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INTRODUCTION

he goal of this edition is the same as that of the first: to present the con-

ceptual framework used for the pricing and hedging of fixed income se-
curities in an intuitive and mathematically simple manner. But, in striving
to fulfil this goal, this edition substantially revises and expands the first.

Many concepts developed by expert practitioners and academics re-
main mysterious or only partially understood by many. Examples include
convexity, risk-neutral pricing, risk premium, mean reversion, the futures-
forward effect, and the financing tail. While many books explain these and
other concepts quite elegantly, the largely mathematical presentations are
beyond the reach of much of the interested audience. This state of affairs is
particularly regrettable because the essential ideas developed in industry
and academics can be conveyed intuitively and by example. While this
book is quantitatively demanding, like the field of fixed income itself, the
level of mathematics has been confined mostly to simple algebra. On the
occasions when the calculus is invoked, the reader is escorted through the
equations, a term at a time, toward an understanding of the underlying
concepts.

The book is full of examples. These range from simple examples that
introduce ideas to the 15 detailed applications and trading case studies
showing how these ideas are applied in practice. This “spoonful of sugar”
approach makes the material easier to understand and more fun to study.
Equally important, it gives readers a sense of orders of magnitude. After
working to understand the coupon effect, for example, one should also
have a good idea of when the effect is large and when it is insignificant. In
a complex, competitive, and fast-moving field like fixed income, it is cru-
cial to develop the ability to distinguish between issues that require imme-
diate attention and those that may be reflected upon at leisure.

Part One of the book presents the relationships among bond prices,
spot rates, forward rates, and yields. The fundamental notion of arbitrage
pricing is introduced in the context of securities with fixed cash flows.

Part Two describes various ways to measure interest rate risks for the
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Xiv INTRODUCTION

purpose of quantifying and hedging these risks. The chapters cover basic
and commonly used measures, like DV01, duration, and simple regression-
based measures, as well as several more sophisticated measures. These in-
clude measures based on pricing models, multi-factor measures, and
two-factor regression-based measures.

Part Three introduces the arbitrage-based, term structure models used
to price fixed income derivatives, that is, securities whose cash flows de-
pend on the level of interest rates. Many well-known models are discussed,
like the Vasicek or Black-Karasinski models, but since there are many mod-
els in use and many more potential models, the chapters in this part have
two broader aims: First, to explain the roles of expectations, volatility, and
risk premium in the determination of the term structure and in the con-
struction of term structure models; Second, to explain how the fundamen-
tal building blocks of term structure models, namely, drift, volatility
structure, and distribution, are assembled to create models with different
characteristics. Some multi-factor models are also discussed. Finally, this
part describes how term structure models are applied to trading and invest-
ment decisions.

Part Four uses the concepts of the first three parts to analyze several
major securities in fixed income markets. These are important subjects in
their own right: repurchase agreements, forwards, futures, options, swaps,
and mortgages. In addition, however, the exercise of using the fixed income
tool kit to analyze these securities in detail develops the skills required to
attack unfamiliar and challenging problems.

This book is meant to help current practitioners deepen their under-
standing of various subjects; to introduce newcomers to this complex field;
and to serve as a useful reference after an initial reading. As a result of
these multiple objectives, the book does mention certain subjects before
they are formally treated. For example, a relevant point about swaps may
be made in an early chapter even though swaps are not discussed in detail
until Chapter 18. Current practitioners and readers using the book as a ref-
erence will not find this a problem. Hopefully, with a willingness to take
some points on faith during a first reading or with the enterprise to use the
index, newcomers to the field will eventually appreciate this organization.
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1

Bond Prices, Discount
Factors, and Arhitrage

THE TIME VALUE OF MONEY

How much are people willing to pay today in order to receive $1,000 one
year from today? One person might be willing to pay up to $960 because
throwing a $960 party today would be as pleasurable as having to wait a
year before throwing a $1,000 party. Another person might be willing to
pay up to $950 because the enjoyment of a $950 stereo system starting
today is worth as much as enjoying a $1,000 stereo system starting one
year from today. Finally, a third person might be willing to pay up to
$940 because $940 invested in a business would generate $1,000 at the
end of a year. In all these cases people are willing to pay less than $1,000
today in order to receive $1,000 in a year. This is the principle of the time
value of money: Receiving a dollar in the future is not so good as receiv-
ing a dollar today. Similarly, paying a dollar in the future is better than
paying a dollar today.

While the three people in the examples are willing to pay different
amounts for $1,000 next year, there exists only one market price for this
$1,000. If that price turns out to be $950 then the first person will pay
$950 today to fund a $1,000 party in a year. The second person would be
indifferent between buying the $950 stereo system today and putting away
$950 to purchase the $1,000 stereo system next year. Finally, the third per-
son would refuse to pay $950 for $1,000 in a year because the business can
transform $940 today into $1,000 over the year. In fact, it is the collection
of these individual decisions that determines the market price for $1,000
next year in the first place.

Quantifying the time value of money is certainly not restricted to the
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pricing of $1,000 to be received in one year. What is the price of $500 to
be received in 10 years? What is the price of $50 a year for the next 30
years? More generally, what is the price of a fixed income security that pro-
vides a particular set of cash flows?

This chapter demonstrates how to extract the time value of money im-
plicit in U.S. Treasury bond prices. While investors may ultimately choose
to disagree with these market prices, viewing some securities as underval-
ued and some as overvalued, they should first process and understand all
of the information contained in market prices. It should be noted that mea-
sures of the time value of money are often extracted from securities other
than U.S. Treasuries (e.g., U.S. agency debt, government debt outside the
United States, and interest rate swaps in a variety of currencies). Since the
financial principles and calculations employed are similar across all these
markets, there is little lost in considering U.S. Treasuries alone in Part One.

The discussion to follow assumes that securities are default-free, mean-
ing that any and all promised payments will certainly be made. This is
quite a good assumption with respect to bonds sold by the U.S. Treasury
but is far less reasonable an assumption with respect to financially weak
corporations that may very well default on their obligations to pay. In any
case, investors interested in pricing corporate debt must first understand
how to value certain or default-free payments. The value of $50 promised
by a corporation can be thought of as the value of a certain payment of
$50 minus a default penalty. In this sense, the time value of money implied
by default-free obligations is a foundation for pricing securities with credit
risk, that is, with a reasonable likelihood of default.

TREASURY BOND QUOTATIONS

The cash flows from most Treasury bonds are completely defined by face
value or par value, coupon rate, and maturity date. For example, buying a
Treasury bond with a $10,000 face value, a coupon rate of 5'/,%, and a
maturity date of August 15, 2003, entitles the owner to an interest pay-
ment of $10,000x5'/,% or $525 every year until August 15, 2003, and a
$10,000 principal payment on that date. By convention, however, the $525
due each year is paid semiannually, that is, in installments of $262.50
every six months. In fact, in August 1998 the Treasury did sell a bond with
this coupon and maturity; Figure 1.1 illustrates the cash paid in the past
and to be paid in the future on $10,000 face amount of this bond.
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$10,262.50

$262.50 $262.50 $262.50 $262.50 $262.50 $262.50 $262.50 $262.50 $262.50

8/15/98 2/15/99 8/15/99  2/15/00  8/15/00  2/15/01 8/15/01 2/15/02  8/15/02  2/15/03 8/15/03

FIGURE 1.1 The Cash Flows of the 5.25s of August 15,2003

An investor purchasing a Treasury bond on a particular date must usu-
ally pay for the bond on the following business day. Similarly, the investor
selling the bond on that date must usually deliver the bond on the follow-
ing business day. The practice of delivery or settlement one day after a
transaction is known as T+1 settle. Table 1.1 reports the prices of several
Treasury bonds at the close of business on February 14, 2001, for settle-
ment on February 15, 2001.

The bonds in Table 1.1 were chosen because they pay coupons in even
six-month intervals from the settlement date.! The columns of the table
give the coupon rate, the maturity date, and the price. Note that prices are
expressed as a percent of face value and that numbers after the hyphens de-
note 32nds, often called ticks. In fact, by convention, whenever a dollar or
other currency symbol does not appear, a price should be interpreted as a

TABLE 1.1 Selected Treasury Bond Prices for Settlement
on February 15, 2001

Coupon Maturity Price
7.875% 8/15/01 101-123%4
14.250% 2/15/02 108-31+
6.375% 8/15/02 102-5
6.250% 2/15/03 102-181/s
5.250% 8/15/03 100-27

!Chapter 4 will generalize the discussion of Chapters 1 to 3 to bonds that pay
coupons and principal on any set of dates.
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percent of face value. Hence, for the 77/gs of August 15, 2001, the price of
101-123/, means 101+'273/3,% of face value or approximately 101.3984%.
Selling $10,000 face of this bond would generate $10,000x1.013984 or
$10,139.84. For the 14'/,s of February 15, 2002, the symbol “+” denotes
half a tick. Thus the quote of 108-31+ would mean 108+3!-/3,.

DISCOUNT FACTORS

The discount factor for a particular term gives the value today, or the pre-
sent value of one unit of currency to be received at the end of that term.
The discount factor for ¢ years is written d(f). So, for example, if
d(.5)=.97557, the present value of $1 to be received in six months is
97.557 cents. Continuing with this example, one can price a security that
pays $105 six months from now. Since $1 to be received in six months is
worth $.97557 today, $105 to be received in six months is worth
.97557x$105 or $102.43.2

Discount factors can be used to compute future values as well as pre-
sent values. Since $.97557 invested today grows to $1 in six months, $1 in-
vested today grows to $1/d(.5) or $1/.97557 or $1.025 in six months.
Therefore $1/d(.5) is the future value of $1 invested for six months.

Since Treasury bonds promise future cash flows, discount factors can
be extracted from Treasury bond prices. According to the first row of
Table 1.1, the value of the 77/ss due August 15, 2001, is 101-123/,. Fur-
thermore, since the bond matures in six months, on August 15, 2001, it
will make the last interest payment of half of 77/5 or 3.9375 plus the prin-
cipal payment of 100 for a total of 103.9375 on that date. Therefore, the
present value of this 103.9375 is 101-123%/,. Mathematically expressed in
terms of discount factors,

101+12%/32=103.93754d(.5) (1.1)

Solving reveals that d(.5) = .97557.

2For easy reading prices throughout this book are often rounded. Calculations,
however, are usually carried to greater precision.
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The discount factor for cash flows to be received in one year can be
found from the next bond in Table 1.1, the 14'/ss due February 15, 2002.
Payments from this bond are an interest payment of half of 14!/, or 7.125
in six months, and an interest and principal payment of 7.125+100 or
107.125 in one year. The present value of these payments may be obtained
by multiplying the six-month payment by d(.5) and the one-year payment
by d(1). Finally, since the present value of the bond’s payments should
equal the bond’s price of 108-31+, it must be that

108+31.5/32=7.125d(.5)+107.125d(1) (1.2)

Knowing that d(.5) = .97557 from equation (1.1), equation (1.2) can be
solved for d(1) to reveal that d(1) = .95247.

Continuing in this fashion, the prices in Table 1.1 can be used to solve
for discount factors, in six-month intervals, out to two and one-half years.
The resulting values are given in Table 1.2. Because of the time value of
money, discount factors fall with maturity. The longer the payment of $1 is
delayed, the less it is worth today.

