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Abstract. We treat in this paper optimal hedging problems for contingent claims in
an incomplete financial market, which problems are based on asymmetric functions. In
summary, we consider the problem

zISIlei(g E[f(H—-Gr ()],

where H is a contingent claim, @, which is a suitable set of predictable processes,
represents the collection of all admissible strategies, G () is a portfolio value at the
maturity 7 induced by an admissible strategy ¢, and f : R — R is a differentiable
strictly convex function with f(0) = 0. In particular, under the assumption that there
exist two positive constants cg and C; such that, for any x € R being far away from
0 sufficiently, cg|x|? < f(x), and | f/(x)| < Cylx|P~!, where 1 < p < oo, we shall
prove the unique existence of a solution and shall discuss its mathematical property.

Key words: mathematical finance, incomplete market, convex function, semimartin-
gale, stochastic integral

* The author would like to thank Jan Kallsen and Shigeo Kusuoka for their valuable
comments and discussion, and is very grateful to an anonymous referee for helpful
comments, which has greatly improved the paper. The financial support of the author
has been partially granted by Grant-in-Aid for Young Scientists (B) No.16740062
and Scientific Research (C) No.19540144 from the Ministry of Education, Culture,
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1. Introduction

Let (£2, F, P) be a complete probability space. We fix T > 0, and suppose
that F = {F;}¢(0,7] 18 a filtration satisfying the so-called usual condition, that
is, F is right-continuous and Fq contains all null sets of F. In addition, we
assume that Fy is trivial and Fy = F. Let X be an F-adapted R?-valued RCLL
semimartingale on (§2, F, P). X is not assumed to be continuous. Moreover, &

denotes some subspace of R?-valued X-integrable predictable processes. We
t

define G,(1%) :=/ VUsdX; for any t € [0,T] and any ¥ € @, and G =

{Gr()|v € O} Ngte that @ and G7 is assumed to be linear spaces.

Consider an incomplete financial market which consists of one riskless asset
and d risky assets whose fluctuation is described by the semimartingale X. We
regard the fixed T > 0 as the maturity of our market. Suppose that the interest
rate of our market is given by 0, namely, the price of the riskless asset is 1
at all times. Furthermore, we consider the set ® of predictable processes as
the collection of all admissible strategies. Thus, we call each element of ® an
admissible strategy. Let H be a contingent claim which is a kind of pay-off at
T. Mathematically, H is an Fr-measurable random variable. We assume an
investor who intends to hedge the contingent claim H with a suitable strategy
which belongs to ®. Suppose that the initial endowment of the investor is
0, and the investor attempts to construct her portfolio to approach, in some
rational sense, the contingent claim as much as possible at the maturity. The
mean-variance hedging is well-known as one of strong candidates for such
optimal hedging strategies. However, it depends only on the size of the hedging
error, which is the difference between the value of the contingent claim and the
portfolio value at the maturity. In general, investors are interested whether their
hedging error is positive or negative. Hence, it is important to widen the width
of problems which we can treat.

Throughout this paper, we shall make, in the light of the above matters, a
new attack on the following minimization problem:

inf ELf(H —Gr@)], )]

where f : R — Ry is a differentiable strictly convex function with f(0) = 0,
Ry = [0, 00),and ® is defined so that f (H —Gr (1)) may be integrable for any
9 € ©. The case of f(x) = x2and = |x|? for 1 < p < oo are corresponding
to the mean-variance hedging and the p-optimal hedging undertaken by Arai
[1], respectively. Indeed, optimal hedging strategies depending only on the size
of the hedging error are corresponding to the case where f is symmetric, in
which problem (1) become a norm minimization problem which is in an easy
to handle mathematically. On the other hand, in order to reflect the sign of the
hedging error, we have to treat asymmetric functions. Hence, our aim in this
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paper is to extend the mean-variance hedging or the p-optimal hedging to the
asymmetric case.

Remark 1. We can rewrite (1) as follows:
inf E[f(H —x)], (2)
XEGT

since the operator Gr(-) : ® — Gr is an injection under the no-arbitrage
condition. Throughout this paper, we regard (2) as the primal problem.

Let us sketch out the problem (2). Let xH e G7 be fixed. We assume that
E[f'(H — x")x] = 0 for any x € Gr. The convexity of f implies that, for
any x € Gr,

E[f(H—x)]> ELf(H—x")+ f'(H —x")(H —x — (H = x"))]

= E[f(H —x™]+ E[f'(H —x") (" — x)]
= E[f(H —x")].

The following theorem is based on the above fact.

Theorem 1. Suppose that there exists an x" e Gr satisfying E[f'(H —
xMyx] = 0 for any x € Gr. Then, xH s the unique solution to (2).

Proof. We have only to prove the uniqueness. Suppose that there exist two
solutions xo and x;. Remark that E[ f(H — xo)] = E[f(H — x1)]. Denoting
X ‘= axi+(1—a)xgforanya € (0, 1), H—xy4 = a(H—x1)+(1—a)(H —xp).
Since f is convex, we have

JH = x) =af(H —x1)+ (1 —a) f(H — xo).

Now, we set Ay :={f(H —xo) <af(H —x1)+ (1 —a) f(H — xp)}, which
satisfies P(Ay) > 0, since xo # x1 and the strict convexity of f. Then, we
obtain that

E[f(H — xo)] = E[f(H — Xa)la, + f(H — xo)1ag]
< Elaf(H —x1) + (1 —a) f(H — x0)]
= E[f(H —x1)],

which is contradiction. As a result, the solution exists uniquely.

Next, we consider a dual problem under the assumption of Theorem 1. We
define the convex dual f of f as f(y) := sup,cg[xy— f (x)], and the orthogonal
complement of Gr as

Gt = {y|(H — x)y — f(y) is integrable and E[xy] = 0 for any x € Gr},

where x¥ is the unique solution to (2). Then, we have the following:



4 T. Arai

Theorem 2. Under the same assumption as the previous theorem, we have

inf E[f(H—x)]= sup E[Hy — f(y)]. (3)
xeGr yeGL

Proof. Letting 1(y) := (f/)~"(y), we have f(y) = y[(y) — f(I(y)) for any
y € R. Since f(y) > xy — f(x) forany x,y € R, infyeg, E[f(H —x)] =
E[f(H —x")] > E[(H — x)y — f(y)], where we take a random variable
y so that the right hand side should be integrable. Thus, for any y € G,
infxeg, ELf(H —x)1 = supyegr E[(H —x™)y — f()] = sup,eq1 E[Hy -
FI.

We prove the reverse inequality. The assumption in Theorem 1 guarantees
that f/(H — xf) € G*. Thus, we have

inf E[f(H —x)] = ELf(H - x]
xeGr

E[(H —x")f'(H — x™y — f(f'(H — x"))]

sup E[(H —x")y — f(»)1= sup E[Hy — f(»)].
yeGL yeGt

IA

Consequently, Theorem 2 follows.

Note that these results are obtained under the assumption in Theorem 1. In
general, it is very difficult to check whether a concrete model given satisfies
the assumption or not. Thus, we shall focus on a sufficient condition for the
assumption. In order to achieve this goal, it might be important how we set
the underlying market and define the set ®. The closedness of G might be a
significant keyword.

In Sect. 2, we define admissible strategies and confirm that the space of all
their stochastic integrals is closed. Moreover, under the setting introduced in
Sect. 2, we prove in Sect. 3 the unique existence of a solution x to the problem
(2) under the condition which there are two positive constants cp and C; such
that, for any x € R whose absolute value is sufficient large,

colx|” < f(x), and |f'(x)] < CylxP7.

In addition, we mention that E[ f'(H — xH)x] = 0 for any x € Gr. For all
unexplained notation, we refer to Dellacherie and Meyer [4] and Cerny and
Kallsen [3].

2. Setup

In this section, we address our standing assumptions and define admissible
strategies. Throughout this section, let | < p < oo be fixed arbitrarily.
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The asset price process X is an R?-valued RCLL semimartingale. Moreover,
suppose that X is locally bounded. Firstly, we define simple strategies and
admissible strategies.

Definition 1. (1) An R%-valued process ¥ is called simple if it is a linear
combination of processes of the form Y1, 1), where 11 < 1, denote
stopping times and Y a bounded F, -measurable random variable.

(2) Wedefine KS"Ple := (G (9)|9 is asimple strategy ), and K := Ksimple,
where the bar means the LP (P)-closure.

(3) We call an X-integrable predictable process ¥ admissible, if there exists
a sequence (9"),>1 of simple strategies such that G;(%") — G,(¥) in
probability for any t € [0, T), and G (9") — G (%) in LP (P).

(4) Denote by O the space of all admissible strategies.

The financial interpretation of a simple strategy Y17, ] is explicit, since
this means that the investor buys, fori = 1,...,d,Y " shares of the i-th asset at 7}
and sells them at 7o. Thus, @, which s, as it were, a space of limitations of simple
strategies, is reasonable as the set of all admissible strategies. Now, we should
look into the closedness of ®. To do it, we state our standing assumptions after
the introduction of o -martingales and signed o -martingale measures (So MM).

Definition 2. (1) A semimartingale S is called a o-martingale, if there ex-
ists an increasing sequence (Dy),>1 of predictable sets such that D,, 1
2 x Ry up to an evanescent set and / 1p,dS is a uniformly integrable

martingale for any n € N.

(2) A signed measure Q is said to be an absolutely continuous signed o -
martingale measure (SoMM), if Q < P with Q(£2) = 1, and XZ%isa
P-o-martingale, where Z2 is the density process of Q defined as

d
z8 =E [%m} .

We describe our standing assumptions as follows:
Assumption 1. (1) sup{E[|X§|1’]|r is a stopping time ,i = 1,...,d} < oo.
(2) There exists a probability measure Q ~ P satisfying E[(dQ/dP)7] < oo
1
and being an Sod MM, where q is the conjugate index of p, that is, —— = 1.
P q
Under the above standing assumptions, we have one proposition and two corol-

laries, which are extensions of Cerny and Kallsen [3] to the £P-setting. Since
these extensions are straightforward, we omit their proofs.
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Proposition 1 ([3, Lemma 2.4]). For A € LP(P), the following are equiva-
lent:

(1) Aek,
(2) EglA] =0 forany SoMM Q with % € L1(P).

(3) There existsa ¥ € O such that A = Gr(9).
(4) There exists an X-integrable predictable process ¥ such that A = G (9)

and G () Z 2 is a uniformly integrable martingale for any So MM Q with
o

T € L4(P), where Z2 is the density process of Q.
Corollary 1 ([3, Corollary 2.5]). The following are equivalent:
(1 ¥ eo.

(2) O is an X-integrable predictable process, G (9) € LP(P), and G(9)Z2
d
is a uniformly integrable martingale for any So MM Q with d_IQJ e L1(P),
where Z2 is the density process of Q.

Corollary 2 ([3, Corollary 2.9]). Denoting O = (¥|Yisan X -integrable
predictable process, and G(9) € SP}, we have the following:

1) ©cao.
2) {Gr(®)|Y € @} = K, = {Gr(})|¥ € ©), where the bar means the
LP (P)-closure.

The last corollary asserts that the space @ is appropriate as the collection
of all admissible strategies, because we have K, = {Gr(#)[9 € ®}, which is
closed in L? (P). Although there are some papers which treat @ as the collection
of all admissible strategies, we have to add some standing assumptions to ensure
the closedness of {G7(9)|® € @}. Thus, we adopt @ in this paper.

3. The unique existence of the solution

Throughout this section, we assume Assumption 1, and fix | < p < oo and
H € LP(P) arbitrarily. We denote G1 := {G7 ()| € O}(= K ), which is
a non-empty closed convex subspace of L”(P). Note that L? (P) is a reflexive
Banach space. We assume furthermore that f : R — Ry is differentiable,
strictly convex function with f(0) = 0. In addition to this, suppose hereafter
that there are two positive constants c¢g and C; such that, for any x € R whose
absolute value is sufficient large,

colx|? < f(x), and |f'(x)] < Cylx|P™L

More precisely, the following two conditions are assumed:
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(i) there exist two positive constants cg and M such that, for any x € R,
colx|PLjxi=my < f(0), “)

(ii) there exist two positive constants C1 and C; such that, for any x € R,
'@l = CilxI”! + Ca. 5)

Example 1. The following is one of typical functions satisfying all the above
conditions:

xP, x>0,

TOO= Lonr,

where § > 0.

When we define @ : Gy — Ry as @(x) := E[f(H — x)], we shall show the
unique existence of a solution to the problem

inf @(x),

xeGr

which is equivalent to (2), and shall introduce a mathematical property which
the solution satisfies.
The Gateaux derivative of @ is defined as

1
D®(x,y) := ling) ;[(P(x +1ty) —®@(x)], foranyx,ye Gr.
t—
Note that the above definition is slightly different from one of the Gateaux-
differential in [5]. Firstly, we calculate the Gateaux derivative of @.

Proposition 2. For any x,y € G, we have
D@ (x,y) = —E[f'(H — x)yl.

Proof. We begin with one preparation which is a well-known result in the
measure theory.

Lemma 1 ([2, Theorem 16.8]). Let I be an open interval. A measurable func-
tion h(w, t) on §2 x I is assumed to be partial differentiable on t P-a.s., and
integrable on o for each t € I. Moreover, we suppose that there exists an
integrable function g(w) such that

oh
‘E(a}, t)| < g(w) P-a.s. foranyt e I.

ad oh
Then, we have —/ h(w, t)dP =/ —(w, t)dP foreacht € I.
at Jo o ot
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Fix x, y € Gr arbitrarily, and set I := (—1, 1). We define a function 4 on
2 xIash(w,t):= f(H —x —ty). The integrability of 4 on w and the partial
differentiability of /& on ¢ are obvious. We have

8h( 1)=—f'(H—x—ty)
o @)= f( X —1ty)y.

The assumption (5) implies that | f'(H —x —ty)| < C1|H —x —ty|P~1 4+ C,.
Thus, we have and define

ah ol
E(w,t) < Ci|H —x —ty["7 |yl + C2|yl

< Crmax|H —x — Pyl + Calyl =: g (o).

Now, we show the integrability of g. Firstly, we have

|H —x —ty|P~! < (|H — x|+ [ty)?P™!
<2772 H — x|t 4 2P 2 Py !
<2772 H — x|~ 4 2P 2y p L

Thus, Holder’s inequality yields that
Ellgll = Cr2"2E [|H = x17™! 3] + 517 | + C2ELly]
1
= C27 2 {E7 [|H = xIP] Iyl + Iy115} + C2ELIy 1) < oo,

where || - || , represents the L7 (P)-norm. Hence, we can apply the above lemma.
We have then

1 1
Do (x,y) = lim ;[‘P(x +1y) - @(x)] = lim ;E[h(t) — h(0)]

9 9 )
Eh0)| _ = [Eh(f)‘z:o] = —ELf'(H = 0)y],

from which Proposition 2 follows.

Before stating our main results, we have to prepare some terminology. @ :
Gt — Rislower semi-continuous (l.s.c.), if, forany a € R, {x € G7|®(x) <
a} is closed. Moreover, @ is proper, if it nowhere takes the value —oo and is not
identically equal to +o00. Thus, any @ in our setting is convex proper. Below is
an important result to prove the unique existence of a solution to the problem

2).

Lemma 2 ([5, Proposition I1.1.2]). Assume that @ is strictly convex, Ls.c. and
proper. In addition to this, we assume that @ is coercive, i.e., for any sequence
Xn € Gt such that ||x, ||, — o0, @ (xy) converges to oo. Then, there exists a
solution to (2) uniquely.
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We have to verify that our model satisfies the conditions of the above lemma.
Firstly, we prove that @ is Ls.c.. Denoting ®'(x) := —f'(H — x), we have
®'(x) € LI(P) forany x € G, and DP(x,y) = E[P'(x)y] for any x, y €
G 7. Proposition 1.5.4 of [5] yields that

Q(x) = @(y) > E[@'(»)(x — ], (6)

for any x,y € Gr,x # y. Now, we fix an x € G7 and a sufficient small
number § > 0. If || x — y||,, <4, then we have

D (x) — DY) < C18{I|H — x|l + 8}~ + Ca8. (N

Letus prove (7). When @ (x) — @ (y) > 0, the inequality (6), Holder’s inequality,
Minkowski’s inequality and the condition (5) imply that
D(x) — D(y) < —E[@'(x)(y —0)] < EVI[| f'(H — )|9]]ly — x|,
< EVI[CTIH — x|P1lly = x|, + Cally — x|l
< Ci8IH —x|I57" + €.
On the other hand, when @(x) — @(y) < 0, we have @(x) — @(y) >
E[®'(y)(x — y)]. Thus,
|®(x) — ()| < |ELf'(H — y)(x — »I| < EV[|f'(H = »)Ix =yl
< C18|H — 57" + Cy0.

Moreover, for any y € Gr such that || x — y||, < §, we have
IH—=yllp =lIH—xllp+llx =yl <IIH—x|p+3.

Consequently, (7) holds, that is, @ is continuous, not only l.s.c..
Next, we confirm that @ is coercive. Let {x, },>1 be a sequence on G such
that ||x, |, — oo. The condition (4) implies that

D(xy) = E[f(H —x3)] = cE[|H _xn|p1{|H—xn|>M}]
> coE[|H — xu|P g —x,|> M1+ CcoEH — xp|P L H—x, <My —cOM P
= coE[|H — x,|P1 — coM? = co{E[|x,4|"]1 — E[|H|] — M"}

— 00,
as n tends to oo, from which @ is coercive.

Remark 2. Let us confirm that, if @ satisfies all conditions of Lemma 2 and
D®(x",y) =0forany y € Gr, then Theorems 1 and 2 hold.

As in the inequality (6), Proposition 1.5.4 of [5] asserts that D@ (x, y —x) <
D(y) — @(x) for any x # y € Gr. We have then o(xfy < @ (y) for any
vy € G7. Hence, this fact results in Theorem 1.
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Moreover, we define a convex function F : L7 — R U {400} as

_|®H-x), itH—-xeGr,
Flx):= +00, otherwise.

The assertion of Theorem 2 then is rewritten as (@ (x) =)F(H — xf) =
F**(H — x*), which is the bipolar function of F, and whose definition is
introduced in Sect. 1.4.2.of [S]. The characterization (5.2) of Chap. I in [5]
implies 0 € d F(H — x'). As regards the definition of the subdifferential 3 F,
see Definition 1.5.1 of [5]. Consequently, (5.3) of Chap. I in [5] asserts that
F(H — xty = F**(H — xH), which completes the proof of Theorem 2.

In conclusion, we obtain the following theorem:
Theorem 3. The problem (2) has a unique solution x" € Gr.

Moreover, we have the following mathematical property with respect to the

unique solution x .

Theorem 4. The solution x™ € G to the problem (2) satisfies
Elf'(H—-x"x1=0 foranyx e Gr. (®)

Proof. By Proposition 2, we rewrite (8) as D@ (x",y) = 0forany y € Gr.
We have D@ (x,ay) = aD®(x,y) forany x,y € Gr and any a € R as a
general property of the Gateaux derivatives. Now, we assume that (8) does not
hold. There exists then some y € Gr such that D@ (x, y) # 0. Thus, even if
D<D(xH, y) > 0, we have D@(xH, —y) < 0, which is contradiction. Hence
(8) holds.

Remark 3. Theorems 3 and 4 mean that, when we regard O as the set of all
admissible strategies and impose the conditions (4) and (5) on f, Assumption 1
is a sufficient condition for the condition in Theorems 1 and 2.
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and compared. They are used to derive results on the existence of integrable selections
for the sequential weak upper limit of a sequence of multifunctions. Similar questions are
examined for multifunctions with values in a dual space. Some results are particularized
in the single-valued case, and applications to the multidimensional Fatou Lemma, both
in the primal and in the dual space, are derived. This is achieved under conditions weaker

than or noncomparable to L !_boundedness.

Key words: Tightness conditions, Upper limit of a sequence of multifunctions,
Measurable selection, Integrable selection, Fatou’s Lemma in several dimensions.

1. Introduction

Given a sequence of points in a Banach space, it is often useful to consider the
set of its cluster points and to get information about the properties of this set.
Especially, when the points depend on a parameter that models randomness, one
needs tractable results on the measurable dependance of the set of cluster points
with respect to the parameter. Further, measurable and integrable selections are
of importance. The same type of question also arises for a sequence of subsets.
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In this more general setting, a pertinent concept is that of sequential upper limit.
On the other hand, in the infinite dimensional setting, the sequential upper limit
with respect to the weak topology, namely the sequential weak upper limit has
shown to be of interest in many existence problems.

More precisely, let (2, F, 1) be a complete probability space, E a separable
Banach space and 2F the collection of all subsets of E. The sequential-weak
upper limit of a sequence (X;) of measurable multifunctions (alias set-valued
functions) X, : @ — 2F is a multifunction denoted by w — Is X,,. The study
of its measurability and integrability properties was initiated by the second
author in [11,12]. But, older references concerning similar problems in finite
dimensional spaces or in special topological spaces can be found in [11]. The
main result of [11] (Theorem 5.5), that we shall often referred to, reads as
follows: if the real-valued function

w — liminf d(0, X, (w))
n——+o0o

is integrable and if there exists a R(E,,)-valued multifunction I" such that for
alln > landall w € Q

Xn(w) € I'(w)

then the multifunction w-Is X, admits at least one measurable and integrable
selection. Here R(E,,) denotes the collection of all nonempty weakly closed
and weakly ball-compact subsets of E (see Sect. 2).

Motivated by the study of Fatou type lemmas in Mathematical Economics,
we present several variants of Hess’ result via new conditions of tightness for
measurable multifunctions. It is well known that the multidimensional Fatou
Lemma allows one to prove the existence of equilibrium for an economy includ-
ing infinitely many agents. The reader is referred to the book by Hildenbrand
[14] for an extensive study of this topic. For the case of a dual space one can
look at the contributions of Benabdellah and Castaing [5], Cornet and Martins
da Rocha [9] and Balder and Sambucini [4]. In the present paper, we provide
versions the Fatou Lemma in several dimensions for functions with values in £
orin E*. In these results the integrability conditions have been relaxed, namely
the L'-boundedness assumption is no longer required.

The paper is organised as follows. In Sect. 2 we set our notation and defi-
nitions, and summarize needed results. In Sect. 3, we present several tightness
conditions for sequences of measurable multifunctions and we study their rela-
tions. In Sect. 4, combining the tightness conditions given in Sect. 3 with various
integrability conditions, we establish several theorems on the existence of inte-
grable selections for the sequential weak upper limit of a sequence of measurable
multifunctions. In Sect. 5, we present results similar to those given in Sect. 4 for
sequences of E-scalarly integrable multifunctions taking on convex weakly-star
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compact values in E*, the topological dual space of E. Specific applications
to the Fatou Lemma in several dimensions are provided at the end of Sects. 4
and 5.

2. Notation and preliminaries

In the sequel, E stands for a separable Banach space, whose norm is denoted
by |.|, and E* for the topological dual of E. The closed unit ball of E is denoted
by B and the closed ball of radius r centered at O is denoted by r B. By s (resp.
w), we denote the norm topology (resp. the weak topology) of E. The space E
endowed with topology s (resp. w) will be denoted by E (resp. Ey). On E*,
the weak-star topology is denoted by w*. It is known that the separability of E
implies the existence of a countable w*-dense subset D* of E*.

The collection of all subsets of E is denoted by 27 . Several subcollections
of 2E will be considered, for example, the space bd(E) of bounded subsets
of E and the space K(E,,) of weakly compact subsets of E. Further, recall
that a subset C of E is said to be w-ball-compact if the intersection of C with
every closed ball is weakly compact. By the notation R (E,,) we mean the space
of all weakly closed and weakly ball-compact subsets of E. In addition, it is
convenient to indicate that the sets are convex by the subscript ‘c’’. For example
K. (Ey) stands for the set of convex weakly compact subsets of E and R.(E)
for the space of closed, convex, weakly ball-compact subsets of E. As to the set
of Borel sets, we note that, due to the separability assumption, the Borel o -fields
B(E) and B(E,,) coincide. Thus we shall simply use the notation B(E).

The distance function of a subset C in E is defined by

dix,C)y=inf [x —y| x€E.
yeC

We also set
|C| = sup{|x|: x € C}.

When C is empty, we apply the usual convention d(0, C) = 400 and |C| = 0.
For any nonempty subset C, one has d(0, C) < |C].

Let (Cy)n>1 be a sequence in 2E the collection of all subsets of E. The
sequential weak upper limit w — s C,, of (C,) is defined by

j—+o0

w—lanz[er:xzw— lim xnj,xnjean]

where (C,,j) j>1 denotes any subsequence of (C,). In particular, the sequence
(n;) j>1 is increasing, whence tends to infinity. The topological weak upper
limit w — LS C,, of (C,) is denoted by w — LS C,, and is defined by



14 C. Castaing et al.

w—LSanﬂ w—clUCn

n>1 k>n

where w — cl denotes the closed hull operation in the weak topology. Recall that
the topological weak upper limit is the set of those x € E such that every weak
neighborhood of x meets infinitely many subsets C,. The following inclusion
is easy to check

w—IsC, Cw—LSC,.

Conversely, if the C,, are contained in a fixed weakly compact subset K, then
both sides coincide. The equality also holds if K is only assumed to be bounded,
provided E* be strongly separable (see e.g. Proposition 3.5 of [11]). In both
cases, this follows from the metrizability of the restriction of the weak topology
to K. On the other hand, since any weakly convergent sequence is bounded the
following equality holds

w—1sCp=|Jw—Is (C, NkB). (2.1)
k>1

Let (2, F, 1) be a complete! probability space. We denote by L%(u)
(resp. by L' (w)) the space of all (classes of) u-measurable functions (resp. of
w-measurable and p-integrable) functions. An E-valued function f is said to
be measurable if f~1(B) € F for all B € B(E). If the integral

/Qlfldu

is finite, it is possible to define the integral fQ fdu by the usual Bochner con-
struction (see e.g. [1] or [10]).

A multifunction X with values in £, i.e.amap X : Q — 2E is said to be
F-measurable (shortly measurable) if its graph Gr(X), defined by

Gr(X) ={(w,x) e R x X :x € X(w)}

belongs to F ® B(E). Given a measurable multifunction X and a Borel set
G € B(E), the set

X G={weQ: X(w)NG # 0}

is measurable, that is X~ G € F. In view of the completeness hypothesis on
the probability space, this is a consequence of the Projection Theorem (see e.g.
Theorem II1.23 of [8] or Theorem 17.24 of [1]) and of the equality

I The completion hypothesis is not indispensable, but it simplifies the presentation
and the statements of results.
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X" G =projo {Gr(X) N (2 x G)}.

Conversely, if X is closed valued and satisfies X~ U € F for each open set U,
then Gr(X) € F ® B(E). In particular, if X is measurable, the domain of X,
defined by

domX ={w e Q: X(w) # 0}

is measurable, because dom X = X~ E. Another useful measurability criterion
can be mentioned: the separability of E implies that a closed valued multifunc-
tion X is measurable if and only if the map w — d(x, X (w)) is measurable for
allx € E.

The measurability of multifunctions is preserved under several operations.
For example, given a sequence (X,),>1 of measurable multifunctions, the inter-
section [,,»; X and the union | J,,.; X, are measurable multifunctions too.

A selection of a multifunction X isamap f : Q — E such that f(w) €
X (w) for all w € dom X. It is known that a measurable multifunction with
nonempty domain admits at least one measurable selection (see e.g. [1] or [8]).
The above measurability issues remain valid if E is replaced with a complete
separable metric space, because the linear structure of E is not involved in the
definitions and results just recalled.

Let L}E(Q, F, ) (shortly L}E(/L)) be the space (of classes) of Bochner
integrable E valued functions. For any multifunction X : @ — 2%, we denote
by S )1( (F, n),orS )1( for short, the set of all F-measurable, Bochner p-integrable
selections of X, namely

Sy={ueli(w:uw eXw n—ae.l

X is said to be p-integrable if the set S )1( is nonempty. A simple measurable
selection argument shows that a measurable multifunction X is integrable if and
only if the distance function w — d(0, X (w)) is integrable (see e.g. Lemma 5.1
of [11]). The multifunction X is said to be integrably bounded if the function

w = [X(0)]

is integrable. A nonempty valued, integrably bounded multifunction is inte-
grable, but the converse implication is false as simple examples show.

Given a subcollection C of 2 we denote by M (C) the space of all C val-
ued measurable multifunctions. Further, the space of all u-integrably bounded
multifunctions X in M(C) is denoted by Lé (w) or, sometimes, £!'(C, ). A
sequence (X;) in E},d(E)(u) is said to be bounded if the sequence (|X,]) is

bounded in L' ().
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3. Tightness conditions for sequences of multifunctions

In the present section several tightness properties are examined for sequences
of multifunctions with values in a separable Banach space E. Let C be a subcol-
lection of 2F and (X »)n>1 be a sequence of multifunctions taking on values in
2E 1t will be convenient to say that a property (P) relative to (X,,) is satisfied
infinitely often (i.0.) if (P) holds for infinitely many indices n. Consider the

following four conditions.
Z(C): there exists I' € M (C) such that for p-almost all w € €2 one has
Xy(@) (T #0  io.
S(C): there exists I' € M(C) such that for p-almost all @ € 2 one has
Xn(w) € T'(w) i.0.
D(C): there exists I' € M(C) such that for u-almost all w € 2 one has

liminf d (0, X, () [ | ['(@)) < +00

n—+00

D'(C): there exists I' € M(C) such that for p-almost all @ €  one has

lim supd (0, X,,(w) ﬂ IN'w)) < +o00

n——+00

A sequence (X,,) of multifunctions satisfying condition Z(C) will be said to be
Z(C)-tight. Similarly, we shall speak of S(C), D(C) or D’ (C)-tightness. In order

to avoid trivialities, we assume that multifunction I" is nonempty valued.

Remark 3.1. (1) The measurability hypotheses imply that the multifunctions

X, NT are measurable.

(ii) The following implications hold: D'(C) = D(C) = Z(C). Further, con-

sider the condition

for pw-almost all w € 2, X, (w) #¥ Vn > 1.

Obviously condition (x) and S(C) together imply Z(C). On the other
hand, if (X,),,>1 is Z(C)-tight, the sequence (Y,) defined by ¥, = X,,NI"

is S(C)-tight.

In particular, if the X,,’s are single-valued, i.e. X, = f, where
fn + Q — E are measurable, Z(C)-tightness and S(C)-tightness are

equivalent.
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Let us introduce now four new concepts of tightness that can be seen as
approximate versions of the above conditions. The connections with the previous
ones will be examined soon. These notions are denoted by Z(C),, S(C)., D(C),
and D' (C),. The definitions go as follows.

Z(C),: forevery ¢ > 0, there exists a multifunction ', € M(C) such that if
the subsets A, are defined by A, = {X,, [\ Te # @}, we have

udimsupA,e) >1—¢

n—-+00

S(C),: for every & > 0, there exists a multifunction I'y € M(C) such that if
we set A, = {X,, € '}, we have

uldimsupA,e) >1—¢

n——+00

D(C),: forevery & > 0 there exists a multifunction I'y € M(C) such that
Q. = {w € Q: liminf d(0. X, () [ Te(@)) < +00}
n——+00

satisfies w(2;) > 1 — ¢.
D'(C),: forevery ¢ > 0 there exists a multifunction I'; € M(C) such that

Qe = {w e Q:limsupd(0, X, (@) [ | Te(@)) < +00)

n——+00
satisfies w(2.) > 1 — ¢.

The following result connects conditions of exact tightness and approximate
tightness.

Proposition 3.1. The following equivalences are valid.

IC) & I(C), S & S, DEC & DC, 7DEC &7DCE),.
Proof. The implications

I(C) = I(C), SEC) =S8, DEC =DC, 7DEC =7DEC),

are easy. Indeed, for proving the implication Z(C) = Z(C),, it is enough to set
foreache > Oandn > 1

.= and A,.={X,NT #0}.

which gives pw(limsup,,_, , o, Ape) = 1.

The proof of implication S(C) = S(C), is done similarly, but A, is defined
by Ay = {X,, C I'} forall n, . As for implication D(C) = D(C),, we set this
time for every ¢ > 0
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n—-+o00

Q= Iliminfd(O, X, ﬂ I < +oo]

and we deduce w1 (2.) = 1. Implication D’ (C) = D’'(C), is proved in the same
way. We turn now to the non trivial implications.

I(C); = Z(C) : We consider ¢ = g, where ¢ > 0 is an integer and
we assume that the sequence (&) is decreasing and tends to 0. We set as above
Ape = {X, NIy # #} and, to simplify the notation, A,y = Aye, and 'y =T, .
Now, we define the sequence (£2,)4>1 by

Q, =limsup Ayy.
n— 400
Further, since for each ¢ > 1,
p(imsup Ayy) > 1 — g4,
n——+00
we get limy o0 1£(£24) = 1. We also define the multifunction I" on €2 by
P=lg i+ lo Ty
q=2

where Q] = © and Q’q = Q4 \ Uiq Q; forall ¢ > 1. For each w € Q, one
has

®€ Ay ={X, NT #£0} io.,

which proves implication Z(C), = Z(C). Implications S(C), = S(C),
D(C), = D(C) and D'(C), = D'(C) can be proved in the same way. O

The notion of D(C)-tightness has an alternate formulation involving bounded
sets or balls as the following proposition shows.

Proposition 3.2. IfC is a family of subsets and (X,),>1 a sequence of measur-
able multifunctions, the following two statements (a) and (b) are equivalent.

(a) (Xy)is D(C)-tight
(b) there exists a positive measurable function r such that the sequence
(XnNrB)y>1 is Z(C)-tight.

Proof. Let us first show that (a) = (b). By assumption, there exists a measur-
able multifunction I : 2 — C such that liminf, d(0, X, N T") < +o0 holds
pn-almost surely. Let r be a positive measurable function such that

liminfd (0, X,(w) NT'(w)) < r(w) w®—a.s. 3.1
n—-+00
It is readily seen that (3.1) implies
Xp()NT(w)Nr(w)B #0  i.o.

The converse implication goes similarly. O



Tightness conditions and integrability 19

In view of some results that we plan to prove (namely Theorems 4.4 and
4.7), it is also interesting to introduce stronger notions of tightness, namely
74 (C)-tightness and Sy (C).-tightness. Let C be a collection of subsets of E.

Z+(C)e : A sequence (X,) of C-valued multifunctions is said to be Z (C),-
tight if, for every & > 0, there is a measurable multifunction I'y € M(C) such
that if we set

Ape = {Xy NTe #£ @},
we have

inf w(Ape) > 1—¢
n>1

S1(C)e : Asequence (X,,) of C-valued multifunctions is said to be S4(C), —
tight if, for every ¢ > 0, there is a multifunction I'; € M(C) such that if we
set A, = {X, C I';}, we have

inf w(Ape) > 1—¢
n>1

Remark 3.2. Proposition 3.1 is useful, because conditions Z(C), S(C), D(C)
and D'(C) are simpler than the corresponding approximate tightness conditions
(), SC),, D(C), and D'(C),. However, condition Z(C). (resp. S(C)e) is
easier to compare with Z (C). (resp. S+(C)¢)

Remark 3.3. (i) The tightness condition Z (C), resembles condition Z(C),, but
is stronger. This follows from the inequalities

pu(limsup A,) > limsup u(A,) > inf w(Ay)

n—00 n—00 n>1
valid for any sequence (A,) in F. Easy examples show that these inequalities
may be strict. Similarly, the implication S (C), = S(C), also holds and it is
strict.

(ii) In the definition of S4(C).-tightness, the measurability of the multi-
function I, is not essential, but in the definition of Z (C),-tightness, the mea-
surability of I'; is necessary in order to get the measurability of multifunctions
X, NI, (forn>1ande > 0).

