calculated to as many
loops as the anomalous dimensions.

iv Comparison with Experiment

The equations for the moments that we have derived may be used to get
the QCD predictions for the structure functions. For e/uN scattering and to
NNLO, this is shown in Fig. 4.7.3, where we plot the Bernstein moments, or
averages, defined by (Santiago and Yndurdin, 2001)

Fou(Q?) = / 0 pui () Fi (2, Q). (4.7.20a)

Here the p,j are the (modified) Bernstein polynomials,

2F(n+%) 25
Ik+3)I'(n—Fk+1)

_ 2n—R)(n+3) i e, (4720b)
Tk+DIr(n—k+1) l'n— —z ’

k <n.

pnk( ) _ x2)n—k

These polynomials are positive and have a single maximum located at

I(k+1)I(n+32)
I(k+3HI(n+2)

Tk = (4.7.21a)

They are concentrated around this point, with a spread of

k+1 [Tk+1)I(n+3)]°
Ay = 3| ;- . (4.7.21b),

I'(k+ )T (n+2)
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Fig. 4.7.3. Bernstein averages F,; of the structure function Fs in e/uN
scattering, evaluated to NNLO (from Santiago and Yndurdin, 2001). The
data are from Benvenuti et al. (1989), Whitlow et al. (1992), Adams et

al. (1996), Derrick et al. (1996), Aid et al. (1996) and Adloff et al. (2000).

and they are normalized to unity, fol dz ppi(z) = 1. Therefore, the integral
F. = fol dz ppx(z) Fo (7, Q?) represents an average of the function Fy(z) in
the region

Tnk — %Axnk g z S Tnk + %Axnk
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The values of the function outside this interval contribute little to the integral,
as pnk(z) decreases to zero very quickly there. So, by choosing suitably n, k,
we manage to adjust the region where the average is peaked to that in which
we have experimental data.

From this evaluations there follows a very precise value for the parameter
A: to three loops and four flavours, one gets

A =2744+30 MeV.

Similar results follow from v N scattering (see Santiago and Yndurdin, 2001;
Kataev, Parente and Sidorov, 2000).

4.8 The Altarelli-Parisi, or DGLAP, Method

The OPE method for analysis of deep inelastic scattering is fairly rigorous
and not too difficult to use; but it does not, perhaps, appeal to physical
intuition. In particular, its connection with the parton model is not very
transparent. This is one of the reasons for the success of the Altarelli-Parisi,
or DGLAP method,'® in which close contact is maintained with the parton
model at each step.

Before discussing the partonic interpretation, let us further elaborate the
equations that we have. For the sake of definiteness we will consider in detail
the nonsinglet part of Fb; in fact, we will concentrate on the contribution
of a given quark flavour f to F5. This contribution is proportional to the
quark density ¢y which, in the free parton model, is independent of Q2. When
interactions are taken into account, g5 will acquire a momentum dependence.
If we let 41 be a fixed reference momentum, and define ¢ = 1 log Q*/u?; then
we generalize (4.3.11) to

Fy(z,Q%) = Z(Sfxqf(x,t); (4.8.1)
f

the 07 are known constants, depending on the particular process we are con-
sidering.

What the QCD equations give us is the evolution of the moments with
t; thus, we recast (4.6.6) in differential form, which for the ¢ reads

~ (0)
dgs(n,t) _’Y]\(/Js(n)as(t) dr(n,); (4.8.2)

de¢ 47

15 Altarelli and Parisi 1977; see also Dokshitzer, Dyakonov and Troyan (1980). The
method is at times also called the DGLAP method because Dokshitzer (1977),
Lipatov (1975) and Gribov and Lipatov (1972) had derived equivalent equations
independently.
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we have written a,(t) for as(Q?), t = 3 log @? /12, and defined the moments
of the densities

1
qr(n,t) = /O dz " g (x,t). (4.8.3)

Equations (4.8.2, 3) and (4.6.6) are fully equivalent, one being the integrated
form of the other. Then, we invert the Mellin transform in (4.8.3). If we define

the so-called splitting function PJ(\? ;(z) by

1
/ dz 2" PO (2) = =140 (n), (4.8.4a)
0
then the convolution theorem for Mellin transforms tells us that

Oqy(x,t) as(t)/ %qf(%t)P](\?}g(x/y). (4.8.4b)

ot T

This is the Altarelli-Parisi equation for the nonsinglet densities, to LO. Its
equivalence with (4.6.6) may be easily verified by projecting it into moments,
and integrating. Equation (4.8.4b) can also be written in infinitesimal form
as

Qf(x7t)+de($at):/0 dy/o dz6(zy — )y (y,t)

X {5(z 1)+ a‘;(t)Pf\%(z)dt} .

(4.8.5)
We see that Pz(\? ;(z) can be interpreted as governing the rate of change of the
parton distribution probability with ¢t. We will elaborate on this presently.
Consider the scattering of an off-shell probe, say a photon, off a parton.
In the parton model (Fig. 4.8.1, a), quarks are assumed to be free, with a
certain probability of having a fraction of the proton momentum, ¢s(x). We
now allow for a dependence of gy on ¢, which is due to the fact that the quark
may radiate gluons. The various processes in which this radiation occurs,
either of real or virtual gluons, are depicted in the graphs (b), (c) of Fig. 4.8.1.
If we work in an axial gauge, the calculation is simplified enormously. Indeed,
in this gauge only the diagram (b) of Fig. 4.8.1 will give a term proportional
to t: hence, when calculating the variation with ¢ it is the only one that will
contribute. Moreover, QCD corrections to the coupling are, in this gauge,
taken into account to LO by simply replacing g/4m — «s(t). This last is
easily understood if we recall our calculation of Eq. (2.3.18) and compare it
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Y Y

’}//.1 Prtq

(a) (b)

Wy

’}/*
i . ()
%

Fig. 4.8.1. Diagrams involved in scattering of a photon off a quark.
(a) Free quark. (b) Radiation of a gluon, producing a term depending on ¢
in the axial gauge. (c) Other radiation diagrams.

to (3.3.29) and (3.3.30): the entire Z; comes from the gluon propagator in
this gauge.

To zero order in g we only have the diagram (a) of Fig. 4.8.1. Let us take
quarks as massless, and work in the reference frame where

q (070707 Q)? p 23;_( 70307 )
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The structure function F3 is proportional to a cross section, and will thus be
the sum of the point-like cross sections for each quark weighted with the gy,
as we saw in Sect. 4.3. With the obvious changes of notation, and with w
proportional to the cross section,

1 L dy
SFavs(z,t) = > 5Ns,f/ o £ (Y, t)Wpointiike (P )- (4.8.6)
7 0
We have defined y by py = yp.
Now, because quarks are massless, we must have (p; + ¢)? = 0 and
therefore,

wpointlike(pfa Q) = (S(y/SU - 1) :

substituting, we recover (4.8.1), as could have been expected. We will then
rewrite (4.8.6) as

ar(a,t) = / % 5/ — Dag(y. 1) (48.7)

This is only valid to zero order in g (free parton model). We require the
corrections to it due to the gluon interactions, shown in graphs (b), (¢) in
Fig. 4.8.1. We may split these into two sets: vertex corrections and radiation of
real gluons. We will discuss the first later on. For the diagrams with radiation
of real gluons, we need only consider diagram (b) of Fig. 4.8.1 (as discussed)
if we work in a lightlike gauge and are only interested in t-dependent terms.
Its corresponding amplitude is

A" = (2m)"*alpy — k +q,0")"

i A0 ga *
1y gtzu(p 70)6a(k7>\)7
pr—¥k 7

and this is is normalized so that, if v* were a real photon, we would have the
scattering amplitude

F(y; = G+q') = eQqep A",
The probability for the process is therefore proportional to
d3k d3p’
v __ 1 / * AV
wh —2/2k02p,()5(17f+q—k—p)2v4” A

spins
=13 ) [ d*RO(EO)S(R*)0(0G — KO+ ¢°)5 ((pf — k + q)%) A A",
oo’ a,j
Note that the gluon is real and we then have to take

. koug + kgug
> alks NeplhA) = —gap + ~L2
A
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recall that we have chosen a lightlike gauge,
k-e=u-e=0, u?2=0.
Defining 6 (v?) = §(v?)f(v"), we obtain

7 920F nz
2(2m)2"

(4.8.8a)

P = /d‘% 54 (K)o, ((pf —k+9)*) <—9aﬂ +

Wy — by — K+ 4 By — BB
(py — k)* '
Expression (4.8.8b) is divergent for massless quarks and gluons, so it has to be
regulated. One could use dimensional regularization for this, but it is simpler
(and more physical: the initial quark is in a bound state, hence off-shell) to
take pfc = —u2. Because the region of integration in (4.8.8b) is compact, the

kaUﬁ + kgua >

k -
" (4.8.8b)

divergence as p? — 0 is the only way we may obtain a logarithm which, as
we will see, is of the form log @?/u?. Since it is only the logarithmic term
that is of interest to us, we can greatly simplify the calculation.

First of all, throughout (4.8.8b), except in the denominator, we may take
pfc = 0: the corrections will be of order y?/Q? (eventually with an extra
logarithm) that we are systematically neglecting. Thus,

(s P ) Ty — 4y~ B

= —2(ps — k)Q{ Tey" (pr — ¥ + 4 )"k

Tyt (b — o+ ) [(p~u><¢f—k>+<pf—k>-uzﬁf+2k-pf¢}jk}-

Since pfc =k? =0, one has 2k - py = —(py — k)?; hence, the last term of the
above equation is proportional to (py — k)* and it does not contribute to the
logarithm. We then obtain

3
@Hul():g 72/ (;klo( 5+ ((pf —k+q)2) MTK {'y”(]ﬂf 7% +$4)’YV%

ety i R 0]

(4.8.9)
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.l . . .
where the expression = means “equal logarithmic terms”. Next, we write the
denominator in (4.8.9) as

(py — k)* = —p® = 2k°p} + 2|K| [p| cos 6.

It only vanishes (for © — 0) when cos# = 1; that is, when k and p; are
collinear: this, incidentally, identifies the gluons that give corrections to scal-
ing. Thus, for the logarithmic term, we may take cos @ = 1 everywhere except
in the denominator. In particular, the delta function in (4.8.9) becomes

1
6+ ((pr —k+q)%) — 6(2v — Q* — 2QK°) — 5,000 =), (4.8.10a)
and we have defined
1-Qk /v =p. (4.8.10b)
Moreover, for cosf =1,
kcos@:l = (1 - P)Pf;
and we can then easily complete the calculation:

+1 oo dko kO
prv % 727r/ dcos@/ d(p—x)
0 2v

—1
1+p° Ty (ppy +d)7" Py
L—p 2k%pG cos — (u? + 2k0p})

lo_g’/T

2y<1og ff) / dp”f’ 5(p — ) T A" (ppy + 4 )7 By

Therefore, for F» and with self-explanatory notation,

2 2 2
B g 14p _ Q°
we = 4Cp 1672 /dp = po(x — p)log 2 (4.8.11)

This equation does not give the full answer: it is undefined at p = 1. This
corresponds to a zero energy gluon, which is a typical infrared singularity.
In fact, it may be seen that this singularity is exactly canceled by the vertex
and propagator corrections that we have not yet taken into account. Since in
these no real gluon is emitted, their contribution to ws has to be like that in
(4.8.11), but with A\d(p — 1) instead of the term (1 + p?)/(1 — p). With these

terms included, we thus write

e 2
w2—4CF16 5 <logi2 )/dp {11+p + Ad(1 — )}pé(:r—p). (4.8.12)
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Taking into account the correct value of A (see below), we find the desired
correction to (4.8.7); it is

st = [ [ azotey - Dasten {3 0 + 22 .

1+ 22

PJ(\?:);(Z) =CF {(l—z)+

+35(1 - z)} :
(4.8.13a)
where we define, for any function ¢,

' 1 _ [, 2 o)
/0 dz =2, p(z) = /d T, (4.8.13b)

If we identify this P](\? ; with the splitting function introduced previously, we
may check that Eq. (4.8.4) is indeed satisfied. It is because of this equivalence
that we did not bother to calculate the coefficient A of §(1—p): the condition!®
'yj(\(,)zg(n = 1) = 0 fixes A directly. The comparison of (4.8.13) with (4.8.5) may
be carried out at once. It is sufficient to take o, to be defined at p? and take
t — dt to be infinitesimal.

It is still possible to use a different procedure to rederive the evolution
equations, which is perhaps more interesting than the former method. We
consider that an arbitrary number of gluons can be emitted; thus, we may sum
all the diagrams where gluons are radiated. Of course, this is an impossible
task; but it simplifies enormously if we only consider leading logarithms. In
this case, it may be shown (see, e.g., Gribov and Lipatov, 1972) that only the
ladder graphs contribute (Fig. 4.8.2). It then turns out that we can calculate
the diagrams, and even sum them. In this way, we recover the results of
the standard analysis, with two bonuses. First, we see that the LO in the
running coupling constant is equivalent to summing all the leading logarithms

in g?/167%:
g \" log" Q—Q
1672 2’

Secondly, it gives a hint as to how to treat processes where the operator
product method is not applicable. We will not delve further into this matter,
but refer to the lectures of Sachrajda (1979) and work quoted there.

Let us return to (4.8.4b). Choosing the scale of @? to be A2, so that we
can take t = 1 log Q*/A?, we replace a,(t) by the running coupling constant
a,(Q?). Moreover, /0t = 2Q20/0Q?. We can thus write the Altarelli-Parisi
equation as

Q%0

(02) [td
TQQ(L‘(%Q% = %/ ?yP](\% (;) a5 (y, Q%). (4.8.14)

'SFor the singlet, the corresponding condition is det 'y(o) (n =2) = 0; see Sect. 4.91.
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Pt

Fig. 4.8.2. Ladder graph for emission of gluons in deep inelastic scatter-

ing.

For the singlet case, the corresponding equations will involve the den-
sity of gluons, which we denote by G(z,Q?), so that Fg = xG, and new
splitting functions, P;;. The equations may be obtained from the moments
equations, Egs. (4.6.6), or with partonic methods similar to the ones we have
just employed (Altarelli and Parisi, 1977).

However we choose to derive them, the equations are

SHLEE) -2 [ 20 (2) (G0 e

the kernel is now (0) (0)
P, P
0) _ qq G
PO = (P(O) P%O) ) ’ (48.150)
Gq GG
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with
14 22
Pq(,?)(ﬂc)=CF +36(1 — =) :P](\%(m),
(T —=2)4
224+ (1 —2)2
P ) =T,
(14 (1 —2)?
PY) () =Cp (x )y
(0) - xT 11—z . 1ch—2nf .
Pyo(x) =204 [(1_$)+ + . +z(1 x)} +76 (1 — x).
(4.8.15¢)

The second order (NLO) kernels have been calculated by Curci, Furmanski
and Petronzio (1980) and Furmanski and Petronzio (1980). For the NNLO
kernels see Moch, Vermaseren and Vogt (2004a, b; 2005a, b).

The Altarelli-Parisi method allows a physically transparent decomposi-
tion of structure functions for various processes in terms of a few “quark
densities”, q(z, Q?), for quarks with flavour ¢. For easy reference, we collect
here the expressions for a few important processes. We let I be an isoscalar
target, and p a proton target. Then, writing f for ¢,

2z(uttu+d+d+s+35), np=3,
Pt =
Zr(u+u+d+d+s+5+c+c), np=A4,
(4.8.16a)
per tx(3u—3d—3s+ 2u—3d—35), ny=3,
2NS — _
tr(u—d—s+ctu—d—5+¢), np=4

1 _ 7 _
. . gr(u+u+d+d—2s—25), ny=3,
F2§=F2€§§ F2J{7S:
tx(c—s+c—35), ny=4
(4.8.16b)
9 17ep
7F25, nf=3,
Frly=0, FYl=prl=1{" (4.8.16¢)
€
%Fng ny =4

r(u—t+d—d+s—3), ny=S3,
Ryl =0, By =Rk = i
z(u—a+d—d+s—5+c—¢), ny=4.
(4.8.16d)
Some of these we have presented before. Furthermore, one can define the
“valence” quarks ¢, as the excess of quarks over antiquarks in a hadron (so a
proton has fol dz u, = 2, fol dzd, = 1) and the “sea” as the rest, etc. Detailed
treatments may be found, for example, in the reviews of Buras (1980) and
Altarelli (1982).
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4.9 General Consequences of QCD
for Structure Functions

i Sum Rules

We have stated repeatedly that the matrix elements A™ cannot be calcu-
lated in perturbation theory; but there are cases where the corresponding
composite operators are related to symmetry generators. In this situation
they correspond to observable quantities and thus their matrix elements are
measurable, at least in principle. As discussed in Sect. 3.6, such operators do
not require renormalization, and the corresponding anomalous dimensions
vanish; therefore, for Q? — oo, these A" can be calculated with the free
quark-parton model.

Such operators are those with n = 1 for the nonsinglet, and a combination
of those with n = 2 for the singlet; no others may exist because it is only for
these that yyg(n) and det<y(n) vanish.!” This means that the integrals

1
/ drz ' Fyys(x, Q?), (4.9.1a)
0

and a combination of
1
/ dz Fy(z,Q%), i=385, G, (4.9.1b)
0

can, at least in principle, be calculated in absolute value. In practice, this
is useful in favourable cases where the integrals in (4.9.1) can be related
to observables on which information is available; this gives rise to sum rules,
many of which had been discovered already with the parton model, and which
become exact theorems in QCD. Here we will discuss a few typical cases.

We begin with nonsinglet structure functions. For F3 3.n5 the operators
that appear for n = 1 are combinations of the

Nigar =1:qTY"(1£95)q 1,

which indeed generate chiral symmetry transformations (Sect. 2.8). As ex-

pected, 'y](\(,))s(l) = 'y](\}k);(l) = 0. For electroproduction with three flavours u,

d and s (the decomposition is different for four flavours), we have, writing
the equation somewhat loosely,

NS
ITJEn(2) Jen (0) =

Hpv ,
P 220

%NS(ZZ)Jeln(O)

W=

In general, we have to go to Q% — oo because of the residual dependence on
the interaction due to the Wilson coefficients, or for a more subtle matter of

analytical continuation: for odd n, one has the continued 7](\56? (n) different from

75\2 (n) = '71(\1,63{ (n) for high orders, k > 1.
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(cf. Eq. (4.5.4)) so that, being now more precise, we find

1 _
TA%NSPM = (p|J4,(0)|p) = 2(2m) "*p"Qn,

where @y, is the charge of the target, in units of e. Therefore, and taking into
account NLO corrections,

13+ 8¢(3) — 27 0,(Q?) } L (492)

1
dra ' Fslg = 2Qn 1 1
/Om avs = 3@n (1 T 37

For neutrino scattering we have the Adler sum rule, which is exactly valid
for all Q2:

1
/ dzz~' (F}? — FyP) = 2. (4.9.3)
0

The relevant operator here is the isospin one. Eq. (4.9.3) has no corrections
because it may be related to an equal-time commutator (Sect. 2.8 and Adler,
1966). For electroproduction, because the function is even, the correction
involves 75&?(1) # 0; see Lépez and Yndurdin (1981).

For the structure function F3 we have the Gross—Llewellyn Smith (1969)
sum rule:

/01 dz {F3P(2,Q%) + FyP(z,Q%)} = /01 Ao 7 (2, Q%)
:3{1_m—3.58 (ozs(622)>2_190 (%(Qg)>3} (4.9.4)

™ s s

The calculation of the higher order corrections is due to Larin and Vermaseren
(1991) and Chyla and Kataev (1992). Other nonsinglet sum rules may be
found collected in the review of Buras (1980).

We now turn to the singlet. In this case, the conserved operator corre-
sponds to n = 2. This is reflected in that dety(®) = dety™) = ... = 0.
(Because singlet structure functions are always even it is unnecessary to dis-
tinguish 4*; only 97 = - enters). Indeed,

(0) _1 64 —12nf
7 (2)_9(—64 12n; )

() = 1 ( OAB6T —39ny]  —3666n,
v —64[367 — 39n;]  3666m;

(4.9.5)

243

and to three loops the same structure may be checked with the help of the
calculation of Larin, Nogueira, van Ritbergen and Vermaseren (1997). The
normalization of the structure function Fg(x, Q?) = xG(x, Q?) is in principle
arbitrary; we have chosen it so that the eigenvector of 9 corresponding to the
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zero value will be precisely the sum of Fiz and Fs. Now the conserved operator
is the energy—momentum tensor: from Eq. (2.8.2),

O =iy G" D" g5 + gapG' G — g" L.
f

The term g L contributes only to order M?/Q? and may thus be neglected.
We thus find the momentum sum rule,

1
[ @ Pt + oo} = s {1+ A o)

0

with 4, ¢ depending on the process. For electroproduction,

5P = (Q?) =2 (ny=4) and cf =-3.

For vI, vp, where I denotes a generic isoscalar target,

vl __ vp __ 2
=1, =2

In fact, for Q% — oo, one can calculate the individual integrals of each of the
F5;, i =S, G. This is so because, for n = 2,

32+6
_oetbny

1(2) =0, d.()=GTE <o

hence, to leading order in o, we can write

w.Q%) = sb, b= (g ).

— 00

with S given in (4.7.16b) and b a number independent of Q2. Therefore,
determining b from (4.9.6),

1
3n
dz F. ) = gL
/0 T 2S($’Q)Q2_>oo 16 + 3ng’

_ 16

. (4.9.7)
/0 dz Fg(z,Q?) o

Unfortunately, the corrections are of the form

—d_(2
K [0,(@)] ™, a2 ~0s,
with K a quantity not given by perturbative QCD. Eqs. (4.9.7) are among
those that provide the best evidence for the existence of gluons. If gluons
did not exist, one would expect all momentum to be carried by the quarks.
Hence, for e.g. neutrino—isoscalar scattering where § = 1, one would have

1
/ dz Fy(z, Q%) ~ 1,
0
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which for, say, ny = 4 is twice the experimental value. In fact, one has
(De Groot et al., 1979; Berge et al., 1991)

1
/ da F5(2,Q%) =~ 0.44 4+ 0.03, Q2 =30 to 200 GeV?,
0

which compares very nicely with the theoretical figure taking gluons into
account, (4.9.7), which gives'®

1
/ do Fy*®(z,Q%) — 22 =0.43.
0

The leading order analysis of these relations was performed by Gross and
Wilezek (1974), although the momentum sum rule at the partonic level had
already been discussed by Llewellyn Smith (1972).

ii Behaviour of Structure Functions as ¢ — 1

The QCD evolution equations take on a particularly simple form at the end-
points, x = 0, 1, where they have also implications for questions other than
deep inelastic scattering. Here we start with the limit as # — 1. Considering
first the nonsinglet component of structure functions, we will assume that
Fys(z,Q%) = AQ%)(1— ) (4.9.8)
xr—

with eventual logarithms (see below). Actually, (4.9.8) can be made plausible
in QCD from the so-called counting rules, although we will not give the
full arguments here (see Brodsky and Lepage, 1980, and references therein).
On general grounds, we expect that the z — 1 behaviour of the structure

functions will be related to the large n behaviour of the moments. It is easy
to verify that (cf. Eq. (4.6.16))

16

~ oo _3
n—co 33— 2ny (logn — 3 + &+ O(1/n)). (4.9.9)

dns(n)

Using (4.9.8) and integrating, we find

5 L(n =1 (1+v(as))
pivs(n, Q?) = AQ%) I'(n+v(as))

while, from (4.9.9), (4.6.6),

pns(n, Q%) ~ 16 as(Q?)
1ins(n, Q3) noee Y { Tl ) [log %(Q%)] } '

18Note that neutrinos or e, us only probe quarks, so the experimentally measured
function is, precisely, Fbg. To get ©G = Fg we would require probes that acted
on gluons.
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Equating, we find the explicit form of A(Q?), v(as); to LO (Gross, 1974),

R
I'(1+wvns(as))’
16

log as(Q%), do= o—o—(§ — ).

33 —2ny
(4.9.10)
The constants Agns, Vons are not given by perturbative QCD, although one
expects, from counting rules arguments (Sect. 5.7), that vons ~ 2 to 3.
For the singlet, the calculations are somewhat more complicated because
of the matrix character of the equations. One finds that for the gluons (4.9.8)
must be modified, but for the quarks the behaviour is like that for the non-
singlet (Martin, 1979; Lopez and Yndurdin, 1981) and one then obtains

Fys = Agns [a0(Q?)]

16
VNS(Ols) =UNS — m

—do (1 — x)VS(as)
(1 +vg(ay))’
—do (1 — z)vs(es)+t
(2 +vs(as))|log(l — )|

Fs =~ Aos [0 (Q%)]

T—

(4.9.11)

Fg=2G =~ 2 Aps [os(@Q%)]

Here dj is as before; vg is given by a formula similar to that for vyg above,

16

— —— logas(Q?), 4.9.12
33— 2n, og as(Q7) (4.9.12)

vs(as) = vos
and the same constants Agg, vps appear for quarks and gluons.

Second order corrections modify these behaviours. We refer to Lépez
and Yndurdin (1981) for the explicit NLO results for gluon, quark singlet
and nonsinglet, and discuss in greater detail the higher order corrections to
the nonsinglet, that coincide with those for the quark singlet apart an from an
eventual difference in the constants. This is so because, as can be read directly
from the expression for the anomalous dimension matrix, the influence on the
quark component of the mixing between quark and gluon structure functions
vanishes as © — 1. Using the explicit expression for ’71(\%(71)7 Eq. (4.7.2), we
find (Gonzélez-Arroyo, Lépez and Yndurdin, 1979)

7 A o\1 —do ea(as)as(Q2)
ws = Aoxs [0s(Q°)] I'(1+ins(ay)) (4.9.13)
X(l _ x)leS(as)+2[log(17m)]a5/3ﬂ.

Here,

da (Qz)

31 - alaS(Q2)7

vins(as) =vns(as) — Y(vns(as) +1)
a(as) =ap + ap(vys(as) + 1)

+ 3% {[w(VNS(Oés) + 1)]2 — ' (vys(as) + 1)} .
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The constants ag, a; can be calculated in terms of 75\}39(”), n — oo, and they
are ag &~ 1.18, a1 =~ 0.06. vy g is as in Eq. (4.9.10), and v, ¢’ are the digamma
function and its first derivative.

It is interesting to note that, because of the term

(1 — g)2los(t=m)lecs/5m (4.9.14)

in (4.9.13), we obtain corrections as large as we wish if x is near enough to
unity. Thus perturbation theory fails for x — 1, something that ought to be
expected on physical grounds: when x = 1 we encounter bound states (the
elastic contribution to v* + N — all, viz., v* + N — N in electroproduction
on nucleons). Actually, there are other reasons why the perturbative QCD
analysis fails if « is too close to 1, that we will consider in Sect. 4.11.

From (4.9.14) we see that (4.9.13) is valid in an intermediate region,

2004

3

l-z<1 but |log(1l —z)| < 1. (4.9.15)
It is interesting that the leading behaviour in |log(1—x)]| in the region (4.9.15)
can be obtained to all orders; the result is essentially equivalent to replacing,
in the evolution equations, a(Q?) by a,((1 — 2)Q?) . This was first conjec-
tured by Amati et al. (1980); see also Ciafalloni and Curci (1981), Catani
and Trentadue (1991). For the general proof and details see Sterman (1987)
and, for a simpler version, Catani and Trentadue (1989).

iii The Limit x — 0, Nonsinglet

The kinematic region corresponding to the limit as x — 0 is that of fixed
Q? and hadronic energy v — oo. As noted by Abarbanel, Goldberger and
Treiman (1969), this is the Regge limit,'® since the structure functions are
proportional to cross sections. For example, for electroproduction on proton
targets, we can write F5 in terms of the cross section for a virtual v* with
invariant mass —Q? scattering on a proton:
2
Oyr(—Q2)p(8) = 42272&}7‘2(:[, Q%), withs=Q?/x.

This limit has been studied extensively in hadron physics and, in the par-
ticular case of nonsinglet scattering, has been found to be given by so-called
exchange of Regge trajectories, either the p-particle trajectory or a trajec-
tory degenerate with it in such a way that one has, for mass shell scattering
amplitudes, F,

Fys = Bs2e () (4.9.16)

v

9For Reggeology, see for example Barger and Cline (1969).



Perturbative QCD 169

where o, (0) is the intercept of the p or fs trajectories (assumed degenerate);
from fits to experimental data, a,(0) ~ 0.5. This quantity is supposed to
be universal and all the dependence on @2 is to be found in the constant
B. Thus, changing variables to the deep inelastic ones, we assume that, for
a given Q% large enough that perturbation theory be valid, but sufficiently
small that one can believe Regge-type arguments (say, Q3 = a few GeV2),

Fys(e,Qf) = Bys(Qf)a™(@0), (4.9.17)

where
Avs(Q3) =1—a,(0) = 0.5.

We allow Ays(Q?) to be dependent on Q?; but, as we will see, the QCD
evolution equations confirm the Regge theory property that it has to be a
constant, independent of Q2.

From the expression for the moments,

1
s (n, Q%) = /0 dea" 2 Fys(, Q?),

it follows that the behaviour of Fyg(x, Q?) for z — 0 is related to the right-
most singularity of uys(n, Q%) in the variable n (considered as a continuous
variable). As is easily verified, the behaviour (4.9.17) corresponds to a pole
of uns(n,Q3) for n = ng =1 — Ays. Thus, for n near this value,

Bns(Q3)

i _ 4.9.18a
ne1-Ans(@Q3) 7 — (1 —Ans) ( )

pns(n, Q)

For Q% = Q3, our assumption (4.9.17) implies that this singularity occurs at
ng = 0.5. On the other hand, from (4.5.20) we have puyg a product of two
terms. Of these, A% ¢ is independent of @2, and all the dependence on this
variable is in the Wilson coefficient C% ¢ (Q?/1?, as(Q?)). Now, the rightmost
singularity of the product will be that of whichever of the two terms that is
furthest to the right. To LO, (4.6.5, 6) tell us that

O (@12, 04(Q2)) = comst. x [as(Q?)] ™™

dys(n) = —1$5(n) /200, 7\ k(n) = 2Ck {451(n) —3- n(nil)} ;
from which explicit expressions it follows that the rightmost singularity of
Q%1% as(Q?)) occurs at n = 0. To NLO, the expressions found (cf.
Sect. 4.7i) share this property and to NNLO the first singularity is also lo-
cated at n = 0: so we will assume this to be valid to all orders. However,
from our assumption (4.9.17) it follows that, when Q% = @3, the dominating
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singularity is located at n = 0.5: it must therefore be due to a singularity of

the matrix element,
1

n e —
NS n — (1 — /\NS)
But this is independent of Q2: hence, and as we had anticipated (and as

Regge theory demanded) we find that Ayg is independent of Q?, so we can
write, for all Q2 now,

(4.9.18b)

Fns(z,Q7%) = Bns(Q%)a s,
It only remains to evaluate the Q% dependence of Byg(Q?). This is trivial:
from the expression for the singularity near n = 1 — Ayg, Eq. (4.9.18b), it
follows that (for arbitrary Q2 now)

N Bns(Q?)
MNS(n’QQ) n~1—Ans m’

while, from (4.6.6b),

,UNs(TL, QQ) ~ [QS(Q2)} —dns(n=1-Ans)

nzlj)\Ns

(Qg)] +dns(n=1-Ans)

x [as pns(n, Q).

Comparing, we find the result

Fys(,Q%) =~ Bons [as(Q%)] 1) s, (4.9.19)
Bons is a constant, not given by perturbative QCD, and dygs(1 — Ayg) can
be evaluated with the explicit expression (4.6.13).
The above analysis is due to Martin (1979) and Lépez and Yndurdin
(1981), where the NLO extension may be found. This extension amounts to
replacing Eq. (4.9.12) by

as(Q? —dns(1-A
Fusl,Q?) 2=, Baws {1+ S22} [ (@) 07 s,

x 47
(4.9.20)
and the explicit expression for cg\% in terms of the *yj(\%i (n), C](\}Bg(n) of
Eqgs. (4.7.2) may be found in the last quoted paper.
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iv The Limit z — 0, Singlet

The x — 0 limit of singlet structure functions presents a number of dif-
ficulties. First, we now have coupled equations, as the gluon density also
intervenes. This is of a technical nature, and is not too complicated; more im-
portant is the fact that there is no universally accepted behaviour to be used
as input at Q% ~ 1 GeV?2. The Regge singularity that dominates structure
functions with the exchange quantum numbers of the vacuum, i.e., singlet,
is known as the Pomeranchuk singularity, or Pomeron for short, and there
is no consensus as to its nature. Cross sections for on mass-shell, physical
hadrons behave as constants (modulo logarithmic corrections, that we will
neglect here). So one would feel tempted to assume

Fs(z,Q%) =~ Cs, Falx, Q2) =~ Ca (4.9.21)

We will refer to this as the soft Pomeron. However, it has been known for
some time that the dominance of a soft Pomeron for off-shell processes leads
to inconsistencies (Migdal, Polyakov and Ter-Martirosian, 1974; Abarbanel
and Bronzan, 1974; Lipatov, 1976; for a review, see Moshe, 1978), which
prompted some physicists to postulate a hard Pomeron,

Fs(z,Qg)IEOBS(Qg)x*A, FG(x,Qg)ﬁOBGz*A. (4.9.22)

In principle, one could take the A as being different for quarks and gluons,
and Q? dependent; but it may be easily proved, following methods similar
to those employed for the nonsinglet, that the exponents of x should be the
same for quarks and gluons, and Q?-independent.

The behaviour that follows from (4.9.21) was first considered by De Ru-
jula et al. (1974); the detailed formulas, to LO, were given by Martin (1979).
A partial NLO evaluation is due to by Ball and Forte (1995) and a complete
one (including the longitudinal structure function) may be found in Adel,
Barreiro and Yndurdin (1997).

The key point in the analysis is that the relevant equation, analogue to
(4.5.20), now reads

p(n,Q%) = C"A™, A" = (p|O,|p),
n—1

o
o, — | 9. 0g
" G9J...0G |’
———

n—2
and the one corresponding to (4.6.6b) is now (4.6.7), which we repeat here:

p(n, Q%) = [0s(Q7) /s (Q%)

1P u(n,@2), D(n) = -7 (n)/26.
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We have to compare the locations of the singularities in n of the anomalous
dimensions and coefficients, (™) (n), C™¥)(n), on the one hand, and of the
matrix elements, A™, on the other
The smgularmes of the v (n), CN)(n) lie either to the left, or at
= 1 for the LO, NLO and NNLO. If we now assume a soft Pomeron,
the singularity of A™ lies at the same place, n = 1. Since the singularity of
DO (n) appears in the exponent, it dominates the other and a rather simple
calculation produces the behaviour, to LO,

co |log x| log[as (Q3) /s (Q?)]
Fs(z,Q’ )xﬁo | log x| [ 472(33 — 2ny) }
(4.9.23a)
X exp {\/DO log x| {log ngggﬂ Dy log }
960 33 — QTLf
Fal(z,Q’ )z—>0 ny [5767r2|loggclog[ozS (Q3)/as(Q?) } (4.9.23b)

X exp {\/DO log x| {log ngggﬂ D lo as QO }

144 33+ 2ns/9
Dy=——) Dy=2lt20
7 33—2n; ' 33—2ng

where

are related to D(®(n) for n ~ 1, and the constants ¢; are different from
(although related to) the C; in (4.9.21). In fact, the exponent in (4.9.23) is
universal in the sense that it only follows from the singularity of D(®)(n)
and would also be obtained if, for example, the input F;(z,Q3) vanished as
x — 0; see Martin (1979) for the details.

If, on the other hand, we assume a hard Pomeron, we get a very different
behaviour:

—d4 (14+X) _
Fo(,Q%) = Bos [a,(@)] "V a,

Fo(e.?) ~ HLEN =D+
=0 DR+

BOS [as(Q2)} —d4 (1+X) x—A7
(4.9.24)
where d, (14 \) is the largest eigenvalue of the matrix D) (n) at n = 1+ \.
The proof is fairly simple. From (4.7.19), and with a slight change of
notation,

u(n,a;) = C(n,as)S(n)M(n, as)a_D(O)(")b(n).

For the behaviour as x — 0, we are interested in the value of p(n,a,) near
the singularity, no = 1 + A. To LO,

_pP)
plnias) = SO+ Na, DT +Np(n), (4.9.25)



Perturbative QCD 173

0. 6-
o]
0. 44 ‘\
0.34 *
O 2- \\\
2 NS, | ~!
0.14 /™. e N
/l \\\‘ _______ ®
T I T I I I T T T
0 0.2 0.4 0.6 0.8

Fig. 4.9.1. Comparison of theory and experiment for F», decomposed in
Fns + Fg, as in the text. The NS and S components are represented by
the dashed curves. The full curve is the whole F». SLAC data (Bodek et al.,
1979) for Q% = 22.4 GeV>.

and we must have )

LRI ey rpyy

By.

Let di be the eigenvalues of D) (1 4+ X). For the values of A that are phe-
nomenologically relevant (A = 0.3 to 0.5) one has di > d_ + 1; so that,
to LO and NLO, we can neglect a~9 as compared to a~% (to NNLO,

the contribution of d_ should also be taken into account). Hence, (4.9.25)
becomes

o By
s ~ S(1+AX _.
pinan) = S0 (M) )
The desired result follows by comparing with the result of taking the moments
of (4.9.24); the ratio Fs/Fg equals precisely Sa1(1 + \); cf. (4.7.16b).20
To NLO, (4.9.24) is replaced by multiplying the right hand side by
{14 c;as/47}, i = S, G, and the ¢; can be calculated in terms of C™M) (1 +\),

2°0One may wonder what goes wrong if assuming different As, Mg at a fixed Q3
and then evolving. This is discovered easily with the simple example F;(x, Q3) =
a;x”: one will get a behaviour, for both F;, with the largest of the \; for
Q? > Q3%, and a negative structure function for Q% < Q2, which is absurd.
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YO (1 4+ X), ¥ (1 + )). Further details, the NLO expressions and the im-
plications for the longitudinal structure function, both for the soft and hard
Pomerons, may be found in Adel, Barreiro and Yndurdin (1997).

We finish this subsection by showing an explicit example of structure
function, viz., F5 in electron-proton scattering. From the discussions earlier
in this section, we expect that the nonsinglet component will vanish when
r — 0 as 9%, and also when x — 1, as (1 — x)?® now. As for the singlet
piece, we would have it diverging as * — 0, and vanishing faster than the
nonsinglet for x — 1. Moreover, the integral of the singlet, and the integral
of the nonsinglet divided by z, are expected to be constant. The pattern is
thus like that show in Fig. 4.9.1. The figure has been obtained by writing

Fo(z, Q?) = Cnsa® (1 — 2)23 + Csa037(1 — 2)87,

and then fitting the C; to the data. In later sections we will see more detailed
examples of comparisons of theory and experiment.

v The BFKL Pomeron

When studying the small z limit of (singlet) structure functions, we have
followed the strategy of assuming a given behaviour at a fixed Q2 and then
evolving with the renormalization group to find the behaviour for arbitrary
Q?. A different approach is that of the BFKL group?! (Kuraev, Lipatov and
Fadin, 1976; Balitskii and Lipatov, 1978), who sum leading terms in the
variable log x. They find the behaviour

_ 4C 4 log 2

FQ(J"7Q2)Z§0$7WOQ.§7 wo p

(4.9.26)

It is difficult to decide what (4.9.26) means. It has to be understood that
it only holds if assuming that the leading singularity as x — 0 is of pertur-
bative origin. Thus, it may be viewed as what is obtained by summing to
all orders in log z a Pomeron behaviour. It has been speculated that perhaps
there are two regimes, one with x small, but not too small, where (4.9.24)
would be valid, and another one, at ultra-small values of x, where one would
have (4.9.26). This may be so, but as we will see, the experimental data run
quite contrary to (4.9.26) with as = as(Q?); and this down to the very small
x data of HERA that reach to z ~ 107°. The subject is further discussed by
Moch, Vermaseren and Vogt (2004b) and Andersen et al. (2004), where we
send the interested reader.

21See also Ciafalloni (1988) and Catani, Fiorini and Marchesini (1990), who use a
different approach.
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4.10 Target Mass Corrections

Consider a moment pxs(n, Q?) of a nonsinglet structure function. In princi-
ple, it depends not only on n and ag, but also on a set of masses: the masses
of the target (that we assume to be a nucleon) my, quark masses m, and,
eventually, nonperturbative masses. Let us neglect the latter for now. As will
be argued in Sect. 7.4, the u, d and s have small masses, the largest being
mgs ~ 150 MeV. With the values of A that we have, it follows that perturba-
tive QCD will hardly make sense unless Q? GeV?; compared with this, even
the s quark mass is negligible. Heavy quarks ¢, b are a different matter, but
we will leave them for the moment.?? It remains the mass of the target that
gives corrections O(m% /Q?), which is quite sizable. In this section, we will
show how to take these corrections into account.

The effect of target mass corrections was first studied by Nachtmann
(1973); it leads to so-called &-scaling. Here we will follow the method of Georgi
and Politzer (1976). Recall the expansions (4.5.3) and (4.5.11); in general,
these expansions should contain, besides the terms shown there, other terms
which are of the two following types. There are terms that correspond to the
operators (Wick normal ordering implicit)

g"'gpD" .. .q and g¢"gD?* DM .. .q.

Using the equations of motion, [Pg = —im,q; hence, these terms will give
contributions proportional to quark masses, which we are now neglecting.
However, terms of the second type,

(pINNG 1 (0)p) = (pP)™geta . gttepta Lt Ay,

give, as will be seen shortly, corrections in m%,/Q?. We neglected these cor-
rections earlier, but we will focus on them now. Consider N#1-#» n even;
later we will replace n — n + 2 and identify p,+1 — p, ptntr2 — v. Because
N is symmetrized, its matrix elements can be written quite generally as

n/2

. . (n - .7)' iy Hyr Hij s, i
i{pINNG " (O)lp) = > (-1) 555 oo gt g T (Y
7=0 : permutations
X S pt L pten Ag;\flf)"_{

permutations

Ni " (0) =Sqy D ... Dnq| .
(4.10.1)

22We will not discuss in detail the incorporation of heavy quark (c, b) mass effects,
that follows a pattern very similar to that of target mass corrections, that we
evaluate below; see for example Nachtmann (1973), Georgi and Politzer (1976)
and Barbieri, Ellis, Gaillard and Ross (1976). For calculations including radiative
corrections, see Laenen, Riemersma, Smith and van Neerven (1993).



176 Chapter 4

Because of the equations of motion, g,,,, (p|Ny's "™ (0)|p) ~ 0; we have suf-

ficiently many relations that we can solve for all the A} in terms of Af.
Then,

oo

J . .
TMC) —n—1 n+ J + 2)‘(” + 2]) (0 n+2j5 ~n+2j
Tons 225“ Z <Q2> jnl(n +2j +2)! Avs T ONs”

0)n TMC)n
AN —AEVSJ 2

(4.10.2)
Therefore, we obtain the result

e} 2 \J . n+2j
(TMC) 2 my (n+j)!Cys AO)n+2]
ks Q) = Z<Q2> =2l +2)(m+2j—1) N

1
TMC n—2 ~(TMC
ﬂg\rs )( ’Qz):/o dzz 2Fz(Ns )(l’vQ2)~
(4.10.3)

It is convenient to define the function F5 to be the limit my — 0 of FQ(TMC),
and set

1
,uNS(n,Qz):/O dz 2" ?Fons(z, Q). (4.10.4)

It is to these u, F» that the equations derived in the previous sections apply.
To obtain the moments with the TMC taken into account, we use (4.10.3),

(TMC) _Oo ﬁ J (n+j)! _
00 =3 () T F s )

(4.10.5)
but we do not have to go through the moments. After some simple manipu-
lations we find that (4.10.5) is equivalent to (§-scaling)

22 /€2
FQ(JI\;lgdC( Qz) (1+4x2 /2§/Q2)3/2F2NS(§7Q2)
6 3 El
O T ), 6 €.
12m£]l\f ‘/E4 ! dé—// 1
* Q* (1+4x2m?\//Q2)5/2/€ dg / 5//2 Fons(€ Q)
(4.10.6a)
where £ is Nachtmann’s variable,
£ = o (4.10.6b)

1+ (14 4a2mi /Q?)V/?

A few features of these formulas are worth noting. First, for small z, and
since TMCs behave like z2m?%;/Q?, we can neglect them completely. TMCs
are relevant for large —but not too large— values of z. Indeed, if applied at
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x — 1, inconsistencies develop. There are two reasons for this. Higher twist
corrections are also largest for x — 1. Although one expects higher twist
corrections to be proportional to M?/Q? with M ~ A and hence smaller
than TMCs by an order of magnitude, cancellations may (and probably do)
occur.?? Secondly, and as we saw in Sect. 4.9ii, perturbation theory fails for
x — 1. Because of this, it is perhaps more consistent to expand (4.10.6) in
powers of m%;/Q? and retain only the leading term. The expression for TMCs
then simplifies to

Fins? (@, Q%) = Favs(z, Q%)
x2m? LR ,Q? x0
4N {Gx/ dy QNSy(QW — = Fons(z,Q%) — 4F2NS(%Q2)}

Q2 ox
(4.10.7)
and one stops applying perturbative QCD when the second order corrections,
N s (as)miy
(1—2)Q*

are large, taking these corrections as a measure of the theoretical error of the
calculation.

} Fons, vns(as)~3tob

4.11 Nonperturbative Effects in ete~ Annihilations
and Higher Twists in Deep Inelastic Scattering

We treat these effects in the same section because they are, from our point of
view here, clearly related. We begin with the first. As discussed in Sect. 4.1,
we have to consider the quantity IT** given by Egs. (4.1.4). So we look at
the product

TJ*(xz)J"(0)

from the OPE point of view. We write a short distance expansion for it; in
momentum space and with Q% = —¢?,

i/d‘lweiq'”TJ“(:E)J”(O) = (—9"¢" +¢"¢") {Co (@*/v*,9(»)) 1
+Y O (@)%, 9(v)) my : 45(0)qs(0) : (4.11.1)
7
+ 0 Qv 9(1)) 0 2 3 G (0)Cla (0) -+ }

2For a discussion of this, see De Rujula, Georgi and Politzer (1977a, b).
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In Sect. 4.1 we only considered the first term, Cy 1. This was done for two
reasons. First, on purely dimensional grounds,

(const.) (const.)
77 Cg =~ 7,

so the corresponding terms are negligibly small at large momenta. Secondly,
to all orders in perturbation theory,

Cp~ (4.11.2)

(:qq:)0=0, (:G*:)o=0. (4.11.3)

However, it will be argued later that the physical vacuum is not that of per-
turbation theory, but must incorporate nonperturbative effects. Using “vac”
to denote the physical vacuum, it is very likely that, as already stated in
Sect. 3.9,

<: qq :>vac # 0, <5 G2 :>vac 7& 0.

Let us return to (4.11.1). At Q? — oo, any power a” decreases less
rapidly, and hence overwhelms any of the terms in (M?/Q?)". But it is clear
that there may exist intermediate regions where, for example, the nonper-
turbative terms in (4.11.1) are important when compared to the second, or
third order corrections to Cy, which is the purely perturbative term. Thus,
for practical applications,?* it is interesting to look at the entire Eq. (4.11.1).

We already know Cj

Co(Q?/v?; —N, 2 1 J1op 20 | 308 10y =0
0(Q°/veg(v),v) = cEf:QfUWQ 0g7+ﬁ og og7+...
+ O(m?« /Q?).
(4.11.4)
It should be noted that the calculation of Sect. 4.1 neglected perturbative
contributions due to the quark masses; these are the O(mfc /Q?) terms in
(4.11.4). It may seem unjustified to take into account the terms in (4.11.1)
while neglecting the O(m?c /Q?). These terms are indeed very important for
heavy quarks, and their incorporation does not cause great problems (except
that they complicate the calculations). For light quarks, the fact that their
masses can be neglected is purely a matter of numerology: it so happens
that, with the occasional exception of the s quark, their contribution is, for
the relevant values of Q%, Q® > 2 GeV?, much smaller than that of the
nonperturbative terms in (4.11.1).
The coefficients C, Cg can be calculated using the nonperturbative

pieces of the propagators, and a detailed sample calculation similar to this

24Some of the applications may be found in the extensive and pioneering work of
Shifman, Vainshtein and Zakharov (1979a, b).
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will be presented in Sect. 5.6. One finds (Shifman, Vainshtein and Zakharov,
1979a, b)

1
_ 2QfQ2, OG—NCXf:Q}W. (4.11.5)

The anomalous dimensions of the combinations m : gq : and a, : G? : vanish
to lowest order, which is why the coefficients Cy and Cz do not depend on
v. This is proved for the first by combining our calculations of Z,,, (Sect. 3.7)
and of Zys (Sect. 3.6). For s : G? 1, see Kluberg-Stern and Zuber (1975) and
Tarrach (1982). With all this, we ﬁnd

y y y -1 Q* 3C Q?
=3%Q} (—¢° 9" +d"¢") {1%2 [log 5 + Ty loBlos
f

+ --+o(m§/Q2)}

my(: Gr(0)gr(0) )vac i (o : G* vac +
Q4 367 Q4

+

win

0 (M°®/Q%) }

(4.11.6)
Let us now turn to deep inelastic scattering. In the operator product
expansion of Sect. 4.5, we considered only leading twist operators. As for
ete™ annihilation, there are likely regions where higher twists compete with,
say, NLO perturbative contributions. Some operators of higher dimension are
related to kinematical effects, TMCs or quark masses; yet others are genuinely
new dynamical effects, related to the “primordial” transverse momentum of
partons inside a nucleon, or to the fact that nucleons have finite radii.
Higher twist operators are much more complicated to handle than the
leading twist ones; for example, the potential mixing of ghosts with the gluons
operators in (4.5.2), which can be proved not to occur (or be trivial) for lead-
ing twist, does occur for higher twists. Moreover, the higher twist operators
induce new unknown matrix elements analogous to the A™ of (4.5.11), but
now there are many more of them because of mixing. Finally, the existence
of renormalon singularities, to be discussed in Sect. 10.2ii, makes even the
definition of higher twist effects dubious. This is the reason why the treat-
ment of higher twist effects is in its infancy, and likely to remain so for quite
some time. All we have are partial theoretical calculations and heuristic ar-
guments (De Rujula, Georgi and Politzer, 1977a, b). The latter indicate that
the contribution of higher twist operators is probably of the approximate
form

K
Q2 1
where F) is the twist-two structure functions. The constants ki, ko are
phenomenological parameters, expected to be |k;| ~ pZ, R&Q, with p; the

PO (2,Q%) ~ o ——F(a Q)+$F(2)(I7Q2)7 (4.11.7)
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transverse momentum of partons in the nucleon, and Ry the radius of the
nucleon.?> We will not delve further into this matter.

4.12 More about Comparison of DIS Calculations with
Experiment

i Parametrizations

Since the theoretical predictions are simpler for the moments of structure
functions, it would seem that we should compare QCD predictions with
moments. This was done for example in the calculations of Santiago and
Yndurdin (2001) briefly described in Sect. 4.7. However, this presents some
shortcomings. First of all, only averages of the structure functions can be in-
cluded in the calculations. Secondly, we have a problem with high moments.
In fact, these involve integrals of the structure functions multiplied by "2,
which for large n is strongly peaked at x & 1. Since it is here that structure
functions are smallest, experimental errors become amplified: we loose a large
amount of experimental information. For these reasons, other methods have
been devised.

One possibility is to write reasonable parametrizations of the structure
functions, which embody QCD results and which can be fitted to experiment.
Although not very rigorous or exact (the QCD equations for an infinite set of
moments cannot be exactly reproduced with a finite number of parameters),
this method presents the advantages of simplicity and that of producing an
explicit representation of the structure functions which can then be used for
other processes such as Drell-Yan scattering or high p; hadron scattering.

The first parametrizations were introduced by Feynman and Field (1977);
they are of the form

Fo(x,Q%) = Cox (1 — )", (4.12.1a)
a=1,2,3;5 NS, or, with two Regge poles,
Fo(z,Q%) = (Coz + Clate) (1 — z)"e. (4.12.1b)
Buras and Gaemers (1978) noted that, if we allow the A\, v to depend on «s,
A=X+ AMlogas, v=r1y+v1logas,

then we can fix the C' by using sum rules (see Sect. 4.91) as known functions
of the Ao, Ao, g, V1, as. One then requires simultaneous fits to the QCD
equations for the moments and to the experimental values of the F,, which
fixes the parameters Ao, Ag, Vo, V1.

25The same order of magnitude for the ks, |/€|1/2 ~ 0.1 to 0.3 GeV, was obtained
in a calculation in the bag model by Jaffe and Soldate (1981).
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A further step is taken by remarking that one can use the results of
Sect. 4.9 to calculate some of the parameters from QCD. In particular, Ay (it
actually vanishes) and vy, = —16/(33 — 2ny), cf. Egs. (4.9.10, 12). Thus, to
LO, one writes

—dnS(1-A vl
Fons(z, Q%) = {BONS [ (@*)] (1=Aws) [az“’s — ghns( 3)}

—do F(l + VONS’)

phns(as) Lo VNS(Ols),
1+ Z/Ns(as) ( )

+ AONS [as (Q2)]
(4.12.2a)

ng(x7Q2) _ {BOS [QS(Q2)] —d4+(1+Xs) {xf)\s _ x*lls(as):|

—do T'(1 + 1ps)

phs@) Lp _ pyvs(an)
1+ vs(ay) ( )

+ Aos [as(QQ)]
(4.12.2b)
Here Ay g can be related to the p trajectory intercept, and we find A\yg = 0.5.
The p(as) can be calculated in terms of the other parameters using the
sum rules of Sect. 4.91, and one then fits the seven remaining parameters:
Aons, Aos, Bons, Bos, Yons, Vos and finally Ag. Similar equations follow for
the longitudinal structure function, and the gluon one, without introducing
new parameters: see Lopez and Yndurdin (1981), where the NLO corrections
are also included. The equations (4.12.2) are not exact, of course, but they
deviate only by some 1% from the exact results in a reasonable range of z, Q>
values.

It is possible to complicate the parametrizations, with greater or lesser
fortune; parametrizations with as many as 24 parameters may be found on
the market. Generally speaking, this is self-defeating, and indeed the author is
unaware of any parametrization that (no matter how sophisticated) is valid
much beyond the region where it is fitted to experiment. For this reason,
precise results require exact reconstruction methods, to which we now turn.

ii Exact Reconstruction

The QCD evolution equations predict structure functions F(z, @?) in terms of
an input at a fixed Q2. We may effect this by inverting the Mellin transform.
We use well-known methods to invert Laplace transforms (to which Mellin
transforms reduce by a change of variables) to write, for a nonsinglet structure
function,

1
Fys(r,Q?) = / dy b, y; Q% Q) Fs(y, Q2), (4.12.33)
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where the kernel b can be calculated in terms of anomalous dimensions and
coefficients. To LO, this has been given by Gross (1974):

2 M2 - . 16 as(Q(Q))

bz, y; Q% Q) = Y G(r)bo(x,y;r +j), 1= ﬁloga Q) (4.12.3b)
=0 0 s
3r+ 14

Go =1, Gl(r):—g, Go(r) =r 7’24

.1 U\ 5/ (4.12.3¢)
. N =2 log £ 3/4=E)T
bo(%ﬂﬂ""’]) y F(T+J) (ng)e

To NLO, see Gonzdlez-Arroyo, Lépez and Yndurain (1979).
Alternatively, one can use the Altarelli-Parisi equations directly: for the
nonsinglet (cf. Egs. (4.8.14)),

2 as(Q? q T
@0t = ) [P0 (L) 40007,
The kernels have been calculated to NLO by Curci, Furmanski and Petronzio
(1980) and Furmanski and Petronzio (1980); to NNLO, see Moch, Vermaseren
and Vogt (2004a, b; 2005a, b). Without doubt, the more explicit character
of these equations has influenced the fact that, from the early eighties, they
have been the ones preferred when making exact QCD calculations.26

iii Structure Functions at Small x

In recent years, HERA2" has produced a remarkable set of results on electro-
production deep inelastic scattering, from very small to very large Q2, and
reaching to x as little as 1072 or less. The interest of these measurements,
from our point of view here, is that they allow us to test QCD in a region
where, as shown in Sect. 4.9iv, there is no theoretical unanimity on the input,
and there is even doubt on the applicability of the OPE analysis (Sect. 4.9v).

We will consider the combined H1 and Zeus data, and differentiate be-
tween two regions: in the first we have Q2 > 8.5 GeV?; the second comprises
very small values of z and we allow Q? to vary from 8.5 GeV? down to
Q? ~ 0.11 GeV?.

25The first comparisons of QCD predictions for violations of scaling with experi-
ment were carried out by Hinchliffe and Llewellyn Smith (1977) and by De Rujula,
Georgi and Politzer (1977a b). To NLO, the first evaluation is that by Gonzélez-
Arroyo, Lépez and Yndurdin (1979). Use of the Altarelli-Parisi method was
started by Abbott, Atwood and Barnett (1980). More recently, the calculations
have been usually performed by the experimental groups themselves: Aubert et
al. (1981) for muon DIS, Berge et al. (1991) for neutrino scattering, and so on.

2"Excellent reviews of the HERA data, including comparison with the various the-

oretical models, are those of Cooper-Sarkar, Devenish and De Roeck (1998),
Abramowicz and Caldwell (1999) and Wolf (2001).
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Fig. 4.12.1. Comparison of theory and experiment for low x, large Q2.
Combined H1 and Zeus HERA data. The asymptotic approach to exact
scaling (horizontal curves) as Q? — oo is clearly seen here.

Starting with the large Q? region, we consider first the predictions of the
BFKL Pomeron, with the assumption that the scale of o, is Q?, so we write

4C 4 log 2
Fa(, Q) = (const.) x a0 @), -y — Z2A 082,

(4.12.4)

This is in clear disagreement with the data, as shown in Fig. 4.12.1:
Eq. (4.12.4) implies that Fy(z,@?) should decrease as Q? increases, contrary
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to the trend of the experimental data. It has been speculated that NLO
corrections®® could modify (4.12.4) to

Fy(z,Q%) 20(const.) x gmwoes (@) thias (@)’
xr—

and that this could produce the experimentally observed increase, at least for
subasymptotic Q2. This is also not borne out by the data. In fact, in this case,
we would expect that perhaps F» would increase for the smaller @Q?; but the
trend should be inverted as Q? grows, and one could see F» decreasing for the
larger Q2. But this is again not seen in experiment. Finally, the trend becomes
worse for smaller x. One must conclude that, at presently attainable energies
and values of x, the analysis in terms of log x summations is incomplete.

We then accept the OPE analysis, and consider fitting with either the
assumption of a soft or a hard Pomeron, Eqgs. (4.9.23) or (4.9.24). If we use
the first it is possible to produce a reasonable fit to the data for large @2,
but (as we will discuss later) the assumption is incompatible with what we
find experimentally at small Q2 and very small z. With the hard Pomeron,

—d4 (14+X) _
Fo(,Q%) = Bos [a,(@)] "V am,

we get a very good fit, including the NLO corrections, if x < 1072. For
larger z, subleading corrections are important. These may have the following
possible origins. First, we may have a subleading Regge trajectory. This can
be a P’ (Barger and Cline, 1969) or even a soft Pomeron, so that at Q* = Q3
one had Fy ~ (const.)z~* + const. But even if one had exactly Fy = Cx~*
at a fixed Q3, QCD evolution would give a subleading piece similar to that
produced by a soft Pomeron: this is because, as mentioned in connection
with the soft Pomeron in Sect. 4.9iv, the exponent of (4.9.23) is universal for
any singularity other than z=*. If we thus add for background the simplest
choice, i.e., a soft Pomeron, and thus write (to LO)

—d4 (14+X)
FS(‘T,Q2) xEOBOS [as(Q2)] +( )$ A

o [9|logx|1og[as<@3>/as(c22>qi
| log x| 472(33 — 2ny)

as(Q3 a. (02
o o o] - 25}

then we find the fit shown in Fig. 4.12.1: we get an excellent reproduction
of experimental data. Thus we see that the OPE plus the hard Pomeron
hypothesis suffices to fit experiment down to z = 107* and up to Q? =

(4.12.5)

28Higher order corrections have been considered by Fadin and Lipatov (1998), Cam-
ici and Ciafaloni (1998) and by Andersen et al (2004).
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900 GeV2. The values of X found are A ~ 0.4440.04, in interesting agreement
with the results of the old analyses (Lépez and Ynduréin, 1981, and references
quoted there) that gave 0.37 & 0.07.

iv Structure Functions at Small x and Small Q2

To finish this very long chapter, we will discuss somewhat the small x, small
Q? < 8.5 GeV? behaviour of structure functions, following Adel, Barreiro and
Yndurdin (1997). This is of interest because it tests the input assumptions,
because it permits us to establish contact with the (soft) hadron physics
and because, somewhat surprisingly, it produces evidence for a conjectured
property of the strong coupling, viz., saturation.

Indeed, the quality of the results obtained by assuming that at values of
Q3~3 GeV? one has a hard singularity, 2=, plus a soft (constant) Pomeron
term, evolved with QCD to larger values of 2, leads us naturally to question
whether it is possible to extend the analysis to the Iow Q2 region as well.
Bearing in mind that, unless we were able to perform a full, nonperturbative
calculation, we must content ourselves with phenomenological estimates. Here
we use approximate, QCD-inspired formulas and assumptions and enquire
whether we can still fit the data. We will find that this is indeed the case;
in particular, we will see that the extension of the fit of the data to Q2 — 0
implies self-consistency conditions for both the singlet and the nonsinglet,
which will allow us to calculate the constants A\, Ayg, getting values that are
in uncanny agreement with the high Q2 determinations.

The expression for the virtual photon scattering cross section in terms of
the structure function F5 is

Y ot 9 . 9
T4(Q2)p(8) = ?FQ(l’,Q ), with s =Q“/x. (4.12.6)

We would like to describe this down to Q% — 0. In the low-energy region,
we take the soft-Pomeron dominated expression to be given by an ordinary
Pomeron, i.e., behaving as a constant for z — 0 (or, equivalently, s — 00):
the expression for Fy that will, when evolved to large Q?, yield (4.12.5) is

Fy = <€2>{Bs[as(Q2)]_d+(1+)\)x—>\
(4.12.7)
+C + BNS[OzS(Q2)]_dNS(1—/\Ns)x/\NS}

and we have added the NS contribution. Because we are interested in a semi-
phenomenological description, only LO formulas will be used.

On comparing (4.12.6) and (4.12.7), we see that we have problems if we
want to extend the latter to very small Q2. First of all,

47

2y
O R

(4.12.8)
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diverges when Q% ~ A2. Secondly, Eq. (4.12.6) contains the factor Q? in the
denominator, so the cross section blows up as Q? — 0 unless I, were to
develop a zero there.

It turns out that there is a simple way to solve both difficulties at the same
time. It has been conjectured that the expression (4.12.8) for «, should be
modified for values of Q2 near A2 in such a way that it saturates, producing
in particular a finite value for Q? ~ A2. To be precise, one alters (4.12.8)

according to
47

" Bolog(Q® + M?) /A2’

where M is a typical hadronic mass, M ~m, ~ A(ny = 2),...

It has been argued that saturation incorporates important nonperturba-
tive effects. Here we will simply set M = A = Aqg, to avoid a proliferation
of parameters. Furthermore, this choice is favoured by quarkonium potential
arguments (see Richardson, 1979).22 For the soft Pomeron term we merely
replace the constant according to C' — CQ?/(Q? 4+ A2;). The expression we
will use for low Q2 is thus

Fy = (e2){ Bs[a (@2)] (9 Q25>

Q2
+C
Q% + A2

as(Q?)

(4.12.9a)
+ Bys[as (@) e AP A |,

where dAn

~ (2

a5(Q?) TToR(C® + A (4.12.9b)
and we have changed variables, (Q?, z) — (Q?, s = Q*/x).

We have still not solved our problems: given Eq. (4.12.6) it is clear that

a finite cross section for Q? — 0 will only be obtained if the powers of Q2
in (4.12.9) match exactly. This is accomplished by construction for the soft
Pomeron term, but for the hard singlet and the nonsinglet piece it will occur
only if we have consistency conditions satisfied. With the expression given in
(4.12.9b) for s, it diverges as const./Q? when Q? — 0 and so we only get a
matching of zeros and divergences for 0. (g2—g)p(s) if A = Ao, Ans = Anso,
such that

dy (14 Xo) =1+ X, dys(l = Anso) =1 — Anso- (4.12.10)

The solution to these equations depends very little on the number of
flavours; for ny = 2, probably the best choice at the values of @? which we
will be working with, one finds A\g = 0.470, Axso = 0.522. The second is
in uncanny agreement with the value obtained with either a Regge analysis
in hadron scattering processes, or by fitting structure functions in DIS. The
first is larger than the value obtained in the fits to DIS with only a hard

29Further discussion of saturation may be found in Sect. 10.2iii.
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Fig. 4.12.2. Comparison of theory, Eq. (4.12.9), and experiment for low z,
small Q. HERA data (H1 and Zeus).

