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Preface

It has been widely recognised that the power-flow analysis (PFA), or the energy-
flow analysis (EFA) and or the statistical energy analysis (SEA) provides a
technique able to model the high-frequency dynamic responses of structural or
fluid dynamical systems of high modal density. The fundamental concepts of PFA
were discussed by Goyder & White (1980abc), whereas an ASME special
publication NCA-3: statistical energy analysis edited by Hsu, Nefske & Akay
(1987), Fahy’s (1994) comprehensive critical review of SEA, an monograph by
Price & Keane (1994) and an IUTAM symposium on SEA (Fahy & Price 1998)
highlighted its origins, developments, applications, significant advances and
possible future directions. The interested reader may wish to consult these
important historical publications for more valuable references with important
practical techniques.

The energy flow approach provides a fundamental basis to investigate dynamic
systems, for which we may summary the following essential points. The principle
used in this method is based on the universal law on energy conservation and
transformation to investigate dynamic systems, therefore, it provides a common
approach to analyse various types of systems including mechanical, thermal and
electrical / magnetic ones, such as solid, fluid, acoustic and control systems, as
well as more complex systems involving their couplings or interactions. The
variable studied in the power flow analysis combines the effects from both forces
and velocities, and it takes their product, power, i.e. the change rate of energy, as a
single parameter to characterise / to describe the dynamic behaviour and responses
of a system, which includes and reflects the full information on the equilibrium
and motion of the system, and therefore overcomes the limitations to study force
and motion responses separately. The approaches adopted in power flow analysis
focus on a global statistical energy estimations, distributions, transmissions,
designs and controls for dynamic systems or sub-systems rather than the detailed
spatial pattern of the structural responses. It overcomes difficulties encountered
while using finite element methods or experimental modal analyses of vibration
responses at medium to high frequency regions, which requires extreme small size
of elements to reach a necessary computational accuracy. The applications are
quite wide as described in the short review on this method given in Chapter 1.

Recently, the more and more increasing interests for scientists and engineers to
study nonlinear dynamical systems (NDS) may be due to the following main
reasons. Firstly, practical engineering systems are inherently nonlinear ones, so
that in some cases linear assumptions and analyses have hidden some important
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phenomena and provided no accurate results, and therefore nonlinear analyses are
necessary. Secondly, with the extreme fast developments of modern computers
associated with computational methods and software, many complex nonlinear
problems failed to be solved before due to pour computation capacities, can now
be tackled. Thirdly, a most important reason, it has been demonstrated that for
many dynamical systems, introductions of nonlinear members can significantly
improve the performance of the system. For example, i) nonlinear suspension /
isolation systems can provide extremely low or extremely high dynamic
supporting stiffness and much better performance which were unable to be
realised by linear systems; ii) possible periodical solutions and harmful flutter
phenomenon existing in nonlinear oscillators offer more possibilities to design
effective wave / wind energy harvesting devices.

Based on the above theoretical and practical bases, it has been shown a growing
interest to use the energy flow approach developed from the universal law of
energy conservation and transformation in the world to investigate nonlinear
dynamical systems and to reveal their possible energy flow behaviour. The
searched limited references reported for NDS are mentioned in Chapter 1 and
listed in the References. While reading these available publications on the power
flows of NDS, we have noted that all of them just follow the definitions of energy
flow variables in linear systems, such as physical kinetic, potential and damping-
dissipated energies, which is difficult to be identified in the governing equations
of NDS due to couplings of unknown variables in some terms, so that we cannot
separate the kinetic, potential and dissipated energies. This suggests that we have
to find more suitable energy flow variables suitable to investigate generalised
NDS. Furthermore, it is generally sufficient to regard any NDS as a set of first
order-differential equations in a form of vector field defined in a phase space;
therefore, it is necessary to create a suitable energy flow theory to deal with NDS
based on the vector field form.

The main aim of this monograph is to develop an energy flow theory and
approach for nonlinear dynamical systems to address the above difficulties. For
this purpose, it would be useful to compare NDS with linear ones to realise the
main differences. The first well-known difference is that the solutions of a
nonlinear dynamical system are not unique, and therefore at some points on the
solution orbit, there may appear branches, bifurcations. The second obvious
difference is that the “frequency reservation” for linear systems is not valid, so
that a harmonic force of frequency {2 applied to a nonlinear system might excite
the dynamic responses with difference frequencies. Moreover, the amplitude of
nonlinear dynamic response will not be proportional to the amplitude of the force
as valid for linear systems. The third difference behaviour concerns possible
periodical motions. For a linear system in a periodical motion, the averaged time
change rate of kinetic and potential energies over the time period respectively
vanish. This implies that the kinetic energy and the potential energy are
respectively conservative in the time period and the work done by the force in the
period is totally dissipated by the damping of the system. This conclusion is not
generally valid for periodical motions of nonlinear systems. Due to the couplings
of dynamic variables in each term of equation, the work done by each term in the
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period normally does not vanish, although the total work done by all terms of
equation vanishes for periodical motions. This implies that in the time period,
energy exchanges between the terms happen. Finally, chaotic motions have been
observed for many nonlinear systems, which are very sensitive to the changes of
the system parameters. Those different characteristics of NDS must cause the
corresponding changes of the energy flows of the system.

This monograph intends to investigate these differences using the proposed
energy flow method and to reveal the related energy flow phenomena and
mechanism of NDS. Three scalar energy flow variables based on the vector field
equations of nonlinear dynamical systems in the phase space are defined. These
are the generalised potential energy relating to the position of a point in the phase
space, the generalised kinetic energy involving the tangent vector of the solution
orbit, and the generalised force power reflecting the energy flow of the system, i.e.
the time change rate of the generalised potential energy. The generalised potential
and kinetic energies are two real numbers embedded into the phase space to build
the basis to investigate the energy flow characteristics of NDS governed by
generalised vector field equations. Obviously, in general, these three variables are
not the corresponding physical energies for the equation in phase space, therefore
we use the word, “generalised”, to distinguish them throughout the texts.

This monograph consists of 10 Chapters. Chapter 1 is the introduction, which
gives the energy flow equations for some linear dynamical systems: 1-DOF
system, n-DOF system, continuum system, structural members (rods, shafts,
Timoshenko beams and shear plates) as well as electromagnetic fields, from which
some definitions of the notations and terminologies that are used in the rest of the
monograph are given and explained. Following these fundamental equations, a
short review on current state of energy flow or power flow analyses is presented,
which summaries the successful approaches developed for power flow analyses of
linear systems with their applications. The limited publications involving
nonlinear dynamical systems are also reviewed. Characteristics of energy flow
analysis are described, which confirms it is a universal approach to investigate any
dynamical systems in science and engineering fields. From a comparison of linear
and nonlinear problems as well as their mathematical formulations, limitations of
energy flow variables defined in linear analyses are mentioned. To overcome these
limitations, it is proposed an initial idea to define some new energy flow variables
suitable to investigate energy flows of nonlinear systems governed by the
equations of vector field in the phase space by using a simple example, which
would be easily understood by those readers who are not familiar with power flow
approaches. Chapter 2 gives the fundamental knowledge on dynamical systems
and differential equations in vector field forms defined in the phase space, which
outlines the generalised problems and equations to be tackled using energy flow
approach in this monograph. Chapter 3 presents the proposed energy flow theory
for nonlinear dynamical systems governed by the vector field equations in the
phase space, in which the two positive energy flow variables: generalised potential
and kinetic energies are defined and embedded into the phase space. These two
positive real variables directly link with the position and its tangent vector of a
phase point on the orbit of a nonlinear dynamical system, which provides an
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energy flow approach to reveal the behaviour of the system. The energy flow
equation, energy flow field and its geometrical characteristics in the vector field
are defined and its variations with respect to time and space points are formulated.
Chapter 4 gives some energy flow theorems to investigate the stability about a
fixed point as well as the possible periodical orbits of nonlinear dynamical
systems using the developed energy flow variables. Chapter 5 presents the first
order approximation formulations of the energy flow equation, in which there four
spaces: Jacobian, energy flow, kinetic energy and spin spaces with the
corresponding matrices are defined, which can be used to investigate nonlinear
dynamical systems based on the first order approximation equations. Chapter 6
discusses the energy flow characteristics of local bifurcations, where a central
energy flow theorem is presented and 5 types of local bifurcations: simplest
bifurcations of equilibria, saddle-node bifurcation, transcritical, pitchfork and
Hopf bifurcations are investigated. Chapter 7 investigates the global bifurcations
including saddle connections, Hopf bifurcation and Lorenz equation. Chapter 8
reveals energy flow characteristics of chaos, in which the energy flow
characteristic factors are used to study Lorenz and Rossler systems. The behaviour
of time average energy flow in chaotic motions is observed by numerical solutions
of 5 nonlinear systems: Forced Van der Pol’s, Lorenz and Duffing’s equations, as
well as Rossler and SD attractors. Chapter 9 discusses the Hamiltonian System, in
which its energy flow equation and canonical transformation are studied from the
energy flow point of view. The final Chapter 10 provides a numerical solution
approach and the corresponding Matlab code for the energy flow analyses of
nonlinear dynamical systems, which can be used to solve various nonlinear
dynamical equations. The defined functions used in the code, the main program
code and some input and output files for examples are provided in the Appendices
for readers to learn running the developed program quickly.

Throughout the monograph the author continually return to some examples in
each chapter and has tried to illustrate even the most abstract results, from which
to demonstrate the developed theory and approaches as well as applications. For
the references, the author makes no claims for the completeness of the listed
publications, however, he has tried to include the bulk of the papers, monographs
and books which have been proved useful to the author and his colleagues, but he
recognises that his bias probably makes this a rather eclectic selection, especially
the papers by the author and his colleagues in the collaboration researches on
Power Flow Analysis. The author also makes no claims for the completeness,
mathematical accuracy and logicality of the proposed theory and approaches, but
he would be very happy if the proposed ideas, which seems like a child casually
picked up a cheapest brick from the surface of ground, might attract the interested
readers including scientists, mathematicians, engineers and hopeful young
students continuously to dig out more valuable jades underneath the ground. The
author deeply welcomes any comments, suggestions and corrections for the
monograph from those readers who will read this book, and express his thanks to
them in advance.

The author would like to give his thanks to the Faculty of Engineering and
Environment, the University of Southampton for awarding him an Emeritus
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Professor Position allowing the university’s office as well as facilities to be used
in writing this monograph. The author’s colleagues in the Fluid-Structure
Interaction Group and the Institute of Sound and Vibration Research of the
University, especially Professor W. G. Price, FRS, deserve more thanks than the
author can give for their important helps and supports lasting more than 20 years
while working together.

Finally, the author would especially like to acknowledge the encouragement,
advice, and gentle criticisms of editors, whose careful readings of the manuscripts
enabled him to make corrections and improvements.

At the last, the author thanks his wife and children for their understanding,
patience and supports during the production of this addition to his family in the
author’s retired life.

January 2015 Jing Tang Xing
Southampton
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Chapter 1
Introduction

In this introductory chapter to explain and understand the concept of energy flows
or power flows for various dynamical systems and its characteristics, we discuss
some energy flow equations and their physical meanings developed for linear sys-
tems. Starting from a simple 1-DOF system consisting of a mass, a spring and a
damper, we derive its energy flow balance equation and introduce the correspond-
ing terms and concepts used in power flow analysis, and then we directly extend
them into n-DOF system. Furthermore, the developed energy flow equations and
their physical explanations for continuum systems, structural members and elec-
tromagnetic fields are presented. Following the description of above fundamental
knowledge, a comprehensive review on power flow analysis is given, in which the
main characteristics, original history and developments, fundamental approaches
with applications of power flow analysis for linear dynamic systems are described.
Recent applications and publications on power flow analysis to nonlinear systems
are given.

Based on above discussions, it is realised that current energy flow variables de-
fined for linear physical dynamical systems are inconvenience to investigate non-
linear dynamical systems formulated in the form of vector fields in the phase
space. To address these inconveniences, the 1-DOF system is again studied but in
the phase space, from which the generalised potential and kinetic energies for a
generalised nonlinear differential equation in the vector field form of phase space
are proposed. These two generalised energy flow variables are the two scalars re-
spectively linking with the position vector of phase space and the corresponding
tangent vector of the vector field of nonlinear dynamical system, from which a
generalised energy flow theory, based on vector field equations of nonlinear dy-
namical system, is proposed. The main aim of this monograph is to develop this
theory and to use it to investigate some nonlinear systems in order to reveal their
nonlinear behaviour from the view of energy flow point.

1.1  Energy Flow Equation of 1-DOF System

Firstly, we consider a very simple case, a linear dynamic system with only one de-
gree of freedom (1-DOF), as shown by Fig. 1.1. Taking the static equilibrium
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2 1 Introduction

point O of the system as our reference point at which the origin O of coordinate

system O — X is located, and using the second Newton’s law, we can derive its
dynamic equilibrium equation

mx+cx+kx = f(t), x(0) = x,, x(0) = x,, (1.1)

where m,c,k and f(t) respectively represent the mass, damping coefficient,
stiffness of the system and an external force exciting the motion of the system.
The variables X, and )'CO denote the initial displacement and velocity of the sys-
tem at the initial time ¢ = 0, respectively. Due to the excitation of the force, the

displacement x , velocity X and acceleration X of the mass are functions of time .
For a practical physical system, these dynamical variables are real numbers.

T S X

m o

Fr~H ¢

L

Fig. 1.1 A linear dynamic system of 1-DOF consisting of a mass#77, a damper C and a

Sprin, and excite an external force .
pring Kk and excited by 1 f t

1.1.1 Energy Flow Equation
Now, multiplying Eq. 1.1 by the velocity X of the system, we obtain

mxx + cxx + kxx = xf (1), (1.2)
which may be rewritten in the form

K+D+T=P, K, =—mi, T, =k,
2 2 (13)

_l ) _ X, _1 2 .
K—me , D—J‘O cxdx, H—Ekx , P = xf(1).
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Physically, K and IT represent the kinetic energy and the potential energy of the
system, D denotes the energy dissipated by the damping force and P is the power
of the external force, i.e. the work done by the external force per second. There-
fore, Eq. 1.3 implies that the input power into the system by the external force
equals the time change rates of the mechanical energy, i.e. the sum of kinetic and
potential energies, and the energy dissipation rate by the damping force of the sys-
tem. More generally, Eq. 1.3 gives a particular form of the universal law of energy
conservation for this 1-D dynamic system.

1.1.2 Time Averaged Energy Flow

If we choose a reference time period 7T as an average time and denote the time
averaged value of a time variable ¢ by a notation

1 pto+T
<a>=— adt (1.4)

T %%
the corresponding time averaged form of Eq. 1.3 is given by

<K>+<D>+<II>=<P>. (1.5)

1.1.3 Energy Flows in Free Vibrations
If there is no external force applied to the system, Eq. 1.1 takes the form
mi+ci+ke=0, x(0)=x,,  x(0)=x,, (1.6)

of which the solution is called as a free vibration depending on the initial
conditions. The corresponding energy flow balance equation and time averaged
one for free vibrations can be obtained by setting P =0in Eqgs. 1.3 and 1.5,
respectively, i.e.

K+D+I1=0, K, :%mfcg, I, :%kxﬁ, (1.7)

<K>+<D>+<II>=0. (1.8)
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The solution of free vibrations of the linear underdamped system, i.e. small damp-
ing in Eq. 1.6, is given by

x, =e™X, cos(Q,t+4,),

X, ==X, sin(Qr+¢,+6,),
Q,=1-77Q,  Q=+k/m,
n=clmQ),  tang, =n/\1-7,

where €2 and 2 , are called as the natural frequency and the frequency of free vi-

(1.9)

bration of the system, respectively, and 7]is a non-dimensional damping coeffi-

cient of the system. The amplitude X , and phase angle ¢, can be determined by

using the initial conditions given in Eq. 1.6, that is
X, cosg, = x,,
X, sin(¢, +¢,) = —x,.

From the solution given by Eq. 1.9, we conclude that the amplitudes of the dis-
placement and the velocity of the free vibration of the system are decreased in the

(1.10)

form e ™ due to the positive damping coefficient?] . Therefore the potential and
kinetic energies of the system in the time period 7, = 277/€2 , are also decreased.

For example, at time f =T, after the first period from the initial time f =0, the

potential and kinetic energies of the system respectively take the following values

I, = %kxj (T,)= %kez"QTd X:cos’ ¢,

(1.11)

KTd - %mxg? (Td) - %me_2’797d Xd2 Sin2(¢d + ¢'7)’

of which the logarithmic decrement rates are

S, =In Uy _jpermn — 2nQT, =ﬂ,

HTJ 1_772

P A (1.12)
S¢ =In—% =Ine™™ =2pQT, = 21

KTJ 1_772
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The decreased mechanical energy is dissipated by the damping of the system. The
dissipated rate depends only on the non-dimensional damping coefficient. If there
is no damping in the system, the initial mechanical energy of the system is not

changed and the system undergoes a natural harmonic vibration of frequency £2 .

1.1.4 Energy Flows in Forced Vibrations
If the external force f(f) is a sinusoidal force of amplitude F and frequency @

f(t)=Fcosuat, (1.13)

the general solution of Eq. 1.1 consists of two parts, one is the free vibration and
another is a forced vibration, i.e. a particular solution of Eq. 1.1. Due to the damp-
ing of the system, the free vibration is gradually reduced to zero with time, as dis-
cussed in subsection 1.1.3, so that the forced one is more interested for practical
applications of vibration analysis.

For linear systems, the forced vibration will be a harmonic oscillation with the
same frequency @ as the one of external force, which is called as the “frequency
reservation” characteristic of linear systems. For a convenience to derive the
forced vibration of Eq. 1.1 with discussions late, we may rewrite Eq. 1.1 asso-
ciated with Eq. 1.13 into the form

Q7x+2nQ7'x + X = cos ax,

(1.14)
x=x/X,, X,=F/k=FI(mQ),

where X, denotes a static displacement of the spring caused by the fore ampli-

tude F', and X is non-dimensional displacement of the system. A general forced
vibration can be assumed as

X, =ycos(ax+o,), w=X,/X, (1.15)
which, when substituted into Eq. 1.14, gives
(1={*pcos(ax+¢,) =2 nysin(ax +¢,) = cosax, (1.16)
where

{=w/Q, (1.17)

represents a frequency ratio. Introducing a phase angle ¢f determined by

2¢{n
1-¢*

tan¢f = (1.18)
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we can rewrite Eq. 1.16 as
ycos(ax+ ¢, + ;)= ! cosax. (1.19)
VA=) +4gy
For Eq. 1.19 to be valid, we obtain the forced vibration of the system in the form
_ 1 _ _¢
o orvaey T (120)
X, =ycos(ax—¢,), )Acf = —yosin(ax —¢ ),

Here, ¥/ is called the amplifying factor of amplitude, which represents the ratio of
the amplitude X s of forced vibration over the static displacement X, of the

spring, and is dependent of the frequency ratio { and the damping coefficient
1] of the system. Now the dynamic equation satisfied by the force vibration in
Eq. 1.20 can be represented as

(1-{*pcos(ax + @, ) —2{nysin(ax + @, ) = cos ax, (1.21)

in which the first term on the left hand side represents the difference between the
spring force and the inertial force of the system, while the second term is the
damping force.

Based on this solution, we can now investigate the energy transmission and ex-
changes in the system undergoing the forced vibration. Multiplying the both sides

of Eq. 1.14 by the velocity )?f in Eq. 1.20, we derive the time change rates of

potential, kinetic and dissipated energies and the power of the external force, as
denoted in Eq. 1.3, in the forms

.1 : 1
Hf = 71//20)51112(601 _¢f)’ Hf = Evlz COSZ(a)t _¢f)’

. 1 y . 1 2 2 22
=y Viesin2e—gy), K =28 yisin(@—g),

. . .
D, = 26y losin® (ot — ?:)s D, = IOD,fdt’

P, =—ywsin(arf — ¢, )cos wt.

From the expressions in Eq. 1.22, we can conclude the following characteristics of
energy flows in the forced vibration of the linear system.
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i) The averaged time change rates of the potential and kinetic energies of
the system in a time period 7, =277/ @ vanish, respectively, i.e.

<l‘[f >:O=<Kf>. (1.23)

ii) The potential and kinetic energies of the system are not changed in the
time period T, =27/ @, i.e.

I (0)=11,(+T;), K (1)=K,(t+T;). (1.24)

iii) In the time period T, the work Wf done by the force is totally dissi-
pated by the damping of the system, that is

W, = J-OT'/’ —ywsin(wt — ¢, ) cos widt

=" ysi 2 gt = L s
—L ywsing, cos” —71//a)sm¢f

=y sing, = 2miny °, (1.25)
D, = [ 28y 2 wsin? d
h —J-O ¢ny “wsin” (ot — ¢, )dt
=21y .

Here, we have used Eq. 1.18 in the above derivation.
iv) The process of energy transmission and exchanges of the system during
the motion depends on the frequency of the force in the following manners.

For very low frequency range é/ <<1: Eq. 121 can be approximately
reduced to

l//cos(at—(bf) = COS aX, (1.26)

so that the excitation force mainly balances the spring force. The amplifying factor
is =1 with phase angle @, = 0, which indicates that the motion of the system is

similar to the one of the spring subject to the force. The dominant energy ex-
changes happen between the force source and the potential energy of the spring. In
the time when the displacement increases, the work done by the force inputs into
the system to increase the potential energy of the spring; while in the time when
the displacement decreases, the potential energy of the spring reduces, which
restore the energy into the force source with the potential energy unchanged in one

time period T, =27/ @.
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For the range of frequency around the resonance frequency, { =1 : the spring

force and the inertial force of the system are balanced each other and Eq. 1.21 is
approximately reduced to

—2{nysin(a — ¢, ) = cos ax, (1.27)

implying the excitation force balances the damping force. The amplifying factor
isy =1/(2n) with phase angle @, = 7/2 . In this case, the time change rate of

mechanical energy vanishes due to automatically balance between the spring and
inertial forces. The instant power of force equals the energy dispassion power by
the damping force.

For very high frequency range { >>1: Eq. 1.21 can be approximately

reduced to
—{ycos(ax —¢,) = cos ax, (1.28)

so that the excitation force mainly balances the inertial force. In this case, the am-
plitude of motion is small but the frequency is very high, of which the amplifying

factoris iy =1/ ; * with phase angle ¢f = 7T . The dominant energy exchanges are

between the force source and the kinetic energy. In the time when the velocity in-
creases, the work done by the force inputs into the system to increase the kinetic
energy of the mass; while in the time when the velocity decreases, the kinetic
energy of the mass reduces, which restore the kinetic energy into the force source

with the kinetic energy unchanged in one time period Tf =2rl/w.

1.1.5 Complex Representation of Harmonic Variables

For the convenience of mathematical operations, a harmonic force of amplitude
F and frequency @

f(t)=Fcosat, (1.29)

is denoted by a complex form
f)=Fe”,  f()=Re{f(t)}=F cosar, (1.30)

where the complex notation 1 =+/-1, and here we use the real part of the com-

plex force to denote the real physical force. Consequently, Eq. 1.1 is also
represented in a complex form

m¥ +cX + k¥ = Fe'™ = £ (1), (1.31)
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where, the wave notation “~” over a variable denotes a complex variable. It is im-
portant to remember that for the complex Eq. 1.31, all variables of its solution are
complex numbers of which their real (or imaginary if chosen) parts represent the
corresponding real physical variables, respectively (see, for example, Pippard
1978). The adoption of a complex representation of a harmonic quantity allows for
mathematical flexibility, but it is noted that with some mathematical operations
the instantaneous real or imaginary part only carries physical meaning. In such
circumstances, in general, the safe course of action is to take the real or imaginary
part of the quantity at the outset before any operation is performed. Therefore,
when we calculate the energy flow quantities defined for the real physical va-
riables by Eq. 1.3, we have to use their complex-valued mathematical counterparts
to do multiplications. For example, as adopted in this book, we assume that the
real part of a complex variable denotes the real physical variable. The complex
velocity of the solution of Eq. 1.31 can be represented as

X =9(t) =Ve'™ = Ve ™, (1.32)

where V and V represent the complex amplitude and real amplitude of the veloci-

ty, respectively, and @ is a phase angle of the velocity relative to the external
force. The physical velocity of the system is the real part of its complex velocity
given by Eq. 1.32, i.e.

% =v(r) = Re{¥} = Re{Vel®} = Re{Vel ™} =V cos(ax +6). (1.33)

The instantaneous power of the external force is calculated by a multiplication of
the real force and the real velocity, that is

P=v(r)f(t) =Re{P}Re{f}=FV cos(mt+6O)cosar.  (1.34)

The time-averaged power P over the time period T =27/ @ of the external
force can be calculated by completing the following time integration

P = lJ.TFV cos(awt + 0) cos wrdt
T d

1.35
= F—;/IOT (cos® @t cos @ —sin wt cos ot sin O)dt = %cos 0. (139

To compare with the result obtained by the complex force f multiplying the
complex velocity V , we use Eqs. 1.30 and 1.32 to calculate a complex quantity

P and its time-averaged values as follows
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P — Vf — FVei(wt+19)ei(Ut — FVei(Za)H-H) — FVeilgeiza)l"

i0
FI;e IOT(COS 20t +1isin2at)dt = 0.

(1.36)

= T . .
P = lj FVe'%e dt =
T 0

From above results, we can find that Eq. 1.36 obtained by multiplying two com-
plex variables does not give the real power and its time-averaged power done by
the real force through the real velocity. However, the time averaged power in
Eq. 1.35 can be obtained by using the complex force and velocity based on the
formulation

P=Re{¥ f}=Re{if }=Re{p}, p=vf", p =v'f, (137

where () denotes the conjugate number of a complex number (), and P is called
a complex power which will be further discussed in sub-section 5.5.3.

1.2  Energy Flow Equation of n-DOF System

The energy flow equation with some energy flow characteristics discussed in
section 1.1 for 1-DOF system can be directly extended to investigate a linear
dynamical system with n-DOF governed by the following matrix equation

mXx +cx +kx =f£(7), x(0) =x,, x(0) =x,, (1.38)

where m ,C,K andf(?) respectively represent the mass, damping and stiffness
matrices, order 7 X n, of the system and an external force vector, a column vector
of order n, exciting the motion of the system. Normally, the matricesm ,C
andK are symmetrical matrices. The vectors X, and X, denote the initial dis-
placement vector and velocity vector of the system at the initial time ¢ = 0, respec-
tively. Due to the excitation, the dynamic response of the system, displacement X,
velocity X and acceleration X, are functions of time ¢. For a practical physical sys-

tem, these dynamical variables are real numbers. Here, for saving text, we only
derive the energy flow equation for linear n-DOF system as follows.

Multiplying Eq. 1.38 by the transpose X" of the velocity vector of the system,
we obtain

x'mx+x"cx+x kx =x"f(2), (1.39)
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which may be rewritten in the form
K+D+I1=P,

K:%XTmX, D:LxdecX, H:%kax, P =x"f(¢). (1.40)

These real quantities have same physical meanings described for 1-DOF system,
that is, K,II,Dand P represent the kinetic energy, the potential energy, the
energy dissipated by the damping force and the power of the external force, re-
spectively. Eq. 1.40 gives the form of the universal law of energy conservation for
the n-DOF dynamic system.

If the external force f(#)is a sinusoidal force of amplitude F of frequency @,

ie.
f(r)=F cos wr, (1.41)
Eq. 1.39 can also be written in a complex form
mX +cX + k% = Fe' = (7). (1.42)

All variables of the solution of Eq. 1.42 are complex numbers of which the real or
imaginary parts represent the corresponding real physical variables, respectively.
For example, the physical force

f(r)=Re(f} =Re{Fe'} =Fcosar, (1.43)
and the complex velocity of the system is given by
X =9(t) = Ve, (1.44)

from which, the physical velocity of the system is obtain by the real part of the
complex velocity in Eq. 1.44, i.e.

X = v(t) = Re{¥} = Re{Ve'}. (1.45)

The instantaneous power of the external force is calculated by a multiplication of
the real force and the real velocity, that is

P =v"f(t) = Re{¥" }Re{f} = Re{¥" }Fcos ax. (1.46)

The time-averaged power P over the time period T =271/ @ of the external
force can be calculated by using the following complex formulations
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P =Re{v7f}=Re{v'f )} =Re{pl=Re{p’},
e{V f}=Re{V f }=Re{p}=Re{p } (147

1.3  Energy Flow Equation of Linear Continuum System

For a linear dynamical continuum system, Xing & Price (1999) presented the fun-
damental theory to investigate the power flow behaviour of the system, in which
the energy flow equations for structures, such as rods, shafts, beams and plats, are
given. A summary of these equations is given herein, of which the detailed ma-
thematical derivation may be consulted the above original reference. To develop
the necessary energy flow equations describing the dynamics of the continuum, a
standard Cartesian tensor notation and a summation convention are used herein

(Fung, 1977). Therefore, as shown in Fig. 1.2, let O—- X,X,X; be a conveniently
chosen fixed frame of reference such that at time f =, a material particle is at
position coordinate X; = a,, (i =1,2,3). At a subsequent time 7, this particle
now labeled @, has moved to a new location X, through a displacementy;

expressed as
x; =x,(a;,n), U, =x,—a,. (1.48)

If this information is known for every particle in the body, the history of the
motion of the whole body is quantified. Mathematically, Eq. 1.48 defines the

transformation, or mapping, of a domain €2(a;) into a domain €2(x;), with 7 as a
parameter. If the mapping is continuous and one-to-one, then the functions
X, = xi(a j,t) are single valued, continuous and continuously differentiable, and

the Jacobian ‘axl. / aaj‘ >0 in the domain Q.

The mapping in Eq. 1.48 provides a material description of the motion of the
continuum. This allows the velocity and acceleration of the particle at time ¢ to be
written as

vi(aj,t)zﬁ

ot

. V.
= Xial, vi(a;1)= atl = Xin

a a

(1.49)

b
a

respectively, and the conservation of mass expressible in the form

ox, da,
po(@) = p(x)| L, PX) = py(@) . (1.50)
aa~ axA

J J
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¥,

Fig. 1.2 Energy transmission from one part to another in continuum (Xing & Price 1999)

Here, po(a) and p(X) denote the mass density of the continuum at times

I,and?, respectively. This material description is usually adopted in solid me-

chanics, but in fluid mechanics it is more convenient to examine the fluid flow
through the instantaneous velocity field and its evolution with time. This leads to a

spatial description with location X; and time ¢ taken as independent variables.
Consequently, the instantaneous motion of the continuum is described by the ve-
locity vector field v, (x il ) and the acceleration vector field expressed as

vi(x,0)=v, +vV, i, (1.51)
where (°) represents the material derivative of () defined by
0=0,, =0,| +v;00/0x;. (1.52)

Let us examine the motion of a continuum system B from time #,tof (f,<t). As
schematically illustrated in Fig. 1.2, in the frame of reference, the continuum oc-
cupies the domain Q with the surface S, which has the unit vector V, defined
along the outer normal. In this study it is assumed that for linear continuum dy-
namics, the variables;, v, and p represent displacement, velocity and pressure,
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respectively; O); a symmetrical stress tensor; ¢; = (&, ; +u;,;)/2 a symmetrical

strain tensor; V; = (v, ; +v;;)/2a strain-rate tensor; f;a body force per unit

volume of the continuum. Also, we use a linear approximation for

¢, =, +i,)/2=V,.

1.3.1 Energy Flow Density Vector

The energy transmission from one part to another in a continuum excited by ex-
ternal forces can be investigated by analysing the energy flow across the closed

surface § within the continuum B illustrated in Fig. 1.2. Let As denote an ele-
mental surface on § and V; a unit normal to As with its positive direction pointing

outward from the (negative) interior to the (positive) exterior. The interactions be-
tween material lying on either side of this surface cause internal actions defined by

the traction or stress vector Tiv representing the force per unit area acting on the
surface §. Through the rate of work done by this traction ];V the rate of energy

flow along the direction V, given by
q" =-vT'. (1.53)

A positive value of qv represents the transmission of energy per unit time

through the unit area of As from the material within § to the outside. It follows
from Cauchy’s formula (see, for example, Fung 1977) that the traction

T'=0o.v, (1.54)

i /M

and hence the rate of energy flow

14

q =—voVv=qV,;. (1.55)
Here, the energy-flow density vector

(1.56)
is defined by the negative dot product of the velocity v; and stress tensor 0}, and

is a vector field function dependent on the coordinate X; and the time 7. In a conti-

nuum mechanics approach, this energy-flow density vector g; specifies the ener-

gy transmission from one part to another in the dynamical system and allows the
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determination of the rate of energy flow at each point in or on the continuum in

any direction with unit normal V, by the expression given in Eq. 1.55.
The energy-flow vector g, defines a vector field so that the theory of vector

field can be used to investigate its characteristics, such as energy flow lines,
energy flow potential, etc. as presented by Xing & Price (1999).

1.3.2 Energy Flow Line and Potential

An energy-flow line is defined as a line in the direction of the energy flow in the
continuum, and satisfies the differential equations

dx _dx, _dx
q, q, q;

(1.57)

These energy-flow lines are the vector lines of the vector field of the energy-flow
density g, and give a geometrical description of the energy flow field. Based on

this theory, the energy-flow lines for many dynamic systems have been given, see
for examples, Xing, Price & Wang (2002); Xing, Price & Xiong (2003); Xing,
Xiong & Price (2004); Wang (2002); Wang , Xing & Price (2002ab, 2004).

If there exists a differentiable scalar field function ¢(xl. ,1) satisfying
q; =0¢/0x;, (1.58)

this energy flow vector field defined by vector g, is irrotational and the scalar

field function @(x,,?)is called the potential of the energy flow field. There have

been some examples and more detailed information on the potential of energy
flow given in the original paper by Xing & Price (1999).

1.3.3 Energy-Flow Equation
Based on the dynamic equilibrium equation of a continuum
O, +f.=pv, (1.59)

an energy-flow equation governing the energy balance of the continuum can be

derived through a multiplying Eq. 1.59 by the velocity Vv, , that is

Vo, v fi=vipv,. (1.60)
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We assume that the Cauchy’s stress can be represented a summation of the stress

O'; caused by any deformations of the continuum and the stress O j produced by

. L d . .
any material damping, ie. O, = O'; + 0, , so that considering the symmetric

stress tensor, we can obtain

— _ _ _ e d
v, 105 = +v;,)0,12=¢,0, =V,0, =V,0; +V;0; . (1.6])

This allows the energy-flow balance Eq. 1.60 to be rewritten as
q,, =P -P", P =g, P*=K+I1+D, (1.62)
where,
V; t . t .
K=["pvdv, = [ prydi = pkdt,  k=vy/2,
% e _ T .. _ t e
IT= L o,de; = Laijey.dt = ,[()Giszjdt’ (1.63)

D—J.e”adde —J‘tade' dt—fo“’th Af—va
=), 994 = ) Oyt = | Oyt 4 = Vil

gy

Here, physically, K, IT and D represent the densities of kinetic energy, defor-
mation energy and dissipation energy per unit volume of the continuum, respec-

tively, while Kk gives the kinetic energy over a unit mass and éf = P’ denotes the
power done by the body force into the continuum. The time change rate

P* =K +1II+ D can be considered as an absorption power consisting of the
rates of kinetic, deformed and dissipated energies of the continuum. Eq. 1.63 de-
fined at any point in the continuum, states that the divergence of the energy-flow
density vector equals the difference between the input power of body force and

absorption power P .

As same as Eq. 1.23 given for 1-DOF system, for the forced vibration excited
by a harmonic external force, the averaged time change rates of kinetic / potential
energies of continuum system in a time period of the force also vanish, i.e.

<K>=0=<II >, so that the time averaged energy flow equation takes the
form

<q,;>=<g’ >-<D>, (1.64)

which physically implies that the time averaged transmission power in the
continuum equals the time averaged input power of body force reduced by
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the time averaged dissipation power. Furthermore, if there are no body forces, the
time averaged energy flow in the continuum depends only on the time averaged
dissipation power, i.e.

—<gq,;,>=<D>, (1.65)

implying that in an element of continuum, the time averaged energy flow,

—<g, ; >, transmitted into it will totally be dissipated by its damping.

The quantity g, ; can be further represented by the power of transmission on

the surface of a closed element of volume surrounding the point. Let us consider
the volume element £ with its closed surface sin Fig. 1.2 An integration of

Eq. 1.62 over this elemental volume and the application of Green’s theorem give

J‘QS q;,4Q = Lq Vs = .[QS (P' — P"dQ,

; y (1.66)
[PldQ=[P'dQ+[q,vds,
QS‘ QS‘ s j j
which implies that the input power from the body force in this volume equals the
absorbed power of the volume €2 plus the transmitted power j qy ids through
the surface § into outside of the volume.
The energy-flow balance equation should be with the corresponding boundary

conditions to investigate the power flow behaviour of a practical problem. The
boundary condition can be derived by

qv,=vl=-q¢, q =vT, (1.67)

in which 7 denotes the traction force vector on the boundary of the continuum.

For different problems, the boundary conditions will be different. For example, for
solid mechanics problems, we have

q° =0, (1.68)

on the free surface boundary where the traction force vanishes and the fixed
boundary on which the velocity vanishes. For fluid dynamics problems, if the
boundary is fixed, the velocity vanishes, so that Eq. 1.68 is still valid. If the in-

coming velocity of fluid boundary is given by \31. and its traction force equaling the
atmosphere pressure p,, the energy flow boundary condition on the incoming

boundary will be

q' =VT,==V,0,pV; =V, pyV;. (1.69)

19



18 1 Introduction

1.4  Energy Flow Equations of Structural Members

The power-flow equations for structural members (Xing & Price 1997 / 1998), i.e.
rod in tension or compression, rod in torsion, Timoshenko beam and shear plate,
are listed as follows.

1.4.1 Rod in Tension or Compression

In this example, it is assumed that the longitudinal axis of the rod (0 < x < X))

coincides with the x-axis of a rectangular Cartesian axis system. The governing
equations describing the linear dynamics of a Voigt visco-elastic (see, for
example, Fung 1977) rod with a unit sectional area, elastic modulus C and viscous
coefficient d, are as follows:

dynamic equation: T, + f =PV,
constitutive equation: T=Ce+ de’, ,
displacement-strain relation: e=u,, (1.70)
displacement-velocity relation: v=u,,
boundary conditions: T = f, x=0,
u=1, X=X

The energy-flow density vector g, the energy-flow potential ¢ and the energy-
flow equation are, respectively, written as

qg=—vT, q:—Qx,
q.=¢ —K-T1-D,

(1.71)
q=4q, onx=0,
q:ép Onx:xla
where
C?f =vf, 4o =T, g, =-uT,
(1.72)

K=p/2, I1=Ce’/2, D= J.Otde,te’,dt.
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1.4.2 Rod in Torsion

Let us assume that the longitudinal axis of the rod coincides with the z-axis of a
cylindrical coordinate system; M, m and @represent the internal torque, the
prescribed distributed torque and the twist of the rod, respectively. On using J to

denote the polar moment of the cross section area of the rod, the governing equa-
tions of the rod in torsion are represented as follows:

dynamic equation: M, + m=pJ @,

constitutive equation: M =GJe+ de’t ,

displacement—strain relation: e= 9 . (1.73)
displacement—velocity relation: a= 9 ‘s

boundary conditions: M=M , z=0,

The energy-flow density vector g, the energy-flow potential ¢ and the energy-
flow equation are, respectively, expressed in the following way:

qg=—-oM, qz—Qz,
qyz :éf_K_H_D’

R (1.74)
q =4, z=0,
q = él’ = Zla
where
éf = wm, éo =-o,M, él = _Mlg,t’
(1.75)

K=pJ@'/2, T=GJe’/2, D= deedt.

1.4.3 Timoshenko Beam

Here, we assume that the central line of the beam, of cross section area A with its
second order moment [, is along the X -axis, and the shear force, bending mo-
ment, deflection and shearing angle of the beam are represented by(Q, M,
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wand ¥, respectively. The governing equations describing the linear dynamics

of a Timoshenko beam in bending are as follows (Timoshenko, Young & Weaver
1974):

dynamic equations: 0.+ f=pAv,,
M. -Q0=pla,
constitutive equations: M =Clx+d,x,,

Q0=GAy+d,y,,

geometrical relations: K=y, y=ytw, (1.76)
deflection-velocity relations: V=W, o=y,
boundary conditions: M=M , 0= Q, x=0,

w=w, v =y, X=X,

The energy-flow density vector ¢, the energy-flow potential ¢ and the energy-
flow equation are, respectively, defined as

q:_(VQ"‘CUM)a q:_¢,x’
g =i —K-TI-D,

) 1.77)
q9=4q,  x=0,
q= éla X=X,
in which, the relevant quantities take the following forms:
‘A]f =, éo: -(v,Q + o,M), qu: _(Qlw,t + Mll/7,t)’
K =p(Av’ +10*)/2,
= (CIx* + GAy*)/2, (1.78)

D= IO (dyx Kk, + dQ;/J]/’t )dt.
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1.4.4 Shear Plate

Here, the subscripts & and ﬂ take values 1 or 2 and the summation convention
for repeated subscript applies. For example, the plate-stress-resultants are denoted
by the transverse shear force (J, and the moment M op Per unit length, with their

components Q,, Q,, M,,, M,,, etc. The bending stiffness of the plate is

represented by D . The motion of the plate is investigated by the deflection W and

sharing angle ¥ of its mid-plane of the unit outward normal vector V,and

the unit tangent vector 7, . This notation allows the governing equations describ-

ing the linear dynamics of a shear plate to be expressed in the following forms
(Reismann & Pawlik 1980):

dynamic equations: Qo+ f=phv,,

Maﬁ,/i - Qa = plwa,t’
constitutive equations:
M 5 = DI(1 = p)K,p + S 5 14 (1= 1)Ky, + K, 5 5],
Qa = Gh}/a + dQ7a,t’
geometrical relations:

Kaﬁ = (l//a,ﬂ + l//ﬂ,a)/z’ 70: = l//a + W,a’ K= l//a,a’
deflection-velocity relations:

t W, =Wy ,» (1.79)

boundary conditions:

where
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The energy-flow density vector ¢, is defined as
qa = _(VQO! + CUﬂMﬁa,).
If g,, =g, , , there exists an energy potential @ satisfying

Qo ="0

The energy-flow equations are

where

& =, @ =00 M), & =—(w, 0" +y ),
K=ph’+lo,n0,)l2,
IT = {D[(1— p)K, 5k, 5 + K]+ Ghy ¥, } 1/ 2,

D= IO (A KopKaps t A0V 0 iV o)L

1.5  Energy Flow Equation of Electromagnetic Fields

(1.80)

(1.81)

(1.82)

(1.83)

Consider a linear electromagnetic field defined in a space of uniform isotropic

continuum with its electric constant &, = 107 /(47c*) (Fm™") and the permea-

bility of free space 1/, = 47x107 (Hm™) , Ely = ¢ (s’m™), where ¢

(ms’l)is the speed of light in vacuum. Using the following notations with SI

units: E electric field intensity (Vm™), B magnetic flux density (Wbm ™),

H magnetic field intensity (Am™"), p electric charge density (Cm™), jelec-

tric current density (Am™) , we can write the governing equations describing the

electromagnetic field dynamics as follows (see, for examples, Becker 1982; Reitz,

Milford & Christy 1993 ; Thide 2011).
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V-E=pleg,,

V-B=0,
VXE+0B/dt =0,
VXxB—(1/c*)IE/0t = u,j.

(1.84)

Pre-dot-multiplying the third and fourth equations above by B and E , respectively,
we obtain

B-VXE+B-0B/dr =0,
. (1.85)
E-VXxB-(1/c*)E-0E/0t = y,E-j,

of which the difference gives
B-VXE—-E-VXB+B-0B/dt+(1/c*)E-0E/dt =—u,E-j. (1.86)
The application of vector formulation
V- (ExB)=B-VXE-E-VxB, (1.87)
as well as a further modification of Eq. 1.86 provide the following result
V-S+0u™/ot=-j-E, (1.88)
where

S=ExB/u, =€ ExB,  u™ =g, (E-E+c’B-B)/2. (1.89)

The electric current density jequals the multiplication of the electric charge
density 0 and its mechanical moving velocity V, i.e.
j=pv, (1.90)

which, when substituted into Eq. 1.88, gives the energy flow balance equation of
electromagnetic field in the form

V-S=—pE - v-0u®™/ot. (1.91)

Here u®° (Jm”)is the energy density of the electromagnetic field,

S (Wm™) s called the Poynting vector (Poynting 1884) which is the energy-

flow density vector for electromagnetic field and represents the energy flux, the
energy passing through a unit area per second. Considering the variable
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PE (Nm™) represents the force density and the term PE- v gives the power
done by the force, called as the Lorentz power density, we may write

PE - v=0u™"/ot, (1.92)

where ™" denotes the mechanical energy density of the field. Eq. 1.91 can now
be rewritten as

V.S +0u™" /9t +u™ /9t = 0. (1.93)

This equation implies that input power VS into the system is balanced by the
rates of mechanical and electromagnetic energy densities.

1.6 Short Review on Current State of PFA

1.6.1 Characteristics of Power Flow Analysis

The energy flow balance equations presented in sections 1.1-1.5 provide a funda-
mental basis to investigate dynamic systems using a power flow analysis
approach, for which we may summary the following essential points.

The principle used in this method is based on the universal principle of energy
balance and conservation law to investigate dynamic systems and, therefore,
it provides a common approach to analysis various systems including mechanical,
thermal and electrical / magnetic systems, such as solid, fluid, acoustic and
control systems, as well as more complex systems involving their couplings or
interactions.

The variable studied in the power flow analysis combines the effects from both
forces and velocities, and it takes their product, power, i.e. the change rate of
energy, as a single parameter to characterise / describe the dynamic behaviour and
responses of a system, which includes and reflects the full information on the
equilibrium and motion of the system, and therefore overcomes the limitations to
study force and motion responses separately. For example, designs relying on the
strength criteria of maximum stress can guarantee the maximum stress being in
the allowable range, but the maximum displacement, stiffness behaviour, of the
designed product might not be satisfied. In reverse cases, designs following
the strength criteria of maximum strain can keep the stiffness characteristics
satisfied, but the maximum stress of the designed product might be higher that the
allowable one.

The approaches adopted in power flow analysis focuses on a global statistical
energy estimations, distributions, transmissions, designs and controls for dynamic
systems or sub-systems rather than the detailed spatial pattern of the structural
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responses. It overcomes difficulties encountered while using finite element me-
thods or experimental modal analyses of vibration responses at medium to high
frequency regions, which requires extreme small size of elements to reach a
necessary computational accuracy.

The applications include: 1) to analyse the vibration characteristics of various sim-
ple / complex / coupled systems from a point view of power flows including
energy transmissions from one part to another and transmission paths, energy dis-
tributions and patterns, geometrical pictures of energy flow field and variations
affected by system parameters; ii) active and passive vibration controls to reduce
the excitation power transmission into structures and to minimise the power flow
within structures; iii) noise reductions to reduce noise levels by controlling the
dominant noise power and transmission and using noise absorption materials;
iv) damage detections based on energy flow variables; v) power flow designs and
control to satisfy practical requirements, etc.

1.6.2 Linear Power Flow Analysis

The universal energy conservation law has been well known in physics, for which
it has been very difficult to trace its originality. For example, it was said that in
1850, William Rankine (1853) first used the phrase the law of the conservation of
energy for the principle, however, in 1877 Peter Guthrie Tait (see, Hadden 1994)
claimed that the principle originated with Sir Isaac Newton, based on a creative
reading of propositions 40 and 41 of the Philosophiae Naturalis Principia Mathe-
matica. This is now regarded as an example of Whig history (Hadden 1994). Al-
though this law has been widely used to derive various type of energy equations in
continuum mechanics, especially classical thermodynamics (see, for example,
Love 1927; Green & Zerna 1954; Fung 1965, 1977; Fung & Tong 2001), its first
form with a defined energy flux density vector, Poynting vector, was contributed
by Poynting to describe energy transmission in electromagnetic fields (Poynting
1884) . However, more recent interests and attentions of scientists and engineers
into power flow investigations for vibration systems were lighten by Lyon’s
(1975) important contribution, where statistical energy analysis involving random
probabilistic theory (Newland 1975; Price & Bishop 1974) was proposed.

Now, it has been widely recognised that the power-flow analysis (PFA) or the
statistical energy analysis (SEA) provides a technique able to model the high-
frequency dynamic responses of structural or fluid dynamical systems of high
modal density. The fundamental concepts of PFA are discussed by Goyder &
White (1980abc), whereas an ASME special publication NCA-3: statistical energy
analysis edited by Hsu, Nefske & Akay (1987) and Fahy’s (1994) comprehensive
critical review of SEA highlighted its origins, developments and possible future
directions. The interested reader may wish to consult these references together
with Price & Keane (1994) for they include discussions of the contributions of
Lyon (1975) and other investigators to the subject area of high-frequency, excited
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dynamical systems. At an IUTAM symposium on SEA (Fahy & Price 1998) sig-
nificant advances in the subject were reported. Of particular interest in the context
of this monograph were the contributions of Bocquillet et al. (1998), who re-
viewed the validity of a solution of high-frequency models including SEA (see al-
so Langley 1992), and Carcaterra (1998), who examined wavelength-scale effects
on the energy propagated in selected structures. In a critical review paper (Mandal
& Biswas 2005) on vibration power flows, the reported experimental approaches
to measure the power flow intensity or sound intensity, particularly focusing on
flexural waves, were discussed and compared. This review paper provides many
valuable references with important practical techniques, such as, the pioneering
work of Noiseux (1970) in the measurement of power flow in uniform beams and
plates.

