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Preface

In modern financial practice, asset prices are modelled by means of stochas-
tic processes. Continuous-time stochastic calculus thus plays a central role
in financial modelling. The approach has its roots in the foundational work
of Black, Scholes and Merton. Asset prices are further assumed to be ratio-
nalizable, that is, determined by the equality of supply and demand in some
market. This approach has its roots in the work of Arrow, Debreu and McKen-
zie on general equilibrium.

This book is aimed at graduate students in mathematics or finance. Its
objective is to develop in continuous time the valuation of asset prices and
the theory of the equilibrium of financial markets in the complete market case
(the theory of optimal portfolio and consumption choice being considered as
part of equilibrium theory).

Firstly, various models with a finite number of states and dates are re-
viewed, in order to make the book accessible to masters students and to pro-
vide the economic foundations of the subject.

Four chapters are then concerned with the valuation of asset prices: one
chapter is devoted to the Black—Scholes formula and its extensions, another
to the yield curve and the valuation of interest rate products, another to the
problems linked to market incompletion, and a final chapter covers exotic
options.

Three chapters deal with “equilibrium theory”. One chapter studies the
problem of the optimal choice of portfolio and consumption for a representa-
tive agent in the complete market case. Another brings together a number of
results from the theory of general equilibrium and the theory of equilibrium
in financial markets, in a discrete framework. A third chapter deals with the
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Radner equilibrium in continuous time in the complete market case, and its
financial applications.

Appendices provide a basic presentation of Brownian motion and of nu-
merical solutions to partial differential equations.

We acknowledge our debt and express our thanks to D. Duffie and
J.M. Lasry, and more particularly to N. El Karoui. We are grateful to
J. Hugonnier, J.L. Prigent, F. Quittard—Pinon, M. Schweizer and A. Shiryaev
for their comments. We also express our thanks to Anna Kennedy for translat-
ing the book, for her numerous comments, and for her never-ending patience.

ROSE-ANNE DANA
MONIQUE JEANBLANC

Paris,
October 2002
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1

The Discrete Case

In this first chapter, we bring together results concerning both the valuation
of financial assets and equilibrium models, in a discrete framework: there are
two dates, and the asset prices only take a finite number of values. We have
chosen to introduce in the context of very simple models, concepts that will
be developed further on in the book, in the hope of easing the reader’s task.

1.1 A Model with Two Dates and Two States of the
World

Here we study a financial market with two dates, time 0 and time 1, in the
very simple case of two possible states of the world at time 1. Obviously, this
situation is not very realistic. It is a textbook case, which will allow us to
draw out concepts (such as hedging portfolios, arbitrage and the risk-neutral
measure), which will be useful for dealing with more sophisticated models,
describing more realistic situations.

1.1.1 The Model

The financial market that we are studying is made up of one stock, and one
riskless investment (such as a savings account).

At time 0 (today), the stock is worth S euros. At time 1 (tomorrow, or in
six months’ time), the stock will be worth either S,, euros or Sy euros with
Sq < Sy, depending on whether its price goes up or down. The outcome is not
known at time 0. We usually say that the stock is worth S, or Sy depending
on the “state of the world”.

The riskless investment has a rate of return equal to r (r > 0) : one euro
invested today will yield 1 + r euros at time 1 (whatever the state of the
world). This is why the investment is called riskless.

We now consider a call option (an option to buy). A call option is a
financial instrument: the buyer of the option pays the seller an amount ¢ (the
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premium) at time 0, in return for the right, but not the obligation, to buy
the stock at time 1, and at a price K (the exercise price or strike), which is
set when the contract is signed at time 0. At the time when the buyer decides
whether or not to buy the stock, he knows its price, which here is either S,
or Sy. If the price of the stock at time 1 is greater than K, the option holder
buys the stock at the agreed price K and immediately sells it on, so making
a gain; otherwise, he does not buy it.

A put option (an option to sell) gives the right to its buyer to sell a stock
at a price K, which is agreed upon when the contract is signed.

The profit linked to a call is unlimited, and the losses are limited to ¢. For
a put, the profit is limited, and the losses are unlimited.

The valuation of an option consists in determining the price ¢ of the option
under normal market conditions.

1.1.2 Hedging Portfolio, Value of the Option
Call Options

First, we consider the case where S; < K < S,,. The other two cases are not
as interesting: if K < Sy, the option holder will gain at least S; — K whatever
the state of the world, and the seller will always make a loss (and the opposite
is true when S, < K).

Suppose then that S; < K < S,. We will see how to build a “portfolio”
with the same payoff as the option at time 1. A portfolio is made up of a pair
(a, B), where « is the amount, in euros, invested in the riskless asset, and 3 is
the number of stocks the investor holds (o and S can be of any sign: one can
sell stocks one does not hold!, and borrow money). If (c, 3) is the portfolio
held at time 0, its value in euros is « + 55. At time 1, this same portfolio is
worth:

a(l+r)+ BS, if we are in the first state of the world, the high state

(the stock price has risen),

a(l+7)+ 3Sy if we are in the second state of the world, the low state.

We say that a portfolio replicates the option if it has the same payoff at
time 1 as the option, and this whatever the state of the world. In other words,
the two following equalities must hold:

a(l+r)+06S, = Sy — K
a(l+r)+BSs = 0.

1" A short sale: we can short the stock, or have a short position in the stock. Having
a long position means holding the stock.
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By solving the linear system above, we can easily obtain a pair (a*, 5*):
o = Sa(Su — K) :Su—K
(Su —Sa)(1+71)’ Sy —Sq
The price of the option is the value at time 0 of the portfolio (a*, 5*), that

g = oK S
qg=o +p5S = 5. S5, <S 1—&—7“)' (1.1)

This is a “fair price”: with the amount g received, the option seller can
buy a portfolio (a*, 3*), which generates the gain S,, — K if prices rise, and
which will then cover (or hedge) his losses (we call this a hedging portfolio?).
As to the option buyer, he is not prepared to pay more than ¢, because oth-
erwise he could use the money to build a portfolio which would yield more
than the option, for example using the same §* and an « that is larger than o*.

ﬂ*

is

To obtain the option pricing formula without assuming Sy < K < S, we
use the same method. We look for a pair (a*, 5*) such that

a*(1+r)+0*S, = max (0, S, — K):= C, ,
a*(14+7)+"Sqg = max (0, Sqg— K) := Cy .

c,—-C
We find g* = SiSd' Notice that 6* > 0. In other words, the hedging
—9d
portfolio of a call is a long position in the stock.
Moreover,
g:= a* +8*S = Tor (nCy + (1 —m)Cy) , (1.2)
where 1
= — ((1 — . 1.
rim g (147)S-50) (13)

Put Options

Similarly, we can show that the price P of a put option satisfies
1
P:= — (#P,+(1—7m)Fy),
(P + (- )P)
where P, = max (0, K — S,); Py = max (0, K — Sy).
Of course, call options (options to buy) and put options (options to sell)
can themselves be either bought or sold.

The valuation principle employed here is very general, and can be applied
to other contingent claims. The cost of replicating a cash flow of H, in the
high state and of H, in the low state is ﬁ(wHu + (1 —m)Hy).

2 The hedging portfolio covers the losses whatever the state of the world.
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1.1.3 The Risk-Neutral Measure, Put—Call Parity
The Risk-Neutral Probability Measure

Let us comment on the formulae in (1.2) and (1.3).

If Sg < (1+7)S < Sy, then 7 €]0,1[. We can interpret (1.2) in terms of
“neutrality with respect to risk”. Equation (1.3) can be written

14+7r)S = 7S, +(1—m)Sq. (1.4)

The left-hand side of (1.4) is the gain obtained by putting S euros into
a riskless investment, the right-hand side is the expected gain attained by
buying a stock at a price of S euros, if the probability of the high state of
world occurring is 7, and if the low state of the world has probability (1 — ).
Equality (1.4) translates the fact we are in a model that is “neutral with
respect to risk”: the investor would be indifferent to the choice between the
two possibilities for investment (the riskless one and the risky one) as his
(expected) gain remains the same. It is “as if” there were a probability 7
attached to the states of the world, and under which the investor were neutral
with respect to risk.

Proposition 1.1.1. The price of a contingent claim (for example an option)
is the discounted value of the expected gain with respect to the “risk-neutral”
probability measure.

Proof. For a call option, the realized gain is equal to C,, or to Cy, depending on

euros at

the state of the world. As the present value of 1 euro at time 1 is 1

time 0, so the present values of the realized gains are T+ C, and T+ Cy.
r T

The fair price of the option being given by (1.2), the result follows. O

There is another interpretation of this result: let S7 be the price of the asset

at time 1, and let P be the risk-neutral probability measure defined by P(S; =

Su) =m, P(S;1 = S4) =1— m. The price of a call option is the expectation,

under this probability measure, of (S; — K)*/(1 + r). Similarly, we can show
that the price of a put is the expectation under P of (K — S1)" /(1 +r).

Put—Call Parity

It is obvious that we have (S; — K)™ — (K — 1)t = S; — K. Hence, taking
present values and expectations under the risk-neutral measure, and noticing
also that the expectation of S1/(1+7) is equal to S (property (1.4)), we obtain

C=P+S—K/1+r) (1.5)

where C' is the price of the call and P is that of the put. This formula, which
we will later generalize, is known as the “put—call parity”.
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Remark 1.1.2. It would be tempting to model the situation by introducing the
probability of the event “the price goes up”. However, the proof above shows
that this probability does not come into the valuation formulae.

1.1.4 No Arbitrage Opportunities

An arbitrage opportunity occurs if, with an initial capital that is strictly
negative, an agent can obtain a positive level of wealth at time 1, or if, with
an amount capital that is initially zero, an agent can obtain a level of wealth
that is positive and not identically zero. We generally make the assumption
that no such opportunities exist.

Let us first show that there are no arbitrage opportunities (NAO) if and
only if Sg < (1+17)5 < S,.
If Sqg < (147)S < Sy, there exists m €]0, 1 such that (1 +7)S =S, + (1 —
7)Sq. Suppose that («, ) satisfies

a(l+7)+65,>0, a(l+r)+854>0

with at least one strict inequality. Then, multiplying the first inequality by 7
and the second by 1 — 7, and by summing the two, we obtain o + S > 0.
Similarly, if we have simply

a(l+7)+ 85, >0, a(l+7)+55>0

then we deduce that o + S > 0. In neither case do we have an arbitrage
opportunity.

Conversely, if (1 +r)S < S4, then the agent can, at time 0, borrow S at a
rate of r, and buy the stock at price S. At time 1, he sells the stock for S,
or Sy, and repays his loan with (1 4+ r)S. So he has made a gain of at least
Sq— (1+7)S > 0. It is easy to apply an analogous reasoning to the case
Sy < (1+7)S.

We can justify the option valuation formula using the assumption of no
arbitrage opportunities. Let us assume that Sy < K < S,,. If the price of
the option is § > ¢, where ¢ is defined as in (1.2), then there is an arbitrage
opportunity:

e at time 0, we sell the option (even if we do not actually own it) at price g.
With ¢, we can build a hedging portfolio (a*, 3*) as described previously,
and we invest the remaining money g — ¢ at a rate of . We have:

7=a+(@-q+p5S.

The initial investment is zero.
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e at time 1:

— if the price of the stock is S,: the option is exercised by the buyer.
We buy the stock at price S, and hand it over to the option buyer
as agreed, at a price of K; the portfolio (a* + (¢ — ¢q), 5*) is worth
Sy — K + (G- q)(1 4 r), and our final wealth is K — S, + [S, — K +
(@—q)(1+7)]=(7—q)(1+r), and is strictly positive,

— if the price of the stock is Sy: the option buyer does not exercise his
right, and we are left with the portfolio, which is worth

@—q9@1+7r)>0.

Hence, we have strictly positive wealth in each state of the world with an
initial funding of zero, that is, an arbitrage opportunity.

We can reason analogously in the case g < gq.

We will come back to the concept of no arbitrage opportunities repeatedly
throughout this book.

Exercise 1.1.3. Show by reasoning in terms of no arbitrage opportunities
that:

e the put—call parity formula holds,
e the price of a call is a decreasing function of the strike price,

e the price of a call is a convex function of the strike price.

We can turn to Cox—Rubinstein [72] for further consequences of no arbitrage
opportunities.

1.1.5 The Risk Attached to an Option

In this section, we assume that investors believe that the stock will rise with
probability p. The calculations here are carried out under this probability
measure.

Risk Linked to the Underlying

S1—

The rate of return on the stock is by definition R = . Its expectation

is
S, 1-p)S
mg = M -1,
S
where p is the probability of being in state of the world w.
The risk of the stock is usually measured by the variance of the rate of
return of its price:

S, — S 2 S,— S 2
U%ZP( 5 —ms) +(1—p)( dS —ms),
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i.e.
Sw — Sq

vs = = (p(1-p)'"* .

We say that vg is the volatility of the asset.

Risk Linked to the Option

Let C be a call on the stock. The delta (A) of the option is the number of
shares of the asset that are needed to replicate the option (it is the 3 of the
C,—C, )
hedging portfolio given in (1.2)), i.e., A = SiSd' This represents the
w T d
sensitivity of C' to the price S of the underlying asset.

The elasticity (2 of the option is equal to

Cu*Cd Sufsd
C S 7

S
ie.,, 2 = —A where C is the price of the option. We denote by m¢ the

expectation of the rate of return on the option. The risk of the option is
measured by the variance of the rate of return on the option:
pCy + (1 —p)Cy

ve = {p(1-p)}'? % :

We have that ve = 2vg: the risk of the call is equal to the product of the
elasticity of the option by the volatility of the underlying asset. The greater
the volatility of the underlying asset, the greater is the risk attached to the
call.

Proposition 1.1.4. The volatility of an option is greater than the volatility
of the underlying asset:
vo > Vg .
The excess rate of return of the call is greater than the excess rate return of
the asset:
mec—1r >msg—7T.

Notice that this last property makes it worthwhile to purchase a call.

Proof. First, we show that 2 > 1.
7Cy 4 (1 — ) Cqy (14+7)S — Sy
where m = ~—~F————

We have seen how C = 147 Su — Sq

Thus

(147) (S(Cy = Ca) = C(Sy — 8a)) + (SuCaq — SaCl) = 0.

Using the relation C,, = (S, — K)* and the equivalent formula for Cy, we
check that S,Cy — S4C,, <0, and hence that 2 > 1.
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We would like to establish a relationship between m¢ and mg. To do this,
we use the hedging portfolio (¢, ), which satisfies

Sub+1+r)a = C,
{Sdﬁ+(1+r)0¢ = Ca,
as well as the equality C' = o 4+ SB3. We then obtain (using 8 = A)
S, A-Cy = (1+7)(SA-0C)
SqiA—Cy = (1+7)(SA-0C),
and hence
p(SuA —Cy)+ (1 —p)(SqA—-Cy) = 1+7r)(SA-C).
Rearranging terms,
mgSA—mcC = r(SA-C)

where
me—r = 2mg—r).

The excess rate of return on the call is equal to {2, the elasticity of the
option, multiplied by the excess rate of return on the asset (with 2 >1). O

In Chap. 3, we will study these concepts in continuous time.

1.1.6 Incomplete Markets
A Finite Number of States of the World

When the asset takes the value s; at time 1 in state of the world j with
j=1,... k, for kK > 2, it is no longer possible to replicate the option, as we
obtain k equations (k > 2) with 2 unknowns. We consider contingent claims
that are of the form H = (hy, ho, ..., hi), where h; corresponds to the payoff
in state of the world j. This contingent claim is replicable if there exists a pair
(cr,0) such that «(1+ )+ 651 = H, that is such that

a(l+r)+0s; =h;; V5.

In this case, the price of the contingent claim H is the initial value h = a+6.5
of the replicating portfolio.

The set P of risk-neutral probability measures is by definition the set of
probability measures @ that assign strictly positive probability to each state
of the world, and satisfy

EQ(Sl) =5(1 +T) .
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The set of risk-neutral probabilities (g1, g, - . ., qx) is determined by

¢ >0 forj=1,2,...,k

k
qusj = (1 +7’)S .
7j=1

The price range associated with the contingent claim H is defined by

inf Eq(H), Eo(H
| dnt, B, s Eo)

where H is the discounted value of H, i.e., H = H/(1 4 r) in our model. We
will come back to the price range later. In the meantime, we note that if the
market is incomplete, and if H is replicable, then the value of Eq(H/(1+1))
does not depend on the choice of risk-neutral measure @Q. Indeed, if there
exists («,#) such that

a(l+7)+0s; =hj, Vj

then for any choice of risk-neutral probability measure (g;,1 < j < k), we
have

k k
Eq(H) = quhj = qu(a(l +7)+0s;) =a(l+7r)+0(1+7)S.

A Continuum of States of the World

Let (£2,A,Q) be a given probability space. Let S be the price of the asset
at time 0. Suppose that there exist two numbers S; and S, such that the
price at time 1 is a random variable S; taking values in [Sy, S,], and with
a density f that is strictly positive on [Sg, Sy]. Suppose moreover that Sy <
(1+7)S < Sy. Let P be the set of risk-neutral probability measures, that

51 > = S (condition
r

is, the set of probability measures P such that Ep (1

(1.4)). We need these probability measures to be equivalent to @. In other
words, we need S; to admit under P (or Q) a density function that is strictly
positive on [Sg, S,

Proposition 1.1.5. For any convex function g (for example g(x) = (z —
K)*), we have

g(51)\ _ g(Su) S(L+71)— Sy N 9(Sa) Su—S(1+7)
1+r) 14+4r S,—5, 1+  S,—S;

sup Ep
PecP



10 1 The Discrete Case

If g is of class C', we have

. g(S1)\ _ g((L+7)S)
ﬁrégaEP(Hr)_ T+r

Proof. Let g be a convex function. Let u and v be the slope and y-intersect
of the line that goes through the points with coordinates (Sg,g(Sq)) and
(Su,9(Sy)). We then have:

Vo € [Sq, Su), g(x) < px+v
9(Sa) = pSat+v
g(Su) = uSy +v,

and hence, for all P € P,
Ep(g(Sl)) < MEP(SI) +v= /J,S(l + 7") +v.

As p = W and v = g(Sq) — Sd%, we obtain an upper
bound.

Let P* be the probability measure such that

P(S, =8, =p
P (S1=84) = 1-p
Ep+(S1) = S(147).

The last condition above determines p (equal to the 7 appearing in formula

) S(1 S S, - S(1
PZi( 1) = 4 1-p=r_ = a+n
Su — Sd Su - Sd

We have Ep«(g(S1)) = pS(1 +r) + v. The supremum is attained under P*.
We notice that this probability measure does not belong to P, as it does
not correspond to the case where S; has a strictly positive density function.
However we can approach P* with a sequence of probability measures P,
belonging to P, in the sense that Ep«(g(S1)) = lim Ep, (g(S1)).

Similarly, we can obtain a lower bound

g(&)) _ g(S(1+7)
147 1+r '

inf F
s

Indeed, if v and § are the slope and the y-intersect of the tangent to the curve
y = g(z) at the point with coordinates (S(1+ r),g(S(1+7))), then

gy >~vzx+6, ~SA+r)+6=9(S(1+7r)).

Hence Ep(g9(S1)) > Ep(yS1+0) = g(S(1+7)), and the minimum is attained
by the Dirac measure at S(1 + 7). O
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This result can be interpreted in terms of volatility. If S; takes values in
[S4, Su] and has expectation S(1 + r), then its variance is bounded below by
0 (this value is attained when S; = S(1+r)), and achieves a maximum when
S1 takes only the extreme values S; and S, .

As we remarked earlier, if there does not exist a portfolio that replicates
the option, we cannot assign the option a unique price. We define the selling
price of the option as the minimal expenditure enabling the seller to hedge
himself: it is the smallest amount of money to be invested in a portfolio («, 3)
with final value greater than the value of the option g(S7). Hence the selling
price is

@Beal® TP

with A = {(a, 8)| a(1+7r)+ Bz > g(x), Yz € [Sq, Su]}. We have

. 9(51)>
f +06S) = E .
@R TS = sup P<1+r

Indeed, by definition of A, we have a(1 +r) + 551 > g(S1), and hence

. 9(51)>
f + 3S) > E .
@B (a+F5) 2 sup P(m

Moreover, using the pair (u, ) from the previous section, we can check

that (1j_r,,u> is in A:

. v 9(51)
f S) < uS = E .
@ (@ B8) < pS+ 7 = sup P(1+r>

The two problems,

9(51)) :
sup F and inf (a+p8S
pel:,); P ( 147 (a,ﬁ)eA( B3)

are called “dual problems”.

We define the buying price of an option as the maximum amount that can
be borrowed against the option. The buying price of a call is then defined by:

sup (a + B5)
(e,B)€C

with C = {(«, 8)| a(1+ )+ Bz < g(x), Vo € [Sq, Su]}-
Similarly, we get:

. 9(51))
+03S) = inf F .
Jup (ot 55) = o, P<1+r
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1.2 A One-Period Model with (d 4+ 1) Assets and k
States of the World

We now construct a model that is slightly more complex than the previous
one. We consider the case of a one-period market with (d + 1) assets and k
states of the world. Here again, we do not claim to describe the real world (and
nor will we at any point of the book). Instead, we aim to draw out concepts
with which we can develop acceptable forms of model.

If S is the price at time 0 of the i-th asset (i =0, ...,d), then let its value
at time 1 in state j be denoted by v;

A portfolio (6°,01,...,69) is made up of 6 stocks of type i, and therefore
its value at time 0 is Y0, 65, and its value at time 1 is 3%, 0'v? if we are
in the j-th state of the world.

Notation 1.2.1. The column vector S has components S?, and the column
vector § has components 6°.

Let V' be the matrix of prices at time 1: that is the (k x (d + 1))-matrix
whose i-th column is made up of the prices of the i-th asset at time 1, that is
(vi,1<j<k).

We use matrix notation: 6 - .S = Z?:o 9'S* is the scalar product of § and
S, and V@ denotes the RF-vector with components (V6); = 3>, 0'v}.

We write V7T for the matrix transpose of V, and S7T for the vector transpose
of S.

A riskless asset is an asset worth (1 4 r) at time 1 whatever the state of
the world, and worth 1 at time 0. The rate of interest r is used as both a

1
lending rate and as a borrowing rate for the sake of simplicity. Thus, T+ is
r

the price that must be paid at time 0 in order to hold one euro at time 1 in
all states of the world.

Notation 1.2.2. Ri denotes the set of vectors of R¥ that have non-negative
components. Ri . denotes the set of vectors of R* that have strictly positive
components. A*~1 refers to the unit simplex in R*:

k
ARl = {Ae R | ZA1_1}.
i=1

Let z and 2’ be two vectors in R*. We write z > 2/ to express z; > z, for all i.

Exercise 1.2.3. Show that if V is a k x (d + 1)-matrix, then there is an
equivalence between the statements:
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(i) The rank of the mapping associated with V' is k.
(ii) The linear mapping associated with V' is surjective, and the one associated
with V7T is injective.

1.2.1 No Arbitrage Opportunities

We now introduce the concept of an arbitrage opportunity, which was touched
upon earlier.

