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electron interaction with the molecule by that between the electron and
equivalent dipole, one has that vibration transitions associated with elec-
tronic excitation of the molecule will be the same whether the process is
radiative or a result of a collision. This is the justification of the argument
of Birge and Sponer in discussing the experiments of Hogness and Lunn.
Using th}is same analysis of the collision problem, it is clear that the

action of a colliding electron on a molecule in exciting vibration transitions
without electron excitation, the fourth type of coupling in the list, is a
consequence of the non-vanishing of the same matrix components as those
which measure the probability of vibration transitions in' infra-red,
vibration-rotation bands. The correlation is, however, not a sharp one,
for in the collision process the electric moments of higher order of the
molecule may be active.
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The problem of the motion of a particle attracted by two fixed centers
of force according to the Coulomb force law can be treated by classical
mechanics and has been used in quantum theory by Pauli and Niessen
for a theory of the hydrogen molecule ion.' In the quantum mechanics,
where the energy levels are determined as the "eigenwerte" of Schr6dinger's
equation, the variables are separable and the boundary value problem is
easily set up. But thus far a satisfactory treatment of the differential
equations involved is lacking. Burrau2 has recently carried out a numer-
ical integration of the problem for the lowest energy level of an electron
moving under the influence of two fixed centers of Coulomb attraction as a
function of the distance apart of these centers. In this paper, Burrau's
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data are used to give a semi-quantitative discussion of the neutral hydrogen
molecule. His values are:
Nuclear separation 1.0 1.3 1.6 1.8 2.0 2.2 2.4 2.95
Electronic energy 2.896 2.648 2.436 2.309 2.204 2.109 2.025 1.836
The unit of separation is the Bohr 11 orbit radius of hydrogen atom, that of energy

is the ionization potential of atomic hydrogen.
In all this work the tacit assumption is made that, because of the large

masses of the nuclei, the problem can be solved regarding the nuclei as
fixed at a distance which is one of the parameters of the problem. When
the energy of the electronic motion as a function of the distance is known,
the energy of the Coulomb repulsion of the fixed nuclei is added and so the
variation of the total energy of the non-rotating non-vibrating molecule
with nuclear distance is found. The minimum of this curve is taken as
the "equilibrium" separation of the nuclei and the value of the minimum
is taken as the energy of the molecule in that electronic state. (More
correctly, the small amount '/2hv is to be added to the minimlum value.)
If the nuclei are no longer regarded as fixed this curve is regarded as giving
the "law of force" governing the rotational and vibrational motions of
the molecule. That this is the correct procedure in the classical mechanics
was shown by Born and Heisenberg:8 that it remains correct in the quan-
tum mechanics has not yet been definitely proved. There is no reason
to believe, however, that it is not correct, and it will be used here without
further justification.
When the nuclei of a hydrogen molecule ion are far apart one is dealing

virtually with a free hydrogen atom and a proton. The electronic energy
is then mainly that of the Coulomb interaction between the proton and the
electronic charge of the atom. If the-atom were not Stark-affected by
the proton, this would be just equal to the nuclear repulsion and the total
energy would be simply R for all values of the nuclear separation (all
values are negative), where R is the Rydberg constant. But the proton
induces a polarization of the H-atom and, therefore, the energy of proton-
electron interaction is greater than that of proton-proton. On the other
hand, when the nuclear separation is zero and the electron moves under the
influence of a double central charge, the energy is that of the lowest state
of ionized helium. Burrau's numerical integrations supply values of the
electronic energy for intermediate electronic separations. When the nuclear
repulsive energy (curve b, Fig. 1) is added to Burrau's values there re-
sults curve a, figure 2, which is Burrau's curve for H+. The equilibrium
separation is 2 units (i.e., 2 times the radius of the Bohr 11 hydrogen orbit)
and the minimum energy is 1.204 R = 16.28 volts. The heat of dissocia-
tion is 0.204R = 2.76 volts. Bnrrau checks the value with experiment
by an indirect comparison with the ionization potential of H2 as discussed
later in this paper.
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Turning now to the neutral molecule one expects, on the Pauli principle
of assigning quantum numbers, that the two electrons will be in equivalent
orbits. The starting point, therefore, for the approximate treatment of
the problem is a model in which the two electrons have no mutual influence

8t
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FIGURE 1

Electronic and nuclear energy in H2. a,
Values for non-interacting electrons. b,
Coulomb energy of nuclear repulsion.
c, Approximate electronic energy curve
for interacting electrons. Units: ordinates,
1 = Rydberg constant, abscissas, I = radius
of first Bohr orbit in hydrogen atom.

observed that the above model does

and each moves as it would if
alone in the ground state of H2+
as given by Burrau. The elec-
tronic energy of this model at
each distance is evidently just
twice that for H2+. This curve of
doubled H2+ values is given here
as a of figure 1. Combined
with the Coulomb proton-proton
energy this yields curve b, figure
2, for the energy curve of the
neutral H2 molecule with un-
coupled electrons. This gives an
equilibrium separation of 1.075
units, i.e., a moment of inertia of
2.7 X 10-41 gr. cm.2 The heat
of dissociation is 1.800R = 24.36
volts.