Many of the PFA or SEA investigations discussed in the above literatures refer
to a particular dynamical system at the outset: for example, a study of the power
flow or energy transfer between two vibrating rods or oscillators connected
through a spring-damper coupling. The dynamical system can be made structural-
ly complex but the general approach is to conceive the system, derive the relevant
equations of motion, and implement a PFA or SEA in one of its many variant
forms. Following the original discussion on the flux of energy in vibratory motion
described by Love (1927), Xing & Price (1999) investigated power flows from a
more generic viewpoint; namely, the development of a mathematical model based
on the fundamental equations and principles of continuum mechanics to describe
the power flow in a continuum and to apply the relevant results to particular appli-
cations (Xing & Price 1997 / 1998), that is, the reverse of the more traditional ap-
proaches. In this more generalised paper, the energy-flow density vector with its
geometrical lines, energy-flow potential and energy flow equation for continuum
systems were defined, based on which, the energy-flow lines for many dynamic
systems have been investigated as shown in the references mentioned in sub-
section 1.3. Also, through this proposed mathematical model, it has been possible
to validate a selection of results and hypotheses used in PFA. For example, a fun-
damental assumption of PFA is that transmitted power is proportional to the ener-
gy difference between two interacting subsystems. This is an extension of the
relation derived by Scharton & Lyon (1968) for the power flow between two sim-
ple oscillators (Lyon & Maidanik 1962). Furthermore, it has been proposed by
Nefske & Sung (1987) that the flow of mechanical energy through a structural /
acoustic system may be modelled in a manner similar to that of the flow of ther-
mal energy in a heat-conduction problem. If this hypothesis is true, it would result
in relatively efficient numerical models being developed to determine the trans-
mission of structural-borne energy in large built-up structures. Wohlever &
Bernhard (1992) investigated this hypothesis through rods and beams and con-
cluded that the energy flow in a rod behaves approximately according to the ther-
mal energy-flow analogy, but a beam solution demonstrates significantly different
characteristics than those predicated by the thermal analogy governed by a heat
conduction equation (Courant & Hilbert 1962). Investigations by Carcaterra &
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Sestieri (1995) and Xing & Price (1997/1998) confirmed the general lack of simi-
larity between mechanical and thermal concepts. From the viewpoint of a conti-
nuum-mechanics-based PFA, such relations and hypothesis were investigated.

There have been various approaches for power flow analysis proposed in the
references, which is too many to be listed herein, but in a short summary, the
following contributions should be highlighted.

1.6.2.1 Travelling Wave Approaches

A more successful approach in power flow analysis with its applications is a tra-
velling wave method developed to predicate wave energy distribution and propa-
gation in structures. This method is based on the classical wave theory and tech-
niques used to investigate elastic waves in structures. For example, Langley
(1992) expressed the solution of each substructure in terms of exact wave mode,
then forced equilibrium and continuity conditions at the junction were employed
to calculate the junction scattering and generation matrices. Power flow results can
be extracted from a wave scattering analysis using the wave mode amplitudes as
the basic unknowns. This approach was applied to study the power flow in a net-
work of structural members (Miller & Von Flotow 1989), in beams and joints of
beam-like structures (Horner & White 1991), in a number of panel arrays (Lang-
ley 1992) and in two- and three-dimensional frames (Beale & Accorsi 1995).
More related recent publications on this method may be found in the references of
a comprehensive paper by Renno & Mace (2011), such as: Mace (1984); von
Flotow (1986); Langley & Heron (1990); Cai & Lin (1991); Mace (1992); Young
& Lin (1992); Cremer, Heckel & Petersson (2005); Doyle (2007); Chouvion et al
(2010). Especially, the important contributions by Miller and colleagues should be
highlighted: the power flows in structural networks (Miller & von Flotow 1989),
the optimal control of power flow at structural junctions (Miller, Hall & von Flo-
tow 1990) and the experimental results using active control of travelling wave
power flow (Miller & Hall 1991). Furthermore, Heron (1997) presented a paper on
predictive sea using line wave impedances. Walsh & White (2000) investigated
the vibrational power transmission in curved beams, and Bosmans & Nightingale
(2001) focused on the vibrational energy transmission at bolted junctions between
a plate and a stiffening rib. More importance, Wester & Mace (2005abc) contri-
buted three papers for wave component analysis of energy flow in complex struc-
tures, which focuses on a deterministic model, ensemble statistics and two coupled
plates, respectively.

1.6.2.2 Impedance-Mobility Approaches

Considering the term “impedance / mobility” in a more generalised meaning to
cover, such as, “receptance”, “dynamic stiffness, i.e. displacement impedance”,
etc., the impedance-mobility approaches are based on the classical theory and
techniques of mechanical impedance-mobility of dynamical systems (see, for ex-
ample, Harris 1998) to calculate the input / transmitted powers of the investigated
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dynamical systems. These methods are convenient to a power flow analysis main-
ly focusing on individual structures, coupled beam- or plate-like structures or
periodic systems.

Langley (1989) proposed the dynamic stiffness (a force per unit displacement)
method to investigate the transverse response of a row of coupled plates subject to
distributed acoustic load. The panel was stiffened transversely and simply-
supported along the longitudinal edges so that the dynamic equation of each un-
coupled plate can be derived independently. The dynamic stiffness matrix of each
individual component was obtained. The dynamic stiffness matrix of the whole
structure was then assembled by using standard structural matrix analysis tech-
niques. By applying the force balance conditions and geometrical compatibility
requirements at the coupling edges, the dynamic behaviour of the whole panel can
be obtained. Expressions can thus be derived for the mean energy stored in the in-
dividual components and for the power flow between different components. This
method was used to examine the power flows in beams and frameworks (Langley
1990) and the in-plane vibrations of plate frames (Bercin and Langley 1996).

Similar to the dynamic stiffness method, the receptance (a displacement per
unit force) method was proposed to study the power flows. A major difference be-
tween this approach and the dynamic stiffness method lies in the chosen unknown
variables to be solved. The former method chooses the coupling forces at the inter-
faces as the variables while the latter chooses the coupling interface displace-
ments. This approach was employed to investigate the amount of power flows at
joints of beams and plates (Clarkson 1991) and at the interface of two coupled rec-
tangular plates (see, Dimitriadis & Pierce 1988; Farag & Pan 1996; Beshara &
Keane 1998).

The mobility (a velocity per unit force) power flow approach divides a global
structure into a set of coupled sub-members with forces and moments introduced
at their junctions. The vibrational power flow into a sub-member and between
them is expressed in terms of input and transfer structural mobility functions to
explore the power flow behaviour of dynamic structures. Petersson & Plunt (1982)
proposed an effective point mobility method in the prediction of structure-borne
sound transmission between a source and a receiver structure, which was used to
model the vibration power flow transmission through periodic structures by Cu-
schieri (1990ab), multiple beams, coupled beam structures under in-plane loading
by Farag & Pan (1996). The mobility functions of vacuous elastic cylindrical
shells were numerically studied by Ming, Pan & Norton (1999) and applied to es-
timate both the input power and the power flow in coupled finite cylindrical shell
systems. Mead, White & Zhang (1994) studied power transmission in a periodical-
ly supported infinite beam subject to a single excitation. Su, Moorhouse & Gibbs
(1995) developed a power flow expression using the eigenvalues and the corres-
ponding eigenvectors of the real part of the mobility matrix for a practical charac-
terisation for structure borne sound sources. Gardonio, Elliot & Pinnington
(1997ab) presented a model of vibration isolation systems by developing a matrix
method using mobility or impedance representations of three separate elements:
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the source of vibration, the receiver and the mounting system and investigated var-
ious active control strategies to reduce the structural power transmission from a
source to a receiver via a number of active mounts. Moorhouse (2002) presented a
dimensionless mobility formulation for evaluation of the upper and lower bounds
of power flows.

Mobility matrices describing the dynamic characteristics of some typical ele-
ments, such as, rod, shaft, beam and plate, etc., are very useful in calculating
structural power flows. However, they are not readily available when analysing
complex coupled systems. To predict dynamic power flow characteristics trans-
mitted in coupled systems consisting of various structural members as mentioned
above or more generally many different substructures, the impedance / mobility
approaches were further developed. Clarkson (1991) applied the receptance me-
thod (Bishop & Johnson 1960) to investigate the transmission of vibrational ener-
gy across structural joints of connected beams and connected plates. The transfer
matrix or four-pole parameter method is more suitable to an assembled system
connected in series or in parallel (Molly 1957; Snowdon 1971). This method orig-
inally limited to unidirectional single-input / single-output linear mechanical sys-
tems was extended to multiple-input / multiple-output linear systems (Ha & Kim
1995; Xiong 1996). However, when assembling substructures in these systems
with different inputs and outputs, generalised inverse or pseudo-inverse processes
(Pringle & Rayner 1971) associated with rectangular four-pole parameter matrices
are required to examine or to estimate coupling interactions. This causes increased
complexity in the mathematical model and subsequent solution.

1.6.2.3 Progressive Approaches

To overcome the difficulty met in dealing with power flow analysis using the
above classical impedance mobility methods, Xiong, Xing & Price (2001) ex-
tended their proposed impedance / mobility approaches ( Xiong, Xing & Price
2000ab) and derived a generalised mobility and impedance matrices for three-
dimensional rigid and elastic structures, based on which equivalent mobility and
equivalent impedance matrices are introduced to describe the dynamical power
flow behaviour of a subsystem assembled from several inter-connected substruc-
tures within the overall system. As a result of this, the two progressive approaches
were developed to predict force vector, velocity response vector and power flows
transmitted between substructures in a complex coupled system consisting of n
substructures subject to selected boundary conditions and multiple excitations.
The proposed methods are very efficient and greatly reduce the complexity of the
power flow analysis when examining complex dynamic coupling systems. For the
special case of periodic systems, where the substructures are identical, these
methods become even more effective.
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1.6.2.4 FEA and Numerical Substructure-Subdomain Approaches

Although applications of the above analytical PFA approaches described above
can provide physical insight of the energy and power flow patterns within struc-
tures, they are limited to simple uniform structures. For complex structures,
numerical methods have to be adopted to obtain approximate solutions.

The finite element methods (FEA) (see for example, Bathe 1996; Zienkiewicz
& Taylor 1989, 1990; Huebner et al. 1995) provide very powerful numerical ap-
proaches with commercial software to simulate various engineering problems us-
ing computers. A noticeable limitation of FEA is inherently to analyse vibrations
at relatively low frequencies where the number of mode shapes is lower, due to at
high frequencies requiring small meshes to describe the rapidly changing modes
of the structures (Kim, Kang & Kim 1994abc). It is widely accepted that the ele-
ment size in element-based acoustic computations should be 1/6~1/10 of the wa-
velength to obtain a necessary numerical accuracy for engineering applications.
Based on these criteria, FEA approaches were still used in vibration / acoustic
analysis with the fast development of the speed and capacity of modern comput-
ers. Earlier, Lyon (1975) suggested the use of FEA in predicting coupling loss fac-
tors during the early development stage of statistical energy analysis. Hambric
(1990) used the FEA to estimate the power flow in more complex structures, such
as ribbed-panel and truss structures. In parallel, a modal analysis was used to es-
timate power flow in beams, plates and shells (Gavric & Pavic 1990, 1993;
Hambric & Taylor 1994; Hambric, 1995). In the context of a gear-box top plate,
Nejade & Singh (2002) carried out an analytical computation using the FEA to in-
vestigate the effects of uncorrelated noise, edge reflections, and damping on sound
intensity.

Nefske & Sung (1987, 1989) presented a second-order differential equation, simi-
lar to the heat conduction equation, based on which to conduct a power flow infinite
element analysis of beams, which was further studied by Wohlever and Bernhard
(1992), and to derive energy flow coefficients by Fredo (1997), although meeting
difficulties in representing the location of dynamic sources and establishing energy
conditions clearly at the discontinuity (Lase, Ichchou & Jezequel 1996).

In all these studies, the response of a finite element model was expressed in
terms of an energy flow model and a global FEA was performed on the global sys-
tem. To avoid the complexity associated with a global FEA, Shankar & Keane
(1995ab, 1997) proposed a local FEA method using a receptance approach. The
response of each subsystem was described by Green functions, obtained analyti-
cally or by using FEA, to study the energy flow in both simple and complex struc-
tures. Mace and Shorter (2000) established energy flow analysis models based on
component-mode synthesis. However, from the analysis of two simple examples,
Xing & Price (1999) concluded that, in general, there lacks a direct similarity be-
tween the flow of mechanical energy through a structural / acoustic dynamical
system and the flow of thermal energy in a heat-conduction problem, confirming
the findings of Carcaterra & Sestieri (1995) and development of any hypothesis or
modelling based on such an analogy is of limited value.
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The energy flow density vector or sound intensity for noise analysis involves
the distributions of the both velocity and stress fields of the dynamic system, so
that the accuracy of energy flow calculations is affected by the both velocity and
stress accuracies. FEA can provide a very good accuracy for displacement and ve-
locity but not for stress, since the stress calculation concerns the spatial derivatives
of displacement field, and therefore not for power flow variables (Alves and Arru-
da, 2001). Especially, for acoustic problems with more high frequencies, the wa-
velength decreases largely and the displacement gradient changes sharply, which
significantly affects the accuracies of calculated stress as well as the power flows,
if the element size is not sufficiently small. The adoption of smaller element sizes
less than 1/6 wavelength of highest frequency mode greatly increases computer
simulation costs, since for the dynamic analysis of a problem, the computation
time is proportional to its total degree of freedom (DOF) squared or cubed. To re-
duce calculation costs, the substructure-subdomain methods (see, for example,
Xing 1986ab; Xing & Price 1991; Xing, Price & Du 1996) for dynamic analysis of
complex coupled systems with large DOF were proposed for power flow analysis.
The fundamental idea of the substructure — subdomain techniques is: i) to divide
the whole system into many small subsystems; ii) to solve each subsystem in order
to obtain its dynamic information, respectively; iii) to synthesise the information
of all subsystems to get the dynamic behaviour of the whole system, which has ef-
fectively reduced the computation cost for dynamic analysis. This technique was
used for the power flow analysis of indeterminate rod / beam systems, L-shaped
plates and a coupled plate-cylindrical shell system (Wang, Xing & Price 2002ab,
2004). Using the developed computer code for substructure-subdomain method
(Xing, 1991/1995ab), the power flows in the fluid-structure interaction systems
were also investigated. For example, the generalised theory and formulation was
presented by Xing, Price & Xiong (2003), an application to beam-water interac-
tions by Xing, Xiong & Price (2004), a linear wave energy harvesting device de-
sign by Xing et al (2009) as well as ship vibrations with controls by Xiong & Xing
(2005), and Xing, Xiong & Tan (2009). Furthermore, considering the interaction
between the free surface wave on the water surface and the compressive waves
caused by explosion in the water, Xing (2007, 2008) proposed a new suitable radi-
ation condition to model the dynamics and energy flows of this free surface-
compressible waves coupled system. It is also noted that Kwon et al. (2011)
proposed a power flow boundary element analysis for multi-domain problems in
vibrational built-up structures, which obtained the agreed results of the power
flow density of simply supported coupled beams and coupled plates with the
conventional approaches.

1.6.2.5 Vector Field Approach

The Poynting vector of electromagnetic fields defined by Poynting (1884) and the
energy flow density vector defined by Xing & Price (1997, 1999) from a more ge-
neric viewpoint of continuum mechanics governing the dynamic behaviour of solids,
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fluids and their interactions provide the variables to explore the energy flow trans-
missions and exchange within the continuum. Based on this definition, the energy
flow lines and energy flow potential were defined and investigated through the theo-
retical analysis with some examples demonstrations (Xing & Price, 1999). This
progress leads to a vector field approach to investigate the energy flow field using
geometrical methods (Xing, Price & Wang 2002), which can show the energy flow
picture in a dynamic system based on classical vector analysis (Weatherburn 1962).
This method was used to provide the energy flow pictures of L-shaped plates and a
coupled plate-cylindrical shell system (Wang, Xing & Price 2002b, 2004), as well as
the one of a beam-water dynamic system subject to explosion waves (Xing, Xiong
& Price 2004). However, the analytical solutions of the energy flow vector can be
obtained only for some simple problems, and therefore numerical approaches have
to be used to get its solutions for more complex systems.

1.6.2.6 Power Flow Mode Theory with Energy Flow Designs and Controls

For linear dynamical systems subjected harmonic forces, it has been recognised
that the averaged time change rate of kinetic / potential energies over a time period
of excitation force vanish, as shown in Eq. 1.23. Therefore, the time averaged
energy flow of a dynamic system can be considered as its natural characteristic
depending on its inherent damping distribution, from which a power flow mode
theory was developed (Xiong, Xing & Price, 2004, 2005ab). In this theory, the
system’s characteristic damping matrix including material damping (Goodman
1976) is constructed and it is shown that the eigenvalues and eigenvectors of this
matrix identify natural power flow characteristics. These eigenvectors, or power
flow mode vectors, are chosen as a set of base-vectors spanning the power flow
space and completely describe the power flow in the system. The generalised
coordinate of the velocity vector decomposed in this space defines the power flow
response vector. A time averaged power flow expression and theorems relating to
its estimation are presented.

Furthermore, from this theory, a power flow design / control approach was pro-
posed to identify energy flow patterns satisfying vibration control requirements.
The mode control factor defines the measure of the correlation between a power
flow mode and a natural vibration mode of the system. Based on this theory and
the method, considering practical requirements and possibilities, scientists and en-
gineers may design an energy dissipation pattern, modify energy dissipation of a
system, adjust energy transmission path and control energy flow level / pattern to
realise an effective vibration isolation and control . Power flow design theorems
were presented providing guidelines to construct damping distributions maximis-
ing power dissipation or to suppress / retain a particular vibration mode and / or a
motion. The developed damping-based power flow mode theory provides insight
into the power flow dissipation mechanisms in dynamic system, compared with a
mobility based power flow model by Ji, Mace & Pinnington (2003). The later was
based on an eigen-decomposition of the real part of the mobility matrix to express
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the force power input consisting of the power input of each power modes and to
estimate the upper and lower bounds of power flow as well as its mean value, of
which the applications require full information of a system's mobility. Examples
were given to demonstrate the generality of the damping based theory, including
non-symmetric damping matrices, and illustrate applications through modifica-
tions of the system’s damping distribution using passive and/or active control
components, (Xiong, Xing & Price 2005¢; Xiong & Xing 2008).

1.6.2.7 Power Flows in Structure-Control Systems

Vibration control problems have received much attention over past decades
(Meirovitch 1990; Fuller, Elliott & Nelson 1996; Housner et al 1997; Hu & Wang
2002). The control of structural vibrations produced by earthquakes, winds, sea
waves, explosions, impacts and other vibration sources enhances the safety of op-
eration of an overall dynamical system under examination. Successful applications
of control strategies have been reported in many branches of engineering, like civ-
il, aerospace and marine ones as well as mechatronics (Housner et al 1997). In the
past, vibration control systems were primarily studied adopting passive control
methods such as flexible mounts, elastomeric bearing systems, damping or absorb-
ing mechanisms, (Thomson 1988; Harris 1988; Merian & Kraige 1998). By con-
ducting power flow analysis, the power flow transmissions from a machine into
the base structure can be identified, which is a more appropriate indictor of isola-
tion performance than the traditional force or displacement transmissibility. For
this reason, many researches focused their attentions on the analysis and control of
vibrational power flows of dynamical systems (see, for example, Pinnington 1987,
Pinnington & White 1981; Pan, Pan & Hansen 1992; Gardonio, Elliott &
Pinnington 1997ab; Mahajan & Redfield 1998; Li & Lavrich 1999; Xiong, Xing
& Price 2000c, 2003).

Although the passive vibration control is a proven technique to reduce vibration
transmission between vibration sources and receiving structures, conflicting re-
quirements are often encountered in practices, which leads to limitations in control
capabilities when the source and receiving structures are compliant and dynamical
interactions between them exist (Jenkins et al 1993; Xiong 1996; Xiong & Song
1996). Active control systems are capable of overcoming these limitations and al-
low the performance enhancement and increasing the efficiency of vibration
control as demonstrated by references, see for examples, Gardonio, Elliott &
Pinnington (1997ab); Sciulli & Inman (1998); Serrand & Elliott (2000); Kim,
Elliott & Brenan (2001); Kaplow & Velman (1980); Scribner, Sievers & Von
Flotow (1993); Clark & Robertshaw (1997); Gardonio & Elliott (2000); Margolis
(1998); Xing, Xiong & Price (2005). Their applications range widely and include,
for example, the reduction of ground excitation to vehicle passengers; the elimina-
tion of transmitted vibrations in machines, aircrafts (Wang et al 2008) and space
structures; the prevention of machinery vibrations transmitting to surrounding en-
vironments; the vibration protection of sensitive equipments operating in harsh
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environments, reductions of noise in aircrafts (Unruh 1987; Gardonio & Elliott
1999) and buildings (Luzzato & Ortola 1988); to name but a few. The improve-
ment of isolation effectiveness adopting active control strategies was undertaken
by Jenkins et al. (1993), who illustrated the potential for combined active / passive
isolation schemes. Leo and Inman (1999) developed a quadratic programming al-
gorithm to study the design trade-offs of a one-degree-of freedom single-axis ac-
tive-passive vibration isolation system. Pare and How (1999) proposed a hybrid
feed-forward and feedback controller design approach to structural vibration con-
trol and developed a simple structural isolation example to demonstrate the benefit
of an optimal hybrid controller to improve simultaneously isolation performance
together with a reduction in closed loop control bandwidth. Xing, Xiong & Price
(2005) presented a theoretical design of passive-active vibration isolation systems
to obtain zero or infinite dynamic modulus.

Following the success of power flow and energy transfer approaches for pas-
sive controls, these methods were also used to examine the control performance in
an active manner, a vibration isolation system described by one- and two-degree-
of-freedom dynamic models (Pinnington 1987; Pinnington & White 1981; Maha-
jan & Redfield 1998; Margolis 1998; Gardonio & Elliott 2000) in which funda-
mental concepts of active damping systems were studied by examining the
average power flow in the controlled and passive actuators subject to harmonic in-
puts. Pan and Hansen (1993, 1994) studied the dynamics of an active isolator by
considering power transmission and thus extended the modelling of passive isola-
tion systems in terms of power flow to the modelling of active isolators. They also
applied this power flow control strategy to isolate vibrations from a rigid body to a
plate through multiple mounts demonstrating the possibility of reducing power
transmission to the plate. More complex cases relating to vehicle-bridge-control
interaction systems, complex multi-dimensional flexible isolation systems and
systems consisting of composite parts are also examined (Xiong, 1999; Xiong,
Xing & Price 1999, 2000abc; Xiong et al 2001, 2002).

After searching the publications for power flow analysis of passive / active con-
trol systems, it was found that investigation into the dynamics and energy trans-
mission mechanisms of a generalised integrated structure-control system in which
active control subsystems are retrofitted into a complex existing passive control
system are few and far between, although the progress has been made for simple
systems as listed above. The modelling and design of an active control system
consisting of flexible structures / components is of practical importance for tech-
nological developments in many engineering sectors. The fundamental barriers to
progress and development of a comprehensive approach are found in the lack of
good mathematical models to deal with general passive-active dynamical interac-
tion systems and the difficulties to perform effectively the dynamic analysis in
extensive, multi-dimensional complex coupled systems.

To address this problem, Xiong, Xing & Price (2003) developed a general
linear mathematical model of power flow analysis and control for integrated struc-
ture-control systems. In this paper, the interactions between the mechanical system
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and the control system, i.e. electric - mechanical interactions, were omitted, which
implies that characteristics of the control system is not affected by mechanical mo-
tions and vice versa. To amend this, Xing, Xiong & Price (2009) further presented
a generalised mathematical model and analysis for integrated multi-channel vibra-
tion structure-control interaction systems. These mathematical works allow to
model generic complex structure-control systems consisting of any number of
three-dimensional rigid / flexible substructures and control subsystems with mul-
tiple passive, active, hybrid control channels as well as their dynamic interactions,
which provides a basis to develop a general computer program that may allow the
user to build arbitrarily complex linear control models using simple commands
and inputs.

1.6.2.8 Damage Detections

Early damage detections of structures under fatigue or extreme impact loads and
measures have received extensive investigations. Approaches, such as acoustic or
ultrasonic methods and magnetic or thermal field methods, are time consuming
and costly (see, for example, Li , Zhang & Liu 2001). To reduce the cost, a model-
based approach has been developed, which examines the changes in global vibra-
tion characteristics of a structure. The fundamental concept is that any damages,
geometric or physical / material ones, would lead to decrease in dynamic stiffness,
which in turn reduces the natural frequency of the system. However, since the
maximum stress point and the maximum displacement point in a dynamic struc-
ture are not necessary located at a same point. In some situations, if the damage
causes very limited change of the global stiffness, the corresponding natural fre-
quency of the structure remains unchanged. For example, a geometrical damage at
the free end of a cantilever beam due to its too large displacement will not affect
the basic natural frequency of this beam. The damage detection using the power
flow variable, a product of velocity and stress, can reflect both changes by mo-
tions and stress and therefore give more suitable results. Based on this, Li, Zhang
& Liu (2001), Li, Liu & Zhang (2004) and Li et al. (2004) applied power flow
analysis on a damaged Euler beam and a circular plate structure. It was shown that
vibrational power flow is highly dependent on the degree and location of damage.
Khun, Lee & Lim (2003) studied the power flow pattern of a plate with single or
multiple cutouts. Lee, Lim & Khun (2006) extended their work and showed that
this feature can be used to locate the crack. Zhu et al. (2006, 2007) examined a
cracked Timoshenko beam as well as a thin cylindrical shell with a circumferential
surface crack and found that the power flow passing through the crack was highly
sensitive to its location and depth. Wong, Wang & Cheng (2009) investigated
power flow features associated with vibration modes of both intact and damaged
beams and suggested that the modal power flow behaviour can be used for dam-
age detection.



36 1 Introduction

1.6.3 Nonlinear Power Flow Analysis

1.6.3.1 Interests for Nonlinearities

The more and more increasing interests for scientists and engineers to study nonli-
near dynamical systems (NDS) may be the following main reasons. Firstly, prac-
tical engineering systems, solids, fluids or their coupling systems are inherently
nonlinear ones with various nonlinearities, so that in some cases linear assump-
tions and analyses have hidden some important phenomena and provided no
accurate results. Therefore a nonlinear analysis is necessary in order to obtain
more accurate results to satisfy practical applications. Secondly, with the extreme
fast developments of modern computers associated with computational methods
and corresponding software, many complex nonlinear problems, which were
failed to be solved before due to pour computation capacities, can now be tackled.
Thirdly, a most important reason, it has been demonstrated that for many dynami-
cal systems, introductions of nonlinear members can significantly improve the
performance of the system. Here we mention some examples.

1) Nonlinear suspension systems can provide extremely low or extremely
high dynamic supporting stiffness to obtain the required supporting frequencies.
As we have known that high performance vibration suspension systems with a
very low or a very high dynamic stiffness are widely required in engineering and
industrial fields. For ground vibration tests of full scale aircrafts, the suspension
frequency of the assumed rigid aircraft on the supporting system must be lower
than one third of its first elastic natural frequency to meet the requirements for ac-
curate aircraft’s flutter analysis. The weight of a large aircraft is very huge but its
first elastic natural frequency is quite low so that the stiffness of the supporting
system must have a big static one to support the large weight and also a very low
dynamic one to have a very low supporting frequency (Molyneux 1958; Xing
1975). The low supporting frequency is also a fundamental standard for effective
vibration isolations (Harris & Crede 1961/1988; Rivin 2003) of high precision
optical instruments used in spacecrafts, such as for gravitational wave detection
(Winterwood 2001).

On the other side, in laboratories, dynamic tests of structures are often expected
to be fixed on a rigid foundation. To realise this condition, the dynamic stiffness
of supporting system must be extremely high, otherwise, the foundation could not
be considered as rigid. As experienced practically, an extremely “rigid” founda-
tion for static tests could be very soft for high frequency dynamic tests.

To design these supporting systems with particular performance, there are two
approaches used. One is to adopt active feedback controls in a passive system to
modify its dynamic stiffness (Fuller, Elliott & Nelson 1996; Xing, Xiong & Price
2005). This method requires an energy supply for the control system, which some-
times cannot be realised if the required energy is huge. Another approach is to use
nonlinear springs with a variable dynamic stiffness. For ground vibration tests of
aircrafts, a nonlinear supporting system was proposed and used (Molyneux 1958;
Xing 1975) to obtain a very low supporting frequency. The detailed investigations
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on designs, practical techniques and performance of nonlinear suspension systems
were reported quite late, see, for example, Alabuzhev et al (1989), Platus (1992),
Zhang et al (2004), Carrela, Brennan & Waters (2007), Carrela et al (2008), Kovaic,
Brennan & Waters (2008), Ahn (2008), Cao et al (2008ab), Liu, Chen & Cao
(2010). More recently, Araki et al. (2013) presented the effective designs of quasi-
zero-stiffness vibration isolators for their restoring forces to satisfy the conditions
resisting large self-weight and to have the tangent stiffness close to zero around
the static equilibrium position. In this paper, more published references on quasi-
zero-stiffness vibration isolators were introduced, which involves the designs
using geometric nonlinearity, magnets and shape memory alloys.

ii)  Nonlinear vibration isolators / absorbers provide better performance. To
improve the effectiveness of linear vibration isolators, different configurations of
nonlinear designs have been proposed by introducing nonlinear stiffness or damp-
ing elements, of which the more details can be referred in a comprehensive review
paper by Ibrahim (2008). In an very important book by Vakakis et al. (2008) pre-
sented the detailed information on the phenomenon of nonlinear energy pumping
or targeted energy transfers, where energy of some form is directed from a source
to a receiver in a one-way irreversible fashion. The vibrational energy from a li-
near system is transferred to a passive nonlinear energy sink where it localises and
diminishes with time due to damping dissipation. Based on this mechanism, non-
linear vibration absorbers were designed to suppress the undesirable vibrations
from seismic excitations (Nucera et al. 2007) and to improve the stabilities of
aeroelastic or drill-string systems (Lee et al. 2007b; Viguifie et al. 2009).

iii)  Nonlinear oscillators could be effective energy harvesting designs. Inves-
tigations on wave energy harvesting devices have attracted a wide interest around
the world, for example, Thorpe (1999), Falnes (2002) and Rhinefrank (2005).
Among these designs, the fundamental principle is to use waves to excite the me-
chanical motions of energy harvesting devices to convert mechanical energy to
storable energies. Therefore, the motions of wave energy harvesting devices ex-
cited by waves are required as large as possible. Two approaches may be adopted
to realise this aim. One is to design a linear device with its natural frequency clos-
ing to the wave frequency so that a resonance is reached. In considering fluid-
structure interactions (FSI) and using the developed numerical method ( Xing &
Price 1991; Xing, Price & Du 1996) with computer program FSIAP (Xing
1995ab) , it was numerically investigated a wave energy harvesting device-water
interaction system subject to the wave maker excitation in a towing tank (Xing et
al 2009). Another idea is to design a nonlinear energy harvesting system and to
use its inherent large stable orbit motion to extract energy. One example is to use
the possible rotational motion, a periodical solution, of a nonlinear pendulum sub-
ject to base wave excitations aiming to wave energy harvest. Wiercigroch and his
team (see, Xu el al 2005, 2007; Litaka et al 2008, 2010; Lencia et al 2008; Horton
2011; Nandakumar et al 2012; Pavlovskaia 2012) theoretically and experimentally
investigated this type of device and obtained very useful results. Another example
is a flapping foil device located in air / water flows. As we have learnt that this
system is a flutter system (Bisplinghoff, Ashley & Halfman 1955; Fung 1969) of
which a periodical oscillation happens when the speed of flow reaches its critical
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one. In aircraft designs, flutters are very harmful and have to be avoided. In this
oscillation, the fluid flow supplies the energy to be dissipated by the damping of
the system, which in principle provides a mechanism to design wave energy har-
vesting device. Considering the energy harvesting element plays a damping role in
the integrated system demonstrated by Xing et al. (2009), we can design a flap-
ping foil system to reach its “flutter” state by adjusting its parameters as well as
energy harvesting amplitude according to the flow speed, from which to collect
energy. Yang, Xiong & Xing (2011) numerically investigated this system and re-
vealed that the efficiency of energy harvest was largely increased.

1.6.3.2 Power Flow Analysis in NDS

To evaluate the efficiencies of different designs of nonlinear systems described
above, the force or the displacement variable, such as their transmissibility, is of-
ten used as the performance indicator. As we have mentioned that the power flow
analysis approach is based on the universal law of energy conservation suitable to
various systems in different fields, therefore it is no doubt to deal with nonlinear
systems. In fact, the classical Hamilton Principle (see, for example, Abraham &
Marsden 1978; Oden & Reddy 1976) and its more generalised forms (Xing 1990;
Xing & Price 1991) in the theoretical mechanics were derived from the work-
energy principle. More directly, Li (1996, 1999) and Li & Ye (2003, 2006) pro-
posed an energy method to investigate periodical solutions of strongly nonlinear
systems, which was further completed and given in their book (Li & Ye 2008).
This method considers the sum of physical kinetic and potential energies as the
mechanical energy E of nonlinear systems, from which a closed equal energy
curve in the phase space (Xx,X)was geometrically obtained by letting E =
constant. Any point on this equal energy curve is defined by two variables: energy
amplitude E and an angle &, satisfying X = acos @ + b, called as energy coordi-
nates. Here, a and b was determined by some complex geometrical conditions.
Using this method, the possible periodical solutions and stabilities were discussed.

Recently, it has been shown a growing interest in PFA of nonlinear dynamical
systems. Royston & Singh (1996) employed vibratory power transmission as a
performance index in optimisation of multiple degrees-of-freedom nonlinear
mounting systems. The same authors also examined an automotive hydraulic en-
gine mount and investigated the vibratory power flow from an excited rigid body
through a nonlinear path into a resonant receiver (Royston and Singh 1997). Xing
& Price (2004) proposed a generalised mathematical model for the power flow
analysis of a complex system consisting of linear substructures / subdomains con-
nected by nonlinear controllers, providing a generalised approach to deal with
many vibration control problems which are often met in engineering. Xiong, Xing
& Price (2003b, 2005d) studied an interactive system consisting of a machine, a
nonlinear isolator with a p-th power damping and g-th power stiffness as well as a
flexible ship excited by sea waves. The input power spectrum was found to be not
globally sensitive to the nonlinearities in damping and stiffness of the isolator, but
affected significantly around resonance frequencies of the coupled system. More
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recently, Xiong & Cao (2011) investigated the nonlinear power flow characteris-
tics of a two degrees-of-freedom system with nonlinear stiffness created by a pair
of oblique springs. Xing et al. (2011) presented a mathematical model with solu-
tion approaches for an integrated electric converter, a nonlinear oscillator and wa-
ter interaction system to harvest wave energies. Yang, Xiong & Xing (2011)
evaluated the energy harvesting capability of a nonlinear flapping foil system us-
ing PFA. They also investigated the time-averaged power flows of nonlinear vi-
bration isolation systems to assess the isolation performance (Yang, Xiong &
Xing 2012a, 2013) and the instantaneous power flow characteristics of the Duffing
oscillator (Yang, Xiong & Xing 2012b, 2014). In the Jian’s PhD thesis (2013),
more detailed investigations on nonlinear dynamic systems are given, which
include the power flow characteristics of the Duffing and the Van der Pol oscilla-
tors as well as the two degrees of freedom systems for vibration isolations and
absorptions.

1.7  Energy Flows Defined for Vector Fields of NDS

1.7.1 Limitations of Linear Energy Flow Variables

While reading available publications on the power flows of NDS described in sub-
section 1.6.3, we have noted that all of them follow the definitions of energy flow
variables in linear systems, such as physical kinetic, potential and damping-
dissipated energies. For a linear dynamical system, each term of its governing
equation involves only one of unknown variables: displacement, velocity or accel-
eration, so that there are no couplings between them, and therefore the physical
energies are clearly identified and calculated. However, generally, the governing
equations of NDS will normally include some terms affected by two unknown
variables, so that the couplings between the unknown variables happen. In these
cases, it is difficult to identify the pure kinetic energy, potential energy or damp-
ing dissipated energy. For example, in the Van der Pol equation (Van der Pol

1920), one term is Ot(x2 —1)x, where & denotes a constant. This term involves

the coupling between the displacement X and the velocity X of the Van der Pol’s
oscillator, so that we cannot separate the potential energy and the dissipated en-
ergy by the damping of the system. This suggests that we have to find more suit-
able energy flow variables to investigate generalised NDS.

Furthermore, it is generally sufficient to regard any NDS as a set of first order-
differential equations defined in a phase space. As it will be discussed in Chapter
2, the left hand side of this equation is a derivative of a vector valued function of
independent variable (usually time) and its right hand side being a vector field
function defined on some subset of the phase space. The solutions of this set of
differential equations are generated by the vector field function and are called
flows. Obviously, we have to create a suitable energy flow theory to deal with
NDS based on this vector field form.
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1.7.2 Energy Flows in Phase Space

To develop an approach and theory to study the energy flows of NDS based on the
vector field theory, we investigate the linear dynamic Eq. 1.1 of 1-D system in a
form of a phase space as follows

xX=y,
y=—£y—£x+m, (1.94)
m m m
x(0) = x,, y(0) = y,,
or in a vector form
y=f.0, yO=y,=[x »].
(1.95)

BE £(y.1) = 0 1 X N 0
Y= vyl Y= —k/m —clmlly f@y/m|

We consider that y =y(f)€ R %is a vector valued function of an independent va-

riable te I =(t,,t,) C R and f:U — R?is a smooth function of the variable

tand the vector y defined on some subsetU C RZ, a 2-dimensional phase

space. Often we seek a solution @(Y,,?) such that

0(y,.0) =Y, (1.96)

The solution @(y,,):/ = R ? defines a solution curve ¢,(y,) , trajectory or or-

bit of the differential Eq. 1.95 based aty, as shown by Fig. 1.3 (a). The solution

set @(U,"): I — R defines a flow ¢, (U) in R? inFig. 1.3 (b).

Based on the above definition on the flows in 2-D phase space, the instant pow-
er P = Xf () of the external force given by Eq. 1.3 may be denoted as P, (y ) for
Eq. 1.95, which is a real scalar time function corresponding to the solution
curve @(Y,,?) in the phase space. The instant power set P(U,): 1 — R of the

external force defines an energy flow P.(U) corresponding to the flow @, (U).

The term of energy flow or power flow may be further understood from the con-
cept of flows in the phase space.



1.7 Energy Flows Defined for Vector Fields of NDS 41

At

(a)

R2

o(y,.1)

Fig. 1.3 A solution curve and the flow for 1-D system of Eq. 1.95: (a) the solution
curve (pt(yo) and its tangent vectory =1 ; (b) the flow Q, )

As mentioned in subsection 1.7.1, in a term of the governing equation of a non-
linear dynamical system, there exists the coupling of dynamic variables, so that we
cannot distinguish and construct the physical kinetic ( K ), dissipated ( D ) and po-
tential (IT) energies as well as force power ( P ) given in Eq.1.3 for the nonlinear
system. Actually, these physical energies cannot provide any information with the

geometrical properties of the solution orbit (pt(yo), more generally, the flow

(] t(U ) shown in the phase space. Therefore, they are not suitable to investigate

NDS in the phase space based on the vector field theory using energy flow ap-
proach. To address this difficulty, giving up the physical definitions given in Eq.
1.3, and considering the solution in the phase space of the problem, we introduce
the following energy flow variables based on Eq. 1.95 in the phase space, i.e.

generalised potential energy : E=y'y/2,
generalised kinetic energy : K=y"y/2, (1.97)
generalised force power : P=y'f.

The corresponding energy flow balance equation takes the form

E=P, E, =%ygy0. (1.98)
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0,WU)

i
i

Fig. 1.4 The potential energy flow Er (yo) and its time change rate E = P correspond-

ing to solution curve @, (yo) and Ez (U) relating to flow 0, (U) for 1-D system of Eq.
1.95 shown in Fig. 1.3

These are three scalar variables defined for the phase space. The generalised
potential energy relates the position of a point in the phase space, while the gene-
ralised kinetic energy involves the tangent vector of the solution curve, and the
generalised force power gives the energy flow, i.e. the time change rate of the ge-
neralised potential energy. The generalised potential and kinetic energies are non-
negative real number. The generalised force power gives the work done by the
force vector along the tangent vector of the solution orbit, which may be positive,
zero or negative. If we add an axis for generalised potential energy into the phase
space in Fig. 1.3, we can obtain its potential energy flows shown in Fig. 1.4.

Obviously, in general, these three variables are not corresponding physical ener-
gies for the equation in phase space, therefore, we use the word, “generalised”, to
distinguish them. In chapter 3, three energy flow variables will be more detailed
investigated, based on which the energy flow behaviour of nonlinear dynamical
systems described in phase space will be examined and explored in this book.

1.7.3 Characteristics of NDS

Compared with linear dynamical systems, NDS have shown the following main
different behaviours.

1) For a linear system subject a harmonic excitation of frequency €2, its
dynamic responses, displacement, velocity and acceleration are all harmonic
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variables of frequency {2, which is called as the “frequency reservation” of linear
systems. For nonlinear systems, this is not still valid. The frequencies of the dy-
namic responses of a nonlinear system could be lower or higher than the fre-
quency of the harmonic force. There are some components with possible fractional
or multiple frequencies in the dynamic responses. Moreover, the amplitude of
nonlinear dynamic response will not be proportional to the amplitude of the force
as valid for linear systems.

ii)  For a linear system in a periodical motion, the averaged time change rate
of kinetic and potential energies over the time period respectively vanish. This im-
plies that the kinetic energy and the potential energy are respectively conservative
in the time period and the work done by the force in the period is totally dissipated
by the damping of the system. This conclusion is not generally valid for periodical
motions of nonlinear systems, in which the averaged time change rates of kinetic
and potential energies are no longer respectively vanish in the time period of the
periodical motion. Due to the couplings of dynamic variables in each term of the
equation, the work done by each term in the period normally does not vanish, al-
though for periodical motions the total work done by all terms of the nonlinear
equation vanishes. This implies that in the time period, some energy exchanges
between each term happen.

iii)  The solution of a linear system is unique, but generally the solutions of a
nonlinear system are not unique. At some points on the solution orbit, there may
exist some branches, bifurcations, and therefore the stability about a solution is
necessary to be studied.

iv)  Chaotic motions have found for many nonlinear systems, which are very
sensitive to the changes of the system parameters.

Those different characteristics of NDS must cause the corresponding changes
of the energy flows of the system. To identify these changes from which to reveal
some energy flow phenomena and mechanism of NDS is a main aim of this book
using the defined energy flow variables for vector field equations in phase space.



Chapter 2
Dynamical Systems and Differential Equations

In this chapter, we review some basic topics in the theory of ordinary differential
equations from the viewpoints of the global geometrical approach which is a base
to develop the energy flow analysis for NDS. In the first two sections the review
of basic theory for dynamical systems and differential equations is rapid. The third
section discusses the fixed points of differential equations and defines the fixed
point surfaces, from which the translation velocity and transmission velocity of a
fixed point surface are formulated. The fourth section quickly mentions the
stability of a solution of differential equations. We assume that the reader is
fairly familiar with this material and with the fundamental notions form analysis
used in its derivation, which could be further read in publications, such as Guck-
enheimer & Holmes (1983); Thompson & Stewart (1986); Chen & Tang (1992);
Yang et al (2011).

2.1 Differential Equations and Solutions

The nonlinear dynamic systems investigated in this book are generally sufficient
to regard a second order differential equation with its initial conditions in a non-
dimensional form as follows

d*x ~

—=x=f(,X,X),

7 ( )

x(0) =x,, (2.1)
x(0) =x,,

where X is a vector valued function of an independent variable time 7, X is the
time derivative of the vector X and f is a smooth function of the variable # , the
vector X and its time derivative X . In the discussions of this book, with no further

mentions to neglect the word “non-dimensional”, we always consider all equations
and involved variables as their non-dimensional ones.
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Equation 2.1 can be transformed into the first order differential equation

x_
a P

dp . =

— =Pp= f t9X9 ) .
i p=f(x,p) (2.2)
x(0) =x,,

x(0)=p(0) =p,.

which can be rewritten in the form

dy .

—=y=f Ly),

g Y (t,y)

y0)=Yy,, (2.3)

NN ISR
Yol YT f(t,x,p) |

Generally, we consider that Y =y(¢) € R" is a vector valued function of an in-
dependent variable t€ [ =(t,,t,) C R and f:U — R"is a smooth function
of the variable fand the vector y defined on some subsetU C R", an

n-dimensional phase space. Often we seek a solution (Y ,,#) such that

o(y,.0) =y,. (2.4

The solution @(y,,):/ — R" defines a solution curve, trajectory or orbit of

the differential equation given in Eq. 2.3 based aty . The basic local existence

and uniqueness theorem (Hirsch & Smale, 1974) can be stated, without proof, as
follows.

Theorem 2.1 Let U C R" and £ :U — R" be an open subset of real Euclidean

space and a continuously differentiable map, respectively and Yy, € U, then
there is some constant C >0 and a unique solution ¢(y,,):(—=C,C) —=>U
satisfying the differential equation 'y = (y) with initial condition y(0) =y,,.

According to this theorem, there exist no intersections of the trajectories of
Eq. 2.3 in the solution space except at its fixed points.
The solution vector y of Eq. 2.3 is written as the following matrix

yz[x1 X, Pyt pm]T, n=2m. (2.5)
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Ay

R’ @ o

S

<|>:(U)

Yo

Fig. 2.1 A solution curve and the flow: (a) the solution curve @, (yo) of which of its

tangent vector at a point y is y =1 ; (b) the flow in R"

In the n-dimensional phase space, each pair of components (xi , pi) constructs of
m

asubspace R € R" andR" = Z R’ . For the subspace R} < R", we intro-

i=1

duce a corresponding polar coordinate system ( P;s 6’,. ) defined by

P, =X +pl, x,=p,cosf, p,=p,sind, =i (2.6)
Therefore, the solution in Eq. 2.5 can be expressed in a polar coordinate form
y=[p,cos6 - p,cosb, psin6 - p,cosb,]|, o7
M =m.

This form of the solution in the polar coordinate system is convenient to investi-
gate periodic solutions of nonlinear dynamical systems.

Systems governed by Eq. 2.3, in which the vector field does not explicitly con-
tain time, are called autonomous. Since the vector field of the autonomous system

is invariant with respect to translation in time, the solutions based at times f, # 0
can always be translated tof, = 0.

Equation 2.3 allows explicit time dependence and therefore the vectors and the
trajectories would always be wiggling, which would ruin the geometric picture. To
visualise a phase space with trajectories frozen in it, we introduce a variable
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6@ =t so that the equivalent system of Eq. 2.3 is an (n+I)-dimensional system
described as follows

dy

E - f(t’ y)a

0=1, (2.8)
y(O)=Yy,,

6(0) =0.

2.2  Dynamical System

Equation 2.3 defines a dynamical system. More generally, a dynamical system is
considered as a flow on a differentiable manifold M arising from a vector field f ,
regarded as a map f:M — TM, where TM is the tangent bundle of M.

Fig. 2.1 shows the solution curve @(y,,7)=@,(y,) and the flow
oWU,1) =(pt(U ). The tangent vector at a point y of the solution curve

O(y,.1) =9,(y,) is determined by dy/dt =f which may considered as the

velocity of the flow curve.

In this monograph, we will not usually need the more concepts on a differential
manifold involving a dynamical system. For those interested, the book by Abra-
ham & Marsden (1978) provides a good introduction and the detailed knowledge.

2.3 Fixed Points

Fixed points, also called equilibria or zeroes, are an important class of solutions of
a differential equation. Fixed points ¥ are defined by the vanishing of the vector
fieldf(¢,§) = 0. Assume that

Z2=YyY~—Y, 2.9

where Y is a solution of Eq. 2.3 and therefore y(0) =Yy, . The substitution of
Eq. 2.9 into Eq. 2.3 gives that

dz. . - —
—=z=-y+f(t,z+y)=F(1,2),
dt (2.10)
z(0)=0,
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which has a zero solution Z =0, a fixed point of Eq. 2.10. Therefore, investiga-
tions on the characteristics of a solution y(f) of the differential Eq. 2.3 can

be completed by investigating the characteristics of the zero solutionZ(t) =0,
a fixed point, of Eq. 2.10.

2.3.1 Fixed Point Surfaces

The components of vector equation f(z,y) =0, constructs n generalised curved

surfaces, called as the fixed point surfaces of the dynamic system, in the space R" .

For an autonomous system, its fixed point surfaces are fixed in the space R".
However, for a non-autonomous system, its fixed point surfaces move with time

in R". To investigate the motion of the fixed point surfaces, let us consider the

fixed point surfaces in the space R" defined by equation
f(z,y)=0, 2.11)

where f(¢,y)is a smooth function of the variable fand the vector y defined on

subsetU < R". Since f is a vector, a component equation
fi(t,y)=0, (i=L2,---n) (2.12)

denotes a generalised curved surface corresponding to the function fl (t,y). The

fixed point ¥ is an intersection of the fixed point surfaces, that is

y=n_ fi(ty) =0. (2.13)

2.3.2 Translation Velocity of a Fixed Point Surface

The differential of the function f(#,y) in Eq. 2.11 takes the form
df(t,y) =f,dt+Jdy = 0. (2.14)

Here,

f,t = % = [.fl,t fz,t e fn,t]r (2.15)
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df,/dy, df,/dy, --- df,/9dy,
J=tV’ = afz/:a)ﬁ afz{ayz afz/ayn ’ (2.16)
afn/ayl afn/ayZ T afn/ayn

=[00/ay, 090/dy, - 90/9y,I, 2.17)

where J is the Jacobian matrix of the vector functionf , V denotes a differential
operator, 1T denotes transpose and the subscripts {=12,---,n and

j=12,---,n. The Eq. 2.14 can be written in the form of components
represented by the subscripts i, j, etc.

fidt+ f, dy; =0, (2.18)
where the repetition of index j (called a dummy index) denotes a summation with
respect to it over its range, ie. (1) ; =(-+1); = Z( *),; - We define a normal

I=1
vector matrix of the fixed point surface I

i = [, /lgradf, | (2.19)

where grad() denotes a gradient operator and |gradf 1| =(f1, [, j)l/z. The

subscript I = i, but it does not be considered as a dummy index. From Egs. 2.18
and 2.19, it follows that

f,.dt +|gradf, |n,dy; = f, dt +|gradf,|dr, =0, (2.20)
where dr, =1);dy ; denoting the projection of the elemental length dy ; onto the

normal vector 77, of the surface f; = 0. The translation velocity of the curved

surface f;(2,y) = Ois defined by

_dn __ fu
Cdr |gradf,|’

2.21)
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from which the translation velocity vector for the curved surfaces f(¢,y) =0 can
be obtained

N=| ' Z—diag(|gradf1|'l)f,,, (2.22)

where diag() denotes a diagonal matrix.
For autonomous systems f;, =0, the fixed point surfaces are fixed in the

space and therefore from Eqs. 2.18, 2.20 and 2.21 we respectively obtain

fi;y; =0, (2.23)
lgradf; |,y =0, (2.24)
N, =0. (2.25)

Equations 2.23-2.25 represent that the motion velocity of a fixed point surface of
an autonomous system can be only along the tangent direction of the fixed point
surface.