The Assumption of No Arbitrage Opportunities

Definition 1.2.4. An arbitrage is a portfolio 6 = (6°,01,...,0%) with a non-
positive initial value S-0 = Z?:o 0'S and a non-negative value VO at time 1,
with at least one strict inequality. In other words, either S-0 < 0 and VO > 0,
or S0 =0 and VO > 0 with a strict inequality in at least one state of the
world.

We say that there are no arbitrage opportunities when there is no arbi-
trage. That is to say, the following conditions must hold:

(i)  VO0=0impliesS-0=0,

(i) V>0, VO #0 impliesS-60>0.

Indeed, in the first case, if we had V8 =0 and S-6 < 0 (or S -6 > 0),
then the portfolio § (or —f) would be an arbitrage. In the second case, if
V>0, VO#£0 and S -6 <0, then 6 would be an arbitrage.

An arbitrage opportunity is a means of obtaining wealth without any ini-
tial capital. Obviously an arbitrage opportunity could not exist without being
very quickly exploited. We therefore make the following assumption, referred
to as the assumption of no arbitrage opportunity (NAO).

The NAO Assumption: there exists no arbitrage opportunity.

Using the same notation as before, we recall a result from linear program-
ming:

Lemma 1.2.5 (Farkas’ Lemma). The implication V6 > 0= S-6 > 0 holds
if and only if there exists a sequence (,6’]-)?:1 of mon-negative numbers such

that S = Y0 vip;, ie€{0,...,d}.
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We remark that the assumption of NAO is a little bit stronger than the
assumptions of Farkas’ Lemma, as according to the former, if the portfolio’s
payments are non-negative, and strictly positive in at least one state of the
world, then the price of the portfolio is strictly positive. From this we will
deduce (with a proof that is in fact simpler than that of Farkas’ Lemma) that
the 3; are strictly positive.

We recall the Minkowski separation theorem.

Theorem 1.2.6 (The Minkowski Separation Theorem). Let Cy and Cy
be two non-empty disjoint convex sets in R¥, where Cy is closed and Cy is
compact. Then there exists a family (ai,...,ax) of non-zero coefficients, and
two distinct numbers by and by such that

k k
VmEC’l, Vy€C2, Zajxj < b < b < Zajyj .
j=1 j=1

Theorem 1.2.7. The NAO assumption is equivalent to the existence of a
sequence (ﬁj)le of strictly positive numbers, called state prices, such that

k

St =Y vip; i€{0,....d}. (1.6)

Jj=1

Proof. (of Theorem 1.2.7)
Let ST be the row vector (S°,S',...,5%) and let U be the vector subspace

of RF+1
ST
U:= {zERk+l|z:< v )m;xeRdH}.

The assumption of NAO implies that U ORTA = {0}, so that in particular,
UNA* = (. According to Minkowski’s theorem, there exists a set of non-zero
coefficients {3;; j = 0,...,k} and two numbers by and bs, such that

k k
Zﬁij < b < by < Zﬂjwj; ZGU,wEAk.
j=0 j=0
As 0 € U, by > 0, and hence, by choosing a vector w whose components
are all zero except for the j-th, which is equal to 1, we deduce that 3; > 0,
vV j€{0,...,k}. Without loss of generality, we can take 8y = 1.
Then let 3 be the vector (3i,...,0;)T. Taking into account the form

of the elements of U, we write the inequality zo + Z§:1 Bjz; < 0 as
(=S +VTB)-x < 0. Hence S = VTj, ie., S = 25:1 ﬁﬂ}é with §; > 0,
jed{l,.... k}
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The proof of the converse is trivial. O

The vector (3 is called a state price vector: 3; corresponds to the price at
time 0 of a product that is worth 1 at time 1 in state j, and 0 in all the other
states. We will come back to this interpretation later.

Probabilistic Interpretation of the State Prices

Until now in this section, we have not used probabilities. We will now give
a probabilistic interpretation of the NAO assumption and of Theorem 1.2.7.
Introducing probabilities will enable us to study more general models, and to
exploit the concept of NAO.

If asset 0 is riskless, then we have

v} = 1+4+7r, je{l,... .k},

and hence, using (1.6), for ¢ = 0:

1 k
1+r Zﬁj'
i=1

Let us set m; = (14r)f;. The 7; are positive numbers such that Z?:l T =
1. Therefore, they can be interpreted as probabilities on the different states
of the world. We have

k

1 .
Ty Zﬂ'jvj ie{l,...,d}.
j=1

St =

We have thus constructed a probability measure under which the price S? of
the i-th asset is the expectation of its price at time 1, discounted using the
riskless rate.

If we construct a portfolio 6, we get:

d k d
(1 —|—r)29i5i = Zﬂ'jzeivj' ;
i=0 Jj=1 =0

where 7 is (as in Sect. 1.1) a probability measure that is neutral with respect to
risk: a riskless investment with initial value Z?:o 0'S? yields (1+4r) E?:o 6i S,
which is equal to the expectation (under 7) of the value of the portfolio at
time 1.

The rate of return on asset i in state j is by definition equal to (v} —S*)/S".
The expectation of the rate of return on ¢ is, under probability measure 7,
equal to the rate of return on the riskless asset:
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A . )
Z U;- -5
Jj=1

Proposition 1.2.8. Under the assumption of NAO, if asset 0 is riskless, then
there exists a probability measure ™ on the states of the world, under which
the price at time 0 of asset i is equal to the expectation of its price at time 1,
discounted by the riskless rate:

k
i 1 i
St = T Zﬂ'j’l)j . (1.7)
j=1
d . .
Exercise 1.2.9. Let V6 be the vector with components (V); = Zv; 0,
i=0
d . .
and let S - 6 denote the scalar product S -0 = Z S'o°.
i=0

a. Let z € Im V. Let 0 be any vector satisfying z = V. Show that, under
the assumption of NAO, the mapping 7 : z — S - 6 does not depend on
the choice of €, and defines a positive linear functional on Im V.

b. Show that 7 can be extended to a positive linear functional @ on R*. To
do this, show that for all 2 & Im V, there exists ¢(2) € R such that

max {m(z'), 2’ <2, 2 €eIm V} < ¢(2) <min{rn(z'), 2’ > 2, 2/ € Im V} .

Next show that the mapping z + A2 — mw(z) + A¢(2) is linear and positive,
and extends 7 to the space generated by ImV and 2.

c. Show, using the Riesz representation theorem, that 7(z) = (- z with
k
BeRY,.
d. Thence deduce Theorem 1.2.7

Exercise 1.2.10. Suppose that there are constraints on portfolios, modeled
by a closed convex cone C: § € C. For example:

0% unconstrained for 0 <i<r
0" >0 forr+1<i<r+p
9t <0 forr+p+1<i<d.

Adapt the definition of NAO to the restriction to C.

1. Suppose that there are k > 4 states of the world, and 4 assets. Asset 0 is
riskless, and the rate of interest is . The other assets are risky, and their
returns are given by a matrix V. Suppose that the constraints are §2 > 0
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...... V...
and 3 <0.Let V=10 0 1 0
00 0-1

Show that NAO with restrictions on portfolios can be expressed as
i)Ve=0= S-6=0.
(i) VOERE, VO£0 = S-6>0.

Hence deduce that there exists a probability measure 7 such that
1 & 1<
1 1 2 2 3
S :mZvjﬂj,S ZﬁZvjﬂj and S <7Zv T .
j=1 j=1

2. For § € C, write N¢(0) = {p € R pT (0 — 0) < 0,V € C}. Show,
by generalizing the proof of Theorem 1.2.7, that NAO restricted to C, is
equivalent to the existence of 8 € RL such that —S + VT3 € N¢(0).

3. Recover the results of 1.

Exercise 1.2.11.

1. Suppose that there are 2 states of the world, and 2 assets, one riskless (the
rate of interest is taken to be r) and the other a stock worth either S,
or Sy at time 1. Suppose that the risky asset has purchase price Sy and
selling price S}, < Sp. We use the notation § = 8t — 6~ for the amount of
stock held, and #° for the amount of riskless asset held. The cost of this
portfolio is then 60 + 0TSy — 65}, and it pays

(1+7)8° + (0T — 67)S, in the high state, after an up-move
(1+7)0° + (0T — 67)S, in the low state, after a down-move

Show, using Farkas’ Lemma, that there is NAO if and only if there exists
at least one probability measure 7 such that

Sum  Sq(1—m)
<S.
S°—1+r 1, =%

The reader can introduce the matrix:

(I+7r) S, —Su
(1+7r) Sq —Saq
0 1 0
0 0 1
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2. Suppose that there are d assets, with an injective gains matrix V. Suppose
that the cost ¢(#), ¢ : R? — R of a portfolio # € R? is a sublinear function,
that is, one satisfying

G601 +02) < ¢(61) + (1) V(61,0;) € R*
b(t0) = to(0) Vt>0.

Notice that in particular, we have ¢(0) = 0 and —¢(—0) < ¢(0). Let

U = {(21,2) € R¥ x R | 30 such that z; < —¢(#) and z, = V8}. Show

that U is a convex cone.

We say that there is NAO if VO =0 = ¢(0) = 0, and V6 € Ri, Vo #

0= ¢(#) > 0. Show that under the assumption of NAO, UNRE! = {0} .

Show, by adapting the proof of Theorem 1.2.7, that NAO is equivalent to
the existence of a strictly positive 3 such that

—p(—0) < BTVO < ¢(0).

Hence recover the results of the first question.

1.2.2 Complete Markets
Definition and Characterization

Definition 1.2.12. A market is complete if, for any vector w of R¥, we can
find a portfolio 8 such that V8 = w; that is to say, there exists 6 such that

d
Zﬂiv; = wj, je{l,....k}.
i=0

A market is complete if we can choose a portfolio at time 0 in such a way
as to attain any given vector of wealth at time 1.

Proposition 1.2.13. A market is complete if and only if the matriz V is of
rank k.

Proof. Matrix V has rank k if and only if the mapping associated with V is
surjective; the equation V6 = w then has at least one solution. O

Economic Interpretation of State Prices

In a complete market, for any j € {1,...,k}, there exists a portfolio §; such
that the payoff of 0; satisfies V0; = (81, ...,0,;)7, with 6; ; = 0 when i # j,
and 0; ; = 1 (the asset is then called an Arrow—Debreu asset). In an arbitrage-
free market, the initial value of §; is S - 0; = BTVGj = ;. Therefore we can
interpret 3; as the price to be paid at time 0 in order to have one euro at
time 1 in state j and nothing in the other states of the world. Hence the
terminology “state price”.

Moreover, we note that if there exists 3 such that VT8 = S, then, as the
mapping associated with matrix V7 is injective, the vector 3 is unique.
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The Risk-Neutral Probability Measure

In a complete market, there necessarily exists a riskless portfolio, that is a
portfolio 6 such that (V6); = a for all j € {1,...,k}. The initial value of this
portfolio is taken to be V. The rate of return on the portfolio is (a — V5)/ Vo,
and will be denoted by r. Without loss of generality, we can assume asset 0
to be riskless, and we can normalize its price so that it is 1 at time 0, its
value at time 1 being 1 + r. If there exists a probability measure 7 satisfying
VTr = (1+7)S, then it is unique. We then call it the “risk-neutral measure”.

1.2.3 Valuation by Arbitrage in the Case of a Complete Market

Let z be a vector of R*. Under the assumption of NAO, if there exists a
portfolio 6 = (6°,6,...,69) taking the value z at time 1, i.e., such that

d
E 0'v; = 25,
i=0

then we say that z is replicable. The value of the portfolio at time 0 is zp =
Zg:o 0°S?, and this value does not depend on the hedging portfolio chosen.
Indeed, suppose that there exist two portfolios 6 and 0 such that VO = V6
and S -6 > S -60. The portfolio § — 6 is an arbitrage opportunity. In the
complete market framework, there always exists a hedging portfolio.

Proposition 1.2.14. In a complete and arbitrage-free market, the initial
value of the payoff z € R¥, delivered at time 1, is given by

Remark 1.2.15. The initial value of z is a linear function of z.

Proof. (of Proposition 1.2.14)
The value of any hedging portfolio is zg = Z?:o 6" S. It is enough to use
(1.6) or (1.7) and write

d ) k ) 1 k
200= ) 00D Bvy = Brr= o
i=0  j=1 j=1

O

Remark 1.2.16. The expression above has a two-fold advantage. It does not
depend on the portfolio, and it can be interpreted, as follows: the price at time
0 of the replicating portfolio (z;; j = 1,...,k) is the discounted expectation
under 7 of its value at time 1.
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In the case of an option on the i-th asset, we have z; = sup (v; - K, 0),
and hence we get the arbitrage price

k

1 i
Tor Zﬂ'j sup (v; — K, 0) .
j=1

1.2.4 Incomplete Markets: the Arbitrage Interval

Generally speaking, it is not possible to valuate a product by arbitrage in
an incomplete market. If z is not replicable, then we can define an arbitrage
interval. We associate with any portfolio 6, its corresponding initial value 6-S.

We define the selling price of z as the smallest amount of wealth that can
be invested in a portfolio # in such a way that the final value of this portfolio
is greater than z. In the following, we suppose that there is a riskless asset.
The super-replication price is then

S(z) :==inf{0- S| (VO); > zj; Vj} .

We define the purchase price of z as the maximal amount of money that
can be borrowed against z, i.e.,

S(z) :==sup{f -S| (V0); <z Vj}.

First we note that S(z) is well-defined. Indeed, let us take 9: to be an ele-
ment of the non-empty set {6 | V0 > z}. Theset {6 |S-60 < S-0and VO > 2}
is a compact set (from the NAO condition), on which the function S- 6 attains
its minimum.

Moreover, we can easily show that if S(z) # S(z) and if the price S(z) of
the contingent asset z satisfies S(z) > S(z) or S(z) < S(z), then an arbitrage
occurs if we use strategies that include this new asset. If S(z) # S(z) and if
the price S(z) of the contingent asset z satisfies S(z) < S(z) < S(z), then
there is NAO when we use strategies that include this new asset. Let us show
that, indeed, if a portfolio (6,0) satisfies 0,z + V6 > 0 and 6,z + VO # 0,
then 0,5(z) + S -6 > 0.

e If6f, =0, it follows from NAO.

o Iff, <0, we have V_igz > z, so that S -
0.5(z)+S-6>0.

> S(2) > S(z), and hence

o Iff, >0, we havesz%, so that .S -
0.5(z)+S5-6>0.

< S8(z) < S(z), and hence



1.2 A One-Period Model with (d+ 1) Assets and k States of the World 21

In addition, we check that 6,z + V¢ = 0 implies 6.5(2) +.5 -0 = 0. Indeed,
as V_igz =2z,8 S(z)=5(z)=5(2)=9" —iez’ and hence 6,5(z) + S -0 = 0.

Therefore, there is NAO when we use strategies that include the new asset.

Finally, S(z) is sublinear: it satisfies
S(z+2') < S(z) +S5(2') and S(az)=aS(z) VaeR,.
Moreover, —S(—z2) = S(z).
Let us now show that
S(z) =max{fT2 |20, VI§=5}.

Indeed, for any # such that V@ > z, and any 3 > 0 such that V73 = S, we
have S -0 = 37V@ > 37 z. Hence

min{S -0 | V0 >z} > max{p7z| >0, VIp=5}.
In addition, if @ is a solution to mingyg>,) S-0, then there exists a Lagrange

multiplier® 3 > 0 such that S = V73 and BT(Vg — z) = 0. Hence

S(x)=5-0=732» < max{#Tz |3 >0, VI3 =S}.
The required equality follows.
If there is a riskless asset, we can normalize (3, and hence

Er(z)

S(z):max{1+r

Vir=(01+ r)s} :

The expression above represents the maximum of the expectation across all
the probability measures under which discounted prices are martingales. In
this way, we have generalized the results of Sect. 1.1.6.

Exercise 1.2.17. Arbitrage bounds in the presence of portfolio constraints.

We use the notation of Exercise 1.2.10, and restrict ourselves to portfolios
belonging to C. Let

S(z):=inf{6-S|0eC,VH>=z}.
(If there exists no § € C such that V8 > z, we set S(z) := o).

1. Show that S(z) is well-defined and sublinear.

3 See annex.



22 1 The Discrete Case

2. Show that S(z) = max{8"z | 8> 0, =S+ V'3 € Nc(0)}. (Recall that
if & minimizes 6 - S undez the constraints 8 € C and VO < zZ, then there
exists 3 > 0 and v € N¢(f) such that S = g7V —v and gT(VE —2) = 0).

Exercise 1.2.18. Arbitrage bounds in the case of transaction costs.

We use the assumptions and notation of Exercise 1.2.11. Suppose that
there is a riskless asset. In addition, for any z there exists 6 such that V8 > z,
and we define

S(z) == inf{p(0) | VO > =} .
1. Show that S(z) is well-defined, and sublinear.
2. Show that S(z) = max{872 | >0, ¢(0) > g7V, V 6}.

3. Calculate the purchase price for a call with strike K, where the rest of the
data is as in as in question 1 of Exercise 1.2.11. (First consider the case

So > lsﬁ, and next the case Sy < fﬁr).

1.3 Optimal Consumption and Portfolio Choice in a
One-Agent Model

The two models introduced previously were purely financial. We now consider
a very simple economy, which has a single good for consumption, taken as
the numéraire, and a single economic agent. This agent has known resources
Ry > 0 a time 0, and his resources at time 1 given by R; > 0 in state of the
world j.

In order to modify his future revenue, the agent can buy a portfolio of
assets at time 0, on condition that he does not run into debt. We assume that
the (d 4 1) assets have the same characteristics as in the previous section.

The agent consumes: ¢y is the amount of his consumption at time 0; c;
that of his consumption at time 1 in state of the world j.

The agent constructs a portfolio 6. The set of consumption—portfolio pairs
that are compatible with the agent’s revenue, is defined by the following in-

equalities:
d

(i) Ro > co+y 05

i=0

P (1.8)
(i) R > ¢;—> 0", je{l,....k}.
i=0
The first constraint states that money invested in the portfolio comes from
the portion of revenue that has not been consumed, and the second, that
consumption at time 1 is covered by his resources and by the portfolio.
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The set of consumption strategies that are compatible with the agent’s
revenue is then:

B(S) = {ce R 36 € R, satistying (1.8)} .

The agent has “preferences” on Rﬁ“, that is to say, a preorder (a reflex-
ive and transitive binary relation), written >, which is complete (any two
elements of ]Rﬁ_Jrl can be compared). We say that w : Rﬁfl — R is a utility
function that represents the preorder of preferences if u(c) > u(c’) is equiva-
lent to ¢ = ¢'. Historically, the concept of a utility function came before that
of a preorder of preferences. Utility functions have long been part of the basis
of economic theory ( “marginalist” theory). Later, much work sought to give
foundations to utility theory, by taking the preorders as a starting point.

We assume here that the investor’s preferences are represented by a func-
tion u from R’frl into R, which is strictly increasing with respect to each of its
variables, strictly concave and differentiable. We suppose that the agent max-
imizes his utility under budgetary constraints (1.8). The derivative v’ is called

u

the marginal utility. We assume moreover that a—(co, ceeyCiyeey CF) — OO
(&)

when ¢; — 0. This condition means that the agent has a strong aversion to

consuming nothing at time 0 or at time 1 in one of the states of the world.

1.3.1 The Maximization Problem

Let u be a utility function. We say that ¢* € B(.S) is an optimal consumption
if
u(c*) = max {u(c); c € B(S)}.

Existence of an Optimal Consumption

Proposition 1.3.1. There is an optimal solution if and only is S satisfies the
NAO assumption. The optimal solution is strictly positive.

Proof. Suppose that there exists an optimal solution (cfj,c¢f) financed by
f*, and an arbitrage 6¢. We then have S - 6% < 0 and V6* > 0 where
at least one of the inequalities is strict. It is true that the consumption
(¢ —S-0%ct +VO*) € B(S) (an associated portfolio is 6* + 6%). Using
the property of an arbitrage strategy, ¢ — S -0 > ¢, ¢f + V0 > ¢} with at
least one strict inequality. As u(c) is strictly increasing, this contradicts the
optimality of (cf, c}).

Conversely, let us show that under the assumption of NAQ, if V' is injective,
then there exists an optimal solution. A more general result will be proved in
Chap. 6. Let us show that the set
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{0 eR™; Jce le'l, satisfying (1.8)}

is bounded. Suppose that, on the contrary, there exists a sequence (cy, 6y,)
satisfying (1.8), and such that [|6,| — oo, and let 6 be a limit point of the
sequence HZ—"H. We have

S - en Con RO
+ < .
10nll 110nll — 6]l

Cin < Rj + Van
18]l — N16nll  116nll

for all n, and hence S - 6 <0and V6 > 0. By the NAO assumption, Vi = 0,
and § = 0, so contradicting the fact that [|4]| = 1. We deduce that B(S) is
closed and bounded, and thus compact, and hence that an optimal solution
c* does exist. Let us now show that c* is strictly positive.

As the function u is strictly increasing, the budget constraints (1.8) are
binding. Hence there exists 8* such that

d
o+ 075 =Ry =0
=0
d . .
;=Y 0" —R; =0, je{l,... k}.

=0

Let € satisfy ¢ +eS-0* > 0 and ¢j —e(V0*); > 0 for any j € {1,...,k}. The
consumption (co, c1, ..., cr) where co = €S-0 + cj and ¢; = ¢} +¢(V0"); for
any j € {1,...,k} is in B(S) (an associated portfolio is (1 — £)0*). As u is
concave,

k
_ * > * *
u(c) —u(c) >e | S-0 800 ;:1 (Vo*); 8c] (c)

For e small enough, if ¢f = 0 or if ¢j = 0 for j € {1,..., k}, the last expression
above is strictly positive: since if ¢j = 0 (respectively ¢; = 0), S-6* =
Ry > 0 (respectively (V6*); < 0), and when ¢ — 0, Of?c (¢) — oo (respectively
g—fj(c) — 00). This contradicts the optimality of ¢*. O

Remark 1.8.2. It is important to take note of the conditions under which this
proposition holds. In the first part of the proof, we used the fact that u is
strictly increasing with respect to all of its variables. In the second part,
we used the non-negativity of consumption. The following exercises provide
very simple counterexamples to the statement of the proposition when these
conditions are no longer satisfied.
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Exercise 1.3.3.

1. Consider an economy in which there are two dates, 0 and 1. At time 1,
there are two possible states of the world. At time 0, an agent holding
one euro, can buy a portfolio made up of two assets whose payoffs are
represented by the payment vectors [1, 0] and [0, 1] respectively, and whose
prices are S' = 1, §? = 0. Further assume that the agent consumes cy.
At time 1, in addition to the payment vector of his portfolio, the agent
receives [1,2] and consumes (c1,c2). Suppose that the agent has utility
function

u(cg, €1, ¢2) = co + min{eq, ca} .
Show that the agent’s consumption—portfolio problem admits a solution
(notice that the maximum utility that the agent can achieve, is 2). Is

the solution unique? Show that the financial market admits an arbitrage.
Comment on these results.

2. The data here is the same as that of the previous question, except that
the agent’s utility function is given by

u(co, c1,¢0) = —(co — 1)% = (¢; — 1) = (e — 2)2 .

