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Preface

This volume is the second in a series of three volumes dedicated to the lecture notes
of the summer school “Open Quantum Systems” which took place in the Institut
Fourier in Grenoble, from June 16th to July 4th 2003. The contributions presented in
these volumes are revised and expanded versions of the notes provided to the students
during the school. After the first volume, developing the Hamiltonian approach of
open quantum systems, this second volume is dedicated to the Markovian approach.
The third volume presents both approaches, but at the recent research level.

Open quantum systems

A quantum open system is a quantum system which is interacting with another
one. This is a general definition, but in general, it is understood that one of the sys-
tems is rather “small” or “simple” compared to the other one which is supposed to
be huge, to be the environment, a gas of particles, a beam of photons, a heat bath ...

The aim of quantum open system theory is to study the behaviour of this coupled
system and in particular the dissipation of the small system in favour of the large one.
One expects behaviours of the small system such as convergence to an equilibrium
state, thermalization ... The main questions one tries to answer are: Is there a unique
invariant state for the small system (or for the coupled system)? Does one always
converge towards this state (whatever the initial state is)? What speed of convergence
can we expect ? What are the physical properties of this equilibrium state ?

One can distinguish two schools in the way of studying such a situation. This is
true in physics as well as in mathematics. They represent in general, different groups
of researchers with, up to now, rather few contacts and collaborations. We call these
two approaches the Hamiltonian approach and the Markovian approach.

In the Hamiltonian approach, one tries to give a full description of the coupled
system. That is, both quantum systems are described, with their state spaces, with
their own Hamiltonians and their interaction is described through an explicit inter-
action Hamiltonian. On the tensor product of Hilbert spaces we end up with a total
Hamiltonian, and the goal is then to study the behaviour of the system under this
dynamics. This approach is presented in details in the volume I of this series.
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In the Markovian approach, one gives up trying to describe the large system.
The idea is that it may be too complicated, or more realistically we do not know
it completely. The study then concentrates on the effective dynamics which is in-
duced on the small system. This dynamics is not a usual reversible Hamiltonian
dynamics, but is described by a particular semigroup acting on the states of the
small system.

Before entering into the heart of the Markovian approach and all its development,
in the next courses, let us have here an informal discussion on what this approach
exactly is.

The Markovian approach

We consider a simple quantum system H which evolves as if it were in contact
with an exterior quantum system. We do not try to describe this exterior system. It is
maybe too complicated, or more realistically we do not quite know it. We observe on
the evolution of the system H that it is evolving like being in contact with something
else, like an open system (by opposition with the usual notion of closed Hamiltonian
system in quantum mechanics). But we do not quite know what is effectively acting
on H. We have to deal with the efffective dynamics which is observed on H.

By such a dynamics, we mean that we look at the evolution of the states of the
system . That is, for an initial density matrix pg at time 0 on H, we consider the
state p; at time ¢ on H. The main assumption here is that this evolution

pt = Pi(po)

is given by a semigroup. This is to say that the state p; at time ¢ determines the future
states py1p, without needing to know the whole past (ps)s<¢.

Each of the mapping F; is a general state transform pg — p;. Such a map should
be in particular trace-preserving and positivity-preserving. Actually these assump-
tions are not quite enough and the positivity-preserving property should be slightly
extended to a natural notion of completely positive map (see R. Rebolledo’s course).
We end up with a semigroup (P),~, of completely positive maps. Under some con-
tinuity conditions, the famous Lindblad theorem (see R. Rebolledo’s course), shows
that the infinitesimal generator of such a semigroup is of the form

L i H L;pL; ! L;L L L;L
(p) = il ,p]+zi:( ipLi = S LiLip — 5L )

for some self-adjoint bounded operator H on H and some bounded operators L; on
‘H. The evolution equation for the states of the system can be summarized into

—pr = L(pt).
ar’ (pt)
This is the so-called quantum master equation in physics. It is actually the starting
point in many physical articles on open quantum systems: a specific system to be
studied is described by its master equation with a given explicit Linblad generator L.
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The specific form of the generator £ has to understood as follows. It is similar to
the decomposition of a Feller process generator (see L. Rey-Bellet’s first course) into
a first order differential part plus a second order differential part. Indeed, the first term

i[H, -]

is typical of a derivation on an operator algebra. If £ were reduced to that term only,
then P, = et* is easily seen to act as follows:

Pt(X) — eitHXe—itH.

That is, this semigroup extends into a group of automorphisms and describes a usual
Hamiltonian evolution. In particular it describes a closed quantum system, there is
no exterior system interacting with it.

The second type of terms have to be understood as follows. If L = L* then

1 1
LXL* — JL°LX — S XL'L = [L,[L, X]).

It is a double commutator, it is a typical second order differential operator on the
operator algebra. It carries the diffusive part of the dissipation of the small system in
favor of the exterior, like a Laplacian term in a Feller process generator.

When L does not satisfy L = L* we are left with a more complicated term
which is more difficult to interpret in classical terms. It has to be compared with the
jumping measure term in a general Feller process generator.

Now, that the semigroup and the generator are given, the quantum noises (see S.
Attal’s course) enter into the game in order to provide a dilation of the semigroup
(F. Fagnola’s course). That is, one can construct an appropriate Hilbert space F on
which quantum noises da}(t) live, and one can solve a differential equation on the
space H ® F which is of the form of a Schrodinger equation perturbed by quantum
noises terms:

AUy = LUy dt + Y KU, da’(t). (1)
i,
This equation is an evolution equation, whose solutions are unitary operators on
'H ® F, so it describes a closed system (in interaction picture actually). Furthermore
it dilates the semigroup (F%;),, in the sense that, there exists a (pure) state {2 on F
such that if p is any state on H then

<Q,U(p@ U 2> = Pi(p).

This is to say that the effective dynamics (F;),-, we started with on 7, which we
did not know what exact exterior system was the cause of, is obtained as follows: the
small system H is actually coupled to another system JF and they interact according
to the evolution equation (1). That is, F acts like a source of (quantum) noises on
‘H. The effective dynamics on  is then obtained when averaging over the noises
through a certain state (2.
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This is exactly the same situation as the one of Markov processes with respect to
stochastic differential equations (L. Rey-Bellet’s first course). A Markov semigroup
is given on some function algebra. This is a completely deterministic dynamics which
describes an irreversible evolution. The typical generator, in the diffusive case say,
contains two types of terms.

First order differential terms which carry the ordinary part of the dynamics. If the
generator contains only such terms the dynamics is carried by an ordinary differential
equation and extends to a reversible dynamics.

Second order differential operator terms which carry the dissipative part of the
dynamics. These terms represent the negative part of the generator, the loss of energy
in favor of some exterior.

But in such a description of a dissipative system, the environment is not de-
scribed. The semigroup only focuses on the effective dynamics induced on some
system by an environment. With the help of stochastic differential equations one can
give a model of the action of the environment. It is possible to solve an adequat
stochastic differential equation, involving Brownian motions, such that the result-
ing stochastic process be a Markov process with same semigroup as the one given
at the begining. Such a construction is nowadays natural and one often use it with-
out thinking what this really means. To the state space where the function algebra
acts, we have to add a probability space which carries the noises (the Brownian mo-
tion). We have enlarged the initial space, the noise does not come naturally with the
function algebra. The resolution of the stochastic differential equation gives rise to
a solution living in this extended space (it is a stochastic process, a function of the
Brownian motions). It is only when avering over the noise (taking the expectation)
that one recovers the action of the semigroup on the function algebra.

We have described exactly the same situation as for quantum systems, as above.

Organization of the volume

The aim of this volume is to present this quantum theory in details, together with
its classical counterpart.

The volume actually starts with a first course by L. Rey-Bellet which presents the
classical theory of Markov processes, stochastic differential equations and ergodic
theory of Markov processes.

The second course by L. Rey-Bellet applies these techniques to a family of clas-
sical open systems. The associated stochastic differential equation is derived from an
Hamiltonian description of the model.

The course by S. Attal presents an introduction to the quantum theory of noises
and their connections with classical ones. It constructs the quantum stochastic inte-
grals and proves the quantum Ito formula, which are the cornerstones of quantum
Langevin equations.

R. Rebolledo’s course presents the theory of completely positive maps, their rep-
resentation theorems and the semigroup theory attached to them. This ends up with
the celebrated Lindblad’s theorem and the notion of quantum master equations.
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Finally, F. Fagnola’s course develops the theory of quantum Langevin equations
(existence, unitarity) and shows how quantum master equations can be dilated by
such equations.

Lyon, Grenoble, Toulon Stéphane Attal
September 2005 Alain Joye
Claude-Alain Pillet
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1 Introduction

In these notes we discuss Markov processes, in particular stochastic differential equa-
tions (SDE) and develop some tools to analyze their long-time behavior. There are
several ways to analyze such properties, and our point of view will be to use system-
atically Liapunov functions which allow a nice characterization of the ergodic prop-
erties. In this we follow, at least in spirit, the excellent book of Meyn and Tweedie [7].
In general a Liapunov function W is a positive function which grows at infinity
and satisfies an inequality involving the generator of the Markov process L: roughly
speaking we have the implications (« and ( are positive constants)

1. LW < o+ W implies existence of solutions for all times.
2. LW < —a implies the existence of an invariant measure.
3. LW < o — BW implies exponential convergence to the invariant. measure
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For (2) and (3), one should assume in addition, for example smoothness of the tran-
sition probabilities (i.e the semigroup e*” is smoothing) and irreducibility of the
process (ergodicity of the motion). The smoothing property for generator of SDE’s
is naturally linked with hypoellipticity of L and the irreducibility is naturally ex-
pressed in terms of control theory.

In sufficiently simple situations one might just guess a Liapunov function. For in-
teresting problems, however, proving the existence of a Liapunov functions requires
both a good guess and a quite substantial understanding of the dynamics. In these
notes we will discuss simple examples only and in the companion lecture [11] we
will apply these techniques to a model of heat conduction in anharmonic lattices. A
simple set of equations that the reader should keep in mind here are the Langevin
equations

dq = pdt,
dp = (—VV(q) — \p)dt + V2XTdB,,

where, p,q € R", V(q) is a smooth potential growing at infinity, and B; is Brown-
ian motion. This equation is a model a particle with Hamiltonian p?/2 + V(q) in
contact with a thermal reservoir at temperature 7. In our lectures on open classical
systems [11] we will show how to derive similar and more general equations from
Hamiltonian dynamics. This simple model already has the feature that the noise is
degenerate by which we mean that the noise is acting only on the p variable. Degen-
eracy (usually even worse than in these equations) is the rule and not the exception
in mechanical systems interacting with reservoirs.

The notes served as a crash course in stochastic differential equations for an
audience consisting mostly of mathematical physicists. Our goal was to provide the
reader with a short guide to the theory of stochastic differential equations with an
emphasis long-time (ergodic) properties. Some proofs are given here, which will, we
hope, give a flavor of the subject, but many important results are simply mentioned
without proof.

Our list of references is brief and does not do justice to the very large body of
literature on the subject, but simply reflects some ideas we have tried to conveyed in
these lectures. For Brownian motion, stochastic calculus and Markov processes we
recommend the book of Oksendal [10], Kunita [15], Karatzas and Shreve [3] and the
lecture notes of Varadhan [13, 14]. For Liapunov function we recommend the books
of Has’minskii [2] and Meyn and Tweedie [7]. For hypoellipticity and control theory
we recommend the articles of Kliemann [4], Kunita [6], Norris [8], and Stroock and
Varadhan [12] and the book of Hérmander [1].

2 Stochastic Processes

A stochastic process is a parametrized collection of random variables

{zt(w)}eer (1)
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defined on a probability space (fZ , B, P). In these notes we will take 7= Rt or T =
R. To fix the ideas we will assume that x; takes value in X = R" equipped with the
Borel o-algebra, but much of what we will say has a straightforward generalization
to more general state space. For a fixed w € 2 the map

t— x(w) 2)

is a path or a realization of the stochastic process, i.e. a random function from 7" into
R"™. For fixedt € T
w i 24 (w) (3)

is a random variable (“the state of the system at time ¢””). We can also think of z;(w)
as a function of two variables (¢, w) and it is natural to assume that x;(w) is jointly
measurable in (¢, w). We may identify each w with the corresponding path t — x;(w)
and so we can always think of {2 as a subset of the set 2 = (R™)” of all functions
from T into R"™. The o-algebra B will then contain the o-algebra F generated by
sets of the form

{w; x4, (w) € Fr, -+ yaz (W) € F} “4)

where F; are Borel sets of R™. The o-algebra F is simply the Borel o-algebra on
2 equipped with the product topology. From now on we take the point of view that
a stochastic process is a probability measure on the measurable (function) space
(2, F).

One can seldom describe explicitly the full probability measure describing a sto-
chastic process. Usually one gives the finite-dimensional distributions of the process
x, which are probability measures /i, ... ;, on R" defined by

:u‘tlf"ytk(le”'XFk) = P{xtl EFla"'axtkeFk}a )

where t1,--- ,t; € T and the F; are Borel sets of R”.

A useful fact, known as Kolmogorov Consistency Theorem, allows us to con-
struct a stochastic process given a family of compatible finite-dimensional distribu-
tions.

Theorem 2.1. (Kolmogorov Consistency Theorem) Forty,--- ,t, € Tandk € N
let jiy, ... 1,, be probability measures on R™ such that

1. For all permutations o of {1,--- ,k}
Pty ryyoe oy (F1 X o X F) = gy gy (F=11) X oo X Fym1gy) . (6)

2. Forallm € N
Pty oot (FLX - X FR) = gy ooty (FL X - X Fg x R - X R™) L (T)

Then there exists a probability space (£2,F,P) and a stochastic process x; on {2
such that

Pty (FL X oo X Fy) = P{ay, € Fyy-oo  ay, € Fr} (®)
forallt; € T and all Borel sets F; C R"™.
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3 Markov Processes and Ergodic Theory

3.1 Transition probabilities and generators

A Markov process is a stochastic process which satisfies the condition that the future
depends only on the present and not on the past, i.e., forany s; < --- < s < t and
any measurable sets Fy,--- , Fy, and F

P{zi(w) € Flas,(w) € Fy,--- x5, (w) € F} = P{ay(w) € Flzs, (w) € Fi}.
)
More formally let F; be the subalgebra of F generated by all events of the form
{zu(w) € F} where F is a Borel set and s < u < t. A stochastic process z; is a
Markov process if for all Borel sets F', and all 0 < s < ¢ we have almost surely

P{z;(w) € F|F2} = P{a(w) € F|F:} = P{ay(w) € Fla(s,w)}.  (10)

We will use later an equivalent way of describing the Markov property. Let us con-
sider 3 subsequent times t; < t3 < t3. The Markov property means that for any g
bounded measurable

Elg(w)| 7y x Fii] = Elg(we)| 7] (11)
The time reversed Markov property that for any bounded measurable function f
B(f (e )|F3 x Fi2] = Elf (24,171, (12)

which says that the past depends only on the present and not on the future. These two
properties are in fact equivalent, since we will show that they are both equivalent to
the symmetric condition

Blg(e,) f(we)|Fi3] = Elg(we,)|IF2VEf (24,) 7] (13)

which asserts that given the present, past and future are conditionally independent.
By symmetry it is enough to prove

Lemma 3.1. The relations (11) and (13) are equivalent.

Proof. Let us fix f and g and let us set z;, = z; and ff: = F;,fori =1,2,3. Let

us assume that Eq. (11) holds and denote by §(z2) the common value of (11). Then
we have

Elg(xzs)f(x1)|F2] = E[Elg(zs) f(21)|F2 x F1] | Fo

= E[f(21)E[g(z3)|F2 x 1] | F2] = E[f(z1)§(x2) | F2]

= E[f(z1) [ F2]§(22) = E[f(21) | F2] Elg(x3)| 2], (14)
which is Eq. (13). Conversely let us assume that Eq. (13) holds and let us denote

by g(z1, z2) and by §(x2) the left side and the right side of (11). Let h(z2) be any
bounded measurable function. We have
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E [f(z1)h(22)g(w1,72)] = E[f(21)h(z2)Elg(w3)|Fa x Fi]]

E[f(z1)h(z2)g(z3)] = E [h(z2)E[f(21)g(x3) | F2]]
= E[h(z2) (E[g(z3) | F2]) (E[f(z1) | F2])]

= E[h(22)§(22)E[f (z1) | F2]] = E[f(z1)h(z2)4(22)] - (15)

Since f and h are arbitrary this implies that g(z1, 22) = §(z2) a.s. O

A natural way to construct a Markov process is via a transition probability func-
tion
Py(z, F), teT, xze€R"™, F aBorelset, (16)

where (t,z) — P.(x,F) is a measurable function for any Borel set F' and F' +—
Py(x, F) is a probability measure on R™ for all (¢, ). One defines

P{z;(w) € F|F2} = P{ai(w) € Flas(w)} = Pr_s(zs(w), F). (17)

The finite dimensional distribution for a Markov process starting at x at time O are
then given by

P{{Etl S F} = Pt1($7F1)7

P{’Itl eFlaItz GFQ) :/ Ptl(xad'rl)Ptz—tl(xlyFQ)a (18)
Py

P{.Ttl eFl,--,.’L‘tk EFk}:/ / Ptl(a:,dxl)-~Ptk,tk71(xk,1,Fk).
Fy Fr1

By the Kolmogorov Consistency Theorem this defines a stochastic process x; for
which P{zy = 2} = 1. We denote P, and E,, the corresponding probability distri-
bution and expectation.

One can also give an initial distribution m, where 7 is a probability measure on
R™ which describe the initial state of the system at ¢ = 0. In this case the finite
dimensional probability distributions have the form

/ / / Tr(dx)Pt(xad'rl)PtQ—tl(xlydxz)"'Ptk—f/kfl(xk—l7Fk); (19)
nJFy Fr_1

and we denote P, and E,; the corresponding probability distribution expectation.

Remark 3.2. We have considered here only time homogeneous process, i.e., processes
for which P, {x;(w) € F|25(w)} depends only on ¢ — s. This can generalized this
by considering transition functions P(¢, s, z, A).

The following property is a immediate consequence of the fact that the future de-
pends only on the present and not on the past.
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Lemma 3.3. (Chapman-Kolmogorov equation) For 0 < s < t we have

Pz, A) = N Py(z,dy)Pi—s(y, A) . (20)

Proof. : We have

Pi(x,A) = P{lzg=x,24 € A} = P{zg=x,2, e R", 2, € A}
= Py(x,dy) Pr—s(y, A) . 21)
R"'L
O

For a measurable function f(x), x € R", we have

E,[f(z,)] = / Py, dy)f (y). 22)

n

and we can associate to a transition probability a linear operator acting on measurable
function by

Tif(x) = | Pl dy)fy) = Exlf(z)]- (23)

R’IL
From the Chapman-Kolmogorov equation it follows immediately that 7; is a semi-
group: for all 5,7 > 0 we have

Tt+5 = TtTS . (24)

We have also a dual semigroup acting on o-finite measures on R":

S(4) = [ p(d)P(a,4). (25)
The semigroup 7} has the following properties which are easy to verify.
1. T; preserves the constant, if 1(z) denotes the constant function then
T:1(x) = 1(x). (26)
2. T; is positive in the sense that
T,f(x) >0 if f(z) > 0. 27)

3. T} is a contraction semigroup on L*°(dz), the set of bounded measurable func-
tions equipped with the sup-norm || - || oc.

[Tt flle = sup| [ Pi(z,dy)f(y)]
T R”

IN

sup | £ ()] sup / JR'P(e.dy) = |flw. 28
y T
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The spectral properties of the semigroup 7; are important to analyze the long-
time (ergodic) properties of the Markov process z;. In order to use method from
functional analysis one needs to define these semigroups on function spaces which
are more amenable to analysis than the space of measurable functions.

We say that the semigroup 73 is weak-Feller if it maps the set of bounded con-
tinuous function C*(R™) into itself. If the transition probabilities P;(z, A) are sto-
chastically continuous, i.e., if lim;_g Pi(z, Be(x)) = 1 for any € > 0 (Be(x) is
the e-neighborhood of x) then it is not difficult to show that lim; o T3 F (z) = f(z)
for any f(x) € C’(R") (details are left to th reader) and then 7} is a contraction
semigroup on C°(R™).

We say that the semigroup 7} is strong-Feller if it maps bounded measurable
function into continuous function. This reflects the fact that 7% has a “smoothing
effect”. A way to show the strong-Feller property is to establish that the transition
probabilities P;(x, A) have a density

Pt(xady) = pt('xay)dy7 (29)

where p;(x,y) is a sufficiently regular (e.g. continuous or differentiable) function of
z, y and maybe also of ¢. We will discuss some tools to prove such properties in
Section 7.

If T} is weak-feller we define the generator L of T, by

o Tef @) = f(2)

t—0 t

Lf(z) =

The domain of definition of L is set of all f for which the limit (30) exists for all z.

(30)

3.2 Stationary Markov processes and Ergodic Theory
We say that a stochastic process is stationary if the finite dimensional distributions
P{$t1+h €F1,-~- 7$tk+h€Fk} (31)

are independent of h, for all £; < --- < t; and all measurable F;. If the process is
Markovian with initial distribution 7(dz) then (take k = 1)

/ w(dz)Py(z, F) = Sym(F) (32)
must be independent of ¢ for any measurable F', i.e., we must have
Sy =, (33)
for all ¢ > 0. The condition (33) alone implies stationarity since it implies that

Po{xs,4n € Fi, - 24 4n € Fi}

- / / / 7(dz) Py s (i, i) -~ Poy 1y (51, F)
n JFy Fr_1

= / / m(dx) Py, (z,dxy) - Pyt (xp—1, Fi) , (34)
I Fr_1
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which is independent of h.

Intuitively stationary distribution describe the long-time behavior of z,. Indeed
let us suppose that the distribution of z; with initial distribution p converges in some
sense to a distribution v = -, (a priori v may depend on the initial distribution ),
ie.,

75lim P, {z: € F} = v.(F), (35)

for all measurable F'. Then we have, formally,

Yu(F) = lm [ p(dz)Py(z, F)

t—o0o Rn

~ tim [ ) / Pr_y(z, dy) P.(y, F)
R" n

= [outtn) [ Pv.F) = S0, (36)

i.e., 7y, is a stationary distribution.

In order to make this more precise we recall some concepts and results from
ergodic theory. Let (X, F, i) be a probability space and ¢;, ¢ € R a group of mea-
surable transformations of X . We say that ¢, is measure preserving if p(¢—+(A)) =
w(A) forallt € R and all A € F. We also say that y is an invariant measure for ¢;.
A basic result in ergodic theory is the pointwise Birkhoff ergodic theorem.

Theorem 3.4. (Birkhoff Ergodic Theorem) Let ¢, be a group of measure preserv-
ing transformations of (X, F, ). Then for any f € L'(u) the limit

1
lim —
t—oo t

Afmmmwzﬂ@ (37)

exists p-a.s. The limit f*(z) is ¢y invariant, f(¢t(x)) = f(z) forallt € R, and
Jx fdu= [y f*dp

The group of transformation ¢; is said to be ergodic if f*(x) is constant p-a.s.
and in that case f*(z) = [ fdu, p-a.s. Ergodicity can be also expressed in terms
of the o-field of invariant subsets. Let G C F be the o-field given by G = {A €
F : ¢7'(A) = Afor all t}. Then in Theorem 3.4 f*(x) is given by the conditional
expectation

fr(x) = E[f|9]. (38)

The ergodicity of ¢, is equivalent to the statement that G is the trivial o-field, i.e., if
A e Gthen u(A) =0orl.

Given a measurable group of transformation ¢; of a measurable space, let us
denote by M the set of invariant measure. It is easy to see that M is a convex set
and we have

Proposition 3.5. The probability measure i is an extreme point of M if and only if
W is ergodic.
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Proof. Let us suppose that y is not extremal. Then there exists p1, p2 € M with
w1 # pg and 0 < a < 1 such that u = apy + (1 — a)pe. We claim that 4 is not
ergodic. It u were ergodic then p(A) = Oor 1 forall A € G. If u(4) = 0 or 1,
then 111 (A) = pa(A) = 0or p1(A) = pa(A) = 1. Therefore pq and o agree on
the o-field G. Let now f be a bounded measurable function and let us consider the
function

f*(z) = lim !

t—oo t

/ F(6sz) ds, (39)
0

which is defined on the set F where the limit exists. By the ergodic theorem p1 (E) =
p2(E) =1 and f* is measurable with respect to G. We have

/fdﬂi:/f*d,ui» i=1,2. (40)

E E

Since p1 = pg on G, f* is G-measurable, and p;(F) = 1 for i = 1,2, we see that
[ i = [ s @)
b's b's

Since f is arbitrary this implies that ;11 = o and this is a contradiction.
Conversely if p is not ergodic, then there exists A € G with 0 < p(A) < 1. Let
us define (AN B) (4° 1 B)
pAN pA°N
mB) ==y A
1(A) p(A°)

Since A € G, it follows that p; are invariant and that y = p(A) g + p(A€)pe. Thus
(4 is not an extreme point. [

p2(B) = (42)

A stronger property than ergodicity is the property of mixing . In order to formu-
late it we first note that we have

Lemma 3.6.  is ergodic if and only if

t

lim + [ j(6-4(4) N B) = u(A)u(B), 3)

t—oo ¢ 0

forall A, B e F

Proof. If u is ergodic, let f = xa be the characteristic function of A in the er-
godic theorem, multiply by the characteristic function of B and use the bounded
convergence theorem to show that Eq. (43) holds. Conversely let £ € G and set
A = B = Ein Eq. (43). This shows that x(E) = pu(E)? and therefore u(E) = 0
orl. O

We say that an invariant measure p is mixing if we have

lim (¢ (4) N B) = pu(A)u(B) (44)

t—oo
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forall A, B € F,i.e., we have convergence in Eq. (44) instead of convergence in the
sense of Cesaro in Eq. (43).

Mixing can also be expressed in terms of the triviality of a suitable o-algebra.
We define the remote future o-field, denoted F, by

Fuo = Jol#). @)

£>0

Notice that a set A € F, if and only if for every ¢ there exists a set A; € F such
that A = ¢_; A;. Therefore the o-field of invariant subsets G is a sub- o-field of F°°.
We have

Lemma 3.7. y is mixing if and only if the o-field F, is trivial.

Proof. Let us assume first that F, is not trivial. There exists a set A € F,, with
0 < p(A) < 1or u(A)? # u(A) and for any ¢ there exists a set A; such that
A = ¢_(Ay). If u were mixing we would have limy_, o p1(d—_(A) N A) = u(A)2.
On the other hand

ot (A) N A) = u(d—1(A) NP_i(Ar)) = u(AN Ay) (46)

and this converge to p(A) as t — oo. This is a contradiction.
Let us assume that F is trivial. We have

w(p—(A) N B) — p(A)p(B) = u(B|d—(A))pu(¢p—+(A)) — u(A)u(B)
= (W(B|p-+(A)) — (B)) p(A) (47)

The triviality of F, implies that lim;_.o u(B | ¢—_¢(A)) = u(B). O

Given a stationary Markov process with a stationary distribution 7 one con-
structs a stationary Markov process with probability measure P,. We can extend
this process in a natural way on —oo < ¢ < oo. The marginal of P, at any time ¢ is
m. Let ©4 denote the shift transformation on {2 given by O, (z¢(w)) = x¢4s(w). The
stationarity of the Markov process means that @ is a measure preserving transfor-
mation of (£2, F,P,).

In general given transition probabilities P;(x,dy) we can have several station-
ary distributions 7 and several corresponding stationary Markov processes. Let M
denote the set of stationary distributions for P;(z, dy), i.e.,

M= {r:Sn=n}. (48)
Clearly M is a convex set of probability measures. We have

Theorem 3.8. A stationary distribution © for the Markov process with transition
probabilities Py(x,dy) is an extremal point of M if and only if P is ergodic , i.e.,
an extremal point in the set of all invariant measures for the shift ©;.
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Proof. If Py is ergodic then, by the linearity of the map m — P, 7 must be an
extreme point of M.

To prove the converse let £ be a nontrivial set in the o-field of invariant subsets.
Let F denote the far remote future o-field and F~°° the far remote past o-field
which is defined similarly. Let also F{ be the o-field generated by x (this is the
present). An invariant set is both in the remote future F, as well as in the remote
past Fo. By Lemma 3.1 the past and the future are conditionally independent given
the present. Therefore

P.[E|F)] = PA[ENE|F)] = P,[E|FPL[E|F]. (49)

and therefore it must be equal either to O or 1. This implies that for any invariant set £/
there exists a measurable set A C R" suchthat £ = {w : z;(w) € Aforallt € R}
up to a set of P, measure 0. If the Markov process start in A or A€ it does not ever
leaves it. This means that 0 < 7(A) < 1 and P;(x, A°) = 0 for 7 a.e. ¢ € A and
Pi(z,A) = 0for w a.e. x € A°. This implies that 7 is not extremal.

Remark 3.9. Theorem 3.8 describes completely the structure of the o-field of invari-
ant subsets for a stationary Markov process with transition probabilities P;(z, dy)
and stationary distribution 7. Suppose that the state space can be partitioned non
trivially, i.e., there exists a set A with 0 < w(A) < 1 such that P;(x, A) = 1 for
almost every x € A and for any ¢ > 0 and P;(x, A°) = 1 for 7 almost every = € A€
and for any ¢ > 0. Then the event

E = {w; z;(w) € Aforallt € R} (50)

is a nontrivial set in the invariant o-field. What we have proved is just the converse
the statement.

We can therefore look at the extremal points of the sets of all stationary distribu-
tion, S;m = m. Since they correspond to ergodic stationary processes, it is natural to
call them ergodic stationary distributions. If 7 is ergodic then, by the ergodic theorem

we have .

lim ~ [ F0,(z.())ds = By [F(z. ()] . 51)

t—oo t 0

for P, almost all w. If F/(z.) = f(x¢) depends only on the state at time 0 and is
bounded and measurable then we have

lim %/0 flas(w))ds = /f(x)dw(:v) (52)

t—o0

for 7 almost all  and almost all w. Integrating over w gives that

t—oo

lim % ; Tsf(x)ds = /f(:r:)dﬂ'(x) (53)

for 7 almost all x.
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The property of mixing is implied by the convergence of the probability measure
Pi(z,dy) to pu(dy). In which sense we have convergence depends on the problem
under consideration, and various topologies can be used. We consider here the total
variation norm (and variants of it later): let ;x be a signed measure on R", the rotal
variation norm ||p|| is defined as

lull = sup [u(f)] = sup u(A) — inf u(A). (54)
1f1<1 A

Clearly convergence in total variation norm implies weak convergence.
Let us assume that there exists a stationary distribution 7 for the Markov process
with transition probabilities P;(x, dy) and that

flim | Pi(z,-) — 7| = 0, (55)

for all x. The condition (55) implies mixing. By a simple density argument it is
enough to show mixing for £ € F, > and F € F/. Since O_(F; <) = F, T we
simply have to show that as k = ¢ — s goes to oo, u(E N F') converges to pu(E)u(F).
We have

uEr) = [ ([ Popano) e,
WENF) = /

E

( / Po(0-4, F)Pi(zs, (w),dx)> P, , (56)
and therefore

W(ENF) = p(E)u(F)

- /E( / Po(O-t, F) (Pr(ws, (W), du) —W(dm))) P,  (57)

from which we conclude mixing.

4 Brownian Motion

An important example of a Markov process is the Brownian motion. We will take as
a initial distribution the delta mass at x, i.e., the process starts at x. The transition
probability function of the process has the density p;(z,y) given by

1 _ 2

Then for 0 < t; < ty < --- < t and for Borel sets F; we define the finite dimen-
sional distributions by

Vtq,..., tz(Fl X X Fx)

= /ptl(‘r?xl)pt2*t1(x1ax2)"'ptzftz—1(xzflaxx)dwl d(Ex, (59)
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with the convention
po(x,x1) = p(x1). (60)

By Kolmogorov Consistency Theorem this defines a stochastic process which we
denote by B; with probability distribution P, and expectation E,. This process is
the Brownian motion starting at x.

We list now some properties of the Brownian motion. Most proofs are left as
exercises (use your knowledge of Gaussian random variables).

(a) The Brownian motion is a Gaussian process, i.e., for any k > 1, the random
variable Z = (By,, -+ , By, ) is a R™*-valued normal random variable. This is clear
since the density of the finite dimensional distribution (59) is a product of Gaussian
(the initial distribution is a degenerate Gaussian). To compute the mean and variance
consider the characteristic function which is given for o € R"* by

1
E, [exp(iaTZ)] = exp (—2aTC'a +iaTM> , (61)

where
M = E,[Z] = (z,--- ,x), (62)

is the mean of Z and the covariance matrix C;; = E.[Z;Z;] is given by

tL1, 61, - 411,
tIIn tZIn o t2In

C = , (63)
tlIn tQI'rL to tk:In
where I,, is n by n identity matrix. We thus find
E.[Bi] = x, (64)
E.[(B; — 2)(Bs — z)] = nmin(t,s), (65)
E.[(B — Bs)?] = nft — s, (66)
() If B, = (Bt(l), e ,Bt(")) is a m-dimensional Brownian motion, ng ) are inde-

pendent one-dimensional Brownian motions.

(c) The Brownian motion B, has independent increments , i.e., for 0 < t; < t9 <

- <t the random variables B;,, By, — By, -+ By, — By, , are independent.
This easy to verify since for Gaussian random variables it is enough to show that the
correlation E,[(By, — By, ,)(B:; — By,_, )] vanishes.

(d) The Brownian motion has stationary increments , i.e., By, — By has a distrib-
ution which is independent of ¢. Since it is Gaussian it suffices to check E, [ By, —
By] = 0and E, (B4, — By)?] is independent of ¢.

(d) A stochastic process Z; is called a modification of z; if P {x; = %, } holds for all
t. Usually one does not distinguish between a stochastic process and its modification.
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However the properties of the paths can depend on the choice of the modification,
and for us it is appropriate to choose a modification with particular properties, i.e.,
the paths are continuous functions of ¢. A criterion which allows us to do this is given
by (another) famous theorem from Kolmogorov

Theorem 4.1. (Kolmogorov Continuity Theorem) Suppose that there exists posi-
tive constants o, (3, and C such that

El|z; — z,]%] < C|t —s|*TF. (67)

Then there exists a modification of x; such that t — x; is continuous a.s.

In the case of Brownian motion it is not hard to verify (use the characteristic function)
that we have
E[|B; — B.|'] = 3|t — 5|, (68)

so that the Brownian motion has a continuous version, i.e. we may (and will) assume
that ¢ (w) € C([0,00); R™) and will consider the measure P, as a measure on the
function space C(]0, 00); R™) (this is a complete topological space when equipped
with uniform convergence on compact sets). This version of Brownian motion is
called the canonical Brownian motion.

5 Stochastic Differential Equations

We start with a few purely formal remarks. From the properties of Brownian motion
it follows, formally, that its time derivative £, = B, satisfies E[¢;] = 0, E[(&)?] =
oo, and E[¢:£,] = 0if t # s, so that we have formally, E[{:£;] = 6(t — s). So,
intuitively, £(¢) models an time-uncorrelated random noise. It is a fact however that
the paths of B, are a.s. nowhere differentiable so that &; cannot be defined as a
random process on (R™)7 (it can be defined if we allow the paths to be distributions
instead of functions, but we will not discuss this here). But let us consider anyway
an equation of the form '

ftt = b(l’t) + U(xt)Bt 5 (69)

where, € R"™, b(z) is a vector field, o (z) a n X m matrix, and B; a m-dimensional
Brownian motion. We rewrite it as integral equation we have

z(w) = xo(w)+/0 b(xs(w)ds+/0 o(zs(w))Bsds . (70)

Since B, is uncorrelated x;(w) will depend on the present, zo(w), but not on the
past and the solution of such equation should be a Markov process. The goal of this
chapter is to make sense of such differential equation and derive its properties. We
rewrite (69) with the help of differentials as

dxy = b(xy)dt + o(xy)dBy, (71
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by which one really means a solution to the integral equation

t t
Ty — Tg = / b(xs)ds +/ o(xs)dBs. (72)
0 0

The first step to make sense of this integral equation is to define Ito integrals or
stochastic integrals, i.e., integrals of the form

/0 (s 0)dB.(w). 73)

for a suitable class of functions. Since, as mentioned before B; is nowhere differ-
entiable, it is not of bounded variation and thus Eq. (73) cannot be defined as an
ordinary Riemann-Stieljes integral.

We will consider the class of functions f(¢,w) which satisfy the following three
conditions

1. The map (s,w) — f(s,w) is measurable for 0 < s < .

2. For 0 < s < t, the function f(s,w) depends only upon the history of B, up to
time s, i.e., f(s,w) is measurable with respect to the o-algebra N2 generated by
setsoftheform{Btl( YEF, -+, By (w) € Fpwith0 <t <--- <t <s.

3. E{fo ds}<oo

The set of functions f (s, w) which satisfy these three conditions is denoted by V[0, ¢].
It is natural, in a theory of integration, to start with elementary functions of the

form
Z Pt @)1, 0,40 (8) (74)

where 5 € [t;,t;41]. In order to satlsfy Condition 2. one chooses the right-end point
t; = t; and we then write

Fltw) = ei(@)lp, e, (1), (75)

J

and e;(w) is V;, measurable. We define the stochastic integral to be
/ f(s,w)dBs( Zej (B, — By,). (76)

This is the Ito integral. To extend this integral from elementary functions to general
functions, one uses Condition 3. together with the so called Ito isometry

Lemma 5.1. (Ito isometry) If ¢(s,w) is bounded and elementary

</Ot¢<svw)st(w)>2 =E Uot f(s,w)2ds} : 77
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Proof. Set ABj = By, , — By, . Then we have

G+1

_ 0 i F ]
Bleie; ABAB;| = {E[e?](tm —t)i=j"’ 78

using that e;je; AB; is independent of AB; for j > 4 and that e; is independent of
B; by Condition 2. We have then

(/ths(s,w)st(w))T = Y Eleic;ABAB)]

,J

ZE [€3] (tj41 — ;)

E

t
E { f(s, w)2dt] ) (79)
0
O

Using the Ito isometry one extends the Ito integral to functions which satisfy
conditions (a)-(c). One first shows that one can approximate such a function by ele-
mentary bounded functions, i.e., there exists a sequence {¢,, } of elementary bounded
such that

B| | (£ (5,0) — (s, ))? is| 0. (80)

This is a standard argument, approximate first f by a bounded, and then by a bounded
continuous function. The details are left to the reader. Then one defines the stochastic

integral by
t

/t f(s,w)dBs(w) = lim On(s,w)dBs(w), 81)
0

n—oo 0

where the limit is the L?(P)-sense. The Ito isometry shows that the integral does not
depend on the sequence of approximating elementary functions. It easy to verify that
the Tto integral satisfy the usual properties of integrals and that

t
E { / deS] = 0. (82)
0

Next we discuss Ito formula which is a generalization of the chain rule. Let
v(t,w) € V[0,¢] for all ¢ > 0 and let u(¢,w) be a measurable function with re-
spect to NV for all t > 0 and such that fot |u(s,w)|ds is a.s. finite. Then the Ito
process x; is the stochastic integral with differential

drs(w) = u(t,w)dt + v(t,w)dB(w) . (83)

Theorem 5.2. (Ito Formula) Let x; be an one-dimensional Ito process of the form
(83). Let g(x) € C%(R) be bounded with bounded first and second derivatives. Then
yr = g(x¢) is again an Ito process with differential
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2
dy(w) = <Zi(a:t)u(t,w)dt + ;Z;j(mt)ﬁ(t,w)) dt + Z—ggc(xt)v(t,w)dBt(w) )

Proof. We can assume that u and v are elementary functions. We use the notations
Aty = tjp1 — by, Azj = 2541 — a5, and Ag(2;) = g(2;41) — g(=;). Since g is C*
we use a Taylor expansion

g(zt) = g(wo) +ZAQ(I‘7)

d 1 &
— glw)+ Y ﬁ(xtj)mj +33 d?ggj(;ctj)(ijﬁ + Ry, (84)
J J

where R; = o((Ax;)?). For the second term on the r.h.s. of Eq. (84) we have

d d
— [ Lwouts.wds+ [ w)ots,w)db.. (55)
We can rewrite the third term on the r.h.s. of Eq. (84) as
d*g 2 d*g 2 2 2 2
%( x;) = P (u5(At;)? + 2ujv; At; AB; + 03 (AB)3) . (86)
J J

The first two terms on the r.h.s. of Eq. (86) go to zero as At; — 0. For the first it is
obvious while for the second one uses

=E

d?g 2 d?g 2 3
E %(xtj)“ﬂjﬂtjABj %(xtj)ujvj (At;)° — 0, (87)

as At; — 0. We claim that the third term on the r.h.s. of Eq. (86) converges to

t g2
/ L9 (o )w?ds, (88)
0

2z

in L2(P) as At; — 0. To prove this letus seta(t) = gz—g(xt)vQ(t, w) and a; = a(t;).
We have

E || > ai((AB)" = A) | | = D Blaia;((AB)? = At)((AB))* - Aty)]
J 2]
(89)
Ifi < j,a;a;((AB;)? — At;) is independent of ((AB;)? — At;). So we are left with
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ZE — At;)?]

= Y _E[a}]E[(AB;)* — 2(AB;)* At; + (At;)?]

= Y E[a]](3(At;)* — 2(At;)* + (At;)?] = 2) E[a3]At3,  (90)

J

and this goes to zero as At; goes to zero. 0O

Remark 5.3. Using an approximation argument, one can prove that it is enough to
assume that g € C? without boundedness assumptions.

In dimension n > 1 one proceeds similarly. Let B, be a m-dimensional Brown-
ian motion, u(t,w) € R™, and v(t,w) an n x m matrix and let us consider the Ito
differential

dry(w) = u(t,w)dt + v(t, w)dB(w) o1

then y; = g(z;) is a one dimensional Ito process with differential

2
() = Y ggfj(xt)uj(t, D453 SO ()i (1) | di

Z‘ial‘j

+Z (@) (t w)dB(l) (92)

We can apply this to a stochastic differential equation

dzy(w) = b(z(w))dt + o(x¢(w))dBi(w) (93)
with

ut,w) = bz (w)), v(t,w)=o(z(w)), (94)

provided we can show that existence and uniqueness of the integral equation

22(w) = w0 + /O b (w))ds + /0 o (20 (w))d By (w) - 95)

As for ordinary ODE’s, if b and o are locally Lipschitz one obtains uniqueness and
existence of local solutions. If if one requires, in addition, that b and o are linearly
bounded

b(2)] + |o(z)| < C(1+]z]), (96)

one obtains global in time solutions. This is proved using Picard iteration, and one
obtains a solution z; with continuous paths, each component of which belongs to
V[0, T, in particular x, is measurable with respect to N,
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Let us now introduce the probability distribution Q_ of the solution z; = z7 of
(93) with initial condition ¢ = x. Let F be the o-algebra generated by the random
variables x;(w). We define Q,, by

Qulzy, € F1,--- oy, €EFY = Plw; oy, € Fr,--- 2y, € F,] (97)

where P is the probability law of the Brownian motion (where the Brownian motion
starts is irrelevant since only increments matter for x;). Recall that N} is the o-
algebra generated by {B;,0 < s < t}. Similarly we let F the o-algebra generated
by {zs,0 < s < t}. The existence and uniqueness theorem for SDE’s proves in fact
that z; is measurable with respect to N; so that we have F; C N;.

We show that the solution of a stochastic differential equation is a Markov
process.

Proposition 5.4. (Markov property) Let f be a bounded measurable function from
R"” to R. Then, fort,h > 0

E. [f(ze1n) IN] = Eq, () [f(2n)] - (98)

Here E, denote the expectation w.r.t to Q, that is E, [f(x))] means E [f(z})]
where E denotes the expectation w.r.t to the Brownian motion measure P.

Proof. Let us write z;"" the solution a stochastic differential equation with initial
condition x; = x. Because of the uniqueness of solutions we have

O, _ _taxe
Tip = T 99)

Since xif}l depends only z, it is measurable with respect to F;. The increments of
the Brownian paths over the time interval [t, ¢ + h] are independent of 77, and the b
and o do not depend on t. Therefore

P[$t+h€F|}ﬂ = P[Iif}fl GFU‘?]
= P [1p!) € F] ly=s,0)
= PV € F lymarr (100)
and this proves the claim. 0O

Since NP C F? we have

Corollary 5.5. Let f be a bounded measurable function from R™ to R. Then, for
t,h>0
B [f(zesn) | ] = B, [f(@n)] ], (101

i.e. Ty is a Markov process.
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Proof. Since 7 C N we have

E; [f(ze4n) | F] = Eo [Be [f(@een) INY] | F]
= E, [E,, [f(z1)] | 7]
= E,, [f(zn)] (102)

O

Let f € C? (i.e. twice differentiable with compact support) and let L be the
second order differential operator given by

) s
Lf = Ybe)g )+ 5 Y es)zog @, 10y

2,]

with a;j(x) = (o(z)o(z));;. Applying Ito formula to the solution of an SDE with
xo = , i.e. with u(t,w) = b(a¢(w)) and v(t,w) = o(z,w), we find

t
B.lf(w)] ~ fe) = B | [ Li@)ds+ 30 g w)oylaay)
ij J
= /tEm [Lf(xs)ds] . (104)
0
Therefore
L1(e) = iy B0 1) 105

i.e., L is the generator of the diffusion x;. By the semigroup property we also have

d
ZTif (@) = LTy(), (106)

so that L is the generator of the semigroup 7} and its domain contains C3.

Example 5.6. Let p, ¢ € R™ and let V(q) : R"® — R be a C? function and let By be
a n-dimensional Brownian motion. The SDE

dq = pdt,
dp = (=VV(q) — N?p) dt + \W2TdB,, (107)

has unique local solutions, and has global solutions if | VV (¢)|| < C(1 + ||q||). The
generator is given by the partial differential operator

L=ATV, -Vy—p-Vp)+p-Ve—(VV(g) V,. (108)

We now introduce a strengthening of the Markov property, the strong Markov
property. It says that the Markov property still holds provided we replace the time ¢
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by a random time 7(w) in a class called stopping times. Given an increasing family
of o-algebra M, a function 7 : 2 — [0, o] is called a stopping time w.r.t to My if

{w: 7(w) <t} € My, forallt >0. (109)

This means that one should be able to decide whether or not 7 < ¢ has occurred
based on the knowledge of M.
A typical example is the first exit time of a set U for the solution of an SDE: Let
U be an open set and
oy = inf{t >0; 2 ¢ U} (110)

Then oV is a stopping time w.r.t to either N}? or F?.
The Markov property and Ito’s formula can be generalized to stopping times. We
state here the results without proof.

Proposition 5.7. (Strong Markov property) Let f be a bounded measurable func-
tion from R™ to R and let T be a stopping time with respect to Fy, T < 00 a.s.
Then

E, [f(@r4n) | FY] = Eq, [f(zn)], (111)
Sforall h > 0.

The Ito’s formula with stopping time is called Dynkin’s formula.

Theorem 5.8. (Dynkin’s formula) Let f be C? with compact support. Let T be a
stopping time with E,, [T] < co. Then we have

B, [f(z,)] = /(z) + B, [ [ LF(WS} . (12)

As a first application of stopping time we show a method to extend local solutions
to global solutions for problems where the coefficients of the equation are locally
Lipschitz, but not linearly bounded. We call a function W (z) a Liapunov function if
W(z) > 1and

lim W(z) = o0 (113)

|z|— o0

i.e., W has compact level sets.
Theorem 5.9. Let us consider a SDE
dxy = b(xy)dt + o(x)dBy, x9 =1, (114)

with locally Lipschitz coefficients. Let us assume that there exists a Liapunov function
W which satisfies
Lw < cW, (115)

for some constant c. Then the solution of Eq. (114) is defined for all time and satisfies

E [W(zy)] < W(x)e®. (116)
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Proof. Since b and o are locally Lipschitz we have a local solution x;(w) which is
defined at least for small time. We define
Tn(w) = inf{t > 0,W(x) > n}, (117)
i.e. 7, is the first time exits the compact set {WW < n}. It is easy to see that 7, is a
stopping time. We define
Tn(t) = inf{r,,t}. (118)

We now consider a new process

Ty = Tr,(r) (119)

We have z; = =, forall ¢t > 7, i.e., Z; is stopped when it reaches the boundary of
{W < n}. Since 7, is a stopping time, by Proposition 5.7 and Theorem 5.8, Z; is a
Markov process which is defined for all ¢ > 0. Its Ito differential is given by

di’t = 1{7n>t}b((it)dt + 1{rn>t}a(i‘t)dBt . (120)
From Eq. (115) we have
0
L DWe et < 0 121
(5 + DWe™ <0, (121)

and thus

Tn(t) a
E W(xTn(t))e_CT"(t)} —W(z) = E / (& + L)W (xs)e™*ds| < 0.
0
(122)
Since 7, (t) < t, we obtain
E [W(z., )] < W(x)e”. (123)
On the other hand we have
E [W(z., )] = E[W(z., )l <] = nPy{m, <t} (124)
so that we obtain
ctW
P.{r, <t} < W)y, (125)

n

as n — oo. This implies that the paths of the process almost surely do not reach
infinity in a finite time, if 7 = lim,,_,, 7, then

P,{r=00} =1. (126)
Taking the limit n — oo in Eq. (123) and using Fatou’s lemma gives Eq. (116). O
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Example 5.10. Consider the SDE of Example (5.6). If V(q) is of class C? and
limyj4| -0 V' (¢) = oo, then the Hamiltonian H (p, q) = p®/2 + V(q) satisfy

LH(p,q) = An—p*) < An. (127)

Since H is bounded below we can take H +c as a Liapunov function, and by Theorem
115 the solutions exists for all time.