2.3.3 Transmission Velocity of a Fixed Point Surface

The transmission velocity of the fixed point surface fl =0is defined by the

relative velocity

Df, /Dt

)
| gradf, |

L

N, - - (=), (2.26)

where

Df,IDt=f,,+¥,f. (227

denotes a material derivative of the function f;(#,y ), if the solution y(#) is

considered as a fluid flow.
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Y, NAt
. ;
flt+ ALy (+An1=0 4| A

fillt+ Ay, (0]=0 ___

-~ \ Displace-
fi(, yj) =0 k) Y\ ment
T b YA
(0] Y1

Fig. 2.2 The fixed point surface fl (1, y j) = 0 and its translation velocity N ; as well as

the normal component vi” of the flow Y on the normal vector 7]; of the surface fl =0.

As shown in Fig. 2.2, physically, the translation velocity Ni of a fixed point
surface f;(¢, ;) =01is the velocity observed by an observer standing on the
fixed reference coordinate system, but the transmission velocity 79;‘ represents the
velocity observed by one standing on the ‘material particle’ of the flow Yy, with
the velocity y, at a point y; =y, of the surface f;(z,y;)=0. Therefore, if
U, =0or(Df,/ Dt)|y =0, the surface is a flow trajectory of the system and
ifd = —v;7 , it reduces to a fixed surface in the space. For the two dimensional

phase space, Fig. 2.2 geometrically shows the fixed point surface
fi@y ].) =0and its translation velocity Nl. as well as the normal component
vi’7 of the flow on the normal vector 77, of the surfacefi =0. Here, the
dashed line indicates the position of the surface f, = 0 caused by the translation

1

velocity N, .
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2.4  Stability

A solution y(#) of Eq. 2.3 is said to be stable if a solution y(¢)based nearby re-
mains close to y(#) for all time. This implies that for every neighbourhood V' of
Y(t)in U there is a neighbourhood V; C V such that every solution Y(y,,?)
with ¥, C V,is defined and lies in V for allz > 0. If, in addition, V|, €V can

be chosen so that y(f) — yas # —>oothen y(¢)is said to be asymptotically
stable.
Since the solution y(#) of Eq. 2.3 corresponds to a fixed point Z=0 of

Eq. 2.10, the investigation of the stability of the solution y(#) of Eq. 2.3 can be

done by investigating the stability of the fixed point Z2=0 of Eq. 2.10. Hirsch
and Smale (1974) presented a detailed discussion of stability of fixed points. A
Liapunov function method is often used to investigate the stability of a fixed point,
which relies on finding a positive definite function F :U — R, called the
Liapunov function, decreasing along solution curves of the differential equation,
which is stated as follows (Hirsch and Smale 1974).

Theorem 2.2 Let Y (t) be a fixed point for equation

y =£t(y), y(O0) =y, (2.28)

and F :V — R be a differentiable function defined on some neighbourhood
V c U of Y(¢) such that:

i) F(y)=0andF(y)>0ify#Y; and
i) F(y)<0, yeV—{y},

then y(t) is stable. Moreover, if
i) F(y)<0, yeV—{y},

then y(t) is asymptotically stable.

2.5  Linear Systems

Considering a linear system governed by the equation

y =Ay, yO)=y,, (2.29)
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where A is an 72X n matrix with constant coefficients. The solution of this equa-
tion is given by

y=ely,. (2.30)

The matrix function €™ is the 71X n matrix defined by the convergent series
t* t"
=T+ A+— A"+ +— A"+ (2.31)
2! n!
It can be demonstrated that this matrix function satisfies the equation
et =Y(1)Y ' (0), (2.32)
where
Y(t) = ®e™, A =diag(4,), ®=[¢p' ¢ - ¢"]. 233
Here, A ; and (|)J , (J = 1,2,...,n), represent the eigenvalue and corresponding
eigenvector of matrix A , satisfying

A¢’ =1,0¢’. (2.34)

Example 2.1
To understand the above formulations, we consider the following 2-D system

LHED) B e

where A is an 2X 2 matrix and its eigenvalue and eigenvector can be solved by

Eq. 2.34, that is
I -1
-1 1]y Y2

The characteristic equation of Eq. 2.36 is given by

-4 -1
-1 1-4

‘: 1-4)*-1=0, (2.37)
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from which and Eq. 2.36, it follows

(2.38)

Therefore, from Eqgs. 2.31-3, we have

A 0 0] 1 -1
Y (1) =®e”, A=2 ,
0 1

S
I

L =17 11 1
YO =0I=0, Y'O)= | = . (2.39)

1 0 nelgn 0 0
e = +2(t+---+2 Ly :
0 1 n! 0 1

Finally, we obtain the solution of Eq. 2.35 as
y 11 -1, 01 11]1
N OES e }
Y, 271 1 -1 1[0
—{1 0 +(t+E+ +2th+ ) : _1}1 (2.40)
o1 n! -1 1[]0 '

n—lz_n

! +o(t) : (t)—t+t2+---+2 +oe
~lo ] !

Noting ¢(t) =1+ 2a(t) and@(0) =0, we can confirm that Eq.2.40 is the
solution of Eq. 2.35.




Chapter 3
Energy Flow of Nonlinear Dynamical Systems

This chapter gives the developed energy flow theory and approach for nonlinear dy-
namical systems defined by vector fields in phase space, which will be used in the
following chapters of this monograph. The generalised potential energy and kinetic
energy in phase space are defined, which are two scalar variables embedded into the
phase space to investigate the energy flow behaviour of nonlinear dynamical sys-
tems. The first one involves positions of flow points in phase space and the second
one links to the tangent vector, flow directions, in tangent bundle of vector fields.
Surfaces of potential energy level are introduced to measure the potential energy at
each point in phase space. The energy flow equation for nonlinear dynamical sys-
tems is derived, and the corresponding energy flow field with its characteristics,
such as, energy flow lines, energy flow gradient vectors, energy flow characteristic
factors, are discussed. The formulations for time and spatial derivatives of genera-
lised potential energy and the variations of energy flow are presented. Zero energy
flow surfaces, on which the time change rate of generalised potential energy of the
system vanishes, with their normal vectors are defined, and its local behaviour are
investigated. The time change rate of phase volume strain is formulated. To under-
stand the defined energy flow gradient vector and energy flow characteristic factors,
three examples are given in the last subsection of this chapter.

3.1  Generalised Potential and Kinetic Energies

A solution y(yo ,1) of Eq. 2.3 defines a trajectory passing through the point Y,in

the space R". In order to investigate the solution y(yo ,1) of a nonlinear dynami-
cal system from a view of energy flow point, we embed the generalised potential

energy E and the generalised kinetic energy K into the phase space R", which are
defined as follows

loro 1o 1o
E=—yy=—xXxX+—pp, 3.1
2 2 2
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(TS DTS
K=—yy=—X"x+—p"p, 32
SV y=2 S0P (3.2)

These two positive scalar functions depend on the position vectorY and the veloc-

ity vectory , tangent vector at a point on a trajectory in the phase space R", re-
spectively. Therefore, they are used as the two variables to measure the position

and its velocity of a point on the trajectory in the space R", respectively. Geome-
trically, the generalised potential energy represents a half square of the distance
of a point to the origin of the phase space. The generalised kinetic energy has a
similar geometrical meaning in the tangent bundle space.

For a linear dynamic system with X andX respectively representing its physi-
cal displacement and velocity vectors, the terms x"x/2 and pr/ 2 may
represent its physical potential energy and kinetic energy of the system, respec-
tively. Therefore, E could be the total mechanical energy of the system. The
terms X X/2 and p’P/2 may represent the physical kinetic energy and the

acceleration energy of the system, respectively. However, generally, for differen-
tial equations of nonlinear dynamic systems in phase space, X and X may not be
defined as the physical displacement vector and velocity vector, respectively, so
that E may not be the total mechanical energy of the system. The word of “gene-
ralised” is used to avoid any confusion with physical potential and kinetic energies
of the system. For a convenience in the descriptions of this book, we may neglect
the word “generalised” if it is no confusions.

3.2 Surfaces of Potential Energy Level

From Eq. 3.1, we can define a set of surfaces of potential energy level in the phase
space by equation

e(E,y):lyTy—E:lex+lpr—E:O, (3.3)
2 2 2

which, for a given positive real number E (potential energy level), represents a

generalised closed curve around the origin y = 0 in the space R". Therefore on

a potential energy level surface, the energy of the system is constant. At the origin

y = 0 of the space the energy E =0 which is considered as a reference point

with a zero potential energy of the phase space. With increasing of the dis-

tanced = |y|, the amplitude of position vectory , the energy E level increases.

There are no intersections of two energy level surfaces. The normal vector of
energy level surface takes the form
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Y2
E,>E, A
N¢

E . f

> yl
& ;
E = constant, E =0 A E increasing
on the surface direction, E >0

Fig. 3.1 Potential energy level surfaces (circles) and its normal vector in 2 dimensional cases

._Oeldy _y . _9deldy,
= = =t =zt (3.4)
0e/9y| |y]

" oesdy| |y

b

Fig. 3.1 shows the potential energy level surface as well as its normal vector N*
for the 2-dimensional phase space. On a potential level surface, the potential ener-
gy keeps a constant and the time change rate of potential energy vanishes.

3.3  Energy Flow Equation and Energy Flow Field

3.3.1 Energy Flow Equation

The energy flow equation of the nonlinear dynamic system described by Eq. 2.3
can be derived by pre-multiplying the two equations given in Eq. 2.3 by the vector

yT and yT (0)/2, respectively, that is

E=y'y=y't(t,y)=P(,y),

(3.5)
EO0)=y (0)y(0)/2=yly,/2=E,.

Here, the left-hand and right-hand sides of the first equation in Eq. 3.5 represent

the time change rate E of the generalised potential energy E and the power P,
the work done by the generalised force f(Z,y)per unit time, respectively.
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The second equation in Eq. 3.5 is defined by the initial generalised potential ener-
gy E, of the system at time = 0. Therefore, Eq. 3.5 defines an energy flow bal-
ance equation of a dynamic system, which can be described as: for a nonlinear
dynamic system with an initial potential energy E, its time change rate of gene-

ralised potential energy equals the power of its generalised force.

Physically, the energy flow balance equation represents the universal work-
energy principle for nonlinear dynamic systems. In fact, using Eq. 2.2, from the
energy flow Eq. 3.5, it follows that

xX'x=x"p,  p'p=p'f@,xp)=xX"f¢xp),

- (3.6)
dT | dt =x"f(t,x,p), T=p'p/2,

where T = pr/ 2 may be the physical kinetic energy of the system. This equa-

tion implies that the time change rate of the physical kinetic energy equals the
power of the physical force f(,X,p) of the system. If this force is a potential
force relating a physical potential function IT(X) defined by

f = —oIl/ox. (3.7)

so that the system is a conservative system and its total mechanical energy H is
conservative, i.e.

dT  dll dH
= =

= 0, H=T+IIL (3.8)
dt dt dt

We can also obtain that the generalised kinetic energy K of the nonlinear dynami-
cal system described by Eq. 2.3 satisfies the equation

k=Lrr=lfy fm LoD,
(3.9
o d 1 .. .r.  .r
K=—(= = =yf.
s oY V=Yy=Y
This gives an equation governing the time change rate of generalised kinetic

energy of the system, which may called as the kinetic energy flow equation of the
system. In the flowing discussion, we mainly concentrate on the energy flow
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Eq. 3.5 that involves the potential energy and its time change rate, and therefore
the position vector and its time change rate at a phase point on the orbit. Further
similar explanations on the kinetic energy flow equation may be completed by
readers.

3.3.2 Energy Flow Field and Energy Flow Lines

The power P(¢,y) of the generalised force constructs a scalar field called as the
energy flow field of a nonlinear dynamical system. Comparing Eq. 3.5 with Eq.
2.3 of the dynamical system shown in Fig. 2.1, we can say that for the dynamical
system governed by Eq. 2.3, Eq. 3.5 defines its energy flow on the differential
manifold M arising from the scalar energy flow or power flow field P(t,y), re-
garded as a map P: M — T, M, where T, M is the corresponding tangent
bundle of M that this energy flow field P generates an energy flow
E, = E(t,y) through the energy flow Eq. 3.5. Fig. 3.2 shows the solution curve,

an energy flow line, of Eq. 3.5, E(y,.t)=FE(y,) and the flow
EU,t)=E (U). The tangent vector at a point y of the energy flow
line E(y,,t) = E,(y,)is determined by dE/dt = P which is considered as the
velocity of the energy flow, the power done by the generalised forcef(z,y) on

the solution curve (Y ,1) = @,(y,) -

The systems governed by Eq. 3.5, in which the energy flow field does not con-
tain time explicitly, are called autonomous. Depending on the signs of the pow-
er P(¢,y) in the full phase field, we may define the following particular energy

flow fields.

3.3.2.1 Conservative Field

An energy flow field satisfying equation
E=P(,y)=0, (3.10)

is called a conservative field. This implies that the generalised potential energy at
any points on the flow is a constant equaling its initial generalised potential ener-
gy. The solution flow would be an equilibrium point or a closed orbit on a poten-
tial energy level surface of the space on which each point has a same distance to
the origin.
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b
er " er 2

- E,(¥,)

o
JE/ dt

U “.Eo(yo) U E[ (U)

Fig. 3.2 The energy flow field for the solution orbit and the flows shown in Fig. 2.1: (a)
The energy flow line Et (yo) of which of its tangent vector at a point y is dE/dt=P,

the power of generalised force; (b) the energy flow E, ).

3.3.2.2 Diverging Field
E=P(t,y) =0, (3.11)
implying the generalised potential energy along the flow always increases with the

time due to the power of the force is positive at every points and time. Therefore,
the flow tends to infinity.

3.3.2.3 Contracting Field
E=P(t,y)>0, (3.12)
implying the generalised potential energy along the flow decreases with time and

the flow line is attracting to the origin due to negative power of the force at every
points and time.

3.3.3 Time Derivatives of Generalised Potential Energy

The generalised potential energy E of a nonlinear dynamical system is a function
of time 7 and space positiony . For a flow y(¢) satisfying Eq. 2.3, from the
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energy flow Eq. 3.5, we obtain the generalised potential energy and its time deriv-
atives on this flow as follows

E-E, = jo Pdt = jo v'{(t,y)dt,
E=P=y'T+y'[f,+Jy]=y'f+y Df/Dt.

Here, the differential operator D()/ Dt =0d()/ot + y]a()/ ay_,. as used by

Eq. 2.27. The generalised potential energy and its time derivatives are functions
of flow y(#) and therefore they are functionals. Based on Egs. 2.3 and 3.2, we
obtain that

y 2 A e
1 ¢ N
Potential level Flow
surface E -
0 M

Fig. 3.3 Force vector f is orthogonal to normal vector N ¢ of potential energy level surface
and the potential energy E keeps a constant along the flow on potential level surface.

yt=[" p’ F} —%p+p'F=x"x+p'p=2K,
f (3.14)

E=2K +y Df/Dt.

These equations have their component forms

t t
E—E, = Pdi=[ y,f/(£.y,)d¢,
E=P= yifi(t’y_j)’ (3.15)
E=P=7y,f,+yDf,/Dt=2K + y,Df,/ Dt.
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In general, we have the (7 +1) order time derivative of the generalised potential

energy E in the form

Em) — pm) _ yi(m)fi + Cn11yi(m*1)Dfi /Dt +---

(3.16)
+C'y"D" V£, 1DV + Cyy, D™ f, 1 Dt™.

Using Eqgs. 2.26 and 3.13, the first and second order time derivatives of the gene-
ralised potential energy in Eq. 3.15 are respectively represented as

E= P:|Y|Nie.fi(t9yj)9

. (3.17)
E=P= 2K—|y|Nfz2.|gradf,|.

From Egs. 3.13-3.17, we may draw the following conclusions.

i) As shown in Fig. 3.3 for R? phase space, if the generalised force vector

f is orthogonal to the normal vector N of the generalised potential level surface,
which implies that the generalised force vector is on the tangent plane of the gene-
ralised potential level surface, this force does not do work for the system, so that
the time change rate of generalised potential energy vanishes and the generalised
potential energy E keeps its original value unchanged.

ii) As indicated by Eq. 3.17, if the transmission velocity ¢} of fixed point

surface is orthogonal to the normal vector N° of the generalised potential level
surface, the second order time derivative of the generalised potential energy equals
to two times of generalised kinetic energy of the system.

iii) As shown in Fig. 3.1, a large value of the generalised potential energy
E at a point implies that this point is far from the origin of the phase space. Also,
its energy flow value E defines the flow direction of the system: the
E<0,E=0and E>0 imply that the flow directions towards the origin to re-

duce the potential energy, along the tangent direction of the potential energy level
surface, and backwards the origin to increase the potential energy, respectively.

iv) Equations 3.10, 3.11 and 3.12 respectively define a conservative, diverg-
ing and contracting energy flow field for nonlinear dynamical systems.

v) Assume that V denotes a single connected domain around the origin of
the phase space of a nonlinear dynamical system. If in this volume the potential

energy is not larger than a maximum value, ie. E<SE |

and the energy

flow E <0 everywhere in / on V, then all possible solution flows are located in V.
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3.3.4 Space Derivatives of Generalised Potential Energy

To compare the generalised potential energies of different flow orbits of a nonli-
near dynamical system, we need to know the space derivatives of the generalised
potential energy E and its time change rate. From Eq. 3.15 it follows that

OE 1.
o [ E.(&p)de,

OF
ng,k:f}c(t’yj)_‘_y[ﬁ,k’

3

. 3.18

gradE=VP=f+Vf'y=f+J'y, G189
’E .
8.0y :E,kzsz,z"'f/,k"'yiff,kz-

OV

The time and space derivatives discussed above provide a basis to investigate the
distribution and time / space change rates of the generalised potential energy of
the nonlinear dynamic system.

3.3.5 First and Second Order Variations of Energy Flow

The energy flow defined by Eq. 3.5 is a functional of time ¢ and vector function
Y , to reveal its behaviour we need to investigate its variations about a time ¢ and
position y subject to a disturbance variation & . Since flow yis a function of
time, its corresponding variation Jy =yof. For a functional in the form
F(t,y) ., we respectively defined its first local variation OF , isochronal variation

AF and total variation OF as

OF = a—F&,
ot
AF =86y VF, (3.19)
_DF s (a—F+yTVF)5t = OF + AF.
Dt ot

We may represent Eq. 3.19 in a matrix form

oF =la &"ILF,

L[] _[a & o] (3.20)
|V | ot oy, ay, |’
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from which the second variation of functional F'(¢,y) can be defined as

§F=[6t by |L(SF)
=[6t oy |L( 6t oy |LF)

O
=[ ot é‘yT](LLTF){ t} (3.21)
oy

(o7 5yf][{q,
oy
A=diag(A,),  (I=1,2,---,n+]).

The above second variation of energy flow is a quadratic form of which the matrix
LLF is a real symmetrical matrix with real eigenvalues A, . The transformation
based on its eigenvectors can transform it into a diagonal matrix A and the corres-

ponding variables denoted by the notations with “~”. The positive, negative or
zero value of this quadratic form is determined by the characteristics of the real

eigenvalues. If all eigenvalues of the matrix LL'F are positive or negative, this
quadratic form is definitely positive or definitely negative, respectively.
Following these definitions, we can distinguish the three types of first

variations of the energy flow E(, y) as follows.
3.3.5.1 Local Variation

A local variation of energy flow E(, y) is given by

OE= oF ot, (3.22)
ot

implying the variation of energy flow at fixed phase point y due to the time varia-

tion O¥.

3.3.5.2 Isochronal Variation

When considering any variations of the energy flow E (t,y) at a given time ¢ due

to a flow variation dy, we obtain its isochronal variation

AE(t,y) =0y'VE, (3.23)
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which, when Eq. 3.18 introduced, gives

AE(t,y) =0y £ +]J"y). (3.24)

3.3.5.3 Total Variation

The total variation of energy flow can be derived as
St =[f,+Jy |61 =5t +] 5y,
SE=Eét= aa—EcSt +0y'VE
t
=y'f.5t+[y'f+y' Jylor (3.25)

=0y’ f+y'of
=y ' of+0y" £+J"y).

3.3.5.4 Second Order Variation

Using the definition of second order variation of the functional F given by
Eq. 3.21, we obtain the second order variation of energy flow in the form

52E:[§t 5yT]L(5E)
T T 1 5t
=[6t &y |(LL E)L_y}
;. 070t . ot
=[5z dy ]{{ v }[a/az \Y ](yf)}{éy}

;. 0°/0t*  (@/at)V" ot
=[ot & f :
Lo oy ]{La/at)v V.V }(y ){&J

(3.26)

3.3.6 High Order Isochronal Variations of Energy Flow

To reveal the more detailed characteristics of the flow field structure of a nonlinear
dynamical system at a time ¢, in some cases, we may need to investigate more high-
order isochronal variations of the energy flow of the system about a flow Y subject

to a disturbance flow 1 at the same time ¢. For example, for a system of its first and
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second variations vanishing, we need to rely on its third order variation to explore its
flow behaviour. To this end, at a time ¢ we can respectively express the vector func-

tionf (¢, y + 1), the energy flow P(z,y + 1) and the generalised kinetic energy of
nonlinear dynamical system in their Taylor series forms

FY 4= 034 F 3,43+
— FED L+ [TV £y
(Y + W =1+ VRN VG4, 620
P(t,y+m)= P(t,y)+(VP)Tn+%nT[(V-VT)P]n+---,
K(t,y+n) = K(t,y)+(VK)Tn+%nT[(V-VT)K]n+----

The corresponding energy flow / generalised kinetic energy and their isochronal
variation respectively are given by the following equations,

Et,y+n)=y+n)'fEy+n)
T T l T 2
=y [f(,y)+(n V)f(t,y)+§(n V)t y)+--]

1 2
+1' (£, y)+ (' Vf (t,y)+5(nTV) £, y)+-],
AE:E(t’y+")_E(t’Y)

=yT[(nTV)f(t,y)+%(nTV)2f(r, y)+--] (3.28)
r . 1,
+0' (£, y)+(n V)f(t,y)+5(n V) (@t y)+--],
AE = P,y + 1)~ P.Y) = (VP 2 W L(V- V) Pl

T l T T
AK =K(1,y +n)—-K(1,y) = (VK) n+on [(V-VOKIn+---.
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For an equilibrium pointf (¢,y = 0) = 0, the above isochronal variations are fur-

ther reduced to
. 1 1
AE=0q"[(m'"V)E@,y) +5(nTV)2f(t, y) +g(nTV)3f(t,y) +o]
v (fVT)n+%nT(nTV)2f +énT(nTV)3 ol

T 1 T T 2 1 T T 3
=nJn+—- V)yf+— V)y'f+-..
wn+=m V) N V) (3.29)

=1'En +%nT(nTV)2f +énT(nTV)3f ooy
AR =WLV VK I+
E=J+J")/2, U=J-J"/2.
Here symmetrical matrix E and anti-symmetrical matrix U are defined as the

energy flow matrix and spin matrix of the system, for which a detailed discussion
will be given in Chapter 4.

3.3.7 Local Spatial Extrema of Generalised Potential Energy

The generalised potential energy E at time ¢ in Eq. 3.13 for a nonlinear dynamical
system is a functional of the flow y(#) defined by Eq. 2.3 of the system. Consi-

dering a variation flow 1 from the flow y(¢) and Eq. 3.27, we can calculate the

variation of the potential energy as follows
E(y+m—E(y) = | (y+0 f(y+nydi -] y'f(1,y)di
= [ 1+ Iy + (V@)

1 3.30
2 VP REy) 4o 1=y y) )i (5.30)

= [T+ 3Ty ISy YV )+
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The first and second order variations of the generalised potential energy are re-
spectively given by

I8
AE = [ 0'[f(6,y)+I"yldr,

t 3.31
RE=[[WEn+ Y 'V Wy G0

Based on the variational expressions in Eq. 3.31, we can conclude that the genera-
lised potential energy for a flow y () takes a stationary value if the first variation

AE =0, f(t,y)+J'y =0, (3.32)

and this stationary value is a local minimum if the second variation NE >0 , or

maximum if A’E < 0.
For equilibrium point § = 0, Eq. 3.32 is satisfied due tof(¢,¥) =0 and the

t
second variation reduces to A’FE =j 1]TET|dt. As a result of this, if the energy
0

flow matrix K is definitely positive, the generalised potential energy at the equili-
brium point is minimum and it is maximum if the matrix E is definitely negative.
Here, it should be emphasis that the minimum generalised potential energy does
not imply the equilibrium point is a stable point.

3.3.8 Equi-/Zero-Energy Flow Surfaces and Its Local Behaviour

In subsection 3.2, we define the surface of potential energy level of the phase
space by Eq. 3.3, which is a geometric structure of the phase space to measure the
generalised potential energy of any nonlinear dynamical systems. To investigate a
nonlinear dynamical system, we may introduce the concept of equi- / zero-energy
flow surfaces as follows. We have known that the power P(¢,y) of generalised
force in Eq. 3.5 constructs a scalar field called as the energy flow field of a nonli-
near dynamical system. The equations

P =y'f(y),
P(t,y)=y'f(t,y) =0,

define two generalised surfaces or subspace in the phase space. We call the first

(3.33)

surface as an equi- energy flow surface on which the energy flow is a constant P,
at time ¢. The second surface is called as a zero energy flow surface on which the

energy flow vanishes. Therefore, the first order time derivative £ = 0 of the ge-
neralised potential energy of the nonlinear dynamical system is a necessary condi-
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tion to exist an extremum point 'y of generalised potential energy given in Eq.

3.15 at time ¢. Its sufficient condition may be determined by Eq. 3.18 to consider
the second time derivative of the generalised potential energy.

There are the following three cases satisfying condition in Eq. 3.33:

Casel: y = (), that represents the origin of the phase space, at which the gene-
ralised potential energy is defined as zero;

Case 2: f(t,y) = 0, implying an equilibrium point;

Case 3: y'f(t,y) =0,y #0#f(t,y), corresponding to a generalised sur-

face with zero energy flow.
Equation 3.28 with the second order approximation can be used to calculate the
variation of energy flow caused by orbit variation 1] around Yy at a time ¢, that is

AE = P(1,y + 1)~ P(1,y) = (VP)Tn%nT[(V VPl (.34

Assume that Yy + 1 represents a neighbour point around y on the zero energy

flow surface and AFE is the corresponding energy flow variation. From the defini-
tion of generalised potential energy given in Eq. 3.1, we can discuss the local
behaviour of the energy flow at time ¢ around this zero energy flow surface as
follows.

i) if |y+1]|<|y

AE > Oimplies the flow towards to the zero energy flow surface while

, then from Eq. 3.1, E(t,y+m)<E(t,y),so that

AE < 0 indicates the flow backwards from the zero energy flow surface;
ii) if |y +1]| > |y ,then E(t,y +m) > E(t,y),so that AE < Oimplies the

flow towards to the zero energy flow surface while AE >0 indicates the
flow backwards from the zero energy flow surface;

iii) if the flows from both sides of the zero energy flow surface is towards it,
this surface is an attracting surface.

3.3.8.1 Normal Vector of Zero Energy Flow Surface

Similar to section 2.3 for fixed point surface, we define the normal vector of the
zero energy flow surface governed by Eq. 3.33 as

n; = s—P/ | gradP!. (3.35)

Y
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If the orbit variation 1] around Y at a time ¢ is required to satisfy (VP)T n=0, so

that 1] - 1|E =0, which implies that the orbit disturbance 1] on the tangent plane
of the zero energy flow surface, Eq. 3.34 reduces to

AE = %nT[(V -VHPIn. (3.36)

3.3.8.2 Translation / Transmission Velocities of Zero Energy Flow Surface

The translation and transmission velocities of the zero energy flow surface are also
defined by

N* :—a—P/IgradPI, (3.37)
ot
and

¥ =NF —F =—%/lgradP|, (3.38)
t

respectively. Here, v denotes the projection of the velocity of Y(l‘ ) onto the

E .
normal vector 77, of the zero energy flow surface, that is

vE =17y, =§—P§,-/ | gradP 1. (3.39)
YT

J

3.3.8.3 Singular Points of Zero Energy Flow Surface

If at a point on the zero energy flow surface, the partial derivative

aP:

— =0, VP =0, (3.40)
dy;
this point is called a singular point of this surface. At this point, the definition Eq.
3.35 of the normal vector of the energy flow surface is not valid, but Eq. 3.36 is
valid.

From Egs. 3.33 and 3.40, it follows that

oP 9
5. o, Wil =J:\{, R — 0’ .
o, oy, [y.f (.91 = f,@&¥)+ . f (3.41)
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that is
f+J'y=0. (3.42)

Equation 3.40 or 3.41 gives a set of equation to determine the singular points of
the zero energy flow surface.

Obviously, an equilibrium point ¥ satisfying £ = Olocates on the zero energy
flow surface, so that this equilibrium point ¥ is also a singular point of the zero
energy flow surface if the equation

J'y =0, (3.43)

is satisfied. If the determinant of Jacobian matrix J at point )A’ is not zero, the so-
lution ¥ of Eq. 3.43 must be zero, which implies that only zero equilibrium point
y =O0with | JI# Ocan be a singular point of the zero energy flow surface.
A non-zero equilibrium point § # O could be a singular point of the zero energy
flow surface if| J I= 0.

3.3.9 Equi- / Zero-Generalised Kinetic Energy Surfaces

Similar to subsection 3.3.8, we can define an equi- / zero-generalised kinetic
energy surfaces of a nonlinear dynamical system respectively as follows,
K, =t"f(t,y)/2,

(3.44)
K(t,y)=f"f(t,y)/2=0,

where K, is a constant at time 7. Obviously, the equilibrium points of nonlinear

system are on the zero-generalised kinetic energy surface of the system. Also, we
can similarly define the following geometrical vectors:

3.3.9.1 Normal Vector of Zero-Generalised Kinetic Energy Surface

oK
ny :8_/ | gradK |. (3.45)

Y



74 3 Energy Flow of Nonlinear Dynamical Systems

3.3.9.2 Translation / Transmission Velocity of Zero-Generalised Kinetic
Energy Surface

N¥ = —aa—[f/ | gradK |, (3.46)

DK
¥ = NE ¥ :—F/|gradK|. (3.47)
t

Here, vX denotes the projection of the velocity of Y(t) onto the normal

K .
vector 1] i that is

K K=

oK -
v =77jyj=a—yj/lgradKl. (3.48)

J

3.3.9.3 Singular Points of Zero-Generalised Kinetic Energy Flow Surface

The singular points are defined by

a—K =0, VK =0, (3.49)
dy ;

at which, the definition Eq. 3.45 of the normal vector of the surface is not valid.
Furthermore, from Eq. 3.44, it follows

VK = %V(fo) =Vt'f =J'f =0, (3.50)

which gives a set of equation to determine the singular points of the zero-
generalised kinetic energy surface.

Obviously, an equilibrium point ¥ satisfying f =0 is also a singular point of
the zero-generalised kinetic energy surface. If the determinant of Jacobian matrix
J is not zero, the solution f of Eq. 3.49 must be zero, which implies that only
equilibrium point with y = O can be a singular point of the zero-generalised ki-
netic energy flow surface. A non-equilibrium point could be a singular point of the
zero-generalised kinetic energy surface if | J I=0.
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Fig. 3.4 The integration of the divergence of vector field over a phase space volume

3.4  Time Change Rate of Phase Volume Strain

As shown in Fig. 3.4, considering a phase space volume V closed by a surface S

of unit outside normal V; , which moves to its new position represented by dashed
line due to a displacement yAf caused by the flows of points on the surface S in

a time interval A7 . Integrating the divergence of Eq. 2.3 over volume V and using
Green theorem (Fung, 1977), we obtain

_[V JidV = IV v, AV = L yv,dS=AV /AL, (3.51)

where, AV represents a volume change of the original volume V' in the time in-
terval At . Eq. 3.51 is valid for any size of original volume V', so that we can in-

vestigate a differential volume element V, for which the integration on the left

hand side of Eq. 3.51 may be approximate to fi,ivo- As a result of this, Eq. 3.51

gives

_bv
Dt ’

V. f.. = =
O-f;,l -f;,l VODt

v, v=(V-V)IV,, (352

Here, Vand D are defined as the phase volume stain and its time change rate.
Generally, they are functions of phase point and time.
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From Egs. 2.3 and 2.16, it follows

fi=J,=u@)=u®)=> 1, (3.53)
I=1
and therefore
0= 4. (3.54)

In above mathematical development, we have considered that the energy flow ma-
trix E is a real symmetrical matrix, so that its trace tr(E) equals a summation of

its eigenvalues /1[ ,(U=1,2,3,...,n).

Eq. 3.54 represents that the time change rate of phase volume strain of phase
space equals the summation of the eigenvalues of the energy flow matrix of nonli-
near dynamical system.

For a nonlinear dynamical system with a constant energy flow matrix E , the
phase volume strain and its time change rate have the following characteristics.

<0, Zn:/ll <0,
I1=1

v=4=0, > 4, =0, (3.55)
1=1

>0, Zn:/ll >0,
I1=1

which correspond a contracting, isovolumetric and expanding phase space for the
nonlinear dynamical systems, respectively.

3.5 Energy Flow Gradient Vector and Characteristic Factors

As we have discussed that the energy flow Eis a scalar quantity identifying the
time change rate of the generalised potential energy E of a nonlinear dynamical

system, which directly links with the amplitude |y| = +/2E of the position vector

in the phase space, so that the energy flow provides some information relating to
the time change rate of the amplitude of position vector at a point on the orbit.
The energy flow is a function of time and position vector and it is a scalar field.
To reveal the change of the energy flow fields caused by position variation, we de-
fine the energy flow gradient vector and the energy flow characteristic factors of a
nonlinear dynamical system as follows.
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3.5.1 Energy Flow Gradient Vector

Neglecting the higher order terms than I]TI] , from Eq. 3.28 we obtain

AE=(VPY 42 [(V V) PIn
From Eq. 3.41, it follows that the energy flow gradient vector
VP=f+J"y=p,
and
V-VHP=V{E"+y" ))=J" +J+B,
y 0J /9y,

B= yTaJ/ayz .

yTaJ./ayn
Substituting Eqgs. 3.57 and 3.58 into Eq. 3.56, we obtain
AE=p'n+ nTEn%nTBn
=p'n+n" (E+E)n=n"p+n'En,
E=E+E, E, :i(B +B"), U, :i(B—BT).

7

(3.56)

(3.57)

(3.58)

(3.59)

In the above derivation, we have considered that the matrix U1 is an anti-

symmetrical matrix and therefore I]TUII] = 0. According to Eq. 3.29, the defini-

tion of energy flow matrix E = (J +J")/2 is based on the Jacobian matrix, or

more generally, “zero-order space derivatives” of J. Therefore, we use a sub-

index 1 to mark the matrix E1 defined from “l-order space derivatives” of J. For

further more clear description, if it is needed to distinguish them, we will call ma-

trices E , El and E as the zero-order, 1-order and total energy flow matrix of non-

linear system, respectively. If this distinction is not necessary, we will simply call

them as energy flow matrices.
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The energy flow gradient vector P given in Eq. 3.57 defines the direction of max-
imum energy flow at a point y in the phase space at time ¢. An element p; of p
gives the energy flow caused by a unit position variation7}, . A positive, zero or neg-

ative value of p; implies that the energy flow caused by a positive 7}, is increased,

unchanged or decreased, respectively. If the energy flow gradient vector at a point
y in the phase space does not vanish, we can calculate the first order change of the

energy flow along an arbitrary variation vector 1] at this point using equation
AE =p"n=7'p. (3.60)

The energy flow gradient vector plays a same role as the energy flow density vec-
tor proposed by Xing & Price (1999) for the power flow analysis in continuum
mechanics.

3.5.2 Energy Flow Characteristic Factors

We are more interested in the energy flow variations about a point on the zero
energy flow surface to investigate possible chaos and attractors. For an equili-
brium pointy = 0, which is on the zero energy flow surface and also a singular

point of the surface, its energy flow gradient vector vanishes, so that the first order
variation of energy flow in Eq. 3.56 vanishes. More generally, if the vector 1 is

along the tangent direction of a point on the zero energy flow surface, implying it
is perpendicular to the normal vector given by Eq. 3.38 of the zero energy flow
surface, the first term in Eq. 3.56 also vanishes. For these cases, we have to reveal
the energy flow characteristics considering the 2" order term in Eq. 3.59, i.e.

AE =n"En. (3.61)
As detailed discussion for the zero-order energy flow matrix E given in Chapter 5,
the real symmetrical energy flow matrix E has real eigenvalues ZI and corres-

ponding eigenvector matrix @ satisfying ®’® =1 and O'ED = diag(ﬂ;) :
These eigenvectors span an energy flow space in which the disturbance T)can be
represented by

n=®@cg, (3.62)

which, when substituted into Eq. 3.61, gives

AE(y,t) = T ®'EDE = (" diag(4,)E = y 4,82 (3.63)
I=

1
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Therefore, an eigenvalue A, represents the energy flow change caused by a unit
& 1 Tep gy g y
disturbance {’ =1lin the I-th principal direction of the energy flow matrix. The
I p p gy
positive, zero or negative value of the eigenvalue /?,1 respectively implies the ener-
gy flow increase, unchanged or decrease caused by the disturbance Z;Iz in the I-th

principal direction. Based on this explanation, we call ZI as the energy flow cha-
racteristic factors. Based on Eq. 3.63, we can obtain the following theorem.

Theorem 3.1 For a singular point on the zero energy flow surface of a nonlinear
dynamical system, if its energy flow characteristic factors ﬂl are not all semi-

negative or all semi-positive, there will exist a small subdomain around this point
in the phase space which is determined by

AEQ)=> 2 =0. (3.64)
1=1

Singular point
of zero energy 7=~ 3O
flow surface

Fig. 3.5 A 2™ order zero energy flow surface about the origin, a singular point of the zero

energy flow surface for 3-D space, where we assume that/?,, >0, 2’2 >0, /15 < 0, SO

that a =1/ Z, ,b=1/\/Z and C=1/1[—/73.
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At every point in this subdomain, the variation AE (§) of the energy flow
vanishes, so that this subdomain is called a 2™ order zero energy flow surface for
this point of the zero energy flow surface defined by E (§) = 0. The condition in
Eq. 3.64 divides the small phase space about this point into three subdomains with

a positive, zero or negative values of the energy flow variation AE () , respective-

ly. Considering 3-dimensional case Withﬂ: >0, Zz >0 andj3 <0, we draw

this zero energy flow domain, now a surface in Fig. 3.5. This is an elliptical-cone
surface about the origin, a singular point of the zero energy flow surface, on

which £ = 0. The disturbance points inside this surface with AE <0 so that
they move towards the origin. However, the disturbance points outside this surface

with AE > 0and they move far from the origin. For the case with 4, <0,
/72 <0 andﬂ3 > (), the zero energy flow variation surface is same as the one

shown in Fig. 3.5, but the in this case we have AE > 0 inside and AE < Oout-
side the surface.

3.5.3 Examples

To understand the defined energy flow gradient vector and energy flow characte-
ristic factors, we consider the following examples.

3.5.3.1 A Linear Conservative System

A linear conservative system can be governed by the following equation

MM R

where X and y are the displacement and velocity vectors of the system. For this

system, the Jacobian and energy flow matrices are respectively as follows,

J= 01 E—l(J+JT)— 00 3.66
-1 of 2 1o of (3:60

from which the energy flow gradient vector

X x| |0
p=UJ+J ){ }ZE[ }z{ } (3.67)
y y] |0
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Since the energy flow matrix E = Qand its eigenvalues //11’2 =0, the all energy

flow characteristic factors vanish. Physically, this is a conservative system of
which the energy flow vanishes everywhere in its phase space since its generalised
potential energy E does not change.

3.5.3.2 A Linear Damping System

Now we introduce a damping coefficient V into the system governed by Eq. 3.65,
so that we have the following equation

SR S

For this system, the Jacobian and energy flow matrix are respectively given by,

J= 0 1 E—l(J+JT)—0 0 3.69
-1 =y 2 o -v| 569

v

Fig. 3.6 The energy flow curve of the linear damping system

The energy flow gradient vector is derived as

0
p=V(-n?)= {_ ZVJ, (3.70)
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and the zero energy flow surface is
-w?=0, y=0, (3.71)

which now is the x axis of 2-D space. At any point on the x axis, the energy flow
gradient of the system vanishes, so that every point on the x axis is a singular point
of the zero energy flow axis.

The eigenvalues of the energy flow matrix are

=0, A=-v, (3.72)

so that the energy flow is unchanged in x direction but decreased in both positive
and negative y directions. Fig. 3.6 shows the energy flow curve of this system,
from which we can observe that the energy flow on x axis vanishes since it is the
zero energy flow line. It is also found that the energy flow along a line parallel to
the x axis on the energy flow curve keeps a constant, since the energy flow charac-

teristic ﬂ1 = 0 in x direction.

3.5.3.3 Van der Pol’s Equation
Van der Pol’s equation and its energy flow equation can be represented by

xX=y, a>0,

) 5 , (3.73)
y=—a(x =y-x,
for which the energy flow equation is in the form
E=-oy*(x*-1). (3.74)

The Jacobian matrix, the energy flow gradient vector are derived respectively as

I 0 1
=120y —a( -1 [

20 0

- 5 5 (3.75)
—2a(x” =1y
from which with Eq. 3.58, it follows the matrix
[ ]" 0 0
X
B [[x y]@J/&x} ~ Y =20y —2ox|| [— 2ap° - Zan}
T dewsey) 0 0] | |-2ap o | ©7
ke Ao ) L ] oy



35 Energy Flow Gradient Vector and Characteristic Factors 83

E>0

Fig. 3.7 The zero flow energy lines of the Van der Pol’s equation and the energy flow
characteristics around them.

Therefore, from Eq. 3.59, we obtain the energy flow matrices

1 0 -
E=—(J+J)=a 2
2 —xy =" =)
F— 2 F—
E, =1(B+BT)=0( Y Y , (3.77)
4 -xy 0
2
= 2
E=— > 77|
2xy (x" =1
The zero energy flow lines can be drawn by vanishing Eq. 3.74, so that we obtain
y=0,
3.78
x==l1, G-78)

which defines the x axis and the two lines perpendicular to x axis, as shown by
two dashed lines in Fig. 3.7.

On the x axis, the energy flow gradient vector vanishes, which implies that any
point on x axis is singular point of the zero energy line. As a result of this, around
x axis (y = 0), the energy flow change is obtained by the second order terms in
Eq. 3.59, i.e.
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. e
AE(y=0)=n"E(y=0)n

0 0 | 5 ) (3.79)
:—0’[771 772][ ”:77 }=—0!(x —Dn;.

o

X’ =1\ n,

This represents the disturbance 77, along y direction, negative or positive, at point

on x axis will cause the change of energy flow as follows

<0, |x| >1, phase points move towards x axis,
AE},:O =4=0, |x| =1, phase points do not move, (3.80)
>0, |x| <1, phase points move backwards x axis,

which is shown by the related arrows in Fig. 3.7.

However, on the dashed lines the energy flow gradient vector does not vanish
except their intersection points with x axis, so that we must use the first order term
in Eq. 3.59 to estimate the energy flow change, i.e.

AE(x=%1)=q"p(x = *1)

2 2
_ y 2oy, x=1, (3.81)
[, 772]{0} {+2ay2771’ rml,

By considering a positive or negative disturbance7},, from Eq. 3.81, the corres-

ponding motions of the phase points around the point on the two vertical dashed
lines can be identified as shown in Fig 3.7. In this figure, the circle

x*+ y2 =4 will be explained in subsection 4.4.2 where this system is further
investigated using a polar coordinate system.



Chapter 4
Energy Flow Theorems

Here, we investigate the dynamic characteristics of nonlinear dynamical systems
from a viewpoint of energy flows defined in Chapter 3. These include the energy
flow behaviour of fixed points, periodical solutions or closed orbits as well as their
stabilities. Some stability theorems in the energy flow forms are presented and
two examples, a planar system and the Van der Pol’s equation are investigated to
illustrate the applications of the developed energy flow theorems.

4.1 Fixed Point Energy Flow

Theorem 4.1 The necessary and sufficient condition of a fixed point of a nonli-
near dynamical system defined by Eq. 2.3 is its generalised kinetic energy K = 0.
Furthermore, the energy flow at a fixed point vanishes and its generalised
potential energy E = Constant.

The necessary and sufficient condition of this theorem can be obviously dem-
onstrated by using the definition of fixed point and the definition of the genera-
lised kinetic energy K represented by Eq. 3.9. Actually, if the generalised kinetic

energy K =0, from Eq. 3.9 it follows [pT 'fT]T =0 =f,implying a fixed
point, and vice versa. Also, since for a fixed point f’ , the vector field f(l‘ s 5’) =0,

and therefore from Eq. 3.5 it follows that E = 0 , so that E = E,.

Following this theorem, we can determine the fixed points of nonlinear dynam-
ical systems governed by Eq.2.3 by finding the zero points of two scalar functions,
the generalised potential and kinetic energies, which may be more effective than

to solve a vector equation f(z, )A’) =0 representing n equations. It is necessary to

note that £ =0 only gives a necessary condition of the fixed points of the nonli-

near dynamical system. Therefore, the solution of E=0 may not be a fixed
point, as described by Eq.3.33.

© Springer International Publishing Switzerland 2015 85
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4.2 Periodic Solutions or Closed Orbits

A periodic solution is an isolated closed trajectory such that neighbouring trajecto-
ries are not closed and they spiral either towards or away from the closed one.

Since the trajectory is periodic and closed, there exists a time period 0 <7 < oo
such that y(¢) = y(¢ +T') for all time 7. As a result of this, the generalised poten-
tial energy function E, a continuous single-valued function of y(¢), defined by

Eq.3.1, satisfies

E[y(0)]= [ y'f(t,y)di + E,

T 4.1)
= [ ¥R y)di+ E, = E[y(t+T)],
which implies that integration over the periodic trajectory satisfies
T+t !
[yt yydi= | ¥yt y)di
(4.2)

T+t T T+t .
=[ ¥ty =] Edt=o.
t t
Therefore, Eq.4.2 is a necessary condition of a periodic solution. On the other
side, if the integration of Eq.4.2 along a single connected closed curve is valid,

Eq.4.1 is also valid, so that from Eq.3.1 noting the starting and ending points for
the closed curve are a same one in the phase space, and it follows

Yy y®) =y ¢+T)yt+T), y@)=y+T). (4.3)

Furthermore, by using Eq.2.3, the integration in Eq. 4.2 can be further simplified

as follows.
T+t o _ T+[ o r P
[y yae=| k" p {?}u

= Im(pr +p f)dt = J‘mpT?dt,
t t

(4.4)

since the integration along the closed curve

[ N T pdt = [ " XTxdt = [ " a(xx/2)dt = 0. 4.5)
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Therefore, if Eq.4.2 is valid, we have one of the following three results:
Case 1: f(z,y) = 0 corresponding to a fixed point of the system at which the

generalised kinetic energy K = 0. A fixed point might be considered as a particular
closed orbit on which only one point in the phase space.

Case 2: y f(t,y) = E =0 with f(t,y) #0 (K #0) corresponding to a
zero energy flow surface defined by Eq. 3.33. In this case, the vector f(¢,y) is

orthogonal to the normal of the potential energy level surface of the phase space at
point Y at time , so that it does not do work to change the potential energy of the

system.

Case 3: the instant time change rate E of the generalised potential energy does
not vanish at the all points of the trajectory but its time integration in Eq. 4.2
vanishes. This represents that during the time period 7, the increment of the
potential energy equals its decrement such that the total potential energy is not
change. Therefore, the total work done by the generalised force over the time
period is zero.

Following the above demonstration and discussions, we conclude the following
theorem.

Theorem 4.2: The necessary and sufficient condition of a periodic solution of a
nonlinear dynamical system defined by Eq.2.3 is there exists a time period T and
its corresponding closed orbit such that the integration in Eq. 4.2 over the orbit
vanishes.

Furthermore, if there is a zero energy flow surface, closed generalised surface

on which everywhere the energy flows ny(t,y) = E =0 with f(r,y) #0ex-

cept at the individual fixed points, a closed flow curve defined by Eq.2.3 on this
surface must be a periodic solution orbit.

Based on theorem 4.2, the closed trajectories of a nonlinear system can be de-
termined by investigating the time integration in Eq. 4.2. As discussed above,
Case 2 can directly be used to determine the equation of the closed trajectory of
the system. Generally, to check if Eq.4.2 is valid, it is convenient to use the ex-
pression in Eq. 2.7 of the solution in the polar coordinate system. Also, we may
consider a periodic solution of the system using the Fourier’s expansion form

X= Z (X, sin—— 2km +X,, cos 2k7a‘)’
—~ T T
= 2k 2km 2km *0
T .
EDY —(Xlk T—XZk smT)],

k=0



88 4 Energy Flow Theorems

where X, and X,, represent the two amplitude vectors and X, = 0. Substi-

tuting the solution in Eq. 4.6 into Eq.3.5, we may further demonstrate that Eq.4.3
is valid as follows

T g '~ 2k r 2 2kmt ., 2kmt
I X pdt:J‘ Z —[X,, X, (cos —sin )
’ Y T T T , 4.7

it =0

1 .4
+ 5 (XlkTXIk - X2kTX2k )sin

where we take the integration starting time 7 = 0 and also the equa-
. T T . .
tion X, X, = X" X, has been used. The integration in Eq. 4.4 now takes the

form

T+t T+t ~
[yt yydi= | p Ty

. J‘T‘”szﬂ' 2k7ZT

_(X s ﬂ)f(i i (4.8)
T 2% S T , Yy )at.