Applying techniques to be described in Chapter 4, Figure 1.2 graphs
the collection of discount factors, or the discount function for settlement
on February 15, 2001. It is clear from this figure as well that discount fac-
tors fall with maturity. Note how substantially discounting lowers the
value of $1 to be received in the distant future. According to the graph, $1
to be received in 30 years is worth about 19 cents today.

TABLE 1.2 Discount Factors
Derived from Bond Prices
Given in Table 1.1

Time to Discount
Maturity Factor

0.5 0.97557
1 0.95247
1.5 0.93045
2 0.90796

2.5 0.88630
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FIGURE 1.2 The Discount Function in the Treasury Market on February 15, 2001

THE LAW OF ONE PRICE

In the previous section the value of d(.5) derived from the 77/ss of August
15, 2001, is used to discount the first coupon payment of the 14'/,s of Feb-
ruary 15, 2002. This procedure implicitly assumes that d(.5) is the same
for these two securities or, in other words, that the value of $1 to be re-
ceived in six months does not depend on where that dollar comes from.
This assumption is a special case of the law of one price which states that,
absent confounding factors (e.g., liquidity, special financing rates,® taxes,
credit risk), two securities (or portfolios of securities) with exactly the same
cash flows should sell for the same price.

The law of one price certainly makes economic sense. An investor
should not care whether $1 on a particular date comes from one bond or
another. More generally, fixing a set of cash flows to be received on any set
of dates, an investor should not care about how those cash flows were as-
sembled from traded securities. Therefore, it is reasonable to assume that

3See Chapter 15.
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discount factors extracted from one set of bonds may be used to price any
other bond with cash flows on the same set of dates.

How well does the law of one price describe prices in the Treasury
market for settlement on February 15, 2001? Consider the four bonds
listed in Table 1.3. Like the bonds listed in Table 1.1, these four bonds
make payments on one or more of the dates August 15, 2001, February 15,
2002, August 15, 2002, February 15, 2003, and August 15, 2003. But, un-
like the bonds listed in Table 1.1, these four bonds are not used to derive
the discount factors in Table 1.2. Therefore, to test the law of one price,
compare the market prices of these four bonds to their present values com-
puted with the discount factors of Table 1.2.

Table 1.3 lists the cash flows of the four new bonds and the present
value of each cash flow. For example, on February 15, 2003, the 5%,s of
August 15, 2003, make a coupon payment of 2.875. The present value of
this payment to be received in two years is 2.875xd(2) or 2.875%.90796 or
2.610, where d(2) is taken from Table 1.2. Table 1.3 then sums the present
value of each bond’s cash flows to obtain the value or predicted price of
each bond. Finally, Table 1.3 gives the market price of each bond.

According to Table 1.3, the law of one price predicts the price of the
133%/gs of August 15, 2001, and the price of the 5%4s of August 15, 2003,
very well. The prices of the other two bonds, the 10%/,s of February 15,
2003, and the 11'/gs of August 15, 2003, are about .10 and .13 lower, re-
spectively, than their predicted prices. In trader jargon, these two bonds are
or trade cheap relative to the pricing framework being used. (Were their

TABLE 1.3 Testing the Law of One Price Using the Discount Factors of Table 1.2

13.375s 10.75s 5.75s 11.125s

8/15/01 2/15/03 8/15/03 8/15/03

Cash  Present Cash Present Cash  Present Cash  Present
Date Flow Value Flow  Value Flow Value Flow Value
8/15/01 106.688 104.081 5.375 5.244 2.875  2.805 5.563  5.427
2/15/02 0.000 0.000 5.375 5.120 2.875  2.738 5.563  5.298
8/15/02 0.000 0.000 5.375 5.001 2.875  2.675 5.563  5.176
2/15/03 0.000 0.000 105.375 95.677 2.875  2.610 5.563  5.051
8/15/03 0.000 0.000 0.000 0.000 102.875 91.178 105.563 93.560
Predicted price 104.081 111.041 102.007 114.511

Market price 104.080 110.938 102.020 114.375
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prices higher than expected, it would be said that they trade rich.) The em-
pirical deviations of the prices of high coupon bonds from the law of one
price will be revisited in Appendix 1B. Now, to introduce the notion of ar-
bitrage, the discussion turns to how an arbitrageur might attempt to profit
from a violation of the law of one price—in particular, from the cheapness
of the 10%/,s of February 15, 2003.

ARBITRAGE AND THE LAW OF ONE PRICE

The law of one price can be defended on stronger grounds than the argu-
ment that investors should not care about the source of $1. As it turns out,
a violation of the law of one price implies the existence of an arbitrage op-
portunity, that is, a trade that generates or that might generate profits
without any risk.* But, for reasons to be made explicit, such arbitrage op-
portunities rarely exist. Therefore, the law of one price usually describes
security prices quite well.

Table 1.4 describes an arbitrage trade in which one buys the cheap
10%/4s of February 15, 2003, while simultaneously shorting® or selling its
replicating portfolio, a specially designed portfolio of four of the bonds
listed in Table 1.1. The reason for the name “replicating portfolio” will
soon become clear.

The row labeled “Face amount” gives the face value of each bond
bought or sold in the arbitrage. The trade shorts about 2 face of the 77/ss of
August 15, 2001, the 14,s of February 15, 2002, and the 6%/gs of August
15, 2002; shorts about 102 face of the 6'/4s of February 15, 2003; and
buys 100 face of the 10%,s of February 15, 2003.

The first four columns of the “Cash Flows” section of Table 1.4 show
the cash flows that result from each bond position. For example, a short of
2.114 of the 6%/s of August 15, 2002, incurs an obligation of 2.114x6%/5%/2

“Market participants often use the term “arbitrage” more broadly to encompass
trades that, while they can lose money, seem to promise large profits relative to the
risk borne.

STo “short” a security means to sell a security one does not own. The mechanics of
short selling bonds will be discussed in Chapter 15. For now, assume that when a
trader shorts a bond he receives the price of the bond and is obliged to pay all
coupon flows. In other words, assume that the cash flows from shorting a bond are
the negatives of the cash flows from buying a bond.
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or .067 on November 15, 2001, and May 15, 2002, and an obligation of
2.114%x(100%+6%/3%/2) or 2.182 on November 15, 2002.

The fifth column sums the cash flows across bonds for each date to ob-
tain the cash flow from the sale of the portfolio as a whole. Note that the
portfolio’s cash flows exactly offset the cash flows of the 10%/,s of February
15, 2003. This explains why the special portfolio sold in the arbitrage
trade is called the replicating portfolio of the 10%,s. Appendix 1A shows
how to derive the bond holdings that make up this replicating portfolio.
The important point here, however, is that the arbitrage trade does not
generate any cash flows, positive or negative, in the future.

The “Proceeds” row of Table 1.4 shows how much cash is raised or
spent in establishing the arbitrage trade. For example, the sale of 1.974
face amount of the 14'/,s of February 15, 2002, generates 1.974 times the
price of the bond per dollar face value, that is, 1.974x(108+3'%/3,)% or
2.151. However, the purchase of 100 face value of the 10%/4s costs 110.938
and is, therefore, recorded as a negative number.

The total proceeds raised from selling the replicating portfolio are
111.041, exactly the present value of the 10%/,s reported in Table 1.3. This
is not a coincidence. One way to value the 10%,s is to derive discount fac-
tors from four bond prices and then compute a present value. Another way
is to price the portfolio of four bonds that replicates the cash flows of the

TABLE 1.4 An Arbitrage Trade: Buy the 10.75s of February 15, 2003, and Sell
Their Replicating Portfolio

7.875s  14.25s  6.375s 6.25s  -Replicating 10.75s
8/15/01  2/15/02  8/15/02 2/15/03 Portfolio  2/15/03

Face amount -1.899 -1.974 -2.114 -102.182 100.000
Date Cash Flows

8/15/01 -1.974 -0.141 -0.067 -3.193 -5.375 5.375
2/15/02 0.000 -2.114 -0.067 -3.193 -5.375 5.375
8/15/02 0.000 0.000 -2.182 -3.193 -5.375 5.375
2/15/03 0.000 0.000 0.000 -105.375 -105.375 105.375
Price 101-12%, 108-31+ 102-5 102-18% 110-30

Proceeds 1.926 2.151 2.160 104.804 111.041 -110.938

Net proceeds  0.103
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10%,s. So long as both methods use the same four bonds, both methods
will assign the same value to the 10%/,s.

The net proceeds from the arbitrage trade are the amount received
from selling the replicating portfolio minus the amount paid when pur-
chasing the 10%/4s. As shown in Table 1.4, these net proceeds equal .103. In
summary, then, one can buy 100 face of the 10%/s, sell the replicating port-
folio, collect .103 today, and incur no net obligations at any future date.
This profit might sound small, but the trade can be scaled up. For $500
million face of the 10%/4s, which is not an abnormally large block, the profit
rises to $515,000.

Absent any confounding factors, arbitrageurs would do as much of
this trade as possible or, in trader jargon, they would do the trade all day.
But since so many arbitrageurs would wish to buy the 10%,s and sell the
replicating portfolio at the prices of Table 1.4, the price of the 10%/4s would
be driven up and/or the price of the replicating portfolio would be driven
down. Furthermore, this process would continue until the arbitrage oppor-
tunity disappeared and the law of one price obtained. In fact, as many ar-
bitrageurs would relate, prices would probably gap, or jump directly, to
levels consistent with the law of one price. As a result, very few arbi-
trageurs, or possibly none at all, would be able to execute, or, more collo-
quially, put on the trade described.

The fact that the market price of the 10%,s remains below that of the
replicating portfolio strongly indicates that some set of confounding fac-
tors inhibits arbitrage activity. The financing costs of this type of arbitrage
will be discussed in Chapter 15. Also, the 10%,s, like many other high
coupon bonds, were issued as 20-year bonds quite a while ago and, as a re-
sult, have become relatively illiquid. In any case, Appendix 1B uses another
type of replicating portfolio to examine the magnitude and persistence of
the deviations of high coupon bond prices from the law of one price.

TREASURY STRIPS

In contrast to coupon bonds that make payments every six months, zero
coupon bonds make no payments until maturity. Zero coupon bonds is-
sued by the U.S. Treasury are called STRIPS (separate trading of registered
interest and principal securities). For example, $1,000 face value of a
STRIPS maturing on August 15, 2003, promises only one payment: $1,000
on August 15, 2003. STRIPS are created when someone delivers a particu-
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lar coupon bond to the Treasury and asks for it to be “stripped” into its
principal and coupon components. Figure 1.3 illustrates the stripping of
$10,000 face value of the 5% of August 15, 2003, as of February 15,
2001, to create five coupon or interest STRIPS, called TINTs, INTs, or C-
STRIPS, and one principal STRIPS, called a TP, a P, or a P-STRIPS.

The Treasury not only creates STRIPS but also retires them. For ex-
ample, an investor can deliver the set of STRIPS in Figure 1.3 and ask the
Treasury to reconstitute the $10,000 face amount of the 5%/4s of August
15, 2003. It is important to note that C-STRIPS are fungible, while P-
STRIPS are not. In particular, when reconstituting a bond, any C-STRIPS
maturing on a particular coupon payment date may be used as that
bond’s coupon payment. P-STRIPS, however, are identified with particu-
lar bonds: P-STRIPS created from the stripping of a particular bond may
be used to reconstitute only that bond. This difference implies that P-
STRIPS inherit the cheapness or richness of the bonds from which they
are derived.