In the following proposition, two further properties of tight sequences are
provided.

Proposition 3.3. (i) Let (X,,) be an I (R(Ey))s-tight sequence. If it is
bounded in LY (bd(E), 1v), then it is also T (K(Ey))e-tight.
(i) LetC = K(Ey) (resp. bd(E)). If (X)) is L+ (C)-tight, then it is D(C),-
tight.
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Proof. (i) Let ¢ > 0. By hypothesis, there exists a multifunction I'; €
M(R(E)) such that

inf w(Aue) >1—¢
n>1

where A, = {X, N T, # @)} for each n > 1. Since (| X,|) is L' (1)-bounded,
one can find r, > 0 such that

inf (| Xyl <re) >1—e.
n>1

Define the multifunction A; by A = ', N r.B. Then, A, is measurable and
K(E)-valued. For each n > 1, one has

Ape N{IX,| < re} C {Xn N A 7& 7},
whence

inf (X, N A # 0)) 2 1 - 2¢.

(ii) We first look at the case C = KC(E).Lete > Oand I, € M(K(Ey)) be
the multifunction that appears in the 7 (IC(E,,))-tightness condition. It satisfies

inf w(Aye) >1—¢ (3.2)
n>1

where for each n > 1, A, is defined as in the proof of part (i). Inequality (3.2)
implies pu(limsup A,;) > 1 — €. Now, for each w € lim sup A,, there exists
an increasing sequence (nx)r>1 of positive integers such that w € A, . for all
k > 1. Thus, we have the following chain of inequalities

lim inf d(0, X, (@) N Te(w)) < liminf d(0, X,,, (@) N Te(w)) < |Te ()|
n— 400 k—+o00

Consequently, it follows

w{w € Q : liminf d(0, X,,(w) NTe(w)) < +00}) > pu(limsup Aye) > 1 —¢
n——+00

n——+0o

which proves the D(IC(E,,))-tightness. The proof of the D(bd(E))-tightness
only needs obvious modifications. O

Remark 3.4. For sake of comparison with the results in [11], it is interesting to
say that a sequence (X,) of multifunctions with values in E is Z 1 (C)-tight if
there exists a measurable multifunction I : € — C such that

Xy@)NT(w) 0 we

foralln > 1.
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Similarly (X,,) is said to be S (C)-tight if there exists a multifunction
I' : Q — C (possibly non measurable) such that

X, (w) € T(w) weQ

foralln > 1.
Consider the sequence (Y;,) defined by Y,, = X,, N I". If the condition

Xp(w)#0 i0. weQ
is satisfied, then the following implication holds:
(Xp) is Zy 4 (C)-tight = (Y,) is S+ (C)-tight.

The S44 (R(Ey))-tightness condition was used in [11] to prove the mea-
surability of w — Is X, (Theorem 4.4), as well as the existence of a measurable
and integrable selection of this multifunction (Theorem 5.5). In Sect. 4, we shall
establish other versions of the latter result under condition S, 4, but also under
Sy or S. Other tightness conditions will be also employed.

When the multifunctions X, are single-valued, conditions Sy 4+ (R(Ey))
and 74 4 (R(E,)) are equivalent. Further, the following implications also hold
for any subfamily C of 2

S4+(0) = S+(C) = S(©)

4. Integrability results for the sequential weak upper limit

In this section, E still denotes a separable Banach space. For an Z(C)-tight
sequence (X,) of multifunctions, we present first two results on the existence
of an integrable selection for the multifunction w — Is X,,. The first part of the
first result as well as the second result are valid for integrable multifunctions.
In particular, the multifunctions can have unbounded values.

Theorem 4.1. Let C = R(E,). Consider an Z(C)-tight sequence (X)) in
M(C) satisfying one of the following two conditions:

(@) The multifunctionT involvedinthe I (C)-tightness condition is u-integrably
bounded.

(b) lim SUPy, s 400 [Xn| € Ll(,u)'

Then, the multifunction w—Is X,, admits at least one i-integrable selection.
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Proof. Z(C)-tightness implies the existence of a measurable multifunction I'
such that for all @ € 2 one has

X,(@) NT(w) £ 0 o

Consequently, the inclusions X, (w) N I'(w) € I'(w), valid for v € 2 and
n > 1, permit us to invoke Lemma 5.2 of [11] which yields the inequality

d0,w—1Is (Xp(w) NT(w))) < I%gigéfd(o’ X, () NT(w))

for p-almost all w € Q2. Moreover, the hypothesis on I" and Theorem 4.4 of [11]
show that the multifunction w — Is (X, N T") is measurable. For each w € Q
one can find an infinite subset I (w) of N* such that X, (w) N I'(w) # @ for all
n € I (w), whence

liminf d(0, X, (@) NT(w)) < liminf d(0, X,(w) N T (w))
n— 00 n—o00, nel (w)

< liminf
n—o0,nel (w

)IXn(w)ﬁF(w)l.

In case (a) we deduce that
liminf d(0, X, (w) NT(w)) < |T'(w)|
n—oo
and in case (b)

liminf d(0, X, (w) NT(w)) < liminf d(0, X, (w) NT(w))
n— 00 n—o00, nel (w)
< limsup |X,(w)NT(w)|
n—o0,nel (w)
< lim sup | X, (w)].
n—oo
In both cases, we have shown that the function d (0, w —Is (X, N T")) is
integrable, which by Lemma 5.1 of [11] yields the existence of a w-integrable
selection of w — Is (X,, N T") and, in turn, of w — Is X,. O

Remark 4.1. 1f the sequence (| X,|),>1 is assumed to be uniformly integrable,
one has by the Fatou-Vitali Lemma

limsup/ | X, ldu 5/1imsup|X,,|d,u
n—+oo JQ Q n——+4o00
In this case, condition (b) entails L!-boundedness, namely
sup/ | Xyldu < 400.

Q

n>1

Otherwise, it is not difficult to construct sequences (X, ) such that (| X,,|) satisfies
condition (b) of Theorem 4.1, but is not bounded in L' (1) (see Remark 4.3).
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In the following theorem, as in Theorem 4.1a, the multifunctions X, may
have unbounded values, but we shall use Theorem 4.1b to prove it.

Theorem 4.2. Let C = R(Ey). Consider a sequence (X},) onE—valued, mea-
surable multifunctions, and assume that there exists a sequence (ry,) of positive
integrable functions satisfying the following two conditions (1) and (ii).

(i) the sequence (X, NryB)y=1 is I(C)-tight
(i) limsup,_, o7 € L1 (1).

Then, the multifunction w — ls X,, admits at least one p-integrable selection.
Proof. Consider the sequence (Y},) given by
V() =X,(w)Nry(w)B weQ n>1.

By assumption, (Y;,) is Z(C)-tight. In particular, for each @ € 2 one can find
an infinite subset I (w) of N* such that

Yo(w) 0@  for all n € I(w).
Further, since |Y,(w)| = 0 when Y}, (w) = @, we have

limsup |V, (w)| < limsup |Yy(w)| < limsup ry(w) <limsupr,(w).
n—+0o00 nel (w), n—4o00 nel (w), n——+00 n—+00

It only remain to apply Theorem 4.1b to the sequence (V). O

The next simple result involves condition S(C) introduced in Sect. 3. It can
be seen as a variant of Theorem 5.5 of [11].

Theorem 4.3. Let C = R(E,). Consider sequence (X,) in M(2F) satisfying
the following two conditions:

(1) (Xp) is S(C)-tight
(ii) limsup,_, . d(0, X;) is u-integrable.

Then, the multifunction w — ls X,, admits at least one -integrable selection.

Proof. Condition S(C) entails the existence of a multifunction I such that for
p-almost all w € €2 one can find a subsequence (X,,,);>1 verifying

Xn; (@) € I'(w)
(the subsequence (n;);>1 may of course depend on w). Therefore, one has
d0,w—Is Xp(w)) <d0,w —Is X, (w)) <liminf d(0, X, (w))
1——+00
< limsupd (0, X,(w)).

n——+00
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where the second inequality is a consequence of Lemma 5.2 of [11]. This shows
that the function ® — d(0, w — Is X;,) is p-integrable. In turn, by Lemma 5.1
of [11] this entails the existence of a p-integrable selection of w —Is X,,. O

Remark 4.2. Theorem 4.3 is not comparable to Theorem 5.5 of [11]. Indeed, in
the latter, one supposes the S (R(E,,))-tightness condition which is stronger
than S(R(Ey))-tightness. Indeed, in the S (R(E,,))-tightness condition, the
inclusion

Xn(w) CT'(w) u—as.

is assumed to hold for all n > 1. On the other hand, the integrability condition
assumed in [11], namely “liminf,_ ;o d(0, X;,) is pu-integrable", is weaker
than condition (ii) above.

The following result involves the tightness conditions Z (C), and D(C),.
As the previous ones, it asserts the existence of an integrable selection for the
sequential weak upper limit of a sequence of multifunctions, but it is worthwhile
to note the presence of a Mazur type condition, namely condition (iii). The proof,
longer and more subtle than those of the above results, uses an appropriate
truncation technique.

Theorem 4.4. Let C = R(Ey) and (X,) be a sequence in M(bd(E)), whose
members are integrably bounded and which satisfies the following three condi-
tions

(1) (X,) is I+ (C)e-tight.
(i) (Xy) is D(C),-tight.
(iii) There exists a sequence (ry) in Lo(p.) with r, € co{|X;| : i > n}
such that for every sequence (s,) in LO%(w) such that s, € co{r; :
i > n}, onehas liminfs, € L'(w).

Then the multifunction w—Is X, admits at least one integrable selection.

Proof. We shall proceed in three steps.

Step 1. For each integer g > 1, set g, = q%. Using conditions (i) and (ii)
it is not hard to construct a non decreasing sequence (I'y),>1 of measurable
multifunctions such that if we set

Q, = {w e Q: liminf d(0, X, (w) NT, (@) < +00} ¢ =1
o0

n—+

and
Ay ={lweQ: X(0) NTy(w)) #0} n,qg>1

we have
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w(y) >1—¢, and influ(A,,q) >1—g
n=>

After this construction, the values of multifunctions I'; still belong to R(Ey,),
because this family of sets is closed under finite unions. For each ¢ > 1 define
the multifunction Z,; by

Zy=w—Is(X, NIy NgB)
and the set
D, =domZ, .

The values of multifunction I'; N ¢ B are weakly compact and the following
inclusions hold on @ foralln > 1

X,NI'yNgB C T'yNgB n,qg>1. “4.1)

Therefore, we can invoke Proposition 4.3 of [ 11], which entails the measurability
of multifunction Z, and, in turn D, € F. Inclusions (4.1) also imply

D, = lim sup dom(X, NT'y NgB).

n——+00

In view of the definitions and the above construction, the sequence (£24)4>1
satisfies

Q= U Q; p—as.
q>1
and, for each g > 1

Q, = | Jlimsup dom(X, N Ty NkB) < | | Dx.,

n—-+00

k>q k>q

whence

Q= U D, p—as.
g=1

In particular, this shows that the Dys are nonempty for g large enough.
Without loss of generality, we can assume that this holds for all ¢ > 1.

Step 2. For every ¢ > 1 one can find a measurable selection f,; of Z,,
defined on D, and such that

|fy(@)] <d(0, Zy@)+1 e D, 4.2)

Further, the definition of Z; implies



26 C. Castaing et al.

|few) =q e Dy (4.3)

For each n,q > 1 let us introduce now the measurable multifunction X,
defined on Q2 by

an = lAnq (Xn N Fq N qB) —|— l(Anq)C fq
where (A,4)¢ = Q\ A4, and let us set
Fy =domw —Is X,

On F; we claim that the following inclusion holds

w—1Is X,y C Z4 (4.4

Indeed, supposew € Fyandx € w—Is X,,. There exists asequence (xy)x>1
such that x = w — limg— o0 X¢ and x; € X4 (@), Where (X, 4 (0))r>1 18 a
subsequence of (X4 (@))n>1.1f x = f;(w) then x € Z;(w) by the definition
of f,. Otherwise, we cannot have x; = f,(w) for infinitely many indices k.
Therefore, x; # f,(w) for all k > ko (for some integer ko), which yields

W€ Ayyq and  x; € Xy (w) NTy(w) NgB
for all kK > ko and, in turn, x € Z,(w) as well.
From inclusion (4.4) it follows that F;;, € D,. It is readily seen that the

converse inclusion also holds so that F, = D,, . Inclusion (4.4) also shows that
for all w € Dy one has

d0, Zy(w)) <d0, w — s Xy (w)) < ligirgd(o, Xng (@)

whence by the definition of X,

d(0.2,(@)) <liminf (L,, (@) d(0.X, (@) Ty @)NgB)+1a,,x (@) | f @)
4.5)
Since for any w € A4, the set X, (w) NI"; (w) Ng B is nonempty we deduce

d(0, Zg()) < lim inf (IXn (@) 4+ 1(a, ¢ | fy(@)]) (4.6)
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Step 3. We construct the measurable selection f of w — Is X, by setting

=216, f4

g=1

where G| = Dy and G, = D, \ Dy—; forg > 2.
We claim that f € L E(M) Let (r,,) be a sequence of measurable functions
as in condition (iii). Each r, has the following form

=) M 1Xil

i>n

where A;’ > O foralli > n and Ziz" k;’ = 1, but A;’ > 0 only for a finite
number of indices. For each ¢ > 1 we consider the sequence (¢,4)n>1 defined
by

ong =D Ml nzl.

i>n

The sequence (¢u4)n>1 is weakly relatively compact in L'(w). Consequently,
a standard diagonal extraction argument produces a subsequence, denoted sim-
ilarly, such that (¢,4),>1 converges to ¢, € L'(w) in the weak topology of
L' (w), also denoted o (L' (1), L°°()). Foreachg > 1 appealing to the Mazur
Theorem one can show the existence of a sequence (v/,,4),>1 of convex combi-
nations of (¢q)n>1 such that (1,4 ),>1 converges p-almost surely (and strongly
in L1 (1)) to @,. Recalling that a convex combination of convex combinations
is still a convex combination and appealing to a straightforward diagonal pro-
cedure (see e.g. Lemma 3.1 in [7]), it can be assumed without loss of generality
that the equality

@, = lim ¥y u—as. “@.7)

n—-+00

holds for all g > 1. Moreover, every v, reads as follows

Vg = D 17 L

i>n

where u? > 0 foralli > n and Ziz" u! = 1,but u? > 0 only for a finite
number of indices.
Integrating both sides on each G, and invoking Fatou’s Lemma we get

/pﬁdusyggﬂﬁmmu=yggggwuwwwmw%
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whence by the hypothesis on the A;,’s

1
/ by di < og = —. 4.8)
q

Let us define now the sequence (s,),>1 by

Sn:Z/L;”X” n>1

i>n
Inequalities (4.2) and (4.6) entail

| fq(@)] =d(0, Zg(@)) + 1 < lim inf {1Xn(@)] + 1, )c (@) | fy (@)} +1

We observe that the lim inf of a sequence is not greater than the lim inf of
any sequence of convex combinations of its terms. Applying this for each w to
the sequence u, (w) defined by

un(@) = | Xp(@)| + 14, (@) | fg (@) 4.9)

we get

| fa@)| < liminf > uf (1Xi @)+ 1a, e @) | fo@)]) +1

i>n
In view of the definition of (s,,), and of (4.3) and (4.7), it follows that
| f4(@)] < liminf s, (0) + g ¢4(w) + 1.
n——+o0o

Integrating both sides on each G, and summing with respect to ¢ leads to
[irtan=3 [ iplan< [ amintsyau+ Sa [ odut
¢ 417 Ga @ g=1 704

The first integral in the right-hand side is finite by condition (iii). As to the
second term, inequality (4.8) entails

ZQ/ ‘quﬂfzziq-

g=1 “Ga =1
Thus, we conclude that f is a member of L (w) as claimed, which ends the

proof. O

Corollary 4.5. If(X,,) is abounded, T..(R(E)),-tight sequencein L' (bd (E), 1),
then w — ls X, admits at least a ju-integrable selection.
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Proof. In view of Proposition 3.3, (X,,) is D(K(Ey)).-tight, so that condition
(ii) of Theorem 4.4 is satisfied. Condition (iii) is also satisfied, because (| X|)
is bounded in L' (1). O

Corollary 4.6. Let (f,,) be a bounded sequence in L}E(u). Ifitis S+ (R(E))-
tight, then w — s f,, is measurable and admits at least one p-integrable selec-
tion.

Proof. The result obviously follows from Theorem 5.5 in [11]. The existence
of an integrable selection also follows from Corollary 4.5, because (X,) is
D(K(Ep))e-tight and Z4 (KC(E,))-tight. O

The following result present a version of Theorem 4.4 for multifunctions whose
values may be unbounded.

Theorem 4.7. Let C = R(Ey) and (X,) be a sequence in MQE), whose
members are integrable and satisfy the following three conditions.

1) (Xyp) is S+ (C)g-tight.
(i) (Xp) is D(C).-tight.
(iii)’ There exists a sequence (rp) in Lo(u) with r, € co{d(0, X;) : i
n} such that for every sequence (s,) in Lo(u,) with s, € cof{r; : i
n}, one hasliminf s, € L' (n).

IV 1V

Then the multifunction w—ls X, admits at least one integrable selection.

Proof. The proof is almost the same as that of Theorem 4.4 and we only explicit
the arguments to be modified. First, we change the definition of the set A,; by
setting now

Apg ={w e Q: X, () CTy(w)}.
Then, returning to (4.5) we deduce for all € D,
d(0, Z;(w)) Slnir_r)ljrrg (La,, (@) d(0, X, (@)NTy(@)Ng B)+1(a,,)c (@) | f3(@)])
Slnlr_r)ligg (d (0, X, (@) NgB) 4 14, (@) | fy(@)]).

Noting that on D, we have X, (w) NgB # § i.0. and invoking Lemma 5.4 of
[11] (in fact, a slight extension of it) it follows

d(0, Zy(@)) < liminf (d(0, X,(@)) + Lia,, ¢ (@) |f; (@)])

At last, we use the same arguments as in the Step 3 of Theorem 4.4, but we
consider the sequence (u,) defined this time by

up(@) =d(0, Xp(w)) + 1a,)c (@) [ fg(@)]|  ©eQ

and we appeal to condition (iii)’ instead of condition (iii). |
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Corollary 4.8. Let C = K(Ey) and (X,) be a S+ (C)e-tight sequence in
MQE) such that

sup/ d0, X,)du < +o0.
Q

n>1
Then w — Is X, admits at least one integrable selection.

Proof. In view of Proposition 3.3, condition (ii) of Theorem 4.7 is satisfied,
whereas (iii)’ follows from the L' (1)-boundedness hypothesis. |

The existence results of the beginning of this section allow for deriving new
versions of the Fatou Lemma in infinite dimension, alias Fatou’s Lemma for
Mathematical Economics. This type of result, that involves a sequence ( f;,) of
Bochner integrable functions, is useful for proving the existence of a general
equilibrium with infinitely many agents. We present a version of this result
where the L'-boundedness hypothesis is not needed. Only a weaker condition
is assumed instead. Indeed, we use a Mazur type condition similar to those of
Theorems 4.4 and 4.7 (conditions (iii) and (iii)’, respectively).

Theorem 4.9. Let ( f,,)n>1 be a sequence in L }Y(u), which satisfies the follow-
ing conditions.

1) (fn) is S4+(Re(Ey)-tight, i.e. there exists a multifunction T : Q —
Rc(Ey) such that

fiw el weQ n=>1

(ii) foreachy in E* the sequence (< y, f, >)n>1 is uniformly integrable in
L'(w)

(iii)) There exists a sequence (r,) in LO([L) with r, € cof|fi| : i = n} such
that limsupr, € L'(u).

(iv) there exists a € E such that

a=w— lim /fndu.
Q

n—+00

Then, there exists foo € L}E(u) such that

() a=Jg foodp and
(jj) for p-almost all w € 2 one has

fool@) € ) cleolfu(@) : n = m}. (4.10)

m>1
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Proof. Consider the sequence (r,) of condition (iii). For each n > 1, there
exists a sequence (af) i>n of reals, such that

rw= Y o'l fi] >ap=1 ol >0

i>n i>n

where ot;’ > 0 only holds for a finite number of indices i. Now, consider the
sequence (g,)n>1 defined by

gnzzainfi

i>n

Further, let D* be a countable w*-dense subset of E*. From hypothesis (ii),
we know that for each y € D* the sequence (< y, g5 >),>1 is uniformly
integrable, because uniform integrability is preserved under the convex hull
operation. Thus, using a standard diagonal extraction procedure, it is possible
to find a subsequence of (g,), denoted similarly, and members ¥, of L'(w),
such that

Yy = lim <y, g, > y € D*
n— oo

in the o (L', L)-topology (i.e. the weak topology of L' (1)).

Invoking Mazur’s Theorem and appealing again to a diagonal procedure,
one can construct a sequence (/,,) whose members are convex combinations of
(gn) and such that for all y € D*

Yy(w) = lim <y, hy(w) > @ — almost surely 4.11)
n—oo

The construction of (h,,) is easily performed by noting that if a sequence
(up)in L' (u)iso (L', L°)-convergent to u, then any sequence (v, ) of convex
combinations of (u,) converges to u in the same topology.

For every n > 1, h,, reads as follows

hn = Z ﬁ;lgi

i>n

where the reals B satisfy

> =1 and B} >0,

i>n

but inequality B{' > 0 holds only for a finite number of indices i.
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Now, consider the multifunction ¥ = w — Is h,. Hypothesis (i) shows that
hp(w) € T'(w) for all n > 1 and p-almost all w € 2. On the other hand, we
claim that lim sup |A,| is n-integrable. Indeed, one has

ho=> Blei=> B (D e f

i>1 i>n j=i
whence
bl < DB D 1
i>n =
This yields

lim sup |A,| < lim sup Z Blri | <limsupr,

n——+00 n——+00 i>n n——+00

which, by hypothesis (iii) shows the desired integrability property.

Consequently, it is possible to invoke Theorem 5.5 of [11], which shows
that ¥ admits at least one measurable and p-integrable selection fo,. Hence,
for every w € , there exists a subsequence (4, (w))r>1 such that

foolw) =w — lim hy, (w).
k— 400
Returning to (4.11), we deduce that

Uy(@) =<y, fool®) >

forall y € D*. Since for almost all w € 2 the sequence (1, (w)),>1 is bounded,
hypothese (i) entails that it is contained in a weakly compact subset of E. Thus,
we can deduce that f(w) is the unique weak cluster point of (7, (w)), so that
the whole sequence weakly converges, namely

Jolw)=w— lim hy(). (4.12)

This holds for p-almost all w € 2. Using the properties of £, it is not hard to
show that equation (4.12) implies

fool@) € [ w=cl{hy(@) :n=m} S (] cleo{fu(®) : n = m).

m>1 m>1

As to (j), we note that, due to hypothesis (ii), the sequence (< y, h,, >);>1
is uniformly integrable for each y € D*, which entails
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/<y,foo>dy,= lim <y, h,>dp
Q

n——+o00 Q

n——+00

= lim <y,/fndu>:<y,a>
Q

because the sequence ( fQ hyn dj)y>1 also converges to a. By the density of D*
this yields

a:/ foodp.
Q

O

Remark 4.3. 1t is readily seen that the L'-boundedness of the sequence (f;)
implies condition (iii) of Theorem 4.9, but the converse implication does not
hold. Indeed, it suffices to consider the case where 2 = [0, 1] endowed with
the Lebesgue measure, E = R and the sequence ( f;) defined by

fu(@) =n? 11 oeQ.

Clearly, (f;) is not bounded in L'(w), but satisfies condition (iii), because it
converges almost surely to 0.

Remark 4.4. A quick inspection of the proof of the above theorem shows that
condition (i) can be replaced with the following one:

(i)’ there exists a multifunction I' € M(R.(E,)) such that for p-almost
all w, one can find an integer n(w) satisfying

ful@) elN(w) for n>n(w).

This means that f,(®w) may not belong to I'(w) for a finite subset of indices
depending on w.

Remark 4.5. The integrability of fo, can be proved directly by using the weak
semicontinuity of the norm and the classical Fatou Lemma. Indeed, the weak
semicontinuity of the norm implies

| foo(@)| < liminf |y, (w)]
n——+00

for all w € Q2. Then, integrate both sides and apply Fatou’s Lemma.

Remark 4.6. 1t is readily seen that condition (iii) of Theorem 4.9 implies that
liminf | f,,] is u-integrable. Consequently, hypotheses of Theorem 4.9 entail that
the multifunction w — Is f;, admits at least a p-integrable, measurable selection.
This is a consequence of Theorem 4.6 (or of Theorem 5.5 of [11]). Further, by
Theorem 4.4 of [11], the multifunction w — Isf, is measurable.
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5. The case of multifunctions with values in a dual space

As in the previous sections (€2, F, u) stands for a complete probability space
and E for a separable Banach space. The topological dual of E is denoted by
E* and the dual norm by ||.||. Given a subset C of E*, the distance function of
C is denoted by d(., C) and defined by

d(y,C)=inf [y —z| yeE"
zeC

B* (resp r B*) stands for the closed unit ball of E* (resp. the closed ball of radius
r centered at 0). If 7 is a topology on E*, the space E* endowed with ¢ is denoted
by E;. Three topologies will be considered on E*, namely the norm topology
s*, the weak-star topology w* and the metrizable topology m* = o (E*, H),
where H is the linear space of E generated by a countable dense subset D of
B, the closed unit ball of E. Put differently, if D; = {xx : kK > 1} is a dense
sequence in B, m* = m™(D;) can be seen as the Hausdorff locally convex
topology defined by the sequence (py)r>1 of semi-norms such that

pe(y) =max{| <y,x; > |:i <k} yeE" (CRY

By construction, the topology m* depends on the countable dense subset Dy,
but we assume from now on that D is held fixed. Further, relationships (5.1)
show that m* is not stronger than w*, because w* can be defined as the locally
convex topology generated by the semi-norms p such that

p(y)=max{|<y,x>|:x€S} yekE*
where S ranges over the family of finite subsets of B. Thus, we have
m* c w* C o

where the inclusion relation allows for comparing two topologies on the set
of all topologies of E*. When E is infinite dimensional these inclusions are
strict. On the other hand, the restrictions of m™ and w* to any bounded subset
of E* coincide. This is a consequence of an Ascoli’s Theorem, namely on an
equicontinuous set of real-valued functions defined on a topological space, the
topology of pointwise convergence is equivalent to the topology of pointwise
convergence on a dense subset. Noting that E* is the countable union of closed
balls, namely

E* = U kB*
k>1

we deduce that the space E;. is Suslin, as well as the metrizable topological
space E. (we recall that a Suslin space is the continuous image of a Polish
space).
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If B(E}) denotes the Borel o-field of a topology ¢, we clearly have
B(E«) € B(E}+«) € B(EY).

In the above relations, the rightmost inclusion is strict except when E* is
strongly separable. However, any closed ball of E* is a member of B(E.).
This follows from the equality

lyll =supf{l < y,x >|:x € D1} (5.2)

valid for all y € E*. As already mentioned, the restriction of m* and w* to any
bounded set G of E* are equal. This obviously implies

B(Gpy+) = B(G ) (5.3)

but equality (5.3) is also valid when G = E™ as the following simple result
shows.

Proposition 5.1. If E is a separable Banach space, E* its topological dual,
and w* and m* are the topologies defined above, then the following equality
holds

B(EX.) = B(E%.).

Proof. It only remains to prove inclusion B(E’.) € B(E}.).If G is a member
of B(E}.) one has

G=|JGnkB*¥ (5.4)
k>1

Since B* is w*-closed, equality (5.3) implies that for each k > 1,
G NkB* € B((kB*)y*) = B((kB*);;%).

As already noted, kB* is a member of B(E;;*). Therefore, the restriction
of B(E,,;») to kB* consists of the members of B(E,,+) contained in kK B*. This
yields G NkB* € B(E}.), whence G € B(E.) by (5.4). O

At this point, we need a few extra definitions. Given a subset F' of E, a
function f : @ — E* is said to be F-scalarly measurable if the real-valued
function v — < f(w), x > is measurable (with respect to the o -field F) for all
x € F.If F = E we simply say that f is scalarly measurable. In this definition
E can be replaced with B, the closed unit ball of E. We denote by L }E* [E] the
space of E-scalarly measurable (classes of) functions f such that the function
w — || f(w)]l is u-integrable. Observe that by (5.2) this function is measurable
for each E-scalarly measurable f.
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Remark 5.1. If D stands for a countable dense subset of B, it is readily seen
that a function f : Q — E* is Dj-scalarly measurable if and only if it is
B(E? .)-measurable. Indeed, for each m*-open subset W which is the finite
intersection of open half spaces, namely

W = ﬂ{yeE*:<y,xi><ozi} (x;e Dy a;eR m=>1),

1<i<k

one has f~!(W) e F. The Lindelof property of E» . allows us to derive the
same conclusion for an arbitrary m*-open set, which shows that f is B(E};.)-
measurable. Thus, Proposition 5.1 shows that f is scalarly measurable if and

only if it is B(E? .)-measurable.

Given a subset C of E*, the support function of C is denoted by s(., C) and
defined on E by

s(x,C)=sup{<y,x>:yeC} xeeE.

If C is nonempty, the values of s(., C) lie in (—oo, +00], otherwise s(., C) is
identically —oo.

We consider multifunctions defined on Q2 with values in E*. They can be
viewed as maps from €2 into the space 2E" of all subsets of E*. Given F C E, a
multifunction X : Q — 2£" is said to be F -scalarly measurable if the extended
real-valued function @ — s(x, X (®)) is measurable forall x € F. Let K(E? )
denote the space of all w*-compact subsets of E*. Since every closed ball of E*
is w*-compact, the space R(E},.) of all w*-ball compact subsets of E* reduces
to the space of all w*-closed sets.

In this section, we do not consider the graph measurability of multifunctions
with respect to the product o-field 7 ® B(E}.), because we do not assume E*
to be strongly separable, so that the Projection Theorem is no longer available
(for EY. is not Suslin). We shall consider the o-field 7 ® B(E? .) instead. The
next proposition and its corollary will allow us to introduce the appropriate
definition of measurability for multifunctions taking on values in E*.

Proposition 5.2. Let X be a multifunction defined on Q2 whose values are m™-
closed in E*. The following two statements are equivalent.

(@) X~V € F for all m*-open subset V of E*
(b) Gr(X)e F®B(E;.) =FQB(E}.)

Proof. (a) = (b). As already mentioned, E; . is a separable metrizable space.
Thus, if § denotes any compatible distance, one has

Gr(X)={(w,y) € Qx E*:8(y, X(w)) = 0}.
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Since (a) implies the joint measurability of the function (w, y) — §(y, X (w)).
statement (b) follows. As to implication (b) = (a), since E . is Suslin, we can
invoke the Projection Theorem. Thus, for every m*-open set V the equality

X7V = projo [Gr(X) N (V x EM)]

and the completeness hypothesis on (€2, F, i) show that X~V is a member of
F. =

Corollary 5.3. Let X be a multifunction defined on Q with w*-closed valued
in E*. The following two statements are equivalent.

(a) X~V € F forall w*-open set V
(b) Gr(X)e F®B(E)

Moreover, if X takes on w*-compact values, then each of the above statements
is equivalent to

(¢) X~C € F forall w*-closed set C

If X takes on convex w*-compact values, then each of the above statements is
equivalent to one of the following two statements

(d) X is E-scalarly measurable.
(e) X is Di-scalarly measurable (recall that Dy stands for a countable dense
subset of B).

Proof. 1f (a) holds, condition (a) of Proposition 5.2 is satisfied so that Gr(X)
is a member of F ® B(E}.) = F ® B(E ). Conversely the completeness
hypothesis on (€2, F, ) and the Projection Theorem, applied to the Suslin
space E :)*, together show that (b) implies (a). Thus (a) and (b) are equivalent.

As to statement (c¢), observe that a w*-compact valued multifunction is also
m*-compact valued. We have already observed that E7' . is a separable metriz-
able space. In such a space it is known that, for compact valued multifunctions,
conditions (a) and (c) are equivalent (see e.g. Proposition III.12 of [8] or
Theorem 17.10 of [1]).

At last let us prove the equivalences (a) < (d) < (e) when the values of X
are w*-compact and convex. For proving implication (a) = (d), define for each
x € Eanda € R

Wkx,a)={ye E*:<y,x > > a}
and note the easy equality
{weQ:s5(x,X(w) >a}=X W, a).

Since implication (d) = (e) is trivial, it only remains to prove implication (e)
= (a). For this purpose, we set for each x € E
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Gy={(w,y) e 2x E*:<y,x ><s5(x, X(w))}

and we note the following equalities

Gr(X)=()Gc=[) G

xekE xeDy

The rightmost equality is a consequence of the continuity of the support function
x — s(x, X(w)), valid for all ® € Q. Recall that this continuity property
holds because the values of X are assumed to be w*-compact and convex.
Consequently, Gr(X) is a member of F ® B(E;+) = F @ B(Ey+). This
finishes the proof because (a) and (b) are equivalent as shown in the beginning
of the proof. O

In the rest of this section, it will be convenient to say that a multifunction
X : Q — 2F" satisfying condition (b) of Corollary 5.3 is measurable. 1t is
useful to note that statement (b) implies statement (a) and, as shown by the
previous result, that the converse implication holds when X has w*-closed
values. Further, for any subfamily C of 25", we denote by M(C) the set of
all C-valued measurable multifunctions. The following two theorems provide
measurability properties for the w*-sequential upper limit of a sequence of
multifunctions. In the first one, the multifunctions are assumed to be contained in
a fixed w*-compact valued multifunction. In the second one, the multifunctions
may have unbounded values.

Theorem 5.4. Let (X,)n>1 be a sequence in M (ZE* ), which satisfies condition
(5.5) hereafter: there exists a w*-compact valued multifunction Y such that

Xy CY(w) weQ n=>1. (5.5)
Then, the multifunction X = w* —Is X, is w*-compact valued and measurable.

Proof. For each w € , the restriction of w* to Y (w) coincide with the metriz-
able topology m™*. Consequently, one has

X(@)=m* = LS X,(@) = (| m*—cl| | Xu()

k>1 n>k

= w* —c | |J X w € Q.

k>1 n>k

The rightmost equality and condition (5.5) show that X has w*-compact values.
Further, using statement (a) of corollary 5.3 it is readily seen that foreach k > 1
the multifunction
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w— w'—cl UXn(a))

n>k

is measurable. Hence, the measurability of X easily follows, because the graph
measurability if preserved under countable intersections. O

Theorem 5.5. If (X,)n>1 is a sequence in M(ZE*), then the multifunction
X = w* — Is X,, is measurable.

Proof. Since aw*-convergent sequence is bounded in E*, we have forall w € Q

X(@) = Jw* — s (Xa() NkB*).
k>1

From Theorem 5.4 we know that for each k > 1 the multifunction w — w* —
Is (X, (w) NkB*) is measurable. Thus, X is measurable, because the graph
measurability is preserved under countable unions. O

Before stating the main result of the present section, itis useful to reformulate
Lemmas 5.1 and 5.2 of [11] for multifunctions with values in a dual space. The
first result concerns the existence of a p-integrable selection for a multifunction
whose values lie in E*.

Lemma 5.6. Let (2, F, ) be a complete probability space and X : Q2 — 2E*
be a measurable multifunction.

(1) If X admits a u-integrable selection, then d(0, X) is u-integrable.
(i) Conversely, if d(0, X) is u-integrable, then X admits at least one
u-integrable (and F-measurable) selection.