4.3  Stability Theorem in the Energy Flow Form

As discussed in Chapter 2, investigations on the characteristics of a solution y(#)

of the differential equations in Eq. 2.3 can be completed by investigating the cha-
racteristics of the zero solution i(t) =0, a fixed point, of Eq. 2.10. Here, we

consider the stability of the fixed point Z(7) =0 of Eq. 2.10. The energy flow
balance equation of the system governed by Eq. 2.10 takes the form

E=d(z"z/2)/dt=2"F(t,z), 4.9)

from which and Eq.2.10 it follows that the generalised potential energy E of a
disturbance flow Z = Z — Z with initial value Z, = Z, — Z(0) is derived as

E=ZTZ/2=|Z|2 /2=J‘;zTF(t,z)c11t+|zo|2 /2. (4.10)

For an arbitrarily prescribed small positive number £ > O to satisfy |Z| <E&,it

requires that

E:sz/2:|z|2 /2=J.(:ZTF(I‘,Z)6ﬁ+|ZO|2 /2<&*/2,  (@&11)
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from which it follows that

|ZO|2 <ég’ —2J;zTF(t,z)dt. (4.12)

t
Therefore, if the integration IOZTF(I ,Z2)dt <0, there exists a small positive

number

S = \/52 - 2j0tzTF(t, z)dt, (4.13)

such that

2, < 6. (4.14)

!
T —
In another case of LZ F(z,2)dt > 0, there exists no the positive number O in

!
T
Eq.4.13. The integration L 2" F(t,2)dt is defined for any time intervals [0, 7] so
that the signs of its values are same as the one of the integrand, i.e. the signs of the
energy flow rate £ =2z' F(t,2).

Theorem 4.3: A fixed point Z(t) = 0 of nonlinear dynamical systems governed
by Eq.2.10 is stable or unstable if its time change rate E= ZTF(I, Z) of genera-
lised potential energy is non-positive (E <0) or positive (E >0) on some
neighbourhood of the fixed point, respectively. Furthermore, if this rate is nega-

tive ( E<0 ) then the fixed point is asymptotically stable.

This theorem is consistent with Liapunov stability theorem described in Chap-
ter 2 (Guckenheimer & Holmes 1983). However, the main contribution developed
herein is that the well-defined generalised potential energy function E takes the
role of the Liapunov function, which is suitable to any nonlinear dynamical
systems, governed by Eq.2.10 and therefore provides a method to construct a
Liapunov function.

For a closed orbit case, the instant time change rate of E =z’ F(¢,z) may
be negative or positive but Eq.4.2 is valid. To check the stability of a closed
orbit governed by Eq4.2 withE =z'F(f,2)#0 , we need to consider
the change of the generalised potential energy E in Eq.4.11 in one cycle. Therefore

t
the integration IOZTF(I,Z)dt in Eqgs.4.11, 4.12 and 4.14 is replaced by the
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T
integration Jo ZTF(Z‘ ,Z)dt over a time period 7. Based on this discussion and

Eqs.3.27-29, we have the following theorem to determine the stability of a closed
orbit of a nonlinear dynamical system.

Theorem 4.4: A closed orbit of nonlinear dynamical systems governed by
Eq. 2.10 is:

T
1) outside stable or unstable if the integration E, = J;) ZTF(Z‘,Z)dl‘ of the

generalised potential energy in one time period is non-positive (E, < 0) or posi-
tive (E; > 0) on some outside neighbourhood of the closed orbit, respectively.

Furthermore, if this energy change is negative (E, < 0) then the closed orbit is
outside asymptotically stable;

2) inside stable or unstable if the change E, of the generalised potential
energy is non-negative (E, 2 0) or negative (E; < 0) on some inside neigh-
bourhood of the closed orbit, respectively. Furthermore, if this energy change is

positive (E, > 0) then the closed orbit is inside asymptotically stable.

More generally, if flow z satisfying F(¢,Z) =0, i.e. a fixed point or an orbit,

then the time change rate E= 2"F(t,z) = 0. Assume there is a disturbance flow
Naround the flow Z . According to the definition of generalised potential energy,

we obtain

b

. (4.15)

<|Z|2/2=E[z], if|z+n|<|z
E[z+1|]:|z+1]|2/2: =|z|2/2=E[z], if|z+1||:|z
>|e’ /2= Elz

—

, if |z + 11| > |z|
Therefore, we can conclude that

i) Disturbances |Z + 1]| < |Z| : E[z+1n] > Oimplies generalised energy in-
creases with time and the disturbance orbit Z+1 tends to the orbit Z,

while E[z + 1N] < Oindicates generalised energy decreases with time and the dis-

turbance orbit Z =+ T moves towards the origin of the phase space from orbit Z ;
ii) Disturbances |Z + l]| > |Z| - E[z+ N] > Oimplies generalised energy in-
creases with time but disturbance orbit Z + 1] moves backwards the origin of the

phase space from orbitZ, while E [z + 1] < Oindicates generalised energy
decreases with time but the disturbance orbit Z + T tends to orbitZ .
From this conclusion, we have the following stability theorem.
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Theorem 4.5: A flow orbit Z satisfying F(t,2) = 0 for nonlinear dynamical sys-
tems governed by Eq. 2.10 is:

1) outside stable or unstable if the energy flow E[Z+1]] <0 or
E[z+n] > Ofor |z+1||>|z|;

2) inside stable or unstable if the energy flow E[Z+1]] >0 or
E[z+n]<0for |z+1]|<|z|.

4.4  Examples

In this sub-section, based on the energy flow theorems presented above for nonli-
near dynamical systems, we investigate two examples.

4.4.1 Example 4.1: A Planar System

We consider a planar system governed by the following two equations in R? with
its two coordinate variables represented by X and y , that is

. 2 2

X=x—-y—x(x"+
y=x( , yz). (4.16)

y=x+y—-yx“+y’)

On using Eqs.3.1 and 3.2, the generalised potential energy E and kinetic energy K
of this system are respectively derived in the forms

1
E=—(x"+y?%),
2( y)

) | (4.17)
K =E()'c2 +y%) =E()c2 +y)[(x* +y> =1 +1]°.
The energy flow balance Eq.3.5 of this system takes the form
E=xx—y—x(x*+ y)l+ylx+ y—y(x’ +7)] wis)

=—(x"+ )X+ yH)-11.

4.4.1.1 Fixed Point
Using theorem 4.1 and Eq.4.17, we find that a point (x, y) = (0,0) at which the

generalised kinetic energy of the system vanishes, i.e. K =0. Therefore, the
point (x, y) = (0,0) is a fixed point of the system.
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4.4.1.2 Periodic Orbit
4y

/E<O

X+ y2 =1
E=0.__
.y P
E>0 X
Q

v

Fig. 4.1 The energy flow characteristics of the fixed point (X, y) = (O, 0) and the periodic

orbit x2 + y2 =1 of the planar system

Letting Eq.4.18 be zero, E=0 , we can find the following two solutions of the
system

x*+y* =0, (4.19)
and
X +yr=1, (4.20)

of which the solution given by Eq. 4.19 is the fixed point (x,y)=(0,0) with

K =0 and the solution in Eq. 4.20 is a periodic orbit with K # 0 according to

theorem 4.2. On this periodic orbit, the generalised potential energy £ =1/2 that
is a potential energy level surface of the system. On this orbit, the generalised
kinetic energy of the system is also a constant, K =1/2.

4.4.1.3 Stability
Using theorem 4.3, we can conclude that the fixed point (x, y) =(0,0) is unsta-
ble due to £ >0 on the domain x* + y2 <1 around the point (x, y) =(0,0).

However, we have the generalised potential energy £ =0 at this point, which is
a minimum. As shown in Fig. 4.1, the closed orbit in Eq.4.20 is stable, since the
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energy flow E <0 outside the circle (x° + y2 >1) butE > Oinside the

circle (x* + y2 < 1) . Furthermore, this orbit is an attracting circle.

4.4.2 Example 4.2: Van der Pol’s Equation

Van der Pol’s equation provides an example of an oscillator with nonlinear damp-
ing, energy being dissipated at large amplitudes but generated at low amplitudes.

Therefore, its instant time change rate E of generalised potential energy does not
vanish during all the time. However, such systems typically possess periodic
orbits around which energy generation and dissipation balance in one cycle.
This basic system can be written in the form

X+oy(x)x+x=pf @), (4.21)
where W/ (x)is even and ¥ (x) < Ofor | xI<1, w(x) >0 for | xI>1, f(¢)is

a periodic time function and &, ﬂ are nonnegative parameters. It will be conve-

nient to consider Y(x) = x* =1 and f () = 0to rewrite Eq. 4.21 in the form in

its phase space with variables X and X =y, i.e.

xX=y

, (4.22)
y=—a(x’*-1)y—x

for which the generalised potential energy, kinetic energy and energy flow equa-
tion of this system take, respectively, the following forms

1 2 2
E==(x"+

2(x )
K :%{y2 +la(x> =)y —x]"}. (4.23)
E=-oy*(x* -1

4.4.2.1 Fixed Point
Based on Theorem 4.1, there exists a fixed point (x,y)=(0,0) at which the

generalised kinetic energy vanishes.
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4.4.2.2 Periodic Orbit

From Eq.4.23, we find that there exist no closed orbits on which everywhere £ =0 .
To check if there exists a periodic orbit of the system, an investigation of Eq.4.2 for
this system based on Theorem 4.2 is necessary. Here, we use the polar coordinate
system to express the phase variable as

X = psiné, y=pcosb, 0=t, 4.24)
from which we obtain that
27 .
E,=| " Edt

= —apzfozﬁ cos’ @(p*sin® @ —1)d6

27 sin” 260
:—apzjo [p° ———=—cos’ 01dO N 4.25)
2z, 1—cos46 1+ cos26
=—ap [t Mo
2
= —7ap* (P -1
P ( 4 )

From this equation, it follows that the integration in Eq. 4.25 vanishes if the am-
plitude p = 2, at which a periodic orbit exists.

4.4.2.3 Stability

Based on Theorem 4.3, we can conclude that the fixed point (x, y) =(0,0) is un-
stable due to E>0 on some neighborhood (I xI<1) of the
point (x, y) = (0,0) . To check the stability of the closed orbit, using theorem 4.4,
we need to consider the sigh of energy change E; inside the closed orbit
(x*+y> = p2 < 4)and outside the closed orbit(x” + y*> = p2 >4). We
find that ET > 0 from inside the orbit and ET < Ofrom outside the orbit, so that

the closed orbit is asymptotically stable and the flows from both sides are attract-
ing to the closed orbit with p = 2 . Fig. 4.2 shows the energy flow characteristics

of the Van der Pol’s system.
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x=-1
E=0
E<0 .
X +y =4
E,. =0 -

Fig. 4.2 The energy flow characteristics of the Van der Pol’s system

95



Chapter 5
First Order Approximations and Matrix Spaces

This chapter investigates first order approximations of the energy flow equation of
nonlinear dynamical systems. The differential equation of nonlinear dynamical
system is expanded into the Taylor series at zero equilibrium point, and is approx-
imated to the first order of disturbance. The corresponding energy flow equation is
approximated to the form of second order of disturbance. Using a summation de-
composition of a matrix, the non-symmetrical Jacobian matrix is expressed into a
summation of a real symmetric energy flow matrix and a real anti-symmetric spin
matrix. The energy flow of the system involves only the energy flow matrix and
the spin matrix concerns the possible periodical solution of the system. A physical
explanation of this summation decomposition is given. The four matrix spaces: Ja-
cobian, energy flow, spin and kinetic energy spaces are defined, and nonlinear dy-
namical systems are investigated in these four spaces.

5.1  First Order Approximation

Introducing a control vector i into the generalised dynamical system governed by

Eq. 2.10, for which an equilibrium point Z = 0 corresponding to a solution y of

Eq. 2.3 exists, we obtain the corresponding equations

%2 Rz, 2(0)=0. G5
dt

The generalised potential energy, kinetic energy and energy flow equation of this
system take, respectively, the following forms

1, 1

E=—-17"z, K:—'TZ:I
2 2

—F'F, E=17"F, (5.2)
2
which now involves the control vector . Let us proceed to examine the stability

of the equilibrium point Z . According to our definition, we must superimpose a

© Springer International Publishing Switzerland 2015 97
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disturbance 1 to Z in order to derive the perturbed energy flow equation by us-

ing Eq. 3.28. This equation now takes the form
E(m)=E@Z+n)-E(2)

+2T[(nTV)F(u,Z)+%(nTV)2F(u, 2)+-], 53

T T 1 T 2
+1 [F(n,z)+(n V)F(H,Z)+5(n VY F(n,z)+--],

where the notation A in front of E in Eq. 3.28 is neglected herein. For an equili-
brium point F(p,Z = 0) = 0, this equation is further reduced to

E) =" (' V)F(u.2) +%HT(nTV)2F(u, 2)+ -

(5.4)
1 1
=t V) F o V) F
In considering Z =0andz = Z + 1 =1, Eq. 5.1 now becomes

. 1

n= (ﬂTV)F(H,Z) + E("TV)ZF(H’Z) +--
_ 1 oy
—Jn+5(n VY Fnz)+---, (5.5)

n(0) =0.
As we have seen, stabilities can be detected by examining a small neighbourhood
of the equilibrium point, so 1 is assumed small, and its successive pow-
ers7),17; .11 ;1] » etc. can normally be neglected. We obtain the following varia-

tional equations for the main disturbance parts of the energy flow, potential energy
and kinetic energy of the nonlinear dynamical system at an equilibrium

pointZ=0.

z(m) =1 =Jn,
EM=0"[m"V)FI=q"FV )n=n"Jn,
E(m= %nTn, (5.6)

1 T 1 TYyT 1 T
K =— = = —n"Kn.
(m 2(Jll) In 211 J'In 21] |
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Here, J defined by Eq. 2.16 is the Jacobian matrix of the vector function F and

K=J"] isa symmetrical matrix. Generally, the Jacobian matrix Jis a non-
symmetrical matrix which can be expressed in a summation of a real symmetrical
matrix E and a real anti-symmetrical matrix U in the form

J=E+U, E=%(J+JT), U=%(J—JT). 5.7)

Using Eq. 5.7, we can represent Eq. 5.6 in the following form
z(m) =n=En+Un,
Em=n"En+n'Un=n"En,  n'Un=0,
K(n) =%nTKn, K=K*+K“+K", (5.8)
K‘=E’, K‘=EU-UE, K'=U"U,
K'(m)= %nTKEn, K ()= %nTKCn, K’ ()= %nTKUn-

For the nonlinear dynamical system, we define that the real symmetrical matrix-
esE as an energy flow matrix which constructs a quadratic form of the energy
flow of the system. The matrix K = J'J=E*+EU-UE + U"Uis called as
the kinetic energy matrix of the system, which consists of three parts. The anti-
symmetrical matrix U is called a spin matrix of the system, which does not affect
the energy flow of the system.

5.2 Physical Explanations in 3-Dimensional Case

To understand the physical meanings of these matrices, we consider three-
dimensional cases (i, j,k,---=1,2,3) for which the spin matrix U,=-U;
corresponds a dual vector
— 1 —
Q =2,V U, =e,; Q. (5.9)

in which e, represents a permutation tensor. From Eqs. 5.6-5.8 it follows that

Z,('l) = 77,' +J,'j77j = (EU +Uij)77j

(5.10)
=En, +e;n.Q, =E-n),+(NxQ),.
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By using the tensor notations and the e — ¢ identity: €l = 5ﬂ 5k, - 5”5,(1
(See, Fung, 1977), it is obtained that
1

K* :EnTEzn, (5.11)

1
K= B @nEU )

| | (5.12)
= E(ZerkerrEﬁni) = 5" : [ZQX (E : ")],
1 1
K = Enilejikejlranl = EniQk (6,6,, —6,0,)Q,7,
1
:E(nllerQr _nrQranl) (513)

1 1
=0 (- n-22/(2)*1 = jof ]

Here, K* represents the part of kinetic energy caused by the symmetrical motion
which changes the potential energy of the system. As shown in Fig. 5.1, the vec-

tors M- /1€ and nl represent the parallel and orthogonal components of the
disturbance vector M relative to the rotation vector £, so that K Y'is the corres-

ponding rotational kinetic energy. The term K © involves the Coriolis accelera-
tion 22X (E - n) which vanishes if E - 1 = 0. For the case of E- 1 =0, the dis-

turbance is a “rigid” rotation which does not change the potential energy of the
flow field so that it does not affect the energy flow of the system.

Q

n-Q/Ql

Fig. 5.1 The decomposition of the disturbance vector relative to the rotation vector
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5.3  Jacobian Matrix and Jacobian Space

The matrix J is a real non-symmetrical matrix, so that its eigenvalues and corres-
ponding eigenvectors may be conjugate complex numbers marked by a wave “~”
on them. We denote an eigenvalue and its corresponding eigenvector by

A, =a,+if, and@, =y, +10, satisfying a  normalisation  condi-
tion®, @, =1=¢,p," , respectively. Since the matrix J is a non-symmetrical
matrix,('ﬁjT(Tp' ; #0, I #J, although 676 ; =1. Here, the * denotes the con-

jugate of the involved complex variables. The eigenvalue and its corresponding
eigenvector satisfy the equations

~ ~.

J([Sl :2'1(]31’ J(T’; = ZA(IS’;’ (BTTJT = /11*([37’ (5.14)
67-“31 :ﬂ’l’ (TP";TJTNI :ﬂ;-

Taking the first n eigenvectors of the Jacobian matrix J as the base vectors, we
generate a vector space called as Jacobian space of the nonlinear dynamical
system. In this space, the real disturbance vector 1 can be represented by a

similar transformation

=i, @o=[ § - 9l (5.15)
by which Eq. 5.6 is transformed into the form
=0 JO{=AY, A=0"JO=diag1,),
EGi) =77® 7 I®% =i ® TEDi + 5T T UDH,
~ lN* AT F o~
E()=-1"0" o,
2 (5.16)

~

(i) = %N*Tf(ﬁ, K=Rf+R4+KY. K-07K®,
KE-®O'KE®D, KC-®'K® K’ -0"K'®.

Taking a conjugate and transpose of the quantities f]KT(i')*TE(i')ﬁ

and ﬁ*T(T)*T U(i)ﬁ , we can demonstrate that ﬁ*T(i)ATE(T)ﬁ is a real number and

~ %

n QT U(iﬁ is a pure imaginary number. Therefore, the energy flow E (M) in
this space is complex power, which will be discussed in Sub-section 5.5.4.
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5.4  Energy Flow Matrix and Energy Flow Space

The energy flow matrix E is a real symmetrical matrix of which the eigenvalues
and eigenvectors are real. We denote an eigenvalue and its corresponding eigen-

vector by ﬂl and (@, satisfying an orthogonal condition (I)T(D:I,
(I)Z[(pl ¢, - (pn], respectively. The eigenvector matrix @ of the

energy flow matrix £ constructs an orthogonal transformation

nw=o;, ¢ =[¢ ¢ - &) (5.17)

which transforms Eqgs. 5.6 to the forms

(=AL+O;, A=0'Ed=diagl), O=0'Ud=—0,
EQ=CAL=) Al {OL=0,
I=1
loror L.z
EQ=_8 @ ®L=_C% (5.18)
2 2
K(C)z%Z;TKg, K=K"+K°+K",
K'=A’, K =0'A+A0, K’'=06
We may define an energy flow space span by the orthogonal eigenvectors @,
(I =1,2,3,---,n), of the energy flow matrix E . Equation 5.18 provides the go-

verning equations of the system in the energy flow space. The eigenvector (o, and

the eigenvalue A ; are called as the energy flow mode vector and energy flow cha-
racteristic factor of a nonlinear dynamical system, respectively. The energy flow
mode vector (0, and the energy flow characteristic factor A, are the inherent
characteristics of the nonlinear dynamical system and are independent of any ex-

ternal disturbance. The characteristic disturbance §, is the I-th component of the
external disturbance vector M on the energy flow mode vector ,, which is de-
termined by Eq. 5.17. For each energy flow mode @, , the energy flow mode com-
ponent p, = ﬂ,l(;? is determined by the energy flow characteristic factor ﬂl of
the system and the characteristic disturbance ), . For a unit characteristic distur-

bance { ; » the energy flow mode component p, = /,11 which is independent of all

external disturbance.
According to negative, zero or positive values of the energy flow characteristic

factor A ; of the system, the energy flow E (M), the time change rate of the gene-
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ralised potential energy E(M) of the system, is negative, zero or positive, respec-
tively. Therefore, based on negative, zero or positive values of energy flow cha-
racteristic factor A ; » the stability of a fixed point can be determined. The stability

Theorem 4.3 can be re-described as the following theorem

Theorem 5.1 A fixed point Z(t) = 0 of nonlinear dynamical systems governed by
Eq. 2.10 is asymptotically stable, stable or unstable,

(1) if its quadratic form of energy flow in Eq. 5.18 is definitely negative

(E(I]) <0), semi-negative (E(I]) <0) or definitely positive

(E (M) > 0) on the neighbourhood about the fixed point, respectively,

or
2) if the energy flow characteristic factors of the system are all negative

(ﬂl < 0), semi-negative (ﬂ, < 0) or there exists at least one posi-

tive factor (A ;> 0) on the neighbourhood about the fixed point, re-
spectively.

If all energy flows characteristic factors are zero, the energy flow E (m) =0,

which implies that the main part of the disturbance energy flow vanishes. To de-
termine the energy flow variation, the higher order terms in Eq. 5.5 have to be
considered. Using the transformation in Eq. 5.17, we can transform Eq. 5.5 into its
form in the energy flow space

E(n)=CTAC%CWDT(@%DTV)ZF+%cT<I>T<§T<I>TV>3F+-~. 5.19)

Similar to the discussion for Fig. 3.5 which concerns a singular point of the ze-
ro energy flow surface, we discuss the characteristics of energy flow about the

equilibrium point Z = 0. If the energy flow characteristic factors /11 of the prob-

lem are not all semi-negative or semi-positive, there exists a subdomain defined
by

EQ =Y 4(] =0, (5.20)
1=1

about the fixed point. At every point { in this subdomain, the variation E (&) of

the energy flow vanishes, so that this subdomain is called a zero energy flow do-
main for the fixed point of the system. The condition in Eq. 5.20 divides the small
domain about the fixed point in the energy flow space into three subdomains with

a positive, zero or negative values of the energy flow variation E({), respectively.
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¢

Fig. 5.2 A zero energy flow surface about the origin of 3-D space, where we assume

thatﬂ,I >0, ﬂz>0 andﬂg<0, ) thata=1/\/z, b=1/\/Z and
c=1/4-4,.

Considering the 3-dimensional case with 4, >0, 4, >0 and4, <0, we
draw its zero energy flow surface in Fig. 5.2. This is an elliptical-cone surface
about the origin, on which £ = 0. The disturbance points inside this surface are
with E <0 so that they move towards the origin. However, the disturbance
points outside this surface are with E>0and they move far from the origin. For
the case with ﬂl <0, ﬂz <0 and ﬂg > (0, the zero energy flow variation surface

is same as the one shown in Fig. 5.2, but in this case we have E > ( inside and

E < O outside the surface.

5.5  Spin Matrix, Spin Space and Complex Power

5.5.1 Eigenvalues

The spin matrix U is a real anti-symmetrical matrix, and therefore its nonzero
eigenvalues must be pure conjugate complex numbers and its eigenvectors are
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orthogonal. Assume that its eigenvalue diagonal matrix and the corresponding
eigenvector matrix are denoted by K = diag(k,) and

Y=y, ¥, - ] respectively. The eigenvector matrix satisfies an or-

thogonal condition ‘?*Tq’ =1I= l’Iv"’Iv’yT . According to the definition of the ei-

genvalues, we have
UPY=%%, Y7U¥=k (5.21)
Taking the conjugate transposition of Eq. 5.21 gives that

K =PTU"Y = -¥7TUY = &,
) (5.22)
K +K =2Rek =0,

which confirms that the nonzero eigenvalues of the spin matrix U is pure imagi-
nary numbers. From this result, we conclude that a spin matrix U of order odd
must have at least one zero eigenvalue.

5.5.2 Spin Space

The complex eigenvector matrix of the spin matrix U satisfies the orthogonal
condition "W =1 =YW which can be chosen as a set of base vectors to

construct a spin space. Using an orthogonal transformation
~~ >r |z = ~
n="Y¢, g =[§1 SRS énJ, (5.23)

we can transforms Eq. 5.6 into the forms in the spin space

E=HE+KE, H=Y"E¥Y=H",
. o n 2 (5.24)
'RE=ETHE+D K,

I=1

3

T
P
]
N

Il
g
*
X
jmn]
g

+
o
o

~ 1~*T~ = _le z _wE c U
E(é)—gé S, K@—zg Ke, K=K"+K"+K ’ (5.25)

ad ~ L o~ ~F o~
K’ =H?, K=& H+Hk), K’ =k'k.
Since the base vectors of the space are the complex eigenvectors of the matrix U,

the spin space is a linear space defined in a complex domain and therefore, in gen-
eral, Eqgs. 5.23-25 are complex equations. It is not difficult to demonstrate that the
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terms E*TﬁE E, K%, K€ andKY are real number. Therefore, only Eq. 5.24

involving energy flows are complex. As discussed in references on power flow
analysis, see for example, Xing & Price (1999), the power of a force is a real
physical quantity, so that it is necessary to understand the physical meanings of
complex powers, which is discussed as follows.

5.5.3 Complex Power

In the dynamics, we often express a physical quantity by a complex number,
which implies that the real physical quantity is the real part or the imaginary part

of the complex number. For example, a real force f,is represented by a complex

force f in the following definition

~

flzRef:%(f'Ff*)» f=f1+if2=few°. (5.26)

Im 4

v

Re

Fig. 5.3 The complex force and velocity are represented as two vectors in the complex plane
A real physical velocity produced by this force can be expressed as

~ 1 . ~ . i
v, =ReV = E(V +97), ¥ =v, +iv, =ve' T, (5.27)

Here f and 190 denote the magnitude and phase angle of the force, respectively.

The velocity of amplitude V has a lag phase angle ¢J compared with the force.
These two complex quantities can be represented by the corresponding vectors in
a complex plane as shown in Fig. 5.3.
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The instant power done by the force equal a multiplication of the real force
with the real velocity, that is

p = fv, = fvcostj,cos(J+,) = p, +p,,

p. ()= %cos Y(1+cos2t) = f;"

(5.28)

- -, .
p(t)= vasm ¥sin2d, = L sin 2¢),.
If the amplitudes of the force and velocity as well as the phase angle between
them are not changed. The time averaged power in a period 27 , the angle 190 ro-

tating one cycle, can be calculated by the following equation

pzl_?r—i_]_?i’
2 _ L 2”prah9 ﬁ/cos&lj- (1+cos24))d S, —ﬂcosg
2790 2 (5.29)
1 = frsind 27 '
n=5; 7 pd8, = o ————="sin28,)d9, =0,

This implies that in a cycle period, the force imports (P, > 0)or extracts
(P, <0) the energy 27p, into or from the system through its first part of pow-

er p,, but there is no averaged energy changes through the second power p;al-

though its instantaneous value, representing an instantaneous energy exchange be-
tween the force and the system, may not be zero. Based on this result, we call the

first power p and the second power p, as the real power and the imaginary
power of the system, respectively. As shown in Fig. 5.3, the velocity V is decom-
posed into the two components v, =V Cos ¢ andv, = vsin?J. The component
V, is a parallel component in the force direction and the component V, is a nor-

mal component orthogonal to the force. Therefore, the second power produced by
the normal component does not contribute any averaged energy in a cycle period.

To distinguish this real power and imaginary power in dynamics, we define a
complex power D in the form

ﬁ — f*"}* — fefiﬂovei(ﬂ(ﬁﬂ) — ﬁ}eiﬂ
= fvcos #+ifvsin &} (5.30)
= ﬂp +l‘fvn = AT +1A|’
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where A, = fvp and A = fv,_ . Therefore, the real part and the imaginary part of

the complex power p defined by Eq. 5.30 give the two times of the averaged

power and the two times of the amplitude of the instant imaginary power of the
system.
Now from Eq. 5.24, we obtain the real part and the imaginary part of the com-

plex power flow E (E) in the forms
Re[£(§)] =& "HE,

o n N (5.31)
Im[£(E)] = D Im(k,)

2, o~
=£"" ImKE.

3

As mentioned for Egs. 5.1 and 5.2 at the beginning of this chapter, the matrix
H are defined at the equilibrium point Z = 0, which corresponds a fixed point in

the space or a solution y of Eq. 2.3. Therefore, in general case, the matrix His
dependent of the solution Y , a vector function of time, so that the real part of the
complex power flow E(&) is not the averaged real power of the system. To ob-
tain the averaged real power, a time average is needed. If the matrix His a con-

stant matrix, the real part of the complex power flow E(&) gives the two times

of time averaged real power of the system.

5.6  Kinetic Energy Matrix and Kinetic Space

The kinetic energy matrix K is also a real symmetrical matrix of which the ei-
genvalues and eigenvectors are real. We denote an eigenvalue and the correspond-

ing eigenvector by /'ALI and (f) ; satisfying an  orthogonal condi-
tion® ®=1=DD" @ = [(f)1 ¢, - (f)n], respectively.  These

eigenvectors can be taken as the base vectors to construct a kinetic space. In this
space, the disturbance vector can be represented by an orthogonal transformation

A A

n=®o¢ (5.32)
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which transforms Eq. 5.6 into the forms

(=H{+0O H=d'Ed 0=0"Ud=-0",

EQ=CHE  T'eg=o,
A 1ATATM_1ATA
E(C)—EC D D = 5 - (5.33)

K©) = %@TK@, K=K’ +K +K" = A =diag(4,),

K =H?>, K°=0'H+HO, K’ =070.

5.7 Relationships between Matrices J,E,Uand K

Equation 5.6 or 5.8 presents the first order approximation equation in the phase
space for nonlinear dynamical systems. In this phase space, the variable is the real
vector 1] and the approximation equation is a linear equation based on the Jaco-
bian matrix J defined at a fixed point. We have decomposed the non-symmetrical
matrix J into the summation of the symmetrical energy flow matrix E and the
spin matrix U . The energy flow generated by a disturbance 1] depends only on

the energy flow matrix E but does not involve the spin matrix U, that is
E(M)=1"En burn’Un=0. The spin matrix U involves a rotation motion

for 3-D space and generally concerns periodical orbits in the phase space. The ge-
neralised Kinetic energy matrix K consists of three parts of which the matrix

E . . . U . .
K" involves energy flow matrix, the matrix K concerns the spin matrix and

the matrix K€ relates their couplings.

Based on the eigenvectors and eigenvalues of these matrices, the corresponding
spaces are defined, which provides different approaches to investigate a system
from different views of point. Table 5.1 lists the related formulations for the four
spaces.
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We discuss the relationships between them as follows. From the matrix theory
(See, for example, Norman 1986), we can demonstrate the following theorems.

Theorem 5.2 The summation of real parts of eigenvalues of the Jacobian matrix
of a nonlinear dynamical system equals the summation of the eigenvalues of its
energy flow matrix; while the summation of its imaginary parts vanishes and
equals the trace of the spin matrix.

Proof: we know that the trace of a square matrix equals the summation of its ei-
genvalues. Therefore, from Eq. 5.7, we have

n

Z(a,+i,8,)=ia, +izn:ﬂ,

I1=1

=Y o =uJ=uE+uU=uE=) 1, (5.34)

I1=1 I=1

trU = iﬂ, =0,
=1

since the eigenvalues of matrix U are zero and conjugate pure imaginary num-
bers.

Theorem 5.3 The traces of matrices O 'E® and ®'UD respectively equal
the summations of the real and imaginary parts of eigenvalues of the Jacobian
matrix of a nonlinear dynamical system.

Proof Considering Eq. 5.16, we obtain that
O ' JO=P'E®+DP'UD=A=a+ip,

. . (5.35)
a=diag(a,), B =diag(B,).

This represents that the summation of the matrices ® 'E® and ® 'U® is a
diagonal matrix, which implies the non-diagonal elements of these two matrices

are cancelled each other. Since the matrix ® '"E® and the matrix ® "U®D are
similar to the matrix E and matrix U, respectively, based on matrix theory (See,

for example, Norman 1986), we know that the trace of matrix &)_1E&) and ma-

rix @ UD equal the summation of the eigenvalues of matrix E and the ones of

matrix U, respectively. Therefore we have
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tr(@'ED) = ia, =Z": A

I=1 I=1

w(@'UD)=> B, =0.
I=1

(5.36)

Theorem 5.4 The diagonal elements of the Hermitian matrix ®"E® and the

.. B TTTeh . . .
skew-Hermitian matrix @ ~ U respectively equal the real and imaginary parts
of the corresponding eigenvalues of the Jacobian matrix of a nonlinear dynamical
system.

Proof We investigate the Hermitian matrix ® ' E® and the skew-Hermitian

matrix &)*T U&) . Calculating the diagonal elements of the matrices ®"E® and
&)*T U&) based on Egs. 5.6-5.8 and 5.14, we obtain that

~ ~ 1 ~F ~ ~ ~ 1 Y ] g
(PjTE(PI = E ((PITJ(PI + (PITJT(PI) = E (11 + 21 )= Re(ﬂv) =q,
(5.37)

1 . | .
~ T STy STy T - :
9, Ug, :E((PI Jo,-0,] I)ZEM'I —A4)=ilm(,) =15,
These equations confirm that the each diagonal element of the matrices O E®
and &)*T U&) equals the real part and imaginary part of the corresponding eigen-

value A, = ; +1f3, of the Jacobian matrix J , i.e.

(@'ED), =a,,

o _ (5.38)
(@ Uo), =ip,.

5.8 Periodic Orbits

For a nonlinear dynamical system, if there is a periodic orbit, the time averaged
change of generalised potential energy in a time period T vanishes as mentioned

in Theorem 4.2. We assume that y with ¥(0) =y, is a periodic solution of Eq.

2.3. Using Eq. 2.9, we obtain Eq. 2.10 for which the fixed pointZ = O represents
the periodic solution. Now we explore how the characteristics of the periodic solu-
tion of the original system affect its first order approximation Eqgs. 5.6 and 5.8. For
linear systems, Eqgs. 5.6 and 5.8 exactly are same as Eq. 2.10 since the high order
derivatives of vector function F in Eq. 5.5 vanish. Assume that the variation 1 is
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also periodic with the same time period as the one of the periodic solutionZ , so
that based on theorem 4.2, for linear systems, it must be valid that

1 ¢7 . _1 — _
?jo Emydr = jo n Endz =0. (5.39)

However, for nonlinear systems, the total time averaged energy flow on the left
side of Eq. 5.39 may not equal to its first order approximation in the middle inte-
gration of the same equation. We discuss the possible periodical variation 1) for

different spaces as follows.

5.8.1 Jacobian Space

Generally, we may consider that a periodic variation 1 of frequency

@ = 27t/ T being the real part of the following complex variation
~ i i ig, | i
n=rz, [e Aot L e ] e (5.40)

where 7, and @,, (J =12,...,n) represent the amplitude and phase angles of

the variation, which may be functions of time. That is

Mo :\ 27712 ’ cos@, =1, 11,. (5.41)
1=

(5.42)

n=Req
:n{cos(%+(pl) cos(%+(p2) cos(%+(pn)}.

5.8.2 Energy Flow Space

The variation vector in Eq. 5.42 can be transferred into the variable vector in the
energy space

2 2 2 !
Czd)rno[cos(Tm+¢l) cos(Tm+g02) cos(Tm+¢n)} , (5.43)



5.8 Periodic Orbits 115

using the transformation in Eq. 5.17. Based on Eq. 5.18, the left term in Eq. 5.39
takes the form

1 o7 . _] T & )
;L E(n)dt—;jo [Z::,/%C[df- (5.44)

Therefore, if all eigenvalues A ; of the energy flow matrix E are positive or nega-
tive, the value of the integration in Eq. 5.44 is positive or negative for any non-
zero disturbance vector { , so that the value of the first order approximation of the

time averaged energy flow of the nonlinear system is not zero. This first order
quantity is larger than the one caused by the neglected terms in Eq. 5.5, and there-
fore the total time averaged energy flow of the system must not be zero, which
implies that the periodic orbits are not possible. From this discussion, we may
conclude that a necessary condition of possible periodic orbits requires the eigen-

values /11 of the energy flow matrix E are not all positive or all negative. For
example, if there is a zero eigenvalue A ;= 0, a variation vector { of only com-

ponent { I O in Eq. 5.43 could be a periodic motion with Eq. 5.44 vanishing.

5.8.3 Spin Space

In this space, the complex energy flow is defined by Eq. 5.24. The complex varia-
tion in Eq. 5.40 can be transferred into the form with the variable in the spin
space,

% = \i’*Tﬁ = n()‘i’*T [ei% ei% v ei% :|T eiwt , (5.45)

by using the orthogonal transformation Eq. 5.23. From Eq. 5.31, the corresponding
imaginary part of the complex energy flow is

Im[EE) =Y 1m(% )|,

g =0, (5.46)

because the eigenvalues X ; of the spin matrix U consist of zero and conjugate

~ 2
pure imaginary numbers and ‘f 1‘ = 773 based on the orthogonal transformation.

In fact, we can calculate that

\ 2
ge=2l¢|

1=
_ nje-mz [e—m e o e ]‘i,\i,*r &% &% . e* :'T o (5.47)

. . . . . T
2 —19, 10, 19, ?, ?, P, 2
:no[ell e‘- “oe e‘ ]I[ell e‘. “oe el ] :nno'
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As explained for Eq. 5.13, the spin matrix involves a rotation motion. Therefore, if
the spin matrix vanishes, the rotational kinetic energy vanishes that implies no ro-
tational motion. A possible periodic solution implies a close orbit in the space.
The motion in the close orbit forms a rotation. Therefore the spin matrix does not
vanish. To summary the discussion above, we have the following theorem for ne-
cessary conditions of possible periodic orbits.

Theorem 5.5 A necessary condition for possible periodic orbits of nonlinear dy-
namical systems is a) the eigenvalues of its energy flow matrix E are not all posi-
tive (or negative), and the spin matrix U # 0.

It should be noted that the energy flow matrix E is defined on the periodic orbit of
the system. It is convenient to transform the orbit to a zero fixed point using Eq. 2.9.

5.9 Examples

5.9.1 Example 5.1 A Linear System with One Degree of Freedom

We consider a linear vibration system with one degree of freedom described by
equation

X+2nx+x=0, (5.48)

which can be expressed in a phase space as follows

o]
R S

In the energy flow space, the eigenvalues of the energy flow matrix E are
A, =0 and A, =-21 from which and Eq. 5.13 the energy flow is

(5.49)

i 2
EQ) =D A4 =-2n0;. (5.50)
I=1
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In the spin space, the eigenvalues and the corresponding eigenvectors of the

spin matrix U # 0 are

~ . ~ 1|1
KQ =-1, v, :E|:_ 1:|, (5.51)

From Egs. 5.23-25 and 5.51, it follows that

- 1[1 —i}[o 0 Hl 1} {—1 1}
H=¥'E¥=— .= 1,

211 1 (|0 2np|l1 1 1 -1
Re(E@)) = HE=(-|&[ -|&] +2Re(&E)). (552
m{E@)=mE"RE) =|E[ -|&[ .

Let us consider the periodic solution

X = pcoso,
y=-psiné, (5.53)
0=t

which is transferred, by using Eq. 5.23, into the variables in the spin space

9?1 & X p |l -1 cos@ | p oi?
L‘-?j_‘l’ {Y}_ﬁ[l i}{—sine}_ﬁ{e-io} (5.54)

The substitution of Eq. 5.54 into Eq. 5.52 gives

2

Re{E®)} = n{-p* +L—cos26),
2 (5.55)

Im{E(Z)}=0.
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Therefore, this system satisfies the necessary condition for a possible periodic so-
lution. The eigenvalues of the energy flow matrix E are /11 =0 and ﬂz =-2n

which are not all positive or negative, and the spin matrix U # 0, satisfying theo-
rem 5.2. For the periodical orbit in Eq. 5.53, the imaginary part of the complex
power in the spin space vanishes as shown in Eq. 5.55. We conclude the characte-
ristics of this linear system as follows.

a) 171 =0, the energy flow E(C) in the energy flow space vanishes every-

where as shown in Eq. 5.50, and the constant spin matrix U # Qis valid in the
phase plane. For periodical orbits in Eq. 5.53, the real part and imaginary part of
complex energy flow in the spin space vanishes. There is a periodic solution as
expected by theorem 4.2.

b) 77 >0, the energy flow E (€) < O and the time average of the real part

Re{E (E)}of the complex power is also negative, so that the fixed point at the
origin is stable.
c) <0, the energy flow E({) > 0and the time average of the real part

Re{E’ (E)}of the complex power is also positive, so that the fixed point at the

origin is unstable.

5.9.2 Example 5.2 Van der Pol’s Equation

Here as an example, we consider the Van der Pol’s equation (¢ > Q) given in

Eq. 4.21 which has a periodical orbit as demonstrated in Example 4.2. We intend
to check if Theory 5.2 is valid. The Jacobian, energy flow and spin matrices of this
system are obtained respectively as follows.

jo 0 1
|=2a0y-1 —a(x* -1

0 — oy
) , (5.56)
—oxy —oa(x"—1)

0 oxy+1
—oxy—-1 0 |
The eigenvalues of the energy flow matrix K can be obtained by solving its cha-
racteristic equation

E

U

P +ax*-DA-a’x*y* =0, (5.57)
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that is

—a(X* —D)F (P —1)* +4x7y
2

/11,2 =

(5.58)

of which one solution is negative and another solution is positive. The energy flow
is

G-4
e 5.59
) (5.59)

Q=Y A =o)L a4y

The eigenvalues and eigenvectors of the spin matrix U can be derived by solv-
ing the related eigenvalue equation, that is

- . - 11
K =1(1+axy), v, ZEL}

1
K =—-i(l+axy), ¥ - L s (5.60)
2 1 \/5

i

From Eq. 5.24 and the above results, it follows that

— 2 — — 1 2 —
ﬁ :{i’*TE{Iv’:l Ot(x 12 210£xy +20((x 1) ,
2| =2iaxy +a(x”—1) —a(x”—1)
Re(E(§))="HE
(5.61)
2 = T ‘gl‘ ‘§2‘ Tk T
=a(x”—D[Re(& &, ) ————]-20xyIm(& &, ),
Lo~ ~2 |
m{EE))=+a(E| -[E]).
Now considering the possible periodic orbit defined in Eq. 5.53, we have
Re{E(é)} = (x —1)(cos260 —1) + 2xysin 26],
(5.62)

m{E@E)} =1+ axy)(%—%) =0,
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The imaginary part of complex power vanishes. Therefore, the necessary condi-
tions in theorem 5.2 are satisfied. This shows that the possible periodical orbit
may exist although the energy flow, such as Eq. 5.59 and the real part of the com-
plex power, such as Eq. 5.62 for Van der Pol’s equation, do not vanish.

5.9.3 Example 5.3 A Generalised Linear System with n-DOF

We consider a generalised linear system with n degrees of freedom described by
equation

X = Ax, x(0) =x,, (5.63)

where A denotes a constant square matrix of order 7X7 and Xis a vector. The
matrix A can be decomposed in summation as follows

A=E+0, E=(A+A")/2, U=(A-A")/2. (5.64)

The energy flow equation and the kinetic energy of the linear system in Eq. 5.63
are given by

E=x"Ax=x"Ex, EW0)=x}x,/2, (5.65)
and

K=x"x/2=x"A"Ax/2=x"Kx/2, K(0)=x,Kx, /2,

, ; ) ) (5.66)
K=A"A=(E+U) (E+U)=E"+2EU-U",

respectively.
As given in Eq. 2.30, the solution of Eq. 5.63 can be expressed in the following
form

t(E+U)X tE U U _E (5.67)

A
x=e¢"x,=¢ ,=ee"x,=e"e"x,,

where the function of a matrix, such as E , is defined as
t? t"
e’E:I+tE+5E2+---+—‘E”+---. (5.68)
! n.

The energy flow characteristic factors A = diag(A,)and corresponding energy

flow mode vector matrix® = [(p1 ¢, - (pn], an orthogonal matrix,
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for this linear system can be obtained by solving the eigenvalues and eigenvectors
of the energy flow matrix E . The energy flow matrix E can be denoted as

E=®AD =) 19,9, (5.69)
=1
so that
e =D =) eMg,0;], " =diag(e™).  (5.70)
=1

Since the eigenvalues /11 of real symmetrical matrix E are real numbers, so that

the solution consists of real exponent functions ¢ that is not periodical.

Based on the eigenvalue diagonal matrix K = diag(k,) and the correspond-

ing eigenvector matrix ¥ = [\TI \Tl2 e \T;n] of the spin matrix U, we can

express the spin matrix as
U=Y¥7 = Z AR (5.71)
=1
and therefore
eV =W =N g T e™ =diag(e™).  (5.72)

As we have demonstrated, the non-zero eigenvalues K, of spin matrix U consist

of n, (7 <Int{n/2}), pairs of conjugate pure imaginary numbers. For exam-

ple, we can assume that the J-th pair of these conjugate pure imaginary eigenva-
lues with corresponding conjugate eigenvectors is represented as

~ . ~ . ~ +i
K, =ips, y, =diag(|y7, e,
- I: tn ptim L Lt JT ’

i i (5.73)
cosa, =Ref{y,, }/ |l//j,

’ sin @, :Im{lﬁjl}/h/;ﬂ

b

a=[e, o, - a,

n

from which with Eqgs. 5.67 and 5.72 it follows that the solution component

Xg,l) contributed by the J-th pair of conjugate eigenvalues takes the form
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J) _ U J) _ tk, ~ o~ 5T
XU —(6’ X()) _Ze J‘I’J‘l’} X()
J

= ¢ diag([y7, )" e™ diag([7, |)x,

+ediag(|y7,, e e d1ag(|l//j, Dx,
=2Re{ediag(|y7,, )ee™ diag(|i7,|)x,)
=2pRe{eediag(|y7,, e} (5.74)
=2 pdiag( |l/7], | )[cos(Bt + y)cosa —sin(ft + y)sinal,

n
¢ diag( |l/7], | )X, = Z |lﬁﬂ | x,,(cosq, —isina,)
I=1

= P Tip; = pe,
P=\pr+pi, cosy=py/p, siny=p/p.

)

This implies that the solution component X, ° is periodical solution of pe-

riod T =27/ ﬁ . For the spin space, there exist 7 periodical components of

the system. Here, p and } depends on the initial condition X in Eq. 5.63. There-
fore, the solution factor in Eq. 5.67 generated by the spin matrix is obtained by

=e'Vx, = Zx‘“ (5.75)

which is a summation of 7 periodical solutions, so that it is a periodical solution

with a period T , the least common multiple of TV, (J =1,2,---,7).

More generally, as shown in Eq. 5.23, a solution X can be expressed in the fol-
lowing form by the complex orthogonal transformation

x=%g, T-=F & .. & (5.76)

which transforms Eqgs. 5.63 and 5.65 into the forms in the spin space

~

_RE+RE,  A-9EF-@",

g

(5.77)

E@=8"HE+E"RE=ETHE+ Zz« & £hg
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A periodical solution is a closed orbit in the phase space and the change of genera-
lised energy in a time period vanishes, so that the time integration of energy flow

fE@)di = {7 HEdr =o. 6789)

To conclude the above analysis, we have the following theorem

Theorem 5.3 A sufficient and necessary condition for a possible periodic orbit of
a linear dynamical system is that the spin matrix U # O and there exists a period-
ical vector function in Eq. 5.76 and a zero energy flow integration Eq.5.78.

The necessary condition is obvious, because for an existing periodical solution,
it must be the spin matrix U # O, otherwise there exist no periodical solution. The
periodical solution is a closed orbit in the space so that its change of the potential
in a period vanishes, i.e. Eq. 5.78 is valid. On considering the sufficient condition,
if the spin matrix U # O, there exist72 , (7 # 0), pairs of conjugate pure imagi-
nary eigenvalues with corresponding conjugate eigenvectors constructed a set of
base vectors of spin space. In this space, a periodical function can be expressed by
Eq. 5.76. If this function satisfies Eq. 5.78, it is a closed orbit.



Chapter 6

Energy Flow Characteristics of Local
Bifurcations

This chapter investigates the energy flow characteristics of local bifurcations for
nonlinear dynamical systems. Similar to the centre manifold theorem developed
from the Jacobian matrix, we propose a centre energy flow theorem based on the
eigenvalues of the energy flow matrix, for which two examples are given to dem-
onstrate its applications. Four simplest energy flow bifurcations of equilibria: sad-
dle-node, transcritical, pitchfork and Hopf ones are discussed.

6.1  Central Energy Flow Theorem

The system governed by Eqgs. 5.1 and 5.2 involves a control vector [, so that the

eigenvalues ﬂ, of the energy flow matrix E and the eigenvalues A ; of the kinet-
ic energy matrix K are dependent on the control vector L. As this control vector

varies, changes may occur in the qualitative structure of the solutions for certain
control parameter values. These changes are called bifurcations and the parameter
values are called bifurcation values (Guckenheimer & Holmes 1983). A bifurca-
tion point is defined as a point in the parameter-control space corresponding to a
structurally unstable vector field (Thompson & Stewart 1986). Local bifurcations
of a nonlinear dynamical system with controls are the qualitative changes in the
phase portrait that can be characterised near a single point in phase space. Equili-
brium point bifurcations and the bifurcations of limit cycles can be characterised
near to a point, so these are considered as local bifurcations. The important local
bifurcations are all identified by an appropriate local simplification of the dynam-
ics. This approximation involves the Jacobian matrix J of the vector field and ac-
counts for the lowest-order of the vector field near a point in phase space, as well
as for the lowest-order part of its dependence on the controls. Based on the charac-
teristics of complex eigenvalues of the Jacobian matrix Jat a fixed point, the
Centre manifold theorem (See, for example, Guckenheimer & Holmes 1983;
Thompson & Stewart 1986) divides the phase space into three subspaces to
examine manifold structure of the system at the fixed point.

© Springer International Publishing Switzerland 2015 125
J.T. Xing, Energy Flow Theory of Nonlinear Dynamical Systems with Applications,
Emergence, Complexity and Computation 17, DOI: 10.1007/978-3-319-17741-0_6
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The Sylvester’s law of inertia (Norman 1986) confirm that the number of posi-
tive, negative and zero eigenvalues A ; of the energy flow matrix E are invariant,

based on which we can divide the phase space into three subspaces to examine its
energy flow behaviour at a fixed point. Similar to the centre manifold theorem, we
may have the following centre energy flow theorem of which the proof is neg-
lected since it is similar to centre manifold theorem that can be read in the above
references.