Pomeron, which gave A = 0.32 to 0.38, but falls within the range of values
obtained with hard plus soft Pomeron, A = 0.44 + 0.04. The description of
experimental data, as shown in the comparison of Fig. 4.12.2, is almost too
good for what one could expect from such a simple model. It is even more
interesting that, as the fits of the HERA groups have shown, this model is
the one that produces the best agreement with experiment; other hypotheses
yield theoretical curves that deviate substantially from data at very small
values of x; see, for example, the reviews by Cooper-Sarkar, Devenish and De
Roeck (1998), Abramowicz and Caldwell (1999) and Wolf (2001).



5 Perturbative QCD
I1. OZI Forbidden Decays;
Drell-Yan Processes; Jets;
SVZ Sum Rules; Exclusive
Processes and so on.

5.1 OZI Forbidden Decays

The Zweig, or OZI, rule' states that decays of heavy resonances that involve
disconnected quark graphs (i.e., graphs that can only be connected via gluon
lines) are suppressed. The rule works well for resonances such as the ¢ or
f2(1270), and very well for the J/v or T in fact, the heavier the quarks and
the resonance, the better the rule works. In QCD this may be understood as
follows. Consider, for example, the decay of the J/i, made up of a ¢c pair
of quarks. Because the lightest particles with charm (the D) are too heavy
for the J/v¢ to decay into them, the process J/¢ — hadrons has to proceed
via gluons. Due to the quantum numbers of the J/v, JE = 17, we require at
least three gluons (Fig. 5.1.1). Therefore, the width will be

I'(J/v — hadrons) ~ {as(Mg/w)r,

and thus very small. A similar argument holds for 7" decays. The explanation
of this smallness was in fact one of the first successes of QCD (Appelquist
and Politzer, 1975; De Rujula and Glashow, 1975).

We will now elaborate on this. Let V' denote a heavy vector particle,
V=J/, Y, T, ...; we will, for definiteness, calculate for the J/¢, and in-
dicate the general results at the end. Because the only mass scale —if we are
interested in an inclusive decay— is the mass of the J/v, we assume that the
running coupling in this formula is to be evaluated at Q% = M§ I The total
hadronic width is calculated as follows. Consider the operator ¢(z)y*c(z). It
has the quantum numbers of the J/1¢ and can thus be used as a field operator
for this composite object. The total decay width is then proportional to

> _{0le(@pye(x)|I) x (Ile(z)y"e(z)|0).

r

! Zweig (1964); Okubo (1963); Izuki, Okada and Shito (1966).
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Fig. 5.1.1. Hadron decays of J/v.

In perturbation theory, we may replace the sum over the hadrons |I") by
a sum over gluon and quark states. To lowest order, the first contribution is
that of three gluons, so to this order we may replace the decay J/¢¥ — hadrons
by J/1 — 3G; see the graph (a) in Fig. 5.1.2. This is identical to the decay of
positronium, up to a colour factor. So we have, writing the result in general
now,

64(72 —9)Cp [251(0)[?
9 M2

I, = I'(V — hadrons) = [a(M2)]?,  (5.1.1a)

and the colour factor is

1 2 5
Cp = 16, dod =5 (5.1.1b)

abc

351(0) is the wave function for the ¢c inside J /4 at the origin (we use standard
atomic spectroscopic notation), proportional to (J/v|¢(x)y*c(x)|0). One can
obtain this wave function 351 (0) from calculations like the ones we will review
in Chap. 6; but a prediction independent of 3S7(0) may be obtained if we
normalize to the leptonic width, V' — e*e™ (graph b of Fig. 5.1.2). In fact,
and again to LO,

167Q202*S1(0)[?

=TV —-ete)= e ;
%

with @, the electric charge of the quarks that make up V' (in units of e), and
a the QED coupling. Therefore, the branching ratio is
I'(V — hadrons)  10(m* — 9)a(M2)

BY i = = : 1.2
hjete 'V —ete) 8lra?@Q?2 (5.1.2)
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c.b G
G+ 5 permutations
(a)
c, b G
t.b et
(b)
-
c, b

Fig. 5.1.2. The decays of V — J/1, T. (a) Into three gluons. (b) in etTe™.

The NLO corrections are very important. They stem from two sources:
corrections to the leptonic width, I} (Barbieri, Gatto, Kégerler and Kunszt,
1975 to one loop; Beneke, Signer and Smirnov, 1998 to two loops?), which
give the one-loop expression

N = o i —acp®e
1 ! gy
and corrections to the hadronic width (Mackenzie and Lepage, 1981),

oM = {14 3.8+ 0.5)%} :

with the I"™©) given by the previous formulas; the error in F,ENLO) is due
to the fact that the calculations are made numerically. Taking the ratio, we
have

10(7? — 9)a3(M3) as(ME)
BY, . _ = s V214 (—9.1+05) Y8
hfete 8].7TO£2Q3 + ) T

To compare with experiment we have to take into account the errors
in this formula. Besides the one due to the numerical nature of the com-
putation of the hadronic width, we have finite mass corrections, including

2 The two loop correction to the branching ratio B}‘L/ Jete— has been calculated by
Penin and Pivovarov (1998).
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phase-space and velocity corrections, and the error due to the value cho-
sen for the renormalization of o, Q? = M2: it may be argued that a more
appropriate scale would be mg, or (My /3)?, the latter because the decay pro-
duces three gluons.? The finite mass corrections can be estimated by adding
a phenomenological piece ug/MZ to the formula for B}‘l//e+e, above. In this
way, one finds that it is possible to fit the experimental figures (Kobel et al.,
1992) for the 7, 7, T simultaneously with a value for the QCD parameter
of A(ny = 4,two loops) = 230 + 80 MeV.

This value is compatible with what one finds from a comparison of the
decays T — 3G and T — GGy, which can be similarly calculated and which
gives A ~ 190, and the result from J/v, ¢’ decays that yields a somewhat
smaller number, A ~ 70720° MeV. The agreement between these determina-
tions of A is a nontrivial test of QCD, as is the fact that the results found are
compatible (within errors) with the deep inelastic values obtained in Chap. 4.

It is even possible to extend the analysis to the decays of the ¢ particle, a
bound state Ss. In this case, one has to subtract decays into strange particles
(¢ — KK) from the hadronic decays of the ¢. The formulas are as in the
previous cases; one finds A ~ 150 MeV, a very reasonable number even if the
reliability of the result is marred by the large size of the NLO corrections.

The decays of pseudoscalar resonances, such as the 7. or the (as yet
undiscovered) 7, can be treated in a manner similar to that of the vector
ones, with a few variations. The relevant diagrams for hadronic decays, which
proceed via two gluons, are diagrams (a) of Fig. 5.1.3. One then normalizes to
the two-photon decay, . — v (diagrams b in Fig. 5.1.3). To leading order,

487Q4 2
F(LO)(% —27) = 27(1“51(0)\2,
0 (g, 2G) = S27% _pig, ()2 N
— = 7 .
'l 3M2(n,)

The next to leading order corrections are fairly large. One has

2
rNE9 (n, — 29) = {1 - (5 - W) Cms} r®0(n, — 2v),

4 T

312 o 5.1.4
F(NLO)(%HQG){1+(5010g1\;+523Msnf)ﬁ] ( )
n

x IO (n, — 2@).

3 It has also been claimed that one should take into account that the decays take
place for timelike momentum, while the asymptotic freedom formulas are derived
for spacelike momentum, so one should include the correction due to analyti-
cal continuation. The interested reader may find the results of the analysis in
Krasnikov and Pivovarov (1982) and Pennington, Roberts and Ross (1984).
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c,b v PE;

+ - (b)
. Y Y
B + %KG ()
C,TW\G — G

Fig. 5.1.3. The decays of .. (a) Into two gluons. (b) In ~7.

The second expression is valid in the MS scheme, and taking oy = o (u?);
it has been obtained by Barbieri, Curci, d’Emilio and Remiddi (1979). The
correction to I'(n, — 2G) is so large that one cannot trust the corresponding
prediction very much. If we go ahead anyway, we find the value

rNEO) (. — 2G) ) TNEO) (1, — 2y) = 2.6 x 1074,

and we have chosen y = M,,. The experimental figure is (6 +4) x 107%.
For heavy enough quarks, one can obtain rigorously results not only on
ratios, but also on exclusive decays (Duncan and Muller, 1980a).

5.2 Drell-Yan Processes

i Partonic Formulation

Consider a collision of two hadrons; then take one quark from one of them,
and an antiquark from the other. In the Drell-Yan (1971) mechanism they
annihilate into a vector boson (photon, W or Z particles) with large invariant
mass squared, Q2. The vector boson subsequently decays, or materializes, into
a lepton pair. In the case of a photon (Fig. 5.2.1) the lepton pair can be eTe™,
wrpu~ or 777 ; for a Z we have these same pairs, and neutrino-antineutrino
pairs as well. For the W mediated processes, we have ev, uv or v as final
lepton pairs. For definiteness, we will consider here the photonic case; the
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Fig. 5.2.1. Drell-Yan scattering with a photon intermediate state.

extension of the formulation to the W, Z mediated processes only requires
minor, and obvious, changes.

Let us denote by g¢,(z) the parton distribution functions, defined in
Sects. 4.3, 4.8; the indices h, f indicate that the function refers to the distri-
bution of flavour f in hadron h. x is the fraction of the hadron momentum
carried by f so that, if p;, po are the momenta of the hadrons, then f car-
ries momentum zp; (assuming f to be in hy). The total momentum squared
of the subprocess, f + f — ete™, which coincides with the invariant mass
squared of the photon, is thus

Q? = (z1p1 + T2p2)?,

and the total energy squared of the hadron-hadron collision is s = (p; + p2)?
so that, neglecting the hadron mass, we have Q2 ~ zx2s.

In the Drell-Yan process we do not care about the hadronic debris (all
partons except f, f in Fig. 5.2.1); we are only interested in the production
of the lepton pair, say ete™. To calculate this, we first evaluate the cross
section for the subprocess f + f — ete™ as if the quarks were free: thus

22
dra Qf

6-(0)(f_+f _>e+ei) = 3N(:Q2 '

(5.2.1)
We have neglected the masses of e, e~ and of f, f. The number of colours N,
appears in the denominator because only f, f of the same colour contribute;
Q7 is the charge of f in units of e. To get the cross section for the full process,
we multiply () by the densities Gsp, (1), ¢fn, (22), sum to all flavours and
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Fig. 5.2.2A. Interference between the tree level Drell-Yan process and the
one including the one loop radiative correction to the ffv vertex.

integrate all 21, xo subject to the condition (z1p; + T2p2)? = Q2. Thus we
find the Drell-Yan cross section,

do©® Ao dz dz
Q7 T AN ZQf/ T e

{an (@0)a7ms (@2) + apna(e2)am @)} 7= Qs

(5.2.2)

Note that we have taken into account that you can have f come from hy
and f from hs or the converse. The variable 7, customarily used in analyses
of Drell-Yan scattering, gives the fraction of the energy (squared) that goes
into the lepton pair, ete™ in our case. Before entering into a discussion of
the QCD corrections, we want to make a few comments. We can have a
nucleon-antinucleon collision such as pp and then both f, f can be valence
partons; but, in pp collisions, necessarily f must come from the sea. The sum
in (5.2.2) runs over all the f, valence and sea alike, that contribute. Of the
sea we consider that only quarks whose mass is m?c < @? contribute, and
then the neglect of my is justified. Which contribution is more important,
valence or sea (when both exist), depends on the value of 7. If 7 is small,
then one of the z; must be small, thus favouring the sea. If 7 allows values
of the z; near the valence maximum (~ 1/3 to 1/4 at typical energies), then
the valence contribution will dominate. In general, we should consider both.

ii Radiative QCD Corrections

The higher order corrections to the lowest order Drell-Yan cross section,
Eq. (5.2.2), are of various types. First, we have to admit that the parton
densities depend on @ and we thus write gf(z, @?). These densities are to be
taken as input and can be obtained from e.g. fits to deep inelastic scattering.
Secondly, we have virtual gluon corrections; namely, the radiative corrections
to the ffv vertex. This interferes with the tree level diagram (Fig. 5.2.2A)
and gives thus corrections of order a(Q?).
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e’ e’
f =7 |
_ \ e + _ %% e
R f_ ™

Fig. 5.2.2B. f+ f — eTe™ + gluon. The two diagrams add coherently.

Then we have another type of correction. Because the hadronic debris is
not observed, we have to consider the possibility that in the scattering ff an
extra gluon is radiated:

ff—ete +G.

This is given by the diagrams of Fig. 5.2.2B, which add coherently one to
the other; they also cancel an infrared singularity of the one loop diagram in
Fig. 5.2.2A (see below).

Finally, it so happens that the initial hadrons do contain gluons, in ad-
dition to quarks and antiquarks. We can thus have gluon initiated processes:

G+ f—ete +f,
G+ f—ete +f.

These processes are shown in Fig. 5.2.2C. The interactions with the spectator
partons need not be considered; they are the analogue of the higher twist in
deep inelastic scattering, and their contribution is likewise suppressed by
powers of 1/Q?.

The calculations of the radiative corrections to Drell-Yan scattering
are not easy, because of the interplay of infrared singularities and mass
singularities.* They can be somewhat simplified, but only to NLO, because

* The NLO corrections were evaluated by Altarelli, Ellis and Martinelli (1978,
1979) and Kubar-André and Paige (1979). See also Harada and Muta (1980)
and Humpert and van Neerven (1981). To NNLO, the evaluations are due to van
Neerven and Zijlstra (1992b).
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e
f +WA<
G ¢
G R QQQ p—<— e+

Fig. 5.2.2C. Gluon and f, f initiated Drell-Yan scattering. The two
diagrams add in cross section (incoherently).

the non-Abelian character of QCD is trivial at this level; no gluon loops
appear, so one can regulate infrared singularities by giving the gluon a small
mass that is subsequently allowed to go to zero. One finds

do.(NLO)

dQ? 3N Q2 ZQf/ o / dmz{ “ZH%M_ZM(Z)}

%m0 gms (22) + arna @2)an, (21)|

+ 2201 = 2)pa (=) [ (01) + s (21)| Gia 22, Q%) + (1 2)}

(5.2.3a)
and the variable z is z = Q2/IE1I25. The functions ¢4 ¢ are

0q(2) = C;{(l_?’zﬁ—ﬁ—zlszZ(HzQ)kgf(_lz)j)jL <1+ 42) §(1—2)

(5.2.3b)
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and

9 2
ec(z) =3 | (2> + (1 —2)%)log(1—z) + % -5z+3|. (5.2.3¢)

1/(1 — z)4 is defined as in (4.8.13b).

From a practical point of view, we distinguish two possibilities. In the
first situation, that occurs for example in pp collisions, the antiquark has
to be taken from the sea in one of the protons. Then the contribution of
both ¢ and G terms in (5.2.3) are comparable. In cases such as pp collisions
the process may be mediated by valence quarks. Then the dominant term in
(5.2.3) is the ¢q one.

The corrections due to the processes shown in Figs. 5.2.2B, 5.2.2C are
such that (except when the parton radiated is very soft) the energy of the
leptons is not equal to that of the originating partons: this is why in the
corresponding term in Eq. (5.2.3) the §(1 — z) is replaced by a more smooth
function. The corrections to the term proportional to §(1 — z) stem from
vertex corrections (see Fig. 5.2.2A) and from radiation of zero momentum
gluons, which cancel the infrared singularity of the vertex.

Let us separate off explicitly the piece proportional to §(1 — z) in
Eq. (5.2.3a), writing

s (Q?)

™

5(1—2)+ wq(2) =Ky (Q*6(1 —2) +

as(fg)@reg(z)7 (5.2.4)

where @reg(2) is the regular part of ¢4, so that

2\ 471'2 CFQS(QQ)
K\/(Q )—1+ <1+3> T

. (5.2.5)

All the radiative corrections to the partonic formula in (5.2.3) are small,
except the term Ky above which, in particular, contains the large coefficient
(2Cpm/3)as. This is so large that one may doubt the reliability of the QCD
calculation below ISR energies (with s'/2 = 60 GeV). Actually, the situation
is not as bad as it looks. First, at higher energies (such as the energies for
production of W, Z particles and higher) the correction is reasonably small,
of 30% or less. Secondly, part of the correction can be combined with higher
orders to obtain partial resummations which are exact, plus a remainder
with a much smaller second order correction. We will discuss this in the next
subsection.
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iii The K Factor

Let us take a closer look at the NLO corrections to Drell-Yan scattering,
especially at those given in Eq. (5.2.5) and in particular at the piece asso-
ciated with corrections to the vertex. It has been argued by Parisi (1980)
and by Curci and Greco (1980) that at least part of the large correction,
proportional to 72Cra, /7, may be combined with higher orders to give an
exponential which represents the exact sum of a class of diagrams, associ-
ated with exchange of soft gluons: in this way the corrections, though large,
would be under control. Parisi, and Curci and Greco, use the conjectured
infrared properties of the electromagnetic form factor of the quark (see, e.g.,
Korthals Altes and de Rafael, 1977) to suggest that the piece

2 CFas

1
T 2T

(5.2.6a)

of Ky is merely the beginning of the expansion of the exact exponential
7TCF Qg (Qz)
P

This is the celebrated K factor (at times the name K factor is used for the
full correction; see Eq. (5.2.6¢) below). If we accept this, it follows that we
should write the whole Ky as

2 2 2
1 4 Gras(@%) <1 + 4”) — e"Cras/2 {1 + (1 + W) Cros } i (5.2.6¢)

= K(Q?). (5.2.6b)

2 3 3 2

the exponential is taken to be exact, and the remainder of the correction,

viz., the piece
2
(1 n ”) Cras (5.2.6d)

3 or

is now comfortably small.

The problem with resummation is that it is not unique, nor is there any
guarantee that it will really improve convergence also for the higher orders.®
Leaving aside for the moment this last question, we will give three derivations
of summation whose differences will show the ambiguities clearly. For the first
two, we use renormalization group improvements of the vertex; and for the
third, a splitting of the interaction.

5 Resummation of soft gluons has become a subject in itself; it has been car-
ried over for a variety of processes. A list of references, without claim to com-
pleteness, but from which further work may be traced are the following: Ster-
man (1987) (general); Catani, and Trentadue (1989) (general); Korchemsky, and
Marchesini, (1993) (using the Wilson loop technique); Catani, Mangano, Nason,
and Trentadue (1996) (in hadron-hadron collisions); Catani, Trentadue, Turnock,
and Webber (1993) (in ete™ event shape observables); Catani and Trentadue
(1991) (large x in deep inelastic scattering); etc.
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Fig. 5.2.3. Vertex corrections. (a) Spacelike vertex. (b) Timelike vertex.
(c¢) Ladder summation.

We start with the two first methods. Consider the bare electromagnetic
vertex of a quark (that we take to be massless) iv*. Let ¢ be the momentum
of the photon, and we start working in the spacelike region. To one loop we
get corrections to the bare vertex given by the diagram (a) in Fig. 5.2.3, that
we write as

i’Y#Fh

and we take into account only the Dirac form factor, F}, as it is the one that
is relevant at high energy. Let p; be the momenta of the quarks; for the time
being we put them off their mass shell, so we have p? = p? # 0. Moreover,
we regulate the infrared divergence by glvmg a small mass A\ to the gluon.
Then, renormalizing in the MS scheme at 2, and for |¢?| > |p?|, A\?, we have

_ _ 2
o Cr0’ / dm/ dy{ t1og ~2L= D)1= v)a

82 V2

n l—x+2y )
(1—2)(1—y)+y(1 —zy)p?/® =y 2/¢* |’

we neglected terms that vanish for

P2/ =0, N/¢ —o0.
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The last term in the integrand above gives a double logarithm of ¢?, and
therefore dominates at large ¢. We will henceforth work with double loga-
rithmic precision, so that we need consider only this term. From the above
expression for F; we find two values for this quantity: if we let p? = 0, but
keep X\ # 0, we will be extracting the infrared behaviour, for on shell quarks.
If we set A = 0 but keep p> # 0 we obtain the (one loop) high momentum
behaviour of the form factor, for off-shell quarks. To be precise, one finds

Cras , o —q*
F; ~ 11— 1 2.
! A#g,;ﬂ:o 47 ) /\2 (5 73)
and o )
R R (5.2.7b)
A=0,p27#0 ™ p

g2 — oo

there is a difference of a factor of two between the two corrections. We may
use these results together with the renormalization group, which may be
proved to be a valid procedure in the Abelian case;® we find the behaviour
(Sudakov form factor)

CFOéS 2 —q2
Fl A;é;);2:0 €xp <_ 47T log )\2 (5283,)
q<—o0
and . .
~ _pCras, 0 —¢
b e exp( 2 y log o ) (5.2.8b)

220

q

Both expressions depend on the regulator mass, that it be A or p2. But, for
Drell-Yan scattering, we are interested in timelike ¢*> (Fig. 5.2.3, b), and in
fact in the ratio between the timelike form factor (where Drell-Yan scattering
occurs) and the form factor at spacelike ¢, which is where the quark and
gluon densities are defined in deep inelastic scattering. Thus we obtain the
ratios

2
|F{1 >0‘2 7TC’FO[S 2
|7 <02 = , AF0,p7 =0, (5.2.9a)
1
and ,
0P 2
|F{127<0|2 ~expnCras, A=0,p” #0. (5.2.9b)

Note that the result is independent of the regulator masses. The first expres-
sion is the K factor of Parisi, and of Curci and Greco, Eq. (5.2.6b). As these
last authors have shown, the renormalization group analysis presented here is

6 Sudakov (1956); Bogoliubov and Shirkov (1959), pp. 536 ff.
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equivalent to summing an infinite ladder of soft gluons (Fig. 5.2.3, ¢) directly
in the timelike region.

It is not clear, on physical grounds, which is the more reasonable
procedure:” the interpretation as sums of ladders of soft gluons seems to
point to (5.2.9a) but, on the other hand, we may argue that quarks in Drell-
Yan scattering are manifestly off-shell, as they are bound in the colliding
hadrons. If we accept this point of view we would use (5.2.9b); extracting it,
there would remain for Ky a residual NLO correction of

CFas

(1/2 —7%/3) —

which is small.

We will leave this discussion here and introduce another method of sum-
mation, providing a third, and perhaps more physical, approach to the prob-
lem. The derivation presents the advantage that it can be proved to be valid
rigorously for slowly moving heavy quarks. This situation is only of academic
interest for Drell-Yan scattering; but the same argument and conclusions
will hold for the important converse processes, say ee~ — bb near the bb
threshold.

What one does is to split the corrections to the partonic process into
a radiation and a Coulombic part; a separation which is particularly clear
in a Coulomb gauge, where the Coulombic part is simply the instantaneous
interaction. This can be taken into account by replacing the plane waves of
the free quarks in the initial state by relativistic Coulombic wave functions
obtained by solving the Dirac equation for a quark moving in the colour field
generated by the other. At short distances, the instantaneous interaction may
be represented by a Coulomb-type potential,

CFas
- ’

r

for more details, see Chap. 6. We then take into account the Coulombic
corrections by multiplying the cross section o(®) in (5.2.2) by the Fermi factor

2Ok

F=-Cc VI
@O ()2

r~0,

where ¥(9 is the free wave function, and Lpg_) is the wave function of the
incoming quarks in the Coulombic potential. This factor is familiar in the
theory of electromagnetic corrections to 3 decay or capture in nuclei (Fermi,

" It should perhaps be remarked that we have here an ambiguity only in the choice
of the summation procedure; to any finite order in perturbation theory, both
methods will give the same result. This may be checked easily to NLO: if we take
p? = 0 then, in the limit A — 0, we pick the contribution of the radiation of a soft
gluon, which provides the missing piece to reconcile both ways of calculating.
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1934). With the known expression for the Wg_) (Blatt and Weisskopf, 1952;
Rose, 1961; Yndurdin, 1996), we obtain, for quarks of equal mass moving
with a speed of v in the center of mass (v = ¢ = 1 for massless quarks),

7Cras/2v
eTGCas/Zv _ e—TGCas/2v

F=[1+0(?)] e37mCras/v, (5.2.10)

This is very much like the K factor of Parisi et al., which is not surprising
if we notice that solving the Dirac equation in a potential is equivalent to
summing an infinite ladder like that in the graph (c) in Fig. 5.2.3; but not
exactly equal, thus emphasizing again the dependence of the results on the
chosen method of summation.

In this respect, one may also ask why there is no K or F type factor
in ete™ annihilations. The answer is that there is one. It gets canceled,
at the lowest orders, in inclusive cross sections for fast moving quarks; but
it is certainly there. In particular, it gives the dominant contribution for
production of heavy quarks at low speed (Sect. 5.4). However, and except
in this latter case, it is not very useful to perform partial summations. In
general, i.e., except for slowly moving quarks, exponentiation into a K or
F factor deteriorates convergence for ete™ — hadrons. There is also no
guarantee that convergence will be improved, even for Drell-Yan scattering,
beyond the lowest orders. For this reason, we present results with and without
exponentiation below.

Let us return to the K, F, factors. (5.2.10) may be proved to be the
correct expression, to relative corrections of order as/v, for slowly moving
quarks. For fast quarks (v = 1) there is, a priori, no reason to prefer one
summation to the other among the three presented here.® Fortunately, the
numerical difference among them is very slight. For example, for the Parisi-
Curci-Greco and Fermi factors we have the relation

2
F o~ (1 _ (nCray)” > K,
24

and, numerically, the difference between exponentiation (the numbers inside
brackets below) or no exponentiation is also not too large: with A = 280 GeV,
and a; to three loops, we find

Ky ~1.52 [1.66], V@2 =10 GeV,
Ky ~1.39 [1.46], V@2 = 40 GeV,
Ky ~1.34 [1.39], V@2 =90 GeV .

8 There exists, however, an argument in favour of (5.2.9b) and against the others,
that runs as follows: the introduction of a finite mass for the gluon is inconsistent
at higher orders, and also the higher order Dirac equation diverges at the origin.
On the other hand, the result (5.2.9b) may be obtained in QCD also by using
dimensional regularization, as shown by Magnea and Sterman (1990).
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] ] ] [N ] ]

6 10 14 18 22 26
Q( GeV/ ¢?)

Fig. 5.2.4. Comparison of theory and experiment for Drell-Yan scatter-
ing, at energies s'/2 of 27.4 GeV and 62 GeV. From the 1987 analysis of

G. Altarelli, R. K. Ellis and G. Martinelli. Dotted lines: only leading or-

der. Continuous lines: NLO theoretical prediction. The separation of the

two nearby continuous lines reflects the uncertainty in the theoretical cal-
culation. Data from Angelis et al. (1979), Kourkoumelis et al. (1980) and
Ito et al. (1981).

The agreement between theory and experiment is excellent, down to ener-
gies where the exponentiation is important, as shown in Fig. 5.2.4, where the
quantity plotted is da/d\/@dy at y = 0 (y defined below), in cm? GeV ™!,
This is particularly gratifying, because we have here parameter-free predic-
tions, since the parton densities are taken from deep inelastic scattering.

The variable Q? is not the only one that can be singled out to analyze
Drell-Yan scattering. Two other commonly used variables are the rapidity,
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y, and Feynman’s x g variable. They are defined as

Tl — T2

Trp =x1 — X, tanhy= .
1+ 2o

Recalling that 7 = Q?/s = x112, one also has y = %log(ml/xg). The zr and
y are related to the longitudinal momentum of the eTe™ pair, in the c.m. of
the colliding hadrons. The writing the explicit formulas for the differential
cross sections do/drdy, both at partonic and NLO level, is left to the reader
as a simple exercise.

One can also measure the transverse momentum of the ete™ pair. This
should be due to radiation of a parton as in Figs. 5.2.2B, C, and will be
considered in the sections devoted to jets, particularly in Sect. 5.5.

5.3 Jets: Generalities

Consider the lowest order (actually, zero order in «y) annihilation ete™ —
hadrons. We will assume that the energy is substantially less than Mz, so
that we only have to consider the photon-mediated process.? If quarks could
be produced as free particles, then it would make sense to calculate the cross
section for production of an individual pair of quarks gg,

ete” — qq. (5.3.1)

Neglecting the mass of the quarks, letting s = (p1 + p2)?, 8 = Z(ky, p1) with
kinematics as in Fig. 5.3.1, we would get
do®  o?Q?
e

(14 cos¥). (5.3.2)

Integrating on angles,

47roz2Q3
3s

which agrees with the result of the rigorous QCD analysis of Sect. 4.1. Thus,
and although (5.3.2) makes no sense as it stands, (5.3.3) indicates that one
should be able to connect it with meaningful calculations.

A process such as (5.3.1) does not really exist even in QED. The reason
is that there is always the possibility that sufficiently soft gluons (photons, in
the case of QED) are radiated: as shown by the analyses of Kinoshita (1962)
and Lee and Nauenberg (1964), one has to consider cross sections into bunches
of final states, each quark being surrounded by gluons. Mathematically, this is

oD (efe™ — qq) = (5.3.3)

% We consider photon mediated production for definiteness. There is no difficulty
in taking Z mediation into account, or in calculating also W mediated processes,
following, with obvious variations, the same arguments as we develop for photons.
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Fig. 5.3.1. Diagram for ete™ — gq.

connected to the appearance of infrared divergences when calculating O(as)
corrections to the lowest order eTe™ — g process, and shows that final states
should be carefully defined; in fact, the cross sections will depend on such
definitions.

The corrections are of two types: gluon radiative correction to the ygq
vertex (graph a in Fig. 5.3.2), which presents an infrared singularity; and
emission of an extra gluon,

ete”™ — qq+ G,

shown in the graphs (b) in Fig. 5.3.2, whose divergence for a soft gluon cancels
the infrared singularity of the vertex correction, so that the total cross section
is finite to order a:

3¢
o) = ¢ {1 + 41;0‘3} . (5.3.4)

This suggests two strategies to make sense of a formula such as (5.3.2).
A first possibility is to consider not do/df? itself, but the expectation value
of infrared finite observables: an example of which is unity, and then the
expectation value is the total cross section.

A second possibility is to mimic the resolution of the infrared catastrophe
in QED. Thus, we realize that the processes ete™ — gq and ete™ — g+ G
are indistinguishable if either the energy of the gluon, kg, is below a certain
detection threshold, or if its three-momentum k and one of the momenta of
the quarks, p1, p2, form an angle smaller than the resolution power of the
detector: because, in QCD, quarks and gluons condense into hadrons before
reaching the detectors, it is, generally speaking, impossible to know whether
the detected hadrons came from a quark or a gluon, or from both. Moreover,
we identify (experimentally) Gq and gqG when one of the quark energies p;o
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(a)

Fig. 5.3.2. Radiative corrections to the process e
correction, that gets multiplied by the uncorrected diagram. (b) Radiation

+

e~ — gq. (a) Vertex

of a gluon.

is below the detection threshold: we detect ¢G (say) that we cannot tell from
qq.

Because of all of this, it follows that what one really measures, and what
one thus expects to be finite, is the sum of the cross sections ete™ — gq and
ete™ — gg + G with, in the second case,

pio, ko <es'/?,
|1(p1ak)|7 |1(p2ak)|7 |Z(p1ap2)| < 67

and the quantities €, § characterize the detection efficiency. Similar conditions
will hold for ete™ — gg+ng+ng+n’G. This is the Sterman—Weinberg (1977)
analysis.

The amplitude corresponding to a diagram like (b) in Fig. 5.3.2 contains
the propagator for the virtual parton, let us say the quark, of the form

(5.3.5)

i N.¢1+%.
ik —m, ~i k! (5.3.6)

we neglect m, compared to the energies involved. As stated above, the de-
nominator vanishes for soft partons, pig or kg =~ 0; or for collinear momenta,
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=

(o) (d)

Fig. 5.3.3. Conversion of a photon into three jets. The sequence of times is
abed. One expects |t, — | < A7 but te g — tap ~ AL

p1 || k. Conditions such as (5.3.5) precisely guarantee that this does not
happen; under them,
p1-k > Sse26% (5.3.7)

Because cross sections involve integrals over all final momenta, the condition
(5.3.7) means that we get singularities of the type (log elog §)a,. This is negli-
gibly small when g becomes small compared to 1/|log elog d|; therefore, the
partonic structure of the cross sections will become more and more apparent
as the energy increases, because then ay is tiny and we can afford small €, §.
The details in a few important cases will be found in the coming sections.
The full picture, however, is more complicated. As we have stated before,
only hadrons reach the detectors. At short distances and small times after the
materialization of, say, the photon, we can describe the process in terms of
partons, quarks and gluons, as in Figs. 5.3.1, 2. As these partons move apart,
the increasing strength of the interaction makes it energetically favoured the
creation of quark-antiquark pairs and of gluons from the vacuum. This cloud
dresses the original partons, then coalescing into hadrons (hadronization).
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Fig. 5.3.4. Two and three jet events in eTe™ annihilations. The white
patches where the jets hit the outer detector are proportional to the en-
ergy of the jets. The signals, observed at LEP, are due to the processes
ete”™ — Z — qq (upper figure) and ete™ — Z — GqG (lower figure).
(Courtesy of the Opal Collaboration)

This whole process, depicted schematically in Fig. 5.3.3, leads to the conver-
sion of the original partons into jets of hadrons, producing signals like those
shown in Fig. 5.3.4.
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Only the first part of the sequence, (a) and (b) in Fig. 5.3.3, can be
treated with perturbative QCD, if the momenta are large enough. What one
does to describe the whole process is to split it, somewhat arbitrarily, into two
phases: the generation of a certain number of quarks and gluons, described
perturbatively; and final hadronization, for which more or less plausible non-
perturbative models are used. For example, let p be the jet axis, for a given
jet, p = >_ pn, where the sum runs over all the hadrons in the jet. Feynman
and Field (1977) define fragmentation functions, D, (x) which give the dis-
tribution of the fraction x of momentum of hadrons in the jet generated
around ¢ (and the same for gluon generated jets). A review of fragmenta-
tion, from a phenomenological point of view, is that of Séding (1983). In
the present text we will give theoretical arguments in favour of the so-called
Lund model of hadronization, first proposed by Andersson, Gustafson and
Peterson (1977, 1979), which we will make plausible from the strong coupling
limit in lattice QCD in Sect. 9.5.

This is not all. Among the quarks created you can have s, éc or bb pairs.
These, particularly the last two, will produce particles that decay before
reaching the detectors. So, each original parton becomes a shower of particles
due to hadronization and decay: to the extent that the average number of
particles in a jet is ~ 30 at PETRA or LEP energies, s'/2 from 40 to 200 GeV.
A three jet event observed at LEP in eTe™ annihilation is shown in Fig. 5.3.4.
The theoretical generation of events has to be made with numerical Monte
Carlo programs. We refer to the literature quoted, and to Marchesini and
Webber (1984), Webber (1984), Barreiro (1986) etc. for details (in the last
reference, an excellent review of jets in electron-positron annihilations can
also be found).

5.4 Jets in eTe~ Annihilations

i Two Jet Events

We first show how to calculate a physical two jet cross section in e™e™ annihi-
lations. As before, and for the sake of definiteness, we will assume the process
to be mediated by a photon. The cross section for eTe™ — {q is, at zero order
in ag, given by (5.3.2). However, and as explained in the previous section,
we have to correct this because one counts as two jets processes with three
partons'® if either two are traveling almost in the same direction, or one of
the three has an energy below the detector’s threshold. Thus we should com-
pute the cross section into “fat” jets, as in Fig. 5.4.1. This we will do later.
To show clearly the mechanism at work, we begin with a somewhat different
method. The total cross section to order «y is given by the inclusive result

90r more. Here we will only consider the O(as) corrections, so only processes with
three partons (quark-antiquark and a gluon) have to be taken into account.
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Fig. 5.4.1. Two “fat” jets, with possible extra collinear partons (inside the
cones) and soft partons (inside the sphere). (Compare with Fig. 5.3.4).

(5.3.4). This includes two and three jets, cf. Fig. 5.3.2. Thus the effective, or
observable, two jet cross section will be obtained by subtracting, from the
piece proportional to «g in (5.3.4), the cross section into events which are
identified as not being two jet events, o(2 7). With obvious notation,

Uobs(zj) :0(2] + 3.7) - 0(2])7
0(2j +3j) =0 ® {1 N f’)CFa} . (5.4.1)

The cross section
eTe” = q(p1)d(p2)G(k),
where we put the momenta in brackets, can be calculated with the diagrams
of Fig. 5.3.2. Letting s = (p1 + pa + k)%, 7; = 2p¥/s'/%, we have
1 do 14 O x? + a3

L do a0 @itz >1; 0<a; <1
o© dzydzs 2P A—a)(—zg) LT%22 !
(5.4.2)

This equation exhibits very clearly the singularities at x; = 1, corresponding
to k proportional to p;, including k = 0 as a particular case.

Now, this process will not be classed as a two jet event if the angle 0
between the quark momenta is smaller than a given © — 79 (Fig. 5.4.2) with
1o related to the resolution of the detector. For, if |§] < m — 1o, the detectors
will disentangle the three jets. Therefore, the not-two-jet cross section will
be

a(27) z/dxl dx, 1 do
f

Ildzg ’
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Fig. 5.4.2. The geometry of a qGG state.

where the upper limit of the integrals is deduced from Fig. 5.4.2 to be given

by the curve
1T
frata=1+"22

(1 + cosnp).-

The integral is easily calculated if we are only interested in terms that do not
vanish in the limit ng — 0, i.e., as we have better and better experimental
precision. We find

1 . 1 Qg 2 4 4 7T2 7
wwmhgm@ﬂﬁ%%‘%%f@+2’
and the cross section into two observable jets will be found by subtracting

this as in (5.4.1):

. Craog 4 4 72
o™ (2j) = o© {1 - FT (; log? - 3 log ZTE T 1> } . (5.4.3)
The angular distribution of the jets is as in (5.3.2) inasmuch as we can neglect
no against 0. As expected, o, depends on the resolution 7.

This result may be compared with what one gets with the Sterman-—
Weinberg method. We let § be the half-angle defining the jet, and let es'/?
be the energy threshold for detection (Fig. 5.4.1). Then a simple calculation,
essentially like the one before, gives

dode do©®

B Cros ™ s
0 = a0 {1 - (410g510g2e+310g5+32 . (5.4.4)
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The details of the derivation, including the full result (i.e., without the ap-
proximation §, € — 0) may be found in Weeks (1979). It is instructive to note
that (5.4.3) and (5.4.4) differ: the cross section depends on the very definition
of what is a two jet event.

It is also interesting to discuss the analogue of K or F' factors here.
As for Drell-Yan processes (Sect. 5.2) we could sum a ladder of soft gluons,
and rewrite (5.4.4) extracting an exponential. For fast moving quarks, little is
gained by doing so. The situation is different for slowly moving heavy quarks.
Here one can use nonrelativistic quantum mechanics to write the cross section
for, e.g., eTe™ — bb, as

do(efe” —bb) Fdo(o)
ds? v—0  df2’

where the factor F' is given by a formula similar to (5.2.8), so that one has
F = 7Cpas/[v(1 — exp(—mCras/v))] and v is the velocity, v = |p;|/pio. We
can take the limit v — 0 to obtain the threshold cross section

27T' N, CF
o am 2 Qic*as; N.=3. (5.4.5)

olete™ — bb) —
The fact that we still have enhancement is not intuitively obvious; it can be
traced to the influence of the bb bound states. The NLO corrections to (5.4.5)

are known (Adel and Yndurdin, 1995); they amount to multiplying the right
hand side of (5.4.5) by

{1 + [50 (log’u — 1) +a1] as}’
mCraog T
with a1 = (31C4 — 20TFny)/36.

The equations like (5.4.3, 4) do not give the whole story. Because of
fragmentation (the breaking of single partons in jets consisting of several
hadrons, and eventual decay of some of these) there is some chance that an
event ¢q be counted as an event with three, or more jets, if for example some
of the transverse momenta of the final hadrons are so large that p;/p;o > sind.
This will give corrections to (5.4.3, 4) of order

() {pi))
s )
with (V) the average number of particles. These corrections are very impor-
tant in some situations, but not for two jet events, so we will leave them for
the time being.

Let us return to (5.4.3, 4). We will be able to take these formulas seriously
when the O(ays) corrections there are substantially smaller than the leading
term. Moreover, we want to differentiate the two jets, i.e., we want to have
no ~ & < /2. Suppose, for example, that we require 1y ~ 7/8, and that the



214 Chapter 5

correction O(as) should be at most 1/4 of the leading term. Neglecting all
but the dominant correction in (5.4.3) we obtain the condition

Crosye2 2 <174, e, a,<01L

2m Uh
This implies LEP energies, s*/2 from 90 to 180 GeV. Even with a more exact
evaluation (the term log? 4/n3 is partially compensated at finite 1) a value
as S 0.2 is required. This explains why the jet structure of the cross section
for ete~ — hadrons is only clearly seen at PETRA energies and above, i.c.,
for s1/2 > 20 GeV.

ii Three Jet Events

The three parton cross section, which we have already evaluated in (5.4.2), is
proportional to ais. This is why its study is particularly interesting: it affords
a direct determination of the quark-gluon coupling.

For a three jet event we define, with the kinematics of Fig. 5.4.2,

w1 =2pY/sY2 my =2p9/sY? w3 =2k"/sY? =2 — 2 —ay.  (5.4.6)

To analyze the three jet events we will use three representative variables.
The first one Y we define,!! for physical particles, as

2
i<j IPi X Py
ngziiﬁﬁ%L (5.4.7a)
{Z“ pip_j}
For partons, this definition gives immediately

Clearly, Y vanishes for a two jet event, and also for three jets when any of
the x; = 1, thus canceling the infrared and collinear singularities of the cross
section. The maximum of Y is %, and its average is immediately obtained
integrating with (5.4.2); we get

1 C'FOLS
The differential cross section with respect to Y is
1 do Cras
——— = Y 5.4.9
oo dY 2 (¥, ( 2)

" This variable is similar to the variable V introduced in the 1993 edition of this
text; actually, it is identical for partons, but slightly more convenient for physical
particles and especially for more than three jets. I am grateful to R. Akhoury and
J. Vermaseren for pointing this out.
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with

z—/ dxl/ dos — T 5, oy — 1)1 —a1)(1 = 2) - V)

1 — I (1 — 1‘2)

(5.4.9b)
the condition 1 + zo — 1 > 0 is automatically fulfilled thanks to the delta
function.

Measuring Y via (5.4.7a) immediately gives the value of ;. A complete
evaluation, however, would require us to take into account the radiative cor-
rections, which involves in particular four jet events, and of hadronization.
For the last, a simple estimate gives

2(pf)
<Y>2jct ~ 3; .
At s'/2 = 35 GeV and with the experimental values of (p?) this gives

<Y>2jet
(Yaea
which emphasizes the far from negligible effects of hadronization.

A popular variable is thrust (Farhi, 1977). For physical particles, it is
defined as N
>lpig |

s1/2

~ 0.1,

T = 2max (5.4.10a)

The sum in the numerator runs over all the particles in a hemisphere; the
p;| are the components of the momenta of the particles along the jet axis
contained in the hemisphere. The plane defining the hemisphere is chosen
perpendicular to the jet axis; and the latter is found by requiring 7" to be
maximum. That is to say, one chooses a direction characterized by the polar
angles (0, ¢) as arbitrary jet axis, and evaluates T(, ¢). Then one varies 6
and ¢ until a maximum is found: these are the polar angles of the jet axis,
for the most energetic jet. In terms of partonic variables, one obviously has

T = max{x1,za,x3}. (5.4.10Db)

Integrating the cross section (5.4.2) at fixed T one finds the differential cross
section

1-Td .
o _ Cra {9T224T+12+

T -

(5.4.11)
For a two jet event, T' = 1: this is the reason why we multiplied by 1 — T
n (5.4.11). T varies between 1 and 1/3, and its average value is (De Rujula,
Ellis, Floratos and Gaillard, 1978)

Cras | 4 . /1 dr . 2T -1 g
1—T)gec = —3log3 — & +4 log ~1.05—.
< >qu 27T { 4 Og 18 + 2/3 T ]. _T Vs

(5.4.12)

do 6T276T+41 27T —1
o) dT o2 ’
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Finally, the energy-energy correlation, or EEC,'? is defined as follows.
Choose an angle y different from 0 and 7. Then the EEC is

1 dx 1 2 N

N S E aE . 5413
o dcosy Ns Axsinyx AX::lpairgr;AX e | |

The symbols here are as follows. A labels the events. In each event, E 4, and
FE 4p are the energies of two particles separated by an angle x + %Ax, Ax
being the resolution.

To calculate the EEC we notice that, for small resolution Ay, the con-
dition
X — 34X < 0q < x + A,

with 0, the angle between the momenta of particles a, b, can be imposed
including a factor

O(x — Oap) Ax = d(cos x — cos bap) Ax sin x.
Moreover, and with a, b, ¢ varying from 1 to 3,
o8 Ogp = (2 — 22 — x3)/2z0wp, c#a,b; E,Ey, = sr.xp/4,

and x3 = 2 — 21 — x9. Therefore, and substituting (5.4.2) for the jet cross
section,

1 dX CFOéS
o dcosy 4w

x1+x2
/dxl/dxg A=z —22) Z:bxaxbé(cos%b—cosx)
1 3+ 2% — a3 Z 73 (1 — x)?
‘Z/ ey Ximay s ar

1_4/ m—x’

1 —cosy
5 .

C =
The remaining integration is elementary. We find the expression, valid to

leading order and for three jet events,

m dCOSX T 81 CS(l _ C) [2(3 — 6<+2<2) 10g(1 — C) —|—3<(2 — 3{)] .

(5.4.14)

12Basham, Brown, Ellis and Lowe (1978). Second order corrections calculated by
Ali and Barreiro (1982) and Ellis, Richards and Stirling (1982).
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Fig. 5.4.3. Comparison of energy-energy anticorrelation with experiment.
Broken lines: perturbative QCD, O(a?) 4+ O(a?). Solid lines: including
fragmentation. CELLO and Pluto data. (Communicated by F. Barreiro,
1991).

At times, one uses the anticorrelation,

1 {dE(W—X) ~dX(x) }

dcos dcosx

o(0)

for which radiative corrections are particularly small. A comparison of the
QCD prediction with experiment at PETRA is shown in Fig. 5.4.3. The
importance of hadronization at small y is apparent there. The corresponding
value for the QCD parameter is

280755 MeV  (CELLO data),
1707130 MeV  (PLUTO data).

The difference between the two determinations is a measure of the system-
atic differences in the data. The importance of hadronization decreases at
the very high energies of LEP where, in particular using the large number
of events at the Z particle peak, one finds precise determinations of event
shape processes. A recent article summarizing measurements of event shape
distributions, and theoretical calculations in LEP, from 90 to 210 GeV, with
references to previous work may be found in Abbiendi et al. (2005).
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iii Multijet Events

Four jet events present the novel feature that the tree level amplitude involves
diagrams with gluon self-couplings. Calculations of the amplitudes and cross
sections are very involved; they may be found in Ali et al. (1980), Ellis, Ross
and Terrano (1981), Gaemers, Oldham and Vermaseren (1981), Danckaert
et al. (1982), etc. We will only say that the experimental analysis is corre-
spondingly complicated, but the evidence for the necessity of the triple gluon
coupling appears clearly.

iv Gluon Jets in Quarkonium Decays

We discuss this topic here because the study of quarkonium decays is mostly
performed with eTe™ accelerators.

Let us consider a vector resonance of heavy quarks, say the J/v or the
T. The last is sufficiently heavy that perturbative QCD may be applied to
it; not only to the calculation of the total decay rate (as in Sect. 5.1) but
also to the characteristics of the three jets into which the three gluons of
its dominating decay evolve. After a straightforward, but long, calculation,
essentially identical to that for positronium decay (Akhiezer and Berestetskii,
1963) we can write the differential decay rate as

1 dlse 1 T—21\> [(1—2\> [1-—=3)\>
© =2 + + ’
i) dzidzs 72 -9 ToT3 123 T1To

(5.4.15)

where z; = 2/€?/MV7 the k; are the gluon momenta, and My, is the mass of

the vector resonance. Fs(g‘) is the lowest order decay rate, Eq. (5.1.1):

o) _ 160031 (02
8¢ T 81ME

One can analyze this much as we did for ¢gG final states. For example,
letting T be the thrust, and integrating with (5.4.15), we find

201 —T)
T

L dlse 3 { MI*T)@T?79T+8M%

(0) -2 29 _T)3
ryy dr =9 71%22-T)

2(3T — 2)(1 — T)?
TR Ty }

and the average thrust is

3 472 L logx
T)sq = log(2/3) — 3 + — +2 d
(Thac = = |oon(2/3) ~ § + 5 +20 [ o 52

] ~ (.889.

We refer to De Rujula, Ellis, Floratos and Gaillard (1978) for more details.
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5.5 Jets in Hadron Physics

We first briefly describe two situations in which, besides hadrons, leptons also
intervene, and concentrate later on jets produced in pure hadronic collisions.

The first process is deep inelastic scattering. When we studied it in
Chap. 4, we were interested in the inclusive cross section. It so happens,
however, that we can say more. Specifically, consider the parton struck by
the virtual photon (or W, or Z). One would expect that it would tend to sep-
arate itself from the rest (Fig. 5.5.1) and then a jet of hadrons would coalesce
around this struck parton. Its transverse momentum component, p j; (trans-
verse with respect to the momentum of the debris formed by the partons that
have not been struck, pr-) is

P = i|PJ X pr|.
|pr|

If this is large, |pjt| > A, we expect that the process will be calculable
in perturbative QCD. (Of course, we have to allow for nondetection of soft
partons radiated in addition to the jet, and of partons emitted in a certain
cone around the direction of the jet.) This is indeed the case; the details of
the LO calculation may be found in Méndez (1978). With the advent of the
HERA electron-proton collider, operating at huge energies, the jets produced
in deep inelastic collision have been studied in great detail, including processes
in which two or even more jets are produced.

P

P;

Fig. 5.5.1. Deep inelastic production of a jet.
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Fig. 5.5.2. Jets in ep deep inelastic scattering, as observed by the ZEUS
group at HERA. The isolated straight line is the electron, with an energy of
12.5 GeV; besides it, two jets are clearly seen. The light patches are propor-
tional to the energy deposited by the particles. The hadronic debris, along
the forward direction is not detected. (Communicated by J. Puga, 1998).

The second process is Drell-Yan production of lepton pairs. When eval-
uating QCD radiative corrections, we referred to the eventual radiation of a
parton, as in the diagrams of Fig. 5.2.2B, C. If the transverse momentum of
the parton (also here, transverse means with respect to the axis defined by
the hadronic debris) is large, we should be able to disentangle it from the
rest of the hadron fragments, which will continue mostly along the axis of
collision, as shown in Fig. 5.5.3. The transverse momentum of the jet can be
inferred from that of the eTe™ pair, which is why the present process is eas-
ier to study experimentally than the former one. The theoretical calculations
may be found in Sterman and Libby (1978), Altarelli, Parisi and Petronzio
(1978), Parisi and Petronzio (1979), Curci, Greco and Srivastava (1979), Dok-
shitzer, Dyakonov and Troyan (1980) and, including subleading corrections,
in Collins and Soper (1982); Kodaira and Trentadue (1983); Davies and Stir-
ling (1984); Altarelli, Ellis, Greco and Martinelli (1984); Altarelli, Ellis and
Martinelli (1985).

After these somewhat cursory descriptions, we will consider in more de-
tail the production of jets in purely hadronic collisions, probably the first
evidence, together with the observation of three jet events at PETRA, that
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Fig. 5.5.3. Drell-Yan production of ete™ and a gluon jet.

quarks and gluons, and not merely currents made out of quark fields, are
real.

Consider, typically, pp scattering at the Intersecting Storage Rings (ISR)
at CERN; it is there, both at the ISR and the pp Collider (as well as some-
what later in Fermilab) where pointlike structures were first discovered in
hadron-hadron collisions. The ISR c.m. energy was s/2 ~ 60 GeV. Hadron-
hadron scattering had been studied for a long time and it was known that
at small momentum transfer ¢ (or, equivalently, small transverse momen-
tum p;) the scattering is dominated by diffractive and/or Regge phenomena
(Barger and Cline, 1969). In both cases, the cross section decreases exponen-
tially with p; at fixed c.m. energy:

o
d(pt)

This behaviour is well followed by the cross section at ISR energies for
small average transverse momentum. At large (p;), however, the decrease ex-
pected from (5.5.1) stops; the cross section becomes much larger than the
value implied by (5.5.1) and in fact the experimentally observed decrease for
large transverse momentum is only power-like, precisely as occurs for scat-
tering of elementary, pointlike particles.!® This experimental trend is shown

~exp(—bp;), b~6CGeV ! (5.5.1)

130f course this pointlike scattering ought to be present also at small (p;) but there,
because a (pf) ~ 1, it is masked by ladder exchanges and rescattering corrections
which do, presumably, generate Regge and diffractive type scattering.
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l l l l
0 1 2 3 4 5

Fig. 5.5.4. The cross section, at large p;, for various average multiplicities
(N/Ay). The quantity plotted is Ed®c/d®p in cm? ¢® GeV ™2, against p;.
Data from the CERN collider, UA1 experiment. The solid line is the extrap-
olation of the low p; exponential fit.

very clearly in Fig. 5.5.4. For large (p;), most of the cross section there can be
interpreted in terms of scattering of the point-like constituents of the hadrons.

At large momentum transfer, the scattered partons —quarks, antiquarks
and gluons— will generate individual jets (Fig. 5.5.5). The cross section for
the process can thus be calculated in terms of the elementary scattering
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o

X1P1

X5,

op

Fig. 5.5.5. Example of a two jet production in a hadron-hadron
collision, via scattering of a gluon and a quark.

of the constituent partons, plus jet formation, much as in deep inelastic or
Drell-Yan jet formation.

Let us distinguish the variables for the elementary subprocess by putting
carets over them. With this notation, the c.m. energy squared of the colliding
partons is

§ = (P1+P2)” = (w1p1 + m2p2)® = 21225, (5.5.2a)
with s the c.m. energy of the hadron-hadron collision, z; the energy frac-

tions carried by the partons, and we neglect parton and hadron masses. The
momentum transfer of the subprocess is

t=(p—p))° (5.5.2b)
and we also define the variable 4 by
i=(p1—py)° =Y m—35—1 (5.5.2¢)

where Y m is the sum of the masses of the four partons (two in and two out)
intervening; in our approximation, »_ m = 0.

Let us denote generically by ¢n¢(x, §) the parton densities, including the
density of gluons, for which we have gng(z,§) = G(x, §). The cross section
for the process

hy + ha — §(p}) + j(p5) + anything, (5.5.3)
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a b a b

[ k

Fig. 5.5.6. Diagrams involved in the calculation of qG scattering.

is obtained from the elementary cross sections

de(f1+ fa — fi + f3)
dé

where this last equation is evaluated with the help of diagrams like those
in Fig. 5.5.6, which correspond precisely to the process shown previously in
Fig. 5.5.5.

One then multiplies these cross sections by the appropriate partonic den-
sities, and sums over possible final states if, as is usually the case, the partons
that generate the jets are not identified, and averages over the possible initial
partons.

Schematically, one evaluates

. Z Zthfl(xla§)Qh2f2(1'1,§)d6(f1 +f2 — f{ +fé), (555)

N1 N: i
1 2f1fzf1’fg dt

(5.5.4)

where N; are the number of possible partons (quarks, antiquarks and gluons,
counting colour) in hadron h;.
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The elementary cross sections dé/df are calculated straightforwardly. If,
for example, we have the elementary process Gq as in Fig. 5.5.5, then the
Feynman diagrams that have to be considered are those shown in Fig. 5.5.6.
Denoting by Aj, As, As the amplitudes there (A3 being the amplitude in-
volving the triple gluon coupling), excluding the colour factors, then the
elementary cross section is proportional to

8 >1< 3 2 ‘ Dot A+ttt A + Y ifavetiiAs
l c

ik,ab 1

‘ 2

After tedious but simple colour and Dirac algebra evaluations, the cross sec-
tion is obtained; it is included among those given in the following formulas.

We write!* )
do/dt = (ra?/3*)®,

and then we have

_ 2 4 a2
(97— q'7) =55
_ _ 52 + 02
P(qq — q¢') = P(q7 — q7) =5 5 74
2 ~2 2 72 a
4 (S tu §°+t g S
¢(qq—>qq)—9( = = )_Wut
2 ~2 ~2 72 ~2
_ I - u+t g U”
¢(qq—>QQ)—9( = + ~ %
~2 72 ~2 72
+t U+t
b3 Goy=2 (L") _¢8
(97 — GG) 2( Y s\ 72 )
~2 tAQ ~2 t2
wor- -1 (45) 1 (27).
ut N 5.5.6
g (024§ | a4 8 (5:5.6)
d(G Gq) =3 = ,
(Gq — Gq) 9< w3 >+ =
PO — GG = 2 at  us st
(GC=GO=53-5-% &

These formulas assume that the quarks are light (with respect to the
energies) and their masses are neglected. The production of heavy quarks has
features of interest. The tree level cross section may be found in Gliick, Owens
and Reya (1978) and Combridge (1979). Radiative corrections are evaluated
in Altarelli, Diemoz, Martinelli and Nason (1988), Dawson, Ellis and Nason
(1989) and Beenakker et al. (1991). Soft gluons may actually be summed to
all orders for production of heavy quarks (Fadin, Khoze and Sjéstrand, 1990;

Combridge, Kripfganz and Ranft (1978); Calahan, Geer, Kogut and Susskind
(1975); Cutler and Sivers (1977).
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Fig. 5.5.7. “Lego plot” of a two jet event in pp collision at the Teva-
tron. The height of the towers is proportional to the (transverse) energy
deposited in the detectors. n is called the pseudorapidity; it is defined by
n = —logtanf/2. 0, ¢ are the polar angles in the detector. (Courtesy of
the CDF collaboration).

Laenen, Smith and van Neerven, 1992). For massless quarks, the radiative
corrections are not known, so Eq. (5.5.6) is as far as one can go at present.
This is unfortunate because we would expect large K-type corrections that
will at times enhance (for GG or ¢@’', when the quantum numbers of the state
are such that it is a colour singlet) and at times suppress the cross section
(when the quantum numbers are those of a colour octet). What is known,
on the other hand, is the three jet cross section (Sachrajda, 1978). We refer
to the review of Jacob and Landshoff (1978) for more information on this
subject.

5.6 The SVZ Sum Rules

In this section we will consider a method for obtaining static properties
of hadrons from perturbative QCD, plus some nonperturbative input. Con-
versely, the method can be used together with experimental information, to
obtain the value of QCD parameters, notably quark masses and quark and
gluon condensates (Gq), (G?) etc. The method is variously known as SVZ
sum rules, from its originators (Shifman, Vainshtein and Zakharov, 1979a, b);
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ITEP sum rules, from the institution where these and a good number of their
followers did the earlier work; or simply QCD sum rules. A comprehensive
review is that of Narison (1989). Here we will discuss a few typical examples,
leaving for Sect. 7.4 an application to estimates of light quark masses, and
for Sect. 10.5 an evaluation of the gluon condensate.

The first example, which will serve to illustrate the method, is connected
with the ¢ resonance. We consider the two point function

5(q) = (~g" ¢ + ¢"¢*) y(q?) = i / A4 67 (TG (2)6" (0))vacs (5.6.1)

where ¢ is a (composite) operator with the quantum numbers of the ¢;
specifically, we take

H(x) = Cy : S(x)v#s(x) : . (5.6.2)

The constant Cy is chosen so that (vac|¢”(0)|p(p, \)) = (27)73/2ek(p, \); its
numerical value may be fixed from the decay ¢ — ete™. In the nonrelativistic
approximation for the ss quarks inside the ¢ resonance we, would have

Cp= ——
¢ /NML(0)

with ¥ the §s wave function normalized to [ d3r[¥(r)[? =1 and N. = 3 is
the number of colours.

In perturbation theory, the function IT,(g?) grows at most as a logarithm
for |¢?| — oo; hence, any derivative

AV 114(¢%)/(dg®)N = 1§V (¢?)

with N > 1 will satisfy an unsubtracted dispersion relation (Cauchy repre-
sentation)

AN, (w0 N Tm I7,(s)
—— =1 = — T oNNIT”
@@y = e =7 /ds (s —g?)N+H!

For |¢?| near M2, we expect the representation to be dominated by the ¢
pole. Using the unitarity relation at the ¢,

w1 d’p m v 4
Im IT5" (q) = 2;/2po<0|¢ (0)lo(p, ) {e(p, M) (0)[0)(2m)*5(p — q),

we immediately find the pole value,
™
Im ITy(s) = @6(5 — M),

and we approximate, for s ~ ¢2,

M (q?) ~ : . (5.6.3)
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The mass My is of 1 GeV; hence it is not totally absurd to evaluate H{;N) (¢?)
using perturbative QCD: as we saw in Sect. 5.1, perturbative QCD describes ¢
decay reasonably well. If we took the vacuum to be the perturbative vacuum,
we would obtain

N 3C? 1 My
M () ~ 12;2(1\] - 1)!W {1 - +} .
It turns out that it is impossible to fit (5.6.3) to (5.6.2), with the value
ms ~ 150 MeV.'® This indicates that nonperturbative effects are important.
These can be implemented most easily (at least the leading ones) by replacing,
in the perturbative calculation, the perturbative quark and gluon propagators
by propagators with the nonperturbative pieces included, as in Sect. 3.9ii; to
lowest order we only need Eqgs. (3.9.12) and (3.9.15). Examples of detailed
calculations will be given later; we now only quote the result, which is

302 1 472N (N +1)
(N); 2 ¢ mg T _
II ~ )l - 2 (s 85 :
[ (Q) ]_271'2( ) (_qg)N{ q2 q4 mé< 88 >
3JTN(N+1), o
— Ty oG .>+-.-}.

(5.6.4)
One now finds that it is possible to fit (5.6.4) to (5.6.2) in a region |¢*| ~ M2,
which indicates that the ¢ receives a good part of its mass not from the
perturbative mass of its constituent s quarks, but from the condensates.
We now present two detailed sample calculations of nonperturbative ef-
fects. The first is that of the quark condensate (3s) to ITy in Eq. (5.6.4). From
(5.6.1),

H(;w(q) = iC;/d4x e (T5(x)y"5(2)5(0)7"5(0))vac- (5.6.5)
Therefore, to zero order in as,
1 (q) = —iC? / AP Teyt S, (k)7 Sa(k + ). (5.6.6)

If we only considered the perturbative piece of the propagator, Sy = Sp, we
would have obtained the perturbative piece,

8N.C?* 1

Y =
P 6 1672

(—9"¢* + ¢"q")[Ne = log ¢* + -], (5.6.7)

5The discrepancy is even more clear if we take ratios of consecutive derivatives,
for here the Cy drop out.
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and then (5.6.3) would follow. The nonperturbative correction is obtained by
using the full expression, Sy = Sp + Syp. The leading term is the mixed
term,

4 @) = =33 [ @k T {57 S0y Si(h + 0

(5.6.8)
+7"Sp(k)y Snp(k+a)}

with Syp given by Eq. (3.9.12) and Sp(k) =i/(F — ms). We find
—2C¢m5(ss>
P

?

Hllgj’:’}quark(q) = ( l“/ 2 + q q )

from which the (3s) piece in (5.6.4) follows by differentiation.

As a second example of a detailed calculation, we take the evaluation of
the gluon condensate using charmonium spectroscopy; the same calculations
would work (in fact, better) for bottomium. We now consider the current

JH(x) = e(z)y*e(x); (5.6.9)

a two point function similar to the one we have been considering will now be

1 (q) = i / 2 (T (2) 77 (0))vae = (—g™ P +¢"q" ) 1.(QP), (5.6.10)
with Q2 = —

The function I7.(Q?) is analytic in Q2 except for a cut!'® running from
—4m? to —oo and poles for —Q? = M2, with M2 the masses of the bound

t16

states V,, = J/v, ¢', ... . Writing a Cauchy representation for the Nth
derivative, with NV > 1 to avoid subtractions, we have

NN!Tm I1.(—t)
I (Q?) = ZM?(M2+Q2)N+1 dt (t+Q2)N+1 . (5.6.11)

The 7,, are the residues of the poles, calculable in terms of V,, — eTe™

In contrast with the previous situation, the quantity 4m? is now large
enough for us to apply perturbative QCD at that scale. In fact, we will choose
an intermediate scale Q% such that

2 2 2
A < Qy <€ dmy;

for example, we may take Q3 ~ 2 GeV?. We can still use perturbation theory
at Q3; because QF < 4m?2, it then follows that

ITN(Q3) ~ 1™ (0)

16We neglect the cut due to light hadrons, below 4m?2, because it gives corrections
of higher order, a?.
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(a)

(b)

Fig. 5.6.1. Diagrams for the LO gluon condensate contribution to I1..

is calculable in perturbative QCD.