Finally we mention two important results of Ito calculus (without proof). The first
result is a simple consequence of Ito’s formula and give a probabilistic description
of the semigroup L — ¢ where ¢ is the multiplication operator by a function ¢(x)
and L is the generator of a Markov process x;. The proof is not very hard and is an
application of Ito’s formula.

Theorem 5.11. (Feynman-Kac formula) Ler x; is a solution of a SDE with gen-
erator L. If f is C? with bounded derivatives and if g is continuous and bounded.
Put

o(t,7) = By e S 1@ p | (128)
Then, fort > 0,
% = Lv—qu, v(0,2) = f(x). (129)

The second result describe the change of the probability distribution when the
drift in an SDE is modified. The proof is more involved.

Theorem 5.12. (Girsanov formula) Let x; be the solution of the SDE
dxy = b(ay)dt + o(xt)dBy, x9 =1, (130)
and let y; be the solution of the SDE
dy: = a(yy)dt + o(x)dBy, yo=1z. (131)
Suppose that there exist a function u such that
o(@)u(z) = b(z) — a(x), (132)

and u satisfy Novikov Condition

E [eXp @ [u“‘(yt(w))ds)] < 0. (133)

Then on the interval [0, t] the probability distribution QL? ot of y; is absolutely contin-

uous with respect to the probability distribution P[a? 't of x; with a Radon-Nikodym
derivative given by

dQLY(w) = e~ [y uwoaB.—4 [ W )ds gpl0.] () (134)
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6 Control Theory and Irreducibility

To study the ergodic properties of Markov process one needs to establish which sets
can be reached from z in time ¢, i.e. to determine when P;(x, A) > 0.

For solutions of stochastic differential equations there are useful tools which
from control theory. For the SDE

dry = b(xy)dt + o(x)dBy, mo=1x (135)
let us replace the Brownian motion B; by a piecewise polygonal approximation

k k k1
BN = By + N(t = ) By = Buw) . 1 S1< 75— (136)

Then its time derivative B,gN)

of

is piecewise constant. One can show that the solutions

deN) = b(ng))dt + a(x,EN))dBt(N) , To=2 (137)

converge almost surely to 2; uniformly on any compact interval [¢1, 2] to the solution
of
dl‘t = b(.l?t) +0'0'/(Z‘t)dt+0'($t)dBt, (138)

The supplementary term in (138) is absent if o(x) = o is independent of x and is
related to Stratonovich integrals. Eq. (137) has the form

& = blxy) +our, x0=2x, (139)

where t — u(t) = (u1(t), - ,um(t)) is a piecewise constant function. This is an
ordinary (non-autonomous) differential equation. The function w is called a control
and Eq. (139) a control system. The support theorem of Stroock and Varadhan shows
that several properties of the SDE Eq. (135) (or (138)) can be studied and expressed
in terms of the control system Eq. (139). The control system has the advantage of
being a system of ordinary diffential equations.

Let us denote by Sg[co’t] the support of the diffusion zy, i.e., S, is the smallest
closed (in the uniform topology) subset of { f € C([0,¢],R™), f(0) = =} such that

p {a:s(w) = Sgo»t]} — 1. (140)

Note that Girsanov formula, Theorem 5.12 implies that the supports of (135) and
(138) are identical.

A typical question of control theory is to determine for example the set of all
possible points which can be reached in time ¢ by choosing an appropriate control
in a given class. For our purpose we will denote by U the set of all locally constant
functions u. We will say a point y is accessible from « in time ¢t if there exists a
control u € U such that the solution xi") of the equation Eq. (139) satisfies (") (0) =
x and z(") (t) = y. We denote by A, (z) the set of accessible points from z in time .
Further we define C;,[[;O’t] (U) to be the subset of all solutions of Eq. (139) as u varies
inU. This is a subset of { f € C([0,¢],R™), f(0) = z}.
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Theorem 6.1. (Stroock-Varadhan Support Theorem)
Sl — cbA ) (141)
where the bar indicates the closure in the uniform topology.

As an immediate consequence if we denote supp p the support of a measure p
on R" we obtain

Corollary 6.2.

supp Pi(z, -) = A¢(x). (142)

For example if can show that all (or a dense subset) of the points in a set F' are
accessible in time ¢, then we have

Py(z,F) >0, (143)
that is the probability to reach F' from z in the time ¢ is positive.
Example 6.3. Let us consider the SDE
dxy = b(xy)dt + odBy, (144)

where b is such that there is a unique solution for all times. Assume further that
o : R™ — R" is invertible. For any ¢ > 0 and any x € R", the support of the
diffusion S = {f € C([0,t],R™), f(0) = z} and, for all open set F', we have
P,(x, F) > 0. To see this, let ¢; be a C! path in R™ such that ¢y = = and define
define the (smooth) control u; = o~} (gf)t — b(gzﬁt)). Clearly ¢ is a solution for the
control system &; = b(x;) + cuy. A simple approximation argument shows that any

continuous paths can be approximated by a smooth one and then any smooth path
can be approximated by replacing the smooth control by a piecewise constant one.

Example 6.4. Consider the SDE

dq = pdt,
dp = (=VV(q) — X?p) dt + \W2TdB,, (145)

under the same assumptions as in Example (6.4). Given ¢ > 0 and two pair of points
(qo, po) and (g, ), let ¢(s) be any C2 path in R™ which satisfy ¢(0) = qo, ¢(t) =
qt, ¢’ (0) = po and ¢’ (t) = p;. Consider the control u given by

B 1 . 9
= (& + V(@) +2%,) . (146)

By definition (¢, ¢t) is a solution of the control system with control u;, so that u;
drives the system from (qo, po) to (g¢, p¢). This implies that A;(x, F) = R™, for all
t > 0 and all z € R™. From the support theorem we conclude that P;(z, F') > 0 for
allt > 0, all z € R", and all open set F'.
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7 Hypoellipticity and Strong-Feller Property

Let x; denote the solution of the SDE
dxt = b(xt)dt + U(.I't)dBt 5 (147)

and we assume here that b(x) and o () are C* and such that the equation has global
solutions.

The generator of the semigroup 73 is given, on sufficiently smooth function, by
the second-order differential operator

L= Zb 50t 3 Z ai(2) 5—— ax] (148)

where

aij(w) = (o(z)0" (2))i; - (149)
The matrix A(x) = (a;;(x)) is non-negative definite for all z, A(x) > 0. The adjoint
(in L?(dx)) operator L* is given by

0
- Z (’975z Z 89018907 (150)

It is called the Fokker-Planck operator. We have

Tif(x) = E[f(z)] = [ Pz, dy)f(y), (151)

Rn

and we write
Pi(z,dy) = pi(w,y)dy. (152)

Although, in general, the probability measure P;(x, dy) does not necessarily have a
density with respect to the Lebesgue measure, we can always interpret Eq. (152) in
the sense of distributions. Since L is the generator of the semigroup L we have, in
the sense of distributions,

0
apt(x, ) = Lp(z,-). (153)

The dual S; of T} acts on probability measure and if we write, in the sense of distri-
butions, dr(z) = p(z) dz we have

d(Sem)(x) = Tip(x) de, (154)
so that 5
5Pt (5y) = L'pe(y). (155)

In particular if 7 is an invariant measure S;m = 7 and we obtain the equation
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L*p(z) = 0. (156)

If A(x) is positive definite, A(z) > c(x)1, c(x) > 0, we say that L is elliptic.
There is an well-known elliptic regularity result: Let H'°¢ denote the local Sobolev
space of index s. If A is elliptic then we have

Lf=gandge H* = feHSS,. (157)

If L is elliptic then L* is also elliptic. It follows, in particular that all eigenvectors of
L and L* are C*.

Let X; Z X! (x )W’ i =0,---, M be C* vectorfields. We denote by X
its formal adjoint (on L?). Let f(z) be a C* function. Let us consider operators K
of the form

K =Y X7()X;(z) + Xo(z) + f(z). (158)

Note that L, L*, 5t — L, and % — L* have this form.

In many interesting physical applications, the generator fails to be elliptic. There
is a theorem due to Hormander which gives a very useful criterion to obtain the
regularity of p;(z, y). We say that the family of vector fields { X; } satisfy Hormander
condition if the Lie algebra generated by the family

{Xi}iZo o X X505 » 1% X)X H g+ o (159)

has maximal rank at every point x.

Theorem 7.1. (Héormander theorem) If the family of vector fields {X;} satisfy
Hormander condition then there exists € > 0 such that

Kf=gandge H* = feH,. (160)

We call an operator which satisfies (160) an hypoelliptic operator. An analytic proof
of Theorem 7.1 is given in [1], there are also probabilistic proofs which use Malliavin
calculus, see [8] for a simple exposition.

As a consequence we have

Corollary 7.2. Let L = 3, Y;(2)*Y;(z) + Yo(x) be the generator of the diffusion
x¢ and let us assume that assume that (note that Yy is omitted!)

{Y}z 10 {[YHY]]}lJ =0 {[YHYJ] Yk]}z]k I (161)
has rank n at every point x. Then L, L*, 2 5 — L, and = — L* are hypoelliptic. The
transition probabilities Py(x,y) have densities pi(x, y) which are C*™ functions of

(t,x,y) and the semigroup Ty is strong-Feller. The invariant measures, if they exist,

have a C* density p(x).
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Example 7.3. Consider the SDE

dq = pdt,
dp = (=VV(q) — X?p) dt + \W2TdB,, (162)
with generator
L= XTIVy,-Vp—p-Vy)+p-Vq—(ViV(q)-Vyp. (163)

In order to put in the form (158) we set

0
X](p7q):)‘ﬁ7 j:172>"'an7

Bpj ’
Xo,q) = =Ap-Vp+p-Ve—(ViV(g) - Vp, (164)
sothat L = — Z?=1 X7 X, + Xo. The operator L is not elliptic since the matrix

a;; has only rank n. But L satisfies condition (161) since we have
9 0 0
(X, Xo] = - AVI—+IWT—, (165)
5pj 8qj

and so the set {X, [X;, Xo|},=1,, has rank 2n at every point (p, ¢). This implies
that L and L* are hypoelliptic. The operator % —L,and % — L* are also hypoelliptic
by considering the same set of vector fields together with X.

Therefore the transition probabilities P;(x, dy) have smooth densities p;(z,y).
For that particular example it is easy to check that

_ 1 £+V _ 1 ﬁJ’,V
p(z) = Zte T(2 (‘Z)) z :/ e T(2 (q)> dpdg.  (166)
R2n

is the smooth density of an invariant measure, since it satisfies L*p = 0. In general
the explicit form of an invariant measure is not known and Theorem 7.1 implies that
an invariant measure must have a smooth density, provided it exists.

8 Liapunov Functions and Ergodic Properties

In this section we will make the following standing assumptions

e (H1) The Markov process is irreducible aperiodic, i.e., there exists ¢y > 0 such
that
Pto(x7A) > 07 (167)

for all z € R™ and all open sets A.

e (H2) The transition probability function P;(x,dy) has a density p;(x,y) which
is a smooth function of (z,y). In particular T} is strong-Feller, it maps bounded
measurable functions into bounded continuous functions.
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We are not optimal here and both condition H1 can certainly be weakened. Note
also that H1 together with Chapman-Kolmogorov equations imply that (167) holds
in fact for all ¢ > ¢g. We have discussed in Sections 6 and 7 some useful tools to
establish H1 and H2.

Proposition 8.1. If conditions H1 and H2 are satisfied then the Markov process x;
has at most one stationary distribution. The stationary distribution, if it exists, has a
smooth everywhere positive density.

Proof. By H2 the dual semigroup S; acting on measures maps measures into mea-
sures with a smooth density with respect to Lebesgue measure: Sym(dz) = p¢(x)dx
for some smooth function p; (). If we assume there is a stationary distribution

Syr(dx) = 7(dx), (168)

then clearly 7(dz) = p(x)dz must have a smooth density. Suppose that the invariant
measure is not unique, then we might assume that 7 is not ergodic and thus, by
Theorem 3.8 and Remark 3.9, there exists a nontrivial set A such that if the Markov
process starts in A or A¢ it never leaves it. Since 7 has a smooth density, we can
assume that A is an open set and this contradicts (H1).

If 7 is the stationary distribution then by invariance

T(A) = / (dz) Py(x, A), (169)

and so w(A) > 0 for all open sets A. Therefore the density of m, denoted by p, is
almost everywhere positive. Let us assume that for some y, p(y) = 0 then

ply) = /'p<x>pt<x,y> dz . (170)

This implies that p;(x,y) = 0 for almost all z and thus since it is smooth the func-
tion p (-, y) is identically O for all ¢ > 0. On the other hand p;(x,y) — d(x — y) as
t — 0 and this is a contradiction. So we have shown that p(z) > O forallz. O

Condition H1 and H2 do not imply in general the existence of a stationary dis-
tribution. For example Brownian motion obviously satisfies both conditions, but has
no finite invariant distribution.

Remark 8.2. If the Markov process x; has a compact phase space X instead of R",
then x; always has a stationary distribution. To see this choose an arbitrary xy and
set

1 t
me(dy) = E/ Py(xo,dy)ds . (171)
0

The sequence of measures 7; has accumulation points in the weak topology. (Use
Riesz representation Theorem to identify Borel measure as linear functional on C(X)
and use the fact that the set of positive normalized linear functional on C(z) is weak-
+ compact if X is compact). Furthermore the accumulation points are invariants. The
details are left to the reader.
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If the phase is not compact as in many interesting physical problems we need
to find conditions which ensure the existence of stationary distributions. The basic
idea is to show the existence of a compact set on which the Markov process spends
“most of his time” except for rare excursions outside. On can express these properties
systematically in terms of hitting times and Liapunov functions.

Recall that a Liapunov function is, by definition a positive function W > 1 with
compact level sets (lim;|_ o W (z) = 400).

Our first results gives a condition which ensure the existence of an invariant mea-
sure. If K is a subset of R™ we denote by 7x = 7x(w) = inf{t,z:(w) € K} the
first time the process x; enters the set K, Tx is a stopping time.

Theorem 8.3. Let x; be a Markov process with generator L which satisfies condition
H1 and H2. Let us assume that there exists positive constant b and c, a compact set
K, and a Liapunov function W such that

LW < —c+blgx. (172)
Then we have
E.[tx] < o0. (173)
for all x € R"™ and the exists a unique stationary distribution .

Remark 8.4. One can show the converse statement that the finiteness of the expected
hitting time do imply the existence of a Liapunov function which satisfies Eq. (172).

Remark 8.5. Tt turns out that sometimes it is more convenient to show the existence
of a Liapunov function expressed in terms of the semigroup 73, for a fixed time
to rather than in terms of the generator L. If we assume that there exists constants
positive b, ¢, a compact set K, and a Liapunov function W which satisfies

Ty, W —-W < —c+blgz. (174)
then the conclusion of the theorem still hold true.

Proof. We first prove the assertion on the hitting time. If z € K then clearly
E.[7k] = 0. So let us assume that = ¢ K. Let us choose n so large that W (z) < n.
Now let us set

Tkn = inf{t, 2, € KU{W(z) >n}t}, 7xn.(t) = nf{rg,,t}. (175)

Obviously 7, and Tk ,,(t) are stopping time and using Ito formula with stopping
time we have

TK,n (t)
E, [W(@re )] —W(z) = E; /0 LW(xs)ds]

. TK,"(t)
/ —c+ bl (x)ds
0

TK,n(t)
E, / —c
0

< —cEy [T (t)] - (176)

IN
=
8

IN
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Since W > 1 we obtain

—_

E; [tTrn(t)] < - (W(sc) - E, [W(xn(,n(t))}) < 1VV(x) (177)

T c

o

Proceeding as in Theorem 5.9, using Fatou’s lemma, we first take the limit n — oo
and, since lim,,_, o Tk (t) = T (t) we obtain

W)

E. [tx(t)] < (178)
c
Then we take the limit ¢ — oo and, since lim;_, o, 7x (t) = Tk, we obtain
W
E, (] < V&) (179)
c

We show next the existence of an invariant measure. The construction goes via
an embedded (discrete-time) Markov chain. Let us choose a compact set K with K
contained in the interior of K. We assume they have smooth boundaries which we
denote by I" and r respectively. We divide now an arbitrary path x; into cycles in
the following way. Let 79 = 0, let 71 be the first time after 7y at which x; reaches
f, 71 is the first time after 7 at which x; reaches I" and so on. It is not difficult to
see that, under our assumptions, 7; and 7']/- are almost surely finite. We define now a
discrete-time Markov chain by X¢ = = € I" and X; = z,,. We denote by P (x,dy)
the one-step transition probability of X,,. We note that the Markov chain X,, has a
compact phase space and so it possess a stationary distribution u(dz) on I, by the
same argument as the one sketched in Remark (8.2).

We construct now the invariant measure for z; in the following way. Let A C R"™
be a measurable set. We denote o 4 the time spent in A by x; during the first cycle
between 0 and 7;. We define an unnormalized measure 7 by

m(A) = /Fu(dx)EJ:[JA}. (180)

Then for any bounded continuous function we have

- flz)m(dx) = /Fu(dx)Em {/Un f(xs)ds} . (181)

In order to show that 7 is stationary we need to show that, for any bounded continu-
ous f,

| Tit@mtdn) = [ faimidn), (182)

R’Vl
i.e., using our definition of 7

#wmu%wwﬂzbwmuﬁwm]aw

For any measurable continuous function we have
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E, [/O f(st)ds] - E, /oo [locr f xt-i—s)]d}
A

Ty ()] ds|

- B, | /0 E..[f(z)] ds] . (184)

Thus we have, using Eqgs. (182), (183), and (184),

[ st = [ o, | [ B s as]
:/ [/ F(@ers) ds} :/ 1(da)E, Utﬁ+tf(xu)du] (185)

- [ wtepe. [0 Flwa) du+ /:Hlf(xu)du— tf(xu)du]-

0

Since p is a stationary distribution for X,,, for any bounded measurable function on
r

/ j(dz) B, [g(X,)] = / w(dz)g(X), (186)
I

r
and so

| niaale, [ / o f(m)du} ~ [ nian)E [Exl [ / tf(wu)dUH
- /Fu(d:c)Ez Uotf(xu)du} .8y

Combining Egs. (185) and (187) we obtain that
/ i T, f(z)m(dx) = - fl@)m(dx). (188)
This shows that the measure 7 satisfies S;m = 7. Finally we note that
m(R") = /F,u(dx)Ew [TK] < oo. (189)

and so 7 can be normalized to a probability measure. O

Remark 8.6. One can also show (see e.g. [15] or [7]) that that under the same condi-
tions one has convergence to the stationary state: for any z we have

lim ||Py(z,-) —7()|| = 0, (190)
t—o0
where ||| = sup) <1 | [ f(z)p(dz)| is the total variation norm of a signed mea-

sure p. Thus the measure 7 is also mixing. We don’t prove this here, but we will
prove an exponential convergence result using a stronger condition than (172).
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It is often useful to to quantify the rate of convergence at which an initial distri-
bution converges to the stationary distribution and we prove two such results in that
direction which provide exponential convergence. We mention here that polynomial
rate of convergence can be also expressed in terms of Liapunov functions, and this
makes these functions a particularly versatile tool.

We introduce some notations and definitions. If W is a Liapunov function and p
a signed measure we introduce a weighted total variation norm given by

lullw = sup | [ f(z)pu(d)], (191)
[flsw
and a norm on functions || - ||y given by
|f (@)
= su , (192)
I£lw = sup s
and a corresponding Banach space Hyy given by
Hw = A{f, Iflw < oo} (193)

Theorem 8.7. (Quasicompactness) Suppose that the conditions H1 and H2 hold.
Let K be a compact set and let W be a Liapunov function W. Assume that either of
the following conditions hold

1. There exists constants a > 0 and b < oo such that
LW(z) < —aW(x) + blg(z). (194)

2. We have LW < cW for some ¢ > 0 and there exists constants k < 1 and
b < oo, and a time to > 0 such that

T, W(z) < kW (zx) 4+ blk(z). (195)

Then for § small enough
E, [e™¢] < oo, (196)

for all x € R"™. The Markov process has a stationary distribution x; and there exists
a constants C > 0 and vy > 0 such that

| Pz, dy) — w(dy)lw < CW (z)e ", (197)

or equivalently
Ty — 7||jw < Ce™ . (198)

Remark 8.8. In Theorem 8.7 one can replace Hyy by any of the space

HW,p = {f7 % € Lp(d$>} ) (199)

with 1 < p < o0.
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Proof. We will prove here only the part of the argument which is different from
the proof of Theorem 8.9. We recall that a bounded operator 7" acting on a Banach
space B is quasi compact if its spectral radius is M and its essential spectral radius
is § < M. By definition, it means that outside the disk of radius 6, the spectrum of T'
consists of isolated eigenvalues of finite multiplicity. The following formula for the
essential spectral radius 6 is proved in [9]

0 = lim (inf {|7" — C||| C compact})"/™ . (200)

Let us assume that Condition 2. holds. If || f|| € H then, by definition, we have
[f(@)] < ||fllwW () and, since T is positive, we have

Tof ()] < |[fllwTiW (z). (201)

We consider a fixed ¢ > t5. We note that the Liapunov condition implies the bound

TW(z) < kW(x)+b. (202)
Iterating this bound and using that 7;1 = 1 we have, for all n > 1, the bounds
b
T W(x) < &"W(x) + T (203)
Let K be any compact set, we have the bound
Tt f (y)]
1ge(x)Thi f(x)] < W(x) sup ———~—
Lo (@) Tt f ()] ()yeKc W)
< W) fllw sup ————
@)l SU )
" b 1
< W(@)[lfllw | " + S ) ) (204)

17ﬁy€KCW1’

Since lim”IHHOO W (z) = oo, given € > 0 and n > 1 we can choose a compact set
K, such that
||1K;;Tnt||W < (K+€)n' (205)

On the other hand since 7} has a smooth kernel the set, for any compact K, the set
{1 (@) Tef (@) || fllw =1}
is compact by Arzela-Ascoli. Therefore we have
inf {||T¢ — C|| | C compact} < ||Tnt — 1, Totll < (6 +€)™. (206)

and therefore the essential spectral radius of 7} is less than x. In order to obtain the
exponential convergence from this one must prove that there is no other eigenvalue
than 1 on the unit disk (or our outside the unit disk) and prove that 1 is a simple
eigenvalue. We will prove this in Theorem 8.9 and the same argument apply here.
Also the assertion on hitting times is proved as in Theorem 8.9. 0O
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Theorem 8.9. (Compactness) Suppose that the conditions H1 and H2 hold. Let
{K,} be a sequence of compact sets and let W be a Liapunov function. Assume
that either of the following conditions hold

1. There exists constants a,, > 0 with lim,,_ a, = oo and constants b,, < oo
such that
LW(z) < —a,W(z) + b1k, (). (207)

2. There exists a constant ¢ such that LW < cW and there exists constants r,, < 1
with lim,, _, . k, = 0, constants b,, < oo, and a time ty > 0 such that

T, W(z) < 6, W(x) + bylk, (). (208)
Then for any (arbitrarily large) 0 there exists a compact set C = C(0) such that
E, [¢"¢] < o0, (209)

for all x € R™. The Markov process x; has a unique stationary distribution . The
semigroup T} acting on Hyy is a compact semigroup for t > to and there exists a
constants C > 0 and v > 0 such that

1P (. dy) — w(dy)|| < CW(w)e " (210)

or equivalently
Ty — mllw < Ce™ . (11)

Proof. We will assume that conditions 2. holds. Let us prove the assertion on hitting
times. Let X, be the Markov chain defined by Xy = and X,, = x,,¢, and for a set K
let N be the least integer such that X, € K. We have N < 7x so it is sufficient
to prove that E, [¢*V5] < oo.

Let K, be the compact set given in Eq. (208). We can assume, by increasing K,
is necessary that K, is a level set of W, i.e. K, = {W(z) < W, }

Using the Liapunov condition and Chebyshev inequality we obtain the following
tail estimate



36 Luc Rey-Bellet

Pz {NKn >]}

=P, {W(X,)>W,, X, e K;,,0<i<j}

j
:PI{ W) Wn XieKC}

- W($i_1) W(’I) ’ "

=1

W(z) |1 W(X) c
< E, . X, €K
- Wn Zl;[ W(l’i,1) € "

W) [ W(X) Wy o
< E_L 9 Xl K
=W, 1;[ Wia ) ot Wy, | € fn

W (x) C
< E , X; € K
- Wn SEI}(PiC Y |: :| [H W 331 1 < 7)]

<o (s, mﬂ)j

———(kn) . 212)

We thus have geometric decay of P~; = P{Nj, > j} in j. Summing by parts we
obtain

Eoc (SNk Ze PNk, = j}
Jj=1

= lim Z P (e SUHD _ 03y 4 Py — MV Py,

M —o0

IN
mcq
4

E /ijej‘s

s W(x) 1 Kn€d

ée - <
Y 1— Kpel

(213)
provided § < In(k,;'). Since we can choose f,, arbitrarily small, this proves the
claim about the hitting time.

If ||f|| € Hw then by definition we have |f(z)] < ||f|lwW (z) and thus
Tef ()] < [ fllwTiW (2).

The compactness of T} is a consequence of the following estimate. Using the
Liapunov condition we have for ¢t >
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T f ()]
1ge(0)Tif(x)] < W(x) sup ——=—
[l (TS @] < W) sup S
TtW(y)
< W(x su
< W@l sp S
< kW@ fllw, (214)
or
1xcTilw < Fn- (215)
We have thus
lim [|1xcTiw = 0, (216)

ie., 1 KC T} converges to 0 in norm. On the other hand since 7} has a smooth kernel
and K, is compact, the operator

1, Tk, 217)
is a compact operator by Arzela-Ascoli Theorem. We obtain

Ti = (1x, +1ke) Tr—c (1, +1k,) Tt
lim 1x, Ty cdx T (218)

n—oo

So T; is the limit in norm of compact operators, hence it is compact. Its spectrum
consists of 0 and eigenvalues with finite multiplicity.

We show that there no eigenvalues of modulus bigger than one. Assume the con-
trary. Then there is f and A with |\| > 1 such that T3 f = Af. Since T3 is positive
we have

AIf| = IT.f) < TSl (219)

and therefore
TAfl =l = (A= D)[f]. (220)

Integrating with the strictly positive stationary distribution we have

/ T, flm(d) / |Fln(da) > (A - 1) / fle(dz) >0, @21)

This is a contradiction since, by stationarity [ T;|f|n(dz) = [ |f|m(dz), and so the
r.h.s. of Eq. (221) is 0.

Next we show that 1 is a simple eigenvalue with eigenfunction given by the
constant function. Clearly 1 is algebraically simple, if there is another eigenfunction
with eigenvalue one, the stationary distribution is not unique. We show that 1 is also
geometrically simple. Assume the contrary, then by Jordan decomposition there is a
function g such that T3g = 1 + g, so T;g — g = 1. Integrating with respect to the
stationary distribution gives a contradiction.

Finally we show that there no other eigenvalues on the unit disk. Assume there
exists f, f # 1 such that Ty f = Af with |A\] = 1. By the semigroup property 7}
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is compact for all t > tg and T, f = e f with o € R, « # 0. If we choose
t = 2nm/a we obtain Ty, /o f = f and so f = 1 which is a contradiction.
Using now the spectral decomposition of compact operators we find that there
exists v > 0 such that
Ty — | < Cet. (222)

This concludes the proof of Theorem 8.9 O

To conclude we show that the correlations in the stationary distribution decay
exponentially (exponential mixing).

Corollary 8.10. Under the assumptions of Theorem 8.7 or 8.9, the stationary distri-
bution  is exponentially mixing: for all f, g such that f?,g*> € Hw we have

| / F(2)Tog(x)m(da) — / f(@)n(de) / (@)m(d)| OS2 12 g2 2

(223)
Proof. 1If f? € Hyy, then we have
F@)] < £ w2 (224)
Further if we have
T, W(x) < k,W(x) +bplk, (2), (225)
then, using Jensen inequality, the inequality /1 +y < 1+ y/2 and W > 1 we have
Ty, VW(z) < TtOW( )
< \/’in )+ bn 1k, ()
bn1
< ﬁm/W(x) + %) (226)
Kn
So we have
Ty, VW (x) < kL VW (x) + b1k, (7), (227)

with k], = \/k,, and b}, = b,,/2k,,. Applying Theorem 8.9 or 8.7 with the Liapunov
function v/ W there exist constants C' > 0 and v > 0 such that

Ttg(x)—/ (z)m(dz)| < C/W ()| g2l e . (228)

Therefore combining Eqs. (224) and (228) we obtain

‘ [ t@tgtamdn) - [ s@rn) [ o)
[15@I |Tigt@) - [ atyn(an) | w(do)

¢ [ W aym(an) |71/ e (29)

IN

IN
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Finally since  is the solution of S;m = 7 we have

/ W (2)r(dz) < |l < oo (230)

and this concludes the proof of Corollary 8.10. O
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1 Introduction

Open systems are usually understood as a small Hamiltonian system (i.e. with a fi-
nite number of degrees of freedom) in contact with one or several large reservoirs.
There are several ways to model reservoirs and we will take the point of view that
the reservoirs are also Hamiltonian systems themselves. It is a convenient physi-
cal and mathematical idealization to separate scales and assume that the reservoirs
have infinitely many degrees of freedom. We will also assume that, to start with, the
reservoirs are in equilibrium, i.e., the initial states of the reservoirs are distributed
according to Gibbs distribution with given temperatures. It is also mathematically
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convenient to assume that the Gibbs measures of the reservoir have very good er-
godic properties. This is, in general, a mathematically difficult problem and we will
circumvent it by assuming that our reservoirs have a linear dynamics (i.e the Gibbs
measures are Gaussian measures).
Our model of a reservoir will be the classical field theory given by a linear wave
equation in R?
pi(x) = Apy(). (1)

This is a Hamiltonian system for the Hamiltonian

) = [ (Vapla) + Ir(@)f). @
If we consider a single particle in a confining potential with Hamiltonian

2
L v, 3)

H(p.q) = 5

we will take as Hamiltonian of the complete system

Hipm) + Hp.a)+a [ Volalola) da. @

which corresponds to a dipole coupling approximation (p(x) is a given function
which models the coupling of the particle with the field).

If one considers finite-energy solutions for the wave equation, we will say the
model is at temperature zero. In this case the physical picture is “radiation damping”.
The particle energy gets dissipated into the field and relaxes to a stationary point of
the Hamiltonian (i.e. p = 0, VV(gq) = 0). This problem is studied in [14] for a
slightly different model.

We will say the model is at inverse temperature 3 if we assume that the initial
conditions of the wave equations are distributed according to a Gibbs measure at
inverse temperature 3. Typical configurations of the field have then infinite energy
and thus provide enough energy to let the system “fluctuate”. In this case one ex-
pects “return to equilibrium”, an initial distribution of the system will converge to a
stationary state which is given by the Gibbs distribution

Z e PH®:9) gpdq . (5)

The property of return to equilibrium is proved [13] under rather general conditions.

If the small system is coupled to more than one reservoir and the reservoirs have
different temperatures (and/or chemical potentials), then one can extract an infinite
amount of energy or work from the reservoirs and transmit them through the small
system from reservoir to reservoir. Doing this, one can maintain the small systems
in a stationary (i.e time independent) nonequilibrium states in which energy and/or
matter is flowing. Think e.g. of a bar of metal which is heated at one end and cooled
at the other. Contrary to the two previous situations where we know a priori the final
state of the system, in nonequilibrium situations, in general, we do not. Even the
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existence of a stationary state turns out to be a nontrivial mathematical problem and
requires a quite detailed understanding of the dynamics. In these lectures we will
consider a simple, yet physically realistic model of heat conduction through a lattice
of anharmonic oscillators.

Our small system will consist of a chain of anharmonic oscillators with Hamil-
tonian

=N

H(pvq) = Z%+V(Q1, 7(]n)»
i=1

n n—1
Vig) =Y UM (q)+ Y U (g~ qit1)- (6)
i=1 i=1

where V (¢) is a confining potential. The number oscillators, n, will be arbitrary (but
finite). In a realistic model, the coupling should occur only at the boundary and we
will couple the first particle of the chain to one reservoir at inverse temperature [3;
and the n-th particle to another reservoir at inverse temperature [3,,. The Hamiltonian
of the complete system is

H(tpl,m)+q1/dv<p1(x)p1(m) +H(p1, s Pns@1, 0 1 Gn)
R

+qn /Rd V(pn(l‘)pn(l‘) + H(‘Pna 7Tn) . (7

Our analysis of this model will establish, that under suitable assumptions on the
potential energy V' and on the coupling functions p;, we have

1. Existence and uniqueness of stationary states which generalize the Gibbs states
of equilibrium.

2. Exponential rate of convergence of initial distribution to the stationary distribu-
tion. This is a new result even for equilibrium.

3. Existence of a positive heat flow through the system if the temperatures of the
reservoir are different or in other words positivity of entropy production.

4. “Universal” properties of the entropy production. Its (large) fluctuations satisfy a
symmetry known as Gallavotti-Cohen fluctuation theorem (large deviation theo-
rem) recently discovered in [8,11]. Its small fluctuations (of central limit theorem
type) are governed by Green-Kubo formula which we prove for this model.

See [24, 25] for results on the linear chain and [4-7, 12,21-23] for results on the
nonlinear chain. We follow here mostly [22,23]

An important ingredient in our approach is the use of rather special coupling
functions p (“rational couplings”). They will allow us to reduce the dynamics of the
coupled system to a Markov process in a suitable enlarged phase space and therefore
to take advantage of the numerous analytical tools developed for Markov processes
(semigroups, PDE’s, control theory, see our lecture on Markov processes in these
volumes [20]). Physically these couplings are not unreasonable, but it would be nice
to go beyond and prove similar results for more general couplings.
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We conclude this introduction by mentioning one outstanding problem in math-
ematical physics: describe quantitatively the transport properties in large systems.
One would like, for example, to establish the dependence of the heat flow on the size
of the system (here the number n of oscillators). For heat conduction the relevant
macroscopic law is the Fourier law of heat conduction. If we denote by .J the station-
ary value of the heat flow and §7" the temperature difference between the reservoirs,
one would like to prove for example that for large n

g~ ®)
n
where the coefficient « is known as the heat conductivity. A more refined version of
this law would to prove that a (local) temperature gradient is established through the
system and that the heat flow is proportional to the temperature gradient

J ~ —kVT, 9
This is a stationary version of the time dependent macroscopic equation
0T (z,t) = =VJ(z,t) = VeVT(z,1), (10)

where ¢, is the specific heat of the system. This is just the heat equation! In other
words the challenge is to derive the heat equation from a microscopic Hamiltonian
system. No mechanical model has been shown to obey Fourier law of heat conduction
so far (see [1, 17] for reviews of this problem and references).

2 Derivation of the model

2.1 How to make a heat reservoir

Our reservoir is modeled by a linear wave equation in R (the restriction to one-
dimension is for simplicity, similar considerations apply to higher dimensions),

Opr(x) = (), (11)

with £ € R and x € R. The equation (11) is a second order equation and we rewrite
it as a first order equation by introducing a new variable 7(x)

5t<Pt($) = 7Tt(5’3>7
oy (z) = 02p(z). (12)

The system (12) has an Hamiltonian structure. Let us consider the Hamiltonian func-
tion
Hpm) = [ (0.0@)P + (@) do. (13

then Eqgs. (12) are the Hamiltonian equations of motions for the Hamiltonian (13).
Let us introduce the notation ¢ = (¢, 7) and the norm
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HM=AN@@F+W%M~ (14)

We have then H(¢) = 1|¢||? and denote H = H;(R) x L?(R) the corresponding
Hilbert space of finite configurations.

In order to study the statistical mechanics of such systems we need to consider
the Gibbs measure for such systems. We recall that for an Hamiltonian systems with
finitely many degrees of freedom with Hamiltonian H (p, q) = p*/2 + V(q), p,q €

R"™, the Gibbs measure for inverse temperature 3 is given by
pp(dpdq) = Z e PHWPA) dpdq | (15)

where 8 = 1/T is the inverse temperature and Z = [ exp(—3H (p,q))dpdq is
a normalization constant which we assume to be finite. One verifies easily that the
probability measure ug is invariant under the dynamics, i.e., if (p;, ¢;) is a solution
of Hamiltonian equations of motion then

/f(pt, q¢) s (dpdq) (16)

is independent of ¢. (Use conservation of energy and Liouville theorem)

We now construct Gibbs measures for the linear wave equation Eq. (11). If we
think of {p(z), 7(z)}4er as the dynamical variables, the Gibbs measure should be,
formally, given by

ps(dpdr) = "Z " exp(—BH (p,)) H do(x)dn(z)" . (17)
z€R

It turns out that this expression is merely formal: it is a product of three factors
which are all infinite, nevertheless the measure can be constructed. We sketch this
construction.

We first note that this measure should be a Gaussian measure since H is quadratic
in » = (¢, 7). A Gaussian measure pz on R with mean 0 and variance (3 is com-
pletely characterized by the fact that its characteristic function (the Fourier transform
of the measure) is given by

ﬂ®=/?“”www=aw“”- (18)

is again a Gaussian. Let H be an infinite dimensional Hilbert space, ¢ € H, £ €
‘H* = 'H. Can we construct a measure g on the Hilbert space H, such that

S() = /e“‘ﬁ’f%(dsb) = e w07 (19)

The answer is NO.

Proof. By contradiction. Let {e,} be an orthonormal basis of . We then have
S(en) = e /28 Forany ¢ € H, (¢, e,) — 0asn — co. By dominated conver-
gence we have
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m S(e,) = 1#e % . (20)

n—oo

and this is a contradiction. O

All what this says is that we must give up the requirement that the measure p be
supported on the Hilbert space H (i.e., on finite energy configurations). The Bochner-
Minlos Theorem allows us to construct such measures supported on larger spaces of
distributions. Let A be the operator on H given by

(1 =82 42?3 0
A_< 0 (1-024a%)2 )" @h

We it leave to the reader to verify that A has compact resolvent and that A~* is
Hilbert-Schmidt if s > 1/2. For s > 0 we define Hilbert spaces

K, = {uc L?; ||luls = ||A%u| < oo}, (22)
and for s < 0, K = K* _ where * is the duality in . We have, for 0 < 51 < s9,
H,CcH, CL?CcH_,, C H_,,, (23)
with dense inclusions. We set

S=(H:, &' =JH.. (24)

The space S’ is simply a space of tempered distributions.

Theorem 2.1. (Bochner-Minlos Theorem) There is a one-to-one correspondence
between measures on 8" and functions S : S — R which satisfy

1. S is continuous.

2.5(0)=1.

3. S is of positive type, i.e. szzl S(fi — f;)Ziz; = 0, for all n > 1, for all
fiso o fn €S8, and for all z € C™.

The function S is the characteristic function of the measure. The Gaussian Gibbs
measures pg are then specified by the characteristic function

5) = /ei<¢75>uﬁ(d¢) — 36O 25)
where (¢, &) denotes now the § — §” duality. If we put { = a1&1 + as§», the

characteristic function allows us to compute the correlation functions (differentiate
with respect to a1, as and compare coefficients):

[ @ €natas)
[ 016 euatao)

0,

B7He, &). (26)

‘We have then
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Lemma 2.2. If s > 1, then

1475612 na(de) = 57 erace(4 ) < oo, @

and thus ||A=3 || is finite g a.s.

Proof. Let A\; denote the eigenvalues of A and e; the orthonormal basis of eigenvec-
tors of A. We have A™°¢ = 3", A\, %e;j(¢, ¢;) and thus

/HA B2 ps(de) = ZA‘QS/ 6, e))2us(de) = lzx%. (28)

O

As a consequence we see that for a typical element ¢ = (¢, 7) in the support
of ug, ¢ has % — € derivatives for all e > 0 and 7 has —% — € derivatives. Let us
compute now the correlations

/ r(@y)r(e2)us(dd)  and / (1) (w2)p(dd) (29)

These expressions have to be interpreted in the distribution sense. Our computations
are formal but can be easily justified. If we choose & = (0,d(z — 1)) and & =
(0,8(x — x2)) we obtain from Eq. (26)

/ r(@y)m(z2)us(dd) = f16(x) — x2), (30)

i.e., if we think of x as ”time” then 7(z) is a white noise process. On the other hand
if we choose &1 = (6(z — t),0) and {3 = (0(x — s),0) and use that 0,,0(z) = §(z)
we obtain from Eq. (26)

[t = ot ustas) = [ / [ 2u600,6(5) s (o) a s
= ﬁ‘l/: /g:zé(t—s)dtds

= B g — 2. (31)

i.e., if we think of x as "time” then ¢(x) is a Brownian motion. Note that if we
combine this computation with Kolmogorov Continuity Theorem we obtain that the
paths of Brownian motion are almost surely Holder continuous with exponents o <
1/2 and almost never Holder continuous with exponents o > 1/2.

If we consider the wave equation in R?, then one obtains similar results (random
fields indexed by R instead of stochastic processes”).
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2.2 Markovian Gaussian stochastic processes

In this section we describe a few facts on Gaussian stochastic process, in particular
we describe a situation when Gaussian stochastic processes are Markovian (see [3]).
Let us consider a one dimensional Gaussian stochastic process x;. Recall that
Gaussian means that for all £ and all t; < --- < tg, the random variable Z =
(x¢y,- -+ ,x¢,) is a normal random variable. Let us assume that z; has mean 0,
E[z:] = 0, for all t. Then the Gaussian process is uniquely determined by the expec-

tations
Elz:z] . (32)

which are called the covariance of ;. If z; is stationary, then (32) depends only on
[t — s
C(t—s) = Elzyz,]. (33)

Note that C(t — s) is positive definite. If C' is a continuous function then a special
case of Bochner-Minlos theorem (with S’ = R)) implies that

c(t) = / e dA(k), (34)
R

where A(k) is an odd nondecreasing function with limy_,o, A(k) < oco. If we as-
sume that A(k) has no singular part, then dA(k) = A’ (k)dk and the function A’ (k)
is called the spectral function of the Gaussian process ;. Note that

A'(k) = 0, (35)
since A is nondecreasing and that
Al(k) = A'(=k), (36)

since C(t) is real. We will consider here only the special case when (A’)~! is a
polynomial. By the conditions (35) and (36) there is a polynomial

p(k) = > cm(—ik)™, (37)

with real coefficients c,, and root in the upper half plane such that

1

_— 38
ROk %)

A(k) =

Under these conditions we have

Proposition 2.3. If p(k) = Zf\f cm(—1ik)™ is a polynomial with real coefficients
and roots in upper half plane then the Gaussian process with spectral density

|p(k)| =2 is the solution of the stochastic differential equation

d
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Proof. The proof follows from the following representation of x;: let us define a

kernel k(t) by
— 4
k(t) Wors / dk (40)

Since the zeros of p are in the upper half-plane, we have k(¢) = 0 if ¢ < 0. We claim
that z; can be represented as the stochastic integral

o t
T = / k(t —t)dBy = / k(t —t')dBy 41)
It suffices to compute the variance, we have

Elzizs] — %/R/Rk(t—t’)k(s—s’)E[dBt/stf]

_ %/R/sz(t—t’)k(s—s’)é(t’—s’)dt’ds'
_ i/ k(t — o/ V(s — 5') ds’
= g fo O gy o
= ikt gik's ——————=0(k + k') dk dk’
/ Joe e e

1
R I 42
/Re (R)p(—F) 2

and this proves the claim. From Eq. (41) we obtain

p(”dt)”“/ X (‘idt> M)y B

, / dB
= / / e Ak dBy = —— . (43)
—x JR dt
and this concludes the proof of the proposition. O
For example let us take
Ay = 2L (44)
Tk 4+
and so p(k) o (ik + 7) Then
_ 7 ke 1 _ it
O(t)_;/e k2+72dk_evll, (45)

and
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k(t) = /2ve 7", t>0.

t
z(t) = /2y / e aB, (46)
and we obtain
dIEt = =Y + 4/ 2")/dBt . (47)

This is the Ornstein-Uhlenbeck process.

It is good exercise to compute the covariances C'(t) and derive the corresponding
stochastic differential equations for the spectral densities with p(k) o (ik + iu +
v)(ik — iu + ) and p(k) o (ik + v)2.

2.3 How to make a Markovian reservoir

We derive effective equations for the small system. In spirit we are close to [21],
although we are deriving different equations. Let us consider first a model of one
single particle with Hamiltonian Hg(p, q) = p*/2 + V (q), where (p,q) € R x R,
coupled to a single reservoir. The total Hamiltonian is, using the notation (14)

H(,p,q)

Sl 407 + V@) +q [ dp@p@)de @9
= Hy(0) + Hs(p.a) + (6, ),

where, in Fourier space, (k) = (—ikp(k)/k?,0) . Let £ be the linear operator given

by
01
L = < o2 O) . (49)
In Fourier space the semigroup e** is given by
o cos(kt) k~'sin(kt)
c = (—k sin(kt) cos(kt) ’ (50

Let us introduce the covariance function C(t) = (exp (Lt)a, «). We have
= [R5 cosht) "L pyak = [ (k)2 dk
) = [ B iRy cos(h) 5 pk)dk = [ pk)Pe i, D

and thus C(¢) is the covariance function of a Gaussian process with spectral density
|p(k)|?. We also define a coupling constant \ by setting

M =C(0) = /dk\p(k)P. (52)
The equations of motion of the coupled system particle and reservoir are
gt = pt,
pt = _aqV(Qt) - <¢7a>7 (53)

Gr(k) = L(¢4(k) + gra(k)) -
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Integrating the last equation of (53) we have

t
0u(k) = eSon) + [ E0O)Lalk)g.ds. (54)
0

Inserting into the second equation of (53) we obtain

4 = pt,
t

pr = —0,V(q) — | D(t—s)gsds — (¢g, e “la). (55)
0
where )
D(t) = (' La, a) = C(t). (56)

Let us assume that the initial conditions of the reservoir ¢ are distributed according
to the Gibbs measure p1g defined in Section 2.1. Then

Y = <7/10€_£t0l>7 (57

is a Gaussian process with covariance

Elyys] = /<¢0»e_ua><¢0,€_£804>ﬂﬁ(d¢) =p7'C(t—s). (58)

The equation (55) is a random integro-differential equation, since it contains mem-
ory terms both deterministic and random. The relation between the kernel D in the
deterministic memory term and the covariance of the random term goes under the
general name of Fluctuation-Dissipation Theorem. The solution of (55) is a random
process. Note that the randomness in this equation comes from our choice on initial
conditions of the reservoir. Let us choose the coupling function p, as in Section 2.2,

such that
1

2 _
PRI = o

where p is a real polynomial in ¢k with roots in the lower half-plane. For simplicity
we choose p(k) o (ik-+) This assumption together with the fluctuation-dissipation
relation permits, by extending the phase space with one auxiliary variable, to rewrite
the integro-differential equations (55) as a Markov process. We have then C(t) =
A2e=7Itl 1t is convenient to introduce the variable r which is defined defined by

(39)

t
Ary = Nq + / D(t — s)qs ds + ysz (60)
0

and we obtain from Eqgs.(55) the set of Markovian differential equations:
dg; = dpydt,
dp; = (=0qVert () = Are), (61
dry = (=yre + Ape) dt + /2871y dB; .
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where Ve (q) = V(q) — A2¢?/2. The potential V' is renormalized by the coupling
to the reservoir. This is an artifact of the dipole approximation we have been using.
Namely if we start with a translation invariant coupling of the form

/qb plx —q)d (62)

the dipole expansion leads to terms of the form

/8w¢ dm+—/\p ) dx, (63)

and the second term exactly compensates the normalization of the potential. We will
ignore this renormalization in the sequel.

If one chooses other polynomials, similar equations can be derived. One should
add one auxiliary variable for each pole of the polynomial p(k). It is a good exercise
to derive the SDE’s for a particle coupled to a wave equation if we choose p(k) o
(ik + iu — ) (ik — iu — ) or p(k) o (ik — v)2.

One can recover the Langevin equation,

dgr = dpydt,

dp; = (—0V(qt)dt — kpy) dt + /20" 'k dBy .
but only in a suitable limit. Formally one would obtain these equations if C'(t — s) o
0(t — s) (this corresponds to choosing p(k) = 1 which is not square integrable). But
then the coupling constant A> = C'(0) becomes infinite. Rather one should consider

a suitable sequence of covariance which tends to a delta function and simultaneously
rescale the coupling constant.

3 Ergodic properties: the chain
We consider here a model of non-equilibrium statistical mechanics: a one-dimensional

“crystal” coupled at each end to reservoirs at different temperatures.
Let us consider a chain of n anharmonic oscillators given by the Hamiltonian

Vig) = ZU(I )+ ZU(2 i = Qit1) -

=1

M\FM

q17"' 7Q’n)7

where (p;, ¢;) € R x R. Our assumptions on the potential V'(¢) are

(H1) Growth at infinity: The potentials U")(z) and U®)(z) are C> and grow at
infinity like |z|** and |2|*2: There exist constants C;, D;, i = 1,2 such that
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)\ILHOIO )\_kiU(i)()\x) = a(i)|w\’“, (64)
lim A9, U (A\) = a1t (65)
A—00
02U ()] < (Ci + DiUD ()7 (66)
Moreover we will assume that
ko > ky > 2, (67)

so that, for large || the interaction potential U(?) is “stiffer” than the one-body
potential U1,

(H2) Non-degeneracy: The coupling potential between nearest neighbors U(?) is
non-degenerate in the following sense: For any ¢ € R, there exists m = m(q) > 2
such that 9U® (q) # 0. This means that U has no flat pieces nor infinitely
degenerate critical points. Note that we require this condition for U(?) only and not
for UM,

For example if U") and U(?) are polynomials of even degree, with a positive coef-
ficients for the monomial of highest degree and degU @ > degU (1) > 2. then both
conditions H1 and H2 are satisfied.