Theorem 6.1 (Centre Energy Flow Theorem): Let F be a C" vector field on R"
vanishing at the origin F(0) = 0 and let E be the energy flow matrix of the non-

linear dynamical system. Divide the energy flow characteristic factors A of E in-

to three sets, O ,0,,0, with

<0 ifleo,,
=0 if le o, (6.1)
>0 ifdeo,.

Let the energy flow subspaces spanned by the energy flow mode vectors sets

(I)s ,(I)C ,(I)u , corresponding to the characteristic factor sets O ,0,.,0 , be
ES,E . and Eu, respectively. Then there exist C' stable and unstable invariant
manifolds Ws and Wu tangent to E sand Eu at 0 and a C"" centre manifold
WC tangent to E cat 0. The manifolds WS, Wu and WC are all invariant for the

flow of F . The stable and unstable manifolds are unique.

In base of entre energy flow theory, we may represent the mode transformation
Eq. 5.17 in the energy flow space in the form

:,
n=lo, o o]c| = ¢ ¢] 62)
;.
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from which, when Eqgs. 5.5, 5.7 and 5.19 are used, it follows that

¢, A, 0 o¢] |@

(=] 0 A, 0| ¢ [+]® [F¥+-,
g, 0 0 A& |®

u

F;;:[Fléé FE . anf]T, (6.3)
1 @’ S
e R A CATAC R A A 4
@’ S
A, 0 0|
Em=[¢ ¢ ¢Jlo A o0]¢
0 0 A, ¢,
o (6.4)
Ho G| er B
q)T

Here, F{;{ denotes the second order term of the variable C of the expanded series
at the fixed point and three diagonal matrices A _, A _, A represent the eigenva-
lue matrices corresponding to sets O_,0,.,0, respectively. The eigenvalue ma-
trix A, =0, therefore we have a centre manifold W, tangent to E_at 0 so that
around the origin the coordinate vectors CS and Qu can be approximated as func-

tions of QC to reduce the degree of the system.

Compared with the centre manifold theorem, the main progress is that the in-
vestigation of a real symmetrical energy flow matrix E is used to replace the in-
vestigation of non-symmetrical Jacobian matrix J in the theorem, which will be
more convenient to eigenvalue calculations using numerical approaches. Also, the
approximation for higher order term of the centre manifold based on the energy
flow matrix can provide the information on the stability of the system, which is
unable to be confirmed based on the one from Jacobian matrix.
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6.2  Examples

6.2.1 Example 6.1

Consider the system
u=v,
. 2 (6.5)
v=—v+ou + fuv,

for which, there is a unique fixed point at (0,0). The Jacobian and the energy flow
matrix at the fixed point take the following forms,

J_o 1 - 0 1/2 g
1o -1 172 =1 (©0)

respectively. We can examine this system in the Jacobian space and energy flow
space as follows.

6.2.1.1 Jacobian Space

The eigenvalues and corresponding eigenvectors of the Jacobian matrix as well as
the transformation are given by

~ 10 O ~ ~| 7]
A:[ } bo|l 12 : H:fb "Len

0 -1 0 —1/42 v 7,

based on which Eq. 6.5 is transformed into the form
1, 0 -1 m A 0 -1 m, —\/5
/2
A=[u v] & P72 (6.8)
B2 0 |v

s aar| @ B2 .7
=7, 7,]® {/3/2 0 }I{ﬁj-

Therefore, in 772 direction with a negative eigenvalue -1, the system is stable.

However, in 771 direction with a zero eigenvalue, the behaviour of the system can
only be determined by examining high order term in Eq. 6.8. Based on Centre
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Manifold Theorem and Henry’s theorem, Guckenheimer & Holmes (1983)
demonstrated that

771 = 0”712 + 0(7713)’ (6.9)
and showed the centre manifold in 771 direction. As |772| — 0, from Eq. 6.8 we

have 771 - 0(7712 to examine the behaviour of the system at the fixed point in

1], direction.

6.2.1.2 Energy Flow Space

The eigenvalues and corresponding eigenvectors of the Energy Flow matrix as
well as the transformation are given by

A:_(—1+J§)/2 0
0 (-1-~2)/2]
q):_ 1/N4-242 1/N4+242 e
(—14+32)IN4-2V2  (1442) 14+ 242

HH

based on which the linear part of the energy flow variation in Eq. 6.4, i.e.

EQ)=C"A¢, 6.11)

is enough to examine the stability of the system at fixed point. From theorem 5.1,

we can confirm that the system at fixed point is stable in g , direction but unstable

in é/ | direction.

6.2.2 Example 6.2

Consider the system
(6.12)

for which there is also a unique fixed point at (0,0). As discussed by Guckenhei-
mer & Holmes (1983), the tangent space approximation based on Jacobian matrix
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does not determine the stability near to 0. Here, we can examine the system based
on the energy flow matrix at the fixed point,

E= 00 (6.13)
- 0 _1 . .

The eigenvalues and corresponding eigenvectors of this matrix as well as the
transformation are given by

oAb el Lot e

From theorem 5.1, we can confirm the system at fixed point is stable in g , direc-

tion. In g y direction due to a zero eigenvalue, it is necessary to consider the

second order in Eq. 6.4 which is now takes the form
() = ETA 1 T[ 2,22 2 2]7'
EQ) =8 AC+-L (6 +63) agy |- (6.15)

We can now confirm that in ¢ direction with {, =0, E©) = (/4. As are-
sult of this, the system subject to a disturbance of ( é’ 1 < 0, é’ ) = 0) will return
to the fixed point but a disturbance of ( é’ > 0, g ) = 0) will cause the system

shifted from the fixed point, so that the system at fixed point in g | direction is not
stable.

6.3  Simplest Bifurcations of Equilibria

We discuss the simplest energy flow bifurcations of equilibria. These are
represented by the following four differential equations with corresponding energy
flow equations depending on a single parameter [/ :

Saddle—node: )'c=ﬂ—x2, E=ux—x3, (6.16)
Transcritical ; X = —x>, E=uw’—x, (6.17)

Pitchfork:  i=mux—x’, E=m’—x" (6.18)
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i=—y+x{u—(x"+yH]
y=x+ypu—C+y) 6.19)
E=(x+y)u— (" +y>)].

Hopf: {

E A

/» p=x

Stable

Unstable

Fig. 6.1 The energy flow characteristics of Saddle-node bifurcations governed by Eq. 6.16

The bifurcation diagrams for these four equations are depicted in Figs. 6.1-6.4. In
each figure, an energy coordinate axis is used to determine the local qualitative
behaviour of the energy flow bifurcation of equilibrium.

6.3.1 Saddle-Node Bifurcation

Fig. 6.1 shows the saddle-node bifurcations described by Eq. 6.16. In this figure,
the arrows parallel to x axis represent the time change rate of x while the vertical
arrows parallel to E axis give the energy flow direction. The zero energy flow

curve is defined by U= x> on which the potential  ener-
gyE=x"12=pul2= E, . Based on theorem 4.5, we can determine the stabili-

ties of the system along different bifurcation branches as follows.

(1) Branch (x = \/Z, x>0, u>0) represented by the black line in Fig.

6.1. In this domain, the energy flow at different points near to the branch
curve takes the following values
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>0, x< U, E=)c2/2<EO
E:{=0, x=+u, E=ul2=E,. (6.20)
<0, x> u, E=)c2/2>EO

Therefore, at the disturbance point X < \/; , we have ' < Ejand E >0, so that

the generalised potential energy increases towards Eo with time and the distur-
bance point moves to the bifurcation branch. On the other side, at the disturbance
point X > /1 , we have £ > E and E <0, and therefore the generalised poten-
tial energy decreases towards Eo with time and the disturbance point also moves

to the bifurcation branch. This implies that this branch is stable.

(2) Branch (x =—/u, x<0, 4 >0) represented by the dashed line in Fig.

6.1. In this domain, the energy flow at different points near to the branch
curve takes the following values

<0, x>—Ju, E=x’/2<E,

E:{=0, x=-Ju, E=ul2=E,. 6.21)
>0, x<—Ju, E=x"/2>E,

Therefore, at the disturbance pointX > —4/ , we have E < E| and E < 0, so

that the generalised potential energy decreases with time and the disturbance point
moves backwards the bifurcation branch. On the other side, at the disturbance

point X < —y/ 4 , we have E > E and E >0, and therefore the generalised po-

tential energy increases with time and the disturbance point also moves backwards
the bifurcation branch. This implies that this branch is unstable.

(3) Point (x=0, & =0) represented by the origin in Fig. 6.1. About this
point, the energy flow at different points near to it takes the following values

<0, x>0, E=x’/2>E,
E:{=0, x=0, E= 0 =E,. (6.22)

>0, x<0, E=x’/2>E,

Therefore, at the disturbance point X >0, we have E > E and E < 0, so that the

generalised potential energy decreases with time and the disturbance point moves
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towards the origin implying stable. On the other side, at the disturbance
point X <0, we have £ > Ejand E > 0, and therefore the generalised potential

energy increases with time and the disturbance point moves away from the origin
implying unstable.

6.3.2 Transcritical Bifurcation

Fig. 6.2 shows the transcritical bifurcations described by Eq. 6.17 for which the
eigenvalue of the energy flow matrix at equilibria vanishes. Similar to Fig. 6.1, the
arrows parallel to x axis represent the time change rate of x while the vertical ar-
rows parallel to E axis give the energy flow direction. The zero energy flow lines

are line x =0 of E, =0 and line & = x of E, = > /2. The stabilities of the

system along different bifurcation branches are discussed as follows.

E A

Stable

Unstable

Fig. 6.2 The energy flow characteristics of Transcritical bifurcations governed by Eq. 6.17

(1) Branch (£ =x, x>0, >0) represented by the black line in Fig. 6.2.

In this domain, the energy flow at different points near to the branch line
takes the following values
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>0, u>x, E=x"/2<E,
E:1=0, wu=x, E=u’/2=E, (6.23)
<0, wu<x, E=x'/2>E,

Therefore, at the disturbance point /£ > X, we have E < E, and E > 0, so that

the generalised potential energy increases towards FE,with time and the distur-
bance point moves to the bifurcation branch. On the other side, at the disturbance
point £ < x, we have E > Ejand E < 0, and therefore the generalised potential

energy decreases towards Eo with time and the disturbance point also moves to

the bifurcation branch. This implies that this branch is stable.

(2) Branch (#4=x, x<0, #4<0) represented by the dashed line in

Fig. 6.2. In this domain, the energy flow at different points near to the branch
line takes the following values
>0, u>x, E:x2/2>EO
E:{=0, u=x, E=u’/2=E, (6.24)
<0, wu<x, E=x2/2<EO

Therefore, at the disturbance point 4 > X , we have E' > E and E > 0as well as

at the disturbance point /4 < x, we have E < E,and E < 0, so that changes of

the generalised potential energy at the both cases make the disturbances move
away from the bifurcation branch implying unstable.

(3) Branch (x=0, 4 <0) represented by a black line along negative [ axis.

In this branch, the energy flow at different points near to the branch plane
takes the following values

<0, x>0, E=x’/2>E,
E:{=0, x=0, E= 0 =E,. (6.25)
<0, x<0, E=x"/2>E,

Therefore, at both disturbance points X > Oand x <0, we have M =X and E <0,

so that the generalised potential energy with time decreases and the disturbance
points moves towards the bifurcation branch implying stable.
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(4) Branch (x=0, g >0) represented by a dashed line along positive
M axis. In this branch, the energy flow at different points near to the branch

plane takes the following values

>0, x>0, E=x"/2>E,
E:{=0, x=0, E= 0 =E,. (6.26)
>0, x<0, E=x"/2>E,

Therefore, at both disturbance points X > Oandx <0, we have H=X

and E > 0, so that the generalised potential energy with time increases and the
disturbance points moves away from the bifurcation branch implying unstable.

(5) Point(x=0, @ =0), the origin. About this point, the energy flow at
different points near to the branch plane takes the following values

<0, x>0, E=x’/2>E,
E:{=0, x=0, E= 0 =E,. (6.27)
>0, x<0, E=x"/2>E,

Therefore, the disturbance from x > Q is stable but the one from x < 0 is unstable

6.3.3 Pitchfork Bifurcation

Fig. 6.3 shows the pitchfork bifurcation described by Eq. 6.16. The zero energy
flow surfaces include line X =0 of E, =0 and curve ff =x" of E, = /2.
The stabilities of the system along different bifurcation branches are as follows.

(1) Branch (U = X, M > 0) represented by the black line in Fig. 6.3. In this

domain, the energy flow at different points near to the branch curve takes the
following values
>0, ,u>x2, E:)c2/2<E0
E:{=0, wu=x, E=ul2=E,. (6.28)
<0, ,u<x2, E=)c2/2>E0

Therefore, at the disturbance point &/ > x*, we have E < E,and E >0 so that

the generalised potential energy increases with time, while at the disturbance
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point i < x*, we have E > E, and E < 0 representing the generalised potential

energy decreases. For both cases, the disturbance points move to the bifurcation
branch. This implies that this branch is stable.

Ea

Stable

\—
N
.

Unstable

Fig. 6.3 The energy flow characteristics of Pitchfork bifurcation governed by Eq. 6.18

(2) Branch (4 <0, x=0) represented by the black line along the nega-
tive /4 axis in Fig. 6.3. In this domain, the energy flow at different points
near to the branch curve takes the following values

<0, x>0, E=x"/2>E,

E:1=0, x=0, E=0=E, 6.29)
<0, x<0, E=x"/2>E,

Therefore, at the disturbance points X # 0, we have E > E| and E < 0, so that

the generalised potential energy decreases with time and the disturbance point
move towards the bifurcation branch and it is stable.

(3) Branch (x=0, &« >0) represented by the dashed line along positive
M axis in Fig. 6.3. the energy flow at different points near to this branch

takes the following values



6.3 Simplest Bifurcations of Equilibria 137

.{>0, x#0, E=x/2>E,
E: . (6.30)

=0, x=0, E= 0 =E,
Therefore, at the disturbance points x # 0, we have E > E and E > 0, so that

the generalised potential energy increases with time and the disturbance points
move away from the bifurcation branch implying unstable.

ﬂ‘y X

Stable

I

Fig. 6.4 The energy flow characteristics of Hopf bifurcation governed by Eq. 6.19

6.3.4 Hopf Bifurcation

Fig. 6.4 shows the Hopf bifurcation described by Eq. 6.19 from which, a zero
energy flow surface 4 = X+ y2 with Eo = /2 and a zero energy flow ma-

trix as well as a non-zero spin matrix can be obtained. Based on theorem 5.2, this
orbit could be a periodical equilibrium orbit. In this figure, it is not possible to
drawn an energy axis so that the positive and negative energy flows are denoted
by up and down arrows, respectively.

(1) Branch (,u:x2+y2, M >0) represented by a parabolic surface in
Fig. 6.3. In this domain, the energy flow at different points near to the

surface takes the following values
>0, u>x+y’, E=(x"+y")/2<E,
EI =0, ,u=x2+y2, E=ﬂ/2=EO . 6.31)
<0, wu<x’+y’, E=(x"+y)/2>E,
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Therefore, at the disturbance point & > X+ y2 , we have £ < E and E>0 so
that the generalised potential energy increases with time, while at the disturbance
point Y/ < x> +y®, we have E > Ejand E < O representing the generalised po-

tential energy decreases. For both cases, the disturbance points move to the bifur-
cation surface. This implies that this orbit is stable.

(2) Branch (4 <0, x=0=1y) represented by the black line along the nega-
tive /4 axis in Fig. 6.4. In this domain, the energy flow at different points
near to the branch curve takes the following values

<0, x*+y’#0, E=x"+y)/2>E,

E: . (6.32)
=0, x2+y2=0, E=0=E,

Therefore, at the disturbance points X+ y2 #0, we have E > Ejand E < 0, so

that the generalised potential energy decreases with time and the disturbance point
move towards the bifurcation branch implying stable.



Chapter 7
Energy Flows of Global Bifurcations

In Chapter 6 we dealt with the energy flow properties of equilibrium points and
periodic orbits for local bifurcations. The developed centre energy flow theorem
relying upon the coordinate transformations transforms the general system into its
normal form in the energy flow space, from which dynamical information can be
deduced from the Taylor series of an energy flow at a single point. In this chapter,
we shall consider dynamical properties which cannot be deduced from local ener-
gy flow information. These situations involve global aspects of energy flows.
Saddle connections, Hopf bifurcation and Lorenz system are investigated respec-
tively in sections 7.1, 7.2 and 7.3.

Let us consider the system governed by Eq. 5.1. We can find its equilibria for a

given bifurcation parameter L = [, by solving equation

F(t.p,.2,) =0, (7.1)
which corresponds to an energy flow
E(”()’zo) = ZgF(t’u()’z()) =0. (7.2)

For our convenience to discuss the stability at an equilibrium point we assume the
equilibrium point Z, = 0, otherwise, we can transform this equilibrium point to a
zero point using Eq. 2.9. In the following discussion, we assume this necessary
transformation has been completed and therefore we always take Z, = 0.

We wish to reveal the global dynamical properties of the system when a pertur-

bation of the bifurcation parameter @ = |, + [ with corresponding perturbation

Z = Z,+M = Nof equilibria. Using Taylor series, we derive
AEI];J = AE("?ﬁ) = E.(H,Z)—E(IIO,ZO)
AT 1 . re
=2+ IAVIFCp2)+ @V Fpz)+-, (7.3)

AT 1 e
= nT[(nTV)F(I’ ll’ Z) +E(nTV)2F(I7 ll’ Z) +-- ']’
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where
v=v T, a=l Wl
V=[00/0n 00/0u, - 00/ou,],

and the sub-index k denotes the dimension number of parameter vector I. From

(7.4)

Eq. 7.3, we can obtain the energy flow change AE(Z,ﬁ) at a point (¢,Z) caused
by the perturbation [t of the bifurcation parameter [t

. . . 1 =
AE, = AE(z.ji) =z [(i"V)F(t,p,2) +§(uTV)2F(r,u,z) +], (15)

and the one caused by the perturbation Z = 1] about equilibria for a given B = 1,

AE, = AE(M, )

1 (7.6)
=L VIFG o, )+ (V)Y F (g 2) 4.

To reveal the dynamical behaviour of the system caused by the perturbation of the
bifurcation parameter, the following procedure can be followed.

(i) Reveal the local stability of equilibria of the system for the parameter
L = 1, by investigating the energy flow perturbation caused by perturbation
Taround the equilibria using Eq. 7.2 or 7.6.

(ii)) Determine the new equilibria Z =Z, + 1 for the parameter i = Q, + T
based on Eq. 7.3 vanished.

(iii) Determine the flow picture movement at non-equilibrium points due to
bifurcation parameter perturbation using Eq. 7.5.

7.1 Saddle Connections

The simplest global bifurcations occur for planar vector fields when there is a tra-
jectory joining two saddle points or forming a loop containing a single saddle
point, which are discussed as follows.
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7.1.1 Two Saddle Points

Consider the planar system governed by the following differential equation and its
energy flow equation

-: + 2_ .
' ﬂz ) ) Y E=xut X -xyp)+y(y =X =D, @1
y=y —x -1

which has two saddle equilibrium points (0,£1) when &« =0. We assume
y = y ¥ 1, which transform Eq. 7.7 into the form

x=pu+x"—x(y£1)
y=(y+1)’=x*—-1’ (7.8)
E=x{u+x"—x(y D]+ y[(y+1)* —x* 1],

with their two equilibrium points being at the origin y =0, x =0, respectively.

Using Egs. 7.3, 7.5 and 7.6, we respectively obtain their first order approxima-
tions in the forms

_ n
) 2x—(y 1 — 1
AE?ZU :[771 772]{ oD * }

—2x 2(yx1) 0 773
AE, = jix, (7.9)
. 2x—(yx)  —-x |[n
AE, =[n, 772]{ 5 poa }{ 1}.
X (1) m,

From Eq. 7.9, we reveal the following behaviour of the system.

(i) Two saddle equilibrium points (0,1 ) are unstable since

. -1 0][n,
AE, (0,+1) =[n, 772]_0 2__772_:_7712+27722’
(7.10)
. 107
AE,(0,-1)=[n, 772]_0 i’ 77:_=773—277§,

of which the energy flow matrix has a negative and a positive eigenvalue, respec-
tively, so that both equilibrium points are unstable according to Theorem 5.1.
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Now we can stand at an equilibrium point, which is the origin (x =0,y =0) of
the new coordinate system 0— Xy to investigate the flow direction. For example,

standing at the equilibrium point (0,+1) shown in Fig.7.1(b), since the distur-
bance 77, in X direction produces an increment AEH (0,+1) <0 in Eq. 7.10 to

decrease the generalised potential energy, so that we see the flow direction to-
wards the equilibrium point; while the disturbance 7, in Y direction produces an

increment AEH (0,+1) > 0 in Eq. 7.10 to increase the generalised potential ener-

gy, therefore, we see the flow direction backwards the equilibrium point. Howev-
er, standing at the equilibrium point (0,—1) shown in Fig. 7.1(b), we can ob-

serve the reverse flows: the disturbance 77, in X direction produces an increment
AEH (0,—1) > 0 in Eq. 7.10 to increase the generalised potential energy and the
flow direction backwards the equilibrium point; while the disturbance 77, in y di-

rection produces an increment AE” (0,+1) <0 in Eq. 7.10 to decrease the gene-

ralised potential energy and the flow direction towards the equilibrium point.

A (a) y (b) 4 (©)

-— y=1 o
) X
AE, >0| |[AE, <0 AE, <0 AE, >0
y=-1

Fig. 7.1 The flows of Eq. 7.7 affected by energy flow variation AE u = ﬁx 1 (a) ﬁ <0,
®HA=0,0ua>0

(i) To determine the new equilibria for the parameter i = Ji , it is required

that the variations of energy flow AEW (0,+1) and AEW (0,—1) from Eq. 7.9

vanish, respectively, i.e. equations
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- A
. -1 0 1 N )
AE,, (0,+D)=[n, n,] o 2 ol |FmE=m)+20; =0,
L __‘L’z_
- (7.11)
: 1o 1™ N ,
AEﬂﬂ(O’_l):[nl 772] 0 -2 0 n, |=n(a+n,)-2n,,=0,
L __l["z_

are valid for any possible perturbations i, from which we obtain the following

new equilibrium points:
n=xtg, n=0 x=xg, y=0, y==%1. (7.12)

Therefore, as shown in Fig. 7.1, the original equilibrium points (0,%1) in (b)
move to points (£ fZ,11), respectively, for example, point (0,1) moves to the
right if ZZ > 0 in (c) but to the left if 7 < Oin (a).

(iii)) To determine the flow direction at new equilibrium points due to bifurca-
tion parameter perturbation, we consider AE u= [xin Eq. 7.9 affected by x
only. For ﬂ >(0, as shown in Fig. 7.1(c), for flow domain with

x>0, AE, = jix > 0,the flow picture moves away from the new equilibrium
point, the origin in 0 — Xy, along the vertical line for a given X to increase ge-

neralised potential energy, but the flow picture in domain with x <0 moves to-
wards the new equilibrium point along the vertical line for a given X to reduce

potential energy due to AE, = jix <0. For /i <0, as shown in Fig. 7.1(a), the

flows take the reverse directions compared with the case of [ >0. Fig. 7.1

shows the detailed flow pictures discussed above using our energy flow theory
developed in this paper.

7.1.2 A Loop Containing a Single Saddle Point

Consider the system respectively governed by the following differential equation
and its energy flow equation

xX=y
y=x—x"+uy’ (7.13)
E=xy+y(x—x2+,uy),
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which has two equilibrium points (0,0) and (1,0) when 4 = 0. The origin (0, 0) is
a saddle point, but around point (1,0) there are the closed orbits. For point (1, 0),
by using the transformation X = X —1, we transform Eq. 7.13 into the form

=y
y=x+D)—(x+1)’+uy’ (7.14)
E=Xy+y[(X+1)— X +1)*+uyl,

Using Eqgs. 7.3, 7.5 and 7.6, we respectively obtain the first order approximate
terms for point (0, 0) as

o 1 o]™
AE/]# _[77] 772] l_zx ,U y 7:]\‘2 >
(7.15)
0 1|n
AE,=y*,  AE, = :
=y )=l 7&{1_2x AJL%}
Similarly, for point (1, 0), we have
N 0 oo™
o 771 772 1—2(f+1) u oy 773 »
(7.16)
. . 0 l|n
AE =%,  AE = "
u ,My n [771 772 ]|:1 _ 2(f + 1) ,Ui||:772:|

From Eqs. 7.15 and 7.16, we reveal the following behaviour of this dynamical
system.

(i) Two equilibrium points are unstable since

. 0 1|mn
AE,0,0)=[n, n, = 2,175,
1 0fn

AE(IO):[U . 0 17n, 0 (7.17)
S R S



7.1 Saddle Connections 145

The energy flow matrix at Point (0, 0) has a positive eigenvalue 1 and a negative
eigenvalue -1, so that it is unstable. The energy flow at Point (1, 0) vanishes due to
a typical spin matrix, so that it is a central point with closed orbits about it.

(ii) To determine the new equilibria for the parameter {{ = [ , it is required
that the variations of energy flow AEW (0,0) and AEW (1,0) from Egs. 7.15 and

7.16 vanish, respectively, i.e. equations
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Fig. 7.2 The phase portraits for Eq. 7.13. Due to variation ﬁ, the closed orbits around
point (1,0) at case IZZ = () are broken and this point becomes an unstable and a stable fo-
cus point for ﬁ > 0 and ,ZZ < 0, respectively. The original point denoted by a small cir-

cle moves to a black point far from the origin for ﬁ > (0 and a one near to the origin

for I < 0.
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. o1 0]"
AE, (0,0)=[n, n, Lo o|™|=2mm=0
i
(7.18)
. o 1 o™
AEWI(I’O)Z[UI 772] 10 0 77Nz =0,

are valid, which is independent from any possible perturbations i so that the
original equilibrium points (0,0) and (1,0) are still in equilibrium. For the para-
meter /4 = [l , from Eqs.7.15 and 7.16 it follows

. — 0 Ljn|_ -
AEn(O,O,ﬂ)—[m m, P =2mn, + pn,,

1 m
. - 0 1|n
AE (1,0, 1) =
, (1,0, 27) [771 Up {_1 ﬁ}{nj (7.19)

) 0 0170 1[m] -,
=[m 772]({0 ﬁ}{_l 0}){772}—#772-

At point (0,0) the eigenvalues of energy flow matrix are (I ++/fI° +4)/2,
one negative and another positive, so that this point is unstable. At point (1,0), the

energy flow matrix (symmetric part) has a zero eigenvalue and an eigenvalue [
and also there is a typical spin matrix (anti-symmetric part). Therefore, as shown

in Fig. 7.2, if i <0, we have AE"” < 0, implying a local stable focus point, and
if 7t >0 then AE,I > 0, implying an unstable focus point.

(iii) To determine the flow directions at new equilibrium points due to bifurca-

tion parameter perturbation, we consider AE u= ﬁyzin Eqgs. 7.15 and 7.16. As

shown in Fig. 7.2, if zi > 0, for flow domain with y # 0, AE u > 0, the flow pic-

ture moves away from the origin to increase generalised potential energy, so that an
original point denoted by a small circle in & = 0 moves to a black point far from

the origin. The integration of the energy flow perturbation AE u= ﬁyz with respect

to time in the time period of closed orbit around point (1,0) is definitely positive,
therefore this point turns to an unstable focus point.



7.2 Hopf Bifurcation 147

If /i <0, the flow picture in domain with y # 0 moves towards the origin to
reduce potential energy due to AE u < 0, therefore the original small circle in
M =0moves to a black point near to the origin The integration of the energy
flow perturbation AE u= ﬁyzwith respect to time in the time period of closed

orbit around point (1,0) is definitely negative, so that this point turns to a stable
focus point.

7.2  Hopf Bifurcation

Here, using the energy flow theory, we investigate the generalised system studied
in Example 4.1 on possible closed orbits by introducing a bifurcation parame-
ter 4L, that is

{X=m—y—x<x2+y2) 720

. 2 N

y=xt+py =yt +y7)
We aim to see the global behaviour of the system while the bifurcation parameter
changes.

For this system, its energy flow matrix and spin matrix as well as energy flow
equation are as follows

—(3x2+y? = 0 -1
po| 4G+ 2o e ,
—2xy U—(x*+3y° 1 0 (7.21)
E="+y)[u-+ ).

7.2.1 Fixed Point (0, 0)

At this point the energy flow vanishes and the energy flow matrix has two equal
eigenvalues 4/ . According to Theorem 5.1, on the domain around this point, if

M0, then E < 0, this point is stable while if £ > Qit is unstable due to
E >0, as shown in Fig. 7.3.

7.2.2 Closed Orbits

For £ >0, if u= (x*+y?), the energy flow vanishes. This is a circle of

radius\/; on which the generalised potential energy equals a constant ££/2 .
Substituting this relation into Eqs. 7.20 and 7.21, we find the energy flow
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E =0on this cycle, but the spin matrix does not vanish, so that the necessary
condition for closed orbit given by Theorem 5.2 is satisfied. In fact, following
Theory 4.2, this circle has constructed a closed orbit. As shown in Fig. 7.3, in

outside of this orbit, £ <(x*+y*) and E <O but in inside of this orbit,

> (x* +y2) and £ >0, so that this closed orbit is stable according to
Theorem 4.5.

Fig. 7.3 Energy flow behaviour of Hopf system affected by bifurcation parameter 1/

Given a different bifurcation parameter [/, there is a corresponding closed or-

bit. Actually, these closed orbits define a set of potential energy level surfaces as
indicated by Eq. 3.3 or Eq. 3.10. With increasing of the bifurcation parameter [/,

the distance d = 4/ i from the energy surface to the origin of phase space, the

energy E level, increases. This set of closed orbits controlled by bifurcation
parameter [/ has a similar geometrical structure, so that we can reveal the global

dynamic behaviour of the system by investigating only one closed orbit, such as
u=1.

7.3  Lorenz Equation

The Lorenz equation is defined by the following equation

x=0(y—x)
y=p—-y-xz, apf,7>0, (1.22)
==y +xy
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in which the three parameters &, ,B and } denote the Prandtl number, the Ray-

leigh number and an aspect ratio, respectively. The Jacobean, energy flow and
spin matrices of the system are derived as

- o 0
J=| -z -1 —x|, (7.23.1)
y x -y
—o (a+f-2)12 yI2
E=|(a+f-2)/2 -1 0 |, (7.23.2)
y/2 0 —y
0 (a=p+2)/12 —-yl2
U=|—-(a-p+2)/2 0 -x |, (7.23.3)
y/2 X 0

which are functions of the space point. The energy flow equation of the Lorenz
equation is given by

E=ox(y—x)+y(Bx—y—xz)+z(—yz+xy)
=[x y z]E[x y 2] (7.24)
=(o+ Bxy—ax* -y —yz*,

where the energy flow matrix Eo =E(x=y=2z7=0),thatis

- (ax+p)/2 0
E,=|(a+p)/2 -1 0 | (7.25)
0 0 -y
Equation 7.24 shows that the energy flow at every point in the phase space is a

quadratic form of which the matrix I depends only on the bifurcation parameters

and it is independent of the space point. Therefore, this matrix can be used to
investigate the global behaviour of the energy flow of the system.
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,BE< N

Fig. 7.4 The bifurcation parameters range affecting the energy flow factor values of the system

As shown in Fig. 7.4, with different bifurcation parameters, the energy flow ma-
trix K, has the following three energy flow factors

_ @+ EJ(a@+)) +(@+ ) -4

/?1,2 > A =-7,
<0, B<ANe-a,
A1=0, B=2Ja-a, (7.26)
>0, B>2We-a,
A4, <0,  A4<0, A+4+4<0,
and the corresponding eigenvector matrix
cos@ —sind O
®=|sinf cosfd O],
0 0 1
sin&zﬂ, cos&=a+ﬂ, (7.27)
A 2A

A=J(@+A) +(a+p) /4.
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It can be demonstrated that

_(@=D+@-1) +(@+p)’
2

+4

<0{+,B’ a<l
2
= :05+,[3’ a=1, (7.28)
2
>%, oa>1

<rnl4, a<l
O0=<=x/4, a=1.
>rld, oa>1

When 3 =1, the eigenvalues of /7.1’2 given by Eq. 7.26) become

—~(a+ D) J(@+1) +(@—1)
21,2 = > )

21:0, o=1, (7.29)
>0, a#l, '

A, <0, A, <0, A+4+4,<0.

Using an orthogonal transformation,

x=[x y [ =0l ¢ o] =@ (7.30)
we can transform Eq. 7.24 into
E=A{7+ 485 +AL5. (7.31)

This is a standard form of the energy flow in the energy flow space span by the
three principal directions g s g , and ; 3, of which ; 5 = Z,as well as é/ , and
§ , can be positioned respectively by O — X and O — y axis, when the coordinate
system O — xyz is rotated an angle @ about O — 7 axis, as shown in Fig. 7.5.

Since the energy flow characteristic factors /12 and%are negative, along these
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two principal directions, the energy flows decrease. However, the factor ﬂl values

depend on the bifurcation parameters as shown by Eq. 7.26, so that in ( | direc-

tion, the energy flow may be increased, decreased or unchanged.

Fig. 7.5 The zero energy flow surface governed by E =0from Eq. 7.31 in

whichﬂ,l>0, lz<0andﬂ3<0. Here azl/ﬂ, bzl/ql—ﬂz and

c=1/ —/13. The long dash dot-dot lines define an elliptical cylinder for the case
ofﬂZI,OEZLand ﬂl =0.

For the case of ﬂl > (), the corresponding zero energy flow surface can be

drawn in Fig. 7.5 by E=0 using Eq. 7.31. This Fig. is similar to Fig. 5.2 but the

parameters are: @ =1/\/Z, b=1/,/—A, and ¢ =1/,/—A,. Due to two neg-

ative energy flow factors, in the inside of surface the energy flow E >0 and in

the outside of surface the energy flow E < 0. Therefore, the flows at points in the
outside of this surface move towards the origin in order to reduce the potential
and the flows in the inside of the surface move backwards the origin to increase
the potential. As result of this, this surface would be an attracting surface.



7.3 Lorenz Equation 153

For the case of # =1 with & =1, we have 21 = 0 as given by Eq. 7.29, so that

from Eq. 7.27 it follows that @ = 77 /4 and the corresponding zero energy flow sur-
face becomes an elliptical cylinder shown by two long dash dot-dot lines in Fig. 7.5.

Fig. 7.6 The two nontrivial fixed points (x =/ Y(f—1) = y,z=f—-1)for f>1

and its position on the elliptic-cone surface

Considering the volume-averaged integration of Eq. 7.31 over a cubic volume
Vdefinedby(—A<S (<A, —A<{, <A —A<E, < A), we obtain

1 . 1
M Fdgdg.dg, =

= gjj (J._AA AL +J'_AA YN +J._AA/13§32d§3) (7.32)

=A?u1+ﬂ?+ﬂ3)<o,

J..Uy (ﬂ"é/lz + /124/22 + ﬂzé/sz)dé/ldé/zdé}
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therefore, the averaged energy flow over the volume V in the phase space is
negative and the generalised potential energy in the volume always decreases.
This implies the set of solution orbits are in a finite volume about the origin.

7.3.1 Fixed Points
7.3.1.1 Origin (0, 0, 0)

Obviously, the origin (0, 0, 0) is a fixed point of the system. According to Egs.
7.24 and 7.26, this point is global stable if B <2+ — and unstable if

ﬂ > 2\/5—05. For the case of ,B > Z\E—aas shown in Fig. 7.5, the zero

energy flow surface about the origin divides the domain about the origin into three
subdomains, outside this surface any disturbance points having higher potential
energy move towards the origin due to negative energy flow but any disturbance
points inside this surface with higher potential energy move to more high potential
points far from the origin because of positive energy flows.

7.3.1.2 Nontrivial Point
From Eqgs. 7.22 and 7.24 with condition X = Y, we obtain the energy flow

<0, z>p-1,
E=y(B-1 -y’ ={=0, z=p-1, (7.33)
>0, z<p-1,

and two nontrivial fixed points for 3 > 1

x=tJyyB-1, y=tyyB-1, z=p-1 (7.34)

At these two fixed points, the energy flows vanish and the potential energy takes a
same value

E=(-DQ2y+p-1/2. (7.35)

For the case of # > 1, the condition ﬂ > 2\/5 — ¢ is valid, so that from Eq.
7.26 it follows thatﬂ1 > (O and there is an elliptic-cone surface, the zero energy

flow surface on which E = 0. Since at these two fixed points, the energy flow
vanishes, therefore they must be on the elliptic-cone surface. As shown in Fig.
7.6, the two intersection curves of the plane z = f — 1 with the elliptic-cone sur-
face are the two branches of a hyperbolic curve that is obtained by letting

43 = ﬂ—l and E=0 in Eqgs. 7.31-7.32. This hyperbolic curve has the two
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intersection points with the vertical plane X = y , which are the two fixed points

given by Eq. 7.34. With the parameter # — 1, these two fixed points tend to the

origin of the space, so that the three fixed points are merged into the origin one.
The flow directions about these two points are similar to the one about the origin,
which is governed by Eqgs. 7.31-7.32 as explained in Fig. 7.5.

7.3.2 Closed Orbits

The spin matrix of the system is given by Eq. 7.23, which vanishes only at a
pointx=0=y, z= ,B — ¢ . The eigenvalues of this spin matrix at its other

non-zero value points consist of a zero and a pair of pure conjugate imaginary
number as follows

K, =ii\/xz+y2/4+(0!—,3+z)2/4, K, =0. (7.36)

At the fixed points, these two pure imaginary eigenvalues take the following

values
K, =tiJ(a-p) /4 =Hila-f|/2, x=y=2=0,

R, =Fi57(B-1)+(@—1) /2, (7.37)
x=tJy(f-1) =y, z=p-1,  p>1

respectively. The energy flow matrix in Eq. 7.24 is valid at any points of the space

and its energy flow factor 2'1 >0 if ﬂ > 2\/5 — (¢, so that the necessary condi-

tion, theorem 5.2, for existing periodical orbits is satisfied.

To confirm a periodical orbit, it is required to check if there is a periodical so-
lution of Eq. 7.22 and the energy flow integration along this solution orbit in its
time period vanishes. It is convenient to rewrite Eq. 7.22 and its solution in the
following form

x=[E,+U,x, U,=U(y=0=2z), x=e"eVx, (738

by using Eq. 5.67. In this form, the energy flow matrix E, is independent of

space points. However, the spin matrix U, involves the space coordinate x, there-
fore the solution in Eq.7.38 is an approximate one when we assume the coordinate
x in spin matrix U unchanged.
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The energy flow characteristic factors A = diag(4,,4,,4,)and correspond-

ing energy flow mode vector matrix @ of the system are given by Egs. 7.26 and
7.27. Using an orthogonal transformation

x =®, (7.39)

we can transform Eq. 7.38 into the form
(=(A+0)X, ©0=0'U®d=-0", a0
{=e"e"t,, e™ =diag(e™, e, ™). 740

The transformation in Eq. 7.39 does not change the eigenvalues of the spin ma-
trix U, and therefore for a given position x, the eigenvalues take the values

K, =1, K, =0,

(7.41)
a):\/x2 +(a-p)° 14,

obtained by letting y=0=zin Eq. 7.36. Based on the eigenvalue diagonal

matrix K= diag(ﬁ,) and the corresponding eigenvector  matrix

Y= [\Tl1 \le \TIS] of the matrix @ , we can express it as

3
O =YY" => &y, /. (7.42)

1=1
and therefore
~ ~ ~ 3 ~
e® =P YT = Z\Tt,e’“’\TI,T,
=1 (7.43)

en?z ez;?3 )

1%

e™ = diag(e

As shown in Eq. 7.41, the non-zero eigenvalues ’?1,2 =ti@ are a pair of

conjugate pure imaginary numbers, so that the eigenvectors \Tl1 , are a pair of

conjugate complex vector. We assume that

)s a:[al a, a3]T’

\T’Lz =de™, d= diag(|l/71,

o = I:eiia, ol ptin JT ’ (7.44)

cosa, =Re{y,, }/|y,,|.,  sine, =Im{g,,}/|i7,,].
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From Egs. 7.43 and 7.44, it follows that
¢°C, =[¢"de' ™ d + e de’ V]G, + LG,
= 2Re{e"de ™ d} + ¢,
=2pRe{e"e7de ) + &,
=2 pd[cos(ar + ¥)cosa —sin(wr + y)sina ]+ 53\T13
=2pd cos[(ar + P)I, +al+ &, (7.45)

3
- T ~ . . . ~ 17
e dg, = Z|‘//11|§01 (cosa, —isina,) = p +ip, = pe”,

=

T > 2 2
L=[1 1 1],  p=ypetp,
~ ~ . ~ ~ z ~T
cosy=py ! p, siny=p,/ p, & =58,
in which X; =0and real eigenvector J,have been introduced. In this expres-

sion, the parameters ﬁ s }7 and f3 can be determined by the initial condition but

the rest of parameters are obtained by the eigenvectors which are fixed by the spin
matrix.
Combining Egs. 7.40 and 7.45, we obtain the solution of the system as follows

§ = e (2pdiag (7, ) cosl(ax + D)L, +al+ &}
e [2ﬁ|¢11|005(at +7+o)+ ‘53&31]
=| €™ [2]7,,|cos(@x + 7 +a)) + &, 1 |-
e [2ﬁ|y713|cos(a)t +7 +05) + G ]

(7.46)

The change of the generalised potential of the system in a time period
T =27/ @ can be obtained by integrating Eqs. 7.31-7.32, i.e.

T . T T T
jo Edi =2, jo i+ A, jo Cldt + A, jo Cr. (7.47)

For the case ofﬂ,I <0, ﬂz < Oandﬂ.3 <0 this time integration is negative for
nonzero solution § # Oso that a periodical orbit is impossible. Whileﬂl =0, a
one-dimensional solution with | F Oand ¢ ) = 0= g“ ,might exist. For the case

of 4, >0, A, <0and A, <0, this integration can be vanished by suitable

parameters ¥ and 4:3 . Therefore, the periodical solution exists.



Chapter 8
Energy Flow Characteristics of Chaos

This chapter reveals the energy flow characteristics of chaos in nonlinear
dynamical systems. For examples, for possible chaotic motions, their flows are
restricted in a finite volume and the time averaged energy flow tends to zero with
the average time increasing. A strange attractor energy flow theorem is given and
the energy flow characteristic factors are proposed to identify chaotic motions.
These characteristics are examined for Lorenz system, Rossler system, Van der
Pol’s equation, Duffing’s oscillator and SD attractor, respectively by analysing or
numerical simulations based on Runge-Kutta method.

An early proponent of chaos theory was Poincare (1890). In the 1880s, while
studying the three-body problem, he found that there can be orbits which are non-
periodic, and yet not forever increasing or approaching a fixed point Diacu &
Holmes (1996). However, this proponent did not cause more attentions of
scientists and engineers until Lorenz (1963), an early pioneer of the theory, whose
interest in chaos came about accidentally through his work on weather prediction.
After Lorenz’s discovery, investigations on chaos have been developed very fast.
There have been many books and papers highlighting its origin, developments and
possible future directions, for example, Sparrow (1982); Guckenheimer & Holmes
(1983); Thompson & Stewart (1986); Abraham, Arecchi & Lugiato (1988);
Kellert (1993); Strogatz (1994); Alligood, Sauer & Yorke (1997); Serletis &
Gogas (1999); Kyrtsou & Labys (2006); Ivancevic & Ivancevic (2008);
Werndl (2009), to be listed but a few. The interested reader may wish to consult
these references for more detailed discussions on chaos.

"Chaos" is normally understood as "a state of disorder". However, in chaos
theory, the term is defined more precisely. Although there is no universally
accepted mathematical definition of chaos, a commonly used definition says that,
for a dynamical system to be classified as chaotic, it must have the following
properties Hasselblatt & Katok (2003).

i) It must be sensitive to initial conditions. Small differences in initial
conditions (such as those due to rounding errors in numerical computation) yield
widely diverging outcomes for chaotic systems, rendering long-term prediction
impossible in general. Each point in such a system is arbitrarily closely
approximated by other points with significantly different future trajectories. Thus,
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an arbitrarily small perturbation of the current trajectory may lead to significantly
different future behaviour.

ii) It must be topologically mixing or topological transitivity, which means
that the system will evolve over time so that any given region or open set of its
phase space will eventually overlap with any other given region. Starting from a
point and then simply plotting its subsequent orbit, we could likely produce a
picture of the strange attractor because of the topological transitivity condition.

iii) Its ‘periodic’ orbits must be dense, so that every point in the space is
approached arbitrarily closely by periodic orbits.

In base of these characteristics of chaos mentioned above, we discuss their cor-
responding energy flow behaviour as follows. We have known that the generalised
potential energy E(y,?)at a point Y and time? is a scalar function of a nonlinear

dynamical system, which, from Eq. 3.13, takes the form

E(y,0)=E,+ | y'f(z.y)dz. @®.1)

Geometrically, it defines the distance d of a point to the origin of the phase space

in the form
d(y,t) =+2E(y.1). (8.2)

The time change rate of this distance is calculated as

Dd/Dt=E/2E. (8.3)

Therefore as shown in Fig. 3.1, the energy flow Eq. 3.5 describes the flow direc-
tions of the system. A positive, zero or negative energy flow indicates that the
flow is outward, along a potential energy level or inward in the phase space, re-
spectively.

Based on these geometrical representations of the energy flow and the genera-
lised potential energy, we may obtain the following energy flow behaviour of a
chaotic nonlinear system, which correspond the three properties mentioned above.

i)  Sensitive to initial conditions: small differences in initial energy
E,=y,y,/2 yield widely diverging the distance d(y,) for chaotic systems,
rendering long-term impossible prediction.

ii) Topological transitivity: starting from a point Yy,with distance

d, = \/2E, and then simply plotting its subsequent orbit by pointy(#) with dis-

tance d(y,t), we could produce the phase diagram around a strange attractor in

the phase space. Since the orbit points are attracted to this attractor, we may obtain
the following conclusion. Assume that a point on this attractor is determined by its

distance d o to the origin, and another point with its position distance d is near
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to this point. This neighbor point will move toward the attractor as the time goes.

Therefore, the energy flow at this neighbor point should satisfy the following
condition

>0, d<d.

. E=0"
E,=3=0, d=d,_, (8.4)
<0, d>d,,

This implies that the energy flow E,is positive, zero or negative, so that the

distance d will increases, not change or decreases toward the point d foOn the

attractor. The energy flow must vanish on this attractor. We call this attractor as a
zero energy flow “surface” of a nonlinear system. The position of a point on this

surface in the phase space may be determined by condition £ = 0, which will be
variable with time. Since existing strange attractors for nonlinear systems with

chaotic motions, the curve of energy flow time history £ must un-predictably os-
cillate around a zero line.

iii) Flows are restricted in a finite volume: the flows of the system can only
be attracted in a finite volume V in the phase space. From Eq. 3.36, it follows that
the space averaged time change rate of volume strain of the phase space must not
be positive, i.e.

i l¢. 1<
v, = ;IVUdV =;J‘V;/1,dV <0. (8.5)

otherwise, the flow orbits will be out of this volume. If the eigenvalues of the
energy flow matrix of nonlinear system are all constants, they must not be all posi-
tive.

iv) Time averaged power tends to zero with average time increasing: that is

E =lmE, -0,

T—>w

1

I T -T2 zr_ Ll N (8.6.1)
E, _Tjo Edt=E{ +E;, E _Tjo Edi, E _Tjo Edt.

This is because the chaotic motion can be considered as a periodic motion with an
infinite period. Actually, due to the orbit is included in a finite volume and the
values of instant energy flows oscillate around the zero energy flow surfaces; the
integration in Eq. 8.6.1 gives a finite value, so that the limitation tends zero
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whenT —> oo, The power of the system consists of two parts: one internal power

E * of the system and another external force power Eof , so that Eq. 8.6.1 may be

rewritten as

E. =lim{E +E/}=E' +E/ >0,
o T (8.6.2)
E!/ — —E’ — constant.

For a large finite time T , the time averaged powers ETV and ETf in Eq. 8.6.1
could be two small real numbers with its summation approximately vanishing.

v) Dense periodic orbits : on the zero energy flow surface, any closed
curves would be a ‘periodic’ orbit along which a cycle integration of the energy
flow vanishes, which implies existing dense periodic orbits of the system.
However, due to the zero energy flow surface is unstable; these periodic orbits
would be unstable. To identify the energy change along a closed orbit around the
zero energy flow surface and to generate a Poincare map of the system to discover

possible chaos motions, we calculate the energy change AE, in a time cycle and

the energy value E(n) at the end of n-th time cycle as follows

AE = Edi,  Bm=E,+YAE, dn=y2Bm), 1=123- §.7)
=

(-1

where 7 is a time period for a closed motion along a closed orbit. Here AE, gives

the energy change for a time period, which has a different value for a different I .
A Poincare map could be generated according to the value of d(n).

8.1  Energy Flow Characteristic Factors

As discussed in sub-sections 3.5.2 and 5.4, the -eigenvalues Z, orﬂ,,

(I =1,2,...,n), of energy flow matrix E or E are defined as the energy flow

characteristic factors, we discuss how they are used to identify possible chaotic
motions of nonlinear dynamic systems. Considering the energy flow Eq. 3.5, i.e.

E=y'f(1,y)=P(ry),  E0)=yy,/2=E,, (8.8.1)
we respectively obtain an energy flow and its zero energy flow surface as

E(t)=¢(E,.1), E=P(ty)=y'f(t,y)=0. (8.8.2)
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The variation of the energy flow caused by a disturbance 1 is given by Eq. 3.28

which, when the higher order quantities than T]Tl] are neglected, is reduced to
. 1
AE = P(t,y +n)— P(1,y) = (VP) n+ EnT [(V-V))PIn.  (88.3)

As discussed for Eq. 8.4, the zero energy flow surface could form a strange
attractor of the nonlinear dynamical system. To this end, it is needed to investigate
the variation of the energy flow around the zero energy flow surface based on Eq.
8.8.3 and to check if the condition of Eq. 8.4 is satisfied. For any disturbances

satisfying (VP)T N #0, the first term in Eq. 8.8.3 can give the required answer.
However, if a disturbance 1)is constrained by the zero energy surface in Eq. 8.8.2,
which implies that it satisfies the following variation condition

NVP=n"¢f+Jy)=q'p=0. (8.8.4)

Physically, this implies that the disturbance 1] is along the tangent direction or at

a singular point of the zero energy flow surface. For these cases, the change of the
energy flow of the system can be represented by Eq. 3.61, i.e.