Naturally, such a model gives
only a very rough approximation
to the truth. But it is to be

set a definite lower limit on the
moment of inertia of the molecule. For the electronic interaction, what-
ever its amount, will be positive and will decrease monotonously with
increasing nuclear separation, since it is the repulsive potential of in-
teracting-like charge. It acts to increase the ordinates of curve b, figure
1, by decreasing amounts and, therefore, shifts the minimum of the resultant
curve to larger abscissas. This seems to be an important conclusion
inasmuch as the lower limit here definitely given by quantum mechanics is
greater than nine of the thirteen values obtained on various theoriesfrom specific
heat data as presented in the recent thorough review of the the subject by
Van Vleck and Hutchisson.4
Turning now to the electronic interaction, the analysis of Hund5 pro-

vides the important result that the electronic term of the lowest state of a
molecule changes continuously from its value for a neutral atom of equal
number of electrons to its value for the dissociated atoms, according to
the new quantum mechanics. Herein lies an important difference between
the old and the new quantum theory which is essential to the argument
of this paper. That unexcited molecules dissociate into two unexcited
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atoms as a result of vibrations of infinite amplitude has been shown
empirically by Birge and Sponer.6
The first approximation to the electron interaction in unexcited helium

has been computed by Unsold,7 by means of the wave mechanics, who
finds 5.5 R for the whole atom, i.e., 1.5 R = 20.3 volts for the ion-
ization potential. Empirically the value is _
5.818R for the total energy. At large 1.1
distances the model goes over into two +.
neutral hydrogen atoms. The electronic 1.2 -

energy will, therefore, be asymptotically A 20 -
equal to the Coulomb interaction of an elec-
tron and a proton, for it is made up of the
repulsion of the two electrons and the at-
traction of each proton for the electron of b
the other atom. Moreover, the situation is 3.0
now that of the interaction of two neutral °
units so that polarization deformation of 0

each atom by the other will be much smaller U

than in the case of H2+. Inasmuch as 4.0l1l
Burrau's work shows that at a distance of FIGURE 2
2.95 units the electronic part of the H2+ Resultant energy curves in
energy differs from the pure Coulomb by H2+ and H2. a, Burrau's curve
about 0.1 R, it is safe to assume for the H2 for H2+. b, Curve for H2 for
molecule a closer approach to Coulomb value non-interacting electrons. c,

For in- Approximate curve for H2 withfor abscissas greater than 3 units. interacting electrons. The small
termediate points, a natural assumption is to circle in the crook of curve b,
reduce the doubled Burrau value in the ratio represents the equilibrium posi-
5.818 :8.00 in order to secure agreement with tion and energy on Hutchisson's
helium. If this is done it is found that the classical crossed-orbit model of

.sligcrejisototeCoulomb curve H2. Units: same as figure I

resuoohlt Curve
joins on togthe hasbeen(note different scales of ordinates

smoothly. Curve c of figure 1 has been for H2 and H2+)
drawn from the theoretical values so reduced
up to the value for 2.4 and joined on to a Coulomb curve for abscissa
values of 3 and greater.
The result of combining c and b of figure 1 is to give c of figure 2

as the energy curve for the hydrogen molecule. The minimum of this
curve corresponds to a moment of inertia of 4.26 X 10-41 gr. cm.2, and to
a heat of dissociation of 4.4 volts. The latter value agrees to within 0.1
volt with the band spectrum value of Witmer and of Dieke and Hopfield.8
These figures should be compared with a moment of inertia of 4.91 X 10-41
gr. cm.2 and 1.422 R heat of dissociation found by Hutchisson9 from a
cross orbit model of H2 on classical quantum theory.
Another interesting consequence follows from the relation of the H2
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energy curve to that of H2+. According to a principle put forward by
Franck, changes involving the electrons in a molecule will affect the nuclei
mainly indirectly through the change in molecular binding.10 According
to this view, the most probable event in an electron collision experiment by
means of which an electron is removed from H2, is the removal of an elec-
tron while the nuclei are at a distance of 1.350 units. This requires an
amount of energy given by the difference between 2.325 R and the or-
dinate of the H2+ curve at 1.350, namely 1.125 R. This is the theoretical
apparent ionization potential and amounts to 1.2 R or 16.2 volts in good
agreement with the mean experimental value 16.1 given by Franck and
Jordan." On the other hand, the true energy of the process H2 -
H2+ + e-, where H2+ is in the lowest state, is the difference between the
ordinates of the minima of the H2 and H2+ curves, i.e., 1.12 R = 15.2
volts, comparing favorably with value of Witmer and of Dieke and Hop-
field from the ultra-violet band spectrum of H2.
The theoretical value of the frequency of vibration, depending on the

curvature of the curve at its minimum, is naturally more uncertain.
Calculation shows that the curve gives a frequency of vibration of 5300
cm.-', about 20% higher than the value 4360 cm.-' from experiment.8
As for the moment of inertia, while it is larger than most of the values from
specific heat theories, it is in accord with the larger values which have been
found by Richardson and Tanaka'2 from analysis of the hydrogen bands.

In conclusion it seems proper to emphasize that Burrau's calculation of
H2+ and the extension here to H2 constitute the first quantum-theoretic
quantitative discussion of the binding of atoms into molecules by elec-
trons-the valence forces of chemistry. The quantitative success of the
new quantum mechanics in the face of- the classical theory's failure must
serve to lend strong support to the new methods.
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