The purely perturbative contribution is elementary. The contribution
of the quark condensate can be evaluated as in the previous situation; it
turns out to be subleading with respect to the contribution of the gluon
condensate, which we shall calculate in detail in a moment. Neglecting the
quark condensate contribution, the result is

2
™) = RY {1 + % 4o } : (5.6.12a)
Here
© _ Nemg Ny (N =DV + 1) _
RY = =S5 (-1) avesr o Ne=3 (5.6.12b)

is the purely perturbative piece and

_aCrN(N + 1)(N +2)(N +3)
48(2N +5)

By = . (5.6.12¢)
This last equation is obtained by replacing, in the two loop expression for 1.
(given by the diagrams in Fig. 4.1.2) the gluon propagator by its nonpertur-
bative piece, Eq. (3.9.15). Thus we have the diagrams of Fig. 5.6.1, where the
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blobs represent VEVs. The contribution of e.g. the diagram (b) in Fig. 5.6.1,
yields the term, to be included in IT#(q),

[5.6.1(b)] = ngCF/de /le:ﬂ DA, (k)

x Trey,

Bme “PrF—m P d+F—m. Cp g —m.
(G?)
N2 —1)D(D — 1)(D +2)

S 920F4( (D +1)g*?9? — 20°0°]
DA i i i i
x/d P T1r'yu‘y5 *mc%[ﬁJr% 7mc%¢+¢j+% fmc%)}é+¢j —m
(5.6.13)
where the derivatives are with respect to k, and are to be evaluated at & = 0.
The calculation is simplified with the help of two tricks. First, since the
integral is convergent, we can set D = 4 directly. Secondly, the term 9%0”
comes from the Fourier transform of 2®2%; recall Sect. 3.9ii. If we write

o, .3 1.2 ap 82 2\2
T2 + Ox Bmg(x)

it follows that, up to gauge terms proportional to 9%, 3% (hence, after Fourier
transform, to k%, k%) that will give zero in the end, we can replace

82
(D +1)g*P o} — 2m — (D +2)g*?a;. (5.6.14)
The rest of the calculation is straightforward. Adding the contribution of
diagrams (a) in Fig. 5.6.1, the result reported in Eq. (5.6.12¢) is obtained.
Let us return to (5.6.11). We can use the experimental values of Im I7.(—t)
obtained by subtracting the theoretically known contribution of the wu,
d, s quarks from the value obtained from the experimental cross section
ete™ — hadrons. Likewise, we can take the residues r,, from experiment:
so the whole right hand side of (5.6.11) is known. Integrating, we get an
experimental value for the left hand side, which we may compare with the
theoretical evaluation, Eqgs. (5.6.12). In this way we obtain a determination
of me, (asG?), or of my, (asG?) if we apply the same calculation to b quarks,
for which case a more detailed evaluation of the condensate will be presented
in Sect. 10.4ii.

The values found in older determinations arel”
me(m?) = 1.2740.05 GeV, my(mi) = 4.25+0.1 GeV (5.6.15)
and
(asG?) = 0.04475010 GeV*. (5.6.16)

17See, for example, the reviews of Novikov et al. (1978) and Narison (1989).
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The errors, however, have been lately shown to be overoptimistic. A more
recent evaluation of my (Jamin and Pich, 1997) gives

my (i) = 4.25 4+ 0.1 GeV,

but the more precise determinations of the masses are those obtained from
bottomium spectroscopy (Chap. 6). More recent determinations of the gluon
condensate tend to give much larger values than those reported in (5.6.16), up
to 0.1 GeV*; see Narison (1997). We refer to Chapter 10 for a more complete
discussion on these quantities, and specifically to Sect. 10.5ii for a detailed
evaluation of the gluon condensate using sum rules.

SVZ-type sum rules have been evaluated for a large number of correla-
tors. We will see in Sect. 7.4 applications to determinations of light quark
masses. Sum rules for correlators with the quantum numbers of the proton
are particularly interesting in that they provide a connection between the
mass of this particle and quark and gluon condensates (Ioffe, 1981; Rein-
ders, Rubinstein and Yazaki, 1981; Espriu, Pascual and Tarrach, 1983; and,
particularly, Chung, Dosch, Kremer and Schall, 1984).

5.7 Exclusive Processes

We will present a detailed discussion for the pion form factor; this will, we
hope, pave the way for the extension to other processes, for which we only
give the results.

One can define the pion form factor, F; by writing (cf. Fig. 5.7.1)

Vi (p1,p2) = (21)*(m(p2)| T30 (0) I (p1))

Lo (5.7.1)
= (P +p5)Fx(¢%), q=p2—p1;

so defined, F} is normalized to F(0) = 1.

Fig. 5.7.1. Kinematics for the pion form factor.
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Fig. 5.7.2A. Diagrams not contributing to the pion form factor.

To calculate this we write, suppressing the index “em” in the current,

VH(py,pa) = (2m)*(m(pa) [T (0)e ] 45 B @ ey,

with the index (or superindex) 0 indicating free fields. To second order,

2
Vipupe) = ~@0P% 3 Qs [ dtedly (n(p)Taos (07005 0)
" f=u,d

% Y {ao@)nt o (@)do(y)y "t do(y) + (¢ = y) } B, (x) B, O)lw(p1))
a,b

+ e,

(5.7.2)

The various combinations give rise to the terms depicted in the diagrams

of Figs. 5.7.2A and 5.7.2B. Actually, the diagrams in Fig. 5.6.2A give a zero
contribution, as can be checked by explicit calculation, and as is intuitively
obvious: in those diagrams there is no exchange of momentum between the
struck quark and the rest, so it is impossible that the pion bound state (which
implies, in particular, collinear momenta of the quarks traveling together)
can be formed again after the collision; for this reason their contribution is
omitted. The contribution of the diagrams in Fig. 5.7.2B is now, with ¢, j, k
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Fig. 5.7.2B. Diagrams contributing to the pion form factor.

colour indices and «, § and ¢ Dirac ones, and dropping the indices 0 for free
fields,

VE(pripe) = ~(2n)°g* 3 [ dtedty (rpa) o (0)d5 (02t Seval~2)
X tfi,tzk/'ygﬁ,’yg(;/Dpa (x — y)éabuiﬁ//(x)c?’g (y)|m(p1)) + “crossed term”,

where the “crossed term” is that obtained from the other contraction in
(5.7.2), and normal ordering of the operators is understood.

Next, we perform a spacetime shift by ¢, and insert a sum over a complete
set of states, > |[I')(I'|. Letting z = & — y and neglecting the quark masses,
we find

diz ez (=) 1 gy ey (ptp2—p1)
_ 3 2 4 4
Vi) =@n)g Z/d ’“/dp/ i | e
x (7 (pa) g, ( Z\F Flu@ d5 (0) |7 (p1)) Ve
o Pas

peTE —575 9po Vi Vss it + (P1 < p2).

The term (p; < p2) comes from the “crossed term”. We have not written
explicitly the contribution of the gauge terms as they give zero, to leading
order. In fact, we have evaluated the expression above in the Fermi—Feynman
gauge, but, after adding the (p; « p2) piece the result turns out to be gauge
invariant. To leading order we can replace the complete sum of states by only
the vacuum state, > |1")(I"| — |0)(0.
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Let us next write

ik S ,
~IN, (75)5d(0)y5u(z) + -+ ;

(5.7.3)

N, = 3. Other terms (the dots) will not contribute to the pion form factor
due to the pseudoscalar and colour singlet nature of the pion. Of the two
terms in (5.7.3), the second contains the twist three operator dysu, and we
will neglect it for the time being. Then we find

2 4, iz-(p—k) 4, iy (p+p2—p1)
V¥ (pr. o) = (2m)* 2 /d4k/d4p/d = /d =

, _ d; _
uly (2)45(0) = 13- (V) rsd(0)13y5u(2)

48 (2m)* (2m)4
Tr~Hp~P )"y ol _
« LTI () 0(4)e95(0) 0

X (0] = d(0)yaysu(z) : |w(pr)) + (p1 < p2),
(5.7.4)
and the normal ordering is now written explicitly.
Let us concentrate on the terms (0]...|m), (r|...|0). We expand them
in powers of z and y; for example,

(0] = d(0)yaysu(2) : |m(p1))
- %sm L d(0)y3 75Dy - .- Dy, u(0) : |7(pr)).-

n

(5.7.5a)

S means symmetrization in the indices A, p;. Neglecting terms proportional
to the pion mass, we define

(2m)3/2(0[S : d(0)yay5 D,y - - - Dy, w(0) = |7(p1)) = " piapip, - - - Dip, An-
(5.7.5b)
Furthermore, we introduce the “parton wave function”, ¥ (&), such that

A, = /0 Cacew(e): (5.7.50)

then,

1
(0] : d(O)su(z) : |7(p1)) = ip1x / de 2w (). (5.7.6)

All of this has been accomplished formally. When renormalizing, we will have
to replace g — g(v) and realize that A, = A, (v), ¥(£) = ¥(&,v?). To avoid
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pﬁl> % « (} - p2

(-9 (1-Dp,, (Tmp, (L 0)p, v

Fig. 5.7.3. Splitting of the pion form factor into the wave functions, and a
“hard” piece, E*.

log Q?/v? terms we choose v? = Q2 = —(p; — p2)?. We then carry over the
z, y; k, p integrations in (5.7.4), using (5.7.6), so that we get

VA (pr, pa) = (23 CFI ) Fg /dw % /an* 0o

Try#p ’Yp15 1757 275
X p2k2

p=p1— (L=n)p2, k=(1-np2—(1-Ep.

(5.7.7)

+ (p1 < p2),

We have succeeded in splitting the vertex into a “soft” part, buried in the
wave functions ¥, ¥*, and a “hard” piece, E* (Fig. 5.7.3; see also the lowest
order diagram for E* in Fig. 5.7.4). We note the physical interpretation of the
variables £, ) as the fraction of momentum carried by each quark. Evaluating
the trace in (5.7.7), we finally find

+O(M2/Q*) + 0(a?). (5.7.8)

plgt) = O @) | [ W

3Q? £

The last task is the evaluation of the Q? evolution of the ¥. The oper-
ators that define ¥ via Eqgs. (5.7.5) are the same as those for the nonsinglet
part of deep inelastic scattering structure functions, cf. Sects. 4.5 and 4.6.
However, we have here an extra complication: because the matrix elements
are nondlagonal the total derivatives yield a nonzero contribution. Then, the
operators NA“1 Hn with 5 =0,...,n, given by

AL 41 n 7, 1 j
Nyt = glatt 9 d(0)y s D ... Du(0), (5.7.9)
mix under renormalization. They are thus renormalized by a matrix,
NA,’rL,j - Z Zn—i—l,j’NA,’rL,j’ . (5710&)
j/
For j = n, the Z,,4+1 , coincide with those calculated in Sect. 4.6:

2
(n+1)(n+2)

Zptin = {451(n +1)—-3-— } ; (5.7.10Db)
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(1-8)py (I-mp2 (1-9)py (1-n)p,

Fig. 5.7.4. The “hard” piece of the pion form factor, E*.

for j <n —1 we get, after a similar calculation,

2
2N, 2 P
Zpin i = - . 71
g 167T2CF{7”L+2 n—j} (5.7.10c)

To obtain the operators with definite behaviour as @2 — oo, we have to
diagonalize'® Z. Let S be the matrix that accomplishes this; we define the
A; as the transform of the A under S,

An(QQ) = i SnjAj(Q2)~ (5.7.11a)
j=0

Then the anomalous dimensions of the /1]- are given by the eigenvalues of
Z. But, because Z is triangular, it follows that its eigenvalues are simply its
diagonal elements. Therefore,

@) = lau@)]" AP,

Q2:oo

with A§O) constant.
To leading order, and since dyg(j + 1) > dnys(1l) = 0, we need retain
only one term in (5.7.11a), so that

An@) = SwA,

and we then find

PLU(E Q%) 1(0)
/Odgil_5 Qz%oAO > Sno.

The values of the S, are easily verified to be

n=0

Sno=1/(n+2) —1/(n+3). (5.7.11D)

8An alternative method uses properties of conformal invariance (Ferrara, Gatto
and Grillo, 1972).
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In addition, the value of /1(()0) is known in terms of the pion decay constant
fr (see the PCAC equation in Sect. 7.3, especially Egs. (7.3.1)):

(2m)*2(01d(0)7 y5u(0)|m(p)) = i V2fr,  fr 93 MeV.
Hence,
1
Ag = / dEw(€,Q%) = V2f,, independent of Q2.
0

From this,
AgO) = 6\/§fﬂ'7
so we finally obtain the result!®
127Cr f20s(—t)

F.(t) ~
( )Q2—>oc —t

(5.7.12)

dns(3) o a%6); even terms actually vanish due to

The corrections are O(«
charge conjugation invariance.

An important feature to notice is the following. The “hard” part of the
pion form factor appears to be infrared divergent (the term 1/(1 — &) in
Eq. (5.7.8)). However, for the leading order we are lucky, as this is canceled

by a zero of the wave functions. In fact, we have found that
[acreade ~ s0il.
which, given the values of the Sy, Eq. (5.7.11b), implies the behaviour
(& QY) - E0-OAT. (5.7.13)

With the pion form factor we are apparently in an ideal situation: both
behaviour and absolute normalization are predicted theoretically. There are,
unfortunately, a number of snags.

First of all, the perturbative corrections decrease slowly, only as 2.
Worse still, the convergence of the wave function to its asymptotic value,
(5.7.13), is also extremely slow. Isgur and Llewellyn Smith (1989) have care-
fully examined this issue and conclude that huge energies are necessary be-
fore (5.7.13) is approximated to some 90%); and the correction, though small
(10%), becomes much amplified by the divergence of the hard piece. Lastly,
if we evaluate the next twist (twist three) contributions (Espriu and Yun-
durdin, 1983) we find that the corresponding wave function diverges like

9Farrar and Jackson (1979); Brodsky, Frishman, Lepage and Sachrajda (1980);
Efremov and Radyushin (1980a, b), which we have followed. The same result
may be obtained using so-called light cone perturbation theory (Brodsky and
Lepage, 1980).
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ag 9m log(1—¢&), with d,, = 12/(33 —2ny), for € — 1. Thus a cut-off becomes
necessary and the corresponding contribution decreases only as 1/ t3/2.

It would appear that (5.7.12) only has an asymptotic value, as a quanti-
tative prediction, because the corrections are so out of control; and, indeed, if
employed at experimentally accessible values of Q2, say Q% < 10 GeV?, the
estimate (5.7.12) is merely qualitative; data lie well above it. However, the
situation is not as negative as this would sugggest: F; really decreases propor-
tional to 1/t and, what is more, it turns out that, with reasonable subasymp-
totic ¥ (&, Q?%), Eq. (5.7.8) gives good (albeit model dependent) quantitative
results, even at relatively low values of ¢.

As a matter of fact, there is another way in which we can test (5.7.8),
independently of the wave functions we use. Because the piece depending
on the ¥ in (5.7.8) is positive, it follows that the phase ¢ of the pion form
factor for ¢? = s timelike is that of as(—¢?)/(—¢?). Hence, we get the QCD
prediction for this phase, at leading twist and independently of the wave
functions,

1 2

We now test this formula. From the Omnes-Muskhelishvili analysis it follows
that the quadratic radius of the pion, (r2), is given in terms of § by

00 So

(r2) = (6/m) dsd(s)/s* =(6/x) dsé(s)/s* + (6/7) /00 dsd(s)/s>

2 2
4m?2 4m?2

(r2) cso + (T2) 550

see Yndurdin (2005) for details and references. We take sg = 2 to 3 GeV?
so that, for s < sg, the inelasticity in 77 scattering is small and we can
approximate d(s) =~ (5%1)(3), (5%1)(5) the P-wave phase shift in 77 scatter-
ing, which is very well known; see Sect. 7.11 in the present text. This gives
(r2) oo, = 0.35fm?. At large s > 5o we may use (5.7.14) and then find

s

(r2)s, = 0.10 fm?. Altogether, we get
(r2) = 0.45 = 0.005 (A) % 0.025 (so) fm?,

in excellent agreement with the experimental number (de Trocéniz and Yn-
durdin, 2005), (r2) = 0.432 + 0.006 fm?.

We may then use the example of the pion form factor to infer general
qualitative rules. To do so, consider the amplitude for an exclusive process.
We take it to be of the form

A= /@TI@,

where @ is the wave function of the bound state B, made out of n quarks,
& ~ (0|Tq1(x1) ... qn(2zn)|B); K is a hard kernel

K~ [0,(Q%)/Q4"
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N
J g |

Fig. 5.7.5. Gluon exchanges in the nucleon form factor.

the momentum has to be shared among the n constituents, so each time we
get a denominator ~ 1/Q? and we use two powers of the coupling, g. This
yields the counting rules of Brodsky and Farrar (1973). For example, for the
nucleon form factor (Fig. 5.7.5), one finds the celebrated dipole formula

Fy ~ [as(—t)*/t];

For fixed angle scattering of particles A, B into C, D with form factors Fa,
Fg. ..

do(A+B—-C+D ot
( o oW s )P o) 1(0),

dt 0 fixed

with f(0) an unknown function of the scattering angle. Further details and
references may be found in Brodsky and Lepage (1980). Many of these re-
sults have been made rigorous in terms of renormalization group analyses by
Duncan and Muller (1980b); see also the review of Duncan (1981).

5.8 Other Processes that can be Described
with Perturbative QCD

i Deep Inelastic Scattering on 7, K, v Targets

By looking at processes such as
ete” — (m, K, ) + hadrons,
we can deduce the properties of deep inelastic scattering on 7w, K, 7y targets,

~* + (m, K, v) — hadrons;
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(a)

(b)

Fig. 5.8.1. (a) Diagrams for deep inelastic scattering on 7w, K and photon
targets.  (b) Weiszacker—Williams scattering of v+.

see Fig. 5.8.1a. These processes present the peculiarity of the continuation of
the momentum of the v* to timelike values; apart from that, 7= of K targets
are similar (for deep inelastic scattering) to nucleon ones.

The situation is somewhat different for photon targets. The cross section

~* 4+~ — hadrons,

can be deduced, as stated, from ete~™ — v+ hadrons; it can also be obtained
by Weiszacker—Williams scattering,

ete” —efe + Y+ ,
N——"

L hadrons

as shown in the graph (b) in Fig. 5.8.1. This last process also provides infor-
mation on
v*(p?) + v (p3) — hadrons,

with one or both of the photons off shell. The process v*(p?) + v*(p3) —
hadrons was first calculated?® by Witten (1977a). His contention that it is

20Gee also Kingsley (1973) and Walsh and Zerwas (1973).
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calculable for x — 1 provided that one of the two momenta is [p;|* > A2
has, however, been shown to be incorrect (Fontannaz and Pilou, 1992; Gliick,
Reya and Vogt, 1992; Bliimlein and Vogt, 1998). Second order calculations
are due to Bardeen and Buras (1979), Glick, Reya and Vogt (1992) and
Laenen, Riemersma, Smith and van Neerven (1994). We refer to the last two
papers for a detailed analysis.

ii Strong Interaction Corrections to Weak and
Electromagnetic Decays of Hadrons

The methods employed to study QCD corrections to weak and electromag-
netic decays are not very different?' from those already encountered, so only
a brief review for weak decays will be presented here.

Broadly speaking, we can classify the decays into four categories. In the
first we have semileptonic decays of particles containing a heavy quark; typical
examples are D and B meson decays, such as

Dt — e™ + v+ hadrouns.

At the partonic level, the process proceeds via the diagram shown in
Fig. 5.8.2. QCD corrections are of three types. There are corrections that can
be incorporated into corrections to the wave function of the decaying particle,
or the hadron debris. Then there are corrections to the Wes coupling, and
gluon radiation. The last two can be combined to give an enhancement factor
essentially equal to that for 7 decay, 1 + 3Cra, /4.

Similar to these processes are inclusive electromagnetic decays, such as
B — ~ + hadrons. Details and references may be found in Altarelli et al.
(1982) and Altarelli (1983), for weak decays, and in the papers of Neubert
(1994) and Bigi, Shifman, Uraltsev and Vainshtein (1994) for electromagnetic
ones. Here, the kinematical constraints should be taken into account carefully,
since they affect the calculability of the process. We will not discuss this here
but refer to the existing literature: Bosch, Lange, Neubert and Paz (2004)
and Bauer and Manohar (2004).

A second type of processes that we consider are inclusive nonleptonic
decays of heavy particles. At the partonic level, and to lowest order in weak
interactions, we find the S-matrix amplitude for DT — hadrons, for example,

2
(1181) = 2)'6(Py = PYZE [ 4% Duvaalo) ST TEa(0) T O))
(5.8.1a)

21With the exception of complications caused by the bound nature of the decaying
quarks.
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d

il

v

e+

Fig. 5.8.2. Semileptonic decay of D7,

(see Fig. 5.8.3), where we neglect Cabibbo mixing and the contribution of
the annihilation channel, this last proportional to ms. We have defined

275 ap; (5.8.1b)

Topp = 47"

gw is the weak coupling?? and Dyy is the z-space W propagator. Dropping
quark masses as compared to the W mass, My, we can write

. d*k etk ) 1
Dwap(z) = —igas @nt 2 M2 1ga,@M—V2V5(x). (5.8.1¢)

It follows that we can replace the T-product of two currents in (5.8.1a)
by its short distance expansion. The leading terms will be of dimension six,
with the appropriate quantum numbers. There are four such operators:

Ni(0) = ¢ 5(0) 305 2 e(0)(0) -5 22d(0) = (ser) (),

N =3 g(oml_27%%(0)@(0)7@%%( ) o= (fer)(afdy),

—

N5(0) = (ater ) (5tdy).
(5.8.2a)
The last two may be written as combination of the first two by using the
identity (N, = 3 is the number of colours)

1
Z byt = [—Nc5u5jk + 0ikduj | 5

22(f. Sect. 4.3 for definitions concerning weak interactions.
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P2 i”z
d 7]
D" § w
C S
P1 P

Fig. 5.8.3. Nonleptonic decay of D*.

so that we find

IR _ _ 1, _
(@112 (@5104) = 3 | (0142)(G304) — 7 (D101) (G302)
(&
The operators N7 and No mix under renormalization; a set of operators that
do not mix, because they behave differently under flavour transformations,

are
Ni =3 (N1 £ Ny), (5.8.2b)

so we write, neglecting higher orders in x,

(f19a5TTua(@) T (0)]i) = C (FIN4(0)]i) + O (fIN-(0)]i). ~ (5.8.3a)

The Wilson coefficients, C = C4 (s, 112), equal unity in the free field theory;
112 is a reference momentum. For the record, we give another usual expression
for the N1 obtained by reordering;:

N.+1 _ 1- N
Ny = o D 5% QWSCu'y 275d:
c
1— 1— (5.8.3b)
:I:Ea::E'ya 27515“01170‘ Q’YStad:.

The effect of QCD corrections?® to leading order is to renormalize the
operators Ni. We will follow the custom in this area and define the Cy
including the renormalization constants of the N4, Z4. Therefore we obtain,
to leading order,

as(p?) 1™
Cy (o, p?) = [S . 5.8.4a
( s ) OZ;(M‘%V) ( )
We thus find a scaling of the weak interaction strength from where it is
defined, on the W propagator pole, to the reference momentum p? which

23Qaillard and Lee (1974a, b); Altarelli and Maiani (1974); Shifman, Vainshtein
and Zakharov (1977a, b).



Perturbative QCD, 11 245

we take to be of the order of magnitude of the mass squared of the decaying
particle; in our case /ﬂ ~ Mj%+. The d4 are, up to a factor 3y, the anomalous
dimensions of the operators Ni. A simple calculation gives
gy = —— 9Nz IWet D) (5.8.4b)
N.(11N,. — 2ny) N.(11N. — 2ny)
Further details may be found in the reports of Altarelli (1982, 1983).

A third class of process are exclusive semileptonic decays of heavy
mesons; for example, B — ev + (7 or p). Here one can resum certain classes
of diagrams (including Sudakov-type ones) and calculate the process in terms
of wave functions of the mesons. We will not discuss this here, but send the
reader to the paper of Akhoury, Sterman and Yao (1994) for details and
further references.

The fourth class of process consists of the decays K — mesons. The mass
of the kaon is mg ~ 1/2 GeV, and hence too low to apply perturbative QCD.
Here the philosophy is somewhat different. One calculates as before; but, in-
stead of evaluating QCD corrections at u? = m?%, one takes a reference value,
say p3 ~ 1 GeV?, sufficiently high for perturbative QCD to be applicable.
And then one hopes that the value so obtained for the decay amplitude does
not change much between this 2 and the u? ~ m3. where the process really
takes place. At times, this is refined by the use of SVZ sum rule methods for
the extrapolation, or inclusion of low energy estimates from chiral dynam-
ics. An enormous amount of work has been done on these processes, from
the pioneering evaluations that helped to pin down the predictions for the
¢ quark mass2* to more recent studies, in particular in connection with the
AT = 1/2 rule; the reviews of Gaillard (1978), Altarelli (1982, 1983), Pich
and de Rafael (1991) and de Rafael (1995) may be consulted for this. Here we
will leave the subject, remarking only that, generally speaking, the results are
quantitatively good when the second order QCD corrections are small; and
fall short of experiment when large coefficients appear in the perturbative
expansion: not a surprising situation.?®

24Glashow, Tliopoulos and Maiani (1970); Caillard and Lee (1974a,b).

Z5Perturbative QCD is not really appropriate to obtain results on kaon physics;
more hopeful are lattice calculations. A recent review of these is that of Giusti
(2004).



6 Hadrons as Bound States of Quarks

“You boil it in sawdust: you salt it in glue:
You condense it with locusts and tape:
Still keeping one principal object in view —
To preserve its symmetrical shape”
LEWIS CARROLL, 1897

6.1 Generalities. The Quark Model of Hadrons

As stated at the very beginning of this text, the first evidence in the direction
of QCD came from the quark model of hadrons; that is to say, from the fact
that hadrons can be classified as colour singlet bound states qq’, gq¢’q”. These
states, including radial and angular excitations, do indeed accommodate the
vast majority of the hundreds of hadrons known today (see the Particle Data
Group tables;! there are only a few dubious cases, and two or three hadrons
that can be interpreted as being made mostly of gluons, called glueballs). Not
only this, but some of the quantitative properties of these hadrons, in particu-
lar mass differences, were roughly understood in simple potential models well
before the advent of QCD. In the present chapter we will review the situation,
of course (whenever possible) within the context of the fullfledged theory of
quark and gluon interactions. From this point of view, it is convenient to split
the subject into three broad areas.

First of all, we have the lowest-lying bound states éc and, especially, bb.
Here a Coulombic approximation is valid to first order, and we may estimate
with it various quantities. In general we have, besides the QCD parameter A
and the confinement radius R ~ A~!, two more scales: the size of the bound
state, which for heavy quarks and the ground state or lowest lying ones is of
the order of the equivalent to the Bohr radius, a ~ 1/mCprag; and the in-
verse of the binding energy, T, ~ 1/mC%a?; note that Bg ~ $mC%a? (more
precise formulas will be given later). In the case of the lowest lying ¢c and
bb bound states, we have a < R, so we may neglect confinement as a first
approximation, and treat its effects as a perturbation; furthermore, radiative
corrections, which involve as(B%), are small and we can evaluate the poten-
tial using perturbation theory. Finally, the average velocity of the quarks,
proportional to a/T, ~ Cras, is small, so the nonrelativistic approximation
may be used, with eventual inclusion of relativistic effects as first order cor-
rections. Under these circumstances we have what may be described as an
ab initio, rigorous QCD evaluation of the properties of the corresponding
quarkonium states; the quality of the approximations being estimated from

! Eidelman et al. (2004).
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the size of the higher order effects calculated — radiative, nonperturbative
and relativistic.

The second type of situation occurs for excited bound states of heavy
quarks. Here the velocity is small (in fact, even smaller than in the previous
case) but the perturbative calculations are of little use: not only are the ra-
diative corrections large, involving as(B%/n?) for the nth excited state; but
the system, with a size of order na, extends to the confinement radius R.
Because of this, and although the interaction can be described in terms of
a potential in the nonrelativistic limit (as results from general properties of
Galilean invariance), the derivation of this potential involves nonperturba-
tive evaluations which entail assumptions that are more or less reasonable,
but unfortunately not unique. All calculations produce a Coulomb-type po-
tential at short distances, plus a linear potential at long distances; but the
corrections to both are somewhat less clear. In spite of this, it is possible to
present a reasonable description of these states, hiding one’s ignorance in a
few phenomenological terms.

The third type of situation arises when we have bound states involving
light quarks. Here, and except for a few general results that may be obtained
for states involving one heavy quark using effective field theories,? we are
in a difficult situation. The light quarks move ultra-relativistically inside the
hadrons; so a potential picture is not appropriate. To study these states rig-
orously, we would have to perform a full nonperturbative calculation, as in
lattice QCD. Alternatively, one may invent phenomenological models incor-
porating features suggested by QCD. One such model is the constituent quark
model. Here one assumes that the net effect of having the quarks traveling
in a sea of gluons and light ¢qg pairs inside the hadron can be approximated
by giving light quarks an effective, constituent mass common to all of them,
o =~ 330 MeV. A potential is then used, possessing the features suggested
by the study of the heavy quarks case.

Another type of models are bag models: one keeps quarks massless, but
confines them in a sphere with radius of the order of the confinement radius,
R. Needless to say, both constituent and bag models present striking successes
together with serious drawbacks.

Glueballs are a case apart. Because the experimental situation is unclear,
and the theoretical understanding of these objects so poor, we will not discuss
them here, although something will be said about glueballs in the chapter
dedicated to lattice QCD.

2 See Sect. 3.10 here and the reviews of Lepage and Thacker (1988) and Grinstein
(1991).
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6.2 Pole Masses and the Schrédinger Equation.
Corrections

i Confinement. Pole Mass. Relation with the MS Mass

We will, in this and the next sections, consider bound states of heavy quarks,
specifically gq (quarkonium), under the assumption that its characteristic
sizes, a and T}, are much smaller® than the confinement radius R ~ A~1; we
are thus in the situation depicted in Fig. 6.2.1. Under these circumstances it
would appear that the fact that quarks are confined should have little influ-
ence on their motion. Otherwise stated, although the forces between quarks
grow with the distance between them (something that we will make plausi-
ble in Sect. 6.4 and Chap. 9) this growth is only supposed to be important
for distances r ~ R and should have little bearing on bound states with an
average size a < R.

Actually, for no quark states among those observed does one really have
a, T, < R by a wide margin; this only occurs clearly for the lowest states
of toponium. For bb in the ground state the inequality is reasonably fulfilled;
for éc in the ground state and for the first radial excitations of bb we are
on the borderline. Only detailed calculation can then tell for which states,
and for which observables, is the approximation of neglecting confinement
(or at least treating it as a small perturbation) actually valid; but we will in
this and the next section assume validity of the approximation, leaving the
detailed evaluations for Sects. 6.3, 4.

Fig. 6.2.1. The confinement region, and the region of motion of the gq
pair.

3 The condition Tq_1 < A is equivalent to B > A, with B the binding energy.
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According to this we will, as a first approximation, take the limit R —
00, i.e., neglect confinement altogether. We can therefore treat quarks as if
they could become free particles, and in particular as if asymptotic quark
states could exist. To make these assumptions more quantitative, we should
consider the corrections to our approximation. Obviously, these will be of the
order of 1/R ~ A to some power; thus, in particular, they cannot be seen
in perturbation theory because A ~ e~27/80%  One should look for these
corrections in the appearance of nonperturbative effects which, as we shall see,
can be parametrized in terms of contributions of the condensates to binding
energies and wave functions. Not surprisingly, the leading contribution will
be given by the gluon condensate and in fact will turn out to be proportional
to a*{asG?), a being the average size of the state. The approximation of
neglecting confinement will be reasonable when these corrections are small.

If one neglects confinement, a concept that becomes useful is that of what
is called the on-shell, or, more appropriately, pole mass, mP°, of quarks
(Coquereaux, 1981; Tarrach, 1981). We define it as the location of the pole of
the quark propagator, in perturbation theory, and thus through the equation

SpH(p =mPee) =0, (6.2.1)

where the label P in Sp emphasizes that it is to be evaluated to a finite order
in perturbation theory.

This mass may be easily related to the MS mass. To one loop, and working
in the Landau gauge to get rid of the inessential wave function renormaliza-
tion, we have, for the bare propagator, the expression reported in Sect. 3.1
with £ = 1:

Sp(p) = 52 = 7 Crt* S o) =

Zp(p) =(p —m)A+mBp,

with
1 1
= 167T2{ — 1—/0 dz (1 - 2z) log [zm® — 2(1 — z)p”]
1
2 2 x .
—(r ‘m>/0 d“””mxp}
and
1 ! xm? — x(1 — z)p?
Bp=-——14 —3N.+142 [ dz(1+2)1
D 167T2{ + +/O z (1 +x)log y

1
2 2 x
—(p —m)/0 dme—wpz}'
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In the MS scheme,

Siis

wn
=
|
=.
|
3|~
)
=
=-
3
Q
!
e}
o
2
0
S
=-
\

2us(p) = —m)A + mByg,

—_

am? —x(1 - x)p (6.2.2a)

B—

1
WS = g2 1+2/ dz (1 +z)log

0 Z

1
2 2 x

(Being finite in this gauge, A is independent of the scheme of renormalization
so its value is as before). For the propagator in terms of the pole mass, on
the other hand, we have to determine the counterterm by requiring (6.2.1)
and thus the condition Bpele(p = mP°¢) = 0 so that

i 1 i
Spole(p) :]é — mpole - }6 — mCngzpole(p)¢ — ma
EPOIE (p) = (ﬁ - m)A + meolea
1 ! am? — z(1 — z)p? 6.2.9b
Bpole = 167T2{2/0 dx (1 -‘1-33) log 22 ( -4- )

1
2 2 £
— - dex ——— ;.
(» m)/o me—:szQ}

One then requires equality of Syrg and Spole. Writing
mpPole — m(y2) {1 4 Cm%} ,
™

expanding to second order and comparing (6.2.2a, b) we find (Coquereaux,
1981; Tarrach, 1981)

Cr ! x2m?

In particular, for v2 = m?2,

mpole _ m(m2) {1 + Crag } )
™

To three loops, and writing simply m = mP°, we have

mzm(mz){l+W+(K—20F) {%(77?)]24-63 [%(WmZ)r}

(6.2.3a)
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where, denoting by ny the number of quark flavours with mass less than or
equal to m,

K :K0+nila (%) :
i=1

Ko = gn*log2+ {gm* — 5C3) + 5F — (fg7° + 145) s
~17.15 — 1.04ny,

with
A =4 [3n%p— 357+,
The full expression for K may be found in Gray, Broadhurst, Grafe and

Schilcher (1990), to whom the two loop calculation is due. Likewise, the
exact expression for cs,

c3 ~ 190.39 — 26.655n + 0.6927n7 (6.2.3c)

may be seen in the original papers of Chetyrkin and Steinhauser (2000),
Melnikov and van Ritbergen (2000).

ii The Schréodinger Equation. Ladders

To any order in perturbation theory, the S-matrix for gq scattering is free of
bound state poles. However, bound states may be generated from perturba-
tion theory using any of the methods to be described presently, and which
are equivalent among themselves. We will work in the nonrelativistic (NR)
limit; later on relativistic corrections will be evaluated. Radiative corrections
will also be considered at a later stage.

In the NR limit one can show quite generally that Galilean invariance
implies that the interaction between particles can be implemented by a po-
tential which is local (i.e., depending only on the relative distance?), that we
denote by V(r), with r the relative coordinate of § and g. The energy levels
and wave functions may then be found by solving the Schrédinger equation

{2m + %A + V(T)} U(r) = E¥(r); (6.2.4)

note that for the gg system the reduced mass is myeq = m/2.

The form of the potential may be found using the following trick. In the
NR limit, V'(r) is given by the Fourier transform of the transition amplitude
evaluated in the Born approximation:

1

e dPre*PPIY(r), (6.2.5)

TR (0 — p) =

* We neglect spin for the time being.
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where p, p’ are the initial and final momenta in the center of mass reference
system. On the other hand, the NR amplitude, Tyg may be calculated as
the nonrelativistic limit of the relativistic scattering amplitude, F'. With the
normalization used in this text (Appendix G),

TNg™ = lim

o Fpi4p2— ¥ b
mlarge 4y/p1op20PoPao
formally the NR limit is equivalent to taking the limit of infinite quark masses,
keeping the three-momenta fixed. One can thus calculate the Born approxi-
mation to F, FB°™ using the familiar Feynman rules (actually at tree level)
for gq scattering, take the NR limit and hence obtain T}\g,%“. From it, by
inverting (6.2.5) one finds V', and solving then (6.2.4) we get the energy
spectrum and wave functions.

An interesting point to clear is that the results that one obtains for
energy levels and wave functions are gauge independent (in the case of the
wave function, for the modulus, which is measurable). It is true that, in
general, F' and hence TE%“ and a fortiori V are gauge dependent; but the
(time dependent) Schrédinger equation

i%@(r, t) = {Qm + %A + V(r)} U(r,t)

(6.2.6)

is gauge invariant: the alteration of V' due to a change of gauge may be
compensated by a change in the phase of the wave function. We fix the gauge
by requiring

V(ir) — 0, (6.2.7)

T™—00

and no vector potential for static colour charges.

Note that (6.2.7) is less harmless than it looks at first sight. In fact, and

because of confinement, one can only require

Vir) TgRO,
so we always have a nonperturbative indeterminacy of a constant. One can fix
it so that, as R — oo, the leading nonperturbative correction to observables
such as energy levels is that given by the condensates, i.e., that there is no
renormalon of order A?; see Sect. 10.2ii.

In QED, because one can renormalize on the mass shell for photons as
well as for electrons, the procedure described above to find the potential
would be exact: radiative corrections do indeed vanish in the strict NR limit.
In QCD one can only obtain the static potential in a power series in the
coupling. The way this works is most clearly seen in the second method for
getting static properties, to which we now turn. We will discuss it first in QED
to show clearly the mechanism at hand; then we will extend the results, with
due modifications, to QCD.
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Consider the QED analogue of quarkonium, viz., positronium. The in-
teraction Hamiltonian is now

Hing = e/d?’x D (@) v, AN (2)(z) (6.2.8)

if we quantize the theory in a covariant gauge. However, in the Coulomb
gauge we have to add to this an extra piece,’

R U T

int x -yl

As is easily seen, this corresponds to an instantaneous Coulomb interaction.
It appears because, in the Coulomb gauge, the scalar potential is not an
independent variable, and it has to be expressed in terms of the :

e -I-
Ao(z) = E/d?’y W (6.2.10)

and then (6.2.9) corresponds precisely to the longitudinal piece of the electric
field contribution to the radiation Hamiltonian,

%/d?’rglz,

with &; the longitudinal part of the electric field.
The photon propagator in this gauge is, in p-space,

1 kM v kO kv O,u+k;t Ov k2 Op ,0v
{_g,w_ L By 9%) k*g’g

Délc:ul.(k) = 52 K2 K2 k2

(6.2.11)
Now, this propagator has the important property of vanishing in the static
limit; formally as the fermion’s mass, m, goes to infinity. To show this, let us
take it between physical electron-positron states with momenta p, p’ so that
k = p—p'; the more general situation can be reduced to this with some effort.
Of the terms in (6.2.11), those proportional to k* or k¥ give zero contribution
because of current conservation. The terms with g or v different from zero
give, when contracted with the spinors, terms proportional to the velocity of
the particles, thus vanishing in the static limit. Finally, the remaining term

with p = v = 0 is equivalent to
D%%ul eq&i“ i {_gOO - k2900900} = ;1 kjv (6212)

: 2 k2 k2 k2

and this vanishes in the static limit because

2 12
P —P
ko:po—paz\/m2+p2*\/m2+p,22%7m N

5 See, e.g., Bjorken and Drell (1965), Sect. 15.2.
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B

Fig. 6.2.2. Ladder giving bound states in the NR approximation.

which indeed goes to zero as m — oo.

In view of this, we find that the piece of the interaction that involves
A* Eq. (6.2.8), will give a vanishing contribution in the NR limit, and the
whole of the S-matrix for ete™ scattering will be obtained with the static
interaction (6.2.9): in diagrammatic language, by the sum of a ladder like
that in Fig. 6.2.2 with the rungs replaced by the instantaneous interaction
(6.2.9). This may be summed easily, in the NR limit; not surprisingly, we
obtain the familiar nonrelativistic Coulombic amplitude, which is the same
as the result that we could have found by solving the Schrodinger equation
with the Coulomb potential.

An important remark is that we need not go through a Coulomb gauge,
for actual calculations. In fact, in a covariant gauge (say, the Fermi—Feynman
one) the propagator is

o ) _g/u/

D" (k) =i 7 (6.2.13)
Apart from “gauge terms” (the terms proportional to k¥, k¥ that may be
neglected due to gauge invariance) the difference between this and (6.2.11) is

op ,Ov
K2

The inverse Fourier transform of this is precisely the Coulomb potential and,

as was to be expected, reproduces the effect of the term (6.2.9) in the Coulomb

gauge. We can therefore calculate in a covariant gauge, which simplifies the
job enormously, especially for QCD.

Dg¥ (k) — D (k) = +7 + gauge terms.
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_ P Aoii'y
P2s Ay, 15 .

P1, Aq, i o
b P, Ay

Fig. 6.2.3. Tree level (Born) scattering of gq.

iii The Static Potential; Radiative Corrections

The calculation of bound states in QCD requires extra refinements for the
following reason. Due to the non-Abelian character of the interaction, the
expressions equivalent to both (6.2.9) and (6.2.10) involve higher order inter-
actions. The separation of the interaction into an instantaneous part equiv-
alent to a simple Coulombic potential, and an interaction that involves a
propagator that vanishes in the static limit is therefore less straightforward:
the potential must include, even in the static limit, radiative corrections.
Nevertheless, the equivalence of sums of ladders and solving the Schrédinger
equation suggests the strategy to follow, which for the moment we only de-
scribe for the static limit, m — oo. Consider the scattering amplitude for
slowly moving quarks, say a gq pair, that we expand in powers of as:

F=a,FO 4+ a2FD 4 o3F® 4 ..., (6.2.14)

the superscript in F(") indicates the number of loops. So, a,F(? is given
by the tree diagram of Fig. 6.2.3, and o2 F (1) involves the one loop radiative
corrections, some of which are shown in Fig. 6.2.4.

In the strict nonrelativistic limit, we invert the Fourier transform and
find the static potential,

Vitat (1) = s U (r) + 20D (7)) + SUPD (1) + - - (6.2.15)

One then solves the Schrodinger equation to increasing orders with the po-
tential

N
VA = a, Za?U(").
0
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Fig. 6.2.4. Some diagrams for one loop corrections to gq scattering.

Fig. 6.2.5. Infinite ladders at both sides of the kernel F' in gq scattering.

At each order, and to avoid double counting, one has to subtract the iteration
of the lowest orders. This is equivalent to a rearrangement of the (infinite)
perturbative series in which one evaluates a kernel for gq scattering, given by
(6.2.14) to a fixed order,

N
FN = 0,3 alEO),
0

and then adds to it infinite ladders at both ends of the external legs, as
in Fig. 6.2.5. Note that this is valid in the nonrelativistic limit; otherwise,
crossed diagrams have to be included in the ladder to ensure gauge invariance.
Fortunately, we do not have this problem, as only lowest order relativistic
corrections, to tree level, will be considered.

A totally equivalent method for calculating bound states based on the
Bethe-Salpeter equation may be found in Itzykson and Zuber (1980); but by
far the simplest and more powerful method is that devised by Pineda and
Soto (1998), to which we now turn.
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iv The pNRQCD Method

A systematic study of bound states of heavy quarks can be made using a
variant of the effective, nonrelativistic QCD theory (NRQCD) that we have
developed in Sect. 3.10. As shown there, we obtain this theory by integrating
the heavy degrees of freedom, associated with the mass of the heavy quark,
which we denote by m. However, in quarkonium systems we have two other
large mass scales: mv, where v is the average velocity of the quarks, v ~ Crag,
and muv?, associated to the energy splitting. If we integrate not only the scale
m, but also mv, we get potential NRQCD, or pNRQCD for short. When
this second integration is made, the effective Lagrangian will contain soft
gluon fields in a multipole expansion, and the potential, or quasi-potential,
interactions between quarks arise as matching coefficients. pNRQCD provides
an interpretation of the potentials that appear in a Schrédinger-like equation
in terms of effective field theories. But not only this, pNRQCD still has
ultrasoft gluons as dynamical degrees of freedom, and so it can also describe
nonpotential effects. In spite of the interest of the method we will not develop
it here, but refer to the very readable original papers: Pineda and Soto (1998)
and, especially, Brambilla, Pineda, Soto and Vairo (2000).

6.3 Relativistic, Radiative and Nonperturbative
Corrections to Heavy Quarkonium.
Evaluation of Lowest Lying ¢c and bb States

i Coulomb Potential and Relativistic Corrections

Let us consider for definiteness a state g;g;, with 4, j colour indices. The
evaluations we are going to make can be extended to states with different
flavours, to quark-quark states or to states of three quarks without excessive
effort; we refer to the pertinent literature for the details.® At tree level the
scattering amplitude, with the conventions of Fig. 6.2.3, is

F(Q(plv)\lail) + Q(an)‘QaiQ) _>q(p/17A,171/1) + (j(p/% l2a7“/2))
= Ztmz ; “472 a(py, )" U(p1,>\1) k2 0(p2, A2)Y"v(ph, AS)

2
= thgzg i’ 11 A 2 (pllaA )7 U(p1,)\1) k‘ (p27>‘, )’Y U(p27>\2)

(6.3.1)

5 See e.g., Gupta and Radford (1981); Brambilla, Consoli and Prosperi (1994).
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As already remarked, the amplitude with nonrelativistic normalization, T g,
is connected to F' by

1
TNR = %F (632&)
4/ Pp1op1oP20P20
and, including spin now, TR is related to the potential by
1 .
TR = — 1 | dre* I QDT )V ENO)xe),  (6.3.20)

472

with the x two-component Pauli spinors, and the potential V' (r) is a matrix
in spin space. In the strict static limit, as we will see, this matrix is diagonal
and V only depends on r = |r|, but already the lowest relativistic corrections
introduce a dependence on spin and angular momentum, and on the angular
components of r.

We will take the nonrelativistic limit, including the lowest order relativis-
tic corrections. For this, we write

2 4
Y arnc SUNAIIS S
2m  8m3
P (6.3.3a)
2 _ _ 2 k2 ~ _k2 ;
k* = (p1o — p20) +
e (1 - p?/4m?)x(\)
1 1 —p=/4m=)x
——u(p, \) ~ . (6.3.3b)
v2po (1/2m)pox ()

In the static limit, we neglect all but the first terms in (6.3.3) and find

_ 2
TR = Y it OO ) s xOnx ()

stat.
a

_92
_ § : a 4a
= tigiétiiil(sAlAiéA?A/zm’
a

so, as announced, the transition amplitude and thus the potential are spin-
independent.

For the colour algebra it is convenient to decompose the colour represen-
tation of the gq state, 3 ® 3, into a singlet S and an octet, 8 state. After a
simple calculation using formulas from Appendix C, we find

Cp, singlet, S,
ta /t s > 1
E : G205 1711

octet, 8.
Inverting the Fourier transform we therefore find the Coulombic potentials
in the static limit:
OFOés
r

b
2N, 6’

‘/;(t(;)‘c (r)=— (singlet) (6.3.4a)
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and © o
8(0
Viar (1) = WSJ (octet). (6.3.4Db)
We will find uses for the octet potential later on; for the moment, we remark
that a physical bound state of gq is necessarily singlet, so (6.3.4a) applies.
Let us now pause to solve what will be our zero order approximation,
viz., the Schrodinger equation with the potential (6.3.4a)

HOZD, (v)

-1
(mn4-A-—C¥a3>@ﬁ%4r)=1%®wﬁ@(ﬂ. (6.3.5)
m T

This is a standard hydrogen-like problem and we have, also with standard

notation,

CZa?
P (6.3.6)

E©Q) — 9y, - ZF"s
" T 2

7 (r) =Y (0,0) RO (1),

nl

l
RO 2 (n—1—1) <21"> oo /nap (214H1) <2r) ; (6.3.7)

ni (1) = n2q3/2 (n+1)! na n=l=1\ pg
Lflzflll)l are the Laguerre polynomials and a the analogue of the Bohr radius,
2
a= .
mCrog

Relativistic corrections of first order are evaluated keeping an extra term
in (6.3.3). They are identical to those for positronium” and we only give the
result for the singlet states. We write

VO () = VO (r) + 1) (6.3.8)

rel”

where the superscript zero indicates that the potential is still obtained from
the tree level (zero loop) amplitude. The relativistic corrections, which are to
be treated as first order perturbations to the unperturbed equation (6.3.5),
are
0 0 0 0 0
Vl(,r)el = ‘/S(l ) + ‘/t(en)s + VL(,S) + Vh(f )7 (639&)

7 See standard textbooks on relativistic quantum mechanics: Akhiezer and Berestet-
skii (1963); Berestetskii, Lifshitz and Pitaevskii (1971); Yndurdin (1996).
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where the various pieces, spin-independent (in which we also include the
correction to the kinetic energy), tensor, spin-orbit and hyperfine, are

(0) _ 1 2 Cpas 1
Vi = 4m3A + m?2 rA’
Cras 1
Vtgl)s: 4Fa2 3912,
3(9" 7"1 (6.3.9b)
(0) FOs
Vis om? 3
0 47TCF045
Vi) =55 S%0(r)

Here L is the orbital angular momentum operator, S the total spin operator,
and Sis the tensor operator:

) S 2r;r;
L=-irxV, S=-—+--2 SlQ:QZ( Tz2] _5ij> SiS;.
ij

2

The Pauli matrices o, act on spinor x(As), a = 1, 2.

The operator r~'A in (6.3.9b) is not well defined, as 7~ and A do not
commute. We refer to the quoted literature for a general treatment of it;
in the present text we will only consider diagonal matrix elements of r~tA

between states Wfl(l)])w for which the problem does not matter. In fact, one can

write
CF Qg }

A—m{H(O)2m+
r

and, acting on the right or left on the er(:l)gw, one can thus replace

r T

so r~'A and Ar~! will produce the same result.

Another peculiarity of (6.3.9b), for whose detailed explanation we again
refer to the quoted literature, is that one has to take the expectation values
of the terms containing LS and Si2 to be zero between states with angular
momentum equal to zero, because their angular average vanishes, and this in
spite of the singularity of the factor 1/r® at the origin.

It is important to be aware of the size of the relativistic corrections.
They are proportional to the squared velocities of the quarks, k?/m?2. In the
Coulombic approximation, the average value of this quantity is

CFOés 2
2n )

(k?/m?) 1 = ( (6.3.10)
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Therefore, relativistic corrections are of relative order 2. In fact, for e.g. the
spin-independent energy levels, one gets the shifts

E7(10) _ ET(LO) + bre1 B, (6.3.11)
where

5re1Enl = <‘/s(10) >7Ll

_ Cpag 2l+1—4n 2 1 3 (6.3.12)
 m2a3 2L+ 1)nt mB3at [ (20 +1)nt  8nd

Besides this, relativistic corrections induce LS, tensor and hyperfine split-
tings, obtained taking expectation values between unperturbed states. For
example, the hyperfine splittings are obtained evaluating <Vh(f0 )>n0. In the
particularly important case n = 1, we get the mass difference between states

T, np (or J/9, ne):

SCFOzS

My — M,, = ontl1o = <Vh(f0)>10 = 3midd

(6.3.13)

ii One and Two Loop Radiative Corrections to the Coulombic
Potential. Mixed Radiative-Relativistic Corrections

Before embarking on the discussion of the radiative corrections, we have to
consider the matter of the renormalization scheme. Because we want to use
the Schrédinger equation, and we are for the moment neglecting confinement,
we will renormalize the mass in the on-shell scheme; that is to say, throughout
the following equations m will represent the pole mass. However, we renor-
malize the coupling constant, the wave function and so on, in the MS scheme.
We can recover the MS mass using the formulas of Sect. 6.2.

We consider first the spin-independent corrections, that is to say, correc-
tions for states where the spins of the quarks compose to total spin s = 0. To
one loop we have the radiative corrections to the static potential that can be
written, in p-space

V(r)= ()" / d*ke™ V (k),
and to one loop as (Fischler, 1977; Billoire, 1980)
oWy ACraZ(p?) [ Bo, K|
Vi (k)= — T ke *710g7+al )

- 310A — QOTan
N 36 '

(6.3.14a)

ay
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Here and in what follows, ny will denote the number of flavours lighter than

m. i is the renormalization point. If we now add the two loop correction we
find

() ey 1@ ey ACPaZ (1) as
V00477 (1) = -2 8 (a4 022

[0 <0150+581)as] +/62a5 Qk},
™ H

2
6.3.14b
as :%{ [4136423 + 47 2 *7T4 + %C(?’)] 02 ( )
5

175 |58 (3)] O T,
— [%—16C( )} CFTan+400T }

The coefficient ag was evaluated by Peter (1997). This calculation was then
repeated by Schroder (1999), who in particular checked the value of all the
pieces in Peter’s evaluation, correcting an error in one of them (the term
7:4m2C3). Schréder’s result is given in (6.3.14b), and it has later been verified
by Kniehl et al. (2005), who also calculated the two loop corrections to the
octet potential.

For the same order of accuracy as two loop static corrections, we have to
consider one loop, semi-relativistic O(|k|) corrections. They are (Titard and
Yndurdin, 1994)

N b2 Cras

‘/s.rcl(k) = ﬁa
(6.3.14c¢)

Cp—2C4y

b= A

We have to add (6.3.14), transform to z-space and include the spin indepen-
dent part of the relativistic corrections given in (6.3.9).® When adding the
Fourier transforms of (6.3.14) it is convenient to separate the pieces propor-
tional to 1/r: these can be combined with the Coulombic potential (6.3.4a)
to form a Hamiltonian that can be solved exactly, and which can be taken as
the basis for perturbation theory. We thus write

H=H®O + H,, (6.3.15)

8 The Fourier transforms of the various terms may be easily evaluated with the
help of the table in the Appendix of Titard and Ynduréin (1994). Note that there
are misprints in this Appendix in the Fourier transform of some spin-dependent
terms; they are corrected in Brambilla and Vairo (2005).
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where HO is given by

~ 1 5 (12
O Z g 4 “ta - CrOWD) (6.3.16a)
m r
2
~ g
a,(u?) = as(u2){1 + (al + WQ%) %
) ) ) (6.3.16b)
Bl ™ 2 60 O
+ |:'VE <a1ﬁ0+8 tlptw)y Tl 5
and will be solved exactly. H; may be split as
Hl - ‘/trcc + Vl(L) + ‘G(L) + V(LL) -+ ‘/S.I‘Cl + ‘/h(fO) (6317&)
and ) o
- 2 FOs
‘/tree 4 3 A 2’[" A?
v _ —Crpfoos(p?)? logrpu
1 - 2 ’
m r
_ 3 2 1
) Cgas <alﬂo N % N 7E2ﬂo> 08 TH
i N " (6.3.17b)
V(LL) —CrByog log”ru
472 ro
C’Fblag
‘/s.rel = Wa
0 47TCFOzS
Vit = =55 s(s + 1) (x).

Here the running coupling constant has to be taken to three loops. Note
that, to the present level of accuracy, we have to include the (lowest order)
hyperfine interaction that produces energy splittings of order a?; s is the
combined spin of the gg pair, s = 0,1. Because we solve H©) exactly, we
redefine the analogue of the Bohr radius as
2

a = ﬁ

mCpas(p?)

The solution of the unperturbed Schrédinger equation,
HOW 0 = EOW, 0, (6.3.18)

is identical to (6.3.6) and (6.3.7) replacing oy — @&5. The remaining terms in

(6.3.17) are to be treated as first order perturbations to this, except for Vl(L)
for which second order corrections should be included. We find

C2a?
Bl =2m —m=l58 4 S0 B + 5(V212L)Enl. (6.3.19)
1%
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The superscript “P” in Efl is a reminder that we have only taken into account
effects generated by perturbation theory, and we have

W 5o 2 3 Crag 2l+1—4n 5
Viree 1 n4m3 a4 {2[ +1 8n m2 nt(2l+1)a3’ (6.3.20a)
W) o __BoCroi(p?) [ nap }
6V1(L)Enl = omnla log B) + ZZ)(TL +1+ 1) s (6320b)
CFC(L)a3 naju
5(1) ETL — _ 2 S |:1 l 1 j| .
. wata [Ty T D (6.3.20¢)
2
o$" =a1f0 + % + VEfO :
(1) _ CpBiad 5 NajL nap
5V<LL>Enl**m{1 g 7+21/)(n+l+1)log—
+Y(n+1+ 1)+ (n+1+1) (6.3.20d)
2N (n—1) "2 IQ2l+2+7)
O(n —1—2 }
+6n )I’(n—l-l-i-l) jz:;) jln—1-35-1)2
2
(1) Cragos 1
= . 6.3.20
Vorat =0 m  n3(2l+ 1)a? ( ¢)

The calculation of the second order contribution of Vl(L), denoted by 5$()L) E,
1

is nontrivial. We define
232 4
(2) _ CrB5a (n,0) (), MW 1. 5 Nap
5V1(L)Enl = _mm {NO + N; log > +1 log T} (6.3.20f)

and one has, for the lowest states,

NGO = %E ~ —0.288608,

1-2
NBO = 47’5 ~ —0.0386078,

5-6
NGY = 127’3 ~ 0.128059,

34 37E — w2 4 6((3
N0 343k T +6¢B) L 0111856,

(2,0) 5 YE ’7]25‘ 772
NG = — g5 = I+ IE - T 4 ¢(3) ~ 000608043,
5 2 11 2

NED = s 2UB L OB DT 3y 0 (,0314472.

432 12 4 36

The values of the coefficients Ni("’l) for ¢ = 0, 1, and arbitrary n, [, may be
found, together with the details of the calculation, in Pineda and Yndurdin
(1998).
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These formulas give the masses of the pseudoscalar states. To obtain
the masses of the vector states (1, 77, T; J/v, ¢’,...) one has to add the
hyperfine shift, at tree level,

(1) 8Cras

Oy Bt = 051010 (6.3.20g)

3n3m2a3’
Substituting the expression for a one can verify that these formulas produce
the energy spectrum correct up to and including order o effects.

The leading order a2 log o corrections are also known (cf. Brambilla,
Pineda, Soto and Vairo, 1999), and the same is true of the corrections due to
finite mass of the light quarks (that of the ¢ quark is the only nonnegligible
one for bottomium); see Hoang (2000) and Brambilla, Sumino and Vairo
(2002). For the 10 state these effects produce the energy shifts

: a’log ag
Sastoga, B1o = —m [Cp + 3C4] C’%%;
6.3.20h)
3Tra, m2 (
5cmassE10 = F2s 7; my
my

(for the first, we have renormalized at u = 2/a).

For the spin-dependent potential and energy shifts, the radiative correc-
tions have been evaluated by Buchmiiller, Ng and Tye (1981) and, especially,
by Gupta and Radford (1981); see also Titard and Yndurdin (1994), where
the formulas are checked and collected in detail. For e.g. the hyperfine split-
ting, we have the potential

0 1) 4nCral(p?)
Vit + W = s
Bo /1 1
x {5(r) +1%5 (%regr?, + (log u)5(r)> (6.3.21)
11 o
+ byed(r) — 2 (Mregr?, + (log m)é(r)) ] 7T}v
11C, —9Ck

bue = 3(1 —2log2)Tp — 2Tpny = s

The function reg 72 is defined by its integral with any ¢. In n dimensions,

/d”rtp(r) regrin = lim {/d”r @(r)% - A(me)w(o)} ;

orn/2 (1
A == {Z+log?
(n,€) F(n/2){€+ 0g 2 +
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iii Nonperturbative Corrections

In all the preceding evaluations we have neglected nonperturbative correc-
tions which, we believe, are responsible, among other effects, for the confine-
ment of quarks. We will now take them into account, to lowest order. These
nonperturbative corrections, to be denoted by NP from now on, are relativis-
tic in that they are proportional to inverse powers of m. Nevertheless, the
coefficients are large and they turn out to be important even for lowest lying
bb states; indeed, it is (mainly) the size of nonperturbative corrections that
limits the validity of the present approach to quarkonium bound states.

We may understand the NP effects as being due to the complicated struc-
ture of the QCD vacuum, full of soft gluons and light quark-antiquark pairs.
It is not difficult to become convinced, following the methods to be described,
that for heavy quark bound states the contribution of quark condensates is
subleading, leading effects being provided by the gluon condensates.

A first approach to the effects of gluon condensates may be obtained by
considering the NP gluon propagator corrections to the scattering of a gq pair;
this is shown diagrammatically in Fig. 6.3.1. Among those diagrams there,
and because to leading order in relativistic corrections we have to take k — 0
(k being the momentum of the exchanged gluon) we will obtain contributions
that diverge every time a nonperturbative gluon is attached to a quark. In
fact, the quark propagator becomes, in the limit £ — 0,

. p+m
PZ—m2

The denominator here is different from zero only because, being bound, the
quarks are off-shell, so that this denominator is proportional to the binding
energy:

p? —m? ~ m2a?.
Therefore, the dominating diagrams will be those in which both nonpertur-
bative gluons are attached to the quarks.”

Under these circumstances, we may view the NP interactions as being
due to interactions of the quarks with a gluonic medium (the NP vacuum).
We will evaluate this following Leutwyler (1981) and Voloshin (1979, 1982).

For heavy quarks the region where they move, of order (k?)'/2 ~ a ~
2/mCras, is much smaller than 1/A. Therefore, we can assume that fluc-
tuations of the field strengths G¥, proportional to dG#", can be neglected,
as they will produce extra powers of m in the denominator (we will consider
size corrections in Sect. 6.4). So we may imagine that the quarks move in
a medium filled with nonzero, constant colour fields. Because of rotational
invariance we can take these fields to be random, i.e., we average over their

% We will show this later in an explicit calculation of the diagram where both non-
perturbative gluons are attached to the exchanged one. A more rigorous discussion
will be presented in Sect. 6.4, following the methods of Dosch and Simonov.
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g

Fig. 6.3.1. Diagrams for gluon condensate nonperturbative contributions to

qq scattering. The dots represent the vacuum

orientations. It is convenient to split GX¥ into a chromomagnetic piece, B,

and a chromoelectric one, £ = GY. Since the interaction of B, is propor-
tional to the velocity of the quarks, we can neglect it for the spin-independent
spectrum in the NR limit. Relativistic corrections, however, are important for
the spin-dependent splittings, which will involve B,; we will take them into
account later in Eq. (6.3.27).

The interaction Hamiltonian can now be written at once by analogy with
the usual electromagnetic case: we have

He = —ngt“Sa. (6.3.22)

Since we consider the fields £, to be oriented at random, only the second
order perturbation in He will be different from zero: apart from colour com-
plications, the problem is like the familiar one of the second order Stark effect.
To solve it we take the second order expectation value in the functions we
obtained solving the NR Coulombic Schrédinger equation (6.3.5), or, if we
want to be more precise, (6.3.18). We then find

1
5NPEnl = — <gpnlM, Hg]{(g)_-Ev’r(LO)ngnlM> . (6323)

There are a few points that we have to clarify regarding this equation. First
of all, since we average over directions, we may simplify the calculation by
taking the magnetic quantum number to vanish, M = 0. Secondly, we have
used in the denominator of (6.3.23) the octet Hamiltonian, H®) which, from
(6.3.4), is

1 1 «
H® = _——A ==,
m + 2N, r
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This happens because the perturbed state,

Helw) = —gr 3" 176, |),

is manifestly an octet one, as £, creates a gluon on top of the singlet |¥).
Next, we write the gluon radiation Hamiltonian as

1
Hrad:—/d3r (E24+ 8%,
8w

with sums over omitted colour indices understood. Its expectation value in
the physical vacuum should vanish, so we conclude

(vac] /d3r : % [vac) = —(vac| /d3r : B? : |vac).

Because we assume the field intensities to be constant, we may replace the
integrals by the volume times the integrands at = 0. Canceling then the
volume and recalling that G? = —2(€2 — B?), we find

(vac| : £2 1 [vac) = —X(vac| : G*(0) : |vac).
Finally, using Lorentz and colour invariance of the physical vacuum,

47ra55ij6ab
(D - 1)(NZ—1)

. Wéij(sab

2
54 (asG7).

g*(: EL(0)E(0) 1) =

(:EE:) =

With this, we return to (6.2.23) and get
1
N En = (W, [ 1) t9€,(0) | ————He (> t°&,(0) | @,
NP Lnl < l < ; ( )) HE®) —E,,(IO) 5< ; b( )> l>
m{asG? 1 Qg -t
:<B>Z<W7Llari (_mA+67’_ r(LO)> Wy >

(6.3.24)
To finish the calculation, we need to invert the operator (—m_lA + ag/ 6r).
For the simple case above, the method may be found in Schiff (1968); in more
complicated situations, see Titard and Yndurdin (1994). We may write the
final result as (Voloshin, 1979, 1982; Leutwyler, 1981)

menn®{a,G?)

onpEn = —
NpLiny =m (mCras)?

(6.3.25a)

The (complicated) explicit expression for the numbers €,;, of order unity,
may be found in Leutwyler (1981); for the lowest states,

624 1051 9929
€10 — 495 €20 — 663 €21 = 9945 (6325]3)
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As anticipated, the correction is relativistic in that it is of order 1/m?*;
but the coefficient is very large. The powers of a; and n can be understood
intuitively. Two come from the energy denominators, and four from the ex-
pectation value (r;r;), ~ n*/(mCras)?. The extra powers of a ! are due
to the energy denominator in the quark propagators (cf. Fig. 6.3.1). In this,
they are similar to the Bethe logarithm in the ordinary Lamb shift. The right
hand side of (6.3.25) thus grows as the sixth power of the radial quantum
number, n. It is in fact this very fast growth with n that leads to the break-
down of the method as soon as n exceeds, or in some cases even equals, the
value 2.