We couple the first and the n'" particle to reservoirs at inverse temperatures (3
and (3, respectively. We assume that the couplings to be as in Section 2.3 so that,
by introducing two auxiliary variables r; and r,, we obtain the set of stochastic
differential equations equations

dq1t = dplt dt ;
dplt = (—8(11 V(qt) — )\Tlt)dt s
dri; = (=i + Apre) dt + (267 29)Y2dBy,

dgj; = dpjsdt, j=2,...,n—1,
dpjs = —0q,V(qs)dt, j=2,...,n—1, (68)
dqnt = pntdt;

dpnt = (_8Qntv(qt) — )\’rnt) dt7
drpe = (=Ynt + Apnt) dt + (28,19)"/2d By .
It will be useful to introduce the following notation. We define the linear maps A :
R" — R? by A(x1,...,2,) = (A\w1,A\v,) and T : R? — R? by T'(z,y) =
(B 'z, B 'y). We can rewrite Eq.(68) in the compact form
dgr = pedt,
dpy = (=V4V(g) — A'r)dt,
dry = (—yre + Apy) dt + (29T)"/2dB; . (69)



54 Luc Rey-Bellet

where B = (B, B,,) is a two dimensional Brownian motion. The solution z; =
(pt, G, 7t) € R27*2 of Eq.(69) is a Markov process. We denote T} the associated
semigroup and P;(x, dy) the transition probabilities

Tf(@) = Bolf(e] = [ P di)f(w). (70)

The generator of 7} is given by

L =y (ViTVy =1V,) + (ApV, —rAVp) + (pV = (VoVI(9)V,p) . (T1)
and the adjoint of L (Fokker-Planck operator) is given by

L* = ~(V, TV, +V,r) = (ApV, —rAV,) — (pV4 — (V,V(q))V,) . (72)

There is a natural energy function which is associated to Eq.(69), given by

2

r
Since we assumed that H (p, q) is a smooth function, we have local solutions for the
SDE (69). A straightforward computation shows that we have

LG(p,q,7) = (tx(T) —12) < yte(T). (74)

Therefore we obtain global existence for the solutions of (69) (see Theorem 5.9
in [20]). Also a straightforward computation shows that in the special case of equi-
librium, i.e., if 3y = §,, = (0 we have

Lre PGwar) = ¢ (75)

and therefore Z~1e=AG(P.47) is_ in that special case, the density of a stationary dis-
tribution for the Markov process x(t). In the sequel we will refer to G as the energy
of the system.

We are going to construct a Liapunov function (see Section 8 of [20]) for this
system and it is quite natural to try functions of the energy G: let us denote

Wy = exp (0G) . (76)
A computation shows that
LWy = ~0Wy (Tr(T) — r(1 — 6T)r) a7

This not quite a Liapunov function, but nearly so. The r.h.s. of Eq. (77) is negative
provided 6/8; < 1 which we will always assume in the sequel and provided r is not
too close to 0. Our proof is based on the following idea: at times r will be small,
this corresponds to the situation where there is no dissipation of energy into the
reservoir. But we will show that over small time interval, if we start the system at
sufficiently large energy F, then with very large probability 2 will be of order £
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where o« = 2/k5 is related to the growth exponent of the interaction energy in the
chain (this where we use that ks > k1). So if we integrate the equation of a small
time interval [0, t] we will show that if G(x) > E and F is large enough

T Wy(x) < k(E)Wy(x) (78)

where k(E) ~ exp(—E®*).
We denote as | - | the weighted total variation norm given by

Ialo = sup | [ gan| . 79
[fI<SWe
for any (signed) measure 7. We introduce norms || - || and Banach spaces Hy given
by
|f(2)]

= su , He = : < o0}, 80
Il = sup =5 Ho = {J < Ifllo < o0} (30

and write || K || for the norm of an operator K : Hy — Hy.

Our results on the ergodic properties of Egs. (69) are summarized in

Theorem 3.1. : Ergodic properties Let us assume condition H1 and H2.

(a) The Markov process x(t) has a unique stationary distribution v and p has a C*
everywhere positive density.

(b) For any O with 0 < 6 < Bmin = min(8y, By,) the semigroup Ty : Hyg — Hg is
compact for all t > 0. In particular the process x(t) converges exponentially fast to
its stationary state ji: there exist constants v = () > 0 and R = R(0) < oo such
that

|Py(2,) — plo < Re™""Wy(z), 81)

for all x € X or equivalently

|T; — plle < Re . (82)

(c) The Markov process x is ergodic: For any f € L*(1)

tim 1 / fa)ds = / F@)u(dz) (83)

t—oo

for all initial condition x and for almost all realizations of the noise B;. The Markov
process is exponentially mixing: for all functions f, g with f2, g> € Hg and allt > 0
we have

‘/ 9T, f dp — / fdp / gdu| < Re | £215 21621182 . (84)

With the tools we have developed in our lecture on Markov process citeRB, in
order to prove Theorem 3.1 it will suffice to prove the following properties:
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1. Strong-Feller property. The transition probabilities have a density p:(z,y)
which is C* in (¢, z, y).
2. Irreducibility. For all ¢ > 0, and all x supp P:(z,-) = X.

3. Liapunov function. For any ¢ > 0, 6 < [y, and E > 0 there exists functions
Kk(E) = k(E,0,t) and b(E) = b(E, 0,t) with limp_,+ x(E) = 0 such that

TtWQ((L') S H(E)WQ(L‘) + b(E)lGSE((L') . (85)

3.1 Irreducibility

Using the results of Section 6 in [20] we consider the control system

Gt = pt,
Dt = _qu(qt) — Ay,
Ty = —yre + Apg + uy (86)

where ¢ — u; € R? is a piecewise smooth control. One shows that for this system
the set of accessible points from « in time ¢

A,(z) = R>™2, 87)

for any x € R?"*2 and any t > 0.

We will illustrate here how this can be done sketching the proof by for the
simpler problem of two oscillators coupled to a single reservoir and by assuming
that 6qU(2) (q) is a diffeomorphism. Our assumption H2 only ensures that the map
8qU(2) (¢) is surjective and that we can find a piecewise smooth right inverse. This is
enough to generalize the following argument, but one has to be careful if the initial or
final points are one of the points where the right inverse of 9,U(?)(q) is not smooth.
Let us consider the control system

T = =T + Ap1e + Uy,
Gt = —3q1U(1)(Q1t) - 5q1U(2)(Q1t - Q2t) — Aty
Got = =0, UM (g21) — 9, U (que — q21) - (88)

and let us choose arbitrary initial and final conditions

Ty = (Q107P107(J207P20,7‘0)
1 = (que, Pres Q2t, D215 T) - (89)

Since the map 0,U ) (¢) is a diffeomorphism we first rewrite Eq. (88) as
ug = f1(re, 7o, que)

re = fa(que, qot, G1e)
qie = [f3(qat, Got) (90)

for some smooth function f;. Then there exists a function F' such that
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ue = Flgor, oty 5 05)) - ©1)

On the other hand by differentiating repeatedly the equation of motion we find func-
tion smooth function g;, such that

qg,f) = gr(que, Gues q2¢, Gois 7)) - 92)

for k = 0,1, 2,3,4. Let us choose now any curve ¢o; which satisfies the boundary
conditions
(k) _ . .
40 = gr(q10, 410,920, G20, 70) ,

qg:) = gk(q1t7q'1t7QQtaq.2ta7at) . (93)

We then define the desired control u; by

ur = F(qa,Gor 1 0)) - (94)
which drives the system from x( to z; in time ¢. Since x( and x1, and ¢ are arbitrary
this proves (87).
3.2 Strong Feller Property

We apply Hormander’s Theorem (see Section 7 of [20]) to show that the transition
probabilities have a smooth density.
The generator of the Markov process z(t) can be written in the form

2

L:ZXE+XO. (95)
i=1
with X; = 0,, X2 = 0, and
zg = =V, + (ApV, —rAV,) + (pVy, — (V4V(q))V,) (96)

Let us verify that Hormander condition is satisfied.
The vector fields X;, ¢ = 1,2 are, up to a constant, J,,, ¢ = 1, n. We have

[6’!‘1 ) XO] = _787‘1 - )‘apl 3
[apl ) XO] = )‘87”1 + ath )

and so we can express the vector fields d,, and 0, as linear combinations of X7,
[X1, Xo], [[X1, X0]Xo]. Furthermore

[0, , Xo] = (2UD (q1) + 02U (g1 — 42))8y, — *UP (q1 — ¢2)Bp, . (97)

If U® is strictly convex, 92U () (q; — ¢z) is positive and this gives Op, as a linear
combination X1, [ X1, Xo], [[X1, X0)Xo], and [[[X1, X0]X0]X]. In general case we
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use Condition H2: for any ¢, there exists m > 2 such that 9™U?)(¢) # 0 and we
consider the commutators

SR
= OmU(z)(ql —q2)0p, -

and therefore we can express, at a given point g, d,, as a linear combination of
commutators.
Proceeding by induction, we obtain, see Corollary 7.2 of [20]

Proposition 3.2. If Condition H2 is satisfied then the Lie algebra
(X, X X =0, X0 X1 X} jam0s (98)

has rank R?"*2 at every point x. The transition probabilities P;(z,y) have a density
pe(z,y) which is C* in (t,z,y).

3.3 Liapunov Function

We first consider the question of energy dissipation for the following deterministic
equations

q't = Pt,
Dt = _qu(Qt) — Ay,
7 = —yre + Apy, (99)

obtained from Eq.(69) by setting 31 = (3, = oo. This corresponds to an initial
condition O for the reservoirs. A simple computation shows that the energy G(p, ¢, )
is non-increasing along the flow x; = (p¢, g1, 7¢) given by Eq.(99):

%G(pt, gi,mi) = —yrf < 0. (100)
We now show by a scaling argument that for any initial condition with sufficiently
high energy, after a small time, a substantial amount of energy is dissipated.

At high energy, the two-body interaction U (?) in the potential dominates the term
UM since ko > ki and so for an initial condition with energy G(z) = E, the
natural time scale — essentially the period of a single one-dimensional oscillator in
the potential |g|*2 —is E'/*2=1/2_ We scale a solution of Eq.(99) with initial energy
E as follows

N

pt = £ P-4,

- _ 1

g = FE 20 k-4,

o= E*%TE%,%t (101)
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Accordingly the energy scales as G(p, q,r) = EC~T‘E(]57 q,7), where

Goar) = AT P i
E(paq,r)* 2 5"_?"’_ E(Q>7

n n—1
Ve(q) = Z UW(g) + Z UG — Giva) »
i=1 i=1

U0(3) = B0 (E=g), i=1,2.
The equations of motion for the rescaled variables are
(jt = Pt,
b = ~VaVe(@) - E% 'A%,
o = —E% 2ai, + Ap, .
By assumption H1, as £ — oo the rescaled energy becomes
Goo(p,4.7) = lim G(p.4.7)
B 72/2 + Vo (d) ki =ky>20rky >k >2
B {f2/2+132/2+1700(q) by =ky =2
where
S aM|Gilk2 + 3 aP|G — Giga |2 by = ky > 2
> aP |G — Gia|*2 ko >k >2

The equations of motion scale in this limit to

ét = ﬁta
Py = _vde((jt)v
ft = Aﬁta

in the case ko > 2, while they scale to
q:t = ﬁta
Py = —ViVoo @) — ATy,
Ty = =T + Apy,

in the case k1 = ko = 2.

59

(102)

(103)

(104)

(105)

Remark 3.3. Had we supposed, instead of H1, that ky; > ko, then the natural time
scale at high energy would be E'/¥1=1/2 Scaling the variables (with k; replaced by
k1) would yield the limiting Hamiltonian $2/2 + 3~ a(!)|g;|*, i.e., the Hamiltonian
of n uncoupled oscillators. So in this case, at high energy, essentially no energy is
transmitted through the chain. While this does not necessary preclude the existence
of an invariant measure, we expect in this case the convergence to a stationary state
to be much slower. In any case even the existence of the stationary state in this case

remains an open problem.



60 Luc Rey-Bellet

Theorem 3.4. Given T > 0 there are constants ¢ > 0 and Ey < oo such that for any
x with G(x) = E > Ey and any solution x(t) of Eq.(99) with 2(0) = x we have the
estimate, fortg = El/k2=1/2,

Glae,)—E < —cE% % (106)

Remark 3.5. In view of Egs. (106) and (100), this shows that r is at least typically
O(E'/*2) on the time interval [0, E'/*2~1/27],

Proof. Given a solution of Eq.(99) with initial condition z of energy G(z) = E, we
use the scaling given by Eq.(101) and we obtain

tg T
G(z(tg)) — E = ﬂ/ dtr? = ny%‘%/ dt? (107)
0 0

where 7; is the solution of Eq.(102) with initial condition = of (rescaled) energy
G g(Z) = 1. By Assumption H2 we may choose E so large that for E > E the
critical points of G, are contained in, say, the set {G’ r <1/2}.

For a fixed E and = with G(z) = E, we show that there is a constant ¢, g > 0
such that

/ dti? > cip. (108)
0

The proof is by contradiction. Suppose that fOT dtr; = 0, then we have 7, = 0, for
all t € [0, 7]. From the third equation in (102) we conclude that p;; = p,,; = 0 for all
t € [0, 7], and so from the first equation in (102) we see that ¢;; and §,,; are constant
on [0, 7]. The second equation in (102) gives then

0=p1(t) = =05, V(@) = —0,0V(G11) — 0, U P (G — Gt), (109

together with a similar equation for 5,,. By our assumption H1 the map VU® has a
right inverse g which is piecewise smooth thus we obtain

Gor = it — 9OV (Gur)) . (110)

Since §; is constant, this implies that ¢s is also constant on [0, 7]. Similarly we see
that ¢,,—1 is constant on [0, 7]. Using again the first equation in (102) we obtain now
Pat = Pn—1¢ = 0 for all ¢ € [0, 7]. Inductively one concludes that 7y = 0 implies
p; = 0 and V,;V = 0 and thus the initial condition Z is a critical point of G g. This
contradicts our assumption and Eq. (108) follows.

Now for given F, the energy surface Gg is compact. Using the continuity of
the solutions of O.D.E with respect to initial conditions we conclude that there is a
constant cg > 0 such that

inf / dti? > cp. (111)
ze{Ggr=1}Jo

Finally we investigate the dependence on E of cg. We note that for £ = oo, Goo
has a well-defined limit given by Eq.(103) and the rescaled equations of motion, in
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the limit £ — oo, are given by Eqs. (104) in the case k2 > 2 and by Eq. (105) in the
case k1 = ko = 2. Except in the case k1 = ko = 2 the energy surface {éoo =1}
is not compact. However, in the case k1 = ko > 2, the Hamiltonian éoo and the
equation of motion are invariant under the translation 7 + 7 + a, for any a € R2.
And in the case ks > ki > 2 the Hamiltonian Goo and the equation of motion are
invariant under the translation r — 7 +a ¢ — q + b, for any a € R? and b € R".
The quotient of the energy surface {G‘oo = 1} by these translation, is compact.

Note that for a given T € {éoo = 1} a similar argument as above show that
fOT dt(F+a)? > 0, for any a > 0 and since this integral clearly goes to oo as a — oo
there exists a constant c,, > 0 such that

inf / F2dt > Cop - (112)
z€{G=1}JoO

Using again that the solution of O.D.E depends smoothly on its parameters, we ob-

tain

inf inf /dtf§>c. (113)
E>Eo ze{Gr=1} Jo

This estimate, together with Eq. (107) gives the conclusion of Theorem 3.4. O

Next we show, that at sufficiently high energies, the overwhelming majority of

the random paths z; = z;(w) solving Egs.(69) follows very closely the determinis-

tic paths z{°* solving Eqs.(99). As a consequence, for most random paths the same

amount of energy is dissipated into the reservoirs as for the corresponding determin-
istic ones. We need the following a priori “no-runaway” bound on the growth of
G(.I‘t)

Lemma 3.6. Let 0 < (max{T}, T, })~ . Then E,[exp (0G(x;))] satisfies the bound
E.[exp (0G(z))] < exp (vTr(T)6t) exp (0G(x)) . (114)

Moreover for any x with G(x) = E and any § > 0 we have the estimate

P, { sup G(zs)) > (1+ 5)E} < exp (YTr(T')0t) exp (—00F) . (115)

0<s<t

Remark 3.7. The lemma shows that for E sufficiently large, with very high probabil-
ity, G(x:) = O(E) if G(x) = E. The assumption on 6 here arises naturally in the
proof, where we need (1 — 67) > 0, cf. Eq. (116).

Proof. For § < (max{T,T,})~! we have the bound (the generator L is given by
Eq. (11))

Lexp (0G(z)) = v0exp (0G(x)) (Tx(T) — r(1 — 0T)r)
< 0Tx(T) exp (0G(x)) , (116)

Then we apply Theorem 5.4 of [20]. O
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We have the following “tracking” estimates to the effect that the random path
closely follows the deterministic one at least up to time ¢z for a set of paths which
have nearly full measure. We set Az; = z4(w) — 28t = (Ary, Ap;, Agy) with both
7¢(w) and z¢°* having initial condition x. Consider the event

S(z, E,t) = {z.(w); G(x) = Eand sup G(z,) < 2E}. (117)

0<s<t
By Lemma 3.6, P{S(x, E,t)} > 1 — exp (v0Tr(T)t — OF).

Proposition 3.8. There exist constants Ey < oo and ¢ > 0 such that for paths
z¢(w) € S(x, B, tg) withtg = EY*2/=121 and E > E we have

|1 Ag| Ef
sup | [|Ape]| | < ¢ sup [[V29TBi(w)| | R |- (118)
0<t<tg ||A7‘t|| 0<t<tp 1

Proof. We write differential equations for Ax; again assuming both the random and
deterministic paths start at the same point « with energy G(x) = E. These equations
can be written in the somewhat symbolic form:

dAqr = Apdt
dAp; = (O(E1‘2/k2)Aqt - A*Art> dt,
dA’r't = (—'yArt + AAp,g) dt + / 2’)/TdBt (1 19)

The O(E'~2/k2) coefficient refers to the difference between forces, —V,V () eval-
uated at x,(w) and z{°; we have that G(z;) < 2F, so that V,V(q(w)) —
V,V(gi) = 0(0*V)Aq = O(E'~2/%2) Ag,. For later purposes we pick a con-
stant ¢’ so large that

9*V(q)
0q;0q;

p=pla)=cE"% >supy (120)

i 5 {eV(g<2E}

for all sufficiently large F.
In order to estimate the solutions of Eqgs. (119), we consider the 3 x 3 matrix
which bounds the coefficients in this system, and which is given by

010
M= 1|p0A (121)
0N~y

We have the following estimate on powers of M; For AX ) = (0,0, 1)T, we set
AXM = Mm™AX©), For a = max(1,7 + A), we obtain AX™M) < (0,1,1)7,
AX®? < a?(1,1,1)7, and, for m > 3,

u(™ T
AX(m) = U(m) < am2m—2 m_1 ,

p 2
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where the inequalities are componentwise. From this we obtain the bound

0 1(at)?evpiot
eMlo| < atevr2ot . (122)
1 1+ at + §(at)2eVP?or

If0 <t < tp wehave \/pt < \/c'. Then the exponentials in the above equation are
bounded, and

0 1/p
eMlo) <cl1/yp], (123)
1 1

for some constant c.
Returning now to the original differential equation system Eq.(119), we write
this equation in the usual integral equation form:

Aqy t Ap
Ap; | = / —V,V(gs(w))ds + V,V(qdet) — I'* Ary | ds
Ary 0 —vyArs + AAp,
0
+ 0 (124)
RV Z’YTBt
From this we obtain the bound
[ Agt| ¢ | Ag]| 0
14p] | < [ar(an | as+ | 0 ). (125)
||ATtH 0 HA’I}H Bmax

where M is given by Eq.(121), and Buax = sup,<,, [v/27T By||. Note that the
solution of the integral equation

t 0
AX, = / ds MAX, + 0 , (126)
0 Bmax

is AXy = exp (tM)(0,0, Bnax)?. We can solve both Eq. (124) and Eq. (126)
by iteration. Let Ax,,s, AX,,s denote the respective m!" iterates (with Azg, =
(0,0,v279TB,)T, and AXps = (0,0, Bpax)?, 0 < s < tg). The AX,,’s are
monotone increasing in m. Then it is easy to see that

(| Agime|
||Apth S Ath S AXt7 (127)
([ A7

for each iterate. By Eqs.(122), (123), and the definition of p the conclusion Eq. (118)
follows. O

As a consequence of Theorem 3.4 and Proposition 3.8 we obtain
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Corollary 3.9. Let 2(E) = E“ with o < 1/ko and assume that By is such that
SUPg<i<iy, 1V2YTBil| < 2(E) and x.(w) € S(x, E,tg). Then there are constants
¢ > 0and Ey < oo such that all paths x+(w) with initial condition x with G(x) =
E > By satisfy the bound

1

tg 3
/ r2ds > cE® 2, (128)
0

Remark 3.10. For large energy E, paths not satisfying the hypotheses of the corollary
have measure bounded by

P, {0 sup ||\/29TBs|| > Q(E)} +P{S(z,E,t5)°}

<s<tp

< o (~ it ) + e (00Dt - )

N(E)?
< aexp <_b’YT()tE> , (129)

where a and b are constants which depend only on the dimension of w. Here we have
used the reflection principle to estimate the first probability and Eq. (115) and the
definition of S to estimate the second probability. For E large enough, the second
term is small relative to the first.

Proof: It is convenient to introduce the L?-norm on functions on [0,], || f|l; =

1/2

( fg’ I fs||2ds) . By Theorem 3.4, there are constants F; and c¢; such that for
E > E; the deterministic paths z°t satisfy the bound

tg
lr9t7, = / (rd*)2ds > ¢ E%a 72 (130)
0
By Proposition 3.8, there are constants Fy and c¢o such that ||Arg|| < c22(E),

uniformly in s, 0 < s < tg, and uniformly in « with G(x) > F5. So we have

1 1

det 31\ 1/2 11N\ 1/2
IPllee = 17 s = 187 0es = (B %) = c22(8) (B 5) . 31

But the last term is O(E®~1/4+1/2k2) "which is of lower order than the first since
a < 1/ks, so the corollary follows, for an appropriate constant ¢ and F sufficiently
large. 0O

With these estimates we now prove the existence of a Liapunov function.

Theorem 3.11. Let t > 0 and 0 < [umin. Then there are functions k(E) =
k(E,t,0) < 1and b(E) = b(E,t,0) < oo such that

TiWy(z) < w(E)Wy(x) + b(E)lc<py (7). (132)
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The function k(E) satisfies the bound
k(E) < Aexp(—BE?**2) (133)
for some constants A and B.

Proof. For any compact set U and for any ¢, T* exp (0G)(z) is a bounded function
on U, uniformly on [0, ¢]. So, in order to prove Eq.(132), we only have to prove that
there exist a compact set U and x < 1 such that

sug)c E; [exp (0(G(x¢) — G(2)))] < k < 1. (134)

Using Ito’s Formula to compute G(z;) — G(z) in terms of a stochastic integral we
obtain

E; [exp (0(G(z¢) — G(2)))]
= exp (Oytr(T)t)E, [exp (—9 /0 t yr2ds + 6 /0 t \/ﬁrsst)} . (135)

For any 6 < (Bmin, we choose p > 1 such that p < Bpnin. Using Holder inequality
we obtain,

t t
E, {exp (—9/ 77“3, ds—|—9/ \/27T7‘sd38>}
0 0
t p92 t
= E, {exp (—9/ yr2 ds + 7/ (\/29Tr,)? ds) X
0 0
p92 t t
X exp <—2/ (\/29Tr,)? ds—|—9/ \/Q’yTrsstﬂ
0
t 1/q
E, {exp( q9/ yrs 245+ &7 (\/29Tr)? ds)] X
0
p 0 1/p
x E, {exp( / (vV/29T'rs) derHp/ WrsdB ﬂ
qpe 1/q
= E, {exp (—qﬁ/ 77"5 ds + T/ (\/2’YTT3)2 dsﬂ .
0 0

Here, in the next to last line, we have used Girsanov theorem and so the second
expectation is equal to 1. Finally we obtain the bound

E, [exp (0(G(x:) — G(x)))]
t 1/q
< exp (0ytr(T)t)E, [exp (—qG(l — p0Tmax) /0 yr? ds)] . (136)

In order to proceed we need to distinguish two cases according if 3/ks — 1/2 > 0
or 3/ke — 1/2 < 0 (see Corollary 3.9). In the first case we let Ey be defined by
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t = Eé/ k2120 For B > Ey we break the expectation Eq. (136) into two parts
according to whether the paths satisfy the hypotheses of Corollary 3.9 or not. For
the first part we use Corollary 3.9 and that fot r2ds > ng r2 > cE3/k2=1/2; for
the second part we use estimate (129) in Remark 3.10 on the probability of unlikely
paths together with the fact that the exponential under the expectation in Eq. (136) is

bounded by 1. We obtain for all z with G(x) = E > Ej the bound
E, [exp (0(G(x1) — G(x)))] < exp (Oytr(T)tg,) X

s 1 2 1/q
X [exp (—q9(1 — pGTmax)cE’727§) + aexp (_Q(E)%)] .(137)
bﬁ/tE

Choosing the set U = {z; G(z) < E;} with E} large enough we can make the term
in Eq. (137) as small as we want.

If 3/ky — 1/2 < 0, for a given ¢t and a given x with G(z) = E we split
the time interval [0,¢] into E/271/k2 pieces [t;,t;11], each one of size of order
E/*2=1/2¢ For the “good” paths, i.e., for the paths z; which satisfy the hypotheses
of Corollary 3.9 on each time interval [t;,¢;1], the tracking estimates of Propo-
sition 3.8 imply that G(z;) = O(F) for ¢ in each interval. Applying Corollary
3.9 and using that G(z;,) = O(FE) we conclude that fot r2 ds is at least of order
E3/k2=1/2  g1/2=1/k2 — [2/k2 The probability of the remaining paths can be
estimated, using Eq. (129), not to exceed

2 E
1— <l—aexp (—Qmaxgo» . (138)
b’}/tE

The remainder of the argument is essentially as above, Eq. (137) and this concludes
the proof of Theorem 3.11. O

[N
B
N} "“

4 Heat Flow and Entropy Production

In this section we study some thermodynamical properties of the stationary distri-
bution. Most interesting is the case where the temperatures of the two reservoirs
are different, we expect then to have heat (i.e., energy) flowing through the system
from the hot reservoir into the cold one. Very little is known about the properties of
systems in a nonequilibrium stationary state. The Kubo formula and Onsager reci-
procity relations are such properties which are known to hold near equilibrium (i.e.,
if the temperatures of the reservoirs are close). In the recent years a new general
fact about nonequilibrium has been discovered, the so-called Gallavotti-Cohen fluc-
tuation Theorem. It asserts that the fluctuation of the ergodic mean of the entropy
production has a certain symmetry. This symmetry can be seen as a generalization
of Kubo formula and Onsager reciprocity relations to situations far from equilib-
rium. It has been discovered in numerical experiments in [8]. As a theorem it has
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been proved for Anosov maps [11], these deterministic systems are used to model
nonequilibrium systems with reservoirs described by non-Hamiltonian deterministic
forces (the so-called Gaussian thermostat). The fluctuation theorem has been formu-
lated and extended to Markov process in [15, 16, 18] and proved for simple systems
like Markov chains with a finite state space or non-degenerate diffusions.

We will prove this fluctuation theorem for our model. Both the degeneracy of
the Markov process and the non-compactness of the phase space are the technical
difficulties which have to be overcome. Our model is the first model which is com-
pletely derived from first principles (it is Hamiltonian to start with) and for which
the fluctuation theorem can be proved.

To define the heat flow and the entropy production we write the energy of the
chain H as a sum of local energies H = Y " | H; where

2
1
Hy = B+ U (q) + 3UP (a1 — ).

2
D; 1
Hy = 24 00 () + 5 (U201 - 0) + U (@ —qis)) - (139)
Ph L ) L@
Hn = ?"'U (Qn)+§U (Qn_q'nfl)'

Using Ito’s Formula one finds

dH;(zy) = (Pi—1(xt) — () dt, (140)
where
by = —Arip1,
& = %%U@(qﬁ ~ i), (141)
b, = Arppy -
It is natural interpret @;,7 = 1,--- ,n— 1 as the heat flow from the i*" to the (i+1)*"

particle, @ as the flow from the left reservoir into the chain, and @,, as the flow from
the chain into the right reservoir. We define corresponding entropy productions by

o = (Bn—01)P; . (142)

There are other possible definitions of heat flows and corresponding entropy produc-
tion that one might want to consider. One might, for example, consider the flows at
the boundary of the chains, and define oy, = 51P¢ — 3, P.,,. Also our choice of local
energy is somewhat arbitrary, other choices are possible but this does not change the
subsequent analysis. Our results on the heat flow are summarized in

Theorem 4.1. : Entropy production

(a) Positivity of entropy production. The expectation of the entropy production o
in the stationary state is independent of j and nonnegative
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/O'jd/L >0, (143)
and it is positive away from equilibrium
/ajdu =0 if and only if (1 =0, . (144)
(b) Large deviations and fluctuation theorem. The ergodic averages
o' = % /0 oy(e) (145)

satisfy the large deviation principle: There exist a neighborhood O of the interval
[— [ojdu, [ ojdu] and a rate function e(w) (both are independent of j) such that
Sor all intervals [a,b] C O we have

tlirélo—%log P.{7," € [a,b]} = wiel[ltf,b] e(w). (146)
The rate function e(w) satisfy the relation
e(w) —e(—w) = —w, (147)
i.e., the odd part of e is linear with slope —1/2.

(c) Kubo formula and central limit theorem. Let us introduce the parameters (3 =
(B1+ Bn)/2 and n = B, — (1. We have

ﬁ . — > eq o i eq)
o (foue)| = [ (Jamopomer)as s

where 1°% is the Gibbs stationary distribution at equilibrum (see Eq. (75)) and T}
is the semigroup at equilibrium. Moreover, if we consider the fluctuations of the heat
flow at equilibrium, they satisfy a central limit theorem

1 t 1 b y2
P, {a < \/ﬁ/o Di(zs)ds < b} — \/—27_/& eXp(—?) dy (149)

ast — oo, the constant k2 is positive, independent of j, and is given by

o0
K? = / ( / @j(m)T;’q@j(x)u(dx)) ds . (150)
0
Loosely speaking the fluctuation theorem has the following interpretation,
P, {Ejt ~ a}

P, {7, ~ —a} ~
in other words this gives a bound on the probability to observe a fluctuation of the
entropy production which would give rise to a energy flow from the cold reservoir
to the hot reservoir (i.e., a “violation” of the second law of thermodynamics). As we
will see the Kubo formula is a consequence of the fluctuation theorem and thus we

can also view the fluctuation theorem as a generalization of Kubo formula to large
fields. We will elaborate on this interpretation later.

et (151)
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4.1 Positivity of entropy production

Let us consider the functions I2; given by

2 J n 2
Rj = 0 (21 +ZHk(p,q)> +68. | D Hilpg)+ %" ; (152)
k=1

k=j+1

so that exp (—R;) is a kind of “two-temperatures” Gibbs state. We also denote by
J the time reversal operator which changes the sign of the momenta of all particles

Jf(p7 q, T) = f(_p7 q, ’I’).

The following identities can be regarded as operator identities on C*° functions.
That the left and right side of Eq. (154) actually generate semigroups for some non
trivial domain of « is a non trivial result which we will discuss later.

Lemma 4.2. Let us consider e and e~ as multiplication operators. Then we
have the operator identities

e gL Je f = L — o, (153)
and also for any constant o
eI —ao)Je B = L—(1-a)o;. (154)
Proof. We write the generator L as L = Lg 4+ L; with
Lo = v(V,TV, —1V,) (155)
Ly = (ApV, — rAY,) + (07, — (V4V(@)V,) - (156)
Since L is a first order differential operator we have
e e = L1+ L1R;, = L1 + 0. (157)
Using that V. R, = T~ 1r we obtain

e FiLgelt = eiR"’y(VT. — Tﬁlr)TV,»eR"’

AWV T(V + T ) = L.
This gives
e BiLeft = L+ Li+0; = JL*J + 0y, (158)

which is Eq. (153). Since Jo;J = —o;, Eq. (154) follows immediately from Eq.
(153). O

Proof of Theorem 4.1 (a): We write the positive density p(z) of u(dx) = p(x)dx
as
p=Je fie=li (159)
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Let L' denote the adjoint of L on L?(1), it is given by LT = p~!L*p and using Eq.
(153) a simple computation shows that
JL%agger = €' (L —a;)e "5
= L—o0j— (LF;) = 2(TV,.F;)V, + T2V, F;|?).  (160)

It is easy to see that the operator .JL1.J satisfies JLT.J1 = 0 and so applying the
Eq. (160) to the constant function we find

o; = |TY?VEF;|> - LF;. (161)

The first term is obviously positive while the expectation of the second term in the
stationary state vanishes and so we obtain Eq. (143).

In order to prove positivity of the entropy production, we will make a proof by
contradiction. Let us suppose that 8 # (3, and that [ o;(x)u(dz) = 0. Since all o;
have the same stationary value, it is enough to consider one of them and we choose
00 = (81— Bn)Ap171. The assumption implies that [ |T/2V,. Fy|?uu(dx) = 0. Since
p is positive, this means that V,.Fy = 0, and therefore F{; does not depend on the r
variables. From Eq. (161) we obtain

0o = —LF,. (162)

Using the definition of L and o and the fact that F{ does not depend on 7, we obtain
the equation

0= (p . ngo - (qu) . Vp) FO + )\7“181,1 FO + )\TnapnFo = (ﬁn - ﬁl)/\T1p1 .
Since Fy does not depend on r we get the sytem of equations

(pVy — (V4V)V,)Fy = 0,
8101F0 = (5?1 - ﬁl)pl ,
Op, Fo = 0. (163)

We will show that this system of linear equations has no solution unless 31 = 3. To
see this we consider the system of equations

(pvq - (qu)vp)FO =0,
Op Fo = (B — B1)p1 - (164)

This system has a solution which is given by (3,, — 81)H (g, p). We claim that this
the unique solution (up to an additive constant) of Eq. (164). If this holds true, then
the only solution of Eq. (163) is given by (8,, — $1)H (¢, p) and this is incompatible
with the third equation in (163) when 3y # (,,.

Since Eq. (164) is a linear inhomogeneous equation, it is enough to show that the
only solutions of the homogeneous equation

(PVq — (VgV)Vy)Fo = 0,
Op Fy = 0. (165)
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are the constant functions. Since 9, Fy = 0, F{ does not depend on p;, we conclude
that the first equation in (165) reads
plaquO+f1(q17"'7Q1’L7p27"'pn) = Oa (166)

where f; does not depend on the variable p;. Thus we see that 9, Fy = 0 and
therefore F{y does not depend on the variable ¢ either. By the first equation in (165)
we now get

(a(h U(2)(q1 - q2))8p2F0 + f2(q27 vy qn, P2y apn) = 0 ) (167)

where f> does not depend on p; and g;. By condition H2 we see that 0,,¢ = 0 and
hence f does not depend on p,. Iterating the above procedure we find that the only
solutions of (165) are the constant functions.

As a consequence, the stationary state ;1 = g, g, sustains a non-vanishing heat
flow in the direction from the hotter to the colder reservoir. Of course if 31 = (3, the
heat flow vanishes since &; is an odd function of p and the density of the stationary
distribution is eveninp. O

4.2 Fluctuation theorem

Let us consider now the part (b) of Theorem 4.1. Let us first give an outline of
the proof. To study the large deviations of ¢+ fot o;(zs)ds one considers moment
generating function

it a) = E, {e‘afo' “ﬂ“s)d‘“] . (168)

A formal application of Feynman-Kac formula gives

%E:}; o fot Uj(xs)dsf(xt):| = (L - aoy) [ea fot G'j(xs)dsf(mt)] o (169)

but since is o is not a bounded function, it is not clear that the expectation I'J (¢, )
is even well defined. We will show below that there exists a neighborhood O of the

interval [0, 1] such that IY (¢, ) is well defined if o € O. We denote then T\ the
semigroup with generator (L — ao;). We then have

it a) = E, [e_a Jo este) ds} = T1(z) (170)
Next one shows that the following limit
1 A
e(a) = tlirgo 5 log I') (t, «) , (171)

exists, is independent of = and j, and is a C! function of . We will do this by a
Perron-Frobenius like argument and identify exp(—te(«)) as the (real) eigenvalue

of Tt(a) with biggest modulus (on a suitable function space).
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Then a standard and general argument of the theory of large deviations [2] (the
Girtner-Ellis Theorem) gives a large deviation principle for the ergodic average
t=1 fot 0;(xs)ds with a large deviation functional e(w) which is given by the Legen-
dre transform of the function e(a).

Formally, from Eq. (154) we see that T\ is conjugated to (7' ~®))*, but since
T/ has the same spectrum as (7,*))* we conclude that

e(a) = e(l—a). (172)
Taking now a Legendre transform we have
I(w) = sup{e(a) — aw} = sup{e(l — a) — aw}
= sup {e() (1 = B} = I(-w) ~w.
and this gives the part (b) of Theorem 4.1.

Let us explain how to make this argument rigorous, by making yet another con-
jugation.

Lemma 4.3. We have the identity

L—ao; = e Lye (173)
where - R
L, = L, — ((a —a®)yrT 1 r — atr(fyl)) 174)
and ~
Lo, = L+ 2avyrV,.. (175)

Proof. As in Lemma 4.2 we write the generator L as L = Lg + L1, see Eqs.(156)
and (155). Since L is a first order differential operator we have

6_aRjL1€aRj = L1 + Ck(Lle) = L1 + oy . (176)
Using that V,.R; = T~ 'r is independent of j we find that

e RiLgelti = 5 (Ve +aT ') T(V, + T ') = (V. + ol 'r))

= Lo+ ay(rV, + V,7) + (&® — a)yrT ™ r
= Lo+ 2097V, + (o — a)yrT'r + atryl . 77

Combining Egs. (176) and (177) gives the desired result. O

The point of this computation is that it shows that L — ao; is conjugated to the
operator L, which is independent of i. Furthermore L, has the form L plus terms
which are quadratic in 7 and V,.. Combining Feynman-Kac and Girsanov formulas
we can analyze the spectral properties of this operator by the same methods as the
operator L. The basic identity here is as in Section 3.3.
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Loexp0G(z) =
= exp0G(2)y [tr(0T + o) + r(0°T — (1 — 20)0 — (1 — )T~ ")r]
< Cexp0G(z), (178)
provided o and T3, © = 1, n satisfy the inequality
0>°T; — (1 —20)0 — (1l —a)T; ' <0, (179)

or
—a< 0T, <1—q. (180)

In particular we see that the semigroup Tia) defined by
T\ = emoRi(e) ok (181)

and with generator Ly, is well defined on the Banach space Hy if —a < 0T; < 1—q.
Furthermore it has the following properties

1. Strong-Feller property. The semigroup T,Ea) has a kernel pgo‘)(x, y) which is

C*™in (t,x,y).

2. Irreducibility. For all ¢ > 0, and all nonnegative f, T,Ea) f is positive.

3. Liapunov function. For any ¢ > 0 and 6 such that —a < 67; < 1 — a, there
exists functions k(E) = k(FE, 0,t) and b(E) = b(E, 6,t) withlimp_, k(F) =
0 such that )

T\ We(z) < K(E)We(z) + b(E)1g<p(z). (182)

These properties are proved exactly as in for the operator L, using in addition Gir-
sanov and Feynman-Kac formula (see [22] for details).
As a consequence, by Theorem 8.9 of [20], we obtain that on Hy, with —a <

0T; < 1 — « the semigroup Tﬁ“) is a compact semigroup, it has exactly one eigen-
value with maximal modulus which, in addition is real. In particular TEQ) has a spec-
tral gap. We then obtain

Theorem 4.4. If

Bmax ﬁmax >
ae (- 1+ , (183)
< Bmin - ﬁmax ﬁmin - ﬁmax
then )
e(a) = lim —=logI'V(t, ) (184)
t—oo t

exists, is finite and independent both of j and .

Proof. The semigroup TEQ) is well defined on'H if

—a<0Ti<1-a. (185)
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A simple computation shows that for given «, (31, and 3,, the set of § we can choose
is non-empty provided if

ﬁmax 5max )
a€ | — , 1+ , (186)
( ﬂmin - ﬂmax 6min - ﬂmax

Using the definition of R;, Eq. (152), e~ “%i € Hy since —a + 0T; < 0. Using now
Lemma 2.7, we see that I"(t, o) exists and is given by

Tift,a) = T (z) = BT =R (g (187)
From the spectral properties of Tia) we infer the existence of a one-dimensional
projector P, such that

1. P,f>0if f >0
2. We have

T = et p, + T\ (1 - By), (188)
and there exists a constants d(«) > e(a) and C such that
173 (1= P)|| < Cemtdl), (189)
or, in other words,
T\ (1~ Pa)g] < Ce"@) gy Wy (). (190)

From Lemma 4.3 and Eq. (190) we obtain, for all x, that
1 )
tlim 5 log I} (¢, )

1 —
= lim —Elog eO‘RJTEQ)e*O‘RJ (2)

t—o0

1 —(a
= thm —¥ 10g eaRJ e_te(a)Rj (Pae_aRj + ete(a)Ti )(1 —_ Pa)e_aRj (x))

= lim —% (aRj(z) — te(a)+

t—oo
log <Pae_“Ri (z) + ete(“)f(ka)(l — P,)e ol (x)))
= e(a).
This concludes the proof of Theorem 4.4. O

It is straightforward now to obtain the symmetry of the Gallavotti-Cohen fluctu-
ation theorem

Theorem 4.5. If

Tmin Tmin
el- 1 7 191
“ ( Tmax - Tmin * Tmax - ﬂrlin) ( )

then
e(a) =e(l—a). (192)
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)

Proof. Let us consider the dual semigroup (Tia))* acting on Hj. Since Tia has

a smooth kernel, (Tia))*u is a measure with a smooth density, and we denote by

(Tia))* its action on densities
(T v(de) = ((Tﬁa’)* p(w)) dz . (193)
Combining Lemmas 4.2 and 4.3 we have

Ly = e (L — aoj)et
= (IR (L — (1 — a)oy)* Te =B
=J (e(l_o‘)RJ (L—(1- a)aj)e_(l_a)Rf) J

JLi . (194)

or
7 = @y (195)

The spectral radius formula concludes the proof of Theorem 4.5. 0O

Combining this fact with the formal argument given above, we obtain the proof
of part (b) of Theorem 4.1.

4.3 Kubo Formula and Central Limit Theorem

One can derive the Kubo formula of linear response theory from the fluctuation the-
orem. Here the external “field” driving the system out of equilibrium is the inverse
temperature difference n = (,, — 41) and we have o; = 1¢;. Instead of the function
e(«a), we consider a the function f(a,7) given by

1 —a ¢ (s S
flan) = lim —=log B, [e Jy ot ”d] , (196)

where a = an and the second variable in f indicates the dependence of the dynamics
and of the stationary state 1 on 7). From our compactness results for the semigroup,
one can show that f(a,n) is a real-analytic function of both variables a and F'. The
relation e(a) = e(1 — a) now reads

fla,n) = f(n—a,n). (197)

Differentiating this relation one finds

Of o o f
and thus 5 T
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This relation is indeed Kubo formula, although in a disguised form. Differentiating
and using the stationarity we find

%0, = B, [ /¢] z,) }z/@du, (200)

21
daon " (/ ¢ )

is the derivative of the heat flow at equilibrium. On the other hand

and therefore

(201)

AB=0

*f

1 [t 2 1t t
= tl'ggoE# L/o qu(:cs)ds] -E, [t/o gf)j(xs)ds/o d)j(xu)du} (202)

At equilibrium, = 0, the first term vanishes since there is no heat flow at equilib-
rium. For the second term, we obtain, using stationarity, and changing variables

1/; ds /Ot duE,, [0j(xs)d;(24)]

22 /0 s / " B 65 ()6 ()

- 21 /t ds /t duE,, [¢;(z0)¢;(zu—s)]
/ ds /t ) duB,, [¢;(z0)¢;j(xw)]

21 A s [ auB (6,000, (203)

By Theorem 3.1 we obtain

E,. [6;(20); (zu)] / 61(@)Tuds (Du(dr) < Ce [P lwa (204)

and thus it is an integrable function of u. We then obtain

L10,0) = jim 27 / s / QB [65(20) 5 ()]
oy / ds [ 00T (ohulde). (205)

is the integral of the flow autocorrelation function. Combining Egs. (199), (201), and
(205) we obtain
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2 ([ osin) - ([ monsian) as, (206)

and this is the familiar Kubo formula. Note that this formula involves only the equi-
librium dynamics and the equilibrium stationary distribution.

The appearance of an autocorrelation function is not fortuitous and can be inter-
preted in terms of the central limit theorem. With the strong ergodic properties we
have established in Theorem 3.1, one can prove [19] a central limit theorem for any
function f such that 2 € Hy (see the condition for exponential mixing in Theorem
3.1). For any such function we have that

p.{us \/%/0 (70~ [ s@mtan) as <o} — \/127?/2’ dy
(207)

provided the variance

@ = [ [a@ng@n) - ([ goman?)  co

does not vanish. In our case f = ¢;, it follows from (206) and from the positivity of
entropy production that 2 is positive.
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1 Introduction

In the Markovian approach of quantum open systems, the environment acting on a
simple quantum system is unknown, or is not being given a model. The only effective
data that the physicists deal with is the evolution of the simple quantum system. This
evolution shows up the fact that the system is not isolated and is dissipating.

One of the question one may ask then is wether one can give a model for the
environment and its action that gives an account of this effective evolution. One
way to answer that question is to describe the exterior system as a noise, a quantum
random effect of the environment which perturbs the Hamiltonian evolution of the
small system.

This approach is a quantum version of what has been exposed in L. Rey-Bellet’s
courses: a dissipative dynamical evolution on some system is represented as result-
ing of the evolution of a closed but larger system, in which part of the action is
represented by a noise, a Brownian motion for example.

This is the aim of R. Rebolledo’s course and F. Fagnola’s course, following this
one in this volume, to show up how the dissipative quantum systems can be dilated
into a closed evolution driven by quantum noises. But before hands, the mathematical
theory of these quantum noises needs to be developed. This theory is not an obvious
extension of the classical theory of stochastic processes and stochastic integration.
It needs its own developments, where the fact that we are dealing with unbounded
operators calls for being very careful with domain constraints.

On the other hand, the quantum theory of noise is somehow easier than the clas-
sical one, it can be described in a very natural way, it contains very natural physical
interpretations, it is deeply connected to the classical theory of noises. This is the aim
of this course to develop the theory of quantum noises and quantum stochastic inte-
gration, to connect it with its classical counterpart, while trying to keep it connected
with some physical intuition.

The intuitive construction of this theory and its final rules, such as the quantum
1t6 formula, are not very difficult to understand, but the whole precise mathemati-
cal theory is really much more difficult and subtle, it needs quite long and careful
developments. We have tried to be as precise as possible in this course, the most
important proofs are there, but we have tried to keep it reasonable in size and to al-
ways preserves the intuition all along the constructions, without getting lost in long
expositions of technical details.

The theory of quantum noises and quantum stochastic integration was started
in quantum physics with the notion of quantum Langevin equations (see for exam-
ple [1], [21], [22]). They have been given many different meanings in terms of several
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definitions of quantum noises or quantum Brownian motions (for example [23], [25],
[24]). One of the most developed and useful mathematical languages developed for
that purpose is the quantum stochastic calculus of Hudson and Parthasarathy and
their quantum stochastic differential equations ([25]). The quantum Langevin equa-
tions they allow to consider have been used very often to model typical situations of
quantum open systems: continual quantum measurement ([ 12], [14]), quantum optics
((19], [20], [13]), electronic transport ([16]), thermalization (8], [28], [27]), repeated
quantum interactions ([8], [11]). This theory can be found much more developed in
the books [2], [30] and [29].

The theory of quantum noises and quantum stochastic integration we present in
this course is rather different from the original approach of Hudson and Parthasarathy.
It is an extention of it, essentially developed by the author, which presents several
advantages: it gives a maximal definition of quantum stochastic integrals in terms of
domains, it admits a very intuitive approach in terms of discrete approximations with
spin chains, it gives a natural language for connecting this quantum theory of noises
to the classical one. This is the point of view we adopt all along this course, the main
reference we follow here is [2].

2 Discrete time

2.1 Repeated quantum interactions

We first motivate the theory of quantum noises and quantum stochastic differential
equations through a family of physical examples: the continuous time limit of re-
peated quantum interactions. This physical context is sufficiently wide to be of real
interest in many applications, but it is far from being the only motivation for the in-
troduction of quantum noises. We present it here for it appears to be an illuminating
application in the context of these volumes. The approach presented in this section
has been first developed in [11].