Proof. The proof of (i) is easy and analogous to that given in [11]. As to the
proof of (ii), it is enough to explain why the selection can be chosen to be
E-scalarly measurable (or equivalently B(E ;‘]*)—measurable). It suffices to con-
sider a measurable p-integrable function r such that d(0, X (»)) < r(w) for all
w €  and the multifunction Y defined by Y (w) = X (w) N r(w)B*. This mul-
tifunction is measurable namely, Gr(Y) is a member of 7 ® B(E} .), whence
admits a B(E); .)-measurable selection. This selection is a member of L}a* [E].

O

The first part of the following lemma present an easy adaptation of Lemma 5.2
of [11]. Its proof is similar, but involves w*-compactness instead of
w-compactness. The second part is a reformulation of Lemma 5.4 of [11] in the
framework of a dual space.

Lemma 5.7. (i) If (C,),>1 is a sequence in 2E" one has

d(y,w* —IsC,) <liminf d(y,C,) y € E*.
n——+00
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(ii) Moreover, if o > 0 is such that C, N aB* # (@ i.o., then

liminf d(y, C, NaB*) = liminf d(y, Cy).
n—-+00

n—-+00

Remark 5.2. The distance function d(., C) of a subset C of E™* is identically
+oo0 if and only if C is empty. Thus, the distance function of a nonempty set
is finite at every point (or, equivalently, at one point). Consequently, Lemma
5.7(i) shows that w* — s C, is nonempty as soon as lim inf d(0, C,) is finite.
The converse implication is straightforward, so that the following equivalence
holds

w* —1IsC, #0 & liminfd(0, C,) < +oo.
n—+o00
The next result provides a sufficient condition for the existence of integrable
selections for the sequential weak™ upper limit multifunction in a dual space.

Theorem 5.8. Let (X,),>1 be a sequence of measurable multifunctions with
values in E*. If liminf,_, 1 oo d(0, X,,) is p-integrable, then w* —ls X,, admits
at least one B(E:)*)—measurable, u-integrable selection, i.e. a selection which

is a member of L}E* [E].
Proof. Consider a positive p-integrable function r such that

liminfd (0, X, (w)) < r(w) we
+00

n—

and the multifunction Y defined by
Y(w) =w* —Is (X,,(a)) N r(a))B*) )

This multifunction is measurable by Theorem 5.4, namely Gr(Y) € F ®
B(E?.). It is also nonempty valued, whence admits at least one measurable
selection. Further, for each @, Lemma 5.7 applied to the sequence (X, (®w))n>1
(with @ = r(w) for the application of part (ii) of this lemma) entails

d(0, Y (w)) < liminfd(0, X,,(w) N r(w)B*) = liminf d(0, X, (w)).
n—-+00 n—-+00
Thus, d (0, Y) is p-integrable. Any p-integrable selection of Y is also a selection
of X, which yields the desired result. O

Remark 5.3. It is not difficult to check that the integrability condition of
Theorem 5.8, namely

liminf d(0, X,,) is u—integrable

n—-+00

is implied by condition (iii)’ of Theorem 4.7.
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As in Section 4, we provide an application to the Fatou Lemma in infinite
dimension, this time for functions taking on values in a dual space. As in the
primal case, the L'-boundedness hypothesis is not needed. In the next theorem,
it is replaced by a (weaker) Mazur type condition.

Theorem 5.9. Let (f,),>1 be a sequence in L }E*[E], which satisfies the fol-
lowing conditions.

(i) There exists a sequence (ry) in LO(w) with r, € co{|l fill : i > n} such
that limsupr, € L'(u).
(i1) for each x in E the sequence (< x, f, >)n>1 Is uniformly integrable in
L'(w)
(iii) there exists b € E* such that

b=w*— lim /fndu.
Q

n——+00

Under the above hypotheses, there exists foo € L}E* [E] such that

(jj) for w-almost all w € Q one has

foolw) € m w* — clco{ f(w) : n > m}.

m>1

Proof. The proof follows the same lines as those of Theorem 4.9. Consider
the sequence (r,,) appearing in condition (i). For each n > 1, one can find a
sequence (o;'); >, of reals, such that

rm= > ol il D=1 ol >0

i>n i>n

where ' > 0 only holds for a finite number of indices i. Also consider the
sequence (g,)n>1 defined by

gnzza[nfi

i>n

Let D be a countable dense subset of E. From hypothesis (ii), we know that for
each x € D the sequence (< g,, X >),>1 is uniformly integrable. Indeed, the
convex hull of a uniformly integrable subset of L' (1) is uniformly integrable
too. Consequently, using a standard diagonal extraction procedure, it is possible
to find a subsequence of (g,), denoted similarly, and members vy, of L'(1),
such that

Y= lim < g,,x > xeD
n—od
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inthe o (L', L°)-topology. Further, invoking Mazur’s Theorem and appealing
again to a diagonal procedure, it is possible to construct a sequence (%), whose
members are convex combinations of (g;,) and such that for all x € D

Yy(w) = lim < hy(w), x > w — almost surely (5.6)
n— o0

For every n > 1, h;, reads as follows
hy, = Z Bl gi
i>n
where the reals B! satisfy
> =1 and B >0,
i>n

but where 8" > 0 only holds for a finite number of indices i.
Now, consider the multifunction Z = w*—Is hj,. Asin the proof of Theorem
4.9 it is readily seen that lim sup ||z, || satisfies

lim sup || i, || < lim sup Z B ri | <limsupr,

n——+00 n——+o0o i>n n——+00

which, in view of condition (i), shows that lim inf,_, { |4, || is p-integrable.
This allows us to apply Theorem 5.8, which shows that Z admits at least one
scalarly measurable selection f, that is also a member of L }E* [E]. Hence, for
every o € €2, there exists a subsequence (h,, (w))k>1 of (h,(w)) such that

Jool@) =w — kETooh”k(w)'

Returning to (5.6), we deduce that

Yr(@) =< foolw), x >

for all x € D. This proves that foo(w) is the unique w*-cluster point of
(h, (®)). Furthermore, since for almost all w € €2 the sequence (h,(®)),>1 is
bounded, hypothese (i) entails that it is contained in a w*-compact subset of E*.
Consequently, the whole sequence w*-converges, namely

foolw) = w* — lim hn(@). (5.7)

This holds for p-almost all w € 2. Using the properties of £, it is not hard to
show that equation (5.7) implies
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fool@) € [} w* = cl{hy(@) :n=m) S [ w* = clco{fu(w) : n = m}.

m>1 m>1

As to (j), we note that, due to hypothesis (ii), the sequence (< g, x >);>1
is uniformly integrable for each x € E, which entails

/<foo,x>d,u= lim <hn,x>d,u=</fnd,u,x>=<b,x
Q Q

n—>+o0o Jo

because the sequence ( fQ gn dp)n>1 also w*-converges to b. By the density of
D this yields

b:/ﬂfoodu.

and finishes the proof. O

Remark 5.4. From Theorem 5.5 in the present section, we know that the mul-
tifunction w* — Isf;, is measurable.
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Abstract. We investigate how the presence of bads, causing disutility to consumers,
affects the emergence of the price-taking behavior. Specifically, we give two examples
of sequences of increasingly populous finite economies in which the core convergence
property holds and, yet, for which there is a sequence of coalitions, one from each
economy, such that the size of the coalition relative to the economy converges to zero
but the share of the coalition in the aggregate consumption of bads converges to one.
The limit atomless economy has a Walrasian equilibrium in one of the two examples but
not in the other.

Key words: bads, core convergence, equilibrium existence, perfect competition, atom-
less economy, uniform integrability

1. Introduction

The first welfare theorem, which states that every Walrasian equilibrium alloca-
tion is Pareto efficient, justifies the use of the market mechanism as a means to
attain an efficient allocation of commodities. The theorem (and, for that matter,
the second welfare theorem as well) is valid even when preference relations or
utility functions are not monotone, so that some commodities are bads, which
cause disutility to consumers, and for which the prices are negative. An impli-

* This paper combines materials in an earlier paper of the same title and another paper
entitled “Example on the Core Convergence Property with Bads”. I am grateful to
Tomoki Inoue, Atsushi Kajii, and an anonymous referee for extremely valuable
comments on an earlier version of this paper.
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cation of this theorem is that the allocation of bads may also be delegated to the
market mechanism.

An implicit and yet important assumption underlying the first welfare the-
orem is that consumers are price takers. Without this assumption, the market
mechanism need not bring about an efficient allocation, and the relevance of
the first welfare theorem would be lost.

The assumption of the price-taking behavior is justified in the form of the
core convergence theorem or the core equivalence theorem. The core con-
vergence theorem, a general, non-replica version of which was proved by
Anderson [1], asserts that the core allocations and Walrasian equilibrium allo-
cations are, in terms of some appropriately defined measure, close to each other
in an economy consisting of a large but finite number of consumers. The core
equivalence theorem, originally due to Aumann [3], asserts that the two are
exactly identical to each other in an atomless economy, an economy consist-
ing of infinitely many consumers, each negligible in size relative to the entire
economy.

The monotonicity assumption on preference relations or utility functions
plays an important role in both theorems, albeit in different manners. On the one
hand, the convergence theorem may fail without the monotonicity assumption,
as exemplified by Manelli [14]. On the other hand, the equivalence theorem
holds even without the monotonicity assumption, but if free disposability is
not assumed, there may not be any Walrasian equilibrium at all in an atomless
economy, as exemplified by Hara [7]. In this case, the equivalence theorem only
states that there is no core allocation either, without showing how close the core
and equilibrium allocations are. In these examples, the core allocations either
stay away from the equilibrium allocations or simply do not exist. It would
therefore be fair to say that the emergence of the price-taking behavior is more
difficult to confirm in the presence of bads.

The failure of core convergence of a sequence of finite economies and the
failure of equilibrium existence in an atomless economy share a common fea-
ture. It is that a negligibly small coalition consumes almost all of a commod-
ity in large finite economies. More specifically, the first example of Manelli
[14] involves a sequence of core allocations of increasingly populous finite
economies that does not have the core convergence property and along which
there is a consumer in each economy who consumes all of a commodity, how-
ever large the economy may be. The second example of Hara [7] involves a
sequence of equilibrium allocations of increasingly populous finite economies,
of which the limit atomless economy has no Walrasian equilibrium and along
which it is possible to choose a coalition in each economy so that the size of
the coalition relative to the entire economy converges to zero but the share of
the coalition in the aggregate consumption of the bad converges to one. In both
examples, for every ¢ > 0, there exists a coalition in every sufficiently large
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finite economy of which the population size relative to the entire economy is
less than ¢ and yet the consumption share of bads is greater than 1 — ¢. Hence
both the sequence of core allocations and the sequence of equilibrium alloca-
tions fail to be uniformly integrable.! This means that the limit of the sequence
of core or equilibrium allocations, in whatever way deemed as reasonable it is
defined, fails to be resource-feasible in the limit economy. Hence, either there
is no Walrasian equilibrium in the limit economy, or even if there is one, it is
quite different from the core allocations of finite economies.

There is also an important difference between these two examples. In
Hara’s [7] example, unlike Manelli’s [14], it is not possible to choose a consumer
in each economy so that these consumers’ shares in the aggregate consumption
stay away from zero. As noted above, there is a sequence of coalitions which
eventually becomes negligible relative to the size of the economy, and whose
consumption shares converge to one. For such a sequence of coalitions, the
number of members of the coalition must necessarily grow to infinity as the
economy becomes more populous. Thus, while the uniform integrability con-
dition is violated in both examples, it is, so to speak, more drastically violated
in Manelli’s [14] example than in Hara’s [7] example.

Can the core convergence property hold when the sequence of core alloca-
tions fails to satisfy the uniform integrability condition in the less drastic way
of Hara’s [7] example, so that a vanishingly small coalition, consisting of an
increasing number of consumers, maintains a consumption share away from
zero? Since the failure of uniform integrability is tantamount to an extremely
high concentration of consumption, the core convergence property seems, at
first sight, incompatible with a sequence of core allocations that is not uni-
formly integrable. However, the conditions for the core convergence theorem
(and its corollaries) of Manelli [14] are imposed only on individual consumers,
which have no implication on any (vanishing or not) sequence of coalitions with
the numbers of members growing to infinity. In this paper, we construct two

L\ sequence of nonnegative-valued integrable functions f” defined on probability
measure spaces (A", &/", V") is uniformly integrable if an " (a@)dv™(a) — 0 as
n — oo whenever B" € &/" for every n and v"*(B") — 0 as n — oo. When the
sequence of induced probability measures v"* o (f my~1 on R converges weakly
to some probability measure 1 on R, the sequence (f) is uniformly integrable

if and only if [, f"(@)dv"(@) = [, xd (v o (f)7) () > [, ¥du() as
n— oo.

2 The condition regarding initial endowments for the core convergence theorem of
Anderson [1] is imposed only on individual consumers. In contrast, to define a
perfectly competitive sequence of economies, Hildenbrand [10, Chap. 2, Section 1],
used a condition on the average endowments of a vanishing sequence of coalitions
with the numbers of members possibly growing to infinity.
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examples to show, by applying Manelli’s [14] theorem, that the core conver-
gence property may hold even when every sequence of core allocations fails
to be uniformly integrable in the same way as in Hara’s [7] example. These
examples tell us that an extremely high concentration of consumption, which
is often taken as a sign of imperfect competition, is compatible with the emer-
gence of perfect competition. However, they do not preclude the possibility
that once a more demanding notion of core convergence or perfect competi-
tion is employed, the core allocations may be deemed as quite different from
the equilibrium allocations whenever the sequence of core allocations fails to
be uniformly integrable. We will mention a possible notion of this sort in the
conclusion.

The two examples we construct in this paper differ from each other in
two respects. First, the limit atomless economy has no Walrasian equilibrium
in the first example but it has one in the second. In the second example, the
failure of uniform integrability does not lead to the non-existence of an equilib-
rium in the limit but a discontinuous change in equilibrium prices at the limit.
The presence of the discontinuous change suggests that the notion of the limit
(atomless) economy used here may well be less than appropriate. Indeed, we
will see, when analyzing the properties of the second example, that although the
sequence of the joint distributions of consumers’ preference relations and initial
endowments of finite economies converges weakly to the joint distribution of
the atomless economy, the sequence of the supports of the joint distributions of
finite economies does not converge to the support of the joint distribution of the
atomless economy with respect to the Hausdorff distance. Rather, a preference
relation disappears at the limit. We will suggest a related direction of future
research in the conclusion.

The second respect in which our two examples differ from each other is
related to the core convergence theorem that Manelli [15] proved in another
paper of his. Unlike the core equivalence theorem (and its corollaries) of
Manelli [14], Theorem 2 of Manelli [15] uses conditions only in terms of the
sequence of finite economies, with no reference to any particular core allo-
cations, to guarantee the convergence property for all sequences of core allo-
cations. We will show that Condition C2 of Manelli [14] is satisfied by all
sequences of core allocations of both examples, but the conditions of Theo-
rem 2 of Manelli [15] are satisfied only by the sequences of core allocations of
the example having a Walrasian equilibrium in the limit. This implies that the
conditions of Manelli [15] are sufficient but not necessary for core convergence.

This paper is organized as follows. In Sect. 2, we review basic definitions
and results. In Sect. 3, we give two examples to show that an almost negligibly
small coalition consumes all of the bads even when the core convergence prop-
erty is obtained. In Sect. 4, we conclude, suggesting some directions of future
research.
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2. Basic definitions and results

Let L be a positive integer, denoting the number of types of commodities. The
consumption set is the nonnegative orthant R f_ of the L-dimensional Euclidean
space R. We writhe X for R_I;. Denote by & the set of all binary relations on X
(subsets of X x X) that are complete, transitive, and continuous, endowed with
the relative topology of the closed convergence topology on the set of all closed
subsets of R JLF X Ri. Denote by &, the set of all binary relations in & that are
convex; by s the set of all binary relations in & that are locally non-satiated;
and by Py, the set of all binary relations in & that are monotone.?

An (exchange) economy is characterized by a complete probability measure
space (A, <7, v) of names of consumers and a measurable mapping x : A —
2 x R, with the coordinate mappings >~ : A — P ande : A — RE
comprising x = - X e, such that e is integrable. When there is no ambiguity,
we simply refers to the economy x, by suppressing the probability measure
space (A, 7, v). We write -, for 2~(a). The symmetric part of =, is written
as ~, and the asymmetric part is written as >,. The measurability is with
respect to .o/ and the product o-field of the Borel o-fields on &2 and R-. In
most of the subsequent analysis (and, in fact, in our examples), we assume that
Za € PeoN Pips and e(a) € RiJr forevery a € A.

An economy is finite if A is a finite set, <7 is the power set of A, and v is the
uniform probability measure on A, that is, v({a}) = |A|~! for everya € A. An
economy is atomless if the probability measure space (A, <7, v) is atomless.
Then, in particular, A is an infinite set.

For a sequence (((A", o™, V"), x™)) of economies and an economy
((A, 7, v), x), we consider the following two notions of convergence. In
both notions, we require the sequence of the numbers of consumers, |A"|,
converges to the number of consumers, |A|, allowing them to be infinite.
We also require [,, ¢"(a)dv(a) — [, e(a)dv(a) as n — oo, that is, the
sequence of average endowment vectors of finite economies x" converges
to the average endowment vector of x. On the top of these requirements,
the first notion of convergence is nothing but the weak convergence of the
joint distributions of preference relations and initial endowments. That is, we
require, for every bounded and continuous function & : & X R — R,

Jowre h(d (v" o (x”)_l) @) = [pgeh@d(vox ") (2)asn — oco.

We then write V" o ()(”)’l — v o x ! weakly as n — oo. Although the

weak convergence means, roughly, that the distribution v o x ~! can be approx-
imated by another distribution 1" o (x”)~! for a sufficiently large n, its pre-
cise meaning is more restricted. It is that v" o ( xMH~! approximates v o x !
as far as the integrals of bounded and continuous functions are concerned.

3 That is, ifQe Pno,xeX,yeX,andx — y € R_%__i_, then x Qy but not yQx.
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If we take a function & : &2 x RL — R that is not bounded or continu-
ous, we need not have the convergence of integrals. We will see that this is
responsible for the failure of uniform integrability of sequences of core alloca-
tions in our examples. For the second notion of convergence, we additionally
impose the convergence of the supports of joint distributions. More specifically,
we denote by supp (v o x ') the support of v o x ! (where, as we specified
before, the topology on £ is the closed convergence topology, which is metriz-

able), and analogously for supp (v” o(x ")_l) . We assume that supp (v ox~ 1)
and the supp (v” o( X”)_l) are compact. Then we require the Hausdorff dis-

tance between supp (v" o( X”)fl) and supp (v ox _1) to converge to zero as

n — oo. This means roughly that all the characteristics (preference relations
and initial endowment vectors) that are present in x” for a sufficiently large n
are also present in yx; and that all the characteristics that are present in x can be
approximated by some characteristics in x" for a sufficiently large n.

The second notion is obviously stronger than the first, and in fact, we see
that in both of the two examples in the next section, the sequence of finite
economies converges to some atomless economy with respect to the first notion
of convergence, but only in one of the two it does so with respect to the second
notion.*

Let (A, <7, v) be an economy. Each element of .o/ is referred to as a coali-
tion. For a coalition C, a mapping f : C — X is a feasible allocation within
Cif [ f(a)dv(a) = [ e(a)dv(a). Note that the feasibility is defined by the
exact equality, not weak equalities, to prevent free disposability of bads. A fea-
sible allocation within the entire A is simply called a feasible allocation, without
adding “within A”. A pair (f, p) of a feasible allocation f and a price vector
p € RY is a Walrasian equilibrium of the economy  if for almost every a € A,
p-fla) <p-e(@aand p-x > p-e(a) whenever x € X and x >, f(a). A
pair (C, g) of a coalition C and a feasible allocation g within C is an objection
to a feasible allocation f : A - X ifv({ae C| f(a) >, g(a)}) = 0 and
v({a € C | g(a) >, f(a)}) > 0. The core of the economy y is the set of all
allocations to which there is no objection.

There are two existence theorems relevant to our analysis. The first one is
by McKenzie [12,13], which deals only with finite economies.

Theorem 1 (McKenzie [12,13]). For every finite economy x, if =4 € Peo N

~a

Psande(a) € Rf‘r+f0r everya € A, thenthere exists a Walrasian equilibrium
of x.

4 The weak convergence, compactness of supports and the convergence of supports
with respect to the Hausdorff distance together imply that || qn €@ dv'(a) —
f 4 e(a) dv(a), because the latter two conditions imply that the e and e are essen-
tially uniformly bounded.
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The second one is a special case of the existence theorems of Hildenbrand [9]
and of Hara [8] for atomless economies.”

Theorem 2 (Hildenbrand [9] and Hara [8]). For every atomless economy x,
ifvfae Al Zys € Pmo}) > 0andv({a € A | e(a) € RiJr}) = 1, then there
exists a Walrasian equilibrium of x.

Hara [7] gave an example to show that there may not be any Walrasian
equilibrium for an atomless economy even if 2, € PeoN Pps and e(a) € Ri n
for every a € A. The virtue of atomless economies lies in the following core
equivalence theorem, originally due to Aumann [3].6

Theorem 3 (Aumann [3]). For every atomless economy x, if v({a € A | 72,4
€ Pns}) >0andv({la € A|e(a) € RJLrJr}) = 1, then the core of x coincides
with the set of all Walrasian equilibrium allocations of x.

Let P be a space of normalized price vectors. Although it is most common
to take P = {p € R" | ||p|| = 1}, where |Ip|| = S5 |pel, we only require
infpep [|pll > 0. In fact, since there are only two types of commodities, of
which the first one is a good and the second one a bad, in our examples, we will
take P = {p € R" | p; = 1}. Foreach z € R, denote max {z, 0} by z*+. Define
V:PxREx X x P— Ryby

Y (Q, w, x, p)=|p-(x—w)|+(sup{p - (x—y) | y€X, yQx, butnot xQy}H™.
ey
Thus ¥ (Q, w, x, p) measures, in monetary terms, the gap between the given
consumption vector x € X and the demand of the consumer with the preference
relation Q and the initial endowment vector w under the price vector p € P,
where the first term penalizes the violation of the budget-balancing condition
and the second term penalizes the violation of the utility maximization condition.
For an economy ((A, &7, v), x), a feasible allocation f, and a price vector

p € P, define

5 Hildenbrand’s theorem establishes the existence of a free-disposal equilibrium, but
if every member of some coalition with positive measure has a monotone preference
relation, then a free-disposal equilibrium can be easily modified to a Walrasian equi-
librium (where the feasibility constraint is satisfied with an equality rather than a
weak inequality), by assigning excess supply to these consumers. On the other hand,
Aumann’s [4] and Schmeidler’s [16] theorems assume that almost every consumer’s
preference relation is monotone. Hara [8] showed that there exists a Walrasian equi-
librium of an exchange economy under the assumption that for every commodity
there is a coalition with positive measure for whom the commodity is a good (that
is, it increases their utility). This assumption is met if, as stated below, there is a
coalition with positive measure who have monotone preference relations.

6 Kim [11] provided two examples in which the core equivalence does not hold. One
is based on the fact that the initial endowment vectors lie on the boundary of R4L_.
The other is based on the fact that the preference relations are incomplete.
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V(x. £ p) =/An/f<ia,e<a>, (@), p)dv(a). @)

Thne ¥ (x, f, p) = 0 for every (x, f, p), and ¥ (x, f, p) = O if and only if
(f, p) is a Walrasian equilibrium of x. Thus ¥ (x, f, p) is the average gap from
(f, p) being a Walrasian equilibrium of x.If ((A, 7, v), x) is a finite economy,
then (2) can be rewritten as

1
VoS = > Y (Zase@), f(a), p)

acA

Anderson [1] proved a core convergence theorem for a general, non-replica
sequence of increasingly populous finite economies.”>8

Theorem 4 (Anderson [1]). Let (x") be a sequence of finite economies such
that 77 € P foreveryn and a € A", |A"| — oo asn — 0o, and if (a") isa
sequence such that a" € A" for every n, then |A"| " e (@") — 0 asn — .
Then, for every n and for every core allocation f" of x", there exists a sequence

(p™) of price vectors in P such that ¥ (x", f", p") > 0asn — oo.

Besides presenting two counterexamples, Manelli [14] provided sufficient
conditions for core convergence. They are joint conditions on the sequence of
finite economies and the sequences of particular choices of core allocations
of these economies. We make use of them when establishing the core conver-
gence property for our examples. On the other hand, Manelli [15] provided
sufficient conditions for core convergence only in terms of the sequence of
finite economies, independent of any particular choices of core allocations. We
investigate whether these conditions are satisfied by our examples. Since, as we
will see in the next section, all consumers have the identical endowment vector
and convex preference relations in our examples, the critical condition among
those of his theorem is the No Peculiar Individuals Condition, which involves
the Hausdorff distance between two preference relations. The definition of the
Hausdorff distance can be found in Hildenbrand [10, B.II] and we denote the
distance by d.° We can then state a weaker version of the No Peculiar Individ-
uals in Remark 1 of Section 3 of Manelli [15], which is imposed on a sequence
(x™) of finite economies, as follows.

Condition 1 (No peculiar individuals). There exists a sequence of positive
numbers, ("), such that ¢ /|A"| — 0 and

7 Anderson [1]used a slightly different gap measure but the core convergence property
with respect to the gap measure we are using here can be derived from his theorem.

8 Anderson [2] gave a taxonomy of types of core convergence. We will later touch on
some of them.

9 Since the consumption set Ri is not bounded, the Hausdorff distance may be infinite.
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minHa’eA” |d(>” *") §t”}|—>oo

aeAn ~a’ ~a
asn — oQ.

In the analysis of the core convergence property for monotone preference rela-
tions, the No Peculiar Individuals Condition (and its variants) is often defined
using the metric of the closed convergence topology in place of the Hausdorff
distance. The Hausdorff distance measures the difference between two prefer-
ence relations that is applicable uniformly, regardless of the choice of consump-
tion vectors at which the difference is measured, while (the metric of) the closed
convergence topology allows the difference between the two to depend on the
norm (length) of such consumption vectors. A sequence (Q") of preference
relations may converge to a preference relation Q with respect to the closed
convergence topology while d(Q", Q) does not converge to zero, or even when
d(Q", Q) = oo for every n; and this happens when the Q" eventually become
the same as Q as far as the consumption vectors of some finite length or less
are concerned, but there are many pairs of consumption vectors of unboundedly
large norms over which the rankings are opposite between Q" and Q.

As we will see in Sect. 3, the validity of the core convergence property
hinges on whether the (sequences of) consumers having consumption vectors
of unboundedly large norms at core allocations retain the market power. It is for
this reason that to guarantee the core convergence property in the presence of
bads without reference to any particular choice of core allocations, itis necessary
to define the No Peculiar Individuals Condition using the Hausdorff distance,
rather than the closed convergence topology.

3. Examples

In this section, we give an example of the failure of the core convergence prop-
erty, and two examples to show that an almost negligible coalition may con-
sume almost all bads in an economy even when the core convergence property
is obtained. These examples share some common ingredients, which we present
in the first subsection. We then turn to the specifics of each of the three.

3.1. Common ingredients

Let L = 2. We define preference relations for which the first commodity is a

good and the second is a bad, and which is quasi-linear with respect to the good.

The disutility from consuming the bad is defined by the following function.
Let ¢ and ¢ be such that 0 < ¢ < g < oo. Define r : (0,1] — Ry by

r(b) = (6_1 — 1) /4b. Then, for each b € (0, 1], define g : R+ — R4 by
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q +2bxy for x3 < r(b),

gp(x2) = 7— i ;zexp (1 — %) for xp > r(b).

Then gy is continuously differentiable, g, (r (b)) = ¢, where ¢ = (c_j + g) / 2,
and g < gp(x2) < q and qp,(x2) > 0 forevery b € (0, 1] and every x2 € R ;.
In fact, gp is defined for xo > r(b) so that it is strictly increasing, strictly
concave, and is differentiable at x, = r(b) with the derivative continuous at the
point, and converges to g as xo — 00. Then define s, : R+ — R, by

3)

)
55(x2) = /0 ap(1) dt.

then sy, is twice continuously differentiable. Moreover, s;’j(r(b)) = ¢, and q <
s,(x2) < g and s, (x2) > O for every xo € R

For each b € (0, 1], we define the utility function up : X — R by up(x) =
x1 — 8p (x2). Let Qp € Peo N Py be the binary relation represented by uy.
Note that the marginal disutilities from the bad are given by ¢; and hence range
from ¢ to g. Thus, in particular, Qy, is proper in the sense of Manelli [14,15].
The mapping b > Q) is continuous with respect to the closed convergence
topology.

Write

w = (wy, wz) = (q

This is the endowment vector for every consumer. There is thus no market power
for any consumer arising from unequal endowments.
Welet P ={p € R?| p; = 1} be the space of normalized price vectors.

3.2. Example of the failure of core convergence

To give the idea of how the presence of bads may prevent the emergence of the
price-taking behavior, we first give an example of a sequence of increasingly
populous finite economies along which the core convergence property fails.
Manelli [14] also gave an example of the failure of core convergence with
convex preference relations, but the following example is simpler and easier to
analyze.

Example 1. Let A = (0, 1], o be the set of all Lebesgue measurable subsets
of A, and v be the Lebesgue measure restricted on .«7. Then (A, <7, v) is an
atomless complete probability measure space. Define 77 : A — P, N Pys by
~q= Q) foreverya € A.Definee : A — Ri+ by e(a) = w forevery a € A.

~a —
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Letting x = —xe : A = (Peo N Pns) X RJLr . defines an atomless economy
((A, o, v), x). This economy, therefore, consists of a single type.

For each positive integer n, let A" = {0, 1,...,n}, &/ be the power set
of A", and v" be the uniform probability measure on A”. Define =" : A" —
PeoNPns by i = O foreverynanda € A" witha > 1,and 2§ = Q1,42
for every n. Define " (a) = w for every n and a € A" Letting x" = =" xe" :
A" = (Lo N Plns) X RJLr+ defines a finite economy ((A”, o/, V"), x™) for
each n.

Proposition 5. In Example 1:

1. |A"| - coand V" o (X”)_1 — vo x ! weakly as n — oo.

2. Forevery n, there is a unique Walrasian equilibrium (g", p") with p™ € P
of x", given by

o
, 1 .
(wl + % (6_1+3g) wy, (g + 1) wz) ifa=0,

1(‘+3) ! ifa>1
w] — — Wy, —wW ifa>1,
1= 5 (7+3g) wo, Swo

g"(a)

3. There is a unique Walrasian equilibrium (g, p) with p € P of x, given by
g(a) = w for almost every a € A and

4. For every sequence (f") consisting of core allocations " of x" for each
n,
0w
—_—— S —
|A”"| 2
asn — oo.
5. For each n, define another feasible allocation " of x"* by

g0+ (3u3. 0) ifa=0,

fn(a) = 1
g"(a) — (gwg, 0) ifa>1.

Then f™ is a core allocation of x" for every n. Moreover, there exists a
8 > 0 such that for every sequence (p™) in P,

1
|A,,||{a€A" | ¥ (Za> w, (@), p") = 8} — 1 “

asn — OQ.
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We shall not give a formal proof of this proposition, but explain its idea.
Part 1 follows from the fact that the weight of consumer O in terms of the
population in A” is 1/(1 4 n), which converges to zero as n — co. The support
of the distribution of the atomless economy, v o x —1 is of course the singleton
{(Qo, w)}, but the support of v"* o (™M~ is equalto {Q1/(n+2), @1} x {w}, and
the sequence of these supports converges to { Qo, Q1} x {w} with respect to the
Hausdorff distance. Therefore, the sequence of finite economies converges to
the atomless economy in the first notion of convergence explained in Sect. 2, but
not in the second. Given the specification of w, at every feasible allocation that
is individually rational and Pareto-efficient, every consumer consumes strictly
positive quantities of both commodities. Moreover, for every consumer a € A”
with @ > 1, the quantity of the bad consumed is less than r(1), and for a = 0,
the quantity of the bad consumed is less than r(1/(n 4 2)). Part 2 follows from
this fact and the first-order condition of the utility maximization problem. Part 3
merely states that the Walrasian equilibrium of the atomless economy, consisting
only of a single type, is the no-trade equilibrium. We should, however, note that

there is a discontinuous change in equilibrium prices: |p5| = (c_] + 32) / 4 for

every n, while |py| = (ﬁ + g) / 2. Since the consumer of type Qg disappears

at the limit, this discontinuous change is indicative of the market power of the
consumer of type Q1/x+2) in x". Indeed, part 4 shows that the consumer of
type Q1/(n+2) alone consumes about half of the total endowment of the bad in
a sufficiently populous economy.

Part 5 is the main result of this proposition. Note that for every n anda > 1,
u1 (g"(a)) = (5/4)w3, while uy (w) = w3. Thus a transfer of (1/8)w3 units of
the good, with respect to which u is quasi-linear, from each of the consumers
a > 1to a = 0 at the Walrasian equilibrium allocation g" does not violate the
individual rationality condition. Part 5 claims that the allocation f" obtained
from this profile of transfers is a core allocation. To see this, note first that since
f" is individually rational, no coalition consisting only of consumers @ > 1 can
object to f". Second, since the utility functions are quasi-linear with respect
to the good, and since the equilibrium allocation g" is Pareto-efficient, so is
f". This means that the grand coalition cannot object to . Third, no coalition
consisting of consumer 0 and some, but not all, of a > 1 can object to f" either,
because the members a > 1 would not be able to afford the transfer toa = 0 to
keep him as well as at g”, while they are themselves as well as at g”. Part 5 also
claims that the core convergence property fails in a rather drastic way: There
is a positive number § such that for any choice of normalized price vectors p”,
the individual gap measure ¥ (iz, w, f(a), p”) stays away from & for almost
every consumer. Thus, in particular, the sequence of the average gap measures
v (", f, p") stays almost at least as large as § and does not converge to zero.
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The convergence (4) can be proved as follows. Since f” (a) does not depend
onn ora aslong as a > 1, we denote it by x. Since 7/ = Q1 for every n and
a > 1 and itis locally non-satiated, we can consider the problem of minimizing

Y (Qr,w,x,p)=|p-(x —w)|+ supf{p-(x—y)|yeXandy Qixh*

by choosing a p € P. The second term on the right-hand side is zero if and only
if p= (1, — (5_1 + 3c_1) /4), but then the first term is equal to (I/S)w%. Hence
¥ (Q1, w, x, p) > 0 for every p € P. Moreover, since each of the two terms
on the right-hand side is a convex function of p attaining its minimum (zero) at
some unique point, the sum of the two, ¥ (Q1, w, x, p), attains its minimum.
Denote it by §, which is what we needed, because n/(1 +n) — 1 asn — oo.

One of the conditions for core convergence for the core convergence theorem
of Manelli [14] is that |A" |71 f"(@") — 0asn — oo for every sequence (f")
consisting of core allocations f” of x" and for every sequence (a”*) consisting
of a" € A”". Part 4 of Proposition 5 shows that this property is violated by
a consumer (a" = 0), just as in the first example of Manelli [14]. Also, by
Lemma 10 to be presented in the appendix,

d(Q 01) = (6_1_—2)201 +1
1/(n+2), Q1) = TRET) )

Thus, if a sequence of positive numbers, (1), satisfies

~a’ ~aqa’'

2

" 9-49
lim inf > Q
n—>oo |A"] T 8(1+¢q)

Thus Condition 1 is violated, where consumer 0 is the peculiar consumer.

. / n >l‘l >” n
52}4[”{61 EA|d( )5t}|—>oo

as n — 0o, then

3.3. Example with no Walrasian equilibrium in the limit

In this subsection, we give an example of the core convergence property in
which the sequence of core allocations must necessarily fail to be uniformly
integrable and the limit atomless economy has no Walrasian equilibrium. The
example is quite similar to Example 2 of Hara [7] but differs from it in that the
preference relations in the present example are proper.