Investors like zero coupon bonds for at least two reasons. First, they
make it easy to construct any required sequence of cash flows. One simple
and important example is the case of a family saving for the expense of a
college education. If the family invested in a coupon bond, the coupons

$10,000

8/15/03
P-STRIPS

$287.50 $287.50 $287.50 $287.50 $287.50

8/15/01 2/15/02 8/15/02 2/15/03 8/15/03
C-STRIPS| |C-STRIPS| [C-STRIPS| [C-STRIPS| |[C-STRIPS

2/15/2001  8/15/2001  2/15/2002  8/15/2002  2/15/2003  8/15/2003  8/15/2003

FIGURE 1.8 Stripping the 5.75s of August 15, 2003



14 BOND PRIGES, DISCOUNT FACTORS, AND ARBITRAGE

would have to be reinvested, at uncertain rates, until the funds are re-
quired. By contrast, investing in zeros that mature when a child is expected
to begin college eliminates the hassle and risk of reinvestment. Another ex-
ample would be the case of a property and casualty insurance company
that knows with reasonable certainty how much it will have to pay out in
claims each quarter over the next few years. With the funds it has collected
in premiums the insurance company can buy a sequence of zeros that
match these future liabilities. This practice is called immunization. Any al-
ternative investment strategy, as will be seen in Part Two, exposes the in-
surance company to interest rate risk.

The second main attraction of zeros, particularly long-term zeros, is
that per dollar invested they have much greater sensitivity to interest rates
than coupon bonds. In fact, an insurance company with very long-term lia-
bilities, like obligations to pay life insurance claims, might find it difficult
to find any coupon bond that would hedge these long-term liabilities.®
Once again, these hedging issues will be discussed in Part Two.

Table 1.5 lists the prices of five short-term C- and P-STRIPS as of Febru-
ary 15,2001, along with the discount factors derived in Table 1.2. Since 100
face value of a STRIPS pays 100 at maturity, dividing the price of that
STRIPS by 100 gives the value of one unit of currency payable at that matu-
rity (i.e., the discount factor of that maturity). Table 1.5, therefore, essen-
tially shows three sets of discount factors: one implied from the coupon
bonds listed in Table 1.1, one implied from C-STRIPS, and one implied from

TABLE 1.5 STRIPS Prices for February 15, 2001,
Settlement and the Discount Factors from Table 1.2

C-STRIPS P-STRIPS Discount
Maturity Price Price Factor
8/15/01 97.577 97.550 0.97557
2/15/02 95.865 95.532 0.95247
8/15/02 93.252 93.015 0.93045
2/15/03 90.810 90.775 0.90796
8/15/03 88.798 88.594 0.88630

¢Asset-liability managers requiring very long-term assets may very well turn to eq-
uity markets.



Treasury STRIPS 15

P-STRIPS. According to the law of one price, these columns of discount fac-
tors should be identical: why should an investor care whether $1 comes from
a portfolio of bonds, a coupon payment, or a principal payment?’

Since STRIPS can be very illiquid, so that quoted prices may not ac-
curately reflect executable prices, only broad conclusions can be drawn
from the prices in Table 1.5. First, with the exception of the February 135,
2002, maturity, the P-STRIPS prices are reasonably consistent with the
discount factors extracted from coupon bonds. Second, the C-STRIPS
prices in Table 1.5 all exceed the matched-maturity P-STRIPS prices. To
examine these observations in the STRIPS market for February 15, 2001,
settlement, Figure 1.4 shows the difference between discount factors
from Figure 1.2 (which were extracted from coupon bond prices) and
discount factors implied from C- and P-STRIPS prices. A value of 25
means that a $100 STRIPS payment synthetically created by coupon pay-
ments costs 25 cents more than $100 face value of the STRIPS. In other
words, that STRIPS is 25 cents cheap relative to coupon bonds. Again,

50.0
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¢ C-STRIPS Cheapness m P-STRIPS Cheapness

FIGURE 1.4 Discount Factors Implied by Coupon Bonds Minus Those Implied by
STRIPS on February 15, 2001

7C-STRIPS and P-STRIPS are taxed alike.
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while recognizing the limitations of some price quotations in the STRIPS
market, Figure 1.4 does suggest that shorter-term C-STRIPS traded rich,
longer-term C-STRIPS traded cheap, and P-STRIPS traded closer to fair.
Some P-STRIPS, like the longest three shown in Figure 1.4, traded rich
because the bonds associated with those STRIPS traded rich (that these
particular bonds trade rich will be discussed in Chapter 4). The 10- and
30-year P-STRIPS, cut off by the scale of the vertical axis in Figure 1.4,
traded extremely rich because the associated bonds enjoyed financing ad-
vantages and were particularly liquid. These factors will be discussed in
Chapter 15.

The previous section shows how to construct a replicating portfolio
and price a bond by arbitrage. The construction of a portfolio of STRIPS
that replicates a coupon bond is a particularly simple example of this pro-
cedure. To replicate 100 face value of the 5%,s of August 15, 2003, for ex-
ample, buy >7/, or 2.875 face value of each STRIPS in Table 1.5 to
replicate the coupon payments and buy an additional 100 face value of Au-
gust 15, 2003, STRIPS to replicate the principal payment. Since one may
choose between a C- and a P-STRIPS on each cash flow date, there are
many ways to replicate the 5%/4s of August 15, 2003, and, therefore, to
compute its arbitrage price. Using only P-STRIPS, for example, the arbi-
trage price is

%[.97550+.95532+ .93015+.90775 + .88594]+ 88.594=101.976 (1.3)

This is below the 102.020 market price of the 5%/,s of August 15, 2003. So,
in theory, if the prices in Table 1.5 were executable and if transaction costs
were small enough, one could profitably arbitrage this price difference by
buying the P-STRIPS and selling the 53/4s of August 15, 2003.

While most market players cannot profit from the price differences be-
tween P-STRIPS, C-STRIPS, and coupon bonds, some make a business of
it. At times these professionals find it profitable to buy coupon bonds, strip
them, and then sell the STRIPS. At other times these professionals find it
profitable to buy the STRIPS, reconstitute them, and then sell the bonds.
On the other hand, a small investor wanting a STRIPS of a particular ma-
turity would never find it profitable to buy a coupon bond and have it
stripped, for the investor would then have to sell the rest of the newly cre-
ated STRIPS. Similarly, a small investor wanting to sell a particular STRIPS
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would never find it profitable to buy the remaining set of required STRIPS,
reconstitute a coupon bond, and then sell the whole bond.

Given that investors find zeros useful relative to coupon bonds, it is
not surprising some professionals can profit from differences between the
two. Since most investors cannot cost-effectively strip and reconstitute by
themselves, they are presumably willing to pay something for having it
done for them. Therefore, when investors want more zeros they are willing
to pay a premium for zeros over coupon bonds, and professionals will find
it profitable to strip bonds. Similarly, when investors want fewer zeros,
they are willing to pay a premium for coupon bonds over zeros and profes-
sionals will find it profitable to reconstitute bonds.

APPENDIX 1A
DERIVING THE REPLICATING PORTFOLIO

Four bonds are required to replicate the cash flows of the 10%/,s of Febru-
ary 15, 2003. Let F, be the face amount of bond i used in the replicating
portfolio where the bonds are ordered as in Table 1.4. In problems of this
structure, it is most convenient to start from the last date. In order for the
portfolio to replicate the payment of 105.375 made on February 15, 2003,
by the 10%/,s, it must be the case that

E x0+F x0+F x0+F, x[100+%}’0}:105.375 (1.4)

The face amounts of the first three bonds are multiplied by zero because
these bonds make no payments on February 15, 2003. The advantage of
starting from the end becomes apparent as equation (1.4) is easily solved:

F, =102.182 (1.5)

Intuitively, one needs to buy more than 100 face value of the 6'/4s of Feb-
ruary 15, 2003, to replicate 100 face of the 10%,s of February 15, 2003,
because the coupon of the 6'/4s is smaller. But, since equation (1.4) matches
the principal plus coupon payments of the two bonds, the coupon pay-
ments alone do not match. On any date before maturity, 100 of the 10%,s
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makes a payment of 5.375, while the 102.182 face of the 6'/4s makes a
payment of 102.182x6"'/,%/2 or 3.193. Therefore, the other bonds listed in
Table 1.4 are required to raise the intermediate payments of the replicating
portfolio to the required 5.375. And, of course, the only way to raise these
intermediate payments is to buy other bonds.

Having matched the February 15, 2003, cash flow of the replicating
portfolio, proceed to the August 15, 2002, cash flow. The governing equa-
tion here is

6% %

{F x0+E x0+FE x[100+62/]°/ +F >

} 5.375 (1.6)

Since F, is already known, equation (1.6) can be solved showing that
F,=-2.114. Continuing in this fashion, the next equations, for the cash
flows on February 15, 2002, and August 15, 2001, respectively, are

{Fl x0+E ><(100+%]%+F3 x%ﬂa%}:Sﬁ% (1.7)

l:Ex[100+72/j°/+F 14§A)+st63/;A)+F46€A):|=5.375 (1.8)

When solving equation (1.7), F, and F, are already known. When solving
equation (1.8), F, is also known.

Note that if the derivation had started by matching the first cash pay-
ment on August 15, 2001, the first equation to be solved would have been
(1.8). This is not possible, of course, since there are four unknowns. There-
fore, one would have to solve equations (1.4), (1.6), (1.7), and (1.8) as a
system of four equations and four unknowns. There is nothing wrong with
proceeding in this way, but, if solving for the replicating portfolio by hand,
starting from the end proves simpler.

APPENDIX 1B
APPLICATION: Treasury Triplets and
High Coupon Bonds

On February 15, 2001, there were six sets of “triplets” in the Treasury market where each
triplet consists of three bonds maturing on the same day. Table 1.6 lists these bonds along
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with their terms at issue. For example, the Treasury sale of a 20-year bond on July 5, 1983
(maturing August 15, 2003), a 10-year bond on August 16, 1993 (maturing August 15,
2003), and a five-year bond on August 17, 1998 (maturing August 15, 2003), resulted in
three bonds maturing on one date.

The text of this chapter shows that to replicate a bond with cash flows on a given set
of dates requires a portfolio of other bonds with cash flows on the same set of dates.
Replicating a bond with 10 remaining cash flows, for example, requires a portfolio of 10
bonds with cash flows on the same set of dates. In the special case of a triplet of any ma-
turity, however, a portfolio of two of the bonds in the triplet can replicate the cash flows of
the third.