We consider a small quantum system Hg (a finite dimensional Hilbert space in
this course, but the infinite dimensional case can also be handled) and another quan-
tum system H which represents a piece of the environment: a measurement appara-
tus, an incoming photon, a particle ... or any other system which is going to interact
with the small system. We assume that these two systems are coupled and interact
during a small interval of time of length h. That is, on the space Hy ® H we have an
Hamiltonian H which describes the interaction, the evolution is driven by the unitary
operator U = ¢*" | An initial state p ® w for the system is thus transformed into

U (p@w)U.

After this time & the two systems are separated and another copy of H is presented
before Hy in order to interact with it, following the same unitary operator U. And so
on, for an arbitrary number of interactions. One can think of several sets of exam-
ples where this situation arises: in repeated quantum measurement, where a family
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of identical measurement devices is repeatedly presented before the system 7 (or
one single device which is refreshened after every use); in quantum optics, where a
sequence of independent atoms arrive one after the other to interact with H (a cavity
with a strong electromagnetic field) for a short time; a particle is having a succession
of chocs with a gas of other particles ...

In order to describe the first two interactions we need to consider the space Hy ®
'H ® H. We put U; to be the operator acting as U on the tensor product of H with
the first copy of H and which acts as the identity on the second copy of H. We put
Us to be the operator acting as U on the tensor product of H with the second copy
of H and which acts as the identity on the first copy of H.

For an initial state p ® w ® w, say, the state after the first interaction is

Ur(p ®w @ w)Uy
and after the second interaction is
UxUi(p @ w @ w)UrUs.

It is now easy to figure out what the setup should be for an indefinite number of
repeated interactions: we consider the state space

Ho ® ®H,
N

(this countable tensor product will be made more precise later on). For every n € IV,
the operator U, is the copy of the operator U but acting on the tensor product of H
with the n-th copy of H, it acts as the identity on the other copies of H. Let

Vi, = Un...UsUy,

then the result of the n-th measurement on the initial state
pe @

is given by the state

‘@<p®Q§w>K?

nelN

Note that the V,, are solution of
Vn+1 - Un+1Vn7

with Vy = I. This way, the V,,’s describe the Hamiltonian evolution of the repeated
quantum interactions. It is more exactly a time-dependent Hamiltonian evolution, it
can also be seen as a Hamiltonian evolution in interaction picture.

We wish to pass to the limit A — 0, that is, to pass to the limit from repeated
interactions to continuous interactions. Our model of repeated interactions can be
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considered as a toy model for the interaction with a quantum field, we now want to
pass to a more realistic model: a continuous quantum field.

We will not obtain a non trivial limit if no assumption is made on the Hamiltonian
H. Clearly, it will need to satisfy some normalization properties with respect to the
parameter h. As we will see later, this situation is somehow like for the central limit
theorem: if one considers a Bernoulli random walk with time step h and if one tries
to pass to the limit A — 0 then one obtains 0; the only scale of normalization of
the walk which gives a non trivial limit (namely the Brownian motion) is obtained
when scaling the random walk by v/h. Here, in our context we can wonder what
are the scaling properties that the Hamiltonian should satisfy and what type of limit
evolution we shall get for V.

Note that the evolution (V},), . v is purely Hamiltonian, in particular it is com-
pletely deterministic, the only ingredient here being the Hamiltonian operator H
which drives everything in this setup.

At the end of this course, we will be able to give a surprising result: under some
renormalization conditions on H, in the continuous limit, we obtain a limit evolution
equation for (V;),c g+ which is a Schrodinger evolution perturbed by quantum noise
terms, a quantum Langevin equation.

The point with that result is that it shows that these quantum noise terms are
spontaneously produced by the limit equation and do not arise by an assumption or a
model made on the interaction with the field. The limit quantum Langevin equation
is really the effective continuous limit of the Hamiltonian description of the repeated
quantum interactions.

We shall illustrate this theory with a very basic example. Assume Hy = H = C*
that is, both are two-level systems with basis states {2 (the fundamental state) and X
(the excited state). Their interaction is described as follows: if the states of the two
systems are the same (both fondamental or both excited) then nothing happens, if
they are different (one fundamental and the other one excited) then they can either
be exchanged or stay as they are. Following this description, in the basis {2® 2, 2®
X, X ® 2, X ® X} we take the unitary operator U to be of the form

1 0 0 O
0 cosa —sina 0
0sina cosa 0O
0 0 0 1

2.2 The Toy Fock space

The spin chain structure

We start with a description of the structure of the chain @ H in the case where
H = C?. This is the simplest case, but it contains all the ideas. We shall later indicate
how the theory is to be changed when H is larger (even infinite dimensional).
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In every copy of €2 we choose the same orthonormal basis {02, X}, representing
fundamental or excited states. An orthonormal basis of the space TP = @ C? is
given by the set

{XA; Ae PW}

where Py is the set of finite subsets of IV and X 4 denotes the tensor product

X, ®...0X;,
where A = {iy,...,i,} and the above vector means we took tensor products of X
in each of copies number 75, with {2 in all the other copies. If A = (), we put X = {2,
that is, the tensor product of {2 in each copy of €. This is to say that the countable
tensor product above has been constructed as associated to the stabilizing sequence

(Q)nGJN
Note that any element f of T is of the form
f=> f(A)Xa
AePn
with

£ =D [F(A) < oo

AePN
The space TP defined this way is called the Toy Fock space .
This particular choice of a basis gives TP a particular structure. If we denote
by T#;) the space generated by the X4 such that A C {0,...,i} and by T®|; the

one generated by the X4 such that A C {j,j + 1,...}, we get an obvious natural
isomorphism between T and T&;_; ® TP; given by

[fRgl(A) =fAN{0,...,i—1}) g(An{i,...}).

Operators on the spin chain

We consider the following basis of matrices on C?:
« (10
“ = (0 0
00
+
= (10)
- (01
@ ~\oo
o (00
a’=141)-

For every ¢ = {x, +, —, o}, we denote by a, the operator which acts on TP as a® on
the copy number n of € and the identity elsewhere. On the basis X 4 this gives
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aﬁ XA = XA ]lngA
(Z;;XA = XAU{n} ]177,€A

a, Xa = Xa\(n} lnea

(e}
ay Xa=Xalpea.

Note that the von Neumann algebra generated by all the operators a, is the whole
of B(TP), for there is no non-trivial subspace of TP which is invariant under this al-
gebra. But this kind of theorem does not help much to give an explicit representation
of a given bounded operator H on TP in terms of the operators a;,. There are two
concrete ways of representing an (eventually unbounded) operator on T® in terms of
these basic operators. The first one is a representation as a kernel

H= Zk(A,B,C’) alayag
P3
where a5y = a5, ... a5 if A= {i; ... in}.

Note that the term a* does not appear in the above kernel. The reason is that a* +
a® is the identity operator and introducing the operator a* in the above representation
will make us lose the uniqueness of the above representation. Note that a° is not
necessary either for it is equal to a*a~. But if we impose the sets A, B, C' to be two
by two disjoint then the above representation is unique.

We shall not discuss much this kind of representation here, but better a different
kind of representation (which one can derive from the above kernel representation
by grouping the terms in 3 packets depending on which set A, B or C' contains
max A U B U C). This is the so-called integral representation:

H= > Y Hia (1)

e=+,0,— i€V

where the H; are operators acting on T®;_1; only (and as the identity on T?(;). This
kind of representation will be of great interest for us in the sequel.

For the existence of such a representation we have very mild conditions, even for
unbounded H ([32]).

Theorem 2.1. If the orthonormal basis {Xa,A € P} belongs to Dom H N
Dom H* then there exists a unique integral representation of H of the form (1).
O

One important point needs to be understood at that stage. The integral representa-
tion of a single operator H as in (1) makes use of only 3 of the four matrices a;. The
reason is the same as for the kernel representation above: the sum a§ +a. is the iden-
tity operator I, if we allow @ to appear in the representation, we lose uniqueness.
But, very often one has to consider processes of operators, that is, families (H;);e v
of operators on T; respectively. In that case, the fourth family is necessary and we
get representations of the form
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e Y Y 2

e=+,0,—,%x j<i

One interesting point with the integral representations is that they are stable under
composition. The integral representation of a composition of integral representations
is given by the discrete quantum It6 formula, which is almost straightforward if we
forget about details on the domain of operators.

Theorem 2.2 (Discrete quantum It6 formula). If

e Y S
e=+,0,—,X j5<i
and
K= > 2 K4

e=+,0,—,x j<i

are operators on 19y, indexed by i € IN, then we have the following “integration by
part formula”:

H,K;= Z ZHj—lKi a; + Z ZH;Kj_l aj+

e=+,0,—,x j<¢ e=+,0,—,x j<i

+ Y > HK[a5a

e,v=+,0,—,X j5<i

where the products a®a” are given by the following table

at a~ a’® a*
at 0 a® 0 at
a” a* 0 a” 0
a’® at 0 a’® 0
a* 0 a” 0 a*

Note the following two particular cases of the above formula, which will be of
many consequences for the probabilistic interpretations of quantum noises.

The Pauli matrix
9= \10) ~

o2 =1. 3)

satisfies

The matrix

satisfies
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X3 =T+ AX,. )

These two very simple matrix relations are actually the discrete version of the famous

relations
(dW;)? = dt

and
(dX;)? = dt + NdX,

which characterise the Brownian motion (W), and the compensated Poisson
process (X¢),~,with intensity X\. We shall give a rigourous meaning to these af-
firmations in section 6.4.

Probabilistic interpretations

In this section, we describe the probabilistic interpretations of the space T® and of
its basic operators.

We realize a Bernoulli random walk on its canonical space. Let 2 = {0, 1}%
and F be the o-field generated by finite cylinders. One denotes by v,, the coordinate
mapping : v,(w) = wy, for all n€IN. Let p € ]0,1[ and ¢ = 1—p. Let p,, be the
probability measure on ({2, F) which makes the sequence (v, )nev a sequence of
independent, identically distributed Bernoulli random variables with law pd; + gdg.
Let IE,[ - ] denote the expectation with respect to p,,. We have IE,[v,] = IE,[12] =
p. Thus the random variables

Xn _ Un —D ,
VPa

satisfy the following:
i) they are independent,

ii) they take the value 1/q/p with probability p and —+/p/q with probability ¢,
iii) IE,[X,,) = 0 and IF,[X2] = 1.

Let TP, denote the space L? ({2, F, ). We define particular elements of TP, by

Xp=1, in the sense Xp(w) = 1 forallw € 2
Xa=X; - X,,, ifA={i1...i,} is any finite subset of IN.

Recall that Py denotes the set of finite subsets of IV. From i) and iii) above it is
clear that {X A AEPW} is an orthonormal set of vectors in TD,,.

Proposition 2.3. The family {X A5 AG’PW} is an orthonormal basis of 1P,,.

Proof. We only have to prove that {X 4, AcPp} forms a total set in TP,,. In the
same way as for the X 4, define

vpg=1
VA = Vi + V4, for A = {len}
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It is sufficient to prove that the set {v4 ; A€Pyy } is total. The space (£2, F, ,,) can
be identified to ([0, 1], B([0,1]), /z,,) for some probability measure /i, via the base
2 decomposition of real numbers. Note that

1 ifw,=1
Vn(w)zwn: .
0 ifw,=0

thus v,(w) = 1, —1. As a consequence va(w) = Iy, =11y, =1. Now let
fETP, be such that (f,v4) = 0 for all A€Ppy. Let I = [k27", (k + 1)27"] be
a dyadic interval with & < 2™. The base 2 decomposition of k27" is of the form
(a1...ap,0,0,...). Thus

/ F@) (@) = [ F@) o Ty, e, dip() -
I [0,1]

The function 1,,—q, - - L., =q, can be clearly written as a linear combination of
the v4. Thus | 1 [ dit, = 0. The integral of f vanishes on every dyadic interval, thus
on all intervals. It is now easy to conclude that f = 0. O

We have proved that every element f € TP, admits a unique decomposition

F=> [(A)Xa )
AEPN
with
I£I7 = D" If(A)P < oo. (6)
AePnN

This means that there exists a natural isomorphism between T and T®,, which con-
sists in identifying the natural orthonormal basis { X 4; A € Py} of both space. For
each p €]0, 1], the space T, is called the p-probabilistic interpretation of TP. That
is, it gives an interpretation of T® in terms of a probabilistic space: it is the canonical
space associated to the Bernoulli random walk with parameter p.

Identifying the basis element X,y of TP with the random variable X,, € TP,
as elements of some Hilbert spaces, does not give much information on the prob-
abilistic nature of X,,. One cannot read this way the distribution of X, or its in-
dependence with respect to other X,,’s, ... The only way to represent the random
variable X,, € T®, with all its probabilistic structure, inside the structure of T, is
to consider the operator of multiplication by X, acting on T®,, and to represent it as
a self-adjoint operator in TP through the above natural isomorphism. When know-
ing the multiplication operator by X,, one knows all the probabilistic information on
the random variable X,,. One cannot make the difference between the multiplication
operator by X, pushed on T® and the “true” random variable X,, in TP,,.

Let us compute this multiplication operator by X,,. The way we have chosen the
basis of TP, makes the product being determined by the value of X2, n€ IV Indeed,
ifn € Athen X, X4 = XAu{n}~



Quantum noises 89
Proposition 2.4. In TP, we have
X2=1+cX,

where ¢, = (¢ — p)/+/Pq. Furthermore p — c, is a one to one application from
10,1 t0 IR.

Proof.
2 1 2 2 1 2
Xn = 7(Vn +p° - 2an) = — (p + (1_2p)yn)
Pq Pq
1 2_ -
= — (PP +(g-p) =1+ L L I°F,
Pq qp qp
pcp Cp Un — P
=1- + —vp,=1+4+c .
NN T N

The above formula determines an associative product on T& which is called the
p-product. The operator of p-multiplication by X,, in T® is the exact representation
of the random variable X, in the p-probabilistic interpretation. By means of all these
p-multiplication operators we are able to put in a single structure a whole continuum
of probabilistic situations that had no relation whatsoever: the canonical Bernoulli
random walks with parameter p, for every p €]0,1[. What’s more we get a very
simple represention of these multiplication operators.

Proposition 2.5. The operator M f(n of p-multiplication by X,, on T® is given by
MY =a} +a, +cpa;,.
Proof.
XnXa=Xaumlnga + Xa\(n) (1 + ¢ Xn)lnea
=afXa+a, Xa+cpasXa. O
This result is amazing in the sense that the whole continuum of different proba-

bilistic situations, namely T®,,, p €]0, 1], can be represented in T? by means of very
simple linear combinations of only 3 differents operators!

2.3 Higher multiplicities

In the case where M is not €2 but CV 1, or any separable Hilbert space, the above
presentation is changed as follows. Let us consider the case CN*1 (the infinite di-
mensional case can be easily derived from it).

Each copy of ¢V 1!
We shall sometimes write Xg = (2. The space

™= Q) V!

kelN

is considered with the same fixed orthonormal basis {2, X7, . ..

7XN}
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has a natural orthonormal basis X 4 indexed by the subsets

A= {(nl,i1)7 ey (nk,lk)}

of N ® {1,..., N}, such that the n;’s are different. This is the so-called Toy Fock
space with multiplicity N.

The basis for the matrices on €V 1!

18 the usual one:
Gsz = (Sika

for all 4,5,k = 0,..., N. We also have their natural ampliations to TP: aé- (k), k €
IN.

We now develop the probabilistic interpretations of the space T® in the case of
multiplicity higher than 1. Their structure is very rich and interesting, but it is not
used in the rest of this course. The reader is advised to skip that part at first reading.

Let X be a random variable in IR" which takes exactly N + 1 different val-
ues vy,...,vnN+1 With respective probability «q,...,an41 (all different from O
by hypothesis). We assume, for simplicity, that X is defined on its canonical space
(A, A, P), thatis, A = {1,..., N + 1}, A is the o-field of subsets of A, the prob-
ability measure P is given by P({i}) = «; and X is given by X (i) = wv;, for all
i=1,...,N+ 1

Such a random variable X is called centered and normalized if IE[X] = 0 and

Cov(X)=1.
A family of elements vy, ..., vy41 of IRY is called an obtuse system if
<V, V; > = —1
for all ¢ # j.
We consider the coordinates X1, ..., Xy of X in the canonical basis of R”,

together with the random variable {2 on (A, A, P) which is deterministic always
equal to 1. We put X; to be the random variable X;(j) = V@ Xi(j) and Q3) =
/@;. For any element v = (a1, ...,an) of RY we put v = (1,a1,...,an) €
RN, The following proposition is rather straightforward and left to the reader.

Proposition 2.6. The following assertions are equivalent.
i) X is centered and normalized.
ii) The (N + 1) x (N + 1)-matrix (f),)?l, ... ,)ZN) is unitary.
iii) The (N + 1) x (N + 1)-matrix (\/a1 V1, ..., \/oN {1 UN1) IS unitary.
iv) The family vy, ... ,vNy1 is an obtuse system of]RN and
B 1
el

Qy
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Let T be a 3-tensor in IRY , that is (at least, this is the way we interpret them
here), a linear mapping from IR™ to My (IR). We denote by T’ the coefficients of
T in the canonical basis of IRY , that is,

N ..
(T(2)ij = Tpxx.
k=1

Such a 3-tensor T is called sesqui-symmetric if
i) (4,7, k) — T,ij is symmetric

i) (4,7,0,m) — >, T,ijT,im + 0;01m, is symmetric.

Theorem 2.7. If X is a centered and normalized random variable in RY, taking
exactly N + 1 values, then there exists a unique sesqui-symmetric 3-tensor T’ such
that

XX =I+T(X). @)

Proof. By Proposition 2.6, the matrix (y/a1 v1, ..., \/on 1 Un41) is unitary. In par-
ticular the matrix (v1, ..., 0n+1) is invertible. But the lines of this matrix are the val-
ues of the random variables {2, X, ..., X . As a consequence, these N + 1 random
variables are linearly independent. They thus form a basis of L?(A, A, P) which is
a N + 1 dimensional space.

The random variable X;X; belongs to L?(A, A, P) and can thus be written
uniquely as

N
XX, = Z Ty X,
k=0

where X denotes {2 and for some real coefficients T,ij ,k=0,....,N,i,j =
1,...N. The fact that IE[X}] = 0 and [E[X,X;] = §;; implies T}/ = &;;. This
gives the representation (7). N

The fact that the 3-tensor 7" associated to the above coefficients T,zj, i,5,k =
1,... N, is sesqui-symmetric is an easy consequence of the fact that the expressions
X, X; are symmetric in 4, j and X;(X;X,,,) = (X;X;) X, for all 4, j, m. We leave
this to the reader. O

The following theorem is an interesting characterization of the sesqui-symmetric
tensors. The proof of this result is far from obvious, but as we shall not need it we
omit the proof and convey the interested reader to read the proof in [6], Theorem 2,
p. 268-272.

Theorem 2.8. The formulas
S={reRV;z@z=1+T(z)}

and

T(y) :me<x,y>x®m,
x€S
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where p, = 1/(1 + ||z||%), define a bijection between the set of sesqui-symmetric
3-tensor T on RY and the set of obtuse systems S in RN,

Now we wish to consider the random walks (or more exactly the sequences of in-
dependent copies of induced by obtuse random variables). That is, on the probability
space (AN, AN P9IV ‘we consider a sequence (X (n)),, .y~ of independent ran-
dom variables with the same law as a given obtuse random variable X (once again,
the use of the terminology “random walk” is not correct here in the sense that it usu-
ally refers to the sum of these independent random variables, but we shall anyway
use it here as it is shorter and essentially means the same).

For any A € P,, we define the random variable

Xa= ][] X

(n,i)eA

with the convention
Xp=1

Proposition 2.9. The family {X ;A € Pp} forms an orthonormal basis of the
space L2(ATV, AN pelV),

Proof. For any A, B € P, we have
<Xa, Xp>=IE[XaXp] = EXaap]E[X35]

by the independence of the X (n). For the same reason, the first term E[X 44 p]
gives 0 unless AAB = (), thatis A = B. The second term [F[X?3 5] is then equal
t0 [1,en E[Xi (n)?] = 1. This proves the orthonormal character of the family
{XA; Ae Pn}

Let us now prove that it generates a dense subspace of L2(AN, A®TV peIVy,
Had we considered random walks indexed by {0, ..., M} instead of IV, it would be
clear that the X 4, A C {0, ..., M} form an orthonormal basis of L?(AM  A®M  p&M)
for the dimensions coincide. Now a general element f of L2(AN A®N p®N) can
be easily approximated by a sequence (far)as such that fj; € L2(AM A®M  poM)
for all M, by taking conditional expectations on the trajectories of X up to time M.
O

For every obtuse random variable X, we thus obtain a Hilbert space TP(X) =
L2(AN A®N | p®IN) with a natural orthonormal basis { X 4; A € Py} which em-
phasizes the independence of the X (n)’s. In particular there is a natural isomorphism
between all the spaces TP(X) which consists in identifying the associated bases. In
the same way, all these canonical spaces TP(X ) of obtuse random walks are natu-
rally isomorphic to the Toy Fock space T with multiplicity N (again by identifying
their natural orthonormal bases).

In the same way as in multiplicity 1 we compute the representation of the multi-
plication operator by X, (k) in T.
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Theorem 2.10. Let X be an obtuse random variable, let (X (k)), . be the asso-
ciated random walk on the canonical space TP(X). Let T be the sesqui-symmetric

3-tensor associated to X by Theorem 2.7. Let U be the natural unitary isomorphism
from T0(X) to TP. Then, forall k € IN,i = {1,...,n} we have

UMx(k)U —a +a0 +Zle J

Proof. Tt suffices to compute the action of X; (k) on the basis elements X 4, A € P,,.
We get

Xl(k‘)XA = ﬂ(k’.)gAXi(k)XA + Z ]l(k,j)eAXi(k)XA
J

= N ygaXao(en) + O DkjyeaXi(k) X, (k) X\ ((k,5))
J

= Lk ygaXaogemin + O Degealiy + Y T Xa(k) Xavi ki)
J l

=N, ygaXavgkoy + Lix,iyeaXa\ (i)t

Y M pyeaT Xav(ed)yufhiny
7 l

and we recognize the formula for

al(k)Xa + ah(k)Xa+ > T7a](k)Xs. O
Kl

This ends the section on the discrete time setting for quantum noises. We shall
come back to it later when using it to approximate the Fock space structure.

3 Ito calculus on Fock space
3.1 The continuous version of the spin chain: heuristics

We now present the structure of the continuous version of TP. By a continuous ver-
sion of the spin chain we mean a Hilbert space which should be of the form

¢ = ®<D2.
R+

We first start with a heuristical discussion in order to make out an idea of how this
space should be defined. We mimick, in a continuous time version, the structure of
TP.

The countable orthonormal basis X 4, A € Pyy is replaced by a continuous or-
thonormal basis dx,, ¢ € P, where P is the set of finite subsets of IRT. With the
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same idea as for TP, this means that each copy of C? is equipped with an orthonor-
mal basis {2, dx; (where ¢ is the parameter attached to the copy we are looking at).
The orthonormal basis dx is the one obtained by specifying a finite number of sites

t1,...,t, which are going to be excited, the other ones being in the fundamental
state 2.
The representation of an element f of TP:
F=> [(A)X4
AePnN
2 2
1A= 1f(4)
AePw

is replaced by an integral version of it in &:

f= /P 1() dxo,

1712 = /P 1F(0)[? do

where, in the last integral, the measure do is a “Lebesgue measure” on P, that we
shall explain later.

A good basis of operators acting on @ can be obtained by mimicking the operators
asz of TP. Here we have a set of infinitesimal operators da7 acting on the copy ¢ of
C~ by

day Q2 =dt  and  da;dy; =0,
daf 02 = dx; and da} dx; =0,
da; 2=0 and da, dx; = dt £2,
day 2=10 and daj dxt = dx:.
In the basis dx, this means
da; dxo = dxo dt Lig,
daj dXo = dXoufty ligo
day dxe = dxo\ {1y At Nieq
da; dx, = dxo lico-
3.2 The Guichardet space

We now describe a setting in which the above heuristic discussion is made
rigorous.



Quantum noises 95
Notations

Let P denote the set of finite subsets of IR". That is, P = U, P,, where Py = {0}
and P,, is the set of n elements subsets of R, n > 1. By ordering elements of a
o ={t1,ta...t,} € Pp weidentify P, with X), = {0 < t; <ty < - <1y} C
(IR™)™. This way P, inherits the measured space structure of (IR*)". By putting the
Dirac measure dy on Py, we define a o-finite measured space structure on P (which
coincides with the n-dimensional Lebesgue measure on each P,,) whose only atom is
{0}. The elements of P are denoted with small greek letters o, w, 7, . . . the associated
measure is denoted do, dw, d7 ... (with in mind that 0 = {¢; <3 < --- < t,} and
do = dtldtg s dtn)

The space L?(P) defined this way is naturally isomorphic to the symmetric
Fock space ® = I,(L?(IR")). Indeed, L*(P) = €D,, L*(P,,) is isomorphic to
@D,, L*(X,) (with g = {0}) that is & by identifying the space L?(X,,) to the space
of symmetric functions in L?((IR*)™). In order to be really clear, the isomorphism
between @ and L?(P) can be explicitly written as:

V:® — L*(P)
f—Vf
where f =3 f, and

f() lfO':®
fn(tltn) lfO':{t1<<tn}

V(o) = {

Let us fix some notations on P. If o # () we put vo = maxo,o0— = o\ {vo}.If
t€otheno\tdenoteso \ {t}.If {t € o} then o Ut denotes c U {t}.If0 < s <t
then

og) =0 NJ0,s
O(s4) = 0N|s, ]
o = oN|t, +oof .

We also put

1 ifoC|0,¢
]lagt = .
0 otherwise.

If 0 < s < tthen

Ps) — {o € P;o C0,s[}
plsit) — {0 € P;o CJs,t[}
plt — {o € P;o Clt, +ool} .

Finally, #0 denotes the cardinal of o.
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If we put &) = I(L*([0,1])), @y = I's(L?([t, +0oc[) and so on ... we clearly
have
@s] = LQ(PS))
@[5715] ~ L2 (P(S,t))
P, ~ LA(PY).
In the following we make several identifications:
e @ is not distinguished from L?(P) (and the same holds for &, and L?(P*)),
etc...)
o L2(P*), L>(P(>)) and L?(P(*) are seen as subspaces of L?(P): the subspace
of f € L*(P) such that f(o) = 0 for all o such that ¢ ¢ [0, s] (resp. o ¢ [s,],
resp. o ¢ [t, +00]).

A particular family of elements of @ is of great use: the space of coherent vectors.
For every h € L?(IR™), consider the element £(h) of & defined by

e(W)(e) = [T ts)

with the convention that the empty product is equal to 1. They satisfy the relation
(e(h), e(k)) = e P,

The linear space £ generated by these vectors is dense in ¢ and any finite family of
distinct coherent vectors is linearly free.

If M is any dense subset of L?(IR™) then £(M) denotes the linear space spaned
by the vectors e(h) such that h € M. This forms a dense subspace of .

The vacuum element of @ is the element {2 given by

The Y-Lemma

The following lemma is a very important and useful combinatoric result that we shall
use quite often in the sequel.

Theorem 3.1 (J-Lemma). Let f be a measurable positive (resp. integrable) func-
tion on P x 'P. Define a function g on P by

9(0) =3 fla,o\a).

aCo

Then g is measurable positive (resp. integrable) and

/P glor) do = /P J(eup)dads.
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Proof. By density arguments one can restrict ourselves to the case where f(a, 3) =
h(a)k(B) and where h = e(u) and k = (v) are coherent vectors. In this case one
has

/Wﬂaﬁ do dff = / da/P()(ﬁ)dﬂ

_ ef u(s) ds f V() ds (take u,v € L' N L2(IRT))

and
/me\ da—/ZHu I v(s) do
aCo aCo sca seg\a
/ H dO’ o ef u(s)+v(s) ds . O
sco

In the same way as for the Toy Fock space we have a natural isomorphism be-
tween @ and @) ® P;.

Theorem 3.2. The mapping:

@f]@@[f%@
f®gr—h

where h(o) = f(oy))g(0 ) defines an isomorphism between $) @ P, and P.

/P Ih(o)? do = / Fow)Pla(o)? do

/ S LcionTovacissell /(@) Plg(o \ @) 2 do

aCo

- /7, /7, Loco.nlaci+ooflf(@)*|9(B)[* dodB

(by the Y-Lemma)

= [ iepda [ la(@)P as

=lfegP. O

Proof.

3.3 Abstract It6 calculus on Fock space

We are now ready to define the main ingredients of our structure: several differential
and integral operators on the Fock space.
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Projectors

For all ¢ > 0 define the operator P; from @ to ¢ by
[Pefl(0) = f(0)sco,-

It is clear that P is the orthogonal projector from & onto @;.
For t = 0 we define F) by

[Fof](o) = f(0)1o—p
which is the orthogonal projection onto L?(Py) = €1 where 1 is the vacuum of &:
(1(0) = Tp—y).
Gradients
Forall ¢t € IR" and all f in & define the following function on P:
[Difl(0) = floUt)scio-
The first natural question is: for which f does D, f lie in @ = L?(P)?

Proposition 3.3. Forall f € @, we have

| [ Do) do ae =117 = 17002

Proof. This is again an easy application of the J-Lemma:

/ / Flo UD)PL,c iy do dt
0 P

=/ / |f (U B)[* Mgp=1Tacpo,vg da di3

/ Z |flaUo\ o)Ly a)=1Laco,v(o\a) do

aCo

/ Z |f(o)]? I\¢c[o,¢ do (this forces ¢ to be vo)
P\Po teo

=/ @) do = [fIP—[fO)P. ©
P\Po

This proposition implies the following: for all f in @, for almost all t € IR™ (the
negligible set depends on f), the function D, f belongs to L?(P). Hence for all f
in @, almost all t, D, f is an element of &. Nevertheless, D; is not a well-defined
operator from @ to @. The only operators which can be well defined are either
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D: L*(P) — L*(P x R")
fr= ((0,1) = D f(0))

which is a partial isometry; or the regularised operators Dy, for h € L*(IR"):

U%ﬂw%—leGWJﬂﬂdt

But, anyway, in this course we will treat the D;’s as linear operators defined on the
whole of &. This, in general, poses no problem; one just has to be careful in some
particular situations.

Integrals

A family (g¢)¢>0 of elements of & is said to be an [t0 integrable process if the fol-
lowing holds:

i) f — ||g¢|| is measurable

ii) g € Py forallt

ii) [ |lgel|? dt < oo.
If g. = (g¢)e>0 is an Itd integrable process, define
0 ifo=10
guolo—) ifo#0.

Proposition 3.4. For all It6 integrable process 9. = (gt)tzo one has

0'20':00t2 0.
Ammn>d AHMdK

Proof. Another application of the X-Lemma (Exercise). O

[Z(g.)l(0) = {

Hence, for all It6 integrable process g. = (g¢),~. the function Z(g.) defines an
element of @, the 10 integral of the process g.. B
Recall the operator D : L?(P) — L?(P x IR") from last subsection.

Proposition 3.5.

Proof.

|

(0 Ut)gi(0)ycpo,y do dt (¥-Lemma)

/
:Awémﬂmmwwm

:/ <th79t> dt. O
0
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The abstract Ito integral is a true integral

We are going to see that the Itd integral defined above can be interpreted as a true
. o0 . . . .
integral fo gt dx; with respect to some particular family (x¢),~ in .

For all t € IR™, define the element x¢ of @ by

{Xt(O')O if#o0 #1
xt(s) = 1,4(s)

This family of elements of @ has some very particular properties. The main one is the
following: not only does x; belong to @ forall ¢ € IR™, but also y; — . belongs to
P54 for all s < ¢ (this is very easy to check from the definition). We will see later
that, in some sense, (), is the only process to satisfy this property.

Let us take an It6 integrable process (g¢),~, Which is simple, that is, constant on

intervals:
gt = thiﬂ[ti,twﬂ(t)'
7

Define fOOO gudx; tobe ZL 9t,® (Xti+1 —xt,) (recall that g;, € @ti] and ¢, , —X¢; €
é[tiyti-f—l] C @(t7) We haVe

[/ooo o d’“} (0) = D191 © (xrups = x1))(0)

7

= Z 9t:(0)) (Xt yr — X“)(U(ti)
= Z 9t (0t Mo, =1 Lvo,, €1t tiia]
= thi (e Mo —ciot: Woelts o]
= Z 9t:(0=) Wyoe)t; ti41]
= Z gVO‘(U_)IlVUE]ti:ti+1]
= gvo(o—).

Thus for simple Itd-integrable processes we have proved that

I(g~)=/0 e dx. 8)

But because of the isometry formula of Proposition 3.4 we have

oo o0
/ g dy|| = / lgel? dt.
0 0

2
1Z(g)IF = |
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So one can pass to the limit from simple It6 integrable processes to Itd integrable
processes in general and extend the definition of this integral fooo g dx¢. As aresult,
(8) holds for every Itd integrable process (gt)tZO' So from now on we will denote

the It6 integral by
/ gt dxt-
0

Fock space predictable representation property

If f belongs to P, Proposition 3.3 shows that (D, f);>¢ is an Itd integrable process.
Let us compute [ Dy f dx:

> 0 ifo =0
[/0 D] dXt} (@)= {[Dvgf](a—) otherwise
_J0 ifo=10
a flo—Uvo)l,_co,vo) otherwise
)0 ifo=10
s (o) otherwise
= f(o) = [P f](o).

This computation together with Propositions 3.3 and 3.4 give the following funda-
mental result.

Theorem 3.6 (Fock space predictable representation property). For every f € @
we have the representation

f=Pof+ / Duf dxq ©)
0
and -
1712 = | PofP? + / Do dt. (10)
0

The representation (9) of f as a sum of a constant and an It0 integral is unique.
The norm identity (10) polarizes as follows

<fag>:ﬁfp()g+/0 <th7Dtg> dt

forall f,g € ®.

Proof. The only point remaining to be proved is the uniqueness property. If f = c+
fooo gt dxe then Py f = Poc+ Py fooo gt dx¢ = c. Hence fooo ge dxi = fooo D, f dx;
thatis, [;°(g: — Dy f) dx; = 0. This implies [, [|g: — Dy f||* dt = 0 thus the result.
O
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Fock space chaotic expansion property

Let h; be an element of L2(IR") = L?(P;), we can define

/ hi (t) Qdx,
0

which we shall simply denote by fooohl (t) dx:. Note that the element f of ¢ that we
obtain this way is given by

o if 40 # 1
/(o) = {hl(s) if o = {s).

That is, we construct this way all the elements of the first particle space of @.
For ho€L?(P2) we want to define

/ ha(s1, 52) dxs, dXs,
0<s1<s3

where we again omit to {2-symbol. This can be done in two ways:
e cither by starting with simple hs’s and defining the iterated integral above as

being
Z Z h2(ti’ Sj)(Xti+1 - Xti)(XSj+1 - ij)'
sj ti<s;j

One proves easily (exercise) that the norm? of the expression above is exactly
2
/ |ha(s1,82)|" dsy dsa;
0<s1<s2

S0 one can pass to the limit in order to define f0<51<52 ha(s1, 82) dxs, dxs, for any
hy € L2(P2)

e or one says that g = f0<51<52 ha(s1, $2) dxs, dxs, is the only g € @ such that
the continuous linear form ~

AN — (C

f I 7({81, 82})h2(81, 82) dSl dSQ

0<s1<s2

is of the form A(f) = (f, g).

The two definitions coincide (exercise). The element of ¢ which is formed this
way is just the element of the second particle space associated to the function ho.

In the same way, for h,, € L?(P,,) one defines

/ hn(81...8,) dxs, -+ dxs, -
0<s51<--<sp

We get
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</ ho(s1...8n)dXs, ---dXs,,,
0<s1<<sn
/ km(s1...8m)dxs, dxsm>
0<s51<-<sm
:(5n7m/ hn(81 ... 80)kn(51...5,)dsy---dsy,
0<s1<<sp
For f € L?(P) we define

<1< <sp

/P Fo)do = FO1+ 3 / Fs1- - 5a)) dxa, -+ dxa,

Theorem 3.7 (Fock space chaotic representation property). For all f € ® we
have

/= /P £(0) dx-

Proof. For g € @ we have by definition

(g, | f(0)dxo)

S—

= g(@)f(@) + Z /O< e g({sn s Sn})f({sn s Sn}) dsy---dsp
=9, f)

(Details are left to the reader). O

(Xt)¢>g is the only independent increment curve in &

We have seen that (xt), is a family in & satisfying

i) x¢t € Py forallt € RY;

ii) Xt — Xs € P[5, forall 0 < s < 2.

These properties where fundamental ingredients for defining our It6 integral. We
can naturally wonder if there are any other families (Y3),, in @ satisfying these two
properties? a

If one takes a(-) to be a function on IR*, and h € L?(IR") then Y; = a(t)1 +

/i Ot h(s) dxs clearly satisfies i) and ii). But clearly, apart from multiplying every terms
by a scalar factor, these families (Y7),-, do not change the notions of It6 integrals.
The claim now is that the above families (Yt)t20 are the only possible ones.

Theorem 3.8. If (Y}),~ is a vector process on @ satisfying i) and ii) then there exist
a:IR" — Candh € L*(IR") such that

Y: = a(t)]l+/0 h(s) dxs.
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Proof. Let a(t) = ByY;. Then Y; = Y; — a(t)1, t € IR™, satisfies i) and ii) with
}70 = 0 (for Yy = PYy = Py(Y: — Yo) + PoYo = PyY:). We can now drop the ~
symbol and assume Y, = 0. Now note that P;Y; = P,Y; + Ps(Y; — Y;) = PY; =
Y. This implies easily (exercise) that the chaotic expansion of Y; is of the form:

Y, = /P Lo (0)y(0) dxo -

If #0 > 2, for example 0 = {t; < t2 < -+ < t,}, let s < t be such that
t1 < s <t, <t Then

(Y; =Y,)(0) =0 for V; =Y, € P4 and o ¢ [s,1] .

Furthermore
Y;(O—) = Ps}/s(o—) = ]IO'C[O,S]Y;‘(O—) =0.

Thus Y;(0) = 0, for any ¢ € P with #0 > 2, any t € IR". This means that
t
Y;& = fo y(S) dXs .0

Higher multiplicities

When considering the Fock space I',(L?(IR";C™)) or I',(L*(IR";G)) for some
separable Hilbert space G, we speak of Fock space with multiplicity n or infinite
multiplicity.

The Guichardet space is then associated to the the set P,, of finite subsets of P
but whose elements are given a label, a color, in {1, ...,n}. This is also equivalent
to giving oneself a family of n disjoint subsets of IR": o = (&, ...,0,). The norm
on that Fock space is then

Nk —/P (o) do

n

with obvious notations.

The universal curve (x;), is replaced by a family (x}),-, defined by

i lpy(s) ifo; =0forallj #iando; = {s}
Xt(a) = )
0 otherwise.

The Fock space predictable representation is now of the form
f=pni+Y [ Difax
— Jo
7

with

2: P 2 o Dz 2d
1P = 1P| +Z/ |Dis||? ds
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and ,
(D f](o) = flo U{s}i)lsco,s
with the notation {s}; = (0,...,0,{s},0,...,0) € P,.
The quantum noises are aé(t), labelled by i, = 0,1,...,n, with the formal
table
dad(t) 1 = dt1
dad(t) dx¥ =0

dal(t) 1 = dy;
da(t) dx; =0

dai(t)1=0
daf (t) dxF = 0y dt1l

da§- tH1=0
da’; (t) dxf = 0 dxi.-

3.4 Probabilistic interpretations of Fock space

In this section we present the general theory of probabilistic interpretations of Fock
space. This section is not really necessary to understand the rest of the course, but
the ideas coming from these notions underly the whole work.

This section needs some knowledge in the basic elements of stochastic processes,
martingales and stochastic integrals. Some of that material can be found in L. Rey-
Bellet’s first course in this volume.

Chaotic expansions

We consider a martingale (), on a probability space (2, F, P). We take (F}),~
to be the natural filtration of (z;),~ (the filtration is made complete and right con-
tinuous) and we suppose that F = F,, = Vi¢>0F:. Such a martingale is called
normal if (z7 — t);> is still a martingale for (F3),- . This is equivalent to saying
that (x,z); = ¢ for all ¢ > 0, where (-, - ) denotes the probabilistic angle bracket.

A normal martingale is said to satisfy the predictable representation property if
all f € L?(02,F, P) can be written as a stochastic integral

fz]E[f]+/ooohsde

for a (), o-predictable process (h¢): > 0. Recall that
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B(fP] = B[] + / Bjh[?]

that is, in the L?(§2)-norm notation:

2 FE[f 2 Oohg2ds.
1712 = |1 +/O Il

Recall that if f,, is a function in L?(X,), where X,, = {0 < t; < t3 < -++ <
t, € IR"} C (IR")™ is equipped with the restriction of the n-dimensional Lebesgue
measure, one can define an element I,,(f,,) € L?({2) by

fn / fn . d(Etl d.%'tn

which is defined, with the help of the Itd isometry formula, as an iterated stochastic
integral satisfying

||In(fn)H2 :/ |fn(t1...tn)|2 dty---dt,
Xn
It is also important to recall that

(In(fn)y I (fm)) = 0 if n#m.

The chaotic space of (z+),, denoted C'S(x), is the sub-Hilbert space of L?(0)
made of the random variables f € L?(£2) which can be written as

+Z/ Falty .. tn) day, - - day, (1)

for some f,, € L?(X,),n € IN*, such that

2 = |E[f? 3 Dty )P dEy - dty )
1112 = 11 +n21/2n|f<t1 B dby -ty < o0

When CS(x) is the whole of L?(£2) one says that x satisfies the chaotic representa-
tion property. The decomposition of f as in (11) is called the chaotic expansion of
f

Note that the chaotic representation property implies the predictable representa-
tion property for if f can be written as in (11) then, by putting h; to be

= A0+ [ A0 faa b1 t) -,

+/ htdl't.
0

The cases where (x),-, is the Brownian motion, the compensated Poisson
process or the Azéma martingale with coefficient 5 € [—2, 0], are examples of nor-
mal martingales which possess the chaotic representation property.

we have
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Isomorphism with &

Let us consider a normal martingale (z t)t>0 with the predictable representation prop-
erty and its chaotic space C'S(z) C L2(£2, F, P). .

By identifying a function f,, € L?( n) with a symmetric function f,, on (IR")",
one can identify~L2(E ) with L2, (IR")") = L*(IR™)®" (with the correct sym-
metric norm: ||fn||iQUR+)®n = ‘Hf"||2L2(R+)®n if one puts f,, to be X times the
symmetric expansion of f,,). It is now clear that C'S(z) is naturally isomorphic to
the symmetric Fock space

& = I'(L*(IR™)) EBL2 RM)©

The isomorphism can be explicitly written as follows:

Uy :®— CS(x)
f—Uf

where f =" f, with f,, € L2(IRT)®", n € IN, and
Usf = fo+ Zn'/ falty.. . ty) doy, - day, .

Iff=E[f]l+>., fot fu(ty...ty) dzy, - - - day, is an element of C'S(x), then
Ut f =3, gn with go = IE[f] and g,, = - f, symmetrized.

These isomorphisms are called the probabilistic interpretations of @. One may
speak of Brownian interpretation, or Poisson interpretation ...

Structure equations

If (¢),~ is a normal martingale, with the predictable representation property and if
x, belongs to L*(§2), for all ¢, then ([z, z]; — (z,x)¢)¢>0 is a L?({2)-martingale; so
by the predictable representation property there exists a predictable process (1¢):>0
such that

t
[, 2]; — (z, ), = / s da,
0
that is,

¢
[m7x]t:t+/ Vs dxg
0

or else
d[x,x]t :dt—‘r’lpt dl‘t . (12)

This equation is called a structure equation for (z;),~,. One has to be careful
that, in general, there can be many structure equations describing the same solution
(%¢),~: there also can be several solutions (in law) to some structure equations.
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What can be proved is the following:

e when ¢, = 0 for all ¢ then the only solution (in law) of (12) is the Brownian
motion;

e when v, = c for all ¢ then the only solution (in law) of (12) is the compensated
Poisson process with intensity 1/c?;

e when v, = [Bx,_ for all £, then the only solution (in law) of (12) is the Azéma
martingale with parameter 3.

The importance of structure equations appears when one considers products
within two different probabilistic interpretations. For exemple, let f, g be two el-
ements of @ and let U, f and U,, g be their image in the Brownian motion interpre-
tation (w;); > 0. That is, U,, f and U,,g are random variables in the canonical space
L2(£2) of the Brownian motion. They admit a natural product, as random variables:
Uw f-Uyg. If the resulting random variable is still an element of L?(§2) (for example
if f and g are coherent vectors) then we can pull back the resulting random variable
to the space @:

U Uy f-Usg).

This operation defines an associative product on @:
[*wg = qul(Uwf Uwg)

called the Wiener product.
We could have done the same operations with the Poisson interpretation:

[Hpg= Ugjl(Upf' Upg)a

this gives the Poisson product on ¢. One can also define an Azéma product.

The point is that one always obtains different products on ¢ when considering
different probabilistic interpetations. This comes frome the fact that all probabilistic
interpretations of ¢ have the same angle bracket (z, z); = ¢ but not the same square

bracket: [z, z]y =t + fot 15 dxs. The product of two random variables makes use
of the square bracket: if f = E[f] + fooo hs dxs and g = IE|g] + fooo ks dx, if
fs = IE[f|Fs] and g5 = IE[g|F;] for all s > 0 then

fo= B+ [ fhdr+ [ ghsdeo+ [ hokdle.al,
0 0 0

= BB+ [ fkedeot [ gdodn+ [ base
0 0 0

+ / hekgibs das .
0

For example if one takes the element y, of @, we have
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o0

Uwxe = / ljo,4(s) dws = w; the Brownian motion itself (13)
0

and (14)

Upxt = / ll[oyt](s) dzs = x; the compensated Poisson process itself.  (15)
0

So,aswt2:2fgw5 dws+tandx§:2f0txs dzs + t + x4, we have

t
Xt *w Xt =t + 2/ Xs dXs (16)
0

and .
Xt*pXt:t+2/ Xs dXs + Xt (17
0

We get two different elements of @.

Probabilistic interpretations of the abstract It6 calculus

Let (2, F, (F:): > 0, P, (x4),~) be a probabilistic interpretation of the Fock space
@. Via the isomorphism described above, the space &y interprets as the space of
f € CS(x.) whose chaotic expansion contains only functions with support included
in [0, t]; that is, the space C'S(x) N L?(F;). So when the chaotic expansion property
holds we have @, ~ L?(#;) and thus P, is nothing but IE[- |F] (the conditional
expectation) when interpreted in L?({2).

The process (x;)¢>0 interprets as a process of random variables whose chaotic
expansion is given by

Xt = / ll[o,t] (5) dvg = x4.
0

So, in any probabilistic interpretation (x;);>o becomes the noise (z¢),- itself
(Brownian motion, compensated Poisson process, Azéma martingale,. . .). (X¢):>0
is the “universal” noise, seen in the Fock space ®.

As we have proved that the Ito integral Z(g.) on @ is the L2-limit of the Riemann
sums >, g¢, (Xt,1 — Xt, ), it is clear that in L?(2), the It integral interprets as the
usual It6 integral with respect to (¢),~-

One remark is necessary here. When one writes the approximation of the It6
integral [~ gs dxs as Y, gi, (w¢,., — a4,) there appear products (g¢,- (z1,,, — 24,)),
so this notion seems to depend on the probabilistic interpretation of @. The point in
that the product g¢, - (x,,, — s¢,) is not really a product. By this we mean that the
Itd formula for this product does not involve any bracket term:

tit1
gt; (thH»l - 'Tti) = / g, dzs
t

7

AQ: Pls. check
equation No.
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so it gives rise to the same formula whatever is the probabilistic interpretation
(#¢)4~¢- Only is involved the tensor product structure: ¢ ~ &, ® Py,; the prod-
uct gy, (@, , — xy,) is only a tensor product g;, ® (z¢,,, — 2, ) in this structure. This
tensor product structure is common to all the probabilistic interpretations.

We have seen that fooo gt dx¢ interprets as the usual Itd integral fooo g: dx¢ in any
probabilistic interpretation (), . Thus the representation

f= Pof+/0 D.f dy.

of Theorem 3.6 is just a Fock space expression of the predictable representation
property. The process (D, f):>o is then interpreted as the predictable process that
represents f in his predictable representation.

4 Quantum stochastic calculus

We now leave the probabilistic intepretations of the Fock space and we enter into the
theory of quantum noises itself, with its associated theory of integration.

4.1 An heuristic approach to quantum noise
Adaptedness

When trying to define “quantum stochastic integrals” of operators on @, mimicking
integral representations such as in the Toy Fock space, we have to consider integrals

of the form ,
/ H,dMs
0

where (H;),~, and (M;),~, are families of operators on .
The first natural idea is to consider approximations of the above by Riemann

sums:
ZHti (Mti+1 - MtL) 9

but, immediatly, this kind of definition faces two difficulties:

i) The operators we are going to consider are not in general bounded and therefore
the above sum may lead us to serious domain problems.

ii) The operators we consider Hg, M need not commute in general and we can
naturally wonder why we should not give the preference to sums like

> (M, — M) Hy,

i

or even more complicated forms.
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This means that, at this stage of the theory, we have to make concessions: we
cannot integrate any operator process with respect to any operator process. But this
should not be a surprise, already in the classical theory of stochastic calculus one can
only integrate predictable processes against semimartingales.