Example 2. Let A = (0, 1], 7 be the set of all Lebesgue measurable subsets
of A, and v be the Lebesgue measure restricted on .«7. Then (A, <7, v) is an
atomless complete probability measure space. Define 77 : A — P, N Pys by
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~a= Qg foreverya € A. Definee : A — RiJr by e(a) = w forevery a € A.
Letting x = Z—xe : A = (Peo N Pns) X RJLr . defines an atomless economy
(A, &, v), x)-

For each positive integer n, let A" = {1,2,...,n}, &/ be the power set
of A", and v" be the uniform probability measure on A”. Define =" : A" —
PeoN Pins by 20 = Quyn foreveryn anda € A" Define e” : A" — Ri+ by
e"(a) = w forevery a € A". Letting x" = =" xe" : A" = (Peo N Pns) X
RJLFJr defines a finite economy ((A", &/", v"), x") for each n.

Proposition 6. In Example 2:

1

1. |A"| - ocoand V" o (X")_l — vox ' weakly asn — oo. The supports,

supp (v” ) (X")_l) and supp (v ) X’l), are compact and the Hausdorff

distance between supp (v" ) (X”)_l) and supp (v ) X*I) converges to
zero asn — oo.
2. Forevery n, there is a unique Walrasian equilibrium (g", p") with p" € P

of x", given by
2wa
)
"(a) n n 2wo ( n 1) nwy
a)=\w —1)wy, —),
8 LT e ) \asn 2 s
where S" =1+ 1/24---+ 1/n.
There is no Walrasian equilibrium of x.

4. There exists a sequence (B") consisting of B" € &/" for each n such that
|B"| /|A"] — 0 and

e

1
—|Zf2"(a)—>uJ2

|A"
aeB"

asn — o0 for every sequence ( f™*) consisting of core allocations f" of x"
for each n.

5. For every sequence (f™") consisting of core allocations f" of x" for
each n and for every sequence (a") consisting of a" € A" for each n,
|A”|_l f"(@") — 0asn — oo.

6. Forevery sequence (") consisting of core allocations f" of x" for eachn,
v(x", f", p") — 0asn — oo, where p" is the equilibrium price vector
of x" identified in part 2.

7. The sequence (x") does not satisfy Condition 1.

Part 1 of this proposition states that the sequence of finite economies x”
converge to the atomless economy x in the second notion of convergence intro-
duced in Sect. 2, that is, the convergence is not only in distribution, but also
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in support. Part 2 and 3 require no comment, but note that the combination of
these two facts implies that there is no reasonably defined limit of the sequence
of equilibrium allocations of finite economies. Part 4 implies that in a very
populous finite economy, almost all of the bads are consumed by an almost
negligible coalition B" at every core allocation. In particular, it implies that the
sequence (f") of core allocations is not uniformly integrable. Part 5 implies
that nevertheless, no single consumer can retain a strictly positive fraction of
goods or bads. Part 6 is the core convergence property, but note that we can
use the equilibrium price vectors p” to make the sequence of gap measures
v (x", f", p™) to converge to zero. Since the utility functions are quasi-linear
with respect to the good, and since all core allocations are individually rational
and Pareto-efficient, they can be obtained from the equilibrium allocation g" by
transferring goods among consumers without changing the allocation of bads. '
Moreover, the equilibrium price vectors p” are supporting price vectors of core
allocations, and the second term on the right-hand side of (1) is equal to zero.
Part 6, therefore, implies that the sequence of gap measures converges to zero
even when the choice of price vectors is restricted to supporting price vectors.
Furthermore, since ¥ (32, w, f"(a), p") = Il fu(@) — gu(@)ll,

1

v (x" 1" ") = A

D (@) = ga(@]-

acA"

Thus, part 6 implies that the core convergence property can be obtained in terms
of the distances from the Walrasian equilibrium allocations. Part 7 implies that
the conditions of Manelli’s [15] theorem are, while sufficient, not necessary for
core convergence.

Remark 1. The difference in economic contents between parts 4 and 5 can be
understood by applying two inequality measures to the core allocations of bads,
f3(a). Part 4 implies that the Gini coefficient for f3 = (f3'(1), ..., f3'(n)),
which measures the area, multiplied by 2, between the 45-degree line and the
Lorenz curve, converges to 1 as n — oo. This property can be interpreted as
asymptotically perfect inequality. Part 5, on the other hand, implies that the
Herfindahl index, which is the sum of the squares of consumption shares,

5@
;(rzwz) ’

converges 0 as n — oo. This fact can be interpreted as asymptotically perfect
equality.

Itis interesting to see that the two most commonly used measures of inequal-
ity gives rise to the completely opposite verdicts on the degree of asymptotic

10 This will be proved later in Lemma 8.
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inequality. The discrepancy arises partly from the fact that the Gini coefficient
depends only on the percentage shares of bads in terms of the sizes of coali-
tions relative to the entire economy, while the Herfindahl index depends, in
addition, on the number of consumers in the economy. As an example, think
of replicating an exchange economy and an allocation of the economy by n
times, while satisfying the equal treatment property. Although the Gini coeffi-
cient of the replicated allocation is equal to the Gini coefficient of the original
allocation, the Herfindahl index of the n-times replicated allocation is one nth
of the Herfindahl index of the original allocation. Given the core convergence
property (part 5), it is probably fair to say that the Herfindahl index is more
appropriate than the Gini coefficient when it comes to measuring the degree
of competitiveness of core allocations. This observation is also consistent with
the standard usage of the two: the Gini coefficient is used to measure income
inequality, while the Herfindahl index is used to measure competitiveness in a
market or industry in which a small number of firms are active and there is a
room for strategic interaction.'!

The proof of Proposition 7 is given in Appendix B.

3.4. Example with a Walrasian equilibrium in the limit

In our second example, the limit atomless economy has a Walrasian equilibrium.
While our first example did not have this property, the second example is a
modification of the first, in that there is a consumer having the utility function
uq/n for every a < n in the n-th economy x”, but the number of those having
u1, denoted by T", grows at a rate faster than n. The crux of the construction
of this example lie in choosing appropriate values of 7" to guarantee the core
convergence property and the existence of a Walrasian equilibrium in the limit.

Example 3. Let A = (0, 1], <7 be the set of all Lebesgue measurable subsets
of A, and v be the Lebesgue measure restricted on 7. Then (A, <7, v) is an
atomless complete probability measure space. Define 77 : A — P N Ppps by

11 The fact that we are dealing with exchange economies while the Herfindahl index
is used for firms’ outputs seems to suggest that the use of the Herfindahl index in
our context is inappropriate. But such a concern is unwarranted. Indeed, we could
think of the function s, : R+ — R as the cost function for the disposal of bads, by
which sp,(x) is the amount of goods necessary to dispose of x» units of bads. Then
a consumer having the utility function u;(x) = x1 — sp(x2) could be thought of
as a firm-owner whose disposal technology is given by s;, and who only consumes
goods. Then every Walrasian equilibrium of the original exchange economy is a
Walrasian equilibrium of the production economy just defined, at which all the firms,
by definition, satisfies the profit maximization condition. Every core allocation of
the exchange economy could analogously be thought of as a core allocation of the
corresponding coalitional production economy.
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o= Qjforeverya € A.Definee : A — RJLFJr by e(a) = w foreverya € A.
Letting x = Z—xe : A = (Peo N Pns) X RJLr . defines an atomless economy
((A, &7, v), x). This economy, therefore, consists of a single type.

For each positive integer n, let S" = >"_, 1/a and T" be the positive
integer such that

n(s)'? <1 <n (") 41, )

Let A" ={1,2,...,n,n+1,n+2,...,n+T"}, &" be the power set of A",
and v" be the uniform probability measure on A”.

Define =" : A" — Py N Plys by

on_ Qa/n forevery a <n,
~a [ forevery a > n+1,

which can be more succinctly written as 22 = Qminja/n,1) for every a € A™.
Definee” : A" — RL, bye"(a) = wforeverya € A" Letting x" = =" xe" :
A" = (Do N Prps) X R_LH_ defines a finite economy ((A”, </, V"), x™) for
each n.

Proposition 7. In Example 3:

1. |A"] - coand V" o ()(”)_1 — vo x ! weakly as n — oo.

2. Forevery n, there is a unique Walrasian equilibrium (g", p™) with p™ € P
of x", given by

n+T"
pl’l — (1’_(g+2w2nS"——I—T’1))’
n n+T" n+T" {n }
= 2 _71 _1 ?
g (a) (w1+(g+ W ) s 7 ™1 wy

n+T" n
———w») max {—, 1} .
nS*+Tn a

3. There is a unique Walrasian equilibrium (g, p) of x, given by g(a) = w
for almost every a € A and

4. Foreveryn,let B" ={1,...,n}, then |B"|/|A"| — 0 and
W > fia) > w
aeB"

asn — o0 for every sequence ( f™*) consisting of core allocations " of x"
for each n.
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5. For every sequence (f") consisting of core allocations f" of x" for
each n and for every sequence (a") consisting of a" € A" for each n,
A"~ (@) = 0asn — oc.

6. Forevery sequence (f™*) consisting of core allocations f" of x" for eachn,
v(x™, ", p") = 0asn — oo, where p" is the equilibrium price vector
of x" identified in part 2.

7. The sequence (x™") satisfies Condition 1.

This proposition is quite analogous to Proposition 6 and, as such, we comment
only on the difference between the two. In part 1, we claim the convergence in
distribution but not in supports. In fact, the sequence of supports of v o ( xM~!
converges, with respect to the Hausdorff distance, to {Q, | b € [0, 1]} x {w},
while the support of the atomless economy is the singleton {(Q1, w)}. This non-
convergence seems to be responsible for a discontinuous change in equilibrium
prices. Indeed, according to part 2 and a result in the proof of this proposition,

p" — (l, —c_]) as n — 00, but, according to part 3, this limit is different from
the equilibrium price vector of x . Part 7 shows that unlike the previous examples,

this example satisfies the No Peculiar Individuals Condition of Manelli [15].
The proof of Proposition 7 is given in Appendix B.

4. Conclusion

We have given two examples of sequences of increasingly populous finite
economies to show that the core convergence property may be obtained even
when a vanishingly small coalition consumes almost all bads in the economy.
This result can be interpreted as saying that the price-taking behavior may
emerge even when the consumption of bads is concentrated on a relatively
small coalitions. The crucial aspect of the examples is that if there are suffi-
ciently many consumers in an economy, even a relatively small coalition may
consist of many consumers, and the competition among them may well be suffi-
ciently intense to make a core allocations very close to equilibrium allocations.

Although there is already an extensive literature on the core convergence
property in economies where the preference relations are monotone, there are
relatively few contributions on it with non-monotone preference relations. There
seem to be, at least, two aspects of our examples that need to be elaborated on.

First, in Example 2, the sequence of finite economies converges to the atom-
less economy in distribution and also in supports, but in Example 3, the sequence
of finite economies does so only in distribution. These two examples differ also
in that the limit economy of Example 2 has no Walrasian equilibrium but the
limit economy of Example 3 has one. In the presence of bads, it is quite legit-
imate to require the convergence in support as part of the definition of the
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convergence of finite economies, because, as we have seen in the examples, a
vanishingly small coalition may play a non-negligible role in the determination
of equilibrium prices and allocations. Yet, we do not know to what extent the
convergence in supports is (in-)compatible with the existence of an equilibrium
in the limit economy, while the sequences of core allocations (and, in particular,
equilibrium allocations) fail to be uniformly integrable. It will be important to
thoroughly clarify the relationship between the two.

Second, although we have defined the core convergence property in terms
of the convergence of the gap measures in the average over the consumers, the
same property has been defined in some contributions (such as Bewley [5] and
Cheng [6], assuming monotone preference relations) in term of the convergence
of the gap measures uniformly across the consumers. That is, we say that the
core convergence property holds if for every sequence of core allocations f”
of x", there exists a sequence of price vectors p” such that

esssupy (=0, €"(a), f"(a), p") = 0O
acA"
as n — oo. If x" is a finite economy, then we can of course replace ess sup
by max. This notion of core convergence is stronger than the notion of core
convergence we have used, and it is not clear whether the core convergence
property can hold relative to this stronger notion when the sequences of core
allocations fail to be uniformly integrable.

Appendix A. Proof of Proposition 6

Proof of part 1 of Proposition 6. Define Qp € & as the preference relation
represented by the utility function ug(x) = x| — gx». It is then easy to show
that the mapping b — Q, from the closed unit interval [0, 1] to & is continuous
(even at b = 0). Since [0, 1]is compact, its image, {Q} | b € [0, 1]}, is compact
and, hence, closed. Thus supp (vo x~!) = {Qp | b € [0, 11} x {w}. Since

supp (V" o (X")fl) = {Oi/n.---. Qu—1y/n. @1} x {w}, it is easy to show
that the Hausdorff distance between supp (v” o ( X")’l) and supp (v o X*I)

converges to zero as n — 00. To show that v" o x> voy! weakly, we

can apply the same method as in the proof of part (ii) of Proposition 2 of Hara
[7]. m]

To prove other parts of Proposition 6, we need the following lemma.
Lemma 8. For every n, if f" is a core allocation of x" of Example 2, then
i@ = w3, ©)

n _nwp
@)=~ (7)
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Moreover, f" is supported by a unique price vector p" in P,'* given by

0 B 2wa
)

Proof of Lemma 8. By definition,

ta/n(w) = uy(w) = wy — (ng + w%) = w3.

for every n and a € A”". Since u,, is quasi-linear and f"(a) is individually
rational,

f1@) = wan (f11(@) = tajn(w).

Thus (6) follows.

As for (7), since f" is Pareto efficient, by the second welfare theorem, there
is a non-zero price vector p” such that (f", p") is a price quasi-equilibrium.!3
We shall first prove that pj > 0 and p3/p} < —q.

Note first that if p5 < 0, then p| > 0. Indeed, if p7 < 0, then every
consumer in A" satisfies the minimum income condition and, since the first
commodity is a good, the utility maximization condition implies that p} > 0.

Note second that it is impossible that pf = 0 and p5 > 0. Indeed, if
this were the case, then every consumer a with f'(a) > 0 would satisfy the
minimum income condition. But then they would choose zero consumption for
bads, contradicting f5'(a) > 0.

Of course, we cannot have p{’ < 0 because, then, every consumer in A"
would satisfy the minimum income condition but the utility maximization con-
dition would then be violated.

Since at least one of p! and p/; must not be zero, the remaining possibility
is that p!' > 0. We can therefore assume that p{ = 1.

Since f{'(a) > O forevery a € A", the minimum income condition is satis-
fied by every a € A". Thus, if p5 > —q, then the utility maximization condition
would imply that f7'(a) = 0 for every a € A", which is a contradiction. Hence
Py < —q. Then f}'(a) > O for every a € A". Since f{'(a) > 0 for every
a € A", this implies that f"(a) € R} .

Since r(a/n) = (n/a)wy,

a
Z r (—) =nS"wy > nws.
acA”" n
Thus, there is ana € A" such that f"(a) < r(a/n). Then the first-order condi-
tion for utility maximum implies that | p}| = g +2(a/n) f} (a) < (71 n z) / 2.

12 That is, for every a € A", if x € X and x >a/n " (a), then p" - x > p" . f"(a).
13 That is, for every a € A", if x € X and x >a/n f(@), then p" - x > p" - f(a).
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Hence f"(a) < r(a/n) for every a € A". Then (7) and (8) follow again from
the first-order condition. O

Since an equilibrium allocation is a core allocation, part 2 of Proposition 6
can be derived from Lemma 8 using the budget constraint p" - g" (a) = p" - w.
Part 3 can be proved in the same way as Proposition 1 of Hara [7].

Proof of part 4 of Proposition 6. For each n define a” € A" so that

—1/2 -1/2
1~ (logn) / <" < p'—logm / +1.

Then define B" = {1,...,a"} € /™. Just as in the proof of part (iii) of
Proposition 6 of Hara [7], it is possible to show that |B"| / |A"| — 0 and

1
mez"(a)—Hvz

aeB"

asn — OQ. O

Lemma 9. For every n, if f" is a core allocation of x" of Example 2, then

1—1/n)? 1
ua/n(f"(@) < (w1 - ng) + nwj ((S,Z—_/rll) - g) ©)

for everya € A".

Proof of Lemma 9. By Lemma 8,

> tasn(f" (@)

acAn
_ n _ n a (nw2)2
> @- 3 (awgr+ 5 (5
acA” acAn
nw3
=n (w1 —c_lwz) - (10)
It is thus sufficient to prove that for every a € A",
0 »(1—1/n)?
> w (" ®) = (0= 1) (wi = qwa) —nwd (D

beA"\{a}

because (9) can be obtained by subtracting (11) from (10).

We shall now show that if (11) did not hold, then there would be a feasible
allocation g" within A" \ {a} such that (A" \ {a}, g"") is an objection to f".
Indeed, then, define a feasible allocation gé’ of the bad within A" \ {a} by
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n—1 wp
th)y = ———— 12
g5 (b) S"—1/a b (12)
for every b € A" \ {a}. Then, just as we derived (23), we can show that
> w0, g5 (b))
beA™\{a)

(1 = gz — (0 = 1) o}

=—m—Dqwy —(n— —w

St S S"— 1/a"?

(1—1/n)?

Thus, by the contradiction hypothesis,
D wp(fr ) < = Dwi+ D w0, g5 (b))
beA™\{a} beA™\{a}
On the other hand, by (19),
wpyn(f"(B)) = w3 > 0 > up/n(0, g5 (b)).

forevery b € A"\ {a}. Thus, there is a feasible allocation g of the good within
A"\ {a} such that

81 (D) + upsn(0, g5(b)) > up/n(f" (b))

forevery b € A"\ {a}. Let g" = (g}, g5), then, by the quasi-linearity of u;,,
this is equivalent to g" (b) >p/n f"(b). Thus (A" \ {a}, g") is an objection. O

Proof of part 5 of Proposition 6. Let (a") be a sequence such that a” € A" for
every n. It suffices to show that

@D (14)
n

2@ (15)
n

as n — oo. Indeed, by (7),
n n
f2 (@) - 2 =
n - Si‘l
as n — oo. This proves (15). As for (14), since the utility functions are quasi-
linear with respect to the first commodity and f>(a) < r(a/n),

Fi(@") = ugnpn (f" (@) + (gfz”(a) + % (fz"(a))z)

a—-1/n)? 1 nw, wy
= =g+ (S - ) (a4 )

by (7). Since 1/8" — 0 as n — 00, this proves (14). m|
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Proof of part 5 of Proposition 6. By Condition C2” of Manelli [14], it suffices
to show that

max |
|A| acAr
asn — oo. Here, |[A"| = n and || f"(a) + (1,0) —e"(@)|| < [ f" (@] + 1+
|lw||. By part 4 of this proposition, |A"|_1 Il f"(a@)]l| = 0asn — oo. Thus (16)
is proved. O

f@ + (1,0) = ¢"(@] — 0 (16)

Remark 2. Although we assumed throughout the above argument that f” is a
core allocation, we needed only its individual rationality and Pareto efficiency
for the proof of parts 3 and 4. As for the proof of parts 5 and 6, the only additional
property we needed was that there is no objection by any coalition consisting
all but one consumer in the economy.

The following lemma is concerned with the Hausdorff distance between two
preference relations.

Lemma 10. For every b € (0, 1] and every b’ € (0, 1],

(7‘_1)2‘1_1

4@ 00 = e |5

Proof of Lemma 10. Let’s now prove the first inequality. We assume without
loss of generality that b < b’, and show that there exists an (x, y) € Qp such
that

max {[lx" — x| .

>(5‘_1)2(1_1)

Y =yl.} Z
ol T g+ \b ¥

for every (x’, y") € Qp. To do so, note first that for every x > r(b),

5(g — 2
X2 )_ (q g) . a7

() =g+ T2 (1——
Spixa) = 4% P TR0 16b

8b

The analogous equality holds for b as well. Hence, for every x; > r(b),

5@-9)* (1 1
Sp! (xz) — Sh (x2) = T— (Z _ y)

(6_1)2 1 X2 1 X2
. (W"P(“m)‘z“"(“@))'

1 ! X2 1 ] X2 0
— ex —— ) - —ex -——) -
p P o) b SP r(b)

Since
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as xp — 00, there exists an x, > r(b) such that

1 1 X2 1 1 X2 1 /1 1
—ex — — —ex -——)l<={--=
p P raoy) " b SP o)l T 2\e T

for every xo > x,. Thus

@—9* (1 1
Sb/(xZ)_Sb(X2)>£(___)

4 b b
for every xo > x,. Since up (sp(x2), x2) = —(spr (x2) — 5 (x2)),
@-9* (1 1
up (sp(x2), x2) < —% (E — E)

for every xa > x,.
Since |sb/ (x5) — spr (xz)| < qlx) — xz| forevery xo € R and x) € Ry,

Jup () = uy (0] < |6} = x1] 4+ [spr(x5) — sy ()| < A+ D)’ = xlloo

for every x € X and x’ € X. Letx = (s, (x,) . x,) and y = (0, 0). Then, for
every x’ € X and every y’ € X, if

| }<M(l_l)
YVl =0+ \b v

max {[|x" —x] .
then

up (x") — up (y")
= (up (X") — up (x)) + (up () — up (y) + Wy (y) — up (y'))

(6—51)2(1 1) (6‘1—6_1)2(1 1) (?1—51)2(1 1)
«c- Z () = (- )+ (-2 )=0
g8 \b b 4 v v g8 \b b

Thus (x/, y') & Q. This is equivalent to saying that

] }>M(l_l)
Y Vet T 0 \b

for every (x’, y') € Q. This completes the proof. |

max {[" —x]| .. |

Proof of part 7 of Proposition 6. Let (t") be a sequence such that

min
acA"

{a/ EA” |d(>_n >_n,) <tn}| — 00

~a’ ~a

asn — oo. Since = Q,/, forevery n and a € A",
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min
acA”"

= [{ae A" 1d(Qam, 01) <1"}|

{a/eAn |d(>_n >_n) <tn}’

~a’ ~a

- 2
@-a) |1 1,
<qaeA" | —Z|— - —
8(14+49g) |a/n 1/n
2
(5_2) 1 "
< aeAn|—_(1—— < —
8(1+79) a n

by Lemma 10. For each n, define a” as the largest a € A" that satisfies

- 2
M(l_l) < ﬁ (18)

8(1+79q) a n

Then

ac A
a

nl@(l DI

8+ \' a) n

and hence a" — oo as n — oo. Thus, if we take the liminf of both sides of
(18) with a = a™ as n — oo, then

Z— < lim inf
8(1+gq) = n—oo |A"]

because |A”"| = n. Since the left-hand side is strictly positive, this means that
Condition 1 is not met. O

Appendix B. Proof of Proposition 7

Part 1 of Proposition 7 follows from

" (Sn)l/2
> —
n+Tm 7 24 (SM!/2

Vifn+1,n+2,...,n+T"}) =

and, thus, v*({n + 1,n + 2, ..., n + T"}) — 1. Part 2 follows from the next
lemma, which can be proved in the same way as Lemma 8. We omit its proof.
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Lemma 11. For each n, if " is a core allocation of x" of Example 3, then

fia) = w3, (19)
+T"
a) = n’;nﬁwzmax {g 1}, (20)

foreverya € A™.
Part 3 can be easily proved.

Proof of part 4 of Proposition 7. For each n, let f" be a core allocation of the
finite economy x”". Since

n 1 1

R i By S BN

as n — 00, it suffices to show that

1 n
— > fa) = w, Q1)
a=1

as n — oo. Indeed, by (20),

| 1 n—+T"
YT ‘;f;(“) = ar T as
nS"
= w2—
nS* 4+ Tn
Sﬂ
L Re——
St +T"/n
Sl’l

N R

asn — oQ.

To prove parts 5 and 6 of Proposition 7, we need another lemma.

Lemma 12. For each n, if f" belongs to the core of the finite economy x" of
Example 3, then

n+Tr—12 (4712
minfa/n.1)(f" (@) < (w1 —qw2) +w3 (nS" AL T nStLTn (22)

for everya € A".



Core convergence in economies with bads 71

Proof of Lemma 12. By Lemma 11,

> tminfa/n.1y (f" (@)

acAm

Tn
= Z fla) — Z (ngngn—i_j max[g, 1}

acAm aeAml
. (a n+T" n 2
+m1n{—,1} wz—max{—,l}
n nS"+T" a

n+T"

It is thus sufficient to prove that for every a € A",

Z Umin{b/n,1)(f" (D)) = (n+T"—1) (wl —quwy —

n+T"—1 2)
beA™ (a)

— w3
nS" —n+T"
(24)
because (22) can be obtained by subtracting (24) from (23).
We shall now show that if (24) did not hold, then there would be a feasible
allocation g" within A" \ {a} such that (A" \ {a}, g"") is an objection to f".
Indeed, then, define a feasible allocation g5 of the bad within A" \ {a} by

n+7T"—1

n
b) =
8 (D) wznsn_,_Tn—max{n/a,l}

max {% 1} (25)

for every b € A" \ {a}. Then, just as we derived (23), we can show that

Z Umin{b/n,1}(0, g5 (b))

beA"\{a}
n+7"—1
= — Tn_l 2
(n+ )(ng—i- nS" + T" — max{n/a, 1}w2)
n+T"—1
- . O 26
>—(n+ )(2w2+nsn+T”—nw2) o

Thus, by the contradiction hypothesis,

D tmingp/ny(f'B) < i+ T" = Dwi+ D tmingp/n. (0, g5(B)).
beA"\{a} beA"\{a}

On the other hand, by (19),

tmingo/n, 1} (f"(B)) = w3 > 0 > tmin(p/n.1)(0, g5 ().
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forevery b € A"\ {a}. Thus, there is a feasible allocation g of the good within
A"\ {a} such that

81 (D) + uminip/n,11(0, g5 (b)) > tmingp/n,1;(f" (D))

for every b € A"\ {a}. Let g" = (g7, g5), then, by the quasi-linearity of
Umin{b/n,1}, this is equivalent to g"(b) >min{p/n,1) f"(b). Thus (A" \ {a}, g")
is an objection. O

Proof of part 5 of Proposition 7. Let (a™) be a sequence such that a” € A" for
every n. It suffices to show that

n
i@ 27)
n+1T"
n
VLGN (28)
n+1T"
as n — oo. Indeed, by (20),
n
fa2(a™) _ n w) wo

= w2 = =< 7z >0
n+Tn nS*+Tn  S"+T"/n ~ §n 4 (Sm)l/

as n — oo. This proves (28). As for (27), since the utility functions are quasi-
linear with respect to the first commodity and f>(a) < r (min{a/n, 1}),

f1(a") = uminar /1y (f" (@”)) + (C_Ifz"(a) + min {% 1} (fzn(a))z)
7" — 1 2 " 2
(w1 — qwn) + w3 (;nsj_ P T)" - ;nSjJr T)")

n n+T" n n+T"
Tsn 1 P\LT g e

IA

by (22). It is therefore sufficient to show that

1 " — 1)2 "
(n + ) — (0 and nt

— =0 29)
n+T*"nS" —n+T" nS*+17Tn

asn — 0. Indeed,

1 (+T'—12 n+T"—114+T"/n—1/n
n+T”nS”—n+T”= n+T" SP—1+T"/n
_ntT" -1 (SMH1% 41

n+Tn  St4(SHY2—1°

and the first fraction on the far right-hand side converges to 1, while the second
fraction converges to 0. Hence the far left-hand side converges to 0. Moreover,
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n+T" 1 4+T"/n (SHY2 42
nS*+Tn ST+ Tn/n = S" 4 (SMHY/2

and the far right-hand side converges to 0. Hence the far left-hand side converges
to 0. This completes the proof. O

It now remains to prove parts 6 and 7. The former can be proved in the same
way as part 6 of Proposition 6. We thus omit its proof. The following lemma is
concerned with the Hausdorff distance between two preference relations.

Lemma 13. Forevery b € (0, 1] and every b’ € (0, 1],

2
p (67 - 1) 11

)< — — — 1.

(Qb, Op) = 5 max[b’b’]

Proof of Lemma 13. Let x € X and x’ € X be such that up(x) < up(x’) and
up (x) > uy (x’), and at least one of the two weak inequalities is satisfied with
a strict inequality. Regarding Qp and Oy as subsets of X x X and writing
(x', x) € Qp if and only if x’ Qpx and so forth, this is equivalent to saying that
(x',x) € Qp\ Qp or (x,x") € Qp \ Qp. In the following, we show that

_ 2
(6 ) )
max -, —
x 2 a b’b/ 9 9 b’
2
———— maxy —, — /.
x 5 il R R b

This implies that Qj is included in the neighborhood of Qj of radius 27!
2
(ﬁ - c_]) max {1/b, 1/b'}, and that Q}, is included in the neighborhood of Qy

of radius 27! (ﬁ — q)2 max {1 /b, 1 /b’}. The second inequality of this lemma
would then follows.

We can of course assume that x # x’. If one of the two coordinates of
x" — x is zero, or if one is strictly positive and the other is strictly negative, then
neither (x’, x) € Qp \ Qp nor (x,x’) € Qp \ Qp. Thus either x’ — x € RiJr
orx —x' € Ri 4

Let’s for a moment assume that x’ — x € R_%_ . By the definition of uj, and
up',

sp(x5) — sp(x2) < x| — x1 < spr(x3) — s (x2).

By the definition of s/,
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sp(x3) — spr(x2) < g(x5 — x2).

By the definitions of g,

w027 - L exp (1 - r(t—b))

for every t € R, (even when ¢t < r(b)). Hence, by the definition of sy,

sp(x3) — sp(x2)

v d-4q t
Z/xz (61— > exp(l—%)) dt
’ q—9q !
=g —x) +rb)—= (exp (1 - r)(CZ)) - (1 B r)(CZ)))

> G0 —x) + r(b)¥(_4)

@q@—q)?
=G ) -
Hence
— 7 (6_2)2 / / / — 7
q(xy—x2)— T Sp(x5)—=sp(x2) < x7—x1 =< s (X5)—8pr (x2) < g(x3—x2).
Therefore
@—q)?
0 < up(x) —up(x) = (x] — x1) — (sp(x3) — sp(x2)) < TR (30)
) ) ) @—q)?
0 <up(x) —up(x') = (spr(xy) = spr(x2)) — (x] —x1) < T (31

By quasi-linearity,

@ —q)
up (x +( 1 sz O)) > up (X' + (up(x) — up(x’), 0))

= up(x') + (up(x) — up(x")) = up(x),
(

—_ 2
Upy (x’ + ((q Zbﬁ_l) ,O)) > up (x4 (up (x) — up (x), 0))

= up (x') 4 (up (x) — up (x) = up (x).

Hence
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N N
(x—i—(%ﬂ), x/)e Qp and (x’—i—(%ﬂ), x)e Op.

Ifx—x" € R3_+, then by swapping the roles of x and x, and of b and 2/,
we can show that

N N
(x—i—(%ﬂ), x’)e Q) and (x’—l—(%ﬁ), x)e Op.

The proof is thus completed. O

2
Proof of part 7 of Proposition 7. Define (") by letting t* = 27! (ﬁ — c_]) n
for every n. Then

" 1 _ 1 0
_— —>
|A"] 1T /n = 1+ (Sm)1/?

asn — oco. By Lemma 13,

d (>_n ~n )

~a’ ~a

= d (Qminfa/n.1}> Cmin{a’/n,1})
= 2
(@-49) | i
max " ) N
2 min{a/n, 1} min{a’/n, 1}

n n
max {max{—, l} , max {—, 1}} <t
2 a a

for every n,a € A", and a’ € A". That is, for every n,

=

min {a" e A" |d (. z0) <"} =1A"|=n+T".
aeA”"

~a’ ~aqa

Thus Condition 1 is met. O

References

1. Anderson, R.M.: An elementary core equivalence theorem. Econometrica 46,
1483-1487 (1978)

2. Anderson, R.M.: The core in perfectly competitive economies, Chap. 14. In:
Aumann, R.J. and Hart, S. (eds) Handbook of Game Theory with Economic Appli-
cations, vol. 1, North-Holland, Amsterdam (1992)

3. Aumann, R.J.: Markets with a continuum of traders. Econometrica 32, 39-50 (1964)

4. Aumann, R.J.: Existence of competitive equilibria in markets with a continuum of
traders. Econometrica 34, 1-17 (1966)



76

10.

11.

12.

13.

14.

15.

16.

C. Hara

Bewley, T.E.: Edgeworth’s conjecture. Econometrica 41, 425-454 (1973)

Cheng, H.-C.: A uniform core convergence result for non-convex economies. J.
Econ. Theory 31, 269-282 (1983)

Hara, C.: Existence of equilibria in economies with bads. Econometrica 73, 647-658
(2005)

Hara, C.: An equilibrium existence theorem for an atomless economy without the
monotonicity assumption. Econ. Bull. 4(34), 1-5 (2006)

Hildenbrand, W.: Existence of equilibria for economies with production and a mea-
sure space of consumers. Econometrica 38, 608—-623 (1970)

Hildenbrand, W.: Core and Equilibria of a Large Economy. Princeton University
Press, Princeton (1974)

Kim, S.H.: Core equivalence may fail without monotonicity. Proc. Econom. 16,
47-62 (2005)

McKenzie, L.W.: On the existence of general equilibrium for a competitive market.
Econometrica 27, 54-71 (1959)

McKenzie, L.W.: The classical theorem on existence of competitive equilibrium.
Econometrica 49, 819-841 (1981)

Manelli, A.M.: Monotonic preferences and core equivalence. Econometrica 59,
123-138 (1991)

Manelli, A.M.: Core convergence without monotone preferences and free disposal.
J. Econ. Theory 55, 400-415 (1991)

Schmeidler, D.: Competitive equilibria in markets with a continuum of traders and
incomplete preferences. Econometrica 37, 578-585 (1969)



Adv. Math. Econ. 11, 77-93 (2008) Advances in

MATHEMATICAL

ECONOMICS
]
© Springer 2008

A distance and a binary relation related to income
comparisons

Hidetoshi Komiya

Faculty of Business and Commerce, Keio University, Hiyoshi, Kohoku-ku, Yokohama
223-8521, Japan
(e-mail: hkomiya@fbc.keio.ac.jp)

Received: October 31, 2007
Revised: December 3, 2007

JEL classification: 132
Mathematics Subject Classification (2000): 15A51, 60E15, 91A05

Abstract. We define a distance and a binary relation among income distributions which
is closely related to Lorenz dominance. An income distribution is represented by a
vector (x1, X2, ..., xX,) wWhen the society under consideration consists of n individuals
or households. The component x; denotes the income of the ith individual and the sum
>.#_ x; is the total wealth of the society. The distance is defined on the n-dimensional
Euclidean space R" mathematically, and it gives indices of difference between two
income distributions with not only the same total wealth but also the different total
wealths. Thus, the distance might give a criterion for income distributions taking account
of equity and efficiency.