Let ¢,, c,, and ¢, be the coupon rates of the three bonds in the triplet. Consider con-
structing a portfolio of £, face amount of the first bond and F, face amount of the third
bond to replicate one unit face amount of the second bond. For the principal payment of
the replicating portfolio to equal the principal payment of the second bond, it must be the
case that

F+F =1 (1.9)

TABLE 1.6 Treasury Triplets as of February 15, 2001

Triplet Coupon Maturity Original Term
5.625% 5/15/01 3
May-01 8.000% 5/15/01 10
13.125% 5/15/01 20
5.250% 8/15/03 5
Aug-03 5.750% 8/15/03 10
11.125% 8/15/03 20
5.250% 5/15/04 5
May-04 7.250% 5/15/04 10
12.375% 5/15/04 20
6.000% 8/15/04 5
Aug-04 7.250% 8/15/04 10
13.750% 8/15/04 20
5.875% 11/15/04 5
Nov-04 7.875% 11/15/04 10
11.625% 11/15/04 20
6.500% 5/15/05 5
May-05 6.750% 5/15/05 10

12.000% 5/15/05 20
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For the interest payments of the replicating portfolio to match the coupon payments of the
second bond, it must be the case that

¢k +c.F =c, (1.10)

Solving equations (1.9) and (1.10) shows that

_02—03
"¢ -c
.o (1.11)
Fz_ 1Y
c,—C

Applying (1.11) to the Aug-03 triplet by letting ¢,=11.125%, ¢,=5.75%, and
€,=5.25% shows that F,=8.51% and F,=91.49%. In words, a portfolio with 8.51% of its
face value in the 11.125s and 91.49% of its value in the 5.25s will replicate one unit face
value of the 5.75s.

Now, let P,, P,, and P, be the prices of the three bonds in the triplet. Since the portfo-
lio described by (1.11) replicates the second bond, the arbitrage price of the second bond is
given by the following equation:

P,=FP +FP, (1.12)

Continuing with the example of the Aug-03 triplet, if the prices of the bonds in de-
scending coupon order are 114-12, 102.020, and 100-27, then the arbitrage equation pre-
dicts that

P, =8.51%x (114+12/32) +91.49%x (100 +27/32)
~101.995 (1.13)

In this example, then, the market price of the middle bond is .025 greater than predicted by
the arbitrage relationship (1.12).

Like all arbitrage relationships, equation (1.12) gives the prices of bonds relative to
one another. Therefore, in this example it is as meaningful to say that the high coupon bond
is cheap relative to the other two bonds as it is to say that the middle bond is rich relative to
the other two bonds. This observation, then, allows for the investigation of the pricing of
high coupon bonds. Figures 1.5 and 1.6 chart the price of the replicating portfolio minus
the price of the middle bond for the May-01, Aug-03, May-04, Aug-04, and Nov-04 triplets
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from January 2000 to June 2001. The May-05 triplet was omitted because, over that time
period, its middle bond was the most recently issued five-year Treasury bond. As such, this
bond enjoyed financing advantages and commanded a liquidity premium. (See Chapter 15.)

A positive value in the figures means that the middle bond is cheap relative to the oth-
ers, or, equivalently, that the high coupon bond is rich relative to the others. The charts
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show that the high coupon bonds can be both rich and cheap, although the extremes of
deviations from the law of one price occur when the high coupon bonds are rich. The
charts also indicate that triplets of shorter maturity tend to deviate by less than do
triplets of longer maturity. The May-01 triplet, in particular, deviates very little from the
law of one price. The longer the horizon of a trade, the more risky and costly it is to take
advantage of deviations from fair value. Therefore, market forces do not eradicate the
deviations of longer-maturity triplets from fair value so efficiently as those of the
shorter-maturity triplets.
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Bond Prices, Spot Rates,
and Forward Rates

hile discount factors can be used to describe bond prices, investors

often find it more intuitive to quantify the time value of money with
rates of interest. This chapter defines spot and forward rates, shows how
they can be derived from bond prices, and explains why they are useful
to investors.

SEMIANNUAL COMPOUNDING

An investment of $100 at an annual rate of 5% earns $5 over the year, but
when is the $5 paid? The investment is worth less if the $5 is paid at the
end of the year than if $2.50 is paid after six months and another $2.50 is
paid at the end of the year. In the latter case, the $2.50 paid after six
months can be reinvested for six months so that the investor accumulates
more than $105 by year’s end.

A complete description of a fixed income investment includes the an-
nual rate and how often that rate will be compounded during the year. An
annual rate of 5%, compounded semiannually, means that the investor re-
ceives %/, or 2.50% every six months, which interest is reinvested at the
same rate to compound the interest—that is, to earn interest on interest.
An annual rate of 5% compounded quarterly means that the investor re-
ceives %/, or 1.25% every quarter while the same 5% compounded
monthly means that the investor receives /1, or approximately .42%,
every month. Because most U.S. bonds pay one-half of their annual
coupons every six months, bond investors in the United States focus partic-
ularly on the case of semiannual compounding.

23
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Investing $100 at an annual rate of 5% compounded semiannually for
six months generates

$100><(1+'075J=$102.50 (2.1)

The term (1+9/,) represents the per-dollar payment of principal and
semiannual interest. Investing $100 at the same rate for one year instead
generates

2
$100x(1+%j =$105.0625 (2.2)

at the end of the year. The squared term results from taking the principal
amount available at the end of six months per-dollar invested, namely
(1+9/,), and reinvesting it for another six months, that is, multiplying
again by (1+%/,). Note that total funds at the end of the year are
$105.0625, 6.25 cents greater than the proceeds from 5% paid annually.
This 6.25 cents is compounded interest, or interest on interest.

In general, investing x at an annual rate of » compounded semiannu-

ally for T years generates
2T
x(l + ij (2.3)
2

at the end of those T years. Note that the power in this expression is 2T since
an investment for T years compounded semiannually is, in fact, an investment
for 2T six-month periods. For example, investing $100 for 10 years at an an-
nual rate of 5% compounded semiannually will, after 10 years, be worth

$100(1+'075] —$163.86 (2.4)

Equation (2.3) can also be used to calculate a semiannually com-
pounded holding period return. What is the semiannually compounded re-
turn from investing x for T years and having w at the end? Letting r be the
answer, one needs to solve the following equation:

w=x[1+§) (2.5)
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Solving shows that

1

r=2 [%) -1 (2.6)

So, for example, an initial investment of $100 that grew to $250 after 15
years earned

1
250 )*
12— -1/=6.20%
[100) (2.7)

SPOT RATES

The spot rate is the rate on a spot loan, a loan agreement in which the
lender gives money to the borrower at the time of the agreement. The ¢-year
spot rate is denoted #(¢). While spot rates may be defined with respect to
any compounding frequency, this discussion will assume that rates are
compounded semiannually.

The rate #(¢) may be thought of as the semiannually compounded re-
turn from investing in a zero coupon bond that matures ¢ years from now.
For example, the C-STRIPS maturing on February 15, 2011, was quoted at
58.779 on February 15, 2001. Using equation (2.6), this implies a semian-
nually compounded rate of return of

1

20
2( 100 ] -1][=5.385% (2.8)

58.779

Hence, the price of this particular STRIPS implies that #(10)=5.385%.
Since the price of one unit of currency maturing in ¢ years is given by

d(t),
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Rearranging terms,

[Hf(f))u (2.10)
2

In words, equation (2.10) says that d(z) equals the value of one unit of cur-
rency discounted for t years at the semiannually compounded rate 7#(z).

Table 2.1 calculates spot rates based on the discount factors reported
in Table 1.2. The resulting spot rates start at about 5%, decrease to
4.886% at a maturity of two years, and then increase slowly. The relation-
ship between spot rates and maturity, or term, is called the term structure
of spot rates. When spot rates decrease with maturity, as in most of Table
2.1, the term structure is said to be downward-sloping or inverted. Con-
versely, when spot rates increase with maturity, the term structure is said to
be upward-sloping.

Figure 2.1 graphs the spot rate curve, which is the collection of spot
rates of all available terms, for settlement on February 15, 2001. (The con-
struction of this graph will be discussed in Chapter 4.) Table 2.1 shows
that the very start of the spot rate curve is downward-sloping. Figure 2.1
shows that the curve is upward-sloping from then until a bit past 20 years,
at which point the curve slopes downward.

It is important to emphasize that spot rates of different terms are in-
deed different. Alternatively, the market provides different holding period
returns from investments in five-year zero coupon bonds and from invest-
ments in 10-year zero coupon bonds. Furthermore, since a coupon bond

TABLE 2.1 Spot Rates Derived
from the Discount Factors of Table

1.2

Time to Discount Spot
Maturity Factor Rate
0.5 0.97557 5.008%
1 0.95247 4.929%
1.5 0.93045 4.864%
2 0.90796 4.886%

2.5 0.88630 4.887%
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FIGURE 2.1 The Spot Rate Curve in the Treasury Market on February 15, 2001

may be viewed as a particular portfolio of zeros, the existence of a term
structure of spot rates implies that each of a bond’s payments must be dis-
counted at a different rate.

To elaborate on this point, recall from Chapter 1 and equation (1.2)
that the price of the 14'/4s of February 15, 2002, could be expressed as
follows:

108 +31.5/32="7.125d(.5)+107.125d(1) (2.11)

Using the relationship between discount factors and spot rates given in
equation (2.10), the price equation can also be written as

7.125 107.125

+ 2
(1+ ;(,5)] [1+ f(l)} (2.12)
2 2

Writing a bond price in this way clearly shows that each cash flow is dis-
counted at a rate appropriate for that cash flow’s payment date. Alterna-
tively, an investor earns a different rate of return on bond cash flows
received on different dates.

108+31.5/32=
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FORWARD RATES

Table 2.1 shows that the six-month spot rate was about 5.01% and the
one-year spot rate was about 4.93%. This means that an investor in a six-
month zero would earn one-half of 5.01% over the coming six months.
Similarly, an investor in a one-year zero would earn one-half of 4.93%
over the coming six months. But why do two investors earn different rates
of interest over the same six months?

The answer is that the one-year zero earns a different rate because
the investor and the issuer of the bond have committed to roll over the
principal balance at the end of six months for another six months. This
type of commitment is an example of a forward loan. More generally, a
forward loan is an agreement made to lend money at some future date.
The rate of interest on a forward loan, specified at the time of the agree-
ment as opposed to the time of the loan, is called a forward rate. An
investor in a one-year zero can be said to have simultaneously made a
spot loan for six months and a loan, six months forward, with a term of
six months.

Define 7(#) to be the semiannually compounded rate earned on a six-
month loan ¢-.5 years forward. For example, 7(4.5) is the semiannually
compounded rate on a six-month loan, four years forward (i.e., the rate is
agreed upon today, the loan is made in four years, and the loan is repaid
in four years and six months). The following diagram illustrates the differ-
ence between spot rates and forward rates over the next one and one-half
years: Spot rates are applicable from now to some future date, while for-
ward rates are applicable from some future date to six months beyond
that future date. For the purposes of this chapter, all forward rates are
taken to be six-month rates some number of semiannual periods forward.
Forward rates, however, can be defined with any term and any forward
start—for example, a three-month rate two years forward, or a five-year
rate 10 years forward.

02/15/01 to OS/lS/Ol}r(.S)
08/15/01 to 02/15/02}#(1 ' #(1.5)
02/15/02 to 08/15/02}r(1.5)

#.5)|. i
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The discussion now turns to the computation of forward rates given
spot rates. As shown in the preceding diagram, a six-month loan zero years
forward is simply a six-month spot loan. Therefore,

r(.5)=7(.5)=5.008% (2.13)

The second equality simply reports a result of Table 2.1. The next forward
rate, 7(1), is computed as follows: Since the one-year spot rate is 7(1), a one-
year investment of $1 grows to [1+7(1)/2]* dollars at the end of the year. Al-
ternatively, this investment can be viewed as a combination of a six-month
loan zero years forward at an annual rate of 7(.5) and a six-month loan six
months forward at an annual rate of #(1). Viewed this way, a one-year in-
vestment of one unit of currency grows to [1+7(.5)/2]x[1+7(1)/2]. Spot rates
and forward rates will be consistent measures of return only if the unit in-
vestment grows to the same amount regardless of which measure is used.
Therefore, 7(1) is determined by the following equation:

#(.5) (1) )Y

Since 7(.5) and #(1) are known, equation (2.14) can be solved to show that
(1) is about 4.851%.