The first step in this integration theory consists is obtained by applying, at the
operator level, a construction similar to the one of the It6 integral on @ with respect
to (X¢);>0- Indeed, recall the decomposition of the Fock space &:

P =y R Pp Py

for all s < t.

If there exist operator families (X¢),~., on ¢ with the property that X; — X acts
on®y @ P, @ P as I ® Ky ® I and if we consider operator families (H;),~
such that H, is of the form H; @ I on &; ® P, then the Riemann sums

ZHti (Xti+1 - th)

are well-defined and unambiguous for the products
th‘ (Xti+1 - Xti)

are not true compositions of operators anymore but just tensor products (just like for
vectors in the It6 integral):

(Hti ®I> (I® (Xti+1 —th) ®I) - Hti ® (Xti+1 —th) .

In particular, there are no more domain problem added by the composition of opera-
tors, no more commutation problem.

Families of operators of the form H; ® I on &; ® P|; are obvious to con-
struct. They are called adapted processes of operators. The true definition of adapted
processes of operators, in the case of unbounded operators, are actually not that sim-
ple. They are exactly what is stated above, in the spirit, but this requires a more
careful definition. We do not develop these refinements in this course (see [9]).

The existence of non-trivial operator families (X;),~, on ¢ with the property
that X; — Xsactson @) @ P 1 @ Pras I @ Ky @ 1 for all s < ¢ is not so clear.

The three quantum noises: heuristics

We call “quantum noise” any processes of operators on @, say (X;):>o, such that, for
all t; < t;41, the operator Xy, , — Xy, actsas [ @ k® I on @y ®@[t¢,ti+1] QP .-

Let us consider the operator dX; = Xy 4; — X;. It acts only on @[, ;4. The
chaotic representation property of Fock space (Theorem 3.7) shows that this part of
the Fock space is generated by the vacuum 1 and by dx: = Xx¢+at — X¢- Hence d.X;
is determined by its value on 1 and on dy;. These values have to remain in D[, ;4 44



112 Stéphane Attal

and to be integrators also, that is dx; or dt1 (denoted dt). As a consequence the only
irreducible noises are given by

dx 1
day dxt 0
da; dt 0
da;f 0 dxt
da; 0 dt

These are four noises and not three as announced, but we shall see later that datX
is just dt1.
The three quantum noises: serious business

Recall the definitions of creation, annihilation and differential second quantization
operators on &. For any h € L?(IR"), any operator H on L?(IR") and any sym-
metric tensor product u o ... o u, in @ we put

at(h)ujo...ou, =houjo...ou,

n
a” (h)uyo...ou, = E <h,u;>ujo...ol;0...0up,
i=1

n
A(H)ujo...0ou, = g uro...oHu;o...0uy,.
i=1

In the case where H = M}, is the multiplication operator by h we write a°(h) for
A(H).

An easy computation shows that a™(h),a™(h),a°(h) are closable operators
whose domain contains &, the space of coherent vectors, and which satisfy

<e(u), at(h)e(v) > = /000 u(s)h(s)ds <e(u), e(v) >
<e(w), a=(h)e(v) > = /Ooo B(s) hs) ds < e(u) , £(v) >

<e(u), a’(h)e(v) > = / u(s)v(s) h(s) ds <e(u), e(v) >.
0
One can also easily obtain the above explicit formulas:

[a™(h)f] = h(s) f(o\ s)

se€o

[a=(h)f] = /000 h(s) f(c Us)ds
[ ()] = > (s) [(@).

seo
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Foranyt € IR" and any € = +, —, o we put a®(hy) = a(hll 4). It is then easy to
check from the definitions that any operator process (Xt)tzo of the form

Xy =a(t) +a™(fy) +a (g) + a®(ky)

is a quantum noise (in order to avoid domain problems we have to ask that h, k
belong to L?(IR") and k belongs to L>=(IR™1)).

The previous heuristical discussion seems to says that they should be the only
ones. This result is intuitively simple, but its proof is not so simple (see [17]), we do
not develop it here.

Theorem 4.1. A family of closable operators (X;),~ defined on & is a quantum

noise if and only if there exist a function a on IR, functions f,g € L*>(IR") and a
function k € L>(IR") such that

X =a(t)] +a™(fy) +a (9y) + a(ky)
forallt. 0O

Putting a; = a®(1lg 4), we can see that all the quantum noises are determined
by the four processes (a5 ),~, for e = 4, —, 0, x where we have put a; = ¢I.

It is with respect to these four operator processes that the quantum stochastic
integrals are defined.

4.2 Quantum stochastic integrals
Heuristic approach

Let us now formally consider a quantum stochastic integral

t
Tt:/ Hsdai
0

with respect to one of the four above noises. Let it act on a vector process
t
fi=PFBf= / D, f dxs (we omit the expectation F, f for the moment).
0

The result is a process of vectors (T} f;);>0 in $. We claim that one can expect the
family (7} f¢)¢>o to satisfy an Itd-like integration by part formula:

d(Tift) = Tedfy + (dTy) fr + (dT3)(df:)
=Ty(Dif dxi) + (Hydag) fr + (Hydag ) (De f dx).-

There are three reasons for that claim:

i) This is the continuous version of the quantum It6 formula obtained in discrete
time (Theorem 2.2).
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ii) Quantum stochastic calculus contains in particular the classical one, it should
then satisfy the same kind of Itd integration by part formula.

ii) More convincing: if one considers an operator process (H;),~, which is sim-
ple (i.e. constant by intervals) and a vector process (D, f),-, Which is simple too,
then the integrated form of the above identity is exactly true (Exercise for very moti-
vated readers!).

In the tensor product structure ¢ = & ® P, this formula writes
d(Tife) = (T @ I)(Def @ dxe) + (He @ dag)(fe ® 1) + (Hy @ dag)(De f ® dxe),
that is,
d(Tify) =TeDife @ dxe + He fy @ daf 1+ Hy Dy f @ dag dx. (18)

In the right hand side one sees three terms; the first one always remains and is always
the same. The other two depend on the heuristic table satisfied by the quantum noises.
Integrating (18) and using the quantum noise table one gets

JyHDof dxs ife=0
Jy HoPof dxs  ife=+
JyHDsfds  ife=—
[T HPfds  ife=x.

t
Tof, = / TuD,f dys + (19)
0

A correct definition

We want to exploit formula (19) as a definition of the quantum stochastic integrals
t
T; = fo Hgdat.
Let (Hy);>0 be an adapted process of operators on @, let (7});>( be another one.
One says that (19) is meaningful for a given f € @ if

e P, f € DomTy;
o D,f € DomTy, s < tand [} |TsDsf|? ds < oo;

ife =o,D,f € DomHy,s < tand [, |HsD,f|?ds < oo
ife =+, Psf € Dom Hy, s < tand fot |HsPs f]|? ds < oo
ife =—,D,f € DomH,,s <tand [} |HsDf|| ds < oo
ife = x,Pyf € Dom Hy,s < tand [ [|[H,Psf| ds < oo
One says that (19) is true if the equality holds.

A subspace D C @ is called an adapted domain if for all f € D and all (almost
all) t € IR, one has
Pf and D;f € D.

There are many examples of adapted domains. All the domains we shall meet during
this course are adapted:
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o D = @ itself is adapted;

e D = £ is adapted; even more D = £(M) is adapted once 1y yM C M for
all ¢.

e The space of finite particles &y = {f € L*(P); f(c) = 0 for #0 > N, for
some N € IN } is adapted.

o All the Fock scales &(*) = {f € L*(P); [, a*?|f(0)|* do < oo}, fora > 1,
are adapted.

e Maassen’s space of test vectors: { f € L*(P); f(o) = 0 for #o ¢ [0, T for

some T € IR", and |f(o)] < CM#“ for some C, M} is adapted.

The above equation (19) is the definition of the quantum stochastic integrals that
we shall follow and apply along this course. The definition is exactly formulated as
follows.

Let (Hy);>0 be an adapted process of operators defined on an adapted domain
D. One says that a process (T}):>0 is the quantum stochastic integral

t
Tt:/ Hsdai
0

on the domain D, if (19) is meaningfull and true for all f € D.

We now have to give at least one criterion for the existence of a solution to equa-
tion (19). When considering the domain £ there is a simple characterization.

Theorem 4.2. Let (Ht)t20 be an adapted process of operators defined on E. If for
everyu € L?(IR") and every t € IR™ we have

t
/|u(s)|2|\Hss(u)||2ds<oo ife=o
0
t
/|\Hsa(u)\|2ds<oo ife =+
0

t
/0 |u(s)| ||H55(U)H ds < 00 ife =

t
/ [ Hae(w)]] ds < oo e = x
0

is satisfied. Then the corresponding equation (19) for

t
/ H, da?
0

admits a unique solution on £ which satisfies
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u(s)v(s) <e(u), Hee(v)>ds ife=o
u(s) <e(u), Hee(v) >ds ife =+
v(s) <e(u), Hee(v) >ds ife =—

<e(u), Hee(v) >ds ife = Xx.

(20)
Furthermore, any operator T, which satisfies (20) for some (Ht)tZO is of the form
T = fg Hy dat in the sense of the definition (19).

f
<e(u), tHSdaia(v)>: 0,
freely

J

Proof. Let (H;),~, be an adapted process satisfying the above condition for some
€. We shall prove that (19) admits a unique solution by using a usual Picard method.
Let us write it for the case € = o and leave the three other cases to the reader.

For u € L?(IR™), one can easily check that D;e(u) = u(t)e(uy) for almost all
t, where u;) means ulljg ;1. This means that, in order to construct the desired quantum
stochastic integral on £, we have to solve the equation

t t
Tie(uy) :/0 u(s)Tse(ug) dxs +/0 u(s)Hye(ug)) dys. (21)

Let z; = Tie(uy), t > 0. We have to solve
t t
Xt :/ u(s)xs dxs +/ u(s)Hse(ug)) dxs-
0 0
Put 29 = fg u(s)H,e(ug)) dxs and
t t
2t :/ u(s)zy dxs —I—/ u(s)Hge(ug) dys.
0 0
Lety) = 20 and y ™ = 2Pt — o2 = fg u(s)y™ dxs. We have
t
91 = [ fuPlag P ds

t to
— [t Plute) P P e e
0 Jo

2o fu(ta) Pllyg, 12 dty - - dt,

-/ ut)
0<t1<--<tn<t

t1
-/ e )l [ )P Ha () ds der -,
0<t1<--<t,<t 0

n!

t
< / () 2] () |2 dis
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From this estimate one easily sees that the sequences

n
x?zZyﬂ nelN, te R"
k=0
are Cauchy sequences in @. Let us call z; = lim,,_, 4 7. One also easily sees,
from the same estimate, that

t
/ lu(s)[2 s |? ds < oo forall t € RY.
0

Passing to the limit in equality (21), one gets

t ¢
Xy = / u(s)xs dxs +/ u(s)Hge(ug)) dxs.
0 0

Define operators T} on @, (more precisely on £ N @,)) by putting Tie(uy) = 4.
We leave to the reader to check that this defines (by linear extension) an operator on
& N @y (use the fact that any finite family of coherent vectors is free). Extend the
operator T3 to £ by adaptedness:

Tie(u) = Tie(uyg) ® e(up).

We thus get a solution to (19). Uniqueness is easily obtained by Gronwall’s lemma.
Let us now prove that this solution satisfies the announced identity. We have

(e(vy), Tre(ugy)) :/o v(s)u(s)(e(vy), Tse(uy)) ds
+ [ o) ). Huclu) ds.

Put a; = (e(vy), Tye(uy)), t € IR We have

o= [ ws)uts)an ds + [ o(s)uts)eloa). Hoclug)) ds
0 0

that is, p
%at =0(t)u(t)ay + v(t)u(t) <5(vt]), Ht€(ut])>-

Or else

t_ t s _
s = el O [ aepus)e(wg). Heslug e b 7O "
0

_/tv(s)u(s)<€(vs])7Hsg(uS]»ef:v(k)u(k) dk
=1Aaﬁ@uwxawﬂ»fuduﬂ»@u%ﬂxambxnwn

t
:/ v(s)u(s)(e(vy), Hse(uy)) ds (by adaptedness).
0

The converse direction is easy to obtain by reversing the above arguments. O
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Let us now see how equation (19) can provide a solution on &y, the space of

finite particles. We still only take the example 7; = fot H; da? (the reader may
easily check the other three cases). The following computation are only made alge-
braically, without taking much care about integrability or domain problems. We have
the equation

v~ [ To.gax s [ HD.g v
Let f = 1. This implies (as Dotll = 0 for all ¢) i
T,1=0.
Let f = [° fi(s) dxs for f1 € L*(X1). We have

t t
Tif :/ Ts f1(s) L dxs +/ H; fi(s)1dys
0 0
t
0
Let f = [ioy <4, f2(t1,t2) dxe, dxe, for f2 € L?(X2). We have

t s t s
tht = / Ts/ fQ(tla S) dXt1 dXs +/ Hs/ f2(t17 8) dXt1 dXs
0 0 0 0

t s t s
= / / fQ(Ua S)Hu]l qu dXs +/ Hs/ f2(uv 3) qu dXs~
0 0 0 0

This way, one sees that, by induction on the chaoses, one can derive the action of 7
on Py,

Let us now give the formulas for the formal adjoint of a quantum stochastic
integral. We do not discuss here the very difficult problem of the domain of the
adjoint of a quantum stochastic integral and the fact that it is a quantum stochastic
integral or not. In the case of the domain £ the reader may easily derive conditions
for this adjoint to exist on £.

</ Hsda;’) :/ H? da?

0 0

(/ Hsdaj> :/ H; da™
0 0

</ Hsdas> :/ H*dat
0 0

(/ Hsdasx> :/ H} da?
0 0

We now have a useful theorem which often helps to extend the domain of a
quantum stochastic integral when it is already defined on £.
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Theorem 4.3 (Extension theorem). If (T}):>¢ is an adapted process of operators
on @ which admits an integral representation on £ and such that the adjoint process
(T )i>0 admits an integral representation on E. Then the integral representations of
(Tt) >0 and (T} ) >0 can be extended everywhere equation (19) is meaningful.

Before proving this theorem, we shall maybe be clear about what it exactly
means. The hypotheses are that:

o Ty = [} HS dad + [} Hf daf + [} Hy day + [} HY da on €. This in
particular means that

t
/0 u(s) P He(usg) 1 + 1 HTe(us)I* + uls)] [1HT e (ug) || + [|HS e (ug) || ds

is finite forall t € IR™, all uw € L2(IR™).

e The assumption on the adjoint simply means that

t
/0 () 2IH e g )12 + | H e (g2 + us)] | ()]
[ ()| ds < o0

forall ¢ € IR and all win L?(IR™).

The conclusion is that for all f € @, such that equation (19) is meaningful (for
(T) >0 or for (T} );>0), then the equality (19) will be valid.

Let us take an example. Let Jye(u) = e(—uy)) ® e(uy). It is an adapted process
of operators on @ which is made of unitary operators, and J? = I. We leave as an
exercise to check the following points.

e The quantum stochastic integral B; = fot Js da is well defined on &, the

quantum stochastic integral B} = fg Jsda is well defined on & and is the adjoint
of B; (on &);

o We have J, = I — 2 [ J, da;
oIf X, = -2 f(f X, dal then X; = 0 for all t.
o Altogether this gives

Btjt + JtBt =0 3
e We conclude that B; B} + B; B; =tI.

The last identity shows that B; is a bounded operator with norm smaller that /%.
Now, we know that, for all f € £ we have

t

t
Bifi = / BuD,f dys + / J1.D,f ds. 22)
0 0
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We know that the adjoint of B, can be represented as a Quantum stochastic integral
on £. Hence the hypotheses of the Extension Theorem hold.

For which f € @ do we have all the terms of equation (19) being well defined?
The results above easily show that for all f € © the quantities By f¢, fg BsDgf dxs,
fot JsDg f ds are well defined. Hence the extension theorem says that equation (19)
is valid for all f € @. The same holds for B;. The integral representation of (B;)¢>0
(and (B;);>0) is valid on all $.

Let us now prove the extension theorem.

Proof. Let f € @ be such that all the terms of equation (19) are meaningful. Let
(fn)n be a sequence in € which converges to f. Let g € £. We have

t t
0.1isi~ [ TDfdxe - [ HD.f ax,
0 0

t t t
- / HYPLf dys - / HoD.f ds - / HXP,f ds)
0 0 0

t
< V@ TR = 501+ [t [ 1D = £ )
) H;Ds —Jn d s ) HSXPS —Jn d
+lto. [ 1D = ) o +[to. [ PG = 1) )
t t
H7D9 —Jn dS ’ qups —Jn dS
+\<g,/0 “DL(f — f) >|+|<g/0 XP(f — fu) ds)|
t
< NTrgll If - full + / (T2 Dag, Du(f — fu))] ds
+ / (H*Dog, Du(f — fu)| ds + / (HE*Dag, Pu(f — fu))] ds
0 0
t t
H_* 7Ds —Jn d HSX* aPs —Jn d
+/O|< “*0.Du(f — f))] s+/0|< 0. Pu(f — )] ds
< [||T:g+ / |T:Dygl? ds + / |Ho*Dygl|? ds + / |H+*Dogl) ds

t t
s [l ass [Cimzglas] i - gl
0 0

The theorem is proved. 0O

Quantum stochastic integrals satisfy a quantum Itd formula, that is, they are sta-
ble under composition and the integral representation of the composition is given by
a Ito-like integration by part formula.

The complete quantum Itd6 formula with correct domain assumptions is a rather
heavy theorem. We shall give a complete statement of it later on, but for the moment
we state under a form which is sufficient for many applications.
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Let .
Tt = / Hs dai
0

t
St :/ sta:
0

be two quantum stochastic integral processes. Then, on any domain where each term
is well defined we have

and

t t t
TtSt:/ TSdSS—f—/ dTSSS—i—/ dT, dS,
0 0 0

in the sense
t t t
TtSt:/ TSKSdaZ—&—/ HSSSdai—i—/ H,K,daSda?
0 0 0

where the quadratic terms dada are given by the following It6 table:

da™ da~ da® da*
da™ 0 0 0 0
da~ da* 0 da~ 0
da® da™ 0 da® 0
da* 0 0 0 0

This quantum It6 formula will be proved in section 5.1 in the case of quantum sto-
chastic integrals having the whole of @ as a domain.

Maximal solution

This section is not necessary for the understanding of the rest of the course, it is
addressed to readers motivated by fine domain problems on quantum stochastic inte-
grals.

We have not yet discussed here the existence of solution to equation (19) in full
generality. That is, for a given adapted process of operators (H),-, and a given
e € {+,—,0, x} we consider the associated equation (19). We then wonder

i) if there always exists a solution (7} ),~.o;
ii) if the solution is always unique;

iii) on which maximal domain that solution is defined.

The complete answer to these three questions has been given in [9]. It is a long
and difficult result for which we need to completely revisit the whole theory of quan-
tum stochastic calculus and the notion of adaptedness. Here we shall just give the
main result.
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Foro = {t; <...<t,} € P we put
DU:Dt1~~~Dt

n

with Dy = 1.
Consider the following operators on ¢

(A7 (H)f)(0) = > [HiD:Do, f] ()

SETY

[AF(H)f] (0) = > [HoPDo, f] (o)

S€0y)

A7 (1)1] (@) = [ [H.D.Do 1] (o ds

[AF (H)f] (o) = /0 |HsP;Dy ] (04)ds

together with their maximal domain Dom A$ (H.), that is, the space of f € & such
that the above expression is well-defined and square integrable as a function of .
We then have the following complete characterization (see [2]).

Theorem 4.4. For every adapted process (H;),., of operators on & and every € €
{o,+, —, X}, the following assertions are equivalent.

i) (T}),> is a solution of the equation (19).

ii) (Tt)t_>0 is the restriction of A (H.) to a stable subspace of Dom AS(H.).

This result means that with the above formulas and above domains we have

1) the explicit action of any quantum stochastic integral on any vector of its do-
main

i) the maximal domain of that operator

iii) the right to use equation (19) on that domain without restriction (every term
is well-defined).

4.3 Back to probabilistic interpretations
Multiplication operators

Consider a probabilistic interpretation ({2, F, P, (x¢)¢>0) of the Fock space, which
is described by a structure equation

d[;v,x]t =dt + "ll)t dl’t.

The operator M, on @ of multiplication by z; (for this interpretation) is a particular
operator on &. It is adapted at time ¢. The process (M, ):>o is an adapted process
of operators on ¢. Can we represent this process as a sum of quantum stochastic
integrals?

If one denotes by M, the operator of multiplication by v, (for the (x¢)¢>0-
product again) we have the following:
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Theorem 4.5. .
M,, =af +a; +/ My, das.
0

Proof. Let us be clear about domains: the domain of M, is exactly the space of
f € @ such that z; - U, f belongs to L?(§2) (recall that U, is the isomorphism
U, :®— L3(0)).

Let us now go to the proof of the theorem. We have

[e'e) t t t
wf= [ wwiDifdoit [ Pipdsot [ Dipdss [ wD.f s,
0 0 0 0

by the usual It6 formula. That is, on ¢

[e’e] t t t
Mrtf :/ Macq/\,Dsf dXe +/ P@f dXe +/ Dsf ds +/ MwSDsf dX@
0 0 0 0

which is exactly equation (19) for the quantum stochastic process X; = a;” + a; +
J3 My, dag. O

In particular we have obtained the following very important results.
e The multiplication operator by the Brownian motion is a;” + a; .
e The multiplication operator by compensated Poisson process is a:“ +a; +ag.

o The multiplication operator by the 3-Azéma martingale is the unique solution
of

¢
Xt:aj+a;+/ BX, dal.
0

Once again, as in the discrete time setup, we have obtained in a single structure,
the Fock space &, a very simple way to represent many different classical noises
that have nothing to do together. Furthermore their representation is obtained by
very simple combinations of the three quantum noises. The three quantum noises
appear as very natural (their form, together with the process a;‘, a kind of basis for
local operator processes on the continuous tensor product structure of &), and they
constitute basic bricks from which one can recover the main classical noises.

5 The algebra of regular quantum semimartingales

In this section we present several developments of the definitions of quantum sto-
chastic integrals. These developments make great use of the versatility of our defin-
itions, in particular the fact that quantum stochasitc integrals can a priori be defined
on any kind of domain.
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5.1 Everywhere defined quantum stochastic integrals
A true quantum It6 formula

With our definition of quantum stochastic integrals defined on any stable domain,
we may meet quantum stochastic integrals that are defined on the whole of @. Let us
recall a few facts. An adapted process of bounded operators (T});>o on @ is said to
have the integral representation

t
T, = Z / H: da
yJo

e={0,+,—,%

on the whole of & if, for all f € & one has
t
/ I TsDs fII? + [ HS Ds f1I? + |1 H P 1 + |1 HS Do f1| + | HS Ps f| ds < o0
0

forallt € IR™ (the H, ; are bounded operators) and

t t t t
TtPtf:/ Tstf dXs+/ H;)Dsdes+/ H:Psf dXs+/ Hs_Dsf ds
0 0 0 0
t
+/ HXP,f ds.
0

If we have two such processes (S;);>0 and (T});>0 one can compose them. As an-
nounced previously with the quantum Itd formula, the resulting process (S;T});>0 is
also representable as a sum of quantum stochastic integrals on the whole of ®.

Theorem 5.1. If T, = 3. fot H: da$ and S; = Y, fot K¢ daS are everywhere
defined quantum stochastic integrals, then (S;T})¢>0 is everywhere representable as
a sum of quantum stochastic integrals:

t i
S.T; = / (S.H? + K°T, + K2HC) da? + / (S.HF + KT, + K2HY) dat
0 0
t t
+/ (SsH; + K, Ts + K, H?) da; +/ (SsHY + KTs + K; H ) da.
0 0

Before proving this theorem we will need the following preliminary result.

Lemma 5.2. Let g; = f(f vs ds be an adapted process of vectors of D, with f(f los|l ds <
oo for all t. Let (S})i>o be as in Theorem 5.1. Then

¢ ¢ ¢
Stgt:/ Ssvsds—k/ Kjgsdxs+/ KXgsds.
0 0 0
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Proof. As S; is bounded we have (details are left to the reader)

t t
Stgt:St/ Vg ds:/ Sivg ds
0 0
t s
z/ St(Povs—i-/ D, vs dxy) ds
0 0
t t s s
:/ Sy Py ds+/ [/ SuDyvs qu-i-/ K;Dyvs dxy
0 o LtJo 0
s t s
—|—/ K, D,vs ds+/ K{fPu/ Dyvs dxy dXu
0 0 0
t s
+ / KXP, / Dyvy dye du} ds
0 0
t t s t s
_ / S, Pyvs ds + / [SS / Davy du + / K / Dyvadysy dxu
0 0 0 s 0
t s
n / KX / Dy dxe du} ds
s 0
t t ot t ot
:/Ssvsds+//K:[vsdxuder//quvsduds
/Svéds—&—// K+U5dsdxu // K)vs ds du
/Svsds+/K+/ v ds dxy + /KX/ vs ds du
:/ Ssvsds+/ K,J[gudxu—l—/ K.} gy du.
0 0 0

This proves the Lemma. 0O
We now prove the theorem.

Proof. We just compute the composition, using Lemma 5.2

t t t
tht :/ Tstf dXs +/ H;Dsf dXs +/ H;_Psf dXs
0 0 0

t t
+/ H;Dsfds+/ HXP,f ds.
0 0

Hence
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SiTi fy = /Ot S [Tstf + Hstf“‘H:Psf] dxs
+/0tK§ [TsDs f+H D f+H] P, f] dxs +/OtKS [TsDs f+H.Df+H] P, f] ds
o [ [ rnisas [mog i [aes ] a
+/OtK;{/OSTuDufdxu+/OSH5Dufdxu+/OSH;Pufdxu} du

t t s s
+/ Ss[Hy Dsf + H P, f] ds+/K:[/ H;Duf+/ HYP.f du} dxs
0 0 0 0

t s s
+/ KX[/ H;Duf+/ H;Pufdu] ds
0 0 0

t t
:/ S,T,D,f dXS—i—/ [S,HC + K°T, + K°H?| D, f dx,
0 0
t t
+/ [ScHY + KIT, + K{H P, f dxs +/ [ScH + K T+ K, H|D,f ds
0 0

t
+ / [SHY + KXTy+ K, H|Pf ds .
0
This proves the theorem. 0O

A family of examples

We have seen B; = fot Js da_ as an example of everywhere defined quantum sto-
chastic integrals. This example belongs to a larger family of examples which we shall
present here.

Let S be the set of bounded adapted processes of operators (73);>¢ on @ such

that .
Tt:Z/ H: da$ on &,
0
€

all the operators H being bounded and

t— | HP|| € Lis, (IR™)

loc

ti ||H|| € L, (RT)

loc

t ||H || € L, (RT)

loc

t i [|H|| € Lio (RT) .

loc

With these conditions, we claim that ¢ + ||T;|| has to be in L° (IR"). Indeed, the

loc
t .
operator [; H) da} satisfies

t t
/stdasxf:/HSdes
0 0
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hence it is a bounded operator, with norm dominated by fot |HX|| ds, which is a

locally bounded function of ¢. The difference M; = T3 — fg HY da} is thus a
martingale of bounded operators, that is Ps M; P; = M P, forall s < t. Butas M is
a martingale we have || M fs|| = ||PsM¢ifs|| < || My fs|| for s < ¢. Hence t — || M]|
is locally bounded. Thus, so is ¢ — || T3]

With all these informations, it is easy to check that the integral representation of
(T)e>0, as well as the one of (7});>0, can be extended on the whole of ¢ by the
extension Theorem (Theorem 4.3).

5.2 The algebra of regular quantum semimartingales
It is an algebra

As all elements of S are everywhere defined quantum stochastic integrals, one can
compose them and use the quantum It6 formula (Theorem 5.1.

Theorem 5.3. S is a x-algebra for the adjoint and composition operations.

Proof. Let

t t t t
Tt:/ HY da:—i—/ H daj‘—i—/ H; das_—l—/ H da}
0 0 0 0
and
t t t t
St:/ K;’da§+/ KjdajJr/ K;da;+/ K} daf
0 0 0 0

be two elements of S. The adjoint process (7}); > 0 is given by

t t t t
Tt*:/H;’*da§+/Hs‘*daj+/Hj*da;Jr/st*daj.
0 0 0 0

It is straightforward to check that it belongs to S. The It6 formula for the composition
of two elements of S gives
ot
S.T; = / [S,H? + K°T, + K°H?] da?
0
t
+ / (SeHf + KIT,+ K{HY ] daf
0
t
+/ [SeHT + K Ts + K7 H| day
0
¢
+/ [SSHS>< + K Ts + KS_H:] dal.
0

From the conditions on the maps t — [|S¢||, t — ||T%||, t — || K§]| and ¢t — ||H ||, it
is easy to check that the coefficients in the representation of (5;7};); > 0 are bounded
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operators that satisfy the norm conditions for being in S. For example, the coefficient
of da;* satisfies

t
/ IS.HX + KXT, + K= H*| ds
0

t t
gwmnnmwwmmw/wmw
s<t 0 s<t 0

<
e ([ i) ([ e as)”

hence it is locally integrable. O

Thus S is a nice space of quantum semimartingales that one can compose with-
out bothering about any domain problem, one can pass to the adjoint, one can use
formula (19) on the whole of @.

A characterization

A problem comes from the definition of S. Indeed, it is in general difficult to know
if a process of operators is representable as quantum stochastic integrals; it is even
more difficult to know the regularity of its coefficients. We know that S is not empty,
as it contains B; = fg Js da; that we have met above. It is natural to wonder how
large that space is. It is natural to seek for a characterization of S that depends only
on the process (73); > 0.

One says that a process (T3); > 0 of bounded adapted operators is a regular
quantum semimartingale is there exists a locally integrable function h on IR such
that for all » < s < t, all f € £ one has (where f,. = P, f)

t
Mmﬁ—ﬂmFSMW/hwww
t
HWﬁﬂ—HﬂWSMW/hWMw
t
MW&Eﬂ—ﬂﬁHSMM/hWMw

Theorem 5.4. A process (T}); > 0 of bounded adapted operators is a regular quan-
tum semimartingale if and only if it belongs to S.

Proof. Showing that elements of S satisfy the three estimates that define regular
quantum semimartingales is straightforward. We leave it as an exercise.

The interesting part is to show that a regular quantum semimartingale is repre-
sentable as quantum stochastic integrals and belongs to S. We will only sketch that
proof, as the details are rather long and difficult to develop.

Let z; = T f, for t > r (r is fixed, ¢ varies). It is an adapted process of vectors
on . It satisfies
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t
naw—xmsuﬁw/hwww

This condition is a Hilbert space analogue of a condition in classical probability
that defines particular semimartingales: the quasimartingales. O. Enchev [18] has
provided a Hilbert space extension of this result and we can deduce from his result
that (2;)¢>, can be written

t
xt:mt+/ ks ds
0

where m is a martingale in ¢ (Psm; = my) and h is an adapted process in ¢ such
that [} ||k ds < oc.
Thus Pyxy — x5 = ff P.k,, du and we have

t t
H/ Pk du” < Hfr||/ h(u) du, forall r < s <t
0 0

Actually k,, depends linearly on f,.. The inequality above implies (difficult exercise)
that
[ku(f)ll < I frl[R(u) -

Hence k, is a bounded operator on &,,), we extend it as a bounded adapted operator

Let My = T, — fg HX da),t € IR™. 1t is easy to check, from what we have
already done, that (M;); > 0 is a martingale of bounded operator (Hint: compute
P, M, f. — M,f.). It is easy to check that (M;); > 0 also satisfies the conditions i)
and i) of the definition of regular quantum semimartingales, with another function
h, say h'.

Now, let (y;)i>r be (M, fr)i>r. It is a martingale of vectors in @. Thus it can be
represented as

t
Yt —Ys = / §u dXu-
The vector £, depends linearly on f,. and we have
t t
[ et du< 5P [ ) du oy,
0 s
Thus &, extends to a unique adapted bounded operator H," on @. Doing the same

with (M} f,)i>r gives an adapted process of operators (bounded): (H,, )y>0-
Let f € @, let f; = P, f and define

t t t t
Xofy = Tyfi— / T,D,f dy.— / HYP,f dy,— / HD,f ds— / HX P, ds.
0 0 0 0

One easily checks that each X; commutes with all the P,’s, u € IR™. Let us consider
a bounded operator H on @ such that P,H = HP, forall u € IR™. Notice that for
almost all ¢, all a < t < b, all f one has
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DtH(be - Paf) = DthHf - DtPaHf = DtHf

D, ift<s
0 ift > s.
Define ﬁf by

for D; P = {

b
Htoftth/ P,fdx,— Hf; forany a <t <b.

By computing f; Hﬁto ft]|? dt one easily checks that I;Tto is bounded with locally
bounded norm. Moreover we have

Hg = / HD,f dys + / H°D, f dy, .
0 0

That is exactly H = [~ H® dal.
Actually we have (almost) proved the following nice characterization.

Theorem 5.5. Let T be a bounded operator on ®. The following are equivalent.
i)TP, = P,T forallt € IR™;
i) T =\ + fooo Hyg da2 on the whole of ®.

Applying this to X, we finally get, putting HS = H o+ X

t t t
tht = / Tstf dXs +/ H;Dsf dXs +/ H;_Psf dXs
0 0 0

¢ ¢
+/ H:D,f ds +/ HXPf ds.
0 0

This is equation (19) for the announced integral representation. 0O

6 Approximation by the toy Fock space

In this section, we are back to the spin chain setting. As announced in the first section
of this course, we will show that the toy Fock space T® can be embedded into the
Fock space @ in such a way that it constitutes an approximation of it and of its basic
operators.

6.1 Embedding the toy Fock space into the Fock space

Let S={0=1t <t < - <t, < -} beapartition of IR and §(S) =
sup; |t;11 — t;| be the diameter of S. For S being fixed, define &; = Py
1€IN. We then have & ~ ®ielN @;. For all i€ IN, define

istip1]e
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Xi:weg,

tiv1 —1;

_ t; Qy,
al — i+1 i o Pl] ,

tigt1 —t;

+ +
a —a
tﬂi t1
aj_ = Pl] o 1
tit1 —t;

where P is the orthogonal projection onto L?(Py) and where the above definition
of a; is understood to be valid on @; only, with a; being the identity operator I on

the other @;’s (the same is automatically true for a; , a;).

Proposition 6.1. With the above notations we have

a;, 1=0
Q?Xi = X,
agl =0

Proof. As a; 1 = afl = 0itis clear that a; 1 = a1 = 0. Furthermore, a;" 1 = y;

thus
a;”]l — Pl] Xti+1 Xt; _ X’i )

Vi &

Furthermore, by (19) we have
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1 tit1
a-_X':7<a —a__)/ T dx:
P g~y Ve )

1 tit1 tit1
ttU (at_fat_i)]ldxtJr/ ]ldt}
i+1 — U ts t;

1
(04t —t) =1
ti+1*t'( +tita )

tit1
o X 1d
! z+1_tz ( bt )/ Xt
tit1
z+l |:

ti+1
7at)]ldxt+\/ ]ldXt:|
t

i

iyl — b

= m (Xtiss — Xt:) = X5 3

1 + ) [
(ot -) [ 1
tiv1 — U\ = t; X

1 tit1 tir1 t
P]{/ (aj‘—at)]ldXtJr/ /]ldxsdxt]
tl+1 —t t;

i1
— P / / 1dy. dye
z+1 t; t;

S
+

>
|

These are the announced relations. 0O

Thus the action of the operators a; on the X; and on 1 is similar to the action of
the corresponding operators on the toy Fock spaces. We are now going to construct
the toy Fock space inside &. We are still given a fixed partition S. Define T®(S) to
be the space of vectors f€® which are of the form

= f(AX

AePw

(with | f[[* = Y 4cp,, |F(A)[> < 00). The space TH(S) can be clearly identified
to the toy Fock space Tb; the operators a$, e€{+, —, 0}, act on T'P(S) exactly in the
same way as the corresponding operators on T®. We have completely embedded the
toy Fock space into the Fock space.

6.2 Projections on the toy Fock space

Let S={0=1t <t <---<t, <---} be a fixed partition of IRT. The
space T'D(S) is a closed subspace of ®. We denote by IE[- /F(S)] the operator of
orthogonal projection from @ onto T'®(S).

Proposition 6.2. If S={0=tg <t; < - <ty <---}andif f€D is of the form
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f:/ f(817"'u8m)dX81"'dXsm
0<s1 < <8m

then

E[f/FS) = Y !

ne T ey Vi — iV =,

tig+1 tipm+1
/ / F(S1senysm) dst - dsm Xi, - X, .

t t

i1 im

Proof. The quantity f,, on the right handside of the above identity is clearly an ele-
ment of TP(S). We have, for A = {4y ...4}

<fa XA> =
_ 5k,m
V81 =ty Vi1 — iy,

tii+1 tim+1
/ / ﬂdXsl"'dXsm>
t t

i1 im

5s tig+1 gy +1

7m T

= / / f(s1,.0.y8m) dsy - dsp, .
Vit —ti Vi1 — iy, Jiy, ¢

On the other hand we have

</ f(slv"'asm)dx.sl"'dXsma
0<s51< " <8m

im

1
(tiyg1 —ti)3/2 - (ti, 41 — ti,,)3/?

<fn> XA> = 6k,m

iy 41 Bip +1_ 9
X/ / f(51,-~~73m) dsl"'dSmH(th‘,l+17Xti1)7(Xt1m+1fxtim)“
tiy tim

1
Vii+1 =iy o Vi +1 — tiy,

Lig+1 Tign 41 _
></ / f(s1,.0y8m) dsy - dsy, .
til ti

This proves our proposition. O

= 5k,m

The following identities could also have been used as natural definitions of the
operators a$ on TP(S).

Proposition 6.3. For any partition S and any f€D we have
a; B[f/F(S)] = B[(af,, —ai,)f/F(S)]
Vi —tiaf E[f/F(S)] = E[(a;,, —ai)) [/F(S)] .
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Proof. Let us take f of the form

f:/ f(s1y.-0y8m) dxs, -+ dxs,, -
0<s1< - <8m

(a; 7a§l)f:\/ |{51a"'75m}m[tiati+1”f(517"'75m) dX31 dX?,n
0<s1 < <Sm

E((a7,,, —a;)f/F(S)]

Z 1 /tj1+1 /tjerl
; Vi1 =t V1 — G, Jy ¢

jl<"'<j'm€w J1 Im

X |{81,...,Sm} N [tiyti-‘rlH f(51,...,8m) d81'~'d8m le "'ij
1

- Lie(ji.jm)
j1<~;jm€l\f \/t‘]1+1 7t-71 ..'\/tjnz“rl 7t]m !

tj+1 tim+1
f(sl,...,Sm)dsl-“dSij "'ij
ti, t;

Im

o 1
= Q,

> Vit =GV — 1,

J1<<jm€IN

tji+1 tim+1
/ / f(s1,.. o, 8m)ds---dsm Xj, -+ X,
tjy tim

=a; E[f/F(S)] .

In the same way

tit1
(a;ﬂ—at_i)f:/ / f({sl,...,sm_l}Us) ds dys, -+ dxs,,_,
t

0<s1 < <Sm—1 i
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E((ay,,, —a;)f/F(S)]

Z 1 /J1+1 / Im—1+1 / i+1
, : V8t =L a1 = s

J1<-<Jm—-1€EIN .7 -77n. 1

Xf({sl,...7sm,1}Us) dsdsy---dspm—1 Xj, - X

Jm—1
m—1
= E E ]10<jl<"'<jk<7;<jk+1<"'<j7rL71
J1<-<jm-1€IN k=0

1
\/t]1+1 \/tjm 1+1 ™ jm 1
t31+1 th+1 i+l i+l b 141
/ / / / / f(sl7"'7skasask+1“OSmfl)

Lkt Cim—1

xdsy - - dsy, ds dspyr - dsm_1 Xj, -+ X

=Vtiv1— t Z !

jremen Vet =tV =

j1+1 Jm+1 ~
/ / 81,...,Sm) d51~-~d8m ﬂie{j..‘jm}le"'Xi"'ij
= tiy1 —tia; E[f/F(S)].

Finally,

n
(6, —at)f =3 | et
k=0

0<s1 < <5 <8< 1< <8m

m—1

X f(slv LR sm) dXsl e dXs;C dXs dXsk+1 e dXsm .
E((af,, —af)f/F(S)]

-77n+1+1

2 e / o
J1<<jm+1€IN ]1+1 jm+1+1 J’"'H k=0 L1

X]l[ti,ti+1](tjk+l)f(81’ ceey Sk+1 . Sm—i—l) d81 cee d8m+1 le . 'ij+1

1
= ]1[ . . ,m
Z \/tj1+1 - tjl Y \/tjm+1+l —t; 1€{j1...Jm+1}

J1<<jm1€EIN Jm+1

t11+1 tim+1
81,...,Si...8m+1) dsl~-~dsm+1 le ”'ij+1

Jm+1
> 1
= +1
f \/tJ1+1 V1 —

J1<--<jm€IN

tjr+1 Lim+1
817"'?8?7'1) dSldSm :ﬂig{]l Jm} Ji ”.Xj"LXl
tiy tim

=Vtis1 —ti of E[f/F(S)].
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We have proved all the announced relations. O

6.3 Approximations

We are now going to prove that the Fock space @ and its basic operators a;", a; , af
can be approximated by the toy Fock spaces T'®(S) and their basic operators aj,
a; ,a;s.

We are given a refining sequence (S, )nev of partitions whose diameter 6(S,,)
tends to 0 when n tends to +oco. Let T®(n) = T9(S,,) and P, = IE[-/F(S,,)], for

all nelN.

Theorem 6.4.

i) Forevery f€® there exists a sequence (fy,)ncmn such that f,€TP(n), for all
neIN, and (fn)nen converges to fin ®.

i) If Sp={0=18 <tf <--- <t < ...}, then for all tcIR™, the operators
Zi;t;gt as, Zi;t;gt Vi, —tia; and Zi;tygt Vi — tra; converge strongly
onDtoaf, a; and a; respectively.

iii) With the same notations as in ii), for all telR™, the operators Zi,tnq a; P,

Zi;t?g Vi, —tra; P, and Zi;t;‘gt maj P, converge strongly on D

to a$, a; and a;f respectively.
Proof. i) As the S, are refining then the (P,), forms an increasing family of
orthogonal projection in . Let P, = \/ P,. Clearly, for all s < ¢, we have that y; —

n
X s belongs to Ran P,. But by the construction of the Itd integral and by Theorem 5,
we have that the x; — xs generate ®@. Thus P,, = I. Consequently if f€®, the
sequence f,, = P, f satisfies the statements.

ii) The convergence of , ,n,af and >, .., /17 | —ta; to af and a;
respectively is clear from the definitions. Let us check the case of a™. We have, for
feD

[ > mﬁf} (@)= D> Voripaz = >, fle\{s}).

it <t 15t <t sEUﬂ[t;”,t;q_l]

Put t" = inf {¢!'€S, ;17 > t}. We have
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H Z \/t?ﬂ_t?a — Gy fH

istn<t
AP TR SR Y ED SRV YOIl
Gt <t scon[ty, TL+1] s€on[0,t]
<2/] S fo \{s}‘ do+
seon(t,t]
+2/ Z Ljonper A7 01>2 Z f(U\{S})‘Q do.
it <t seont?,t™ ]

K2 i4+1

For any fixed o, the terms inside each of the integrals above converge to 0 when n
tends to +oco. Furthermore we have, for n large enough,

LI S sevienf o< [l © 1o shias

71 sEoc
s€oN[t,t 250

t+1

= [ [dol+ ls)P do ds
0 P

<(t+1) /P (o] + 1)|f(0)[? do

which is finite for feD;

LIS tragze 3 se\tsp)] do

itr <t seon[tr,tr ]

/ ( Z Loy trtr, ]]>2 ‘ Z (U\{s})’)2 o

Gt <t s€onfty 7y ]

<[(X X )

zt"<t s€on[ty t7 ]

= [ (X 1o\ {spl) o

s€o
s<t™

/|a| S 1f(o\ {s})P do

s€o
s<tmn

< (t+1)/73(|0+1)|f(0)|2d0

in the same way as above. So we can apply Lebesgue’s theorem. This proves ii).
iii) By Proposition 6.3, we have for all f€D

> Vi —traf Pof = Paafif .

istn<t
n<
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Consequently
+ + |7
‘ Z Vit — g Pof—a H
3t <t

2 2

< 2llaf f = Puad f||” +2[| Pala) f — af )] ]|

2 2

< 2a) f = Pua £ + 20 f - aii f]|

which tends to 0 as n tends to +oo.
The cases of a° and a™ are obtained in the same way. 0O
6.4 Probabilistic interpretations
Recall that the operator of multiplication by the Brownain motion in the Fock space
dis
Wi =a +a;
and the operator of Poisson multiplication by the Poisson process is
Ny =af +a; +af+tI.

Let us consider an approximation of the Fock space & by toy Fock spaces T®(n),
nelN.

Theorem 6.5. On T®(n), let X; = a} + a;, i€IN. Then, for all teIR"; we have

that
Z Vitier — 6 X;
i;ti St
converges strongly to W.
Proof. The proof is immediate from Theorem 6.4. 0O

Let S, = {i/n; icIN}.

Theorem 6.6. On T'P(n), let X; = al'." + a; + cpaf

72

coefficient p,, = 1/n. Then, for all t€ IR, we have that

1
P

it <t

1€IN be associated to the

converges strongly to Xy = N, — t1, the operator of multiplication by the compen-
sated Poisson process.

o o B _ 1-2/n _ n=2
Proof. If p, = 1/n, then ¢, = 1 — 1/n and ¢, NSV = Thus

¢n/+/n converges to 1. Now,
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1 —
Y= 3 T f

Si-

3t <t 5t <t
- E \V/ 7+1 a + CL + §
4t <t 1<t

which clearly converges to a;” + a; + af by Theorem 6.4 O

6.5 The Ito tables

This section is heuristic, but it gives a good idea of why the discrete quantum Itd
table is a discrete approximation of the usual one, though they seem different. Let

. = {i/n; ieIN}. Letal = 1/v/naf,a; = 1/\/na; and @ = aS. The
Theorem 6.4 shows that a$ is a good approximation of daj, where ¢ = ¢;. Now the
discrete It6 table becomes

a; a; ag
a; 0 Lag 0
a; | tI-iag 0 a;
as a; 0 ag
But
1) La2 is not an infinitesimal for diti<tn LG2 is almost L a7 which converges to
0. Thus % can be considered to be 0 in this table;
2) L1 is simply dt I, thatis (¢;41 — t;)1. Thus at the limit this table becomes
— | dajf da, day
daf 0 0 0
day | dtI 0 da;
day | daf 0 dag .

That is, the usual It0 table.

These heuristic arguments have been made rigourous in [33].

7 Back to repeated interactions

We are now ready to come back to repeated quantum interactions and to give an idea
of what happens in the limit h — 0.

Recall our evolution equation on Hy ® @ 5 € N+

Vn+1 - Un+1 Vn (23)

of section I.



140 Stéphane Attal
7.1 Unitary dilations of completely positive semigroups

In this section, we will show that equations such as (23) appear naturally in a gen-
eral setup and allow one to obtain natural unitary dilations of completely positive
semigroups in discrete time.

Consider a discrete semigroup (P, ), . v of completely positive maps on B(H,),
that is,
P (X) = £"(X)

where { is a completely positive, weakly continuous map on B(Hj).
In the sequel we always assume that (/) = I. By Kraus’ theorem (see [30],
Proposition 29.8) this means that £ is of the form

N
UX) =Y VXV,
=0

for some N and some family (V;) of bounded operators on H such that ) 5, V;*V; =
1. Of course the indexation is a priori indifferent to the specificity of the value i = 0.
The special role played by one of the values will appear later on.

Let IE be the partial trace on H defined by
<¢, Eo(H)Yp>=<¢2 2, H) @ 2>
for all ¢, € Hg and every operator H on Hgy ® TP.

Theorem 7.1. For any completely positive map
N
() = S VXY,
i=0

CN+1

on B(Hy) there exists a unitary operator IL on Hy ® such that the associated

unitary family of automorphisms
Jn(H) = u) Hu,
(where u,, is associated to IL by (23)) satisfies
Eo(jn(X @ 1)) = Pu(X),
foralln € IN.

Proof. Consider a decomposition of £ of the form

N
U(X) =Y VXV,
1=0



Quantum noises 141

for a familly (V;) of bounded operators on H, such that Zfio Vv, = 1
We claim that there exists a unitary operator I on Hy ® CN*1 of the form

Indeed, the condition Zf\io V*V; = I guarantees that the m first columns of IL
(where m = dim H,) constitute an orthonormal family of Hy @ C' N+1 We can thus
fill the matrix by completing it into an orthonormal basis of Ho ® €™ *1; this makes
out a unitary, (N +1) x (N +1) matrix IL on H, of which we denote the coefficients
by <A;')i,j:0,..‘,N; with this notation we have for all i, A} = V;1. To this matrix IL
we associate a family (IL;);>( of ampliations as explained in section

Now, for every operator H on Ho ® €V 1, put

Jn(H) = w) Hu,,.

It satisfies
Jn+1(H) = up gy H 1.