Show that the agent’s consumption—portfolio problem admits a solution.
Comment on the result.

3. We no longer assume the consumption to be positive. At time 0, an agent
holding one euro, can buy an asset, whose payment vector is [1, 1], and
whose price is S! = 1. At time 1, in addition to the payment vector of his
portfolio, the agent receives [1,2]. We assume that his utility function is

U(CO,Cl,CQ) =co+c1+co.

Show that the financial market does not admit arbitrage, and that nev-
ertheless, the agent’s consumption—portfolio problem does not admit a
solution.

Asset Valuation Formula

As c¢* is strictly positive, it follows from the method of Lagrange multipliers,
that a necessary and sufficient condition for ¢* to be optimal, is for there to
exist #* € R4t! and A\* € Rﬁ_ﬂ such that

ou
dcgy
ou

(€)= A5 = 0
(1.9.0)

(C*)i)‘;k:()a je{la"'ak}v
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k
AST=> Xt =0, ief0,....d}, (1.9.ii)

=1

d
Ag(c3+29i*si—RO) =0
= (1.9.iii)
A;f(cj*—Zei*u;i—Rj> =0, je{l,....k}.

=0

The assumption that w is strictly increasing, implies that its derivatives are
strictly positive. Hence, from (1.9.i ), we have A\* € Rl_ﬁ_l and we can write
expression (1.9.iii) as

d
Gy 07"S' =Ry = 0

1=0

y (1.9.iv)
;=Y 0" —R; =0, jefl,... k}.
i=0
Defining §; as
Aj Ou/dc;
P A S (c* 1.1
5= 5% = supe ), (1.10)

the [3; are strictly positive, and, using (1.9.ii), we obtain a formula for evalu-
ating the price of the assets:

k
St =Y "Bv. (1.11)
j=1

The interest rate is given by the expression:

147 = _2W00() (1.12)

- .
Z Ou/0c;(c*)

Finally, eliminating 6" from the equations in (1.9.iv), we get



1.3 Optimal Consumption and Portfolio Choice in a One-Agent Model 27
The Complete Market Case

In the case of a complete market with no arbitrage, the optimization problem
under constraints, defined by (1.8), takes a simpler form. As the market is
complete, there exists a unique 3 such that S = V73. Let us define the
inequality

cot+ Y Bic; < Ro+ Y BiR; . (1.13)

This is the budgetary constraint placed on an agent who buys a consumption
of ¢; at a contingent price of 3;.

If the market is complete
B(S) = {c € REM satisfying (1.13)} .

Indeed, if ¢ € B(S), using (1.9.iv) to eliminate 6, we can show that ¢ satisfies
(1.13).

Conversely, let ¢ satisfy (1.13). If the market is complete, there exists 0

such that J

¢j— Y 0w —R;=0 forall je{l,...,k}.
=0
Using (1.9.iv) and (1.13), we can show that (1.8) is satisfied, and hence that
c € B(9).

Thus we are brought back to a maximization problem under a single bud-
getary constraint cg + Z?:l cifB; < 2521 R;B; + Ry. Formula (1.10) then
follows trivially. We observe that the price in state j is proportional to the
marginal utility of consumption in state j.

As we showed previously, if there is a riskless asset, the 3; can be in-
terpreted in terms of risk-neutral probabilities §; = 1ﬂ+jr. The risk-neutral
probability of state j is therefore proportional to the marginal utility of con-
sumption in state j. We note that by using risk-neutral probabilities, we can

write constraint (1.12), if asset 0 is riskless, as

The consumption at time 0, plus the value, discounted by the risk-free
return, of the expectation with respect to m of consumption at time 1, is
less than or equal to the revenue at time 0, plus the discounted expectation
of the revenue at time 1. This formulation of the constraint will be used in
continuous time, in Chaps. 4 and 8, as it allows us to transform a path-wise
constraint into a constraint on an expected value.
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The Incomplete Market Case

We suppose that there is a riskless asset. We write P for the set of probability
measures 7 satisfying VIr = (1+7)S. If ¢ € B(S) and 7 € P, we have

k k
Cj Rj
<R .
COJF; T+r 0 = °+; T+r

We use the notation
V(m) = max u(c)
where the maximum is taken over the ¢ that satisfy the constraint

k
Cj R
CO+Z 1+T
j=1

k
Uy S R0+Z 1—‘:7" Ty .
j=1

Thus we obtain
u(c®) < mingep V(7).

As the corresponding necessary and sufficient first order conditions are
satisfied, it follows from (1.10) and (1.11) that u(c*) = V(8(1 + r)) where
is defined as in (1.10). Therefore we have:

u(c*) = mingepV (7).

We refer to such a 7 as a “minimax” probability measure.

1.3.2 An Equilibrium Model with a Representative Agent

We take as given the endowments (Ry, ..., Ry) of the agent, and the asset
prices S. A pair ((Ro, ..., Rg),S) is an equilibrium if the optimal solution to
the agent’s consumption—portfolio problem is ((Ro,..., Rg),04+1). In other
words, at price S, the agent does not carry out any transactions. Let z be a
contingent claim, and let S(z) be its price. We say that the claim is valued at
equilibrium if, when it is introduced into the financial markets in equilibrium,
the optimal demand 6, for the claim is zero. In other words, writing R for the
agent’s random endowments at time 1 and C' for his consumption vector at
time 1, the optimal solution to the problem

max u(cp,c) under the constraints
Co +9 S+9ZS(Z) < Ro
C<R+VO+0.z

is given by (Ry,..., Ry) and by the associated portfolio (0g41,0;).
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Proposition 1.3.4. If ((Ro,...,Ry),S) is an equilibrium, then the interest
rate and the asset prices are given by:

8u/3co(Ro, NN ,Rk)
k

> 0u/dc;(Ro, ..., Ri)

14+7r=

and

5‘u/80§ Ro,...,Rk) P .
; i=A{1,...,d}.
Z@u/@co Ro,...,Rk)UJ fora ! { ’ ’ }

The equilibrium price of a contingent claim z € R* is:

Zau/&:] Ro,...,Rk) -
8U/860 R(),... Rk) 7

Proof. The first part of the proposition follows from (1.10) and (1.11) with
(¢*) = (Ro, ..., Ri). To prove the second part, we suppose that the agent’s
consumption—portfolio problem

max u(cg, ¢) under the constraints
co+0-S+0.5z) <Ry
C<R+VO+0,z

has for optimal solution ((Ro, ..., Rx),04+1,0.). According to the Kuhn-
Tucker theorem, there exists A € Rkﬂ such that

1) 360(R07"'7Rk)_>\~0 =

i) XSt =" X;, i€ {0,...,d}

iv)  XoS(z) = Z 1A%

The equilibrium price of a contingent asset follows trivially from these formu-
lae. O

Exercise 1.3.5. Consider an economy with two dates 0 and 1. At time 1,
there are two states of the world. At time 0, an agent holding one euro
can buy a portfolio made up of two assets with respective payment vec-
tors [1,1] and [2,0]. Assume moreover that he consumes c¢p. At time 1,
in addition to the payment vector of his portfolio, the agent receives [1,2]
and consumes (c1,c3). Suppose the agent has utility function u(cg, ¢y, ca) =
log(co) + 5 (log(c1) +log(c2)). Suppose that the agent’s optimal strategy is to
buy nothing. What are the assets’ equilibrium prices? What is the risk-neutral
probability measure?
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1.3.3 The Von Neumann—Morgenstern Model, Risk Aversion

First of all, we present the theory for decisions taken over one period. In the
interests of simplicity, we assume here that there is only a single consumption
good.

Let P be the set of probability measures on (R4, B(R.)). In particular, if
there are only a finite number of states, if state j occurs with probability p;,
and if consumption C at time 1 is a random variable taking values c;, then

the probability law pco of C with pe = Z?:l pjdc; is an element of P.

We make the assumption that only the consequences of random events
(that is possible cash flows and their probabilities) are taken into account.
This assumption comes down to supposing that the agent’s preferences are
not expressed on the positive or zero random variables, but directly on P.
We use the notation = for the preorder of the agent’s preferences, which is
assumed to be complete. We say that v : P — R is a utility function that
represents the preorder of preferences if u(p) > u(p') is equivalent to pu = p'.

We say that the utility is Von Neumann—Morgenstern if there exists v :
R, — R such that

u(p) = /OOO v(z)du(z) .

In the particular case uc = Z?Zl pjdc;, the VNM utility is written

k
u(pc) = Zujv(cj') ,

so that our criterion is to maximize the expectation of the consumption’s
utility.

We do not discuss here the abundant literature that establishes axioms
on the preorder of preferences on P in such a way that it admits a VNM
representation.

We say that the agent is risk averse if
v(E(C)) > E(w(C)), for all C.

Thus an investor prefers a future consumption E(C) with certainty, to a
consumption ¢y with probability w1, a consumption co with probability uo, ...,
a consumption ¢, with probability puy.

If the agent has a preorder on all finite probabilities, the presence of risk
aversion is equivalent to the concavity of v. Indeed, if v is concave, then
according to Jensen’s inequality?, we have v(E(C)) > E(v(C)), for all C.

* See for example Chung [58].
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Conversely, we suppose that v(E(C)) > E(v(C)) for all C. Let (z,y) € R3.
We consider the random variable C worth z with probability « and y with
probability 1 — «. As

v(E(C)) = v(ax + (1 - a)y) = E(u(C)) = av(z) + (1 - a)u(y),

by letting o, = and y vary, we obtain the concavity of v.

We say that an investor is risk-neutral, if v is an affine function. Then
v(E(C)) = E(w(C)), for all C'.

When an agent is risk averse, we define the risk premium p(C) linked to
the random consumption C': it is the amount the investor is prepared to give
up in order to obtain, with certainty, a consumption level equal to E(C). As
v is a continuous, strictly increasing and strictly concave function, for all C
there exists p(C') > 0 such that

W(E(C) - pl(0)) = E(v(C)). (1.14)

The amount E(C)—p(C) is called the certainty equivalent of C, and p is called
the risk premium. When the investor is risk-neutral, E[v(C)] = v[E(C)], so
that p(C') = 0. We now assume that there are a finite number of states,
that consumption C' at time 1 is a random variable taking values c; with
probability y;, and that v is of class C?. Using Taylor’s expansion, on the
condition that the values ¢; taken by the consumption C are close enough to
E(C), we get

v(ey) 2 v[B(C)] + [¢; — B(C)W[B(C)] + =——= " [E(C)] .
Taking expectations on both sides,

Var C

k
E[(C)] = ZW}(CJ‘) ~ o[E(C)] + " [E(C)] —— -

Expanding the first term of (1.13), using Taylor’s expansion once again,
we get
u[E(C) = p(C)] = v[E(C)] = p(CI'[E(C)]
and hence we can evaluate p(C):
_VE(C)]
2'[E(C)]
,U//(x)

v (x

p(C) ~ VarC .

The coefficient I, (v,z) = — is called the absolute risk aversion co-

efficient of v. Thus the certainty equivalent of C' is approximately equal to
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B(C) - 10 (C)

of a mean—variance criterion.

Var C, which as a first approximation justifies the choice

Exercise 1.3.6. We denote by N (p,0?) the normal distribution with mean
p and variance o2. Let C faw N(p,0?) and v(c) = —e=P¢, 8 > 0. Show that
I,(v,z) = B for any = and that E(C) — p(C) = p — go'Q. (Here we can use

law

that fact that C = pu+ oY, where YV law N(0,1)). In this particular case, the
certainty equivalent of C' is exactly equal to E(C) — %Var C.

Exercise 1.3.7. Calculate the absolute risk aversion index in the following
cases: v(c) = % with 0<y<1, v(c)=Inc.

1.3.4 Optimal Choice in the VNM Model

We return to the two date model considered in Sect. 1.3.1, and assume that
at time 1, state j occurs with probability p = (ﬂj)?:r We suppose here that
there is a riskless asset, and that the market is complete. The investor has
preferences on R x P. Let us look at the special case in which the preferences
can be represented by a utility function that is “additively separable” with
respect to time:

k
u(co, C) = wo(co) + a E(w(C)) = vo(co) + Z piv(cy)
0<ax<l1

where « is a discount factor, and where v° and v are strictly concave, strictly
increasing C? functions satisfying

lim vy(z) = 00, lim v'(z) =00,
lim wvy(z) =0, lim o'(z) =0.

Let I :]0, 0o — ]0, oo (respectively I :]0, oo — |0, oo[) be the inverse function
of v (respectively of v’). The functions Iy and I are continuous and strictly
decreasing. Denote the riskless rate by r.

In this special case, formulae (1.11) and (1.12) become:

k ol (o (i
1+r=a23*1/uj* () pez(CUC) (1.15)
vp(cp) vp(cp)
ShomE 1
vy (c}) 1+7r

St = «
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where V* and C* are random variables taking the values v} and ¢ respectively.

Let us show how to obtain the optimal solution in explicit form. Indeed,
the investor solves the following problem P:
k
max vg(co) + Z 15 v(c;) under the constraint
j=1

C()—l-z 1+T7Tj < R0+Z 1+T7Tj-

Jj=1

Let A be the Lagrange multiplier associated with the constraint. We have

vp(cg) = A
- (1.17)
a/’[/.]/u/( )_A]_J:T7 vj:]‘7"'7k7
and hence
CS = Io(>\)

o (A Y vio1 ok (1.18)
= et

The Lagrange multiplier A is determined by the budget constraint, and satis-
fies the following equation:

k

k
1
E — )= Ro+ —— > mR;. (L1
<MJ1+T)) R°+1+rj:17r’R3 (1.19)

As the function x — Iy(z 1+7‘ Z il ( ) is a decreasing func-

r)a
tion from 0, oo[ into itself, equatlon (1.16) has a unique solution. Once the
Lagrange multiplier has been determined, we can deduce the optimal con-
sumption from (1.15), and then finally obtain the optimal portfolio using the
relation V6* =C* — R

Let us show that under the assumption that the agent is in equilibrium,
we can give an estimate of the risk-neutral probability.

Replacing ¢ by Ry and C* by R, it follows from (1.14) that

= vy(Ro) = a(1 + 1) E(v/(R))
and that
’Ul Rj)

i =M B (R)) (1.20)
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This expression for the risk-neutral probability does not depend on future
consumption. Using Taylor’s expansion, we get:

v'(R;) ~ V[E(R)] +[R; - BE(R)V'[E(R)] .
Taking expectations,
Hence

o T T UE®)

=1+1,(v,E(R))(E(R) — R;j) .

The greater the agent’s index of absolute aversion to risk for E(R) and
the greater the difference between the average value of his resources and his
resources in a given state j, the greater is the risk-neutral probability of state
j occurring.

If the investor had a neutral attitude to risk (v = cst), he would be

(87971 . . . .
J_ at time 0 in order to receive 1 euro tomorrow in the

vy (Ro) ‘(R
state of the world j. If he is risk averse, he is prepared to pay aufl(}ﬂg)j)
sy

prepared to pay

today
S0 as to receive 1 euro tomorrow in state of the world j.
To summarize, we have used two different approaches:

e the assumption of no arbitrage opportunities enabled us to construct a
probability measure under which we are neutral with respect to risk,

e the introduction of a utility function and of exogenous (or subjective)
probabilities led us firstly to define the concept of risk aversion, secondly
to obtain valuation formula (1.16), and finally to exhibit a risk-neutral
probability measure.

We remark on the fact that these two risk-neutral probability measures are
equivalent.

Exercise 1.3.8.

1. We assume that the market is complete and that vo(c) = v(c) = log(c).
Calculate Iy, I and the optimal solution. Carry out the corresponding
calculations when vg(¢) = 0 and v(c) = log(c), and similarly obtain Iy, T
and the optimal solution for vg(c) = v(c) = ¢, 0 < a < 1.

2. We consider an economy with two dates, 0 and 1. At time 1, there are two
states of the world. At time 0, an agent does not own anything and can buy
for a price [1, 1], a portfolio of two assets whose respective payment vectors
are [1,—1] and [2,—2]. At time 1, in addition to the payment vector of
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his portfolio, the agent receives [1, 1] and consumes (¢, c2). Suppose that
the agent has a VNM utility function, that he attributes the probabilities
(1,2) to the two states of the world, and that his utility index is u(c) =
log c. Show that the agent’s consumption—portfolio problem has a solution,
and that nevertheless, the market admits an arbitrage. Comment on these

results.

Exercise 1.3.9. We consider an economy with two dates 0 and 1. There are
three states of the world at time 1. At time 0, an agent does not own any-
thing, and he can buy a portfolio of three assets that have respective payment
vectors [1,1,1], [3,2,1] and [1,2, 6], and respective prices S* =1, $? = 2 and
53 = 3. He must not run into debt. The agent does not consume at time 0. At
time 1, in addition to the payment vector of his portfolio, the agents receives
[1,2,1] in the different states, and consumes (c1, co, ¢3).

1. Calculate the state prices and the interest rate. Show that the market
is complete. Calculate the risk-neutral probability. Show that the set of
consumptions that the agent can achieve at time 1 is given by

{CGRB | c1+c2+c3 §4}

2. We assume that the agent attributes the probabilities ( %, %, %) to the dif-
ferent states of the world, and that he has a VNM utility function of
index wu(z) = log(x). Calculate his optimal consumption and portfolio.
How would the results change if the agent attributed the probabilities
(3, 1) to the different states of the world?

3. Suppose that the agent can only buy a portfolio that contains the two
first assets. Calculate the interest rate, and characterize the set of risk-
neutral probabilities. Find the set of its extrema. Show that the set of
consumptions that can be attributed to the agent at time 1 is

1
{ceR? | <2, 5(c1+c3)§1}.

Calculate the optimal consumption and portfolio when the agent at-
tributes probabilities (%, %, %) to the states of the world, and has a VNM
utility function with index u(z) = log(x).

4. We suppose that the agent can, without running into debt, purchase a

portfolio made up of the three assets, and that in addition he can buy a
positive amount of asset 2.
Characterize the set of risk-neutral probabilities. Find the set of its ex-
trema. Calculate the agent’s optimal consumption and portfolio when he
affects the probabilities (%, %, %) to the states of the world, and has a
VNM utility function with index u(z) = log(x).
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1.3.5 Equilibrium Models with Complete Financial Markets
The Representative Agent

We now study a simple model in order to illustrate the effect of introducing
financial markets into an economy. This model will be further developed in
Chap. 6.

Consider an exchange economy with a single consumption good and m
economic agents. We suppose that there are (d + 1) assets, with the same
characteristics as in the previous sections. We assume the market to be com-
plete.

Agent h has an initial endowment of ey units of the good at time 0, and
knows that he will receive ej; units of the good at time 1 in state of the
world j. To modify his future resources, he can, at time 0, buy a portfolio of
securities 0, = (69, ...,0¢) on condition that he does not run into debt.

Given a price S for the assets, we define the agent’s budget set as the set of
consumption plans which he can carry out with his initial wealth and future
income:

By(S) := {c € R¥ | 39 e R,
eno = ¢y + 95, €hj > Cj — (Ve)]7j S {1, .. Jf}}
Asin Sect. 1.3.3, we suppose that agent h has preferences that are represented

by a VNM utility function of the form

k
un(co, C) = vho(co) + @ Y pjvm(c;) -

j=1
We suppose here that all the agents have the same discount factor a.

Definition 1.8.10. The collection {S, (cy,0n);h = 1,...,m} is an equilib-
rium of the economy with financial markets if, given S

1. e, mazimizes up(cho, Cr) under the constraint ¢, = (cho,Ch) € Br(S),

2.3 Chj= > en; =e€5 je{l,.... k},
h=1 h=1
mo_

3.3 0, =0.
h=1

In other words, the market in the good clears (equality 2) and the security
market also clears (equality 3).

Remark 1.3.11. If 02 and vy, are strictly increasing, and if V' is injective, then
equality 3 is implied by 1 and 2. Indeed, as the utility functions are strictly
increasing, at equilibrium the constraints are binding. Therefore we have ej,; =
Chj — (VOp)j for all hoand j € {1,...,k}. As 37" enj = > 5 Cpj for j €
{1,...,k}, we have V (32)"; 65) = 0, which implies ;" ; 8, = 0.
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We suppose now that an equilibrium exists. We can use the first order
necessary and sufficient conditions of the precious section. Hence for all h,

k — k _
Si:aZM.MU@:Z L 1Y) M (1.19)
2 @0) " T 2 T B, )
Ek: Yh(Erg) C’” . (1.20)
1 —|—’I‘ UhO ChO

=1

Under the assumption of complete markets, the equation S = V73 has a
unique solution. Under this assumption, the ratios

v}, (Chy)

T are therefore independent of h.
Vno (Cho)

Let us then consider a fictitious agent, the “representative agent”, whose util-
ity is
k
u(co, C) 1= vo(co) + O‘ZU] v(cy)

Jj=1

where

Using the first order necessary and sufficient conditions of these new opti-
mization problems, we check that

_ ~ 001 (Cho) o fL& vp(Chy)
u(eo,e)—;ivgo(EhO)Jr ZZ‘, @ )UJ

where e is a random variable taking the value e; with probability p;. Using
the first order conditions and the implicit function theorem, we show that vg
and v are differentiable, that v{(ep) = 1 and that

' =
V' (e zivh((ihj) =1,...,k.
( ]) 'U;lo(cho) .]
Hence, (1.20) can be rewritten as
1
= aE(V'(e)) (1.21)

1+7r
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o= e Sttt = o [ co (g v

(1.22)

where V7 is a random variable taking value v;

The formula above plays a very important role in the financial literature,
as it shows that when there is a equilibrium, the price of an asset is only a
function of aggregate endowment (and not of each individual’s endowment).

In the next section, we will look at the relationship more closely.

Exercise 1.3.12. Consider an economy with two dates, two agents, two states
of the world, and one good in each state. Suppose that the agents have utility
functions von(c) = vi(c) = log(c), h = 1,2 and assign probabilities % to
the states of the world. Assume that the agents have endowments ep; = 1,
e1 = (1,3) and ep2 = 2, ex = (3,1). Assume that the two assets are traded at
time O: the riskless asset, and an asset that pays 1 in state 1 and 0 in state 2.
Find the equilibrium of this economy.

The Capital Asset Pricing Model (CAPM) Formula

This model will be developed in greater generality in Chap. 6.

We suppose that the agents have quadratic utility functions (i.e., v}, (c) =
—apc + by, with ap, > 0 for all h), and that at equilibrium the agents have
strictly positive consumption. In this particular case, we can easily check that
v’ is linear and decreasing, that is

v'(c) = —ac+b (witha > 0).

Equation (1.22) then becomes

1 : a
/

“ i [P B

Formula (1.23) is called the CAPM (Capital Asset Pricing Model) formula.
As long as E(v'(e)) > 0, the price of asset ¢ is therefore greater than the
discounted expectation of returns, if it is negatively correlated with e (i.e.,
Cov(e, V) < 0): the asset provides a form of insurance.

St Cov(e, VY| . (1.23)

If we introduce p’ = ‘g, the return on asset i, and M, such that e = VM

(M is called the market portfolio), we can express (1.23) in the form

aS-M

E(p) - (1+7) = Cov (p',e) = W Cov(pi, pr) ,

E(v'(e))

setting par = 557 (par is the return on the market portfolio). We then get,
in particular:
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aS - M

E(py) — (L+7) = m

Var pys .