AE =q"En. (8.8.5)

»
»

Zero energy

flow surface

v

Fig. 8.1 An explanation figure for theorem 8.1
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The eigenvectors of the energy flow matrix E span an energy flow space in which
the disturbance 1 can be represented by

n =g, (8.8.6)

which, when substituted into Eq. 8.8.5, gives

AE(y,0)=> 4,G;. (8.8.7)
=1

Based on the results given above and the discussion for Eq. 8.4, we may have the
following theorem for possible strange attractors.

Theorem 8.1 Strange attractor energy flow theorem. [f the zero energy flow
surface in Eq.8.8.2 of a nonlinear dynamical system is a strange attractor of the
system, the energy flow characteristic factors of its energy flow matrix E,

in Eq.3.59 on the surface must simultaneously have negative and positive values,
except at some isolated individual points.

Proof Assume that all of energy flow factors of the energy flow matrix E at
every points on the zero energy flow surface are positive or zero, the energy flow

variation AE given by Eq. 8.8.7 must be positive, which implies that it is in-
creased the energy flow caused by any disturbance 1 along the tangent direction at

a point marked by position vectorr on the energy flow surface shown in Fig. 8.1,
so that the disturbance point identified by the dashed vector |I‘+1]| > |I‘| will

moves away from the origin of the phase space. As a result of this, these distur-
bance points will move away from the zero energy flow surface, but not be at-
tracted to it. Similarly, if all of energy flow factors of the energy flow matrix are
negative or zero, the energy flow variation caused by any disturbance is negative,
so that the disturbance points inside the energy flow surface in Fig. 8.1 will moves
towards the origin of the phase space, which is also not attracted to it.

This theorem is a necessary condition for possible strange attractor involving
chaotic motions. For a nonlinear system with a constant energy flow matrix in the
full phase space, if its energy flow factors consist of negative and positive real
numbers at every point of the phase space, the unstable zero energy flow surface
of this system should be a strange attractor. Here, we consider the Lorentz system
discussed in Section 7.3 as follows.
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8.1.1 Example 8.1: Lorenz System
As shown by Eq. 7.24, the energy flow of the Lorentz system can be denoted by
-a (a+p)/2 0
E:[x ¥ Z]EO[x ¥ Z]T, E,=|(a+5)/2 -1 0 | (8.8.8)
0 0 -y

Here, the energy flow matrix Eo is a constant matrix which is independent of the

phase points and has the following three energy flow characteristic factors

:—(a+1)i\/(a+12)2+(a+ﬂ)2—4a’ e,
<0, B<Nea-e, (8.8.9)
=0, B=Na-a,  14,<0, A<0, A+4+A<O0.
>0, ,B>2\/E—a,

As

Therefore, with the parameters satisfying ,B > 2\/5 — ¢, the energy flow charac-

teristic factors of the system consist of a positive 4, and two negative 4, and A;.

The zero energy flow surface shown in Fig. 7.5 is unstable and it forms a
strange attractor. Actually, in reported publications, such as Guckenheimer,
J. & Holmes, P. (1983), and Lamford (1977), the parameters for the chaotic

motions with strange attractor satisfy the condition ﬂ >2V o —o. We will
numerically investigate its energy flow behaviour in subsection 8.4.

8.1.2 Example 8.2: Rossler System

Rossler system (Rossler 1976) is governed by equation

x==(y+2),
y=x+ay, (8.8.10)
i=p+z2(x—-y),

of which the energy flow equation is given by

E=oy* +(x-9)7" —(x=B)z (8.8.11)



166 8 Energy Flow Characteristics of Chaos

From Egs. 3.56-3.59, it follows that the Jacobian matrix, the energy flow matrix,
the second order energy flow matrix are respectively derived as

0 -1 -1 0 0 (z—1)/2
J=|1 « 0 | E= 0 o 0 , (8.8.12)
z 0 x-y (z=D/2 0 x-y

0 0 z 0 0 z-1/2
B=(0 0 0} E=| 0 o 0 | (8.8.13)
z 00 z=1/2 0 x-y

By solving the eigenvalues of the matrix E , we obtain the energy flow characte-
ristic factors of the system as follows

(x= ) £(x =) +4(z—1/2)°

/71:0(’ /72,3: >

(8.8.14)

These factors are the functions of the space point, but as shown by Eq. 8.8.14 that

at any point in the phase space, the factors /7.23always are one negative and

another positive except at the two points of coordinates x =¥, z=1/2 and

y=tJ(y=P)/Q2ex), (y= /), where 12’3 = (. Therefore, the zero ener-

gy flow surface could be a strange attractor. Actually, the properties of the system
with parameters & = 0.1 =[5, ¥ =14 have been more commonly discussed for

chaotic motions of which the energy flow characteristics will be numerically
investigated by using the Runge-Kutta method in subsection 8.6.

8.1.3 Example 8.3: A 2-D Nonlinear System
We consider the following 2-D nonlinear system governed by equation
x=x+y’,

y=—xy+y,

(8.8.15)

of which the energy flow equation is

E=x"+y", (8.8.16)



8.2 A Linear System 167

and the zero energy flow surface is a point x =(0 = y that is the equilibrium

point, and also the singular point of the zero energy flow surface with VE =0. It
is easily to derive the related matrices of the system as

| ) 1 /2 0 -
J= | E= SARE d!
-y y/2 —x+1 -y 2x
0 -y/2| - |1 O
El: y > E: ’
—-y/2 X 0 1

so that the two energy flow factors, /11 =1= ﬂz , are positive. Therefore, the

(8.8.17)

point x =0 =y cannot be an attractive point.

8.2 A Linear System

In order to compare the energy flow characteristics between linear and nonlinear
systems, before we examine several nonlinear dynamical systems, we investigate a
linear damped system.

8.2.1 Problem and Its Energy Flow Equation

Considering a linear damped system subject a sinusoidal force governed by the
dynamic equation

¥+ 2nQx+Q%x = F cos(ar),
x(0) = x,, (8.9)
#0)=v,.

which can be rewritten in the form of phase space as

xX=y,
y=-2nQy—Q°x+ F cos(ar), ‘10
2(0) = %, *10

2(0) =,
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The energy flow equation of this system is given by
E=E+E,
E =(1-Q%)xy—2nQy>, (8.11)
Ef = Fycos(ar).

8.2.2 Energy Flow Matrix & Time Change Rate of Phase
Volume Strain

The Jacobian matrix, the energy flow matrix and the time change rate of phase vo-
lume strain of the linear system in Eq. 8.10 can be respectively obtained using
Egs. 2.16, 3.29 and 3.54, i.e.

P 1
=0 20|

e
- 02 a-aH/2) o1
1-Q/2 -2Q

O =tr(E)=-21Q.

Therefore, the phase space volume of the linear system is contracting due to
¥ < 0 for positive damping7], expanding for negative 7] and isovolumetric for

non-damping case of 77 = 0.

— F1(2nQ)

Fig. 8.2 A set of zero energy flow lines of slope (1 — Qz) / (2779), (Q <1, n> 0) for
the linear system defined by Eq. 8.1.
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8.2.3 Zero Energy Flow Lines

The zero energy flow curves of the system can be derived by setting E=0 , and

the local variation AE of energy flow about the zero energy flow curves can be

obtained by setting 1= [Ax Ay]T in Egs. 3.27-28, i.e.

. X
Ez[x y]E[ }+chos(a)t)
y
=(1-Q*)xy-2nQy* + Fycos(at) =0, (8.13)

. Ax
AE=2[x y]E{ }+FAycos(a)t).
Ay

from which it follows that
y=0,

(8.14)
(1-Q%)x—2nQy + F cos(ar) = 0.

The first equation implies that the energy flow of the system vanishes at points
with zero velocity y = x =0 that is x axis. The second equation in Eq. 8.14

defines a set of straight lines with parameter 7, which are shown in Fig. 8.1. All of
these lines are parallel each other and between the top line @f = 0 and the bottom
linewt =7 .

Now we discuss the flow motion around the zero energy flow line
@t = 7x/2shown in Fig. 8.2. Assume that at a time®f =7 /2, a point
(X,y)is on this line, which is the intersection point of two dashed lines in the

figure. From Eq. 8.13, the energy flow at this point is zero, E=0.Fora point
(X,y+Ay) above this zero energy line and on the vertical line x =X, the

energy flow variation AE(X,y)=—-211QyAy <0 so that the flow is towards
the zero energy flow line to reduce the distance to the origin. On the other side, for
a point (X,y —Ay) below this zero energy line and on the vertical line x = X ,

the energy flow variation AE(X,Yy) >0, so that the flow is also towards the zero
energy flow line to increase the distance to the origin.

8.2.4 Variations of Energy Flow and Its Stationary Value

From Eq. 3.20, it follows that the first order variations of energy flow of this linear
system are given as follows
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SE=[51 oy |LE=[on gyT]F/v at}(yf)
[0/0t
=[6t Ox Jy]|d/ox |(yf) (8.15)
|0/ 0y
i —Fywcos(ar)
=[6t x Jy] (1-Q%)y ,
| (1-Q%)x— 47y + F cos(or)
that is
OE = aa—lf& = —Fywsin(at)dt = —F osin(ar)Sx,
AE =[5x @]Pﬁp / 81
OE / dy

SE=S0E+AE
=[1-Q%)y— Fwsin(art)]0x+
[(1-Q*)x —4nQy + F cos(ax)]Jy.
Furthermore, we can derive the second order variations from Eqgs. 8.15 and 3.21,

ie.

i i .| ot

O’E=|6t S8y |L(OE)=|dt oy" |(LL'E

(6t oy" |L@GE)=[6t Sy |( ) sy

ot [ 9*/97  9%/0rdx 9%/ 9tdy [ 6t ]

=|0x| |0°/0xdot 9°/dx> 9°/0oxady |(yf)| Ox (8.17)
Oy ] _az/ayat d>/dyox 9°/9dy’ K24
(6t ] [-Fyaw’cos(wt) 0 —Fa&'sin(ax)|[ ot

=| Ox 0 0 1-Q° ox |.
|0y| | ~Fa'sin(@r) 1-Q° —4nQ Sy

For arbitrary variations, vanishing the first variation of energy flow, OE =0 in
Eq. 8.16, gives the stationary conditions of energy flow as
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(1-Q%)y— Fwsin(awt) =0, 818)
(1-Q%)x—4nQy + F cos(ar) =0, '
from which the stationary point (X, y)can be derived for any time t. The

stationary value E(X, y,7) is local maximum, minimum or just stationary one

depended by °E <0, 8°E >0 or8°E =0, respectively. To this end, it is
needed to solve the eigenvalues of the matrix of quadratic form in Eq. 8.17. For
this example, it is not difficult to check that the quadratic form in Eq. 8.17 is not
definitely positive or negative due to no all positive or negative eigenvalues. For

example, for the time @f =7 /2, the eigenvalues are determined by the
characteristic equation

-A 0 -Fw
0 —-A 1-Q° ||=-AA*+47QA-C?) =0,
~-Fo 1-Q° —4nQ—-A
(8.19)
C’=F&+(1-Q%),
from which, we have the following eigenvalues

A, =0,

(8.20)
A,, ==2nQF J47°Q* + C.

The eigenvalues consist of a positive, a negative and a zero value.

8.2.5 Time Averaged Energy Flow

Taking the time period T =27z /@ of the excitation force as an averaged time, we can
derive the time averaged energy flow over each time period of the system as follows,

E =E +E,
E= " Edi=[" [0-0xy-2m00

' _T (n-n1 * B T J(n-1)T Xy =2y ’ (8.21)
E L E.d L F 1.2.3

U (P t_?-[(n—l)T ycos(at)dt, (n=1.23,-).
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8.2.6 Theoretical Solution of the Problem

The solution of Eq. 8.9 is a summation of the general solution of free vibration
without the external force and a special solution of forced vibration, which can be
expressed in the form

x=e ™ [acosQ,t+ fcosQ, t]+ X cos(axt — @),

y=x=e™[(fQ, —nQa)cosQ,t —(NQB+A,)sin Q1] -
X wsin(wx — @),

(8.22)
F/Q° 2né

NI

X

C=w/Q, Q,=\1-°Q.

Here, the constants & and ﬂ are determined by the initial conditions of the
system. Generally, this solution is not a periodical solution due to time

function 67,79,. However, with the time forward, this function tends to zero and
the solution tends a stationary periodical solution with a same frequency of the ex-
ternal force. We can set the constants & =0 = [ to obtain a forced periodical

vibration
x =X cos(awx — @), y=x=—-Xwsin(wt— Q). (8.23)
and the corresponding initial conditions
X, =X cos @, Y, = X wsin @. (8.24)

From Egq. 8.11, the instant energy flows are obtained

—(1_0O2
2

X’ wsin[2(wt — )] -2nX*Qw’ sin* (ot — @),

(8.25)

E, =—FX osin(ax — @) cos(ax).



8.2 A Linear System 173

The time averaged energy flows can be calculated by using Eq. 8.21, i.e.

) 20 02 o
E :0—@ "2 sin (ot — g)di = —nX*Qar,

(n-1)T

- — n 8.26
= ﬂj ! sin(at — ¢)cos(awt)dt = FXwsing/2, (8:20)
T (n-1)T
Er _ FXa;sm(ﬁ X000 = F)2(a) 277(;)((2 _pX’Q0’ =0,

where, sin ¢ = 27]5/\/(1—52)2 +4n°? =2naQX | F from Eq. 8.22 has
been introduced. Therefore, in a vibration period, the time averaged force input
power is a constant equaling to the dissipated power by the damping of the sys-
tem, and the total time averaged power of the system vanishes.

8.2.7 Numerical Solution

Using Runge-Kutta method of order 5, we solve a linear system with parameters
Q=1,17=0.05 F=1,wo=7/2.5 and initial conditions x,=0=y,.

(a) Phase digram
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(b) Generalised energy potential
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Fig. 8.3 (a) Phase diagram y(t), (b) generalised energy potential GEP and (c) the distance
DD of flow point to the origin for a linear system with parameters Q=1, n= 0.05,

F=1, w=m/2.5 and initial conditions Xy = 0= Yo+
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Fig. 8.3 shows (a) the phase diagram, (b) the generalised potential energy and (c)
the distance of phase point to the origin of the space. In this case, the solution of
the system consists of a non-periodical free vibration, the first part of Eq. 8.22 and
a forced vibration, the second part of the same equation. Due to damping, with the
time forwards the non-periodical free vibration is being damped and the system
reaches a stationary forced vibration with the corresponding phase diagram
showing a periodical orbit. The time histories of generalised potential energy and
the one of distance of phase point to the origin of space behave periodical
oscillations.

The time histories of instant energy flows in Fig. 8.4 also show periodical
oscillations, in which the damping one, representing the dissipated power, is

negative. We use the time period T =27/ @ as the averaged time to calculate

the time averaged power in each time period T, =nT—(n-DT,

(n=1,2,3,...)and show the calculated value at the end time of each period in

Fig. 8.5. Since the solution of the system reaches a stationary periodical motion,
its time averaged force power equals the time averaged damping-dissipated one
within the error range.

For the initial conditions given in Eq. 8.24, the solution of the system is a sta-
ble forced vibration described by Eq. 8.23 with no free vibration components. The
corresponding curves of the system are given in Figs. 8.6-8.8, which show the
characteristics of periodical motion of the system as described by the theoretical
solution in Eq. 8.23 with energy flow solution in Eq. 8.26.

(a) Instant Total Energy Flow
2 T .

g 1
g ° |
i) i i i i
0 50 100 150 200 250
t
(b) Instant Force Energy Flow
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Fig. 8.4 Instant energy flows: (a) total, (b) force, (c) damping, for a linear system with
parameters Q= 1, n= 0.05, F=1, w=x/2.5 and initial conditions

X, =0=y,.
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(a) Time Averaged Total Energy Flow
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Fig. 8.5 Time averaged energy flows: (a) total, (b) force, (c) damping, for a linear system
with parameters Q= 1, n= 0.05, F=1 w=x/ 2.5 and initial conditions

X, =0=y,.
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Fig. 8.6 (a) Phase diagram y(7), (b) generalised energy potential GEP, (c) distance DD of
flow point to the origin of phase space for a linear system with parameters Q=1,

n= 0.05, F=1, @w=x/25 and initial conditions Xy = X COS¢.
Yo =Xwsing.
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(a) Instant Total Energy Flow
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Fig. 8.7 Instant energy flows: (a) total, (b) force, (c) damping, for a linear system with
parameters Q=1, n= 0.05, F=1, w=m/2.5 and initial conditions

x,=Xcos¢g. y,=Xwsing.

(a) Time Averaged Total Energy Flow
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Fig. 8.8 Time averaged energy flows: (a) total, (b) force, (c) damping, for a linear system
with parameters Q=1, n= 0.05, F=1, w=m/2.5 and initial conditions

X,=Xcos@p.y,=Xwsing.
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8.3  Forced Van der Pol’s Equation

8.3.1 Governing Equation and Energy Flow Equation

The unforced Van der Pol’s equation has been discussed in Examples 4.2 and 5.2.
We have learnt that for the unforced Van der Pol’s system, there is an unstable
equilibrium point O(0,0) and an asymptotically stable periodic orbit defined by
the polar coordinate p = 2. Here we investigate the forced one to reveal its chaos

behaviour using the energy flow theory developed in this book. We write the
forced Van der Pol’s equation in Eq. 4.21 in the form

i=y-—o(x’13-x),
y=—-x+Fcosax.

(8.34)

s

ok

3oc/4 [ .

Fig. 8.9 Half curve of the symmetrical energy flow function E_Y =—-0x 2 (x 2 /3-1).

The energy flow and the kinetic energy of the system are respectively derived as

E=x[y—a(x3/3—x)]+y[—x+Fcosa)t]:ES +Ef,

E =-ox(x’/3-x),  E,=Fycosa, (8.35)
K={[y-a(x’/3-=x)] +[-x+Fcosax]*}/2.

Here, E_ denotes the energy flow independent of the external force but is

governed by the parameter of the system. Fig. 8.9 shows the half curve of this
symmetrical energy flow function which has the following characteristics
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> 0, |x|<\/§,
E :{=0, x=0 or x=43, (8.36)
<0, |x|>\/§.

As we have seen in the unforced case, there exists suitable amplitude for which
the integration of E_ = —ox*(x*/3—=1) in a cycle vanishes and the motion of

the system follows a periodic orbit.

/
/
/

Fig. 8.10 Projected curve of zero energy curves on the phase plane of the forced Van der
Pol’s system: the piece of curve for X €& (—1,1)is unstable but the ones for

x€ (—F,—1) and x € (1, F) are attractive curves of the system.
8.3.2 Energy Flow Matrix and Time Change Rate of Phase
Volume Strain

The Jacobian matrix and the energy flow matrix of the system in Eq. 8.34 can be
obtained using Eqs. 2.16, 3.29 and 3.54, i.e.
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J{—a(x -1 1}’ E{—a(x -1 o}’
-1 0 0 0 (8.37)

v =tr(E)=-a(x’ -1).

Therefore, for a positive parameter & > 0 the phase space volume strain of the
system show the following characteristics

>0, |x|<1, expanding ,
v=<=0, |x|=1 isovolumetric, (8.38)

<0, |x|>1, contracting

8.3.3 Zero Energy Flow Curve and Flow Analysis

We investigate the zero energy flow curve of the system defined by the
t-parametric equations

x = Fcosat,
, (8.39)
y=a(x /3-x),

of which the projection on the phase plane is the curve y = ()(()C3 /3—Xx) and the

projection on the O — Xt plane is the curve X = F'cosat, as shown in Fig.
8.10. Based on these two projection curves, we discuss the flows of the system
caused by any disturbances as follows.

8.3.3.1 Unforced Case

The force energy flow Ef =0 and the energy flow of the sys-

tem E = ES =—ax*(x*/3—1). Following Egs. 8.36 and 8.38, we have learnt

that in the domain x € (—1,1) about the origin O(0,0), the energy flow caused

by the disturbance from the zero energy curve is positive and the phase space vo-
lume is expanding, so that the disturbance point moves away from the zero energy
flow curve, which implies the corresponding piece of the zero energy curve is
unstable.

When |x| > 1, the phase space volume is contracting. In the domain x € (1, F'),

we also know E >0 on the left side x € (1, \/g) , but E <0 on the right side

xXe (\/g , F) of the curve, so that the disturbance point from the curve moves to-
wards the curve, which shows a piece of attracting curve on the zero energy flow
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curve. Similarly, the piece of curve for the domain x € (—F,—1) is also an attract-

ing one. We know for the unforced system, the point (0,0)is an unstable equi-

librium point and the points X = i\/g correspond to the stable periodic orbit with

a zero integration of E_ in a cycle.

8.3.3.2 Forced Case

For the forced case, the external force adds an energy flow Ef = Fycoswt . If

the motion starts from the static point O(0,0), the disturbance of external force

causes the motion away from the origin and the unstable piece of zero energy flow
curve, and is attracted to the attracting pieces of zero energy flow curve. With time

increasing, the energy flow E r= Fycosax may be negative and also the ener-

gy flow E_ is negative when |x| > 4/3, as a result of this, the solution point moves
towards the origin and is also attracted to the curve. The two points defined
by|x| = lare the boundary points between the unstable and stable curves, and

therefore at which jumps from the unstable one to the stable one happen.

8.3.4 Generalised Potential Energy & Phase Point Distance
to Origin

The generalised potential energy E of the system at time ¢ can be obtained by inte-
grating the energy flow Eq. 8.35, i.e.

E()=E () +E,()+E,, E,=(x;+y)/2,

‘ ‘L (8.40)
E (t)= IO Edt, E,(t)= .L E,dt,

from which the distance of phase point to the origin of phase space can be calcu-

lated as
d@t)=+2E(). (8.41)

For chaotic cases, the phase point at any time ¢ is not predicated, so that the gene-
ralised potential energy and the distance of phase point to the origin are also not
predicated. The time history curves of both them do not show any periodical cha-
racteristics. However, due to the flows restricted in a finite volume in the phase
space, the amplitudes of E(¢) and d(f) on their time history curves are finite.
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Considering the distanced(t,), t, =IT =2In/w, 1=123,...,in Eq.
8.41, we can obtain a series to generate a Poincare map from which the characte-
ristics of the solution may be determined as follows

—>d , stable periodical orbit,
d(t,):yanon - predicable valuee (0, d), chaos, (8.42)
— 0, equlibrium point(0,0).

Here, d and d are two constants.

8.3.5 Time Averaged Energy Flows

Taking the time period of external force T = 277/ (W as an averaging time, we can
calculate the time averaged energy flows and the increments of generalised poten-
tial energy during a time period T = IT —(I —1)T, I =1,2,3,..., by using the
following equations

T . .

=" Edi,  E=AE,IT,

SE -yt

T ..
g, =[] B =0T, 5

AE, =AEy+AE,,  E.=AE,/T.

Generally, the increment AE, of generalised potential energy and the correspond-

ing time averaged energy flow E in a cycle are functions of the cycle number 1.

Since the motion is chaotic, this series of time averaged energy flows are also
chaotic.

8.3.6 Numerical Results
8.3.6.1 Chaotic Motionof & =5, F =5, w=2.466.

Parlitz & Lauterborn (1987) revealed a chaotic motion of Van der pol’s equation
with ¢ =5, F =5, @w=2.466. Using Runge-Kutta method of order 5 and

considering zero initial conditions; we investigate this equation and obtain the fol-
lowing results. Fig.8.11 (1) shows a) the phase diagram, b) generalised energy
potential and c) distance of phase point to the origin of phase space. There is no
periodical orbit observed in a), and the generalised energy potential and distance
of the phase point at time ¢ behave chaotic motions. Fig.8.12 (1) provides the
instant total, force and internal energy flows of the system in a), b) and c), respec-
tively, of which any periodical behaviour is not observed if comparing with
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Fig. 8.7 for a periodical solution of linear case. Taking the period T = 277/ @ of
external force as an averaged time, we calculate the time averaged energy flow of
each time period from beginning time until 250 seconds. The obtained averaged
energy flow value for each average time period is marked by a small vertical line
at the end time of each time period in Fig. 8.13 (1). Here, the time averaged ener-
gy flow per time period T is not predicable, and is not like the linear periodical
case with a zero value shown in Fig. 8.8.

(a) Phase digram

05 0 05 1 15 2 25
(t

X
(b) Generalised Energy Potential

(1

GEP
N
=]

bl

50 100 150 200 250

t
(c) Distance to Origin

40

x(t)
(b) Generalised Energy Potential

@)

(c) Distance to Origin

i i L
50 100 150 200 250

Fig. 8.11 Phase diagram, generalised energy potential and distance of phase point to the
origin of phase space for Van der Pol systems of parameters: (1) & = 5=F,
@ = 2.466 by Parlitz & Lauterborn (1987); 2) & =4.185, F =9, w=13.146

by Xu & Jiang (1988).
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(a) Instant Total Energy Flow
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Fig. 8.12 Instant energy flows for the Van der Pol systems of parameters:
1 a=5=F, @W=2466 by Palitz & Lauterborn  (1987); and

@ a=4.185 F =9, @w=3.146 by Xu & Jiang (1988).

8.3.6.2 Chaotic Motion of & =4.185, F =9, w=23.146.

Xu & Jiang (1988) reported another chaotic motion of Van der pol’s equation with
a=4.185, F =9, w=3.146. Using the same Runge-Kutta method of order 5,
we also investigate this system with zero initial conditions and obtain the results shown
in Figs. 8.11 (2) - 8.13 (2). The chaotic characteristic observed in Parlitz & Lauterborn’s
system discussed in sub-section 8.3.6.1 is also found in Xu & Jiang’s system.
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(a) Time Averaged Total Energy Flow
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Fig. 8.13 Time averaged energy flows under averaging time period 7" = 27/ @ for the
Van der Pol systems of parameters: (1) & =5=F, w=2.466 by Parlitz &

Lauterborn (1987);and 2) & =4.185, F =9, @ =3.146 by Xu & Jiang (1988)
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(a)Time averaged total energy flow
10 T T

]
< 5 ]
=

A i i

; i
0 50 100 150 200 250
t
(b) Time averaged force energy Flow

5 T T

M E o

-5 i i i i

0 50 100 150 200 250
t

(c) Time averaged internal energy Flow

2 T T T T

u MWMMW,_,M._@W
< O .l
=

2 i i i i
0 50 100 150 200 250

(a)Time averaged total energy flow

10 T T
()
<5 M 1
=
0 latan i i P
0 50 100 150 200 250
t
(b) Time averaged force energy Flow
10 T T
-
2) = o
_10 i i i i
0 50 100 150 200 250

t
(c) Time averaged internal energy Flow
2 T T T T

i WWWNWWWM
< O
=

o i i i i
0 50 100 150 200 250
t

Fig. 8.14 Time averaged energy flows as functions of average time for Van der pol’s
systems: (1) by Parlitz & Lauterborn (1987); and (2) by Xu & Jiang (1988)

As we have given in Egs. 8.6.1 and 8.6.2, chaotic motions can be considered as
a particular periodical motion with an infinite period. Therefore, it should have the
characteristic of periodical motion: the time averaged power vanishing in its infi-
nite period, so that if we let the averaged time tends to infinite, the time averaged
powers of both Van der pol systems discussed herein will tend zero as described
by Eq. 8.6.1. For a large finite average time, the corresponding time averaged
powers caused by the external force and the internal factor of system will reach
two small real values, one positive and another negative, and summation approx-
imately tending zero . To check this conclusion, we calculate the time averaged



186 8 Energy Flow Characteristics of Chaos

powers of these two systems with different average time ranging from the first
time step until 250 seconds. The obtained results are shown by Fig. 8.14, in
which the averaged powers show large values at the initial time range due to the
average time is small. This has affected the clearance of the curves in the follow-
ing time. To observe the characteristic of the time averaged power when the aver-
age time increases, we have chopped the curves before 150 seconds, and after
which the resultant curves are shown in Fig. 8.15. We can see from this figure,
with the average time increasing, the time averaged internal powers (c) tend to
smaller negative values implying dissipated powers of the two systems, but the
averaged force powers (b) tend to smaller positive values as input powers from the
external forces, and the time averaged total powers (a) display smaller positive
value tending to zero with average time increasing.
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Fig. 8.15 Copped time averaged energy flows as functions of average time for Van der pol’
systems: (1) Parlitz & Lauterborn (1987); (2) Xu & Jiang (1988).
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84  Lorenz Equation

The Lorenz Eq. 7.22 has been studied in sub-section 7.3 for its equilibrium points
and bifurcation characteristics. We have learnt that there three unstable equilibria:

the origin and the two nontrivial fixed points when ,B > 2o — o, as well as un-

stable periodic orbits. The energy flow of the system can be represented by the
quadratic form given in Eq. 7.24 which can be transformed into the standard form
in Eq. 7.31 in the energy flow space. The zero energy flow surface of this system
is shown by Fig. 7.5. This surface is an attracting surface and the flows at points
outside this surface move towards the origin in order to reduce the potential and
the flows inside the surface move backwards the origin to increase the potential.

(a) Phase digram

z(t)

y(t) x(t)
(b) Generalised Energy Potential
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0 50 100 150 200 250
t
(c) Distance to Origin
100 ‘ ‘
[}
a 50
O Il Il Il Il
0 50 100 150 200 250

Fig. 8.16 Phase diagram (a), generalised energy potential (b) distance of phase point to the
origin of phase space (c) for Lorenz system: & = 10, Y= 8/3and ,3 = 28 by Lanford
1977).
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Fig. 8.17 Instant energy flow (a) and time averaged energy flows over three average times
TT : (b) 2 seconds; (c) 3 seconds; (d) 5 seconds for Lorenz system: O = 10,

y=28/3 and S =28 by Lanford (1977).

We have also known by Eq. 7.32 that the set of solution orbits are in a finite vo-
lume about the origin. Actually, based on Eqs. 3.54 and 7.23, we obtain a negative
time change rate of phase volume strain of the Lorenz system with positive para-
meters & and ), that is

v=tutE=-a-1-y<0, (8.44)

which is independent of the position of phase point. Therefore, the phase volume
of Lorenz system is attractive at every point in the phase space.

Lanford (1977) revealed the strange attractor of a Lorenz system with parame-
ter @ =10, y =8/3and [ =28 . We use the Runge-Kutta method of order 5

to solve the lanford’s system with an initial condition (0.1, 0.1, 0), of which the
numerical results are shown in Figs. 8.17 and 8.16. From Fig. 8.17, we can ob-
serve that the generalised energy potential and the distance of phase point to the
origin of phase space are both unpredictable but with finite values. The instant
energy flow shown in Fig. 8.17 (a) also behaves unpredictable. Since there is no
external force in this system, we choose three average times: 2, 3, and 5 seconds to
calculate the time averaged powers at the end of every time period, which are
shown by short vertical lines in Fig. 8.17 (b)-(d), respectively. We have not found
that the time averaged power for a chosen average time vanishes. To check if the
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time averaged power tends to zero when the average time increases towards infi-
nite for chaotic motions. We provide a time history of time averaged power in Fig.
8.18 (a) of which the average time ranging from 0 to 250 seconds. To more clearly
show its tendency, Fig. 8.18 (b) gives an enlarged curve of the time averaged
power, in which the part of curve before 100 seconds is chopped. We can observe
that the time averaged power tends to zero with average time increasing, but it still
shows unpredictable data within finite average time 250 seconds.

(a) Time Averaged Energy Flow History
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0 50 100 150 200 250
t

Fig. 8.18 Time averaged power as a function of average time: (a) full curve; (b) enlarged
curve in which the part before 100 seconds is chopped

8.5  Duffing’s Equation

Duffing (1918) introduced a nonlinear oscillator with a cubic stiffness term to de-
scribe the hardening spring effect observed in many mechanical problems. Since
then this equation has become, together with van der Pol’s equation, one of the
commonest examples in nonlinear oscillation text books and research publications.
Duffing’s equation can be written in the form

¥+ot—m+x =Fcosax, a>0, y>0, (8.45.1)

in which the linear stiffness term is negative and the linear damping term is
positive. Eq. 8.45.1 can be written in a form for the phase space
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xX=y,

: (8.45.2)
y=yx—x —ay+Fcosar, a>0, y>0,

of which there are three equilibria: a saddle (0,0) and two sinks (£1,0) for un-

forced case. The energy flow of the system includes two parts, one Es depends
on the system parameters and another one E 1 1s the force input, as follows
E=E+E,,

. . (8.46)
E =y(y+Dx—x"-ay], E, =Fycosar.

8.5.1 Unforced Case

For the unforced case, the Jacobian matrix and the energy flow matrix are respec-
tively derived as

0 1 0 1+y-3x%)/2
J= , , E= , (I+y=3x) , (8.47)
y-3x" -« (A+y-3x7)/2 -

from which it follows the time change rate of its phase volume strain
v=tE=-a<0, o >0, (8.48)

so that the phase space is attractive. The zero energy curves of unforced system
are

X axis, (y=0),
s (8.49)
y=[(y+Dx—-x1/e, (y#0),

as shown in Fig. 8.19 when ¥ =1. The X —axis corresponds to the static equili-

bria when y = 0. The curve y = —x(x* —=2)/ o is a centre-symmetrical curve.

As indicated on Fig. 8.19, for the domain x € (0, \/5 ), the energy flow above the

curve is negative while it is positive under the curve, so that both of flow fields
above and under the curve are attracted to the curve. For the do-

mainx € (vV2,Xx,,, ), a same conclusion can be obtained from the energy flow

notations. This implies this zero energy curve is an attracting curve.
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Fig. 8.19 Zero energy flow curve of unforced Duffing’s Equation. (Y = 1

8.5.2 Forced Case

For the forced case, we introduce a variable @ = f and write the equation of the
system in the following form

X=y,
y=wp—x —ay+Fcoswb, 0>0, (8.50)
=1,

of which the Jacobian matrix and energy flow matrix respectively are

0 1 0
J=|7-3x> —-a -Fwsinawl |,
0 0 0
) (8.51)
0 (A+y-3x7)/2 0
E=|(1+y-3x")/2 - —Fwsinw@ /2 |,
0 — Fwsinwd /2 0

and Eq. 8.48 is still valid, so that the phase space including time dimension is also
attractive. In fact, the input energy flow E 7in Eq. 8.46 is limited due to the

characteristics of the cosine function and finite value of variable y .
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8.5.3 Energy Flows of Duffing’s Systems by Moon & Holmes
(1979)

Mood & Homes (1979, 1980) reported a detailed investigation of the Duffing’s
systems with the linear stiffness =1 and the external force frequency @ =1.0.

It revealed that the system with the same force amplitude F* = 0.30 showed the
orbit co-existing a strange attractor and a large stable period 1 orbit for small
damping factor@ = (.15, but only stable period 3 orbit for larger damping

factor0.22 . We use the Runge-Kutta method of order 5 to simulate these
two Duffing’s systems by Moon & Homes (1979) to reveal their energy flow
characteristics, of which the results are shown in Figs. 8.19-8.22.

Figure 8.20 shows (a) the phase diagram, (b) the generalised energy potential
and (c) the distance of phase point to the origin of space, from which we can ob-
serve that the motion in case (1) of damping factor & = 0.151is chaotic consisting
of a strange attractor and a large period orbit, while the motion in case (2) of
damping factor & = (.22 s stable period 3 orbit. For case (2), (b) the generalised
energy potential and (c) the distance of phase point to the origin show the periodi-
cal curves, respectively, except during a short starting time range when the mo-
tions caused by initial condition (0,0) have not damped.

Figure 8.21 show (a) the total energy flow, (b) the force one and (b) the internal
one. The tree curves for case (1) are chaotic and periodic for case (2). We take the
time period T = 27T/ @ of the external force as the average time to obtain the
time averaged energy flows for each time period from Os to 250s, which are
shown by a series of small vertical lines at the end of each time period. The points
in case (2) of Fig. 8.22 behave periodic but not like the case with only one fre-
quency component as discussed for linear problem shown in Fig. 8.8, since here
there exist three frequency components.

To reveal the change of time averaged energy flows with different average
time. We calculate the time averaged energy flows using average time from 100s
to 250s and the obtained curves are given in Fig. 8.23. From this figure, we ob-
serve that the force averaged energy flow is positive to input power into the sys-
tem, while the internal averaged energy flow is negative to dissipate energy by
damping. The time averaged powers for both of case (1) chaotic motion and case
(2) periodic motion tend to zero with average time increasing, but case (2) curves
show clearly periodic characteristic.
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(a) Phase digram
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Fig. 8.20 Phase diagram (a), generalised energy potential (b) and distance of phase point to
the origin of phase space (c) for Duffing’s systems with parameters Y = 1, F=0.30

and damping factors: (1) 0=0.15 and 2) 0=0.22 by Moon & Homes (1979).
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(a) Instant Total Energy Flow
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Fig. 8.21 Instant energy flows (a) total, (b) force and (c) internal ones for Duffing’s systems
with parameters J = 1, F=0.30 and damping factors: (1) X = 0.15 and 2)

a=0.22 by Moon & Homes (1979).
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(a) Time Averaged Total Energy Flow
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Fig. 8.22 The time averaged energy flows during time period 1 = 27 | @ (a) total, (b)
force and (c) internal ones for Duffing’s systems with parameters Y = 1, F=0.30

and damping factors: (1) X = 0.15 and 2= 0.22 by Moon & Homes (1979).
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(a) Time Averaged Total Energy Flow History
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Fig. 8.23 Chopped time histories (100s — 250s) of averaged energy flows as functions of
average time (a) total, (b) force and (c) internal ones for Duffing’s systems with parameters

Y= 1, F=0.30 and damping factors: (1) X = 0.15 and 2) &= 0.22by Moon

& Homes (1979).
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8.6 Rossler Attractor

The so called Rossler system is credited to Rossler (1976), which was arose from
work in chemical kinetics. The system is governed by the following three coupled
nonlinear differential equations

y=x+ay, (8.52)
Z. = ﬂ + Z(X - }/)’
for which, if J* > 43, lettingd = /> — 43 ., there are two equilibrium
points
point I:

X, =(y+d)/2, y,=—(y+d)! Qe), z,=(y+d)/ L),
point II:
X, =(y—=d)/2, y,=—(y—d)/ Le), z,=(y—d)/2a).

(8.53)

The Jacobian matrix, the energy flow matrix, the energy flow equation and the
time rate of phase volume strain of the system are respectively derived as

0 -1 -1 0 0 (z-D1/2
J=|1 « 0 |, E= 0 o 0 ,
z 0 x-y (z=D/2 0 xX—y
E=ay’ +(x-pz" —(x-P)z, (8.54)

v=ttE=x+a-y.

Therefore, for sufficient large constant » and small & , the phase space could be
attractive if x < ¥Y—a . The properties of the system with parameters

o =0.1=f, y=14have been more commonly discussed. Here, we numeri-

cally investigate its energy flow characteristics using the Runge-Kutta method of
order 5.



198 8 Energy Flow Characteristics of Chaos

Zero energy flow surface

400

Fig. 8.24 A half part of zero energy flow surface in a range of x € [-25, 5],
z€[-25, 5] and (y=0) for the Rossler system with parameters
a=0.1=4, y=14.

8.6.1 Zero Energy Flow Surface

The zero energy flow surface is defined by letting the instant energy flow vanish,
ie.

E=oy’+(x—p7" —(x=B)z =0, (8.55)

which describes a surface in the 3-dimensional space. Studying this equation, we
find that: 1) this surface is symmetrical to the zox plane; 2) the Xx axis

(y=0=27)is on this surface. We consider a range of xe[-25, 5],
z€ [-25, 5]and draw its half curve (y = 0) in Fig. 8.24.

Fig.8.25 (1) and (2) show the phase diagram and the instant energy flow, re-
spectively. It is observed that the orbit is restricted in a finite space and the instant
energy flow behaves a non-predicated curve but oscillates around the zero. There-

fore, all phase points of E =0 locate on the zero energy flow surface shown in
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Fig. 8.24. The phase points with non-zero energy flows are around the zero ener-
gy flow surface, so that the phase diagram shows a similar form of the zero energy
flow surface.

Phase digram

Instant Energy Flow

3000 T T

2000 . : 1

T,

-1000

@)

dE/dt

—-2000 J

-3000 : : 4

~4000 : : ‘ :
0 50 100 150 200 250

Fig. 8.25 (1) Phase diagram and (2) Instant energy flow of the Rossler system with
T
a=0.1= IB, Y= 14 and initial position [1 1 0]
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8.6.2 Time Averaged Energy Flows

Since the system is in a chaotic motion, its generalised energy potential and
distance of each phase point to the origin are also non-predicated, as shown by
Fig. 8.26 (a) and (b). To examine possible periodical motions, we choose three av-
erage times 2s, 3s and 5s to calculate the corresponding time averaged energy
flows, and the results are shown by the corresponding short vertical lines at each
end of average times in Fig. 8.27 (1), which does not show any periodical charac-
teristic. Fig. 8.27 (2) (a) provides a full time averaged energy flows as a function
of average time from O to 250s, which shows its value approaches zero with aver-
age time increasing. To observe its tendency more clearly, Fig. 8.27 (2) (b) gives a
chopped curve to show the details after 50s. We can find that within 250s, the time
averaged energy flow approaches zero with still non-predicated values. Chaotic
motions can be considered as a periodical one with infinite time period, and its
time averaged energy flow vanishes over its infinite time period.

(a) Generalised Energy Potential
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(b) Distance to origin
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Fig. 8.26 (a) Generalised energy potential and (b) Distance of phase point to the origin of
phase space for the Rossler system with & = 0.1= ,B, Y= 14 and initial position

[1 1 0].
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(a) Time Averaged Energy Flow Over TT =2s
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Fig. 8.27 (1) Time averaged energy flows over three average times: (a) 2s, (b) 3s and (c) 5s;
and (2) Time averaged energy flow as a function of average time: (a) full history, (b)
chopped history to show details after 50s, for Rossler system with

a=0.1= IB, Y= 14 and initial position [1 1 O]T .

8.7 SD Attractor

Geometrical nonlinear springs were used as a nonlinear isolator to realise a very low
supporting frequencies for aircraft ground vibration tests (Molyneux , 1958; Xing,
1975). In recent years, this type of geometrical nonlinear spring has been further
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investigated on its nonlinear dynamical characteristics and it is called as SD Oscilla-
tor or attractor (Cao et al, 2007, 2008a, 2008b). Physically, this system consists of a
mass m, moving only in Y-direction, supported by two inclined linear springs of stiff-
ness k and a linear viscous damper c, as shown in Fig. 8.28. Since the two linear
springs are symmetrically arranged in the two inclined directions, their resultant stiff-
ness component in the direction perpendicular to Y-direction vanishes but the one in
Y-direction behaves a geometrical nonlinearity depending on their dynamic position.
If the initial length of the springs is L, using Newton’s law, we can obtain the dy-
namic equation in the form

F cosat

v

< »l<
< > < =|

Fig. 8.28 SD Oscillator consisting of a mass supported by two inclined linear springs and a
damper.

.. . L _
mY +cY +2kY (1 -———)+ omg = F cos ax, (8.56.1)
VY2 +12
where
1, Y is a vertical direction,
o= ) } o (8.56.2)
0, Y is a horizontal direction,

which defines that the gravitational force of the mass is considered only when Y is
defined in a vertical direction. Equation 8.56 may further be rewritten in a non-
dimensional form

P2
y2+a2

)+0g = Fcoswr, 8.57)
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where,
@ =2k/m, aa=1/L, y=Y/L, F=F/(mLa), s
(8.58)
y=clQma,), g§=g/Lay), &=wl/w, T=ant.

Here, 7} represents a non-dimensional viscous damping coefficient, and @, is a natu-

ral frequency of the linear system with & = O that represents the mass is on the top
or bottom position supported by the two springs located in Y-direction, for which Eq.
8.57 reduces to

$+2%+ y(1—sign(y))+ & = F cos @1,

1, y >0,
_ (8.59)
sign(y) =4 0, y=0,
-1, y<O.

8.7.1 Vector Field Equations

Equation 8.57 may be written in a vector field form as follows,

)-) y2 O
S = S S { } (8.60)
L’j 21— nd W) % |"| Feos@r

and its Jacobian matrix and energy flow matrix are respectively derived as

0 1
J :{—1+052/(1/y12+052)3 —27/}

(8.61)
E- 0 0.5a° I(\y; +a* )’
0.5a° Iy, +a*)’ -2y
8.7.2 Equilibrium Points
The equilibrium points of the system can be determined from Eq. 8.60., i.e.
¥, =0,
1 8.62
Wl-———)=-&, ®6
yto

which gives the following solutions.
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Horizontal oscillator (0 = 0)

0 _ 2 _ _ 2
0<a<l: {yl} ={ } I-a , I-a ,
y2 0 0 0 0

(8.63.1)
a>1: {yl} :{0}
y2 0 0
Vertical oscillator (O =1)
/ 2
O<a<l: |:y1:| _ -« >y1>0,
y2 0 O
<0
a>1: {yl} :{yl } (8.63.2)
y2 0 0

o LA

Here, the y, values for the two cases of ¢ can be obtained by solving the second

identity in Eq. 8.62. Physically, the value 0 < & < 1represents/ < L, implying the
natural length of the spring is larger than the distance from its fixed point to Y
axis, so that at the equilibrium point the spring is in a compression state and

y,must positive to balance the gravitational force of the mass. However,

when @ 21 at the equilibrium point the spring is in a stretched state and y, must

be negative value.

8.7.3 Energy Flow Equation and Zero Energy Flow Surface
The energy flow equation of the system is given by

E=E+E, E@)= E0+£Edr,

5 VY, ) (8.64.1)

E =-2w + —08Y,, E, = Fy,cos @t.
’ 2 2
VY o

The distance of a phase point to the origin of phase space and its time change rate can
respectively be obtained as

d =2E, d=E/2E, (8.64.2)
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implying that the phase point moves towards the origin if E< 0, and backwards the
origin if E> 0, as well as on the zero energy curves with E=0.

For non-forced system, the zero energy flow surface determined by ES =0,ie.

S _ Y _
E =-2p, W +08)y, =0, (8.65)
1

from which it follows

1 y
y, =0, y, = —(——=—=-%), (8.66)
’ P2y Ny +ad

representing the o0 — y, axis and a curve as shown in Fig. 8.29. This curve is anti-
symmetrical about point (0,—0.50¢ /%), and it gradually approaches to lines
v, =05(1-0g)/ yandy, =—0.5(1+&)yif y, > o andy, —> —o, re-

spectively. Based on Eqgs. 8.65 and 8.66, around the curve we obtain

3

9, =05(1-&)/7

Zero energy
flow curve

¥, =-0501+2&)y

Fig. 8.29 Zero energy flow curves of the non-forced SD oscillator
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AE, = E, (3, y, +Av) = E, (3, ,) = =279,Ay, = 27(Ay, ),
<0, y,>0, Ay,>0, y >y,
>0, y,>0, Ay,<0, y >y, (8.67)
>0, y,<0, Ay,>0, y <y,
<0, y,<0, Ay, <0, 1y <y.

This implies that the disturbance points will be attracted onto the zero energy
curve as 4 arrows indicated on Fig. 8.29.

8.7.4 Time Averaged Energy Flow and Poincare’s Map
Taking the time period T = 271/ @ of the external force as a chosen average
time, we can obtain a series of time averaged energy flow
E=L1(bn=E/ +E, E =1[Ed, E-=_[Ed
T_?JO t=r; +L;, T _EJAO 7 t, T_?IO Jat. (8.68.1)

For a possible chaotic motion, over an infinite average time period we will have
the corresponding time averaged energy flow tends zero, i.e.

E_ =limE, —0. (8.68.2)

T—e

We can also calculate the increments AE, of the generalised energy potential

for each period as well as calculate the distances of the flow phase points to the
origin at the end time of each period, i.e.

T

AE, = I;fra’t, E(n)=E,+ Y AE,  d(n)=\2E(), =123, (8.68.3)
I=1

(-1

from which to obtain a Poincare’s map to identify chaos motions.

8.7.5 Phase Space Volume Strain

Using energy flow matrix given in Eq. 8.61, we obtain the time change rate of
phase space volume strain of the SD oscillator as

v=tE=-2y, (8.67)

which is negative for a positive damping, implying the phase space volume is
attractive and the phase orbit is restricted in a finite volume.
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8.7.6 Numerical Investigation

Using the Runge-Kutta method with the MATLAB program provided in this book,
we numerically investigate the energy flow characteristics of a SD oscillator with
parameters:

a=001, y=001415, @=10605, £=05  F=08, (568

of which the horizontal SD with no gravitational force was investigated for its
chaotic motions (Cao et al, 2007, 2008).

Fig.8.30 shows the phase diagrams of vertical and horizontal SDs. Both of them
are located in their finite volumes in phase space, since the time change rate of
phase space volume strain is negative as given by Eq. 8.67, so that the system is
attractive. The phase orbits are chaotic, but the one for vertical SD (Fig. 8.30 (a))
shows larger amplitude caused by the gravitational force. The generalised energy
potentials and the distances of phase points to the origin of phase space for the
vertical and horizontal SDs are respectively shown in Fig. 8.31 (a) and (b). These
two variables are positive and also behave chaotic. Fig. 8.32 gives the time histo-

ries of instant total energy flowdE, /dt, force one dE ;/dt and internal one

dES / dt of the investigated SDs. The total instant energy flows (a) and (b) show os-

cillations about zero value which is on the zero energy flow surface. However, the
one for vertical SD is with larger amplitude than the one for horizontal SD, because
of the gravity.

(a) Phase digram for vertical SD

5 T T
e 3 D D) 1
-5 i L i i i
-6 6
4
2r ]
= |
2} 1
-4
-5 5

Fig. 8.30 Phase diagrams of SD oscillators: (a) vertical one, and (b) horizontal one
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For further revealing the chaotic behaviour of the system, we take the time pe-
riod T of the external force as the average time to calculate the time averaged en-
ergy flow for each time period n=12,--- and the obtained values at

time nT = 2n7/ @ are shown by small pieces of vertical lines in Fig. 8.33. We
have known that for periodical motions, the total time averaged energy flow in a
period vanishes, but the force one and internal one take a constant, one positive
and another negative but with same absolute value. Fig.8.33 does not show peri-
odic motions of the system. Fig.8.34 gives the time averaged energy flows as the
functions of average time f. These time functions are obtained by using Eq. 8.68.1
in association with setting 7 = #. We can observe from Fig. 8.34, with average
time fincreasing, the total time averaged flows tend to zero, and the force time
averaged ones tend two positive constants for vertical and horizontal SDs, respec-
tively, while the internal ones tend two negative constants. This is because a
chaotic motion may be considered as a periodical motion with infinite time period.