Before proceeding with these calculations, the rates of return on six-
month and one-year zeros can now be reinterpreted. According to the spot
rate interpretation of the previous section, six-month zeros earn an annual
5.008% over the next six months and one-year zeros earn an annual
4.949% over the next year. The forward rate interpretation is that both
six-month and one-year zeros earn an annual 5.008% over the next six
months. One-year zeros, however, go on to earn an annual 4.851% over
the following six months. The one-year spot rate of 4.949%, therefore, is a
blend of its two forward rate components, as shown in equation (2.14).

The same procedure used to calculate 7(1) may be used to calculate
7(1.5). Investing one unit of currency for 1.5 years at the spot rate #(1.5)
must result in the same final payment as investing for six months at 7(.5),
for six months, six months forward at 7(1), and for six months, one year
forward at 7(1.5). Mathematically,
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(HMJX(HQJX(HMHHM] (2.15)
2 2 2 2

Since 7(.5), (1), and #(1.5) are known, this equation can be solved to re-
veal that 7(1.5)=4.734%.

Generalizing this reasoning to any term #, the algebraic relationship be-
tween forward and spot rates is

[1+%]>«--x[l+%]:(1+@] (2.16)

Table 2.2 reports the values of the first five six-month forward rates based
on equation (2.16) and the spot rates in Table 2.1. Figure 2.2, created us-
ing the techniques of Chapter 4, graphs the spot and forward rate curves
from the Treasury market for settle on February 15, 2001. Note that when
the forward rate curve is above the spot rate curve, the spot rate curve is
rising or sloping upward. But, when the forward rate curve is below the
spot rate curve, the spot rate curve slopes downward or is falling. An alge-
braic proof of these propositions can be found in Appendix 2A. The text,
however, continues with a more intuitive explanation.
Equation (2.16) can be rewritten in the following form:

-5 () (LAY
[1+ 5 ] x[1+TJ_(1+TJ (2.17)

TABLE 2.2 Forward Rates Derived
from the Spot Rates of Table 2.1

Time to Spot Forward
Maturity Rate Rate

0.5 5.008% 5.008%
1 4.929% 4.851%
1.5 4.864% 4.734%
2 4.886% 4.953%

2.5 4.887% 4.888%
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FIGURE 2.2 Spot and Forward Rate Curves in the Treasury Market on February
15,2001

For expositional ease, let =2.5 so that equation (2.17) becomes

#2)) #(2.5) 72.5))

The intuition behind equation (2.18) is that the proceeds from a unit
investment over the next 2.5 years (the right-hand side) must equal the
proceeds from a spot loan over the next two years combined with a six-
month loan two years forward (the left-hand side). Thus, the 2.5-year spot
rate is a blend of the two-year spot rate and the six-month rate two years
forward.

If (2.5) is above 7(2), any blend of the two will be above #(2), and,
therefore, #(2.5)>7(2). In words, if the forward rate is above the spot rate,
the spot rate curve is increasing. Similarly, if #(2.5) is below#(2), any blend
will be below 7(2), and, therefore, 7#(2.5)<#(2). In words, if the forward
rate is below the spot rate, the spot rate curve is decreasing.

This section concludes by returning to bond pricing equations. In pre-
vious sections, bond prices have been expressed in terms of discount fac-
tors and in terms of spot rates. Since forward rates are just another
measure of the time value of money, bond prices can be expressed in terms
of forward rates as well. To review, the price of the 14!/,s of February 15,
2002, may be written in either of these two ways:
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108+31.5/32=7.125d(.5)+107.125d(1) (2.19)

7.125 + 107.125

(1+M] [1+;(1)]2 (2.20)
2 2

108+31.5/32=

Using equation (2.16) that relates forward rates to spot rates, the forward
rate analog of these two pricing equations is

7.125 107.125

(1+r(.5)] ' (1+r('5)j(1+7(1)) (2.21)
2 2 2

These three bond pricing equations have slightly different interpretations,
but they all serve the purpose of transforming future cash flows into a price
to be paid or received today. And, by construction, all three discounting
procedures produce the same market price.

108+31.5/32=

MATURITY AND BOND PRICE

When are bonds of longer maturity worth more than bonds of shorter ma-
turity, and when is the reverse true?

To gain insight into the relationship between maturity and bond price,
first focus on the following more structured question. Consider five imagi-
nary 47/3% coupon bonds with terms from six months to two and one-half
years. As of February 15, 2001, which bond would have the greatest price?

This question can be answered, of course, by calculating the price of
each of the five bonds using the discount factors in Table 1.2. Doing so
produces Table 2.3 and reveals that the one and one-half year bond (Au-
gust 15, 2002) has the greatest price. But why is that the case? (The for-
ward rates, copied from Table 2.2, will be referenced shortly.)

To begin, why do the 47/gs of August 15, 2001, have a price less than
100? Since the forward rate for the first six-month period is 5.008%, a
bond with a 5.008% coupon would sell for exactly 100:

102.504
05008 100 (2.22)
2

1+
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TABLE 2.3 Prices of 4.875s of Various Maturities
Using the Discount Factors of Table 1.2

Maturity Price Forward
8/15/01 99.935 5.008%
2/15/02 99.947 4.851%
8/15/02 100.012 4.734%
2/15/03 99.977 4.953%
8/15/03 99.971 4.888%

Intuitively, when a bond pays exactly the market rate of interest, an in-
vestor will not require a principal payment greater than the initial invest-
ment and will not accept any principal payment less than the initial
investment.

The bond being priced, however, earns only 47/3% in interest. An in-
vestor buying this bond will accept this below-market rate of interest only
in exchange for a principal payment greater than the initial investment. In
other words, the 47/ss of August 15, 2001, will have a price less than face
value. In particular, an investor buys 100 of the bond for 99.935, accepting
a below-market rate of interest, but then receives a 100 principal payment
at maturity.

Extending maturity from six months to one year, the coupon rate
earned over the additional six-month period is 47/3%, but the forward rate
for six-month loans, six months forward, is only 4.851%. So by extending
maturity from six months to one year investors earn an above-market re-
turn on that forward loan. This makes the one-year bond more desirable
than the six-month bond and, equivalently, makes the one-year bond price
of 99.947 greater than the six-month bond price of 99.935.

The same argument holds for extending maturity from one year to one
and one-half years. The coupon rate of 47/3% exceeds the rate on a six-
month loan one year forward, at 4.734%. As a result the August 15, 2002,
bond has a higher price than the February 15, 2002, bond.

This argument works in reverse, however, when extending maturity
for yet another six months. The rate on a six-month loan one and one-half
years forward is 4.953%, which is greater than the 47/3% coupon rate.
Therefore, extending maturity from August 15, 2002, to February 15,
2003, implicitly makes a forward loan at below-market rates. As a result,
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the price of the February 15, 2003, bonds is less than the price of the Au-
gust 15, 2002, bonds.

More generally, price increases with maturity whenever the coupon
rate exceeds the forward rate over the period of maturity extension. Price
decreases as maturity increases whenever the coupon rate is less than the
relevant forward rate.

MATURITY AND BOND RETURN

When do short-term bonds prove a better investment than long-term
bonds, and when is the reverse true?

Consider the following more structured problem. Investor A decides to
invest $10,000 by rolling six-month STRIPS for two and one-half years.
Investor B decides to invest $10,000 in the 5'/4s of August 15, 2003, and to
roll coupon receipts into six-month STRIPS. Starting these investments on
February 15, 2001, under which scenarios will investor A have more
money in two and one-half years, and under which scenarios will investor
B have more money?

Refer to Table 2.2 for forward rates as of February 15, 2001. The
six-month rate is known and is equal to 5.008%. Now assume for the
moment that the forward rates as of February 15, 2001, are realized;
that is, future six-month rates happen to match these forward rates. For
example, assume that the six-month rate on February 15, 2003, will
equal the six-month rate two years forward as of February 15, 2001, or
4.886%.

Under this very particular interest rate scenario, the text computes the
investment results of investors A and B after two and one-half years.

Since the six-month rate at the start of the contest is 5.008%, on Au-
gust 15, 2001, investor A will have

=$10,250.40 (2.23)

$10,000><(1+M]

Under the assumption that forward rates are realized, the six-month rate
on August 15, 2001, will have changed to 4.851%. Rolling the proceeds
for the next six months at this rate, on February 15, 2002, investor A
will have
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4.851%

$10,250.40x[1+ j=$10,499.01 (2.24)

Applying this logic over the full two and one-half years, on August 15,
2003, investor A will have

$10,000(1 + 5.0080%)(1 + 4,8510%)(1 + 4,734%)(1 + 4,953"%)(1 + 4,888‘%) = $1 1’282_83 (225)

The discussion now turns to investor B, who, on February 15, 2001,
buys the 5'4s of August 15, 2003. At 100-27, the price reported in Table
1.1, $10,000 buys $9,916.33 face value of the bond. August 15, 2001,
brings a coupon payment of

$9,916.33 x

5.25%
> - $260.30 (2.26)

Investor B will reinvest this interest payment, reinvest the proceeds on Feb-
ruary 15, 2002, reinvest those proceeds on August 15, 2002, and so on,
until August 15, 2003. Under the assumption that the original forward
rates are realized, investor B’s total income from the $260.30 received on
August 15,2001, is

$260.30(1+ #5131+ 473 (14 405307 )1 4+-407%/) = $286.52 (2.27)

Investor B will receive another coupon payment of $260.30 on February
15, 2002. This payment will also be reinvested to August 15, 2003, grow-
ing to

$260.30(1+ 473977 )(1+ 42577 )(1 4 4957/} = $279.74 (2.28)

Proceeding in this fashion, the coupon payments received on August
15, 2002, and February 15, 2003, grow to $273.27 and $266.67, respec-
tively. The coupon payment of $260.30 received on August 15, 2003, of
course, has no time to earn interest on interest.

On August 15, 2003, investor B will receive a principal payment of
$9,916.33 from the 5'/4s of August 15, 2003, and collect the accumulated
proceeds from coupon income of $286.52+$279.74+$273.27+$266.67+
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$260.30 or $1,366.50. In total, then, investor B will receive $9,916.33+
$1,366.50 or $11,282.83. As shown in equation (2.25), investor A will ac-
cumulate exactly the same amount.

It is no coincidence that when the six-month rate evolves according to
the initial forward rate curve investors rolling short-term bonds and in-
vestors buying long-term bonds perform equally well. Recall that an in-
vestment in a bond is equivalent to a series of forward loans at rates given
by the forward rate curve. In the preceding example, the 5',s of August
15, 2003, lock in a six-month rate of 5.008% on February 15, 2001, a six-
month rate of 4.851% on August 15, 2001, and so on. Therefore, if the
six-month rate does turn out to be 4.851% on August 15, 2001, and so on,
the 5's of August 15, 2003, lock in the actual succession of six-month
rates. Equivalently, investors in this bond do exactly as well as investors
who roll over short-term bonds.