From this we deduce

_ Cov (p*, pu)

E(p') = (1+) Var pa;

(Blos) = (1410}, (L24)
This formula, which links the excess return on an asset to the return on

the market portfolio, is called the beta formula, where the 3 coefficient is

COV(PiS pM)
Var pyr

p' on ppr. In valuation models for financial assets (or in the CAPM: Capital
Asset Pricing Model), it is interpreted as a sensitivity factor to the risk of
asset 4. We find that the risk premium for asset 4, that is E(p’) — (1 +7), is a
linear function of its (.

given by . We note that 3 is the coefficient of the regression of

An Approximate CAPM Formula

More generally, taking any utility function for the representative agent, let us
suppose that the e; are close to E(e). We then obtain an approximation of
the CAPM formula. Indeed,

v'(e;)
—_~] E(e) —e;
E(v'(e)) +alE(e) —¢] ,
where « is the representative agent’s index of absolute aversion to the risk in
E(e). Formula (1.22) then becomes

E(V?Y) !

St~
1+7r 1+7r

Cov (e, V) . (1.25)

Notes

The financial literature in discrete time is extensive, and it would be quite
impossible to give a detailed bibliography here. We restrict ourselves to a few
books, which provide the basics: Elliott and Van Der Hoek [150], (2004),Huang
and Litzenberger [197], (1988), Pliska [301], (1997), Mel'nikov [271], (1999),
Shreve [337], (2004), the first part of Shiryaev [336], (1999), Le Roy and
Werner [252], (2001), Cvitanic and Zapatero [79], (2002) and the first part of
Follmer and Schied [162], (2004).

The initial formulation and use of the NAO assumption are due to Ross
[316, 317], (1976, 1978). Varian [359], (1988) gives a summary of this approach
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and Cochrane [61] develops its applications to asset pricing. For the proba-
bilistic aspects, see Bingham and Kiesel [33] (1998) and Bjork [34] (1998).

For the axiomatic approach to the Von Neumann—Morgenstern utility, the
reader can consult the books of Huang and Litzenberger [197], (1988), Kreps
[244], (1990), and Le Roy and Werner [252], (2001), and Féllmer and Schied
[162], (2004).

The problem of choosing an optimal consumption and portfolio in incom-
plete markets, or in the presence of portfolio constraints, was originally studied
by He and Pearson [185], (1991). Different solution methods are presented in
Pliska [301], (1997) and Mel’nikov [271], (1999).

The options literature goes back to Merton [273, 274], (1973). That too is
vast. We have only given the basic definitions here. The reader is referred to
Cox—Rubinstein [72], (1985). Wilmott’s books [369, 370], (1998, 2001) provide
a good introduction to the problem of valuation and hedging. A more detailed
study of our own and other references will be given in the chapter on exotic
options.

We will study the equilibria of financial markets more thoroughly in
Chap. 6.

For optimization in finite dimensions and duality properties, the reader
can refer to Rockafellar [312], (1970), Luenberger [260],(1969), Hiriart-Urruty
and Lemaréchal [192], (1996), and Florenzano and Le Van [159], (2000).
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ANNEX 1

Optimization under Constraints, the Kuhn—Tucker Theorem with
Linear Constraints

Let C be an open convex set in R™.

We consider the following problem denoted P,z and formulated for o =

(a1,...,0p) €ERP and B = (B4,...,5,) € R?, by:
max f(z), under the constraints
fz(l‘)SOz“ ViZI,...,p,
gj(x):ﬂja ijl,...,q,

where the function f : C — R is concave and differentiable, and where the
functions f; : C — R, i=1,...,pandg; j=1,...,q are affine. We call f
the objective function. We write K for the admissible set

K={zeC|fi(x) <o, Yi=1,...,p, gjlx)=0;, Vi=1...q}.

Theorem Let z € K. Then T is a solution to Pyp if and only if there exists
(A, 1) € RE x R such that

1. V(@) =20 MV (@) + X5 1,V 9;(2),
2. Xi(fi(T) — ;) =0, Vi=1,...,p.

We call (), i) the Lagrange multipliers or the Kuhn—Tucker multi-
pliers



2

Dynamic Models in Discrete Time

To make it easier to approach to continuous-time models, we present here
a dynamic model in discrete time and with a finite horizon. This allows us
specify such concepts as self-financing, arbitrage and complete markets, and
to show how martingales, though not part of the initial data of the model,
can be used to give the problem a pleasing form.

We consider a model in discrete time, with a finite horizon. There are d+1
assets, whose prices at each time n are represented by a random variable. We
define the concept of a self-financing strategy, and of an arbitrage opportunity.

Under the assumption that the underlying probability space is finite, we
provide two proofs that the assumption of NAO is equivalent to the exis-
tence of a probability measure under which discounted prices are martingales.
The first uses a separation theorem, and the second, the results obtained in
Chap. 1. Indeed, we establish that to any informational structure, we can
associate a tree, and that the condition of “no arbitrage opportunities” de-
fined previously is equivalent to a concept of no arbitrage opportunities at
each node of the tree. This enables us to use the results obtained for a one
period model, and to give an alternative proof of the existence of a probability
measure under which discounted prices are martingales.

Once we have defined complete markets, we show that under the assump-
tion of NAQO, this property is equivalent to the uniqueness of the martingale
measure, which is equivalent to P, and under which discounted prices are
martingales.

Next we tackle the problem of valuation. First we focus on replicable vari-
ables, which are such that they can be attained with a self-financing strategy,
whose value we will determine. In the case of a complete market, we show
that the value at time 0 of any given strategy, is equal to the expectation of
its discounted payoff under the unique martingale measure.
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As an example, we describe the binomial model of Cox, Ross and Ru-
binstein, and by taking its limit, we then obtain the Black—Scholes model.

Next, under a finite horizon, we present two models of optimal portfolio
choice. In the first, the criterion is the maximization of the utility of final
wealth, and in the second, it is the maximization of the utility of the con-
sumption stream.

Finally, in the last section, we describe the problems encountered under
an infinite horizon.

The annex recalls the definitions and main properties of conditional ex-
pectation and martingales.

2.1 A Model with a Finite Horizon

Let (£2, F, P) be a probability space equipped with a filtration (F,,))_, that is
to say, with an increasing family of sub-o-fields 7 : /o C F; C--- C Fy = F.
The paths w € {2 are a generalization of the concept of different states of the
world.

The o-field Fy is the trivial o-field (Fo = {¢, £2}). The o-field F,, repre-
sents the information that is known at time n. The increasing nature of the
family of o-fields translates the fact that there is no “loss” of information.

A sequence of random variables (S,,n < N) is Fp-adapted if S, is F,-
measurable for all n < N. In other words, the information known at time
n includes knowledge of the value taken by the random variable S,,. The
increasing nature of the filtration implies that any F,-measurable variable is
also Fi-measurable for all kK > n. A Fp-measurable variable is (a.s.) equal to
a constant.

When the space (§2, F) is endowed with two probability measures P and
@, we specify that a property is true for (§2, F) equipped with P (respectively
with @), by saying that the property is true “under P” (respectively under
Q).

The financial market is made up of d+ 1 assets, whose prices at time n are
given by a random vector S, = (52, S}, ..., ST, with values in Ri"’l. The
asset 0 is assumed to be riskless: SO = (1+7)"S{ where r is the interest rate,
which is assumed to be constant for the sake of simplicity. We take S = 1.

We suppose that the vector S, is F,-measurable.

Definition 2.1.1. A portfolio strategy is a family 6 = (0,,))_, of random
vectors 0,, = (6°,0% ...,0%) such that

n»’n’

Vi<n<N, Vi>0, Hfl is F,,_1-measurable .
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The vector 6, is the portfolio at time n: 7 represents the number of
shares of the asset ¢ that are held at time n. We do not place any restrictions
on the sign of 6! which means that short sales and borrowing are allowed.
The condition of measurability reflects the fact that 6 is “predictable!”. This
means that the investor chooses his portfolio of assets 67, “just before n”; i.e.,
with only knowledge of the information described by F,,_1. In particular, he

does not yet know the price S,.

We denote by V,,(8) = 6, - S, the scalar product Z?:o 0% St which
represents the value of the portfolio at time n > 0. The random variable
V,.(0) is F,-measurable. For any sequence of r.v. (X,), we use the notation

AXn =X, — Xu1.

Definition 2.1.2. A portfolio strategy 6 is self-financing if

Op-Sp = Opyp1-Sny ne{l,...,N—1}.

This means that no additional funds are introduced, no money is with-
drawn, and that transactions do not entail costs. The variations of the value
of the portfolio are due only to the variations in the assets’ prices. The amount
0., - Sy, is the value of the portfolio after time n and (strictly) before time n+1,
and 6,41 - S, is the value of the portfolio after it has been readjusted, strictly
before time n + 1, and before the prices change (the predictability of 6,,). We
write Vp(0) = 61 - Sp, which represents the initial value of the portfolio. We
note that Vj is Fp-measurable.

We can write the self-financing condition as follows:

Vn(o) = an—l . Sn—l + on : Sn - on : Sn—l
Vi1 (0) + 0, - AS,, n>1.

2.2 Arbitrage with a Finite Horizon

2.2.1 Arbitrage Opportunities

Definition 2.2.1. An arbitrage opportunity is a self-financing strategy 6 such
that
(i) P(Vo(0) =0)
(i) P(Vx(6) >0

1
1

)

The investor has no capital initially, and at time N he ends up with
non-negative wealth, which is positive on a set of positive measure (and so
E(VN(0)) > 0).

;i P(Vn(0)>0) > 0.

1 'We will come back to this concept in Chap. 3.
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Definition 2.2.2. Two probability measures P and @ defined on the same
probability space (2,F) are equivalent if, for all A € F,

P(A) =0 <= Q(A) =0.

It is easy to see that the set of arbitrage opportunities is identical for two
equivalent probability measures.

2.2.2 Arbitrage and Martingales

Let us now show that the assumption of NAO is equivalent to the existence of
a probability measure, which is equivalent to P, and under which discounted
prices are martingales.

Notation 2.2.3. We denote by S the vector of discounted prices, i.e.,
St =Si/so.

We have V,(0) = V,,(0)/S% = S0, 0 - 56 = Vo(0) + X7, 0k - ASy, for
n > 0 and Vo(#) = Vo(). The same arbitrage opportunities arise for S and
for S. A self-financing strategy satisfies

engn = 9n+1'Sna

hence R R R
Vat1(0) = Vi(0) + Ons1 - ASnqa, ne{l,...,N}. (2.2)

Proposition 2.2.4. We suppose that there exists a martingale measure, in
other words, a probability measure Q that is equivalent to P, and such that the

vector S = (1, St 82 .,S'd) is a martingale under Q. Then (Vn(e), n > 0)

is a martingale under Q).

Proof. Let Q be a probability measure that is equivalent to P and such that
S is a martingale under Q. Let 6 be a self-financing strategy. Let us show
that V(G) is a martingale under Q. It is obvious that Vn(é') is Fp-adapted.
We denote by Eqg(-|F) the conditional expectation under Q. Using (2.2), we
obtain . X R

EQ(Vn+1(9) —Va(0) | Fn) = EQ(0n+1 “ASny1 [ Fn)

= EQ(9n+1 . (Sn+1 - Sn) | ]:n) = 9n+1 ' EQ(SnJrl - S’n |~7:n) )

since 0,41 is Fn-measurable (we use property g of the conditional expecta-
tion?). Hence, as S is a F,-martingale under Q,

EQ(Vn+1(0) - Vn(e)‘fn) =0.

2 See annex.
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Proposition 2.2.5. We suppose that there exists a probability measure @
that is equivalent to P and such that the vector of discounted prices S =
(1, 5’1, 5’27 ceey gd) is a martingale under Q). Then, there are no arbitrage op-
portunities.

Proof. Since the process VH(O) is a martingale for any self-financing strategy
0, we have (using properties a and ¢ of the conditional expectation, and the
fact that V5(0) = Vo(0)):

Eq(Vn(0)) = Eq(Vo(0)) = Eq(Vo(9)) -

If the strategy has zero initial value, we have Eq (Vi (#)) = 0, hence 6 cannot
be an arbitrage opportunity. O

We can establish the converse of Proposition 2.2.5.

Theorem 2.2.6. We suppose that there are no arbitrage opportunities. Then
there exists a probability measure @ that is equivalent to P and such that,
under @, the vector of discounted prices is a martingale.

Proof. Let us assume that (2 is finite, with P({w}) > 0, for all w € £2; we
reproduce the proof of Harrison—Pliska [178]. The proof is analogous to the
one in Chap. 1, as we are working in a space of finite dimension. Another
proof is provided in the next section.

Let C be the set of non-negative F-measurable random variables such that
E(X) = 1. This set is convex and compact.

Let I' be the set of F-measurable random variables X, such that there
exists a self-financing strategy @ satisfying V5(0) = 0 and X = Vy(6). The
set is a closed vector space. If there are no opportunities for arbitrage, then
I" and C are disjoint. According to Minkowski’s theorem, there exists a linear
functional L such that

LX) =0, Xerl,

LX) >0, XeC.

Hence, there exists a random variable [ such that

VXeC > lw) X(w) >0
wen

VX=Vn0®)el > lw) V(@) (w) = 0.
wenR

It follows from the first property that, Vw € £2, [(w) > 0. Let A =3 _,l(w)
and
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w)
Q{w}) = A
We check that @ is equivalent to P: the only null set is the empty set.

It remains to check the martingale property. If 6* is a predictable process
taking values in R?, §* = (0%,62,...,6%),<x, we can construct °, a process

n»’n’

taking values in R and such that the strategy (6°,6%,...,60%) is self-financing
and has zero initial value. By induction, it suffices to choose 69 such that
0950 = — Zle 6i.S¢ (zero initial value), and 69 ; such that

d
00,15 = 6959 + Z Si(eL —6h ) (self-financing condition) .
i=1

By construction (6°,6*) is predictable.
Thus, writing § = (6°,6%), for all n < N:

V() = 00 +0151 ... 4087
Using (2.2) and the equalities ASY = 0 and Vj(6) = 0, we obtain

Va(0) = Y (0jAS] +--- 4+ 0]ASY) .

j=1

Thus, using the definition of @, we obtain, for all 8*

N
Eq (Z GjAS] -+ G?AS‘?) = Eq(Vw(9))
j=1

= LS Tn0)w) = 0

|

and thus that Eq(0.5%) = Eq(0:S% ) for any F,_;-measurable random

variable 07 . This is equivalent to the martingale property of Si (under Q).
O

The theorem remains true in discrete time when 2 is no longer finite.
See for example Dalang, Morton and Willinger [80], Schachermayer [325], and
Kabanov and Kramkov [225].

Remark 2.2.7. In Harrison and Kreps [177] for example, one comes across the
following definition of an arbitrage opportunity: it is a self-financing strategy
such that

P(VN(G) > 0) =1; P(VN(Q) > 0) > 0

and
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P(Vo(6) <0) = 1.

We remark that the assumption on Vy can be written Ep[Vy(0)] > 0; Vi (6) >
0 P-a.s.. It is obvious that the arbitrage opportunities defined in Sect. 2.2.1
are arbitrage opportunities in the sense of Harrison and Kreps.

Theorem 2.2.6 enables us to prove the converse. We suppose that there
are no arbitrage opportunities, in the sense of Sect. 2.2.1. Then there exists a
probability measure ) under which Vn(ﬁ) is a martingale for any self-financing
strategy. We have Vo(0) = Eq(Vn(0) | Fo). Hence, since Vy(6) is positive
and has strictly positive expectation (under P and under @, as P and Q are
equivalent), we obtain that Vy(f) = Vy(6) is positive with strictly positive
expectation; there are no arbitrage opportunities in the sense of Harrison and
Kreps.

Definition 2.2.8. The model is arbitrage-free if there exist no arbitrage op-
portunities.

Notation 2.2.9. We denote by P the set of probability measures that are equiv-
alent to P and that make discounted prices into martingales.

2.3 Trees

Let 2 be finite with P({w}) > 0 for all w € §2. We want to show that to
any filtration we can associate a tree, and that the NAO property defined
previously is equivalent to a concept of NAO at each node of the tree.

Ezample 2.3.1. Let 2 = {w1,wa, w3, wyq,ws}, Fo = {0, 2} and F;,i=1,...,3
be the o-algebras generated by the following partitions of (2:

F = {{whw%wg}, {W4}, {W5}}

Fy = {{wi} {w2, ws}, {wa}, {ws}}
Fy = {{wi} {wa} {ws ) {wa ) {ws}} -

To this filtration, we associate the following tree: at time 0, there is a
single node; at time 1, there are three nodes, the first corresponds to the
atom of Fy, {w1,ws,ws}, the second to {w4}, the third to {ws}. At time 2,
there are four nodes corresponding to the four atoms of F. The two first
correspond respectively to {w1} and to {ws2, w3} and follow on from the time-
1 node {w;,ws,ws}. Finally, at time 3, there are five nodes, one for each state



50 2 Dynamic Models in Discrete Time

of the world. The first corresponds to {w;} and follows on from the time-1
node {wi,ws,ws} and from the time-2 node {ws }.

Thus we find that to each node of the tree, we can associate, on the one
hand its past, and on the other, the set of states of the world that follow it.

Fig. 2.1. Example 2.3.1

4 01

=

(w1, p, 3) (W3, W3)

w3

Wy Wy Wy

W5 W5 (O3

n=0 n=1 n=2 n=3

More generally, let us suppose that we are given a filtration (F,,)N_,, and
let F,, be the partition of {2 induced by the non-trivial atoms of F,,. We
suppose that F, has I, elements that we denote by A%, i < I,,. To this
filtration we associate the following tree. At time 0, there is a single node.
At time 1, there are I; nodes, each corresponding to an atom Al of Fy. Each
atom of Fy is the union of atoms of Fp: A% = Ujesi AJ. The node i therefore
has Ji successors. At time 2, there are I nodes, each corresponding to an
atom of Fy, and succeeding a unique node, the atom from which it emerges.
The node j of the tree at time n is the atom AJ, of F},.

Let j be a node of the tree at time n. We denote by A™(j) the set of nodes
succeeding j at time n + 1:

A"(j) = {A;JA € Fuy1 | A£1+1 CAL}.
We can identify any F,-measurable real-valued mapping with a mapping

from F,, into R. A portfolio strategy 6 = (0y,...,0y) is a family of mappings
0 = (0,,)\_, such that 6, : F,,_; — R*",
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As the price process is assumed to be adapted to the filtration, S, is

constant on AJ. The prices are therefore well-defined at each node of the tree.
We denote their value at the node j and at the time n by S,,(j).

Fig. 2.2. A General Tree

AS
/.
Ag+1

Ag+2

AZ())

Definition 2.3.2. We say that there is arbitrage on the tree if there exists
n, 0<n <N, Al € F,, and 0,41 € R such that one of the two following
equivalent conditions is satisfied:

1) 0p41 - (Spi1 — Sn) >0, Yw e Al with a strict inequality for w € Al e
A7),

2)0p1i1-S, <0, Vw e AL and 0,41 - Spy1 > 0, VYV w € Al with a strict
inequality for w € Al € A™(j).

Lemma 2.3.3. Conditions 1) and 2) of the previous definition are equivalent.
Proof. Let us first show that 1) implies 2). Let 6,41 satisfy 1), and let 9~n+1
be defined by

d
Oy ==Y 00,58, and 6, =07, Vj>1.
J=1

By construction, én+1 -5, =0 and
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d d
énJrl ’ Sn+1 = - 2+1 Z 9771517]1 + ZQ£S%+1
j=1 j=1

= S0 1 (0nt1 - (Spg1—Sn)) >0, Vwe Al

with the inequality being strict for w € Al | ;. Hence 2) holds.
Conversely, if 0,11 satisfies 2)

d d
Oy +Y 00,18, <0 and 6+ 6,,5,, > 0004

j=1 j=1

with the inequality being strict for all w € A} 1 1. Subtracting one inequality
from the other, ) ) .
Ont1 - (Sn1 —Sp) 20, Vw € A

with the inequality being strict for w € A, ;. Hence 1) holds. g

Proposition 2.3.4. Under the assumption of NAO on the tree, there exists
a probability measure QQ on {2, which is equivalent to P, and under which
discounted prices are martingales.

Proof. Let us consider the set of nodes at time n + 1 and springing from A7 :
A"(j) = {Aiz+1 € Fop | Aiz+1 C AL}

As there is NAO between the node j and its successor nodes, according to
Proposition 1.2.8 there exists a family of real numbers ,, (A7, AY), £ € A"™(j)
denoted by m,(j, ) such that

(1) ﬂ-’ﬂ(]7£) > 07
(ii) ZZGA"(J') Wn(j,g) =1,
(i) Si() = Tican() ™0 Spya(h)-

The m,(j,£¢) can be interpreted as transition probabilities between times
n and n + 1 for going between node j and its successors. Let ) be the unique
probability measure on {2 such that Q(A!, ;) = m,(j, )Q(A%) and Q(Ao) = 1.
Since Q(w) > 0, V w, @ is equivalent to P. Relation (iii) then becomes:

S’fl = EQ(§i+1 | fn) .

The prices, discounted by the riskless rate of return, are martingales. O

Proposition 2.3.5. There is NAO in the model if and only if there is NAO
on the tree.
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Proof. 1If there is NAO on the tree, then there exists a probability measure Q)
on {2 under which the asset prices, discounted by the riskless rate of return,
are martingales. According to Proposition 2.2.5, there is then NAO in the
model.

Conversely, if there are no arbitrage opportunities in the model, then there
exists @ satisfying Q(A,) > 0, VA, € F,, V n and under which prices,
discounted by the riskless rate of return, are martingales. Let

Q(AL,-H) if Al

v C Al
. Q(A%) nl =
Tn (4, £) =
0 otherwise .
As 5'% = EQ(SA%H | Fn),
SiG) = Y. m(i0) S (0) .

LeA™(4)

Therefore, 0,, - Sp+1(1) > 0 with a strict inequality for at least one [, implies
Op, - Sn(j) > 0. There is NAO on the tree. O

2.4 Complete Markets with a Finite Horizon

Definition 2.4.1. A Fy-measurable random variable X is said to be replica-
ble? if there exists a self-financing strategy 0 such that V() = X.

Definition 2.4.2. A market is complete if any Fy-measurable random vari-
able X s replicable

In other words, a market is complete if any Fy-measurable random vari-
able X satisfies X = Z?:o 0% Sy where 0 is a self-financing strategy.
Using (2.2), it is easy to show that such a r.v. X can be written

N
(S)T'X = Vo(0) + > 0, - AS,

n=1
which we can also write in the form

N
(S%)7LX = Vo(0) + / 043,
0

3 The words attainable and hedgeable are also used.
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where fON 6 dS is defined as the integral of the step function that equals 6, on

Jn,n + 1], with respect to S. After a change of measure, this is a martingale
if the model is arbitrage-free.

In the next chapter, we will extend this concept to continuous-time pro-
cesses: in a complete arbitrage-free market, any Fy-measurable random vari-
able can be written, after discounting, as the integral of a predictable* process,
with respect to the discounted price process, which is itself a martingale.