Key words: Lorenz dominance, distance, binary relation, minimax theorem

1. Introduction

Lorenz dominance is a criterion when we compare two income distributions in
order to judge which is more equal. Lorenz [5] introduced what has become
known as the “Lorenz curve”, and observed that one distribution is more equal
than the other when the Lorenz curve of the former distribution lies over that
of the latter. For an income distribution (x1, x2, ..., X;), order the individuals
from poorest to richest by a permutation 7 of N; thus we have

Xg(1) < Xg@2) = = Xg(n)-
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The n-vector

X = (Xg(l), Xp@2)» -+ Xx(n))

is called the increasing rearrangement of x and denoted by x*. Now plot the
points (k/n,ox/0,), k = 0,1, ..., n on the plane, where op = 0 and o} =
Zle Xz (i) for k > 1. Join these points by line segments to obtain a piecewise
linear curve connecting the origin and the point (1, 1). The curve is called
the Lorenz curve of the income distribution (x1, x2, ..., x,). For two income
distributions x = (x1,x2,...,x,) and y = (y1, y2, ..., y») With equal total
wealth, it is easily seen that the Lorenz curve of x lies under that of y if and
only if

In this case x is said to be Lorenz dominated by y, which means that y is more
equal than x in the sense of Lorenz [5]. Although Lorenz dominance is a relation
between income distributions with the same total wealth, Shorrocks [8] studied
income comparisons where income distributions do not necessarily have the
same total wealth. In order to include his argument in our scope, the concept of
the Lorenz dominance is extended to that of generalized Lorenz dominance in
the subsequent section.

Lorenz and generalized Lorenz dominance is closely related to the theory of
majorization and stochastic matrices. On the other hand, the minimax theorem,
the fundamental theorem of zero-sum two-person games, plays a crucial role in
the argument developed in this paper. We integrate these results from different
disciplines so as to obtain a distance defined on the n-dimensional Euclidean
space which measures both equality and efficiency of income distributions.

2. Preliminaries

We prepare notations used hereafter and observe several established theorems
necessary for our arguments. Let R” be an n-dimensional Euclidean space. For
any two elements x and y of R", if their increasing rearrangements x* and y*
satisfy the inequalities

k k
in*SZyi* and Zn:xi*zzn:y;k,

i=1 i=1 i=1 i=1

then x is said to be Lorenz dominated by y because of what is stated in Sect. 1.
We write x X y if x is Lorenz dominated by y. An n-square matrix is said to be
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a permutation matrix if it has exactly one 1 in each row and each column, and all
other components are 0. For any element x of R”, if we operate a permutation
matrix P to x, that is, if we calculate x P, then the result is a permutation of x.
Conversely, for any permutation 77, we can find a unique permutation matrix P
such that 7x = x P for every x € R". An n-square matrix is said to be doubly
stochastic if it has nonnegative components and each row sum and each column
sum are 1. A permutation matrix is obviously doubly stochastic and it is easily
seen that any convex combination of permutation matrices is doubly stochastic.
The following theorem due to Birkhoff [1] asserts that the inverse is also valid.

Theorem 1. The set of all extreme points of the set of all doubly stochastic
n-matrices consists of permutation n-matrices, and hence the convex hull of all
permutation n-matrices coincides with the set of doubly stochastic n-matrices.

The Lorenz dominance and doubly stochastic matrices are closely related, and
Hardy et al. [2] established the following theorem.

Theorem 2. For any two elements x and y of R", x is Lorenz dominated by y
if and only if there is a doubly stochastic matrix D such that xD = y.

This theorem asserts that more equal income distribution is obtained by operat-
ing a doubly stochastic matrix to an original income distribution, and conversely
operating a doubly stochastic matrix to an income distribution yields a more
equal income distribution.

For two elements x and y in R", if we remove the condition of equality of
total wealth, then we reach the definition of generalized Lorenz dominance; x
is said to be generally Lorenz dominated by vy if their increasing rearrangement
x* and y* satisfy

k k
S>>y k=12....n,

i=1 i=1

and we write x Zgrz y. Similar to the relation between Lorenz dominance and
doubly stochastic matrices, generalized Lorenz dominance is closely related to
doubly superstochastic matrices. An n-square matrix P = (p;;) is said to be
doubly superstochastic if there is a doubly stochastic matrix D = (d;;) such that
pij = d;j foralli andj.LetRLrbetheset{x eR":x;>0,i=1,2,...,n}
of all n-vectors whose components are all positive.

Theorem 3. For any two elements x and y of R ,, x is generally Lorenz
dominated by y if and only if there is a doubly superstochastic matrix P such
that xP = y.

This theorem is a version of Proposition D.2.b, Chapter 2, Marshall and Olkin
[6].
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The last half of this section is devoted to an introduction of the fundamental
theorem for zero-sum two-person games, which is known as the minimax the-
orem. A finite zero-sum two-person game is described by a triplet (S, T, u):
S is a finite set {s1, 52, ..., s, } of pure strategies of the first player; T is a
finite set {#1, 72, . .., t,} of pure strategies of the second player; and u is a real-
valued function defined on the product set S x T of S and 7. The function u
represents the payoff of the first player and —u represents that of the second
player. A mixed strategy of the first player is a probability distribution on the
set S of his pure strategies, and hence the set of mixed strategies is the simplex
As={rLeR":x >0, z:'n:1 A; = 1} in R™. Similarly the set A7 of mixed
strategies of the second player is the simplex {i € R" : u; > 0, Z;f:l wj =1}
in R". We extend the payoff function u tow : Ag x A7 — R by

U ) = D D hipjulsis 1)

i=1 j=1

identifying the pure strategy s; and ¢; with e/ and ef}, where e is the m-vector
whose ith component is 1 and the other components are all 0. For a zero-sum
two-person game G = (S, T, u), the triplet (As, Ar, %) is called the mixed
extension of G, and denoted by G. The minimax theorem asserts that the mixed
extension of any finite zero-sum two-person game has an equilibrium and the
value of the game is uniquely determined (cf. [7]).

Theorem 4. Let G = (S, T, u) be a zero-sum two-person game and G =
(As, A1, ) be the mixed extension of G. Then we have the minimax equation

max min #(A, u) = min max (A, ).
reAgs nEAT HEAT LeAy

Since the function u + u(X, ) is linear for each A, min,ea, u(A, 1)
is attained at an extreme point of Az. Thus, mingca, u(A, w) is equal to
miner > roy Aju(si, ). Similarly we have the equality of maxyea, #(h, i)
and max;eg Z'}zl wju(s, tj). Therefore, the minimax equation in Theorem 4
reduces to

m n
max min E Aiu(s;, t) = min max E wju(s,t;).
reAg teT 4 : HEAT seS 4 1

i= j=

The common value of the maximin and minimax values is called the value of
the mixed extension G and is denoted by v(G).
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3. General Lorenz dominance and zero-sum two-person
games

Let x and y be any two elements of R”. We define a zero-sum two-person
game from x and y, and specify a necessary and sufficient condition for x to
be generally Lorenz dominated by y in terms of the value of the game. We
need some lemmas to accomplish our purpose. We denote by (-, -) the standard
Euclidean inner product of R", that is, (A, x) = >, A;x; for any elements
A and x of R". For an element x of R", x* and x, denote the increasing and
decreasing rearrangements, respectively.

Lemma 5. Let A and x be elements of R". Then we have
(i, x¥) < (A, x) < (A%, 7).
Lemma 5 is found in Hardy et al. [2].

Lemma 6. Let x, y and A be elements of R" satisfying

k k

MZhzo =z 20, and D x>y k=12,
i=1 i=1

Then we have (A, x) < (A, y).
Proof. Leté&, = Zf‘{:l x; and n = Zf-;l yi fork =1,2,...,n. Then we have

(A, X)) = Ax1 + Aoxo 4+ -+ Apxy
=rE1+0E-ED)+ -+ E &)
=M — A&+ M —M)E + -+ Aot — A&t + 1y
S —A0m A+ G2 —A)m+ -+ Ap—1 — A a—1 + Anln
= (A, ).

O

Let x and y be two fixed elements of R". We define a zero-sum two-person
game Gy y as follows: the strategy set of the first playeris N = {1,2,...,n}.
The first player chooses a coordinate or a position of the n-vector as his strategy.
The strategy set of the second player is the set IT of all permutations of N. The
second player chooses a permutation of N or a rearrangement of the n-vector
as his strategy. Finally the payoff function u, , : N x IT — R of the first player
is defined by

iy (i, ) = (rx = )i, (o) € N x 1.

The setting of the game G, , = (N, I1, uy y) is inspired by the arguments in
[3] and [4].
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The zero-sum two-person game G, has the mixed extension Gx y = (Ap,
A, Uy,y) as stated in the previous section, and the minimax equation holds
and the value v(G x,y) of the mixed extension Gy .y 1s uniquely determined.
Moreover, according to Theorem 1, we can regard the simplex Ay as the set
of all doubly stochastic n-matrices because an element > ur7 of A is
equal to the doubly stochastic matrix > . ur Pr regarded as the operator
X > x(zﬂeH ux Pr) on R", where Py is the permutation matrix correspond-
ing to 7. Consequently, we have the equations

v(G = max min{l, 7x — y) = min max(xD —
(Gx.y) AEAN zrel'l( ) DeAn zeN( i

Now we reach the main result of this section.

Theorem 7. For any two elements x and y of R", x ZgL vy if and only if
U(Gx,y) <0.

Proof. At first, we assume that both x and y belong to R’ . Suppose that
x ZgL y- Let A be any element of Ay. Then we have the following series of
inequalities in virtue of Lemmas 5 and 6:

(A Y) = (A %)
> (A, x¥)
= (/5 7"x)
= (A, 7' (=" x)),

where 77’ and 77" are some permutations of N. Therefore, putting 7 = 7'~ ! o

" e I1, we have (A, mx — y) <0, and hence min; (A, 7x — y) < 0. Since
A € Ay is arbitrary, we have

G = max min{\, 7x — y) < 0.
v(Gy.y) )\GA);;nell'I< x—y) =<

Conversely suppose that v(a x,y) < 0. Then we have

min max(xD — y); <0,
DeAq ieN

and hence there is a doubly stochastic matrix D such that (xD); < y; for
i =1,2,...,n. Since we have assumed that x is in Rf’H_, (xD); > 0fori =
1,2,....,n.Pute; = y;/(xD); > 1fori =1,2,...,n and define an n-square
matrix P by P = («1dy, aada, . .., a,ydy,), where d; denotes the i-th column
of D. Then it is obvious that P is superstochastic and x P = y. Therefore, we
have x =, y in virtue of Theorem 3.

We have completed the proof in case both x and y belong to R’} | . Take two
elements x and y of R" generally, and find a sufficiently large & > 0 such that
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x+ae, y+ae € R, , where e denotes the vector with all components 1. Since
x Zgr yifandonlyifx +ae Zgr y+aeand v(Gy,y) = v(Gyiqe,ytae)> W
have the desired result and the proof is complete. O

Corollary 8. For any two elements x and y of R", we have x 31 vy if and
only if v(Gy,y) = 0and 37_y xi = 2;_, yi- In particular, if x* = y*, then
v(Gyy) =0.

Proof. Supposethatx = y.Wehave v(f}\x,y) < O0by Theorem 7. va(ax,y) <
0, then we have minpeay max;ey(xD — y); < 0, that is, there is a doubly
stochastic matrix D such that (xD —y); < Ofori = 1,2, ..., n. Thus we have
Do Xi = 2i(xD); < X7y i, but this contradicts x Zy y.

Conversely suppose that v(Gyy) = 0 and >/, x; = > yi. By the
same argument to the above, there is a doubly stochastic matrix D such that
(xD); <yifori=1,2,...,n.Since D1 (xD); = > " | xi = > Vi, We
have (xD); = y; fori = 1,2,...,n, thatis, xD = y, and hence x 31 y by
Theorem 2.

The last assertion is obvious. |

The assumption >/, x; = >, y; in Corollary 8 is not redundant. Consider,
for example, x = (1, 1) and y = (1,2) in RZ.

Corollary 9. For any two elements x and y of R" such that x* # y*, we have
x Zgr yifand only if v(Gyy) =0 < v(Gy x).

Proof. It is obvious by virtue of Theorem 7 if we note that x* = y* if and only
ifx gL yand y Zgr x. O

4. Distance and binary relation derived from values of
games

We have studied the relationship between generalized Lorenz dominance and
zero-sum two-person games. Define a real-valued function § on R"” x R" by

8(x,y) = v(ax,),).
We define a complete binary relation < on R” by
x 3y if 8(x,y) <8(y,x)

for any x and y in R". This relation is not transitive as shown in the following
example and we cannot call the relation an “order”, but it is closely related to
the generalized Lorentz dominance shown as in Proposition 12.



84 H. Komiya

Example 10. Consider three elements x = (0,4,5,5), y = (1.1, 2, 3,4), and
7z =(0.7,1.5,4,6) of R* Itis easily seen that x < yand y =< z,but x % z.

At first, we prove that the function § satisfies the triangle inequality.

Proposition 11. For any elements x, y, and z of R", we have

S(x,z) <d8(x,y)+6(y, 2).

Proof. Since §(x,z) = maxyea, Mingzemn(r, 7x — z), there is A’ € Ay such
that §(x, z) = mingcr (A, 7x — z). Take an arbitrary permutation 7’ in IT and

fix it. Then we have

8(x,z2) =min(\, mx —7'y+ 7'y —2)
mell

mip[(,\’, ax—a'y)+ W, 7'y —2)

e

=min(z' 'V, @ om)x —y)+ (V. 7'y — 2)
mell

=min(x "V, rx —y)+ W, 7'y —2)
mell

IA

max min{\, Tx — Aoy —
Jmax ﬂen< ¥+ y—12)

8()67 )’) + (A/vn/y _Z)'

Since 7’ € I1 is arbitrary, we have

8(x,2) — 8(x,y) <min{\, 7y — z)

well

< max min{\, Ty — z)
reAy mell

=68(y,2)
Therefore, we have §(x, z) < §(x, y) +8(y, 2).
Proposition 12. Let x, y and 7z be three elements of R".

1. Ifx 2gL v, thenx 3 y;
2. If(x Zgryandy Sz)or(x Syandy 3L 2), then x 3 2.

Proof. 1. Itis obvious by virtue of Corollaries 8 and 9.

2. Suppose that x 2z y and y = z. We have the following inequalities

3(x,2) <d(x,y)+48(»,2)
<d(x,y)+48(z,y)
<8(x,y) +68(z, x) +8(x,y)
<6(z,x)+25(x,y)
<6(z, x).
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Thus we have x = z. The other assertion is proved similarly.

Next, we define a distance on R" in terms of the function § and investigate
fundamental properties of the distance. Define a real-valued function d on R" x
R" by

dx,y) =68(x,y) V(y,x).

Theorem 13 asserts that d is almost a distance and compatible with generalized
Lorenz dominance.

Theorem 13. Forany elements x, y and z of R", the function d has the following
properties:

1. dx,y) = 0andd(x,y) = 0if and only if tx = y for some permutation
7w of N;

2. d(x,y)=d(y,x);

d(x,z) =d(x,y)+d(y, 2);

4. Ifx Z6L y 36L 2 then

»

d(x,y) <d(x,z) and d(y,z) <d(x,2).

Proof. 1. Itis obvious by virtue of Corollary 9.

2. Itis obvious from the definition of d.

3. [Itis a direct consequence of Proposition 11.

4. The following sequence of inequalities shows the first conclusion:

d(x,y) =68(y,x) =8(y,2) +8(z,x) =8(z,x) =d(x,2).
Similarly we have the inequality d(y, z) < d(x, z). O
The following proposition states fundamental properties of the distance d.

Proposition 14. For any element x and y of R" and a real number a, we have

1. dix+ae,y+ae)=d(x,y);
2. d(ax,ay) =oad(x,y)ifa > 0;
3. d(zwx,n'y) =d(x,y) for any permutations & and 7’ of Tl.

Proof. The proof of the first and second statements are obvious if we observe
that the corresponding properties hold for the function §. We can easily verify
the last statement observing the definition of d. O
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5. Distances between typical income distributions

We calculate several distances between typical income distributions. We prepare
some lemmas in order to advance the calculations. Define a subset M of R" by
M={,eR": A=Ay >--->A, >0}

Lemma 15. For any two elements x and y of R", we have

5(x,y) = A, xF— y*).
(x,y) x!ﬁ%’if X —=yY)

Proof. Put B = maxyepmnay (A, x* — y*). Firstly we show g < 8(x, y). Take
A€ MNAy suchthat 8 = (A, x*—y*) = (X', x*)— (X, y*). Take 7’ € ITsuch
that 7'y* = y, then we have 8 = (A/, x*) — (7’L/, y). Since (', wx) > (A/, x™*)
for all 7 € I1 by Lemma 5, we have
B <\, mx)— (7'}, y)

= @'V, (n"om)x) — ('), y)

= ('), (@ om)x — y).
Thus we have 8 < mingc(n’A, (7’ o m)x — y) because = is arbitrary, and
hence B < mingen(m’A, mx — y). Since 7'\’ € Ay, we have

B < gg@gp{(hﬂx y) =38(x, ).

Next we show the reverse inequality §(x, y) < B. Take A’ € Ay such that
8(x,y) = minger{A, mx —y) = ming (A, wx) — (A, y). Take 7’ € IT such
that 7’1" belongs to M, then ('), y*) < ()/, y) by Lemma 5, and hence we
have §(x, y) < minger(), mx) — (7', y*). Let 7" € II be the permutation
such that 7”x* = x. Then we have the following series of inequalities:

8(x,y) < min{}, (;m o w")x*) — (', y*)
well

= min((w o)X, x*) — ('), y¥)
mwell

IA

(JT/)\,/,.X*) - <7T/)\,/, y*>
(T[/)\./,.x* _ y*>

< max (A, x*—y*
AeMﬂAN( ’ )

B.

Lemma 16. I[fL € M N Ay and 0 < x1 < xp < --- < x,, then we have

k 1 k
2)»[)6,‘ < E2xi, k=1,2,...,n.
i= i=
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Proof. Fixanyintegerk with1 < k < n.IfAx > 1/k,thenitfollows Zle Ai >
1, which contradicts our hypothesis, and hence Ay < 1/k.Letip be the minimum
index such thatA; < 1/k.Thenwehave 1 <ig < k.Ifip = 1,then1/k > 1| >

. > )\, and hence we have the conclusion Zle Aix; < (ZLI x;)/k. Thus
we assume that 1 < igp < k hereafter. Then A; > 1/kfori =1,...,ip — 1 and
Ai < 1/kfori =ip, ..., k,andhencewehavel/k—A; < Ofori =1,...,ip—1
and 1/k — A; > 0 fori = ip, ..., k. Thus we have

| & k =1 koo
z;m—g)ﬁxi—Z(E—M)xi+2(z—ki)xi

i=1 i=ig

=1 /4 koo
> Xig—1 Z (% - )»i) + xig Z (E - )»i) :
i=1 i=ig
On the other hand, since
=1y ko1 ko1 k
Z(%—Ai)ﬁ-Z(%—ki) =Z(E—Ai) =1—ZA,» >0,

i=1 i=ip i=1

we have

Therefore, we have

1 k k
LS AES
i=1 i=1

| \Y
=
s &
S
L
=
S
- LM
\: /—\
M | =
|
i’ N g
?\7‘:'—‘ R ,
L
v N
L LM
VS
=1
|
g
N

O

We denote by e the element of R” whose components are all 1, and by e, the
element of R" whose components are all 0 except for the last component whose
value is 1. Then e and ne, has nonnegative components and the total sums of
the components are n. We denote by F), the set of all elements having such
properties, thatis, F, = {x € R" :x; >0,i =1,2,...,n and Zl’-’zl x; = n}.
We use the similar notation F, even if the subscript r is not necessarily equal to
n,thatis,foranyr > 0, F, = {x e R" : x; > 0,i = 1,2,...,nand >}, x; =
r}. The following proposition asserts that distance between any elements in F},
is at most 1 and distance 1 is achieved by pairs of these extreme elements with
respect to Lorenz dominance.
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Proposition 17. 1. d(x,y) < 1foranyx,y € F,.
2. dney,x) = (n — ma]té(x,)for any x € F,; therefore, for x € Fy,

d(ney, x) = l zfandonly ifx =e.
3. d(e,x) = 1—minjepy x; forany x € F,; therefore, forx € F,, d(e,x) =1
if and only if min;cy x; = O.

Proof. 1. Suppose x,y € F,. Note that §(x, y) = minpeay max;ey(xD —
v)i. It is easily seen that x =y e, and hence there is a doubly stochas-
tic matrix D such that xD = e by Theorem 2. Thus we have §(x, y) <
maXx;cy(e—y);.Since (e—y); < lfori =1,2,...,n,wehaved(x, y) < 1.
Exchanging the roles of x and y, we also have §(y, x) < 1. Therefore, we
have d(x, y) < 1.

2. Note that d(ne,, x) = 8(x, ne,) because ne, 3 x. Then we have a series

of equations:
8(x,ne,) = max (A, x* —ney,)
reEMNAy
n—1
= max Alx
rEMNA Y “
=0 i=I

1
= n—maxux; ).
n—1 ( ieN )

The first and third equations hold in virtue of Lemmas 15 and 16, respec-
tively.
3. By Lemma 15, we have

d(e,x) = 6(e, x)

= max (A,e—x")
reDNAy

= max ZA(I—x)

XEDQAN

Because | —xj > 1 — x5 >--- > 1— x5, the last maximum is attained at
A=(1,0,...,0),and we have d(e, x) = 1 —x{ = 1 — min;ep x;. O

Proposition 20 below refines the first assertion of Proposition 17. We first
show two lemmas used in proving the proposition. The proof of the first lemma
is similar to that of the first statement of Proposition 17 and we omit it.
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Lemma 18. For any elements x and y of Fy, we have d(x,y) < r/n.

Let Z,, be the set of all elements of F,, that have at least one element of zero,
thatis, Z, = {x € F, : min;cy x; = 0}.

Lemma 19. Ifx ¢ {e} U Z,, thend(x,y) < 1 forall y € F,,.

Proof. Suppose y ¢ Z,. Since x 31 e, there is a doubly stochastic matrix D
such that e = x D. Thus, we have

8(x,y) = min max(xD — y); < max(e —y)i < 1.
DeAn ieN

Similarly we have §(y, x) < 1, and hence d(x, y) < 1.

Suppose y € Z,. We can show §(y, x) < 1 with the same reason as above,
and we only need show 8(x, y) < 1. Note that 0 < xj < I and y] = 0. Take
any element A in M N Ay and puto = > 7' A (x — y¥). If Ay = 1, then we
havea = xf < 1.If Ay = I /n,theniy = --- =1, = 1/n,and hence o« = 0. If
1/n <X < 1, thenput u =>" 54 =1— 2 > 0. By virtue of Lemma 18,
we have

n

n—xy riof . n—xl S A . .
P ZZ— X — y, —Z;(xi_yi)v

i:2'u i=2

and hence

n *
p(n — xy)

> hi -y < ——12

— n—1

Thus, we have

_xl
—1

*
n—xj

o< )»1)61 + (1 —)\1)

= —1
n (xl )+ —1
1 n —xj
_1(x1 1)+ 1

= 1.
Therefore, we have o < 1 forall A € M N Ay, and hence §(x, y) < 1. O

Proposition 20. For any two elements x and y of F,,, d(x,y) = 1 if and only
if (x,y) € ({e} x Zy) U(Zy x {e}).
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Proof. The “if” part is direct consequence of the third statement of Proposi-
tion 17, and hence we proceed to the proof of the “only if” part.

Suppose that d(x, y) = 1. Then we have x = e or x € Z, by virtue of
Lemma 19. If x = e then we have y € Z, by the third statement of Proposi-
tion 17, and hence (x, y) € {e} x Z,. Thus we proceed to the case x € Z,. If
y ¢ {e}UZ,,then we have d(x, y) < 1 by virtue of Lemma 19 again.If y € Z,,
then take any element A in M N Ay. If Ay = 1/n,then Ay = --- =X, = 1/n,
and hence

n n n

1
E k,-(xf"—yf):;(g x; = E yi*)=0.
i=1 i=1 i=1

If Ay > 1/n, then we put p = D7, A; < (n — 1)/n and have
n n
D onGF =y =D kG =y
i=1 =2

oMo
—MZM(X,‘_Y,')
i=2

n

<
_'un—l

<1,

by virtue of Lemma 18. Thus, we have §(x, y) < 1, and hence d(x,y) < 1
with the symmetry of x and y. Therefore, y should be equal to e and we have
(x,y) € Z, x {e}. O

Now consider line segments in R". For two different elements x and y of
R", the line segment [x, y] joining x and y is usually defined by

[x,y]={( —=s)x+sy:0<s <1}

by virtue of the linear structure of R”. The following characterization of [x, y]
by the Euclidean distance dg, where dg(x,y) = /{(x —y,x — ), is easily
proved:

z € [x, y]if and only if dg(x, 2) +de(z,y) = dg(x, y).

Stimulated by this characterization, we define the line segment L, in F,, joining
ne, and e by

L,={x€F,:dne,, x)+dx,e)=dne,, e)(=1)}

in terms of our distance d. The following proposition characterizes the set L,,.
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Proposition 21. Let L, be the line segment in F, joining ne, and e defined
above, and let x € F,. Then, x € L, if and only if x has (n — 1) components
whose values are the same and the common value is less than or equal to the
value of the remaining component.

Proof. In case n = 2, it follows that F, = L, and we have nothing to prove, so
we assume that n > 3. By virtue of Proposition 17, we have

1
d(ne,,x)+d(x,e) = (n—maxxl-)—i—l — min x;
ieN ieN

n—1

=1+

! (n —maxx; — (n — l)minx,-)
n—1 ieN ieN
Thus note that x € L, if and only if x satisfies the equation max;ey x; + (n —
1) min;epy x; = n.

Suppose that x satisfies the equation maX;eny x; — (n — 1) minjen x; = n.
Take different two indices i1 and i> such that x;, = min;ey x; and x;, =
max;ey X;. Since xj, +(n—1)x;; =n = >7_, x;, we have zi#hiz(x,-—x,-l) =
0,and hence x; = x;, fori # ip. Thus we have x; = min;cy x; < x;, fori # is.

Conversely suppose that there is an index io such that x;, > x; forall i # ig
and there is « such that x; = « for all i # ip. Then we have max;en x; + (n —
Dminjey x; = xjg + (n — Da =", x; =n. m]

Takahashi [9] introduced an abstract convex structure in metric spaces and
developed fixed point theory for nonexpansive mappings. Let (X, d) be a metric
space and W be a mapping from X x X x [0, 1] to X. A triple (X, d, W) is said
to be a convex metric space if it follows that

d(ua W(X, y’ )")) S (1 - )\-)d(ua x) + )\.d(l/l, }’)
for (x,y,A\) € X x X x [0,1]and u € X.

Proposition 22. Let L, be the line segment in F,, joining ne, and e defined
above. Define a mapping W : L, x L, x [0,1] — L, by

W(x,y,A) =1 —1)x" 4+ ay*.
Then (X, d, W) is a convex metric space.

Proof. For an element x of the line segment L,,, put /(x) = min;cy X;. Then it
is easily seen that, for any two elements x and y of L, [(x) < I(y) if and only
ifx X y,and

1
d@x,y) = ——1l(x) =1,
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by virtue of Proposition 21. Moreover, we have [(W (x, y, 1)) = (1 — A)I(x) +
Al(y). Observing these results, it is easily seen that the inequality

dlu, Wx,y, 1) <0 —=2du,x)+ rd(u,y)
holds for any u, x, y € L, and A € [0, 1]. O

Next we calculate the distance between income distributions when some
transfer takes place between adjacent two individuals with respect to income
level, and the distance when the total wealth increases but the rate of the distri-
bution is unaltered.

Proposition 23. Let x be an element of F,.

1. Suppose that x| < xj,,, and take t > O with x;{ +1t < x{ | —t. Let
x" € F, be adistribution defined by x| = x} fori withi # k andi # k+1,
xp = xp +tand x; | = x; — t. Then we have

t
dx,x) = —.
(x, x7) k

2. Taker > 0. Then we have
dx,(l+rx)=r.

Proof. 1. Wehave d(x,x’) = d(x*, x') = §(x", x*) = maxyemnay (A, ¥’ —
x*) by 3 of Proposition 14 and Lemma 15. Since

x'—x*=(0,...,0,¢,—1,0,...,0),

the A’s in M N Ay can be restricted to A’s such that Ay = -+ = A, =
0. Hence, by Lemma 16, maxyepnay (A, X' — x*) = t/k and we have
d(x,x") =1t/k.

2. Note that d(x, (1 + r)x) = 8((1 + r)x,x) = maxXpemnay (A, rx*) =
rmaxyemnay (A, x*) = r. The second equation is due to Lemma 15 and
the last equation is due to Lemma 16. O

According to Proposition 23, if we measure the reduction of inequality by our
distance, then the reduction of inequality with transfer of ¢ from (k + 1)th ranked
individual to kth ranked individual can be compensated by the increase of total
wealth with the rate » = ¢/k without changing the distribution ratio.

Acknowledgments The author would like to express his gratitude to Professor Jean-
Michel Grandmont for his valuable comments on this paper he made during his visit to
Keio University.



A distance and a binary relation related to income comparisons 93

References

o

. Birkhoff, G.: Tres Observasiones sobre el Algebra Lineal. Univ. Nac. Tucuman Rev.

Ser. A5, 147-151 (1946)

. Hardy, G.H., Littlewood, J.E., Pdlya, G.: Inequalities, 2nd edn. Cambridge Univ.

Press, London (1952)

. Komiya, H.: Oninfinite doubly substochastic matrices. Z. Wahrscheinlichkeistheorie

verw. Gebiete 61, 119-128 (1982)

. Komiya, H.: Necessary and sufficient conditions for multivariate majorization.

Linear Algebra 55, 147-154 (1983)

Lorenz, M.O.: Methods of measuring concentration of wealth. J. Am. Stat. Assoc.
9, 209-219 (1905)

Marshall, A.W., Olkin, L.: Inequalities: Theory of Majorization and its Applications.
Academic Press, New York (1979)

. von Neumann, J., Morgenstern, O.: Theory of Games and Economic Behavior, 2nd

edn. Princeton Univ. Press, Princeton (1947)

Shorrocks, A.F.: Ranking income distributions. Economica 50, 3—17 (1983)
Takahashi, W.: A Convexity in metric space and nonexpansive mappings, I. Kodai
Math. Sem. Rep. 22, 142-149 (1970)



Adv. Math. Econ. 11, 95-104 (2008) Advances in

MATHEMATICAL

ECONOMICS
]
© Springer 2008

On preference relations that admit smooth utility
functions

Vladimir L. Levin*

Central Economics and Mathematics Institute of the Russian Academy of Sciences,
Nakhimovskii Prospect 47, 117418 Moscow, Russia
(e-mail: vl_levin@cemi.rssi.ru)

Received: February 9, 2007
Revised: August 21, 2007

JEL classification: C65
Mathematics Subject Classification (2000): 91B16

Abstract. We prove the existence of smooth utility functions for a class of preferences
(closed preorders) on a subset X in IR” which satisfies X = X + R’}.. This class of
preferences is given by the condition that adding one and the same positive vector to
each of two comparable alternatives cannot affect the preference relation between them.
Moreover, some its subclass consisting of total preferences admits linear utility functions.
Also, we prove the existence of universal smooth utilities for preferences depending on
a parameter. Our approach relies on our earlier results on continuous utilities for closed
(non-total) preorders on metrizable spaces along with a particular device that enable to
pass from a continuous utility to a smooth one.

Key words: closed preorder, utility function, stability with respect to shifts in positive
directions, smooth utility function, linear utility, universal utility theorem.

1. Introduction

This paper is concerned with preference relations admitting smooth utility func-
tions on subsets of IR”. Conditions for the existence of a smooth utility function
based on manifold theory may be found in [13]! for the case where the cor-
responding preference relation is a locally non-satiated closed total preorder
=< on an open subset X of IR”. Unlike this, we do not assume the preorder to

* Supported in part by Russian Foundation for Basic Research (grant 07-01-00048)
and by the Russian Leading Scientific School Support Programme (grant NSh-
6417.2006.6).

L In this connection, see also [1,4,5].
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be total (or locally non-satiated) and consider open or closed sets X satisfying
x € X,z € R} = x4z € X. Our approach relies on our earlier results on
continuous utilities for closed (non-total) preorders [8—10] combined with a par-
ticular device that enables us to pass from a continuous utility to a smooth one.?
We show that if < is closed and stable with respect to shifts in positive directions,
ie.x <y = (x+2) < (y+z) whenever z € R}, then there exists a smooth
utility function for < (Theorem 3.1). A condition imposed on preorder by this
implication seems rather specific, however, in many cases, it proves to be natural
and justified from the economic viewpoint. See, in that connection, [6,14] and
other papers on collective choice devoted to interpersonal comparability and
utilitarian social welfare functions.? In Theorem 3.2 and Corollary 3.1, we con-
sider some subclass of closed preorders that are total and stable with respect to
shifts in positive directions, and establish their representability by linear utility
functions.

Theorem 3.3 and Corollary 3.2 are concerned with the following question
arising in various parts of mathematical economics. Given a closed preorder
< depending on a parameter w, when is there a jointly continuous real-valued
function u(w, x) such that, for every w, u(w, -) is a smooth utility function for
=<,? We show that the answer is affirmative when all <, are stable with respect
to shifts in positive directions and the set {(w, x, y) : x =<, y} is closed in
Qx X xX.

The main results are formulated in Sect. 3 and proved in Sect. 4. Section 2
contains basic notions and auxiliary results.

2. Preliminary notions and results

A preorder on a set X is a binary relation < which is reflexive (x < x for all
x € X) and transitive (x, y,z € X, x <y, y <z = x < 7). Any preorder <
can be treated as a preference relation: x < y means that y is preferred to x.
Every preorder < determines two binary relations on X: the strict preference
relation <,

X<y <= x=<y butnoty <x,
and the equivalence relation ~,

x~y<=x=<y and y=<x.

2 The same device in a different context was used earlier when proving Theorems 3
and 4 in [12].

3 In these papers, a similar translation-invariance assumption x < y = (x 4+ z) <
(y + z) is considered for X = IR" and all z € R".
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A real-valued function u on X is said to be an utility function for a preorder
< if for any x, y € X two conditions are satisfied as follows:

x =2y = ulx) <u(y), (1

x <y=ukx) <u(y). )

Clearly, it follows from (1) that x ~ y = u(x) = u(y).
The pair of conditions (1) and (2) is equivalent to the single condition

x 2y < ulx) <u(y)

if and only if the preorder < is fotal that is any two elements of X, x and y, are
comparable (x < y or y < x). Moreover, if < is total, then x < y < u(x) <
u(y) and x ~ y < u(x) = u(y), that is, the preference relation is completely
determined by its utility function.

A preorder < on a topological space X is called closed if its graph,

gr(=) =={(x,y): x 2y},

is a closed subset in X x X. One of fundamental results in the mathematical
utility theory is a celebrated theorem due to Debreu [2,3], which asserts the
existence of a continuous utility function for every total closed preorder on a
separable metrizable space. Some generalizations of that theorem to the case
where the preorder is not assumed to be total were obtained in [8—10].4 In
particular, the following theorems hold true.

Theorem 2.1. Every closed preorder on a separable locally compact metriz-
able space admits a continuous utility function.

Theorem 2.2. ([9,10]). Suppose 2 and X are metrizable topological spaces,
and X, in addition, is separable locally compact. Suppose also that for every
w € Q a preorder <, is given on X, and that the set {(w,x,y) : x <, y}is
closedin Q x X x X. Then there exists a continuous functionu : 2x X — [0, 1]
such that, for every w € Q, u(w, -) is a utility function for <.

Remark 2.1. 1t is easily seen that if all <, are total, then the condition that
the set {(w, x,y) : x <, y}isclosedin Q2 x X x X is necessary (as well as
sufficient) for the existence of a continuous function u : 2 x X — [0, 1] such
that, for every w € 2, u(w, -) is a utility function for <.

We denote by P the set of all closed preorders on X. By identifying a
preorder <€ P with its graph in X x X, we consider in P the topology # which
is induced by the exponential topology on the space of closed subsets in the
one-point compactification of X x X (for the definition and properties of the
exponential topology, see [7]). Obviously (P, t) is a metrizable space. The next
result is obtained by applying Theorem 2.2 to Q = (P, t).