When does investor A, the investor who rolls over six-month invest-
ments, do better than B, the bond investor? Say, for example, that the six-
month rate remains at its initial value of 5.008% through August 15,
2003. Then investor A earns a semiannual rate of 5.008% every six
months while investor B locked in the forward rates of Table 2.2, all at or
below 5.008%. Investor B does get to reinvest coupon payments at
5.008%, but still winds up behind investor A.

When does investor B do better than investor A? Say, for example, that
on the day after the initial investments (i.e., February 16, 2001) the six-
month rate fell to 4.75% and stayed there through August 15, 2003. Then
investor B, who has locked in the now relatively high forward rates of
Table 2.2, will do better than investor A, who must roll over the invest-
ment at 4.75%.

In general, investors who roll over short-term investments do better
than investors in longer-term bonds when the realized short-term rates ex-
ceed the forward rates built into bond prices. Investors in bonds do better
when the realized short-term rates fall below these forward rates. There
are, of course, intermediate situations in which some of the realized rates
are higher than the respective forward rates and some are lower. In these
cases more detailed calculations are required to determine which investor
class does better.

Investors with a view on short-term rates—that is, with an opinion on
the direction of future short-term rates—may use the insight of this section
to choose among bonds with different maturity dates. Comparing the for-
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ward rate curve with views on rates by inspection or by more careful com-
putations will reveal which bonds are cheap and which bonds are rich with
respect to forecasts. It should be noted that the interest rate risk of long-
term bonds differs from that of short-term bonds. This point will be stud-
ied extensively in Part Two.

TREASURY STRIPS, CONTINUED

In the context of the law of one price, Chapter 1 compared the discount fac-
tors implied by C-STRIPS, P-STRIPS, and coupon bonds. With the defini-
tions of this chapter, spot rates can be compared. Figure 2.3 graphs the spot
rates implied from C- and P-STRIPS prices for settlement on February 135,
2001. The graph shows in terms of rate what Figure 1.4 showed in terms of
price. The shorter-maturity C-STRIPS are a bit rich (lower spot rates) while
the longer-maturity C-STRIPS are very slightly cheap (higher spot rates).
Notice that the longer C-STRIPS appear at first to be cheaper in Figure 1.4
than in Figure 2.3. As will become clear in Part Two, small changes in the
spot rates of longer-maturity zeros result in large price differences. Hence
the relatively small rate cheapness of the longer-maturity C-STRIPS in Fig-
ure 2.3 is magnified into large price cheapness in Figure 1.4.
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FIGURE 2.3 Spot Curves Implied by C-STRIPS and P-STRIPS Prices on February
15,2001
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The two very rich P-STRIPS in Figure 2.3, one with 10 and one with
30 years to maturity, derive from the most recently issued bonds in their re-
spective maturity ranges. As mentioned in Chapter 1 and as to be discussed
in Chapter 15, the richness of these bonds and their underlying P-STRIPS
is due to liquidity and financing advantages.

Chapter 4 will show a spot rate curve derived from coupon bonds
(shown earlier as Figure 2.1) that very much resembles the spot rate curve
derived from C-STRIPS. This evidence for the law of one price is deferred
to that chapter, which also discusses curve fitting and smoothness: As can
be seen by comparing Figures 2.1 and 2.3, the curve implied from the raw
C-STRIPS data is much less smooth than the curve constructed using the
techniques of Chapter 4.

APPENDIX 2A
THE RELATION BETWEEN SPOT AND FORWARD
RATES AND THE SLOPE OF THE TERM STRUCGTURE

The following proposition formalizes the notion that the term structure of
spot rates slopes upward when forward rates are above spot rates. Simi-
larly, the term structure of spot rates slopes downward when forward rates
are below spot rates.

Proposition 1: If the forward rate from time ¢ to time #+.5 exceeds the
spot rate to time ¢, then the spot rate to time #+.5 exceeds the spot rate to
time £.

Proof: Since r(t+.5)>7(¢),

t+.5)

1+2 U]

2

>1+ (2.29)

Multiplying both sides by (1+7(¢)/2)%,

T rie+.5) )T
{1+7} {1+ 5 }>{1+7} (2.30)

Using the relationship between spot and forward rates given in equation
(2.17), the left-hand side of (2.30) can be written in terms of 7(t+.5):
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{1+M} >{1+@} (2.31)
2 2

But this implies, as was to be proved, that
e +.5)>70) (2.32)

Proposition 2: If the forward rate from time # to time #+.5 is less than
the spot rate to time ¢z, then the spot rate to time #+.5 is less than the spot
rate to time Z.

Proof: Reverse the inequalities in the proof of proposition 1.



Yield-to-Maturity

hapters 1 and 2 showed that the time value of money can be de-

scribed by discount factors, spot rates, or forward rates. Further-
more, these chapters showed that each cash flow of a fixed income
security must be discounted at the factor or rate appropriate for the term
of that cash flow.

In practice, investors and traders find it useful to refer to a bond’s
yield-to-maturity, or yield, the single rate that when used to discount a
bond’s cash flows produces the bond’s market price. While indeed useful as
a summary measure of bond pricing, yield-to-maturity can be misleading
as well. Contrary to the beliefs of some market participants, yield is not a
good measure of relative value or of realized return to maturity. In particu-
lar, if two securities with the same maturity have different yields, it is not
necessarily true that the higher-yielding security represents better value.
Furthermore, a bond purchased at a particular yield and held to maturity
will not necessarily earn that initial yield.

Perhaps the most appealing interpretation of yield-to-maturity is not
recognized as widely as it should be. If a bond’s yield-to-maturity remains
unchanged over a short time period, that bond’s realized total rate of re-
turn equals its yield.

This chapter aims to define and interpret yield-to-maturity while high-
lighting its weaknesses. The presentation will show when yields are conve-
nient and safe to use and when their use is misleading.

DEFINITION AND INTERPRETATION

Yield-to-maturity is the single rate such that discounting a security’s cash
flows at that rate produces the security’s market price. For example, Table

an
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1.1 reported the 6'/4s of February 15, 2003, at a price of 102-18'/3 on Feb-
ruary 15, 2001. The yield-to-maturity of the 6'4s, v, is defined such that

3025 325 3125 103125
2 3
Hy/2 0 (14y/2) (1+y/2) (14+9/2)

Solving for y by trial and error or some numerical method shows that the
yield-to-maturity of this bond is about 4.8875%.! Note that given yield in-
stead of price, it is easy to solve for price. As it is so easy to move from
price to yield and back, yield-to-maturity is often used as an alternate way
to quote price. In the example of the 6'/4s, a trader could just as easily bid
to buy the bonds at a yield of 4.8875% as at a price of 102-18/;.

While calculators and computers make price and yield calculations
quite painless, there is a simple and instructive formula with which to re-
late price and yield. The definition of yield-to-maturity implies that the
price of a T-year security making semiannual payments of ¢/2 and a final
principal payment of F is?

< /2 F

P(T)=
o Z‘(l+y/2)t+(l+y/2)” (3:2)

Note that there are 2T terms being added together through the summation
sign since a T-year bond makes 2T semiannual coupon payments. This
sum equals the present value of all the coupon payments, while the final
term equals the present value of the principal payment. Using the case of
the 6'/4s of February 15, 2003, as an example of equation (3.2), T=2,
=6.25, y=4.8875%, F=100, and P=102.56635.

Using the fact that®

=102+18.125/32  (3.1)

b za_zbﬂ
f=——— 3.3
2= (3.3)

t=a

Many calculators, spreadsheets, and other computer programs are available to
compute yield-to-maturity given bond price and vice versa.

2A more general formula, valid when the next coupon is due in less than six
months, is given in Chapter 5.

3The proof of this fact is as follows. Let S = z z'. Then, 28 = Z 2" and
S—28=z°—2""!. Finally, dividing both sides of this equation by 1-z gives equation (3 3).
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with z=1/(1+/,), a=1, and b=2T, equation (3.2) becomes

_£ B 1 2T LZT
P<T>—y[1 [Hy/z] H“WJ (3.4)

Several conclusions about the price-yield relationship can be drawn
from equation (3.4). First, when ¢=100y and F=100, P=100. In words,
when the coupon rate equals the yield-to-maturity, bond price equals
face value, or par. Intuitively, if it is appropriate to discount all of a
bond’s cash flows at the rate y, then a bond paying a coupon rate of ¢ is
paying the market rate of interest. Investors will not demand to receive
more than their initial investment at maturity nor will they accept less
than their initial investment at maturity. Hence, the bond will sell for its
face value.

Second, when ¢>100y and F=100, P>100. If the coupon rate exceeds
the yield, then the bond sells at a premium to par, that is, for more than
face value. Intuitively, if it is appropriate to discount all cash flows at the
yield, then, in exchange for an above-market coupon, investors will de-
mand less than their initial investment at maturity. Equivalently, investors
will pay more than face value for the bond.

Third, when ¢<100y, P<100. If the coupon rate is less than the yield,
then the bond sells at a discount to par, that is, for less than face value.
Since the coupon rate is below market, investors will demand more than
their initial investment at maturity. Equivalently, investors will pay less
than face value for the bond.

Figure 3.1 illustrates these first three implications of equation (3.4).
Assuming that all yields are 5.50%, each curve gives the price of a bond
with a particular coupon as a function of years remaining to maturity. The
bond with a coupon rate of 5.50% has a price of 100 at all terms. With 30
years to maturity, the 7.50% and 6.50% coupon bonds sell at substantial
premiums to par, about 129 and 115, respectively. As these bonds mature,
however, the value of above-market coupons falls: receiving a coupon 1%
or 2% above market for 20 years is not as valuable as receiving those
above-market coupons for 30 years. Hence, the prices of these premium
bonds fall over time until they are worth par at maturity. This effect of
time on bond prices is known as the pull to par.

Conversely, the 4.50% and 3.50% coupon bonds sell at substantial
discounts to par, at about 85 and 71, respectively. As these bonds mature,
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FIGURE 3.1 Prices of Bonds Yielding 5.5% with Various Coupons and Years to
Maturity

the disadvantage of below-market coupons falls. Hence, the prices of these
bonds rise to par as they mature.

It is important to emphasize that to illustrate simply the pull to par
Figure 3.1 assumes that the bonds yield 5.50% at all times. The actual
price paths of these bonds over time will differ dramatically from those in
the figure depending on the realization of yields.

The fourth implication of equation (3.4) is the annuity formula. An
annuity with semiannual payments is a security that makes a payment ¢/2
every six months for T years but never makes a final “principal” payment.
In terms of equation (3.4), F=0, so that the price of an annuity, A(T) is

c 1 2T
A(T)—;{l—(m] } (3.5)

For example, the value of a payment of %, every six months for 10 years
at a yield of 5.50% is about 46.06.

The fifth implication of equation (3.4) is that as T gets very large,
P=c/y. In words, the price of a perpetuity, a bond that pays coupons for-
ever, equals the coupon divided by the yield. For example, at a yield of
5.50%, a 6.50 coupon in perpetuity will sell for 6% so¢, or approximately
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118.18. While perpetuities are not common, the equation P=c/y provides a
fast, order-of-magnitude approximation for any coupon bond with a long
maturity. For example, at a yield of 5.50% the price of a 6.50% 30-year
bond is about 115 while the price of a 6.50 coupon in perpetuity is about
118. Note, by the way, that an annuity paying its coupon forever is also a
perpetuity. For this reason the perpetuity formula may also be derived
from (3.5) with T very large.