2.4.1 Characterization

Proposition 2.4.3. An arbitrage-free market is complete if and only if there
exists a unique probability measure Q that is equivalent to P and under which
discounted prices martingales.

Proof. Let us first prove the direct implication:

We suppose the market to be arbitrage-free and complete, and we suppose
that P, and P, belong to P. Let X be a Fy-measurable random variable.
There exists a strategy € such that X = Vi (0), that is, after discounting,

such that

X .

We have already remarked that V,,(6) is a P;-martingale (and a P-martingale).
Hence

Ep,(Vn(0)) = Ep,(Vo(0)) = Vo(0) .

X X
Ep (<) = BEp, (= ) -
" (s) = 7 (5)

As this equality holds for all Fy-measurable X, , we have P = P, on Fy.

It follows that

Proof of the converse:

Assume that there exists a unique equivalent martingale probability mea-
sure P*. Let us prove that the market is complete.

We reproduce the proof of Lamberton-Lapeyre [250].

We suppose that the market is arbitrage-free, but not complete. Hence
there exists a non-replicable random variable. Then the space £ of random
variables of the form:

N
U+ On- AS, (2.3)

n=1

4 A property of measurability, which we will come back to.
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(with Uy constant, and with (61,...,0%)1<,<n a predictable process), is a
strict subspace of the space of all the random variables defined on ({2, F). En-
dow the space of random variables with the scalar product (X,Y) — E*(XY).
Then there exists a non-zero X, orthogonal to £. Let us now set:

) = (14 53 ) Pred

where || X||oc = sup,cpn|X(w)|. Note that P** is a probability measure
(P**(£2) = 1 as the constant random variable equal to 1 belongs to &, and
hence, by orthogonality, E*(X) = 0), equivalent to P, and not equal to P*
(as X is non-zero). As discounted prices are martingales under P*, we have
in addition:

EP*(XNzen.AS> 2\|X||oo ( 297, AS)O

since S, is a P*-martingale and X is orthogonal to £. This entails, by a
reasoning used previously, that (§n>0Sn§ N is a P**-martingale, thus contra-
dicting the assumption that P* was a unique equivalent martingale measure.
Hence the market is complete. O

Remark 2.4.4. Proposition 2.4.3 is true in general, even in the case of contin-
uous time. The proof then makes use of a predictable representation theorem,
and of some very subtle theorems of Jacod. We refer the interested reader
to Harrison and Pliska [179], Jacod [205], and to the articles by Delbaen and
Schachermayer, [96, 97].

2.5 Valuation

Under the hypothesis of NAO, replicable variables can be valuated.

Proposition 2.5.1. Let X be a replicable random variable, and let 8 be a self-
financing strategy such that Vn(60) = X. The value of Vo (0) does not depend
on the choice of 0, and is called the value of X at time 0. We have

Vo(0) = E(X(Sy)™)

for any self-financing strategy 6 and for any probability measure Q under which
discounted prices are martingales.
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Proof. Let 61 = (0p,1)n<n and 0z = (6, 2)n<n be two self-financing strategies
such that Viy(61) = Vn(02) = X. We suppose that V5(01) > Vi(62). Let 0* be
the d-dimensional process that corresponds to the risky part of 65 — 6;:

* L 1 1 d d
0" = (en,2 - on,lv s 7071,,2 - on,l)nﬁN

where 6,1 = (0;71)1-&1 (respectively 6, 2 = (9;72)1-351).

As in Theorem 2.2.6, we can construct a process #° such that the strategy
(6°,67) is self-financing and has zero initial value. Writing (4°, 0) for a strategy
(4°,0,...,0), which only involves investing in the riskless asset, and noticing
that Vi is linear with respect to the strategy, we have

Vn(6°,67) = V(02 — 01) + Vi (6° — (63 — 69),0)

= Vn (6" - (65 - 67),0) .

As the strategies 6; and 0y are self-financing, the strategy (6° — (63 — 67),0)
also is, as it is the difference of self-financing strategies. Using the definition

VN (6°,6%) = Vn(0° — (63 — 69),0) = (1+7)" Vo(6° — (63 — 67),0)
= —(1—|—7‘)N%(02—91) > 0.

Thus we can obtain a strategy with zero initial value, and such that
Vn(6°,60%) > 0, which is impossible according to the assumption of NAO.
Hence Vp(01) = Vo(02). If Q1 and Q2 are two probability measures under
which discounted prices are martingales, then

Eq,(VN(9)) = Eq,(Vw(0)) (= Vo(0))
for any self-financing strategy 6. O

Remark 2.5.2. If we know that [P contains a unique measure (), the result of
Proposition 2.5.1 is obvious, since Vy(8) = Eq(Vn(9).

The same proof shows that if there exists a strategy 6 such that V() =0

and V5 (#) < 0, then there exists an arbitrage opportunity. This proof will be
generalized in Chap. 3.

2.5.1 The Complete Market Case

When the market is arbitrage-free and complete, we can value all Fpy-
measurable random variables. We need to calculate:

Eq (%) = Vo(0) .
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More generally, noting that V,(0) is a Q-martingale, we have
X
V,.(0) = S% Eq (0 ]—"n) .
S
We call V,,(0) the price of X at time n. It is interesting to note that the
calculation depends on @ (and not on P).

In particular, if we want to price a call with maturity N on the asset S*,
and if asset 0 is riskless and has rate of return r, then the value of the call at

time n is
]-'n> .

%)

We can check that the put—call parity holds, by noticing that

1 _
R

The value of a put at time n is

(K = Sy)*

V(o) = 1+ Eg (U5N

(S —K)T=8,—K+(K-5,)".

The strategy 6 that enabled us to valuate X can be interpreted as a hedging
strategy for the seller of the contract X.

N

More generally, we can valuate a cash flow, that is a process (X,),_;

adapted to the filtration. Its value at time n is

n Y Xt
Vo(0) = (14+7)"Eq Zmﬁ :

2.6 An Example

2.6.1 The Binomial Model

This model was developed by Cox, Ross and Rubinstein [71]. There are two
assets:

e a riskless asset whose rate of return r is independent of the time period
and of the state of the world,

e a stock whose rate of return between the time n and the time n 4+ 1 can
be either u, or d with d < 1 +7 < u.

At time 0, the stock is worth S. At time 1, the stock can be worth either
Su or Sd, and at time 2, Su? Sud or Sd?. The price of the stock at time n

depends only on the number of up-moves between time 0 and time n, and can
be worth Su™, Su™~'d, ..., Sd".
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In this model, a state of the world is a sequence of values that the stock
takes between time 0 and time N. The partition F} has two elements, the set
of the states of the world such that the stock is worth either Su or Sd at time
1. Similarly, the partition F» has four elements, the set of the states of the
world such that the stock is worth Su at time 1, then Su? at time 2, Su then
Sud, Sd then Sdu and finally Sd then Sd?. At time n, F}, has 2" elements.

We can associate a tree with this model. At time n, there are 2™ nodes,
and for all j and for all n, A™(j) has only two elements.

Fig. 2.3. Tree for the Binomial Model

As we have shown in the previous section, if there is NAO in the model,
then there exists probability 7 for moving between a time-n node and its “up”
successor at time n + 1, which is independent of the node and of the instant
in time, and where, using (iii) from the proof of Proposition 2.3.4:

1
T = u_d{1+r d} .
In this binomial model, 7 depends neither on the instant in time, nor on the
position of the node in the tree.
As the market is complete, there exists a unique martingale measure, which

we can obtain explicitly as was done in Proposition 2.3.4. As the price of the
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stock at time n depends only of the number of up-moves between time 0

and time n, under this new measure, S,, is a random variable which has the
binomial distribution with parameters n and 7:

j
G) = 5w

We can now compute the value of a European option. If we work with n
periods, we have

QS = wd"i5) = (”) 2I(1 = 7y

where

2.6.2 Option Valuation

1
C= ——— Eo(S, — K"
@t el )
and hence
1 n n . L .
— J(1 — 2\ =T () dA"—3 q _ +
C (R g (j)ﬂ'(l )" (Wd" S — K)T . (2.4)

Jj=0

Let us rewrite (2.4) in a slightly different form. Let

n = inf{j € N|uwd"7S—-K>0}.
If Ja] denotes the integer part of «, that is to say the integer such that
[o] < a < [a] + 1, we can see that

B Hln K/Sd

+1 where In is the natural logarithm .
Inwu/d

(in financial terms, 7 is the minimum number of up-moves that are required
over n periods in order to be “in the money”, i.e., to make a strictly positive
profit). We then have (using the definition of (-))

n

_ 1 L D O O B P

C = (1+7‘)”Z<j>7r(1 )" (wWd" IS - K) .
j=n

The coefficient d(n, j;7) = (?) 7/ (1 — )"~ represents the probability that a

random variable with the binomial distribution of parameters n and m, takes

the value j. Let us introduce the notation:

D(n,p;m) = Y _d(n,j;m) .
Jj=n

U d—dm

Using the definition of 7 and the equality 1 — {75 = S79F, we obtain the
following result.




60 2 Dynamic Models in Discrete Time

Proposition 2.6.1. The price of a call option in the binomial model is given
by

" au \? (d—dr\"? K
= 1 —7D N
. S;m(Hr) (1+r> TR

mh K
SD(?’L,?], 1—|—7‘> - (1—|—T)" D(“ﬂ%”) .

(2.5)

The same reasoning establishes the price of a put:

n

_ ! M 01— I (K — i §)
P_(1+T)n;(j> (1—m)" (K —w/d"7S)" .

We can show that the put—call parity is still satisfied.

2.6.3 Approaching the Black—Scholes Model

We would like to take the limit of (2.5) in order to approach a continuous-time
model. We study the financial market on an interval of time T. Firstly, we

T
suppose that we have n periods of length —, and we study a binomial model
n

over these n periods. Next we let n tend to infinity, whilst 7" stays fixed.

The Choice of Parameters

We have supposed that the coefficients u, d, r and 7, which appear in (2.5), do
not depend on the period we are looking at, but they do of course depend on

T
the length of the period. Here, the length of each period is —. The coefficients
n

will thus depend on n. Let us write them u,,, d,, r, and m,,.

If our aim is to approach the continuous-time model, we must ensure the
equality between the returns in continuous-time, and those in discrete time
when we let n — co. Thus we must have:

lim (14 7,)" = e

where p is the instantaneous rate of return. To explain our choice of u, and
d,, we need to carry out a few calculations.

T
We divide the interval [0, T] up into n periods of length —. Let S,, be the
n
asset price evaluated in the binomial model after n periods.
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If j denotes the number of up-moves, this price is S, (j) = Suld?~7,
which can be written

S, U
1n§l :Jlnd—:+nlndn

where J is a random variable which has the binomial distribution with param-
eters n and p,, where p,, denotes the probability of an up-move (we suppose
that this probability does not depend on the period). In particular, we have
E(J) = np,, and Var (J) = np,(1 —p,). We denote by nv, the expectation of

S, . .
In ( = |, and by no? its variance.

S

Let St be the asset price at time T. We require the discrete model to pro-

S
duce a price S, that tends to St in the sense that the expectation E (1n ;)

of the logarithm of the return on the asset is approximated by the expecta-

tion of In (;) . Similarly, we impose an analogous condition on the variances:

Var <1n 5;) must be the limit of Var <ln E;") .

Using the distribution of S,,, we obtain:

ny, = n (pn In Z—n + In dn)
n

n

2
no2 = np,(1—py) <ln Zn> .

We take p, = 1/2 for the sake of simplicity. We noticed earlier that the
price of the option did not depend on the value that this probability took.

We then impose on the coefficients u,, and d,, to be such that nv,, converges
to vT and no2 converges to 02T, where v and o2 represent the expectation
and variance of the “instantaneous” logarithm of the return on the asset, i.e.,

02T = Var (1n %) and VI = F [1n %] .

To achieve this, we can take for example,
T T T T
v=+o4/ v —0o4/ -
Uy = € wt " d, =e’'n o, (26)

Proposition 2.6.2. Under the previous conditions, S, /S converges in distri-
bution to ’T+oVTC yhere G is a standard Gaussian variable.

Proof. Indeed,

Sy, Up,
ln (S) = Jlna +n1ndn
T
=T+ 2= (27 —n)

vn
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The central limit theorem applied to J, which is the sum of n independent
identically distributed random variables with the Bernoulli distribution of
mean 1/2 and variance 1/4, implies that

J—n/2 2J-n
Tt~ VR

converges in distribution to a standard normal variable. It follows that

VT + \/\/T;(2J— n)

converges in distribution to a Gaussian variable with mean T and variance
2
o°T. g

Limit of the Option Price

We study the behaviour of

K
SD(H, Ty ) 1 D(n,nn; )

1+7, 1+7,)"
with In K/Sd 1 d
i +Tn_ n
K Hln un/dn]] tLoand o Up, — dp,

We produce detailed calculations for D(n,ny,; m,).

D(n,n;w) =1— P(Y,, < n) where Y, is the sum of n independent random
variables with the Bernoulli distribution with parameters = (here 7 depends
on n as well as on 7, we omit the subscript n to lighten the notation). Then

Y, —nm o _n-nm )
Vnr(l—m)  /nr(l—n) '

Using the definition of 7 and (2.6), we see that

P(Y, <n) = P(

1 ln
ﬂn=§n+ 20\/* \F""O(\f)

Replacing m,, by its value as a function of w,, and d,,, we obtain

— In K/S - (p— )T
As aresult, — 22" converges to /S0~ 37) .
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It remains to apply the central limit theorem. The classic version of the
theorem does not apply here, as the probability laws involved depend on n.
We can use Lindeberg’s theorem®. We can also check the result ourselves:

Proposition 2.6.3. For all n, let (X1 n;Xom;...;Xnn) be n independent
identically distributed random variables distributed according to the probability
law ]D()(1'7»,I = 1) =1- P(Xi,n = 0) =Tn- Let Yn = Z:L:l Xi,n-
Then % converges in distribution (when n tends to infinity) to
niy (1—my,
the standard normal distribution.

Proof. We use characteristic functions. Let ¢(t) = E(exp itX) be the charac-
teristic function associated with a random variable X. If X has zero expec-
tation and variance 1, then we have ¢(t) = 1 — % + o(t?). As the random
variables X ,, are independent,

Y, — Xin—m, "
E (exp i— 7 ) = {E (exp it — b Tn Tn ) } .
i, (1 — ) nin (1 — my,)

Xl,n — T

The variables have zero expectation and variance 1/n,

nm, (1 — my,)
hence we can check that

X1y — 0 t2 1
(o Rm ) Ly (1).
nm, (1 — ) 2n n

Y, — nm,

2
Hence the characteristic function of converges to exp <2) .

O

nmp (1 — m,

The Black—Scholes Formula

Bringing together the results above, we obtain

In K/S —(p— 1/202)T>

D(nann§77n) - 1_¢< O'\/T

where

1 ¢ 2
_ —u /2d
xT) = — e u.
ow) = o=/
It remains to note that 1 — ¢(x) = ¢(—x), to obtain

® See Chung [58].
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In S/K+ (p— 1/202)T>
oVT '

The same methods can be applied to study D(n,n,; Tpun/1 + 7).

D(n, np; mn) — ¢<

Theorem 2.6.4. When n — oo, under conditions (2.6), C' converges to
So(d) — Ke T ¢(d— oVT)

with

g = BEE T L

oVT 2

This formula is known as the Black—Scholes formula. We will give a direct
proof of the formula in a more general setting in Chap. 3. We notice that the
limit does not depend on pu.

The Case of a Put
We obtain that the price of a put converges to
Ke PTo(6 +aVT) — S ¢(5)

with In(K/S)— pT 1
n —p
5 - ME/S) —pT 1 a7
o T 27

Hence we can check the put—call parity formula holds:

C=P+S—-e"TK.

2.7 Maximization of the Final Wealth

In this section, we suppose {2 to be finite. An investor, with initial wealth x
at time 0, maximizes the expectation of a utility function of his final wealth.
More specifically, let U : Ry — R satisfy:

Ul U is strictly concave, strictly increasing, and of class C?,
U2  limgi0o U'(x) = 0, lim, o U'(z) = oo.
Let I :]0,00[—]0,00[ be the inverse of U’. If follows from U1 that I is

strictly decreasing and continuous.

We suppose that the investor solves the following problem P:

Maximize Ep [U (Vi (6))] under the contraints
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{ Vn() = 0
VQ(H) = T
where Vy (0) = 0y Sy and where 0 is a self-financing strategy.

Proposition 2.7.1. There is an optimal strategy if and only if there is NAO.

Proof. If there is an arbitrage opportunity 6, then for any self-financing strat-
egy 0 with initial value x, the strategy 6 + 0 is a self-financing strategy with
initial value z and V(6 + 6) > Vy(0) a.e. with a strict inequality on a set of
strictly positive measure. Therefore, there cannot be an optimal solution.

Conversely, let us consider the set C' of positive terminal values of wealth
that the investor can achieve with a self-financing strategy:

C={Vn(0) | Vn(0) >0, Vy(0) =z, 0 self-financing } .

Let us show that the set C is the positive cone of the set
K ={Vn(0) | Vo(0) = z, 0 self-financing } .

We show that

N
K= { (J; + Z QkA5k> S?V, 0 a predictable process taking values in R? } .
k=1

Indeed, it follows from (2.2) that if 6 is self-financing, then
N

N
Vn(6) =Vo(0) + ZekASk =x+ Z HkASk .

k=1 k=1
Conversely, for a given predictable process 6 taking values in RY, we define

the process 6° by the self-financing condition

d d
00 =z — ZQ{S{, 0n =00+ Z(Q% - GZLH)S’% .
j=1

j=1
The final wealth associated with this strategy depends only on 0, and equals
N
<I + Z ekASk> SR[ .
k=1

The set K is the translation of a vector space of finite dimension, and is
therefore a closed convex set. We show that the set C' is compact. As we have
NAO, there exists a martingale measure ). According to Proposition 2.2.4,
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Since Q(w) > 0, Vw, then 0 < Vy(w) < S8y, and so C is bounded. The

Qw)’
function U being continuous, the optimization problem has a solution. The
optimal final wealth V} is unique, as U is strictly concave. O

Proposition 2.7.2. The optimal final wealth V3 is strictly positive, and

P(w)SRU' (Vi (w))
Ep(S{U' (V)

Qw) =

is a martingale measure.

Proof. Let us first show that V3 is strictly positive. We suppose that there
exists Ay € Fy such that V3j = 0 on Ay. We denote by 6 the strategy
that involves investing everything in the riskless asset up until time N: 69 =
x, Vn > 1, and 6 =0, Vn > 1, Vj > 1. We then have V() = S%z. Let us
consider the strategy €0 + (1 — €)0* where 8} - Sy = V3. We have

EplU(l—¢e)Vy+eVn)—U(Vx)] > 6[Ep(1ANU’[(1 —e)Vy +eValVn)
+ Ep(Lag U'[(1 = )V5 + Vil (Vi — V)]
For a sufficiently small €, the expression on the left-hand side is strictly
positive since U'((1 — )V +eVy) — oo on Ay when ¢ — 0. This contradicts

the optimality of Vy.

We remark that for any self-financing strategy 6 with initial value x, we
have
N
T+ Zok . (Sk — Sk—l)
k=1

As in the proof of Theorem 2.2.6, if 0 is a predictable process taking values in
R%, 6 = (61,62 ...,Qﬁ)HSN, we can construct °, a process taking values in

n’n?

R and such that the strategy (6°,6%,...,60%) is self-financing and with initial

value z. Let
N A A
U (SON <x+ > Ok (S — Sk1)>>] .
k=1

The investor’s problem can be written as an optimization problem without
constraints:

Vi (0) = S}

W) = Ep

max W (0)
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0 predictable,

where 07 is F,,_j-measurable, and can be identified as a vector of R and
where 01,4, _, can be identified as one of its components. As the first order
conditions are necessary and sufficient, the partial derivatives of W (6) with
respect to the variables 6714, , are zero at 0*, Vn, VA,,_1 € F,,_1, Vj. Hence,

in particular, by differentiating with respect to 6714 we obtain

> P)U (V) SR (w)(Sh(w) = S5 4 (w) =0,
WEAL_1
and hence

Y P@U (VW) S{(w)Sh(w)

wEA,_1

Y PU (Vi (w)SK(w)

wEA,_1

La, (w)gi—l(w) =

This expression holds for all A,_1 € F,,_1 and for all n, so we have

S ((;e)éma 1)
U ERU(VR) [ Famr)

Hence, using Bayes’ rule,

S = Eq(S) | Fur)
where
P(w) S} ()U' (Vi (w))
Ep(S{()U' (Vi (W)

Qw) =

O

Proposition 2.7.3. If the market is complete and without arbitrage, then
Vy =1 (%) where @Q s the unique martingale measure, where L = %

and where X is determined by the equation Eg (I (ﬁ) i) =z.

SN ) Sy

Proof. As the market is complete, there exists a unique martingale measure
@, and the set of positive final wealth attainable from an initial wealth of x

is therefore: v
{VN|VN20, Eq (g) —9:} .
SN

Let L = dQ be the density of Q with respect to P. The investor’s problem
comes down to an optimization problem with a single constraint.

Maximize Ep [U(Vy)] under the contraints
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Vv 20

LVy
br (sgc) =7

Let A be the Lagrange multiplier associated with the problem. V3 is optimal
if and only if it is the optimal solution to the problem:

LV,
Maximize Ep [U(VN) -

ON} under the constraint
S

V>0

and Ep
U'(Vy)
the equation Eg (I (g«%) S%) = z. The mapping A — Eg (I (Q—OL) S’%) is
N N N N
strictly decreasing from R, into R.. Therefore there exists a unique A such
that Eo ( 1 I(AL)) = z. O

Sy UNSY

/N

LS%N) = z. Since U’(0) = oo, we recover the fact that V3 > 0 and
N

5—0’\. Hence V3 = I(é\—OL) Let us show that A is determined by
N N

2.8 Optimal Choice of Consumption and Portfolio

In this section, we suppose once again that §2 is finite. We now suppose that
there is a single good for consumption at each date and in each state of the
world, and that this good is taken as numéraire. We assume that the investor
has initial wealth = at time 0, and maximizes the expectation of the utility of
his consumption stream. Hence he solves the problem:

max F

N
Z a™Uley)
n=0

(where U satisfies the assumptions Ul and U2) under self-financing con-
straints that we write:

Gn-Sn:cn+9n+1~Sn, 0<n<N

2.7
r = ¢cg+61-S) ( )
QN-SN:CN (28)
and
cn >0, Vn (2.9)

where 6,, is F,,_1-measurable and where ¢, is F,-measurable for all n. We say
that the strategy 0 finances (c,))_,.
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Equations (2.7) and (2.8) are equivalent to

Vo = 2 — ¢
1

3
|

V, = $+29k~(gk—$k_1)— O0<n<N (2.10)

k=1

Lk
S

™~
Il
EIS)

0
VN = CN .

Proposition 2.8.1. There is an optimal strategy if and only if there is NAQO.
The optimal consumption is unique.