4 See also [11, Corollary 2.3].
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Corollary 2.1. (Universal Utility Theorem [9,10]). There exists a continuous
function u : (P,t) x X — [0, 1] such that u(<, -) is a utility function for <
whenever <€ P.

3. Main results

In what follows, X is a subset in IR” which is open or closed and satisfies
X = X + 1R’ Clearly, such a set is a domain or a closed domain.> Notice that
generally X is not convex, and its boundary is not smooth. In particular, one
can take X = F 4 IR’} where F is a finite subset in R".

For every positive integer r, we denote by C"(X) the class of all r times
continuously differentiable real-valued functions on X: u € C”"(X) if and only
if, for every x = (x1, ..., x,) € int X, all the partial derivatives

% u(x)

Y k4 tke=k k<
8fo1 ... axlf” "

exist and each of them is uniquely continued with preserving continuity to the
whole of X. Also we will consider the class of infinitely differentiable functions
onX,C®(X) =), C'(X).

Theorem 3.1. Suppose < is a closed preorder on X satisfying
x,yeX, zeR}, x=<xy=x+2)=2(+2), 3

then < admits an utility function u € C*(X).

We shall need an additional assumption as follows:
(A) For every y € int X there exists ¢ = ¢(y) > 0 such that the ball
B:(y) :={x e R" : ||lx — y|| < ¢&}is contained in int X and

XXy x+2=<0+2

whenever z € IR"}, x € B.(y).

Theorem 3.2. Suppose < is a closed total preorder on X satisfying (3) and A,
the following statements are then equivalent: (a)for some y* € int X, {x €
Be(yoy(v*) 1 x X y*} = clfx € By(y)(y*) 1 x < y*}; (b) there exists a vector
a € R" a # 0, such that ui(x) = a - x is a utility function for <.

The following translation-invariance assumption (cf.[14]) strengthens (3):

5 A closed domain is a connected closed set coinciding with the closure of its interior.
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(TIA) For every x, y € X,
XXy=>x+20=x0+2)

wheneverz e R", x +z,y+z € X.
Clearly, TIA may be equivalently rewritten as

X<y x+2)=<(+2

whenever z € R", x, y, x + z, y + z € X; therefore it implies both (3) and A.
The next result is derived from Theorem 3.2.

Corollary 3.1. Suppose < is a closed total preorder on X satisfying TIA, then
it is represented by a linear utility function.

For X = IR", a close result was obtained by Neuefeind and Trockel [14].6

Theorem 3.3. Suppose Q2 is a metrizable topological space, for every w € Q
a preorder <, is given on X satisfying (3), and the set {(w, x,y) : X <y, y} is
closedin Q2 x X x X. Then there exists a continuous functionu : 2x X — [0, 1]
such that, for every w € Q, u(w, -) belongs to the class C*°(X) and is a utility
function for <.

Let P (X) be the set of all closed preorders on X satisfying (3) for z € R’}
Clearly, P (X) is a subset of P(X), and we consider it with the induced topology

1P (x)-
Corollary 3.2. There is a continuous function u : (P1(X), t|p,x)) X X —

[0, 1] such that, for every <€ P1(X), u(=, -) belongs to the class C*°(X) and
is an utility function for <.

4. Proofs

Suppose 7 € CP(R"), [ga n(z)dz1...dzys =1,1n(z) > Oforz € int R" =
{z=(1,....z0) 21 < 0,...,2, < 0}, and n(z) = 0 for z ¢ R". An
example of such a function is as follows:

nz) = (/0 h(—t)dt) Hh(zi), z2=(21,...,20),
i=1

where

0 fort > 0,
h() = { exp(t — tlz) fort < 0.

6 Although in [14] it is not explicitly supposed that a preference relation satisfying
TIA and other hypotheses of [14, Proposition] is transitive or total (complete in
other terminology), it proves, in fact, to be a closed total preorder.
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Given a continuous function v : X — [0, 1], we extend it (without pre-
serving continuity) to the whole of IR” by setting v(x) = O for x ¢ X and
define a function ®(v) on IR” to be the convolution of v and 7: for every
x =(x1,...,x,) € R?,

QW) (x) == (v*n)(x) = /IR v(x —2n(z)dzi ... dz,

_ / (@ — 2)dz .. dz. )
X

Since n € C*°(IR"), it follows from (4) that ®(v) € C*°(R"), and since
n(—z) =0for z ¢ R, we get

d(v)(x) = / v(x + )n(—z)dzy...dz,. Q)
R
Clearly, ®(v)(X) C [0, 1].

The next lemma is a direct consequence of the above observations.

Lemmad.1. ®(v)|x € C®(X) and ®(v)|x : X — [0, 1].

Lemma 4.2. Suppose < is a closed preorder on X satisfying (3), and v : X —
[0, 1] is a continuous utility function for it. Then ® (v)|x is a (continuous) utility
function for <, too.

Proof. If x < y then, by (3), (x +2z) < (y +z) forall z € R", and as v
is a utility function, we get v(x + z) < v(y + z). It follows from (5) that
D) (x) < P()(y). If now x < y,then v(x) < v(y) and v(x +z) < v(y +2)
for all z € IR’,.. Moreover, since v is continuous and v(x) < v(y), there is
8 > 0 such that v(x + z) < v(y + z) whenever z € R’} |z|]| < §. Let
B={z=(z1,...,z0) € R : |lz]| < &}. We have

/v(x+z)n(—z)d11...dzn </ v(y +2)n(—z)dz1 ... dz,,
B B

/ v(x +2)n(—2)dzy...dz, < / v(y + 29)n(—=2)dz1...dzn,
R’ \B R\ B

and we deduce from (5) that ®(v)(x) < ®(v)(y), that is ®(v)|x is a utility
function. o

Proof of Theorem 3.1. Let v : X — IR be a continuous utility function for <.
Such a function exists according to Theorem 2.1. Taking into account that for
any real numbers a, b the equivalences hold true

<be& a < b
a 9
- 1+al = 1+ 1|b|

a b
a<bs

< )
1+ lal ~ 1+b]
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one can assume’ that v : X — [0, 1]. We define u = ®(v)|x. Then, by Lemma
4.1, u € C*®°(X), u(X) c [0, 1], and, by Lemma 4.2, u is a utility function
for <. O

Proof of Theorem 3.2. (a) = (b) Given y € int X, we consider the set
Mc(y) ={x e X :x Zy}NB(y), 0<e=ey).

Then, for every z € R", one has y + z € int X, and by A, M.(y + 2) =
M:(y) +z. Letu : X — IR be a C*-smooth utility function for <. Such a
function exists according to Theorem 3.1. Since the preorder < is total, one has
fx:x=<xyl=&:ux) <u(y)land {x : x < y} = {x : u(x) < u(y)}
whenever y € X. It follows that M, (y*) is a closed domain with a smooth
boundary {x : u(x) = u(y*)}N B.(y*). Since y* is a boundary point of M, (y™*),
and since the boundary of M, (y*) is smooth, the normal toitat y* is well defined.
We take @ = (ay, ..., a,) to be the unit normal vector at y*, which is directed
outside M, (y*); then Vu(y*) = ||[Vu(y*)||a. Now take a point y! € IR" such
that y! > y and y! > y*; then y! € int X and y! = y 4+ z = y* + z* where
z,7* € R’} and we get

M:(y") = Mo(y) + 2 = M (") + 2*

whenever ¢ is small enough. Thus, M, (y) is a shift of M, (y*); therefore, it is
a closed domain with a smooth boundary, y is its boundary point, and a is its
unit normal vector at y directed outside M. (y). Then Vu(y) = ||Vu(y)|la for
any y € int X; therefore A(y) := || Vu(y)|| is C°°-smooth, and

aA(y)  9r(y)
a; a;

= , yeintX, i,je{l,...,n}. (6)
ay; T 9y

We will show that for any x, y € int X an equivalence holds as follows:
u(x) <u(y) & a-x=<a-y. @)

Notice that if there exists a smooth function /# : R — IR such that

dh(t
Ax) = %It:w, x eint X, (8)

then % is increasing and u(x) = h(a - x) + const, therefore, (7) holds. Let
us prove the existence of such a function . We assume, for the sake of def-
initeness, that a; # 0, and pass from x = (x1,...,x;) to new variables
y = (¥1,...,yn) = Ax, where y1 = a1x) + axxa + -+ + anXp, Yo = Xk
(k=2,...,n).Lety = Ax, and u(y) := A(A~1(y)) = A(x). One has

7 By passing, if needed, from v to % + %%Iv\
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oA d ar 0 0
_:_Mal’ —:—Mak—‘r——u/ (k:2,,n),
dx; Ay oxy  0y1 0yk

and by taking into account (6), we derive from here

O _ 0% @ O s,

Yk 0xr  ap 0xy
It follows that ©(y) depends on y; only, i.e., A(x) is a function of a - x; then
there is a smooth function Ag : R — (0, o0) such that A(x) = Ag(a - x), and
(8) is satisfied for & being a primitive function of Xg.

Thus (7) is established. Since u is a utility function for <, (7) can be rewritten
asx <y<sa-x <a-yforallx,y € int X.Letnow x, y be arbitrary elements
of X, and take z € int ]Rﬁ_. Then x 4+ tz, y + tz € int X whenever ¢ > 0, and
one gets two chains of implications:

XXy=>(x+2) <0+ =>a-x+2)<a-(y+z)=>a-x<a-y,
a-x<a-y=a-(x+tz) <a-(y+1tz) vVt >0
Sux+tz) u(y+t2) Vi > 0= ulx) <u(y) =>x <Xy,

and the result follows.
(b) = (a) Obvious. |

Proof of Corollary 3.1. Itsuffices to consider only the case where statement (a)
of Theorem 3.2 fails. We will show that then y! ~ y? for all y!, y? € X, hence
<=~ is represented by the linear function u(x) = 0. Thus suppose (a) is not
true, consequently, for every y € int X there is y' € By(,)(y) C int X such
that y' ~ y and y’ ¢ cl{x € Be(y)(y) : x < y}. Then, for some 0 < § < (y),
Bs(y') C int X and

Bs(y) N {x € Be(yy(y) 1 x < y} =&,

and since < is total, y < x’ whenever x’ € Bs(y’). Since y' ~ y, one gets
y' < x" whenever x’ € Bs(y’), and, by TIA, y < x whenever x € Bs(y) =
Bs(y") 4+ (y = ¥).

Now, given two points in intX, y1 and yz, there are 0 < §; < 8(y1) and
0 < & < s(yz) such that y1 < x! and y2 < x2 whenever x! € Bs, (yl),
x? € Bs,(y?). Then, for § = min(8y, 8) and z = (1 — )y + 1y, 0 <t < 1,
one has Bs(z) C int X, and, by TIA, z < x whenever x € Bj(z). Let us
consider the closed segment IOGL YY) ={z=U -0y ' +1y?:0<1t <1}
If [[y! — y?|| < 8 then y! < y?, otherwise there is a sole point z' € I(y!, y?)
such that ||y! — z!|| = 8, and we get y! < z!. If |z! — y?|| < 8 then z! < y?,
otherwise there is a sole point z> € I(z!, y?) such that ||z! — z?|| = &, and we
get 7l =< 2. If ||z2 — y2|| < § then 72 < yz, otherwise there is a sole point
23 € 1(z%, y?) such that ||z2 — 23|| = &, and we get 72 < Z3. This process
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ly' =l Iy' =2l : .
ends after k steps where e 1 <k < S and we obtain a point
* e I(zk’l, yz) such that ||zk — zk-1 || <6, therefore < yz. Thus, we have

y1 <zl <22 <. << A< yz, and since y1 and y2 were taken
arbitrarily from int X and the preorder < is closed, it follows that y! ~ y? for
all y', y2 € X. i

Proof of Theorem 3.3. According to Theorem 2.2, there exists a continuous
function v : 2 x X — [0, 1] such that, for every w € 2, v(w, -) is a utility
function for <,,. We consider w as a parameter and define u(w, -) = ®(v(w, -)).
Arguing as in the proof of Theorem 3.1 we see that, forevery w € Q, u(w, X) C
[0, 1], u(w, -) € C*(X), and u(w, -) is a utility function for <,,. The theorem
will be established if we prove that u is continuous as a function on 2 x X. To
this end, take in 2 x X a convergent sequence (&, x*) > (w, x). Since v is
continuous, we have v(w, x +z) = klim v(wk, x¥ 4 z) whenever z € R, and
—> 00

as 0 < v < 1, the Lebesgue dominant convergence theorem can be applied, and
we get

/ v(w, x +2)n(—2)dz1...dz,
R

n
+

= lim v(a)k, x4+ 2n(—=z)dzy...dzy,

k— o0 R"
thatis u(w, x) = lim u(o, x*). O
k— 00
Proof of Corollary 3.2. This is a particular case of Theorem 3.3. O
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Abstract. We reconsider the no trade theorem in an exchange economy where the
traders have non-partition information. By introducing a new concept, rationality of
expectations, we show some versions of the theorem different from previous works,
such as Geanakoplos (http://cowles.econ.yale.edu, 1989). We also reexamine a standard
assumption of the no trade theorem: the common prior assumption.
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1. Introduction

The no trade theorem has shown that new information will not give the traders
any incentive to trade when their initial endowments are allocated ex ante
Pareto-optimally. In this theorem, there are two standard assumptions: (1) the

* This article constitutes part of the second author’s Ph.D. dissertation (Ishikawa
[4]). He is grateful for the many conversations with Akira Yamazaki and Shin-
ichi Takekuma. The authors also thank Chiaki Hara and the anonymous referees for
the valuable comments. The first author is partially supported by Grants-in-Aid for
Scientific Research (C) (No. 18540153) from the Japan Society for the Promotion of
Sciences. The second author is partially supported by Grant-in-Aid for Young Sci-
entists (B) (No. 19730137) from the Ministry of Education, Culture, Sports, Science
and Technology.
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partitional information structure, and (2) the common prior assumption. This
paper explores the extent to which these two assumptions are generalized in the
theorem.

In recent years, several investigators have already generalized the assump-
tions in this theorem. For (1), Geanakoplos [3] neatly analyzes non-partition
information structure! with the introduction of a new concept, positive bal-
ancedness. With this concept, he examines several classes of non-partition
information and the relations among them, and characterizes Nash equilibrium
and rational expectations equilibrium in those classes.

Our paper discusses similar issues, but captures different features from his
analysis with a new concept, rationality of expectations. This concept means
that each trader knows his own expected utility. As shown later, this requirement
does not necessarily imply either partitional information structure or positive
balancedness. Moreover it does not require that traders are risk-neutral or risk-
averse, which is usually assumed in this literature (c.f. [7,15]).

We do not need (2), the common prior assumption, although recent research
shows that the common prior gives a necessary and sufficient condition for the
no trader theorem (See [2,8,11,14]). Among those authors, Morris [8] explores
different varieties of heterogeneous prior beliefs. We comment on heteroge-
neous priors in our model below.

Several variations of the no trade theorem have been developed. Neeman
[10] applies itin the case of p-beliefs, Luo and Ma [5] in the non-expected utility
case, Morris and Skiadas [9] in the case of rationalizable trades, and so on. Our
model applies it to expected utility and rational expectations equilibrium, and
therefore uses the standard setting of the original as Milgrom and Stokey [7]
and Sebenius and Geanakoplos [15].

This paper is organized as follows: In Sect. 2 we define an economy with
non-partition information structure and rational expectations equilibrium in our
economy. The key notion, rationality of expectations, is defined in this section.
In Sect. 3 we show two extended no trade theorems, and we comment on welfare
of the rational expectations equilibrium in our economy. In Sect. 4, we give an
example to compare with Geanakoplos [3]. In the example, we consider non-
partition information different from that of Geanakoplos. Finally Sect. 5 gives
comments on the common prior assumption.

1 Brandenburger et al. [1] analyze correlated equilibrium in games with non-partition
information. In addition, Samet [13], Rubinstein and Wolinsky [12], Matsuhisa and
Kamiyama [6], and others show the Aumann’s disagreement theorem in the non-
partition information.
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2. Model of an exchange economy

Let  be a non-empty finite set called a state space and let 2% denote the field
of all subsets of €. Each member of 2% is called an event and each element of
Q2 called a state. We consider the set N of n traders; i.e., N = {1,2,...,n}.

2.1. Information and knowledge

We define i’s possible correspondence P; : Q — 282 \ @ where P;(w) is
interpreted as the set of all the states that trader i thinks are possible at w. A
special class of correspondences (P;);cy is called RT-information structure® if
the following two conditions are satisfied for every i € N:

Ref : w € P;(w) for every w € Q.
Trn : & € P;(w) implies P;(§) C P;(w) forall £, w € Q.

The possible correspondence gives rise to i ’s knowledge operator K; defined
by K;E = {w € Q| P;(w) € E}, which is the event that i knows E. Then P;
satisfies Ref if and only if K; satisfies ‘“Truth’:

T : K;E C E forevery E € 2%
It satisfies Trn if and only if K; satisfies “positive introspection”:
4 : K;E C K;K,E forevery E € 2%,
The common knowledge operator K¢ is defined by the infinite recursion of

knowledge operators:

KcE:= () (\  KiKi...K,E.
k=1,2,...{i1,i2,...,ixgJCN

Given the RT-information structure (P;);en, the commonly possible operator is
the correspondence M : Q — 2% defined by

M) = ] (Py(Piy(- Py () -+))),

where the union ranges over all finite sequences of traders. We note that w €
K¢ E if and only if M (w) € E.3

2 The RT-information structure stands for the reflexive and transitive information
structure. Geanakoplos [3] refers the former as nondelusion and the latter as knowing
that you know (KTYK).

3 See Samet [13] for details.
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2.2. Economy with RT-information structure
We define a pure exchange economy with RT-information structure £ as a tuple

(N, (2, (P;, mi)ien), (i, Upien),

which consists of the following structure and interpretations: There are / com-
modities at each state, and it is assumed that i’s consumption set at each state
is Rﬂr. Each trader i has a state-dependent endowment ¢; : Q — ]RIJr with
e €ilw) > 0 for all w € €, a quasi-concave von Neumann—Morgenstern
utility function U; : RI_F x 2 — R, and a subjective prior u; on 2 with full
support* forevery i € N.In our economy £, we assume that i s utility function
Ui (-, w) for each w is continuous and strictly quasi-concave.

The traders trade according to a profile ¢ = (#;);en of functions ¢ from
Q into R. A trade is said to be feasible if, for all i € N and for all w € €2,
ej(w) + tj(w) > 0 and Zie y ti(w) < 0. Given initial endowments (e;);en
and any feasible trade ¢ = (#;);en, We refer to (e; + f;)ieny as an allocation
a = (a;)ien. Note that an allocation is D,y ai (@) < D .y ei(w) for every
o € Q. We denote by A the set of all allocations and denote by .4; the projection
of A onto player i’s allocations.

For i’s allocation a; € A;, each trader i has expectations; i’s ex ante expec-
tation is defined by E;[U; (a))] := 2, cq Ui(ai(w), ) (w). Then we define
ex ante Pareto optimality as follows:

Definition 1. The endowments (e;)ien are said to be ex ante Pareto-optimal
if there is no allocation (a;)ien such that E;[U;(a;)] > E;[U;(e;)] for every
traderi € N with at least one strict inequality.

For i’s allocation a; € A;, we define i’s interim expectation at v €
as E;[U; (a)| Pil(®) := 3 cq Ui(ai(§), §)1i(§] Pi(w)). Then we define the
acceptability of i’s trade as:

Definition 2. Given a feasible trade t = (t;);en, t; is acceptable for trader
i € N atstate w € QIfE;[U;(e; + 1;)| Pi](w) > E;[U;(e;)| Pi ().

We denote by Acp; (#;) the set of all the states in which ¢; is acceptable for i, and
denote Acp(t) := ) ien Acpi(t;). Furthermore we set the event of i’s interim
expectation for the trade #; at w:

[E;[Ui(e; + 1) Pil(w)] :={§ € Q| E;[U;(e; +1;)|P;1(§) = E;[U;(e; + 1;)| Pil(w)}.

Given the event [E;[U; (e; +1;)|P;]1(w)], we denote R;(t;) = {w € Q| Pi(w) C
[E;[Ui(e; + ;)| Pi1(w)] } and R(t) = ();cn Ri ().

4 e, 1i(w) > 0 for every w € Q.
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Definition 3. A frader i is rational about his expectation for his trade t; at w
ifw € Ri(t;); that is, v € K;([E;[U;(e; + ;)| P;](w)). A trader i is rational
everywhere about his expectation for t; if R;(t;) = Q.

The event R; (¢;) means that trader i knows his expected gain from #; at w. Trader
i is interpreted as knowing his interim expected utility at w. If we consider the
standard information structure of a partition on €2, trader i is necessarily rational
everywhere; i.e., R;(#;) = Q.

2.3. Price system and rational expectations equilibrium

A price system is a positive function p : Q — Rﬂr - The budget set of a trader i
at a state w for a price system p is defined by B; (w, p) = {a € Rﬂr | p(w)-a <
p(@) - ei(@)).

We denote A(p)(w) = {£ € Q| p(§) = p(w)} and A(p) the partition
induced by p ie., A(p) = {A(p)(w)| w € 2}. When trader i learns from
prices, his new information is represented by a mapping A(p) N P; : Q — 2%
defined by (A(p) N P;)(w) := A(p)(w) N P;(w). Note that (A(p) N P;)ien, as
well as (P;);en, 1s RT-information structure.

Definition 4 (Geanakoplos [3]). A rational expectations equilibrium for an

economy & is a pair (p, x), in which p is a price system and x = (X;)ieN

is an allocation satisfying the following conditions:

RE 1 Foreveryw € Q, >y Xi(w) = >y ei(w).

RE 2 Forevery w € Q and eachi € N, x;(w) € B;i(w, p).

RE3 If Pi(w) = P;(§) and p(w) = p(§), then xij(w) = x;(&) for trader
i €N foranyé&, o€ Q.

RE 4 Foreachi € N and any mapping y; : Q2 — Rﬂr with yi(w) € Bi(w, p)
forall w € L,

E;[U;(x)|A(p) N Pi](w) 2 E;[U; (y)|A(p) N Pi](w).
The profile x = (x;);en is called a rational expectations equilibrium allocation.
For i’s trade ¢;, we set
Ri(p, 1) == {w € Q| (A(p) N P)(w) S [E;[Uile; +1;)|A(p) N Pil(w)]},

and denote R(p,t) = ﬂieN Ri(p, t;). The set R;(p, t;) is interpreted as the
event that i knows his interim expectation for his trade #; when he receives
some new information from the price system p, and R(p, t) is interpreted as
the event that everyone knows his interim expectation for his trade with the
price system p.

Definition 5. A trader i is said to be rational about his expectation for t; with a
price system p at o if w € R;(p, t;). All traders are rational everywhere about
their expectations for t with p if R(p, t) = Q.
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3. No trade theorems

In this section we shall give two extensions of the no trade theorem of Milgrom
and Stokey [7]. In addition, we show the welfare of the rational expectations
equilibrium.

3.1. No trade theorem with RT-information structure

The following is a direct extension of Milgrom and Stokey’s theorem to an
economy with RT-information structure, which will be proved in Appendix.

Theorem 1. Let £ be an economy with RT-information structure, and let t =
(ti)ien be a feasible trade. Suppose that the initial endowments (e;)ien are ex
ante Pareto optimal. Then the traders can never agree to any non-null trade at
each state where they commonly know both the acceptable trade t = (t;) and
where they are rational about their expectations for the trade; that is,

t(w) =0ateveryw € Kc(Acp(t) N R(t)).

To state this in a different way, we introduce the knowledge operator K l.(p )

associated with a price system p, whichis defined by Ki<p) E={weQ (A(p)N

P;)(w) € E}. The common knowledge operator K ép ) associated with p is also

defined by

P - ._ (P) - (P) (p)
KPE:= ) N k7”& ... KE.
k=1,2,... {i1,i2,..., ix}CN

Then we obtain another no trade theorem with a price system p in the same way
as Theorem 1.

Corollary 1. Let €& be an economy with RT-information structure. If e =
(ei)ien is a rational expectations equilibrium allocation relative to some price
system p with which all traders are rational everywhere about their expecta-
tions for the trade t = (t;);ienN, then the traders can never agree to any non-null
trade at each state where they commonly know the acceptable feasible trade;
that is,

t(w) =0ateveryw € K(Cp)(ACP(t))-

3.2. Welfare in an economy with knowledge

We examine the welfare of the rational expectations equilibrium in our economy.
It is characterized from the viewpoint of ex ante optimality. This will be proved
in Appendix as well as Theorem 1.
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Proposition 1. In an economy with RT-information structure £, let an alloca-
tion x = (x;)ienN be a rational expectations equilibrium allocation relative to
some price system p with which all the traders are rational everywhere about
their expectations with respect to (x; — e;)icn. Then x is ex ante Pareto optimal.

4. Example

We give an example to make clear the difference with Geanakoplos [3]. In our
model, we impose reflexivity and transitivity on traders’ information structure
while Geanakoplos imposes reflexivity and positive balancedness as follows:

Definition 6. The information structure (2, P) is called positively balanced
with respect to E C 2 if there is a function A : P — R such that

> MOxc(w) = xe forallw e Q,

CeP
CCE

where P := {F € 29| F = P(w) for some w}, and x4 is the characteristic
function of any set A C Q.

Although positively balanced information structure is weaker than partitional
structure, it does not necessarily imply RT-information structure.> Therefore our
theorem under RT-information structure is obtained under a different setting in
which the information structure is reflexive and transitive but not positively
balanced. The following example illustrates a consequence of our theorem.

Example 1. Consider an economy £ with RT-information structure where there
is a single contingent commodity. The economy consists of: N = {1, 2}, Q =
{w1, w2, w3, w4}. The endowments, information structure, traders’ priors and
utilities, and their trades are given as Table 1:

In this example, the RT-information structure is not positively balanced and
the endowments are allocated ex ante Pareto-optimally. In addition, we do not
specify the traders’ attitudes toward risk like Geanakoplos [3], but unlike several
other papers such as Milgrom and Stokey [7], or Sebenius and Geanakoplos
[15]. This means that the crucial character of utility is strict quasi-concavity or
monotonicity.

For the feasible trade t = (t;);jcn, Acp(t) = Q and then K¢ (Acp(¢)) = Q2.
Non-zero trades, however, occur at w{, @y, and w3. Thisis because R(t) = {w4}.
That is, Kc(Acp(t) N R(t)) = {w4}. In this case, zero trade occurs at the
state wy.

5 See Geanakoplos [3, p.19] for these relations.
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Trader 1 Trader 2
5/2  for w
1/3 f 1 for wi, W2
or
(ei) e1(w) = @2 er (@) i=15/2  for s
1 for w3
1 for wy
2 for w4
xg for w;
X for wi, wy 5 "
or
W) Uiv,o) = {x5  for o Ux.w)i=1" “
) X for w3
X for w4 5
X for w4
r{a)l,a)3} for w1 r{a)l,wg} for w1
{wr, w3}  for wy {wr} for wy
(P)  Pi(w):= Py (w) =
{w3} for w3 {wr, w3}  for w3
{wq} for w4 {wq} for w4
1/2 for w 1/6  for w
(ui)  pi(w):=11/3 for ma(w) == 11/2  for w
/12 for w3, wa 1/6  for w3, w4
3/5 for w —-3/5 for w
—2/15  for wy 2/15  for w;
(&) hw):= / h(w) = /
4/5 for w3 —4/5  for w3
0 for w4 0 for w4

On the whole, what role does the rationality of expectations play in our
model? Since, under this concept, each trader knows his expected utility of a
given trade, a relationship is stipulated between traders’ information structure
and expected gains. This approach is similar to the non-partition information
technique of Aumann’s disagreement theorem.
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The technique is made clear by Rubinstein and Wolinsky [12] and
Matsuhisa and Kamiyama [6], whose analyses are based on the decomposi-
tion of information structure of Samet [13]. However, their two analyses are
slightly different from each other. Rubinstein and Wolinsky give a result relat-
ing two functions of 2% between players, whereas Matsuhisa and Kamiyama
analyze each player’s function of 2 with the same assumption as our rational-
ity of expectations (Lemma 1 in Appendix). The latter approach enables us to
analyze trader’s interim expected utility from the ex ante viewpoint (Lemma 2
in our Appendix). Therefore we prove our no trade theorem with the rationality
of expectations as an application of Samet’s decomposition a la Matsuhisa and
Kamiyama.

5. Concluding remarks

This paper has examined the no trade theorem under RT-information structure
by introducing the concept of rationality of expectations. Although this situa-
tion has been investigated by Geanakoplos [3], our no trade theorem is shown
under a slightly different setting as illustrated above, i.e., not positively balanced
but RT-information structure. As stated in the Introduction, the common prior
assumption is another standard assumption in the no trade theorem. Finally we
comment on the relation between this assumption and our model.

Recent research shows that a common prior is a necessary and sufficient
condition of the no trade result [2,8,11,14]. Among these authors, Morris
shows the no trade result with heterogeneous priors in a general belief system
([8, p. 1336]).

In our framework, Morris’s belief condition, called the public consistent
concordance, means that, for any trader i, j € N, u; (§|Pi(w)) = u;(§|Pj(w))
for any &, w in a common knowledge event. Referencing to our example again,
although Acp(t) is a common knowledge event, any state except w4 is not
public consistent concordant. Therefore, as shown by Morris [8, Corollary 3.2],
there exists a common knowledge event that non-zero trade occurs from ex
ante Pareto efficient endowments. Our result is consistent with Morris’s under
non-partition information structure.’

Appendix
Basic lemmas

In a decision set €2, a function f of 2% is said to be preserved under difference
provided that, if f(S) = f(T) =d, then f(T \ S) = d for all events S and T

6 See Ng [11, Remark 2, p. 46].
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with § C T'. Furthermore the function f is said to satisfy the sure thing principle
if f(SUT) = d for two disjoint events S and T with f(S) = f(T) = d. When
we consider the function f;(a;) : 2 — R for a; € A;, which is defined by

fila)(X) :=E;[Ui(@)|X] = D Ui(ai (&), £)i (€] X),

EeQ

it is preserved under difference and satisfies the sure thing principle. Then
we show the first lemma proved as the Fundamental lemma in Matsuhisa and
Kamiyama [6].

Lemma 1. Let P; be i’s RT-information structure and I1; be the partition
induced by P; such that Tl;(w) = {§¢ € Q| Pi(§) = P;(w)}. Then, if
Pi(w) € {§ € Q| fa)(Pi(§) = f(ai)(Pi(w)} for w € Q and a; € A,
filai)(Pi(w)) = fi(ai)(I1;(§)) for every § € Pi(w).

Let M be the common possible operator associated with Kc.

Lemma 2. Let & be an economy with RT-information structure andt = (t;)jen
be a feasible trade. If o € Kc(Acp;(t;) N R;) for eachi € N then the following
equality is true:

E;i[U;i (1] + )| P1(w) = E;[U; (&) | Pil(w), (D

where the trade t* = (t7);cn is defined by

2)

0 otherwise.

@) = [ti(é) if § € M),

Proof. We specity I1;(w) = {§ € Q| P;(§) = P;(w)} for every w € Q. We
can observe the two points: First #* = (tl.*),-E ~ 1s feasible because so is £, and
secondly M (w) = I1;(§1) UIL;(§2)U- - -UIL; (§k) for & € M(w) (1 <k < K).
We notice by Lemma 1 that, given a; € A;,

E;[Ui(a;)| P)1(E) = E;[U;(a;)| I1;1(§) forallé € M(w). 3)
Then, it follows that

K
E(Ui(f +e)l=> > Uit +ei®). )pi(€)

k=1 &ell; (&)

D Uie®). H)ui)

EeQ\M(w)
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Il
M=

wi TTE)E; [U; (t; + ;)| Pi1(5k)

»
I
_

+ D Uiei®).6)mi®)

E€Q\M ()

2 wi (XI1; E))E; [U; (ei)| Pi1(5x)

+ IM=

> Uiei®), &)pi(®) )

E€Q\M (w)
= E;[U;(e)].

Inequality (4) is owing to & € M (w) € Acp(t;) for all k. That is, P; (&) <
M(w) € Acp(t;) forevery & € M(w) (1 <k < K).

Therefore, if equation (1) does not hold, inequality (4) holds strictly. This
means that E;[U; (tl.* + ¢;)] > E;[U;(e;)], in contradiction to the assumption
that (e;);cn 1s ex ante Pareto optimal. |

Proof of Theorem 1

Suppose to the contrary that #; (w) # 0 at some w € Kc(Acp(t) N R(t)). We
set A; := {w € Kc(Acp(t) N R(?))| ti(w) # 0}. Then we define the trade
t* = (t;);en in Lemma 2 as follows:

O if £ e A,

0 otherwise.

17(§) = [ ©)

Since #; (£) is feasible, so is #. Noting that ¢; + %t,- is a convex combination
between ¢; and e; + t;, it follows from w € A; € K¢ (Acp(t;)) and the quasi
concavity of U; that

E; |:Ui (ei + %ti) |Pii| () = Ei[Ui(e; +1)|Pil(w) > E;[U;(e;)| P [(w),

in contradiction to the ex ante Pareto optimality of (e;);cn for the same reason
as Lemma 2. O

Proof of Proposition 1

We set I1; (p)(w) := {§ € | (A(p) N P)(E) = (A(p) N Pi)(w)} for each
w e QL. Then 2 = Ulel'li(p)(wk). Since A(p)N P; isi’s information structure
and R;(p,x;) = R, it follows from Lemma 1 and RE 4 that, for all £ €

;i (p)(w) € (A(p) N P)(w),
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Ui x)I(A(p) N P)IE) = E;[U; (xp)|TT; (p)](§)
> E;[Ui(en)|(A(p) N P)IE) = E;[U; (e)T1; (p)1(8)-

By adding up the above inequality over IT;(p), we obtain that, for all i € N,

K
EilUi(x)] = D i (T (p) (@) Ei [U; () 1T (p)1(er)
k=1

K

> > i (i (p) (@) Ei[Ui ()T (p) 1 (x)
k=1

= Ei[Ui(e)].
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Abstract. This study examines the Le Chatelier Principle in intertemporal models of
the firm with a delivery lag for capital. Adjustment costs are attached to labor and capital.
Dynamic demands for labor and capital investment obey the principle when short-run
and delivery-period factor price responses are compared. If own-adjustment parameters
for quasi-fixed inputs are between zero and minus unity, a form of the principle holds
when comparing delivery-period and steady-state factor price responses. Adding variable
factors, the principle arises for quasi-fixed and variable factors in response to quasi-fixed
factor prices but not to variable factor demands and variable factor input prices.

Key words: Le Chatelier principle, adjustment costs, Marshallian short run, dynamic
demands, investment

1. Introduction

The Le Chatelier Principle, introduced into the economics literature in [16, pp.
36-39], provides one possible explanation for the inertia that is evident in eco-
nomic systems. This principle asserts that, while a subset of choice variables
are fixed, optimal decision rules for the remaining choice variables, available

* T am indebted to Adrian R. Fleissig, Boris S. Mordukhovich, and Peter J. Schmidt
for helpful discussions and to Eric W. Bond, Louis D. Johnston, and John J. Seater
for comments on a previous draft of this paper. I received useful comments from the
members of the informal afternoon workshop in the Department of Economics at
Wayne State University and from seminar participants at Michigan State University.
The usual disclaimer applies regarding responsibility for errors and omissions.
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to an economic agent, will display price elasticities that are less elastic when
compared to their counterparts arising when all choice variables can be set opti-
mally. Thus the short run in an economy is frequently described as having
inelastic demands when compared to their full equilibrium versions, thereby
providing one possible explanation of why economies display inertia with eco-
nomic magnitudes responding sluggishly to shifts in economic incentives.