The sixth and final implication of equation (3.4) is the following. If a
bond’s yield-to-maturity over a six-month period remains unchanged, then
the annual total return of the bond over that period equals its yield-to-ma-
turity. This statement can be proved as follows. Let P, and P,,, be the price
of a T-year bond today and the price* just before the next coupon pay-
ment, respectively, assuming that the yield remains unchanged over the six-
month period. By the definition of yield to maturity,

c/2 c/2 1+¢/2
0 =7 /2+ et 7 (3.6)
Y2 (1+y/2) (1+y/2)
and
c /2 1+¢/2
P1/2 :E"'l /2+"'+ 271 (3.7)
+y (1+/2)

Note that after six months have passed, the first coupon payment is not
discounted at all since it will be paid in the next instant, the second coupon
payment is discounted over one six-month period, and so forth, until the
principal plus last coupon payment are discounted over 2T-1 six-month
periods. Inspection of (3.6) and (3.7) reveals that

P, =(1+y/2)P, (3.8)
Rearranging terms,
P
=2/ 21 3.9

“In this context, price is the full price. The distinction between flat and full price
will be presented in Chapter 4.
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The term in parentheses is the return on the bond over the six-month pe-
riod, and twice that return is the bond’s annual return. Therefore, if yield
remains unchanged over a six-month period, the yield equals the annual re-
turn, as was to be shown.

YIELD-TO-MATURITY AND SPOT RATES

Previous chapters showed that each of a bond’s cash flows must be dis-
counted at a rate corresponding to the timing of that particular cash flow.
Taking the 6'/4s of February 15, 2003, as an example, the present value of
the bond’s cash flows can be written as a function of its yield-to-maturity,
as in equation (3.1), or as a function of spot rates. Mathematically,

3125 3.125 3.125  103.125

1+y/2 " =t o ¢
Y2 (1+y/2)  (1+y/2)  (1+y/2)

3125 3.125 3.125 103.125

B 1+f5/2+(1+i/2)2 +(1+; /2) +(1+i /2)
1 1.5 2

Equations (3.10) clearly demonstrate that yield-to-maturity is a summary
of all the spot rates that enter into the bond pricing equation. Recall from
Table 2.1 that the first four spot rates have values of 5.008%, 4.929%,
4.864%, and 4.886%. Thus, the bond’s yield of 4.8875% is a blend of
these four rates. Furthermore, this blend is closest to the two-year spot rate
of 4.886% because most of this bond’s value comes from its principal pay-

102+18.125/32 =
(3.10)

ment to be made in two years.

Equations (3.10) can be used to be more precise about certain relation-
ships between the spot rate curve and the yield of coupon bonds.

First, consider the case of a flat term structure of spot rates; that is, all
of the spot rates are equal. Inspection of equations (3.10) reveals that the
yield must equal that one spot rate level as well.

Second, assume that the term structure of spot rates is upward-sloping;
that is,

>
>

1%
1%

(3.11)

In that case, any blend of these four rates will be below #,. Hence, the yield
of the two-year bond will be below the two-year spot rate.
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Third, assume that the term structure of spot rates is downward-slop-
ing. In that case, any blend of the four spot rates will be above 7,. Hence,
the yield of the two-year bond will be above the two-year spot rate. To
summarize,

Spot rates downward-sloping: Two-year bond yield above two-year

spot rate

Spot rates flat: Two-year bond yield equal to two-year
spot rate

Spot rates upward-sloping: Two-year bond yield below two-year
spot rate

To understand more fully the relationships among the yield of a secu-
rity, its cash flow structure, and spot rates, consider three types of securi-
ties: zero coupon bonds, coupon bonds selling at par (par coupon bonds),
and par nonprepayable mortgages. Mortgages will be discussed in Chapter
21. For now, suffice it to say that the cash flows of a traditional, nonpre-
payable mortgage are level; that is, the cash flow on each date is the same.
Put another way, a traditional, nonprepayable mortgage is just an annuity.

Figure 3.2 graphs the yields of the three security types with varying

6.00%

Zero Coupon Bonds

5.75%

Par Coupon Bonds

o /———\

3 Par Nonprepayable Mortgages
2
5.25% /
5.00% \/ 7
4.75% T T T T T
0 5 10 15 20 25 30
Term

FIGURE 3.2 Yields of Fairly Priced Zero Coupon Bonds, Par Coupon Bonds, and
Par Nonprepayable Mortgages
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terms to maturity on February 15, 2001. Before interpreting the graph, the
text will describe how each curve is generated.

The yield of a zero coupon bond of a particular maturity equals the
spot rate of that maturity. Therefore, the curve labeled “Zero Coupon
Bonds” is simply the spot rate curve to be derived in Chapter 4.

This chapter shows that, for a bond selling at its face value, the yield
equals the coupon rate. Therefore, to generate the curve labeled “Par
Coupon Bonds,” the coupon rate is such that the present value of the re-
sulting bond’s cash flows equals its face value. Mathematically, given dis-
count factors and a term to maturity of T years, this coupon rate c satisfies

10206 id(t/2)+100d(T) =100 (3.12)
Solving for ¢,
c =m (3.13)

3 d2)

Given the discount factors to be derived in Chapter 4, equation (3.13) can
be solved for each value of T to obtain the par bond yield curve.

Finally, the “Par Nonprepayable Mortgages” curve is created as fol-
lows. For comparability with the other two curves, assume that mortgage
payments are made every six months instead of every month. Let X be the
semiannual mortgage payment. Then, with a face value of 100, the present
value of mortgage payments for T years equals par only if

XZd(t/Z)leO (3.14)

Or, equivalently, only if
x=100/3"d(1/2) (3.15)

Furthermore, the yield of a par nonprepayable T-year mortgage is defined
such that
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2T 1

100=X) ———
o (1+y,/2) (3.16)

Given a set of discount factors, equations (3.15) and (3.16) may be solved
for y.. using a spreadsheet function or a financial calculator. The “Par Non-
prepayable Mortgages” curve of Figure 3.2 graphs the results.

The text now turns to a discussion of Figure 3.2. At a term of .5 years,
all of the securities under consideration have only one cash flow, which, of
course, must be discounted at the .5-year spot rate. Hence, the yields of all
the securities at .5 years are equal. At longer terms to maturity, the behav-
ior of the various curves becomes more complex.

Consistent with the discussion following equations (3.10), the down-
ward-sloping term structure at the short end produces par yields that ex-
ceed zero yields, but the effect is negligible. Since almost all of the value of
short-term bonds comes from the principal payment, the yields of these
bonds will mostly reflect the spot rate used to discount those final pay-
ments. Hence, short-term bond vyields will approximately equal zero
coupon vyields.

As term increases, however, the number of coupon payments increases
and discounting reduces the relative importance of the final principal pay-
ment. In other words, as term increases, intermediate spot rates have a
larger impact on coupon bond yields. Hence, the shape of the term struc-
ture can have more of an impact on the difference between zero and par
yields. Indeed, as can be seen in Figure 3.2, the upward-sloping term struc-
ture of spot rates at intermediate terms eventually leads to zero yields ex-
ceeding par yields. Note, however, that the term structure of spot rates
becomes downward-sloping after about 21 years. This shape can be related
to the narrowing of the difference between zero and par yields. Further-
more, extrapolating this downward-sloping structure past the 30 years
recorded on the graph, the zero yield curve will cut through and find itself
below the par yield curve.

The qualitative behavior of mortgage yields relative to zero yields is
the same as that of par yields, but more pronounced. Since the cash flows
of a mortgage are level, mortgage yields are more balanced averages of
spot rates than are par yields. Put another way, mortgage yields will be
more influenced than par bonds by intermediate spot rates. Conse-
quently, if the term structure is downward-sloping everywhere, mortgage
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yields will be higher than par bond yields. And if the term structure is up-
ward-sloping everywhere, mortgage yields will be lower than par bond
yields. Figure 3.2 shows both these effects. At short terms, the term struc-
ture is downward-sloping and mortgage yields are above par bond yields.
Mortgage yields then fall below par yields as the term structure slopes
upward. As the term structure again becomes downward-sloping, how-
ever, mortgage yields are poised to rise above par yields to the right of the
displayed graph.

YIELD-TO-MATURITY AND RELATIVE VALUE:
THE COUPON EFFECT

All securities depicted in Figure 3.2 are fairly priced. In other words, their
present values are properly computed using a single discount function or
term structure of spot or forward rates. Nevertheless, as explained in the
previous section, zero coupon bonds, par coupon bonds, and mortgages of
the same maturity have different yields to maturity. Therefore, it is incor-
rect to say, for example, that a 15-year zero is a better investment than a
15-year par bond or a 15-year mortgage because the zero has the highest
yield. The impact of coupon level on the yield-to-maturity of coupon
bonds with the same maturity is called the coupon effect. More generally,
yields across fairly priced securities of the same maturity vary with the cash
flow structure of the securities.

The size of the coupon effect on February 15, 2001, can be seen in Fig-
ure 3.2. The difference between the zero and par rates is about 1.3 basis
points® at a term of 5 years, 6.1 at 10 years, and 14.1 at 20 years. After
that the difference falls to 10.5 basis points at 25 years and to 2.8 at 30
years. Unfortunately, these quantities cannot be easily extrapolated to
other yield curves. As the discussions in this chapter reveal, the size of the
coupon effect depends very much on the shape of the term structure of in-
terest rates.

SA basis point is 1% of .01, or .0001. The difference between a rate of 5.00% and
5.01%, for example, is one basis point.
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YIELD-TO-MATURITY AND REALIZED RETURN

Yield-to-maturity is sometimes described as a measure of a bond’s return if
held to maturity. The argument is made as follows. Repeating equation
(3.1), the yield-to-maturity of the 6'/4s of February 15, 2003, is defined
such that

3.125 3.125 3.125 103.125
+ + +

2 5 -=102+18.125/32
2 (14y/2)  (149/2)  (1+y)2)

(3.17)
Multiplying both sides by (1+y/2)* gives
3.125(1+%)’ +3.125(1+%)2 +3.125(1+ %) +103.125 = 102.5664(1+%)4 (3.18)

The interpretation of the left-hand side of equation (3.18) is as follows. On
August 15, 2001, the bond makes its next coupon payment of 3.125. Semi-
annually reinvesting that payment at rate y through the bond’s maturity of
February 15, 2003, will produce 3.125(1+y/2)%. Similarly, reinvesting the
coupon payment paid on February 15, 2002, through the maturity date at
the same rate will produce 3.125(1+y/2)?. Continuing with this reasoning,
the left-hand side of equation (3.18) equals the sum one would have on Feb-
ruary 15, 2003, assuming a semiannually compounded coupon reinvest-
ment rate of y. Equation (3.18) says that this sum equals 102.5664(1+y/2)*,
the purchase price of the bond invested at a semiannually compounded rate
of y for two years. Hence it is claimed that yield-to-maturity is a measure of
the realized return to maturity.