Proof. We suppose that there is an optimal stream (c)_, financed by 6*,
and an arbitrage opportunity 6. Then the strategy 0 + 0*, which finances
the stream ¢,, 0 < n < N, ¢y = (éN + 0y)- Sn, has initial value x and
U(cen) > Ulcly) with the inequality being strict on a set of strictly positive
measure. Therefore, there can be no optimal solution.

Conversely, let us consider the set
C = {(ca)hg, ¢n > 0Vn | there exists 0 satisfying (2.7) and (2.8)} .

It is a convex set. As in Proposition 2.7.1, we show that

C = {(cn)ﬁfzo, ¢n, > 0Vn | there exists a predictable 6 ,
N N
taking values in R%nd such that Z Cr =1+ Z 0 (Sk — Sk—1) } .
k=0 k=1

The set {x + ng’:l Gk(S’k — S’k,l), 0 predictable} is closed, as a trans-

lated vector space; C' is thus closed.
Let us show that C is also compact. As there is NAO, there exists a
martingale measure @. Since

and
N o
k=0
C is bounded. As the function U is continuous, the optimization problem

has a solution. Finally, as the function U is strictly concave, the optimal
consumption stream is unique. O
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Proposition 2.8.2. The optimal consumption (c;)N_,

Pw)U'(cy(w))
Ep(U'(cy))

is strictly positive, and

Qw) =
is a martingale measure.

Proof. The proof of the strict positivity of the optimal consumption stream
(¢:)N_, is identical to that of Proposition 2.7.2, and is therefore omitted. We
remark that the utility associated with a self-financing strategy 6 with initial
value x, is

N-1
E|:U($ —61-S0) + Z akU((ﬁk —0Op11) - Sk) + CYNU(HN . SN)] . (2.11)
k=1

As the optimal consumption stream (c)_ is strictly positive, we obtain by

differentiating (2.11) with respect to 67,14, _,,
Y Pw) [—U’(c;;,l)sg;,l + aU'(cZ)Sﬂ 0, Vj=0,....d
WEA,_1
and hence
a" 18I _ U (ch_y) = a"Ep(U'(c})S) | Fuor), §=0,...,d. (2.12)

It follows from (2.12) that oS U’(c}) is a martingale for all j =0,...,d. In
particular, for 7 = 0, we obtain that

a™(1+7)"U'(c}) (2.13)
is a martingale, and hence that

S] U/( n 1) — EP(S?VU/(C?V) | Fn—l)
(471U e 1) (L+n)NEp(U'(cyy) | Fno1)

In other words, applying Bayes’ rule (see annex),
Si1 = EQ(Sy | Fu-1) (2.14)

where
dQ _ U'(cy)

AP EU'(cy))
O
Proposition 2.8.3. If the market is complete =1 (a"SO) where @Q is

the unique martingale measure, where L = where L, = Ep(L | F,,) and

where X\ is determined by the equation

ZEP(SO (1) ==

dP’
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Proof. As this proof is very similar to that of Proposition 2.7.3, we content
ourselves with giving its outline.

Since the market is complete, there exists a unique martingale measure @,
and the set of non-negative consumption streams that are attainable with an
initial wealth of z is therefore:

N
Cn
{(cn)erv—Oa Cn 2 07 vn | EQ (Z SO> = [L'} .
n=0 "

Let Ly = % be the density of @ with respect to P on Fy, and let L, =
Ep[Ly|F,). Using Eg(X,) = Ep(L,X,,) for any F,-measurable random

variable X,
N o N e L
n=0 " n=0 n

The investor’s problem then comes down to an optimization problem with
a single constraint:

N
Maximize Z oa"Ep [U(Cn)]

n=0
>0, 0<n<N
> cnln
Z Ep g0 ) T
n=0 n
Let A be the Lagrange multiplier associated with this relation. Since ¢}, > 0 we

have o"U’(ck) = LSZZOL’\, Vn, and hence ¢, = I( gﬁLan") where ) is determined
by the equation

N
L, AL,
2 br (S%I (ws&)) =,

which admits a unique solution. O

When the market is incomplete, the optimal solution can be calculated
by generalizing to a dynamic framework, the method presented in Chap. 1
Sect. 1.3. It is also possible to use the method of dynamic programming,
which we outline here.

For our exposition, we take the tree associated with the filtration (F,)o<n<n-
Using the notation introduced in Sec. 2.3, we define a sequence of value func-
tions, as follows. Let « € R represent wealth.

VAN_1 € Fyn_1, VN—l(l'yAN—l) = maxU(cN_l) + OZE(VN(QN . SN) | AN—l)
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under the contraints
T =cN-1+0Nn-Snoa
cy—1 2>0.
We write ey—1(x, Ay—1) and On(z, Ay_1) for the optimal solution of this
problem. Viy_1(z, Ay—_1) represents the maximal utility that can be attained
at the node Ay _1 of the tree, for an investor who only lives for the last period
between times N — 1 and N, has at his disposal a amount of wealth z, and
adjusts his consumption between times N — 1 and N.
VAN_2 € FN_2, VN_2(x, AN_2)
= max U(CNfg) + OZE(VNfl(@Nfl -SN_1,. ) | AN,Q)
T=cNn_2+0On_1-Sn_2
cN—220,
where Viy_1(y, . ) is the r.v. that equals Viy_1(y, Ax_1) at the node Ay_;.
By backward induction, we define

VAt € Fi, W(J),At) = max U(Ct) + O‘E(V;H-l(gt-i-l . St+1, . ) | At)
T =ci+ 01 St
Ct 2 0.
We denote by c¢;(z, At) and 6;41(z, A;) the optimal solution to this problem.

The sequences (Vi(z,Ar), ¢z, Ay),  Oi(z, At))ogth
use them to deduce the optimal consumption and portfolio:

are known, so we

¢ = colz), 01 = 61(z)

¢t = [er(07 - 51, A)] 05 = [02(67 - 51, Ar)]

A eR A€

and at time t,

i = [e(07 - S, A)] 4 cp, T = [0e1(07 - St Ad)] e

where a F;-measurable variable is identified with the vector of the values it
takes on the atoms of time t.

Remark 2.8.4. As in Propositions 2.7.2 and 2.8.2, it is possible to show that
under the assumptions Ul and U2, ¢(x, 4;) > 0, V (¢, A, z). Having
eliminated the consumption, we deduce, using the envelope theorem, that
Vn, (-, An—1) is differentiable V Apx_;, and by backward induction, that
Vi(z, A;) is differentiable V A; and that V/(z,4;) = U'(ci(z, Ay)). In par-
ticular,

VIO - S0 A = U'(c]) (2.15)
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However, at time ¢, once the consumption has been eliminated, the investor
solves the optimization problem without contraints
{onax U(QZ‘ — 9t+1 . St) + (XE(W(Hp,.l . St+1, ) | At) .
t+1

By differentiating this expression with respect to 6;11 and using (2.15), we
recover equation (2.12):

j U'cit1) o .
Sg:OéEP<U,/(C-g)Sg+1Ft>, j:O,,d

2.9 Infinite Horizon

The theory that we have developed in the previous sections comes up against
a number of difficulties when the dynamic model has an infinite and countable
number of periods, even if we assume that at each date, there are only a finite
number of states of nature.

The first difficulty is linked to the fact that an investor can “roll over” his
debt indefinitely. As an illustration, let us give an example, which is due to
Pliska [301].

We consider the binomial model of Sect. 2.6.1 with an infinite horizon,
and where we suppose that u =1, d = 0.9 and » = 0. We are going to show
that an investor can ensure that he gains 1 euro in the future, without owning
anything at time 0.

At time 0, he borrows 10 euros, which he invests in stock. At time 1, if
the price of the stock has risen, he sells his portfolio and receives 11 euros, he
repays his debt, and thus has a gain of 1 euro. If on the contrary, the price has
fallen, and the value of his portfolio is now only 9 euros, he borrows 11 euros,
which he invests in the stock, so that with what he held previously, he has
constructed a portfolio of 20 euros in stock. His debt is now 10 + 11 = 21 eu-
ros. At time 2, if the price of the stock goes up, he sells his portfolio, receives
22 euros, repays his debt and so has a gain of 1 euro. If the price goes down,
the value of the portfolio is now only 18 euros, and he borrows 22 euros (so
doubling his stake) and he now owes a total of 22 4+ 11 4 10 euros. At time
n > 2, if the price has fallen n times, the value of his portfolio is 9 x 2"~! eu-
ros, the investor has borrowed 10+ 11(1 +--- +2"72) = 11 x 2"~1 — 1 euros,
and his net wealth is —(11 x 2"7! — 1) + 9 x 2"~ = —2" 4 1 euros.

When there are a finite number of periods, the event “the price falls n
times running” has a strictly positive probability, and the strategy put for-
ward above is not an arbitrage opportunity. However, when there are an in-
finite and countable number of periods, the probability that the price falls
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every time is zero, and the strategy is an arbitrage opportunity.

To avoid this type of strategy, it suffices for example to impose that the
wealth be uniformly bounded below, or that strategies be uniformly bounded.

The definition of NAO runs into still more difficulties. We specify our
model, in order to explain them.

Let (£2,F,P) be a probability space equipped with a filtration (F,)22
where Fy = {¢, £2}.

As in the previous sections, there are d + 1 assets. Their prices at time n,
Sn = (82, 8L ..., SHT  are taken to be F,-adapted. Asset 0 is assumed to be

riskless: SO =1, S% = (14 7)™ where r is the interest rate, which we assume
to be constant.

A portfolio strategy is a family 6 = (6,)52,; of random vectors 6, =
(62,0%...,0%) such that

n»Yn»

Vn, Vi >0, 9:; is F,_1-measurable.

and 3k > 0such that ||0,| <k, Vn.

A portfolio strategy 6 is self-financing if
On-Sn = Ongt1-Sn, Yn>1.

At first, it seems natural to generalize Definition 2.2.1 as follows:

A “finite” arbitrage opportunity is a self-financing strategy 6 such that
(i) P(Vo(0) =0) = 1,

(ii) 3N such that P(Vx(0) >0) = 1; P(Vn(0) >0) > 0.

It is then easy to generalize Proposition 2.2.5, and to show that if there
exists a martingale measure equivalent to P, then there are no finite arbitrage
opportunities. The following example, which we owe to Schachermayer [326],
shows that the converse is not true. In the following example, there are no
finite arbitrage opportunities, and there exists a martingale measure @, but
it is not equivalent to P.

We consider a binomial model with an infinite horizon, and where r = 0
and S, = Sp,_1 +¢e, + a,, VYn > 1 with the «, being constants in
]0,1[. We suppose that under P, the r.v. (£,)5; are independent and that
Ple,=1)=P(e, =—-1)=3,Vn=>1.

In such a model, there exists a unique martingale measure ) defined by
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Qen=1)=1"%" O, =-1)

3 Vn>1,

where the random variables (€,)22; are independent. We then have with
n; ==x1, 1 <3< n,

d n
%(61 =M,2=12,.-..,En = nn) = H(l —mai) ,

i=1
and g—g |7, = I, (1—¢;0;). It follows from Kakutani’s theorem (see Williams

(oo}
[367] p. 150) that Q is equivalent to P on Fu if and only if Z V14 oy, +

n=1
oo
v1— a,, < oo, which is equivalent to Z o2 < oco. It follows from this same

n=1
theorem that unless this condition is satisfied, @ is singular with respect to
P.

Thus we are led to define a more restrictive notion of NAO. Developing
the ideas of Kreps [242] and Schachermayer [326] has shown that by giving a
good definition of NAO, we can obtain an equivalence between NAO and the
existence of an equivalent martingale measure.

Moreover, we have shown in Sects. 2.7 and 2.8 that when there are a finite
number of states of nature and periods, there is an equivalence between NAO,
the existence of an equivalent martingale measure, and the existence of an op-
timal solution to the problem of an optimal consumption—portfolio choice. We
now show that under certain assumptions, we can extend Proposition 2.8.2.

We denote by C, the set of adapted real-valued processes (cy)n>0 such
that sup,,||cn|lecc < 0.

As in Sect. 2.8, we suppose that there is a single consumption good at
each time and in each state of the world, and that it is taken as numéraire.
We assume that an investor, with initial wealth x at time 0, maximizes the
expectation of the utility of his consumption stream, i.e., he solves the prob-
lem:

max E

Z a™Uley)
n=0

(with U satisfying the assumptions U1 and U2) under the self-financing con-
straits, which we write

O Sy = cn+0ns1-Sn, Yn>0
r = Co+01'So,
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where we suppose moreover that (¢, Opt1)n>0 € C™*2 and ¢, >0, V n.

Proposition 2.9.1. If there is an optimal consumption stream (c5)S, and

if there exists m > 0 such that ¢, > m, Vn, then there exists a martingale

measure QQ, which is equivalent to P, and % = lim,, EU}:chi,EfB)

Proof. The proof is analogous to that of Proposition 2.8.2. We note that the
utility associated with a self-financing strategy 6 with initial value x, is

ElU(x—01-50)+ > a"U((0k —0k-1)-Sk)|, O0<a<l.
k=1

By differentiating with respect to 8,, and proceeding as in the proof of Propo-
sition 2.8.2, we obtain that

a"(147)"U(c;)
U’ (¢, (@))

is a martingale, that B (@) is a martingale and that

$_1 = Bg (i1 Fa)

where i—g| F, = % The martingale % is positive and uni-
formly integrable since m < ¢ < M, Vn > 0. It thus converges in s (P) to

U’ (e, (w))

Erl(c)) " Hence we have

lim,,

& & Lo dQ
J — J — = P S N,
S =Eq(S) | F,), with 1P lim FrU(c)

Remark 2.9.2.
1. The assumption that ¢}, > m, ¥n means that (c;,) is in the interior of [°.

2. If we introduce an exogenous dividend process (d,)neny € Ct! with
dy =0, V n, we write the self-financing constraints in the form

On - (Sp+dn) = cn4+0nt1-Sn, Yn>0
r = Co+ 31 . SO .
We define the discounted gains process by

dy,

k=1
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Then, under the same assumptions and using the same notation as in
Proposition 2.9.1, we find that the discounted gains process is a martingale

B N ‘ LdQ L U'(c (W)
;o ; _ a&v . YlegWw))
G = EQ(Ghyi [ Fn), j=1,...,d with dP tn Ep(U'(c;))

which can also be written in the following form, called “Lucas’ formula”

, 1 = ;
S = U’(*)EP( > oMU () |J-‘n>, j=L....d.
‘n k=n+1

Notes

Sect. 2.2 is heavily based on the papers Harrison and Kreps, [177], (1979)
and Harrison and Pliska, [178], (1981). Theorem 2.2.6 has been extended to
the case of an infinite number of states of nature by Dalang, Morton and
Willinger, [80], (1989). The problems of arbitrage with portfolio constraints
or with transaction costs have been studied by Jouini and Kallal, [221, 222],
(1995), Schuger, [328], (1996), Jouini and Napp [223] (2001).

The procedure for taking limits in Sect. 2.6 is due to Cox, Ross and Ru-
binstein, [71], (1979). It may be tempting to work in discrete time and obtain
results in continuous time by taking the limit of the discrete-time model. This
approach is often very difficult to implement. We refer to the book of Pri-
gent [303] (2002) for recent results. American options, superhedging under
constraints are studied in Follmer and Schied [162] (2004).

For Sect. 2.8, we could have considered more general forms of utility func-
tion. For example, Epstein and Zin, [153], (1989) use recursive utilities, Dunn
and Singleton [130], (1986) use utilities that at time ¢ depend both on the con-
sumption at time ¢ and on past consumption, and Epstein and Wang, [152],
(1994) assume that agents have multiple priors over states of the world. We
can also introduce portfolio constraints or obtain an explicit solution when
the market is incomplete (see Pliska, [301], 1997).

We have not dealt with the dynamic version of the CCAPM. The reader is
referred to Huang and Litzenberger, [197], (1988). For a model with hetero-
geneous beliefs, see Jouini and Napp [220].

For the case where the state process is a Markov chain, we can consult
Dulffie, [114], (1991), and for the dynamic programming and economic mod-
eling aspects, Stokey and Lucas, [346], (1989).

When the market is incomplete, one can consult Féllmer and Schied [162]
(2004) for superhedging and minimization of the hedging error.
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ANNEX 2

Conditional Expectation and Martingales

The book Chung [58] is a good reference for the definitions and properties
relating to martingales in discrete time.

Definition Let X be an integrable random variable, and let G be a sub-o-field
of F. The conditional expectation of X with respect to G, denoted by E(X|G),
is the unique (up to an equality that holds almost surely) random variable such
that

(i) E(X|G) is a G-measurable random variable;
(i) fG (X|G)dP = fG XdP, VG € G.
The conditional expectation satisfies the following properties:

Property

a. The conditional expectation is linear: if Y is integrable and if a and b are
two real numbers, E(aX +bY|G) = aE(X|G) +bE(Y]G).

b. It is increasing: if Y < X, E(Y|G) < E(X|G).

c. If X belongs to L?>(P), E(X|G) is the projection of X onto L?(G).

d. If X is G-measurable, E(X|G) = X

e. E(E(X|G)) = E(X).

f. If G; are two sub-o-fields of F such that G; C Ga, we have
B(B(X|9:)\02) = E(E(X|62)/G1) = E(X|Gh).

g- If X and Y belong to L*>(P) and if Y is G-measurable:

E(XY|G) = YE(X|G).

h. Fatou’s lemma: if | X, | <Y whereY is integrable, and if X,, converges a.s.
to X, then E(X,|G) converges a.s. to E(X|G).

i. Jensen’s inequality: for g a convex function, we have

E(g(X))|F) = glE(X|F)] .
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All the inequalities and equalities above hold almost surely.

Definition A sequence of r.v’s (My,)o<n<n adapted to (F,;0 <n < N) is a
martingale under P if

(i) M, is integrable with respect to P, 0<n<N,

(ii) Ep(Mpsr | F) = M,, 0<n<N-1,

where Ep(-|F,) denotes the conditional expectation with respect to Fy, and
where the space (2, F) is equipped with the probability measure P.

A sequence of random vectors S, = (S!,i < d) is a martingale if the
sequences (S, 0 <n < N) are martingales. We denote by Ep(Syy1|Fn) the
vector with components Ep(Sy 1 | Fn).

Uniform Integrability

Definition A family of random variables (X;,i € I) is said to be uniformly
integrable if

lim sup / | X;|[dP =0.
|zi|<a

a—0o0 g€ [

In particular, if there exists an integrable Y such that |X;| <Y, Vi € I,
then the family (X;,7 € I) is uniformly integrable.

Change of Probability Measure: the Radon-Nicodym Density

Definition Let P and Q be two equivalent probability measures on (£2,F).
There exists a F-measurable positive random variable f such that for every

AecF, Q(A) = Ep(fla). We write: j—g = f.

Conditional Expectation

If is important to be able to express the conditional expectation of a random
variable X under @) with respect to its conditional expectation under P.

Property [Bayes’ Rule] We have
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The Black—Scholes Formula

In Chap. 2, we obtained the Black—Scholes formula by taking the limit of the
binomial model. In this chapter, we present two further methods for obtaining
the formula, and then show how analogous results can be obtained in a more
general framework. The financial market comprises d risky assets, and one
bond or riskless asset. Asset prices are modeled by means of a Brownian
motion, using the notion of stochastic integral.

The first section is for the benefit of readers who are not familiar with
stochastic calculus. We recall the definitions and basic results: Brownian mo-
tion, the stochastic integral with respect to Brownian motion, [t6 processes,
1t6’s lemma, and Girsanov’s theorem.

We approach the issue of the NAO assumption in the second section. An
immediate warning: the equivalences obtained in Chap. 2 cannot entirely be
generalized to continuous time.

The third section is devoted to the classic Black—Scholes formula. We
present two methods for deriving it: one is based on solving partial differ-
ential equations, and the other on martingale theory. We then study how the
value of an option varies as a function of the model’s parameters.

In the fourth section, we price a financial product that pays dividends at
each date, as well as a final dividend, in a financial market comprising one
security modeled by a Markov diffusion process. We show that the arbitrage
price is a solution to a partial differential equation, and can be expressed in
terms of a conditional expectation.

Complementary probability results are to be found in the annex.

3.1 Stochastic Calculus

In this section, we recall some useful concepts and theorems from probability,
and briefly present the model that we will be using.
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We work on a finite interval of time [0,7] and on a probability space
(£2,F, P). When working with several different probability measures on the
same space ({2, F), we specify that we are working with probability measure
P (respectively @), by saying that we are under P (respectively under @Q). We
use the notation Ep for the expectation under P.

3.1.1 Brownian Motion and the Stochastic Integral

We have chosen to model the random phenomena that occur, by means of
a Brownian motion. This is a process with continuous paths and stationary
independent increments. More precisely:

Definition 3.1.1. B = (B;, t > 0) is a real-valued Brownian motion starting
from 0 on (£2,F, P) if

a) P(By=0)=1,

b)V 0 < s <t the real-valued random variable By — By follows the normal
distribution with mean 0 and variance t — s,

)V 0 =ty <t1 <.+ <tp, the variables (B, — By, ,,1 < k < p) are
independent.

We also use the notation B(t) for B;.

It can be shown that the mapping ¢ — Bi(w) is continuous for almost all
w, i.e., the Brownian motion’s paths are (almost surely) continuous.

An “intuitive” approach to Brownian motion is given in Appendix A.
Merton [276] provides a justification for the use of Brownian motion.

We generalize the definition above, to obtain a Brownian motion with
values in R¥:

Definition 3.1.2. B = (B%, i < k) is a k-dimensional Brownian motion if
B" are independent real-valued Brownian motions.

A filtration (F;,¢ > 0) on the probability space (£2,F, P) describes the
flow of information available to an investor: if A € F;, the investor knows at
time ¢, whether or not A has occurred. We assume that a Brownian motion
(Bt, t > 0) is constructed on (£2,F, P) and we set FP = o(Bs, s < t). We
will use the augmented filtration F; generated by FF and the P-null sets (for
technical reasons). This filtration is increasing, i.e., Fs C F; for s < t. We
say that a process (X, t > 0) is F-adapted if X; is Fi-measurable for any
t. We write Ey(-) = E(- |F;) for the conditional expectation of a variable with
respect to Fy.

Consider for a moment a model in which the price S; of a stock is given by
a Brownian motion, so that S; = B;. If an agent owns 6(t) shares at time ¢,
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and trades at times ¢y, the value at time tx of a self-financing portfolio with
initial value z, is erZkK:l O(ti){B(tx) — B(tk—1)} (formula (2.1) in Chap. 2).
If we want trading to occur at any time ¢, we need to define a mathematical
tool allowing us to replace the sum above — which resembles a Riemann sum
— by something on which time acts continuously. We will replace it by an
integral, written fOT 6(s) dB(s), which we call the stochastic integral of § with
respect to B, and define as the limit (in L?) of the sum above! (see annex).

It is easy to show that, for a fairly large class of processes 6, we can define
the stochastic integral of § with respect to B. It soon becomes apparent that
we need to impose measurability conditions on 6: in Chap. 2 we assumed
0(tr) to be Fy,_,-measurable, and described the resulting process as being
predictable. The concept of a predictable process? is defined for processes
indexed by t, t € R, . In particular, a left-continuous process (such that the
mapping ¢ — X;(w) is continuous on the left for almost all w) is predictable.