The NP corrections to the wave function may be obtained with the same
methods. For n =1, [ = 0, we have

J’lo(T) — [1 —+ 5NP (7‘)] Wlo(r)7 (6326&)
where the correction is
_ [2968 _ 104 2 52 1 4 > 2
ONP(r) = 125 ~ 425" ~ T27P ~ 225 }m4C’Fa ="
(6.3.26b)

In obtaining this, one has to take into account a subtle point concerning a
change in normalization, because the perturbed state contains a gluon. We
refer to Voloshin (1982) for the details. It turns out that the coefficient of the
correction is larger than for the energy shifts, both in powers of a; ! and of
n: the effects of confinement are more important for the wave function than
for the energy levels.

In the leading relativistic order, new nonperturbative interactions are
generated. They add to the dipole interaction (6.3.22) two terms:

g a g a
=== (Sxp) Y &t —(S1 - S2) Y Bt (6.3.27)

where the S; are the spin operators of each quark, and p = —iV acts on the
relative coordinate r. They introduce spin dependent nonperturbative shifts;
their effects may be found in Titard and Yndurdin (1994).19

The effects of higher order condensates, or the radiative corrections to
the contribution of the gluon condensate, are not known. Some of the first,
nominally the more important (but renormalization may alter this), are eval-
uated in Pineda (1997b) to where we send for details. Among the second we
have the contribution of the diagrams where one (or two) nonperturbative
gluon is (are) attached to the exchanged gluon. For example, the diagram

With correction for one case by Pineda (1997a).
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in which both nonperturbative gluons are attached to the exchanged gluon
modify the propagator of the latter (in the Fermi—Feynman gauge) by

g g g™ 117 {a, G?)
2 2 k2 6kt

plus terms proportional to k*, kY. The corresponding alteration of the
Coulombic potential is, for gg systems,

2 ikr
_CFas o CFas . llcFas<aSG > /d3ke

T T 127 |k|6
_ Cray  117(a,G?) 3
T vV S
This produces energy shifts
117 (asG?) (s G?)
5propEnl - _TCFQS<T3>7LZ ~ m (CFas)27

as stated of higher order (a?) than the piece dnp En; of Eq. (6.3.25).

The shape of this piece raises two questions. First, would it also be pos-
sible to represent the NP corrections (6.3.25) by a potential? Secondly, what
is the connection with the confining potential?

As to the first, the answer is no. As shown by Leutwyler (1981), one
cannot obtain the shifts dnpFE,; from a local potential; although one can
get them (but only approximately) with a cubic potential proportional to
{asG?)r®. With regard to the second question, the NP corrections we have
discussed can be described as the short distance part of the confining forces,
very different from the long distance piece which, as we will see, grows as 7.

iv QCD Analysis of Lowest Lying éc and bb States

When comparing the ab initio calculations of quarkonium states of the pre-
vious subsections with experiment, we have two different situations. For the
energy of the bb states with n = 1, radiative corrections are small and so are
nonperturbative corrections. Thus we have reasonably accurate theoretical
calculations, which do not depend excessively on the renormalization point
w provided that it is not too far from its natural value, u ~ 2/a (see be-
low). The second type of situation occurs for the wave functions of states
other than toponium, for the energy levels of bottomium with n = 2, and for
the energy of the ground state of ¢c. Here radiative corrections and/or NP
corrections, while still smaller than the leading term, are not so by a wide
margin. The calculations are thus less reliable and depend much more on the
renormalization point p. The errors of the calculations are now large; but it
is still possible to get global agreement with experiment for the n = 2 system,
including tensor and LS splittings, at the price of taking the renormalization
point p as a free parameter, and fitting it.
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Let us first consider bb states with n = 1. Here one could take A, (asG2>
and my from other sources and then predict the mass of the 7" resonance; but
it is preferable to take My from experiment and then obtain a determination
of my: in principle at least, this should be the more precise approach because
it will be accurate including O(a?) corrections. Of course, we still have to
take A and (asG?) from other sources. Specifically, we will use the values

A(ng = 4, three loops) = 0.283 £ 0.035 GeV, (a,G?) = 0.06 +0.02 GeV?.

The central value of A corresponds to as(M2) = 0.117. We next choose
the renormalization point. From our calculations of radiative corrections we
see that in the argument of the logarithms the combination nau/2 appears
systematically, as is clear from Egs. (6.3.20). So we choose u = 2/na; for
n = 1 this gives pu? ~ 7 GeV?. Specializing (6.3.19) for n = 1, I = 0, adding
(6.3.20g) for the 1" state and also including the corrections (6.3.20h) as well
as the NP contribution (6.3.25), we find

my = 5022 4 58 MeV, 1y (m3) = 4286 + 36 MeV . (6.3.28)

To get an idea of the dependence of the result on p, we remark that even
varying p2 by a factor of two only produces a shift of less than a hundred MeV
in my: the resulting value of my is thus reasonably stable against variations
of the renormalization point.

The hyperfine splitting is obtained by adding to the tree level value
(6.3.13), with n = 1, the radiative correction stemming from the correction
(6.3.21) to the hyperfine potential and the NP correction given in (6.3.26).
Likewise, to obtain the rate for T — eTe™ we should include radiative ()
and NP (dnp) corrections to the wave function, as well as the one loop “hard”
radiative corrections already considered in Sect. 5.1, d;.4, calculated by Bar-
bieri, Gatto, Kégerler and Kunszt (1975).

For the hyperfine splitting we obtain the result

04 2 ~s 2\3
MT _ Mm, =m Fas(:u?))a (:LL ) [1 +6wf +6NP]2
0 ap ~ Q. (o, G?)
X{1+|:20<10g2—1>+%41(10gCF063+1)+bhf ?94—%#5[? )
(6.3.29)

So, the hyperfine splitting for bottomium is predicted to be
M) - M(n) =50=£15 MeV.

This result has been improved using the renormalization group by Kniehl et
al. (2004) to M(Y) — M(n) =394+ 10 MeV .

The situation is less satisfactory for the decay into eTe™ of quarkonia.
Here the two loop corrections are so large (Czarnecki and Melnikov, 1998)
that only for toponium is the calculation believable.
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As for the states with n = 2, the energy levels can be evaluated using
the values found for my, and taking now u = 1/a. However, since (as stated)
radiative and nonperturbative corrections are large, the results are very sen-
sitive to the value of u chosen. For this reason it is more profitable to fit u.
This is the procedure followed in Titard and Yndurdin (1994), from where
the following table for the mass splittings of the shown states is taken (see
also Brambilla and Vairo, 2005):

States Theory Experiment
2P, — 23 Py 21 + 7 21 £ 1 MeV
2P, —23P, 29 +£ 9 32 £ 2 MeV
235, — 23P 181 + 60 123 £ 1 MeV
238, — 139, 428 + 105 563 + 0.4 MeV
2P —2'p 1.5 + 1 -

Here we use standard spectroscopic notation; the common, fitted value of p
is 1 ~ 1 GeV, and the errors are those generated by the errors in A, (a;G?)
given above.
For the cc state, only the calculation of the mass of the J/1 particle, or
equivalently m,, is reliable. One finds
me = 1866715 MeV, m.(m?) = 15427157 MeV .

c

The calculation of bound states bé can be made along lines similar to the
ones used here (Brambilla and Vairo, 2000).

6.4 Higher Excited ¢c and bb States. Confinement Forces.
Effective Potentials

As we have shown in the previous section, the nonperturbative corrections
to the energy levels and wave functions grow very quickly for large n, thus
making the approach followed there useless for excited states; certainly when
n > 2 for bb, and for all observables except the ground state energy for
cc. As noted by, for example, Campostrini, Di Giacomo and Olejnik (1986)
this growth can be traced to the fact that we have taken the correlators
(G (2)Gap(y)) as being independent of x — y, while (as we will see in
Chap. 9), they should decrease exponentially for large spacelike x — y.

In the nonrelativistic limit, which is the only case we will treat explicitly
in this section, we expect nonperturbative correlators to involve the chromo-
electric fields,

<925i($)5j (0))vacs
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with sum over omitted colour indices understood. On invariance grounds,
this quantity can be written with all generality as

(*E:(2)E1(0))yac = % {6ijA(ac) + z;z; 0D, (ZCQ)} ,

9 5 5 5 (6.4.1)
A(x) =D(x*) + D1(2*) + 2Dy (x).

In the approximation of neglecting the z-dependence of the correlator, only
the piece %(LjA(O) survives and it can be related to the gluon condensate,

A(0) = 27 {a,G?). (6.4.2)

This suggests that one could rederive both the Leutwyler—Voloshin approxi-
mation for small n as well as a potential valid for large n, taking into account
in particular (6.4.1), keeping the z-dependence. This forms the basis of the so-
called stochastic vacuum model, developed by Dosch and Simonov,'! which
we will review briefly in this section.

Before starting with the discusson, however, we want to remark that the
Dosch—Simonov approach is not the only one available. In some other papers
the method used is to input a long distance potential (namely, the linear
potential that, as we will see in Sect. 9.4 is suggested by lattice QCD) and
derive from it the effective potential, including relativistic and spin correc-
tions. This method can be found in Eichten and Feinberg (1981) and, more
recently, Brambilla, Consoli and Prosperi (1994), from where the relevant
literature may be traced. We prefer however the Dosch—Simonov approach
because here the linear potential at long distances is deduced and, moreover,
the ensuing short distance nonperturbative potential agrees qualitatively with
what one would expect from renormalon considerations.

Let us start by considering the Green’s function G for a quark and an
antiquark to move from x;, y1 respectively, at time ¢ = 0, to x2, ¥2 after the
long period of time, T. We will consider the static limit and hence take

X1 —y1| >~ [x2 — y2| @ R,

with R < T'. The quarks will be treated nonrelativistically and in first quan-
tization so that, in particular, we will neglect quark loops; but the gluons
will be second-quantized. In the path integral formalism we may write G as
(recall Sect. 1.3)

. T
G(x1, 71322, J2) = (X2, ¥ale T H|x1, 31) :N/dZdZ /DBGIIO dtL,

(6.4.3)
where we integrate over the trajectories z, z of quark and antiquark. NN is a
normalization constant, and the (integrated) Lagrangian L is the sum of the

"Dosch (1987); Simonov (1988, 1989b); Dosch and Simonov (1988); Bertmann,
Dosch and Kramer (1989). See also Simonov, Titard and Yndurdin (1995).
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nonrelativistic kinetic energies for the quarks, the nonrelativistic quark-gluon
interaction and the gluon radiation integrated Lagrangians:

L= Lkin + Lint + Lrad;

1 .9 1. 22
Lkin = §mz + §mz N

Liny = ‘/d?’wg]“(’w)B“(w) = g(BO(z) — Bo(g))7 (644)

Lyna = i / dw G%(w).

We assume the gq to be in a singlet state, and do not write colour factors
explicitly. The second expression for Ly, in Eq. (6.4.4) above was obtained
using the expression of the current for static quarks,

" (w) = g"° [6(w — z) — 5(w — 2)].

The stochastic vacuum model may be formulated as follows. We work in
the background field formalism and thus write

B[L = AH + Qﬁu, (645)

where the background field ¢ is fixed so that it reproduces the nonperturba-
tive gluon correlator. Specifically, we require

(: GA#V(f)Gcﬁaﬁ(O) Dvac =0,
( Guu(7)Gap(0) vac = (Gopuv ()G ap(0))vacs

where G 4 is constructed with A, and G¢ with ¢. Because of these equalities
it follows that the VEV constructed with the field A vanishes:

<: GA/AV(m)GAaﬂ(O) :>vac =0. (647)

Let us consider the so-called Wilson loop, defined as

(6.4.6)

W (C(R,T)) = / DBet s {LimtLea} (6.4.8)

with C(R,T) the contour limited by the trajectories of the quarks. It can be
shown that the (static) potential V(R) is related to the Wilson loop by the
equation'?
W (C(R,T)) = (Constant) x exp (iTV(R)). (6.4.9)
We now expand W in powers of the background field ¢,. Odd powers
vanish, so that we have

W=Wy+Wy+---. (6.4.10)

2Both the Wilson loop and its connection with the potential are described in more
detail later in this text, in Sect. 9.5.
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In the first term only A,, appears, and its VEV is zero. We can than apply
ordinary perturbation theory to it, so that

Wo = /DA{1+(ig!>2 /OT dt /OT at' (Ao(2) — Ao(2)) (Ao(=') — Ag(1)

T
+~~}><exp/ dr L%, +---.
0

After a simple evaluation it is seen that we can identify this with the expan-
sion of the 00 component of the gluon propagator and thus, to order g2, we
find the Coulombic potential, —Cras /7.

The interesting piece is W5 in (6.4.10). At very short distances it provides
the leading nonperturbative corrections because, on dimensional grounds, it
is clear that higher order terms Wy, ... would involve higher dimensional
condensates, which are thus suppressed by inverse powers of the quark mass.
In the stochastic vacuum model one assumes that this dominance also holds at
long distances. That is to say, in this model we approximate W by Wy + Ws.
The form of the potential that W5 implies may be found by the trick of
considering it as a perturbation on the Coulombic potential, and calculating
the energy shifts §E,,; that this induces. Note that this does not mean that
we suppose W5 to be small; the expansion is purely formal. The details of
the calculation, which is somewhat involved technically, in particular because
of the non-Abelian character of the interaction, may be found in the quoted
paper of Simonov, Titard and Yndurdin (1995). One finds

d3pdp ~ ip(B—1)r
§E, = %/ (%)40 /dﬁ/dﬁ’A(p)/d?’Q (nl|r;e'P(P=2)r|8; k)
J
NS S
E,(CS) — E7(*LO) + po

(8; k|r3eip(6_%)r, |n, 1)

(6.4.11)
where the |nl) are the states which are solution of the singlet Coulombic
Hamiltonian,

2
{_IA _ OFO‘S} nl) = EOnl), EO = _m@7
m T 4n

and the |8;k) those of the octet one:
1 Qg (8)
——A+ —|8k)=E;"|8 k).
{sa+ 2 - P
A(p) is the Fourier transform of A(x),

Alp) = /d4xeip'xA(x). (6.4.12)
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Equation (6.4.11) is our basic equation. The function A(z) can, on di-
mensional grounds, be written as

Alw) = f (T) |

where the quantity 7, has dimensions of time (or length) and may be inter-
preted as a correlation time/length. We now have two well-defined regimes.*3
For very heavy quarks and small n, we have

T,' < |EY).

We may then approximate A(z) by A(0); hence A(p) = 2764(p)(sG?) and
(6.4.11) becomes

(nl|r;|8; k) (8; k|r;|nl
5Enl _ 7T< d3k Z n |7' |8 8 |T "n‘ >
. EY - B

(o G2> 1
== Z(n”riiH(g) G ri|nl).

This is identical to the expression (6.3.24) that we found with the Leutwyler—
Voloshin model which is thus rigorously justified.

The opposite regime holds when, even for heavy quarks (so that the
nonrelativistic approximation is still justified) we have

(6.4.13)

T, ' > |EY).

In this case the velocity tends to zero, the nonlocality of the interaction tends
to zero as compared to the quark rotation period, which in the Coulombic
approximation would be T, = 1/ |E,(LO)|, and the interaction may therefore
be described by a local potential. In fact, considering Eq. (6.4.11), it now
turns out that we can neglect both EYY) and the kinetic energy term in E,(Cs)
(indeed, all of it) as compared to pg. Then one gets

d*pdpo Y ip(B—1)r s ip(f—1)r'
= (nl|U(r)[nl),
131n actual quarkonium states, none of the regimes to be described is fully operative;

the first regime would be certainly applicable with very good approximation only
for toponium with n up to n = 4.



278 Chapter 6

where the local potential U is'*

U(r) = 36{27‘/ d/\/ dv D(v? — A2
/d)\)\/ dv [-2D(v )\2)+D1(u2—)\2)]}.

This is the nonperturbative potential that follows from the stochastic vacuum
model, so that the full effective nonrelativistic potential is

(6.4.14)

Vi) = - Z5% L),

r

Radiative corrections can be included for the Coulombic piece.
U(r) has a number of desirable properties. As Eq. (6.4.14) shows, one
has

U(r) ~ Kr+ constant, K = 2/ d)\/ dv D(v? — )\?).  (6.4.15)
T—00

Therefore a linear potential at long distances is a consequence of the model.

For small distances, (6.4.14) gives

o0
U(r) =~ r2/ dv {D(v*) + D1 (v*)} + constant. (6.4.16)
- 0

This is the behaviour also suggested on the basis of renormalon calculations,
as we will discuss in Sect. 10.2ii. To be precise, however, we should add a
few extra words specifying further the region of validity of the last equation.
Eq. (6.4.16) is only valid in the regime Tg_1 > |E7(,O)|. That is to say, strictly
speaking, (6.4.16) is only valid in an intermediate region in which r is small,
but the state is located, on the average, at a large distance of the center of
mass.

An equation such as (6.4.14) still does not fix the potential; to obtain
it further approximations have to be made. In particular, one has to assume
a functional form for A(x). An exponential one is usually chosen, mostly
because of its simplicity. Thus Campostrini, Di Giacomo and Olejnik (1986)
take 3(2r)T-1

~ s

A(p) = W(%G2>-
A fit to the bb and éc with the ensuing potential, including spin and relativis-
tic corrections, but not radiative ones, has been carried out successfully by

1Our derivation of these formulas is not rigorous. A rigorous derivation would
require us to make the calculations in Euclidean QCD, to be described in detail
in Sects. 9.1 ff, and go back to Minkowski space at the end.
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Badalian and Yurov (1990), who were able in particular to predict correctly
the P-wave hyperfine splitting in quarkonium dn¢E(P) as

~1.76 < 6 E(P) < 0.32 MeV

(the allowed range here is induced by variation of the parameters inside their
accepted domains), against the experimental figure of

SueE(P) = —0.9 £ 0.23 MeV

(Armstrong et al., 1992).

An alternative method of calculation is based on postulating a specific
long distance behaviour for the confining forces and evaluating the relativistic,
and at least partially, short distance corrections, by various methods. For
example, we may write the propagator for a fictitious scalar particle such
that its NR limit agrees with Kr. The inverse Fourier transform of this will
be ~ 1/(k?)?2, so we may postulate the relativistic propagator 1/(k?)2. Then,
the standard analysis of retardation effects (Akhiezer and Berestetskii, 1963)
applied to this propagator produces the potential®®

K 1
U (x) = Krm+{3mnwm+ <rv%l><r78fm>}. (6.4.17)

This potential is to be used in a two-particle Dirac equation acting on wave
functions ¥4, 4, with two Dirac indices A1, As; the gamma matrices v/ act on
the index A,. The last terms in (6.4.17) are relativistic corrections; they will
produce fine and hyperfine splittings (in addition to the Coulombic ones)
and even an alteration of the Coulomb static interaction. For example, to
lowest order in the relativistic corrections the term %K Y1792 gives a
perturbation, to be used with nonrelativistic wave functions, of

K K 0
TT’Y?’YI’}/S’Y2 — 74 {4’FA + 45 + -

(6.4.18)
4 4r

1 r3
- SL — 30102 -3 (ro1)(ros) — 30102 .

In some of the analyses, radiative corrections are included (Gupta, Rad-
ford and Repko, 1982; Pantaleone, Tye and Ng, 1986; Halzen, Olson, Ols-
son and Stong, 1993). Generally speaking, the agreement between theory
and experiment is good for the spin-independent splittings, and less so for
the spin-dependent ones, particularly tensor splittings. This probably implies
that the models include genuine features of the nonperturbative potentials,
but the fact that approximations are made shows up more in quantities that
are sensitive to relativistic effects.

5Buchmiiller (1982). See also Eichten and Feinberg (1981) and Brambilla, Consoli
and Prosperi (1994) for more refined derivations.
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6.5 The Constituent Quark Model

In the previous sections we have shown how one can use QCD to obtain
reliable calculations of static hadronic quantities. In some cases (particularly
in the last section) reasonable, but unproven assumptions were needed to
obtain results; but even in these cases, rigorous QCD formed the backbone of
the methods. In this and the following section, the situation will be somewhat
reversed. We will make assumptions, some of which are actually incompatible
with some features of QCD (notably chiral invariance) but which may, under
certain circumstances, imitate a real situation, and we will supplement these
assumptions with features borrowed from QCD. The ensuing models, the
bag models to be discussed in next section, and the constituent quark model
which is the object of the present one, although not tremendously reliable,
allow us to get a handle on otherwise intractable areas of hadron physics,
providing an understanding of some of its features.

We first discuss the constituent quark model. Here, we assume that the
fact that quarks inside hadrons move through a medium made up of gluons
and quark-antiquark pairs can, under certain circumstances, be represented
by adscribing an effective mass, called the constituent mass, even to light
quarks; a qualitative way to implement this will be discussed in Sect. 9.5iii.
As stated, this mass represents the inertia acquired by quarks due to their
having to drag in their motion the gluon-quark soup; so we expect it to be
universal, and to add to the mechanical mass, which is the one that appears
in the Lagrangian. Concentrating on light quarks, we then assume masses

my (const) = my, + po,  mg(const) = mg + po, Mms(const) = mg + po,
(6.5.1)
where
1o ~ (A, (@a)?, (oz56'2>1/4) ~ 330 MeV . (6.5.2)

In these formulas we take the mechanical masses my renormalized at 1 GeV.

Equations (6.5.1) break chiral invariance, and therefore pions and kaons
(in particular) will be very poorly described by the constituent quark model:
for these particles we have to use other methods (see Chap. 7). But one can
use the constituent quark model to describe with success other hadrons (p,
K* %, A, nucleons, A,...). In fact, and as already noted, most of the evidence
in favour of the quark picture of hadrons was gathered by considerations of
such models and the extension to include QCD features ranks among the first
successes of the theory (Appelquist and Politzer, 1975; De Ruijula, Georgi and
Glashow, 1975; see Hey and Kelly, 1983, for a review and references).

To implement the interactions among quarks, we introduce two poten-
tials: a confining potential, linear in r,

Uconf(r) = /\7', A~ K, (653)
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and a Coulombic-type interaction,

/{2

Ucow(r) = _T (6.5.4a)

together with corresponding QCD-type hyperfine interactions. For quarks
with indices ¢, j, we take

1
Unyp(r) = =K Y —— “titjoi0;, (6.5.4b)
i

i#] a

and t;, o; act on the wave function of quark . k2 may be connected with the
running coupling at, say, the reference momentum of 1 GeV:

K2 ~ Cras(l GeV2).

Because the model is in any case not terribly precise, one at times replaces
the linear potential by a quadratic potential, which can be solved explicitly.

The model provides quantitatively correct predictions, to within some
20%, for the bulk of the masses of the particles, the magnetic moments of
the baryons and —a triumph of the QCD inspired interaction (6.5.4b)— an
explanation of the sign and size of the mass splittings of the nucleons and
A resonance, and even of that between A and 3. The wave functions at the
origin, as measured experimentally in, for example, the ete™ decays of p, w
and ¢, are also well reproduced.

These successes should not hide the shortcomings. As already stated,
pions and kaons are very poorly described. Worse, for some particles the
velocities of the quarks are above the velocity of light. Finally, the status
of the tensor and L-S couplings is unclear. We leave the model here; the
interested reader may consult, besides the articles already quoted, the papers
of Isgur and Karl (1979), Close and Dalitz (1981) and the monographs of
Flamm and Schoberl (1981) and Alvarez-Estrada et al. (1986).

6.6 Bag Models

i Introduction. Bogoliubov’s Model

As we know, the strength of the interaction among quarks and gluons de-
creases at short distance, while at long distance it will grow to the point that
confinement is produced. These features are reproduced, albeit in a gross
manner, by bag models.'6

6Chodos et al. (1974); Chodos, Jaffe, Johnson and Thorn (1974). See Johnson
(1975), Hasenfratz and Kuti (1978) and Alvarez-Estrada et al. (1986) for reviews.
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In these models the hadron is envisaged as a bag, i.e., a spherical well
of radius R ~ A~! with infinitely high walls, assumed to contain the quarks
(and gluons) that make up the hadron. The model is certainly crude, but it
has the important property of being solvable and it thus affords a method to
obtain, without great difficulty, estimates of quantities such as bound state
energies or wave functions of light quarks, that cannot be easily obtained by
other methods. By comparison with the constituent model of the previous
section, the bag model wins in that it allows us to consider states made up
of massless quarks: it is surely worth devoting some time to it.

It should, however, be borne in mind that the bag model presents serious
drawbacks. An important one is that the introduction of a fixed hadron radius
R violates chiral invariance; thus we expect, and it so happens, that the bag
model will poorly describe pions and kaons. Another drawback is that the
vacuum inside the bag is empty, in which it differs radically from the real
vacuum inside hadrons, chock full of gluons and the light quark-antiquark sea.
Thus, one can perform a bag model calculation of, say, nonsinglet structure
functions, as in the work of Jaffe and Ross (1980); but singlet ones are beyond
the reach of the model.

We start by considering what may be called a quantum mechanical bag
(as opposed to a field-theoretic, or MIT, bag), first discussed by Bogoliubov
(1967). In this approach we consider a fermion in a potential, U(r),

0, r<R,
U(r) = {UO’ "> R (6.6.1)

Later, we will let vg — co. We will assume the potential to be scalar, because
of indications from lattice evaluations, as well as from the potential calcu-
lations of previous sections, and also to avoid the Klein paradox. The Dirac
equation in this potential is solved as follows.!” The Dirac equation may be
written as

i%@(r,t) = (—ivYV + my) ¥(r,t) = E¥(r,t). (6.6.2)
We then form the spherical harmonics with spin, ), by composing ordinary
spherical harmonics Y}, (6, $) with Pauli spinors x(s3) corresponding to the
third component of spin s3. If (I, M; £, s3]j) are the Clebsch-Gordan coeffi-
cients corresponding to coupling of angular momentum ! and spin /2 to total
angular momentum j, then

VEO,0) = Y (1, M; 5, sl + Y0, 0)x(s3). (6.6.3a)
A=M+s3

"More details of this solution may be found in standard textbooks: Greiner, Miiller
and Rafelski (1985); Yndurain (1996).
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We then form the wave functions, in the Pauli realization of the gamma
matrices (with 7o = diag(1,1,—1,—1))

j fre(MYST(0, ¢ - Y,
w7 = (SO D) = (TR 0,
gl-‘-(r)y)\ ( a¢) ( )y)\ ( a¢)
(6.6.3b)
In both cases j =1+ 1/2 and f, g are scalar functions. Substituting into the
time independent Dirac equation, and after simple manipulations, we obtain
two coupled scalar equations for the f, g

0 1

i (mgn + ;gn + :%) + m.fn + U(r)fl'@ = Efm
; ! (6.6.4)

. K

1 (afn + 7fli - fn) —mgx + U(r)gm = Egm
T T T

Here m is the mass of the quark, x = w(j + 1/2), w = + and we have
introduced the notations, to be used interchangeably,
frGer2) < fir, 1=7—1/2,
foGyip) © fie, 1=7-1/2,
and identical ones for the g. In terms of the f, g, the normalization is given
by
(3 |y = 5jj'5w5ww'/ dre? (f*f' +9%9). (6.6.5)
0
The bound state solutions to (6.6.4) are easily found. Because the po-

tential is constant they are like free waves. We distinguish two regions. For
r < R, we have exactly free waves,

g+ (1) = m_ikEfl+1,+(7“)7 fi(r) = Ny gi(kr); (6.6
gi—(r) = mCQ+Efz 1,-(r),  fiu(r) = N_jiz1(kr),

where
k=vVE?2—m? 1=j-1/2, k==x(+1/2);

the N1 are normalization constants and the j; spherical Bessel functions:

() = [ ae) = (- (jx) sins,
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For 7 > R, we define k = \/(m + v9)2 — E2. Equations (6.6.4) with
U = vy are formally equal to the free ones if we replace m by m + vy, but
now we have to impose the condition of decrease at infinity. Thus,

—ik

g+(r) = —5————= fis1,+(r),
me +£° +E (6.6.7)
1
gi-(r) = mﬁfl,f(r),

with

fl+ \/ Kl+1/2 kT
fiu(r) ="y 2rkKl+3/2(k r).

Here K is the Bessel function of the second kind, given by

T2 1d\"e®
Kunpo() = (57) I+1<x¢J e

Explicit formulas for the ¢g;+ can be found by using the differentiation prop-
erties for ky(z) = (1/22)Y?K,,11/2(2),

Ba(@) = Tha(2)  kna(2).

Matching f(r), 0f(r)/Or at r = R, one finds the constants N, C, C’ and
the energy values. For the simple case of the S wave, [ = 0, the quantization
condition is

tan kR = —k/k, (6.6.8)

quite analogous to the nonrelativistic one. In the limit vy — oo, and if we
neglect the mass of the particles (a case of practical interest for bound states
of light quarks, u,d), the quantization condition becomes k,R = nm, n =
1,2,..., so we find the energies

E, =nnR™ ' (6.6.9)

This reproduces qualitatively the corresponding hadronic spectrum, with the
already noted exception of the 7, K. Quantitatively, we have to take R ~
1.7fm to get F; ~ 370 GeV and then the correct masses for a two quark
system such as the p, or a three quark one (the p, n). The model as it stands
does not, of course, feature fine or hyperfine splittings which have to be
introduced with extra interactions like (6.5.4b). The value of R is of the right
order of magnitude, albeit on the largish side. The mean radius of a hadron
would be (r) ~ 3R/4 ~ 1.28fm, to be compared with the size of nucleons
from e.g. nuclear physics, Ry ~ 0.6 fm.
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ii The MIT Bag

We will only give the briefest of descriptions; the interested reader may find
details in the reviews of Johnson (1975) and Alvarez-Estrada et al. (1986).

The MIT bag may be described as ordinary QCD plus the boundary
condition that no quark current or energy-momentum may leave a prescribed
bag, which simulates nonperturbative (confinement) effects. Let n,(z) be a
spacelike vector orthogonal to the sphere |x| = R (the bag). We cannot
postulate the condition ¢(z) = 0 for |x| = R for the quark fields, as this
is incompatible with the Dirac equation for free quarks, i@ ¢(x) = mqg(z). A
condition which is compatible is

i q;(x) = qj(z), |x[=R, allj, (6.6.10)

where j is a colour index and (6.6.10) is assumed to be valid for all flavours,
g. This is sufficient to ensure that the flow of any current qj’y“q;-, vanishes on
the sphere |x| = R, and hence no colour or flavour leaves the bag. The proof
is elementary: on one hand, on the surface of the bag, nq;v,¢}; = ¢ q; =
7iljjq§/; on the other, and in the same region,

f

3. = (%q)T%q} = (—ig;)' 04 = iq;q};

hence n“(jjvuq;-/ = 0 on the bag surface, as desired. A similar condition,
involving an adjustable parameter (the bag pressure) ensures no energy-
momentum flow.

The condition (6.6.10) is incompatible with chiral invariance, even for
massless quarks.'® Moreover, introduction of ordinary QCD interactions and
a bag confinement certainly leads to double counting, as QCD is supposed
to be confining by itself. One should not neglect the insights gained by the
study of the field-theoretic (MIT) bag, but the the above problems justify
our leaving its detailed study to specialized articles.

81t has been proposed to at least partially repair this by introducing an elementary
pion field outside the bag, and defined to be zero inside the bag. This is the so-
called “little bag”, which has enjoyed some success, particularly in the realm of
nuclear physics. We refer the reader to the original papers: Brown, Rho and Vento
(1979); Vento et al., (1980).



7 Light Quarks; PCAC;
Chiral Dynamics;
the QCD Vacuum

“If the Lord Almighty had consulted me before embarking upon creation,
| should have recommended something simpler”

ALPHONSE X “The Wise” (1211-1284), King of Castile and Ledn,

on having the Ptolemaic system of epicycles explained to him

7.1 Mass Terms and Invariances: Chiral Invariance

In this section we will consider quarks with masses m < A, to be referred to
as light quarks. Because the only dimensional parameter intrinsic to QCD is,
we believe, A, we may expect that to some approximation we may neglect the
masses of such quarks, which will yield only contributions® of order m?/A2.

To study this system, we retake the discussion of Sect. 2.8. Consider the
QCD Lagrangian,

L=— Zml(jlql + iZq’JDql — %(D x B)? 4+ gauge fixing + ghost terms.
=1 1=1
(7.1.1)
The sum runs only over light quarks; the presence of heavy quarks will be
essentially irrelevant for what follows and consequently we neglect them. We
may then split the quark fields into left-handed and right-handed components:

I—7 1475

qu, qr, =4+, = D)

@ =4qL1 T 4qr1; QL1 =q-1 = qi-

In terms of these, the quark part of the Lagrangian may be written as

n n
L=- Z my (qrqr. + driqr) + iz (GraPar. + araPary) + -+
=1 =1

L 1t is, of course, unclear which is the meaningful parameter in this respect. One
could take A or Ag defined by as(Ao) & 1. From considerations of chiral dynamics
(see later), it would appear that the scale for smallness of quark masses is 47 fr ~
1 GeV, where f. is the pion decay constant; but even if we accept this, it is
not obvious at which scale the mass m has to be computed. We will see that
My, Mq ~ 41010 MeV so there is little doubt that u, d quarks should be classed
as “light” with any reasonable definition; but the situation is less definite for the
s quark, with a mass ms ~ 150 MeV.
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We then consider the set of transformations W+ in U (n) x Ur(n) (left-
handed times right-handed, or chiral transformations) given by the indepen-
dent transformations of the gr i, qr:

qri— > Wihqre, qui— > Wypqre; W unitary, (7.1.2)
14 14

Clearly, the only term in £ that is not invariant under all the transformations
(7.1.2) is the mass term,

n n
M=>"mga =Y mi(qriqr + qrigri) - (7.1.3)
1=1 1=1

When written in this form, the mass term is invariant under the set of
transformations [U(1)]", .
q—%q, (7.1.4)

but this would not have been the case if we had allowed for nondiagonal
terms in the mass matrix. To resolve this question of which are the general
invariance properties of a mass term, we will prove two theorems.?

THEOREM 1. Any general mass matrix can be written in the form (7.1.3)
by appropriate redefinition of the quark fields. Moreover, we may assume
that m > 0. Thus, (7.1.3) is actually the most general mass term possible.

For the proof we consider that the most general mass term compatible
with hermiticity is
M = {quiMuqry + GriMiqre} - (7.1.5)
w

Let us temporarily denote matrices in flavour space by putting a tilde under
them. If M is the matrix with components My, then the well-known polar
decomposition, valid for any matrix, allows us to write

M =mU,

where m is positive-semidefinite, so all its eigenvalues are > 0, and U is
unitary. Eq. (7.1.5) may then be cast in the form
M = Z {QL,lmll/qk,p + C}'R,zmlz’QL,l/} ) (Jﬁ?,,z = Z Uwqry,  (7.1.6)
124 L

and we have used the fact that m is Hermitian. Define ¢’ = g1, + ¢; because
drqr = qrqr, = 0, (7.1.6) becomes, in terms of ¢/,

M = Z (jl/m”/qf,.

2 The theorems are valid for any quark mass matrix, i.e., also including heavy
flavours.
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It then suffices to transform ¢’ by the matrix that diagonalizes m to obtain
(7.1.3) with positive m;. The term glPq in the Lagrangian is left invariant by
all these transformations, so the theorem is proved.

THEOREM 2. If all the m; are nonzero and different, then the only invari-
ance left is the [U(1)]™ of (7.1.4).

Let us consider the W1 of (7.1.2), and assume that W, =W_ =W, to
show that this must actually be the case is left as an exercise. The condition
of invariance of M yields the relation

WimW =m, ie, [mW]=0. (7.1.7)

It is known that any n x n diagonal matrix can be written as Zz;é cpmF
if, as occurs in our case, all the eigenvalues of m are different and nonzero.
Because of (7.1.7), it then follows that W commutes with all diagonal matri-
ces, and hence it must itself be diagonal: because it is also unitary, it consists
of diagonal phases, i.e., it may be written as a product of transformations
(7.1.4), as was to be proved. We leave it to the reader to check that the
conserved quantity corresponding to the U(1) that acts on flavour gy is the
corresponding flavour number.

In the preceding theorems, we have not worried whether the masses m
were bare, running or invariant masses. This is because, for QCD in the MS
scheme, the mass matrix becomes renormalized as a whole:

M=Z'M,,

where Z,, is a number. The proof of this last property is easy: all we have to
do is to repeat the analysis of Sects. 3.1, 2, 3 and 3.7, allowing for the matrix
character of M, Z,,. We find, for the divergent part and in an arbitrary
covariant gauge,

S%(p)=ﬁ_iM+ﬁ_IM{—[AF(iﬁ—M)Jr(ﬁ—M)ép]—cSM

2 2 :
g g 1

—(1-— — M)N, — + 3N, —M
(1=60 - M) 6OF167T2 SNeCr 1672~ }]5 -M’

and we have defined
M=M,+d6M, Zr=1-A4p.

The renormalization conditions then yield the relations

i 9
Ap'+Ap=—-(1- f)NeCF@

[4F7M]:Ov [M,(SM]:O,

2

g
M =3N.Cp-2—M.
OM =3NCr g

= diagonal,
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Thus, the set of fermion fields and the mass matrix get renormalized as a
whole:

2 2

Z7 =14+ (1-ONCp—L— 7, =1-3N.Cp-2— 1.
F +( f) ecF 167’(2’ Lm 3 eOF 167T2’ (7 8&)
ie.,

We have proved this to lowest order, but the renormalization group equations
guarantee the result to leading order in .

This result can be understood in yet another way. The invariance of £
under the transformations (7.1.4) implies that we may choose the countert-
erms to satisfy the same invariance, so the mass matrix will remain diagonal
after renormalization. In fact, this proof shows that in mass independent
renormalization schemes (such as the MS), Egs. (7.1.8b) actually hold to all
orders.

The results we have derived show that, if all the m; are different and
nonvanishing,® the only global symmetries of the Lagrangian are those as-
sociated with flavour conservation, (7.1.4). As stated above, however, under
certain conditions it may be a good approximation to neglect the m;. In
this case, all the transformations of Eq. (7.1.2) become symmetries of the
Lagrangian. The measure of the accuracy of the symmetry is given, for ex-
ample, by the divergences of the corresponding currents or, equivalently, the
conservation of the charges. This has been discussed in Sect. 2.8, and we now
present some extra details.

Let us parametrize the W as exp{(i/2) > 0,\*}, where the X are the
Gell-Mann matrices. (We consider the case n = 3; for n = 2, replace the A
by the o of Pauli.) We may denote by Uy (6) the operators that implement
(7.1.2):

1+ B i o 1+
U (6) 2’75 aUT'(0) = Z (e( /2)3 " 0aA >w T%QV' (7.1.9)
l/

For infinitesimal 6, we write the Uy (6) in terms of the chiral generators (or
charges) L%,

Us(0) ~1— %ZGQLCL, )t = s,
so that (7.1.9) yields

o a 147
L4, qea(@)] = = Migey(z), qei= 5 > qr. (7.1.10)
l/

3 As seems to be the case in nature. As we will see, one finds 17q /1 ~ 2, s /Mg ~
20, My ~ 5 MeV.
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Because the U leave the interaction part of the Lagrangian invariant, and
since QCD is a free field theory at zero distance, we may solve (7.1.10) using
free-field commutation relations. The result is

LS (t) =: /d3xzqtl(x)’yo)\fl,qi,l/(m) o t=a" (7.1.11)
uw
These will be recognized as the charges corresponding to the currents
a ~ a L 1 :i: 75
JH(x) = qu(x)/\”q* 5 (x):. (7.1.12)

i

If the symmetry is exact, we will have 9, J{" = 0, and a standard calculation
shows that the L9 (¢) are actually independent of ¢. Otherwise, we have to
define equal time transformations and modify (7.1.9, 10) writing, for example,
equal time commutation relations,

[LL(t), quu(x)] = — Z Nyqe (), t=a". (7.1.13)
l/
The set of transformations

U0 =exp { -5 Y108

builds up the group of chiral transformations generated by the currents
(7.1.12). In our case we find the chiral SUS(3) x SUL (3) group. Its gen-
erators may be rearranged in terms of the set of vector and axial currents
Viii(x), Al (z) introduced in Sect. 2.8. (Actually, not all diagonal elements
are in SU(3) x SUL (3), but they are in the group U (3) x Ux(3).) An
important subgroup of SU (3) x SU (3) is that generated by the vector
currents, which is simply the flavour SU(3) of Gell-Mann and Ne’eman.

The exactness of the symmetries is related to the time independence of
the charges L4, which in turn is linked to the divergence of the currents.
These divergences are proportional to differences of masses, m; — m; for the
vector, and sums m; + my for the axial currents* (cf. Eq. (2.8.5)). Thus, we
conjecture that SUr(3) will be good to the extent that |m; — my|? < A?
and chiral SU} (3) x SUL (3) to the extent that m; < A. In the real world, it
appears that mass differences are of the same order as the masses themselves,
so we expect chiral symmetries to be almost as good as flavour symmetries.
This seems to be the case experimentally.’?

4 The diagonal axial currents have peculiar extra terms in the divergence that we
will discuss in detail in coming sections.

5 Chiral dynamics is a subject in itself, to which we will return at the end of
the present Chapter. Here we only touch upon some of its aspects, which omits
many important applications. The interested reader may consult, for classical
applications, the review of Pagels (1975) and the excellent text of Georgi (1984);
for a more modern treatment, the basic paper of Gasser and Leutwyler (1984)
and the reviews of Pich (1995) and Ecker (1995).
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7.2 Wigner—Weyl and Nambu—Goldstone Realizations
of Symmetries

The fact that flavour and chiral SU(3) (or SU(2)) appear to be valid to similar
orders of approximation does not mean that these symmetries are realized
in the same manner. In fact, we will see that there are good theoretical and
experimental reasons why they are very different.

Let us begin by introducing the charges with definite parity,

Q" =LY% +L*, Q¢=L%—L". (7.2.1)
Their equal time commutation relations are
[Q°(1), Q" (1) =21 _ f**°Q°(t),
[Q(1), @5(1)] =21 f**°Q5(1), (7.2.2)
[Q8(1), @5(1)] =21 ) f**°Q(1).

The set Q® builds the group SUp(3). In the limit m; — 0, all Q, Q5 are
t-independent and
[Q*, L] = [Q5,L] = 0. (7.2.3)

The difference between Q°, Q%, however, lies in the vacuum. In general,
given a set of generators L7 of symmetry transformations of £, we have two
possibilities:

L710) = 0, (7.2.4)

which is called a Wigner—Weyl symmetry, or
L710) # 0, (7.2.5)

or Nambu—Goldstone symmetry. Obviously, we will in general have a mixture
of the two symmetries, with some L*, i = 1,...,r, verifying (7.2.4) and the
rest, L¥, k = r + 1,...,n, satisfying (7.2.5). Since the commutator of two
operators that annihilate the vacuum also annihilates the vacuum, it follows
that the subset of Wigner—Weyl symmetries forms a subgroup.

Two theorems are especially relevant with respect to these questions. The
first, due to Coleman (1966), asserts that “the invariance of the vacuum is
the invariance of the world”, or, in more transparent terms, that the physical
states (including bound states) are invariant under the transformations of a
Wigner—Weyl group of symmetries. It follows that, if we assumed that chiral
symmetry was all of it realized in the Wigner—Weyl mode, we could conclude
that the masses of all mesons in a flavour multiplet would be degenerate, up
to corrections of order m? /My, with Mj, the (average) hadron mass. This is
true of the w, p, K*, ¢, but if we include parity doublets this is no longer the
case. Thus, for example, there is no scalar meson with a mass anywhere near
that of the pion, and the axial vector meson masses are half a GeV larger
than the masses of w or p. Thus it is strongly suggested that SUr(3) is a
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Wigner—Weyl symmetry, but chiral SU}(3) x SU} (3) contains generators of
the Goldstone-Nambu type. We assume, therefore,

Q*(1)[0) =0, Q5(1)|0) #0. (7.2.6)

The second relevant theorem is Goldstone’s (1961). It states that, for
each generator that fails to annihilate the vacuum, there must exist a mass-
less boson with the quantum numbers of that generator. Therefore, we “un-
derstand” the smallness of the masses of the pion or kaon® because, in the
limit m,,, mgq, ms — 0, we would also have m, — 0, mg — 0. Indeed, we
will later show that

mfr ~ My + Mg, M~ My,d + M. (7.2.7)

We will not prove either theorem here, but we note that (7.2.7) affords
a quantitative criterion for the validity of chiral symmetries. Since pions or
kaons become massless in the chiral limit, while particles like the p or K*
do not, we expect chiral symmetry to hold up to to corrections of order
m2 /m2 ~ 4% for SU(2) and of m% /m3. ~ 20% for SU(3).

We also note that a Nambu—Goldstone realization (Nambu, 1960; Nambu
and Jona—Lasinio, 1961a, b) is never possible in perturbation theory. Since the
symmetry generators are Wick-ordered products of field operators, it is clear
that to all orders of perturbation theory Q#(¢)|0) = 0. This means that the
physical vacuum is different from the vacuum of perturbation theory in the
limit m — 0. We emphasize this by writing |0) for the perturbation-theoretic
vacuum and |vac) for the physical one when there is danger of confusion, a
practice that we have already followed. So we rewrite (7.2.6) as

Q%(t)|vac) =0, Q=(¢t)|vac) # 0. (7.2.8)
It is not difficult to see how this may come about even in a simple model
T

with free particles. Let ap (k) be the creation operator for a particle P with
three-momentum k. The states

ab(0) " b ()0 = )

are all degenerate in the limit mp — 0. Therefore, the physical vacuum will
be, in this limit,
|vac) = ch\n),
n

i.e., it will contain zero-frequency massless particles. In QCD we have the
gluons which are massless, and so will the light quarks be, to a good approx-
imation, in the chiral limit; the QCD interactions appear to be such that the
situation we have described is not much altered.

5 The particles with zero flavour quantum numbers present problems of their own
(the so-called U(1) problem) that will be discussed later.
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7.3 PCAC and Light Quark Mass Ratios

We are now in a position to obtain quantitative results on the masses of the
light quarks.” To do so, consider the current

Al () = ayHysd(z),
and its divergence
Op AL () = i(my + ma)tuysd(z).

The latter has the quantum numbers of the 77, so we can use it as a composite
pion field operator. We thus write

D Ayq(x) = \/ifﬂmgr¢ﬂ'(w)' (7.3.1a)

The factors in (7.3.1a) are chosen for historical reasons.® ¢, () is the pion
field normalized to

e at) pa——y (7.3.10)

(27)3/2
with |7 (p)) the state of a pion with momentum p. The constant f, (pion decay
constant) may be obtained from experiment as follows. Consider the weak
decay 7T — puTv. With the effective Fermi Lagrangian for weak interactions
(see, e.g., Marshak, Riazzudin and Ryan, 1969)

ermi GF — _
L = ﬁ#%(l =)ty (1= ys)d + - -,
we find
27TGF _ A
F(m — ) = =20 (02)1 (1 = 75)00 (p1,0) (0} AL(0)[7(p) . (7.3.20)

V2

Now, on invariance grounds,
(0142407 (p)) = ip* Cr; (7.3.2b)

" The method originates in the work of Glashow and Weinberg (1968) and Gell-
Mann, Oakes and Renner (1968). In QCD, see Weinberg (1978a), Dominguez
(1978) and Zepeda (1978). Estimates of the quark masses essentially agreeing
with (7.3.6), (7.3.7) below had been obtained even before QCD by e.g. Okubo
(1969), but nobody knew what to do with them. The first evaluation in the context
of QCD is due to Leutwyler (1974).

8 This convention is not universal. Some authors write Fy for f=, and others define

Fr :\/ifﬂ'
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contracting with p, we find C = f,v/2/(27)%/? and hence
1
2 _ A _ 2
m=Cr = (0|0rA4(0)|7(p)) = \@fwmﬂrﬂ)?)ﬂ. (7.3.2¢)

Therefore
4

(1 = m/m3)?* G frmamy”

and we obtain f; from the decay rate. Experimentally, one has f; = 93.3 +
0.3 MeV. A remarkable fact is that, if we repeat the analysis for kaons,

0 Al () = V2 fremicdx (o), (7.3.3)

T(m— pv) =

we find that, experimentally, the kaon decay constant is fx = 1144+1.1 MeV:
it agrees with f, to 20%. Actually, this is to be expected because, in the limit
My d,s — 0, there is no difference between pions and kaons, and we would
find strict equality. That f., fx are similar in the real world is a good point
in favour of SUp(3) chiral ideas.

The relations (7.3.1) and (7.3.3) are at times called PCAC? but this is
not very meaningful, for these equations are really identities. One may use
any pion field operator one wishes, in particular (7.3.1), provided that it has
the right quantum numbers and its vacuum-one pion matrix element is not
zero (although, of course, the operator 0 - A,q has the advantage that its
normalization may be obtained from the decay m — uv). The nontrivial part
of PCAC will be described below.

The next step is to consider the two-point function

() =i / 2 697 (T A (2) AY (0) ) e

we drop the ud index from A,4 and |vac) is the physical vacuum. Then we
contract with g, ¢.:

WP 0) =~ g [ 40170, (T 4" (0)2"(0) e
—a [ dtodra(@) (A7), 47(0) une
o / A2 697 (T 9 - A(z)A” (0))ene
—9i / %2 €925(20) ([A%(2), & - A(0)T])vac

+ 1/d4zeiq-z<Ta - A(2)8 - A0) .

9 Partially conserved axial current. In fact, in the limit m2 — 0, the right hand
side of (7.3.1a) vanishes.
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Using Egs. (7.3.1, 2) and evaluating the commutator, we find

0 P (0) =2+ ma) [ i et6(@) (a(o)uo) + dw)dla) e
+2if2md [ 4T 6o (@6 (0) e
or, in the limit ¢ — 0, known as the soft pion limit,
2(m + ma); 5(0)u(0) + d(0)d(0) :}vac
= <2iftmd [ @t (1 6u(0)00(0) el

and we have reinstated explicitly the colons of normal ordering. The right
hand side of this equality has contributions from the pion pole and from the
continuum; by writing a dispersion relation (Cauchy representation) for I7(t),
they can be expressed as

1/d4.’E eiq~I<T ¢ﬂ-($)(bﬂ—(0)-i->vac|q*,0 = { /dt IItn—]Yq } 0

Tm I7(t
= m—zr + ;/dtTQ
2) = i/d4$eiq.z<T¢n(x)¢7r(O)T>vac~

The equation should have been written with subtractions, to compensate for
the growth of IT(¢?) for large ¢?; but we do not write them since they do not
alter the conclusions.

The order of the limits is essential; we first must take ¢ — 0 and the
chiral limit afterwards. In the limit m2 — 0, the first term on the right hand
side above diverges, and the second remains finite. Properly speaking, this is
the PCAC limit, for in this limit the axial current is conserved. We then get

(my +ma)(tu + dd) = —2f2m2 {1+ O0(m2)},
<QQ> = <: Q(O)Q(O) :>VaCa q=1u,d,s,....

This is a strong indication that (Gg) # 0 because, in order to ensure that it
vanishes, we would require fr = 0, or an unlikely cancellation of the unity
and O(m?2) terms in the right hand side of (7.3.4). Moreover, there are other
indications (e.g. from SVZ sum rules or lattice calculations) that (gq) # 0.
We also note that we have not distinguished in e.g. (7.3.4), between bare
or renormalized quark masses and operators; the distinction is not necessary
because, as we know, m, and (Gq) acquire opposite renormalization, so that

mbare<qq>bare = Myren. <Q_Q>ren.-

(7.3.4)
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We may repeat the derivation of (7.3.4) for kaons. We find, to leading
order in m%,

(ms +my) (55 + au) ~ — 22 . mi,, (73.5)
(s +ma)(5s +dd) ~ — 2f2om3%o. -

We may assume fr+ = fgo since, in the limit mi,d < A? they should be
strictly equal. In the limit of exact SU(3), i.e., to a ~ 25% error, one can
take it that the VEVs (gq) are equal for all three light quarks. Under these
circumstances, we may eliminate the VEVs and obtain

ms+my _ femis  ma—my  f(mio —mi)
Mg + My, f%m?r ’ mq + My, f72rm721'

A more careful evaluation requires consideration of SU(3) breaking and of the
electromagnetic contributions to the observed 7, K masses (Bijnens, 1993;
Donoghue, Holstein and Wyler, 1993) and higher order chiral corrections
(see Sects. 7.10 ff. here and Kaplan and Manohar, 1986; Bijnens, Prades and
de Rafael, 1995). In this way we find

—18+5, 2 _920+04. (7.3.6)

mgq My,

If we couple this with the phenomenological estimate (from meson and baryon
spectroscopy) ms —mgq ~ 100 to 200 MeV, mg —m, ~ 4 MeV, we obtain the
masses (in MeV)

Mu(Q? ~1GeV?) =5, ma(Q* ~1GeV) =9, my(Q*~1GeV?) ~ 190,
(7.3.7)
where the symbol & here means that a 50% error would not be very surprising.
This method for obtaining light quark masses is admittedly very rough;

in the next section we will describe more sophisticated ones.

To conclude this section we make a few comments concerning light quark
condensates, (Gq). The fact that these do not vanish implies spontaneous
breaking of chiral symmetry because, under ¢ — 759, (7g) — —(ggq). One
may thus wonder whether chiral symmetry would not be restored in the limit
mg — 0, which would imply

(qg) — 0. (7.3.8)

This possibility is discussed for example by Gasser and Leutwyler (1982). The
equation (7.3.8) is highly unlikely. If it held, one would expect in particular
the ratios, ~

(3s) : (dd) : {(Tu) ~ mgs:mg : my ~190:9: 5,
which runs contrary to all evidence, from hadron spectroscopy to SVZ sum
rules which suggest ~

(8s) ~ (dd) ~ (uu)

to a few percent. Thus we obtain an extra indication that chiral symmetry
is indeed spontaneously broken in QCD.
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7.4 Bounds and Estimates of Light Quark Masses

In this section we describe a method for obtaining bounds and estimates of
light quark masses. The method was first used (to get rough estimates) by
Vainshtein et al. (1978) and further refined by Becchi, Narison, de Rafael
and Yndurdin (1981), Hubschmid and Mallik (1981), etc. One starts with
the correlator,

i (q*) = i/d% ST - Ay () - Ay (0))vac
(7.4.1)
— i(m; +m;)? / dtz &0 (.15 (2) 7% (0) ne,

where A = i vsq5, J3 = @ivsqy, 1,5 = u, d, s.
To all orders of perturbation theory, the function

32
Fi(Q%) = WW{E}(QQ% Q*=—¢,

vanishes as Q2 — oco. Hence, we may write a dispersion relation of the form

oo TmWd (¢
2 [ 50

Fy@) == [ TTO P=r K. (7.4.2)

s

For large values of Q*, t we may calculate Fi;(Q?), Im ¥} (t). The calcu-
lation has been improved along the years due to increasing precision of the
QCD evaluations of these quantities.!® Here, however, we will consider only
leading effects and first order subleading corrections. We then have,

3 [ma(Q%) +m; (%))

Fij(Qz) ) 0?2
m2 +m?2 + (m; —m;)? T
x{l-&-l;asgfy)_i_ it ]JZQ(Q i) _~_23<042§2>
1672 i\ N
T 301 [(mj - %) (Gia:) + (ml- = %) <ijij>]
(7.4.3a)
and
I 05, (t) — 3[mi(t);mj(t)12 { {1 b1 ozsﬁ(t)} b (my— mj)g}  (7.43b)

OBroadhurst (1981) and Chetyrkin, Dominguez, Pirjol and Schilcher (1995) for
subleading mass corrections; Becchi, Narison, de Rafael and Yndurdin (1981),
Generalis (1990), Sugurladze and Tkachov (1990), Chetyrkin, Gorishnii and Tka-
chov (1982), Gorishnii, Kataev, Larin and Sugurladze (1991) and Pascual and
de Rafael (1982) for radiative corrections to various terms.
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The contributions containing the condensates are easily evaluated taking
into account the nonperturbative parts of the quark and gluon propagators
(Sect. 3.9). The quantities m;(g;q;) may be reexpressed in terms of experi-
mentally known quantities, fx r, Mk, » asin (7.3.4, 5). For the case ij = ud,
which is the one we will consider in more detail, their contribution is negligi-
ble, and so are the terms of order m?/Q? in Eqgs. (7.4.3). We will henceforth
neglect these quantities. The imaginary part of the spectral function is

Im w3 (1) = 4 Z} (vaclo" A% (0)|T)|* (27)*6(q — pr) :

it follows that Tm W2 (t) > 0. It is this positivity that will allow us to derive
quite general bounds. To obtain tight ones it is important to use the infor-
mation contained in both Egs. (7.4.3a b); to this end, we define the function

2\ _ 5 (2 = 1 2Im @7 (t)
SDZ](Q)*Fm(Q)i/th(t_’_Qg)g ﬂ_J

’ 1 2Im¥p (¢t
mz  (E+Q?) ™

For sufficiently large Q2 we may use (7.4.3) and integrate the imaginary part
to obtain, for ij = ud,
3 Q*) + ma(Q?
) = 2 (Il @)

82

(7.4.4)

{4 + ({5 +2log2) - }

(7.4.5a)
3Q6 (872 f2m2 + 21 (s G?)] }
and to this accuracy the two loop expression (3.7.5¢) for the running masses
is to be used. For ij = us, ds, neglecting m, q/ms but keeping the leading
m?2/Q? term,

» N

3 |m

‘pus,ds(Q2) = 87T2{Q {l (% + 2log 2) %}

2m4

Q4

[ + (6 +4log2) ] (872 frem + 2m(a,G?)]

(7.4.5b)
We can extract the pion (or kaon, as the case may be) pole explicitly from
the low energy dispersive integral in (7.4.4) thus getting for e.g., puq

2y A4f2md “ 1 2ImW(h),
Pud(Q7) = 2+ QI +/to dt T O - . (7.4.6)

3Q6

the continuum threshold tq is 3m2 for ij = ud or (mx + 2m,)? for ij =
(u,d)s. Because of the positivity of Im ¥ this immediately gives bounds on
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m;(Q%)+m;(Q?) as soon as Q? > QF, where Q3 is a momentum large enough
for the QCD estimates (7.4.5) to be valid: thus, to leading order,

1
) i e pmt Q@
mu(Qf) + ma(QF) 2{ 3 (Q3+3n7%)3} ; (7.4.7a)
for the combination wus,
B 97n2 f2.ml Q2 3
me(Q3) z{ fimis (Qg+m§()3} (7.4.7b)

The bound depends a lot on the value of Q2. We find, for example, the bounds
My (4 GeV?) 4+ mg(4 GeV?) >9.7 MeV, Q32 =1.75 GeV?,

, , . , (7.4.8a)
e (4 GeV?2) + mg(4 GeV?) >5.3 MeV, Q2 =3.5 GeV

and
ms(4 GeV?) > 181 MeV, Q2% =1.75 GeV?,

me(4 GeV?) > 111 MeV, Q2 =3.5 GeV?.

As is customary, we have translated the bounds (as we will also do for the
estimates later on) to bounds on the running masses defined at 4 GeV?. The
bounds can be stabilized somewhat by considering derivatives of Fg-, but
(7.4.8) do not change much.

To get estimates for the masses, a model is necessary for the low energy
piece of the dispersive integral (7.4.6). At very low energy, one can calculate
Im %> using chiral perturbation theory (see for example Pagels and Zepeda,
1972; Gasser and Leutwyler, 1982); the contribution is minute. The important
region is that where the quasi-two body channels are open, the pm channel for
the ud case. This is expected to be dominated by the 7’ resonance, with a mass
of 1.2 GeV. One can take the residue of the resonance as a free parameter,
and fit the QCD expression (7.4.5). This is the procedure followed by Narison
and de Rafael (1981), Hubschmid and Mallik (1981), Gasser and Leutwyler
(1982), Kataev, Krasnikov and Pivovarov (1983), Dominguez and de Rafael
(1987), Chetyrkin, Pirjol and Schilcher (1997), etc. The errors one finds in
the literature are many times overoptimistic because they do not take into
account the important matter of the value Q3 at which the perturbative
QCD evaluation is supposed to be valid (Yndurdin, 1998). Now, as is clear
from Eq. (7.4.5), the radiative corrections feature a large coefficient, so it is
difficult to estimate reliably a figure for Q2. Both bounds (as shown above)
and estimates will depend on this. As reasonably safe estimates we may quote
the values

(7.4.8b)

M (Q? =4 GeV?) =3.1+ 1.5 MeV,
ma(Q* =4 GeV?) =6.6 + 3.2 MeV, (7.4.9)
ms(Q? =4 GeV?) =148 4 37 MeV,

and, to reduce the errors a bit, we have taken also into account the chiral
theory estimates of the mass ratios given in the previous section, Eq. (7.3.6).
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7.5 The Decay 7° — 7v; the Axial Anomaly

Historically, one of the first motivations for the colour degree of freedom came
from the study of the decay 7% — ~+, which we now consider in some detail.

The amplitude for the process 7% — vy may be written, using the reduc-
tion formulas, as

ie?

(Y(k1, A1), v (K2, X2)|S|7%(q)) = W €, (k1, M1)€ (K2, A2)

/ AV dhay dtz Rt ke =20 (2 ) (T (21) T (02) 60 (2))os

(7.5.1)
and we have used the relation LJAf, (z) = J4, (), with A, the photon field.
We leave it as an exercise for the reader to check this, as well as to verify
that, in our particular case, one can replace

O, O, T{AD, (1) Apy (22) dr0 (2) ) — T{ Ay, (1)) (A AL, (w2)) 0 (2) ],

i.e., that potential delta function terms that appear when the derivatives in
the d’Alembertians act on the theta functions 6(zy — z), ..., implicit in the
T-product, make no contribution. Separating off the delta of four-momentum
conservation, we then find
2/ 2 2
e“(¢-—m
r (7T0 - 'Y(]ﬁ, )\1),7(/62, )\2)) = (\/2?”)6,’1(161, Al)@t(k% /\2)Fw(k‘17 k2),

q= kl + kQa
(7.5.2a)
where we have defined the VEV
P (hy, ) = / i dby @Rk (T 7 () 77 () p(0))o.  (7.5.2D)
We suppress the indices “em” and “x° in J and ¢ respectively.
We next use the equation (7.3.1), generalized to include the 7°:
8 AH( ) = ff?r 3r¢(x)a ¢ = ¢7r07
(7.5.3a)

A (x \f {a(z)y"ysu(z) — d(z)y"ysd(x) } -

It will prove convenient to use here, instead of Ay, the current As, defined as
= {a(z)y"ysu(x) — d(z)y*ys5d(x) } ; (7.5.3b)
with it, we write
1
frm3
T (k1 k) = § / dhadty e CFEVE T (@) (4)0 - A3(0))o.

F* (ky, ko) = TH (ky1, k2),

(7.5.4)



302 Chapter 7

Up to this point, everything has been exact. The next step involves using
the PCAC hypothesis in the following form: we assume that F(m — v7) can
be approximated by its leading term in the limit ¢ — 0. On purely kinematic
grounds, this is seen to imply that also k1, ke — 0. One may write

T (ky, k2) = Pl okos® + O(k). (7.5.5)

The PCAC hypothesis means that we retain only the first term in Eq. (7.5.5).
As will be seen presently, this will lead us to a contradiction, the resolution
of which will involve introducing the so-called axial, or triangle anomaly, and
will allow us actually to calculate T exactly to all orders of perturbation
theory (in the PCAC approximation).