This principle has been studied by a number of authors. Silberberg [18]
established that Le Chatelier effects were a consequence of envelope relation-
ships involving the indirect objective functions that arise in static optimization
problems and later generalized the principle in a comparative statics context
[19]. The principle has been studied where there are nondifferentiable demands
and nonconcave maximization problems [11] and when discrete price changes
are permitted [11,20]. While these studies have generalized the principle in
a number of directions, demonstrating its applicability in wider contexts, the
Le Chatelier Principle remains essentially intact as it was first discussed by
Samuelson [16].

All of these analyses, as well as others that have examined the Le Chatelier
Principle, are confined to a static setting.2 Howeyver, it would seem to be natural
to study the existence of the Le Chatelier Principle in a dynamic framework
where economic behavior could be studied with one or more choice (state)
variables fixed for a finite time as part of a broader optimizing framework, and
where these fixed economic choice variables can be rationalized in an intuitive
way. In this setting, one could derive factor price elasticities when subsets of
state variables are fixed and when they are not while ensuring that such results
are rigorously consistent with optimal behavior for all time.

In this paper, the existence of the Le Chatelier Principle is studied in a
series of intertemporal models of the firm facing a finite delivery lag attached
to one or more capital goods.? If a firm faces unanticipated changes in any of
the determinants of its capital stock, causing it to desire a capital stock different
from what it currently has installed, then the existence of a delivery lag implies

LA considerable amount of research effort in macroeconomics has been devoted to
the search for explanations of the inertia in aggregate economies. Adjustment costs
[9,23], among others is the idea most frequently used in macroeconomic models, an
idea that can explain the serial persistence in output and other variables, but delivery
lags [10,13] and the time to build [8] are other examples of economic assumptions
that can rationalize sluggish movements in various economic magnitudes.

2 Epstein [3] has examined the Le Chatelier Principle in a dynamic setting but did so
in a framework different from the analysis in this paper. For example, the analysis
in this paper looks at optimal decision rules when one or more state variables are
fixed, an approach that is not contained in Epstein [3].

3 The firm will be assumed in this paper to produce a nonstorable output without any
delay in the delivery of it’s output. But there could be a delivery lag associated with
the production of the firm’s output. For an analysis of this case when there is also a
finite delay associated with increasing the capital stock, see [14].
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that the firm will be capacity-constrained until it can take delivery of (or dispose
of) capital goods. This quite naturally gives rise to the Marshallian short run
embedded within an intertemporal model of the firm. It is clear that, over the
period when the capital stock is fixed, demands for other factors of production
may well display factor price elasticities that are consistent with the Le Chatelier
Principle. This possibility is investigated here.

The models examined in this paper are conventional in the sense that they
are neoclassical models of the firm using ordinary factor inputs in production
to produce a nonstorable output. There are costs of adjustment attached to both
labor and capital in these models. But the models differ in a number of their
details so that we can study how various features of these models might affect
the existence of the Le Chatelier Principle.

The first model will assume that production occurs using two quasi-fixed
factor inputs in production, thereby omitting variable factor inputs (those not
subject to adjustment costs) from production. The fact that labor is quasi-fixed
allows us to determine if the dynamic demand for labor, arising over the fixed-
capacity period, displays factor price responses consistent with the Le Chatelier
Principle, an issue not addressed previously in the literature. A second model
will be specified where the role of variable factor inputs can be studied, allowing
us to see if the presence of variable factors affects the results derived in the first
model and to permit us to observe if there are Le Chatelier effects evident in the
demands for variable factor inputs. The final model thatis presented will assume
that there are two capital goods used in production along with labor and each
capital good is subject to the same finite delivery lag. The reason for studying
this model is to see if the existence of the second fixed state variable reduces
factor price elasticities from what they would be in the case of one fixed capital
good. The static literature studying the Le Chatelier Principle has established
that adding more fixed choice variables reduces factor price elasticities in the
demands for those factors that can be varied. We will want to see if this result
carries over to a dynamic setting.

Factor price response comparisons can be made in these models in a way that
is different from the static literature on this topic. One difference is that, because
there will be installation costs attached to labor and capital, we will compare
factor price responses in dynamic, as opposed to static, demand schedules. Such
comparisons will be made in this paper in the short run and the delivery period.
But the static literature is confined to comparisons involving static demands
which here correspond to the steady state. It would be useful, in tying together
the static literature to the dynamic models studied here, to find a way to make
magnitude comparisons between steady-state factor price responses and those
arising in dynamic demand schedules and it will be shown that there is a way to
make such comparisons. It will be shown in this paper that such comparisons
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are indeed possible subject to an empirically plausible restriction frequently
found in applied research.

Comparing factor price elasticities in a dynamic input demand schedule
during the delivery period and the steady state may seem inappropriate because
we would be comparing factor price responses in stock and flow relationships.
But there is a practical reason for asking if we can make such a comparison.
Most of the data that is available for empirical work, at least in macroeconomics,
comes from sources which should not be regarded as in long-run equilibrium.
For example, inventory and employment data is usually obtained for two-digit
industries and data from these industries should probably be regarded as dise-
quilibrium magnitudes since there seems to be little chance that these industries
are in long-run equilibrium. The question then arises as to how one could get
estimates of long-run factor demand elasticities from dynamic demand sched-
ules that describe behavior along adjustment paths to equilibrium. It may not be
possible to obtain such estimates using popular estimation methods.* But the
analysis contained in this paper shows that, subject to a magnitude restriction on
own-adjustment parameters that appears reasonable, estimates of factor price
elasticities from dynamic demand schedules that have been obtained in many
past applied studies, conveniently provide bounds on the factor price elasticities
in the long-run demand schedules obeyed by firms.

It will be shown that the Le Chatelier Principle is indeed present in these
intertemporal models. In the first model, when short-run (the time when the
capital stock is fixed) and delivery period (the time when net investment in
the capital stock is nonzero) factor price responses are compared, the dynamic
labor demand schedule will be found to display factor price responses entirely
consistent with the Le Chatelier Principle. Thus the short run displays the sort of
inertia suggested in previous work because the short-run labor demand schedule
is less factor price elastic than its delivery-period counterpart.

However, it is not possible to provide relative bounds on delivery-period and
steady-state factor price responses. Thus no type of Le Chatelier Principle will
hold essentially because relatively little is known about the relative magnitudes
of parameters that arise in the model. However, there is a way to establish

4 Estimated long-run factor price elasticities could be obtained by estimating a system
of Euler equations arising from intertemporal models of the firm, using the delta
method to construct standard errors for these elasticity estimates. Such an approach
requires that all parameters that make up long-run factor demand elasticities can be
identified which may not be possible even if valid instruments are available.

One could alternatively estimate cointegrating vectors to try to get estimates
of these long-run elasticities. The cointegrating matrix for such a system will have
rank equal to the number of quasi-fixed factors appearing in the representative firm’s
optimization problem [15]. Long-run factor price elasticities could be obtained with
nonlinear transformations of the estimated parameters from this system. But again it
is necessary that all relevant structural parameters can be identified from estimated
cointegrating vectors which may not be possible.
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a form of the Le Chatelier Principle in this comparison. If it is the case that
own-adjustment parameters from the investment demands for capital and labor
demand schedules are bounded between zero and minus unity, as is almost
always found in applied work, then the Le Chatelier Principle will arise with
delivery-period factor price responses that are less elastic than their steady-state
analogues. Thus if these own-adjustment parameters are bounded in this way,
we find that short-run factor price effects are less elastic than their delivery-
period versions, and those in turn are less elastic than the factor price responses
arising in the firm’s steady state equilibrium. Similar results will arise for the
stock and flow demands for capital.

When variable factor inputs are included in the analysis, the results hold as
in the previous model and it is also found that variable factors, in the short run,
will be completely price inelastic with respect to the factor prices of quasi-fixed
factor inputs, although it will be argued that this result is somewhat idiosyncratic
to the model in which these results are obtained. But the Le Chatelier Principle
will not be found to arise when applied to the relationships between variable
factor inputs and their associated factor prices when there is an arbitrary number
of variable factor inputs, nor will it generalize, similarly to the static literature,
to the case of more than one fixed capital good. Thus the principle survives
generalization into a dynamic framework but not in every dimension in which
it is considered.

This paper is organized as follows. The next section of the paper sets
out the first model that will be used to study the relative magnitudes of factor
price responses. For this model, Sect. 3 provides results that emerge during
the delivery and steady-state periods while Sect. 4 provides an analysis of the
short run. Section 5 contains the results regarding the Le Chatelier Principle
as it arises during the time intervals of interest. Section 6 describe extensions
to the first model involving the addition of variable factor inputs and the case
of two fixed capital goods. A final section summarizes results and an appendix
concludes the paper by providing all relevant derivations to support the results
in the paper.

2. A dynamic model of the firm

This section examines a dynamic model of a firm producing a nonstorable output
using two quasi-fixed inputs in production, capital and labor. The firm’s capital
stock cannot be augmented for a finite time because there is a delivery lag
attached to the acquisition of new capital goods so that, during this period, the
firm will be capacity-constrained. The firm operates in competitive output and
input markets and factor price expectations are static. Exogenous parameters
will not be assumed to be functions of time since we are comparing results
from an intertemporal model with results from a literature that is concerned
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essentially with the results from exercises in comparative statics. All functions
used in the model will be twice continuously differentiable but more will be
said below about functional form restrictions that will be maintained for later
purposes.

2.1. Model framework

The firm is assumed to maximize
o0
/ R(t)e "dt (1)
0

where the firm’s cash flow is defined to be

R(1) = f(k(1), m(1)) — c(h(1)) — wm(t) — grldi (1) + pr(ni (1)) + i (dy (1))].
2)

Cash flow, given by R(¢) and discounted attherater (r > 0), is the difference
between the firm’s revenues and costs where the former is given partly by the
technology or gross production function f (k(t), m(¢)) where the capital stock is
denoted by k(¢), and m(¢) refers to the flow of labor services. The firm’s output
price is normalized to unity. Net production consists of gross production less the
training costs, c(h(t)), attached to new hires of workers, 4 (¢), measured in units
of output.’ The wage bill is the product of the real wage, w, and labor services.
The firm pays for new capital at the time when new capital goods are delivered
where the purchase price of new capital goods is denoted by gz.% Alternatively,
the firm can pay for new capital goods when new orders are placed. There is
no substantive difference between either approach but it is slightly simpler to
assume that payments are made at the time of delivery. There are costs, measured
in units of capital, attached to the placement of new orders for capital goods,
ni(t). These are given by pi(nx(¢)) and there are installation costs attached to
newly delivered capital, denoted by iy (di(¢)). New orders are equal to future

5 Training costs are assumed separable from the gross production function because it
is convenient for nesting the static theory of the firm within an intertemporal model.
Separability must ultimately be empirically justified. Relaxing these assumptions
changes many of the characteristics of intertemporal models (see [23]). Absent
empirical evidence to the contrary, I follow common practice and impose separability
for its convenience.

6 The purchase price of capital may depend upon the delivery lag and the delivery
lag can be treated as a choice variable to the firm. As an example, this would be
true if suppliers offer a price-delivery lag tradeoff so that the firm could get a price
discount if it waits a longer time for delivery of new capital goods. In the analysis
contained here, the purchase price of capital goods will not be assumed to depend
upon the delivery lag and the latter will be taken as fixed for simplicity but see [22]
for an analysis of firm behavior when the switch-point is a choice variable.
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deliveries of new capital, thatis ni (1) = di(t +£), where the delivery lag £ > 0.
New order cancellations are ignored.

The firm is constrained by two accumulation equations for its inputs in
production.

k(t) = di(1), k(1) =ko >0t €[0,£] 3)
m(t) = h(t), m(0) =mgy >0 “)

There are given initial stocks of capital and labor and, during the period that
the delivery lag is binding upon the firm, the capital stock will remain at its
initial level. Depreciation of the capital stock and any quits from the labor force
are ignored for simplicity. There is thus no distinction between gross and net
investment in capital and labor.

This optimization problem has an advanced time argument because of the
relationship between new orders and future deliveries of new capital goods.
However, the model described above can be respecified to give rise to a two-stage
optimal control problem, a problem for which optimality criteria are readily
available. This may be seen in the following manner. Consider

© oo
_g"/ PrluO)e™"dt = —gx / pr(di(t + €)™ d.
0 0

Define s = ¢ + ¢ and note that the integral with the lead time argument in this
expression may be rewritten as

o0
—8k / pi(di(s))e 00 ds.
l

As a result of these operations, the optimization problem can be specified to be
maximize

14 oo
J=J+ 5 :/ Ri(t)e "'dt +/ Ro(t)e "' dt (5a)
0 4
Ri(t) = f(ko, m(1)) — c(h(t)) — wm(t) (5b)
Ro(t) = f(k(t), m(1)) — c(h(t)) — wm(t) — gldk(7)
+ pr(di()e™ + ix(di(1))] (5¢)

with (3) and (4) providing the relevant accounting constraints.

2.2. Optimality criteria

The optimizing model of the firm, displayed above in (5), is a two-stage optimal
control problem and Tomiyama [21] provides optimality criteria for the solution
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of this type of optimization model.” These criteria may be obtained by forming
the Hamiltonians

H, = f(ko,m) —c(h) —wm + Ady +7h
Hy = f(k,m) — c(h) —wm — gldi + pr(di)e” + ix(di)] + Ady + 7h

where the time notation has been suppressed. In the above expressions, A
and 7 are adjoint variables measuring the imputed values associated with the
accumulation of capital and labor. The Hamiltonian for the subinterval # € [0, €],
Hj, has been simplified due to the fact that deliveries of new capital goods
are zero over this interval (dr = 0). The capital stock is thereby fixed at
its initial level ko. Payments for new capital goods and order placement costs
incurred during the short run are forward-discounted into the second subinterval
t € [£, oo] and thus are contained in the second Hamiltonian, H,. Aside from
boundary conditions discussed below, necessary conditions for the solution of
this problem, pertaining to the subinterval ¢ € [0, £], are

7 =c'(h) (6a)
»=— filko,m) +ri (6b)
T =w— futko,m)+rm (6¢)
k=0 (6d)
m=nh (6e)

while, for the subinterval 7 € [£, 0c0), we have the necessary conditions

A= gll + pp(di)e™ + i (di)] (7a)
7 = (h) (7b)
A= —fi(k,m)+ri (7¢)
T =w-— futk,m)+rm (7d)
k= dy (7e)
m = h. (7f)

To interpret these conditions, first consider (7a)—(7f). Conditions (7a) and
(7c) may be interpreted by integrating (7¢), the result of that integration implying
that the discounted marginal product of capital equals the marginal cost of
acquiring capital where the latter includes marginal planning and installation
costs as well as the purchase price of capital goods. A version of Tobin’s marginal
q [7] may be defined within this condition as A/gy. Integrate (7d) and combine

7 Mordukhovich [12] contains a comprehensive discussion of optimization and the
techniques contained in Tomiyama [21].
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the result with (7b) which will show that new hires are chosen so that the
discounted marginal product of labor equals the real wage plus marginal training
costs.

In the short run, the necessary conditions may be interpreted in a way similar
to the interpretation of the delivery-period conditions. Since deliveries of new
capital goods are zero over the short run, there is no optimality condition for
deliveries d. As stated earlier, the delivery-period condition for ¢ € [€, c0)
effectively incorporates an optimality criterion for both subintervals by forward-
discounting the costs of new orders into the second subinterval. Also note that
even though the capital stock is fixed, the shadow value of capital accumulation
is not constant because the optimal choice of labor, resulting in adjustments to
the employed labor force, affects the marginal product of capital (as long as
Jfim # 0), thus changing the shadow value of capital accumulation.

To complete the set of optimality criteria, boundary conditions that arise in
this problem are also required.

2.3. Boundary conditions

The firm has positive initial stocks of its productive inputs that are standard
boundary conditions for intertemporal problems. In addition, transversality
conditions arise at the far horizon, given by

lim A(t)e k(1) = lim w(t)e ""m(t) = 0.
11— 00 11—

These transversality conditions are not necessary in this framework just as in
standard control problems. But this problem also has additional boundary con-
ditions that apply at the switch-point, £, given below.

AT = A (8a)

T =7 (8b)

e ") = — [%} (8¢)
4

() = — [%} (8d)
4

The circumflex (*) above a magnitude indicates the optimal value of that mag-
nitude, conditional on the optimal choice of the instruments as described above.
The conditions in (8a) and (8b) are statements showing that the adjoint variables
will be continuous at the switch-point (delivery lag) £. The conditions in (8c)
and (8d) are the crucial optimality criteria that determine how optimal behavior
in this model differs from standard control problems.
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These switch-point conditions serve to tie together optimal behavior over
each time interval. The conditions in (8c) and (8d) indicate that the costate
variables for labor and capital must equal the maximized values of the derivatives
with respect to labor and capital of the delivery-period functionals J>, applicable
to the subinterval ¢ € [£, 00), and evaluated at the switch-point £, conditional on
optimal choices of the instruments using the instrument conditions given above.
These maximized values are functions of the initial stocks of labor and capital,
k(€) and m(£), one of which (the labor force) can be chosen in an optimal fashion
in the short run. At the switch-point £, the capital stock is fixed but deliveries may
arrive beyond this point. Since the initial stock of labor can be chosen optimally
during the period ¢ € [0, £], (8d) provides the condition which determines the
optimal initial stock of labor for the second time interval ¢ € [£, 00). Thus
the optimal path in the short run must achieve the optimal initial stock of labor
for the second subinterval, consistent with this switch-point condition. For this
consistency to be achieved, any change in the optimal path, occurring in the
interval ¢ € [£, 00), will be propagated into the initial time interval when the
firm is capacity-constrained. This must occur in order for the optimal short-run
path to always reach the optimal level of m(£). This requirement guarantees
consistent behavior over each subinterval, thereby solving the problem posed.
The boundary conditions that arise at the switch-point (delivery lag), £, are the
essential reasons why the Le Chatelier Principle arises during the firm’s short
run when it is capacity-constrained.

If the production function s strictly concave and if planning, installation, and
training costs are assumed to be strictly convex, then these boundary conditions,
along with the necessary conditions given earlier, are sufficient to solve this
optimization problem. The existence of an optimal path is guaranteed and this
path will be unique. These concavity and convexity assumptions will always be
maintained in what follows below.

The analysis of the subinterval ¢ € [£, o) requires an explicit analytical
solution to the transition equations describing the evolution of the state and
costate variables for this time period. But because there are two state variables
in this problem, optimal behavior can only be completely investigated using
linear approximations to these nonlinear transition equations. To accomplish
this linearization, quadratic forms will be used in deriving some of the results
that follow although not all of the results in this paper require this linearization
(for example, see Sect. 6.1). The functional forms that will be employed are as
follows.

8 A discontinuity in the optimal path may occur at £ for general nonlinear problems
of the type analyzed here. This will not be true when quadratic forms are used (see
below). If there is no such discontinuity, an additional matching condition arises
for two-stage optimal control problems; the maximized Hamiltonians, defined over
each subinterval, must be equal at the switch-point ¢, i.e. H; (€) = Ha({).
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o] o k
flke,m) =—(1/2)[k m]l:a; a;z] [m} (9a)
= —(a11/2)k* — aiokm — (22 /2)m? (9b)
c(h) = (B/Dh*, B >0 (%)
pe(do) = e/t v >0 (9d)
ir(dy) = ((Sk/2)d,%, Sk > 0. (%e)

For the sake of simplicity, these functional forms are specified so as to prevent
constant terms from arising in the decision rules of interest.

The production function in (9a) is a quadratic form borrowed from
[6, p. 134], a functional form that is familiar since it has been so widely used
in macroeconomic research. This technology is assumed to have diminishing
marginal products for each productive input and to be strictly concave, imply-
ing that the Hessian of the production function is negative definite. Thus the
parameter matrix [«] will be assumed to be positive definite and symmetric, it
will have positive diagonal elements, and o112 — ozfz > 0. The parameter
a2 is unrestricted in sign as is customary in the ordinary theory of the firm
but the results below are unaffected by the absence of a sign restriction on this
parameter.

Regarding the elements in (9c)—(9e), parameters are taken to be positive so
that adjustment costs rise at the margin as in traditional neoclassical investment
models.

3. Optimal behavior for ¢ € [£, c0)

Beyond the switch-point £, the firm can take deliveries of new capital goods and
can drive its state variables to their steady-state levels. But to understand the
short-run behavior of the firm first requires a discussion of the delivery period
and the steady state because these solutions will be connected to the short run
through the switch-point conditions given above in (8c) and (8d). Thus we begin
by examining the firm’s behavior for the subinterval ¢ € [0, co). The details of
all necessary derivations are relegated to the Appendix.

Because there is no distinction between net and gross investment in this
model (recall that depreciation of the capital stock and quits are ignored), the
firm will not bear costs of adjustment in the steady state and so results from the
standard static theory of the firm will emerge in the firm’s long-run equilibrium.
Define the user cost of capital as ¢y = rgx and let an asterisk (*) denote the
steady-state level of a magnitude. The firm’s long-run factor demands (ic =
m = 0) are as follows.

k* e I (10)
m* | ap o || w
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Due to the concavity assumptions that are used here, the matrix of factor-price
responses has negative diagonal elements (own-factor price effects are negative)
and it is symmetric [23, pp. 337-338]. Cross-factor price responses are inde-
terminate without any qualitative restriction placed upon the cross-derivative of
the production function, measured by the parameter «j2. These long-run stock
demand functions are homogeneous of degree zero in nominal prices and wages
as is evident from the construction of (10).

When the firm can undertake net investment in both capital and labor, the
investment demands for these inputs obey the multivariate flexible accelerator

given by
k() | _[on o] k@) —k*
I:rh(t):| B |:CU21 w22:| |:m(t) —m*:| (11

where the adjustment parameters are denoted by w;;. The adjustment matrix
[w] has properties consistent with results in [9, pp. 83—-84]; its eigenvalues are
real and negative, its determinant is positive, and its diagonal elements obey
the qualitative restrictions w;; < 0. Further, the off-diagonal elements are sign-
symmetric, the sign being determined by o12. While we can say something
qualitatively about these adjustment parameters, not much more than this can
be said because determining the magnitudes of adjustment parameters requires
information that is generally not at our disposal. To see this, consider the own-
adjustment parameter for labor, derived in the Appendix to be

an + Bk

TR TPAR ), (12)
By + K2 —r)

w22 =

While we have made qualitative assumptions about most of the parameters in
(12), this adjustment parameter involves the stable characteristic roots, denoted
by 12, arising from the transition equations that describe the evolution of the
state and costate variables during the delivery period. Qualitative information
is available regarding these roots (they are each negative real numbers) and the
other parameters in (12) but the magnitudes of these parameters are generally
unknown and, as a result, there is no theoretical prediction that can be made
about the magnitude of any of the adjustment parameters appearing in (11).
However, parameters like w7, are routinely estimated in applied work and it is
regularly found that own-adjustment parameters are bounded between zero and
minus unity. Since these parameters measure the portion of the gap between
desired and actual stocks that is made up at each instant of time, these empirical
findings are quite plausible. Itis this empirical finding that will be used below in
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establishing the presence of a form of the Le Chatelier Principle in the delivery
period.’

The dynamic demand for labor schedule can be obtained by using (10) and
(11) but, for later purposes, it is more convenient to use the solution path for
the adjoint variable r. This solution path is

7w (t) = o11k(t) + oom(t) + o3¢k + o14w (13a)
ap
_ 13b
o11 PRI (13b)
i an + iy _ (13¢)
K1+ Ky —r
13 = Baiokiko (13d)

2
(11000 — o)) (k1 + K2 — 1)

2
o110 — oy, + pagikike
ol4 = = P <0. (13e)
(11002 — ) (k1 + K2 — 1)

Using this solution path and the necessary condition describing the optimal
choice of new hires, the dynamic demand schedule for labor is

m(t) = I (t) = B on1k(t) + o1am (1) + o13¢k + o14w]. (14)

Coefficients attached to the state variables in (14) obey the relationships wy; =
B 1o and wyy = B ~lg1,. Observe that the response of labor investment to the
firm’s capital costs is unrestricted because we have maintained no restriction on
the cross-derivative of the production function, «1p. However, the own-factor
price response is negative because S~ o4 < 0. It will turn out that the lack
of a restriction on the cross-factor price effect in this labor demand schedule
will have no impact upon the ability to bound factor price responses in order to
establish the existence of the Le Chatelier Principle in this model.

4. Optimal behavior for ¢ € [0, £]

The firm will pursue an optimal employment decision rule while it is capacity-
constrained. In order to obtain this decision rule, we require an expression for
the costate variable associated with the stock of labor that corresponds to the

9 The characteristic roots are functions of the exogenous parameters in this problem as
is known from previous research. Conditional on these roots, it is easy to show that
this own-adjustment parameter rises with the parameter §, a very intuitive result.
This implies that the own-adjustment parameter moves towards zero as adjustment
costs attached to capital become more severe. The firm thus closes a smaller fraction
of the gap between desired and actual stocks of labor at each instant of time as
marginal adjustment costs rise, i.e., as f rises.
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expression given above for this same magnitude, but arising during the delivery
period. Using the superscript s to denote magnitudes pertaining to the short
run, this solution, derived in the Appendix, is

Hl(t)i| [l'b(t)l'll(ﬁ) - l'll(t)l'b((f)}
8 (t) = (f) + m(0 15
() [Hl(Z) 0 Q) 0) (15)
where the parameters I1;(z) and I1>(¢) are given by
1? Kzl Kirekft +r I:el(ft . e/(%t] an [ —e :|
I (2) = 5 5 , @)= —F—7—=.
kp — K3 kp — K3

In the expression above, k| , are the characteristic roots arising from the tran-
sition equations that apply to the short run; these roots are real numbers of oppo-
site sign. 10 The crucial partof this solution is the fact that 0 < IT;(z)/I1{(¢) < 1.
Given its magnitude, the ratio Iy (¢)/I1;(€¢) will be referred to later as a damp-
ing factor. At t = £, (15) reduces to w(£) = m(£). In this way, the solution
over t € [0, £] will achieve consistency with behavior over the delivery period.
To obtain the short-run solution path that is required, combine (15) with (13a)—
(13e) to obtain

T (1) = [leﬁi] [o11k(€) + o12m(£) + o13¢k + O14W]

M () T11 (€) — T () T2 (E)
* [ H0) }m(o)'

The optimality condition for new hires may be used as it was above to derive
the labor demand schedule that applies to the short run, and it is given below.

m(t) = p~\7t (1) = B~ {[El(%][ uk(a+mzm(z)+al3ck+al4w]}
[T (0) — T () T (8)
e LI 19

Inspection of (16) reveals that all factor price effects come through the short-run
costate solution that arises in ¢ € [0, ¢].!!

10 Note that, unlike the standard infinite horizon control problem, there is no require-
ment here to eliminate the positive characteristic root by the choice of a constant
term because there is no need to achieve a steady-state equilibrium in this interval.
All that is required is that costate variables achieve their optimal values consistent
with the switch-point boundary conditions in (8c) and (8d)

1 1t is also true that variation in the length of the short run, given by the parameter ¢, will
also shift the optimal path in the short run. This effectis given by d7° (¢) /04 = 7 (£).
Since the length of the short run is assumed fixed throughout, this effect is suppressed.



Le Chatelier Principle 131

5. Comparisons of factor price responses

The literature that exists about the Le Chatelier principle is essentially confined
to static analyses so that there is no sense in which one can compare fixed-
capacity parameters to analogous parameters arising while capacity adjustments
canbe made. The only comparisons that could be made involved full equilibrium
and situations where one or more choice variables were fixed arbitrarily. In the
present framework, however, the results derived for each subinterval can be
used to make additional comparisons; namely, we can compare factor price
responses during the delivery period (k # 0) to those arising in the short run
and the steady state (where, in both cases, k= 0). These comparisons between
input price responses in the labor demand schedule will determine if the Le
Chatelier Principle holds in this model and three pairwise comparisons will be
made. The first one will be a comparison of the short-run and the delivery
period (k # 0), followed by a discussion of the delivery period and the steady
state. We may then infer the relationship between the fixed-capacity period and
the steady state from these results.

5.1. The short run and the delivery period

The first set of results concerns the relative magnitudes of the real factor price
coefficients in the dynamic labor demand schedules in the short run and delivery
periods. These results are summarized in the following proposition.

Proposition 1. In the dynamic demand for labor schedule, the responses of
labor demand to variations in real wages and capital costs in the short run

(fc = 0) and the delivery period (ic # 0) obey the following relationships:
‘am(z) - ‘ams(z) (1) ‘zm“(t)

)

ow ow dck dc

The proof of this proposition, for the real wage responses, requires the following
condition, using results derived above.

@) ) _ |:l'[1(t) B 1} o
dw ow IT, ()

It was stated above that the real wage responses in the labor demand schedule
were negative and, therefore, as long as 0 < t < ¢, the Le Chatelier Principle
holds in this case because the fixed-capacity response is smaller, in absolute
value, as compared to its delivery-period counterpart. Thus the Le Chate-
lier Principle holds when we compare short-run to delivery-period real wage
responses in the labor demand schedule.
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Regarding capital cost responses, the proof of this proposition uses

o) ) |:H1(t) _ 1} o
ack 3Ck Hl(z)

If a1 > 0, it is evident from (13d) and (14) that the response of labor demand
to capital costs is negative, in which case am’ (1) Jocr — 0m(t)/dcy > 0 and
the Le Chatelier Principle arises just as in the case of real wages. If a2 < 0,
then labor demand is positively related to the firm’s capital costs and the short-
run and delivery-period responses obey dm’ (1)/dcy — dm(r)/dcy < 0. The Le
Chatelier Principle holds once again and so the fact that the cross-derivative of
the production function is unrestricted has no impact on the existence of the Le
Chatelier Principle in this comparison.

Regarding investment in quasi-fixed capital, the Le Chatelier Principle holds
trivially in this context simply because capital investment is zero in the short
run. Because the firm is capacity-constrained in ¢ € [0, £], capital investment
is completely inelastic with respect to the factor prices in the model. Thus in
comparing short-run and delivery-period factor price responses, short-run factor
price responses will be smaller than their delivery-period counterparts (which
are of course generally nonzero) and thus the Le Chatelier Principle holds.

5.2. The delivery period and the steady state

We may now consider the factor price responses in the delivery period and the
steady state. In this context, a form of the Le Chatelier Principle holds but
with a qualification involving the own-adjustment parameter contained in the
investment demand for labor. To see this, use (10) and (14) to form

Im(t)  Om* _ aqjan — al, + aoBriky +aoBlki + k2 — 1)
ow ow Blatiany — aly) (ki + k2 — 1) '

With only qualitative information on the elements of this expression, it is not
possible to bound this relation without further restrictions of some sort. Inspec-
tion of the expression above, along with (12), suggests that a plausible restriction
might involve the own-adjustment parameters from the flexible accelerator in
(11). Pursuing this possibility, it can be shown that this factor price comparison
above can be rewritten as

am(r)  om* (14 wn)Bki+Kka—r) — al,
ow ow Blarian —aly) (ki + k2 — 1)

The above expression will be positive if 1 + woy > 0.!2 The implication of this
restriction is summarized in the following proposition.

12 piscrete time models do restrict own-adjustment parameters in just this way.
Quadratic form adjustment cost models, now familiar from Sargent [17], provide
numerous examples of this fact.
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Proposition 2. Suppose that the own-adjustment parameter from the dynamic
demand for labor schedule satisfies the restriction 0 > wyy > —1. Then it will

am* am(r)
be true that‘ T ‘ > |

A similar result may be established if capital cost responses in the dynamic labor
demand schedule were to be compared. Therefore, if we maintain the bound on
the own-adjustment parameter in this way, we have the result that steady-state
responses, in absolute value, exceed those in the delivery period which, in turn,
exceed those arising in the fixed-capacity period.'> Thus estimation of factor
price elasticities in the dynamic demand for labor readily provide a bound on
the factor price elasticities contained in the long-run stock demand for labor.
Thus estimates of dynamic demand schedules can be relied upon to provide
some information about long-run factor input responses to variations in factor
input prices.'#

The restriction that own-adjustment parameters are bounded between zero
and minus unity seems a plausible one on the basis of a wide array of empir-
ical work.!> For example, empirical studies in the inventory investment liter-
ature (see [1]) have repeatedly estimated own-adjustment speeds for inventory
stocks and, while there has been some controversy over the plausibility of these
magnitudes when they are estimated, there is little disagreement in the empir-
ical evidence that own-adjustment parameters are bounded as they are in the
above proposition. Similarly, the money demand literature contains estimates of
adjustment speeds for the stock of money with similar results and one can find
estimates of own-adjustment parameters in a variety of dynamic factor demand
studies.!®

To summarize, the Le Chatelier Principle holds with qualifications when
delivery-period and steady-state factor price responses are compared. If costs of
adjustment cause firms to make up only a fraction of the gap between desired and
actual stocks at each instant of time, this same manifestation of inertia will cause
the Le Chatelier Principle to hold when factor price responses are compared in
delivery-period (dynamic) demand schedules and steady-state factor demands.

13 It should be clear that we could derive the same sorts of results in the capital invest-
ment demand schedule if we restrict the own-adjustment parameter in that schedule
as we have in the labor demand equation.

14 These long-run factor price effects would be contained in the cointegrating vectors
describing the long-run behavior of the firm.

15 Tam, of course, glossing over the difficult issue of aggregation as is customarily done
in macroeconomics. For the most part [ am proceeding here as most economists do,
which is to simply derive microeconomic relationships and then act as though these
decision rules hold in the aggregate.

16 See the survey by Goldfeld and Sichel [4] for evidence of partial adjustment in esti-
mated money demand schedules. For empirical results from factor demand studies,
see, for example, [5, Chap. 7] who provides evidence on estimated adjustment speeds
in dynamic labor demand schedules.
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Thus the Le Chatelier Principle can be viewed as a companion result to the
effects of costs of adjustment.

6. Extensions

The analysis to this point has ignored two issues that need to be addressed. One
concerns the role that variable factor inputs might play in affecting any of the
results that were obtained above. The second issue concerns how the results
might change if we were to incorporate additional fixed state variables into the
analysis. [ first study a model with one variable factor input (extending the
model to include an arbitrary number of variable factors will be discussed as
well) and then a model with two capital goods subject to delivery lags will be
examined. It will be seen that the Le Chatelier Principle generalizes into these
contexts but not in every direction that is considered.

6.1. Variable factor inputs

A variable factor input is defined as one that is not subject to adjustment costs.
To augment the model with such a variable factor input is straightforward. The
problem to be solved is maximize

o0

L
J=J+h =/ Ri(t)e " dt +/ Ro(t)e " dt (17a)
0 4

Ry (t) = f(ko, m(t), v(t)) — c(h(t)) — wm(t) — pyv(t) (17b)
Ro(t) = f(k(t),m(t), v(t)) — c(h(t)) — wm(t) — pyv(t) (17¢)
— gildi (t) + pr(di(1))e" + ix (di(1))]

where the accounting constraints that apply to this problem are those used before
in (3) and (4). The production function has been augmented with a variable
factor input, denoted by v, and the purchase price of this input is given by p,,.
Factor payments for this variable factor input are subtracted from the firm’s
revenues. Otherwise, the problem is identical to that discussed above.

The addition of the variable factor only adds a marginal productivity condi-
tion for the variable factor to each set of optimality conditions. For ¢ € [0, £],
necessary conditions are given by

7 =ch) (18a)
pv = folko, m, v) (18b)
A = — fi(ko, m, v) +ri (18¢)
7 =w— fulko,m,v) +rm (18d)
k=0 (18e)

m=h (18f)
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and, for the delivery period, necessary conditions are given by

h= gl + pp(de™ + if(do)] (19a)
7w =c(h) (19b)
pv = fu(k,m,v) (19¢)
A= —filk,m,v) +rh (19d)
T =w— futk,m,v)+rm (19e)
k= dy (19f)
m = h. (19g)

The boundary conditions for this problem are identical to those given previously.