To define the stochastic integral fOT 0(s) dB(s), we also need integrability
conditions for 6.

Definition 3.1.3. We denote by O, the set of predictable processes such that

T
/ 02(t)dt < oo a.s. .
0

It can be shown that the stochastic integral fOT 0(s)dB(s) is well-defined
for 6 € ©. We have of course f; dB(u) = B(t) — B(s).

The stochastic integral with respect to Brownian motion has an extremely
interesting property: it is a martingale®, as long as additional integrability
conditions hold.

The following result is an important tool:

Proposition 3.1.4. If 0 € © and if E [fOT 62 (s) ds} < 00, then the stochastic
integral (Mt = fot 0(s)dB(s) ;t < T) defines a process M, which is a mar-
tingale with zero expectation and with variance E (M?) = E [fg 62 (s) ds} .

Exercise 3.1.5. Show that (B?(t) — ¢, t > 0) is a martingale. One could pro-
ceed by showing that E (B?(t) — B(s) |Fs) =t — s, and noticing that this
equals E ([B(t) — B(s)]?|Fs).

! For a detailed study of stochastic integrals with respect to Brownian motion, see
Chung and Williams [59], or Karatzas and Shreve [233].

2 An exact definition is to be found in the annex.

3 See annex.
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This exercise emphasizes one of the difficulties of stochastic calculus. The
formula fg B(s)dBs = %Bf is obviously wrong, as it would imply that the
process equal to t is a martingale. It6’s lemma provides explicit formulae to
use for integration. Levy’s theorem (see Revuz—Yor [307]) states that, if X is
a continuous process such that X and (X? —¢,¢ > 0) are martingales, then
X is a Brownian motion.

3.1.2 Ito Processes. Girsanov’s Theorem

Definition 3.1.6. The process X = (X, t € [0,T]) is a real-valued Ito pro-
cess, if there exists an adapted process u(t) and a predictable process o(t)
satisfying

T T
/ |u(s)|ds < oo P-a.s.; / 0%(s)ds < oo P-a.s.,
0 0

and such that X; = X0+f0t u(s) ds—i—fg o(s)dB(s), t € [0,T], where (B; , t >
0) is a real-valued Brownian motion.

The equality above is written more concisely as follows,

dX, = p(t)dt+o(t)dB,
X(0) = Xo., @)

in order to develop a formal calculus that is analogous to differential calcu-
lus. The coefficient u(t) is called the drift; o is the diffusion coefficient (see
Appendix A for an intuitive approach).

The drift term often complicates calculations; moreover, it causes the pro-
cess to loose its martingale property: an It process is only a martingale when
u = 0. To revert to this case, we use Girsanov’s theorem. Under reasonable
assumptions, a change of probability measure transforms an It6 process into
a stochastic integral. Let us state the theorem — without proof — in a special
case (refer to the annex for a more general statement of the theorem, and
additional comments).

Theorem 3.1.7 (Girsanov’s Theorem). Let (L; , t > 0) be the process

defined by
t 1 t
L, — exp {/ h(s)st—f/ hQ(s)ds},
0 2 0

where (h(s), 0 < s <T) is an adapted bounded process.

The process (L; , t > 0) is the unique solution* to

st == Ltht dBt7 LO - 1 5

4 Cf. the annex to Chap. 4.
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and satisfies E(Ly) = 1, Vt € [0,T].
The process (Lt , t > 0) is a martingale.

Let Q be the probability measure defined on (Q .7-"T) by Q(A) = Ep(la Lr).
Under Q, the process B* defined by B} = B;— fo s)ds is a Brownian motion.

In particular if h(t) = —u(t)o~1(t) is bounded, the process By = B; +

ﬁ) s)ds is a @Q-Brownian motion, and the It6 process (X; , t > 0)
deﬁned by (3 1) can be written

dX, = p(t)dt+o(t) {dB; — pu(t)o~'(t)dt}
o(t)dBy .

Thus X; is a stochastic integral with respect to a Brownian motion under Q.

It is a @-martingale if
T T
Eq {/ o?(s) ds} Ep {LT/ 0'2(8)(18}
0 0
T
Ep {/ Lso?(s) ds} <00
0

It is useful to note that the Girsanov transformation alters the drift but leaves
the diffusion coefficient unchanged.

3.1.3 Ito’s Lemma

If we assume that all asset prices follow Itd processes, then we will need to
evaluate expressions of the form f(¢, X;), and to specify their dynamics. The
method for doing this is given by It6’s lemma.

Denote by C’ ([0, 7] xR, R) the set of functions f(t,z) that are continu-
ous, of class C'! Wlth respect to t and C? with respect to x, and with bounded
derivatives.

Lemma 3.1.8 (Itd’s lemma®).
Let f € Cp%([0,T) x R, R) and let X be an It6 process:

dX; = p(t)dt+o(t)dB(t) .
Let Yy = f(t,Xy). Then'Y is an Ité process that satisfies

of of

A, = —= (t, Xp)dt + == (t, Xy) p(t)dt
ot Ox 3.2)
of 192 f 2 ©
+ 5 (LX) o()dB(t) + 5 55 (6, Xy) o (1)t

5 See Appendix A for an intuitive approach.
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or, in the more concise form,

0 0 102
dy, = 8—{ dt + a—i dX(t) + 58—;; o?(t)dt .

The boundedness condition on the derivatives is required for the integrals
to make sense. It can be dropped when the integrals are known to exist.
The stochastic integral will only be a martingale if the derivative of f with
respect to the space variables, is sufficiently integrable. Whilst taking a vigi-
lant approach to the validity of the results, we do not give an explicit set of
conditions, so as not to weigh down our exposition.

Remark 3.1.9. The formula above differs from that for the differentiation of a
composition of functions, which would lead to %{dt + %dXt, by the addition
of the term %%02 (t)dt. However, the formula is still very straightforward to
use.

Here are two examples:

Ezxample 3.1.10. Let

dXt = aXt dt+bXtdB(t),
Xo > 0,

where a and b are constants.

It is possible to show that X; takes strictly positive values. This enables
us to define Y; = In X; where In denotes the natural logarithm. The function
In x does not belong to C;’Q, but It6’s formula remains valid nevertheless; the
stochastic integral involved is well-defined, as are the ordinary integrals. Thus
we have:

1 1
dY; = 0+ —aXidt + —

11 )
bX, dB(t) — = — (bX,)? dt
X, X, f ®) 2X3( )

1
(a — 2b2) dt +bdB(t),

which means that (see (3.1))

t t
Yy +/ (a - 162> ds +/ bdB(s)
0 2 0

1
In X + (a— 2b2) t+bB(t).

Y (t)

The variable Y; is normally distributed with mean In Xg + (a — %bQ)t
and variance b?t. Hence the name “lognormal” (whose logarithm is normally
distributed) for the process X, which is also called the geometric Brownian
motion.
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Ezample 3.1.11. Let X; = z + fo s)ds + fo s)dBs and Y; = exp X;. To
calculate dY;, set f(z) = e*. We have f(x) = f”( ) = e”. In addition,
dX; =b(t)dt + o(t) dB;. Hence
dY; = Y;b(t) dt + Yo (t) dB; + 1/2Y;02(t) dt
=Y, (dX¢ + 1/20°(t)dt) |

1
which can be expressed as d (exp X;) = (exp X¢) (dXt + 202(t)dt>.

Exercise 3.1.12. Let B be a real-valued Brownian motion.
Using It6’s lemma,and assuming the stochastic integral to be well-defined,
show that

t
B2(t)—t = 2/ B(s)dB(s) .
0
Exercise 3.1.13. Let X be a process satisfying
X0 >0,

where o (t) is assumed to be bounded. Let Y; = X; exp — fo s)ds. Show that
dY; = Y,0(t) dB,.

Hence deduce that X; = F (XT exp — ft s)ds |.7:t>

3.1.4 Multidimensional Processes

We take a d-dimensional Itd process, that is a vector S* = (S, S2,..., 897
driven by a k-dimensional Brownian motion B = (B!, B?, ..., B¥)T:

dSi(t) = p'(t)dt +o'(t)dB(1) , (3.3)
where o' is the row vector (¢!, 0%2,...,0%%) and where we use the matrix
notation:

t k
/0 o'(s)dB(s) = Z oI (s)dBI(s) .

j=1 70

We can also write (3.3) in the form dS*(t) = p(t)dt + o(¢) dB(t). We
suppose that

For all (i,4), u'is an adapted process

and 0%/ is a predictable process, such that

T T (3.4)
/ WOdt < 0o ass / CIOPAE < o as. |
0 0
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3.1.5 Multidimensional 1t6’s Lemma
Let X = (X', X2,..., X7 be a d-dimensional It6 process following
dXt = Mt dt—'—O't dBt 5 (35)

where y1; is a Fy-adapted process with values in R?, where o is a random and
predictable (d x k)-matrix, and where B is a k-dimensional Brownian motion,
with (u, o) satisfying (3.4). We write u; and o instead of u(t) and o(t) to
lighten the notation®.

Notation 3.1.14. If A is a square matrix (A; ;);;, we use the notation tr A :=
o, A;; for the sum of its diagonal terms.

There is a generalization of It6’s lemma to multidimensional processes:
Lemma 3.1.15. Let f € CY2([0,T] x R?; R). We write f.(t,z) for the row

of ) ) :
vector [%(t’x)]i—b“,d ; fox(t,x) for the matriz [8@ oz, (t,x)L,j, and
of

—(t,x).
8t( 7':[")
Let Y; = f(t, X}), where X, satisfies (3.5). Then

write fi(t,x) =

d}/i = {ft(t,Xt) + fz(taXt)Mt + %tr [O’tO'tTfIx(t,Xt)]} de

+fx(t7Xt)O't dBt . (36)

We can give a more concise form to this formula by introducing the nota-
tion £ for the operator defined on C12([0,T] x R?, R), and depending on the
coefficients p and o of the process for X:

Lf(t,x) = fe(t,z)+ fo(t,x)pe + %tr [o10] fuu(t,2)]

The operator L is called the infinitesimal generator of the diffusion. Using this
notation, equality (3.6) becomes

dY; = Lf(t, Xy)dt + fo(t, X¢)or dBy .
We can also write
i, L i1yd
dY; = fi(t, Xy) + Zfz (t, X)) dX] + 5 Z foiw, (t, X¢) dX[dX]
[ 2,7

where the product dX?'de is evaluated using the convention dtdt = 0,
dtdB} = 0 and dB} dB] = §; j dt, where §, ; is the Kronecker delta, which is
worth 1 when ¢ = j and 0 otherwise.

% Taking care not to confusion them with partial derivatives.
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3.1.6 Examples

a) Let (B, , t > 0) be a real-valued Brownian motion and let X be a 2-
dimensional It6 process, defined by X = (X!, X2)T where

dX} = p}dt+ o dB;
dX}? = p?dt+02dB; .

We write this process as

:U’l 0.1
dXt = Ut dt+0’t dBt with Mt = ( ;) and ot = ( t2> .
M g%

Let Y; = X} X?2. We apply Ito’s formula with f(z1,22) = 2175. We have

ol|? ofo? 01
ool = [l '] tglg] and foz(t,x) = (1 NE

ai0} o
Hence tr (0y0{ fzz) = 20{0} and
Y, = (Xjpui+ XZpi +oto}) dt + (Xjo? + XPo}) dB;,

i.e.,
d(X/X}) = X}/ dX7 + X7 dX/ +ojo7 dt.

This rule is known as integration by parts. It reads:
t t t
/ X1dX? = X} X7 - X3XE - / XZdx! - / oroZds .
0 0 0

b) Let B = (B!, B?)T be a 2-dimensional Brownian motion and let dX; =
e dt + Xy dBy be a 2-dimensional It6 process where

1 1,1 1,2 1
_ Mt) _ |:O—t’ oy’ } _ (Xt>
pe = Y= | 51 92 and X; = .
(Ntz 0y Oy Xt2
Using the expanded form:

dX! = pidt + oP'dB} 4 0?dB? .

1,1 1,2
We write o} for the vector (Ug’l ) and o? for the vector (0512 ) We get
O O

v [lob? of-o?
Hiki = [ai-o? o

where o' - 02 denotes the scalar product of the two vectors.

Let Y; = X! X?2. Ito’s formula leads to
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dY; = X} dX7 + X7 dX] +o; o7 dt
= X}dX?+ X2dX]} + (Utl’latm + 03’103’2) dt .
This rule of calculation is easy to apply: we write formally dY; = X} dX?+

X2 dX} +dX}!dX? and evaluate the product dX}d X? using the following
formal rules

dtdt = 0; dB}!dB? = 0, dB!dB; = dt.

Exercise 3.1.16. Let dS(t) = S*(¢)(rdt + 0;dB(t)) be two Itd processes,
with B! and B? independent Brownian motions. Set S(t) = /S}S?.

Show that dS(t) = S(t) (r — $(of +03)) dt + % (o1 dB} + 02 dBY). Fur-

thermore, show that there exists a Brownian motion B? such that

1 1
ds(t) = S(t)(r — 3 (07 +03))dt + 5\/05 +02dB} .

Exercise 3.1.17. Suppose

dX; = m(p — Xy)dt +~vdB}
dY; = a(a — Y;)dt + ¢/Y; dB?

where B! and B? are independent Brownian motions. Let f € C%%2(RT xR x
R). Apply d’Ttd’s formula to f(¢,z,y). Show that the infinitesimal generator
of the pair (X,Y) is

1 1
Lftw,y) = 57 e+ 5 ulyy T mlp—2)fo +ala = y)fy + i
Exercise 3.1.18. Suppose

dXt = Xt(/,Lth + O'XdBt)
dY; = Y}(,u,ydt + O’ydBt) s

and let Z = % Show that dZ; = Z;(uzdt + 02dB;) with pz = ux — py +
oy(oy —ox)" and oz =ox —oy.

3.2 Arbitrage and Valuation

3.2.1 Financing Strategies

Let Z be a Fp-measurable random variable. Can we attain Z with a financing
strategy? Let us specify our vocabulary.

We assume that there are d risky assets, whose prices S%,i € {1,...,d}
are assumed to follow the Itd processes
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dS'(t) = p'(t)dt +o'(t)dB(t) ,

where the coefficients p and o satisfy conditions (3.4). Asset 0 is a riskless
asset
dsy = SPr(t)dt, S°0)=1,

where 7(t) is a positive adapted process satisfying fo t)dt < oo a.s.. Asset
0 is said to be riskless, even when r( ) follows a stochastlc process, as Sy
is known once r is known: S? = exp [ 7(s)ds. On the other hand, S/ is not
known explicitly, even when the coefficients p and o are, because the Brownian
motion is a source of randomness.

We write S; for the price vector of the (d + 1) assets
Sy = (S?,Stl,,Sg)T
and S} = (S},..., 84T for the price vector of risky assets.

If 0 = (6°,...,0%) represents the number of stocks held of each type, that

is to say the portfoho then the wealth at time T is given by x + fo (s)dS(s),
where z is the initial wealth and where

/e )dS(s 2/97 )dSi(s

= /OTe%s)sO(s)r(s)ng[ / 0 ()1t (s) ds + /OTe%s)oi(s)dB(s)

In order for the stochastic integrals involved to make sense, we need to
impose integrability conditions on 6, u and o, in addition to the measurability
conditions:

Definition 3.2.1. Fori > 1, denote by ©(S?) the set of processes 0° that are
predictable, and satisfy

/ 10%(s) 11 (s)|ds < oo a.s. , / 0 (s))* |lot(s)?ds < o a.s.
0 0

where the norm of vector v is defined by |v||? = Z?Zl v

Denote by O(S%) the set of processes 0° that are adapted, and satisfy
fo 16°(s)|r(s) S9ds < oo.
We wmte 9 € O(S) to express {67 € O(S7); 0<j <d}.

Definition 3.2.2. 0 € O(S) finances Z if
¢
975 . St = 00 . SQ +/ 05 dSS Vit S T , P-a.s. (371)
0

and GT . ST =7 P-a.s. (3711)
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Condition (3.7.1) is referred to as the self-financing condition, and is the
continuous time version of condition (2.1) in Chap. 2. Indeed, suppose that
the prices S; are constant on the interval [n,n 4 1[, and that 6 is constant on
Jn,n + 1] 7. Condition (3.7.i) can be written as

n+1
9n+1 : Sn+1 = an ' Sn +/ 95 dSs = en ' Sn + 0n+1 ' (Sn+1 - Sn) .

n

Hence 6,41 -5, =0, -S,.

3.2.2 Arbitrage and the Martingale Measure

Definition 3.2.3. An arbitrage opportunity is a strategy that satisfies (3.7.1)
with

Plr-Sr>0) =1

P(@T'ST>O) > 0

P(fy-So=0) = 1.
In other words, Op - St is a positive random variable that has strictly positive
expectation.

We can replace the first two conditions by E(6r-St) > 0 and P(0r- St >
0) =1.

‘We work under the assumption that there are no opportunities
for arbitrage. This assumption is often replaced by the assumption:

(H) There exists a probability measure ) that is equivalent to
P and such that the vector of discounted prices S;/S) is a Q-
martingale.

Definition 3.2.4. An equivalent martingale measure QQ (EMM for short) is a
probability measure that is equivalent to P and such that, under Q, discounted
prices are martingales. Such a measure is also called a Tisk-neutral measure.

Let us study the link between hypothesis (H) and the assumption of NAO.

Assume that (H) holds. Suppose that we are in the case where the riskless
asset has a constant price SP = 1. Assume that the risky asset follows, under
Q, the stochastic differential equation

dSt = StO'(t) dBt .

In this case, there is no arbitrage opportunity such that
Eg fOT 0(s)a(s)Ss||?ds < oo: under this integrability condition, fg 05 dSs is a
Q-martingale with zero expectation. The self-financing condition is satisfied

" The asymmetry is due to the predictable nature of the portfolio.
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under @ (P and @ are equivalent). Hence taking expectations under @ in
(3.7.1), it follows that

T
Eq(0r - St) = 90~SO+EQU esdssl] = 0y-S5p.
0

As 6y Sy is Fp-measurable and hence constant, it follows that 6y -5y cannot be
zero when Eq(f7-St) > 0, which would be the case if we had Ep(67-S1) > 0.

In the most general case, hypothesis (H) does not imply NAO. Suppose
now that we are in the case of a single risky asset, whose price satisfies S; = By,
and of a bond with a constant price equal to 1. Dudley [109] showed that for
any positive and Fp-measurable random variable Y, there exists a predictable
process 6! such that fOT 91 dB, = Y. We can then construct 6° such that the
strategy (0°,01) is self-financing and has zero initial value: it is enough to take

t
60 = / 0l dB, — 0} B, .
0

The strategy (0°,6%) is then an arbitrage opportunity.

Stricker [348] showed that under (H), there does not exist an elementary
strategy that constitutes an arbitrage opportunity. An elementary strategy is
such that there exists a sequence of real numbers ¢y < t; < --- < t, with

|
—

p
s = Lt t,,0)(8) Wi

S
I
o

for ¢; a F;,-measurable variable.

Another way to avoid arbitrage opportunities under hypothesis (H) is to
limit ourselves to strategies # such that M; = fot 6(s) dS; is bounded below®.
In this case, (M; , t > 0) is a local’ martingale bounded below, and thus a
supermartingale under @), and satisfies Eg(M,;) < 0, t € [0,T]. This implies
NAOQ, for if § were a strategy with zero initial wealth, we would have

t
Eq(0, - S;) = EQ</ 95d53> <0.
0

The study of the converse is even more delicate. Thus, we cannot show
(H) and NAO to be equivalent in all generality. Specific references are given
in the notes.

8 Dybrig and Huang [132].
9 The definition is to be found in the annex.
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3.2.3 Valuation

As in the previous chapters, assuming that there is NAO, we will show that,
if # and ¢ are two strategies that finance Z, then 6, - Sy = g - Sp-

Definition 3.2.5. Under NAO, if 0 is a strategy that finances Z, then 0y - Sy
is the arbitrage price of Z and 7w(Z); := 0y - Sy is the “implicit price” of Z
at time t.

Proposition 3.2.6. Under NAO, the arbitrage price is well-defined.

Proof. Let 0 and ¢ be two self-financing strategies such that 0p-Sr = o7 -Sp.
Let us show that 6y-Syp = ¢Sy under the assumption of NAO. Suppose that
B - So > o - So. Intuitively, we would buy a portfolio ¢ at price ¢q - S, sell
0 at price 0y - Sy and invest the difference between the two, which is positive,
in the riskless asset. At time 7', we would sell ¢ and buy # at the same price,
and make a profit from the riskless investment. More formally, let

Gy = i =0 = (pp — 0))o<i<d »
and let ¥*, which corresponds to the risky assets, be such that

V7 = (= 0)1<i<d -
We can construct 7Y such that v = (y9,4*) is a self-financing strategy
with zero initial value: it is enough to take °(0) such that

7°(0)8°(0) +¢*(0) - $*(0) = 0,

and to construct 7°(¢) as a solution to

0 0 * L Qk _ ¢ 0 *
v(t)S(t)er(t)S(t)/O 5)ds°( /w ) ds(

This equation can be solved as a differentlal equatlon Wlth a perturbation
function, by noticing that fo 70(s)dSO(s f S9(s)ds is an ordi-
nary integral. From the expressions

7°(0)5°(0) + ¢*(0) - 57(0) = 0
and
$°(0)5°(0) + ¢*(0)S*(0) < 0,
we obtain 4°(0) — ¥°(0) > 0
The strategy v — 1 is self-financing (as it is the difference of self-financing
strategies), its risky component is zero, and (v — )7 - S = (v° —19)(0)S%
Hence yp-Sp = (y=¢)r-Sr+4¢r-Sr = (y—=)r-Sr > 0, and v would
be an arbitrage opportunity. O
We have not studied the market’s completeness: can any random variable
Z be financed? In broad terms, the market is complete when k = d and if the

matrix o is invertible. We will come back to this topic in the next chapter,
and in Chap. 9.
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3.3 The Black—Scholes Formula: the One-Dimensional
Case

3.3.1 The Model

Consider a first security, to be called a bond, with the price process (SY,¢ > 0)
defined by the differential equation

dSY = rSPdt, r positive and constant
Sy=1,

and a second security, whose price (S},t > 0) satisfies the stochastic differen-
tial equation

dS} = uS;dt+ oSt dB;
Se>0,

where p and o are two constants, o is non-zero, and (B, t > 0) is a real-valued
Brownian motion.

In Sect. 3.2.3 we described how the existence of a probability measure,
under which the discounted price Stl = e~ S} is a martingale, is related to
the absence of arbitrage opportunities. Let us show that such a probability
measure exists in the model we have here.

A direct application of It0’s lemma shows that

dsy" = 5" [(u—r)dt + o dBy] .

Girsanov’s theorem will enable us to transform (S;°*,¢ > 0) into a martingale.

Let (L¢,t > 0) be the process satisfying dL; = —(u—r)o 1 LidBy, Lo =

Girsanov’s theorem shows that under the probability measure @ defined

d
on Fr by £ = Ly, the process (S“,t > 0) satisfies dS}" = S0 dB;,

where B; := B; + (1 — r)o~ !t is a Q-Brownian motion. The probability
measure (Q is equivalent to P.