(a) GEP for verical SD (b) DD for vertical SD
15 6
10 4
o
[a]
5] o
5 2
0 0
0 100 200 300 0 100 200 300
t t
(c) GEP for horizontal SD (d) DD for horizontal SD
10 6
8
4
o 6 a
w
I a
2
2
0 0
0 100 200 300 0 100 200 300

Fig. 8.31 Generalised energy potentials (GEP) and distances (DD) of phase points to the
origin of phase space: (a)(b) for vertical SD; (c)(d) for horizontal SD.
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Fig. 8.32 The instant total (dE . /dt), force (dE f / dt) and internal (dE 5 /dt) energy
flows of SD oscillators: (a)(c) (e) for vertical SD; and (b)(d)(f) for horizontal SD.
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Fig. 8.33 Time averaged total (TAe), force (TAf) and internal (TAs) energy flows at the
end of each time period nl = 2n7l'/@, n= 1,2,- --of SD oscillators: (a)(c)(e) for
vertical SD; (b)(d)(f) for horizontal SD.
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(a) Total AEF for Vertical SD (b) Total AEF for Horizontal SD
1 1
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(e) Int. AEF for Vertical SD (f) Int. AEF for Horizontal SD
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Fig. 8.34 Time averaged total (Ee/t), force (Ef/t) and internal (Es/t) energy flows as

functions of average time ¢ of SD oscillators: (a)(c)(e) for vertical SD; (b)(d)(f) for
horizontal SD.



Chapter 9
Hamiltonian System

Hamiltonian system is a very important dynamical system in engineering, of
which the detailed theory can be found in many publications, such as Abraham
and Marsden (1978 / 1980); Guckenheimer and Holmes (1983); Thompson and
Stewart (1986); Zhu (1996, 2003). This chapter discusses the Hamiltonian system
from the point view of energy flows. After giving the general fundamental
equation governing Hamiltonian systems, its energy flow equations as well as
corresponding energy flow matrix are formulated. The relationship between the
Hamilton’s function of integrable systems and the generalised potential energy of
the system is investigated. The examples are given to demonstrate the developed
theories.

9.1 Hamiltonian Formalism

As discussed in Chapter 2, the motion of a system with m DOF is described by a
trajectory in a 2m dimensional phase space U C R*"with two local n-
dimensional coordinate vectors(q,P). The dynamical variables are func-
tions f :UXI — R, so that f(q,p,t) where t€ I C R is called time. Let
two functions f(q,p,?) and g(q,P,?) are such two dynamical variables. Define

a Poisson bracket of f, g to be a function

&, df dg df dg

if.8t=21 , O.1)
; g, dp; 9p, Ig;
which satisfies
{f’g}:_{f’g}’ 9.2)
{f{g.m}1+{g.{h fI}+{h{f.8}}=0. '
© Springer International Publishing Switzerland 2015 211

J.T. Xing, Energy Flow Theory of Nonlinear Dynamical Systems with Applications,
Emergence, Complexity and Computation 17, DOI: 10.1007/978-3-319-17741-0_9



212 9 Hamiltonian System

The second property in Eq. 9.2 is called the Jacobian identity. The coordinate
functions (q, p) satisfy the canonical commutation relations

{qj"qk}:()’ {pj’pk}:()a {qj"pk}:5jk' (93)
Given a Hamiltonian function H ((, P, ?) , the dynamical system is determined by

Df _oJf
Dt_at+{f’H}’ 9.4)

for any functions f(q,p,?) . Setting f =g and f = p,yields the Hamilton’s
equation of motion (see, for example, Goldstein 1980; Zhu 2003)
G o
op’ oq’ ©.5)
(](0) =q,, p(O) =Py,

where the derivative of the Hamilton’s function H (X,p,?) with respect to a

T . .
vector, such as X =[x, x,,--+,x,, | is defined as

OH /0x=[0H /dx, 0H/dx, --- oH/dx,],

(9.6)
OH /ox" =[0H /dx, OH/dx, --- OH/dx,].

The system in Eq. 9.5 of 2m order differential equations is deterministic if the co-
ordinate vectors ((,P) are uniquely determined by initial conditions. A dynamical

systems governed by Eq. 9.5 is called as a Hamiltonian system.
A function f(X,P,?) satisfying Df / Dt =0 when Eq. 9.5 holds is called a

first integral or a constant of motion, i.e.
f(q,p,t) =const, (9.7)
if (q,p) satisfies Eq. 9.5. The time derivative of the Hamilton’s function

. 9H . oH . 9H 9H
H=""+q =—=+p’ —="", 9.8
o Vg™ T 09

from which, if dH /0t =0, the Hamilton’s function H = f satisfying the con-
dition Df / Dt =0, so that it gives the first integration of Eq. 9.5 as

H(q,p.t)=H(q,,p,,00=H,. (9.9)
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Therefore, if the Hamilton’s function H (q,P,?)is independent of time ¢, Eq. 9.8
is automatically satisfied.

9.2  Energy Flow Equation of Hamiltonian System

9.2.1 Egquilibrium Point
The equilibrium point of the Hamiltonian system can be determined by

0H /dp =0, 0H /dq =0, (9.10)

which gives the stationary points of the Hamilton’s function H(q,p). The

Jacobian matrix of the Hamiltonian system is calculated by Eq. 2.16, i.e.

oH / dp
= 9/9q" 9/9p”
{—8H/aq}[ 1 ')
9 OH 9 OH
— —) |- (9.11
i 3 on) a0 o )
| 9 9H 9 0H

o oa) o aq
9.2.2 Energy Flow Equation
The energy flow equation of the Hamiltonian system takes the form
) o0H / dp
E= [ qT pr} i
—0H /dq 9.12)
E, =(q,9,+P;P,)/ 2.

The zero energy flow surface of the Hamiltonian system can be obtained by va-
nishing the energy flow, i.e.

oH /dp oH /op” || q

T T

= =0. )
[q P ]{—BH/aq} {—BH/BqT}[p 19
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The generalised kinetic energy of the Hamiltonian system is given by

Ir. . oH / dp 1 .,0H .;0H
K=—|q" pT ==(@q' =—-p' =), :
Z[q P ]{—BH/BJ 2(q op P 8q) O

and its symmetric energy flow matrix E as well as anti-symmetric spin matrix
U can be respectively obtained by the following formulations

1
E=— r
2(J+J )
0 OoH 0 OH 0 OoH 0 OH
U3 %) ) | |2 39 o
=—( + ) (9.15)
2 0 OoH 0 OoH 0 OoH 0 OH

oq’ (E) op’ (E) %(BPT) _%(aqT

0 OH 0 oH 0 OoH  d oH

)

1|3 T W op) 9q 2a”
2090 9H. 9 oH 0 OH o oH |
g(ap”_ oq’ (E) op’ (X)%(aq”
Uzl(J—JT)
2
0 0H 0 OoH 0 0H 0 oH
! W(g)—a(ﬁ) W(g)+$(aqT) (9.16)

| o om o om0 an o o |
op op’~ 9q" Iq op’ oq Jp Iq’

Using the theorems in the energy flow forms for stability and periodical orbit of
nonlinear dynamical systems given in Chapter 4, we can investigate the related
characteristics of the Hamiltonian systems. For example, for an equilibrium point
q =0=p of a Hamiltonian system, the system at this point will be asymptotical-

ly stable it the energy flow £(0,0) <0, i.e.

q'0H /dp<p'0H /9q, (q,p) € £(0), 9.17)
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9.2.3 Time Change Rate of Phase Volume train

Following Eq. 3.52, we can derive the time change rate of phase space volume of
Hamiltonian systems as

. 0°H 0°H ¥ 0°H 0°H
= - =) ( - ), 9.18)
aqz'api apiaqi =1 aqlap[ aplaq[

from which it follows that the phase volume train of a Hamiltonian system is a
constant if the Hamiltonian function of the system is continuous and differentiable
with respect to phase coordinates in the defined domain, i.e.

O°H _ Jo’H
dq,0p, 9p,9q,

v=0, (I=12,3,...,m), (qp)eU. (.19

9.3 Integrable Hamiltonian Systems

A Hamiltonian system governed by Eq. 9.5 is integrable if its first integration in
Eq. 9.9 exists. For majority of practical problems, the first integration may not be
explicitly obtained, but nevertheless we would certainly regard this system as in-
tegrable. In general the system governed by Eq. 9.5 will be solvable if it admits
‘sufficiently many’ first integrals and the reduction of order can be applied by
eliminating one equation from a first integral.

For an integrable Hamiltonian system with its Hamiltonian independent of time
t, the phase portraits may easily be drawn in the phase space. Figure 9.1 shows the
geometric explanation of Eq. 9.9 for the 2-D case. In this figure,

H(x,p)=H o indicates an integration curve of the system, of which the normal

and tangent vectors at point A are

oH / ox oH / dp
n= , T= , n-t=0. (9.20)
oH /dp —0H / ox
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-

H(x’p):Ho

Fig. 9.1 Geometrical explanations for the energy flow of a 2-D Hamiltonian system

T
The point A of position vector I = [x p] moves in the tangent direction T on

the solution curve governed by Eq. 9.5 , so that the energy flow defined by Eq.
9.12 is the dot product

E=r-t. 9.21)

Since the amplitude of the position vector of the moving point A is |r| =~2E ,
we can conclude that

i) A positive energy flow E > 0 at this point implies that the point A moves
far away from the origin of phase space;

ii) A negative energy flow E>0 at this point implies that the point A
moves towards the origin of phase space;

iii) A zero energy flow E > Oindicates that the position vector
r= [x p]T of the point A on the line of normal vector of the curve
H(x,p)=H,.

Theorem 9.1 If the energy flow in Eq. 9.12 vanishes at any points on a smoothly
differential ~ surface  defined by equation H(q,p)=H o the surface
H(q,p)=H, is a zero energy flow surface and the function H(q,Pp)is the

Hamiltonian function for a linear Hamiltonian system.

Proof According to the definition of zero energy flow surface, the surface
H(q,p) = H,does no doubt meet the definition, and it does not change with
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time. Furthermore from Eq. 9.21 it follows that E=7-r=0 on the surface;
therefore the normal vector n of the surface of can be denoted as

n = or, (9.22)

where ¢ is a real number, from which we obtain that

oH /9
n= 4 = 4 . (9.23)
oH / op p
An integration of Eq. 9.8 gives the function

H(q,p)= %[qT p | [g} = aE(q,p),

(9.24)
H,=aE(q,.p,) =CE,, a=H,/E,.
As aresult of this, Eq. 9.5 can be constructed as
q=op, p=-aq, q0)=q,, pO)=p,, 9.25)

which is a set of linear differential equations of time.

9.3.1 Hamilton’s Principle

Hamilton’s principle confirm that the motion of a Hamiltonian system governed
by Eq. 9.5 makes the functional

b .
Miq.p]=[[d"p~H(q.p.0ld. 926
to be stationary subject to the variations Oq(f,) =0=Jq(t,). This can be

proved as follows.
Taking an isochronal variation of the functional in Eq. 9.26, we obtain

ola.p)= [ 00 [a- 51+ [64p - da” e
! P oq

= rz {op'[q- Zﬁ] -&q'[p+ a—H] vt +(5q"p)” 927)
4 P aq 4

[P - 1= 0[S b
. P oq
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in which the condition dq(t,) =0=Jq(r,) has been introduced. Therefore, if

Eq. 9.5 is valid, the functional in Eq. 9.26 is stationary, i.e. L1 =0.On the other
side, OI1 =0 yields the Hamiltonian Eq. 9.5 due to the variations dq and Op are

independence. This principle will be used to construct a canonical transformation
in the next subsection.

9.3.2 Canonical Transformation and Its Generation

Consider an integrable system consisting of a 2m-dimensional phase-space
R™™ together with m independent functions fl ,(J=1,2,3,...,m), in a sense

that the gradients Vfl are linearly independent vectors on a tangent space to any

point in R*",
Fro 1 R?" = Rsuchthat {f,, f,}=0, (I,J=1,2,3,...,m).  (9.28)

We will show that these integrable systems lead to completely solvable Hamil-
ton’s equation of motion. Firstly, we discuss our freedom to choose the coordi-
nates in the phase space based on any canonical transformations.

9.3.2.1 Canonical Transformation

A transformation in the phase space

q=q(q,p,?), p=p(q,p.?), (9.29)

is canonical if it can transform the Hamilton’s Eq. 9.5 into the form

B 34 (9.30)
q(0)=q,, p(0)=p,.

Therefore, canonical transformations preserve the Hamilton’s equation.

9.3.2.2 Generating Functions of Canonical Transformation

The functional in Eq.9.26 and the Hamiltonian principle provide a direct approach
to find a generating function to construct a canonical transformation. Since the
two sets of coordinates for the phase space(q,p)and ((,P)describe a same

motion governed by the Hamilton’s Eq. 9.5 or Eq. 9.30, the integrand in the func-
tional in Eq.9.26 for both coordinate sets must satisfy the condition
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q'p-H@p.n=4"p-H@p.H+——, 931)
Dt
where G(q,P,?)is called a generating function, of which the integration of the

term DG / Dt gives a constant allowed by the variation of the functional in
Eq.9.26. From this condition, it follows

q'p—H(q.p.1)
G .;,9G .;0G

q'p—H(q,p,1)+— - 9.32
=q'pP-H(q, )+at+q aq+p % (9.32)
P oG ..90G .. 0G .
=q'p)-H(@p.nH+—+q —+p (—-@).

ot oq ap

Since the integration of the term ((~]Tf)) , when substituting into the functional in
Eq.9.26, gives a constant value which does not affect the stationary condition, Eq.
9.32 can construct a canonical transformation between ((,p)and (q,p)by set-
ting

oG oG oG

i =—, H=H+—, 9.33
i=35  P=3g > 9.33)

with the function G(q, P, ) required to satisfy the determinant

2
J GN Y £0, (9.34)

det(
dq 7 ap]

in order to this transformation can be obtained by solving Eq. 9.33.
An idea is to seek a canonical transformation with new variables (J,0) for

which the new Hamilton function relying on only one constant variable, i.e.

H (J) so that the new Hamilton’s equation has the form

. oH
0= 8_ = @ = constant,

';P_I (9.35)
j=-%

00
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which can be completely solvable. Using the integration of action along a closed
curve

1
J, = _iprd‘Z[ ,
27 (9.36)

we can define the corresponding angle variables

6, =wt+p,, (9.37)

provided the all integrations J,_,  ~being independent constants, to obtain the

solvable Eq. 9.35, see for example, Guckenheimer & Holmes (1983), Abraham &
Marsden (1978). Here, we use the generalised potential energy to find these
canonical variables as follows.

9.3.2.3 Generalised Potential Energy as a Canonical Variable

We may divide the phase space R*" constructed by the Hamiltonian vectors

(q,p) into m independent sub-space R12 generated by vector

(q,»p,), (U=12,3,...m) such that R*" ZURIZ, from which we can
I=1
introduce the following theorem.

Theorem 9.2 For a Hamiltonian system in Eq.9.5, if there exist m independent

2 . ; ;
close curves C ; € R, on which the energy flow vanishes, i.e.

E =0,  (q,,r)€C, (9.38)
then the Hamiltonian system can transformed into the canonical form in Eq. 9.35
and is completely solvable.

Proof The Hamilton’s equation and its corresponding energy flow equation of the
system can be written as

. _OH, . 0H,
q, ap, 5 D, 861, 5
E = oH, oH, =0, (¢,,-p)eC,, (9.39)

1 =4 a_lﬁ aq,

1
H, :E(qlz'i'p?)-
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Equation 9.38 implies that at any points (¢, , p,) € C, , the generalised potential

energy
| 2 -
E,(q,,p,)zz(q,+p,)=E,, (I=123,...m), (9.40)
where E] is a positive constant. Therefore, the phase coordinate

(g, p,) € C, can be obtained by the following transformation

q, =+/2E, cosé,, p, =+2E, sin6,, 6, =wt+p,,
— . — (9.41)
q, =+/2E,6,sin6,, D, =+J2E, 6, cosb,,
which transforms the coordinates (g, , p,) into (EI,HI) and H, into ﬁ] (EI) :
Here, @, is to be defined and 161 is an initial angle identifying the initial point

onC ; chosen. Furthermore, based on the transformation in Eq.9.41, the first

equation in Eq. 9.39 is transformed into

4, =+J2E,0,sin 6, = aaH'

1

o, 0F, oH, oA o
=—=L—L=—"TLp =—=L2E, siné,
OE, op, OE, ' OF,
which, when combining with Eq. 9.39, gives the following equations
. OH : H
0,:8T1=a),, E,:—a L=0. (9.43)
JE, 26,
Finally, the new Hamilton’s equation in the energy flow form is as follows
. OH = OH .
0=—=0, E=——=0, E(O)=E, 0(0)=8, (9.44)
5 % 0) ©0)=p

where H =Y H ; » which is completely solvable.
I=1

Theorem 9.3 For a Hamiltonian system in Eq. 9.5, if its Hamilton’s function is
independent of time t and satisfies

OH

—=p, 9.45
p p (9.45)
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and the Hamilton’s function equals the initial generalised potential energy, the
first integration of the system takes the following form

1 oH 1
H=_p'p+] do’ 2q = Er=3 @ a0 PRy (9.46)

Proof According to the conditions of the theorem, the Hamilton function must be a
constant, so that

: oH oH
H = Rdt=[ @ Z=+p" 25y
[ Har=[ @ et ol
. OH . oH
= [ @ ==+p'p)dt = (dq" =——+dp'p) (9.47)
Jq oq

1, » OH
——p'p+ [ dq’ E-=H,,
_p'p+[dg 3~

and the generalised potential energy of the system can be obtained by integrating
the energy flow Eq. 9.12, i.e.

1 OH , OH
E=—(p'p+q'q)=| (@' =—-p' =—)dt+E
_@'prd'0=] @ 5 P g 4o
=] @q-¢" M+ E, = (dq"q-dq" M) 1B, 0a9)
Jq oq
_Eq q—'[dq —aq +E,,

from which it follows

1 oH
SP'p= ~[ dq’ 5 T (9.49)
A combination of Eqgs. 9.47 and 9.49 gives
H :%prJr [ qu%—zzHo =E,. (9.50)

Now we discuss some examples to explain the theory developed in this chapter.
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9.4  Examples

9.4.1 Example 9.1 Linear System

Consider a linear system governed by equation

By

of which the Hamiltonian function is
H=(p'p+q'q)/2, 9.52)

which is the physical mechanical energy, a summation of kinetic and potential
energies. This expression is same as the expression of the generalised potential
energy E defined in this monograph, i.e.

E=(p'p+q'q)/2=H, 9.53)

so that the first integration of the Hamiltonian system, the surface H (q, p) =H 0>

is just the zero energy flow surface on which the energy flow of the system va-
nishes, i.e.

E=q'p-p'q=0. (9.54)
The normal vector of this surface is just the position vector
o0H /0
n= 4 = 4 =T, (9.55)
o0H / dp p
with corresponding tangent vector
0H /0
T= P = P . (9.56)
—0H / dq —q

Therefore, Eq. 9.21 gives a zero energy flow shown in Eq. 9.54.

Also, since the energy flow vanishes shown in Eq. 9.54, the theorem 9.2 can
confirm this system expressed by the form of Eq.9.44. For example, in 2-D case of
the system, using the notations defined above, we have

. oH . OoH
0=—=w=1, E=———=0, E(O)=E., 0(0)=8=0, (95
k ® % 0)=E, 000)=p (9.57)
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which gives the solution of the problem

q, = E, cost, p,=E ;sint. (9.58)

9.4.2 Example 9.2 Pendulum

Fig. 9.2 A pendulum of pendulous length / and mass .

As shown in Fig.9.2, a pendulum is governed by equation

¢ + 8 singp =0,
[ (9.59)
which can be transformed into a non-dimensional form
e .
2 +sin@ =0, (9.60)

by adopting non-dimensional time 7 = @¥, @ =+/g /[l . This equation is rewrit-

ten in the form in a phase space

¢=p, p=-—sing, 0(0)=0g,, p(0)=p,, (9.61)

with its Hamiltonian energy function and energy flow

H=p’/2—cosg, H =0,

. ‘ (9.62)
E=@@+ pp= p(@—sing).
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Here, we consider() =d()/d7, i.e. the time derivative is for non-dimensional

time.
Integrating the energy flow Eq.9.62, we obtain the generalised potential energy
as a function of angle @

Ep)=["Edi =29+ p?)

2 5 (9.63)
= [" p(p—sin pr :%+cos 0+E,,
from which it follows
2
H =%—cos¢=Eo. (9.64)

Therefore, for this pendulum system, the Hamilton’s function just equals the ini-
tial generalised potential energy as confirmed by theorem 9.3.

To discuss the characteristics of the equilibrium points of this system using the
energy flow theory given in chanters 4 and 5, we rewrite Eq. 9.61 into the matrix
form

0 1

[?}j{q, J=| sing |, (9.65)
p p e 0

where sin@/@ —1,when ¢ — 0. A decomposition of matrix Jinto a sum-

mation of a symmetric matrix E and an spin matrix U gives

el

5 0 A@]| - 0 ﬂu(@}

E= R U= R 9.66
[AE(@ 0 } [—ﬂu«o) 0 00

/1E((p)=(1—8in¢)/2, /?,U(¢)=(1+Sin¢)/2.

@

The energy flow equation of this pendulum is expressed in the matrix form

E=[p p](E+I~J){Z}=[¢ p]E[ﬂ, (9.67)
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due to

o #10]%]-0

(9.68)

The eigenvalues and eigenvectors of matrix E can be derived by solving the cha-

racteristic equation
[E—A1]=0,
from which it follows

A, (@) =+, (p),

in association with the corresponding eigenvectors

I 1
@:L{ }, o' PD=1

201 =1

Using the coordinate transformation in Table 5.1

-5 28]

we transform Eqgs. 9.65 and 9.67 respectively into

Elalgels] e eng]
A (9) 0} @:{ 0 —ﬂu(co)}
L0 4@ @ 0 |
0=, +&,) /N2

A=

Table 9.1 The energy flow parameters at equilibrium points of the pendulum

(9.69)

(9.70)

9.71)

9.72)

(9.73)

Equilibrium

points (@, p)

(0,0)

(7,0)

(=7,0)

()

0

172

172

A, (9)

1

172

172
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Table 9.1 lists the above energy flow parameters based on which we can
discuss the characteristics at each equilibrium point of the system as follows.

9.4.2.1 Point 1: (¢, p) =(0,0)

At this point the energy flow characteristic factor A, (¢) =0, but 4, (¢) =1, the

equation governed the motion of the system reduces to

1[0 -1

= [ } F‘ } : 9.74)

¢ L1 0]Lé
for which the generalised potential energy

1

E=E(§’12+g“j)=E0, (9.75)

and the motion is
¢, =+2E, cosT, ¢, =+2E,sint, (9.76)

so that the point 1 is a centre point around which there exists periodical motions.

9.4.2.2 Points 2 & 3: (¢, p) =(x7,0)

At these two points, A, (¢)=1/2 , therefore the two energy flow characteristic
factors =1/ 2 and the energy flow equation

|
E :5(53 -&). 9.77)

The energy flow curves with a constant energy flow are hyperbolic and these two
points are saddle points. The é’ , direction with positive energy flow characteristic

factor (1/2) is unstable while é’ , direction with negative energy flow characteristic
factor (-1/2) is stable.

9.4.3 Example 9.3 A Nonlinear Dynamic System with 2 DOF

Figure 9.3 shows a nonlinear dynamic system with 2 degrees of freedom, which
consists of two masses, a linear spring k and a nonlinear spring k(1+y). We take the
static equilibrium position of the system as our reference position at which the posi-
tions of two masses are chosen as the origins of the coordinates x and y, respectively.
The dynamic equation of the system is derived in the following matrix form
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m —|"

X
m T
k(1+y) § Y

Fig. 9.3 A nonlinear dynamic system of 2 degrees of freedom.

X X
I{.}Hi(y)[ }=0, k(y)=Q%(k, +k,),
y y

L[ L [0 0
ol 2 ) o oyl

where Q° =k /mand I is a unit matrix. This equation can be written in the
form of phase space as follows

NI A B

The Hamiltonian function of the system is represented by

(9.78)

H=p'p/2+ j dq'k(y)q=H,. (9.80)

Since the system in a conservative system, Eq. 9.80 equaling a constant gives the
first energy integration. We now investigate this system using the energy flow ap-
proach studied herein. The energy flow equation of the system is

S [T T 0 Iilq _ T T
E=|q" p ]{_k(y) O}M—qp p'k(y)q,

oy

9.81)
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The generalised potential energy at a phase point ((,]p)can be obtained by the
following integration

(q.p) -
E(q,p)= qu,pogdl +E,, (9.82)

from which we obtain

|
E(q,p) =5(q7q+p7p)

[ pTlq-k(»)qld: +E, (9.83)

(40-Po)
¢ 1 t
= |, la-k()al+ £, =—a'q- | da'k(al+ E,.
Substituting this equation into Eq. 9.80, we obtain

|
E(q,p)=5(qrq+pr)

= (""" p'lq-k(y)qlds+E, ©-34)

B (40-Po)
‘ 1 ¢
=], la-k()al+ £, =—a'q- | da'k()al+ .

as indicated by theorem 9.3.



Chapter 10
Numerical Solutions of Energy Flows

This chapter provides a generalised Matlab code to solve the energy flows of ordi-
nary differential equations for nonlinear dynamical systems. Following the de-
scription of generalised equations to be solved in sub-section 10.1, sub-section
10.2 gives the detailed formulations of Runge-Kutta methods used in the code.
Sub-section 10.3 is a file for users to use the provided Matlab code to solve their
equations of nonlinear dynamical systems, of which the options include Van der
Pol’s system, Duffing’s equation, SD oscillator, Lorenz’s system, Rossler’s equa-
tion, Linear system of order 2n and Generalised nonlinear systems of order n. The
related input and output files are given for users to run the program and to get the
calculated results. Appendix I designs the four functions for users to define the re-
lated functions of their nonlinear systems to be solved by JOB 7 code using the
program PFANS.m (Power Flow Analysis of Nonlinear Systems) given in Appen-
dix II. Users need to modify these 4 functions according to their problems.
Appendix III listed the input files of some examples for users to learn using the
program more quickly.

10.1 Equations

For general cases, it is impossible to solve the energy flow equation for a nonli-
near dynamical system using a theoretical approach. Therefore, we have to rely on
a numerical algorithm to get its solutions. As we have learnt that a nonlinear dy-
namical system and its energy flow are governed by a set of ordinary differential
equations. Among available numerical algorithms for ordinary differential equa-
tions, an important family of time-integration techniques which are of a high order
of accuracy, explicit but nonlinear, and limited to two time levels is provided by
Runge-Kutta methods. A detailed description of the Runge-Kutta method can be
found in Gear (1971), Lambert (1974) and Van der Houwen (1977). A discussion
and comparison with other numerical schemes for them to be used in computa-
tional fluid dynamics are given by Hirsch (1988). These methods have recently
been applied to the solution of Rossler system in base of a Matlab code provided
by Christodoulou (2009). In this chapter, we further develop these methods
to solve the energy flow equations of nonlinear dynamical systems. For our

© Springer International Publishing Switzerland 2015 231
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convenience to discuss them in this chapter, we rewrite the all equations of nonli-
near systems to be numerically solved in sub-section 10.1, although they have
been given and discussed in the previous chapters.

10.1.1 Equations Governing the Motion of System

dy _ .
Yy =ta,y), (10.1)
dt

yO0)=y,, (10.2)

Generally, we consider that Yy =y (f) € R" is a vector valued function of an in-
dependent variable t€ [ =(t,,t,) C R and f :U — R"is a smooth function

of the variable fand the vector y defined on some subsetU C R", an n-

dimensional phase space. Equations 10.1-2 may be further rewritten as an auto-
nomous system

d )

Y —y=t@.y),

c% . (y,0)e R"XI, (10.3)
—=0=1,

dt

0O)=y,,
{Y() Yo (10.4)

6(0)=1,.

For many practical problems, the explicit time variable ¢ often only involves some
external forces, so that Egs. 10.1 and 10.2 can be expressed in the form

% _ ¥ =£(y) + F(0),
t

H0=ﬁ F n.ﬁl (10.5)
F, = F, cos(w,t + ¢,), (I =123,---,n),

y0)=y,, (10.6)



10.1 Equations 233

where F(t) represents an external force vector, of which the I-th component is a

sinusoidal force F, cos(@,t+¢,) of frequency @), , amplitude F}and phase
angle @, .

10.1.2 Energy Flow Equations

The energy flow equation of the nonlinear systems governed by Eqgs.10.5 and 10.6
is given by

E=y'y=E+E,, E;=y'f(y), E,=y'F@),

T (10.7)
Ey=y,y,/2,

where E, Egand E, represent the instant total, internal and force energy flows

of the nonlinear dynamical system, and

E=y'y/2, (10.8)

being defined as the generalised energy potential, a nonnegative real number,
which involves the distance of a phase point on the motion orbit to the origin of
the phase space, i.e.

d =2E, d =E/\2E. (10.9)

Therefore, as discussed in previous chapters, the signs of energy flow give the
flow directions of a phase point as follows

>0, d>0, backwards toorigin of phase space,
E:{= 0, d= 0, on zero energy flow surface, (10.10)

<0, d<0, towardsto origin of phase space.

10.1.3 Zero Energy Flow Surface

The zero energy flow surfaces of a nonlinear dynamical system is defined by
E=Pty) =y f(t,y) =0, yeR", (10.11)

which is some generalised surface in the phase space. These surfaces are not auto-
nomous if time variable 7is included, which moves with time. As we have dis-
cussed in Chapter 3, the normal vector, translation and transmission velocities of
the zero energy flow surface are respectively given by the following equations
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n; =a—P/|gradP : (10.12)
N* = —%—I:/ | gradP |, (10.13)

¥E=NE—yE = E/|gradP|,
Dt (10.14)

vE=n7y, llgradP|

Physically, the translation velocity N £ represents the velocity of the energy flow
surface moving in the space related to a fixed Euler coordinate system, which va-
nishes for any autonomous systems. However, the transmission velocity gives a
velocity of the zero energy flow surface relative to the flow, which implies that if
an observer standing on a flow particle and moving with it, this observer will see

the zero energy flow surface moving with the transmission velocity o .

10.1.4 Time Change Rate of Phase Volume Strain
The energy flow matrix of the nonlinear system governed by Eq. 10.1 is defined as
E=J+J")/2, J=fV". (10.15)

Generally, the energy flow matrix is also a matrix function of time and space. The
time change rate of phase volume strain is given by

v=tJ=tuE=) 1, (10.16)

I1=1

where ﬂ, represent the eigenvalues of the energy flow matrix, which are real

numbers since the matrix E is a real symmetrical matrix.

10.1.5 Time Average Energy Flows

Taking an average time T, we can calculate the time averaged energy flows by the
following time integrations

- 1 T . - ;: - . 1 T . ;: 1 T .
E, =?j0 Edt=E! +E:, E! :?jo Ed, E =?j0 Edt. (10.17)
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For periodical motions, the time averaged total energy flow vanishes, so that the
force one and the internal one will be two real constants, one positive and another
negative with same absolute value. For chaotic motions, which can be considered
as a periodic motion with an infinite period, so that whenT —> oo the time aver-
aged total energy flow tends zero, and the time averaged force energy flow and in-
ternal one could approach two real numbers with its summation approximately
vanishing, that is

E. =lim{E+E/}=E' +E/ >0,
T T (10.18)
E!/ — —E’ — constant.

10.2 Runge-Kutta Methods

The Runge-Kutta methods are described to solve the governing Eqs. 10.1 and
10.2, the energy flow Eq. 10.11 and the phase volume strain in Eq. 10.16 of the
nonlinear dynamical system. To explain the methods, we consider the following
generalised equation

u=~f(t,u), u(0) =u,, (10.19)

where Wis a vector in R" and f a vector field.

10.2.1 Computational Formulations

The basic idea of the Runge-Kutta methods is to evaluate the right-hand side of
the differential systems governed by Eq.10.19 at several values of U in a time in-

terval between mAf and (m-+1)At and then to combine them in order to obtain

a high-order approximation of u""". The general form of a K stage Runge-Kutta
method is as follows,

K
"t =u" + AtZﬂkf(k),
k=1
O =f(, u"),
f(z) = f(tm + azAtﬂum + aZlAtf(l))’ 0.20
(10.20)
£ =1, +a,ALu" +a, AEY +a,Af?),

£ = £(z, + o, A" +a A +a AFD v a o AEED),
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To specify a particular method, one needs to provide the integer K (the number
of stages), and the coefficients @,;, @, and ;,(1<J <I < K). The matrix

[a I J]is called the Runge-Kutta matrix, while the [3, and ¢, are known as the

weights and the nodes. These data are usually arranged in a mnemonic device,
known as a Butcher tableau, (Butcher 2008):

(10.21)

Qg Ay Agy, o0 Qg

ﬁl /Bz e IBK—I ﬁK

The Runge-Kutta method is consistent if

K

1-1
B=L  Da,=a, IA=12,K). (1022
J=1

I=1

Therefore, the value of ¢¥; equals the sum of line / in the Butcher tableau given by
Eq.10.21. There are also accompanying requirements if we require the method to

have a certain order p, meaning that the local truncation error is O(h” ”), h=At.
Based on the Taylor expansion and the truncation error requirement, the

coefficients :B1 can be determined (Butcher 2008).

10.2.1.1 Fourth-Order Method (RK4)

The most popular version is the fourth-order Runge-Kutta method (K = 4), defined
by the coefficients in the Butcher tableau

0
172 1/2
172 0 1/2 (10.23)

1 0 O 1
1/6 1/3 1/3 1/6

leading to
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u"! =u" +%(f’” +20@ 420 +£),

£ = f(tm,u(”), u = u”,
At At
% =10, + 0, u®=u" 0 (10.24)

(0 =0, + 2 ), u® =un+ e
m 2 b b 2

t9 =f¢, +A,u?), u¥=u"+A4L"

where £ has been written as f" equaling f(¢,,u™). Thus, the next value

u”*is determined by the present value U” plus the product of the time step

At and an estimated slope. Geometrically, this slope is a weighted average of the
following 4 slopes:

o £ =f"is the slope at the beginning time 7, ;
o @i the slope at the midpoint 7, + At /2 of the interval, using slope

£ to determine the value u'” at the point ¢, +Af/2 by means of
Euler’s method;

o« Vs again the slope at the midpoint of the interval, but now using slope
£ to determine the value u" at the point 7, + At]2;

f(4) )

is the slope at the end 7, + At of the interval, with the value u"

determined using slope £,

from which a weighted averaging slope is obtained as
weighted averaging slope = %(f’” +2fP 420 £ @) (10.25)

The RK4 method is a 4™-order method with an error per step being on order of h,

while the total accumulate error order of 1* .

10.2.1.2 Fifth-Order Method (RKS5)

The fifth-order Runge-Kutta method (K = 5) is a higher order method than RK4.
We neglect the detailed explanations similar to the ones given in above for RK4,
but only provide the following formulas for writing the corresponding computer
codes.
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it ATE 43200 +1209 3269+ 7)

u=u"+ ),
90

f=f¢,u"), u’=u"

o =1(s WA u?),  u?=u" o

m 2’ >

£9 =f(, +%,u(3)), u¥ =u” +1A—6’(3f<‘> +£2),

(10.26)
v :f(tm+g,u(4)), u? :u’”+gf”),
2 2
%=1, + y,u“)), u? =u" +g(—3f(2’ +6f% +9fY),
4 16
f9=f¢, +A,u”),  u®=u" +%(f“) +4f@ 1 of O —12f9 4 8F9)),
10.2.2 Stability and Accuracy Analysis for RK4
In the linear case of the model problem
u=fw)y=ou, u0)=u,, (10.27)
Eq. 10.24 becomes
u =u",
u® =1+ 2y,
2
W =14 OB (oAr)? . (10.28)

2 3
(OAr) N (oAt) "

u® =[1+0Ar+
4

b

and

(oAt)® N (oAt)’ N (oAt)*
6 24

u™ =[1+ oAt + u" =zu".  (10.29)
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Here, z is called as an amplification factor for 1- dimensional problem, or an am-
plification matrix for general n -dimensional cases, of the RK4. The stability re-
quires

z|=p(2)<1. (10.30)

Here p(z)is a special radius of matrix z and defined as

, (10.31)

p(2)= max |1,

that is the maximum absolute value of the eigenvalues of matrix z . Therefore,
Runge-Kutta methods are conditional stable.
The exact solution of Eq. 10.27 is given by

(aztf Lo @'

u=e"u,=[l+or+ . 4

+eeJug (10.32)

from which, we can conclude that the scheme is fourth-order accurate, since the

amplification factor z is the Taylor expansion of the exact amplification ¢ up to
fourth order.

10.3 MATLAB Code

Here, we present a Matlab code which can be used to solve the ordinary differen-
tial Eqs. 10.1 - 10.2 of nonlinear systems and its energy flow Eq. 10.7 using
Runge-Kutta methods of order 4 or 5. The detailed information on this code is
described as follows.

10.3.1 Job Code

A job code, JOB, an integer, is designed to allow users to control their problems to
be solved by running this program, which are defined as follows:

Forced Van der Pol’s system: JOB =1

P}:{yz—a(yl /3—)’1)}_[ 0 } (10.33.1)
¥, -y F cos(ax + ¢)

Equation
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Energy flow equation
E=E+E,
E, = oy (y{ /13-1),
Ef = Fy, cos(ax + ¢),
v=—a(y -, (10.33.2)
Forced Duffing’s system: JOB =2

y 0
{yl} :{ yf }{ } (10.34.1)
Y =y -y, FCOS(((I+¢)

Energy flow equation

Equation

E=E +E,.
Es =—6¥yzz—y1y2(y12—2), (10.34.2)
E, = Fy, cos(at + ¢),
v=-q.

Forced SD oscillator: JOB =3

Equation

i) 2 { i ! )— 08 J{ ) }
o | 7|2 - (- —) - F ’
y cos(ax + @)
-2 yi+o! 9 (10.35.1)

_)’1_ _ [)’10}
RN Yoo

Energy flow equation

E—E+E,,
: Yy
E, =-2p; +———==2——y,,

RN ’ (10.35.2)

Ef. = Fy, cos(ax + ¢),
v=-2y.
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Lorenz’s system: JOB =4

Equation
Vi —o(y, = ,) Vi Yio
Yy | = :By1_y2_y1y3 ) Yol =] Yoo |
V3 AL IR Y3, Y30

Energy flow equation

E=i+E,
E =—-ay] —y; —pi +(@+ )y,
E, =0,

v=-1-a-y.

Rossler’s system: JOB =5

Equation
M —(y,+y3) N Yio
Y, |= »toay, ) Yo | =1 Yoo |
Vs B+ y(y =) V3 Y30

Energy flow equation
E=E+E,
; 2 2
E =ay,+y;(y =)+ y:(B=y),
E, =0,
vV=a-y+y,.
Linear system of order 2n: JOB = 6
Equation

my +cy+ky=F,

241

(10.36.1)

(10.36.2)

(10.37.1)

(10.37.2)

(10.38.1)

where m ,C andK are real symmetrical mass, damping and stiffness matrices

with order n X n of the system and

F= [Fl cos(wt+¢) F,cos(wt+¢,) --- F cos(wt+g, )]T. (10.38.2)
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Normally, the mass matrix is invertible, so that Eq. 10.38.1 can be written in the
form of phase space as follows

: 0
{yl}:[ } ¥ ; }{ 8 } {y‘}z[y“’} (10.38.3)
v, —m~cy, —m Ky, m F Y, Y20

Energy flow equation
E=E+E,
E =y/y,—y;m cy,—y;m Ky,
E ;=y,mF,

CO -1
U =tr(-m c). (10.38.4)

Nonlinear system of order n: JOB =7

Equation

Bty +FO,  yO)=y,,
dt

F()=[Fcos@t+¢) Feos@it+@) - Feos@r+4)l. 59

Energy flow equation

% =y=fy)+F0), yO0)=y,

" (10.39.2)
F(t)= [F1 cos(wt+¢) F,cos(ot+¢,) -+ F cos(at+g, ] .

10.3.2 Input and Output Files

To run this Matlab program, except the Matlab support software, users need to
define an input file : in.txt for the program to input the related data of the calcu-
lated problem, and an output file : out.tex for recording the calculation results.
The detailed information on these two files is given as follows.
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Input file: in.tex

In the input file, the following data should be stored line by line by users. For us-
ers convenience to start using the developed Matlab program, Appendix III gives
the input data files for 7 examples.

Line 1 : 5 numbers, of which there is space between two numbers, for the method
control vector , zero value implying choosing default.

mcard = [order error dt kk timelimit ]
order = 4 for RK4; 5 for RKS5,
error = maximum error of y, default 10°-4,
dt time step size, default 0.05,
kk = time step number of solution, default 5000,
timelimit = maximum program running time, default 3000s.

Line 2: An integer number to define the equations to be solved.

JOB =1,2,3,4,5, 6, 7 respectively define the corresponding equations
to be solved.

Line 3: 10 numbers for equation parameter vector, non-involving parameters set-
ting to zero.

ecard = [dim0 alpha beta gamma delta g NF TT1 TT2 TT3]
dim0 = dimension number,
2 for JOB 1, 2, 3;
3 for JOB 4, 5;
DOF number of a 2" order linear system for JOB 6;
Dimension number of phase space for JOB 7.
ecard(2) ~ ecard(6) = equation parameters, see equations.
NF = 0, no external forces;
> (0, number of external forces.
TT1, TT2, TT3 = three average times by users, if NF = 0.

Force card: used if NF > 0 only, total NF lines to define the Force Vector I,
I=1,23,....NF),

[degree number, amplitude, frequency, phase angle ],
Degree number: line number of phase space equation for JOB not = 6;
line number of 2™ order dynamic equation for JOB = 6.

Initial condition vectors: defined as follows, only the Chosen JOB data needed.

y0 =[y0(1) y0(2)] for JOB 1,2,3, that are 2 dimensional problems,
y0 =[y0(1) yO(2) yO(3)] for JOB 4,5, that are 3 dimensional problems,
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yO =[y0(1) yO(2)... yO(dimO)] for JOB 7, by users,
y10=[y10(1) y10(2)... y10(dim0O)] for JOB 6,
that is dim0O- dimensional problem,
y20 = [ y20(1) y20(2)... y20(dim0)] for JOB 6,
that is dim0O- dimensional problem,

Lines : mass matrix m for JOB 6 only,

Myinor  Maimo2

Lines : damping matrix ¢ for JOB 6 only,

Cgimo1  Cdimo2

Lines : stiffness matrix k for JOB 6 only,

kdim 01 kdim 02

Output file: out.tex

My gimo

My gimo
M i 0dimo

Cldimo

Codimo

Cgim0dim 0

kl dim 0

2dim0

kdim 0dim 0

In the output file out.tex file, the related information data on the solved problem
are stored. For example, for JOB 2, the following information is printed in out.tex

file:

This code uses Runge-Kutta method of order 5
It will continue until the error falls below 1.000000e-004

From time t = 0 to t = 250
The step size is dt = 0.05

The column number of solution kk + 1 = 5001

The maximum running time is = 3000
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Forced Van der Pol’s system: JOB =1

Starting with the initial point (0.000000e+000 0.000000e+000)

Parameter alpha = 5.000000e+000

Force F, Omega. & Phi = 5.000000e+000 2.446000e+000 0.000000e+000
Averaged time TT = 2.568800e+000

Output figures

The following five figures are produced and shown on the screen, which can be
saved by users.

Figure 1: (a) Phase diagram, for nonlinear problems with degree number
larger than 3, this figure only gives the phase orbit of the first 3 degrees. For JOB
6, only the displacement and velocity of the first degree of freedom are drawn on
the phase diagram.

(b) Time history of time change rate of phase space volume.

Figure 2: (a) Generalised energy potential.
(b) Distance of phase point to the origin of phase space.

Figure 3: (a) Instant total energy flow.
(b) Instant external force energy flow.
(c) Instant internal energy flow.

Figure 4: For the problems with external forces, the averaged time TT is cho-
sen as the minimum common number of the time periods of external forces, and
this figure gives the following three averaged values at the end of each time period
TT:

(a) Time averaged total energy flow per TT.
(b) Time averaged external force energy flow per TT.
(c) Time averaged internal energy flow per TT.

For the problems with no external forces, three times TT1, TT2 and TT3 are
chosen as the three averaged times, and this figure gives the following three aver-
aged values at the end of each time period:

(a) Time averaged total energy flow per TT1.
(b) Time averaged total energy flow per TT2.
(c) Time averaged total energy flow per TT3.

Figure 5: This figure gives the time averaged energy flows as the functions of
average time t, which is increased from dt until the stop time.
(a) Time averaged total energy flow per t.
(b) Time averaged external force energy flow per t.
(c) Time averaged internal energy flow per t.
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10.3.3 Defined Functions for Main Program

As given in Appendix I, there are four functions designed for users to define the
functions of their nonlinear systems to be solved as JOB 7 using the program
PFANS.m (Power Flow Analysis of Nonlinear Systems) given in Appendix II.
Users need to modify these 4 functions according to their problems. The detailed
functions and the related definitions are as follows. There are 4 parameters: alpha,
beta, gamma, delta available for users to use them to represent some parameters in
their equations. If some of them will not be used, these parameters can be set to
zero appearing in the body of functions, as shown in the example for Van der
Pol’s system.



Appendices

Three Appendices are given as follows to provide the details of the Matlab Pro-
gram PFANS.m: Power Flow Analysis of Nonlinear Systems for users to use this
program. Appendix I gives the four defined functions used for the main program
given in Appendix II, while Appendix III provides the input files of the examples
discussed in this monograph, which may be used by users to learn to run this
program.

Appendix I Defined Functions

There are four functions designed for users to define the functions of their nonli-
near system to be solved as JOB 7 using the program PFANS.m. Users need to
modify these 4 functions according to their problems. The detailed functions and
the related definitions are given as follows. There are 4 parameters: alpha, beta,
gamma and delta available for users to use them to represent some parameters in
their equations. If some of them will not be used, these parameters can be set to
zero appearing in the body of functions, as shown in the example for Van der
Pol’s system.

Function f7.m : This function is used to define the equation of nonlinear dynamic
system as shown in equation (10.39.1).

%&&RKRKRZEZZRKRZRZRZZZRKRZZZKRKRKR KRR ZZKRKRKRZZKKR&
% Function f7.m

function ff7 = f7(y, ta, alpha, beta, gamma, delta, F, omega, phi)
%

% ff7 = f(y, ta, alpha, beta, gamma, delta, F, omega, phi);
% above is generalised definition for user use

%

% the following is Van der Pol's system as an example

% for it beta = gamma = delta = 0 are used

%
ff7 = [y(2)-(alpha + beta + gamma + delta)*y(1)*((y(1)"2)/3-1); ...
-y(1)+F(2)*cos(omega(2)*ta + phi(2))];
end
% this is the function f(y,t, ..., ) in nonlinear equation



248 Appendices

% dy/dt = f(y,t)+F.*cos(omega*ta + phi).

% Please replace the above function

% f(y, ta, alpha, beta, gamma, delta, F, omega, phi) by your function.

% y: a column vector of dimension dim0;

% ta: time;

% alpha, beta, gamma, delta: 4 parameters to be chosen for users to define their function.
% F, omega, phi:  to be chosen to define the force amplitude, Frequency and Phase angle.

%8&8&&&&&EEEEREEEEB&EE &G &EEE &R EE &R &&K&&

Function Es7.m : This function is used to define the internal energy flow of the

nonlinear system as shown in equation (10.39.2).
%R &R EZRZEZZEKRZ &R ZERZ KRR ZERK KKK &R
% Function Es7.m
function Ess7 = Es7(y, alpha, beta, gamma, delta)
%

% Ess7 = Es(y, ta, alpha, beta, gamma, delta);

% above is the generalised function to be used by users
%

% the following is Van der Pol's system as an example
% for it beta = gamma = delta = 0 are used

%
Ess7 = -alpha*(y(1)22)*((y(1)*2)/3-1)+ beta + gamma + delta;

end
% this is the system energy flow function Es(y,t, ..., )= y"*f(y,t)
% for nonlinear equation dy/dt = f(y,t)+ F.*cos(omega*ta + Phi).
% Please replace the above function
% Es (y, alpha, beta, gamma, delta); by your function.
% y a column vector of dimension dimO;
% alpha, beta, gamma, delta: 4 parameters to be chosen by user
% to define their function;

%&8&8&&&&&&&8&&&&8&&&&&&& & & &&&&&& & & &&&&&&&&

Function Ef7.m : This function is used to define the force energy flow of nonli-
near system shown in equation (10.39.2).

%8&8&&&&&EEEREE L R&EE &G &EEE &R EE &R &&

% Function Ef7.m
function Eff7 = Ef7(y, ta, F, omega, phi)
% Eff7 = y'"*(F.*cos(omega*ta + phi));
% above is generalised function to be used by users
% the following is Van der Pol's system as an example
Eff7 = F(2)*y(2)*cos(omega(2)*ta + phi(2));
end
% this is the force energy flow function
% Ef (y,t, ..., ) = y"*(F.*cos(omega*ta + phi))
% for nonlinear equation dy / dt = f(y,t)+F.*cos(omega *t + phi).
% y : acolumn vector of dimension dimO;
% ta: time;
% F, omega, phi: three vectors of dimension dim0
% to define the force amplitude, frequency and phase angle.

%8&8&&&&EEEEREEEE&&EE &G &EEE &R EE & &REE&&K&&
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Function Vs7.m : This function is used to define the phase space volume train of
nonlinear system shown in equation (10.39.2).