We consider this relation for an operator H of the form H = X ® I, where X is an
operator on Ho. Write IL;, , | (X ® 1)Ly, 11 in (Ho ® T,)) ® CNHL it is simply

n+1 >
ni1 (X @ Ly =
(A%)* (A(i))* X0...0 A§ A?
B (AD)* (Ah)* 0X...0 A AT ...
(AQ)* (A )™ ... 00...X/) \A) AN ...
which is easily seen to be the matrix (B} (X)), i=0,..N with
4 N
Bi(X) =Y (Ak)* X AF.
k=0

Note that, more precisely, the operator IL, (X ® I)IL,; is written in (Ho ®
™)) ® Civjll as the matrix (B]z (X)®I); j=o0,.. ~- The operator u,, in turn, acts
only on Hy @ €Y+, so that up Ly, (X ® I)ILyq1uy, can be written in (Hy ®
Tb,)) ® Cn ' as (uf, (BUX) @ I)uy,)

D=0, N simply put, we have proved that

(1 (X ® 1))} = ju(Bi(X) ® 1)

because both terms act as the identity beyond (Ho ® T&,,)) ® cE.
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Consider now T, (X) = IE(j, (X ® I)). We have

<O, Tni1(X)W>=<¢® 02, ju1(XHYp® 02>
=<6, (ap1(X @) th>
=<9, jn(By(X) @ )¢ >
= < ¢, Tu(B(X))ih>;

now remember that for all 4, A = V;,;. This implies that BJ(X) = ¢(X). The
above proves that T;, 1 (X) = T,,(¢(X)) for any n and the theorem follows. O

7.2 Convergence to Quantum Stochastic Differential Equations

We now describe the convergence of these discrete time evolutions to continuous
time ones.

Quantum stochastic differential equations

We do not develop here the whole theory of Q.S.D.E., this will be done in F. Fag-
nola’s course much more precisely, but we just give an idea of what they are.

Quantum stochastic differential equations are equations of the form

dUy = > LiUy dal(t), (22)
N

with initial condition Uy = I. The above equation has to be understood as an integral
equation

t
0o —
Y]

for operators on Hy ® &, the operators L;'- being bounded operators on H, alone
which are ampliated to Hy ® &.

The main motivation and application of that kind of equation is that it gives
an account of the interaction of the small system H, with the bath & in terms of
quantum noise perturbation of a Schodinger-like equation. Indeed, the first term of
the equation

dU; = LyUdt + . ..

describes the induced dynamics on the small system, all the other terms are quantum
noises terms.

One of the main application of equations such as (22) is that they give explicit
constructions of unitary dilations of semigroups of completely positive maps of
B(Hp) (see [H-P]). Let us only recall one of the main existence, uniqueness and
boundedness theorems connected to equations of the form (22). The literature is
huge about those equations; we refer to [Par] for the result we mention here.
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Theorem 7.2. If Hy is finite dimensional then the quantum stochastic differential
equation

AU, = > LiUy dal (1),
0]

with Uy = I, admits a unique solution defined on the space of coherent vectors.
The solution (Uy),~ is made of unitary operators if and only if there exist, on

Ho, a bounded self-adjoint H, bounded operators S, i,j = 1,..., N, such that the

matrix (S;),] is unitary, and bounded operators L;, v+ = 1,..., N such that, for all
i,j=1,...,N
1
0 __ . - *
Ly =—-(H+ 5 Ek LiLy)

L) =L

Ly=-Y LS}
k

Li=8i— ;1.

If the operators L;- are of this form then the unitary solution (Uy),~, of the above
equation exists even if Hy is only assumed to be separable.

Convergence theorems

In this section we study the asymptotic behaviour of the solutions of an equation

Un+1 = ]Ln+1un;

if the matrix IL(h) converges (with a particular normalization) as h tends to zero
and prove that, in the limit, the solutions of such equations converge to solutions of
quantum stochastic differential equations of the form (22). Notice that we no longer
assume that IL(h) has been conveniently constructed for our needs; in particular I,
is not assumed to be unitary.

Let h be a parameter in IRT, which is thought of as representing a small time
interval. Let IL(h) be an operator on Ho @ €™, with coefficients ]L;(h) as a
(N +1) x (N 4 1) matrix of operators on Hy. Let u,, (h) be the associated solution
of

tnt1(h) = Lnt1(h) up(h).

In the following we will drop dependency in h and write simply IL or u,,. Besides,
we denote

1
Eij = 5(501‘ + do;)
forallé,5 =0,...,N.
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Theorem 7.3. Assume that there exist operators L; on Hg such that

IL(h) — 65,1

lim —— =1L
h—0 heii J
forall v,j = 0,..., N, where convergence is in operator norm. Assume that the

quantum stochastic differential equation

dU, = LUy daj(t)
2

with initial condition Uy = I has a solution (Uy),~., which is a process of bounded
operators with a locally uniform norm bound. -
Then, for all t, for every ¢, v in L>°([0,t]), the quantity

<a®e(9), EsupmlEsb®e(y) >

converges to
<a®e(p), U b®e(y) >

when h goes to 0.

Moreover, the convergence is uniform for a, b in any bounded ball of KC, uniform
for tin a bounded interval of IR ..

If furthermore ||ug|| is locally uniformly bounded in the sense that, for any t in
Ry, {|lur(h)||, k < t/h} is bounded for any h, then uy) converges weakly to Uy
onall Hy ® &.

Remarks
— This is where we particularize the index zero : the above hypotheses of conver-
gence simply mean that, among the coefficients of IL,

(IL3(h) — I)/h converges,
Ej (h)/v/h converges if either i or j is zero,
EL; (h) — ¢;,; converges if neither ¢ nor j is zero
and we recover the fact that the 0 index must relate to the small system, on which the
considered time scale is different from the time scale of the reservoir.
— The assumption that Hy is finite dimensional is only needed in order to ensure

that the quantum stochastic differential equation has a solution; if for example the
L; ’s are of the form described in Theorem 8§ then the separability of H is enough.

For our example where I is given by

cosa 00 —sina
0 10 0
0 01 O
sina 00 cosa

I =
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with a = v/h, since for all h the matrix IL(h) is unitary, we get that for all ¢, Ut /p)
converges strongly to Uy where (Uy)icr, is the solution of

1
dU; = —iv*v Uy dt + VU, dad(t) — V*U; da}(t)
00

with V' = (1 0
ground state in the Wigner-Weisskopf model for the two-level atom.

) ; this is the evolution associated to the spontaneous decay into the

8 Bibliographical comments

The mathematical theory of quantum stochastic calculus was first developed by Hud-
son and Parthasarathy [25]. They defined quantum stochastic integrals on the space
of coherent vectors. They also defined and solved the first class of quantum Langevin
equations. They finaly proved that quantum Langevin equations allow to construct
unitary dilations of any completely positive semigroups. No need to say that this
article is a fundamental one, which started a whole theory.

An extension of their quantum stochastic calculus, trying to go further than
the domain of coherent vectors was proposed by Belavkin and later by Lindsay
( [15], [26]). Their definitions were making use of the Malliavin gradient (and was
constrained by its domain) and the Skorohod integral.

The definition of quantum stochastic integrals as in subsection 4.2 is due to Attal
and Meyer ( [10] and later developed in [5]). The main point with that approach was
the absence of arbitrary domain constraints. The discovery of the quantum semi-
martingales by Attal in [4] was a direct consequence of that approach and of and
anterior work of Parthasarathy and Sinha on regular quantum martingales ( [31]).

The maximal definition of quantum stochastic integrals and unification of the
different approaches, as in subsection 4.2 was given by Attal and Lindsay ( [9]).

The theorem showing rigorously that there are only 3 quantum noises is due to
Coquio ( [17]).

The notion of Toy Fock space with its probabilistic interpretations in terms of
random walks was developed by Meyer ( [29]). The concrete realization of the Toy
Fock as a subspace and an approximation of @ is due to Attal ( [2]) and has been
developed much further by Pautrat ( [32], [33]). These different works led to the
proof of the convergence of repeated interactions to quantum stochastic differential
equation ( [11]).
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1 Introduction: a preview of open systems in Classical Mechanics

We denote by X C R3 x R? the state space of a single particle mechanical system,
that is each element = = (¢,p) = (¢1, 92, g3, P1, P2, p3) € X corresponds to the pair
of position and momentum of a particle, which is supposed to have mass m.

In Newtonian Mechanics, the homogeneous dynamics is entirely characterised
by the Hamilton operator

1
H(z) = 5 [pl* + V(0), (v € %), (1)

* Partially supported by FONDECYT grant 1030552 and CONICYT/ECOS exchange pro-
gram
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where |-| denotes here the euclidian norm in R3. This allows to write the initial value
problem which characterises the evolution of states as

OH
!/
P= 1<i< @)
Y= "o (), 1<i<3,
z(0) = zo.

If I denotes the 3 x 3 identity matrix call
0 I
J= (_ f O) . 3

2’ = JVH(z), 2(0) = zo, 4)

where V is the customary notation for the gradient of a function.

We will construct a different representation of our system, which will pre-
pare notations for the sequel. Call 2 = D([0,00[,X) the space of functions
w = (w(t); t > 0) defined in [0, oo[ with values in X, which have left-hand limits
(w(t—) = lims_, s<; w(s)) and are right-continuous (w(t+) = lim,_; s> w(s) =
w(t)) on each t > 0 (with the convention w(0—) = w(0)).

Define X;(w) = w(t) for all t > 0. So that for each trajectory w € {2, and any
time ¢ > 0, X;(w) is the state of the system at time ¢ when it follows the trajectory
w. We can write Xy(w) = (Q¢(w), P(w)), where Q;, P; : 2 — R3 represent
respectively, the position and momentum applications.

Thus, (2) may be written

Then (2) becomes

dXi(w) = JVH(X(w))dt, Xo(w) = xo.

There is no great change in this writing of the equations of motion, however let
us agree that such expression is a short way of writing an integral equation that is

Xi(w) = z0 +/O JVH(Xs(w))ds.

Solutions of the above equation are obviously continuous and differentiable.
Moreover they preserve the total energy of the system:

H(X¢(w)) = H(xp), (5)

forall t > 0.

But our basic space of trajectories {2 allows discontinuities. Thus, we may mod-
ify our simple model by introducing kicks and suppose for simplicity that X C R2.
Assume for instance that at a given time ¢, the particle collides with another object
which introduces an instantaneous modification (force) on the momentum. Math-
ematically that variation on the momentum is given by a jump at time tg, that is
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AP, (w) = Pyy(w) — P,—(w). From the physical point of view, we have changed
the system: we no more have a single particle but a two-particle system. In the new
system the jump in the momentum of the first particle is (—1)x the jump in the mo-
mentum of the second particle via the law of conservation of the momentum. Suppose
that the magnitude of the jump in the momentum of the colliding particle (the instan-
taneous force) is ¢ > 0, and call {(w) its sign, that is £(w) = 1 if the main particle is
pushed forward, {(w) = —1 if it is pushed backwards. We then have

APy (w) = E(w)e = cAVy, (w),

where Vi (w) = §(w)1j,,00(t) and 1, o is the characteristic function of [tg, oo|
(or the Heaviside function at ¢(). The function ¢ — V;(w) has finite variations on
bounded intervals of the real line. Integration with respect to V' corresponds to the
customary Lebesgue-Stieltjes theory which turns out to be rather elementary in this
case: if f is a right-continuous function,

F(t) = L, ]f(s>dv;(w)= > f(5)AVi(w),
it 0<s<t

which allows to use the short-hand writing dF' = f(¢)dV (¢). Thus the equation of
motion is written simply

dXi(w) = JVH (X (w))dt + o(X,)dV;, Xo(w) = zo,

o(z) = (2) .
0P, () = cdVy(w).

More generally, we let assume that o is a function of the state of the system,
and denote by K (z) a function such that o(z) = JVK(x), for instance K (z) =

where

L q) . This yields to

dX;(w) = JVH (X (w))dt + JVEK(X,)dVi, Xo(w) = . (6)

Take h > 0 and consider times 7" = nh. We suppose that a sequence of im-
pulses take place at times 7' (w) < T (w) < ... < T'(w) < .. .. Then, the process

V becomes
[t/h]

Vi w) = Z En (W)l rn ), (@)D = Z &n,
n=0 n=0

where the sequence (&, (w))nen takes values in {—1,1}.
Assume that the masses of the colliding particles are all identical to c;. The
energy dissipated during the collisions will be proportional to

[t/h]
i D len()* = it/

n=1
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since |&, (w)|? = 1. To keep the dissipated energy finite as h — 0, we need to choose
¢, proportional to v/h. Let us examine what happens to X, which we denote X! to
underline the dependence on ¢. Notice that

Xt ) = X+ | VH(X s+ () VAVEG)

0

[t/h]

:X(’f(w)+/0tJVH(Xh( ))d8+< ) hZ§n

Now we are faced to the following problem: from one hand, the dissipated en-
ergy is h[t/h] which tends to ¢ if h — 0; but we currently have no tools to prove
that X converges. To cope with this problem we need to modify the mathematical
framework of our study by introducing probabilities.

1.1 Introducing probabilities

Consider the space (2 introduced before, endowed with the sigma-algebra F gener-
ated by its open subsets, the Borel sigma-algebra.

To solve the limit problem stated in the previous section, we consider a probabil-
ity measure PP for which the sequence (&), en satisfies:

e ¢, is P-independent of &, for all n, m;
1
o P, =+1)= B for all n.

Under these hypothesis we obtain that the characteristic function, or Fourier
transform of M} = /hV;" is

() = [T (%) = (o)

The last expression is equivalent to (1 — u2h/2)t/" as h — 0, thus

u?t

lim E (ei“th) —e 2. %)
h—0

In Classical Probability Theory, the above result is known as the Central Limit
Theorem, for the random variables M*: they converge in distribution towards a nor-
mal (or Gaussian) random variable with zero mean and variance .

However, that result can be improved.

We concentrate on the equation satisfied by the algebraic flow. If the trajectories
satisfy the equations

dXI = JVH(X]!)dt + JVK(X])dM], ®)
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the flow j'(f) = f(X}) satisfies
4L 0) = it adu (1)t -+ 3 i ()M o+ 3 (Gadicln) ) antfan, ©)

where ad 7 (f) = {H, f} the Poisson bracket, and ad% (-) = { K, {K,-}}. This can
be rewritten in the form

() = L0t ()t 4 (Gadk () (@Mart? —ar). 10)

where, )
Lf = jadi(f) +adu(f). (1)

We notice that the processes M" are square integrable martingales with respect
to the family of o-algebras F} generated by the variables &, k < [t/h]. We recall
that to each square integrable martingale M one can associate a unique predicatble
increasing process A such that M? — A is a martingale. The Brownian motion is
characterized by its associated increasing process: it is a continuous martingale for
which the associated process is A; = t. Thus, as a shortcut, we denote dM;dM,
the measure dA;. and we say that the Ité table dMPdM]* converges to dA; if the
process A" converges to A;. Now we can allow M" to be a general family of square
integrabe martingales.

Theorem 1.1. Assume that for all ¢ > 0, t > 0 it holds

EO [AM* Lapm o) — 0, (12)

s<t

as h — 0, then the It6 table dM]*dM}* converges in probability to dt if and only if
the processes M" converge in distribution towards a Brownian Motion.

This theorem is a particular version of the Central Limit Theorem for Martingales
(Rebolledo 1980).
We thus obtain that the limit equation for the trajectories is of the form

dXy = JVH(X;)dt + JVK(Xy)dWe, Xo = x. (13)
While that of the algebraic flow is

dje(f) == ji(Lf)dt + ji(ad g (f))dWr, (14)

where Lf is given by (11).
The semigroup which corresponds to this dynamics is given by

T, f(x) = E(ji: (f)| Xo = ). (15)

And its generator is L.
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The basic setting for Quantum Theory of a closed system is that of a complex
separable Hilbert space h: observables are selfadjoint elements of the algebra B(f)
of all linear bounded operators on b, states are assimilated to density matrices, or
positive trace-class operators p with tr(p) = 1. The dynamics is given by a group of
unitary operators (Us)scr. Assume for simplicity that U; = e~ % with H = H* €
B(h).

In this case, the evolution equation is simply:
dU; = —iHU,dt. (16)
The flow is the group of automorphisms j; : B() — B(h) given by
Ji(x) = UfxUs, (x € B(h)). 17

The equation of this flow is

djt(x) :jt(i[Hv detv (18)

and we define the semigroup as 7;(z) = j:(z).

The cahellenge is to provide a mathematical framework where one can include
the formalism of quantum Mechanics and that of classical Probability Theory. This
is required to properly speak about quantum open systems.

1.2 An algebraic view on Probability

An algebra 2 on the complex field C is a vector space endowed with a product,
(a,b) € A x A+ ab € A, such that

1. a(b+¢) = ab+ ac,
2. a(Bb) = Bab = (Ba)b,
3. a(be) = (ab)c,

forall a, b, cin A, 8 € C.

Definition 1.2. A *-algebra is an algebra 2 on the complex field C endowed with
and involution * : A — A such that

1. (aa + Bb)* = @a* + Bb*,
2. (a*)* =q,
3. (ab)* = b*a*,

forall a,b € AU, o, € C. Elements of the form a = b*b are called positive, they
form the cone of positive elements denoted by UAt. This cone introduces a partial
order on the algebra: a < bifb—a € AT, forall a,b € 2.

A *-algebra ® satisfies Daniell’s condition, equivalently we say it is a D*-
algebra, if it contains a unit 1; for any a € D7 there exists \ > 0 such that a < A1,
and any increasing net (an)ac1 of positive elements with an upper bound in ®* has
a least upper bound sup,.; a, in D+

An algebraic probability space is a couple (A, E) where 2 is a *-algebra on the
complex field endowed with a unit 1 and E : %4 — C is a linear form, called a state,
such that
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(S1) E(a*a) > 0, forall a € A (E (-) is positive),
($2)E (1) = 1.

We denote &(2L) the convex set of all states defined over the algebra 2.
Given another *-algebra B, a random variable on 2 with values on B is a
*-homomorphism
j:B -

Such a random variable, defines an image-state on B, the law of j, by E;(B) =
E(j(B)), B € B.

This is the more general setting in which essential definitions for a Probability
Theory can be given. As it is, one can hardly obtain interesting properties unless
further conditions on both the involved *-algebras and states being assumed. Let us
show first that the classical case is well included in this new theoretical framework.

Example 1.3. Given a measurable space ({2, F), consider the algebra 24 = bF of all
bounded measurable complex functions. This is a D*-algebra. The corresponding
algebraic probability space is then (2, E) where E (X) = [, X (w)dP(w), for each
X € 2, P being a probability measure on ({2, F).

Moreover, to a classical complex-valued random variable X € 2 corresponds an
algebraic random variable as follows. Consider the algebra ‘B of all bounded borelian
functions f and define jx (f) = f(X). The map

jX3$B—’Ql7

is clearly a *-homomorphism. In this case, the law E; (f) = E(f(X)), defined
on B, determines a measure on C endowed with its borelian o-algebra which is the
classical distribution of the random variable X.

Definition 1.4. Given an algebraic probability space (2, E), the state E is normal if
for any increasing net (x4,)acr of AT with least upper bound sup,, o, in 2 it holds

E <sup :ca) =supE(z,).

We denote S,,(20) the set of all normal states on the algebra 2. A pure state is
an element E € &,,() for which the only positive linear functionals majorized by
E are of the form AE with 0 < A < 1.

Any projection p € 2, that is p> = p, is called an event. However, the set
of projections in 2 could be rather poor and in some cases reduced to the trivial
elements 0 and 1.

Proposition 1.5. Given a *-algebra 2, pure states are the extremal points of the con-
vex set S, ().
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Proof. LetE be a pure state and suppose that E = AE; +(1—\)E; with E; € &,,(21),
(¢=1,2),and 0 < A < 1. Then E; < E contradicting that E is a pure state. Thus E
is an extremal point of the convex set &,,(21).

Now, if E is extremal, let suppose that there exists a non trivial positive linear
functional ¢ < E. We may assume 0 < ¢(1) < 1, otherwise we replace ¢ by Ap
with 0 < A < 1. Define

1 1
E, = w% Ey = W(E* ®).

L=
Both, E; and E; are states and E = ¢(1)E; 4+ (1 — ¢(1))Es. This is a contra-
diction since [ is extremal. Thus E is a pure state.

Before going on, let us say a word about the notation of states. In Probability the
notation [ is more appealing, however in the tradition of operator algebras, states are
oftenly denoted by greek letters like w. We will use both notations depending on the
kind of properties we wish to emphasize.

In the previous example, 2 contained non trivial events: all elements p = 1,
with £ € §. We will see later a commutative algebraic probability space which
has no nontrivial projections, but we first give a prototype of a non-commutative
probability space.

Example 1.6. Consider the algebra 20 = 90,,(C™) the space of n x n-matrices acting
on the space ) = C™. Given a positive density matrix with unit trace p, one defines a
state as E (A) = tr(pA). Thus, (2, E) is an example of a non-commutative algebraic
probability space.

An observable here is any self-adjoint operator X . Take B8 = 2, and U a unitary
transformation of C™. Then j(B) = U*BU, B € B defines a random variable.

In this case, 2 has non-trivial events: any projection defined on C”.

Example 1.7. Consider a compact space {2 endowed with its borelian o-algebra
B((2) and a Radon probability measure PP (or Radon expectation E (-)). Now, take
A = C(£2,C) the algebra of continuous complex-valued functions. The space (2, E)
is a commutative probability space with no nontrivial events. This is an important
space which is frequently used when studying classical dynamical systems.

The above is an example of an important class of *-algebras, the class of C*-algebras.

Definition 1.8. A *-algebra 2 endowed with a norm ||-|| is a Banach *-algebra if it
is complete with respect to the topology defined by this norm, which is referred to
as the uniform topology, and ||a|| = ||a*||, for all a € . A Banach *-algebra is a
C*-algebra if moreover,

* 2
la*all = llal”, (19)

foralla € 2.
A subspace S of a unital C*-algebra, is called an operator system if for any
seSonehass* € Sand1 € S.
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A von Neumann algebra on a Hilbert space by is a *-subalgebra Ot of B(h) which
is weakly closed. This is equivalent to I = M where the right hand term denotes
the bicommutant. Another equivalent characterization is that M is the dual of a
Banach space denoted M, and called its predual.

2 Completely positive maps

We start by extending the classical notion of a transition kernel in Probability Theory.
Let be given two measurable spaces (F;, &;), (i = a,b), and a kernel P(z, dy) from
Eyto E,. Thatis, P : Ey x &, is such that

e 1 — P(z,A)is measurable from Ej in [0, 1] forany A € &,;
e A P(x,A)isaprobability on (E,, &,) forall z € Ej.

We denote A (respectively B) the algebra of all complex bounded measurable
functions defined on E, (resp. Ejp). These are *-algebras (they have an involution
given by the operation of complex conjugation) with unit. Moreover, they are C*-
algebras since they are complete for the topology defined by the uniform norm. The
kernel P defines a linear map @ p from A to B given by ®p(a) = Pa, where

Pa(x) = /E P, dy)a(y),

foralla € A, x € Ej.
It is worth noticing that @p is a positive map, moreover it satisfies a stronger

property: for any finite collection of elements a; € A, b; € B, (i = 1,...,n), the
function
n p—
> bi®p(asa;)b;, (20)
i,j=1

is positive. Indeed, for any fixed x € Ej, P(z,-) is positive definite, so that for any

collection avy, . . ., o, of complex numbers, the sum
> o Plaia;) (@),
,J
is positive. It is enough to choose «; = b;(z), (i = 1,...,n), to obtain (20).

Now, take a probability measure i on (Ep, &), call 2 = By, x E,, F =&, Q® &,
and define a probability P on ({2, F) given by

E(b® a) = /E 1(dz)b(z) Pa(z), @1

wherea € A, b € B.

Under the probability PP, the random variables (X}, X, ), given by the coordinate
maps on Ej, x E,, satisfy the following property: p is the distribution of X; and
P(x,dy) is the conditional probability of X, given that X}, = z.
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We now study the construction of L?(£2, F,P). With this purpose consider the
family of random variables of the form X = >"" | b; ® a; with a; € A, b; € B,

(i = 1,...,n). The scalar product of two of such elements, is
D, x0) = [ i) S @) PP @@ @)
Ey i

Notice that (20) is needed if one wants to define the scalar product through (22).
Within this commutative framework, the property (20) is granted by the positivity of
the kernel. This fails in the non-commutative case.

Definition 2.1. Let be given two x-algebras U, B and an operator system S which
is a subspace of . A linear map @ : S — B is completely positive if for any two
finite collections a1, . ..,a, € Sand by, ..., b, € B, the element

> bid(aja;)b; € B,

,j=1
is positive.

The set of all completely positive maps from S to B is denoted CP (S, B).

We restrict our attention to C*-algebras and recall that a representation of a
C*—algebra 2 is a couple (w,t), where € is a complex Hilbert space and 7 is a
*~homomorphism of 2 and the algebra of all bounded linear operators on ¢, 5(¢).

Remark 2.2. Assume that the algebra B is included in B(h) say, for a given complex
separable Hilbert space h. Then the positivity of the element

> bid(aja;)b;,

ij=1
introduced before is equivalent to

n

> (u, by (a}az)bju) > 0,

i,j=1

for all u € h. Equivalently,
> (ui, @(a}az)uz) > 0, (23)
ij=1

for all collection of vectors uy, ..., u, € b.

Two complementary results, one due to Arveson and the second proved by Stine-
spring, show that complete positivity is always derived from positivity in the com-
mutative case. More precisely,
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Theorem 2.3. Given a positive map @ : A — B, it is completely positive if at least
one of the two conditions below is satisfied

(a) A is commutative (Stinespring [35]);
(b) B is commutative (Arveson [3]).

Proof. (a) Suppose B C B(h) for a complex and separable Hilbert space f. Since 2
is a commutative C'*-algebra containing a unit 1, it is isomorphic to the espace of
continuous functions defined on a compact Hausdorff space (the spectrum o (2()
of ). So that any element a € 2 is identified with a continuous function a(z),
x € o(2U). Therefore, since the map @ is positive, linear, and #(1) = 1, it follows
that for all u, v € b, there exists a complex-valued Baire measure with finite total
variation /i, ,, such that

(v, P(a)u)y = / Apty v (x)a(z).
o(2)
Take now arbitrary vectors uy, ..., u, € . Define

d//« = Z |dMui7uj |7
.3

where the vertical bars denote total variation of the corresponding measure. Then
each measure (i, ., is absolutely continuous with respect to the positive measure
. Let hy, o, denote the Radon-Nykodim derivative of fiy, o, . Putu = Do it
then

dﬂu,u = ZxAjhui,u]' d,va
,J

and since both measures 1, ,, and . are positive, it follows that
Zyi)\jhui,uj Z 07
4]

p-almost surely for all finite collection Ay, ..., A, of complex numbers.
Furthermore, for any collection a1, ...,a, € 2,

St ttaiagu) = [ dn@) | S al ), @ | 20

Thus, @ is completely positive.
(b) If B is commutative, we identify elements b of ‘B with continuous functions
b(x). Thus, given arbitrary collections aq,...,a, € 2, by,...,b, € B,

Z bk (I)a;;| Z bk (I)a;;| > 2 0
k k

ZW@(az‘aj)bj(x) =9 (
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Thus, the notion of complete positivity attains its full sense in the pure noncom-
mutative framework, that is, when both 2 and B are non abelian. For each n > 1, let
denote M, (2) the algebra of all n x n-matrices (a; ;), where a; ; € 2. Moreover,
to any linear map @ : A — 9B, we associate the map &,, : M, () — M,, (B)
defined by

B, ((a17)) = (P(ai). (24)

The following characterization follows imediately from the definition.

Proposition 2.4. Given two C*-algebras A and *B, a linear map ¢ : A — B is
completely positive if and only if D,, : M,, (A) — M,, (B) is positive for alln > 1.

Definition 2.5. A linear map ® : % — B is n-positive if &, : M,, (A) — M, (B)
is positive.

As we will see in the next section, the study of a linear map @ : A — ‘B through
the induced sequence of maps (®,,) is a powerful procedure. Especially because we
can use well-known features about matrix algebra to obtain results for linear maps
between C*-algebras.

For instance, consider a Hilbert space b, positive operators P, Q € B(}), and A
any bounded operator. Take A € C, and vectors u, v € h. Compute

<<)\UU) ’ (; g) <)\Uu)> = \2(u, Pu) + Mu, Av) + \u, Av) + (v, Qv).

Thus the right-hand term is positive if and only if
|(u, Av)|* < (u, Pu)(v, Qv). (25)

From this elementary computation we derive that the matrix

P A
(A*Q), (26)

is positive if and only if (25) holds. As a result we obtain:
Proposition 2.6. Let 2 and B be two C*-algebras. We assume that A has a unit.

1. Suppose a € A, then ||a|| < 1 if and only if the matrix

1a
a*1)’
is positive in Ms ().
2. Let b € U be a positive element of . Then a*a < b if and only if the matrix

1a
a*b )’

is positive in Mo ().
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3. Suppose that ‘B is also unital and that @ : A — ‘B is a 2-positive linear map
which preserves the unit. Then @ is contractive.

4. Let  be a unital 2-positive linear map as before. Then ®(a)*®P(a) < P(a*a),
for all a € . This is known as the Schwartz inequality for 2-positive maps.

Proof. 1. Taking a representation (7, h) of 2, let A = 7(a), P = @Q = 1in (26),
which is positive if and only if |(u, Av)|* < |u||* ||v||® for all u,v € b. This is
equivalent to the condition ||a| < 1.

2. Similarly, choosing P = 1, @ = w(b), A = w(a), the positivity of the ma-
trix (26) is equivalent to |(u, Av)|* < ||u||* (u, Qu), which holds if and only if
la*al = A < [|@2]]” = ||/2|?, that is, a*a < b.

3. Notice that for any a € 2 such that ||a|| < 1,

2 <al C11) = <¢(}z)* dsf))

is positive, so that ||®(a)| < 1.
4. For any element a € 2, the product

(60) (08) = (2 a0):

(e ala ) =0

By part 2 before, we obtain that &(a)*®(a) < $(a*a).

is positive. Thus,

Let { be a finite-dimensional space. The algebra B(f) is isomorphic to the algebra
of n x n matrices M,, for some n. Suppose that S is an operator system contained
in a C*-algebra 2 and let ¢ : A — B(f) be a completely positive map. An extension
theorem due to Krein shows that any positive map defined on S with values in C can
be extended to all of 2. So that, for all m, the positive map @, : M,, (S) — M,
can be extended to M,,, (). This means that the completely positive map @ : S —
M., can be extended to all of 2 that is, there exists a CP map ¥ : A — M,, such that
VU|s = &. The following crucial result proved by Arveson gives the main extension
theorem for CP maps.

Theorem 2.7 (Arveson). Let A be a C*-algebra, S an operator system contained
inAand ® : S — B(Y) a completely positive map. Then there exists a completely
positive map ¥ : A — B(h) which extends .

Proof. Consider the directed net F'D of all finite-dimensional subspaces f of f. De-
note P the projection onto f defined on h and call $5(a) = PjP(a)ls, a € S, the
compression (or reduction) of @ to f. From the previous discussion, we know that
there exists a completely positive map ¥ : 2 — B(f) which extends ¥, since
B(f) is isomorphic to an algebra of finite-dimensional matrices. Defining ¥; to be
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0 on the orthogonal complement of f, we extend the range of this map to B(b).
Moreover ||®5|| < [|®(1)]], for all f € FD, so that this net is compact in the w*-
topology by an application of the Banach-Alaglou Theorem. As a result, there ex-
ists a limit point, a completely positive map ¥, such that ||7|| < ||®||. We prove
that ¥ extends @. Indeed, let a € S, u,v € bh and denote § the vector space gen-
erated by v and v. Then, for any other finite-dimensional subspace f; of i which
contains f it holds (v, ®(a)u) = (v, ¥, (a)u). Thus, since f; is cofinal, we obtain
(v, P(a)u) = (v, ¥(a)u).

3 Completely bounded maps

The sum of completely positive maps is again completely positive as well as the
composition of two of such maps. Furthermore, any *-homomorphism of algebras is
completely positive. Thus, given any representation (m, £) of the C*—algebra 2, 7 is
completely positive. To summarize, the set CP(2(,B) of completely positive maps
from 2 to ®B defines a cone.

In a C*-algebra 2, the cone AT of positive elements defines a norm-closed con-
vex cone. If h € 2 is a self-adjoint element, the functional calculus shows easily
that h can be written as the difference of two positive elements. Indeed, it suffices
to use the decomposition of any real number z in its positive z+ = sup {z,0} and
negative parts x~ = sup {—z, 0}. Furthermore, using the Cartesian decomposition
of an arbitrary element a € 2, namely, a = h + ¢k, where h and k are self-adjoints,
one obtains

a=(ht—h7)+i(kT —k7),

where h*, kT are positive elements of 2. Thus 2 is the complex linear span of A
We want to extend this property to CP (2, 9B), for two C*-algebras. That is, we
want to study the complex linear span of the above cone.

Definition 3.1. With the notations previous to Proposition 2.4, let  : A — B be a
linear map. We say that ® is completely bounded if |9, := sup,, [|Pn| < oo.
The normed space of completely bounded maps from 2 to *B is denoted CB(%, B).

It is easily seen that CB(2(,B) is indeed a Banach space and any ¢ € CB(2, ‘B)
can be decomposed into a linear combination of completely positive maps. Indeed,
this theory in its current development, has obtained deeper results which the inter-
ested reader can follow in the book of Paulsen [28]. We limit ourselves to give below
a partial account of those important properties.

Proposition 3.2. Let S be an operator system in a C*-algebra with unitand ® : S —
B a completely positive map, where B is another C*-algebra. Then ® is completely
bounded and ||?|| , = ||2(1)]].

Proof. Tt is clear that |®¢(1)]| < ||®| < ||2]|,- So that we only need to prove that
12|l., < ||2(1)]|. Denote 1,, the unit of M,, (A). Let A = (a; ;) be in M,, (S) and
|IA]l < 1. The matrix,
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1, A
A* 1, )’
is positive, hence so is

1, A D,,(1,) Dn(A)
@271 (A* 1n> = (@n(A)* @n(ln)) :
Therefore, [|&,(A)[| < [|€, (1) = [[S(1)].

Like in Theorem 2.3 we obtain that bounded maps are completely bounded if its
range is an abelian C*-algebra.

Theorem 3.3. Let S be an operator system and @ : S — B a bounded linear map,
where B is a commutative C*-algebra. Then || 9P|, = ||P||.

Proof. Since B is commutative, we identify elements b of B with continuous func-
tions b(x) defined on a compact Hausdorff space X. Every element B = (b, ;) of
M., (B) is identified with continuous matrix-valued functions; multiplication is just
pointwise muliplication and the involution is the * operation on matrices. M., (‘B)
is a C*-algebra with the norm || B|| = sup {||B(z)|| : = € X}.

Let 2 € X, and define $* : S — C by $*(a) = P(a)(x). Thus,

[@n]] = sup{[|@}]| - = € X} =sup{||&7]|: =€ X} =[]

4 Dilations of CP and CB maps

Throughout this section we assume that the C*—algebras 2 and B have a unit de-
noted in both cases by the same symbol 1.

Theorem 4.1 (Stinespring). Let B be a sub C*-algebra of the algebra of all
bounded operators on a given complex separable Hilbert space ). Assume 2 to be a
C*—algebra with unit. A linear map @ : A — ‘B is completely positive if and only if
it has the form

B(x) = V*r(2)V, 27)
where (1, ¢) is a representation of A on some Hilbert space ¢, and V' is a bounded

operator from ) — ¢.

Proof. Assume that 2 and B are C*—algebras, with B C B(h), where b is a complex
separable Hilbert space. Let be given a completely positive map @ : A — ‘B. Take
two arbitrary elements z = >, a; ® u;, y = >, b;j @ v; in the algebraic tensor
product & ® b, where both sums contain a finite number of terms, and define

o = D (i, B(aib o).

Since @ is completely positive, {x, ) > 0. Denote
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N ={z € AR b;(z, ) = 0},
and introduce on the quotient space (2 ® h)/N the scalar product

(x + N,y +N) = (z,y).

By completion, we obtain a Hilbert space denoted &.
Our purpose now is to define a *-homomorphism 7 : 20 — B(&). This is done in
two steps. Firstly, define 7o(a) for a € 2 on elements of the form z before:

mo(a) (Z a; @ uz> = Z(aai) ® Uu,.

For x and y as before, 7 (a) is a linear application in 2f ® H which satisfies

{z, mo(a)y) = (mo(a”)z, y) (28)
Imo(a)z||* = (v, o (a"a)a) < [laalz, mo(1)a)
< llall®[l. 29)

From the above relations, 7y extends into a *-homomorphism 7 : % — B(¢) and
(m, €) is a representation of 2.
Moreover, we can define a linear operator V' : h — £ by

Vu=12u+N.
This is a bounded operator since
IVl = (u, @(1)u) < [[S(1)][]u]*.
Finally, @ may be written in the form
®(a) = V*r(a)V,

forall a € 2.
On the other hand, if @ is given through (27), an elementary computation shows
that @ is completely positive.

Thus we have obtained the celebrated characterization of completely positive
maps due to Stinespring [35] (see also [26], [30]). The representation (27) is not
unique. We call the couple (7, V') a Stinespring representation of ¢. Moreover, the
above representation is said to be minimal if {m(x)Vu : z € A, u € h} is dense in
¢. For a given completely positive map, the minimal representation is unique up to a
unitary equivalence.

Proposition 4.2. Let 2 be a C*-algebra and ® : A — B(b) a completely positive
map. Suppose two minimal Stinespring dilations (m;,V;,%;), i = 1,2, be given for
®. Then there exists a unitary operator U : ¥, — ¥ which satisfies UV, = Vo and
U7T1 U* = 9.
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Proof. Vectors like Z;’:l mi(a;j)Viu; form a dense subset U; of ¢;, (i = 1, 2). Thus,
the theorem follows from mapping these two dense subsets via an operator U. Define

U Zm(aj)Vluj = Zﬂg(aj)‘/gulj,
7j=1 j=1

for any integern > 1, a1,...,a, € A, u1,...,u, € . The density of U; and U,
implies that U is onto. It remains to prove that it is an isometry, which follows from
the computation below:

2

Zm(aj)vluj = Z(uivl*m(afaj)vluj>
Jj=1 i,j
= > {ui, B(a}a;)uy)
1,J
2

= (1D mala;)Vau,
j=1

If the completely positive map & is c—weakly continuous and preserves the iden-
tity, then its minimal representation (7, V') is such that 7 is o—weakly continuous,
and V is an isometry: V*V = 1. We denote by CP (2, B) the set of all c—weakly
continuous completely positive maps @ : 2 — B which preserve the identity. Fur-
thermore, in this case f) may be identified with the subspace V' of £, VV* becoming
the projection /% onto this subspace and the representation of @ can be written

®(a) = Pyr(a)ly,

for all @ € 2.
For a von Neumann algebra 2, and 8 = B(t), Kraus (see [23]) obtained the
following characterization of normal completely positive maps.

Theorem 4.3 (Kraus). Let be given two complex separable Hilbert spaces 0, £, and
a von Neumann algebra A of operators of §. Then a linear map & : A — B(¥)
is normal and completely positive if and only if there exists a sequence (V;);en
of linear bounded operators from € to Y such that the series 2;0:1 Vi aV; strongly
converges for any a € A and

B(a) = _VjaVj. (30)
j=1

Proof. It suffices to show that there exists a representation of a normal 7 in (27) lead-
ing to (30). Firstly, it can be shown that there exists a sequence of vectors (u,)nen
in b such that )~ lun||® = 1 and (2, 7(a)02) = > o {tn, auy), where {2 is a cyclic
vector for m ().
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Moreover,
lzunl® = (n, (2" 2)un) < (2, 7(2"2)R2) = |7 (2) 2|
Let then, V,,m(x){2 = xu,, for all z € A. Thus we have,
(m(x)2, w(a)m(z)§2) = Z<’/T(I)Q, ViaVim(x)(2).
J
Remark 4.4. The above representation can be improved by introducing an additional

arbitrary complex and separable Hilbert space b with an orthonormal basis (fn)nen.
Indeed, defining V' : ¢ — h ® h by

Vu:ZVju@fj, (uet),

J

then
P(a) =V*"(a®1)V, (31)

where 1 is the identity operator of 6 a €A
Remark 4.5. Following the same procedure used to prove the Kraus representation of
a completely positive map P, one can obtain a dilation based on random operators.
Indeed, take @ like in Theorem 4.3. Denote ' an orthonormal basis in § (which is
countable, since h has been assumed separable). On the space E define the o-algebra
of all subsets and define a probability 4 such that (2, w(a)$2) = [ (e, ae)u(de) =
Y ecnle,ae)u({e}) = E((-,a-)), where £ is a cyclic vector for m(%1).

Now define, like in the proof of 30, V(e)w(z)f2 = ze, x € A, e € E, which
yields,

(w(2)2,B(a)m(2)2) = Y p({e})(m(z)2,V*(e)aV (e)m(x)R2)

ecE
= E((n(2)2,V*()aV(-)m(x)$2))
= (r(2)2,E(V7aV) m(2)$2),
where E (V*aV) is interpreted as an operator-valued integral, so that
®(a) = / V*(e)aV(e)u(de) = E (V*aV), (32)
E

for all @ € 2.

Once established the representation for completely positive maps, the next result
giving the representation of completely bounded maps is quite natural.
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Theorem 4.6. Let 2 be a C*-algebra with unit, and let  : A — B(h) be a com-
pletely bounded map. Then there exists a representation (,¢) of 2 and bounded
operators V; : ) — &, i = 1,2, with |||, = ||V1]| ||V2|| such that

®(a) = Vi'n(a)Vsa, (33)
forall a € A If ||P|| ., = 1, then V} and V5 may be taken to be isometries.

Proof. We may assume |||, = 1 which implies that @ is completely contractive.
We first consider a general procedure to obtain CP maps from CB maps. Introduce

the operator system
Al a
s={(34) s amec anen).

and define ® : S — B(h @ b) by

‘I)(/\l a ) B < Al @(a))
b* wul ) \@)* pl J°

Since @ is completely contractive, a direct computation using (26) shows that
@ is completely positive and unital. Then, by Arveson Extension Theorem 2.7, the
CP map ® can be extended to the whole algebra M» (). Let (7, V, £) be a minimal
Stinespring representation for ®. Since ® is unital, V may be taken to be an isometry
and 7 unital. My (/) contains a copy of the algebra of 2 X 2 complex matrices, and
we may decompose € = £ £ to have 7 : My () — B(E & £) of the form

~((22) - G676

where 7 : 2 — B(£) is a unital, *-homomorphism.
Asaresult, V:Hh @ bh — €D tis an isometry and

(o ") =v (0 2 v

The isometric property of V implies that there exists a linear map V; : h — €, which
is also an isometry and such that

“()-()

One proves similarly the existence of V5 such that

0 0
v ()= (i)
Thus, we finally obtain

(@a ¢(b)> _ v (jr((a) 7(b) ) V= (1‘211(((3‘12 V1*7T((ib)V2> |
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Completely positive maps satisfy a stronger version of Schwartz-type inequalities
than the one proved before for 2-positive maps.

Theorem 4.7 (Schwartz-type inequalities). Let 2 and B be two C*-algebras with
unit, B C B(h) where Y is a separable complex Hilbert space, and let @ : 2 — B be

a linear completely positive map such that $(1) = 1. Then, for all ay, ... ,a, € 2,
UL, .-, Uy €h
> (ui [@(ajay) — D(a;) (a;)}u;) = 0. (34)
0,J
In particular, for all a € U:
&(a*a) > P(a)* P(a). (35)

Moreover, given any positive linear map ¢ : A — B such that (1) = 1 and
given any normal element A € 2 it holds

P(A"A) > o(A) p(A). (36)
Proof. Consider a Stinespring representation (m, V') for the map &. Since ¢(1) =
1, V is an isometry, so that V*V = 1. Take any collection ay,...,a, € 2,
ULy ..., Uy €N
> ui, ®(ajaj)uy) = O wGa)Vui, »_ w(a;)Vuy)
i i j

2

Z m(a;)Vu;

i

v Zﬂ'(ai)Vui

%

= (Z D(a;)u;, Z D(aj)uy)
= ZWn@(ai)*@(%‘)ug‘)-

>

The second part is an obvious consequence of the first.

For the third part, to prove the inequality in A with ¢ positive only, it is worth
noticing that we can reduce 2( to be the abelian algebra generated by A. Over that
algebra, positive linear maps are completely positive and the second part of the the-
orem applies.

5 Quantum Dynamical Semigroups and Markov Flows

An homogeneous classical Markov semigroup is characterized by a family (P;);>0
of Markovian transition kernels defined on a measurable space (E, £) which satis-
fies Chapman-Kolmogorov equations (or the semigroup property for the composi-
tion of kernels). Given a o—finite measure p on (E, £), A = L*>°(E, &, pu) represents
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the von Neumman algebra of multiplication operators acting on the Hilbert space
L?(E, &, ). In this case, the predual algebra is 2, = L*(E, &, ).

Moreover, (P;);>0 is a semigroup of completely positive maps acting on the von
Neumann algebra 2(. Additionally, this semigroup satisfies the following properties:

It preserves the unit: P,1 = 1, forall ¢t > 0.

Py = I, the identity mapping.

Each P; is o-weak continuous, that is, for any increasing net f,, of positive ele-
ments with upper envelope f in 2,

/E Py f(z)g(z)p(dr) = lim /E Py fo(z)g(x)p(dx),

for all g € LY(E, &, iu). Indeed, by the Monotone Convergence Theorem first,
Pifo(x) T P f(x), for all z € F; finally, to conclude, it is enough to apply the
Dominated Convergence Theorem to Py f,, (x)g(z).

All the above properties are crucial to face the extension of Markovian concepts
to a non-commutative framework. Moreover, it is well-known that the addition of
suitable topological hypotheses on the space (E, ), allows to construct a Markov
process associated to a given semigroup. One can take, for instance, F to be a lo-
cally compact space with countable basis and £ its Borel o—field. This leads to a
Markovian system

(Qv ]:7 (J:t)tzm (Pw)a:eEv (Xt)tZOa Ea 5)

. The semigroup and the process are then related by the equation

P f(x) = Eo (f(X4)),

for all f € 2, t > 0. Moreover, we choose an arbitrary initial probability v on
(E,€), and denote P, = [ P,v(dz).

Now consider the von Neumann algebra B = L*°((2, F, P, ). The Markov flow
is defined as a *-homomorphism j; : 2 — B given by

Je(f) = f(Xy),

forall f €A, ¢t > 0.

Inspired by these ideas we now turn into the non-commutative framework. We
start by defining a Quantum Dynamical Semigroup.

Introduced by physicists during the seventies, Quantum Dynamical Semigroups
(QDS) are aimed at providing a suitable mathematical framework for studying the
evolution of open systems. Typically, an open quantum system involves a dissipative
effect modeled through the mutual interaction of different subsystems. One com-
monly distinguishes between at least the “free system” and the “reservoir”.

In general a QDS can be defined over an arbitrary von Neumann algebra, as
follows:
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Definition 5.1. A Quantum Dynamical Semigroup (QDS) (respectively a Quan-
tum Markov Semigroup, QMS) of a von Neumann algebra n is a weakly*—
continuous one—parameter semigroup ()¢>o of completely positive linear normal
maps of w into itself such that T;(1) < 1 (respectively, T,(1) = 1. In addition, it is
assumed that Ty coincides with the identity map.

The class of semigroups defined over the von Neumann algebra ;. = B(h) of all
bounded operators over a given complex separable Hilbert space h, is better known.
In particular, several results on the form of the infinitesimal generator of these QDS
are available (see eg. [24], [13], [21]). We denote L the infinitesimal generator of
the semigroup 7', whose domain is given by the set D (L) of all X € B(f) for which
the w*~limit of t~1( (X) — X) exists when t — 0, and we define £(X) such a limit.

To have a view on the form of the generator, we consider a particular case of
QDS.

Definition 5.2. A quantum dynamical semigroup T is called uniformly continuous
if
lim [[7; — Tol| = 0.

From the general theory of semigroups it follows that a QDS is uniformly con-
tinuous if and only if its generator £ is a bounded operator. Within this framework
the canonical form of a generator has been obtained first by Gorini, Kossakowski
and Sudarshan in the finite dimensional case, extended later by Lindblad to a general
Hilbert space in [24], a celebrated result which we recall below in the version of
Parthasarathy ( [30], Theorem 30.16).

We start by a modification of complete positivity.

Definition 5.3. Let 2 denote a C*-subalgebra of B(h) which contains a unit. A
bounded linear map L(-) on 2 is conditionally completely positive if for any col-
lection ay,...,a, € Aand uy,...,u, € b such that Zl a;u; = 0, it holds that

> (ui, L(ajaz)ug) > 0.

%]

Theorem 5.4 (Christensen and Evans). A bounded linear map L(-) on the C*-
algebra given before such that L(a*) = L(a)*, for any a € U is conditionally
completely positive if and only if there exists a completely positive map P into its
weak closure U and an element G € 2 such that

L(a) =G"a+ P(a) + aG, 37)
for all a € A. Moreover the operator G satisfies the inequality G + G* < L(1).

Proof. We restrict the proof to the case 2 = B(h) for simplicity. The interested
reader is referred to the original paper [8] where this result is proved for a general
C*-algebra.