The first step is to consider the quantity

RMV(ky, ko) = i / d*z dty @ Fityk) (T g (1) Y (1) A3 (0))o.  (7.5.6)
On invariance grounds, we may write the general decomposition,
RMY (ky, ko) = €Ak @1 + e kpo @y + O(KP), (7.5.7)
where the O(k?) terms are of the form
e”)‘o‘ﬁkmkjgkl)\@iﬂ + three permutations of i, 5,1 = 1,2, 3,

and, for quarks with nonzero mass, the @ are regular as k; — 0.
The conservation of the e.m. current, 0 - J = 0, yields two equations:

k1, R* = ko R** = 0. (7.5.8)

The first implies
Dy = O(K?); (7.5.9a)

the second gives
D1 = O(K?). (7.5.9b)

Now we have, from (7.5.4) and (7.5.6),
ORM (k1 k) = T (k1, k), ie., & =Py — Py, (7.5.10)
and hence we find the result of Veltman (1967) and Sutherland (1967),
D = O(k?). (7.5.11)

Because the scale for k is m, this means that @ should be of order m2 /M?2,
where M is a typical hadronic mass. Thus, we expect that & would be vanish-
ing in the chiral limit, and hence very small in the real world. Now, this is in
disagreement with experiment, as the decay 7° — 2 is in no way suppressed;
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VV ky
u,d
% 7%
,a,,, p
u,d
7“ kg

Fig. 7.5.1. Diagrams connected with the anomaly (7% — vy decay).

but worse still, (7.5.11) contradicts a direct calculation. In fact, we may use
the equations of motion and write

auAg(l’) =2i {muﬂ,(x)%u(x) - de(x)%d(x)} . (7.5.12)

We will calculate first neglecting strong interactions; (7.5.11) should certainly
be valid in this approximation. This involves the diagrams of Fig. 7.5.1 with
a 75 vertex. The result, as first obtained by Steinberger (1949) is, in the limit
k1, ke — 0, and defining 6, = 1, 6¢q = —1,

TH (ky ko) = 2N, > 6;QFmy
f=u,d
x/ d*p Trys(P + K1 +mp)y (B +me)y" (P — Ko+ my)
@m* [+ k)% = m3(p — k2)? — m3(p? — m3)

1
=- ﬁfumﬂklakw {3(Q% — Q1) } + O(k*)

1
— vaf 4
- — HEH kl(kaﬂ + O(k )
The factor N. = 3 comes from the sum over the three colours of the quarks
and the factor 2 from the two diagrams in Fig. 7.5.1 (which in fact contribute
equally to the amplitude). We thus find that
B (7.5.13)
=~ 5.
& is finite for k — 0, which contradicts (7.5.11). This is the triangle anomaly
(Bell and Jackiw, 1969; Adler, 1969).
What is wrong here? Clearly, we cannot maintain (7.5.12), which was
obtained with free-field equations of motion, i ¢ = myq; we must admit that
in the presence of interactions with vector fields (the photon field in our case),
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Eq. (7.5.12) is no longer valid. To obtain agreement with (7.5.13) we have to
write (Adler, 1969)

0, A% (@) =2 {mya(e)ysu(x) - mad(z)ysd(z)}

, o2 ~ (7.5.14)
+NC(Q Qd)16 2 IW( )FM (:C)v

where the dual F has been defined as
FH = %e’“’a'@Fag, Fr =0l AL, — 8”A§h.
More generally, for fermion fields interacting with vector fields we find

h2
Oufr vsf = 21mff75f+ Ir

H‘“’HW, (7.5.15)

H™ is the vector field strength tensor, and h the coupling constant.
Let us return to the decay 7 — 27. From (7.5.13) we calculate the
amplitude, in the limit m, ~ 0,

Eﬂuaﬂ]ﬁakQﬁEZ(kl, )\1)62(/{27 )\2)

[0
F(n® —2y) = — , 7.5.16
(= —27) =2 ¥ors (7.5.16)
and the decay rate
2 3
D% —2y) = (%) 6er2 ~7.25 x 107% MeV,

to be compared with the experimental figure,
T (7% — 27) = 7.95 x 1075 MeV .

Actually, the sign of the decay amplitude can also be measured (from the
Primakoff effect) and it agrees with the theory. It is important to note that,
if we had no colour, our result would have decreased by a factor 1/N2 i.e.,

it would have been off experiment by a full order of magnitude.

One may wonder what credibility to attach to this calculation: after all,
it was made to zero order in «ay. In fact, the calculation is exact to all orders
in QCD;'! the only approximation is the PCAC one m, ~ 0. To show this
we will give an alternate derivation of the basic result, Eq. (7.5.13). Let us
then return to (7.5.6). To zero order in as,

RN =" 51Q%
/ d'p T (P + Fa+mp)y™ (B +mp)y (P — Fo +my)
(2m)* [(p+ k1)? = m3][(p — k2)? — m3](p? — m7)

+ crossed term

"The proof is essentially contained in the original paper of Adler and Bardeen
(1969). See also Wilson (1969), Crewther (1972) and Bardeen (1974).
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(Fig. 7.5.1 with the ¥ 5 vertices). More generally, we regulate the integral
by working in dimension D, and consider an arbitrary axial triangle with

RM:2/ dPp 1 L1 1

il erp T = F—Fa—m
(7.5.17)

We would like to calculate q)\R%)‘. Writing identically

K1tk =0 —F2—m)y+ @+ F1+mi)ys — (mi +mu)vs,
we have
R = = 2(m; 4+ my)
/ dPp Teys(p + K1 +m)y" (b +my)y (p — Fo +mu)

@mP  (p+k1)? = mi((p — k2)* — mf|(p* — m3)

nv

—|—aijl7

(7.5.18a)
affy ==2 [ dPp Te{(p — K2 —mi)vs — (b + K1 +mi)rs}
J
o 1 p 1 y 1

y .

Prfi—mi p—m; p—F2—m
The first term on the right hand side of (7.5.18a) is what we would have ob-
tained by naive use of the equations of motion, 0, v*vsq = i(m;+mi)Givsaqi;
afjl; is the anomaly. If we accepted the commutation relations {y*,~v5} = 0

also for dimension D # 4, we could rewrite it as

(7.5.18b)

1 1
me— 2 [dPpl T p v
i / p{ S = !

+ Trysy"

(7.5.18¢)

1 u 1
p—m; p—dz—m |

Then we could conclude that afﬁ vanishes because each of the terms in
(7.5.18c¢) consists of an antisymmetric tensor that depends on a single vector
(kq for the first term, ko for the second) and this is zero. It is thus clear that
the nonvanishing of aj;; is due to the fact that it is given by an ultraviolet
divergent integral: if it was convergent, one could take D — 4 and a;;
vanish. Incidentally, this shows that a% is actually independent of the masses
because (9/ 3m)afjl; is convergent, and thus the former argument applies. We
may therefore write afj'; = a"”, where a*¥ is obtained by setting all masses
to zero. A similar argument shows that a*” has to be of the form

would

at (ky, ka) = GEHVaBklakgﬁ, a = constant, (7.5.19a)
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and thus we may obtain a as

ae/tvaﬁ _

82
——a"(ky, k . 7.5.19b
8k1a8k2ﬁa ( b 2) k;=0 ( )

If we could write the formula (7.5.18¢) for a, we would immediately conclude
from (7.5.19b) that a = 0, in contradiction with the Veltman—Sutherland
theorem. But this is easily seen to be inconsistent: if we would have shifted
variables in (7.5.18c), say p — p — ko, we would have found a finite but
nonzero value, actually ¢-dependent for a, a = —¢/27%. This shows that the
commutation relations'? {v*,75} = 0 cannot be accepted for D # 0, for
they lead to an undefined value for the anomaly. If, however, we start from
(7.5.18b) and refrain from commuting ~5 and v*s we find

1,1 ,1 1 1,1 1 41
aet”’ = —2/dDﬁ Trs {7"‘7*‘7“75 — 7“7"757“} :
popp P pop PP
Reinstating the i6,  — 0 in the denominators (so that 1/p? — 1/(p? +i6)),
performing symmetric integration (Appendix B) and using only the general
rules of Appendix A for D # 4, we obtain an unambiguous result:

2A0(1 + ¢/2)
(1672)D74(i8)</21"(4) (4 — D)

1 1
_ T pvaB., -
p_a 272¢ Fa o2m2’

aeuuaﬁ _

(D +2)(4 = D) Trysy"y"y*y”

In fact, the only rule that we used which involves ~ys is that Trysvy,v, = 0.

This is one of the peculiarities of the anomaly: a finite Feynman inte-
gral whose value depends on the regularization prescription. Fortunately, we
may eschew the problem by using the Veltman—Sutherland theorem to con-
clude that, at any rate, there is a unique value of a*¥ compatible with gauge
invariance for the e.m. current, viz.,

1

nv a = _7€MWXﬁklak2,@_ (7520)

Qi1 = o2

12These commutation relations are actually self-contradictory. For example, using
only the general relations of Appendix A for D # 4, we have

Tr 577"y Y 7ay” = (6 — D) Trysv"~"7"7,

while, if we allow 5 anticommutation, we can obtain

w_ v_p_o

Trys v YY" Y 707" = = Trysy" "y 727"y = (D = 2) Trysy"y" "7,

which differs from the former by a term O(D —4). These problems, however, only
arise for arrays with an odd number of «5 and at least four other gammas.
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€Y (b)

Fig. 7.5.2. (a) A nonanomalous diagram. (b) “Opened” diagram
corresponding to (a).

We have explicitly checked that our regularization leads to precisely this
value; to verify that it also respects gauge invariance is left as an exercise.

Before continuing, a few words on the Veltman—Sutherland theorem for
zero quark masses are necessary. In this case, the first term on the right hand
side of (7.5.18a) is absent: it would appear that we could not maintain our
result for the anomaly, Eq. (7.5.20), because this would imply

v 1 vo
QARZHJJ)\ = _Weﬂ ﬁklak2ﬁ 7é 0,

2 ..
il = 0. This is

thus contradicting the Veltman—Sutherland conclusion, g R
not so. The relation qARfj'f‘ = a” and the value of a"” are correct. What
occurs is that, for vanishing masses, the functions @; in (7.5.7) possess sin-
gularities of the type 1/k; - ko, singularities coming from the denominators
in, for example, Eq. (7.5.17) when the quark masses are zero. Therefore, the
Veltman—Sutherland theorem is not applicable. This is yet another peculiar-
ity of the anomalous triangle: we have the relation

,uu)\:O

lim g\ R,
m—0 ax ijl

but, if we begin with m = 0,

G RMA = aM #£0.

m=0

Let us return to our original discussion, in particular for m # 0. The
present method shows how one can prove that the result does not get renor-
malized. The Veltman—Sutherland theorem is exact; so we have actually
shown that it is sufficient to prove that (7.5.20) is not altered by higher
orders in a,. Now, consider a typical higher order contribution (Fig. 7.5.2a).
It may be written as an integral over the gluon momenta and an integral over
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the quark momenta. But for the latter, the triangle has become an hexagon
(Fig. 7.5.2b) for which the quark integral is convergent and here the limit
D — 4 may be taken: it vanishes identically. In addition, the above argu-
ments have shown that the anomaly is in fact related to the large momentum
behaviour of the theory and thus we expect that the exactness of (7.5.13)
will not be spoiled by nonperturbative effects.

We will not make the proof more precise, but refer to the literature.!
However, we will present an alternative derivation (Wilson, 1969) that will
clearly reveal the short-distance character of the anomaly. An axial current
involves products of two fields at the same space-time point, so it should be
properly defined as

3

Ap@) = lim AL (2.,
Ag,gn(xv g) = (j(l. + 5/2) 7“7561 (.’E - 6/2) :

For & # 0 this is, however, not gauge invariant. To restore gauge invariance

we have to replace Al ,, in (7.5.21a) by (cf. Appendix I)

(7.5.21a)

A A (2€) = G (@ £2) APyse s W AW (e o)
¢,gn a.gi\" S = :
(7.5.21b)
Thus,

0] y(,) = lim {2im,d(@)150(z) + €] (2, Fuu€® + O .
Because A} (,§) diverges as 1/¢ for £ — 0, the second term on the right
hand side does not vanish in this limit. The explicit calculations (Wilson,
1969; Crewther, 1972) show that, as could be expected, Eq. (7.5.14) is repro-
duced.

The axial current is not the only one that possesses anomalies. The trace
of the energy-momentum tensor @/ is also anomalous, due to the fact that
renormalization breaks scale invariance. This is discussed in some detail by
Callan, Coleman and Jackiw (1970) and, in the context of QCD, by Collins,
Duncan and Joglekar (1977). This anomaly is rather harmless; indeed, its
analysis is closely related to that of the renormalization group.

13For a detailed discussion, see the reviews of Adler (1971) and Ellis (1976). The
triangle graph is the only one that has primitive anomalies; it does, however,
induce secondary anomalies in square and pentagon graphs for nonabelian inter-
actions. The triangle with three axial currents has an anomaly closely related to
the one we have discussed, cf. the text of Taylor (1976). An elegant discussion
of currents with anomalies for arbitrary interactions may be found in Wess and
Zumino (1971). The derivation of the anomaly in the context of the path inte-
gral formulation of field theory, where it is connected with the divergence of the
measure, may be found in Fujikawa (1980, 1984, 1985).
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7.6 The U(1) Problem. The Gluon Anomaly

In the previous section, we discussed the triangle anomaly in connection
with the decay 7° — 7. As remarked there, the anomaly is not restricted
to photons; in particular, we have a gluon anomaly. Defining the current

Al =" ar sar, (7.6.1)
f=1

we find that it has an anomaly

AL =1 2msdrysgr + "I_Ga, (7.6.2)

Ny
2
= 167

where the dual éfl“’ is defined as F* in Sect. 7.5:

éfl“’ = %e“”aﬁGaag; GG = ZCNJZVGWV.

The current (7.6.1) is the so-called U(1) current (pure flavour singlet) and
is atypical in more respects than one. In particular, it is associated with the
U(1) problem, to which we now turn.

Assume that we have n light quarks; we only consider these and will
neglect (as irrelevant to the problem at hand) the existence of heavy flavours.
We may take n = 2 (u, d) and then we speak of the U(1) problem of SU(2) or
n =3 (u,d,s), and then we have the U(1) problem of SU(3). Consider now
the n? — 1 matrices in flavour space A1, ..., \,2_1; for SU(3) they coincide
with the Gell-Mann matrices, and for SU(2) with the Pauli matrices. Define
further \g = 1. Any n x n Hermitian matrix may be written as a linear
combination of the n? matrices A\, a = 0,1,...,n% — 1. Because of this
completeness, it is sufficient to consider the currents

AL ="y s Fpaps a=0,1,...,n% =1,
Iz

Of course, only Aj has an anomaly. We will consistently let the indices a, b, .. .
for the currents run from 1 to n? — 1, and we will let Greek indices a, 3, . ..
also include the value 0.

Now let Ny(z),..., Ni(x) denote local operators (simple or composite)
and consider the quantity

(vac|TAX (x HN xj)|vac). (7.6.3)
For a = a # 0, the Goldstone theorem implies that the masses of the pseu-

doscalar particles P, with the quantum numbers of the A, vanish in the
chiral limit; introducing a common parameter € for all the quark masses by
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letting my = ery, f =1,...,n, where the ry remain fixed in the chiral limit,

we have
mi A~ €. (7.6.4)

This was shown in Sect. 7.3, Eqgs. 7.3.4, 5. Therefore, in this limit, the quantity
(7.6.3) develops a pole at ¢ = 0, for & = a # 0. To be precise, what this
means is that in the chiral limit (zero quark masses),

1
: 4 i :v
;IL% d*z €7 (vac|TA* (z | IN xj)|vac) =~ (const.) X q“q—2. (7.6.5)

If we neglect anomalies, the derivation of (7.6.4) can be repeated for the
case a = 0 and we would thus find that the U(1) (flavour singlet) particle
P, would also have vanishing mass in the chiral limit (Glashow, 1968). This
statement was made more precise by Weinberg (1975) who proved the bound
mp, < /n X (average mp, ). Now, this is a catastrophe since, for the SU(2)
case, my, > v/2m, and, for SU(3), the mass of the 1’ particle also violates
the bound. This is the U(1) problem. In addition, Brandt and Preparata
(1970) proved that under these conditions the decay n — 3 is forbidden,
which is also in contradiction with experiment. We are thus led to conjecture
that (7.6.3) remains regular as ¢ — 0 for @ = 0. If we could prove that this
is so, we would have solved the U(1) problem. This will be discussed later
on; for the moment we shall assume that there are no massless U(1) bosons,
without asking for a proof. It is quite clear that, if there was no anomaly,
this assumption would be inconsistent, so it looks a good strategy to see what
we can obtain from the interplay of the absence of Py Goldstone bosons and
the existence of an anomaly for the Ay current. We will proceed to do this,
following the excellent review of Crewther (1979b).

The current Ag, as defined in (7.6.1), is gauge invariant but not U(1)
invariant: its divergence does not vanish due to the anomaly, Eq. (7.6.2). We
may construct another current which is U (1) invariant in the chiral limit (but
is not gauge invariant), as shown by Adler (1969) for the Abelian case and
by Bardeen (1974) in general. We define

Al = A — 2nK*, (7.6.6)

where K* is the purely gluonic current,
2
9 vpo

KM (x) = @6” p Z By () {0,Bao (@) + 5 fabe Bop(x)Beo () } . (7.6.7)

That this is a correct construction may be easily checked by noting that

9 A

0, K" = GG 7.6.8
" 3272 ’ ( )

so that using (7.6.2) we obtain, in the chiral limit,
9, Al = 0. (7.6.9)
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It should be remarked that K is not unique, even requiring (7.6.8): in-
deed, it is gauge dependent. Another useful remark is that, in principle,
Eq. (7.6.6) is defined for the bare quantities; but we may always renormal-
ize in such a way that it remains valid after renormalization. The reason, of
course, is that the anomaly does not get renormalized.

The generator of U(1) transformations must be the current that is con-
served, viz., Ay. We therefore define the chiralities X, quantum numbers as-
sociated with the U(1) symmetry,

(2" — y")[Ab(2), N;(y)] = —x;0(z — y)N; (y), (7.6.10a)

or, in integrated form, R
[Qo, Nj] = —x; N, (7.6.10D)

where we have defined the U(1) chiral charge operator
Qo = /d3x AS(x). (7.6.11)

Since A is divergenceless in the chiral limit, Qo is time independent and hence
we will expect not only that (7.6.10) makes sense, but that the numbers x;,
will not become renormalized. To prove this more formally, consider the VEV

(vac|TAY (x HN xj)|vac),

and apply d,, to it. We obtain the Ward identity,

), (vac| T Al (x HN z;)|vac)

(7.6.12)
- {Z xi6(x — y)} <VaC|THNj(l‘j)|VaC>;
1

J

we have used (7.6.9) and (7.6.10a). Since A is (partially) conserved, we know
that it is not renormalized, and so the x must share this property. In the
following section we will see that (7.6.12), plus the absence of massless U(1)
bosons, leads to peculiar properties of the QCD vacuum.
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7.7 The 6 Parameter; the QCD Vacuum; the Effect
of Massless Quarks; Solution to the U(1) Problem

So far, we have been working with the QCD Lagrangian (omitting gauge
fixing and ghost terms)

L=Y"q(iP —my)q - ;GG; (7.7.1)
q
we now ask what would be the modifications introduced by adding a term
09> ~
= ——— 7.2
Lo 39,2 GG, (7.7.2a)
obtaining
Lo=L+ L. (7.7.2b)

In fact, L1 is the only extra term that can be added to £ and which is
allowed by gauge invariance and renormalizability. Moreover, as shown in
the previous section, Eq. (7.6.8), it is a four-divergence and thus leaves the
equations of motion unchanged. Certainly we can dispose of it by setting
6 = 0; but, although there are indications that 6 is very small indeed, there
are also reasons why it may be nonzero. At any rate, it is of interest to find
the implications of choosing the more general form (7.7.2).

First, because we are adding a new interaction, we expect the physical
vacuum to depend on it, so we write |0) for it. Our next task is to explore the
0 dependence of the Green’s functions. To do this, consider the topological
charge operator'

2 ~
Qx = 3;2 / d'z GG; (7.7.3)

we may use (7.6.8) and Gauss’s theorem to write it as a surface integral:

QK :/dSMK“.

We will choose as the surface of integration that of a cylinder oriented along
the time axis, with bases at t; — 400 and t_ — —oo (Fig. 7.7.1). When the
sides approach infinity, we find

Qx = /d‘ngO(tJr — +00,X) — /d3xK0(t, — —00,x) =K, —K_.
(7.7.4)
More about the f-vacua and the topics of this section will be found in Sect. 8.4

where, in particular, the reasons for some seemingly peculiar names will become
apparent.



Light Quarks; PCAC; Chiral Dynamics; the QCD Vacuum 313

X

Fig. 7.7.1. The region of integration for the topological charge.

The operators K4 are Hermitian and related one to another by time reversal,
so their spectra coincide. We label their eigenstates as |ny) = |n,ty+ — 00),
such that

Kﬂni) = n|ni> (7.7.5)

Because of the hermiticity of the K4, the |ny) form complete bases: we may
expand the physical vacuum as

= ca@ng) =D cn(0)n_); (7.7.6)

the ¢, are the same in both bases. Indeed, the vacuum is invariant under
time translations and hence we may take it at any time, in particular ¢ = 0:
applying time reversal, we find (7.7.6) with equal ¢, (up to phases that can
be absorbed into the definition of the |ni)).

We then have to determine the ¢,,. To do so, apply the operation i9/00
to a Green’s function. Recalling the formalism of Sect. 1.2,

)
o TN w)0)
_ 1%<0|THNJQ( o J B L@+ @) g

2
_ 9 4 ~0 0 0( da {L£7, () +L7p ()}
= 327T2/d (0]TG ()G () [ [ N ())e yel S 10(®)} o)

2
9
= 3271'2/ (0TG (2)G(x) [ Nj(2)16) -
(7.7.7)

we find that the operation i0/96 is equivalent to the insertion of Q. Using
(7.7.3) and (7.7.4) and because +oo is later, and —oo earlier than any time,
(7.7.7) becomes

1%<9|THNJ‘(%‘)|9> = (O1K T[] Ny()[0) — (OIT [ Vy(w;) K- 16).
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Expanding as in (7.7.6), we obtain the equation
.0 . .
159 % i (0)ck(0) = ;(n — k) (0)ck(0)

with solution

cn(0) = Ce™. (7.7.8)

The constant C' is arbitrary, and may be taken to be unity.
A more rigorous proof may be found in the review of Crewther (1979a);
later, in Sect. 8.4, we will present an alternative derivation of these results.
A first consequence of (7.7.8) is that different f-vacua are orthogonal:

010"y =(0 —0'), (7.7.9)

so each value of 8 (up to periodicity) characterizes a different world.

Until now we have not taken into account the existence of fermions. We
will now describe how the analysis is modified if we introduce n fermions of
vanishing mass. We begin by rewriting our familiar Ward identity (7.6.12) as

9, (0| T A (2 HN z;)|0) = {me_ )}<9THNj(xj)|9>,

J

and integrate it with d*a:

/d4x8M<9|TAg(x)HN 2)l0) =~ (X ) 9|THN
J
Using (7.6.6) and (7.6.8), we find

/ 'z 0,017 > gs (v vsqs () [ N (2,)10)
f J

2
zznggﬂz/ (0| TC(x HN z;)[0) — (ZXI) 9|THN 2;)|0).

(7.7.10)

Two remarks are in order. Clearly,

/d4xau<9|TZ(jf( z)y y5q (@ HN (;)10)

f

: : 4 i
:_;%lqu/d relr( 9|Tqu )V ysqf(x HN z;)|6).
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Now, if there is no massless U(1) boson, this VEV above has no pole at
q*> = 0, so the limit as ¢ — 0 vanishes. But, as we saw earlier, insertion of
QK is equivalent to i0/00: so (7.7.10) becomes

Z”i%w'THNJ’(xJ’)W = (Z Xl) O T NVi(=)16)- (7.7.11)

For massless quarks, the vacuum is invariant under chiral rotations:
0) =U,|0), U, =e ¥, (7.7.12)

Qo is given in (7.6.11). Using (7.6.10b), on the other hand, we have

i;;%l [I~iU, = (Z Xl) U, T NUes (7.7.13)

so the right hand side of (7.7.11) may be rewritten as
.0
1%<9|T1;[Nj(xj>\9> :

we find that the operation
0

2ni 20 i o

annihilates all Green’s functions. This means that a charge in 6 may be
compensated for by a change in . Therefore, the theory is equivalent to one
with 8 = 0, because it is certainly chiral invariant. Thus it follows that, in
the special case where the quarks are massless, the 6 parameter may be taken
to be zero, and the old QCD Lagrangian £ of (7.7.1) is actually the most
general one. In fact, a more detailed analysis shows that it is enough that one
quark is massless. This result was first obtained by Peccei and Quinn (1977).

One may argue that the quark masses are of weak origin, generated
in the manner discussed by Weinberg so, for pure QCD, quarks should be
assumed to be massless. However, we are interested in the real world, and
thus the effects of perturbing QCD by weak and electromagnetic interactions
(at least to first order) cannot be eschewed.'® It would also seem that, since
L1¢ violates time reversal and parity invariance, we could put it to zero by
requiring invariance under P, T. Again, this view cannot be maintained.
Weak interactions violate P and 7', and some of this may seep into strong
interactions. If this is the origin of §, however, there are reasonable arguments

15 Another possibility to obtain § = 0 is to use a system of Higgs fields which is
nonminimal (Peccei and Quinn, 1977). This can be shown to lead to the existence
of a new pseudoscalar boson, the “axion” (Weinberg, 1978b; Wilczek, 1978). There
is not enough experimental evidence to rule out completely the existence of this
particle.
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(Ellis and Gaillard, 1979) that the effect is small, provided that fqcp is
originally zero.

Perhaps it is more profitable to discuss experimental bounds on 6. As
will be argued later (Sect. 8.4), the effects of L1y on processes such as deep
inelastic scattering are quite negligible; the only place where one can obtain a
substantial effect is in 7" and P violating observables. The best such quantity
is the neutron dipole moment, d,,. This was noted first by Baluni (1979) and
the calculation was refined by Crewther, Di Vecchia, Veneziano and Witten
(1980). One finds

dy, ~ 4 x 10716 (in e-cm).
Experimentally (Smith et al., 1990; Harris et al., 1999) [dS*P| < 6 x 10726, so
we obtain |f] < 1079, a very small value indeed.

Let us return to the vacuum problem. We have discussed the effect of
massless quarks; now we need to study the influence of chiral symmetry break-
ing by “small” mass terms. That is to say, what happens after introducing

the perturbation
M=) msday

at least to first order in ¢; recall that we take m; = ery, ry fixed. We will not
enter into the details here; the interested reader is referred to the lectures of
Crewther (1979b). We merely summarize the results. Consider the inequality

myt > mph (7.7.14)
f=2

note that the results of Sects. 7.3, 4 imply that it is probably satisfied in the
real world. Then we have the following situation. (i) If (7.7.14) holds, the
topological charge is quantized in integer units; that is to say, the difference
v between two eigenvalues of the Ky is an integer. (ii) If (7.7.14) does not
hold, then there are at least fractional values of v. In fact, for some particular
values of the masses, v must take irrational values.

We end this section with two comments. First, we have obtained con-
straints on the spectrum of the K, and the expression of the vacuum in
terms of the eigenvectors |n); but we have not proved that the spectrum is
nontrivial. One could imagine that all the n coincided, and thus the contents
of the last sections would be much ado about nothing. Luckily (or unluckily,
according one’s the point of view), the existence of instantons implies that at
least there exists a denumerable infinity, ..., —1,0,1,2,... of different values
of n. This will be shown in Chap. 8 (see particularly Sect. 8.4).

Secondly, we have assumed that massless U(1) bosons do not exist. The
mass of a pseudoscalar meson may be evaluated as in Sect. 7.3. If we re-
peat the calculation for the singlet current Af, we find that, because of the
anomaly, Eq. (7.3.5) is modified by the appearance of a term

2 2
" (337@) / %z (TG(2)G(2)G(0)G(0))vac- (7.7.15)
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This would vanish to all orders in perturbation theory because GG is a four-
divergence; but the existence of instantons (see the next chapter) shows that,
at least in the semiclassical approximation, (7.7.15) remains nonzero in the
chiral limit (’t Hooft, 1976a, b). One may question the validity of this ap-
proximation. Alternatively, the same result is obtained in the large N, (=
number of colours) limit (Witten, 1979a). Thus, and although we do not
have a totally rigorous proof, it appears extremely likely that the structure
of the vacuum solves the U(1) problem.

7.8 Chiral Lagrangians

In this and the following sections, we will describe a method that has been
devised to explore systematically the consequences of the chiral symmetry of
QCD, in the limit of small momenta and neglecting the light quark masses (or
to leading order in the ratios of these over a typical QCD mass parameter,
say A). The method consists in writing Lagrangians consistent with chiral
symmetry. These Lagrangians are not unique but, on the mass shell and for
momenta p? much smaller than A2, all produce the same results. This is
because, since they all possess the same symmetry, they lead to the same
Ward identities that govern low-energy behaviour; for details of the proof,
see Weinberg (1967), Coleman, Wess and Zumino (1969), Callan, Coleman,
Wess and Zumino (1969). The Lagrangians are not renormalizable, but this
is not important as they are to be used only at tree level.

Actually, it turns out to be possible to go beyond tree level, building
what is called chiral perturbation theory, at the cost of introducing a num-
ber of phenomenological constants (whose number, unfortunately, increases
with the number of loops taken into account), as we will discuss later. One
can then use these Lagrangians to calculate low-energy quantities involving
pions, if the symmetry we consider is chiral SU(2), reproducing the results
obtained in a more artisanal way with the help of current algebra and soft
pion (PCAC) techniques and, indeed, going well beyond the old results. This
general formulation of chiral dynamics was first proposed by Weinberg (1979)
and later worked out, in great detail, by Gasser and Leutwyler (1984, 1985),
including corrections to one loop. Later on some processes and observables
were evaluated to two-loop accuracy (see below).

We will begin in this section with a few examples of the techniques at
tree level, to proceed in next section to contact with PCAC and discuss a
first application. The general formulation of chiral perturbation theory will
be left for Sect. 7.10. In our presentation we will consider explicitly only chiral
SU(2); the extension to chiral SU(3), that is to say, to processes involving
also kaons and the 7, is straightforward.
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i The 0 Model

The starting point to formulate the effective chiral Lagrangian theories is to
write the chiral transformation properties of pions, whose field we denote by
J, with the the vector representing an isospin index, and a fictitious scalar
particle that we will denote by o. We here treat the pions as elementary,
which should be a good approximation at low energy. The model is the so-
called sigma model, devised by Gell-Mann and Lévy (1960). For infinitesimal
chiral (i.e., allowing parity changing) transformations, we write

o —0o+do, do=-—ag
L. . . _090 . (7.8.1a)
P —=pF+0p, dFg=do+0x¢.

The &, g are the infinitesimal parameters of the chiral transformations in
SUT(2) x SU™(2), as defined in Sect. 7.1, relating particles with different
parities, which would correspond, in a quark formulation, to the transforma-
tions also involving multiplication by ~s.

Ordinary isospin transformations correspond to & = 0, and then

So=0, 63=0x¢. (7.8.1b)

The transformations (7.8.1) can be considered as transformations of an Eu-
clidean four vector, ¢4, g = o, by taking into account the well-known iso-
morphism of (the Lee algebra of) SUT(2) x SU~(2) with the rotation group
in four dimensions, O(4). This will be useful later on.

Because we suppose invariance under the full SU™(2) x SU~(2) transfor-
mations, it follows that the ¢ and ¢ fields should have the same mass which,
in a first approximation, we take to be zero.

We now assume that the interaction is such that the field o acquires
a vacuum expectation value, (¢) = k # 0: as in QCD, chiral symmetry is
broken dynamically. This will provide a large (i.e., of order A) mass for the
sigma field, which will then disappear from the low-energy effective theory.
To formulate the last, we want to redefine fields which do no more mix under
parity changing chiral transformations. It happens that this is not possible
if using linear transformations, but can be achieved if nonlinear ones are
allowed (nonlinear sigma models). A simple choice is to set ¢/ = o — k (so
the VEV of ¢’ vanishes) and then define

S =+ R+ 32—k,
k

ﬁ:

(7.8.2)

-

RN R

For small energies we can expand the new fields in terms of the old. In
effect, this is an expansion in powers of k71,

S~o +0(k™), 7~ G+ Ok
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and the S, 7 coincide, at leading order, with the o, ¢ fields respectively.
However, the new fields do not mix under chiral transformations: we find

5S =0, or—a—r0 _ _ g\ m_7? (7.8.3a)

/o2 + 52 o ’
while under ordinary isospin, we still have
55=0, oT=0xm (7.8.3b)

Because of these properties we can write a Lagrangian, invariant under
chiral transformations, using only the field 7: we have succeeded in decoupling

the sigma field. The Lagrangian is highly nonunique; a choice, suggested by
Coleman, Wess and Zumino (1969) is to take

1 N2 ﬂ Lo
=t (o), (0= @)@ );  a=1/2%,
b (011 = (9,119 1) /
(7.8.4a)
with IT a reparametrization of 7:
- 21
14+ /1 —-72/k2
It transforms chirally as
| . . .
of = — @ (1 - a?12) + 201 (a - 1))
a
We may expand L in powers of a finding
N2 a? . N2 gt =y N\ 2
£=1 (an) - S (an) + 51 (an) +oe (7.8.5)

To show the usefulness of the effective Lagrangian formulation, we cal-
culate w7 scattering to lowest order in a. Denote by ¢, j, k, [ to the isospin
indices, varying from 1 to 3. The Feynman rule corresponding to the first
two terms in (7.8.5) is, for a four-pion vertex with momenta py, ps, p3, pa,
all incoming as in Fig. 7.8.1,

1a° gy | 9501 (D5 DY + PY'P3)
+0ik0;1 (P2Pf + P DY) (7.8.6)
+0udjk (Pops + prpy) }
If we define the Mandelstam variables

s=(p1+p2)° t=(p2+ps)? u=(p2+p3)°,
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pli i p21 J
Fig. 7.8.1. The graph corresponding to (7.8.6).

then we can write the scattering amplitude that follows from (7.8.6) to lowest
order as

a2

F(l +j— k+ l) = (27)2 {5ij5k15 + 6ik5jlt + 6i16jku} . (787)

We will later identify a = 1/ f, the inverse of the pion decay constant,
which in QCD is of order A. Thus, (7.8.7) gives the more general low-energy
(s, t, u < A?%) pion—pion collision amplitude consistent with chiral invariance.

ii Exponential Formulation

A more elegant, but equivalent, formulation uses a matrix representation of
the pion field. Letting 7 be the Pauli matrices for isospin space, we construct
the 2 x 2 matrix'®

T = TG, (7.8.8a)

with g, the pion field. We then exponentiate m and set the matrix
IT = exp(2in/F). (7.8.8b)
The chiral SUT(2) x SU™(2) transformations are defined in terms of the
unitary matrices U, Ug:

I — 11’ = U ITU). (7.8.8¢)

16 A further advantage of this matrix formulation is that it is easier to generalize
to SU(3) than the o model; it is sufficient to replace Pauli’s 7 by Gell-Mann’s A
matrices, and the pion field by an octet.
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The symmetry breaking condition is implemented by assuming a nonzero

VEV for II:
F 0
m=(9).

The advantage of the present method is that we work only with the pion field
from the beginning.
It is convenient to parametrize the Ug, 1, as

OtT
Up =e%"e"",

Ur =e 977,

(7.8.9)

For ordinary isospin transformations, we simply set & = 0 so that U and Ug
coincide and (7.8.8¢) is equivalent to ' = U(6 )7U~1(6). Then, for the pion
field itself we have @ = R(#)@, with R(f), the three-dimensional rotation
corresponding to the SU(2) matrix U(g ) given by the relation

U Z R

Next we construct a Lagrangian invariant under (7.8.8). The one which
contains less derivatives is

L= F; Tr{ (@HT) aﬂn}, (7.8.10)

and the overall constant is chosen so that, after expanding, the kinetic term
is %(5)#(,5)3“95. This shows clearly the nonuniqueness of the method: we can
add extra terms with higher derivatives to (7.8.10). However, they will, on
dimensional grounds, contribute to higher orders in the momenta and will,
therefore, be negligible for small values of s, ¢, u. But it is important to realize
that the effective Lagrangian methods are valid to give only the first order
in the expansion in powers of the momenta, p?/A2. Chiral invariance does
not give the higher corrections, which (as we will see) involve more and more
parameters not fixed by the theory, and which have to be obtained by fitting
experimental data.

In the present formalism we can introduce, in a natural manner, leading
order symmetry breaking by considering that it is due to a quark mass matrix,

m, 0O
M_(O md)'

This is not invariant under chiral (or even ordinary isospin) transformations.
We may couple M and IT; the lowest dimensionality scalar that can be formed
is the function Tr(HTM + MIT), and thus we write the corresponding piece
in the Lagrangian as

oS Te(ITTM + MIT).
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v is a constant with dimensions of mass, which we will identify later. Ex-
panding in powers of 7w, we find that the first nonzero term is the quadratic
one, , ,

—% Tt M3: = —%(mu—i—md)cﬁf7 (7.8.11)
and we have used that (A7)2 = X2 for any X. Eq. (7.8.11) provides the lowest
order mass term for the pions; it has the nice feature that it reproduces (as
it should) the result we had obtained with the help of PCAC and current
algebra in (7.3.4). This allows us to identify v® as proportional to the quark
condensate. Applications of this to calculate some hadronic corrections to
low-energy weak interactions may be found in the book of Georgi (1984).

Another alternate to the formulations presented here will be given in
Sect. 7.10.

7.9 Connection with PCAC, and a First Application

Before starting to calculate with the chiral Lagrangians described in the pre-
vious section, we have to interpret the constant (F or a) that appears there.
For this we have to introduce the axial current in the present formalism,
which we choose to do in the original Coleman—Wess—Zumino version.!” To
do so we use a method which is a variant of Noether’s method, due to Adler;
for details on it, see Adler (1971) or Georgi (1984).

Consider a general Lagrangian £(¢) depending on fields, which we denote
collectively by ¢, and make an infinitesimal transformation on the fields,
characterized by the infinitesimal parameters ¢;:

0 = Zﬂfi(d’)-
i
The corresponding variation of the Lagrangian is

0L = Ki(¢)ei + LE ()0, + M (4)0" 0" €; + higher derivatives

(sum over repeated indices understood). The variation of the action can then
be written, after integrating by parts, as

6./4 = /d41‘ {K7 + 8,“]{‘}61'
and we have defined the current by
J=—-L'"+o,M!" +---.

"For the derivation in the exponential version, somewhat messier, see the text of
Georgi (1984).
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For a symmetry of the system, the change must leave the action un-
changed, and hence 9, J/" = —K;. In the special case where € is constant,
L will be invariant only if K; vanishes. Setting thus K; = 0, we find that
J!" is obtained simply as the coefficient of d,¢; in the variation of L. It is
interesting to note that, if £ contains only first-order derivatives of the field
¢, then all the terms M, etc. above vanish, so J!* coincides with — L.

This can be immediately applied to the Lagrangian (7.8.4a). Working to
lowest order in IT, we find immediately the axial current to be

. 1, = .. Lo .
A, = faaun + higher orders = fga,“p + higher orders.
Taking derivatives of both sides and using the equations of motion this gives,
up to higher orders that we neglect, the PCAC relation

I
oA, = gmigp.

On comparing with the definitions in Sect. 7.3, we identify

l = f71'7
a
fx the pion decay constant, fr ~ 93.3 MeV. (The factor v/2 in the definitions
of Sect. 7.3 has disappeared because the physical pion states are related to
the ones used now by 7t = —27Y2(7; + imy), etc.)
With this identification we get the pion—pion scattering amplitude, given
in Eq. (7.8.7), as

L 1
Fli+j—k+ Z) = W {6ij5k15 + 0irbjit + 6¢l(5.jku} . (7.9.1)

From this one can evaluate the low-energy parameters for w7 scattering. For
example, the isospin 1, P-wave scattering length is calculated as follows:
First, identify the physical pion states in terms of the ¢, j, ... =1, 2, 3 ones
as

7% =3), =) =F272{|1) £i2)}.

Moreover, we have the partial wave expansion, for states with well-defined
isospin [ in the s-channel,

FO(s,8) =2 (20 + 1) P(cos ) £ (5);
l

0g1/2 (7.9.2a)
(Iy _ 4S8 o s is]
fi fﬁsm@ e
with (51(1) the phase shifts; the factor 2 in the partial wave expansion is due
to the identity of the particles, in states with well-defined isospin.
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At small energy we write the real part of the partial wave amplitudes,

fl(I), in terms of the scattering lengths, al(l), and effective range parameters,'®
bl(I):
4 TrkZZ
Refi"(s) = mT {al(” + k2b§”} . (7.9.2b)

k is the center of mass momentum; for massless pions, we can take k? = s/4.
With all this we find

a _ 1

= ~9297x107% M3 7.9.3
ay 247Tf7%M7r X T ( )

as is customary in the field of chiral perturbation theory, we evaluate the
various parameters in terms of the charged pion mass, M, ~ 139.57 MeV (see
below). Experimentally, the best determination of agl) comes from fits to the
electromagnetic form factor of the pion (de Trocéniz and Yndurdin, 2005),
which give

alV(exp.) = (38.4+0.8) x 1073 M3,
The simplicity of the evaluation contrasts with that based on “old-fashioned”

PCAC, current algebra and soft pion techniques (Weinberg, 1966).
The S-wave scattering lengths are similarly calculated, and we find

o 7 _
~ 0.155 M
0 321 f2
@ __ Me a5 ML
T T Yerp2 T

Experiment gives (Peldez and Yndurdin, 2005)

al” (exp.) =(0.230 £+ 0.010) M1
ay” (exp.) =(—0.052 +0.012) M.

The agreement with experiment is not very good for agl) and is even worse

for a( ) However, as we will see, agreement between theory and experiment
improves substantially when including higher order chiral corrections.

18We here use the standard effective range expansion definition of the scattering
length:

q2l+1c0tél]() + roq + O(q )

1
(I)

the effective range parameters bl( ) are, as in Gasser and Leutwyler (1984), up to

. I I .
a power of m,. The connection among the parameters aZI|G_&L7 bl( ), al( ), ro is

1 mﬂa( )
afla.er. = maalD, bD =N T4 10
2Mmr
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7.10 Chiral Perturbation Theory: General Formulation

There is a large number of further applications of chiral perturbation theory
(at times also denoted by the name of yPT) to leading order, which the in-
terested reader may find in the text of Georgi (1984). But one may ask if it
is possible to go beyond. In fact, a fair amount of work has been devoted to
the matter, following the basic paper of Weinberg (1979) and, especially, the
elaboration by Gasser and Leutwyler (1984, 1985). In the present section we
will describe the general formalism of chiral perturbation theory, following,
precisely, the excellent exposé of these last authors.'® We will restrict our-
selves to chiral isospin; the extension to chiral SU(3) may be found in Gasser
and Leutwyler (1985).

The idea is the following: because pions are much lighter than other
particles, indeed massless in the chiral limit, one should be able to describe
the dynamics of pion systems in terms of pions alone. To do so, we assume
that the dynamics can be described in terms of local, effective Lagrangians
— a very reasonable assumption, although, to the author’s knowledge, never
proved. The form of these Lagrangians is restricted by chiral invariance.

To construct these Lagrangians, we first show how one can extend the
chiral symmetry in QCD to a gauge symmetry. Then we will write the more
general Lagrangians involving only pions, for chiral SU(2), first to leading
order in the external momenta, and then to higher orders, consistent with
the PCAC definition 0 - A = v/2fzmr ¢, and consistent also with the gauge
chiral symmetry, including its breaking by u, d quark masses. Because these
Lagrangians are the more general ones, and exhibit the same symmetry as
QCD, it will follow that the Green’s functions constructed with such La-
grangians will have low-energy properties identical to those of QCD. In this
way, one is able to construct an effective theory agreeing with QCD at higher
and higher order in the momenta.

The price to pay for this is that more and more Lagrangians intervene
at higher orders in the momenta. Unfortunately, the coefficients of the La-
grangians are not given by chiral symmetry; therefore, the number of un-
known constants (which have to be obtained fitting experimental data) in-
creases rapidly with the order in chiral perturbation theory. For example, for
7w scattering we have only one unknown constant at lowest order (the decay
constant, fr); at next order we require four more constants, and at one order
more, SiX.

9We will not be able to give an amount of information comparable to that presented
in these papers; we urge the reader to consult Gasser and Leutwyler (1984, 1985)
for more detailed treatment and further information. A pedagogical introduction
to the subject may also be found in the article of Weinberg (1979).
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i. Gauge Extension of Chiral Invariance

As stated, we start by extending the SUT(2) x SU™(2) symmetry to a gauge
symmetry. We do so by introducing sources in the QCD Lagrangian. We
denote by Lqgcpo to the QCD Lagrangian for massless u, d quarks,

Lqcpo = Z @i Dg — 1G°. (7.10.1a)
l=u,d

Then we consider L(v,,a,,s,p) where v,, a,, s, p are, respectively, vector,
axial, scalar and pseudoscalar sources, and we define

‘C(Uﬂv [ Sap) = ‘CQCDO
+ Z Qe (v + ays) qr + Zcﬁ (=sw +ipuws) qu-
Ll Ll

(7.10.1b)
We include the mass matrix in s;;, so that

S = ml(sll/ —|— gll/. (7101C)

1, I' are flavour indices that run over the values u, d, in our case.

The Lagrangian (7.10.1b) is invariant under independent local chiral
gauge transformations of the left and right components of the ¢, provided
we transform the sources at the same time:

q—q = {301 +7)Vr(@) + 51 —)Ve(2)} ¢;
v tat v £ad* = Ve (v +a") V;L + iVR)LG“V;L, (7.10.2)
s+ip—s +ip = Vr(s+ ip)VT.

Here the Vg j are independent SU(2) matrices. The symmetry may be ex-
tended to a UT(2) x U™ (2) symmetry; however, the current associated with
the diagonal piece presents an anomaly, as we know. We will not study this
piece here, but refer to Gasser and Leutwyler (1985). To avoid it we will
restrict the v*, a* to be traceless. This is automatic if we parametrize them

in terms of the 3-vectors v!', al', writing

Rl
ot =1 E obr, ot =1 g al'r; | (7.10.3)
i i

and the 7; are the Pauli matrices in flavour (isospin) space. The s, p may
likewise be parametrized in terms of the (Euclidean) four-dimensional vectors
sa, pa, A=0,1, 2 3, with

3

3
5§ = Z SATA, D= ZpATA; 70 = 1. (7.10.4)
A=0 A=0



Light Quarks; PCAC; Chiral Dynamics; the QCD Vacuum 327

At low energy the only degrees of freedom are those associated with the
pions; moreover, we have to also take into account that, in QCD, the scalar
densities have a nonzero expectation value in the ground state (the physical
vacuum). We will use the quantity B defined as

B= <;{g> (7.10.5)
We write f for the pion decay constant in the chiral limit (m,, 4 — 0) and we
assume that (gq) is also defined in this limit. In Subsect. 7.11 we will see the
connection with the physical decay constant, f, ~ 93.3 MeV . In the chiral
limit, B is independent of which ¢ (u or d) we take. Comparing with (7.3.4),
we have
B =m2/(my +ma).

ii Effective Lagrangians in the Chiral Limit

We will start by working in the chiral limit, m, 4 = 0. At low energies an
effective Lagrangian should include only pion fields?® and, apart from the
nonzero value of the condensate and the nonzero quark masses, should respect
chiral gauge invariance. To construct this Lagrangian we proceed as for the
nonlinear o-model of Sect. 7.8. We define a chiral four-dimensional vector
pa, A=0,1, 2, 3, such that g =7 (the pion field) and pg = o (the o field).
We get rid of the last by imposing the invariant constraint

> papa = £ (7.10.62)
A

We could include this into the Lagrangian, using a multiplier, or simply by
admitting that ¢q is not an independent field but one has

o=/ [*— @2 (7.10.6b)

The transformation properties of ¢ under SUT(2) x SU™(2) imply the
following values for the chiral covariant derivative, which we denote by V#:

Vieg = 0"po + " (x)@,

7.10.7
V,E =04 G+ 0 (x) x @ — @ (2)p0; (7.10.7)

compare with (7.8.1a). We then construct the more general Lagrangians that
are compatible with Eq. (7.10.7), and involve only ¢4, for pure strong in-
teractions. (If we want to include weak or electromagnetic interactions, we

20This is, of course, a limitation of the chiral dynamics approach; it must fail at
distances where the composite character of the pions becomes relevant; thus,
certainly at energies of the order of the p mass, this particle is a quark—antiquark
bound state, and decays into two pions.



328 Chapter 7

replace the 0, in the V,, by the corresponding weak or electromagnetic co-
variant derivatives.) We start at lowest order in the momenta, O(p?). If we
allow only two powers of the momenta at tree level, then only two derivatives
can occur and the more general form of this first-order Lagrangian is, simply,

‘Cch.l = %Z(VH@A)VM(PA (7108)
A

The index “ch.” reminds us that this is valid in the chiral limit, and the factor
1/5 is included so that the kinetic energy term agrees with that for three real,
(pseudo-)scalar fields. One can evaluate the axial current from (7.10.8) and
identify f with the value of the pion decay constant, f,, in the chiral limit.
In this case the identification of the axial current is simpler than before, as
it is the current coupled to the axial source, a*.

In particular, to lowest order, replacing ¢q in terms of @, and expanding
in 1/f, this provides our first-order approximation

1 N s
Lep1 = %(@LQB)@“@%— B (PO, P) (PO*F) + source terms, (7.10.9)

and we have dropped higher order terms. To order p?, (7.10.9) is equivalent
to (7.8.5), as it should.

Let us next consider O(p*). Momentum power counting in the corre-
sponding Feynman diagrams?' shows that the loop corrections generated by
(7.10.8) are of relative order p? for each new loop; hence, one-loop corrections
induced by L1 will be of order p*. These corrections, which are necessary
in order to respect perturbative unitarity of the effective theory, are, gen-
erally speaking, divergent. However, if we use a regularization that respects
gauge invariance, such as dimensional regularization in the absence of anoma-
lies, these divergences will multiply polynomials of degree p*, invariant under
chiral gauge transformations. They can thus be absorbed into suitable coun-
terterms, generated by new polynomial Lagrangians.

This leads us to construct all possible chiral invariant terms of order p*
that will build the second-order effective Lagrangian, L, 2; this will contain
the counterterms. After use of the equations of motion, it can be seen (Gasser
and Leutwyler, 1984) that its most general form will be (sum over repeated
indices A, B, C understood)

1
Loz =5 {1 (V*0aVipa) + 1 (V404 V"04) (Vg5 V)
+ls0aF R Fc,uw + 6V upaFALV o on (7.10.10a)

+hy T F P ).

2'The (simple) details of this power counting may be found in Weinberg (1979).
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Here F' is defined by
(VAVY = V'V pa = Fihop (7.10.10b)

and we borrow the notation for the one-loop chiral coupling constants
ly, ..., ho from Gasser and Leutwyler (1984). An instructive exercise is
to compare (7.10.10) with the corresponding Lagrangians in the Weinberg
(1979) formulation.

The constants Iy, ..., he will be divergent: their divergence is to be ad-
justed so that it cancels the one-loop divergences generated by Le,.1. The
theory will, therefore, predict the coefficients of terms of type p*logp?/v?
where v is a renormalization scale, and, when we take into account leading
symmetry breaking by the pion mass, also terms in p*, m or p?m?2 multiplied
by either logp?/v? or logm? /v? (all these terms are known as chiral loga-
rithms). However, the finite parts of the constants [y, ..., ho are not given
by the theory. In fact, one fixes these constants by requiring agreement of the
predictions, obtained using Lcn.1, Len.2, with experiment. Chiral dynamics
does not allow an evaluation from first principles of corrections of order p*,
or higher. It correlates these corrections to all processes in terms of a finite
number of constants, the Iy, ..., ho to one loop.

In principle one can extend this procedure to higher orders and, indeed,
the O(p%) corrections have been considered in the literature.?? However, the
situation is not clear in this case. Not only the number of constants to be
fitted to experiment grows out of hand, but it is in practice very difficult to
separate the O(p*) and O(p®) pieces of the various observables. We will leave
this here, and turn to consider the corrections due to the nonzero masses of
the u, d quarks (or, equivalently, of the pions).

iii Finite Pion Mass Corrections

Because the mass of the pion will appear in pion propagator denominators,
1/(p? —m?2), a consistent way to treat the finiteness of the pion mass requires
that we consider p? and m2 to be of the same order of magnitude, and
calculate to all orders in their ratio; otherwise, we would be replacing

—1 p>

T ™ T

1
2 2
p - mﬂ'
not a very accurate procedure.

22 Akhoury and Alfakih (1991), Fearing and Scherer (1996), Bijnens, Colangelo and
Ecker (2000). For 77 scattering, cf. Knecht et al. (1995), Bijnens et al. (1997) and
Amorés, Bijnens and Talavera (2000). The corrections to some quantities will be
given later.
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To leading order, we have to find the lowest order terms that can be
added to L¢,.1 and which contain sg; we recall that sy included the quark
masses.

A technical point arises here. In principle, we have two pion masses, m o
and m,+. To first order in mg — m,,, the difference between these two van-
ishes: the difference m + —m o is, in this approximation, of electromagnetic
origin (Das, Mathur and Okubo, 1967; Gasser and Leutwyler, 1984). We will
work in the approximation of neglecting electromagnetic interactions, and to
first order in my — m,, hence we may take a single pion mass. When nec-
essary to specify it, we will follow the custom in chiral perturbation theory
calculations and identify this mass with the charged pion mass which in the
present context, and also following the custom in chiral perturbation theory,
we denote by M.

In the present approximation, there is only one mass term that preserves
parity, Constant x (sppo + p@). The constant may be identified requiring
that the new term reproduce the equality (7.3.4). We then have the full L4,
correct to O(p?), O(m2),

L1 =Len1+2Bf (sopo +7F), (7.10.11a)
which corresponds to the pion mass

2 = (my, +maq)B. (7.10.11b)

My

To next order,

1
Ly = /Jch.2+F{13(§A<PA)2+l4V“§Avu<ﬂA+l7(77A<PA)2+h1§A€A+h377A77A}-

(7.10.12a)
‘We have defined

& =2Bsy, £=2Bp,  ny=2Bpy, ij=—2BF, (7.10.12b)
and Lep.1, Len2 are as in (7.10.8), (7.10.10).
For reference, we note the correspondence between our definitions and
those of Gasser and Leutwyler (1984):

—_

1 1 -
Ua= 7 vA, XA = ?an XA = ?77,4. (7.10.13)
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iv Renormalized Effective Theory

Renormalization for the one-loop graphs generated by L£; proceeds in the
usual manner. As stated in the previous subsection, the divergences generated
by the loop integrals can be canceled by divergent pieces in the [;, h;. One
finds (Gasser and Leutwyler, 1984)

div. _ i 2 2
= gy { g st~ Gomar —e D)
S ) (7.10.14a)
div. __ J 2 .
M= {H“Og” ‘(log‘”‘w“)}’

v is the renormalization point and

’yl:%a ’72:%a 73:_57 74:25 75:_%7 76:§7 77:Oa

01 =2, o=

(7.10.14b)

We have followed Gasser and Leutwyler in adding the unity in the right-hand

sides of (7.10.14a); this simply means a slight departure of the renormalization
from the standard MS scheme.

The renormalized constants ¥ — [; — [$V* may be obtained by com-
paring with experimental quantities.?> They depend on the renormalization
point, v. Alternatively, one may replace them by the quantities /;, defined as
(proportional to) the I}°*™(v) with v = m, .. Here we denote by my ch. to
the pion mass in the leading order in chiral symmetry breaking, that is to
say, using (7.10.11b) but evaluating B = —(gq)/f in the chiral limit. Then,

. _ T 7 My ch.
L) = =5 {zi +log 7} . (7.10.14c)
We remark that this implies that the I; are divergent in the exact chiral limit,
as we are renormalizing at v = My ., which vanishes in this limit:

li ~ — log My ch.-
My, qa—0
Because of this divergence, some authors prefer to work with the I}*™(v),
selecting a “natural” value for v, popular choices being the rho mass or 1 GeV.
In the present text we will work with the I;; if desired, the connection with
the I*™ (v) can be established with Eq. (7.10.14c).

2The h; depend on the renormalization scheme and, in fact, do not intervene in
any physical observable. This is discussed in Gasser and Leutwyler (1984).
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7.11 Comparison of Chiral Perturbation Theory
with Experiment

We can now compare the results of chiral perturbation theory calculations
with experiment. We will mostly discuss the one-loop approximation, al-
though a few words will also be said on two-loop results. We first consider
7w scattering amplitude which, using isospin invariance, we write as

Fli+j—k+1)= 4 — {52351€ZA($ t,u) + 5Zk(5ﬂA(t s,u) + 5115]kA(u t,s)},

(7.11.1a)
or, in terms of scattering amplitudes with well-defined isospin I in the s-
channel,

F(I:O)(& t) =3A(s,t,u) + A(t,u, s) + A(u, s,t)
PU=2)(s,1) = A(t,u,5) + Aluy,1) (711.16)
FI=D(s.1) = A(t, u, s) — A(u, s, t).

If we now use the full £; and Lo, we obtain, after a straightforward but
tedious calculation (Weinberg, 1979; Gasser and Leutwyler, 1984),

§— m72\',ch.
= TJFB(SJ’UHC(S,LUJ). (7.11.2a)
Here B, C are, respectively, the logarithmic and polynomial fourth-order
corrections:

A(s,t,u)

Bls, tou) = o 12f4 {3(52 _ M2)I(s)

+ [t(t —u) — 2M2t + 4M2u — 2M ] I(t)

(7.11.2b)
+ [u(u—t) — 2MZu + AMZt — 2M;] I(u)};
I(s) = ﬂlogﬁ 1+2, 1—4M2/s;
_|_
C(s,t,u) = 96r 2f4{ ) (s —2M32)?
(7.11.2¢)

+ (= 32) [s*+ (t—w)?] —12M2s + 15M;§}.

We remind the reader that we have identified the pion mass with the
charged pion mass, M, = m,+. The expression for A in certain approxima-
tions had been known for a long time (see e.g. Lehmann, 1972). To leading
order B, C — 0, M, — 0, (7.11.2) reproduces (7.9.1).
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This scattering amplitude depends explicitly on the two new unknown
constants Iy, l. A technical point to be cleared is that, in A(s,t,u), we have
the quantities f and m ¢, which we have to relate to the physical ones. The
details may be found again in the paper of Gasser and Leutwyler (1984); we
have

M2 M?
Mﬁ:mfmh‘{l T szzg} fﬁ:f{1+Wz4}. (7.11.3)

Thus, the scattering amplitude F' also depends indirectly on the constants
I3, l4. We can, however, obtain directly I, Iy by selecting observables that
vanish at first order (tree level). Such observables are the scattering lengths
of the D-waves, or the P-wave effective range parameter. From (7.11.1, 2),

0) _ 1 53

“ T 144053 M, 3 URSEES 12
(2) _ 1 I 7 103

as 14407T3M f4 { 1+ lo — (7.11.4&)
1 _ 1

by T 28873 M., 1A { ~h+ 1y — 120

As already remarked by Weinberg (1979), in (7.11.4a) there are only two I;’s
for three observables, so even at this level chiral perturbation theory to one
loop provides nontrivial results. We can, for example, get an expression for
bgl) in terms of the a(QI). If we use the combinations

a0+ = 3 {ago) aég)} ;000 = 3 [ O+ QCL(Z)} ’

then, from (7.11.4a) we obtain the relation

1

(1) _ i
Y = 5 a0 —awl + (5 + 3) g pmar,

Substituting in the right-hand side the very precise values that follow from
the energy-dependent phase shift analysis of Peldez and Yndurdin (2005) for

the ago, ao+, we find b( ) = = (4.4 £0.2) x 1073 M_?, in excellent agreement
with the experimental value, b{") = (4.7340.26) x 10~3 M5, obtained fitting
the pion form factor by de Trocéniz and Yndurdin (2005); the difference may
easily be attributed to higher order effects.

For the S- and P-wave scattering lengths we find, projecting (7.11.2),
(0) o 7Mﬂ— {1 5M2

[l +2ly — 313+ 25y + 21}}

4T 3952 8an2 f2
@ _ M M? M2
9T 167 f2 {1 12722 [l 420+ 5] + 55 272 (I3 +4L4] p, (7.11.4b)

(1) 1 Mﬁ 77 65 Mﬁ 7
- 1- I — T+ 6 A
Y { gz (bt ]+ gl
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Figure 7.11.1. The P-wave phase shift, as obtained from fits to the pion
vector form factor below 1 GeV (continuous line), from which a%l) and b(ll)
are extracted, and from fit to 77 scattering data above 1 GeV (dashed line),
compared with the experimental data from 77 scattering of Protopopescu et
al. (1973), Hyams et al. (1973) and Estabrooks and Martin (1974), much less
precise at low energy. The error in the fit below 1 GeV is like the thickness
of the line; above 1 GeV, the error is given by the shaded area.

Likewise, for the effective range parameters of the S-waves, defined in (7.9.2b),
one has

1 M2 M2
b — =l T o], 43l — 18] 4 7]
O T 4 M, f2 +127r2f72;[ 1+ 90 16]+87r2f7%4 ’

(2) _ 1 ME 7 7 5 Mg 7
by’ = ST 2 {1 — 12722 [ll + 3ly — E] + 787r2f7%l4 .

The experimental values of these quantities are at present known with
much more accuracy than in the past, thanks, for the P-wave, to the new
data on the pion form factor?* (Fig. 7.11.1) and, for the S wave with I = 0

(7.11.4¢)

24 Akhmetsin et al. (2002) for ete™ — 7, Amendolia et al. (1986) for e scattering,
and Barate et al. (1997), Ackerstaff et al. (1999) and Anderson et al. (2000) for

T — vrw decays.
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Figure 7.11.2 The fit of the I = 0, S-wave phase shift to the K4, Kor ex-
perimental points.

(shown in Fig. 7.11.2), to the K4 decay data and the K — 27 data.?® For the
S-wave with isospin 2, cf. Sect. 9.6. These data, together with the older ones,
allow a reliable determination of low-energy parameters from experiment.
The numbers that follow (Peldez and Yndurain, 2005) are

al” =(0.230 £ 0.010) M, al? = (—0.052 £ 0.012) M,
b =(0.268 +0.011) M3, b = (—0.085 £ 0.006) M 3,
al” =(38.4+08) x 1073 M3, bV = (4.73+£0.16) x 1073 M ?,

af?) =(18.6+£0.4) x 1074 M5, ol = (2.840.4) x 1074 M®.
(7.11.5)
Besides scattering lengths and effective range parameters, related to wm
scattering, we have other observables that involve the constants l3, I,. We
will here consider the scalar form factor of the pion, Fg, given by

(m(p1)|m@(0)u(0) +mad(0)d(0)|m(p2)) = Fs(t), t= (p1—p2)*

Fs(t) = Fs(0){1+ L)t

ZRosselet et al. (1977) and Pislak et al. (2001) for K — evenm decays, and Aloisio
et al. (2002) for K — 27 decays.
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(rg ) is the (quadratic) scalar radius of the pion. Chiral perturbation theory
to one loop gives (Gasser and Leutwyler, 1984)

— 2 M‘/% l:
Fs(0) = M; {1 - 327]2%([3 - 1)} ’ (7.11.6)

3
(r§.) = Ry {i—3

For Fs(0), we take the estimate of Gasser and Leutwyler (1984), which gives
I3 = 3+ 2.5, and turn next to the determination of l4.
The scalar radius, <r§,7r>’ can be evaluated in terms of the w7 phase shift

5(()0) and of the expected asymptotic behaviour of the scalar form factor, as
we did for the e.m. one at the end of Sect. 5.7. There is, unfortunately, no
consensus on the resulting value for (7“%7#}7 and this for two reasons. First of

all, the data for 77 scattering in the important region 2my < s'/2 <2 GeV
are ambiguous: different analyses produce incompatible results, and the value
for (r§ ) depends on which data one uses. Choosing the central value in
the energy-dependent fit of Hyams et al. (1973), one gets (réﬁ = 0.61 +

0.04 fm? and hence Iy = 4.4+ 0.3 (Donoghue, Gasser and Leutwyler, 1990;
Ananthanarayan et al., 2004). However, and as discussed in Yndurdin (2005),
if one uses different sets of data (notably, taking into account information
from 7 — KK scattering), one finds a larger value, <T§,7r> = 0.75+0.07 fm?,
leading to I4 = 5.4 £ 0.6.

It could be possible, in principle, to discriminate between both solutions
by using the asymptotic value for the phase of Fg(t) that follows from pertur-
bative QCD. The result, however, is infrared divergent and thus, as happens
for the twist three contribution to the electromagnetic form factor of the pion
(cf. Sect. 5.7), a cut-off becomes necessary and the result is not fully reliable.
Therefore, we here choose a conservative estimate, covering both evaluations,
l4 = 54 1. Thus we have

I3=34+25, I;=5+1. (7.11.7)

Fitting (7.11.7) as well as the experimental numbers for as and bs given
in (7.11.5), we get a X2 /d.o.f. = 8.8/(10 — 4) and the numbers

= —-1.304£023, I =6.04=+0.07,

5= 22£25 Iy =6.324+0.61. (7.11.82)

The clear excess of the x?/d.o.f. over unity indicates that, at the level of
accuracy of (7.11.5, 7), the two-loop effects are not negligible. This is more
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evident for other observables. In particular, for the effective range parameters
for the D-wave, and for the F-wave we have, to one-loop accuracy (Amords,
Bijnens and Talavera, 2000),

481
b(o) -~ 39x10°° M "

27 2032007 fAN3 % ™o

977

b = 2 995% 1075 M7
27 2016007 f2M3 x ™o
(1) 11 -4 ar-7

% = Gp0s0m0 i O o
(1) —A47

=~ 145 x107* M°.
3 5292007 fAME 5x 107 My

The last three are in strong disagreement with the experimental numbers

by =(~4.1+03) x 1074 M7, 05 = (-3.940.3) x 1074 M, T;
af?) =(63+£04) x 107 M7, bV = (—4.6 £0.4) x 1074 M0

A remark that has to be made is that the errors in (7.11.8a) are purely
nominal, as the fit depends on the way we have treated the higher order
corrections. For example, if in the expressions for aél), bgl) we replace the
physical f; by f as given in (7.11.3), which is allowed since the difference is

of higher order, we find a X2 /d.o.f. = 9.7/(10 — 4) and the central values
Iy =—-033, l,=456, 1, =21, [;=693. (7.11.8b)

I and I are well outside the error bars given in (7.11.8a).