Unfortunately, there is a serious flaw in this argument. There is ab-
solutely no reason to assume that coupons will be reinvested at the initial
yield-to-maturity of the bond. The reinvestment rate of the coupon paid
on August 15, 2001, will be the 1.5-year rate that prevails six months
from the purchase date. The reinvestment rate of the following coupon
will be the one-year rate that prevails one year from the purchase date,
and so forth. The realized return from holding the bond and reinvesting
coupons depends critically on these unknown future rates. If, for example,
all of the reinvestment rates turn out to be higher than the original yield,
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then the realized yield-to-maturity will be higher than the original yield-
to-maturity. If, at the other extreme, all of the reinvestment rates turn out
to be lower than the original yield, then the realized yield will be lower
than the original yield. In any case, it is extremely unlikely that the real-
ized yield of a coupon bond held to maturity will equal its original yield-
to-maturity. The uncertainty of the realized yield relative to the original
yield because coupons are invested at uncertain future rates is often called
reinvestment risk.



4

Generalizations and Gurve Fitting

hile introducing discount factors, bond pricing, spot rates, forward

rates, and yield, the first three chapters simplified matters by assuming
that cash flows appear in even six-month intervals. This chapter general-
izes the discussion of these chapters to accommodate the reality of cash
flows paid at any time. These generalizations include accrued interest built
into a bond’s total transaction price, compounding conventions other than
semiannual, and curve fitting techniques to estimate discount factors for
any time horizon. The chapter ends with a trading case study that shows
how curve fitting may lead to profitable trade ideas.

ACCRUED INTEREST

To ensure that cash flows occur every six months from a settlement date of
February 15, 2001, the bonds included in the examples of Chapters 1
through 3 all matured on either August 15 or on February 15 of a given
year. Consider now the 5'/,s of January 31, 2003. Since this bond matures
on January 31, its semiannual coupon payments all fall on July 31 or Janu-
ary 31. Therefore, as of February 15, 2001, the latest coupon payment of
the 5'/,s had been on January 31, 2001, and the next coupon payment was
to be paid on July 31, 2001.

Say that investor B buys $10,000 face value of the 5'/;s from in-
vestor S for settlement on February 15, 2001. It can be argued that in-
vestor B is not entitled to the full semiannual coupon payment of
$10,000x°59%/, or $275 on July 31, 2001, because, as of that time, in-
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vestor B will have held the bond for only about five and a half months.
More precisely, since there are 166 days between February 15, 2001,
and July 31, 2001, while there are 181 days between January 31, 2001,
and July 31, 2001, investor B should receive only ('¢¢/,5,)x$275 or
$252.21 of the coupon payment. Investor S, who held the bond from the
latest coupon date of January 31, 2001, to February 15, 2001, should
collect the rest of the $275 coupon or $22.79. To allow investors B and
S to go their separate ways after settlement, market convention dictates
that investor B pay $22.79 of accrued interest to investor S on the settle-
ment date of February 15, 2001. Furthermore, having paid this $22.79
of accrued interest, investor B may keep the entire $275 coupon pay-
ment of July 31, 2001. This market convention achieves the desired split
of that coupon payment: $22.79 for investor S on February 15, 2001,
and $275-$22.79 or $252.21 for investor B on July 31, 2001. The fol-
lowing diagram illustrates the working of the accrued interest conven-
tion from the point of view of the buyer.

Last Coupon  Purchase Next Coupon
1/31/01 2/15/01 7/31/01

Pay interest
for this period.

Receive interest for the full coupon period.

Say that the quoted or flat price of the 5'/;s of January 31, 2003 on
February 15, 2001, is 101-4%/;. Since the accrued interest is $22.79 per
$10,000 face or .2279%, the full price of the bond is defined to be
101+%625/3,4.2279 or 101.3724. Therefore, on $10,000 face amount, the
invoice price—that is, the money paid by the buyer and received by the
seller—is $10,137.24.

The bond pricing equations of the previous chapters have to be gener-
alized to take account of accrued interest. When the accrued interest of a
bond is zero—that is, when the settlement date is a coupon payment
date—the flat and full prices of the bond are equal. Therefore, the previous
chapters could, without ambiguity, make the statement that the price of a
bond equals the present value of its cash flows. When accrued interest is
not zero the statement must be generalized to say that the amount paid or
received for a bond (i.e., its full price) equals the present value of its cash



Accrued Interest 99

flows. Letting P be the bond’s flat price, Al its accrued interest, and PV the
present value function,

P+ AI = PV (future cash flows) (4.1)

Equation (4.1) reveals an important principle about accrued inter-
est. The particular market convention used in calculating accrued inter-
est does not really matter. Say, for example, that everyone believes that
the accrued interest convention in place is too generous to the seller
because instead of being made to wait for a share of the interest until the
next coupon date the seller receives that share at settlement. In that case,
equation (4.1) shows that the flat price adjusts downward to mitigate
this seller’s advantage. Put another way, the only quantity that matters is
the invoice price (i.e., the money that changes hands), and it is this
quantity that the market sets equal to the present value of the future
cash flows.

With an accrued interest convention, if yield does not change then the
quoted price of a bond does not fall as a result of a coupon payment. To
see this, let P® and P“ be the quoted prices of a bond right before and right
after a coupon payment of ¢/2, respectively. Right before a coupon date the
accrued interest equals the full coupon payment and the present value of
the next coupon equals that same full coupon payment. Therefore, invok-
ing equation (4.1),

P'+c/2=c/2+ PV(cash flows after the next coupon) (4.2)

Simplifying,

P’ = PV(cash flows after the next coupon) (4.3)

Right after the next coupon payment, accrued interest equals zero. There-
fore, invoking equation (4.1) again,

P'+0= PV(cash flows after the next coupon) (4.4)
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Clearly P*=P? so that the flat price does not fall as a result of the coupon
payment. By contrast, the full price does fall from P’+c/2 before the
coupon payment to P‘=P? after the coupon payment.'

COMPOUNDING CONVENTIONS

Since the previous chapters assumed that cash flows arrive every six months,
the text there could focus on semiannually compounded rates. Allowing for
the possibility that cash flows arrive at any time requires the consideration of
other compounding conventions. After elaborating on this point, this section
argues that the choice of convention does not really matter. Discount factors
are traded, directly through zero coupon bonds or indirectly through coupon
bonds. Therefore, it is really discount factors that summarize market prices
for money on future dates while interest rates simply quote those prices with
the convention deemed most convenient for the application at hand.

When cash flows occur in intervals other than six months, semiannual
compounding is awkward. Say that an investment of one unit of currency
at a semiannual rate of 5% grows to 1+%/, after six months. What hap-
pens to an investment for three months at that semiannual rate? The an-
swer cannot be 1+%/,, for then a six-month investment would grow to
(1+9/4)? and not 1+%/,. In other words, the answer 1+%/, implies quar-
terly compounding. Another answer might be (1+9/,)2. While having the
virtue that a six-month investment does indeed grow to 1+9%/,, this solu-
tion essentially implies interest on interest within the six-month period.
More precisely, since (1+9/,)'2 equals (1+°%7/,), this second solution im-
plies quarterly compounding at a different rate. Therefore, if cash flows do
arrive on a quarterly basis it is more intuitive to discard semiannual com-
pounding and use quarterly compounding instead. More generally, it is
most intuitive to use the compounding convention corresponding to the
smallest cash flow frequency—monthly compounding for payments that

Note that the behavior of quoted bond prices differs from that of stocks that do
not have an accrued dividend convention. Stock prices fall by approximately the
amount of the dividend on the day ownership of the dividend payment is estab-
lished. The accrued convention does make more sense in bond markets than in
stock markets because dividend payment amounts are generally much less certain
than coupon payments.
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may arrive any month, daily compounding for payments that may arrive
any day, and so on. Taking this argument to the extreme and allowing cash
flows to arrive at any time results in continuous compounding. Because of
its usefulness in the last section of this chapter and in the models to be pre-
sented in Part Three, Appendix 4A describes this convention.

Having made the point that semiannual compounding does not suit
every context, it must also be noted that the very notion of compounding
does not suit every context. For coupon bonds, compounding seems nat-
ural because coupons are received every six months and can be reinvested
over the horizon of the original bond investment to earn interest on inter-
est. In the money market, however (i.e., the market to borrow and lend for
usually one year or less), investors commit to a fixed term and interest is
paid at the end of that term. Since there is no interest on interest in the
sense of reinvestment over the life of the original security, the money mar-
ket uses the more suitable choice of simple interest rates.?

One common simple interest convention in the money market is called
the actual/360 convention.? In that convention, lending $1 for d days at a
rate of » will earn the lender an interest payment of

rd

360 (4.5)

dollars at the end of the d days.

It can now be argued that compounding conventions do not really
matter so long as cash flows are properly computed. Consider a loan from
February 15, 2001, to August 15, 2001, at 5%. Since the number of days
from February 15, 2001, to August 15, 2001, is 181, if the 5% were an ac-
tual/360 rate, the interest payment would be

2Contrary to the discussion in the text, personal, short-term time deposits often
quote compound interest rates. This practice is a vestige of Regulation Q that lim-
ited the rate of interest banks could pay on deposits. When unregulated mutual
funds began to offer higher rates, banks competed by increasing compounding fre-
quency. This expedient raised interest payments while not technically violating the
legal rate limits.

3The accrued interest convention in the Treasury market, described in the previous
section, uses the actual/actual convention: The denominator is set to the actual
number of days between coupon payments.
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5% x181
——=2.5139% 4.6
360 (4.6)
If the compounding convention were different, however, the interest pay-
ment would be different. Equations (4.7) through (4.9) give interest pay-
ments corresponding to 5% loans from February 15, 2001, to August 135,
2001, under semiannual, monthly, and daily compounding, respectively:

5%

=2.5% )
5 (4.7)
5%\
1+22] —1=2.5262% )
[ 12] (4.8)
50/ 181
1+22 | -1=2.5103% (4.9)
365

Clearly the market cannot quote a rate of 5% under each of these
compounding conventions at the same time: Everyone would try to borrow
using the convention that generated the lowest interest payment and try to
lend using the convention that generated the highest interest payment.
There can be only one market-clearing interest payment for money from
February 15, 2001, to August 15, 2001.

The most straightforward way to think about this single clearing inter-
est payment is in terms of discount factors. If today is February 15, 2001,
and if August 15,2001, is considered to be '8!/355 or .4959 years away, then
in the notation of Chapter 1 the fair market interest payment is

L 1

d(4959) (4.10)
If, for example, d(.4959)=.97561, then the market interest payment is
2.50%. Using equations (4.6) through (4.9) as a model, one can immedi-
ately solve for the simple, as well as the semiannual, monthly, and daily
compounded rates that produce this market interest payment:
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1817,
360

% =2.50% =7, =5%

=2.50%=r =4.9724%

s (4.11)
[1+ﬁ] ~1=2.50% = r, = 4.9487%

181
1+—4 | —1=2.50% =7, =4.9798%
365

In summary, compounding conventions must be understood in order
to determine cash flows. But with respect to valuation, compounding con-
ventions do not matter: The market-clearing prices for cash flows on par-
ticular dates are the fundamental quantities.

YIELD AND COMPOUNDING CONVENTIONS

Consider again the 5'/;s of January 31, 2003, on February 15, 2001. While
the coupon payments from July 31, 2001, to maturity are six months apart,
the coupon payment on July 31, 2001, is only five and a half months or, more
precisely, 166 days away. How does the market calculate yield in this case?
The convention is to discount the next coupon pa