We first take £(+) given by (37) and prove conditional complete positivity.
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Take a1, ...,an € B(h), u1,...,u, € hsuchthat ), a;u; = 0. Then
D (i, L(afa)u) =Y (a:iGug, aju;)
] ,J
+ > (ui, D(aja;)u;)
,J
+ Z(aiui, CleUj>
,J
= <Z aiGui, Z ajuj>
i J
+ > (ui, D(aja;)uy)
]
+ <Z Qa;Usg, Z CLjG’LLj>
i J
= (ui, D(aja;)u;)
,J
> 0.
To prove the converse, fix a unit vector e € h and define
. 1
Gu = L(Ju){e])e = 5 (e, L(le)(el)e)u,
forallu € h. Given ay, ..., a, € B(h), ur,...,u, €5, let

Up+1 = €,

n
V= — E ajuj,

=1
|

J
ant1 = [v){e

Then Z;’ill a;u; = 0. Since L£(-) is conditionally completely positive,

M=

0<

i

(ui, L(aja;)u;)
1

&,
Il

+ D _(ui, L(|lajv){el)e)

v

Q
Il
-

\E

+ Q) _{e L(le)(ajvl)uy)

e, L(le)(el)e) [[v]*.

—~ .

+

Using the definition of G*, the sum of the last three terms becomes

171

(38)

(39)

(40)
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n n

D (ui, Grajv) + > (Grajv,ug) = =Y (u;, Grajaju;) — Y (ui,a}a;Guy).

i=1 j=1 i, i,j=1

If we define ¢(a) = L(a) — G*a — aG, the inequality we obtained here before

can be written
n

S (i, Blajay)uy) > 0,

ij=1

which means that @ is completely positive and the Theorem is proved.

Assume 7 to be a norm continuous quantum Markov semigroup on 5(}). By the
Schwartz inequalities, for any ay, ..., a, € B(h), u1,...,u, € h,and any t > 0:

n

> (ui, (Ti(a}aj) — To(as)* Tela;))u;) > 0

ij=1

The norm continuity of 7 implies that £(-) is defined as a bounded operator on
the whole algebra B(h), so that the above inequality implies

n

S us, (Llafay) — £(a})a; — a} Lag)uy) > 0,

4,j=1
from which, if Zz a;u; = 0, it follows easily

n

> (wi, L(aja)u;) > 0.

ij=1

So that £(-) is conditionally completely positive. As a result, the following char-
acterization follows.

Theorem 5.5. Given a norm continuous quantum dynamical semigroup T on B(h),
there exists an operator G and a completely positive map ® such that its generator
is represented as

L(z) =Gz + D(z) + 2G, (x € B(h)). 41)

Since B(h) is a von Neumann algebra, the representation before can be improved
using Kraus Theorem to represent the completely positive map &.

Theorem 5.6 (Lindblad). Let be given a uniformly continuous quantum dynamical
semigroup on the algebra B(h) of a complex separable Hilbert space b. Let p be
any state in h. Then there exists a bounded self-adjoint operator H and a sequence
(Lk)ken of elements in B(Y) which satisfy

(1) tr pLy, = 0 for each k;
(2) >, Li Ly is a strongly convergent sum;
(3)If >, lex]? < coand co + Y, cx Ly, = 0 for scalars cy, then c, = 0 for all k;
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(4) The generator L of the semigroup admit the representation

1
LX) =i[H, X] - 5 > (LiLeX — 2L XLy, + XLjLy),
k

forall X € B(b).

This result has been extended by Davies (see [13]) to a class of QDS with un-
bounded generators.

Generators of QDS commonly appear in Physics articles in its predual form. That
is, given the von Neumann algebra 20 = B(b) its predual space consists of 2, =
T'(h) the Banach space of trace-class operators. A quantum dynamical semigroup
7T induces a predual semigroup 7, on 2(, given through the relation

tr (T.(Y)X) = tr (VT (X),

forany Y € 2A,, X € 2.

The generator of the predual semigroup is denoted £,. What is usually called a
master equation in Open Quantum Systems, is referred to the relation between the
predual semigroup and its generator, written in the form

=i = Lapy),

dt Pt (pt)

where p; = T.:(p), for any ¢ > 0, p being a state, that is, an element p € 2, with
unitary trace.

6 Dilations of quantum Markov semigroups

It is worth noticing that in general a QDS is not a *~homomorphism of algebras. Such
a property concerns quantum flows and the concept of dilation which we precise
below. We first introduce the algebraic notion of conditional expectation.

Definition 6.1. Let B be a von Neumann algebra endowed with a state E. A condi-
tional expectation on B is a linear completely positive map Ey : B — B which
satisfies

1.Ey(1) =1,
2. EoEy =E,
3. Eq (aEg (b)) = Eo(a)Eq(b), for all a,b € B.

Definition 6.2. A dilation of a given QDS is a system (B,E, (B, E, ji)i>0) where

1. B is a von Neumann algebra with a given state E;

2. (By)¢>o s an increasing family of von Neumann sub-algebras of B;

3. Forany t > 0, E, is a conditional expectation from B onto *B,, such that for all
s,t >0, EGE; = Egay;
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4. All the maps j; : A — ‘B, are *—~homomorphisms which preserve the identity
and satisfy the Markov property:

Esoje = Js oTi .

J = (ji)t>o0 is known as a Quantum Markov Flow associated to the given
0ODS.

We call the structure B = (B, E, (B4, E;):>0) a quantum stochastic basis.

The canonical form of a quantum Markov flow is given by j;(X) = V(£)* XV (¢),
(t > 0), where V(t) : 2 — 9B, is a cocycle with respect to a given family of time-
shift operators (6;),>¢. To be more precise

Definition 6.3. Given a quantum stochastic basis B, a family (0;);>0 of *~homo-
morphisms of *B is called a covariant shift jf

0o(Y) =Y,

0:(05(Y)) = 0r+5(Y),
0:(0:(Y)) =Y,
0:(Eo(0s(Y))) = E¢(0r45(Y)),

foranyY € B.
A family (V(t))1>0 of elements in B is a left cocycle (resp. right cocycle) with
respect to a given covariant shift whenever

V(t+s)=V(s)0s(V(t)), (resp. V(t+5) = 0,(V(t))V(s)), (s, >0). (42)

6.1 A view on classical dilations of QMS

Throughout the following examples we construct classical probabilistic dilations of
QMS. We explain further how to proceed with quantum probabilistic dilations.

Example 6.4. According to the above definition, the quantum dynamical semigroup
associated to the Schrodinger equation is

T(X) = U* () XU (),

where U (t) = e~ and H is a self-adjoint operator in B(h).

Here 7; is itself a *~homomorphism; U is a fortiori a cocycle with respect to
the trivial shift 6, = 6, = I. The differential equation satisfied by U is simply
dU(t) = —iHU (t)dt and the generator of 7 is given by

L(X)=1i[H,X], (X € B(b)).

Example 6.5. Let be given a filtered probability space ({2, F, (F;)¢>0,P) where a
classical Brownian Motion W = (W});>¢ is defined and a complex separable Hilbert
space . For instance, let {2 to be the space C(R,R) of continuous real functions
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endowed with the Wiener measure P, W;(w) = w(t), forany w € {2, ¢ > 0. consider
the stochastic differential equation:

dpy = (—iH + K)Yedt + LapydWy; g = 1), (43)

where H = H*, K = K*, L are elements of B(h) and ¢ is a fixed unitary vector of
b.

This equation has a unique solution (1;);>0, with 1 € L%(Q, F,P), (t > 0).
To have E(||¢||?) = 1 forall t > 0, K and L need to satisfy additional conditions.
Indeed,

d(the, i) = (dpe, ) + (e, dipe) + (daby, diy)

Thus, dE({¢+,+)) = 0 if and only if

K= %L*L. (44)

1
Furthermore, call Z(t) = (—iH — iL*L)t + LW,. This is an operator-valued semi-

martingale and the stochastic Schrodinger equation may be written

dipy = dZ (), o = .

Notice that L{ ({2, F, P) is isomorphic to h ® Lz (2, F,P). And we can define
an operator-valued (classical) stochastic process V : 2 x Ry — B(h), such that
V(-,t): h— b Li(92,F,P), forany ¢ > 0, which associates to each unitary 1) €
h the unique solution ¢, of (43). This operator-valued process may be interpreted as
a family (V'()):>0 of applications belonging to the algebra Lz (£2, F,P), that is
V iRy — Ly, (2, F,P), given by t — V(-,t). The process V(t) is given as the
solution to the (rlght) operator-valued linear stochastic differential equation:

AV (t) = (—iH — %L*L)V(t)dt + LV ($)dW, = dZ(H)V(t), V(0) =1. (45)

We now consider the classical shift operator 6; : 2 — (2, given by 0,(w)(s) =
w(t + s) for any s,t > 0, w € 2. This induces a shift, denoted 6, as well, on the
clements Y € B = Ly, (12, 7, P) given by

0s(Y)=Y ob;.

This shift is covariant with respect to the family (E(-/F;)):>0. that is:

6o(Y)=Y,forany Y € B;
0s(Y)) = 9t+s( );

F(0:(Y)) =

E6;(Y) ) E(0:15(Y)/F)-

0
e
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V(t) is then a right cocycle with respect to this family of applications since, like in
the classical case, the following relation is satisfied:

Viw,t+s) =V(0s(w), )V (w,s).
We now define the corresponding flow as
Ji(X) = V()" XV (1), (X € B(h)).
And we obtain

djp(X) = dV ()" XV () + V()" XdV (t) + dV ()" XdV ()
= V()" dZ(t)* XV (t) + V()* XdZ)V (L) + V(£)*dZ(t) XdZ(t)V (¢)

= Je(L(X))dt + ji(a(X))dWr, (46)

where,
L(X) =i[H,X] 7%(L*LX72L*XL+XL*L); A7
aX)=XL+L"X. 48)

Now, the associated quantum dynamical semigroup is given by
7(X) = E(j:(X)),

which has a generator obtained from the structure equation (46), and given by (47).

Thus, stochastic Schrodinger equations are naturally included within the frame-
work of quantum dynamical semigroups. They represent a classical dilation of the
QDS whose generator is (47). The adjective “classical” is used here for the proba-
bilistic model used to dilate the semigroup. A given QDS may have many different
dilations, based upon classical or quantum noises.

This example may be generalized as follows: take a collection (W7);>1 of inde-
pendent Brownian motions, and operators L; € B(h) such that ), L7 L; converges
in B(h). Consider the stochastic Schrdinger equation:

. 1 X j
dipy = (—iH — §ZLij)wtdt+ZLdetj¢t, Yo = . (49)
J J
The corresponding associated QDS has a generator of the form

1
LX) =i[H,X] = 5y (LjL;X — 2L XL; + XLjL;). (50)

J

We profit of this example to explain a useful notation for stochastic differentials
due to Belavkin. Introduce first the noises as follows:

A3(t) =, (51)

A%(t) = Wi = Ad(t), (52)
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forall j > 1,¢ > 0. These are real scalar noises, thus the expression Af;* has a trivial
meaning. However, due to the further extension to operator noises, we adopt the
convention A%* = A}*. Moreover we use the customary convention of probabilists
for writing characteristic functions: 17, means that we write 1 if condition {...} is
satisfied and O otherwise.

With these notations It6’s formula is written in a compact differential form as

dA},dAS = dASAAY, = 1 k>0, 0—m—0ydAY. (53)

Moreover, if we denote L9 = L; = Lj forall j > 1and L} = —iH —

1
3 > ; LiLy, L? = 0 for j, k > 1 the equation of the cocycle becomes

dV (t) = dZ(t)V (t),
where

= > LidA (). (54)
3,k=0
Furthermore, to obtain the structure equation for the quantum flow j;(X) =
V(t)* XV (t) we use the above equation and (53) yields
&jr(X) = d(V(t)*XV( )

) dz(t)" XV (t)
)" Xdz(t)V (1)

V(

V(

V(1) dZ (1) XdZ(t)V (¢)
- MZ LLrdAL (H)X)
Z

lm

XL, dAS (t

=+ ]t( Z Li*d/l]( )XLfndAfn( ))
lm,j.k

As a result,
oo

din(X) = Y Gu(07(X))dAL, (1), (55)

£,m=0

for all X € B(h), where (6")¢,m, is called the family of structure maps of the flow,
given by

0p(X) =L X + XLy" + > Li" XLy, (56)
k=1
for any ¢/, m € N.

Since the QDS is given by 7;(X) = E(j;(X)), it is worth noticing that we
recover the generator of the semigroup through the structure map 63(X) which is
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associated to the noise dAJ(t) = dt because the other noises are projected by E on
0:
LX) =00(X)=L{*X +XL{+> LY*XL}
k=1
1

= ilH,X] - 5

> (L3L;X —2L3XL; + XL7Ly).

J

Example 6.6. Consider again a classical probability space ({2, F,P) where we sup-
pose defined two independent Poisson processes N¢, N¢ with respective intensities
Aa; Ad. In addition, we take a unitary operator U defined on a given complex separa-
ble Hilbert space h. Consider the stochastic differential equation

dV(t) = {(U — )dN{ + (U* = I)dN#}V (t), V(0) =1, (57)

This equation provides a unitary cocycle V. Moreover, using Belavkin notation we
put .
Li=U~-1, L3 = (U*-1I); L], =0, otherwise,

A} =N“, A3 =N*.

The It6 multiplication rule becomes

dAr

m

dAS = dASdAY, = 1 j—g—m>0ydA] (58)
With this choice of notations, the computation of the structure maps gives
01(X)=U*XU — X;05(X) =UXU* - X, (X € B(b))
that is the equation for the flow is
dje(X) = j(U*XU — X)dN + j,(UXU* — X)dN{,
Since E(N{) = A\yt, E(N?) = Agt, the generator of the QDS has the form
L(X)=XU'XU-X)+MUXU* - X), (X € B(h)). 59

In particular, take h = [2(Z) with its canonical orthonormal basis (e,, ). We define
the right shift as Se,, = e,,41, and the number operator Ne,, = ne,, (n € Z). Take
U = Sand X = f(N), where f(N)e, = f(n)e, for all n € Z, f being any
bounded function defined on the integers. Then (59) gives

LF(N) = Aalf(N +1) = f(N)) + Xa(f (N = 1) = f(N)),

which coincides with the generator of a birth and death process.
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Example 6.7. Take E to be a compact space and call £ its Borel o-field and a prob-
ability space ({2, F,P). Given a finite measure p on (E,E) we consider a marked
Poisson process with intensity p which is characterized by a double sequence of
random variables (§,,, T}, )n>1 taking values in E' x R such that

N(A[0,4]) = b, 1) (Ax]0,1]),

n>1

has a Poisson distribution with intensity parameter u(A), forall A € £,¢ > 0.

Consider a family (U(x)),e g of unitary operators on a given complex separable
Hilbert space h and a selfadjoint operator . Moreover, we assume that the map = +—
U(z) from E into B(h) is measurable (strong or weak measurability are equivalent
in this case). We consider a Schrédinger equation where the dynamics is perturbed
by random kicks as follows

dpy = —iHdt + Y (U(n) = Do, L, <eet i} (60)

n>1

The above equation may be written for a cocycle as
av(t) = [—int + / (U(x) — I)N(dx,dt)} V(t). (61)
E

To justify the above expressions, we verify the integrability of the map = —
U(z) — I with respect to the Poisson process. Indeed, for any ¢ > 0,

E (/ U (x) — I||N(dm,]0,t])> <2u(E) t < 0.
E
Proceeding as we did in the previous examples, we examine the differential equa-

tion satisfied by the flow j:(X) = V(£)* XV (¢), (t > 0, X € B(h)). Here we have
dZ(t) = —iHdt + [, (U(x) — I)N(dx, dt), therefore

djp(X) = ju(dZ(£)* X + XdZ(t) + dZ(t)* X dZ(t)).

We use again the Itd’s rule, which becomes here N({z},dt)N({y},dt) =
02N ({y}, dt), it follows

dji(X) = jo(i[H, X])dt + /E je(U(2)" XU () — X)N(de, db).
Finally, taking expectations
T(X) =T ( [t x)+ [ ey xve) - X)u(dx))d8> ,

which means that the generator £ of the QDS has the form
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L(X) =i[H,X] + / (U(x)" XU(x) = X)pu(dx), (X € B(bh)).  (62)
E

It is worth noticing that the master equation associated to (62) provides an exam-
ple of a quantum Boltzmann equation. Indeed, the master equation is simply

Op _

op = Le(pe), po=p eI (h).

Now, introduce a collision map

a(p) = [E (U@)pU ()" — p)pu(de).

This allows to write the predual generator as L.(p) = —i[H, p] + k«(p), and the
master equation becomes:

0, .
S ilH. pi] = 5 (o), po = p. (63)

6.2 Towards quantum dilations of QMS

The above examples provide a partial view on quantum dynamical semigroups, in
all these cases the generators are bounded which is not satisfactory from the point of
view of physical applications. Moreover, the dilations have been built in a classical
manner through Wiener or Poisson processes. More general dilations, that is, those
obtained with quantum noises are more suitable for the description of open quantum
systems. Quantum noises appear naturally within the framework of Fock spaces.
Numerous authors (see for instance [26]) have stressed the main advantage of a (bo-
son) Fock space: that structure supports both, the Canonical Commutation Relations
(CCR) and a theory of stochastic integration with respect to quantum noises provid-
ing a non commutative version of Itd’s algebra for differentials.

Furthermore, the study of linear quantum stochastic differential equations with
unbounded coefficients have been done by several authors. Namely, Fagnola in [11]
established a useful criterion on the existence and uniqueness of solutions to equa-
tions of the form

V() = V() S Lpda (t),
l,m

where the processes A%, are quantum noises. We will use this result in the sequel.
Notice that V() appears here on the left of the right-hand side of the equation.
This is done to simplify the handling of domains which appear as a major prob-
lem related to unbounded coefficients. As a result, one uses to write flows like
Ji1(X) = V() XV (t)* instead of V' (t)* XV (¢). So that, these notes have a natural
continuation in Franco Fagnola lectures on the Theory of Quantum Stochastic Dif-
ferential Equations and in our joint work on the qualitative analysis of QMS, both
texts appearing within the current series of lecture notes.
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Summary. Quantum stochastic differential equations dU; = FgUtdAZ (t) and dV; =
VtngAg(t) driven by the fundamental noises of boson Fock quantum stochastic calculus
with Fjg' and G5 operators on the initial space are discussed. The existence and uniqueness
theorems and the conditions on the Fg" and G'3 for the solutions to be a process of isometries
or coisometries are studied. The application to the dilation of quantum Markov semigroup is
illustrated.

1 Introduction

Quantum stochastic differential equation (QSDE) are stochastic differential equations driven
by various types of noises (boson, fermion, free, boolean processes like Brownian motions,
Poisson processes, Levy processes) arising in Quantum Probability and its applications.
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QSDE usually describe some quantum mechanical evolution and, therefore, are linear.
However, as an additional natural requirement, one would like to find solutions given by fam-
ilies of unitary operators (or *-homomorphic maps) and not arbitrary families of random vari-
ables like solutions of classical stochastic differential equations.

The various types of noise usually do not lead to different methods therefore QSDE can
be divided into two classes: QSDE for operators on Hilbert spaces and QSDE for maps on
operator algebras (C* or von Neumann algebras). From an analytic point of view the two
classes correspond, roughly speaking, to stochastic equations on Hilbert spaces and stochastic
equations on Banach spaces.

In these lecture notes we are concerned only with QSDE of the type of Hudson and
Parthasarathy and look for solutions given by families of unitary operators.

The noises are multidimensional versions of the creation (A ;¢ > 0), annihilation
(A¢;t > 0) and number process (A;;t > 0) on the boson Fock space over L?(IR;). Hud-
son and Parthasarathy [26] introduced stochastic integrals with respect to the three processes
and developed a stochastic calculus which is a non-commutative analogue of the classical 1t6
calculus.

They also solved the QSDE of the form

dU; = (FidAf + FodA; + F3d A, + Fudt) Uy
dVi = Vi (G1dA] + Gad Ay + GsdAy + Gadt)

where Fi,..., Fy,G1,...,G4 are bounded operators on a Hilbert space h called the initial
space and the families of operators (Uy; ¢ > 0), (V4;¢ > 0) are the solutions. We shall call the
first (resp. second) equation the right (resp. left) equation following a usual terminology (see
Meyer [31]). The operators U; and V; are related to the evolution of a quantum mechanical
system therefore it is a natural requirement in all the applications for them to be unitary or, at
least, isometries.

This entails some algebraic conditions on the operators Fi, ..., Fix G1,...,G4 playing
the role of a priori estimates on the solution. Under these conditions a QSDE appears as a
stochastic generalisation of the Schroedinger equation.

The family of operators (Uy; t > 0), (V4;t > 0) provide homomorphic dilations j:(a) =
Ui aUy, ki(a) = ViaV," of a completely positive evolution on the von Neumann algebra B(h)
of all bounded operators on the Hilbert space h and can be regarded as quantum stochastic
processes in the sense of Accardi, Frigerio and Lewis [2].

In these notes we develop a theory of QSDE of the type of Hudson and Parthasarathy
discussing the existence and uniqueness results, conditions for solutions (Uz;t > 0), (Vg; t >
0) to be families of unitaries, properties of solutions (cocycle property and regularity) and
showing the application to the dilation of quantum dynamical semigroups.

We do not discuss applications to concrete and special physical models for lack of space.
Some of them have been developed in the references listed at the end of the paper and other
can be found in the lecture notes by A. Barchielli on Continual Measurements in Quantum
Mechanics. Several applications, however, have not yet been studied; these will certainly stim-
ulate the development of other methods and techniques in this growing subject.

2 Fock space notation and preliminaries

Let h be a complex separable Hilbert space, called the initial space, and let k be another
complex separable Hilbert space. Let H = h @ F be the Hilbert space tensor product of h and
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F = I'(L*(IR+;k)), the symmetric Fock space over L?(IR; k). The symbol ® denotes the
tensor product for Hilbert spaces and their vectors; the symbol ® denotes the algebraic tensor
product. We shall omit these two symbols whenever this does not lead to confusion. Moreover
we identify bounded operators defined on a factor of a tensor product Hilbert space with their
ampliation.

Choose and fix an orthonormal basis (ex)r>1 of k and put

M = {f € L*(R:K) 0 Lig (R4 k) | (ex, f(2)) =0
identically in ¢ for all but a finite number of k’s }

E =lin{e(f) : f € M}.

where e(f) = ((n!)~Y/2f®"),>0 is the exponential vector associated to the test function
f. The notion of adaptedness plays a crucial role in the Hudson and Parthasarathy [26] the-
ory of quantum stochastic calculus. This is expressed through the continuous tensor product
factorisation property of Fock space: for each ¢ > 0 let

Fi = L(L*([0,t[;k)), F'= [(L*([t,00[;k).

Then F = F; ® F' via the continuous linear extension of the map e(f) — e(f|jo) ®
e(f|[t,001)> and F; and F * embed naturally into F as subspaces by tensoring with the vacuum
vector. Let D be a dense subspace of h. Vectors ue(f) and ve(g) withu,v € Dand f,g € M,
f # g are linearly independent and the set h ® £ is dense in H. Therefore we can determine
linear (possibly unbounded) operators on H by defining their actionon b ® £.

Definition 2.1. An operator process on D is a family X = (X¢;t > 0) of operators on H
satisfying:

(@) Mo Dom(X,) D DG &,
(ii) t — Xiue(f) is strongly measurable,
(iii) Xeue(fljo,¢[) € h ® F, and Xeue(f) = [Xeue(fljo,01)] @ e(flit,000);

forallue D, f € Mandt > 0.
Any process satisfying the further condition

(iv) fot | Xsue(f)||? ds < oo forallt > 0,

is called stochastically integrable.

Note that condition (ii) is equivalent to weak measurability since all the Hilbert spaces here are
separable. Hudson and Parthasarathy [26] defined stochastic integrals fot X dAF(s) where
A7 is one of the fundamental noise process defined with respect to the fixed basis of k. The
integral has domain D ® £ and the map ¢ — f Ot X dA%(s) is strongly continuous on this
domain.

The quantum noises in 7, {A5 | o, 3 > 0} are defined by

Aj(t) = AT (1 ®les)) = AL(t) if 3> 0,
A5(t) = A(lp,q ®les)(eal) if a, 3 >0,
A5 () = A(lp,g ® (eal) = A%(¢t) ifa >0,
A1) =t1
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where AT, A, A denote respectively the creation, annihilation and gauge operators in F de-
fined, for each v € h and each e(f) € F by

d
AT (10, ® |em))ue(f) = Eue(f + €ljo,q€m)

€=

A(Ljo,4 ® |lem)(ec|)ue(f) = —idiue (eid[m‘]@‘em”e“f)
€

AL, ® (ec)ue(f) = (ecljo,y, f) ue(f).

We refer to the books of Meyer [31] and Parthasarathy [34] or Attal [7] for the theory of
quantum stochastic calculus. This could be developed also using the language of white noise
analysis through Wick products (see Obata [33]). We prefer, however, to use a language closer
to the original (Hudson and Parthasarathy [26]) which is presently more widespread.

A stochastic integral IX = I + fot X dAg(s), with I operator on h satisfies the
so-called first fundamental formula of quantum stochastic calculus

e=0

t

(ve(g), Ii" ue(f)) = <ve(g)715{ue(f)>+/gﬁ(S)fa(S)@e(g)»Xsue(f)>ds )

0
forallu € h,v € D, f,g € M andt > 0. Here f* are the components of the k-valued
function f, by convention we set f® = 1 and f.(s) = f<(s). The second fundamental
formula, the 116 formula, gives the product (I} ve(g), I ue(f)) of I{* with another stochastic
integral I} = I + f(: Y, dAL(s) as

(1Y ve(g), IS ue(f)) + / LY velg), Xoue(1)gs(5)5°(5) @

+(Yavelg), LN ue(/))g,(5)1* (5) + T (Yive(g), Xoue(/))gu(5)S° (s) } ds

where 0 is the matrix defined by 35 =1lifr=0>0and ZS\E = 0 otherwise. The Itd formula
is written shortly as
dA}dAG = 65d A7
The following inequality can be proved by a simple application of the Itd formula together
with the Gronwall lemma. It plays an important role in the construction of the solution of the
simplest QSDE.
Proposition 2.2. Let X5 (o, B > 0) be stochastically integrable processes such that

t

S [ IXEYue())1? dr < 400

p>0"0

forallt > 0, w € D, f € M and all a. For each and t > s > 0 the series
Yo s fst X5(r) dAS (rYue(f) is norm convergent and

S [ x50 aaiuels)
a,p v

where c&(f) is the constant

<) [ S IXs0uen|* lotr)ar
o,

S

t
1+|f(r 2)dr
() = 2d(pel- IO
with d(f) number of non identically 0 components f* and |f(r)|* = ooy IFE()P
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Proof. Let Z! denote the left-hand side stochastic integral. By the Itd formula we have

|Zeue(n)|? = 2 3 / Zue( ), X5 (r)ue() fu 1) (r)dr
a,8>0
FY Y / (XY (r)ue(f), X (r)ue(f)) far) f* (r)dr
v,a2>0 £2>1
—on Y / Ziue(1), 3 Falr) X5 (ryue(1)) S (1)
B>0 a>0
+Z/ Zf(’ VX7 (r)ue(f) dr

£>1 a>0

For each 8 > 0 let

) =Y falr)X§ (ryue(f).

a>0

The Schwarz inequality for the scalar product (-, -) in H and for the double integral given by
sum on 3 > 0 together with the integral on [s, t] shows that the term 2%Re(- - - ) is not bigger

than
1/2
( / S 1z ue(PIPIF () |dr> ( / Z|m<r>ue<f>|2dr> .

B=0 B>0

Thus, since » 40 [F2(r) |2 = (1+]|f(r)|?), the elementary inequality for positive real num-
bers 2ab < a® + b leads to the inequality

|Ztue() / 1Zuel )P+ 1) Par+2 [ S faa(rhue ) Par
s B3>0
and then, by Gronwall Lemma,
1 d k
| Ztue(r)|? <2ef A+ / > s (ryue(f)|dr.
S B>0
Now the norm inequality
s ()1 < d(£) D IXE (ryue(f)]P|fa(r)]®
a>0

implies then the claimed inequality. O

The inequality in Proposition 2.2 allows us to establish estimates on iterated stochastic
integrals and then solving the simplest quantum stochastic differential equations by the usual
Picard iteration method. The analogs in other stochastic calculi (fermion, free, boolean, ...)
lead to similar results for quantum stochastic differential equations driven by other noises.
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3 Existence and uniqueness

We now study the left and right QSDE:

dVi = ViG5dAS(t), Vo =1, 3)
dU; = F§U dAS(t), Up =1, 4)

where G = [G§la,p>0 and F' = [F§]a,s>0 are matrices of operators on h, and Einstein’s
summation convention for repeated indices applies, with greek indices running from 0 and
roman indices running from 1.

Here we will look for contractive solutions of these equations, that is V' or U such that V;
or Uy is a contractive operator for each ¢. Indeed, this is by far the most interesting case in the
applications.

Let D C h be a dense subspace.

Definition 3.1. An operator process V' is a solution of (3) on D ® & for the operator matrix
Gif
(L) Dc), 3 Dom(G3),

(Lii) the linear manifold (Ua,gGg (D)) ® & is contained in the domain of V; for all t > 0,
the processes (V:G3;t > 0) are stochastically integrable and

t
> [ IViGhue(f)|Pds < oo

3200
foralla >0, ue D, feM,
(Liii) ,
V, = 11+/ V.G§ dAS(s).
forallt > 0. '

The integrability condition in (Lii) is obviously satisfied when the Hilbert space k is finite
dimensional.

For the right equation (4) the situation is in general more complex since there is no reason
to expect that, for any solution U, the range of each U, should lie in an algebraic tensor product
of the form D’ ® JF. For this reason we only define solutions of (4) when each component Fg
of F' is closable. In this case it can be shown (e.g. Fagnola and Wills [22], Section 1) that the
standard ampliation I'§' © 1 to H is closable.

Let D be as above.

Definition 3.2. A process U is a solution of (R) on D ® & for the operator matrix F' if

(Ri) Ut U(DOE) C ﬂaﬁ Dom(fg © 1),
(Rii) each process F’ 50 1U is stochastically integrable, and

t
> | IF 0 1Uue(f)|*ds < oo
p>0"0

forallaa>0,u e D, f € M,
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(Riii)
t
Uy = 11+/ F§ O 1U, dAS(s).
0

In order to deal with stochastic equations driven by a possibly infinite number of noises
(i.e. with k infinite dimensional), in this Section, we shall assume that the operators g and
Fg satisfy the so-called Mohari-Sinha summability condition: for all a > 0 there exists a
constant c¢() such that

SOIGHul® < cle)?lull®, D IFSul® < (@) |lull? 5)

820 B>0

for all u € D where c(a) is a positive real constant.

Since the domain D is dense in h, the above condition implies that the operators G5
and Fg are bounded and the inequality (5) holds for all u € h. Moreover, note that these
inequalities imply that the column of operators [G% G}; ...]T defines a bounded operator on
h — @®a>o0h for each 5. Of course, when the Hilbert space k is finite dimensional, (5) is
equivalent to boundedness of all the G and Fg'.

It is easy to prove the following

Theorem 3.3. Suppose that (5) holds. There exist operator processes (Vi; t > 0) and (Ug; t >
0) solving (3) and (4) on h © E.

Proof. Both the operator processes (Vi;¢ > 0) and (Uy;t > 0) will be constructed via the
Picard iteration method.

We first consider the left equation (3). Define by recurrence the sequence of stochastically
integrable processes on h © &€

t
vO —q,  yeth - / VM GadAL (s).
0

Applying Proposition 2.2, it is easy to prove by induction that, (V(™)),,> is a sequence of
stochastically integrable processes and, for all w € h, ¢ > 0 and f € M, the following
inequality holds

2 2n
[vieruen||” <l (chn)” <{a>glf}§¢0} c(a>)

~ ( / 0 If(8)|2)d8)n o ©

where cf,(f) is the constant as in Proposition 2.2. Therefore the series

>V Mue(f)

n>0

is convergent in the norm topology on H for all w € h and f € M. By defining Viue(f) as
its limit we find an operator process V. It is easy to check that it is stochastically integrable
onh®¢.

Moreover, for all n > 0, we have

n n t n—1
PAARES TR ARES' +/ > VM GEAAL(s).
m=0 m=1 0 m=0
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Letting n tend to infinity it follows that the process (V%;¢ > 0) is a solution of 3) on h ® £.
The proof for (4) is similar. We omitit. O

If we knew that the solution of (3) for G5 = (F§')" is bounded we could find a solution
of (4) simply by taking the adjoint Uy = (V;)*. Unfortunately, in general, there is no reason
for h ® £ to be contained in the domain of (V;)*.

The natural uniqueness result is, perhaps surprisingly, slightly different for the right and
left equation.

Theorem 3.4. Suppose that (5) holds. Then:

1. the operator processes (Ug;t > 0) on h © & solving (4) on h © & is unique,
2. the operator processes (Vi;t > 0) on h ® & solving (3) on h © & is unique among the
operator processes satisfying

IVit,f)= sup  |[[Viue(f)||” < 400

0<s<t, ufl<1

forall f € Mandt > 0.

Proof. Let (Ut(l);t > 0) and (Ut@);t > 0) be two operator processes solving (4) and let
Zy = Ut(l) — Ut@). Then

t
Zt:/ F§ Zyd AL (s).
0

By Proposition 2.2, for all w € h, ¢ > 0 and f € M we have

| Zewe(F)I? < (s / 1FS Zoe(F)]?| fa(5)]2ds

IN

cé / | Zsue(f |fa )|2d5

D<>O

A(f) <{a2f)n|=}>§#0} c<a>) / |Zeue(PI*(1 + 1£(s)*)ds

It follows then, from Gronwall’s lemma, that || Z,ue(f)|| = 0.
We prove now the second statement.
The difference Z; of two solutions (Vtu);t > 0) and (Vt<2);t > 0) of (3) satisfies now

IN

t
Zy = / Z,GHdAL(s)
0

Thus, for all w € h,t > 0 and f € M, we have
| Zeue (DI < cb(f Z/ 12.G5ue( D1\ fa(5) s

An n-times iteration of this formula shows that || Z;ue(f)||? is not bigger than (c5(f))™ times

/ dsl/ / s | 2G5 .G e )2 o (52) - o (51) -

1,51, 704n75n
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By the initial space boundedness condition this is not bigger than a constant I(Z,t, f) :=
2I(VD t, f) + I(VP ¢, f)) times

Spn—1
> le Gl /d/ [ sl )P

a1,81,.-,0n,0n

(£)? is not bigger than I(Z, t, f) times

(" STelen)-clo))| dsl/ /Q’&sluan (3l fo (51

QL. Qn

SCIHEEDY ({an;go}cm)) (/ (14 |f(s)*)d ) /.

-------

The conclusion follows then letting n tend to infinity. O

Remarks. (a) Note that the solution is unique when the initial conditions Uy, V{ are arbitrary
operators on h.

(b) An operator process satisfying condition 2. is called initial space bounded. If a process
(X¢;t > 0) is locally bounded, i.e. supg,, || Xs|| < +oo forall ¢ > 0, then it is obviously
initial space bounded. The solutions of (3) and (4) obtained by Picard iteration are initial space
bounded as a consequence of (6).

4 Unitary solutions

We now start studying the properties of solutions.

An operator process X = (X¢;t > 0) is bounded (resp. a contraction, an isometry, a
coisometry, a unitary) process if each operator X is bounded (resp. a contraction, an isometry,
a coisometry, a unitary).

Let G = [G3]a,p>0 be a matrix of operators on h. Put Dom[G] = N, g>0 Dom(G3).
Then given any self-adjoint operator X on h and subspace D C Dom(X) N Dom[G] such
that G5(D) C Dom(X) forall £ > 1,3 > 0,

(W), (")) = (Xu®™, G50”) + (Gou®, XY + (Ghu®, XGh07) @)

defines a sesquilinear form on (®a>0D) X (Ba>0D) (Einstein’s summation convention for
repeated indices applies). The domain of this form, in order to avoid summation technicali-
ties, will be the linear manifold of vectors (u”) € @a>0D with only finitely many nonzero
components. We denote this form by ¢ (X)), and say that 6 (X) is defined as a form on D
if we need to make precise the domain of definition. Note that if X € B(h) then 0c(X) is
well-defined as a form on Dom|[G]. Moreover, if k is d-dimensional and the operators G'3 are
bounded, then 6 (X) is a bounded form to which there is associated a bounded operator on
(@“Fh) x (@“TVh). In this case the linear map 0 : B(h) — Mgay1(B(h)) is given by

0c(X) = (X ®1a41)G+ G (X @ lag1) + GTA(X)G,
where A(X) = diag{0, X,..., X} € Mg1(B(h)) and 1441 is the identity matrix in@¢**.

Properties of solutions U and V' like boundedness, contractivity, isometry and unitarity
are closely related to properties of 6 (1) and 6 (1). Indeed, we can prove the following
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Theorem 4.1. Suppose that F' = [Fg] is a matrix of bounded operators on h and (5) holds.
Let U be the unique solution of (4). Then the following are equivalent:

1. the process U is a contraction (resp. an isometry),
2. we have Or (1) < 0 (resp. 0r(1) = 0).

Proof. 1 = 2. Let { = ), uge(fx) for some finite sets {ux} of h and { fx} of M. Then

[ {wee o) v o) + 2V 00640 ®
LU (5), F3Uao”(5))  ds = U] = (11" < 0

by (2), where ¢%(s) = ), fi(s)ure(fx) is the a-th component of a vector ¢(s) in
(Ba>oh)@F = Ba>o0(h®F). If we choose the f. to be continuous then we can differentiate
the above at 0 to get
02 0r(1)((0), (0)).
Varying the fj and uy, then gives the result, and note that if U is an isometry process then the
inequality in (8) becomes an equality.
2 = 1. For all € as above, by the It6 formula, we have

1l = il + / (Usip(s), 8 () Unip(s))ds

(here the scalar product is in @4 >0(h ® F) and the operators Uy act as Usp(s) = (Us®(s),
..., Us®(s),...)). The conclusion is immediate. O

By taking the adjoints we find a similar result also holds for the left equation.

Corollary 4.2. Suppose that G = [G§] is a matrix of bounded operators on h and (5) holds.
Denote by G the adjoint matrix GT = [(G2)*]. Let V' be the unique initial space bounded
solution of (3). Then the following are equivalent:

1. the process V' is a contraction,
2. we have 0+ (1) < 0.

Proof. If the operators V; are contractions then the adjoint operators U; = V;* are also con-
tractions and satisfy the right QSDE dU; = (G2)*U,dAZ. Therefore, by Theorem 4.1, we
have 0 (1) < 0.

Conversely, if 2 holds, then the unique contraction operator process satisfying the right
QSDE dU; = (G2)*U,dA8 with Uy = 1 is contractive. The adjoint family (U;"):>o is also
a contraction (thus initial space bounded) process on h ® £ and satisfies (3). By uniqueness it
follows that the operators V; = U;" are also contractions. O

The reader noticed a lack of symmetry between Theorem 4.1 for the right equation and
Corollary 4.2 for the left equation. Indeed, condition 8 (1) < 0 for the right equation should
correspond to f¢ (1) < O for the left equation. Conditions 0 (1) < 0 and 64+ (1) < 0,
however, are equivalent. This follows from the identity

(14 AG*) 0a(X)(14+ AG*) = 01 (1) + 01 (1) 01 (1).

We now characterise isometry processes solving (3).
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Proposition 4.3. Suppose that G = [G3] is a matrix of bounded operators on h and (5) holds.
Let V' be the unique initial space bounded solution of (3). Then the following are equivalent:

1. the process V is an isometry,
2. we have (1) = 0.

Proof. 1 = 2. This follows from a differentiation at £ = 0 argument as 1 = 2 in Theorem 4.1.

2= 1.Fixg, f € M.Forallv,u € hleti:(v,u) = (ve(g),ue(f))—(Vive(g), Viue(f)).
Condition 2 implies that the maps )¢ (-, -) satisfy the integral equation (Einstein’s summation
convention for repeated indices applies)

P (v, u) :/ {s(v, Giu) + ¥s(Glv, u) + s (Gov, Ghu) tgp(s) f* (s)ds

We now show that ¢+ (v,u) = 0 for all v,u € h. Indeed, iterating the above equation, the
same arguments of the proof of Theorem 3.4 yield the inequality

2n

(o0 < 10 10005 ([ a0 + 50 )

for all n > 1 where & is a constant depending on ¢, f, g, G. The conclusion follows letting n
tend to infinity. O

It can be shown easily (taking the adjoints) that the process V' is a coisometry if and only
if 651 (1) = 0 and the process U is a coisometry if and only if 8+ (1) = 0. The above results
allow to prove immediately the characterisation of unitary solutions of (3) and (4)

Theorem 4.4. Suppose that G = [G3] and F = [F§'] are matrices of bounded operators on
h and (5) holds. Let V' be the unique initial space bounded solution of (3) and let U be the
unique solution of (4).

1. The process V is unitary if and only if 6c(1) = 0 and 64+ (1) = 0.
2. The process U is unitary if and only if 0 (1) = 0 and 01 (1) = 0

Remark. If all the G with o + 8 > 0 vanish then the solution of (3) is unitary if and only
if G§ + (G)* = 0ie. G = iH with H self-adjoint. The same conclusion holds for the
right equation. Thus (3) and (4) are quantum stochastic generalisations of the Schroedinger
equation.

5 Emergence of H-P equations in physical applications

Quantum stochastic differential equations are a natural tool in the theory of continual measure-
ments in Quantum Mechanics (see the survey paper by A. Barchielli [8] in these lecture notes
and the references therein), the theory of quantum filtering and control (Belavkin [9]) and
arise from suitable limits of quantum mechanical evolution equations (see e.g. von Walden-
fels [39]).

In this section we outline the deduction of a quantum stochastic differential equation from
the stochastic limit of the evolution equation of a system coupled with a reservoir. Here we
consider a very simple model and refer to the book by L. Accardi, Y.G. Lu and Volovich [5]
for a general theory.
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The state space of the system is a complex separable Hilbert space h. The free evolution
of the system is given by a strongly continuous unitary group (e_“H 5)tem, where Hg is a
self-adjoint operator on h. The state space of the reservoir (boson gas) is the boson Fock space
F over a complex separable Hilbert space k; (the one-particle space of the reservoir). The
free evolution of one particle in the reservoir is given by a strongly continuous one parameter
group (S?)¢c r of unitary operators on k; enjoying the following property: there exists a dense
subspace k of ki1 such that

/ (g, 527} di < oo
R

for all f,g € k. The free evolution of the reservoir is given by the unitary group obtained
by second quantization (I"(S?)):emr of the unitaries S¢ on ky. This is a strongly continuous
unitary group and its generator H g, the self-adjoint operator on JF such thate ~**#r= = ['(S})
for all t € IR, is the Hamiltonian of the reservoir.

The evolution of the whole system is given by the unitary group generated by the total
Hamiltonian

Hy=Hs®1lr+1s® Hr + AV

where ) is a real positive parameter and V' is an interaction operator such that H) is self-
adjoint for all A > 0.

In the simplest models the interaction operator (of dipole type) has the form

Vy=1i(D® A"(9) — D" ® A(g))

where D is a suitable operator on the system space h and A(g), A*(g) are creation and an-
nihilation operators on F with g € ki. Moreover the so-called generalized rotating wave

approximation
itH —itH —iwpt
e TS De” " = e "' D

where wo > 0 (see [5] Def. 4.10.1 p.125) holds.
The sesquilinear form on k

(flg) = / (9,50F) dt

is positive. Indeed, letting E'(d€) denote the spectral measure associated with the self-adjoint
generator of (S?):cr, we have

(1) = / (£, S0F) dt
R

= /,R dt /R e " (f, B(d&) )
= /,R (f, E(d€)[) /R dte™"'

= V2n(f,E({0})f) > 0.

for all f € k. Therefore it defines a pre-scalar product on k. We denote by /C the Hilbert space
obtained by quotient and completion; the scalar product will be denoted by (+|-).

Defining
Ut(A) — oitHog—itH

a straightforward computation shows that the family of unitaries (Uf)‘) )¢>0 on h® F satisfies
the differential equation
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d
ZUY = —v,ou?, v =1,
where
Vo(t) =i (D ® A™(Sig) — D™ @ A(S:g))

and S; = e'two Stm).

Let W(f) (f € ki) denote the unitary Weyl operators on F acting on exponential vectors
as

W(f1)e(f2) = e 11 |I2/2*(f17f2)e(f1 + fa).

The basic idea of Accardi, Frigerio and Lu [3] was to study the result of small interactions
(A — 0) on a large time scale (time goes to infinity). This was realized by scaling time by
A2 and space by \ and letting X tend to 0. As a result of the limiting procedure also the state
space of the whole system also changes.

The following result allows us to find the structure of the space of the limit evolution.

Proposition 5.1. For all n,n’ € IN and all f1,...,fn, f1,---, fi € K, s1,t1,... Sn,
tn, ST, 80, ... 8hiyth € Rwith s, < ty, s}, <t} for all k denote

A2y A" 2t,
W(fi,...,fn) =W /\/ Spy frdry | - W A/ Sy fndrn | .
A—2sq A" 25,

We have then
lim (W(f1,..., fa)e(0), W(fi,. ., f)e(0))
= (W (@1 0y) - W (fa ® 1,0 €(0),
W (@)W (fr @ 1,00,1) e0)
where W (f1 ® 1[81,t1]) s W (f;l, ® 1[%'7%/]) are Weyl operators in the boson Fock
space over L*(IRy; K).

It follows that the state space of the limit evolution is the tensor product of the initial space
h with the boson Fock space I"(L?(IR4; K)). The limit of unitaries is given in the following
theorem.

Theorem 5.2. Suppose that the operator D is bounded. For all v,u € h, n,n’ € IN and all
Jiyeos fos flseo s flr €K, 81,1, Snytn, SL L, ooy Shiyth € R with s, < ty, sy, <
t}. we have

m (oW (i £)e(0), UL, W (o )e))

li
A—0
= <’UW (f1 X 1[51,t1]) LW (fn (24 1[57“,5”]) 6(0),
w (f{ ® l[sll‘tlll> oUW (fT/L/ & l[S:L”t:L’]) 6(0)>

where U is the unique unitary process satisfying the quantum stochastic differential equation
onh® I'(L*(R+;K))

dUr = (DdA;(9) — D"dAi(g) — (9l9)-D"Ddt)Ur,  Up =1
with

(glg)- = / (0, Sug)dt.

oo
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Several of the above assumptions (rotating wave approximation, boundedness of D, ...)
can be removed or weakened. Moreover other reservoirs and other types of interaction can be
studied. As a result more general quantum stochastic differential equations, of the H-P type we
are studying, arise. We refer the interested reader to the book by Accardi, Lu and Volovich [5].

Notice that unitaries Ut(A> form a group. This is no longer the case for unitaries U. These,
however, satisfy a composition law that will be studied in the next section.

6 Cocycle property

We now discuss the most important and useful property of contraction processes U and V': the
cocycle property. This is the key ingredient (see Accardi [1]) for constructing homomorphic
dilations of quantum Markov (dynamical, in the physical terminology) semigroups by unitary
conjugation with U or V. Indeed, this was the original scope for studying unitary solutions of
quantum stochastic differential equation.

We start by recalling the definition of operator cocycles.

For each ¢ > 0 let o be the right shift on L?(IR4; k) by (01 f)(2) = f(z —t) ifx > ¢
and (o¢f)(z) = 0if x < t. Let I'(o¢) be the operators in F defined by second quantization
of o ts

I(ov)e(f) = e(o:f) ©
for all f € L*(IR;k). The operators o and I'(o) are isometries for every ¢ > 0. Notice
that, for all s, > 0 we have

L(0s) I(0t4s) = I'(ov), I(0s)(0¢) = I'(0s+¢).

For each s > 0 and each bounded operator X on H the operator I'(0s) X I'(0s)* maps h®F*
into itself. Indeed we have the diagram

I(os)* X I'(0s)
h@F° —H—-H—heF°

The canonical extension of I'(0s) X I'(0s)" to H via ampliation will be denoted by O(X).
Clearly (Os)s>0 is a semigroup of identity preserving normal *-homomorphisms on B(H).
For all z € B(h) and all s > 0 we have ©,(z) = x. Moreover, since the map O, is normal,
it can be extended to self-adjoint operators affiliated with B(h) like position and momentum
operators Al (t) 4+ A“(t), i(A}(t) — A’(t)), number operator N; and so on. Therefore, by
linearity, it can be extended to the operators A2 (t) and

05 (AL (1)) = AL(t + ) — AL(s)
fort,s > 0.

Definition 6.1. A bounded operator process (X¢;t > 0) on H is called a left cocycle (resp.
right cocycle) if for every t, s > 0 we have

Xt+s = Xs@s(Xt)7 (resp' XH-S = QS(Xi)XS ) (10)
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Solutions to quantum stochastic differential equations (QSDE) are cocycles. In order to
prove this fact we start with the following

Lemma 6.2. Let (X;):>0 be a bounded operator process on h such that

t
th/ M,dAS (r)
0

for some o, 3 > 0 and some bounded, stochastically integrable, operator process (M,),>o
onh. Forallt,s > 0 we have

t+s
O (Xy) = / Os (My—_s) dAL(r).
Proof. By definition of the shift semigroup ©
(ve(g), Os(Xe)ue(f)) = (ve(olg), Xeue(o f))edto-D)
for all ¢, s > 0 and so, since X; = fot M, dAB(r),
(ve(g), Os (Xi) ue(f))

- / (079)a(r) (o2 ) (r) (ve(olg), Myue(a? f)) dr - e{9t0.1:F)
- / G (r+5)f2(r + 5) (ve(g), Ou (M, )ue(f)) dr - o 051)

t+s
= <ve(g),/ QS(Mv-s)dAg(r)ue(f)> .