We can get more realistic error estimates, which take into account at
least some of the uncertainty due to higher order effects, with the following
procedure. We average (7.11.8a) and (7.11.8b), weighted with the respective
x?/d.o.f., and enlarging the error including as an extra error the difference
between the result of this operation and (7.11.8a). In this way we find what
is probably the more reliable estimate?®

I} =—-08440.51, Iy =5.3440.70,

I3 = 2.2 425, l4 = 6.61 + 0.68. (7.11.8¢)

26Tt may be remarked that the numbers that follow for 4 from all the fits (7.11.8)
support the estimate, following from the scalar pion form factor, in Ynduriin
(2005) (as quoted above), l4 = 5.4 + 0.6, against that of Donoghue, Gasser and
Leutwyler (1990) and Ananthanarayan et al. (2004) who get Iy = 4.4 4 0.3.
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The improvement in the comparison with experiment gained when in-
cluding loop corrections is manifest in the following Table, where we have
calculated as and bs with the I; from Eq. (7.11.8¢), and included the values
obtained from experiment in Peldez and Yndurdin (2005) (in units of M ):

Tree level One loop Experiment
al? 0.155 0.21140.005 | 0.230 +0.010
al? —0.0445 | —0.0453 & 0.002 | —0.052 = 0.012
b 0179 | 0.259+0.009 | 0.268+0.011
b —0.090 | —0.081 = 0.004 | —0.085 + 0.006

10° xal" | 297 38.240.8 38.440.8
10° x p{V 0 4.0+0.5 4.75+£0.16
10* x al? 0 158 +3.2 18.70 £ 0.41
10* x a$? 0 2.2+ 1.0 2.78 + 0.37

The nontrivial quality of the improvement is more clear if we remark that
I3, 14 can be considered to be given by (7.11.7), so the as and bs in the Table
depend essentially only on two adjustable parameters, [; and ls.

The two-loop corrections to 7w scattering have also been calculated
(Knecht et al., 1995; Bijnens et al., 1997; Amords, Bijnens and Talavera,
2000). It turns out that the scattering amplitude depends on six combina-
tions of one- and two-loop coupling constants. It is possible to give a virtually
perfect fit to experimental w7 scattering, but the agreement, although bet-
ter, is less impressive than before. The reason is that to O(p%) the number
of free chiral couplings has increased to six, while to order p* we had only
two free Is (since I3, I could be obtained from other sources). The interested
reader may consult the papers of Bijnens et al. (1997), Amoréds, Bijnens and
Talavera (2000) and Colangelo, Gasser and Leutwyler?” (2001).

Another, related matter has to do with taking fully into account two-
loop corrections for the [;, with the complete two-loop formulas. This is not
a well-defined procedure: one finds that at two-loops the [; become entangled
with new, unknown two-loop coupling constants, so the values for the I; can

2"Note, however, that the results of Colangelo, Gasser and Leutwyler have been
contested, in central value and, especially, in accuracy. See, for example, Peldez
and Yndurdin (2005) and references therein for discussions that have a bearing on
some phenomenological aspects, in particular of the input used, of the calculations
in the article by Colangelo, Gasser and Leutwyler (2001) and related papers.
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only be obtained using models or assuming that two-loop effects are small
relatively to one-loop ones (and that three loop effects are negligible). This
ambiguity is clearly apparent in the following Table, where we present three
determinations of the I;, using different methods to include two-loop effects.

B et alii CGL Exp.
Iy ~-1.540.1 —0.440.6 —0.80 4 0.19 £ 0.09
I 5.340.8 6.0+ 1.3 5.49 4 0.06 + 0.34
I3 2.940.2 29425 1.94+2440.1
la 43402 44+03 6.59 +0.43 £ 0.04

In this Table “B et alii” refers to the results obtained in the papers of
Bijnens, Colangelo and Gasser (1994), Binens et al. (1997), Bijnens, Colangelo
and Talavera (1998) and, especially, Amords, Bijnens and Talavera (2000),
who use models and chiral SU(3), and “CGL” refers to Colangelo, Gasser and
Leutwyler (2001), who apply dispersion relations together with experimental
information at high energy.

The numbers in the column “Exp.” have been obtained as follows: one fits
the two-loop expressions for scattering lengths and effective range parameters,
evaluated by Knecht et al. (1995), Bijnens et al. (1997) and Amoréds, Bijnens
and Talavera (2000) to experiment, for all waves up to the F-wave. One also
includes in the fit the constraint given by Eq. (7.11.8c) for the I;. We then
find a x? /d.o.f. = 3.8/(14 — 10), if not including the F-wave in the fit, and
a X2 /d.o.f. = 7.9/(16 — 10) if including agl) and b:(gl) in the fit. The values of
the I; are, in these fits,

Iy = —089+0.19 [-0.65], lo =5.154+0.06 [6.03],
I3 =2.0+24 [1.7], I, =6.55+0.43 [6.66],

where the numbers outside brackets are obtained not including the F-wave
parameters in the fit, and the numbers in square brackets are the central
values including agl), bgl) in the fit. The numbers for the /; given in the Table
given correspond to the average, weighted with the corresponding x?/d.o.f.,
of the two fits, with or without the F-wave. In the Table, the first error is
that of the fit (without F-wave), and the second error is the difference of the
weighted average of the two fits, with what one gets in the fit not including
the F-wave. This second error is a measure of the stability of the procedure.

A consequence one can draw from this calculation is that three-loop
effects are not negligible, at least for some quantities. Indeed, if we consider
the fit including the F-wave, the corresponding x? /d.o.f. = 7.9/(16 — 10)
is above unity. If we take the numbers obtained in the fit at two loops not
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including aél), bél) in the fit, the x2?/d.o.f. is less than unity, but if now we

evaluate agl), bgl), we find (in units of M)
al) = (5.76 £0.40) x 1075, b\ = (~3.46 £ 0.10) x 1077,

which clearly improves what we had at leading order, but produces numbers
still more than one standard deviation away from the experimental quantities,
as quoted before: agl) = (6.3+£0.4) x 10~* and bgl) = (-4.6+£0.4) x 107%.

The parameters l5, lg and I; are not involved in 77 scattering. The pa-
rameter g may be found in terms of the electromagnetic form factor of the
pion, F,.. We write

FR(t) = 1+ g(ra)t + ext?

where (r2

turbation theory to two loops then gives

) is the (quadratic) electromagnetic radius of the pion. Chiral per-
28

1 - M2
2\ T .
<T.7T> - 16772f2 {16 -1 + 16772f2 fl} ’

1
+

(7.11.9)
o 1 ;
T T 16n2f2 | 60M2 | 1672272

Here the f; are combinations of two loop constants. The values found by
de Trocéniz and Yndurdin (2005) fitting the pion form factor in ete™ — 7,
me scattering and T — v7w decay are

(r2) = 0.432 £0.001 fm?, ¢, = 3.82+0.02 GeV %, (7.11.10)

This implies - -
lg =16.35+£0.14, fo=5.5+0.1. (7.11.11)

We remark that the result for f, is purely formal; indeed, the nominally
leading term (1/60M2) is much smaller than the nominally second-order one,
f2/1672 2. On the other hand, for (r2) the second-order term is smaller than
the leading one, for reasonable values of f;. The value of lg in (7.11.11) was
obtained neglecting fi, but a value of this quantity of the order of that of f;
would alter lg by 14%.

The parameters [3, [5, I7 intervene in the so-called Weinberg sum rules.?

For example, [5 is related to the difference between IT E:;l)(O) and IT 7S’il;l)(O),

28Fearing and Scherer, (1996), Colangelo, Finkelmeir and Urech (1996), Gasser and
MeiBner (1991), and Frinck, Kubis and Meifiner (2002). In the last three, the
two-loop scalar form factor is also considered.

2Weinberg (1967); the QCD analysis is due to Fritzsch and Leutwyler (1974),
Weissberger (1976) and Gasser and Leutwyler (1984).
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with the IT defined in (4.2.6). Using a dispersion relation, this in turn can be
calculated in terms of integrals over the imaginary parts. If we write

: / dha e 9(VE (2), VE(O0))o = (—a2™ + ¢"a") Y (4®) + a"a" P (¢%),

3 /d4‘” T U([AL (x), ALy(0))o = (=™ + ¢"d")pir.(4°) + ¢"¢" pé (4°),
(7.11.12)
then we have the sum rule

oo 1% A
ptr.(s) — ptrA(S) 1 -
ds =2 = — (|5 — 1); 7.11.13
[ s et (s 1) (711.13)
the integral is convergent since perturbative QCD implies the behaviour at
infinity
pir.(8) = pix.(s) ~ m?/s.

Thus we may evaluate the left-hand side of (7.11.13), saturating the spectral
functions py,, with the lightest resonances.

The parameters [3, I7 are related to other, similar sum rules. We will not
discuss them here but refer to the paper by Gasser and Leutwyler (1984) who
get the value of [3 given in (7.11.7) and

I5=13+1, Il;~5x107% (7.11.14)

The constants I5, I also intervene in the structure term in the radiative
decay m — evy.

To finish this section we collect what we consider the best values of the
constants [;, including two-loop effects, the first four I; estimated as in the
“Exp” column in the Table above (we have composed the errors quadrati-
cally):

1 =—0.80£0.21, 2 =549+0.35 I3=19+24,
Iy = 6.59 +0.43, Is = 13+ 1.0, le =16.35+2.2,  (7.11.15)
Iz ~ 0.005.

For g we have included as the two-loop error what would contribute fi,if it
was equal to fs.



342 Chapter 7

7.12 The Accuracy of Chiral Perturbation Theory
Calculations

Weak and electromagnetic interactions, at tree level, can be introduced by
making the standard minimal replacement in the covariant derivatives, V,,
as we have already mentioned in Sect. 7.10. In this way one can use chiral
dynamics to calculate values of quantities like the pion electromagnetic form
factor, or strong interactions corrections to weak decays.

Another matter are virtual electromagnetic corrections. These break chi-
ral invariance, and in some cases are large. For example, the 7+ — 7% mass
difference is of order (mg — m,,)? in chiral perturbation theory; the corre-

sponding calculation yields a very small number,
2 2B%1;
IE

so that, from this source, we would have m .+ —m, o ~ 0.2 MeV . However, the
experimental value is m,+ —m o = 4.6 MeV. In this case one can use current
algebra techniques to estimate the electromagnetic contribution,® which is
indeed of the right order of magnitude (Das, Mathur and Okubo, 1967),
but in general this is not possible. We then expect the (generally unknown)
electromagnetic corrections to chiral perturbation theory calculations to be
of this order of magnitude, about 3%. Note that electromagnetic corrections
to processes near threshold many times develop factors ~ ma. In this sense,
the errors given for, e.g., the parameters I; may be increased by an unknown
extra uncertainty of a few percent of electromagnetic origin.

Indeed, one should not forget that the I; are not given by chiral pertur-
bation theory, but must be obtained fitting experimental data. And the data
for a given quantity may differ in electromagnetic corrections, depending on
the process one uses to extract said quantity. A case in which the uncertainty
caused by this is known is that of lg. The value reported in (7.11.11) above is
actually an average of the results obtained fitting the vector pion form factor
for 797+ and for 77~ If we use only the last, we find

mfﬁr - m?rﬂ = (ma — my)

lg = 16.07 £0.18, (7.12.1)

instead of the value reported in (7.11.11), l¢ = 16.35 + 0.14: the lack of
definition of electromagnetic origin, 0.28, is twice larger than the nominal
erTor.

Similar effects must occur for the scattering lengths and effective range
parameters, expected to be different if extracted from 777~ and 7~ 7~ scat-
tering, or from 7970 and 79T scattering, thus leading to different values of
other [;.

39For more information on electromagnetic effects, especially for kaons, see Dashen
(1969), Bijnens and Prades (1997), Donoghue and Pérez (1997) and Moussallam
(1997).
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A more important question is the (relative) size of higher corrections in
chiral perturbation theory. For the logarithmic corrections we know that this
scale is 1/(47 f,)?, and so for energies (squared) of the order of M2 we expect
corrections of relative order O(M2 /(4 f)?) ~ 1.4%. However, this estimate
forgets the constant contributions coming from the [;, and the equivalent
parameters to two and more loops. There is no reason why they should be
suppressed by powers of 1/(47f;)?; all we can expect is a suppression of
order O(M?2/A2), with A2 proportional to the QCD parameter A ~ 400 MeV
(for 2 flavours). This, of course, is of the same order of magnitude as terms
l;/(47 f)?. For the typical I; values, one has

e
(Arfx)?  AF’

up to coefficients of order unity. In some cases these coefficients will be small;
in others they may be large. This last situation occurs, for example, for the
vector form factor of the pion (r2), Eq. (7.11.9), where lg ~ 16, or in the cases
of the P-wave and the isospin zero S-wave 7m scattering lengths, where the
correction necessary to get agreement between the leading values obtained
from chiral dynamics, agl) =29.7 x 1073 M3, a((JO) = 0.155 M1, with the
experimental values, is of 30% to 50% of the leading value.

For some quantities we know that the size of the corrections has to be

even larger, shedding doubts on the predictive power of chiral perturbation

theory. Indeed, for quantities like aél), bz())l) and c,, the leading term in chiral
perturbation theory differs by more than a factor of two from the experimen-

tal value, as we have shown in the previous Section.



8 Instantons

8.1 The WKB Approximation
in the Path Integral Formalism; Tunnelling

In ordinary quantum mechanics, the WKB approximation is obtained by
expanding in powers of Planck’s constant, . To zero order we have the clas-
sical trajectory; higher orders yield the quantum fluctuations around this
trajectory. The path integral formulation lends itself particularly well to the
extension of the method to the field-theoretic case. To accomplish this, we
reintroduce & into the expression for the generating functions of a field theory
that, to simplify, we start by taking to be scalar. From (1.3.11) we then have,

2l = [ T] dota) exp 3. Ayfo). (8.1.1)
We next write

d(z) = ga(x) + hw%(%) +-, 7w(z) = dogalz) + hl/z'ﬁ(x) +--- (8.1.2)

and match the powers of h. The field ¢ is the solution of the classical
equation of motion,

£in
oo +m?¢a = —— : (8.1.3a)
9% $=0c1
or, equivalently,
. Ein
¢a(r) = ¢o(x) +1/d4y Alz —y) : : (8.1.3b)
¢ p=dc1

where ¢g is the free classical field, (L1+m?)¢y = 0. Because ¢ satisfies
the equation of motion, we have that A[¢.] is stationary: we are expanding
(8.1.1) around the stationary phase. The zero order approximation yields the
tree approximation; higher orders correspond to an expansion in the number
of loops. The usefulness of the method lies in the fact that, to each order, the
functional integral is of Gaussian type and can therefore be evaluated.
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Let us show this for the first correction. To order 7,

~ ~ 2 . ~ ~
A=Alpa] - § [[ate {50 @ em30) - 2] Gy
9¢ P=¢a1
Next we perform a change of variables,
~ 0% Line(0) " ~
) = o/ (a) = {Dam2 - Tl 5,
and thus find
Z = (const.) exp ¢ —3 Trlog |1 — (O+m?)~! w’ Ziree
9¢? $=0c1

(8.1.4a)
where, using (8.1.1) and the relation i(d+m?)A(z) = §(x), we can write

(8.1.4D)
P=¢a1 } .

/D¢/e—(i/2)fd4z¢’(m)2 det(\:l+m2)1/2,

Ztree = NeXP% {/d4$ Eint(¢c1)

_i 4 4 8£int
2 / T dy 56e)

a‘Cin‘c
=9 35

$=c1

The constant in (8.1.4a) contains the term

and we have used the identity, valid for any A,
det(A71/2) = exp {-1Trlog A}.

It is known that there are quantum mechanical situations for which no
classical trajectory exists. This occurs when there is tunnelling through a
potential barrier. However, one can still adapt the WKB method to cope
with this situation. We will exemplify this with the typical case of a particle
in one dimension, subject to a potential V(x). To leading order in the WKB
approximation, the wave function is (see, e.g., Landau and Lifshitz, 1958)

Y(z) = Cethe, (8.1.5)
where A is now the action calculated along the classical trajectory
imi+V(z) = E. (8.1.6)

Take a potential with two minima, both corresponding to V' = 0, and located
at * = xzg, z1, as in Fig. 8.1.1, a. If £ > maxV, the motion from z( to
x71 is possible, and (8.1.5) yields the “transition” or “diffusion” amplitude.
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)zo Xy
€)
X Xo Xy Xy e
(b)

Fig. 8.1.1. (a) Potential with two minima. (b) Periodic potential.

However, if E < maxV, the correct WKB analysis gives a result in which
the transition amplitude

(21|z0) = CeAa(@Lmo), (8.1.7)
is to be replaced by the tunnelling amplitude,
(w1|z0) = CemAlrLr0), (8.1.8)

where the Euclidean action A is not calculated along the solution of (8.1.6),
but for
—smi + V(z) = E. (8.1.9)

We see that to obtain a tunnelling amplitude we can use the same formula
as that for a transition, making only the formal replacement of ¢ by it, both
in the expression for the action,

t(&1)
A= dt L — iA,
t(€o)

with &; the turning points, and in the equations of motion; compare (8.1.6)
and (8.1.9).
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Equations (8.1.5) and (8.1.8) do not give the normalization, which may,
however, be disposed of by dividing by (z¢|zo). We thus infer that, in quantum
field theory, the leading tunnelling amplitude will be

(U1,t = +o00|Py, t = —o0) =~ C'exp {_/d4x£(¢c1)} , (8.1.10)

where ¢ o s the classical solution to the Euclidean equations of motion, i.e.,
with 20 replaced by +ixy, 24 real. (The sign 4= depends on the boundary con-
ditions; the reason for the name Euclidean is that, under the transformation
2% — iz, the Minkowski metric becomes Euclidean, up to a global sign).
According to the discussion at the beginning of this section, we may

consider this to be the leading order of the exact expression,

(W,t = +o0|Wp,t = —c0) = Nexp/D¢{—/d4xﬁ(¢)}7 (8.1.11)

when expanding the field ¢ in powers of h around ¢ o

An important property of the states of a system in a situation when
tunnelling is possible is that the stationary states (in particular, the ground
state, to be identified with the vacuum in quantum field theory) are not
those in which the system is localized in one minimum of the potential, but
is shared by all minima. The situation is familiar in solid state theory, where
the potentials are periodic (like that in Fig. 8.1.1, b). We will see an example
of this in QCD soon.

8.2 Euclidean QCD

Consider the energy-momentum tensor of the pure Yang—Mills QCD, given in
Eq. (2.8.2), leaving quarks aside, as they are irrelevant for the considerations
of this and the next section. We can rewrite it as

O = gy GG — a GG, B~ heG,
a a

(8.2.1)
It follows that ©% is positive for real gluon fields:
6" = 13 {(G)? + (G} (8.2.2)
k,a

Therefore @ = ( requires G = 0, and thus only the zero-field configurations
may be identified with the vacuum. However, (8.2.2) no longer has a definite
sign if we allow for complex G*. Particularly important is the case where
a complex Minkowskian G*¥ corresponds to a real G*” in Euclidean space;
for, according to the discussion at the end of Sect. 8.1, this will indicate a
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tunnelling situation. This is the rationale for seeking solutions to the QCD
equations in Euclidean space.’
Another point is that in Minkowski space,

ééu/ _ —Ggy,
so only the trivial G = 0 may be dual,
G =+G. (8.2.3)

(If the sign is (+) we say G is self-dual, if (—) anti-dual.) However, in Eu-
clidean space,

N;,Ll/ _ Qv
Qa *Qa k)

so nontrivial dual values of G may, and indeed do, exist. In addition, Eu-
clidean dual G automatically satisfy the equations of motion.

This last property comes about as follows: the equations of motion for G
read (Eq. (2.1.6))

DuGlY = 0,Gh + gy fave BouGE” = 0; (8.2.4)
the condition _
D,Gg" =0 (8.2.5)

is the Bianchi identity, identically satisfied by any G = D x B whether or not
B solves the equations of motion. However, if G is dual, then (8.2.5) implies
(8.2.4), as was to be shown (Polyakov, 1977).

The connection with the problem of the vacuum occurs because, in the
Euclidean case, (8.2.1) is replaced by

Q,u,l/ = _% Z {Qp/\gu/\ - ép)\éu)\} ) (826)
A

so for dual fields ©,,, = 0: dual G may represent nontrivial vacuum states.
Another property of dual fields has to do with a condition of minimum
of the FEuclidean action. We can write

A=l / 'z 3°G,,G,,
_ iZ/d‘*z {§ (G ié,“,)Z :FGWG,W} >

/d%ZGé’.

(8.2.7)

! This is usually referred to as Euclidean QCD or, more generally, Euclidean
field theory. We will distinguish Euclidean quantities from the corresponding
Minkowskian ones by underlining the first. Also, sums over repeated space-time
indices will be written explicitly, while sums over implicit colour indices will be
understood.
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Thus the action is positive-definite and reaches its minimum for dual fields,
where one has the equality

[aeyea| -1 [aeS@rr s

a,pv

A=

Now, and at least in situations where the semi-classical approximation WKB
holds, we know that the tunnelling amplitude is given by exp(—.A), so the
leading tunnelling effect, if it exists, will be provided by dual configurations.

We have been talking about “nontrivial vacuum states”. It is not difficult
to see that nonzero values of B exist for which G = 0. In fact, the general form
of such B is what is called a pure gauge, and may be obtained from B = 0
by a gauge transformation. To see this, write a finite gauge transformation
as

2

B! (z) — B"(z) = 2Trt"U~ ! (2)tU (z) B (z) 7

TrtU Y (2)0 U (z),
(8.2.9)

cf. Eq. (2.1.1).2 Here U is any z-dependent matrix with UT(m) = U (2),
det U(z) = 1. Now, if B =0,

. 2
B (x) = i Trt“U = (2)o"U(z) (8.2.10)
the gauge covariance of G ensures that G’** = G* = (0. Nontrivial solutions
of the equations will be such that G # 0.

8.3 Instantons

We now seek Euclidean field configurations that lead to a dual field strength
tensor, G. We are interested in fields with finite action. This means that we
require, in particular,

lim |z|°G,, (z) =0, (8.3.1)

where the Euclidean length is

4 1/2
2] = +{Zm>2} .

p=1

Note that, to lighten the notation, we still write = for the Euclidean four-
vector which, if we had been strictly consistent, should have been denoted by
z.

2 To check with (2.1.1) we have to identify U(x) = exp(+i ) 04t"), i.e., the U of
(8.2.9) is the inverse of the U defined in Sect. 2.1.
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Let U(z) be a gauge transformation. The condition (8.3.1) will be satis-
fied provided that, at large =, B is the gauge transform of a null field, i.e.,
that it is asymptotically pure gauge. Thus,

Bo(2) — — 2 TrtU (2)0,U (),
v—oo g (8.3.2)
G, () — 0,

—apuv
H Tr—00

and we try the ansatz

. < A 2 e
Bl(z) = ¢(|lz|)B,(z), B,(z)=—="Trt"U"'9,U, <p(|x|2)z:>001.

19
(8.3.3)
It is instructive to check that G vanishes asymptotically (because the G

corresponding to Bis zero). We define the matrices

B,=) tBj, G, =Y t"G,. (8.3.4a)
Clearly,
By, =2Trt"B,, G, =2Trt'gG; . (8.3.4b)
and
g,ul/ = aﬂﬁv - 81/5;; - lg[ﬁﬂ,ﬁy} (834C)

Of course Eqs. (8.3.4) also hold in the Minkowskian case. Now, if B is given
by (8.3.3),

~ 1 B
ﬁ/t zsoo ﬁp = 7EU la,uUa (835)
so that
g, = - Lo -aw-a0)
~1\?
- :—gl{ —UH9,U)U19,U + U*1(8,,U)U*16‘MU}

—1
+ E[U”@LU, U—to,Uu] =o0.

Note that the terms generated by the trilinear and quadrilinear ones cancel
one another: the factor 1/g is essential because of the nonlinear character of
G. Tts appearance heralds the nonperturbative character of the solutions.

If U is a group element that can be continuously connected to the iden-
tity, then G vanishes not only asymptotically, but identically. So we need U
to couple space-time and colour indices. This can be managed because the
dimension of space-time is four. Its group of invariance (in the Euclidean
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version) is SO(4), whose (complex) Lie algebra is isomorphic to the product
of the Lie algebra of SU(2) by itself. Thus, we may couple SO(4) with an
SU(2) subgroup of colour SU(3). In view of this, we try a matrix of the form

u 0
7= (5 1)

where u is a 2 X 2 matrix in SU(2).
Let 04 = 1, and let o; be the Pauli matrices. Any 2 x 2 matrix A may be
expanded in the o4, 0;: A=) a,0,. If we let @; = —a;, @4 = a4, then

@2 am) (Zﬂ: au”u) = Xuj Qtip,

and
det A = Z au0y;
o
we find that the most general v may be written as

1
up = ——— {oafa(z) +iof(x)}, f(x)=real (8.3.6)
|f ()|
The simplest choice is to take f,(z) = z,, so that
1
u(z) = W(041‘4 +iox). (8.3.7a)
x

The space-time and colour indices are coupled in a nontrivial way. One then
tries, as stated,?

B,(x) = p(12)B,(x), B,(x) = —%U%)@U(x),

Ulz) = (“(Ox) (1))

For the subsequent calculation it is useful to remember that, because Bis
pure gauge, the corresponding G vanishes. We have

Q,ul/ = aﬂﬁu - aVE# - lg[ﬁﬂaﬁy]

= (8,11«90)51/ - (81/90)6# + 30(6#«61/ - 81/8 )

(8.3.7b)

=2p
—ige®B,,, B,
= 290/ {xuéu - IVBM} + (90 - 902) {aﬂﬁy - 81/5”} )
de(|z]?)
/I __
T e

3 More general ansitze have been described by Corrigan and Fairlie (1977) and
Wilczek (1977).
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This is most easily calculated by defining 't Hooft’s mixed colour and space-
time tensor n by

a _ ) €apvd + 5#4&11/ - 5y46a,u> a=1, 27 37
v = {0, a=4,...,8, (8:38)
so that BZ = —(2/glz|*) X n,x,. We then find
4i2 0 — p? 4i?
Ga — r_ a _na Y _2\a .
Zur = z2g (<p |22 )Z(npvxpxu NpuTpTy) + |x\2g((p )M

p

We note that 7 is self-dual, 7., = 7),.,; therefore, the condition of self-duality
for G is met if ¢ satisfies the equation

2
;) P9
B )
T RP
Solving this, we finally have
[ .
B, (r) = TPy U (z)0,U(x), X arbitrary. (8.3.9)

This can be made more explicit by substituting U so that we have

1 -2

Bl(z) = - —5—— ° 8.3.10
iu('r) g |£L’|2 +>\2 Zp:ﬁpu%v ( )

and the coupling of space-time and colour is obvious from the form of 5. This
is the original instanton solution found by Belavin, Polyakov, Schwartz and
Tyupkin (1975). We note that it is concentrated around z = 0, i.e., in space
and time (hence the name instanton). Solutions concentrated around z ~ y,
any gy, are obtained from (8.3.9, 10) by displacing  — z — y; this will be
useful later.
The field strength tensor may be readily calculated from e.g. (8.3.10) to
get )
a 1 —4A 7731/
G, = g T E A2 (8.3.11)
It turns out that there is perfect symmetry between self-dual and anti-dual
solutions: the anti-dual solutions may be obtained from (8.3.10) by replacing

1 by 1,
Mo = Moy M v=1,2,3, 05, =-n,, forporv=4. (8.3.12)

They may be called anti-instantons.

A remarkable property of instantons is that, whereas B ~ 1/|z| for
large x, a sufficient number of cancellations occur when forming G, so that
G ~ 1/|z|*, well within the requirements of (8.3.1). Also, and as was to be
expected, both B and G become singular (and complex!) when continued to
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Minkowski space, because then |z|? is replaced by z - #, which is no longer
positive, and hence 2 + A2 may vanish.

The solution (8.3.9, 10) is all that we will use here; but other solutions
have been found by De Alfaro, Fubini and Furlan (1976, 1977) and by Cerverd,
Jacobs and Nohl (1977) with finite Minkowski action, but infinite Euclidean
action.

Let us next compute the action corresponding to the instanton. Using
> Ny = 12 and the formulas of Appendix B,

48)\2 1 8T
_1 4 a a  _ 4 —
A= Z/d x E GG, = 7 /d x oo (8.3.13)

In the following section we will show that instantons provide tunnelling be-
tween states |n4) and |ny + v), where v is an integer. In this sense, they
provide the “existence proof” for the reality of the complicated vacuum struc-
ture discussed in Sect. 7.7. One may thus wonder about the necessity of the
sophisticated discussion there, since we have found explicit solutions. The
answer lies in the requirement of finite action under which instantons were
found. As discussed in Sect. 8.1, the observable tunnelling amplitude between
two states |a) and |b) is
(ale~*[b)

<a|b>phys. = <b|e—A|b> ) (8314)
so even configurations with infinite action may yield finite tunnelling proba-
bility, provided that the infinities in numerator and denominator of (8.3.14)
cancel. The requirement of finite action may be appealing, but it is not com-
pelling. In fact, we will see in Sect. 8.4 that instantons lead to integer values
of v, while we know from the work of Crewther (1979b), discussed in Sect. 7.7,
that some patterns of quark masses lead to noninteger? values of v. The im-
portance of instantons lies in the fact that they provide explicit tunnelling
effects, and they thus give indications on how to estimate these, but it is
unlikely that they exhaust all the possibilities. With this proviso in mind, we
continue the study of instantons, keeping the requirement of finite action.

1 “Semi-instantons” with finite Euclidean action and half-integer topological charge
seem to have been found by Forgécs, Horvath and Palla (1981).
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8.4 Connection with the Topological Quantum Number
and the QCD Vacuum

Consider the quantity

Qx = 35 2/d“ > GG, (8.4.1)

(cf. Eq. (7.7.3)). The gluon fields that approach zero at infinity are, as we
discussed, of the form

B, = ET Ya )0, T (z), (8.4.2)
where T is a general matrix in SU(3). Consider x varying on the boundary
of a four-dimensional sphere, 0S4. The gauge fields map each point z into a
Tp(z) in the gauge group: so we have a mapping of 95y into SU(3). We say
that two fields are homotopic, written B ~ B’, if they can be continuously
deformed one into another. Clearly, this relation is an equivalence relation
and thus we may split the set of gauge fields into homotopy classes. The
number of homotopy classes is a countable infinity,® so we may label fields
with an integer n according to their homotopy class. Our next task is to show
that n coincides with Qx as given in (8.4.1). The quantity Q is called the
topological, winding or Pontryagin quantum number; the second name refers
to the number of times the mapping wraps the sphere around the group.

To see this, we first remark that (8.4.1) is invariant under continuous
gauge transformations, as can be seen by direct computation. Next, we note
that the integrand there is actually a four divergence. In fact, as shown in
Sect. 7.7,

2
g a
5973 2 GGl = D 0uK,, (8.4.3)

where K is the “chiral current”,

2
K, =105 > Cwpo {(0,B)BL + S9funcBy By Br} . (8:4.3D)

Because of Gauss’s theorem,

Qx = 55— 2/d4 ZGW /854st“ K, (8.4.4)

where ds is the surface element in 95,. Using (8.4.3b), we then find

3
g a b c

orfave | ds, B BS BC.
e DL b‘/as4 2N

Qk =

5 This holds for any gauge group that is simple and contains an SU(2) subgroup.
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The calculation simplifies if we assume B® = 0 except for a = 1, 2, 3; this
is possible because the homotopy relation is dependent only on an SU(2)
subgroup. In this case, we let

5# = %Ukﬁﬁa
and (8.4.2) holds with T in SU(2). We thus have

Qx = Tlﬂz ZE;Wp)\ /as dSH Tr {(T_lapT)(T_la)\T)(T_layT)} . (8.4.5)

Let us parametrize the elements of SU(2) by the three Euler angles &;; the
invariant measure over the group is

1 9T 0T 0T

@:ﬂ{ TR T

}%@@,/ dp = 1272,
sU(2)

We see that (8.4.5) indeed gives the number of times the surface of the sphere
is wrapped around SU(2). Our instanton/anti-instanton solution has Qx =
+1, as is clear from (8.3.13) using the self-dual/anti-dual property. It is also
not difficult to construct solutions for any v. Suppose v positive, and consider
the dilute gas of v instantons,

B (x Z B (z — (8.4.6a)

with B given by (8.3.10), and let then |y; — yx| — oo. Clearly, the overlap

between two different terms in (8.4.6a) when building G tends towards
zero as |y; — yr| — 00; hence, in this limit,

2

g 4 AW AW
39,2 /d GG T — (8.4.6Db)

We have succeeded in finding a representative in each homotopy class. What
is more interesting, the multi-instanton field configurations are dual; hence,
the corresponding energy-momentum tensors vanish, ©") = 0. This means
that in QCD (at least, in the Euclidean version) there is not a single vacuum,
but an infinity of vacuum configurations, |v), v = ..., —1,0,1,2,..., that are
topologically inequivalent: the situation is like that of Fig. 8.1.1, b.

To explore this in greater detail, let us use a different hypersurface for
integration; to be precise, we take a cylinder along the time axis, as in (a) in
Fig. 8.4.1. First, we choose a Coulomb-like gauge so that B, = 0 for x — oo.
Thus, only the integrals along the bases of the cylinder remain (Fig. 8.4.1, b),

so that
V= {/ —/ }da:l dxgdxggfly).
t// t/



Instantons 357

A A
¥ (© ¥
t=—c0 t=4co

Fig. 8.4.1. Regions of integration for the instantons.

Since the field vanishes at infinity, we may identify the points at spatial in-
finity of the bases of the cylinder, so we obtain integrals over large three-
dimensional spheres, one at ¢t = —oo and the other at ¢ = 400 as in
Fig. 8.4.1, c.

We can further select the gauge so that

/ dz1 doo dzs Ki”) = n(—o0) = integer.

t'——o0

The proof that these properties may be achieved by a gauge choice, contin-
uously connected to the identity, may be found, for example, in the lectures

of Sciuto (1979). In view of (8.4.6b), we see that this implies

/ dzy dzy dos K = n(t"), n(+00) — n(—oo) = v. (8.4.7)
t/l
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A multi-instanton B®) connects vacua separated by v units of the topolog-
ical quantum number between —oo and +o0. So, in the quantum case, and
according to the discussion of Sect. 8.1, we expect that these vacua will be
connected by the tunnel effect, the leading amplitude for tunnelling being

(n(+00)|n(—o00)) = (const.) x exp(—.A).

As we discussed earlier, the minimum of the action is reached for self-
dual/anti-dual solutions, i.e., for the instanton/anti-instanton for the case
where |v| = 1. Thus, to leading order,

(n(+00)|n(—00)) ~ (const.) x exp {_8”gz|” } . (8.4.8)

The corrections to this may be calculated (’t Hooft, 1976a, b) by expand-
ing the exact action not around B = 0, but around B, = E(Cq) = ﬁ(”). They
are important in that they yield the constant in (8.4.8). Indeed,

87T2|I/| e _ 87r2|1/\
_ 1 — o—a/2 _
exp { 7 + = a e exp 7 ,

but they do not substantially alter the result. What occurs is that, in order
to believe the calculation (8.4.8), one has to consider situations where g is
small, and then the exponential exp(—27m/as) overwhelms any constant.

Let us now turn to the vacuum. The generating functional was defined in
Sects. 1.3, 8.1 and 8.2. Neglecting gauge-fixing and ghost terms, and converted
to Euclidean theory,

+0[0). =Z = /DE exp {—/d%ﬁ(B)}. (8.4.9a)

Now, however, we have to decide which homotopy classes to integrate. We
may recall (Sect. 1.3) that in the equation (8.4.9a) the left hand side was, re-
ally, (0,t = +00|0,t = —00); so it appears that we should reinterpret (8.4.9a)
as

(nfro0)m(o0)) = [ DB, exp {— / d4x£<B>}. (3.4.9)

In perturbation theory only the vacuum |n = 0) is considered; but, be-
cause of tunnelling, it is clear that all the |n) are connected ('t Hooft, 1976a, b;
Callan, Dashen and Gross, 1976; Jackiw, Nohl and Rebbi, 1977), so none of
them is the true vacuum state, in that it is not stationary. Stationary states
are formed like the Bloch states in solids, by considering the superpositions

> e™n) = |6).
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These states are certainly invariant under changes of topological charge for,
if we let I, be the operator that changes n by k units,

Tl0) = e™ln 4 k) =Y "R m) = e7H0)g),

i.e., the vacuum only undergoes a change of phase. The generating functional
is now, in terms of the #-vacua,

(B(+00) |8 (—00)) = N6(§ — ') Y e / DBW = J I LE) (3 4.10)

We may drop the §(8 — 6’), which only expresses the fact that worlds corre-
sponding to different values of 6 are unconnected. Moreover, we can extend
the integral over B to all field configurations by introducing a factor of

2
g 4 2: ~ .
6<V_32772/dx GG)a

then the sum over v may be carried over trivially and we obtain the result

Z = N/Dﬁe*fd“’ée, (8.4.11a)
where
L =—1S"ca+ 9 S qa (8.4.11b)
~0 — 1 Uy 3271_2 GG, .

Now we can finally return to Minkowski space and conclude that the existence
of instantons suggests that the true QCD Lagrangian is actually

0g>

_ 1
3272 -

Lo=—7 > GE Gap —

a

G* G aps (8.4.12)

thereby justifying the necessity of the introduction, in the general case, of
the L19 term (recall the discussion at the beginning of Sect. 7.7).

One may wonder to what extent the phenomena we have discussed will
modify the results found previous to Sect. 7.6. First, the phenomenological
bounds obtained for the value of 6 (Sect. 7.7) force it to be so small that L1
by itself should have practically no effect. In addition, instanton and related
effects are long-distance effects; field configurations that vanish sufficiently
rapidly as z — 0o have Qg = 0. Since in this text we have discussed mostly
short distance effects (for 7° — 2, deep inelastic scattering, etc.), we would
think that the perturbative regime should continue to be relevant there. This
may be seen clearly if one considers the tunnelling effect due to an instanton:

2
(0] 1) ~ exp (—897;> .
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After renormalization g should be replaced by g so that, up to logarithmic
corrections,

42 (83-2n5)/6
) (8.4.13)

<0|i1>~(Q2

This shows that at large momenta @Q?, tunnelling should be negligible and
we may work with |0) as if it were the true vacuum; the error induced by
(8.4.13) is much smaller than, for example, twist four or twist six effects
in deep inelastic scattering. In fact, estimates by Baulieu, Ellis, Gaillard and
Zakrewski (1979) show that the instanton correction for ete™ annihilations or
deep inelastic scattering are utterly negligible for Q2 2 1 GeV?. Thus, when
instanton effects are important, the calculational tools do not work; when
they work, the instanton effects are unobservable. In this, the instantons
resemble that mythical animal, the basilisk, whose sight was supposed to
cause the death of the beholder.
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Alice laughed. “There is no use trying”, she said, “One cannot believe
impossible things”.

“l daresay you haven't had much practice”, said the Queen. . .,
“Why, sometimes | have believed as many as six impossible things
before breakfast!”

LEWIS CARROLL, 1896

9.1 Quarks (and Gluons) on an Euclidean Lattice

The functional formalism apparently fulfills the theorist’s dream: field theory
reduced to quadratures! The present chapter will be devoted to an intro-
duction to field theory (especially, QCD) on a lattice, precisely the tool to
implement such a program.’

The basic equations for the functional formalism, say Egs. (2.5.11),
present, as they stand, a number of difficulties. First of all, we have there
a continuous infinity of integrals. To evaluate them numerically we have to
replace the spacetime continuum by a finite lattice of points. However, even
with a finite lattice the integrals in (2.5.11) are not suitable for numerical
treatment. The reason is that the exponential expi [ d*x L oscillates vio-
lently: the integrals are not convergent.

The device usually employed to deal with this is to work in Euclidean
space, i.e., continue analytically to imaginary time. Temporarily denoting
Euclidean quantities as in the last chapter by underlining them, we write

Ty =izo, Z;= z, (9.1.1a)
and, for the gamma matrices,
V=0 Y= iy, (9.1.1b)
so that
{2,:72,} = 0w

The scalar product in Euclidean space becomes

Zguyu =—x-y. (9.1.1c)
o

! The formulation of field theory, and specifically QCD, on a lattice was given
by Wilson (1975), who first proved confinement in the strong coupling limit.
Application to actual calculations followed the pioneering work of Creutz. In our
presentation we will follow mostly Wilson’s (1975) paper and Creutz’s (1983)
text. Summaries of results of recent calculations may be found in the proceedings
of specialized conferences; some are presented in Sects. 9.5 and 9.6.
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Equations (9.1.1) permit the passage from Euclidean to Minkowski space and
conversely. The free fermion Euclidean Lagrangian is defined as?

L,=a@)(@ +m)gx), §=) 70, (9.1.2a)

and it goes into minus the Lagrangian in Minkowski space: under (9.1.1),
L, — —Ly,.

For the gluon fields we use the matrix notation of Sect. 8.3, so we may
write the Lagrangian as

Lyw =3TrY G2 (), (9.1.2b)
By

cf. Eq. (8.3.4). Also in matrix notation, the quark-gluon interaction term is,
for one quark flavour and with ¢ a vertical matrix in colour space,

Lyg = —igq(z)B(z)q(z). (9.1.2¢)

In this whole chapter we will work in Euclidean space, and use the matrix
formalism for the gluon fields. We will accordingly simplify the notation by
removing the underlining of Euclidean quantities and representing matrices
by ordinary italics. So we write the full Lagrangian as, simply,

L=q(x)(@ +m)q(x) + 5T G} () —igq(z) B(z)q(=). (9.1.3)
nv
With this notation, gauge transformations can be written as

Bu(x) — U™ (2) B (2)U(x) + §U-1<x>8uU<x>,

Guv(x) = U H(@)G (@)U (2), (9.1.4)

q(x) — U™ (x)q(x),

with U an arbitrary SU.(3) matrix.3
Finally, the action and Euclidean generating functional are defined as

S = /d‘*a;z:, Z= /DquDB e, (9.1.5)

and we do not write for the moment sources or gauge terms explicitly. We
have used the letter S for the Euclidean action to follow the practice in

2 We write the Lagrangian for a single quark flavour. For several flavours, replace
m by mg, and sum over the flavours q.

3 Note that (9.1.4) uses a convention different from that of Sect. 2.1; now we set
U(z) = exp(+i) ] 0a(2)t*). The notation (9.1.4) is forced by the fact that L,
corresponds to —L (see above).
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current lattice literature. Equation (9.1.5) is further clarified if we return
momentarily to the underlining notation for Euclidean quantities:

A=85= / ‘e L= /d4x£; A=iS

because d*z = id*z. Thus, the exponential in the generating functional expiA
becomes exp(—S5) in Euclidean space with positive S, hence providing the
desired convergence factor.

We will now define the lattice. We will take a cubic lattice, with peri-
odic boundary conditions. Other types of lattices, and boundary conditions,
have been considered in the literature, but, in the author’s opinion, to little
advantage; the interested reader may find references in Creutz (1983). We
let a be the spacing, so the sites of the lattice are the points na, with n an
(Euclidean) four-vector with components n,,,

n, =0,+1,+2,... +N.

We thus have (2N +1)# points. Because of the periodic boundary conditions,
quantities defined on the lattice Q(n,) are extended for arbitrary n by

Q(ny + 2N +1) = Q(ny).

The physical limit is N — oo, a — 0, in this order: first N — oo, then a — 0.

Not only does the lattice give a meaning to (9.1.5), so that we have now
a finite number of convergent integrals; but it also provides a regularization.
Because « is finite, ultraviolet divergences do not occur; and as long as N
stays bounded, infrared ones are prevented. With respect to the first, they
will reappear as a — 0 in the form of terms proportional to 1/a and to log a:
the limit of the continuum will have to take this into account.

The lattice formulation does not simply consist of writing (9.1.5) replac-
ing integrals by sums, and derivatives by finite differences. Some elaboration
is necessary both for gluons and quarks. For the first, the naive replacement
would violate gauge invariance, thus rendering the theory meaningless. This
will be discussed in detail in the coming section; here we start by presenting
the formulation for fermions.

We define the quark variables

an = q(an) — q(x).
an—x
Colour and flavour indices are implicitly understood. To keep hermiticity of
the 10 operators we replace derivatives by symmetric finite differences:

1 1 A X
5 (@nti = an-p) = 5 [alan + ajt) —glan —aft)] = duq(w).

an—x
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Here, and in all that follows, we denote by [ a unit vector along the uth axis.
The action for free quarks may then be written as

Sg=a*)_ {mqnqn + % > @ (@i — Qn—ﬂ)} :
n M

Z,= /H dgy [ [ dge™5e.
n k

These harmless-looking expressions reveal their shortcomings when we cal-
culate the quark propagator, to which we now turn. The calculation follows
closely that of Sect. 1.3, with appropriate alterations. We write the action as

Sq = GnDnrar, (9.1.7a)
n,k

(9.1.6)

where the matrix D (Dirac operator) has elements
4 a’
D, = a*md,, + 5 zﬂ:’yu (5k,n+;l — 6k,n—ﬂ) , (9.1.7b)

and we note that Z, is proportional to the determinant of D (cf. Sect. 2.5ii),
(71)2N+1

Zg = (det D)m

(9.1.8)

This will be of use later on.
To obtain the propagator we have to invert D. We do this with the help
of a (finite) Fourier transform. We write

(D Yr =a 22N +1)74 Zf);l exp {2]\2[711 Zju(n - k)u} , (9.1.9)

J

and use the relation

N
2
) ; exp m]u(nu — kﬂ) = (2N + 1)5n”kﬂ
to find

~ i . 2wy,
D;=m+ Egvusm 2NJ£1' (9.1.10a)

The p-space propagator is thus

—1
IS i . 2mj,
S(j)=D; = <m+azﬂ:vusm 2N—|—1> . (9.1.10Db)
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This expression becomes more transparent in the limit of a large lattice.
We define new variables p,, by

27j,
2N +1

apy. (9.1.11)

The p-space propagator then becomes

—1
i i .
S(p) = (m + p %:'y# sin apu> ; (9.1.12)

in this limit of an infinite lattice, sums over j are replaced by integrals:

N
1 +7/a dpt
SN T > - a/ 2—7; (9.1.13)
Ju=—N —m/a
Therefore, (9.1.9) now reads
(D*l)nk B /+7r/a d4p expizﬂ pﬂ(an - ak:),t ' (9'1.14)
—n/a 2m)t m+(i/a) 32, vusinap,

Everything would appear to be above board: if we take the limit a — 0, with
an — x, an — y we get that, for example, (9.1.14) becomes

too 44y expi r—
(Dil)nk - S(l‘*y) :/ p4 P Z/Lpﬂ( y)p :
a—0 oo (271’) m—+1 Z# YuPu

as one should wish, the Euclidean expression for the propagator.

The problem, however, is that, for finite a, (9.1.12) has too many poles.
To see this, consider for simplicity the case m = 0. Then, the denominator
in (9.1.12) does not only vanish for all p, = 0, but also for p, = 7/a, or
any combination thereof. In all, there are 2* = 16 poles: each flavour gets
multiplied by sixteen on the lattice.

This is a catastrophe in more respects than one. Asymptotic freedom
is lost. The 7° refuses to decay, and the U(1) anomaly disappears. (This
last phenomenon occurs because the sixteen fermions alternate in sign in
their contribution to the anomalous triangle; cf. Karsten and Smit, 1981).%
In fact, one may doubt the connection between the lattice theory and the
continuum one.

Several solutions have been proposed for this problem of fermion dou-
bling, some of which may be found in Creutz (1983). Here we will first discuss
the one due to Wilson (1977), and then say a few words on other methods.

4 That something like this had to happen is obvious if one realizes that the lattice
regularization preserves dimension and gauge invariance (as will be seen).
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Wilson’s method consists of adding to the Lagrangian a new quadratic term;
we then define £, with r an arbitrary parameter, and where

r _ 4r _ 1
L4 = Mngn + —dntn + 5 zu: {r+7)@nspn + =3 )qn_p}. (9.1.15)

The corresponding p-space propagator, in the large lattice limit, is now

-1
1 r
S"(p) = =3 [ Ta- 1t 9.1.16
(p) {m+ - g iy sinapy, + — (1 = cosap,) } (9.1.16)
The extra particles still are present, but their masses are
2rn
-1 T
m+ra Z,(lfcosq#/) =m+ P

©w

where the sum over y’ runs over the g, = 7 (g, = ap,,), and n, is the number
of these. Therefore, in the continuum limit, the unwanted particles decouple
as their masses are of order 1/a. However, Eq. (9.1.16) has the great drawback
that it breaks chiral invariance. As shown by Nielsen and Ninomiya (1981),
unwanted fermions must accompany a straightforward lattice formulation
that respects chiral invariance. (A way to see this is to recall the comment
made before on the disappearance of the anomaly). One works with Wilson
fermions and hopes that chiral symmetry will be restored as a — 0.

We now say a few words on other methods for introducing fermions. The
main problem with Wilson’s method is that the presence of the parameter
r in (9.1.16) spoils chiral invariance. It turns out that it is possible to put
massless fermions on the lattice without spoiling chiral invariance. This is
done by using a method first suggested by Hasenfratz (1998) and Neuberger
(1998), and developed by Liischer (1998) and Herndndez, Jensen and Liischer
(1999); see also Frezzotti, Grassi, Sint and Weisz (2001). The method is based
in the relation, proved by Ginsparg and Wilson (1982) for certain realizations
of massless fermions on the lattice,

v5 D + Dvys = ays D, (9.1.17)

where D is the Dirac operator. The proof is far from trivial; it may be found
in the lectures of Liischer (2001). One can use this to define a new 75, 435, by

Y5 = v5(1 — aD), (9.1.18a)
which verifies
Y5 D = —D7s. (9.1.18b)
The theory is then defined in terms of the two component (Weyl) fields ¢z, g,
R 1—4 R 1+%
L = T‘E’q, ir=— 5. (9.1.19)

We will not work out the details here but send again to the review of Liischer
(2001) and references therein.

A related method, using the so-called chiral staggered fermions may be
found in the papers of Aubin and Bernard (2003, 2004).
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9.2 Gluons (and Quarks) on the Lattice.
Paths and Loops. The Wilson Action

i Abelian Gauge Theories

We will start by considering Abelian, Euclidean gauge fields, to be denoted

by A,(z). We take them to be interacting with fermion fields ¢ (z), with

intensity e: we have in mind the important example of electrodynamics.
The elements of the gauge group may now be parameterized as

Ulz) = e/ @) (9.2.1)
f arbitrary. A gauge transformation is
Au(z) = UL (2) A (2)U () + éU‘l(x)auU(x) (9.2.2a)

(cf. (9.1.4)); because the group is Abelian, this agrees with the usual expres-
sion, A, (z) — A,(z) — 0, f(x). The fermion field will transform as

Y(z) — U N (z)y(x). (9.2.2b)

Consider an expression such as 1 (z)(y). It is not gauge invariant. To
obtain a gauge invariant expression we have to consider

() {exp ie > dz, AH(Z)} U(y), (9.2.3)

P(y—z) ),

where P(y — x) is a path from y to .
We prove gauge invariance for infinitesimal x — y = §. Under (9.2.2), we
have

_ y+o
¥(y +0) {exp ie/ > dz AM(Z)} U(y)
_ ) ’ ax )
—)(y + 6)ele W+ {exp ie / > dzy (Au(z) — 0, f(z))} e e F Wy (y)

_ y+o
=(y +9) {exp ie / > dz Am} D(y),

the last step because

y+6 .
e / S dz, 01 () = —ief ()] =ief(y) —ief(y +0).

Note that in this simple Abelian case the proof does not depend on y—z being
infinitesimal; but we want to give methods that can be easily generalized to
the non-Abelian case.
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(b)

Fig. 9.2.1. (a) A polygonal {(z — y) joining z and y. (b) Approximation
of the curved path P by the polygonal.

Let us now put the theory on the lattice, with spacing a, (2N + 1)*
points and periodic boundary conditions. We must, to do so, define the field
variables and the gauge transformations. For this, we start by constructing
matrices associated to an infinitesimal link, from lattice site n to lattice site
n + fi, [t being a unit vector along axis p. Writing A, (n) instead of A, (an)
when convenient to lighten notation, we define

iea N
U(n,p) = exp -5 {A (n)+Au(n+ )}, (9.2.4a)
and we give a meaning to the link in the opposite direction by setting
Un,—p) =U"Yn— f,p). (9.2.4Db)

One can then rewrite (9.2.3) as the limit a — 0 of

L(n—k)

where the product runs over all the links necessary to join, along a given
polygonal path ¢(n — k), the points na = x to ka = y; see Fig. 9.2.1, a. Note

that the quantity
IT UG, m),

L(n—k)

depends on the particular polygon chosen to join n and k, as indeed the

integral
/ E dz, Au(z),
P

(y—x) nw

depends on the path P from y to x which is approximated by the polygonal
{(n — k) (Fig. 9.2.1, b).

We assume the product (9.2.5) to be ordered along the path, from right
to left. This is irrelevant for Abelian theories, but basic for non-Abelian ones,
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since there the U will be noncommutative matrices. For example, for the
polygonal and numbering of (a) in Fig. 9.2.1,

I UG.1) =UsUs... U0,

L(n—k)

with Uj associated to link j.

Under a finite gauge transformation, and iterating the method of the
proof given before for the infinitesimal case we obtain, in the continuum
limit, the mapping

lim J] UGu) = im0 k) ¢ [ UGwu) UR) (9:2.6)
L(n—k) l(n—k)

(for e.g. the path of Fig. 9.2.1, a). That is to say: the path ordering picks the

transformations given by the group elements associated with the end points.
We will see that it is possible to formulate the theory entirely in terms

of the U(n, u), without reference to the fields A,. To do so, we first define

the gauge transformation for the link matrices by

Un,p) — U Y+ @)U(n, p)U(n). (9.2.7a)

With this, it follows automatically that

(n—k) é(n—>k)

from which the continuum limit (9.2.6) is straightforward. Reversing the cal-
culation, one easily verifies that the lattice definition (9.2.7a) for the U(n, )
becomes the continuum one (9.2.2a) for the A,(z) in the limit a — 0. For
fermion fields, the transformation (9.2.2b) is taken over into the lattice, with
only the replacement & — n. This completes the definition of gauge trans-
formations on the lattice. An important property of these transformations is
that, if £/(n — n) is a closed line, then

H U(4, ptj) = gauge covariant (9.2.8)
£(n—mn)

(invariant for Abelian fields).
We can now introduce a gauge invariant fermion-vector field Lagrangian,
and a vector field Lagrangian, also gauge invariant. For the first, we write

Lo+ Lya

= mi)rﬂbn‘i‘%q;n ZV;A{U(TL + [L, —/,L)¢,,L+ﬂ — U(TL _ /17 ﬂ)¢n—ﬂ}7 (929)
m
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A
n+9 n+i0+9

¢ — -

¢ —————— >
A
n n+p

Fig. 9.2.2. A plaquette.

clearly gauge invariant using (9.2.7). It is easy to see, by expanding on a,
that this gives the correct continuum limit:

Ly+Lya = mp()i(z) + §(@)d ¢ (r) - e (@) 4 (2)¢(2)-

As for the pure gauge field action, we start by considering a plaquette.
This is denoted by the symbol O and defined as an elementary square in the
lattice with side a (Fig. 9.2.2); the gauge element associated to it is given by
the expression

Un=Un+0,-)Un+ 0+ g, —p)U(n+ g, v)U(n, @), (9.2.10a)

the idea being that the circulation around the plaquette will produce a curl
of the field, as indeed does happen in the continuum limit. Note that the
plaquette is characterized uniquely by one of the corners, n, and the vectors
i, ¥, so we may write (9.2.10a) as

Up = U, (n). (9.2.10b)

Under local gauge transformations, and because the plaquette is closed, we
have
U;I,D (Tl) - Uﬁl(n)UHV (n)U(n)

Therefore, the trace® is gauge invariant, and a possible action for the gauge
field is the Wilson action

A
S'(A) =AY TrlUn = §ZZTrUW(n); (9.2.11)
O proon
the sum over pv gets a factor 1/2 because uv and vy define the same plaquette.

5 The trace is of course irrelevant for Abelian fields, but we write it to ease the
transition to the non-Abelian case.
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It turns out that, for an appropriate choice of the constant A\, S’(A)
tends to the continuum action for a — 0; but, because we want the action to
provide a convergence factor, we will modify (9.4.11) slightly and define

S(A) =1 ReTrUp. (9.2.12)

This expression presents the supplementary advantage over (9.2.11) that it
is invariant under CP, which invariance is thus respected on the lattice (and
not merely in the continuum limit). Note that taking the real part is nec-
essary because we consider only plaquettes with a given, counter-clockwise
orientation. Because the U are unitary, and a clockwise oriented plaquette is
the inverse of a counter-clockwise one, we have

Tr Ug(clock.) = Tr U5 (c. clock.) = Tr Ug(c. clock.) = (Tr Ug(c. clock.))™ :

if we summed over both orientations independently we need not take the real
part.
The limit a — 0 is straightforward. We have, using (9.2.4), (9.2.10),

Uy (n) = exp o { A, (0) + A+ ) + Ayl )+ Ay (n i+ 9)
— Ap(n+ i+ D) = Au(n+9) = Ay(n+0) = Ay (n)}
~ exp iea®{0, A, (z) — 0, Au(x)},

a—
an—x

(9.2.13a)
so that
e?at

ReTrU,,(n) ~1— TFM(x), (9.2.13Db)
and, by choosing A = —1/e? we find that, up to an irrelevant constant, we

recover the correct continuum limit:

1
-3 Z ReTrUp =~ -1 /d41' Z F?,(x) 4 constant. (9.2.14)
] uv

Finally, we have to write the generating functional. Because the fields
A, (na) always appear as group elements of the form U(n, i), the integration
over all A,(an) is redundant: we may limit the range of integration to the
interval between +m/ea or, simpler still, replace integrals over dA4,(an) by
integrals over the group dU(n,u), one for each lattice link. Therefore, we
obtain the generating functional,

Z = / 11 dws / 11 d%; /G [T U (n, pe 5@, (9.2.15a)
k J n, L
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1
S A) =—— > ReTrUn
m}

+a') v {m + i DU+ i —p)ton s = Un = i 1) on—z] } ,
n H

(9.2.15b)
and we have used (9.2.9), (9.2.12) with A\ = —1/e?. The integral dU in
(9.2.15a) runs over the Abelian U(1) group.

We note that (9.2.15) or, for that matter, (9.2.9), do not take into account
fermion doubling, to cope with which a modification like that of the previous
section would be necessary.

ii QCD. The Wilson Action

The previous discussion was tailored so that it can be carried over, with
obvious replacements, to the case of QCD. We define the group element
associated with a link,

U(n, ,u)_exp—{B )+ Bu(n+i)}; Ulm,—p)=U""(n— fi,p),
(9.2.16a)
and the product of such elements around a plaquette characterized by n, i, ©

Un=Uunn)=Un+0,—)Un+0+p, —p)U(n+ ,v)U(n, p). (9.2.16b)

Formally, these equations are like (9.2.4), (9.2.10); but now, and unlike for
(9.2.10) where the ordering was superfluous, the order in (9.2.16b) is essential:
the B and hence the U(n,v) are noncommuting matrices, the last in SU(3).

We define gauge transformations on the lattice to act directly on the link
elements:

U (n) — U (n)U,, (n)U(n). (9.2.17)
With this we get, for any line ordered product,
II vGw) =0 k) T[] UG u)U®), (9.2.18)
l(n—k) l(n—k)

(cf. (9.2.7b)) and, for a closed loop,
II vGu) =0 m) T UG w)UM). (9.2.19a)
L(n—n) f("‘)n)
In particular, for a plaquette,
U (n) — U™ (n)Up (n)U(n). (9.2.19Db)

Because of these transformation properties (9.2.19) we find that the quan-
tity

So=Su(n)= —Niﬁ ReTr U, (n) (9.2.20a)
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is gauge invariant. Sp is to be identified as the action on a plaquette (the
Wilson action®). The definition (9.2.20a) is the traditional one; as is custom-
ary, we have extracted explicitly a sign and the number of colours, N, = 3.

The full action is
Se= Sa=1> Y Sun). (9.2.20b)
O

puroon

If we choose (3 as

2N,
B = 2 (9.2.20¢)
then, in the continuum limit ¢ — 0, an — =z,
Sa¢ — %Tr/d% Zwa(x) + constant. (9.2.21)
Qv

The proof is similar to that of the Abelian case; the only difference is that
an expression such as (9.2.13a) will be modified by commutators according
to the rule (a particular case of the familiar Campbell-Hausdorff relation)

efef> = exp (Fy + F» + 3[F1, F3]) + O(F?).

These commutators precisely complete the field tensor G, .
The gluon generating functional can be obtained by integrating over the
links (for group integration, cf. Appendix C),

Zo=]] / dU (n, p)e=5¢. (9.2.22)
o ) SU(3)

Interactions between quarks and gluons may be introduced as in the
Abelian case. Writing the action directly for Wilson fermions, we have

Sqc =a4Z(In{(m+ %)qn

n

+ % S+ )U 0+ fts =) gnis + (7 = 1)U (0 = i, 1) gn—5] }
(9.2.23)

so that the full generating functional is
Z = H/dU(mu)/quk/quj e~ (Se+5qa), (9.2.24)
n,p

A word of explanation is needed about (9.2.24) in connection with gauge
invariance. To obtain vacuum expectation values, sources and functional dif-
ferentiations have to be introduced just as in the continuum case; but, unless
one wants to find the gluon propagator (for example, in perturbation theory)
or any other similar gauge dependent quantity, a gauge fixing term is not
necessary: (9.2.24) averages over all gauges.

6 Other definitions of action, with the same continuum limit, are possible and have
been used in the literature; see the treatise of Creutz (1983) and references therein.
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9.3 Feynman Rules on the Lattice.
Renormalization Group.
Connection with the Continuum Parameters

i Feynman Rules

To obtain the propagators on the lattice we have to identify the quadratic
terms for the various fields in the action, at zero interaction strength. For
quarks, and from (9.2.23), we write U(n, 1) ~ 1 and find

0 { o+ ar/a)an + 5 L+ s+ = s}

from which we find the propagator in the limit of large lattice size (N — 00),

—1
i r
ST (p) = 1 N1 Siis 9.3.1
1;(p) {m+ - Eﬂ Y sinap, + - Eﬂ ( Cosapu)} 1j (9.3.1)

(cf. Eq. (9.1.16)). Here [, j, are colour indices. The graph (a) of Fig. 9.3.1
corresponds to Eq. (9.3.1).

For the gluon propagator we expand the U(n,u) in terms of the fields
B,,. As we are only interested in quadratic terms, the commutators may be
neglected. We thus obtain the piece

Z Sy { Z [Bg,(an) + B (an + i) + By (an + i) + Bg(an + i + D)

8
n, v c
2
—Bj(an+ i+ ) — Bj(an+ ) — By(an + D) — Bﬁ(an)]tc} .
p p
—_— T T T I T T T T
I Jj c b
(a) (b)
oH c,a b,B
I p q J I p q ]
(©) (d)

Fig. 9.3.1. (a) Quark propagator. (b) Gluon propagator.
(c,d) Quark-gluon vertices.
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A propagator defined in the continuum requires introduction of a gauge-
fixing term. For a large lattice, and in the Fermi—Feynman gauge, a calcula-
tion analogous to that of Sect. 9.1 for the quark propagator gives

cb 5#”
D/LV (p) - 5cb 242 Za(l — cos apa) s (932)
associated with the graph (b) of Fig. 9.3.1.

Vertices are more involved. Because in terms of the fields ¢, B,, the in-
teractions are nonpolynomial, we have an infinity of vertices, associated with
higher and higher powers of the lattice spacing, a. Since loop diagrams will
diverge as a — 0, we are not allowed to keep only the lowest ones, even in
the continuum limit.

We will only give the rules necessary for one loop quark self-energy renor-
malization calculations; thus, we only consider here the quark-gluon vertices.
Trilinear and quartic couplings, as well as ghost ones, may be found in Kawai,
Nakayama and Seo (1981).

Expanding in (9.2.23), we obtain the interaction Lagrangian, in the limit
r =0,

i _
LoGine > = 59 >0 @Yul@nrp + an-p) By (an)
c  pv

2
ag _ c c
7y § § qnYul td(q”+/l_QH—ﬂ)Bu(an)Bz(an)'
cd M

Tt is necessary to keep the second term: it will produce a seagull vertex (graph
d in Fig. 9.3.1) that will induce quadratic divergences at one loop, and hence
one power of a~! over other graphs (which only produce loga divergences).
The vertices associated respectively with (c) and (d) in Fig. 9.3.1 are thus,
for Wilson fermions with r» = 0,

a

—igtjyucos 5(pp +au) (o), (9.3.3)

1 La
56%92@3 ) Z 7, sin g(pu + qu) (d). (9.3.4)
7

The complicated structure of the lattice Feynman rules explains why only
the first orders in perturbation theory are known in this case.
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ii Renormalization, and Renormalization Group

As long as a is kept finite, QCD on the lattice is ultraviolet finite, so we
have not bothered to distinguish between bare or renormalized quantities.
However, as a — 0, loop diagrams (say, in a weak coupling expansion) become
divergent. We may consider the lattice as a regularization procedure, and
investigate what happens when the cut-off, 1/a, is allowed to go to infinity.
In particular, we can consider the cut-off dependence of the coupling g. To do
so we will only have to repeat, with due changes, the analysis of Sects. 3.3,
3.4, 3.7.