%&&RKRKRZEZZRKRKRZZZZRKRZZZRKRKR KRR ZZKRKRKRZZKKR&
% Function Vs7.m

function Vss7 = Vs7(y, alpha, beta, gamma, delta)
%

% Vss7 = Vs(y, alpha, beta, gamma, delta);

% above is the generalised function to be used by users
%

% the following is Van der Pol's system as an example
% for it beta = gamma = delta = 0 are used

%
Vss7 = - alpha*(y(1)"2-1)+ beta + gamma + delta;
%

end
% this is the phase space volume train function
% Vs(y, ..., )= trace(E); E=(J'H)/2;
% = trace (J); J Jacobin matrix;
% for nonlinear equation dy/dt = f(y,t).
% Please replace the above Vs(y,... ) by your function.
% y: a column vector of dimension dim0;
% ta: time;
% alpha, beta, gamma, delta: 4 parameters to be chosen by user
% to define their function;

%&&&&&&E&KEKEKEKZKZKEZKZK&KZZKZKZK&K&K&K&K&K&K&K&K&K&K&K&K&&K&&E

Appendix II Main Matlab Program: PFANS.m

% Matlab Program PFANS.m: Power Flow Analysis of Nonlinear Systems
% %% %%%%%%%% % %% % %% % % % %% %% %% %% % % % % % % % % % % % %% %% %% %% % % % %

%

% Solution of energy flows for an ODE y' = f(y,t)

% using RK4 and RK5 methods where y(y1, y2, ..., yn)

% control by order: 4 for RK4, 5 for RK5

%

%&&&&&&&&KR&KRKZ&K&K&K&K&K&Z&K&K&K&K&KZK&&K&KZK&&K&&K&K&K&K&K&&&&K&&&&K&&&&&&&&

% RESULTS: Matrix y and phase diagram

% GEP: the generalised energy potential of system

% DD: the distance of phase point to the origin of phase space
% dE_s/dt: instant system energy flow

% dE_f/dt: instant force energy flow

% dE_e/dt: instant total energy flow

% dv/dt: phase space volume strain

% TAEe: time averaged total energy flow in force time period
% TAEf: time averaged force energy flow in force time period
% TAEs: time averaged system energy flow in force time period
% TEe: time averaged total energy flow history as function of
% avearge time t

% TEf: time averaged force energy flow history as function of
% avearge time t

% TEs: time averaged system energy flow history as function of
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% avearge time t

% Vs: phase volume stain

%&&&&&&& & &R EZ & &R &R &EK &R &R &R & & &R &&&&&&&&&&&&&&&&&&&&&&&
%

% Job control parameter

% JOB: a job number to identify the equation to be solved by this program
%

%&RE&ERKEKRE

% JOB =1, Forced Van der Pol’s system

% dy_1/dt=y_2-alpha*(y_173/3-y_1)

% dy_2/dt=-y_1+ F*cos(omega*t)

% dE_s/dt = - alpha*y_172*(y_1/2/3-1)

% dE_f/dt=y_2*F*cos(omega*t)

% dE_e/dt = dE_s/dt + dE_f/dt

% dv/dt = - alpha*(y_1/2-1)

%&&&&&&&

% JOB = 2, Forced Duffing’s system

% dy_1/dt=y_ 2

% dy_2/dt=y_1-y 173 - alpha*y_2+ F*cos(omega*t)

% dE_s/dt = - alpha*y_2/2-y_1*y 2*(y_1/2-2)

% dE_f/dt=y_2*F*cos(omega*t)

% dE_e/dt = dE_s/dt + dE_f/dt

% dv/dt =-alpha

%&RE&ERKEKRKE&

% JOB = 3, Forced SD oscillator

% delta = 0, horizontal SD; no gravity

% delta = 1, vertical SD; gravity g considered

% dy_1/dt=y 2

% dy_2/dt=-2*gamma*y_2-y_1*(1-1/sqrt(y_1~2+alpha”2))-delta*g+F*cos(omega*t)
% dE_s/dt =-2*gamma*y_2/2+y_1*y 2/sqrt(y_172+alpha”2)- delta*g*y 2
% dE_f/dt=y_2*F*cos(omega*t)

% dE_e/dt = dE_s/dt + dE_f/dt

% dv/dt =-2*gamma

%&RE&ERKEKRE&

% JOB =4, Lorenz’s system

% dy_1/dt=-alpha*(y_1-y_2)

% dy_2/dt=beta*y_1-y 2-y 1*y 3

% dy_3/dt=-gamma*y_3+y_1*y 2

% dE_s/dt = -alpha*y_172 -y_2/2 - gamma*y_3"2 + (alpha + beta)*y_1*y_2
% dE_f/dt=0

% dE_e/dt = dE_s/dt + dE_f/dt

% dv/dt=-1- alpah - gamma

%&RE&ERKEKRE&

% JOB =5, Rossler’s system

% dy_1/dt=-(y_2+y_3)

% dy 2/dt=y 1+alpha*y 2

% dy_3/dt=beta+y_3*(y_1-gamma)

% dE_s/dt=alpha*y_2/2 +y_372*(y_1-gamma) +y_3*(beta-y_1)
% dE_f/dt=0

% dE_e/dt = dE_s/dt + dE_f/dt

% dv/dt=alpah-gamma+y_1

%&&&&&&&

% JOB = 6, Linear system of order 2dim0

% dy_1/dt=y_2

% dy_2/dt=-mA(-1)*c*y_2 -mA(-1)*k*y_1 + m~(-1)*F*cos(om*t+phi);
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% dE_s/dt=y_1"%y 2 -y 2"* mA(-1)*c*y_2 -y 2"*mA(-1)*k*y_1
% dE_f/dt=y_2'* mA(-1)*F*cos(om*t+phi);
% dE_e/dt=dE_s/dt + dE_f/dt
% dv/dt =tr(-m~(-1)*c)
%&&&RR&E
% JOB =7, General nonlinear system to be defined by users
% dy/dt =f(y,t) + F.*cos(omega*t +phi); defined in f7.m by users;
% dEs/dt = y'*f(y,t); defined in Es7.m by users;
% dEf/dt = Y'*(F.*(cos(omega*ta +phi); defined in Ef7.m by users;
% dEe/dt = dEs/dt + dEf/dt;
% dv/dt=tr (E); E = (J'+J)/2, Jacobin of f. defined in Vs7.m by users;
% &QRE&&
%
tic; clear;
%
%&&RKRRZEZZURKRKRRZZZZKRKRZZZKRKRKRZZURKRZRRZZKRKRKRZZZURKRKRZZRKRKRKRZZRKRKRZZKR&
% Input method control card
% Calculation method card is a vector of 3 elements to define the chosen
% method, calculation accuracy and the allowed maximum running time

% mcard = [ order error dt kk timelimit]

% order = 4, RK4; default 5 for RK5

% error, defined the maximum error of y, default 10/-4,

% dt, time step size, default 0.05

% kk solution matrix column number, default 5000

% timelimit, the maximum time allowed to run, default 3000

% if an element is zero, choose the default value
%%% %% %% %% %% % %% % % % % %% %% %% %% % % % % % % % %% %% %% %% %% % % %% % %% % % % %
%
% OPEN the in and out files
fIN = fopen ('in.txt'",'r");
fOUT = fopen (‘out.txt', 'w');
%
% Reading the 5 data on 1st line in file in.tex as follows: order, error, timestep, kk, timelimit;
%
%RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
mcard = fscanf(fIN, '%d %f %f %f %f', 5)';
%RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
order = mcard (1);
error = mcard (2);
dt =mcard (3);
kk = mcard (4);
timelimit = mcard (5);
% check the order
if order <=0
order =5;
end
if ((order==4) || (order ==5))
fprintf ('This code uses Runge-Kutta method of order %d\n', order);
fprintf(fOUT,'This code uses Runge-Kutta method of order %d\n', order);
else
fprintf ('The order of the method must be 4 or 5\n');
break
end

251
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%
%

%
%

%

%

%
%

%
%
%
%

%

%
%
%
%
%
%
%
%
%
%
%
%
%
%

check error data

if error<=0

error = 107-4;

end

fprintf ("It will continue until the error falls below %e\n', error);
fprintf (fOUT, 'It will continue until the error falls below %e\n', error);

check step size

ifdt<=0

dt = 0.05;

end

check solution column number

if kk <=0

kk = 5000;

end

fprintf (‘from time t=0 to t = %-3.0f\n', kk * dt);
fprintf (‘The step size is dt = %2.12g\n’, dt);
fprintf (fOUT,'from time t=0 to t = %-3.0f\n', kk * dt);
fprintf (fOUT,'The step size is dt = %2.12g\n', dt);

fprintf ('The column number of solution kk + 1 = %d\n', kk+1);
fprintf (fOUT,'The column number of solution kk + 1 = %d\n', kk+1);

check timelimit

if timelimit <=0

timelimit = 3000;

end

fprintf ('The maximum running time is = %2.12g\n', timelimit);
fprintf (fOUT, 'The maximum running time is = %2.12g\n', timelimit);

JOB control
reading JOB number

Appendices

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

JOB = fscanf(fIN, '%d ', 1)';

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

fprintf ('type the job control number JOB = %d \n', JOB);

if JOB<O0) || (JOB>7)

fprintf ('The JOB must be positive integer of 1~7, JOB = %d\n', JOB);
break

end

&&&&&&EBREEEZR&EEZZ & EE &G &EEE &R EE &R EE &R &EK&&&&&K&

Input equation control card ecard defining the parameters
JoB=1~7
ecard [dimO alpha beta gamma delta g NFTT1 TT2 TT3],
this is a vector of 10 elements;

dimO: the dimension number:

=2 forJOB 1,2,3;

=3 for JOB 4,5;

dim0 for JOB 6 given by users, it is number of DOF of a linear

dynamical system with 2dim0 dimension of phase space;

dim0  for JOB 7, by users, it is dimensional number of phase space;

the 2-5 variables: parameters defined by equations;
NF: the external force number, NF = 0, no external force.
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%
%
%
%
%
%
%
%
%
%
%
%

%

%

%

%
%
%
%
%
%
%
%
%

%

%

TT1, TT2, TT3: chosen three average times for case NF = 0 in which
there is no external forces; for NF > 0, they can be zero.
the definition of each parameter can be found by equations
the non-involved parameter to be set to zero.
&RR&ERRRREERRREERRREZRRREERRRREERR KRR &R &&

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
reading the 10 data on the 2nd line in in.txt as follows

alpha beta gamma delta g NF omega TT1 TT2 TT3
ecard is a vector with 10 elements

ecard = fscanf (fIN, '%f ', 10);
RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
dimO = ecard (1);

alpha = ecard (2);

beta = ecard (3);

gamma = ecard (4);

delta = ecard (5);

g = ecard (6);

NF = ecard (7);

TT1 = ecard (8);

TT2 = ecard (9);

TT3 = ecard (10);

F = zeros (dimO, 1);
om = zeros (dim0, 1);
phi = zeros (dim0, 1);
TT11 = zeros (dim0,1);

If ((NF==0) && (TT1==0) && (TT2==0) && (TT3==0))
fprintf (' all zeros of NF, TT1, TT2, TT3,= %d %e %e %e \n', NF, TT1, TT2, TT3);
break

else if (NF ~=0)

TT=1;

force = zeros (NF, 4);

reading force information card; a NF x 4 matrix, of each line gives
an input line vector defining force position degree number, amplitude,
frequency and phase angle. Total NF lines input data required.
force = [degree number, amplitude, frequency, phase angle]_NFx4
Note: degree number is defined as:
line number of phase space equation for nonlinear systems,
line number of 2nd order dynamic equation for linear system JOB=6.

for iif = 1:NF
RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
force (iif, :) = fscanf (fIN, '%d %f %f %f', 4);
RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
jj = force (iif, 1);

F (jj) = force (iif, 2);

om (jj) = force (iif, 3);

phi (jj) = force (iif, 4);

if om (jj) ~=0

TT11(jj) = 2*pi/om(jj)/error;
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%
%
%
%
%
%
%
%
%
%
%

%
%

%
%

%

%

%
%
%

%
%

%
%

TT11(jj) = round (TT11(jj));

TT = lem (TT, TT11(jj));

end

end

TT =TT * error; % this is the average time period

NN = round (TT/dt);

else if ((TT1 ~=0) && (TT2 ~=0) && (TT3 ~=0))
NN1 = round (TT1/dt); % step numberin TT1
NN2 = round (TT2/dt); % step number in TT2
NN3 = round (TT3/dt); % step number in TT3

end

end

end

reading the initial conditions & force information

For JOB 1~7

reading data for the initial vector yO from file in.tex,
JOB1, 2,3, y0 = [y10 y20]',
JOB 3, 5, y0 = [y10 y20 y30]',
JOB7, y0 = [y0(1) yO(2) ... yO(dimO0)]'
JOB 6,

y10 = [y10(1) y10(2) ... y10(dimO0)]',
y20 = [y20(1) y20(2) ... y20(dimO0)]',

if JOB~=6
reading initial conditions

Appendices

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

y0 = fscanf (fIN, '%f ', dim0);

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

else if JOB==6
reading JOB 6 initial data in in.tex

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

y10 = fscanf (fIN, '%f ', dim0);
y20 = fscanf (fIN, '%f ', dim0);

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

yO0 = [y10; y20];
yy10 =y10}
yy20 =y20';

reading mass matrix m, damping matrix c, stiffness matrix k

setting zeros
m = zeros (dimO, dim0);
¢ = zeros (dim0, dimQ);
k = zeros (dim0, dimQ);
reading mass matrix m,

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

for i=1:dim0

for j=1:dim0

m(i,j) = fscanf (fIN, '%f ', 1);
end

end

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

check matrix m
mdet = det(m);
if mdet <=0;
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fprintf (' The mass matrix is singular with its determinant = %e\n', mdet);

break
end
%
% reading damping matrix c,
% RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
for i=1:dim0
for j=1:dim0
c(i,j) = fscanf (fIN, '%f ', 1);
end
end

% RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR
% reading stiffens matrix k,
% RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

for i=1:dim0

for j=1:dim0

k(i,j) = fscanf (fIN, '%f ', 1);

end

end

% RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR

end

end

%
%  print the parameter of each job
% JOB1
if JOB ==
%  writing on screen
fprintf ('Forced Van der Pol’s system: JOB = %d\n', JOB);
fprintf ('"Parameter alpha = %e\n', alpha);
fprintf ('Force ampl. F, freq. & phase angle phi= %e %e %e\n', F(2), om(2), phi(2));
fprintf ('Averaged time TT = %e\n', TT);
%  writing in out.tex
fprintf (fOUT,'Forced Van der Pol’s system: JOB = %d\n', JOB);
fprintf (fOUT,'Starting with the initial point (%e %e)\n', y0');
fprintf (fOUT,'Parameter alpha = %e\n', alpha);
fprintf (fOUT,'Force F, omega. & phi = %e %e %e\n', F(2), om(2), phi(2));
fprintf (fOUT,'Averaged time TT = %e\n', TT);
% JOB 2
else if JOB ==
% writing on screen
fprintf ( 'Forced Duffing’s system: JOB = %d\n', JOB);
fprintf ('Parameter alpha = %e\n', alpha);
fprintf ('Force F, omega & phi = %e %e %e\n', F(2), om(2), phi(2));
fprintf ('Averaged time TT = %e\n', TT);
% writing in out.tex
fprintf (fOUT, 'Forced Duffing’s system: JOB = %d\n', JOB);
fprintf (fOUT, 'Starting with the initial point (%e %e)\n', y0');
fprintf (fOUT, 'Parameter alpha = %e\n', alpha);
fprintf (fOUT, 'Force F, omega & phi = %e %e %e\n', F(2), om(2), phi(2));
fprintf (fOUT, 'Averaged time TT = %e\n', TT);

% JOB3
else if JOB ==
% writing on screen

fprintf ( 'Forced SD system: JOB = %d\n', JOB);
fprintf ('Parameter alpha = %e\n', alpha);
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%

%

%

%

%

%

%

%

%

%

fprintf ('Force F, omega & phi = %e %e %e\n', F(2), om(2), phi(2));
fprintf ('Averaged time TT = %e\n', TT);
fprintf ('Parameter damping gamma = %e\n', gamma);
fprintf ('Parameter delta = %e\n', delta);
fprintf ('Parameter gravity g = %e\n', g);
writing in out.tex
fprintf (fOUT, 'Forced SD system: JOB = %d\n', JOB);
fprintf (fOUT, 'Starting with the initial point (%e %e)\n', y0');
fprintf (fOUT, 'Parameter alpha = %e\n', alpha);
fprintf (fOUT, 'Force F, omega & phi = %e %e %e\n', F(2), om(2), phi(2));
fprintf (fOUT, 'Averaged time TT = %e\n', TT);
fprintf (fOUT, 'Parameter damping gamma = %e\n', gamma);
fprintf (fOUT, 'Parameter delta = %e\n', delta);
fprintf (fOUT, 'Parameter gravity g = %e\n', g);
JOB 4
else if JOB ==
writing on screen
fprintf ( 'Lorenz’s system: JOB = %d\n', JOB);
fprintf ('Parameter alpha = %e\n', alpha);
fprintf ('Parameter beta = %e\n', beta);
fprintf ('Parameter gamma = %e\n', gamma);
fprintf ('Three Averaged Times T1, T2, T3 = %e %e %e\n', TT1, TT2, TT3);
writing in out.tex
fprintf (fOUT, 'Lorenz’s system: JOB = %d\n', JOB);
fprintf (fOUT,'Starting with the initial point (%e %e %e)\n', y0');
fprintf (fOUT,'Parameter alpha = %e\n', alpha);
fprintf (fOUT,'Parameter beta = %e\n', beta);
fprintf (fOUT,'Parameter gamma = %e\n', gamma);
fprintf (fOUT,'Three Averaged Times T1, T2, T3 = %e %e %e\n',TT1,TT2,TT3);
JOB5
elseif JOB==5
writing on screen
fprintf ( 'Rossler’s system: JOB = %d\n', JOB);
fprintf (‘Parameter alpha = %e\n', alpha);
fprintf (‘Parameter beta = %e\n', beta);
fprintf ('"Parameter gamma = %e\n', gamma);
fprintf ('Three Averaged Times T1, T2, T3 = %e %e %e\n', TT1, TT2, TT3);
writing in out.tex
fprintf (fOUT, 'Rossler’s system: JOB = %d\n', JOB);
fprintf (fOUT,'Starting with the initial point (%e %e %e)\n', y0');
fprintf (fOUT,'Parameter alpha = %e\n', alpha);
fprintf (fOUT,'Parameter beta = %e\n', beta);
fprintf (fOUT,'Parameter gamma = %e\n', gamma);
fprintf (fOUT,'Three Averaged Times T1, T2, T3 = %e%e%e\n',TT1,TT2,TT3);
JOB 6
elseif JOB==6
writing on screen
fprintf ( 'Generalised linear system: JOB = %d\n', JOB);
fprintf ('The dimension dim0 = %d\n', dim0);
fprintf ('The initial displacement vector = y10 \n');
display (y10');
fprintf ('The initial velocity vector = y20 \n');
display (y20');
fprintf ('The Averaged time TT = %e \n', TT);
writing in out.tex

Appendices
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%

%

%

%

%

%

fprintf (fOUT, 'Generalised linear system: JOB = %d\n', JOB);
fprintf (fOUT,'The dimension dim0 = %d\n', dim0);
fprintf (fOUT, 'The Averaged time TT = %e \n', TT);
fprintf (FOUT,'The initial displacement vector = y10 \n');

write y10 into 'out.txt'

for j=1:dim0

fprintf(fOUT,'%e ',y10(j));

if j==dim0

fprintf(fOUT,"\n'); %%% change line after the end of each row
end

end

write y20 into 'out.txt'

fprintf (fOUT,'The initial velocity vector = y20 \n');

for j=1:dim0

fprintf(fOUT,'%e ',y20(j));

if j==dim0

fprintf(fOUT,"\n'); %%% change line after the end of each row
end

end

write mass matrix into 'out.txt’'

fprintf (fOUT,'The mass matrix = m \n');

fori=1:dim0

for j=1:dim0

fprintf(fOUT,'%e ',m(i,j));

if j==dim0

fprintf(fOUT,"\n'); %%% change line after the end of each row
end

end

end

write damping matrix into 'out.txt'

fprintf (fOUT,'The damping matrix = c \n');

fori=1:dim0

for j=1:dim0

fprintf(FOUT,'%e ',c(i,j));

if j==dim0

fprintf(fOUT,"\n'); %%% change line after the end of each row
end

end

end

write stiffness matrix into 'out.txt'

fprintf (fOUT,'The stiffness matrix = k \n');

fori=1:dim0

for j=1:dim0

fprintf(fOUT,'%e ',k(i,j));

if j==dim0

fprintf(fOUT,"\n'); %%% change line after the end of each row
end

end

end

write force amplitude, frequency and phase angle into 'out.txt'

fprintf (fOUT,'The force number, amplitude, frequency, phase-angle \n');

for j=1:dim0
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fprintf(fOUT,'%8.0f %e %e %e \n', j, F(j), om(j), phi(j));
if j==dim0
fprintf(fOUT,'\n'); %%% change line after the end of each row
end
end
% JOB7
else if (JOB==7)
fprintf ( 'A user nonlinear system: JOB = %d\n', JOB);
fprintf ( 'Dimension: dim0 = %d\n', dim0);
fprintf ( 'Parameter alpha = %e\n', alpha);
fprintf ( 'Parameter beta = %e\n', beta);
fprintf ( 'Parameter gamma = %e\n', gamma);
fprintf ( 'Parameter delta = %e\n', delta);
fprintf ( 'Force number NF = %d\n', NF);
if NF==0
fprintf ('Three Averaged Times TT1,TT2,TT3 = %e %e %e\n', TT1,TT2,TT3);
else
fprintf ('Averaged time TT = %e\n', TT);
end
% write information in out.txt
fprintf (fOUT, 'A user nonlinear system: JOB = %d\n', JOB);
fprintf (fOUT, 'Dimension: dim0 = %d\n', dim0);
fprintf (fOUT, 'Parameter alpha = %e\n', alpha);
fprintf (fOUT, 'Parameter beta = %e\n', beta);
fprintf (fOUT, 'Parameter gamma = %e\n', gamma);
fprintf (fOUT, 'Parameter delta = %e\n', delta);
fprintf (fOUT, 'Force number NF = %d\n', NF);

ifNF==0
fprintf (fOUT,'Three Averaged Times TT1,TT2,TT3 =%e%e%e\n',TT1,TT2,TT3);
else

fprintf (fOUT,'Averaged time TT = %e\n', TT);
fprintf (fOUT, 'External forces\n');
fprintf (fOUT, 'Force Number, amplitude, frequency, phase angle \n');
for iif = 1:NF
fprintf ('%10.0f %e %e %e\n',iif, F(iif), om(iif), phi(iif));
end
end
end
end
end
end
end
end
end
%
% DEFINE THE FUNCTIONS FOR EACH JOB

%
% JjoB=1
if JOB==1)
% equation
f =inline('[y(2)-alpha*y(1)*((y(1)*2)/3-1);-y(1)+F*cos(omega*ta+phi)]', 'y', 'ta’, 'alpha’, 'F',...
'omega’, 'phi');
% Ee = Es + Ef % total energy flow
% internal energy flow

Es = inline ("-alpha*(y(1)*2)*((y(1)*2)/3-1)",'y", ‘alpha');
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% force energy flow
Ef = inline ('F*y(2)*cos(omega*ta+phi)', 'y', 'ta’, 'F', 'omega’, 'phi');
% phase space volume strain
vstrain = inline ('- alpha*(y(1)*2-1)", 'y, 'alpha');
% JoB=2
else if (JOB ==2)
% equation

f =inline ('[y(2); y(1)*(1-y(1)*2) - alpha*y(2)+F*cos(omega*ta+phi)]', 'y', 'ta', 'alpha’, 'F,...
'omega’, 'phi');

% total energy flow

Ee=Es+Ef %
% internal energy flow

Es = inline ('-alpha*y(2)"2 - y(1)*y(2)*(y(1)*2-2)",'y', 'alpha');
% force energy flow

Ef = inline ('F*y(2)*cos(omega*ta+phi)','y','ta’, 'F', 'omega’, 'phi');
% phase space volume strain

vstrain = - alpha;
% JoB=3

else if (JOB == 3)
% equation

f =inline( '[y(2);-2*gamma*y(2)-y(1)*(1-1/sqrt(y(1)*2+alpha”2))-
delta*g+F*cos(omega*ta+phi)]’,...

y', 'ta’, 'alpha’, 'gamma’, 'delta’, 'g', 'F', 'omega’, 'phi');

% total energy flow
% Ee = Es + Ef
% internal energy flow

Es =inline (-2*gamma*y(2)"2 + y(1)*y(2)/sqrt(y(1)*2+alpha”2)- delta * g * y(2)', 'y, 'alpha’,
'gamma’, 'delta’, 'g');

% force energy flow
Ef = inline ('F*y(2)*cos(omega*ta+phi)','y','ta’, 'F', 'omega’, 'phi');
% phase space volume strain
vstrain = - 2*¥gamma;
% JoB=4
else if (JOB == 4)
% equation

f =inline('[-alpha*(y(1)-y(2));beta*y(1)-y(2)-y(1)*y(3); -gamma *y(3)+y(1)*y(2)]', 'y, ‘alpha’,
'beta’, 'gamma’);

% total energy flow
% Ee = Es + Ef
% internal energy flow

Es = inline ('-alpha*y(1)"2-y(2)*2+(alpha+beta)*y(1)*y(2)-gamma*y(3)*2', 'y', 'alpha’,...
'beta’, 'gamma’);

% force energy flow
Ef=0;
% phase space volume strain
vstrain = -1 - alpha - gamma;
% JOB=5
else if (JOB ==5)
% equation

f =inline('[-y(2)-y(3); y(1)+ alpha*y(2); beta +y(3) *(y(1)- gamma)]','y', 'alpha’, 'beta’,...
'gamma’);
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% total energy flow
% Ee = Es + Ef
% internal energy flow

Es = inline ('alpha *y(2)"2 +y(3)"2*(y(1) -gamma) +y(3)*(beta - y(1))',...
'y', 'alpha’, 'beta’, 'gamma’);

% force energy flow
Ef=0;
% phase space volume strain
vstrain = inline (‘alpha - gamma +y(1)', 'y', 'alpha’, 'gamma’);
% JOB=6
else if JOB==6
% equation

f = inline('[y2;-inv(m)*c*y2 -inv(m)*k*y1 +inv(m)*(F.*cos(om*ta+phi))]',...
1!, 'y2', 'm, e, K ' 'om”, phi', 'ta');

% total energy flow
% Ee = Es + Ef
% internal energy flow
Es =inline ('yy1*y2 - yy2*inv(m)*c*y2 - yy2¥inv(m)*k*y1', 'y1', 'yy1', 'y2', 'yy2','m', 'c’, 'k');
% force energy flow
Ef = inline ('yy2 * inv(m)*(F.*cos(om*ta+phi))', 'yy2', 'm', 'F', 'om', 'phi', 'ta');
% phase space volume strain
vstrain = trace (-m\c);
% JoB=7
% ifJOB==7
% The functions defined by f7.m, Ef7.m, Es7.m, Vs7.m
% These four functions must be provided and stored with program nlode.m
% in the same place of computer, so that program can search and use them.
%
end
end
end
end
end
end

%
% CALCULATION PROCESS

%

% a column vector to store the calculation result

% E =[Time; GEP; DD; Ee; Ef; Es; TAEe; TAEf; TAEs; TEe; TEf; TEs; Vs]
% Time: the time instant;

% GEP: generalised energy potential;
% DD: distance to origin;

% Ee: total instant energy flow;

% Ef: force instant energy flow;

% Es: internal instant energy flow,
% TAEe: time averaged Ee;

% TAEf: time averaged Ef;
% TAEs: time averaged Es;

% TEe: averaged total energy flow history as function of average time t
% TEf: averaged force energy flow history as function of average time t
% TEs: averaged system energy flow history as function of average time t
% Vs: phase volume strain

%

% initial condition calculations
%
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%

%
%
%
%

%
%

%
%

%
%

%
%

%

ta0 =0;
TAEe0 =0;
TAEfO = 0;
TAEsO = 0;
TEe0 =0;
TEfO=0;
TEsO=0;

if JOB~=6

GEPO = y0'*y0/2;

else if JOB ==6;

GEPO = (yy10*y10 + yy20*y20)/2;
end

end

DDO = sqrt (2*GEPO);

calculate the initial values of functions at time t0

JOB=1

if (JOB==1)

EfO = Ef (y0, ta0, F(2), om(2), phi(2));
EsO = Es (y0, alpha);

Ee0 = EfO + EsO;

Vs0 = vstrain (y0, alpha);

else if (JOB == 2)

JOB=2

EfO = Ef (y0, ta0, F(2), om(2), phi(2));
EsO = Es (y0, alpha);

Ee0 = EfO + EsO;

Vs0 = -alpha;

else if (JOB == 3)

JoB=3

EfO = Ef (y0, ta0, F(2), om(2), phi(2));
EsO = Es (y0, alpha, gamma, delta, g);
Ee0 = EfO + EsO;

Vs0 = -2*gamma;

else if (JOB ==4)

JoB=4

Ef0=0;

EsO = Es (y0, alpha, beta, gamma);
Ee0 = EfO + EsO;

Vs0 = -1 - alpha - gamma;

else if (JOB ==5)

JOB=5

Ef0 =0;

EsO = Es (y0, alpha, beta, gamma);
Ee0 = EfO + EsO;

Vs0 = vstrain (y0, alpha, gamma);
else if JOB ==

JOB=6

261



262 Appendices

%
EfO = Ef (yy20, m, F, om, phi, ta0);
EsO = Es (y10, yy10, y20, yy20, m, c, k);
Ee0 = EfO + EsO;
Vs0 = trace (-m\c);
else if JOB ==
% JoB=7
%
EfO = Ef7 (y0, ta0, F, om, phi);
EsO = Es7 (y0, alpha, beta, gamma, delta);
Ee0 = EfO + EsO;
Vs0 = Vs7(y0, alpha, beta, gamma, delta);
end
end
end
end
end
end
end
%
EO = [ta0; GEPO; DDO; EeO0; Ef0; EsO; TAEeO; TAEfO; TAEsO; TEeO; TEfO; TEsO; VsO];
%
% calculate the values at time t
%
tmax = timelimit / 4;
% determine the dimension number dim and initial condition number mm
if JOB~=6
% The dimension of the system
dim = size(y0, 1);
% The number of initial points
mm = size(y0,2);
else if JOB ==
dim = size (y10, 1);
if dim ~=dim0
fprintf ('Dimension of JOB = 6, dim = dim0 but now, %d %d', dim, dim0);
break
end
mm = size (y10, 2);
end
end
%
forg=1:mm

ttt = 0;

p=0;

E = zeros (13, kk+1);
E(:,1) =EO(:, q);

e =inf;

if JOB~=6

yprevious = inf(dim, kk + 1);
y = zeros (dim, kk + 1);

y(;, 1) =y0 (;, q);

else if JOB ==

y1 = zeros (dim, kk + 1);

y2 = zeros (dim, kk + 1);
dim6 = 2*dim;
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%

%

y = zeros (dim6, kk+1);
yprevious = inf(dim6, kk+1);
yi(:, 1) =y10(;, q);

y2(:, 1) =y20 (;, a);

y (5, 1) = [y2(:,1); y2(:,1)1;
end

end

while (ttt < tmax) && (e > error)

n=2"p;

h =dt/n;

ta=0;

ETAe =0;

ETAf=0;

ETAs=0;

ETe=0;

ETf=0;

ETs=0;

ya=yo0(; a);

if JOB==6

yal=y10(; q);

ya2=y20(;, q);

end

t0 = clock;

forj=1:n*kk
JOB=1or2

if JOB==1) || (JOB==2)

iforder==4% This is the 4th order RK method
k1l=h*f(ya, ta, alpha, F(2), om(2), phi(2));

k2 =h * f (ya + k1/2, ta+h/2, alpha, F(2), om(2), phi(2));
k3 =h * f (ya + k2/2, ta+h/2, alpha, F(2), om(2), phi(2));
k4 =h * f (ya + k3, ta, alpha, F(2), om(2), phi(2));
ya=vya+(kl1+2*k2+2*k3+k4)/6;

else if order==5% This is the 5th order RK method
k1l=h*f(ya, ta, alpha, F(2), om(2), phi(2));

k2 = h * f (ya + k1/2, ta+h/2, alpha, F(2), om(2), phi(2));
k3 =h * f (ya +(3 * k1 + k2)/16,ta+h/4,alpha,F(2),om(2),phi(2));
k4 = h * f (ya + k3/2, ta+h/2, alpha, F(2), om(2), phi(2));
k5=h*f(ya+(-3*k2+6*k3+9 *k4)/16, ta+t3*h/4, alpha, F(2), om(2), phi(2));
k6=h*f(ya+(kl1+4*k2+6*k3-12*k4 + 8 * k5)/7, ta+h, alpha, F(2), om(2), phi(2));
ya=ya+(7*k1+32*k3+12*k4+32*k5+7 *k6)/90;
end

Eff = Ef (ya, ta, F(2), om(2), phi(2));

Ess = Es (ya, alpha);

Eee = Eff + Ess;

ifJOB==1

Vs = vstrain (ya, alpha);

else

Vs = -alpha;

end

GEP =ya'*ya/2;

DD = sqrt (2*GEP);

ETAe = ETAe + Eee;

ETAf = ETAS + Eff;

ETAs = ETAs + Ess;
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ETe =ETe + Eee;
ETf = ETf + Eff;
ETs = ETs + Ess;
end
end
% JoB=3
if JOB ==
if order==4% This is the 4th order RK method
k1 =h *f(ya, ta, alpha, gamma, delta, g, F(2), om(2), phi(2));
k2 = h * f (ya + k1/2, ta+h/2, alpha, gamma, delta, g, F(2), om(2), phi(2));
k3 =h * f (ya + k2/2, ta+h/2, alpha, gamma, delta, g, F(2), om(2), phi(2));
k4 =h * f (ya + k3, ta, alpha, gamma, delta, g, F(2), om(2), phi(2));
va=vya+(kl1+2*k2+2*k3+k4)/6;
else if order==5% This is the 5th order RK method
k1 =h *f(ya, ta, alpha, gamma, delta, g, F(2), om(2), phi(2));
k2 = h * f (ya + k1/2, ta+h/2, alpha, gamma, delta, g, F(2), om(2), phi(2));
k3 =h * f (ya + (3*k1 + k2)/16, ta+h/4, alpha, gamma, delta, g, F(2), om(2), phi(2));
ka4 =h * f (ya + k3/2, ta+h/2, alpha, gamma, delta, g, F(2), om(2), phi(2));
k5 =h * f (ya + (-3*k2+6*k3+9*k4)/16, ta+3*h/4, alpha, gamma, delta, g, F(2),...
om(2), phi(2));
ké =h * f (ya + (k1 +4*k2 +6*k3 -12*k4 +8*k5)/7, ta+h, alpha, gamma, delta, g, F(2),...
om(2), phi(2));
ya=ya+(7*kl+32*k3+12*k4+32*k5+7 *k6)/90;
end
Eff = Ef (ya, ta, F(2), om(2), phi(2));
Ess = Es (ya, alpha, gamma, delta, g);
Eee = Eff + Ess;
Vs = -2*gamma;
GEP =ya'*ya/2;
DD = sqrt (2*GEP);
ETAe = ETAe + Eee;
ETAf = ETAf + Eff;
ETAs = ETAs + Ess;
ETe =ETe + Eee;
ETf = ETf + Eff;
ETs = ETs + Ess;
end
end
% JOB=4o0r5
if (JOB==4) || (JOB==5))
iforder==4% This is the 4th order RK method
k1 =h *f(ya, alpha, beta, gamma);
k2 =h * f (ya + k1/2, alpha, beta, gamma);
k3 =h * f (ya + k2/2, alpha, beta, gamma);
k4 =h * f (ya + k3, alpha, beta, gamma);
ya=ya+(kl+2*k2+2*k3+k4)/6;
else if order==5% This is the 5th order RK method
k1 =h *f(ya, alpha, beta, gamma);
k2 = h * f (ya + k1/2, alpha, beta, gamma);
k3 =h * f(ya + (3*k1 + k2)/16, alpha, beta, gamma);
k4 = h * f (ya + k3/2, alpha, beta, gamma);
k5 = h * f (ya+(-3*k2+6*k3+9*k4)/16, alpha, beta, gamma);
k6 = h * f (ya+(k1 +4*k2 +6*k3 -12*k4 +8*k5)/7,alpha,beta,gamma);
ya=ya+(7*kl+32*k3+12*k4+32*k5+7*ke6)/90;
end
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%

%

Eff=0;
Ess = Es (ya, alpha, beta, gamma);
Eee = Ess;
ifJOB==4
Vs = -1 - alpha - gamma;
else if JOB ==
Vs = vstrain (ya, alpha, gamma);
end
end
GEP =ya'*ya/2;
DD = sqrt (2*GEP);
ETAe = ETAe + Eee;
ETAf = ETAf + Eee;
ETAs = ETAs + Ess;
ETe = ETe + Eee;
ETf = ETf + Eff;
ETs = ETs + Ess;
end
end
JOB=6
if (JOB ==6)
vstrain = trace (-m\c);
j1=dim0;
j3 =dim6;
j2=j1+1;
if order==4% This is the 4th order RK method
k1=h*f(yal, ya2, m,c, k, F, om, phi, ta);
k2 =h * f (yal + k1(1:j1)/2, ya2 + k1(j2:j3)/2, m, c, k, F, om, phi, ta+h/2);
k3 =h *f(yal + k2(1:j1)/2, ya2 + k2(j2:j3)/2, m, ¢, k, F, om, phi, ta+h/2);
k4 =h * f (yal + k3(1:j1), ya2 + k3(j2:j3), m, c, k, F, om, phi,ta);
ya=vya+ (kl1+2*k2+2*k3+k4)/6;
else if order==5% This is the 5th order RK method
k1=h*f(yal,ya2, m,c, k, F, om, phi, ta);
k2 =h * f (yal + k1(1:j1)/2, ya2 + k1(j2:j3)/2, m, c, k, F, om, phi, ta+h/2);
k3 =h *f(yal+ (3*k1(1:j1) + k2(1:j1))/16,...
ya2 + (3*k1(j2:j3) + k2(j2:j3))/16, m, ¢, k, F, om, phi,ta+h/4);
k4 =h * f (yal + k3(1:j1)/2, ya2 + k3(j2:j3)/2, m, ¢, k, F, om, phi,ta+h/2);

k5 =h * f (yal +(-3*k2(1:j1) +6*k3(1:j1) +9*k4(1:j1))/16, ya2 + (-3*k2(j2:j3) +...

6*k3(j2:j3) + 9*k4(j2:j3))/16, m, ¢, k, F, om, phi,ta+3*h/4);

k6 =h * f (yal+(k1(1:j1)+4*k2(1:j1) +6*k3(1:j1) -12*k4(1:j1)+8*k5(1:j1))/7, ya2 + ...
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(K1(j2:j3) +4*k2(j2:j3) +6*k3(12:j3) - 12*K4(j2:j3) +8*k5(j2:j3))/7, m, ¢, k, F, om, phi,ta+h);

ya=ya+(7*kl+32*k3+12*k4+32*k5+7*k6)/90;
end

end

foril =1:dim0

j1=dim0 +i1;

yal (i1) = ya(il);

ya2 (i1) = ya(j1);

end

yyal =yal’;

yya2 =ya2’;

Eff = Ef (yya2, m, F, om, phi, ta);

Ess = Es (yal, yyal, ya2, yya2, m, c, k);
Eee = Eff + Ess;
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Vs = vstrain;
GEP =ya'*ya/2;
DD = sqrt (2*GEP);
ETAe = ETAe + Eee;
ETAf = ETAf + Eff;
ETAs = ETAs + Ess;
ETe =ETe + Eee;
ETf = ETf + Eff;
ETs = ETs + Ess;
end
% JOB=7
if JOB ==
if order == % This is the 4th order RK method
k1 =h * 7 (ya, ta, alpha, beta, gamma, delta, F, om, phi);
k2 = h * f7 (ya + k1/2, ta+h/2, alpha, beta, gamma, delta, F, om, phi);
k3 = h * f7 (ya + k2/2, ta+h/2, alpha, beta, gamma, delta, F, om, phi);
ka4 = h * f7 (ya + k3, ta, alpha, beta, gamma, delta, F, om, phi);
ya=ya+(kl+2*k2+2*k3+k4)/6;
else if order==5% This is the 5th order RK method
k1 =h * f7 (ya, ta, alpha, beta, gamma, delta, F, om, phi);
k2 = h * f7 (ya + k1/2, ta+h/2, alpha, beta, gamma, delta, F, om, phi);
k3 =h * f7 (ya + (3*k1 + k2)/16, ta+h/4, alpha, beta, gamma, delta, F, om, phi);
k4 = h * f7 (ya + k3/2, ta+h/2, alpha, beta, gamma, delta, F, om, phi);
k5 =h * f7 (ya + (-3*k2+6*k3+9*k4)/16, ta+3*h/4, alpha, beta, gamma, delta, F, om, phi);
k6 =h * f7 (ya + (k1 +4*k2 +6*k3 -12*k4 +8*k5)/7,...
ta+h, alpha, beta, gamma, delta, F, om, phi);
ya=ya+(7*k1+32*k3+12*k4+32*k5+7*k6)/90;
end
Eff = Ef7 (ya, ta, F, om, phi);
Ess = Es7 (ya, alpha, beta, gamma, delta);
Eee = Eff + Ess;
Vs = Vs7 (ya, alpha, beta, gamma, delta);
GEP =ya'*ya/2;
DD = sqrt (2*GEP);
ETAe = ETAe + Eee;
ETAf = ETAf + Eff;
ETAs = ETAs + Ess;
ETe =ETe + Eee;
ETf = ETf + Eff;
ETs = ETs + Ess;
end
end
%
if mod (j, n)==0
i=j/n;
y (z, i+1) = ya;
if (JOB ==6)
yi(;, i+1) =yal;
y2(:, i+1) = ya2;

end
E (:, i+1) = [ta; GEP; DD; Eee; Eff; Ess; 0; 0; O; ETe/j; ETf/j; ETs/j; Vs);
if (NF ==0)

if mod (i, NN1) ==0
E(7,i+1) = ETAe / (NN1*n);
ETAe =0;
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end
if mod (i, NN2) ==0
E (8, i+1) = ETAf / (NN2*n);
ETAf = 0;
end
if mod (i, NN3) ==
E (9, i+1) = ETAs / (NN3*n);
ETAs=0;
end
else if mod (i, NN) ==
E (7, i+1) = ETAe / (NN*n);
E (8, i+1) = ETAf / (NN*n);
E (9, i+1) = ETAs / (NN*n);
ETAe =0;
ETAf = 0;
ETAs =0;
end
end
end
ta=j*h;
end
e = max (max (abs (y-yprevious)));
yprevious =vy;
% end
fprintf ('The step size is dt/% -2.0f', 2p)
fprintf (' = %2.12g\n", h)
fprintf ('The estimated error < %2.12g\n’, e)
ttt = etime (clock, t0);
fprintf ('time in seconds = %2.1f\n\n', ttt)
if e < error
fprintf ('The error limit is satisfied\n\n')
elseif ttt > tmax
fprintf ('Time limit exceeded\n\n')
end
p=p+1;
end

%%%%%%%%%%%

%
%
%
%

%

Results Figures

Figure (1) Phase figure and phase space volume strain

if (JOB ~=6) && (dim ==2))
figure (1);
(a)
subplot (2,1,1)
plot (y(1, :), y(2, :));
title ('(a) Phase diagram');
xlabel ('x(t)');
ylabel ('y(t)');
grid on;
hold on;
(b) phase space volume strain
subplot (2,1,2)
plot (E(1,:), E(13,:));
title ('(b) Phase space volume strain')
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%

%

%

%

%
%
%

%

%

xlabel ('t');

ylabel ('Vs');

hold on

grid on;

else if (JOB ~=6) && (dim >= 3))
figure (1)

(a)

subplot (2,1,1)

plot3 (y(1, :), y(2, =), ¥(3, :));
title ('(a) Phase diagram');
xlabel ('x(t)');

ylabel ('y(t)');

zlabel ('z(t)');

grid on;

hold on;
(b) phase space volume strain
subplot (2,1,2)

plot (E(1,:), E(13,:));

title ('(b) Phase space volume strain')
xlabel ('t');

ylabel ('Vs');

hold on

grid on;

else if (JOB ==6)
figure (1);

(a)
subplot (2,1,1)

plot (y1(1, :), y2(1, :));

title ('(a) Phase diagram of 1st degree of y1 and y2');

xlabel ('y1(t)');

ylabel ('y2(t)');

grid on;

hold on;

(b) phase space volume strain
subplot (2,1,2)

plot (E(1,:), E(13,:));

title ('(b) Phase space volume strain')
xlabel ('t');

ylabel ('Vs');

hold on

grid on;

end

end

end

figure 2 generalised energy potential and distance to origin

figure (2)

(a) generalised energy potential
subplot (2,1,1)

plot (E(1,:), E(2, :));

axis ([0 250 -2 2]);

title ('(a) Generalised Energy Potential')
xlabel ('t');

ylabel ('GEP');
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%

%

%
%
%

%

%

%

%

%

%
%
%

%

%

hold on

grid on;

(b) Distance to origin
subplot (2,1,2)

plot (E(1,:), E(3, :));
axis ([0 250 -2 2]);
title ('(b) Distance to Origin')
xlabel ('t');

ylabel ('DD');

hold on

grid on;

Figure (3) Energy Flow

(a)

figure (3);

subplot (3,1,1);

plot (E(1,:), E(4, :));

axis ([0 250 -2 2]);

title ('(a) Instant Total Energy Flow')
xlabel ('t');

ylabel ('dEe/dt');

hold on

grid on;

(b)

subplot (3,1,2);

plot (E(1,:), E(5, :));

axis ([0 250 -2 2]);

title ('(b) Instant Force Energy Flow');
xlabel ('t');

ylabel ('dEf/dt");

hold on;

grid on;

(c)

subplot (3,1,3);

plot (E(1,:), E(6, :))

axis ([0 250 -2 2]);

title ('(c) Instant Internal Energy Flow');
xlabel ('t');

ylabel ('dEs/dt');

hold on;

grid on;

Figure 4 Time Averaged Energy Flow

if (NF==0)

figure (4);

(@)

subplot (3,1,1);
plot (E(1,:), E(7, 3));
axis ([0 250 -2 2]);

title ('(a) Time Averaged Total EF per period TT1');

xlabel ('t');
ylabel ('Ee/TT1');
hold on;

grid on;
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%

%

%

%

%

%

%

%

%

%

(b)

subplot (3,1,2);

plot (E(1,:), E(8, :));

axis ([0 250 -2 2]);

title ('(b) Time Averaged Total EF per period TT2');
xlabel ('t");

ylabel ('Ee/TT2');

hold on;

grid on;

(c)

subplot (3,1,3);

plot (E(1,:), E(9, :));

axis ([0 250 -2 2]);

title ('(c) Time Averaged Total EF per period TT3');
xlabel ('t'");

ylabel ('Ee/TT3');

hold on;

grid on;

else if (NF ~=0)

figure (4);

(a)

subplot (3,1,1);

plot (E(1,:), E(7, 3));

axis ([0 250 -2 2]);

title ('(a) Time Averaged Total EF per period TT');
xlabel ('t");

ylabel ('Ee/TT");

hold on;

grid on;

(b)

subplot (3,1,2);

plot (E(1,:), E(8, :));

axis ([0 250 -2 2]);

title ('(b) Time Averaged Force EF per period TT');
xlabel ('t");

ylabel ('Ef/TT');

hold on;

grid on;

(c)

subplot (3,1,3);

plot (E(1,:), E(9, :));

axis ([0 250 -2 2]);

title ('(c) Time Averaged Internal EF per period TT');
xlabel ('t');

ylabel (‘Es/TT');

hold on;

grid on;

end

end
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%
%
%
%

%

%

%

%

%

%

Figure 5 Time Averaged Energy Flow as function of average time t

figure (5);

(a)

subplot (3,1,1);

plot (E(1,:), E(10, :));

axis ([0 250 -2 2]);

title ('(a) Time Averaged Total EF ~ average t');
xlabel ('t');

ylabel ('Ee/t');

hold on;

grid on;

(b)

subplot (3,1,2);

plot (E(1,:), E(11, :));

axis ([0 250 -2 2]);

title ('(b) Time Averaged Force EF ~ average t');
xlabel ('t');

ylabel ('Ef/t");

hold on;

grid on;

(c)

subplot (3,1,3);

plot (E(1,:), E(12, :));

axis ([0 250 -2 2]);

title ('(c) Time Averaged Internal EF - average t');
xlabel ('t');

ylabel (‘Es/t');

hold on;

grid on;

findfigs;

end

fclose (fIN);

fclose (fOUT);

fprintf ('The total time in seconds is %2.1f\n’, toc)

&&&&& &R & & & & &&&& & & &

Appendix III Examples of Input Data Files

For users to start use this program for the energy flow analysis of a nonlinear sys-
tem, we list the following 7 input data files.

JOB 1: Forced Van Der Pol’s Equation

(@=5, F=5 w=2446, $=0, x,=0=y,).

in.tex
0000

5
1
2
2
0
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JOB 2: Forced Duffing’s System
(a=0.15, F=03, w=1.0, ¢=0, x,=0=y,).

in.tex
50000

0.150 0001000
0.3 1.00
0

oD DN

JOB 3: Forced SD Oscillator
(x=0.01, y=0.01415, =1, g=0.5,
F=08 w=10605 ¢=0, x,=0=y,).
in.tex

50000

0.01 0 0.014151 0.51 0 0 O
0.8 1.0605 0
0

oD DN W

JOB 4: Lorenz’s system
(=10, =28, y=8/3, x,=0.1=y,, z,=0).
in.tex
50000
4
3 10 28 2.66666666 0 0 0 2 3 5
0.1 0.1 0
JOB 5: Rossler’s system

(=10, =28, y=8/3, x,=1=y,, z,=0).

in.tex
50000

5
30.10.114 0002365
110

JOB 6: A linear system of 2-DOF, as an example to use JOB 6 program

T SB T B

6
2000001000
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N
o

o

PNOOORKR OO
MNPFRPORPRPFPOOOLR
'_\

JOB 7: Ver Der Pol’s Equation (0 =5, F =5, w=2.446, ¢=0),
which is an example to use JOB 7 program

in.tex
50000

o NN
o U1 Ul
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