This proves the claimed identity. O

Proposition 6.3. Let D be a dense subspace of h and let G = [G3] (resp. F = [F§]) be a
matrix of operators on h. Suppose that there exists a unique bounded processes V solving the
left equation (3) (resp. the right equation (4)) on D O E. Then'V (resp. U) is a left (resp. right)
cocycle.

Proof. We check the cocycle property for V'; the proof for U is similar. Fix s > 0 and let X
and Y the be bounded processes defined by

Vi if t<s,

&:{%@mﬂxﬁt>&’ and e = Vi

By Lemma 6.2 the process X and satisfies

t+s
X, = Vit / ViB4 (Vo) G3dAL (1)

t+s
=V +/ X, G5dAS (r)

for ¢t > s. Therefore both X and Y are bounded solutions of (3). The conclusion follows
applying Theorem 3.4. O

The cocycle property, on the other hand, turns out to be a useful tool in the analysis of
quantum stochastic differential equations. Indeed, by combining the cocycle property and the
time reversal, we can establish a simple relationship between the QSDE
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dV, = V,G3dAL, and  dX; = X.(G5)*dAS

dU, = U,F§dAS, and  dY; = (F2)*Y,dAS.

Since conditions for the existence of a (isometric, unitary, ...) solution for the right equation
(4) are naturally stronger, this turns out to be a useful tool allowing to shortcut several domain
problems.

We now introduce the precise definition of #ime reversal on H.

Let p; be the unitary time reversal on the interval [0, ¢] defined on L? (IR, ; k) by

(pef)(s) =f(t—s) if s<t and f(s) if s>t

Let I"(p:) be the operator on I'(L? (IR, ;@?)) defined by second quantization

I(pe)e(f) = e(pef).

The operators p; are unitary and satisfy
pepe =1, I(p)I(pe) = 1.

Let R: be the operator on B(H) defined by

Re:B(H) — BH),  Re(z)=I(p)xl(pe)"
It can be shown (see e.g. Meyer [31] or Fagnola [18] Sect 5.2) that when (V3;¢ > 0) is a left
(resp. right) cocycle then the operator process (Vz;t > 0) defined by

Vi = Re (V) (11)

is a left (resp. right) cocycle. The cocycle V is called the dual cocycle of V.
When the cocycle V' is the unique bounded solution of a QSDE the dual cocycle V' also
satisfy a QSDE and the relationship between the two is given by the following

Proposition 6.4. Suppose that the G, F§ are bounded operators on h and that (3), (4) have

unique bounded solutions V', U. Then the dual cocycles \7 ﬁ are the unique bounded solutions
of the QSDE

AV, = Vi(G2YdA2, AU, = (FP)*U,dA®.

Proof. (Sketch) Differentiating (ve(g), ‘Zue( f)) it is not hard to find the QSDE satisfied by
V (see Fagnola [18] Prop. 5.12). O

The dual cocycle allows, roughly speaking, to take the adjoint of a left (resp. right) QSDE
and end up with a left (resp. right) QSDE without exchanging the operator coefficients G,
F§ and the solution. This turns out to be a useful feature because facts on the two equations
often are not symmetric.

The proof of Proposition 6.4 has been simplified by J.M. Lindsay and S.J. Wills [30] by
using the so-called semigroup representation of solutions to quantum stochastic differential
equations. This is based on a family of semigroups associated with cocycles U and V de-
scribed here in Sect. 8, Proposition 8.2.
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7 Regularity

Let U, (resp. V') be contractive solutions of a right (resp. left) H-P equation. In the applications
(see, for instance, Barchielli [8]) of quantum stochastic calculus it is a quite natural question
to ask whether we can define operator processes like (A2 (t) Uy)¢>0 as operator processes on
h. This is the case when the vector Uyue(f) belongs to Dom(AZ(t)) for all t > 0, u € h,
feMm.

In this section we establish this type of properties that we call regularity following the
terminology of classical PDE. Indeed, a function solving a PDE is often called regular if it is
differentiable, i.e. it belongs to the domain of some differential operator, or it satisfies some
growth condition at infinity, i.e. it belongs to the domain of a multiplication operator by ||,
or both.

We start by recalling some basic facts on domains of operators A2 (t) that have been
introduced in Section 2 as operators on the exponential domain .

Let F(K) be the boson Fock space over a complex separable Hilbert space K. We denote
by F(K) the linear manifold in F(K) spanned by finite particle vectors f&™ with n > 0,
f € K. We first recall the definition of number operator (or differential second quantization)
following Parthasarathy [34] Ch.II Sect.20.

Let H be a self-adjoint operator on K and let (e
group on K generated by —¢H. By second quantization

Ie " Me(f) =e(e™™"f)

we find a strongly continuous one-parameter unitary group (I'(e”**%)),cr on F(K). We
denote its Stone generator by A(H). This is self-adjoint by definition. Moreover, it can be
shown (see [34] Prop. 20.7) that the linear manifold of exponential vectors is an essential
domain for A(H).

When, with the notation in Sect. 2, K = L?*(IR4;k) and H = 1jg.4) ® |es)(es| we find
that A(H) is the unique self-adjoint extension of the operators A4 (t) defined in Sect. 2.

When H = 1}y ;® 1, we denote by N; the generator of the unitary group (I'(e™"*""))scr
and call number operator process the family (N;)¢>o.

The following proposition is easily checked.

—isH )sem be the one-parameter unitary

Lemma 7.1. For all t > 0 we have
Ne= A4
>1
the series being strongly convergent on Dom(N).

Proof. By the definition of V¢, for all g, f € M, we have

(e(9), Nee(1)) = i (el), T (701" W) ()

d —islpg y
— ;L elee 0
ds

= (g, 1[o,t]f>e<g’f>-
Moreover, by the standard rules of quantum stochastic calculus, we have also

CONOMHOEGIEDS / () F(s)ds €9 = (g, 1 4 ).

>1 0>1

s=0

s=0
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It follows that the claimed identity holds on the exponential domain £. Therefore it holds on
Dom(N;) since this is an essential domain for N; and the operators A%(t) are self-adjoint.
0

The domain of annihilation A‘(t) and creation AZ(t) operators can be extended to
Dom(Ny) by the following

Lemma 7.2. For all £ € Dom(N;) we have
D lA el = IV el
>1

Proof. By the above remarks on the domains of A,(t) and N it suffices to check the above
inequality for all vector £ of the form

n

sze(fk)

k=1

withn € IN*, 21,...,2n €@, f1,..., fn € M (there is an abuse of notation here!). In this
case we have

DIADER =D D (i ff o) (Lo, zefid (e(f), e(fi)

£>1 £>1 j,k=1

n

D (e(fi)elfi)) Y (2t Lomee) (Lionee, zefi)

dk=1 e>1

n

= 3 et [ (st (o) (o

J,k=1
Moreover we have also

INS2)? = > Zae Y (e(fy), Ab(t)e(fr)

dk=1 1

=Y T Y [ s ) e

Jk=1 >1
= Y et [ ety
Gk=1 0

This proves the Lemma. O
We now find the quantum stochastic differential equation satisfied by the powers of the
number operator process.

Lemma 7.3. For all n > 1 we have
dNT' = (e +1)" = N7') dAL(t).
>1

Proof. The above formula is clearly true for n = 1. Suppose it has been established for an
integer n, then, by the Ito formula 2, for all f, g € M, we have
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(o). NI e(1)) = (Neelg), NEe()
-/ {el) N7er) + (Neela). (N + 1" = N2e(r)
+(e(g), (N + 1) = N)e()) Jge(s)f ()ds

t
= [ {letan v+ VD 17 = N ) b o)
0
This proves the claimed identity. O
Fix a positive integer n. For all € > 0 let
Zf = (N, + 1)"esetD), (12)
Clearly, the operators Z; are bounded (it can be easily shown that || Z || < n"(ge)™™).

Proposition 7.4. The adapted process (Z5 )¢>o satisfies

dzi = Z YEZEAAL(L), ZE =e °1.
£>1
where (Y)>0 is the bounded contraction process

V= (N +2)(Ne+1)7 1) e " =1

satisfying
—1<YF<(2"-1)1.

Proof. The function
p:R— IR, p(x) = (SE + 1)ne—6(a¢+1)

is analytic. Therefore it suffices to apply Lemma 7.3. O

Proposition 7.5. Let U be a contractive solution of the right equation (4). Suppose that the
operators Fg are bounded. For allw € h, f € M andt > 0 we have

125 Urue(HI? < &1 ul?, (13)
Proof. Computing the stochastic differential of Z; U; by the Ito formula we have
dZ; U, = F§ Z; Uyd AL + Y Z{ UpdAf + F§Y* Z{ Upd Agd AL
= F§Z;UdAS 4 857 ZiUpd AL + S5 FS Y Z; Uyd A
= (F§ + (85 + 6LF5) YY) Z{ UdAL.
Therefore, computing again by the Ito formula, we find
(2 Urue(f), Z; Urue(f)) = &>V ju?
t
+ [ 2Vl M5 )22V 0) £ o)1 )
0

where M are the operator processes on h given by
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M§ (s) = F§ + FJ" + FOF + (06 + Fa) " (65 + F5) ((v9)? +2v5).

The operators Fig' determine an operator F' = [F§] on ®a>oh (isometrically isomorphic to
h ® (@ @ k)). In the same way, for each s > 0, the Mg (s) determine an operator M (s) on
h ® (@ @ k) ® F. Notice that, by Proposition 7.4 we have

—1< (V) +2Y7) < (4" - 1)L
Therefore we obtain the inequality
M(s) < (F+F + F'A(I)F)® 15
+ (@ = 1) (AL) + F)* A(L)(AL) + F) @ 15

where A(1y) denotes, as in Sect. 4, the projection diag(0, 1y, ... ) on h ® k. The contractivity
condition for U (Theorem 4.1) yields

Or(1) = (F + F* + F*A(1,)F) <0.
Moreover, it imples that
(A1) + F)" A(L) (A1) + F) < (A(L) + F)* (A1) + F) < A(L).

Therefore we have
M(s) < (4" — 1) A(1y) ® 1.

Turning back to the computation with the Ito formula we find the inequality

125 Unue(F)|I” < &1 )| 4 (47 — 1)/ 1Z5Usue(f)|* 1/ (s)[*ds.
0

The conclusion follows then from the Gronwall’s Lemma. O

The following Lemma is an immediate consequence of the spectral theorem

Lemma 7.6. Let X be a positive self-adjoint operator on a Hilbert space K and let X%) be

the bounded operator (X + l)e_g(x"' h (e > 0). A vector u € K belongs to the domain of
X ifand only if
©yl?
sup HX u” < 00.
>0

Theorem 7.7. Let U be a contractive solution of the right equation (4). Suppose that the

operators F@a are bounded. Foralln > 1,t,s > 0, w € hand f € M, the vector Uyue(f)
belongs to the domain of the operators N, (A2 (s))™ and

t t
AU, = / (85 + F5) UsdAg (s) + / F§ A (s)Usd AL (5) (14)
0

0

t t
AU, = / UsdAl(s) + / F§Al(s)Usd AL (s) (15)
0 0

Proof. Let u,v € h and f, g € M. By the Ito formula we have
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(AL(t)velg), Unue()) = / (Al(s)ve(g), FEUsue(1)) go(s) /° (s)ds
" / (we(g), Usue(f)) £*(s)ds

+ [ (osta), EUwe() (5

Now, by Proposition 7.5 and Lemma 7.6, Usue(f) belongs to the domain of N;. Therefore,
by Lemma 7.2, Usue(f) belongs to the domain of A¢(s). Therefore, since (F§')" commutes

with A} (s), we find

(Al (s)velg), F§ Usue(f)) = (A} (s)(F5) ve(g), Usue(f))
((Fg) ve(g), Ae(s)Usue(f))
(ve

e(9) 7F;3 Az (s)Usue(f)) -

Therefore we have

(ve(g), Ae(t)Urue(f / (ve(g), F§ Ar(s)Usue(f) ) ga(s) f*(s)ds

n / (velg), (35 + F5)Usue(f)) 1 (s)ds

This proves (14). The proof of (15) is similar; we omitit. O
Similar formulae can be proved for A5(t).

8 The left equation: unbounded Gg

This section is aimed at illustrating the theory for the left QSDE (3) with unbounded G5. We
shall show that the algebraic conditions 6 (1) = 0 and 6+ (1) = 0 are no longer sufficient
for V' to be a unitary cocycle. Indeed, thinking of the case when the only nonzero G5 is GY, it
is clear that these algebraic conditions mean (see Remark after Theorem 4.4) that iGY is sym-
metric. However, for V to be unitray, G must be self-adjoint and new analytical conditions
appear.

A natural necessary condition on the G5 for V' to be a contraction process solving (3) is
easily deduced by the differentiation argument of Proposition 4.1.

Proposition 8.1. Let G = [G3] be a matrix of operators on h, and suppose that there exists a
contraction process V that is a strong solution to (L) on some dense subspace D C h for this
G. Then 8¢ (1) < 0as a formon D. If V is an isometry process then 6c(1) = 0 on D.

We refer to Fagnola [16], Mohari and Parthasarathy [32] for the original proofs or Fagnola
and Wills [22] for a proof with the same notation we use here. An alternative proof via the
characterisation of the generators of completely positive contraction flows is given in Lindsay
and Parthasarathy [29] and Lindsay and Wills [30].

Remarks. (a) If G is a matrix of operators on h such with Dom(G5) 2 D such that 6 (1) <
0 then [6%,1 + an]‘}’m:l defines a contraction on @¢_; h, and so in particular each G%, has a
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unique continuous extension to an element of B(h). If (1) = 0 then [65,1 + G&,]¢,,—; is
an isometry.

(b) The inequality O (1) < 0 yields (put u* = 0 for £ = 1,...,dand v’ = v € D in
)

d
> IGHull* < —2Retu, Gu).
=1

Therefore, by the Schwarz inequality, for all z € @¢ and u € D, we have

d 1/2 d 1/2
< (Zm) <Z|G€u|l2>
=1 =1

1/2(1~0, 111/2 0 —1y2
< 22| - Jul?)1Goull"? < el Goull + €7zl u]

d

Z zzGéu

=1

for all € €]0, 1[. Thus Z 0 2t G§ is relatively bounded with respect to G with relative bound
less than 1.

Note that a contraction process V' solving (3) is strongly continuous on H (i.e. the maps
t — Vi are continuous for £ € H). Moreover conditions on the G for the existence of
a unique contraction solution V' to (3) imply that V' is a (strongly continuous) left cocycle
(see Proposition 6.3). Therefore we can find a family of strongly continuous semigroups on h
associated with V' in a natural way.

Forall f,g € £ and all ¢ > 0 define bounded operators P/ Fonh by

(v, P u) = ™' 7) (ve(g), Viue(f)) (16)
for all v, u € h. Indeed, since

’ef(g»ﬁ (ve(g), Vme(f))! < e 9. /110,410 + (910, 4 12 +11f1[0,¢ ”2)/2||v||~||uH

- 2/2
_ el\(g iggll=/ H,U” . ||u||,
it follows that there exists bounded operators P/ on h with ||P?/|| < exp(||(g —
£)1j0,4]1?/2) such that (16) holds for all v, u € h. Moreover, if the cocycle V is a solution of
(B)on D ® &, then

(0, PP u) = (v,u) + / (v, PO {GSga(5) £ (5) ) ds.
0

Therefore, when the operators G are bounded, and the functions are constant in a right neigh-

bourhood [0, R] of 0, this means that the operators P>/ for 0 < ¢t < R) are the operators at
time ¢ of the uniformly continuous semigroup generated by G'5g«(0) f (0).

This fact can be generalised to strongly continuous contractive left cocycles. Indeed, we
have the following

Proposition 8.2. Let V' be a left cocycle, let f,g € E constant on an interval [0, 7] and let
Ptg"f be the bounded operators on h defined by (16). For all t,s > 0 such thatt + s < r we
have

}%ﬁé ::}ﬁ%fffvf

Moreover; if the cocycle V' is strongly continuous on H then the map t — Ptg’f is strongly
continuous on h.
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We refer to Fagnola [24] for the proof.

Remark. (a) It is not hard to show that V' is strongly continuous on H if and only if the maps
t — P? I for g, f constant in a neighbourhood of 0 are strongly continuous. Moreover, by
a well-known property of semigroups (see e.g. Pazy [36]), strong continuity is equivalent to
weak continuity.

(b) Semigroups similar to the P9/ were introduced in Fagnola and Sinha [21] to study
QSDE for quantum flows and extensively used by Lindsay and Parthasarathy [29], Lindsay
and Wills [30] and Accardi and Kozyrev [4] in the study of quantum flows and Evans-Hudson
QSDE.

(c) The set M of test functions for exponential vectors e(f) in £ could be replaced by
another set Ms such that lin{e(f) : f € Ms} is dense in F and e(f1}o,4) € Ms for all
t > 0 whenever e(f) € Ms. A set with the first property is called rotalizing. A convenient
choice for the totalizing set My is the set of step (i.e. constant on the intervals of a partition of
IR,) functions f with values in {0, 1}%. M. Skeide [38] has shown that this set is totalizing.
Exploiting this fact one could show that the family of semigroups (P/ Jop > 0) with g, f €
M determine a unique cocycle V.

From the above discussion and the Remark after Proposition 8.1 it is clear that the follow-
ing is a natural hypothesis on the G5.

Hypothesis HGC

(i) The operator G is the infinitesimal generator of a strongly continuous contraction semi-
group on h and D is a core for G{) contained in Dom(G§) for all o, 3.
(ii) Forall¢,m € {1,...,d} the operator G¥, is bounded,
(iii) We have (1) < 0on D i.e.

(u®, Gguﬁ) + <G§u°‘,uﬂ> + <Gfxu°‘,Géuﬁ) <0 a7
forallu’,...,u? € D.

Remarks. (a) The hypothesis HGC and the Remark (b) after Proposition 8.1 imply, by a
well-known perturbation result in semigroup theory (see Dunford and Schwartz [14], Th. 19
p. 631) that also G + > ‘ 2¢G§ generates a strongly continuous semigroup on h with D as
a core. The same conclusion holds for sums of the above perturbation and scalar multiples of
bounded operators as the G¢, (¢, m = 1,...,d).

(b) It is easy to show that the semigroup P°° corresponding to the dual cocycle V is the
adjoint of P%°. Thus the adjoint operator (G9)* for the dual cocycle 1% plays the role of G
for V' and there is a natural dual to the above perturbation result. There is no reason, however,
for G§ and (G9)* to have a common essential domain.

We now show that, under the hypothesis HGC, there exists a contraction process solving
(3). The idea of the proof, as in the Hille-Yosida theorem, is to take bounded approximations
of the unbounded operators G'§ by means of the resolvents R(n; Gg) = (nl — Gg)~". The
well-known properties of resolvent operators for all v € h, v € Dom(GY) yield

lim nR(n; GYu = u, lim nGYR(n; GY)v = Gov
in the norm topology on h.

We first prove a preliminary Lemma (see Fagnola [16] Proposition 3.3). Recall that

(e1,...,eq) denotes the canonical orthonormal basis of @7,
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Lemma 8.3. Let G = [G3] be a matrix of operators on h satisfying the hypothesis HGC. For
eachn > 1 let I,,, Gy, be the operators on EB(d'H)h with domain EB(‘HI)D defined by

I, = nR(n; Go) ® 1 igary,), G(n) = I.GI, (18)

where 1 g (ayy) is the identity operator on &P h. Then the matrix G(n) of operators on h has
an extension which is a bounded operator on &t Vh and
@ IGm)| <2 (n+3yn+1),
(i) O (n)(1) <0,
(iii) for all ¢ € &9tV D, we have
lim G(n)¢ = G&. (19)

n—0o0

The proof can be found in Ref. [16].

We now state the existence theorem

Theorem 8.4. Let G be a matrix of operators on h satisfying the hypothesis HGC and let
(G(n);n > 1) be a sequence matrices of bounded operators on h such that 6,y (1) < 0
and, for all ¢ € &V D, (19) holds. For all integer n let V(n) = (Vi(n);t > 0) be the
unique contraction process solving (3) on h © & for the operator matrix G(n). There exist a
weakly convergent subsequence (ny)g>1 such that the contraction process (Vy; t > 0) defined
by

Vi=w— lim Vi(nk) (20)

solves the QSDE (3) on D ® &.

Proof. (Sketch) The sequence of contraction processes (V;(n);¢ > 0),>1 is equicontinuous
inton D ® €&. Indeed, forallu € D, f € £, ¢t > s > 0, by Proposition 2.2 ||(V(n) —
Vi(n))ue(f)||? is not bigger than

ci(f,d);[ |

s (f, d)erHZ Z HG(n)guW/ | f5(r)|dr.
a,B S

2

/ Vi (n)G(n)§dAS (ryue(f)

IN

Vi (n)G(n)gue(f) || | £(r)Pdr

IN

The sequences (G(n)3u)n>1 in h are bounded by (19) therefore the functions

t — (y, Vi(n)ue(f)),

foru € D, f € £ are equicontinuous and equibounded.

Hence, by the Ascoli-Arzela theorem and the standard diagonalisation argument, there
exists a subsequence converging on a countable subset of D®& uniformly for ¢ in any bounded
interval. The proof can be easily completed because H is separable (see Fagnola [16] Prop.
3.4 for the details). O

Under the hypothesis HGC the solution is also unique (see Mohari and Parthasarathy [32]
under more restrictive hypotheses).
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Theorem 8.5. Let G be a matrix of operators on h satisfying hypothesis HGC. There exists a
unique solution of the QSDE (3) on D ® &.

Proof. A solution V of on D ® & the QSDE (3) can be constructed by taking the G(n) as in
Lemma 8.3 and applying Theorem 8.4.

We now prove uniqueness. Let (X¢;¢ > 0) be the difference of two contractions solving
B)on D@ E.Forallu,v € D, g, f € M we have then

(ve(g), Xeue(f)) = / (ve(g), Xe{Gga (5)F° (5) bue( £))ds.
0

Since both the sides of this identities are analytic functions in g and f, for all integers n, m >
0, (vg®™, X;uf®") is equal to

t
[ (t0em x.cur)
0
+ <vg®ansG2uf®(n_1)>fk(s) + <Ug®(m_1,)XsG€uf®">gg(s)
+ <1)g®(m_1),XsGl];’U,f®(n_l)> gé(S)fk(S))ds @1
for all u,v € D and all pairs m, n of integer numbers with the convention g®™ = f®™ =0
if n < 0and g®° = %0 = ¢(0).

We now prove that the left-hand side vanishes by induction on p = n + m.
Let p = 0. For every A > 0 the bilinear form on h

(v,u) — / exp(—At) (ve(0), Xiue(0)) dt
0
is bounded because || X|| < 2 and

<227 o] - flull-

/°° exp(—At) {(ve(0), Xiue(0)) dt
0

Hence there exists a bounded operator R on h such that
(v, Rau) = / exp(—At) {(ve(0), Xiue(0)) dt.
0

The identity (21) forn = m = 0, u,v € D, yields
o] t
A{v, Ryu) = )\/ exp(—/\t)dt/ <ve(0)7X5G8ue(0)>ds
0 0

= A/OO <”e(0):XSG8U3(O)> ds /OO exp(—At)dt
= <U,R/\G8u>

We have then Ry(Al — G§)u = 0 for every u € D. Since D is a core for G, the linear
manifold (A1 — GQ)(D) is dense in h. Thus Ry vanishes. Therefore (ve(0), X (t)ue(0)) also
vanishes for every ¢t > 0.

This proves our statement for p = 0. Suppose that it has been established for a positive p.
Then, for all m, n with m 4+ n = p + 1, the induction hypothesis allows us to write (21) as
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t
(vg®m,Xtuf®”>:/ <vg®m,XSG8uf®">ds.
0

The same argument of the previous case n = m = 0 then shows that (vg®™, X;uf®") = 0
forallt > 0.
This completes the proof. O

It is worth noticing here that, contrary to the case in which G is bounded and 6 (1) = 0 on
D, the unique solution of the QSDE (3) needs not to be an isometry process even if 6 (1) = 0
(see Fagnola [15] for a simple example related to birth-and-death processes). The additional
condition needed will be discussed in the Section 10.

The uniqueness result allows us to prove as Proposition 6.3 the following

Corollary 8.6. Let G be a matrix of operators on h satisfying hypothesis HGC. The unique
solution V' of the QSDE (3) on D ® & is a left cocycle.

9 Dilation of quantum Markov semigroups

In this section we (try to) discuss briefly the application of QSDE to a dilation problem. Indeed,
this was one of the most important original motivations for studying QSDE.

A quantum dynamical semigroup on the von Neumann algebra B(h) of all bounded op-
erators on a Hilbert space h is a w™-continuous semigroup 7 = (7¢;t > 0) of completely
positive, normal maps 7¢ on B(h) such that 7;(1) < 1. A quantum dynamical semigroup is
called Markov or identity preserving if T(1) = L.

We recall that, since B(h) is the dual space of the Banach space of all trace class operators
on h, the w*-continuity of 7 simply means that the maps ¢ — trace(p7Z;(x)) are continuous
for each trace class operator p on h and all z € B(h). Moreover “normal” means that, for
every increasing net (zo )« in B(h) with least upper bound = € B(h), the least upper bound
of Ty(za) is Te(x).

Complete positivity is a stronger property than positivity. It means that, for all integers
n > 1, given a matrix X = [z¢,.,] of operators on é&"h such that X is positive, then the
matrix [7;(z¢,m)] of operators on &™h is also positive.

Quantum Markov semigroups are the natural mathematical model in the study of irre-
versible evolutions of quantum open systems (see Davies [12]). Irreversibility, from the math-
ematical point of view, means that the maps 7; describing the evolution of the system with
state space h are not automorphisms of B(h).

A natural question arises: is it possible to realise a quantum Markov semigroup as the
“projection” of another reversible evolution of a bigger system? More precisely: does there
exist a bigger space /C, a projection E : K — h and a family (k¢; ¢ > 0) of automorphisms of
B(K) such that

Ti(z) = Eki(z)E”
forall z € B(h)?

This is (a formulation of) the dilation problem (see Bhat and Skeide [10] for a detailed
discussion and recent results).

The Hilbert space /C is usually taken as the tensor product of the system space h with a
noise space (or heat bath in the physical terminology) given as a Fock space. Accardi, Lu and
Volovich [5] gave physical reasons for this choice by the theory of the “stochastic limit”.

Quantum Markov semigroups are also a natural generalisation of classical Markov semi-
groups on the L space of some measurable space (E, £) with a o-finite measure. Indeed,
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the above definition, can be given in an arbitrary von Neumann algebra. However we choose
the simplest non-commutative framework by taking B(h) having in mind the applications to
quantum open systems.

The following result, a quantum analogue of the classical Feynman-Kac formula, was
first proved by Accardi [1]. It can be proved essentially by the same arguments of the proof of
Proposition 8.2 (see e.g. Fagnola [18] Sect 2.3).

Theorem 9.1. Let V be a strongly continuous (left or right) unitary cocycle on H. The maps
Tz, T; on B(h) defined by

(v, Te(z)u) = (Veve(0), (z @ 17)Viue(0)),
(v, Tu(w)u) = (Vi ve(0), (z ® 15)V; ue(0))
(17 denotes the identity on F) for u,v € h are quantum Markov semigroups on B(h).

The unitary cocycle V' then solves the dilation problem for 7 (resp. T ) with Hilbert
space K = H = h ® F, projection Eue(f) = exp(]|f||?/2)ue(0) and automorphisms
ki(z) = Vi (z @ 17)V; (resp. ki(z) = Vi(z ® 17) V().

When the quantum Markov semigroup is given through its generator the construction of
its dilation via a unitary cocycle solving a QSDE is straightforward. We sketch the idea in the
simplest case of a norm-continuous, i.e. such that

lim  sup | Ti(2) o =0,
t=0zeB(h) =) <1

quantum Markov semigroup. In this case, by Lindblad’s [28] theorem, the infinitesimal gen-
erator L can be represented in the form

L(z)=K'z+ Y LizL+ 2K 22)
>1

where L, K € B(h) and the series ), Lj L is strongly convergent (i.e. ), | Lev]?
converges for each v € h) and L(1) = 0. This representation of the infinitesimal generator
follows from complete positivity and normality.

Suppose, for simplicity, that L, = 0 for £ > d and let

Gh=K, Go=L¢ G)=—(L)%,

and G%, = Ofor¢,m € {1,...,d}. It is not hard to check that (1) = 0 = f,: (1) = 0
and there exists a unique unitary solution V' of (3). This is a left cocycle dilating the quantum
Markov semigroup 7 as we outlined in the above discussion.

It is worth noticing here that the choice of the matrix of operators G is not unique. Indeed,
we could take G as above for « € {0, 1,. .., d}, take operators G*, on h such that the matrix
of operators [ 85, + G%, ] on ®@h is unitary and define G5, = —(G5")* — (G§)*GY,.
Remark. The action of a quantum Markov semigroup on a commutative subalgebra (an L>°
space) of B(h) may coincide with the action of a classical Markov semigroup. In this case one
can use the tools of classical stochastic analysis to study the behaviour of the classical Markov
semigroup which often gives valuable hints on the behaviour of the original quantum Markov
semigroup (see Parthasarathy and Sinha [35] for jump processes, Fagnola [17], Fagnola and
Monte [19] for diffusion processes).
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The relationship between the quantum Markov semigroup 7 and the cocycle V' is estab-
lished through the generator. If 7 is not norm-continuous its generator is unbounded, how-
ever, in many interesting cases it can be represented in a generalised Lindablad’s form (see
Davies [13]).

This happens for the class of w*-continuous quantum Markov semigroups on B(h) whose
generator is associated with quadratic forms £(z) (x € B(h))

£(x)[v,u] = (Kv, zu) + Z Lyv,zLou) + (v, zKu)
=1

where the operators K, L, satisfy the following hypotheses:
Hypothesis HQDS

(i) the operator K is the infinitesimal generator of a strongly continuous contraction semi-
group (P;)¢>0 on h,
(ii) Ly are operators on h with Dom(L,) O Dom(K),
(iii) £(1) < 0, 1 being the identity operator on h.

These semigroups arise in the study of irreversible evolutions of quantum open systems
(see Accardi, Lu and Volovich [5], Alicki and Lendi [6], Gisin and Percival [25], Schack, Brun
and Percival [37]). Often there are only finitely many non zero L,.

It is well-known (see e.g. Davies [13] Sect.3, Fagnola [18] Sect. 3.3) that, given a domain
D C Dom(K), which is a core for K, it is possible to built up a quantum dynamical semi-
group, called the minimal quantum dynamical semigroup associated with K and the L,, and
denoted 7™ satisfying the equations:

t
(v, Te(z)u) = (v, zu) + [ £(T:(x))[v, ulds,
0
(v, Te(z)u) = (P, zPu) (23)

+ Z/ (L¢P, sv, To(z) Lo Pr— su)ds

£>1

for u,v € D. Indeed, the above equations are equivalent. More precisely a w™-continuous
family (X¢;t > 0) of elements of B(h) such that || X;|| < ||z|| for a fixed z € B(h) sat-
isfies the first equation if and only if it satisfies the second. The idea of the proof is simple:
differentiate s — (P;—sv, XsP;—su) and integrate on [0, t] (see Fagnola [18] Prop. 3.18).

The minimal quantum dynamical semigroup associated with K and the L, can be defined
on positive operators « € B(h) as follows:

7" (z) = sup T," (x)

n>1

(n)

where the maps 7, are defined recursively by

<v,7;(0)(x)u> = (Pw,zPu)

<1}, ’Z;<n+1) (m)u> = (P, zPu) (24)

00 t
+ Z/O (LePresv, T () Lo Presu) ds
(=1



QSDE and Dilations 211

forz € B(h), u,v € D.
The equations (23), however, do not necessarily determine a unique semigroup. The min-
imal quantum dynamical semigroup is characterised by the following property.

Proposition 9.2. Suppose that the hypothesis HQDS holds. Then, for each positive x € B(h)
and each w*-continuous family (X)i>o0 of positive operators on B(h) satisfying (23), we
have T,"™™) (z) < X; forall t > 0.

Proof. Immediate from the inequality 7, (z) < X, forn,t > 0. O

The above proposition allows us to establish immediately another simple characterisation
of the minimal quantum dynamical semigroup that will be applied in the study of the left
QSDE.

Proposition 9.3. Suppose that the hypothesis HQDS holds and that £(1) = 0. For all n €
10, 1[ the minimal quantum dynamical semigroup T associated with the operators K, and

nLy satisfies ’Tt(n)(x) < Tt(min)(a:)for all positive x € B(h) and all t > 0.

Proof. The minimal quantum dynamical semigroup T associated with the operators K, and
nLy is defined on each positive z € B(h) as the least upper bound of the sequence 7, (z)
defined recursively by (24) with L, replacing L,.

It is easy to show by induction that,

T (@) < T (@)
foralln > 1, n €]0, 1[. The conclusion follows letting n tend to co. O

Proposition 9.4. Suppose that the hypothesis HQDS holds and that £(1) = 0. For all n €
10, 1[ the minimal quantum dynamical semigroup T associated with the operators K, and
nLy is the unique quantum dynamical semigroup satisfying

t
(v, T (z)u) = <Ptv,thu>+772Z/ (LePi—sv, TS (2) L Pi—su)ds
0

0©>1

Sfor all positive x € B(h) and all t > 0 and

7M@) = swp T, ().

n€l0,1]

Proof. The minimal quantum dynamical semigroup T associated with the operators K,
and nL, is defined recursively by (24) with L, replaced by nL,. Therefore, for all ¢ > 0
and all positive z € B(h), ’Z;(")(a:) is the least upper bound of the increasing sequence
(T (@) 2 1),

It is easy to show by induction that

7" (z) < T (x)

forall n > 1,7 €]0, 1] and, moreover, 7,"""™ (z) < T,"2™ (x). Letting n tend to infinity,
it follows that, for all ¢ > 0 and all positive z € B(h), the map n — Tt(")(x) is also
increasing. Since sup, o 1 ’Z;(") (z) satisfies (23), by Proposition 9.2 we have ’Z;(m‘“) (z) =

sup, o T ().
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We now prove uniqueness. Suppose that (St; ¢ > 0) is another quantum dynamical semi-
group satisfying the same integral equation as 7. Then we can prove by induction (again!) on
n that T,""™ (2) < Sy(x) forall n > 1,7 €]0, 1], ¢ > 0 and all positive = € B(h).

Indeed, it is clear that 7%, (x) < S;(z). Suppose that the desired inequality has been
established for an integer n. We have then

(u, T (@)u) = (Pyu, 2 Pou)

¢
+ T]ZZ/ (LgPt_Su,’];("’">(m)LgPt_su>ds
0

0>1

¢
< (P, zPu) +1° Z/ (LePi—su,Ss(x)LePi—su)ds
¢>170

= (u, Si(z)u).
It follows that 7,""" ") (2) < S(z) and, letting n tend to infinity, we obtain 7, (z) <
éﬁ(m).
Let Dy (z) = Si(z) — T, () and fix a t > 0. Clearly, for all s € [0, ], u € h and all
positive € B(h) we have

(u, Ds(x)u) 172 Z/S(LZPS,TU,Dr(x)LgPS,Tu)ds

>1

<sup ||D,(m)|> 1722/ | Le Ps—rus||*ds
0

0<r<t >1

IN

( sup IIDr(ﬂf)l) 0 (lull® = || Peul®)
0<r<t

s ( sup IDT(I)II) .
0<r<t

<sup |Dr(m>||) < ( sup ||Dr<x>|)
0<r<t 0<r<t

and, since 0 < n < 1, D,(z) = 0 for all » < 1 and all positive z € B(h). Therefore
D, vanishes on B(h) since every operator  can be decomposed as the sum of four positive
operators. 0O

Proposition 9.5. Suppose that the hypothesis HQDS holds and £(1) = 0 on D. Then the
following are equivalent:

(i) the minimal QDS is Markov (i.e. Tt(mm) (1) =1,

(ii) for all X > O there exists no non-zero x € B(h) such that £(z) = Ax.

We refer to Davies [13] Th. 3.2 or Fagnola [18] Prop. 3.31 and Th. 3.21 for the proof.

Condition (ii) is a quantum analogue of Feller’s non-explosion condition for the minimal
semigroup of a continuous time classical Markov chain. Proposition 9.5 shows, in particular,
that the minimal classical Markov semigroup is not Markov, then also the naturally associated
QDS will not be Markov.

Simple applicable (sufficient) conditions for uniqueness and Markovianity have been ob-
tained by Chebotarev and Fagnola [11]; the following result (Th. 4.4 p.394 in their paper) will
be sufficient for our purposes.

IN

It follows that
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Theorem 9.6. Suppose that the hypothesis HQDS holds and suppose that there exists a posi-

tive self-adjoint operator C'in h with the following properties:

(a) Dom(K) is contained in Dom(C*/?) and is a core for C*/?,

(b) the linear manifold L,(Dom(K?)) is contained in Dom(C*/?),

(c) there exists a positive self-adjoint operator ®, with Dom(K) C Dom($*/?) and
Dom(C') C Dom(®), such that, for all u € Dom(K), we have

2R, Ku) = 3 [[Leul]® = /2],
£

(d) for all u € Dom(C?) we have ||®*/?u|| < ||C'/?u
(e) forall u € Dom(K?) the following inequality holds

>

2R(C 20, CM P Ku) + ) [C 2 Loul® < bf|C 2 ? (25)

=1
where b is a positive constant depending only on K, Ly, C.

Then the minimal quantum dynamical semigroup is Markov.
As shown in Fagnola [18] Sect. 3.6 the domain of K2 can be replaced by a linear manifold

D which is dense in h, is a core for C' 1/ 2 is invariant under the operators P; of the contraction
semigroup generated by K, and enjoys the properties:

R(X\;G)(D) C Dom(CY?),  L¢(R(\;G)) € Dom(C*/?)

where R(\; G) (A > 0) are the resolvent operators. Moreover the inequality (25) must be
satisfied for all u € R(\; G)(D).

We refer to the lecture notes [20] for the study of properties of quantum Markov semi-
groups.
We can now return to the study of the left QSDE.

10 The left equation with unbounded G3: isometry

In this section we suppose that the hypothesis HGC holds and we discuss conditions for V' to
be an isometry.
Besides 6 (1) = 0 on D as we found in Proposition 8.1 an additional condition is needed:
the minimal quantum dynamical semigroup associated with G and the G§ must be Markov.
We shall divide the proof in several steps.

Proposition 10.1. Suppose that the hypothesis HGC holds and 0¢ (1) = 0 on D. For all
n €]0,1[ let G(n) be the matrix of operators on &+ h defined by

I, =1,® (nlgay), G =I,GI, (26)
The left cocycle v solving the left QSDE
v =VGmgdAle), VW =1 @7

on D ® & dilates the (minimal) quantum dynamical semigroup T associated with G and

the nG§.
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Proof. It is easy to see, by our definition, that the matrix G(n) of operators @4 Dh defined
by (26) satisfies the hypothesis HGC for all  €]0, 1[. In particular we have 6, (1) < 0

and, by Theorem 8.5, there exits a unique contraction process V" solving the left QSDE (27)
onD®E.
The contraction process VU is aleft cocycle by Corollary 8.6. Therefore the identity

(v, Se(@)u) = (V" ve(0), (z @ 1)V, ue(0))

(v,u € h, x € B(h)) defines a quantum dynamical semigroup on h by Theorem 9.1. More-
over, by the quantum It6 formula (2), we can see immediately that S satisfies

(v, S¢(z)u) = (v, zu)

+ /0 ((GBo, Suayu) + 07 >~ (G, S.(@)Ghu) + (0, 5. ()Giu) ) ds

>1

for all positive x € B(h) and all ¢ > 0. This equation can be written in the equivalent form
(23) with L, = G§, K = G and P the semigroup generated by G3.

Therefore, by Proposition 9.4, S coincides with the unique minimal quantum dynamical
semigroup 7 associated with G and the nG§. This completes the proof. O

Theorem 10.2. Suppose that the hypothesis HGC holds and 0c(1) = 0 on D. Then the
unique contraction V' solving (3) is a left cocycle dilating the minimal quantum dynamical
semigroup T associated with G3 and the G§.

Proof. (Sketch) By Proposition 10.1 for all y €]0, 1] we have
(0. 7 (@)u) = (VP ve(0), (z © 1)V, ue(0))

for all v, w € D. We can show, by the argument of the proof of Theorem 8.4, that there exists
a sequence (nx; k > 1) converging to 1 such that the contractions Vtm") converge weakly to
the unique solution V; of the left QSDE (3) for k£ going to infinity uniformly for ¢ in bounded
intervals. Therefore, for all u € h and all positive x € B(h) we have

(u, T (@) = lim (u, T (2)u)

lim inf (V") ue(0), (z @ 1)V, ue(0))
> (Viue(0), (@ @ 1) Viue(0)).
Moreover, since V dilates a quantum dynamical semigroup associated with G and the

G% and T ™) is the minimal one, it follows from Proposition 9.2 that the converse inequality
also holds. This proves the theorem. O

‘We can now prove the charactersation of isometries solving of the left QSDE (3).

Theorem 10.3. Suppose that the hypothesis HGC holds and 0 (1) = 0 on D and let V be
the unique contraction solving (3). The following conditions are equivalent:

(i) the process V' is an isometry,
(ii) the minimal quantum dynamical semigroup associated with G and the G§ is Markov.
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Proof. Clearly, by Theorem 10.2, (i) implies (ii).
We will prove the converse by showing that

(Vevg®™, Viuf®"™) = (vg®™, uf®") (28)

forallm,n > 0,t > 0,v,u € hand f,g € M.

The above identity holds for n = m = 0. Indeed, V' dilates the minimal quantum dynam-
ical semigroup associated with G and the G§ by condition (i) and this semigroup is Markov.
Suppose that the identity has been established for all integers n, m such that n + m < p.
Then, for all n, m with n + m = p + 1 arguing as in the proof of Theorem 8.5 and using the
induction hypothesis, we have

t
(Vg™ Viuf =) = (o™, uf ") + / ((Vevg™ VeGus®")
0
+ 30 (VeGhog™" VaGhuf ™) + (V.Gog™", Viuf ") ) ds (29)
4

Let A > 0 and define an operator Ry € B(h) by
(v, Rau) = / exp(—At) (Vavg®™, Viuf®™) dt.
0

(v,u € D). Multiplying by X exp(—At) both sides of (29), integrating on [0, +0o[ and chang-
ing the order of integration in the double integral as in the proof of Theorem 8.5 we find

Mv, Ryu) = (vg®m,uf®n> +£(Ry)[v, u].

Letting ¢ = A~ (g®™, £©™), since £(1) = 0 we have £(Rx — cl) = A\(Rx — cl). It follows
then from Proposition 9.5 (ii) that ARy = (g®™, f®™)1 so that

/\/ exp(—At) (Vavg®™, Viuf®™) dt = (vg®™, uf®™)1
0

for all A > 0. Now the uniqueness of the Laplace transform leads to (28).
This completes the proof. O

The above theorem characterises isometries V' solving the left QSDE (3). In order to study
when V is (also) a coisometry (then a unitary), it is not possible to write the QSDE satisfied by
V™ and apply the above results because this is a right equation and we do not know whether
a solution exists. It seems more reasonable to study the dual cocycle V which is a candidate
solution of another left QSDE and, of course it is an isometry if and only if V' is a coisometry.

Unfortunately we do not know the most general conditions allowing to deduce that, v
satisfies the left QSDE _ _

dVy = Vi(Gg)"dAZ(t) (30)

on some domain D ® & if and only if V' satisfies (3) on D ® £ when the G5 are unbounded.

We bypass this difficulty by first regularising the G5, for example by multiplication with
some resolvent operator, writing the left QSDE satisfied by the cocycle and, finally removing
the regularisation.

Proposition 10.4. Suppose that the hypothesis HGC holds. Let V' be the unique contraction
cocycle solving (3) on D ® € and let GT = [(G")3] be the matrix of operators on @@t
such that
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(Gh5 = (Ga)

D
where D is a dense subspace of h which is a core for (Gg)*. Suppose that there exists a
sequence (Rn;n > 1) of bounded operators on h such that the operators G Ry, are bounded
foralln > 1 and

lim Rjv=w

n—00
forall u € D and all v € h in the weak topology on h. Then the dual cocycle V is the unique
contraction process satisfying (30).

Proof. The bounded processes (Vz Ry;t > 0) satisfy the left QSDE dV; R,, = VtGand/lg (t)
with initial condition R,,. The time reversed processes (IZRZ;t > 0) satisfy the QSDE
dViR:, = Vi(G3 Rn)"dAg(t) with initial condition Rj,. This can be checked by differen-
tiation as in the proof of Proposition 6.4. Therefore, for all v € h, u € 5, f,g € M we
have

(Vi"ve(g), Ryue(f)) = (ve(g), Ryue(f))

n / (Vrve(), Bo(G3) ue())) ga(s) £ (s)ds

The conclusion follows letting n tend to co. O

It is possible to prove that the dual cocycle satisfies the expected QSDE by other regulari-
sations of the G (see e.g. Fagnola [18] Prop. 5.24). The more convenient one usually depend
on the special form of the G appearing in the QSDE.

11 The right equation with unbounded F g’

In this section we outline the main result for proving the existence of solutions to the right
QSDE (4). It is clear from Theorem 4.1 that conditions for the existence of a solution must be
stronger. Indeed, arguing as in the proof of 2. = 1., if 6 (1) = 0 then the solution must be an
isometry.

When a cocycle V solves a left QSDE we need 6 (1) = 0 and the additional condition on
an associated quantum dynamical semigroup that turns out to be satisfied when we can apply
Theorem 9.6. This suggests that it should be possible to show the existence of isometries
solving the right equation assuming an (a priori) inequality like (25) not only on the single
operator G (the K in (25)) but on the whole matrix of operators [Gg]

This has been done by the author and S. Wills [22] who proved the following result.

Theorem 11.1. Let U be a contraction process and F' an operator matrix, and suppose that
C'is a positive self-adjoint operator on h, and § > 0 and b1,ba > 0 are constants such that
the following hold:

(i) There is a dense subspace D C h such that the adjoint process U™ is a strong solution of
dUy = U (FBY* dAE(t) on D ® &, and is the unique solution for this [(F§)*] and D.
(ii) For each 0 < € < & there is a dense subspace D. C D such that (C.)'/?(D.) C D and
each (Fg')* (C)Y?|p. is bounded.
(iii) Dom(C"/?) C Dom[Fg] for all a, .
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(iv) Dom[F] is dense in h, and for all 0 < € < ¢ the form 6 (C.) on Dom[F satisfies the
inequality
OF(CE) < blb(cg) + bo1
where o(C:) is the (d + 1) x (d + 1) matrix diag(Cs, . . ., C:) of operators on h.

Then U is a strong solution to the right QSDE (4) on Dom(C Y 2) for the operator matrix F.

We refer to Fagnola and Wills [22] for the proof.
As a Corollary we can give immediately conditions under which we can prove that U is
an isometry or a coisometry process.

Corollary 11.2. Suppose that the conditions of Theorem 11.1 hold and let U be the solution
to (4) on Dom(C’l/Q)for the given matrix F'. If either

(i) Dom(C*?) N Dom[F] is a core for C** and 0 (1) = 0, or

(i) 6%(1) =0,

then U is an isometry process .

In order to show that U is a coisometry process note that the adjoint process U™ satisfies
a left QSDE. Therefore it suffices to apply the results of Section 10 to obtain the following

Corollary 11.3 ( [16], [18]). Suppose that the conditions of Theorem 11.1 hold and let U be
the solution to (4) for the given matrix F. Suppose further that (F{)* is the generator of a
strongly continuous contraction semigroup, that the subspace D is a core for (F(?)*, and let
T be the minimal QDS with generator

d
(u, L(X)v) = (u, X (F5)"v) + ((F)"u, Xv) + Y ((F)"u, X(F)"v).
i=1
The following are equivalent:
(i) U is a coisometry process.

(ii) = (1) = 0 on D and T is conservative.
(iii) [051 + F;]’ij:l is a coisometry on ®%_,h and T is conservative.

A weaker notion of solution to a right QSDE, the mild solution, has been introduced by
Fagnola and Wills [23] taking inspiration from classical SDE.
For U to be a mild solution we demand that U (D © &) is contained in the domain of all

the Fg with o + 8 > 0 and that the smeared operator f Ot Us ds maps D ® £ in the domain of
F{. Thus a mild solution is a process U such that

Uuvwee c () Dom(Fs o),
t>0 a+B>0

t
U/ Usds(D ® &) C Dom(FY @ 1),
t>0v0
and
t d t
Ut=1+(Fo°®1)/ Us ds + Z /(F§®1)Usd/1§(s)‘
0 a+8>070

This is an important notion because the operators Fig' are in a natural way “less un-
bounded” than F{ (a sort of square root of the F)) and, therefore, have a bigger domain.
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An existence theorem for mild solutions inspired by Theorem 11.1 was proved in Fagnola

and Wills [23] (Th. 2.3).
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