The structure of each solution path for this problem is very similar to the
problem given in (5) as long as we maintain the curvature assumptions that
were used in the previous model. Specifically, the solution path for the delivery
period will still display saddlepath stability. The characteristic roots will again
be symmetric about /2 with two stable real roots and two roots that are unstable
and positive. The solution path for the costate variable & will have the same
form as (13a) except that, with the addition of the variable factor input, the
coefficients of this expression will differ from those given above in (13b)—(13e)
and the factor price for the variable factor will also appear as an argument of
this path. The flexible accelerator for capital and labor will arise just as it did in
the previous problem. The short-run solution path for this costate variable will
be of the form given previously by (15). Although the characteristic roots in
this expression will differ from those arising in the problem without the factor
input v, they will still be real with one root that is negative and one that is
positive. The damping factor will arise in the short-run solution just as it did in
the previous problem.

Since the solution paths for this augmented problem display these simi-
larities, it is clear that the propositions discussed earlier for the labor demand
schedules will also apply to this problem. Whatever the delivery-period factor
price responses for real wages and capital costs that arise while the firm can take
deliveries of new capital or in the steady state, smaller ones will apply to the
short run assuming that own-adjustment parameters are bounded as discussed
above. In this sense, the addition of the variable factor is of little consequence.
Additional variable factors could be added with the same result. But it will
also be true that the short-run dynamic demand for labor will respond to p,
(as well as other variable factor prices if there other such inputs contained in
the problem) and this response in the short run will be smaller than it will be
during the delivery period and the steady state as can be established with similar
reasoning. Our results for the capital investment flow and stock demands will
go through just as they did before.
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But now we can ask if there are Le Chatelier effects that apply to variable
factor inputs and here the results are somewhat idiosyncratic to the model at
hand. That is, the results that arise are specific to a model where the costate
variable 7w does not appear in the optimality condition describing the optimal
choice of the variable factor, a fact which need not arise in other contexts.!”
Because this costate variable does not appear in the marginal productivity condi-
tion, there is thus no scope for variable factor inputs to be elastic with respect to
the firm’s real wage and capital costs. This fact is summarized in the following
proposition.

Proposition 3. Variable factor inputs will be completely inelastic with respect
to the firm’s real wage and capital costs in the short run. Thus the response of
variable factor inputs will be smaller in magnitude in the fixed-capacity period
with respect to these factor input prices than they will be in either the delivery
period or the steady state.

Finally, the variable factor inputs will be elastic with respect to all variable
factor input prices with responses given directly from the necessary conditions
describing the optimal choices of variable inputs. For example, inverting the
optimality condition for v in the short-run necessary condition above gives
the short-run response of v to its own input price; this response is fu_v1 <0
assuming that we maintain the assumption that there are diminishing returns
to this variable factor input in production. Thus with diminishing returns in
production, the variable factor input is inversely related to its own input price.
While variable factors will be elastic with respect to all variable factor input
prices, it is not be possible to show that Le Chatelier effects, associated with
the responses of variable factors to variable factor input prices, arise for these
inputs in models with one or more variable inputs in production. Thus this
principle does not generalize in this direction.'8

6.2. Additional fixed state variables

The final model to be studied is one where we augment the original problem
statement with an additional quasi-fixed state variable that will also be subject
to adelivery lag. There will now be two state variables fixed for the same length

7 For example, if the firm were to produce output to stock, thus holding a stock of
finished goods, it will evaluate the marginal productivity of variable factor inputs
using the shadow price of inventory accumulation. Thus a costate variable would
appear directly in the marginal productivity condition for the variable factor, unlike
the problem at hand.

7("5;?) ‘ > Lg;ff)‘ which
would be needed to establish Le Chatelier effects in this case. This proof is not
provided but it is available upon request.

18 In the current problem, it is not possible to show that
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of time. This is of course somewhat artificial. It seems more reasonable, at
least as an empirical matter, to assume that heterogeneous capital goods would
be subject to delivery lags that differ in length. But the static literature on the
Le Chatelier Principle has been concerned with the magnitudes of factor price
effects as additional choice variables are fixed. Thus this experiment seems a
natural one to undertake in order to see if the results from the static literature
carry over to the dynamic case.

The problem to be solved may be stated as the maximization of the following
objective functional

4 e’}
J=N+)h= / Ri(e "dr + / Ro(t)e "'dt (20a)
0 4
Ri(t) = f(ko, m(1), x0) — c(h(t)) — wm(t) (20b)
Ra(t) = f(k(t), m(t), x(t)) — c(h(t)) — wm(t) — gildk(t)
+pi(di(0)e" 4 i (di ()] (20c)

— &:ldi (1) + pr(de (D)€’ +ix(dr(1))]

where g, denotes the purchase price of the capital good x and d, refers to
deliveries of this additional capital good. Both capital goods are treated in
exactly the same way: there is no depreciation of either one and payments
for new capital goods of either type are made at the time that deliveries are
received. Planning and installation costs are associated with each capital good.
An additional accounting constraint for x will apply that is similar in form
to (3).

Necessary conditions for this problem will arise by forming the Hamilto-
nians for each interval as before and these expressions lead to the following
necessary conditions. Let ¢ denote the adjoint variable measuring the imputed
value of accumulating the capital good x. For the initial interval we have the
necessary conditions

7 =c(h) (21a)
h = — fi(ko, m, xo) + ri 21b)
7 =w— fnko,m,xp)+rm (21¢)
@ = — fx(ko, m, x0) +re (21d)
k=0 (2le)
W =h Q1f)
$=0 @lg)

and, for the second interval we obtain
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A= gill + pl(di)e” + if(di)] (22a)
¢ = gl + pi(dye + il (do)] (22b)
7 =c(h) (22¢)
A= —fi(k,m,x) +rk (224d)
T =w-— futk,m,x)+rm (22e)
0 =—fclk,m,x)+ro (22f)
k = dy (22g)
m=nh (22h)
x =d,. (221)

Boundary conditions are familiar at this point and need not be repeated.

The crucial part of the analysis will concern what, if any, differences there
are in the short-run solution path, compared to our previous analysis, as a result
of adding an additional state variable that is fixed for a finite time. If results from
the static literature apply here, then we should find that factor price responses
in the dynamic demand schedule for labor will be smaller than they would be
with only one capital good fixed for a finite time.

It is evident from these necessary conditions that the solution path for the
costate variable 7 is required as it was previously to establish factor price
responses in the short run. The dynamic demand for labor continues to be
related to the costate variable m as in the earlier models. The solution path for
this adjoint variable during the delivery period will be of the form

k(t)

m(r)

x(1)
Ck
w
Cyx

m(t) = [G11 G12 613 G14 515 516 |

where ¢, = rgy, the user cost of capital good x. If additional state variables
were added, the dimension of each vector would increase in the obvious way
with additional state variables and their associated capital costs appearing in
this solution path. The coefficients in the vector [¢] are not the same as the
parameters in (13a) for variables appearing in each problem. Thus the impact
on 7 of variation in, say, the real wage will not be the same in this problem as
it was in earlier problems described above.
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Now suppose for the moment that the damping factor, arising in the short-run
solution path, is identical to that in the first problem examined above.!® Consider
the impact of real wages in the relevant decision rules in the current problem
and the first problem studied above. The only way that we could get smaller
factor price effects in the short run, now that there is an additional fixed state
variable in the initial interval, would be if |o14] < |614|. These parameters
generally cannot be bounded in this way if only because such comparisons
involve the characteristic roots (see 13a—13e) from different problems which
cannot generally be compared. In fact these coefficients will differ for other
reasons as well and so there will not be a ready way to bound parameters
in factor price comparisons between models. Therefore, the result from the
static literature, namely that fixing additional choice (state) variables results in
reduced price elasticities, does not generalize in this dynamic context.

7. Concluding remarks

It is commonly believed that the Le Chatelier Principle, introduced into the eco-
nomics literature by Samuelson [16], arises in the demand schedules obeyed
by economic agents. This principle provides an explanation of why economic
agents respond sluggishly to changes in incentives because it asserts that
demands for choice variables will less elastic in the short run (that is, while
subsets of choice variables are fixed) than they will be in full equilibrium when
all choice variables can be set in an optimal fashion. Previous literature studying
this idea has been done in a static context and there is no study that examines a
neoclassical dynamic model of the firm for the existence of this principle when
there are costs of adjustment attached to inputs used in production by the firm.

In this paper, three models of the firm are examined to see if the demand
schedules for productive inputs display the properties of the Le Chatelier Prin-
ciple when the Marshallian short run is embedded within the model solved by
the firm. The short run arises by assuming that there is a finite delivery lag
associated with the receipt of new capital goods so that unanticipated move-
ments in the purchase prices of inputs or other magnitudes will cause the firm

19 1n fact, the damping factor will be the same here as it was in the earlier problem
above as may be found by forming the transition equations for the short run that arise
in each problem. The damping factor involves the characteristic roots associated
with the transition equations from each problem and it happens that the coefficient
matrix, used to form these characteristic roots, is the same in each problem. It seems
likely, however, that this is not a general property of this class of model and so it
seems reasonable to suppose that this finding is specific to the model at hand.
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to be capacity-constrained while awaiting delivery of new capital goods. During
the short run, the firm can adjust its labor force in anticipation of future deliver-
ies of new capital goods and therefore, in this paper, comparisons can be made
about the magnitudes of factor price responses in the short run, the period when
capital goods deliveries arrive, and the long-run equilibrium of the firm when all
of its inputs are at optimal levels (full stock adjustment). The analysis also con-
siders a form of the Le Chatelier Principle which differs from previous research
because factor price response comparisons are made between delivery-period
and steady-state factor price responses.

Results are obtained in this paper showing that the Le Chatelier Principle
does indeed hold when we compare short-run and delivery-period factor price
responses in the dynamic demand schedule for labor. The dynamic demand for
labor in the short run will have smaller factor price elasticities when compared to
its delivery-period counterpart. Similar results are true for the dynamic demand
for capital. In addition, the principle will hold when we compare delivery-period
and steady-state factor price responses but with the additional restriction that
own-adjustment parameters in the model are bounded between zero and minus
unity. Such a restriction on adjustment speeds is plausible and consistent with
a considerable body of empirical evidence.

Two extensions are considered: one is where there are an arbitrary number
of variable factor inputs (i.e., inputs that are not subject to adjustment costs)
and the second is where there is more than one capital good that is fixed for a
finite time. With additional variable factor inputs, the Le Chatelier Principle
generalizes in a straightforward manner for the quasi-fixed inputs but not the
variable inputs. When there are two capital goods fixed for a finite time, the
additional fixed capital good does not reduce factor price elasticities in the short
run from what they would be with one fixed capital good. Thus the Le Chatelier
Principle survives many, but not all, of the generalizations considered in this
paper. But it seems fair to conclude that the Le Chatelier Principle is indeed a
feature of economic systems and that it is one reason, among others advanced
in previous research, for the inertia evident in economies.

There are some extensions to this analysis that should be mentioned. One
possible avenue for future research on this topic would be to incorporate finished
goods inventories into a model of the type studied here. By holding a buffer
stock of finished goods, the firm would have an additional degree of freedom
in dealing with a fixed-capacity constraint and it may be true that the results in
this paper regarding the existence of the Le Chatelier Principle may need to be
tempered by the presence of these buffer stocks. The existence of substantial
input delivery lags may also have a role to play in providing an explanation
of why firms may choose to produce to stock or to order. These two possible
subjects are left for future research on this topic.
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8. Appendix

8.1. The delivery period

The delivery-period transition equations are

A1) r 0 o ap A1)
x| 0 oo an (1)
ko) | | lekne™ +80171 0 0 0 k(t)
i (r) 0 g1 0 0 m(t)
0
w
_(yker€+8k)—l (23)
0

To establish the properties of the solution path that arises from these differential
equations, an analysis of the characteristic roots is required. To find these roots,
form the quartic equation given by

1Q—KI| =0

where the roots are denoted by « and [€2] is the matrix of constant coefficients
in this linear system of equations. The roots of the system are given by

2
r 2 11231 + B e 119231 — B e
x:il() Lo+ p 22i\/< 119231 — B 12) +ad,p-10s,

2 2 2 2

where 231 = [gk(yre” Ey 51t Inspection of this expression reveals that the
roots are symmetric about /2 [24, p. 850] and they are real. Assuming that
the roots are distinct (a slight perturbation of underlying parameters will induce
distinct roots) and eliminating the unstable roots by the choice of constant terms,
the solution path for this system is

M(1) = Cipje! + Cipfe + 2 (24a)
(1) = C1pye!’ + C1pye (24b)
k(t) = Cip3e!" + C1p3e +m* (24¢)
m(t) = Cipie! + Cipie 4+ k* (24d)

where the stable roots are defined as 1 2. The elements of the characteristic
vectors are found from

r—Kj 0 o1 o Pi
0 r—Kj 12 02 pé -0
lgc(e™ + 8171 0 —«; 0 pl |
0 Bl 0 —k; J
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One element of the characteristic vectors may be set arbitrarily. Set ,oi =1land
the remaining elements may be found to be

J_

2
e (r = «j)Brj +anonn —aj,

IO =

! ap(r—mj)
Py = B

i W —«j)Brj+an]
Py = .

o12

To obtain the solution path for 7, eliminate the constants and exponentials
from (24) using the elements of the characteristic vectors. Doing so gives

(13a)—(13e).
The investment demand equations can

be derived in a similar fashion. Dif-

ferentiate the solution path (24) above for k(¢) and m (¢) with respect to time and
eliminate the constants and exponentials from the resulting expressions. This

gives the multivariate flexible accelerator

)=

where the adjustment parameters w;; are

k(1)
m(t)

w11 W12
w21 W22

sz% - K1,031

I

_ o+ By — flr + k) (ki + 2 —1)]

k() — k*

m(t) —m*

)

0

03 — P Bk + K2 —r)
o = — (k2 — K1)y p3 _r = x2)Bra + anll(r — k1) Bri + anxn]
p3— Py appflcr +x2 —r)
oy = 2T a2
p3 — P} Bk 412 —r)
w0y = K103 — K2 _an+ Brik <0
p3 — pi Blky + K2 —r)

The adjustment parameters are negative along the diagonal of the adjustment
matrix and are sign-symmetric off the diagonal, the sign depending upon the

parameter «12. The long-run factor demand functions arise by setting A(¢) =

7(t) =m(t) = k(t) = 01in (23) and solving the resulting equations to obtain

(10).
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8.2. The short run

The analysis of the short run requires the solution to the transition equations

m@®) | | r oaxn (t) " w — ap2ko

m@) | [P0 || m@) 0
because these transition equations are partially uncoupled from the costate equa-
tion for the shadow price of capital. The solution to these equations must incor-
porate the switch-point conditions (8c) and (8d). To do this, the homogeneous

component of the solution path will be obtained following methods in [2, pp.
316-317]. The solution can be written as

() | _ 7(7)
iy | =20 [ 7]
where the transition matrix ® (¢, t) = Yo (¢, T)I + Y1 (¢, T)[A] and
_ ro oy

The elements ; are given by

S S
Kivekz(t t)—K‘;eKl(t 7)

Yolt, 1) = rE—
Ky — K

eK{ (t—1) _ eK% (t—1)

it 1) = ———

Ky

N
K>

where «7 , are the eigenvalues arising in this problem. The solution for 7 is
therefore

() = [Yolt, T) +rn(t, ©)lm(t) +anyi(t, T)m(T).

To derive the solution that is required, set T = 0 in the above expression, then
take the resulting expression and set t = £. These operations give

(1) = [Yo(t, 0) + ri(z, 0)]m (0) + a1 (7, 0)m(0)
() = [Yol, 0) + ryi (€, 0)]7(0) + anyi (€, 0)m(0).
Eliminate 7 (0) from this pair of equations and the resulting expression is (15)

with the superscript s used to denote magnitudes pertaining to the short run.
The nonhomogeneous component of this costate solution is zero.
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Abstract. We investigate the question of representing nonpaternalistic functions
(aggregators) in paternalistic form, which was posed by Ray (J. Econ. Theory 41:112—
132, 1987), in an intergenerational setting. As in Hori (Jpn Econ. Rev. 52:137-155,
2001), the aggregators in this paper may differ across generations and depend possibly
on the utility levels of all other generations. We discuss two approaches to deal with
an infinite horizon. The first one explores monotonicity structures inherent in nonpater-
nalistic altruism. By means of lattice-theoretic arguments, we establish the existence of
representations of nonpaternalistic functions in paternalistic form. The second approach
uses the requirement of small degree of altruism.

Key words: nonpaternalistic intergenerational altruism, paternalistic representation,
aggregator

1. Introduction

To analyze intertemporal economic problems, the notion of intergenerational
altruism has been playing an important role.! Researchers in this field identified

* | thank seminar and conference participants in Hitotsubashi, Kansai, Waseda, and
Caltech (Social Choice and Welfare Meeting) for helpful comments. I am also
grateful to an anonymous referee for pointing out a gap in the proof of Theorem 1
and other valuable suggestions. Research grant from Zengin Foundation for Studies
in Economics and Finace is gratefully acknowledged.

1 For prominent examples, the reader is referred to the references in Ray [14] and Hori
and Kanaya [10].
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two models of intergenerational altruism. To borrow terminologies from Ray
[14], the paternalistic model, on the one hand, incorporates intergenerational
altruism into the utility function of each generation as a function of consump-
tion allocations among all generations. On the other hand, the nonpaternalis-
tic model captures intergenerational altruism by means of aggregators which
relate the utility level of each generation to the utility levels of other generations
as well as one’s own consumption. The idea of nonpaternalistic altruism was
formulated by Becker [3] in the context of altruism among family members. In
intergenerational contexts, the same idea was employed by Barro [2], Kimball
[11], Ray [14], Hori and Kanaya [10], Hori [7], and Hori [8].

Ray [14, pp. 113-114] addressed the following question concerning the two
approaches:

The representation of nonpaternalistic functions in paternalistic
form has also been the object of limited attention; . ... But a sys-
tematic analysis of the relationship between these two frameworks
is yet to be written, and appears to be quite a challenge, especially
for models with an infinite horizon.

Several interesting results on this question have been delivered recently.
Bergstrom [4] identified the relevance of an infinite version of McKenzie’s [13]
dominant diagonal condition for a given list of linear aggregators to possess a
unique representation. Hori [9] considered the representation problem for the
case of a finite number of agents with possibly nonlinear aggregators. Hori [9]
showed that McKenzie’s [13] dominant diagonal matrix can be useful in the
case of non-linear aggregators as well. The model in this paper is an extension
of Hori’s [9] to the case of countably many generations. As in Hori [9], the
aggregators in this paper may differ across generations and depend possibly on
the utility levels of all other generations.

We discuss two approaches to deal with an infinite horizon. The first one
explores monotonicity structures inherent in nonpaternalistic altruism. By
means of lattice-theoretic arguments alone, we establish the existence of rep-
resentations of nonpaternalistic functions (aggregators) in paternalistic form.
Becker [3] discussed the problem of infinite regress to require that the degree of
altruism be small. The second approach uses the requirement of the same spirit
expressed in terms of uniformly small Fréche derivative (with respect to the util-
ity level of other generations). We regard this approach as a natural extension
of Hori’s [9]. We also discuss the case of linear aggregators. As Bergstrom [4]
showed, a certain infinite matrix with a dominant diagonal expresses the idea
of small degree of altruism in this case and it offers a powerful tool to repre-
sent nonpaternalistic functions in paternalistic form. Our treatment is different
from Bergstrom [4] in that we view the infinite matrix as a representation of a
continuous linear operator on I, (the set of bounded utility allocations of all
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generations) into itself while Bergstrom viewed it as a certain limit of finite
dimensional square matrices.

The rest of this paper is organized as follows. In Sect. 2, we present the
model. In Sect. 3, we discuss the lattice-theoretic approach to the representation
problem. In Sect. 4, we discuss the approach based on the contraction mapping
theorem. In Sect. 5, we consider the case of linear aggregators. In the last section,
we show that the contraction approach is an extension of Hori’s [9] to the case
of an infinite horizon.

2. The model

For simplicity, we assume that there is one consumer for each generation. The
integers ¢t = 1,2, ... denote generations. For each 7, X; = Rﬁr denotes the
consumption set of generation ¢.

Let X = H;’il X;. For each ¢, let U_, = R*. A generic element
u_y = Uy, ..., us—1, Usy1,...) € U_; signifies a profile of utilities other
than generation .

We employ the following terminologies. Let f be a real-valued function
on an ordered set Y. We say that f is non-decreasing (respectively, strictly
increasing) if f(x) > f(y) [respectively f(x) > f(y)] forall x,y € ¥ with
x > yandx # y.

For each 1, a real-valued function G; on X; x U_; is given. We call it
the aggregator for generation ¢. Let G = (G, G2, ...) be the profile of the

aggregators.
Representation problem (RP): Given the profile G of aggregators, find
a profile u = (uy, us,...) of real-valued functions on X such that for each

x € Xand t, u;(x) = G¢(xs, u_;(x)), where u_, denotes the profile with the
t-th component u, deleted, u,(x) is strictly increasing in x; and non-decreasing
MX_p = (X1, 0o, Xty Xpglyee-)

IfRPhas asolutionu = (uy, us, ...), wecall it a paternalistic representa-
tion of G = (G, G2, ...). We call the ¢-th component u, of the representation
u the utility function of generation ¢. Two questions immediately arise.

Question 1: Does G have a paternalistic representation?

Question 2: Is the representation unique?

3. The lattice-theoretic approach

In this section, we assume the following on the aggregators.
Pointwise boundedness (PB): Foreacht and x; € X;,{G,;(x;, u_;) :u_; €
U_,} is bounded.
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Monotonicity (MON): For each ¢, G;(x;, u_;) is strictly increasing in x;
and non-decreasing in u_;.

Now, we present the first main result.

Theorem 1. Under PB and MON, there exists a paternalistic representation of
a given profile of aggregators.

Proof. By PB, we can define the following real-valued functions. For each ¢
and x = (x1,x2,...) € X, leto,(x) = inf{G,;(x;,u—;) : u_y € U_;}, Bi(x) =
sup{G;(x;,u—_s) : u_y € U_;}. We consider the following function spaces.
U; = {uy : uy is non-decreasing and for each x € X, a;(x) < us(x) < B;(x)}.
The set U; is non-empty since «; and B, belong to it. Let & = Hfil U;. We
equip U with the natural order >, i.e., u > v if u;(x) > v;(x) for every x and
t. Foru = (uy,uz,...),v = (v1,v2,...) € U, let u A v = inf{u, v} and
u vV v = sup{u, v}. Then, for each x € X, (u A v)(x) = (min{u;(x), vi(x)},
min{uy(x), vo(x)},...) and (u VvV v)(x) = (max{ui(x), vi(x)}, max{u,(x),
v2(x)}, ...). These operations, A and Vv, make I/ a complete lattice, i.e., for
every non-empty subset 7 of U, inf 7 and sup7 exist and belong to U.
Indeed, inf 7 (x) = (inf{u;(x) : u € T},inf{ur(x) : u € 7},...) and
sup 7 (x) = (sup{ui(x) : u € T}, sup{ua(x) : u € T}, ...)arenon-decreasing
in x and belong to U.

For each u = (uj,up,...) € U and 1, let Fy(u)(x) = G;(x;, u_s(x))
and F = (F1, F3, ...). Clearly, F;(u)(x) is strictly increasing in x; and non-
decreasing in x_;. It is also trivial that F;(#) € U;. Hence, the operator F maps
U into itself. Clearly, F;(u) is non-decreasing in u. Hence, by Tarski’s fixed
point theorem [15], there exists u = (41, ua,...) € U such that for every x
and t, u;(x) = G (x;, u—s(x)). By MON, 1, satisfies the desired monotonicity
properties. O

Example 1. To see how crucial PB is in Theorem 1, let us consider the fol-
lowing profile of aggregators G = (G, G2,G3,...) : Gi(xj,u_1) =
p-xit+oauz, Golxp,u—3) = p-xp+Buy, Gi(xp,u—) =p-x, (t =3,4,...),
where p is an [-dimensional vector with strictly positive components, and & and
B are positive constants satisfying ¢ > 1. Clearly G satisfies MON but violates
PB. Suppose G possesses a system of utility functions u = (u1, u2, us3, ...).
Then, ui(x) = p - x1 + auz(x) and up(x) = p - xo + Bu;(x) for all x. Hence,
u(x) = %{‘;g“. Since 1 — aB < 0, u1(x) cannot be strictly increasing in
own consumption x; (or non-decreasing in x» for that matter). A contradiction
obtains. Therefore, there is no paternalistic representation. Of course, we have
no contradiction if 1 — a8 > 0. In Theorem 1, PB excludes this case which is
covered by Sect. 5.
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4. The contraction approach

In this section, we obtain a unique paternalistic representation of a given profile
of aggregators.

To this end, we add a few more assumptions on the aggregators. For sim-
plicity, we put a restriction on the domains of the aggregators: For each ¢, U_;
is equal to . For u € I, |lu]|oo denotes the sup norm of u. 1 denotes the
constant sequence (1, 1, ...). Note that the domain of the aggregator, X, x U_,;
is a subset of R>. We equip X; x U, with the relative product topology. From
now on, we refer it as the product topology.

Continuity(CONT): For each ¢, the aggregator G, is product continuous.

Uniform boundedness(UB): For every o € R, sup, sup, cx, |G;(x;, a1)]
< 00.

Lipschitz condition (L.C): There exists § € (0, 1) such that for every ¢, x;,
u—pand vy, |G (xs, u—r) — G (x, v—p)| < 8ll—t — V¢l 0o-

CONT is standard. UB may be weakened at the cost of elaborating the
choice of relevant function spaces [6], which we do not pursue in this paper. LC
expresses the idea that the utility level of each generation does not depend too
much on those of other generations.

Theorem 2. Under CONT, UB, and LC, there uniquely exists a paternalistic
representation of a given profile of aggregators.

Proof. We set up different function spaces from those in the previous section.
Letdd = {u = (uy,uz,...) : For each ¢, u, is a product continuous, real-valued
function on X, and sup, .y sup, |u;(x)| < oo}. For u = (uy,uz,...) € U, let
||l = sup,cx sup; |u;(x)|. By the standard argument, ¢/ is a Banach space
under the norm ||#||so-

Let U™ = {u = (uj,uz,...) € U : Foreacht, u, is non-decreasing}.
Clearly, 24" is a closed subset of { so that it is a complete metric space.

Now, we define an operator 7' on U For u = (uy, us, ...) € UM and
x e X, letT(w)(x) = (G1(x1, u—1(x)), Ga(x2, u—2(x)),...),whereu_,(x) =
(u1(x), ua(x), ..., ur—1(x), ur41(x), ...) for every . To see that T maps U'"¢
into itself, for every x € X, u = (uy, ua,...) € U, and t, G; (x;, —|u|1) <
G (xg, u—r(x)) < G (xy, [|u||1) by MON.

Thus, for every t, |G;(x;, u—;(x))| < max{sup,cx sup; |G (x¢, lull1)],
Sup, cx sup; |G (xr. —[lu[|D]}. Thus, by UB, sup, ¢y sup; |Gy (xr., u—; (x)| <
oo. Clearly, for every ¢, G;(x;, u—_;(x)) is non-decreasing in x and product
continuous in x. Hence, 7 maps U/" into itself.

By LC, T is acontraction. Hence, by the contraction mapping theorem, there
exists a unique u* = (uf, u3,...) € U such that u* = T (u*), i.e., for every
x € Xand ¢, us(x) = G¢(xs, u—_¢(x)). By MON, u;(x) is strictly increasing
in x;. O
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5. Linear representation problem

We call a real-valued, increasing function v, on X; a felicity function of
generation . v = (vy, vz, ...) denotes a profile of felicity functions. Let
v = (v1, 12, ...) be a profile of felicity functions and let {a,;}7° 130 | be a dou-
ble sequence such that for each ¢ and j, a;; > 0 and a;,, = 0, and {a,j}j:1
is summable. We say that the aggregator G; is linear if it is of the form
Gi(x, Uy) = vi(xy) + Z —1a;U

Linear representation problem (LRP): Given a profile of linear aggrega-
tors, find a paternalistic representation.

Two immediate questions arise.

Question 3: Does LRP possess a solution?

Question 4: Is a solution to LRP unique?

To give a positive answer to each question, we propose a condition which
generalizes Hori’s [9]. To this end, let B be the infinite matrix defined by

1 —app—ais.
—ar; 1 —anx3...
—az; —azy 1

Let b;;j be the (i, j)-element of the matrix B,i.e.,b;j = 1ifi = j,and b;; =
—a;j otherwise. Let n be a positive integer and let I1 = {1,2,...,n},..., I =
nk—1)+1,ntk—1)+2,....,n(k—1)+n} (k=2,3,...). Then, the set
{I}}72., partitions the set N of all positive integers. For every i and j € N, let
Bj; be the sub-matrix [bimlier; mer;- Note that the sub-matrix B;; depends on
the choice of n.

Dominant diagonal blocks (DDB): The matrix B has a dominant di-
agonal blocks, i.e., there exists n € N such that for all i, B;; satisfies the
Hawkins—Simon condition, and there exists a norm || - || on R” such that sup;
SUPy e =1 1 Bj; ' XI| < 00 and sup; sup, e =1 2 B Bijxll < 1.2

DDB means that off-diagonal blocks are small in terms of some norm. This
intuition may easily be seen in a special case n = 1. In this case, all the diagonal
blocks B;; degenerate into 1 x 1 matrix 1.

Dominant diagonal (DD): sup, Z?;t aj < 1.

The series Z;x;ét a;j may be regarded as the degree of intergenerational
altruism. Then, DD clearly expresses the idea that the degree of intergenerational
altruism is small.

To see the relevance of DDB, let us look at the system of simultaneous
equations:

2 Araujo and Scheinkman [1] applied this version of diagonal dominance assumption
to deliver comparative dynamics results in infinite horizon optimization problems.
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o0
Ur = Gi(x, U—) = vi () + D ayUj (1 =1,2....).
j=1

We search for a bounded sequence U = (Uj, Uy, ...) that solves the si-
multaneous equation. This immediately raises a question of invertibility of the
continuous linear operator T : I, — I represented by the infinite matrix B.

Let I : I — I be the identity operator. By DDB, ||T — || < 1. Hence, T
is invertible and 7~! = Z?io(l — T)/. See Lang [12, Chap. 5], for example.
The last formula shows the inverse of operator T is represented by a nonnegative
infinite matrix. Thus, by DDB, the system has the unique solution:

Ux)=T""vx) =vx) + Z([ — T) v(x).

j=1

Let U(x) = (Ui(x1,x-1), Uz(x2,x_2),...). Since each v;(x;) is strictly
increasing in x;, each U; (x;, x_;) is strictly increasing in x;. Since z(]’i] (I=T)/
is nonnegative, Zii] (I =T)v(x)is non-decreasing in x. Hence, U (x) gives
the unique solution to LRP.

Now, we discuss diagonal dominance introduced by Bergstrom [4].

Bergstrom dominant diagonal (BDD): There exists a bounded sequence
d = (dy, d3, ...) such that for all ¢, d; > 0, and inf,(d; — Z?i] asjdj) > 0.

Suppose that the infinite matrix B satisfies BDD. Then, the continuous
linear operator 7T : I, — I represented by the infinite matrix B is invertible.
The infinite matrix representing the inverse operator of T is of the following
form: DC~'D!, where D = diag(dy, da, ...), C = (¢1j), ¢rj = (aid})/d;.
Note that the existence of the inverse matrix of C follows from |C — I|| < 1,
where I denotes the identity matrix and || - || denotes the sup-norm. Since
c 1= Z?OZO(I — C)f, clis nonnegative. Hence, DC'D s nonnegative
also. Hence, under BDD, LRP has a unique solution.

6. Link between the contraction approach and DDB

In this section, we consider the logical implications of differentiable aggregators.
To be more specific, we extend Hori’s result [9] by means of the contraction
approach.

Smoothness (S): For each ¢ and x;, G;(x;, u_,) is continuously Fréchet
differentiable with respect to u_;.

Let D, ,G(x;, u—;) be the derivative of G;(x;, u—_;) with respect to u_;.
Note that D,, , G;(x;, u—;) is a sup norm continuous, linear functional on /. By
MON, it is nonnegative. By definition of the dual norm, ||D,_, G;(x;, u—_;)|| =
SUPhel:(hfla=1 | Pu_, Gt (xe, u—)(h)|. Since Dy, G(x;, u—;) is nonnegative,
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|Dy_,Gi(xt,u—s)|| can be written as D, ,G;(x;,u—_;)(1). To see the link
between the contraction approach in the previous section and the condition
developed by Hori [9], it is useful to consider the following condition.
Limited utility dependence (LUD): sup,inc Sup; sup, cx, [1Du_,
Gi(xpu—(x))]l < L.
By the mean value theorem (see [12, Corollary 1, Chap. 5] for example),
for every ¢, x, u_, and v_;,

|G (xp,u—y) — Gr(xs, v_p)| < sup ”Du,,Gt(xlv w_)llu—r —v—tllcos
Wt

where the sup,, | is taken overany w_; on the line segment between u_; and v_;.
Let § = sup,,cyinc SUp; SUpy, ex, |Dy_,G¢(xt, u—s(x))||. Then, by LUD, § < 1.
Since sup,, , [|Dy_, G (xr, w—p)|| <8, we have |G (x, u—) — Ge(xr, v—¢)| <
8llu—s — v—¢|loo. Thus, LUD implies LC.

In order to see the link between our results and Hori’s [9], we need to invoke
the Yosida—Hewitt decomposition theorem (see [16]): D, ,G;(x;, u—_;) can be
expressed as

o
Du,, Gt(x[9 M—Z)(h) :Z p[j (.Xt, Ll_t)hj+)\,t(xt, l/l_t)(h) for every h Eloo,
J#t

where {p;; (x;, u_t)}?‘;ét is an absolutely summable, nonnegative sequence and
A (xs, u_;) is a purely finitely additive, nonnegative linear functional on /.

Let jo # t, and let ¢/0 = {ejo};?jét be the sequence defined by ejg =1
and e§° = 0 for j # t, jo. Then, D,_, G, (x;, u—;)(e®) = pyjo(x;, u—y). Since
D, ,G(x;, u_;)(e0) is the partial derivative of G;(x;, u_;) with respect to
u j,, denoted by Gyj, (x;, u—r), {Gyj(xs, u_,)};?‘;ét is absolutely summable and
nonnegative.

Let a;; = sup,cygine SUpyex Grj(xr, u—g)(t # j). Clearly, sup, czsinc sup;
supyex {270 Grj (X, u—r)} < sup, 275, arj. Now, let us consider the follow-
ing two conditions. The first one is from Bewley [5].

Exclusion (EX): For each 7, x € X, and u_,, the purely finitely additive
part A;(x;, u_;) of the Fréchet derivative D, ,G;(x;, u—,) vanishes.

Uniformly dominant diagonal blocks (UDDB): There exists a nonnegative
infinite matrix A = [a,j];’ilcj?ozl such that for each ¢, j, and (x;, u_;), a;; =
0,a;; > 0G(x;, u—;)/0u; and that the infinite matrix / — A satisfies DDB.

It follows from the above discussions that UDDB, along with EX, imply
LUD. This explains why UDDB, the analogue of Hori’s condition (4.1) in Hori
[9], is useful in obtaining the unique solution to RP.
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