We denote the running coupling constant by g; the renormalization group
equation for the coupling in (3.5.6) may be written in terms of a length r
instead of a momentum. So we have

rdg N
5 = Pr)glr). (9.3.5a)
Expanding ( as in (3.7.1), we write
7 7\
mmmmﬂm<mﬁ>~w (9.3.5h)

and the values of the 3, are given in (3.7.2). Integrating (9.3.5) we find the
equations corresponding to (3.7.4). For example, to leading order,

47

Note that we write g(r), as(r) for simplicity, instead of the more precise
expressions g(r~1), as(r=2).

All this is valid in the continuum limit, @ — 0. To connect with the
lattice formulation, we recall that g(r) is specified so that it equals the renor-
malized coupling defined at a fixed r = rg. This in turn is related to the
unrenormalized, lattice coupling g,, by the analogue of (3.4.6), say

Gu = Zg(ro,a)g(ro), (9.3.7)

and we have explicitly written the cut-off (a) dependence of the renormal-
ization constant. Because g(r) is cut-off independent, it follows that g, must
depend on a: g, = gy (a). Its dependence can be obtained from simple dimen-
sional considerations. Because Z; is dimensionless, it can only depend on the
ratio r/a. Therefore,

adg,(a) =
T da B(gu)gu(a),
where E is defined as
B:Z*gz

9 dr "
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Comparing with (3.5.4) we see that, to second order, E has the same func-
tional form as 3:
Ga B0 g (G@)
= Perr T\ 162 )

with the same coefficients as in (9.3.5b). We thus obtain the cut-off depen-
dence of g, (a); to lowest order,

gula) = _tom® (9.3.8)

~ —Bolog A2a2’

Up to now, we have not specified the parameter A. As remarked before,
and as will be discussed in detail in Sect. 10.2, the value of A depends on the
regularization and renormalization scheme used. Thus we should really write
Apage for A. One can relate Ap.g, to the MS value of A to first order by simply
evaluating one-loop renormalization for ay, including constant terms, and
equating. The calculation was first carried out” by Hasenfratz and Hasenfratz
(1980). These lattice evaluations are cumbersome because Lorentz invariance
is butchered by the lattice regularization, which only respects the subgroup
of permutations and finite rotations among the four dimensions of spacetime.
In particular, even one loop calculations have to be finished numerically. The
ensuing relation between Ay, and p-renormalized A, Anom 18

A ~ A
Latt ~ go=AMoM; (9.3.9)
or, in terms of the A in the MS scheme without fermions (as indeed Aniowm
was defined when obtaining (9.3.9)),

1

39
With the currently accepted values of Ayg(ny = 0) ~ 400 MeV, obtained
from deep inelastic scattering, 7 decays, ... (see Sect. 10.3 for a summary),
we get the surprisingly small value

Aty ~ 10 + 4 MeV, (9.3.11)

and we emphasize that (9.3.11) is obtained from perturbation theory analysis
of short distance phenomena.

" This was simplified and extended to actions other than Wilson’s by Dashen and
Gross (1981) and Gonzélez-Arroyo and Korthals Altes (1982), using the back-
ground field formalism. See also Kawai, Nakayama and Seo (1981) for the intro-
duction of fermions. The values of the quark masses also differ between the lattice
and the continuum (Gonzdlez-Arroyo, Martinelli and Yndurdin, 1982).
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For a finite lattice, with a small but nonvanishing, the theory depends on
the two constants a, Arp.ts. It is convenient to work instead in terms of Ay aq
and g, (a), that we henceforth write simply as g(a), so we convert (9.3.8) into

9 —167>

-2
a” = ALatt exp m7 (9312&)
or, taking into account the second order correction,
2 —B1/82
a2 = A;2 e 107 /fog*(a) (ﬁolzﬂ(f)) : (9.3.12b)

a highly non-analytic result. We recall that (9.3.12a, b) should hold in the
limit of a small and for weak coupling:

alpay < 1, ¢%(a) < 1. (9.3.12¢)

9.4 The Wilson Loop. Strong Coupling. Confinement

We will start this section by obtaining an expression, in the path integral
formalism and in particular on the lattice, for the potential between slowly
moving particles, by a method similar to that already considered in Sect. 6.4.

In order that the notion of potential be meaningful, we assume the par-
ticles to be very heavy (and of equal mass, m). Thus we may treat them with
first quantized nonrelativistic formalism. The S matrix is then

where H is the Hamiltonian (in this section we use carets to denote opera-
tors). The quantity that will correspond to the generating functional in field
theory is the expectation value (¥|S|), where @ is the ground state of
the quark-antiquark pair. Denoting the position of the particles by x, y, and
using the formalism developed in Sect. 1.3,

(Wo| 8] Wp) = /DXDye—fercl
(9.4.1)
B /DXDY o= J AT /2G4 = [dTV(R)

We have written (9.4.1) directly for imaginary time, t — 7 = t/i, and have
used the corresponding expression for the classical Lagrangian; V' is the po-
tential, and R = |x — y|. Note that, for consistency with the sign choices in
the present sections about lattice QCD, we define the Euclidean Lagrangian
with a sign opposite to the usual one.
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Suppose that we now add a second-quantized vector field, say the elec-
tromagnetic field A,. The Lagrangian will thus be

m . .
L= E(Xz + y2) + Ling + Lraq-

Lyad is the pure radiation Lagrangian, Lyaq = § [d®rY_ F2,. The matter-
radiation interaction Lagrangian, Ly, can be written as

Lint = /dgz Zju(Z)Au(Z) ~ieAy(x) —ieAs(y).

This last expression is valid because, for slowly moving particles, we can
neglect j, which is proportional to the velocity, and approximate the fourth
component of the current with the expression, valid for static particles with
charges +e,

Ja(z) ~ied(z — x) —ied(z —y).

This is of course consistent with the nonrelativistic formalism and concepts,
and justifies the approximation of not quantizing the matter field. We thus
have

(| S| W) = /DnyDA# o= Jark
~ /’Dnye_de (m/2)(x*+3%) /DAM e—S(A)—iefd‘r (Asg(z)—Aq(y))

— /DXDyefde (m/2)(x2+y2)<efiefd7' (A4(:E)7A4(y))>;

(9.4.2)
we have defined the average

<exp {ie / dr (As(z) — A4(y))}>

_ / DA, 5@ exp {—ie / dr (Ay(z) - A4(y))},

and S(A) = [dt Lyaq is the pure radiation action.
We consider that, because the quarks move slowly,

(9.4.3)

R = |x — y| ~ constant,

and, moreover, we will take the infinite time interval to be replaced by a

finite, but large one,
+oo T
/ dr —>/ dr, T > R,
—o0 0
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R R

X oy
(a) (b)

Fig. 9.4.1. (a) Original integration path. (b) The rectangle, £. (The lines
along which one integrates are shown thicker).

and thus we also replace the S matrix by the finite time evolution operator,
U(T) = e 'TH. Under these circumstances we may complete a rectangle
(Fig. 9.4.1) for the dr integration so that

T
/0 dr (Au(x,7) — Aa(y,T)) =~ é;dx# A, (),

and the error will be O(R/T), negligible. Alternatively, we may keep terms
of order R/T by choosing a gauge where the horizontal integrals vanish; for
example, the Coulomb gauge. We then define the Wilson loop by

W(R,T) = (¢ $ 2 donAu(@)y (9.4.4)

so that, in terms of it, (9.4.2) becomes
(o |U(T) W) = /Dnye*de (/2GS (R, T). (9.4.5)

On comparing with (9.4.1) we see that we can interpret W in terms of the
potential,

W(R,T) = J &7V — o=TV(R), (9.4.6)

for R,T — oo, R < T. (For R/T fixed, we get the potential in the Coulomb
gauge). This completes the discussion for Abelian fields.
In QCD, (9.4.4) is replaced by (cf. (9.2.22))

W(R,T)E/DUe_SG IT vG.m). (9.4.7)
jEL(R,T)
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Fig. 9.4.2. The tiling of the rectangle ¢(I, J).

where [[U (4, ;) is the path-ordered product of the elements associated with
the links in 4(R,T),0 -1 —2— 3 — ..., asin (a) in Fig. 9.4.2. S¢ is the
gluonic action (9.2.20).

Equation (9.4.7) is written without taking into account the second quan-
tization of the quark fields: in a perturbation-theoretic language, neglecting
quark loops. This approximation, called the quenched approximation, ap-
pears to be reasonable, both from analytical evaluations in the weak coupling
regime (the dependence on ny is usually slight) and in numerical calculations
on the lattice, and we will adopt it here.

In general W(R,T) can only be evaluated numerically; but there are
two situations when an analytic expression is possible. First, we have a weak
coupling expansion, i.e., ordinary perturbation theory. This will be discussed
in the next section. The second situation is the strong coupling limit, g — oo,
and therefore lowest powers in 5. We turn to this now.
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Let R =Ia,T = Ja,i.e., I xJ is the size of the rectangle ¢(R,T) = ¢(I, J)
in lattice units. Writing (9.4.3) explicitly we have,

W(I,J)=W(R,T) = /HdU(n) | I vG.m) expﬁf > TrReUp.
n JeL(l,J) O
(9.4.8)
The strong coupling expansion corresponds to the expansion of the exponent
in powers of 8 = 2N./g?; see Eq. (9.2.20c).
Using the formulas of group integration (Appendix C),

1
/dU Uy =0 /dU UieUsi = 57016,

we see that, to get a nonzero result for (9.4.8), we need at least as many
U coming from the expansion of S¢ as there are in the product [TU(j, u;).
However, because Sg only contains full plaquettes, every time one U (3, ;)
is brought down from Sg, a plaquette is added: so we get the perimeter £(1, J)
replaced by a smaller one (graphs a, b in Fig. 9.4.2). This goes on until the
whole interior of ¢(I,J) is tiled with plaquettes (Fig. 9.4.2, c). In all, we
require I x J plaquettes, so the first nonzero contribution in the expansion
of exp[(—=3/N.) > 5 ReTrUp] is the IJth one. Therefore,

wir.) = [Tave { T vG)
" HI.) (9.4.9)

-0 1 1 1J
X(M> W{%;ReTrUD} + O3,

The sum in (9.4.9), >, , runs over the plaquettes in the tiling.

We will complete the calculation of (9.4.9) for an Abelian theory. The
evaluation for a non-Abelian one requires some extra algebraic machinery,
that the interested reader may find in the text of Creutz (1983), and we will
only indicate the result for it.

For an Abelian theory, we may replace [[U(J, ;) by [[ Un, because the
links traversed in opposite directions cancel one another. Then, since all and
every one of the plaquettes is present in [[ Up, it follows that the only nonzero
element of (9.4.9) will be that in the expansion of the product

{ZReTrUD}”

til.

in which each plaquette appears one, and only one, time. As the order is now
irrelevant, it follows that we have (I.J)! of these, a factor that precisely cancels
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the 1/(1J)! in (9.4.9). Assuming IJ = even, we have found the leading term
in the strong coupling expansion for W:

W(I,J) ~el71088, (9.4.10)
In the non-Abelian case (QCD) one finds a similar result:
W (I, J) o !/ 108(3/2Ne) — o~ KRT
= % log 2N
a B

On comparing with (9.4.6) we find the long-distance potential between heavy
sources,

(9.4.11)

1
== log(N.g?).

1
V(R)=KR, K= glog(Nch), 9> 1, (9.4.12)

for QCD. A similar equation with a slightly different value of K holds for an
Abelian theory.

The linear potential in (9.4.12) strongly suggests confinement; but the
situation is not totally clear for the two following reasons. First of all, (9.4.12)
has only been derived in the large coupling limit, and the quenched approxi-
mation. We would like a proof that the result also holds in the unquenched
case, and either an evaluation of the potential for arbitrary g2, or a proof
that long distances really imply an exploding ¢g?. The second snag is that we
have got more than we had bargained for: we find confinement for Abelian
theories, in particular QED. Thus, it might appear that the linear potential
could be an artifact of the lattice, instead of a true feature of the theory.?

There are indications that QED is an inconsistent theory; and numer-
ical evaluations on the lattice seem to indicate that there really is a phase
transition in QED between the weak, e? < 1, and strong, ¢ > 1, coupling
regimes. But then one should worry that the same be not the case for QCD:
we would like that the asymptotically free theory, and the confining one, were
the same in this case. This hope seems to be fulfilled in that numerical eval-
uations indicate that there is no phase transition; or, if there is one, that it
is of high enough order that the passage from g2 < 1 to ¢g? > 1 is smooth.

8 Of course, for QCD we have other reasons than the strong coupling lattice eval-
uation for believing in a linear potential and/or confinement.
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9.5 Observable Consequences of Lattice QCD
I. General

i Wilson Loop; String Tension; Connection Between Long
and Short Distances

Let us consider the Wilson loop W (I, J). We can extract the quantity K
(string tension) defined by (9.4.11),

1
K== 7722 logW(l1,J), (9.5.1)
from the function
W, J)W({I-1,J-1)

I1,J)=-1 . 9.5.2
XU ) = =log i — 1) (952)

We then have, using (9.4.11),
X(I,J) = a’K =~ log(Neg®) = logg*(a). (9.5.3)

The reason one calculates with the quantity y is that most perimeter effects
cancel out for it (Creutz, 1980).
For g — 0, on the other hand, (9.3.12) implies

2 —B1/Bo
x(I,J)~d’K ~ A2 K (609 (a)) 167/ Bog®(a), (9.5.4)

g2—0 Laitt 167’(2

I',J~>oc
I<J

If one evaluates for small Wilson loops, one obtains a result that is very
different from (9.5.4); for example, and after a trivial calculation, we find

x(1,1) = g*(a)/3. (9.5.5)

Thus we expect that for finite I, J, x(I,J) will deviate from the true value
(9.5.4) to which, however, it will tend as we increase I, J. Moreover, if there
is no phase transition, the regions where (9.5.3) and (9.5.4) hold will be joined
by letting g vary, with the transition remaining smooth as I, J increase.

In Fig. 9.5.1 we have plotted typical results of calculations for finite I, J,
as well as the theoretical expectations both at large and small g2, based on the
review of Moriarty (1983) and work quoted there. We see that there indeed
seems to exist an approach to the theoretical limits both at small and large
coupling, and that the interpolation appears smooth. The best fit is obtained
for

Apage = (6+1) x 1073K1/2

(Creutz and Moriarty, 1982; using a 6% lattice). This may be compared with
the relation, obtained with an improved 12* lattice by Barkai, Creutz and
Moriarty (cf. Moriarty’s 1983 review),

Apage = (8 £ 1) x 1073K1/2, (9.5.6a)



Lattice QCD 385

(K/A®, .. Dexp[-1671°/B,g°(a)]

(6.5

Fig. 9.5.1. Numerical and analytical results for x (I, J). Continuous line:
weak coupling. Dashed line: strong coupling. Dotted lines: eyeball interpo-
lations of numerical results for various values of I, J. (Actually, this draw-
ing is somewhat optimistic; larger values are necessary to obtain the correct
asymptotic behaviour.)

while Fukugita, Kaneko and Ukawa (1983) found
Apage = (7.9 4+ 4) x 1073K1/2, (9.5.6b)

A review, from which many references may be retrieved, is that of Aoki et al.
(1998).

The string tension K may be obtained from two sources: from Regge
theory (Simonov, 1989a, b; Dubin, Kaidalov and Simonov, 1994) or from fits
to the linear, long distance interquark potential, especially for heavy quarks;
cf. Sect. 6.4. Both estimates agree to a value

K% ~ 420 MeV . (9.5.7)
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If we now use (9.5.6) we obtain a prediction for Ay, obtained from long
distance phenomena, i.e., from the value of K'/2 in (9.5.7). It is,

ALatt ~ 3.4 MeV (958)

and we have not taken into account the errors in (9.5.6). After the long chain
of reasoning involved, including unexpectedly large numbers (as in the con-
nection between Apage and Agg, Eq. (9.3.10)) the consistency of (9.5.8) with
the short distance value Apat, = 10 £4 MeV of Eq. (9.3.11) is remarkable.
Another way to see the connection between short and long distances
comes from direct evaluations of the coupling constant, ag, on the lattice.
Using bound states of heavy quarks as input, Davies et al. (2003) find

as(M%) =0.121 £ 0.003 [Lattice, long distance],

a number that agrees very well with what we have found in Chap. 4 from
perturbation theory short distance analyses,

as(M2%) = 0.118 £ 0.003 [Pert. theory, short distance].

ii Hadronization of Jets

We will consider the simple case of two jets in eTe™ annihilations. Thus, we
start with the production of two quarks at a point 0, which then move to the
spacetime points z, y. The corresponding amplitude will be connected with
the expression

Ay ~ (01T (x)q; (y) 1. (0)]0),

Ju = Zéﬂuq;ﬁ (9.5.9)
%

where j, k, are colour indices and we consider a single species of quark. (9.5.9)
is not gauge invariant; to get a gauge invariant expression we should introduce
a path ordered line integral,

. x
i dz, B*(z .
Pegfy (2) — (}I% I I U(n, ,un)7
Y

between y and x. Writing the corresponding expression directly for Euclidean
lattice QCD and recalling (9.2.24), we have that (9.5.9) becomes

A= /DqD@DU@‘(ml) [T U p)g;(n2a) " a(0)r,.x(0)e,
l(na—mn1) k
S =8¢+ S4a-
(9.5.10)
Here = any, y = ang and [(ny — ny) is the straight line from ny to n;.
We make now two remarks. First, as quarks get separated, we expect the
coupling to increase; so we will work to leading order in the strong coupling
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Fig. 9.5.2. The “triangle” T = (0, n2,n1).

limit. Secondly, the movement occurs in a region that is forbidden classically.
In a potential language, the energy of the quarks is smaller than the potential,
Kr, for large separation |x —y| = r. Therefore the Euclidean formalism is
appropriate here, as it gives the tunnelling probability amplitude (Sect. 8.1).

It is easy to see that the first nonvanishing contribution to (9.5.10) is
obtained by first bringing sufficiently many terms from the exponent contain-
ing Syc to complete a loop around the “triangle” T' with vertices 0, nq, no
(Fig. 9.5.2). The leading order contribution to the WKB approximation will
correspond to the quarks following the “classical” trajectory, i.e., straight
lines from 0 to ny and ny (actually, the polygonal more closely approximating
these lines). The introduced new links are sufficient to give the loop product

H U(TL, ,un)

neT

so, with loose notation,

Ay~ /DU H U(n, pin)e5¢ ~ W (T) ~ em2Kir oK1 (9.5.11)
nel

where t = x4 = y, is the time elapsed since quarks were created, and we have
taken r/2 = t (quarks traveling with the speed of light; we neglect quark
masses). As expected, (9.5.11) implies that the probability for finding two
isolated quarks decreases exponentially with time and separation.

Consider then processes with four quarks® in the final state: for exam-
ple, two created by a current, and the other two by materialization at short
distance from O of a gluon radiated by any of the existing quarks. If, for sim-
plicity, we assume the colours to be matched, we will get surfaces such as the

9 More accurately, two quarks and two antiquarks.
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Fig. 9.5.3. World lines of four quarks.

hatched areas A; in Fig. 9.5.3, where we approximate polygonals by straight
lines. For large t, r, the point where the two extra quarks were created is
irrelevant. The probability amplitude is now

“KA;—KA
A~e 1 2,

where A1, Ay are the shaded surfaces in Fig. 9.5.3. For large ¢ we find that,
for example, A; is
1

A1 = §|n3 —ng‘ |Tl2|

|n2|:\/t2—|—%r2, |n3—n2|:tv2,

with ve the relative velocity of ng to ng. In terms of energy, vo = 2pa /s
with s the total energy of the original gg pair and p,, the transverse mo-
mentum of n3 with respect to ns. Thus, A ~ 2t1/2p2L/51/2, and

Now,

1/2
Y

—Kt*(p11 +p21)
$1/2 :

A ~ exp

the probability decreases as the exponential of the transverse momentum.

We can iterate the short distance production of quarks, until all the
transverse momenta are as small as the momenta of quarks in hadrons, at
which time one may consider the hadronization process to be complete. This
yields a picture qualitatively similar to that of the Lund model'® which, as
explained in Sects. 5.3, 4, provides a good description of hadronization of
jets.

19 Anderson, Gustafson and Peterson (1977, 1979).
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iii Locality of the QCD Vacuum. Long Distance Behaviour
of Invariant Propagators. Constituent Quark Mass

In this subsection we will consider a model for the quark propagator, in
the nonperturbative vacuum. This model will incorporate the short distance
behaviour of the propagator discussed in Sect. 3.9 and the long distance be-
haviour suggested by a strong coupling lattice calculation. As we will see, this
propagator presents features which, particularly at long distances, correspond
to particles with an effective invariant mass of the order of the constituent
mass we discussed in Sect. 6.5; and this, even for quarks with zero “mechan-
ical” mass.
The quark propagator,

Sij(x) = (vac|Tg;(x)q;(0)|vac), (9.5.12)

is a gauge dependent object. We define an invariant propagator by inserting
a line integral. In matrix notation, but working in Minkowski space for now,
we thus write an effective propagator as

. s . 0

Sfjﬁ (x) = —ﬁ{vadT(j(O)P exp ¢ Jo " Buw) q(z)|vac). (9.5.13)
c

We can interpret Sfjff as the propagator describing a quark as it moves in the

gluonic soup inside a hadron. In p-space,

S ) = [ dtoeresia)

At short distances we have the familiar expression

-1 1 1
S5 (x) =0 {47r2(? 20 4NC<Q_Q>} ; (9.5.14)
we have taken the quark to be massless. At long distances we evaluate Sfjﬁ (x)
as follows. First, we go to Euclidean space. Then, and because we expect con-
finement (and thus that the interaction grows at long distances), we calculate
for large coupling, g — oco. Finally, the quenched approximation is used.

Under these circumstances, the evaluation of Sfjﬂ(x) is identical to that
of the Wilson loop in Sect. 9.4. Underlining Euclidean quantities, we then
find

Sef(z) ~ Gye Il

T—00

K is the string tension. The corresponding Minkowski space expression,

S (z) ~ b0 KV (9.5.15)
xr

is very appealing. According to it, the probability of a quark to propagate

in the vacuum (inside a hadron) at a spacelike distance r = v/—2? decreases

exponentially when 7 > K~!/2; but the quark may move freely along a

timelike or lightlike trajectory, where v/—x2 is pure imaginary. This makes
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apparent the local character of the QCD vacuum, as opposed, for example,

to the Higgs vacuum, that extends over all spacetime.
A simple ansatz incorporating both (9.5.14) and (9.5.15) is

-1 1 1 1/2 3
Sefp) =60 —9—— — (G —K Y =a® 9.5.16
ij (2) J{4W2@$210 4Nc<qq>}e ( )
The corresponding p-space expression is then easily evaluated to be

. K1/2 37T21K1/2(Qq>
Seft(p) = 5, L — . (9.5.17
ij (p) ]{Zé ( (K_p2_10)1/2) NC(K_p2_iO)5/2} ( )

It is interesting to note that the piece originating in the quark condensate
in (9.5.17), viz.,
3n%iKY%(qq)
tj NC(K —p2— 10)5/2’
provides a regularization for the delta function in the nonperturbative quark
propagator that we gave in Sect. 3.9ii, Eq. (3.9.12), with m = 0,

~en 25,35,
to which it indeed tends for |p|? > K (formally, when letting K — 0).

The expression (9.5.17) for the propagator fulfills the Bricmont—Fréhlich
(1983) criterion for confinement and indeed exhibits many of the characteris-
tics of the propagator for a particle with nonzero effective mass. Thus, Sfjﬁ (p)
presents a cut starting at p?> = K and, what is more interesting, it behaves
for p — 0 like the propagator for a massive particle:

ip  3r2%i{qq) i
Sefp) ~ - 4 T~ 9.5.18
S0, o R (9.5.152)
where the effective mass p is
N.K?
=" 9.5.18b
" e (9:5:150)

It is curious that in the last expression the quark condensate appears in
the denominator. This indicates that K'/2 and (—(gq))~'/® are proportional
and appears to link, in ordinary QCD, quark confinement (K # 0) with
spontaneous breaking of chiral invariance, (gq) # 0.

The numerology also works reasonably well. Taking the quark condensate
renormalized at 1 GeV from the PCAC relation (7.3.4, 5) with the light quark
masses of (7.4.9), and the value p ~ 320 MeV obtained from phenomenologi-
cal quark models, we can predict K using (9.5.18b) to get K2 ~ 470 MeV.
The excellent (and far from trivial) agreement with previous determinations
for this quantity (e.g., Eq. (9.5.7) that gave 420 MeV) should, however, not
make one forget the shortcomings of our calculation here; (9.5.17) is to be
considered as no more than a phenomenological expression. In fact, not only
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is the interpolation (9.5.16) somewhat arbitrary, but, because the expression
for the propagator only takes account of a certain class of gluon couplings, use
of (9.5.17) tel quel into Feynman diagrams may lead to violations of gauge
invariance.

A treatment of the gluon propagator along these lines is possible, but
much less satisfactory.

9.6 Observable Consequences of Lattice QCD
II. Hadron and Quark Masses; Decay Constants

As stated when we begin to discuss lattice QCD, in principle, this tool allows
us to calculate everything: the masses and decay constants of hadrons made of
light quarks, form factors at finite, even small momentum transfer, scattering
amplitudes, structure functions, etc. Before these calculations make sense,
however, a number of questions have to be understood. In particular, we have
technical problems that now must mention we. Consider first the integrals
over the gauge fields, [ []dU. Because each group element depends on eight
parameters, we have an eight-dimensional integral for each lattice point, and
hence 4 x 8 for each link. Now, putting a hadron in a lattice makes sense only
if @ is much smaller than the size of the hadron and, moreover, the hadron is
much smaller than the lattice volume. Even if we understand “much smaller”
to mean only half an order of magnitude, this implies 2N + 1 ~ 10, and so
we have 4 x 8 x 10* > 10° integrations: not a light task, even with Monte
Carlo methods.

Secondly, we have integrals over the anticommuting fermion fields. The
integral (cf. (9.2.23), (9.2.24))

[ PaiexpS gDk,
nk
4

1 o A~
+ 2% ; [(7" +7)U(n+ =)0k ntp + (1 —7)U(n = f, ﬂ)5k,n—ﬂ],

(9.6.1)
can be carried out explicitly because

/Dq Dq epo(jnanqk = const. x det D.
nk

So we should, to take dynamical quarks into account, evaluate this determi-
nant for every calculation of the integral over gluon fields. This is a formidable
task, and usually the quenched approximation is employed, in which we take
det D — 1. Numerical calculations seem to justify this approximation, but
only to a certain extent, and not for all quantities.
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Besides this, there are problems of principle involving (among others) the
restoration of the Lorentz invariance and chiral invariance in the continuum
limit, or the dependence of the results, at finite a, on the action used for the
gluons, etc. In what respects to chiral invariance, much progress has been
made in the last years (cf. Sect. 9.1), which allowed a reliable treatment of
light pseudoscalar mesons. But we still lack a totally realistic estimate of the
systematic biases inherent to lattice calculations: it is with this in mind that
one should appraise the results to be presented. Also, and as said before,
almost everything has been calculated on the lattice; here we show only a
few sets of results that can be considered representative, starting with lattice
calculations where chiral invariance does not play a relevant role.

i Non-Goldstone Hadrons

We now present a few typical results for (non-Goldstone) hadron masses.
We have, with experimental numbers in brackets,'!

m, = T730+90MeV  [770]
ma, = 1190490 MeV  [1260]
m, = 9204100 MeV  [938]
my = 1100+ 150 MeV  [1300]

for Apaet = 2.4 and 8 = 5.7. The errors are purely statistical; the numbers
in brackets are the experimental values, in MeV. The agreement is certainly
encouraging, albeit with a value of Ap,iy too much on the small side.

More recent results are given by Aoki et al. (2002), in the quenched
approximation. We just quote a few:

Particle mass, MeV mg input mg input Experiment

K~ 858 + 12 889+ 7 896

N 878+29 878 +29 940

A 1019 £22 1060 + 16 1116 (9.6.2)
b 1117 £22 1176 £ 22 1193 o
= 1201 £21 1288 +12 1315

Q 1561 £26 1647+ 18 1673

A 1257+ 36 1257 + 36 1232

The results obtained taking mg as input are clearly better than those ob-
tained with myg as input. This can be understood because, in spite of im-
portant advances in the last years, Goldstone mesons are difficult to treat on
the lattice. It is also typical of lattice calculations that the systematic errors
are larger than the statistical errors. In this case, the difference for strange
particles between the results obtained using kaons and phi as input are much
larger than the nominal errors of each one. However, the improvement with
respect to the older calculations reported above is clear.

"The results are due to J. P. Gilchrist, G. Schierholz and H. Schneider (see Schier-
holz’s (1985) review).
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The decay constants of the p and ¢ resonances have also been calculated.
(We will discuss pion and kaon decay constants later.) We have

F, 206+7 [Experiment: 220 £5 MeV]
Fy 229+6 [Experiment: 239+ 3 MeV]

(Aoki et al., 2002).

We next comment on glueballs, somewhat special objects presumed to
be mostly made of gluons.

There are in the Particle Data Tables (Eidelman et al., 2004) a number
of hadronic resonances, without flavour quantum numbers, which cannot be
fitted into a conventional constituent quark model; that is to say, they can-
not be explained as ¢q states. Various interpretations have been advanced
for these objects. Some can be viewed as states with more than two quarks,
“molecules” gqqq, but there are a few for which the simplest structure consis-
tent with experiment is to consider them to be glueballs. The experimental
situation is far from clear. There are a number of scalar resonances,

Fo(600),  fo(980).  fo(1380), fo(1500), fo(1710),

all of which cannot be interpreted as excited gq states, but none of them is
unambiguously a gluon state. There are also more tensor (spin two) reso-
nances than one would expect on the basis of the gq classification, and the
same thing happens for pseudoscalar resonances. For the latter, we have the

state
n(1440) [formerly ¢(1440)],

which is a strong candidate for a glueball. Indeed, it is copiously produced in

decays
J/ — n(1440) + 7,

which are easily interpreted as
J/p — 2G + .

Moreover, it decays prominently in channels containing 1, 7(980) which,
because of the axial anomaly, are known to have a strong gluon component, or
into states containing kaons, also favoured because the mixing of pseudoscalar
glueballs with quarks is thought to be proportional to the mass of the latter.
Even in this case, however, the situation is not totally clear. For example, it
is still doubtful whether the 1(1440) is a single wide resonance or two narrow

ones,
n(1410), 7(1449).

From the point of view of the theory, it is not easy to treat glueballs
either: constituent quark models for glueballs are mostly arbitrary. One could
try to study these objects in the bag model, or using the SVZ sum rules.
The drawbacks of the first method were discussed in Sect. 6.6. As for the
SVZ sum rules, they are reasonably effective to get QCD parameters from
experimentally known correlation functions; the opposite path is much more
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difficult to follow, as we would require extrapolation of high-energy QCD
expressions to yield low-energy parameters, a notoriously unstable procedure.

There remain lattice calculations. In principle, glueballs are ideally suited
for these: because the glueball operators can be constructed with only gluon
fields, it would seem that we could dispense with quarks altogether. If we let
Nga be (composite) glueball operators, we can consider the correlator

Z(NGG(IL n4), Nac(0))vac-

n

As x4 grows, this quantity behaves as
exp(—mox4),

with mg the mass of the lightest glueball state. Thus, even a rough calculation
should provide a reasonable estimate of mg. In this way one can get an idea
of the spectrum of the lowest-lying glueball states corresponding to different
spin-parity assignments. For example, Ishikawa, Sato, Schierholtz and Teper
(1983) found

m(scalar) = 740 £+ 40 MeV

m(tensor) = 1620 + 100 MeV
m(pseudoscalar) = 1220 £ 200 MeV

(statistical errors only). For a discussion of this, and more details and refer-
ences, see the review of Halliday (1983). An idea of the systematic errors can
be obtained by comparing with the values

m(scalar) = 1370 + 90 MeV, m(tensor) = 2115 + 125 MeV,

given in the Kronfeld (1989) compilation, as well as the recent estimates of
Bali et al. (1997) and Luo et al. (1997) that give

m(scalar) = 1710 £ 50 MeV .

The main problem with these calculations relates to mixing. Consider,
for example, pseudoscalar glueballs. Because of the existence of the axial
anomaly, we expect that the quark and gluon operators

mq’y{)‘]a 6G7

should appear together, as in fact they mix under renormalization. The sit-
uation for scalar states (using for example the energy—momentum tensor
anomaly) is similar. Because of this mixing, it is clear that the quenched ap-
proximation cannot be as good as in other situations, and some evaluations
indicate that it is not to be trusted to better than some 50%. Another prob-
lem is that there is no guarantee that two gluon states will be lighter than
multigluon ones. It remains, however, that, as explained above, lattice QCD
is the only method with which to study these elusive entities.
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ii Pion Physics on the Lattice

We can glean the improvement in lattice calculations involving pions and
kaons by comparing evaluations of the w, K decay constants. Before use of
chiral fermions, typical results were

fr = 99+14 MeV  [93.3£0.3]
fk = 112+£9MeV  [114+1.1] (9.6.3a)
fk = 122+£59 MeV.

The experimental numbers are in brackets. The results are due to Gavela et
al. (1988), De Grand and Loft (1988) and Bernard et al. (1989). The size
of the systematic errors can be inferred from the difference in the statistical
errors given for both determinations of fi.

In the recent determinations of Aubin et al. (2005), one has, on the other
hand (experimental numbers still in brackets),

fr = 91£25MeV [93.3]

fx = 111+2.7MeV [114], (9.6.3b)
and Aoki et al. (2002) give
fr = 85+4MeV [93.3]
fk = 98+3MeV [114]. (9.6.3¢)

Early lattice calculations of the light quark masses were not very accu-
rate; in fact, some of them amply violated the positivity bounds given in
Sect. 7.4; cf., for example, the reviews of Aoki et al. (1998) and especially
Bhattacharya and Gupta (1998). However, they have improved with time.
Thus, Aoki et al. (2002) give

ma(4 GeV?) 4 my, (4 GeV?) =8.6 752 MeV,
113.875, MeV  (mg as input) (9.6.4a)

ns(4 GeV?) =
s (4 GeV7) { 142722 MeV  (my as input).

For mg the determination from the ¢ is perhaps the more reliable one be-
cause, as already remarked in connection with (9.6.2), light mesons (like the
kaon) are difficult to put on the lattice. The difference between the two de-
terminations of my is larger than their nominal errors which shows that, also
here, there are still substantial uncontrolled uncertainties in lattice evalu-
ations. This can also be seen by comparing with the lattice evaluations of
Aubin et al. (2004, 2005) who calculate individual masses and get

mq(4 GeV2)+1m, (4 GeV?) = 5.5+ 0.4, i, /mg = 0.41 +0.04;

, , (9.6.4b)
mq(4 GeV?) =3.9+0.4, m,(4GeV?) = 1.6+ 0.3 MeV .
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Figure 9.6.1. Continuos line: fit of the I = 2, S-wave phase shift to ex-
perimental data for w7 scattering. Open dots: Losty et al. (1974); black dots:
Hoogland et al. (1977), solution A; black squares: Cohen et al. (1973); solid
line: fit to experimental data in Peldez and Yndurain (2005). The three hol-
low squares with thick error bars are the lattice results from Aubin et al.
(2004).

The value for the sum m, + my differs from that in (9.6.4a) by more than
twice the error estimate. Still, the compatibility at the 2o level with the
results of other methods is encouraging.

We finish the present section with a brief presentation of results from
lattice calculations of the isospin two S-wave in w7 scattering amplitude,
quite a tour de force. Aubin et al. (2004) find

5 (s1/? =0.4 GeV) = —3.5+£0.64° [-4.3°],
5 (s1/2 =0.6 GeV) = —9.5+3.0°  [-11.1°], 965)
57 (s12 =0.8 GeV) = —16.9+6.4°  [—17.8°].

In brackets we have put the numbers found by fit to the experimental data!?

by Peldez and Yndurdin (2005); see Fig. 9.6.1. If we fit with the values of 5(()2)
from the lattice for s*/2 < 0.8 GeV plus the data coming from 77 scattering

12Cohen et al. (1973), Losty et al. (1974), Hoogland et al. (1977), solution A.
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between 0.8 GeV and 1 GeV, we can extrapolate to threshold and find the
scattering length

al? = (=0.0305 +0.010) M; '  [Exp.: (—0.052 +0.012) M. '].  (9.6.6)

This may also be compared with the value found in a lattice calculation of aéQ)
itself by Aoki et al. (2005); they get, depending on the method of calculation,

al? = (—0.041 £ 0.002) M1 or a? = (—0.025+0.003) M . (9.6.6)

The preceding sample of results of lattice calculations allows us to draw
some conclusions. It is clear that lattice results are reaching an important
degree of reliability in a wide spectrum of applications. One can calculate
quantities that, not many years ago, appeared to be beyond the reach of lat-
tice estimates. However, and as may be seen by comparing lattice calculations
by different groups of the same observables, and at times even calculations
using different methods by the same group, systematic errors are still large,
at times much larger than the statistical ones. There remain important bi-
ases, as yet not fully understood. These may or may not be related to the
problem of having to use the quenched approximation for evaluations with
large statistics, but it is likely that totally reliable results will be obtained
only when one is able to go beyond this and, indeed, the improvement of
more recent calculations is due to a large extent to (partial) unquenching.



10 The Perturbative QCD Series.
The Parameters of QCD.
Condensates

10.1 The Functions 3,~,,

A large number of the more reliable results in QCD come from perturba-
tive expansions at large momenta, and are due to the asymptotic freedom
property. This justifies devoting this section to presenting a summary of
our knowledge of the basic functions 8 and 7,,; in next one, we will dis-
cuss the character of the perturbative series. In supersymmetric extensions
of QCD, both functions are related and, for some specific supersymmetric
theories, they can be calculated exactly. Actually, and as proved by Man-
delstam (1983), there are renormalization schemes in some supersymmetric
theories in which both 3, 7,, vanish identically, and in others they can be
found to all orders, as remarked first by Shifman, Vainshtein and Zakharov
(1983). We will not discuss these theories here. The interested reader may find
information, and trace the relevant literature, from the monumental papers
of Seiberg and Witten (1994); we turn now to ordinary QCD.

Since the pioneering papers of Gross and Wilczek (1973a) and Politzer
(1973), much progress has been made in pushing the calculations of 3, v,
to higher orders. In both cases the coefficients in their expansions are known
to four loops and, for v, (but not for 3), the calculation has been checked
by at least two independent groups. We now present the full set of results.
It is convenient to organize the expansions in terms of the parameter as =
g%/167%. Thus we will write the beta function, and its expansion, in the form

Blas) == Baal,
n=0

2
_ % _ 9 . (2
as == 1o 9= 9(1).

(10.1.1)

Furthermore, we define the numbers ¢, = ((n), where ¢, given by

=Y+,

=17
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is Riemann’s zeta function. Numerically, (o = 72/6, (3 ~ 1.20206, (4 ~
1.08232, (5 ~ 1.03693. We then have

Bo=3Ca— 4Tpny, B =3C% —4CrTrny — 2CaTrny,

ﬁg = 2857CA + QCFTan — 205CFCATF71f
1415CATan + CF nf + 12578 CATan,

53 — Cffl (1521086653 _ g<3) T Ci’lTan ( 39143 + 13() )
+@@ﬂm@%—@@+m@nm<mu%2>

+46CETpny + CATEnG (T80 + 224(s) + CpTpnG (1522 — T3¢ )
+CaCrTin} (4555% + %CB) 213 CaTpn + 55 CrTy
deddy sy s dgeddi 515 1e6a
Ty T G) gt (O - TCS)
2 AP pos | sin
tnp = (T )
(10.1.2a)
sum over repeated colour indices understood). Here ([t%t%]);; = Cgd;;
J J
and fecdfbed — (0,69 are the familiar quadratic Casimir operators of

the fundamental and the adjoint representation of the Lie algebra, and
Tr(tt%) = Trd® is the trace normalization of the fundamental represen-
tation. N4 is the number of generators of the group (i.e., the number of
gluons, Ny = N? — 1 = 8) and ny is the number of quark flavours. At four
loops there appear new, higher order group invariants that are expressed in
terms of contractions between the following fully symmetrical tensors:

dpred = LTr [t eet? + totbeite 4 et eetbd
+ 1t o0 4 et
dabcd 1 T [Cacbccod +Cacbcdcc + Cacccbod
+m&@@+mﬁ@w+w@w@]
For QCD, with N, = 3,

Bo=11—-2ny ~ 11 —0.66667n;, (1 =102 — 3En; ~ 102 — 12.6667n,
By =281 — 5033y, 4 f%fnf ~ 1428.50 — 279.611ny + 6. 01852nf,
/63 — (1496753 + 35644 ) _ (1078361 + 6508<3) nf

(2 52G) i+ Y
~ 29243.0 — 6946.307 7 + 405.089n% + 1.49931n3.
(10.1.2b)

The corresponding expression for a is given in Eq. (3.7.4d).
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For the anomalous dimension of the mass, we write

= Aal (10.1.3a)

n=0

and then
YW =3CF, AV =3Ct+ LCpCa — RCOFTrny,
VP =12890% — 129020, + L3 CpCY
+ CETrng(—46 + 48(3) + CpCaTrnys (— 52 — 48(¢3) — S2CpTin7,
(3) CF ( 1261 336C3> + CFCA (15349 4 316C )
+CFCA ( 34045 1524—3 4 440C5) 4 CFCA (70055 + 1418( 440(5)
+ CpTpny (—22 + 552¢5 — 480(5)
+C3CATpny (—3812 + 368(3 — 264¢4 + 80¢s5)

+CpCiTrny (—% 2684 5 + 264¢, + 400(s
+ CAT2 (304 160(3 + 96¢4

+ CrCaTinG (1332 +160(3 — 96(4) + CpTpn} (-5t + 128
dabcddabcd abed abcd
+ A (232 4 240G3) + nyp T (64 — 480¢3) -
Ng Np

(10.1.3b)
This produces the following expression for the running masses:

a2
mq(p?) = mgad™ |1+ A1 as + (A} + As) 55

; (10.1.4a)
+ (%Ai’ + %A1A2 + A?,) (%S + O(a")

where m, = (260)% 1, (the invariant mass 1, was defined in Sect. 3.7) and

517(0) %(rlb)

— ~(0) A Jm_

TYm /ﬁOv 1= BO + ﬂ() 5

40 CORNC)

A= ﬁ (gl & 2) % o
v 5 60 5 0 0 (10.1.4b)

wE 430

= [ﬂo B \ o~ P2) 1P

(1) (2) (3)

am” (BT Brym”  ym”

o B2 (ﬁo 2) B2 o

We note that 33 is positive for all positive values of ny. The two loop
coefficient 8; was given by Caswell (1974), Jones (1974) and Egorian and
Tarasov (1979); the three loop one, fa, by Tarasov, Vladimirov and Zharkov
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(1980). Finally, the coefficient B3 was calculated by Larin, van Ritbergen
and Vermaseren (1997a). The various terms in the expansion of v, have
been calculated by Nanopoulos and Ross (1979) and by Tarrach (1981), who

corrected a trivial error in the Nanopoulos—Ross evaluation (two loop, 7,(7%));

Tarasov (1982) for +?; and Larin, van Ritbergen and Vermaseren (1997b)
and Chetyrkin (1997) (four loop 77(,?)).

10.2 The Character of the QCD Perturbative Series.
Renormalization Scheme Dependence of Calculations
and Parameters. Renormalons. Saturation

i Truncation and Renormalization Effects

In QED there is a natural renormalization scheme: one renormalizes with pho-
tons and electrons on their mass shells. This is useful because of Thirring’s
(1950) theorem which states that, at zero photon energy, the Compton am-
plitude (and a number of other processes as well) is given exactly, i.e., to
all orders in «, by the classical approximation: so we may use results from
classical physics to determine the fundamental parameters a, m.. In QCD
there is no such preferred scheme, at least not based on physical grounds.
Therefore, a discussion of what happens when we change the scheme is nec-
essary. We will in the discussion neglect quark masses (but we will take into
account the effective value of ny) and gauge parameters; their introduction
would not pose problems different from the ones we shall consider now.

Take a physical observable, P. Clearly, P must be independent of the
renormalization scheme R we use to calculate it. However, when we write a
series expansion for P,

P=> Ca®)as(R)", (10.2.1)

both C), and a, depend upon the scheme R in which we are calculating. The
relation with a new scheme R’ is found by writing

P=> " Cpo(R)[as(R)]", (10.2.2)

expanding a(R’) in terms of a(R) and equating. This expansion will be of
the form
as(R) = as(R){1 + a1 (R, R)a,(R) +--- ).

It is clear that the expansion must begin with unity because, to zero order,
as = g2/4w, which is independent of the scheme. This also implies that
Co,1(R') = Co,1(R). However, the other C,, are expected to vary:

02(9{) = al(%’,%)cg(%’), etc.
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As a simple example, consider the quantity R describing ete™ hadron
annihilations.! We will consider two renormalization schemes: the minimal
scheme, to be denoted by m.s. (in which, it will be remembered, one only
cancels the 2/e divergences instead of the full N, = 2/e — vg + log 4), and
our familiar MS scheme, where the whole N, is subtracted. We will work only
to order a?.

In the m.s. scheme we would have obtained that Eq. (4.1.10) is replaced
by

™

e 2 Qg m.s. (8) e m.S.(S) 2 3
R(S) =3 Z Qf 1+ 7T + 72 ms. <7) + O(as)a
=1

33 —2n
T2m.s. = T2 + (1Og 4 — ’YE)if

(10.2.3)

The expression for a, also changes. We had, to two loops, and in the MS
scheme (cf. Egs. (3.7.4)),

127 . 153 —19n; 2log log 12/ A2
33 — 2ny) log u?/A? (33 =2nys)%2  logpu?/A? ’

as(p?) =
s(u)(

while in the m.s. we find
127

33 — 2ny)log u?/A?

{1 _3 153 — 19n; 2loglog u?/A? _ logdm — 'yE}
(33 —2ng)2  logu?/A? logu2/A2 |7’

Qs m.s. (,U2) == (
(10.2.4)

as could be expected. We can have the same functional form for both if we
define a new parameter, Ay, .,

A = ereTlos Az (10.2.5)
and then (10.2.4) becomes
127
Qg m.s.(M2) =
: 33— 2n;) log 12/ A2,
( ) log /A3, ¢ (10.2.6)

| 3153~ 19n; 2loglogp®/ A7,
(33 —2ny)% logp?/A%, '

up to terms of order a?.

The point which this simple example makes is that the parameters of the
theory depend on the renormalization scheme used; this holds for A as well
as for the m masses. Another example of this has already been encountered
when we discussed lattice QCD. The MS scheme is preferred in this book, for

1 A discussion in the case of deep inelastic scattering may be found in Bardeen,
Buras, Duke and Muta (1978).
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perturbative calculations, because of its simplicity; no unnecessary transcen-
dentals (like the —vyg +log 47 of Egs. (10.2.3, 4)) appear. Generally speaking,
it also gives reasonably small radiative corrections. For example, in the m.s.
scheme,

Toms. = 7.4 —0.44ny,

compared to the MS value ry = 2.0 — 0.12ny.

Besides the ambiguities caused by the different choices of renormalization
scheme, we have ambiguities due to the fact that the perturbative series are
in practice truncated. It is clear that, for example, the whole series (10.2.1)
and (10.2.2) must be equal; but in general we will not have equality of

N
> Cr(R)[as(R)]" (10.2.7a)
n=0
and
N
> Ch(R) ()" (10.2.7b)
n=0

for finite N. What is more, for truncated series the expansion parameters are
not well defined, nor is the truncated series unique. To see what this means
in an example, consider that one has the ambiguity of using in (say) (10.2.7a)
the expression of ag to N loops in all the terms; or to N loops in the term
Cias, to N — 1 in the term Coa?2,. .., and to one loop in the term CyalY:
or anything in between. In all cases, the error is of higher order a¥ 1. As a
second example, consider the one loop coupling constant:

127
33 —2ny)log u? /A%

o (p ):(

Now change A2 — A2 = (1 + §)A2, § small. We get,

127
(33 — 2ny)[log p?/ A2 — log(1 + 9)]
3—2ns as(p?) } ‘

3

as(p?) — al(p?) =

The modification of A induced by the alteration is only felt at the next order.
Thus, more generally, we can see that in an expression such as (10.2.7a) one
can modify A2 — (1 4 §)A2 provided only that § ~ oY.

People have tried to get around these problems by devising “improved”
series. In particular, one may try to optimize the parameter A, or the renor-
malization point 12; popular choices being to adjust them so that the coeffi-
cient of the last term (Cy in (10.2.7a)) vanishes, or that the derivative d/du
is zero.

It is the author’s opinion that what may be gained by these manipulations
is offset by their disadvantages; notably that one has to use a different A
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for each process. Roughly speaking, we have two possibilities. First, it may
happen in a given calculation that the value of ay is small and the last
coefficient is not large, so that

ICnalN| < |Crak|, k< N,

in a given scheme, say the MS one. Then improvements are of little conse-
quence. Or it may be that

|Cya| ~|Cra®|, k< N.

In this case what happens is that we are not in the asymptotic regime (for
the given process and calculation) and the inclusion, in particular, of the
last term has only an indicative value. No amount of manipulation will alter
this substantially. Actually, the situation is worse, because the QCD series is
not expected to be convergent, nor to specify uniquely the theory, as will be
discussed in the next subsection.

Note, however, that we object (but only mildly) to formal manipulations;
in some cases physical considerations may suggest resummations (like for the
K factor in Drell-Yan) or choices of scale (as in bound state problems) which
may somewhat improve the calculation.

ii Renormalons

The running coupling constant, on which perturbation theory in QCD is
based, was obtained in Chap. 3 using the renormalization group. The same
equations may be derived summing leading logarithms (in this context, see
also the discussion at the end of Sect. 4.8). Let us work in a lightlike gauge, so
that the whole renormalization of the charge is connected to the gluon prop-
agator, and consider a physical observable P which depends on the squared
momenta ¢?. The observable may be written, to a certain order in perturba-
tion theory and after renormalization at the scale ug, as?

2 2
g*(p
PR <q127 47TO)’M0) )

for simplicity we neglect quark masses and take the momenta to be spacelike,
and we also assume P to be dimensionless. If all the ¢? are large, and we

write ¢? = Q%u?, u? = —1, then we find the renormalization group-improved
expression
~2( 2
P =Py <u2 J iQ ),Q2> . (10.2.8)
7

The running coupling constant g?(Q?) was obtained from the renormalization
group before; now we will show how to get it by summing leading logarithms

2 We here write g(u?) instead of g(u) as we did in Chap. 3.



406 Chapter 10

Fig. 10.2.1. Chain of iterations leading to a sum of leading loga-
rithms. The dark blob represents a gluon or quark loop.

in the gluon propagator. What one does, for every gluon propagator that
enters the expression for P, is to replace it by what may be called a dressed
propagator in which one has included the sum to all orders of the quark and
gluon bubble corrections. That is, we replace

2(,,2 2(,,2 v v v

4 47 k2
2(,,2
g iMO)D(O);w(k)
( ) (0) px 92(/~L(2)) (2) 92(,“3) (0)Bv
2(,,2 20,2
a9 K g~
+ i )D(Op, (k}) iWO)Hézﬁ)(k) ZL]-O)D(O)Bp(k)
20,2
g /"L ov
D) 10 1) ) pov ..
(10.2.9)

where we omit colour indices and IT®® is the second order gluon vacuum
polarization tensor. The procedure is shown graphically in Fig. 10.2.1.3 If we
substitute the value of I7(?) (see Sect. 3.3) and keep only leading terms in
log k2, we obtain the dressed propagator in the leading log approximation

3 This is similar to the replacement of D by the expression (3.3.22b), with IT to
second order.
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9 (1) oy (k):92(1f2).—g“”+(k”n,,+k”n#)/(k-n)

1 )

A dressed A k2
and _92/19 2
as(k?) = () = olio)
dr 1+ as(u3)Bo(log k2 /u3) /4 (10.2.10)
B 4
~ Bologk?/A2

Equation (10.2.8) is obtained by rescaling the momenta k2 by Q2.

It is clear that the procedure can only be valid for k% > A? (here, and
to avoid inessential sign complications, we work in Euclidean QCD). When
k? ~ A2 the quantity a(k?) presents an unphysical pole. This pole, which
is quite similar to the Landau pole in QED is, in QCD, connected to the
breakdown of perturbation theory: a breakdown that must necessarily occur
for phenomena such as the formation of condensates, spontaneous breaking of
chiral symmetry or confinement to appear. The pole is called the renormalon
pole and the ambiguities that its presence induces were first discussed in QED
by Lautrup (1977) and in QCD by ’t Hooft (1979), in particular in connection
with the question of whether QCD is uniquely defined by the perturbative
expansion. In fact, the renormalon singularities indicate that the answer to
this last question is negative.

To see this, consider again the calculation of P that we discussed before;
and assume to simplify that P depends on a single external momentum, and
has, to the order in which we are working, a single internal gluon propagator,
as occurs, for example, in the case of the second order correlators that enter
the calculation of 7 decay, cf. Sect. 4.2. We will then have

2(,,2
PU) = [ @t Fula ) T DO,

and F embodies the rest of the diagrams that contribute to P, properly
renormalized and integrated. When replacing the gluon propagator by the
dressed propagator, this becomes

Pdressed(qz) = / d4k7F;w(Q7 k)D(O)HV<k)as(k2)

) (10.2.11a)

4m 4
= F DOy~
50 /d k MV(Q7 k) (k) log kQ/AQ

The point is that the d*k integral runs through the pole of o, (k?) at k2 = A2
Now, from the general theory of singular integrals (see, e.g., Gel'fand and
Shilov, 1962) it follows that we can write

L pp b sz g2
oghzyaz ~ P fogzz T oA = A%, (10.2.11b)
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where P.P. means the principal part when crossing the singularity, and we
have separated explicitly a factor of A2 from the constant ¢ for dimensional
reasons. The constant c¢ is arbitrary in that it is certainly not given by per-
turbation theory. It therefore follows that the value of Pgresseq is also unde-
termined:

4 y 1
Pdressed(q2) = PP % /d4k Fuy(q, k)D(O)H (k’) W
; (10.2.12a)
4dme

kHn, + kY
/koFm/(Qa k)i [—g“” + M‘]
0 k' n
and the (2; are the angular variables of k. Suppose that the observable was
dimensionless; then, on dimensional grounds, we have that

4cA? kFn, + kY A2
e /d(Zk F(q, k)i |—g" + WL LT N (constant) —-,
(0] k-n q2—o0 2
(10.2.12b)

and thus we find that perturbative QCD only defines the observable P within
the ambiguity given by (10.2.12).

Clearly, this ambiguity becomes negligible at large momenta where the
error committed by neglecting terms O(A?/k?) is of higher order than any
perturbative correction, O(1/log™ k2/A?); but it persists for any finite k2.
Also, we have given here the proof for a simple case, but it is not difficult
to see how it can be extended to a general situation (Muller, 1985). We
consider an observable, P, to any order in perturbation theory and let k; be
the momenta of the internal gluon lines. We can split the integrals defining
P?

P:/d4k1 .../d4kn¢(q,k1,...,kn),

where g now denotes the set of external momenta, into two pieces: the piece
k? < M2 with My an arbitrary mass larger than A; and the region k? > Mg
(we still work in Euclidean QCD). With obvious notation, we write this as

P =Pz + P

In the first piece the integrals in d*k; run over a compact region and thus are
convergent in the ultraviolet. It follows that, as ¢ — oo, that piece vanishes
relative to the first as powers of Mg /q¢?; it is this piece that contains the
renormalon ambiguity. The second piece avoids the regions where one has
renormalon singularities, and can therefore be evaluated without problems in
perturbation theory.

In some cases the renormalon ambiguity is of higher order (in A2/¢?)
than one would guess from (10.2.12), because of cancellations. This occurs,
for example, in correlators like the ones entering some of the SVZ sum rules,
or ete™ or 7, Z decays. Here the renormalon contribution is of relative order
A*/g*; in other cases it is indeed of second order, as for example in deep
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inelastic scattering. In the first examples the renormalon ambiguity is related
to the vacuum structure: one can fix it by requiring that it be absorbed into
the O({asG?)/q*) corrections. This, incidentally, gives a hint as to the nature
of the ambiguities present in QCD: there appear to exist a number of different
theories with the same perturbative expansion. Of these, one will have the
vacuum with minimal energy, which will be the one that one finds in nature.

In deep inelastic scattering the renormalon ambiguities add to the higher
twist corrections. A readable discussion of this case may be found in Mar-
tinelli and Sachrajda (1996). In jet physics renormalons also appear. In some
favourable instances one can even prove a kind of approximate universality of
these corrections, as in the evaluations considered by Akhoury and Zakharov
(1996).

It is unclear to what extent one can use renormalons for phenomeno-
logical purposes. It is true that one can use them to guess nonperturbative
properties from perturbation theory; but there are very few situations where
quantitative results may be obtained from renormalon calculations.

As an example of a qualitative use of renormalons we will consider how a
renormalon estimate suggests the short distance behaviour of the heavy quark
potential that we obtained in Sect. 6.4 from the nonperturbative Dosch—
Simonov model, as remarked by Aglietti and Ligeti (1995). The calculation
is very simple. We consider the potential generated by the exchange of a
renormalon chain. In momentum space this is

~ _ —4nCp 47
V== Bolog(k?/A2)’

and we have substituted the one-loop expression for a,(k?). This expression
is undefined for soft gluons, with k? ~ A2. As follows from the general theory,
and as we have already remarked, the ambiguity is of the form c§(k? — A?):
upon Fourier transformation this produces an indetermination in the z-space
potential of §V (r) = ¢[sin Ar]/r. At short distances we may expand this in
powers of r and find
(5V(7“) N00+Cl7“2+... R

which indeed coincides with the short distance behaviour of U(r) as found in
Sect. 6.4, Eq. (6.4.16). This shows the uses, and also the limitations, of renor-
malon calculations: it is true that the short distance behaviour in the regime
|E£LO)| < A (cf. Sect. 6.4) is reproduced correctly; but neither the long dis-
tance behaviour, nor the short distance nonperturbative Leutwyler—Voloshin
corrections in the |E§L0)| > A regime are given by these renormalons.*

4 Moreover, part of the renormalon singularity is spurious. If we consider an ob-
servable quantity, such as the mass of a quarkonium state, we have to add to V'
the rest energy, 2m with m the pole mass, which also has a renormalon ambiguity
that partially cancels that in V; see Beneke (1998) and Hoang, Smith, Stelzer and
Willenbrock (1999) for details. A more modern discussion with references is that
of Pineda (2004).
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Apart from the “ultraviolet” renormalons we have discussed up to now,
other ambiguities exist which are connected with exchanges of ladders of
dressed gluon propagators, and which are effective at low values of the mo-
menta. We refer to the paper of Peris and de Rafael (1997), which contains
a thorough discussion and references to earlier work.

iii Saturation

In the previous subsection we have seen that QCD, when defined by the
perturbative series, has ambiguities. These ambiguities are associated with
small momenta or, equivalently, with long distances. However, at least the
singularities are clearly spurious. Indeed, not only the theory should be well
defined but, because of confinement, long distances are never attained: the
theory possesses an internal infrared cut-off of the order of the confinement
radius, R ~ A~!. To try and implement it we consider again the gluon prop-
agator. To one loop it gets a correction involving the vacuum polarization
tensor. Neglecting quarks this is given in xz-space by an expression like

Z,%/ ($7 0) N92fabcfa’de
% (0] / Ay dys TBY (91)9, Bea (1) B2 (42)9, Bes ()| 0) + -+ -

We can take into account the long distance interactions by introducing a
string between the field products at finite distances, i.e., in the matrix nota-
tion introduced in Sect. 8.3, by replacing

Y1
BB (4a) — B )P (o0 [ a2 B, (2)) B ).

Y2
The process may be described as “filling the loop” (see Fig. 10.2.2) by
introducing all exchanges between the gluonic lines there. If we, furthermore,
replace the perturbative vacuum |0) by the nonperturbative one |vac), then
a calculation similar to that made for the long distance potential for heavy

quarks in Sect. 6.4 yields a dressed propagator

47
Bolog(M? + k%) /A%

and M? is related to the gluon condensate at finite distances, (G(2)G(0))yac-

This may be described as a saturation property of the coupling constant;
the calculation in fact suggests that, at small momenta, the expression for
the running coupling constant should be modified according to

47 47
s = ——— sat(1.2) — . 10.2.1
(k) Bologh?/A2 *) Bolog(k? + M?)/A? (10:2.13)

DH (k)= DOw (k)

dressed

It is certain that an expression such as (10.2.13) incorporates, to some ex-
tent, long distance properties of the QCD interaction. For example, if we
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Fig. 10.2.2. “Filled in” gluon loop.

take (10.2.13) with M = A in the tree level potential for heavy quarks, this

becomes

4rCrag(k?)
K2

167T2CF
Bok?log(k? + A2)/ A%

VO (k) = — — VOsat () =

When one has k? > A2, the short distance Coulombic potential is, of
course, recovered. For k? <« A2, however,

167T20F/12

‘7(0),sat k ~
( k2« A2 ﬂgk4 ’

whose Fourier transform gives

VOsat(py ~  (constant) x 7
r>A-1
i.e., a linear potential. Indeed, a reasonably accurate description of spin-
independent splittings in quarkonia states is obtained with such a potential
(Richardson, 1979). Likewise, use of (10.2.13) with M ~ A provides a surpris-
ingly good description of small-z deep inelastic scattering down to Q2 ~ 0,
as we discussed in Sect. 4.12iii; and these two cases are not unique.’

In spite of these successes, it should nevertheless be obvious that (10.2.13)
can only be of limited applicability. For example, consider the correlator of
two currents in the spacelike region, IT(Q?%). We know that in some cases
such as the correlators of vector or axial currents for massless quarks studied
in Sects. 4.1, 2, or that of pseudoscalar ones in Sect. 7.4, one has

H(Qz) i Hperturbatlve {1 + O Oé G2 }

whereas (10.2.13) would give a correction of order M2Q~2. The Richardson
potential is also a good example of the limitations of the uses of saturation,

5 More details and references on saturation can be found in Simonov (1995). Linear
terms in potentials at short distance are further discussed by Pineda (2004).
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in particular in connection with the extent to which saturation really does
(or does not) represent a real, physical improvement, or merely the addition
of a somewhat arbitrary new parameter. Indeed, the linear potential induced
by saturation in the Richardson model is the fourth component of a Lorentz
vector, while we know that the Wilson linear potential, as obtained, e. g., in
the stochastic vacuum model or in lattice calculations, should be a Lorentz
four-scalar: it thus follows that the linear potential obtained from saturation
can be only of phenomenological use in some specific situations, but not for
others; for example, it would give repulsive forces for qq interaction, hence
no gqq baryon states (unless, of course, one adds an extra, scalar potential).

iv The Limit of Accuracy of QCD Calculations

Let us consider a physical observable P which, for simplicity, we take to
depend on a single momentum, Q?; for example, P could be the quantity R
in eTe™ annihilations. We write a perturbative series for it, and assume that
we have selected a definite renormalization scheme, say the MS one. We thus
have

P(QQ) = Z CHQS(QQ)'
n=0

There are a number of arguments, in particular the existence of instantons
and renormalons, that indicate that the QCD series are not convergent. What
one expects (and we will assume this for definiteness) is that the series are
asymptotic. These kind of series have the property that they converge to the
exact quantity for a; — 0 in the following sense: the terms in the sum, c,a?,
decrease (in modulus) with increasing n up to a certain, as-dependent N (a)
where one has

N(as)

N(as)*1
CN(a,)W¥s ~ CN(ag)+1% (o)

and then higher terms |cy 41N T*| increase. The best one can do is to con-
sider the approximation

N(O‘S)
Py, = Y caol, (10.2.14)
n=0

and then one expects that the error committed by doing so is of the order of
the last term included,

len (| = [P = Priany| ~ len(anyad ()], (10.2.15)

For some divergent series it is possible to devise summation methods
which produce unique answers for the exact quantity, P; popular ones being
Borel or Cesaro summation. However, and as the existence of renormalon
ambiguities shows, this is not the case for the QCD perturbative series. It
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thus follows that, for each observable like P, there is, for each value of a4 (Q?)
(and hence for each ), a maximum possible accuracy.

The statement is at times found in the literature that adding renormalon
contributions one may improve on this. That is, one could imagine replacing
(10.2.14) by

. N(as) M2
Pyoy = Z cnarg + o7 (10.2.16)
n=0

i.e., we add the renormalon that will cancel the singularity of the original,
divergent series. One hopes that the truncated series expansion Eg:((g“) cnay

will represent the quantity
M2
o
M? = kA?, better than P itself. In this way one would improve the conver-
gence at the cost of adding a new parameter, M, which could be obtained
from other sources or at least be fitted to experiment.
Except in some favourable cases, this improvement is unlikely to occur.

By hypothesis, the renormalon contribution is of the order of the error in the
series,

P(QY) ~ 7 = P(Q?) — ke~ i7/ne,

However, the series starts to diverge when its terms begin to increase,

CN_lozéV*l ~ cNoziV ~ CN+1aiV+1,
and thus the error of the series could just as easily be ey as 2ex or 3en: in
any event, of the order of the renormalon contribution. We have to admit
that the perturbative QCD series have intrinsic limits to their accuracy. In
the typical case of the observable R(Q? = s), Eqgs. (4.1.11) tell us that (with
ny = 4 for definiteness)

R(s) =3 Q} {1+ 0.31804(s) + 0.154a2(s) — 0.37203(s) + -},
f

(10.2.17)
so the series diverges with the terms shown here for a,(s) ~ 0.41, i.e., when
s'/? < 1.4 GeV. As a matter of fact, (10.2.17) agrees well with the exper-
imental data for s > 2 GeV?, but not below 2 GeV?. Around s ~ 2 GeV?
the last term, and hence the expected error error, in (10.2.17) would be of
order 0.372a2 ~ 0.026, to be compared with the renormalon, or condensate
contribution, of order

(s /) (s G?) /5% ~ 0.0020 :
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no improvement is obtained by including this. For tau decay, the last term
given in (4.2.13) shows that the series, for s = m2, is at the limit of conver-
gence.

Among other consequences, these considerations indicate that, in some
cases, the calculations of higher orders of perturbation theory do not improve
our knowledge of the quantity in question; and, in particular, this suggests
that a truly precise determination of a; requires high momenta (e.g., Z de-
cay) where the smallness of «; allows us to use effectively high terms in the

perturbative expansion.

10.3 Coupling Constants: 6, oy, A

i The Parameter 0

QCD is a theory with two coupling constants. We have the coupling g2 /47
that we trade for the running coupling constant a(u?) defined at the ref-
erence scale u; and we have the coupling 6 associated with the piece of the
Lagrangian (—g?/3272)0GG discussed in, among other places, Sect. 7.7. We
will start with the second because its status is much simpler: we only have
a bound, coming from the absence of a dipole moment of the neutron (see
Sect. 7.7)

0] < 1077, (10.3.1)

A word on this: because € is only defined modulo U(1) rotations, the
bound (10.3.1) should really be understood as a bound for the effective pa-
rameter f.g, defined by

Oor = 0 — argdet M

where M is the quark mass matrix of Kobayashi and Maskawa (1973), in-
cluding the weak CP-violating phase.

ii A and oy

It has become customary to express fits to the strong interaction coupling
directly in terms of a,(u?) defined at a convenient reference momentum,
instead of giving it as values of the parameter A. To be sure, the two spec-
ifications are equivalent; but the specification in terms of ag(u?) presents
advantages over the other; for example, a4(u?) can be determined directly
from experiment. Here we will give values for both o, (u?) and A.
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We will here present little more than a summary of results; more details
may be found in the recent compilations of the Particle Data Tables (Eidel-
man et al., 2004) or of Bethke (2000, 2004).5 The value of u we will choose
will be M. It is, however, a pity that the experimental value of Z — hadrons
still presents large systematic errors, because this process is the one that is
potentially more appropriate for extracting an accurate value of .

Let us turn to the results. We define oy and A in the MS scheme, with
an effective number of flavours; the relation between this and two other def-
initions, the u-scheme (also called the momentum renormalization scheme)
and the lattice renormalization are (Hasenfratz and Hasenfratz, 1980; Buras,
1981):

AMOM(TLf = 4) >~ (2.16)/1@,
1
Apage(ng =0) ~ %Am(nf =0),

1
Apagt(ng =4) >~ %Am(nf =4);
these relations are valid to one loop.

The results are summarized in the following Table, where only evaluations
made to NNLO are reported. There, DIS means deep inelastic scattering, Bj
stands for the Bjorken, and GLS for the Gross—Llewellyn Smith sum rules; the
values given here are adapted from the review of Bethke (2004). For 7 decays
we have taken an average of the results obtained renormalizing at pu = m.
and g = 1.1 GeV. The results for e/up and vN DIS are taken from Santiago
and Yndurdin (2001). Finally, the values given for Z — hadrons are adapted
from Strom (2000) and assume the Higgs mass constrained by 100 < My <
200 GeV, with the central value for My = 115 GeV (Tournefier, 1998). As
is seen there, the more precise evaluations follow from DIS for ep scattering,
but all determination are compatible with one another, within errors.

The corresponding weighted average is

aS(M%) =0.1185 + 0.0013 (10.3.2)
and we have added a minimum theoretical error of 0.0011.

5 It is not easy to connect directly some of our results as given here with those
presented in the editions of the Particle Data Group tables. The reason is that
these authors chose to employ definitions both for 3, and of A(3 loop) which are
at variance with the ones used here. Of course, we have verified that the figures
given there for as agree with ours.
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Process or Qé\fgsggee [%26\/]2 Oés(M%)
DIS; v, Bj 1.58 0.121 + 0.007
DIS; v, GLS 3 0.112 + 0.010
7 decays (1.777)* 0.119 + 0.0031
7 decays (1.100)? 0.116 4- 0.0031
eTe” — hadrons 10? - 2002 0.130 4 0.025
Z — hadrons; I'7 (91.2)2 0.1226 + 0.0050
Z — hadrons; GrandLEP (91.2)? 0.1185 + 0.0030
Y decays (9.46)2 0.118 + 0.006
DIS(v N; zF3) 8 - 120 0.1153 + 0.0041
DIS (ep, up) 3.5 - 230 0.1166 + 0.0014

The values of the effective parameter A(ns) that reproduce (10.3.2) are,
in MeV,
A(4 loop, ny = 5) =214+ 16 MeV,
A(4 loop, ny =4) =303+ 21 MeV, (10.3.3)
A(4 loop, ny = 3) =358 £22 MeV .

We have made the matching between ny = 5 and 4 at 4 = 5 GeV, and
between ny = 4 and 3 at p = 1.777 GeV. The value to three loops differ from
these four loop ones by about 1 MeV. To two loops, the value of o, given in
(10.3.2) corresponds to

A(2 loop, ny = 4) ~ 380. (10.3.4)

This is compatible (within errors) but slightly larger than the average values
used in the eighties, dominated by 7" decays at NLO (no NNLO evaluation
existed then) which gave aYtO T decay(Af2) = (0.112 or A(2 loop, ny = 4) ~
230 £ 130.

(10.3.2) is almost identical to the best average of Bethke (2004) whose
error, however, is more conservative:

as(M%) = 0.1182 + 0.0027. (10.3.5)
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Lattice calculations have not yet reached a level of reliability compara-
ble to the other determinations, although they have improved substantially.
Recent values are given by Aoki et al. (2002) who obtain

A(zero flavours) = 219.5 + 5.4 MeV,
certainly too low, and Davies et al. (2003) who find
as(M2) = 0.121 £ 0.003 (10.3.6)

a bit high, but compatible with continuum evaluations. These lattice results
are incompatible one with another, which is why we refrain from using them
to get our preferred averages.

10.4 Quark Masses

Let us start by considering the light quarks. We will give the values of the
running masses, in the MS scheme, renormalized at Q% = 2 GeV2. The er-
rors given for the values of the masses in certain calculations (Gasser and
Leutwyler, 1982; Dominguez and de Rafael, 1987; Chetyrkin, Dominguez,
Pirjol and Schilcher, 1995; Jamin and Miintz, 1995; Chetyrkin, Pirjol and
Schilcher, 1997) have been shown to be somewhat optimistic, both for the
values of the combination m, + mg and of m, from sum rules, and for the
ratios from PCAC and chiral dynamics. It would seem that safe bounds and
estimates (Bijnens, Prades and de Rafael, 1995; Yndurdin, 1998) would be
as follows. First, one has the model independent ratio

M — 0,44 +0.22, (10.4.1a)

mq
and positivity bounds

mq(4 GeV?) + my, (4 GeV?) > 6.7 MeV,

ma(4 GeV?) — m, (4 GeV?) > 2.2 MeV;  m4(4 GeV?) > 111 MeV .
(10.4.1b)
Then, with reasonable models for the low energy discontinuity of the corre-
lators, (Bijnens, Prades and de Rafael, 1995; Chetyrkin, Dominguez, Pirjol
and Schilcher, 1995; Chetyrkin, Pirjol and Schilcher, 1997) one obtains the

estimates
maq(4 GeV?) 4 my (4 GeV?) = 8.8 £ 3.0 MeV,
mq(4 GeV?) = 6.6 3.2 MeV, 1, (4 GeV?) = 3.1+ 1.5 MeV; (10.4.2)
(4 GeV?) = 148 + 37 MeV .
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For the s quark one can obtain independent evaluations from 7 decay
into strange particles, or from eTe™ annihilations. The results that one finds
are, from the first method (Chen et al., 2001),

(4 GeV?) = 119 T2L. (10.4.3a)

Although somewhat lower, this value is compatible (within errors) with the
former results. It has the advantage over them that it does not require the
use of models. On the other hand, it lies partially in the region forbidden
by the positivity bounds, and, moreover, the error estimate of (10.4.3a) is
certainly overoptimistic; the momenta involved in 7 decay are too small for
such a precise QCD evaluation.

From ete™ annihilations and 7 decay Narison (1999) gives

ms(4 GeV?) = 129 + 24 MeV (10.4.3b)

and systematic errors are only partially included. Because of all all this, one
can probably conclude that a reasonable world average value of m, would be

(4 GeV?) = 130 £ 23 MeV . (10.4.4)

This rather precise (and reliable) value of mg suggests another way to
evaluate the u, d quark masses, namely, to use the current algebra relations
(7.3.6). We can improve them by including one loop chiral perturbation the-
ory effects, as in (7.11.3), and electromagnetic corrections. In this way we
find the ratios of (7.3.6) and hence, from (10.4.4), the numbers

maq(4 GeV?) 4 my (4 GeV?) = 7.2+ 2.0 MeV,

, , (10.4.5)
mq(4 GeV?) =4.8+ 1.5 MeV, m,(4 GeV") =24+0.8 MeV.

Lattice calculations of the light quark masses give numbers systematically
(if slightly) smaller than continuum evaluations. Thus, Aoki et al. (2002) give

ma(4 GeV?) + m., (4 GeV?) =8.6 703 MeV,

11418 MeV  (with mg as input)

142122 MeV  (with my as input).
(10.4.6a)

For m, the determination from the ¢ is the more reliable one because, as

already remarked in Sect. 9.6ii, light mesons (like the kaon) are difficult to

put on the lattice.
Aubin et al (2004, 2005) calculate individual masses and find

(4 GeV?) = {

mq(4 GeV?) =3.9+0.4, m,(4 GeV?) =1.64 0.3 MeV;

mq(4 GeV?2) 41, (4 GeV?) = 5.5+ 0.5; 1, /g =,0.41 +0.04.
(10.4.6Db)
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The ratio m, /mg agrees well with the result of the evaluation in the contin-
uum, Eq. (10.4.1a), but the individual masses are too small; not only com-
pared to the values obtained from the continuum, but also with the lattice
evaluation of Aoki et al. (2002) quoted above.

Next, we consider the masses of the heavy quarks. The ¢ quark mass had
been predicted from consistency of the radiative electroweak corrections well
before this quark had been produced experimentally. For example, in the 2nd
edition of this book, the value quoted (corresponding to the 1992 analyses)
was

100 GeV < m; <170 GeV,

an the precision increased substantially in the following years. The value of
this mass, as well as that of the ¢ quark, were remarkably successful predic-
tions of the standard theory of electroweak (and strong) interactions.
Presently, we have two evaluations of the mass of the quark ¢. The mass
deduced from observables other than the ¢ quark itself is, for the pole mass,

my = 168.279% GeV  [Radiative corrections] (10.4.7a)

while the direct experimental value, obtained after seven years of measure-
ments, is’
my =174.3+5.1GeV  [Tevatron]. (10.4.7b)

The agreement is more impressive if we realize that part of the theoretical
error in (10.4.7a) is due to the uncertainty in the mass of the Higgs particle.

Note that the mass obtained with the direct measurement can only be
identified with the pole mass if one neglects the decay of the ¢, so (10.4.6b)
should have an extra error, likely small, of order m;a o ~ 0.6 GeV.®

For the ¢, b quarks we have two main sources of values: sum rules, and
fits to quarkonium spectra. Besides this, the ¢ quark mass can be obtained
from GIM-violating decays, of historical interest because they gave the first
estimate of the mass prior to discovery, but not very precise as they suggested

1.2 GeV <m, < 1.8 GeV.

Lattice determinations of the ¢ quark mass have improved over the years; we
had

me(m?) =1.54+0.3 GeV and m.(m?) =1.22+0.5 GeV

(Allton et al., 1994; Bochkarev and de Forcrand, 1997, respectively). More
recently, Rolf and Sint (2002) find

me(m?) = 1.30 £ 0.03 £ 0.04 GeV

" Particle Data Tables (Eidelman et al., 2004). A more precise value has been
presented at the 2005 Europhysics Lisbon Conference: m; = 174.3 + 3.4 GeV.

8 T am grateful to P. Langacker and J. F. de Trocéniz for discussions and information
on this.
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and the second error comes from quenching. Lattice evaluations of my;, are less
reliable due to its large value, compared to inverse lattice spacing. However,
a recent calculation in unquenched lattice QCD by Mc Neile, Michel and
Thompson (2004) gives a value,

my(mi) = 4.25+0.11 GeV,

that compares very well with results in the continuum (see below).

The b quark mass can also be found from Z decays (Rodrigo, Santa-
maria and Bilenkii, 1997), but this is as yet less precise than the two other
methods. The Z-decay determination, however, is of interest in that it checks
experimentally the running of the mass, since it yields m, (M%) directly. The
experimental analysis, as performed by the DELPHI group at LEP, gives

my(M%) = 2.67 £ 0.50 GeV,
which translates into
my(mi) = 4.0 £0.7 GeV.

Sum rule and quarkonium spectroscopy determinations are compatible
among themselves, within errors. The sum rule values are, in general, slightly
lower than the spectroscopic ones. There may be a number of reasons for
this, of which we mention three. First of all, SVZ sum rules are based on the
assumption of local duality. While it is true that local duality permits reason-
able fits, it is also true that it cannot be exact, so sum rule determinations
have a built-in source of systematic error. Secondly, sum rule determina-
tions only go to an accuracy O(a?), while quarkonium ones reach to O(a?),
O(a2log ay) for the pole mass. A possible third reason could be connected
to the fact that in sum rule determinations one obtains the MS masses di-
rectly, while in quarkonium calculations one goes through the pole masses
as an intermediate step. Still, most of the discrepancy between sum rule and
quarkonium determinations of my, disappeared when O(a?) corrections were
taken into account.

We have the results given in the following Table, where we present three
determinations based on sum rules, three ab initio calculations from spec-
troscopy and a third based on spectroscopy but with a phenomenological
potential to enforce confinement. We may remark that, for the b quark, the
determinations based on spectroscopy and on sum rules show very good agree-
ment when O(a?) corrections are taken into account.



The Perturbative QCD series. The Parameters of QCD

Reference| my(pole) (M) me(pole) e (m2)
PY 50011504 4303+39 18667255 15427163
P — 4210 + 93 — 1210 + 106
PTN 4860 — 1480 —
N; GL — 4250 £ 100 — 1270 £ 50
JP 4604 £ 20 4133 + 60 — —
H; MY — 4200 +£ 100 — —

421

b and ¢ quark masses, in MeV.

PY: Pineda and Yndurdin (1998). [Full O(a?) for m(pole)]; for m; we have
included the three loop correction of Melnikov and van Ritbergen (2000).

P: Pineda (2001). The ¢ quark mass from the B, D mesons mass difference.
PTN: Pantaleone, Tye and Ng (1986). [O(a?), phenomenological Kr potential];
N: Narison (1995); GL: Gasser and Leutwyler (1982);

JP: Jamin and Pich (1997). [O(a?), duality assumption];

H: Hoang (1999). [Sum rules]; MY: Melnikov and Yelkhovsky (1999). [O(a?),
sum rules].

For the ¢ quark adding two loop corrections shifts the mass beyond the
errors that are obtained for the one loop result, so it is not clear which is the
more reliable result. We take the (unweighted) average as a central value:

me(pole) = 1640 £ 200, m.(m.) = 1370 £ 150, (10.4.8)

with rather generous errors.

For the b quark the situation is more favourable. We may include the
O(a®log as) corrections (Brambilla, Pineda, Soto and Vairo, 1999), and the
corrections due to the finiteness of the ¢ quark mass (Hoang, 2000; Brambilla,
Sumino, and Vairo, 2002): the pole mass varies little, well inside the errors
reported in the Table, which makes one trust the results of the evaluation.
In this way we obtain what we believe is the more reliable estimate for the b
quark mass:

my = 5022 458 MeV;  1my(m3) = 4285 4 36 MeV . (10.4.9)

We remark that, while m;, is exact to O(m?2/m?) and O(a5log as), my(m?)
is only correct to O(a3).
The preferred values of the masses are collected in the following Table:



422 Chapter 10

Quark m(pole) m

u+d - 7.7+1.7 MeV  [at 4 GeV?)
u - 2.6+ 0.7 MeV  [at 4 GeV?]
d - 514 1.4 MeV  [at 4 GeV?]
s - 130 £ 23 MeV  [at 4 GeV?)
c 1640 + 200 MeV 1370 + 150 MeV  [at m?]
b 5022 + 58 MeV 4285 + 36 MeV [at mj]
t 172.4 + 3.4 GeV 162.8 £ 3.2 GeV [at mf

The best values for the quark masses, obtained as described in the text.

We have here averaged the determinations of my, (10.4.7), and the more
recent one, and also the determinations of the w, d quark masses in (10.4.2)
and (10.4.5).

10.5 Condensates

Condensates are derived quantities which, at least in principle, can be ob-
tained from the more fundamental parameters (masses and coupling con-
stant). For this, however, we require a formulation of QCD that does not rely
on perturbation theory: in practice, this means lattice QCD. The evaluations
of the condensates in lattice QCD however, are not very precise,’ so it is of
interest to discuss their values as obtained from experimental information.

Four quark condensates and three gluon condensates are usually obtained
from SVZ sum rules. The calculations are little more than order of magnitude
guesses and indeed, as discussed in previous sections, these quantities are not
even well defined. The two gluon condensate is better defined, and more
reliable estimates exist for it; and the same occurs for gg condensates. These
are the quantities whose values we will discuss in the present section.

9 See, for example, Di Giacomo and Rossi (1981).
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i Quark Condensates, (7q)
The PCAC relations (7.3.4, 5) plus flavour independence of light quark con-

densates, -
(uu) ~ (dd) ~ (5s) = (qq),

relate these to light quark masses. Thus, the value of (gg) can be read off from
the estimates on light quark masses of the previous section: using (7.3.4), we
have, for the average of u, d condensates,

f2m?2
2[ma(4 GeV?) + my (4 GeV?))

(@9)(4 GeV?) = — ~ (258 MeV)?. (10.5.1a)

From lattice calculations one finds
(qq)(4 GeV?) = (259 + 27 MeV)?; (265 + 22 MeV)?

(McNeile, 2005; Giménez et al., 2005, respectively).
The differences among the three condensates (Gq) are more difficult to
find. According to Dominguez and de Rafael (1987), we have

{dd)

Ex1073<1—
ST T

<17 x 1073, (10.5.1b)
but nothing comparable exists for (ss).

Heavy quark condensates are not of much phenomenological interest, at
least at the present time, but we will give them for completeness. Consider
a heavy quark, ¢ with my > A. One would assume that no such quarks are
present “primordially” in the physical vacuum, |vac); but, since |vac) contains
gluons, there is some probability that the gluon splits (virtually) into a pair
dq, so we expect (gq) # 0 at second order in the QCD coupling. The actual
calculation is rather simple. We write

(200 = = 38500 05009 = - 3 [ ok v

The ij are colour indices, and the trace refers to Dirac indices. The p-space
expression is evaluated, to lowest order, with the help of the diagram of
Fig. 10.5.1. The nonzero value of the result is due to (: BB :) being nonzero.
We get,

(: q(0)q(0) :) = — (ig)*Tr
XZ& bTr/de Db )/dDﬁﬁ —lmwﬁ +%1 *m,yyif *lm;
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Fig. 10.5.1. Diagram for the calculation of the heavy quark condensate.

substituting the expression (3.9.15) for Dy p, and setting D = 4 because the
expression is convergent, this becomes

( 2(0)a(0) 9 = T %)
X Tr/ (gﬂz))ﬂ”ﬁ im 7 im'y'u(SgIW82 —2019") m o

and the derivatives are with respect to k. The rest of the calculation is ele-
mentary. We find,

_ TF <asG2>
:q(0)q(0) ;) = —————.
¢ 4(0)a(0) ) = ——5

If we take (gq) to be normalized at the momentum p? = m?, and we use the
values of the gluon condensates and quark masses given below, this implies

very small values for the heavy quark condensates:

(10.5.2a)

(ec) ~ —5x 1075 GeV?,  (bb) ~ —2x 107° GeV?. (10.5.2b)

ii The Gluon Condensate, (a,G?)

The values of the gluon condensate are not directly related to an observable,
so one has to find them by indirect methods, particularly SVZ sum rules.
Because of this, the results are somewhat uncertain. Thus, the value favoured
in the older papers (e.g., Shifman, Vainshtein and Zakharov, 1979a, b; Launer,
Narison and Tarrach, 1984), of the order of

(sG?) ~ 0.04 GeV*,

have been superseded by more recent evaluations: now one tends to obtain
larger values for the condensate, of the order of 0.06 GeV* or more; see, for
example, Narison (1997).
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Let us show in some detail the kind of calculation involved. We will
present an evaluation of the gluon condensate based on spectroscopy and sum
rules, following a method developed in Yndurdin (1999), which improves an
early calculation of Novikov et al. (1978). We consider the correlator for the
vector current of heavy quarks,

My = (P9 — pup) 1(p%) =1 / d*a (T ()1, (0),  Ju = Gug,

and sum over omitted colour indices is understood. This will give information
on triplet, [ = 0 states; information on states with other quantum numbers
would be obtained with other correlators. For definiteness we will assume the
quarks to be bb; a similar, but less precise, evaluation would hold for é. The
function I1(t) satisfies a dispersion relation,

() = l/ds Ps)

where p(s) = Im II(s). Actually, this equation should have been written with
one subtraction. We will not bother to do so, as its contribution drops out
for the quantities of interest for us here.

Let us denote by Il ., ppt. the corresponding quantities calculated in
perturbation theory, albeit to all orders; but nonperturbative effects are ne-
glected in I ., pp.+.. In particular, the gluon condensate contribution is not
included here. Of course, we shall not be able to evaluate all orders in pertur-
bation theory. In fact, in the present calculation we we will sum the one-gluon
exchange to all orders (which can be done explicitly in the nonrelativistic
regime) and add one loop corrections to this.

At large ¢, both spacelike and timelike, the OPE is applicable to II(¢),
and we have the results of Sect. 4.11,

N (a,G?)
I(t) 2 My (8) + 557 (10.5.3a)
and, for the imaginary part,
N.Cr {(a;G?) (1 +v?)(1 —v?)?
p(s) =~ pp..(s) — == {0:G7) i ) : (10.5.3b)

128 52 v

with v = (1 74m2/s)% the velocity of the quarks. If we then define IIxp , pnp
as the results of subtracting the perturbative parts from the whole IT, p,

IInp =11 - II,¢.; PNP =P — Ppit.s

it follows that ITxp(t) decreases at infinity as ¢=2. So it satisfies a supercon-
vergent dispersion relation, and therefore we have the sum rule

/ds pnp(s) = 0. (10.5.4)
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In fact, it would appear that one still has another sum rule because of the
following argument. At large ¢, IIxp(t) behaves like

<asG2>

Mhee (D)= ore

while the contribution from the bound states to the dispersion relation (see
below),
(asG?)

203
tea

HNP;bound states (t) ~

dominates over this. Therefore we have the extra relation
/ds spnp(s) = 0.

It turns out that this is actually equivalent to (10.5.4), up to radiative correc-
tions. This is because the region where any of the integrals in both sum rules
are appreciably different from zero is for s ~ 4m?(1+0(a?)), so the integrals
differ only by terms of order o, smaller than the radiative corrections which
none of them take into account.

Let us return to the sum rule (10.5.4). The function p(s) consists of a
continuum part, for s above threshold for open bottom production, and a
sum of bound states. Both can be calculated theoretically provided that s
is larger than a certain critical s(vg), and n smaller or equal than a critical
ng. s(vg) and ng are defined as the points where the perturbation-theoretic
contribution to p and the nonperturbative one are of equal magnitude, and
form the limits of the regions where a full theoretical evaluation is possible.

To be precise, for the continuum we use (10.5.3b), so that above the
critical s(vp),

_NCC’F (asG?) (140 (1 —0?)?
128 52 vd ’

pcont (S) —

P s> s(vg), (10.5.5a)

and vy is such that pRp*(s(vo)) = peo(s(vo)); numerically, and for bb, vg ~
0.2. For the bound states, p is proportional to the square of the wave function
at the origin:

N,
p(s) = SEIRAO)25(s — M), No=3.
We may get pgji_(s) and pR% (s) by splitting | R,,(0)|? into a Coulombic piece,

30033
m°Crag

RCoul. 0 2 —
R o2 = R

and the (leading) nonperturbative correction

|Ra(0)* = R (0) + [RRT(0)[%,
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the latter being given by the Leutwyler—Voloshin analysis that we described
in Sect. 6.3. So we have

BN.Cm?® (0,G?) & A
B e >Zﬁ5(3—Mi), n<no.  (10.5.5b)

n

34
azm —
The numbers A, have been calculated by Leutwyler (1981) and Voloshin
(1982). For n = 1, A\; was given in Sect. 6.3iii, Eq. (6.3.25). This is all we
really need since, for bottomium, ng = 1.

The sum rule (10.5.4) can then be written schematically as

oo no s(vo)
/ PNP + Z Residue of pyp = — {/ pNP + Z Res. of pr} .
s(vo) threshold

n=1 n=nop+1

The left hand side is given in terms of (asG?) by Egs. (10.5.5); the right hand
side can be connected with experiment using the following argument. The
sum over higher bound states, “Zn>n0 41 Residue of pnyp”, may be identified
as the difference between the sum over the experimental residues of the poles
of the bound states, and what we would get by a Coulombic formula, for
all n > ng + 1. Certainly, this Coulombic formula will not be valid for large
n, since here the radiative corrections will become large; but, because the
residues decrease as 1/n?, the contribution of these states will be negligible.
We write this decomposition as

: b.s. b.s.
(bOIlIld states with n > nO) = pexsp, n>ng (S) - pcsulombic, n>ngo (S)

As for the continuum piece below s(vg), we may likewise interpret it as the
difference between experiment and a perturbative evaluation, which we write
as

PR (5) = pesp (8) = ppie (s), s < s(vo),
and, because we are close to threshold, we have (Sect. 5.4, just before
Eq. (5.4.5))

N.Crag 1 - N.Cras

cont _
Poe(8) = =g T oCran © 8

p.t.

Taking everything into account, the sum rule (10.5.4) becomes

Z M Rexp( )|2+fback(vo)

n:no+1
3 3 - (s G?)
=203 0l > n3— nria? Z)\nn (10.5.6)
n=no+1

2
+32 {862a§ + L‘fG ) } .

48e3a3m4
S
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We have defined vy = ea and the expression (10.5.6) is valid up to correc-
tions of relative order a. The function fpack(vo) is the contribution of the
background which, when added to the resonances above threshold (included
in the sum in the left hand side of (10.5.6)), give the experimental value of

t“;(;(;)hol 4 PNP- The function fpacx would be_obtained by integrating the cross
sections for production of 74+ GG and BB, where by GG we mean a “glue-
ball”, and B is any of the states B®, B*, B*. Because we may assume that
the structure is provided by the resonances, we can take f.cx to be given by
phase space only. So we have

fback(vo) = flUS/Q =+ f2v8a

where the first term refers to the channel 7 4+ GG, and the second to BB.
We have in this expression neglected mgg, . It turns out that, given the
experimental errors, one can approximate fuoack(vo) =~ fovd ™, with an fo
between 0.04 and 0.09.

In principle, the procedure would appear to be straightforward. One
would fit the resonance and bound state residues and f to the data, and
then, after substituting into (10.5.6), obtain a determination of (a;G?). In
practice, however, things do not work out so nicely. The effective dependence
of {asG?) in Eq. (10.5.6) on experiment is proportional to a;: so the re-
sult will depend very strongly on the value of o, that we choose. This is
particularly important because radiative corrections to the nonperturbative
contribution to the bound states have not been calculated, so there is not
even a “natural” renormalization point.

The difficulties may be partially overcome with the following tricks. First,
since we are assuming that the n = 1 bound state is described with the
bound state analysis as discussed in Sect. 6.3, we may fix the value of aj
that produces such agreement. This means that we will take 0.35 < a; <
0.4. Secondly, we may alter the treatment of the continuum in the following
manner. We split not from vy, but from vy, arbitrary provided only that
v1 > wo. Thus, for s < s(v1), we use pip'(s) = pion'(s) — P54 (s), and for
s > s(v1) we take the theoretical expression (10.5.5a). The sum rule is thus
written as

49 (asG2>}

403
ma

S L RSO 1 fonanlvr) = 203 {[4(3) _—

m2M,
2
2 2 3 (asGZ) _
+3 {8610[3 + 7486?&?7’)14 , €105 = V1.

n=2

Then we may profit from the fact that the sum rule should be verified for all
values of v; > vy to fix fy requiring this independence, at least in the mean.
That is to say, that when we increase v; past a bound state threshold, from
T(2) to 7(6), the variation of the corresponding determinations of (a,G?)
around their average should be a minimum. The results of the analysis are
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summarized in the following tables, where the column “Res” indicates at
which resonance the cut in v; occurs. We have taken the extreme values of

Jo:

Res. U1 (oeSGQ) Res. U1 <a5G2>
r(2) 0.21 0.014 r(2) 0.21 0.037
7 (3) 0.34 0.034 7 (3) 0.34 0.057
T(4) 0.40 0.048 T(4) 0.40 0.067
1 (5) 0.43 0.039 1 (5) 0.43 0.048
7 (6) 0.46 0.046 7(6) 0.46 0.052
For as = 0.35, fo = 0.04 For as = 0.40, fo = 0.09

This derivation shows very clearly the kind of errors one encounters.'?

To the variations that may be called “statistical”, apparent in the different
values found in the tables above,

0.014 < (a,G*) < 0.067,

we have to add “systematic” ones, e.g., the influence of the radiative cor-
rections, not calculated, or the influence of the order at which we cut the
perturbative series, easily of some 30%: not to mention our including the
Coulombic wave functions at the origin for large values of n. Given all these
uncertainties it is not surprising that one cannot pin down the gluon conden-
sate with any accuracy. We would suggest an estimate, taking into account
the above figures as well as other determinations, of

(asG?) ~ 0.055 £ 0.030 GeV*. (10.5.7)

10Besides matters of principle; because the perturbative QCD series is nor conver-
gent, a rigorous definition of the gluon condensate would require that one gives
an unambiguous sense to the difference II(t) — T+ (t): recall the discussions in
Sect. 10.2.
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Appendix A: y-Algebra in Dimension D

The gamma matrices are taken to be of dimension 4. We have D matrices

7,
707 ryl) i ?’}/D_lﬂ

and the matrix ~5. They verify the anticommutation relations,
(V" =29", =1,
with
g =0, u#v; ¢0=1 g¢g¥"=-1fori=1,...,D—1

and g" = g,u.
A few useful relations are
odd odd

Tryty" =4g*”, TrysyHy” =0, Trm =0, Trys~*...47 =0;
TrAbig? O = 4GHVOB  GuvaB _ g qof | oufgov _ o By
SHPESwps = (3D — 2)g5;

dd =a® dpd = —a’p +2(a-b)d;

Y9 =D, Y%y =(2- D)y

VY = 4™ + (D — 4)y*47;

YV = —=29°7P7% + (4 — D)y*yPH°.

For s in dimension D we define'

i
%= €5 VYo Yos

where ep coincides with the antisymmetric tensor only for D = 4. We do not
specify it further beyond requiring that it be such that, for arbitrary D,

=1, Trysy*...4*1 =0, and Trys = Trysy"y” = 0.

! More about s may be found in the main text in Sects. 3.1 and 7.5.



432 Appendices

It can be shown that this is enough to give a meaning to all calculations
involving ~5. A possible specific choice for €p is that of 't Hooft and Veltman
(1972),

en’P? = e"P? for pvpo = 0 to 3;
and €57 = 0 if any of the indices is larger than 3. In this realization, 75
anticommutes with 7%, v, 42, 43, and commutes with v*, ...~P~1. Here

one takes it that D > 4. In this case, 5 verifies some relations beyond those
assumed above; for example, one has

Y57 = (D — 8)7s

We recall here that, as stated in the main text, there cannot exist a
definition of 75 that preserves anticommutation {s,,} for all p, when D #
4. For example, using only the general relations above for D # 4, we have

Trysv* Y 9" Y7077 = (6 — D) Trysy" 7977,
while, if we accepted {7s,7,}, we could obtain
Tr 57" VY'Y 707" = = Trvs v Y'Y 7ay’ 7 = (D — 2) Trysy v v*97,

which differs from the former by a term O(D —4). This argument proves also
that one cannot define v5 = 7%y ...4P~1. In fact, if doing so we would have

Y5Y = —(—1)Pv,75 and then
T 5777 P77 = (=1)P(D — 2) Te 797777,

still different from the correct result.
For D = 4, v5 = i7%y'4243 and we define the totally antisymmetric
tensor,

-1, if prpo = 0123

{ 0, if two indices are equal
elvpo _
1, if prpo = 1230.

For D = 4 then,

1 Waﬁ
21

1 Prygys, Y5V = 59" + =

7#7(171} — S,uauﬁ,_w .
NEAHL ety = Qe Ak
Tr 57"y vy’ = die" P,

We also have

Gap€PT VTR = — g (gPT g7 — gPrg°T)
— g"Mg™ g — g"" ")
+ 9" (g7 g — "¢ );

Jaagpse” P70 =2(gh7 g? — g g,
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Moreover, {vs,7"} = 0.
In the Pauli or Weyl realizations, and for D = 4, v2v,72 = =7, 7070 =

’y:[. Finally, if wq, we are spinors and I1,..., I, any of the matrices v, ivs,

then
(’lI}lpl Fn’lUg)* Z’lI)an...Flwl.

Appendix B: Some Useful Integrals

Integration in Feynman Amplitudes

In D dimensions,

/ dPk (k)" (=)™ I'(r+D/2)["(m —r—D/2)
(

om)D (k2 — RZ+i0)™ ' (16x2)D/* ['(D/2)I(m)(R2)m—r—D/2

1
dPk =
/ k2 410

The last formula may be obtained from the general one by replacing i0 by id,
calculating for finite 4 and taking the limit § — 0 at the end.
In Euclidean space,

/dea (1—|k|) = Q(WD//Z)

Symmetric integration:
/de EREY f(R?) = D /de E2f(K%);

W o po Bp gvo po qvp
/dekukukpkaf(kZ) :g g’ +g""g"" +g""g /dek4f(k2),

D2 +2D
/de kR kR f(EB2) =

Feynman parameters:

1 I'(a+p) /1d R )
€z )
A>BF F(Q)F(ﬁ) 0 A+ (1 —2)B]*™"
1 u® 1. 68-1 ~—1
S +5+7 / d:cx/ dy Up Uy Ug S
AxBBCY F UlA + us B + U3C]a v

up=zy, us=xz(1—vy), uz=1-—uxa;
1 I'la+pB+~v+9)

AaBBCYDS — I'(a)(B)I(y)I'(0)

/ dz z? / dyy/ ur luﬂ_lu?» fug !
UlA + ’LLQB + Ugc + U4D]a+ﬁ+ﬂy+5’

up =1—z, ug = xyz, uz = x(1 —y), ug = 2y(l — 2), ete.
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In general,

ot
A

1-.- A,
1 1 n 1
~0)! | day... | dw.s i—1 .

More relations may be found in Narison (1989).

Feynman amplitudes are evaluated with the help of the preceding formu-
las as follows. An amplitude with external momenta p1, ..., p, is given by an
integral

_ D D N(pak)
F(pl,,pn)—/d kl/d k] [ql(p7k‘)2—m%]~-~[qL(p,k')2—m%]'

Here N(p, k) is a polynomial in the p;, k;; the latter are the loop variables and
the momenta ¢;(p, k) are lineal combinations (given by energy—momentum
conservation at the vertices) of the p;, k;. We assume F' to be a scalar to
simplify the discussion; nonscalar amplitudes are treated by straightforward
generalization.

Combining the denominators we may write this as, for example,

1 1 L
F(pl,...,pn):(Lfl)!/O dxl.../o de5<in1>

APk ... [ dPk Nip k) .
X/ 1 / ’ {@1]qr1(p, k)2 = m3) + - + xrqr (p, k)2 — m2]}"

The term in curly brackets in the last denominator, which we will call A, can
be cast, by replacing the g(p, k) by their explicit expressions in terms of ps
and ks, in the form

A=xi(qi(p, k)> —mi] + -+ zplqn(p, k)* — m]]

0,J i
and we will not write explicitly the dependence on the masses, m. This

quadratic form may be diagonalized by an orthogonal transformation S and
a translation. If we add a dilatation, so that we set

J

then, choosing appropriately A, S and ¢, A becomes

A= le2 + R*(z,p).
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Likewise, the numerator can be written, in the new variables, as

N(p, k) = No(z,p) “‘ZN% z, P)linljo +ZNAZZ§;7 z, p)lipljplsplic +

We do not write terms that are odd in the [, as they vanish by symmetric
integration. Thus, we have found the expression

1 1 L
F(p1,-~-,pn)=(L—1)!/0 dxl.../o dacL(?(in—l)

% /le /leJ NO(.’I,',p) + ZN;ZIJ/(x7p)l2NlJV +
1.
32,2 + Rz, p))"

Finally, this may be written in terms of a single, (DJ)-dimensional integral by
defining the (DJ)-dimensional vector [ with components [;,; the individual
l;;, are to be interpreted as the uth component in the ¢th subspace of the
vector . In the full space we define of course 2 = I3 + --- 4+ 2. We may
further use symmetric integration, which is generalized in (D.J)-dimensional
space to

. 51' i Juv
/dD’z Ly f(1?) = 13)73 dPI112f(1?), etc.,

and so we finally get

1 1 L
F(pi,...,pn) = (L -1 [ dx;... dzL6<in—1>
0 1

0

% /dDJl No(x,p) + N2($’p)12 + N4(337p)l4 +
2 + R2(x,p)]"

where

ngl“’ b, ete.

The integral over d””1 is carried out with the help of the first formula of the
present appendix, replacing D by DJ, thus reducing the evaluation of the
Feynman amplitude F' to that of the finite range integrals over the Feynman
parameters dxq,. .., dry.

When evaluating D-dimensional integrals, a useful formula is the Taylor
expansion of the logarithm of Euler’s gamma function (no simple formula
exists for the expansion of I itself):

logI'(1+¢€) =

¢ is Riemann’s function and g ~ 0.5772 is the Euler—-Mascheroni constant.
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Some Numerical Integrals

1 1
log(1
/dxlog(1+x):2log2—1; /dxM:L
0 0 x 12

Many useful integrals can be obtained from Euler’s formula

vt CTA+a)I(1+p)
/Udzx (1—=x)% = T2tath)

For example, by differentiation, we obtain

! 1
dea®loger = ———;
/o ST Ty

1 . B F(1+a)l(1+3)
/0de (1 =2)"logz = [Si(a) = Si(1+ o+ A)] —ro P ==

1 o _
/ da 2 L —51(a);
0 1

— T

L 2
Si(1+a)  Se(1+a) 77
al 1 1— = - )
/Oda:x ogxlog(l — ) (1+ )2 tT i ta 6(1+a)’

1 2
/ dz 2 28"% _ 90(3) - 254(a),
0

1—x

/<M1f;k%xbﬂ1—w%=%Smw—5ﬂ®&mn—SAm+f@L
0

I(1+a)I(L + 8)
T'(2+a+p)
{S2(1+a+8) - T+ [S1(a) = i1+ a+ B [S1(8) - Si(1+a+ B)] J;

6
o s o T+a(+p)
; dzaz®(1 —x)” log”x = T2tatd)

1{151(@) = Si(1+a+ B + Sa(1+a+8) = Sa(a) },

1
/ dz z%(1 — z)? log xlog(1 — z) =
0

etc. Here,

5@ =3 |5~ geray)

- for a = positive integer.
=1

Also, S1(a) = ¥(1+a)+7g. For the special functions ¥, I', ¢, see Abramowicz
and Stegun (1965).
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Appendix C: Group-theoretic Quantities.
Group Integration

Lie Algebra. Invariants

We let 07 be the ordinary Pauli matrices:

, (01 » (0 —i 5 (1 0
A=) 2=(0) -0 b))

For SU(2), t* = 0%/2; for SU(3), t* = \*/2 with

o 00 1 00 —i
/\J:(O o)’ XM=loo0o0], N=[o0oo0 0],
100 i 0 0
000 00 0 10 0

6 _ 7T _ : 8 _ 1
M=o o0 1), A={00 <i|, M=Z|0 1 0
010 0 i 0 00 —2

Still for SU(3), we can also introduce the matrices C* with elements
Cy. = —ifape = —ifec The commutation relations of the ¢, C are

[ta7 tb] _ IZ fabctc’ [Ca’ Cb:l _ IZ fabccfc7
and the anticommutation relations of the ¢ are
{ta,tb} — Zdabctc + %6@}).

The structure constants f are totally antisymmetric, and the dgp. = d**°
are totally symmetric. The only nonzero elements, up to permutations, are

as follows:
1= fi23 = 2f1a7 = 2fo46 = 2fo57 = 2f345
2 2
0156 = —2faer = —= fans = —— fers:
fis6 f3e7 \/§f458 \/§f678
1 1
7 = d118 = daog = d333 = —dgss, o3 = dys8 = dss58 = dgeg = dr7s,

1
5 = d1a6 = d157 = doar = dase = dzaa = d3zs5 = —dzee = —d3r7.

For an arbitrary group, we define the invariants Cy, Cp, TF by

CC

6abCA —Tr CaCb — Z facc’fbcc’7
= Z t’(illt?ka
i a,l

0:.Cr = (Z tata>

k
SapTr =Trt" = " thth..
ki
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Then, for SU(N) ,
N2 -1

Ca=N, Cp= , Tp=3.
A F N F=3
Other useful relations are, for SU(3),
Trett't = 1 (if* + d°t), Zt”tlk 5115];6 + 180055
Z dabc 07 Z fgbc =24, Z eiTkt?rtzl = _%eijl'
abc abc rka

Here €, is the three-dimensional antisymmetric symbol, with €123 = 1, €132 =
—1.

A large set of group relations may be found in the paper by Cvitanovié
(1976).

Group Integration

Let us consider a group, G. We will assume that the group is topological,
which is the case in the particular instances where G is a discrete group or
a Lie group. Then, there exists a measure, called the Haar measure, positive
definite and left invariant. If we denote the measure by dur(g), then

/ dus(g) flg) = / dur(9)f (hg)
G G

for any smooth function f that decreases sufficiently fast at infinity of the
group, and for any group element h. A right invariant measure also exists:

/ dun(e) flg) = / dun(9)f(gh).
G G

For Abelian groups, dug obviously coincides with duy, and the same can
be proved to be the case for discrete and compact groups (Abelian or not).
Moreover, duy, = dur = dp is unique up to a multiplicative constant. For
discrete groups, the Haar measure is merely the sum over group elements:

[uta) 1) = X 100

allg

For Lie groups, which we take as being compact (such as the SU(N))
for simplicity, one can reduce the Haar measure to ordinary integration
as follows. Let «q,...,a, be the parameters determining the group ele-
ments, g = g(ai,...,an). If gla,...,a,) is the product of g(B1,...,5,)
and g(71,--. V),

g(ala"'7an) :g(ﬁlw aﬂn)g(fyh "a’YTL)a
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then obviously the « are functions of the S and the =,

o = @i(ﬁl) v 7ﬁn;715 v a’YTL)
We let the unit of the group have parameters 0,...,0, and define the

Jacobian

_ a@i(ﬁlz'-~>ﬁn;’ylv~-~,'yn))‘
J1 ,...,n:det< .
(71 ’Y) Gﬁj o

The expression for the invariant measure is then

[l @)= [ a5 = [dar...da, T, an)flglar.. o))

here and henceforth we will simplify the notation by writing dg for du(g).
An elementary proof may be found in the book of Creutz (1983). We will
adjust the arbitrary constant in the definition of dg, so that fG dg = 1.
A basic theorem in group integration is the following:
THEOREM (PETER-WEYL). Let D (g) be a unitary, irreducible repre-
sentation of a compact group, and D® (g) another one inequivalent to the
first when b # a. Then

/ng(a D;(JZ)() = 0ap0ikji-

Moreover, the set of functions DE;) (9), where a runs over all the irre-
ducible representations, is complete. That is to say, if the function f(g) is
L2 —integrable on the group, it may be expanded on the basis formed by

the D:
Z Ca Z]D(a)
atj
All integrals over representations of the group can be deduced from the
Peter—Weyl theorem. For example, consider the integral of an arbitrary prod-
uct of representations

[ 49Dl @)L (o)

One may decompose this as a sum of irreducible representations, using the
appropriate Clebsch—Gordan coefficients:

DY) (9)... D), (9) =CO(ir. v, . iy, ju) DO
+ 370Dy, g, - i, G|k DY (9),
I#£0

and D = 1 is the identity representation. Because of the Peter—Weyl the-
orem, all terms in the integral save the first to give zero, so
1 v . . . .
dg D{1},(9)... D) (9) = COlin, .- i)-
Useful algorithms for calculating these Clebsch—Gordan coeflicients may
be found in the quoted text of Creutz (1983).
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Appendix D: Feynman Rules for QCD

Ordinary Formalism

The Feynman rules for the S-matrix are as follows: we have to include an
overall factor (2m)*6(P; — Py) for energy-momentum conservation, and a
factor (—1) for each closed quark or ghost loop. Each loop integration requires

a factor b
d¥k A
4-D _ D
p— d k.
K /(QW)D /

Diagrams with disconnected bubbles are excluded. A diagram is to be
read against the direction of the oriented lines. External and internal lines
produce the following factors:

*,p_, ingoing quark: (27r)"3/ 2u(p,ﬂ,)

H_;p_. ingoing antiquark: (27;)’3’2V(p,l)

P outgoing quark : (27 ¥?a(p,A)

. ﬁf outgoing antiquark :  (27)">2v(p,A)
_p : !

hmr;fmﬁ ingoing gluon:  (2m) ¥, (k.n)

oo OUGOING gluon :  (27) e, (k,1)

._,p_. | quark propagator: §;i/(p-y-m+io)
]
k gluon propagator: S —guv+§k“k“/(k2+i0)
O TTT T DT T T T ® ba! —MmM¥ —
au b.v (Lorentz gauges) K240
AL A ghost propagator:  &,,i/(p*+i0)
a

The spinors and polarization vectors are normalized to

> u(p,o)ilp, o) =p+m, > e (k,N)* e (k,\) = —g"” (Feynman gauge).
o A
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For the vertices,

ma
N 7gfcabp,lt
T ep

-

b

—9/" (P = D)v9ru
+(q - k))\guu + (k - P);LQAV}

waq
>’W&;C’p
v,b,k
na o
igy"ty;
k
i
pb . abe pcde
v,C 192 Z@{f b f d (gkoguu - g)\uguo)
Aa
od

+facefbde (gx\ogul/ - g)xugz/o)
+fadef6be (g)\ugau - g)\ug/tn)}

Combinatorial factors, due to the identity of the gluons, are to be in-

cluded:
/2!

Our rules differ from the ones in, e.g., Bjorken and Drell (1965) by the
normalization of the spinors, > ugp(p,o)usp(p, o) = (p +m)/2m, and the

1/3!
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factors (27)~3/2 due to our normalization of 7, which differs from 7pp by
precisely these factors.

Background Field Formalism

We have to give only the trilinear and quadrilinear couplings; external lines
are identical for quarks and gluons to those already presented, and do not
exist for the background field. Likewise, quark, gluon and ghost propagators
are identical to the ordinary ones. For the couplings, we have, defining 1—a =
¢ and representing the background field (as in the main text) by a gray blob,

Aap —g/*[(p — Dvgru+
(q - k))xg;w + (k - p)ug/\u}
‘u’b,q v,c,k
1
’l’a'p abe u(_k_7>
9fab {g ap —¢9),
+g/w(k - Q))\
+ ( —-p+ 71 )
I—l,b,q V,C,k g)\}t q p 1 _é— y
a4
_gfcabpu
7 X
b:q c,p
a,A
—gfear(p + q@)r
7 X
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and
a,A
k J
a,A
k J
for the trilinear couplings.
Quadrilinear couplings:
a,u d,p
b,v cA

—192 Z [fab:bfmcd (gu)\gl/p - gungA)

x

+fadzf:cbc (g;ngp - gu)\gl/p) + fac:cf:vbd (gl“/g)\/) -9

(Both graphs yield the same factor.)

au

b,v

igt?k'y)\

gty A

d,p

c,A

443
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a b
A
& —ig2 Z (faca:fa:db + fadzfmcb)guy
xT
c,u d,v
a b
‘\\\\ /% _iQQZfacwfwdbgMV
ﬁ '
c,u d,v
a, d, .
H P 7192 Z {fabacfaccd (g;LAgup - gupgu)\
xr
1
+ ,g;wghp)
a
+ fada fabe (gNVg/\P - g;Mng
b,v c,A 1
_ agupgvk)

+ facwfzbd (g”yg)\p - g“pgy’\)}

The combinations of gauge fields and background fields not shown here
vanish. For example, there is no quadrilinear vertex with three or four back-
ground fields.
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Appendix E: Feynman Rules for Composite Operators

We let vy = 1, v— = <5, and let also A be an arbitrary four-vector with
A? = 0. The Feynman rules, for the operators that intervene in deep inelastic
scattering at leading twist are,

T la Lo Lte AR I

LAk

s GHRgR2 OV G
Guv (A - k)" + kQAuAV(A ) k)n_Q
= (kpdy + ki A) (A - R)"

k k
7 T L 1) o 7 Lo AR I

p3!ahu n-2 . )
gAMLY T (Apy) (Apa)™ I s

Pa.j [ =0

GPgh2 L gBr LG

k,c,A ig
N ifabc

p.au d.b,v X{AV [Axku(A-p) + prAu(A- k)
_gu/\(A P)(A-k) = A A (k- p)]

+Z Y(A-p) (A k) 2

+ [(QMAV - QVAA/L)(A k)

+ Ay(Auky — kA (A- k)H}

+ permutations

The operators are taken at x = 0 so, for example, : gy** ...9""y1q : means
D gy .. 0Py gt |z—0. See also Floratos, Ross and Sachrajda (1977, 1979).
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Appendix F: Some Singular Functions

We define z-space free field causal functions by
d'k 1
Alx: 2 — —ik-x
(23m’) 1/(277)46 k2 —m?2 410’
d*k . —gMY + ERMEY /(K2 4 i
Dgu(fli) _ 1/ ( eflk-a: g + g /( + 10)

2mr)’ K2 410 ’
AR g kEtm
S(x’m)_l/ entS R-—m2ti0

We will at times omit the variable m. In terms of free field VEVs,
(To(2)p(0))o = A(zym?), (TBL(x)B}(0))o = dap Df" (2),
(T¢’ (2)7' (0))o = 6;3S(x,m).

The character of Green’s functions of the propagators is exhibited clearly by
the equations ({1, + m?)iA(z — y) = 6(x — y), etc. We also have

S(a,m) = (i +m)A(z;m?), D" (x) = (—g" +£0"0" /1) Alw;m?).

The translation invariance of the VEVs follow from the invariance of the
vacuum, and the transformation properties of the fields: for a generic field,

U(a, Mo (2)U(a, A) ™" = Pag(A)Ps(Az + a).
On the light cone,

1 1 im20(x?)  m? ml|a2|2
Alz;m?) ~ —— mo
@m) E im0 1er 2% 2 "
1 2i H
S(x;m) Tl - ete.

im0 42 (22 —10)2 |

Additional relations may be found in Bjorken and Drell (1965).2 Fourier
transforms of distributions, including in particular propagator-type ones, are
given in Gel'fand and Shilov (1962), pp. 277ff, 316ff. The ones used in the

text are
. 1 i
d4 —ik-x — 4 2
/ T R xi0 . T RT

; 1
/d4x eﬂ}”m = m?ilog(k? F i0) + constant.

Equal-time and light-cone commutation relations for fermions:
{dh(2), )} =0, 6(zo — yo){dh(2), @5 (y) 1} = Sapdiyd(a —y),

{qg(2),q(0)} ~ (i@—im)ag{;ﬂ_e(mo)é(:ﬁ) (m2)6(x0)+...}.

2—0

m
Am/22

2 Our causal functions differ from those of Bjorken and Drell (1965) by an i: S =
iSBD, D= iDBD, e
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Appendix G: Kinematics, Cross Sections, Decay Rates.
Units

The states of a particle with spin (or helicity) A and momentum p are nor-
malized throughout this text according to

(', Np,A) =2p°0\v8(p —P'),  P*|p, \) = p"[p, ).

This corresponds to a density of particles per unit volume of

0

2p
(p) = (2m)3"

We define the scattering amplitude in terms of the S matrix by
S=14iT, (fIT}i) = 6(P — P)F(i — ).

For |i) a state of two particles A, B with masses m4, mp, the cross-section
is then

272 dp) d3p/,
do(i = f) = a5 |1Fi = PSP = Pp) oo™
AV2(s,m%, mE;) 2p1o 2Phno
where pf,...,p], are the momenta of the particles in the final state, P; =

pa+pp, Pr=p) +---+p, and
Ma, b, c) = a® 4+ b* 4 ¢* — 2ab — 2ac — 2be.

The differential cross-section in the center of mass (c.m.) system of reference,
at given solid angle cos 6, ¢ for quasi-elastic scattering,

A+B— A+ B,

with A, B’ different or equal to A, B, is

do w2 A2 (s,m?, mB')|F(z—>f)|
10|, = 5 NP(smd,m3)
df2 = dcosfdo,

and the moduli of initial and final 3-momenta are

Lem 251/2 ’ Lem 251/2

For fixed momentum transfer, t = (pa — p'y/)?,

do 3

- = o [F = PP

dt  A(s,m?%,m%)
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Optical theorem.

472

Ototal = W

Im F (i — i).
s, m%, my

For decay rates, we have the differential decay rate of a particle |i) = |p, A)
into a final state
[f) = 1P N5 s ps AD)

in the rest system of the decaying particle:
dBp/1 d3p/
(i — £)*6(m — PHS(Pf)—~ ... n
! oty " 2l

1
dr(i — f) = 47T'I7’L‘F
where m is the mass of the decaying particle.

All these formulas are valid for distinguishable or indistinguishable par-
ticles. When calculating integrated rates, or cross-sections, we have to divide
by the number of redundant permutations. For example, if we integrate over
the momenta of j gluons, then divide by j!.

A useful and simple formula is that of the phase space integral for mass-
less particles:

d>p; d®p (r/2)71
s (p o) e
S S (p =) = e
Our units are such that iz = ¢ = 1. Some useful formulas are the following:

1 MeV™' =1.973 x 10~ ecm = 6.582 x 10~ 2.

1 GeV™2 = 3.894 x 10~* barn.

Classical electron radius: r. = a/m, = 2.817938 x 10~ m.
Rydberg (energy): Ry = 3m.a* = 13.6058eV.

1J=6.241 x 10 eV.

1eV =1.60219 x 10719 J = 2.418 x 10 cycless ™.

1 fermi (or femtometer) = 1071°m

1barn = 1028 m?2.

Fine-structure constant: o~ = 137.0360.
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Appendix H: Functional Derivatives

A functional F' is an application of the space of sufficiently smooth functions,
{f(x)}, into the complex numbers:

F:f—F[f].

Note that F' will in general not be linear. We treat functionals of several
variables F[f,g,...] in the same way. A functional may be considered a gen-
eralization of an ordinary function in the following sense: divide the space
of the z variable in N cells,® and let z; lie one on each cell. Then F|[f]
is the limit for vanishing cell size of the ordinary function of N variables
Fn(fv,--, fi-- s fn), fi = f(z;). The derivative 0Fn/0f; is obtained by

shifting, fl — f1 -+ 66iji
OFN(f1,-. -, fN) ~lim Fn(...,fi+€bij,...) — Fn(fi,.-., fn)

af] e—0 €

so, in the continuum limit, we define the functional derivative

SFIf) _ . FIf + €8] = FIf]

im ,
6f(y) e0 €

where ¢, is the delta function at y: 0,(z) = 6(z — y).
An important type of functional consists of those given by integrals:

sz/mmmmm

In this case, an elementary evaluation yields the formula

SF[f]

5 = Kr(y).

6f(y)
Taylor series may be generalized to functional series. If the kernel functions
K, (x1,...,x,) are symmetric (antisymmetric for fermionic f), the functional

defined by

F[f] = Z%/dml...dann(xl,...,xn)f(xl)"'f(xn)
n=0 "

is such that
" F[f]

Kn(xl, o ,Jjn) = (Sf(mn) .. (5f(x1) .

3 We assume here the space of finite size, L. Otherwise, an extra limit, L — oo,
has to be taken.
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Functional derivatives of expressions that do not involve integrals may often
be evaluated by re-expressing them as integrals. For example, the derivative
entering Eq. (2.5.9) in the main text is so evaluated:
5 (0 By(x)) ) 0 4 9]
= — d*20(z — )0 B (2) = dap=—0(x — y).
L) ) e 2| 412006 e BLE) = gt )

A concept related to that of functional derivatives is that of functional inte-
gration. We define

[prein= [TTar@Fl = tim [dn.dis Fylfi. . dx).

Functional integration obeys rules similar to those of ordinary integration.
Both for functional differentiation and integration, some modifications are
necessary to accommodate anti-commuting numbers; they are described in
Sect. 1.3.

Appendix [: Gauge Invariant Operator Product

It is intuitively obvious that, in a gauge theory, an expression such as those
appearing in the OPE,

a0)a(x) = 32 TG00, - 04, (0),

should be replaced by another with derivatives substituted by covariant
derivatives, 0, — D,,. Here we sketch a formal proof of how this comes
about.

When the fields are interacting, the propagators are not free propagators.
For example, for a fermion in the presence of the gluon field, the propagator
satisfies the equation, derived directly from the Lagrangian,

(ip — m)Sint(z,y) = i0(z — y).

Retaining only the more singular (lower twist) terms, the solution to this is

Sing (2, ) ~ {Pexp i/j dz, Zt“Bg(z)} S(z —y),

where S is the (ordinary) free propagator, and P indicates ordering along
the path from y to x. If we now repeat the OPE taking this into account,
we find that operator products g(x)q(y) are replaced by the gauge invariant

combination N
q(x) {P exp i/ dz, Zt“ij(z)} q(y),
y

whose expansion for z ~ y is precisely that with covariant derivatives. The
same is, of course, true for operators built from gluon fields. Additional details
may be found in the paper of Wilson (1975) and the review of Efremov and
Radyushkin (1980Db).
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Winding number, see Topological
WKB approximation 345, 346 number

Ward identities in QED 33
Weinberg sum rules 340

Wick product, see Operator(s) zr (Feynman’s) variable 205

Wick rotation 50

Wigner—Weyl symmetry 292 Y variable (jets) 214

Wilson action, for Abelian Yang—Mills (pure) Lagrangian, Lynm 21
fields/gluons 370/371, 373

Wilson coeflicients 88 Zweig rule 189

Wilson expansion 88



Theoretical and Mathematical Physics

Concepts and Results in Chaotic Dynamics:
A Short Course
By P. Collet and J. P. Eckmann

Titles published before 2006 in
Texts and Monographs in Physics

The Statistical Mechanics of Financial
Markets

3rd Edition

By J. Voit

Magnetic Monopoles
By Y. Shnir

Coherent Dynamics of Complex Quantum
Systems
By V. M. Akulin

Geometric Optics on Phase Space
By K. B. Wolf

General Relativity
By N. Straumann

Quantum Entropy and Its Use
By M. Ohya and D. Petz

Statistical Methods in Quantum Optics 1
By H. J. Carmichael

Operator Algebras and Quantum Statistical
Mechanics 1
By O. Bratteli and D. W. Robinson

Operator Algebras and Quantum Statistical
Mechanics 2
By O. Bratteli and D. W. Robinson

Aspects of Ergodic, Qualitative
and Statistical Theory of Motion
By G. Gallavotti, F. Bonetto and G. Gentile

The Frenkel-Kontorova Model
Concepts, Methods, and Applications
By O. M. Braun and Y. S. Kivshar

The Atomic Nucleus as a Relativistic System
By L. N. Savushkin and H. Toki

The Geometric Phase in Quantum Systems
Foundations, Mathematical Concepts,

and Applications in Molecular and Condensed
Matter Physics

By A. Bohm, A. Mostafazadeh, H. Koizumi,
Q. Niu and J. Zwanziger

The Theory of Quark and Gluon Interactions
4th Edition
By E J. Yndurdin

Relativistic Qquantum Mechanics
2nd Edition
By H. M. Pilkuhn

Physics of Neutrinos
and Applications to Astrophysics
By M. Fukugita and T. Yanagida

High-Energy Particle Diffraction
By E. Barone and V. Predazzi

Foundations of Fluid Dynamics
By G. Gallavotti

Many-Body Problems and Quantum
Field Theory An Introduction

2nd Edition

By Ph. A. Martin, F. Rothen,

S. Goldfarb and S. Leach

Statistical Physics of Fluids
Basic Concepts and Applications
By V. I. Kalikmanov

Statistical Mechanics A Short Treatise
By G. Gallavotti

Quantum Non-linear Sigma Models
From Quantum Field Theory

to Supersymmetry, Conformal Field Theory,
Black Holes and Strings

By S. V. Ketov

Perturbative Quantum Electrodynamics and
Axiomatic Field Theory
By O. Steinmann

The Nuclear Many-Body Problem
By P. Ring and P. Schuck

Magnetism and Superconductivity
By L.-P. Lévy

Information Theory and Quantum Physics
Physical Foundations for Understanding the
Conscious Process

By H. S. Green



Quantum Field Theory in Strongly
Correlated Electronic Systems
By N. Nagaosa

Quantum Field Theory in Condensed Matter
Physics
By N. Nagaosa

Conformal Invariance and Critical
Phenomena
By M. Henkel

Statistical Mechanics of Lattice Systems
Volume 1: Closed-Form and Exact Solutions
2nd Edition

By D. A. Lavis and G. M. Bell

Statistical Mechanics of Lattice Systems
Volume 2: Exact, Series

and Renormalization Group Methods

By D. A. Lavis and G. M. Bell

Fields, Symmetries, and Quarks
2nd Edition
By U. Mosel

Renormalization An Introduction
By M. Salmhofer

Multi-Hamiltonian Theory of Dynamical
Systems
By M. Btaszak

Quantum Groups and Their Representations
By A. Klimyk and K. Schmiidgen

Quantum The Quantum Theory of Particles,
Fields, and Cosmology
By E. Elbaz

Effective Lagrangians for the Standard Model
By A. Dobado, A. Gémez-Nicola,
A. L. Maroto and J. R. Peldez

Scattering Theory of Classical
and Quantum N-Particle Systems
By. J. Derezinski and C. Gérard

Quantum Relativity A Synthesis
of the Ideas of Einstein and Heisenberg
By D. R. Finkelstein

The Mechanics and Thermodynamics
of Continuous Media
By M. Silhavy

Local Quantum Physics Fields, Particles,
Algebras

2nd Edition

By R. Haag

Relativistic Quantum Mechanics
and Introduction to Field Theory
By F. J. Yndurdin

Supersymmetric Methods in Quantum
and Statistical Physics
By G. Junker

Path Integral Approach

to Quantum Physics An Introduction
2nd printing

By G. Roepstorff

Finite Quantum Electrodynamics
The Causal Approach

2nd edition

By G. Scharf

From Electrostatics to Optics
A Concise Electrodynamics Course
By G. Scharf

Geometry of the Standard Model
of Elementary Particles
By A. Derdzinski

Quantum Mechanics IT
By A. Galindo and P. Pascual

Generalized Coherent States
and Their Applications
By A. Perelomov

The Elements of Mechanics
By G. Gallavotti

Essential Relativity Special, General,
and Cosmological Revised

2nd edition

By W. Rindler



	cover-image-large
	front-matter
	Chapter (1)
	Chapter (2)
	Chapter (3)
	Chapter (4)
	Chapter (5)
	Chapter (6)
	Chapter (7)
	Chapter (8)
	Chapter (9)
	Chapter (10)
	back-matter