Using the first part of Girsanov’s theorem, which ensures that the solution
to dX;, = X;hdB, is a martingale when A is bounded, we find that S is a
@-martingale. The discounted price of the riskless asset is constant and equal
to 1, so it is also a @-martingale!

1
Note that S} = exp [UBQ‘ - 2021?], which entails that S;* (and hence

S}) is positive.

Under @, the risky asset’s price satisfies
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dS} = S{(rdt+odB;).

We call @ the risk-neutral measure (the measure that is neutral with respect
to risk), as under ) the two assets have the same expected rate of return 7.

Theorem 3.3.1. In a model with two assets
ds? = rSPdt, dS} = pS}dt+ oS} dB;,

there exists a probability measure @ that is equivalent to P, and such that
discounted prices are martingales under Q.

We now take a random variable Z = g (S%) where ¢ is a non-negative function,
and we seek to obtain its implicit price. In the case where g(z) = (x — K)* =
max(z — K, 0), we are looking at a European option with strike price K.

Definition 3.3.2. A Furopean call option (a European option to buy) is a
contract that gives the right (but not the obligation) to buy at time T (the
maturity) a stock at price K (the strike or exercise price), which is fized when
the contract is signed.

If SL > K, the option enables its owner to buy the asset at price K and
then sell it immediately at price Sk : the difference Sk — K between the two
prices is the realized gain. If S < K, the gain is zero.

3.3.2 The Black—Scholes Formula

Let C%2([0,T] x Ry, R) be the set of functions f from [0,7] x Ry into R,
and of class C! with respect to ¢ and C? with respect to z.

We suppose that there exists C € C12([0,T] x Ry , R) such that

*(Z) = C(1,5Y) 1< T
g([E) = O(T,I), JCER-F'

Let Y; = C(t,S}). From It6’s lemma:

1
dy; = (ustl Cult, S) + Cu(t, Sp) + 202(s§)20m(t,53)) dt
+ 08} Cu(t,SHdB; (3.8)

where

oC oC 0?C
Ct—aa Cw—%a C:E;v—axQ
Using the notation L for the infinitesimal generator of the diffusion (S, ¢ > 0),
defined on C*2([0,T] x Ry, R) by
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1 9*°C
LC = pxC,+ Cy + 502502 Erel
we can rewrite (3.8) as
dy, = LC(t,S})dt + oS} C,(t, S})dB, . (3.9)

Suppose that there exists a strategy 6 that finances Z. We have not yet
shown that such a strategy exists, but we will construct one shortly. The
strategy 6 is represented by a pair (a,3) where « (respectively () is the
number of bonds (respectively risky assets) held.

Thus, if S; = (S}, S}):

et . St = atS? —&-&S’tl

t
90'50—|—/ 0 dS,
0

t t
= apS) + BoS; +/ s dS? +/ BsdS?
0 0
= C(t7 Stl) =Y,
hence a new expression for dY; is:

dy; = o, dS? + g, dS;}
= roySydt + By (MS’tl dt + oS} dBy)
= (rouSY + pBSy) dt + oB.S; dB; . (3.10)

Comparing (3.9) and (3.10), and identifying dt¢ terms, we obtain
LC(t,S}) = raiSY + upS;t . (3.11)
Identifying the coefficients of dB;, we have
0S;CL(t,S}) = aB:SE, (3.12)

and we still have
aSY + BSH = C(t,S)) . (3.13)

From (3.12) we draw
ﬂt = Cx(tvstl) )

which we substitute into (3.13) to get
a; = {C(t,S}) = SLC.(t,51)} ($9) 7.

Thus we have obtained a financing strategy for Z as a function of its
implicit price. By substitution into (3.11),
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LO(t,S}) = r[C(t,S}) = S{Cu(t, S})] + pCalt, 5})SE

After replacing £C with its full expression, and carrying out simplifica-
tions, this last equality can be written

1
rsgcw(t,sg)+0t(t,stl)+502(5,})20M(t,53) = rC(t,S})

te[0,T]; P-as. (3.14)

with of course
C(T,S%) = g(S%) a.s. .
It is important to note that p does not appear in (3.14).

We can easily show that, whilst (3.14) a priori holds for all ¢, and for
almost every w, it is also satisfied when we replace S} by z with 2 > 0, since
the support of the law for S} is [0, 0o].

Hence, we find that C satisfies the parabolic equation'© :

re Cy(t, x) + Ci(t, z) + %aszC‘m(t,x) = rC(tx),

2 €]0,00[ , t €]0, T, (3.15)
C(T,xz) = g(x), x€]0,00] (boundary condition) .

Let us summarize the results:

Theorem 3.3.3. Let (SP,t > 0) be the price of a bond dSY = rSY dt, and let
(S},t > 0) be the price of the risky asset satisfying dS} = S} dt + oS} dB;.
Let Z =g (571«) be a positive random variable, with w(Z); as its implicit price.
We assume that there exists C € C*2([0,T] x Ry, R) such that

n(Z), = C(t,S}), t<T
g(.’l?) = C(T,J}) ) T e RJr .

Then C satisfies the parabolic equation

1
ra Cy(t,x) + Ce(t, z) + 50'2.1'2C$w(t, x) = rC(t,x),

2 €0, 00, t €0, 77, (3.15)
C(T,{,C) = g(‘r) y X E]0,00[ .

A strategy 0 that finances Z is given by 0 = («, 8) where
a, = {C(t,S}) — SFC.(t, S} (89) 7

10 The boundary condition is fixed at the final point in time, which is not the case
with the classical types of parabolic equations.
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In general, it is not straightforward to obtain an explicit solution to the
parabolic equation above. Probabilistic calculations provide an expression for
its solution.

Suppose z and t to be fixed, and Z%* to be the process indexed by s,
(t <s<T), and defined by

znt :x—|—r/ qu"tdu—ka/ ZEHdB, .
t t

Z¥t is initialized at point x at time t: Z' = . After time ¢, it follows the
same dynamics as dZ(u) = rZ,du + 0 Z,dB,,.

We have the following result, known as the Feynman-Kac formula *!:

Theorem 3.3.4. For a positive-valued function g € C*(R) such that g, g’ and
g" are all Lipschitz'?, the function

Clt,z) = E [e_T(T_t) g(zgxf)] (3.16)

is the unique Lipschitz solution to (3.15).

Remark 8.5.5. In the case of European option “pricing”, g(z) = (z—K)* does
not satisfy the theorem’s regularity conditions at the point x = K. However
the theorem’s result can be extended to piecewise regular, Lipschitz functions.

A good exercise involves checking that the theorem implies that our choice
of o and f is satisfactory, in that (a, ) is admissible (i.e., the pair belongs
to ©(S)) and finances g(Sk). We can show that the model is complete, that
is to say, that there exists a financing strategy for any square integrable Fp-
measurable random variable Z. This result requires new probabilistic tools
(the representation theorem) and will be discussed in the next chapter.

3.3.3 The Risk-Neutral Measure

We are going to give another valuation method, which involves working un-
der the risk-neutral probability measure @ defined by d@Q = LpdP (see
Sect. 3.3.1).

We have seen that under @), the risky asset’s price satisfies
ds} = S}(rdt+odB}).
If we construct a portfolio as in (3.13),

1 The proof of this result rests on It6’s lemma and on the martingale properties of
stochastic integrals. See Sect. 5 of the annex.

12 A function g is Lipschitz on R if there exists k > 0 such that |g(z)—g(y)| < k|lz—y|
for all z, y.
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Y, = aS) + BiS;
we can check that under )
dY; = aSPrdt + .S} (rdt + o dBy)
= Yyrdt +dM;,

where (My, t > 0) is defined by dM; = 3;Sto dB;. Under integrability con-
ditions, (M, t > 0) is a martingale. This implies (using It6’s lemma) that
(e7"tY;, t > 0) is a martingale'® (equal to M; up to a constant). Hence we
get (from the martingale property) :

™Y, = Eq(e”""Yr | Fy)

and, using the fact that the process (S, t > 0) is Markov,
Yo = C(tS)) = Eq(e™"™"g(S) | A1) -

Theorem 3.3.6. The implicit price of g (S%) s given by

Eg [e*T(T*t) 9 (57) |ft}
where Q) is the risk-neutral measure.
In particular, at time t =0

C(0,2) = Eq[e™"g(Sp)] = Eple”"g(Zr)]

where (Z;,t > 0) satisfies dZ; = Z; (rdt + 0dBy;), Zy =z, and we recover
formula (3.16).

For a general time ¢, elementary calculations involving conditional expec-
tations lead to the same result as (3.16), using the fact that under @

1
Sy = St exp [r(T —t)+o(By — Bf) — 502(T—t)

We can easily recover the hedging portfolio, by applying It6’s lemma to
C(t,S}). Indeed,

oC aC 1 0*C
dC(t, S}) = 5o (1, Sp) dt + (¢, 8¢) dS; + 5 (Si0)* S5 (¢, S))dt .

Using the fact that e="*C(t, S}) is a martingale, and setting the coefficient of
the dB; term to zero, we recover partial differential equation (3.15). We can
decompose C(t, S}) into

C(t,S}) = Sy + BiS}

where o, = {C(t,S}) — S}C.(t, SH}(S?) ™1 and By = C.(t,S}). Tt is enough
to transfer the values of @ and (3 into the expression for dC' to check that « , 3
is indeed a self-financing hedging portfolio.

13 This is a generalization of the results of Chap. 2.
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3.3.4 Explicit Calculations

In our model, the coefficients r and ¢ being constants, we can take the calcu-
lations further, using equation (3.16).

We saw (Example (3.1.10)) that a process satisfying
dZ, = rZsds+ o0Z,dB,

has a lognormal law. Here, if the initial point in time is ¢, then the logarithm
of Z=* is distributed according to N [log Z;"' + (r — %0’2) (s —t), o%(s —1)],
or alternatively, Z = exp U where U is normally distributed.

Hence we calculate

E e—r(T—t) g(ijJt):I _ e—r(T—t)E [g(Z;C«’t)]

—+oo

= or(TD / 9(e") fro(u) du

oo

where fr_.(u) is the probability density function of the normal distribution
with mean

1
log = + (r — 502)(T —t)
and variance o?(T — t).

When g has an explicit form, we can develop these calculations further.
Let us take the case g(z) = (z — K)™T.

L[t e
Let / e /2y = / e " /2 du. Using the ex-
p(x) \/ﬂ Vor J_, 5

pression

+oo
| o et
= / e fr—¢(u)du — K fr—i(u)du,
{u>In K} {u>In K}

we obtain

) = 20 (g (2 + -0 (-+5)})

_ Ke (Tt (m/% {m (%) +(T—1) (r - ”;) }) . (3.17)

with C(T,z) = (z — K)". Hence we obtain the same formula as in Sect. 2.6.
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Theorem 3.3.7 (The Black—Scholes Formula). The price of a call is
given by
C(0,2) = x¢(dy) — Ke™ " ¢(ds)
where
2

dy = 1{log (m)+T<r+”>}, dy = dy — VT .

K 2
We also have

Clt,z) = 2 (di(t)) = Ke "™ ¢ (da(t))

di(t) = m/%{ln ()+T-0) <r+022>} do(t) = di(t)—oVT—1.

Exercise 3.3.8. Rework the previous calculations as follows.
a. Write S7 = S;expY where S; and Y are independent. Determine the
distribution of Y.

b. Show that if U follows a normal distribution with mean m and variance
o2 under @, then Q(eV > u) = ¢((m — Inu)/o) and Eg(eV1ysy) =
em+a2/2¢(m +o2 - u)

¢. Thence deduce the value of C(0,z) and of C(t,z).

These results can be generalized to the case where r, u and o are deter-
ministic functions of ¢. Then we obtain:

Q
S—
|
=2
<
—~
Q.
=
—
=
N
|
[e)
|
—
|
5
X
)
[N
V)
<
—
=9
()
—
-
S—
S—

C(T,x) (r — K)*

where

)= () [ (00 75 )aof{ /tTa%s)ds}_l
s @ [ o2} ([ )

Exercise 3.3.9. Establish the Black—Scholes formula for the price P(¢,z) of
a put (the option to sell) where g(z) = (K — x)*. Establish the so-called
put—call parity formula C(t,z) = P(t,z) +x — Ke "(T=1),
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Exercise 3.3.10. Assume that the coefficients r and o are time-dependent.
Write Ry = exp |~ [,/ 7(s)ds] and Z2(t,T) = ;7 02(s)ds. Let @, 52 be the

normal probability density function of mean m = ln(z JRL) — X2(t,T)/2 and
variance X2 (¢, T). We want to evaluate g(St).

Show that C(t,z) = Rk fR g(e¥)®,, 52(y) dy and, by differentiating under

ocC
the integral sign, that %(Lx) = Ag/(ey+22(t’T)/2)¢m,22 (y) dy.

3.3.5 Comments on the Black—Scholes Formula

We have established that the price of a call with strike K and maturity 7T is
given, in the case of constant coefficients, by:

C0,z) = z¢(d1) — Ke "T ¢(dy) (3.18)

where d; and dy depend on the parameters x, K, T, r and o:
2

dy = Uf{log( )+T(r+02)}; dy = dy — VT .

We note that C(0,x) is a homogeneous function of degree 1 in (z, K).

Dependence of C on «x

It is interesting to see how the call price evolves as a function of the underlying

oC
asset’s price, i.e., to evaluate —. This is called the delta, and is a generaliza-

i
tion of the A of Sect. 1.1.5 of Chap. 1. It is the amount of risky asset held in
the hedging portfolio, which is made up of the underlying asset and the bond
(see Theorem 3.3.3 ).

Intuitively, if the market rate of the underlying asset increases, then so
does that of the call option.
Differentiating (3.18), a straightforward but tedious calculation, shows

C

that g— = ¢(d). Another approach involves writing C'(0, ) as E(e*TT(Z‘;‘l’O—
x

K)*1) (as in (3.16)). Since

1
Z,;CJO =2 exp (r — 502)T + oBr (Example 3.1.10) ,
we get
1
C0,z) = E(m exp (JBT — §U2T) — e_TTK)Jr

= E(z exp(—oBr — %U2T) - e_TTK)Jr
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as Br has the same distribution as — Br. We differentiate the expression under
the expectation sign.

The derivative of the integrand equals exp(—oBT — %U2T)1 Br<do /T

except at points such that By = dov/T, which constitute a negligible set.
Thus we obtain

oC 1
D = F [exp (*O’BT - 502T) 1BT§d2\/T] :

Defining the probability measure P* by dP* = [exp (—oBr — %JQT)} dP, we
get

oc = P*(Bp < dyVT) = P* [BT+JT < (d2+a\/f)\/ﬂ

Oz
* B*
=P |:\/% §d2+0ﬁ:| :d)(dg-i-O'\/T) = ¢(d1)
since B = B;+ ot is a Brownian motion under P*. The term ¢(d;) is positive
(and smaller than 1) so that when the stock price increases, the call price
(premium) also increases. A one euro change in the market rate of the stock
corresponds to a delta euro change in the price of the call.

Sensitivity to Volatility

The option buyer speculates, and the greater the fluctuations in the price of
the underlying, the more he is prepared to pay for the option. Let us check
that this intuition holds.

When a financial product satisfies the stochastic differential equation
dS} = puS}dt+ oS} dB; ,

it is customary to say that o represents the wolatility of the product. Intu-
itively, o represents the typical deviation of dsill, and is linked to the risk
that the asset carries (the higher the coefficient, the greater the impact of the
random term). Applying Itd’s lemma to C(t,S}) yields

dc, = @dw @dsl (051)2 g  a

ot or
_ <f§+gc st +%( st)2aaf>dt+gcasld3t,

1 0C
so that the volatility of the call is — —S'o, which we can write as v, =

C ox

Sl
scl %g vg. Setting n = el A, we find that the volatility of the call is propor-
tional to the volatility of the underlying stock: v, = nvg. This generalizes the

discrete-time result.
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Moreover, we have seen that

dc
Ftt = Mcdt+acht7

with aC 92C  aC
_ Lt foc 1 2 9C 1) .
ucCt<8t+2(GSt)82+8 S)’

that is, taking into account the differential equation for C,

1 . 0C 1 9C
ucct<rC’trS 8) C’a

St oC
He =T = a%(/ﬁ—r%
which is a generalization of the results of Sect. 1.1.5.
Notice that

1
St7

hence

_stac Ste(dy) .
TTC 0r T Se(d) - Ke ' Tg(dy) —

The option carries greater risk than the underlying asset.

The Market Portfolio

We define a market portfolio as a portfolio made up of one bond and one
stock. Its value at time ¢ is My = S + S}, hence

dM; = (rS{ +pS}) dt+ oS} dB;
which we can write
dM;
M
Recall that Cov¢(X,Y) = E(XY) — E(X)E(Y). Using the Itd process

notation (in which we identify dX; with AX}, as is explained in the appendix)
and assuming that X' and X? satisfy

= ,[LMdt+O'MdBt.

dX! = p;dt +0;dB; ,

we get
Cov; (dth,dXtQ) = 0109 .

oy, (A dS} o285}
Vi | ———, —— = —
"\ M, S SP + 5}

It follows that

and hence that

Cov (%7 %r)
psm i = ( Var, dM/M >(’“‘M_T)‘
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The Gamma

In practice, the delta’s sensitivity in the variations of the underlying market

rate is an important parameter for risk management. We introduce the gamma

of an option, which is the derivative of the delta with respect to the stock price,
2

that is —-.
at is 8801’2
2
As B ¢(d1), and since ¢'(dy) = \/%7 exp—d—zl7
82C 1 1 &2

/
CAC. d)= — exp-1
Ox? xU\/T¢( v Vo2rTox P

Therefore, the price of a call is a convex function of the price of the underlying.

Time to Maturity

Time has a very significant effect on options reaching maturity. Indeed, we

have
C(t,S) = St ldi(t)) — Ke """ ¢[da(t)]

with )
1 x o
di(t) = ———=<log— + (T —t —
and %;g (t,S}) = ﬁ @' [d1(¢)] ; this last expression tends to 0 as ¢ tends
t
to T

The greater the time to expiry, the higher the price of the call. Therefore,

oc
or’

it is useful to evaluate the price’s sensitivity to time, that is to calculate

setting 7 =T — t.

oC
br x¢’(dr)d) (1) +rKe™""d(da) — Ke "¢/ (da)dy(T) .
Notice that
§(dy) = ¢f(d)e " F eV = L g(dy) e
and
dy(r) = di(7) —o/2VT,
so that
oC i 1
5 = rKe " ¢(de) + Ke "¢ (d2)a /2v/T ,
i.e.,
oC xo

— = d Ke " ro(d

o7 2\/; ( 1) + Ke T¢( 2)7

which is positive. The price of a call is an increasing function of maturity.
Exercise 3.3.11. Show that the price of a call is a convex and decreasing
function of the strike price.
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3.4 Extension of the Black—Scholes Formula

We are now going to generalize the formula obtained in the previous section
to the multidimensional case with stocks paying dividends.

3.4.1 Financing Strategies

The market comprises (d + 1) assets: one bond (riskless) and d stocks. The
price vector of the (d 4+ 1) assets is denoted by S;, and that of the d risky
assets, by S} .

We suppose that asset i, including the bond, pays a dividend. We write
(Dj,i > 0) for the dividend paid by one share of asset ¢ up until time ¢.

We call the process G : Gy = S; + D, the gains process. We assume G to
be an It6 process. In formal terms, the total gain of a portfolio  (capital plus
dividend) is given by

/OtH(s)dGS - /OtG(s)dSs—i-/OtO(s)dD

However, we only assume the existence of [ 6dG, that is we impose that 6
belongs to O(G).

Definition 3.4.1. Let Z be a positive-valued Fpr-measurable variable. We say
that 0 € O(G) finances Z if

t
0,8, = 90-50+/ 0(s)dG(s)  te[0.T]: as

0
9T . ST =7 a.s. .
We can generalize this definition by adding a dividend rate to Z.

Definition 3.4.2. Let Z € Fr and let ((;,t > 0) be a Fy-adapted process such
that fOT [C(s)|ds < 00 a.s.. We say that 6 € O(G) finances (¢, Z) if

0, - S; 0o - So+/9 )dG(s /C te[0,7]; a.s
Z a.s. .

Or - Sp =

We can also interpret ¢ in terms of consumption (see Chaps. 4 and 8) or in
terms of refinancing costs (see 2.4). The amount 6y - Sy is the implicit price at
time 0 of (¢, Z). Under NAO, this price only depends on ({, Z). The implicit
price at time ¢ is w(¢, Z); = 6; - S;.

If there is a riskless asset with return r, the discounted gain is the process
GY defined by G¢ = R,S; + fot RsdD;. It is easy to show that if 6 finances
(¢, Z), and if we use the notation V; = 0; - Sy, we get
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t t
RV =16y 5 +/ 0(s)dGY(s) — / R(s)((s)ds .
0 0

In particular, if G9 is a Q-martingale, we obtain
T
RV, = Eq (RTVT +/ R(s)((s)ds |ft> .
t

3.4.2 The State Variable

We now assume that the economy is described by a state vector Y; € R?,
satisfying the stochastic differential equation
dY; = v(t,Yy)dt +n(t, Y;) dB; (3.19)

where (By,t > 0) is a given m-dimensional Brownian motion, v is a function
from [0, 7] x R? with values in R, and 7 is a function from [0, 7] x R¢ with
d x m-matrix values.

We suppose that v and 7 are measurable, and Lipschitz in x, uniformly
with respect to t. This ensures that there is a unique'* process Y satisfying
(3.19).

We assume that the prices of risky assets are functions of Y;, so that
SZF = y(t, Yt) )

where Y is a function of C*2([0,T] x R, R) such that the matrix Y, =

8yj
ket is complete, and will enable us to obtain the existence of a portfolio that
finances a terminal value.

9V
( yz) is invertible. This assumption corresponds to the fact that the mar-
,J

The bond is assumed to have a constant price SY = 1.

The dividend processes are given by the rates, and are assumed to be
functions of Y; :

b,
dt

where 7(t,7) represents the short term interest rate, and §(t,y) € R? is the
dividend rate.

= (r(t, Y1), 6(t, Y1)

14 For precise information on stochastic differential equations and on the concepts
of the existence and uniqueness of their solutions, one can refer to Rogers and
Williams [315], Karatzas and Shreve [233], or Qksendal [294].
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3.4.3 The Black—Scholes Formula
We consider financing strategies for (¢, Z) in the case
G = At,Y;) where A :[0,7] x RY - R
Z = g(Yr) where ¢g:R? - R.

We assume that there exists a function C € C*2([0,7] x R%, R) such
that 7(¢,Z): = C(t,Y:), and a portfolio 6 that finances (¢, Z). We want to
determine C'. Let

Vvt = W(C,Z)t = Ht 'St .

Using the fact that 6 finances ({, Z), we obtain
AV, = 0,dG, — A(t,Y,)dt = 0,dS, + 0, dD, — A(t,Y;)dt
= a;dSY + B dS; + {aur(t,Yy) + B - 6(t,Yy) } dt — A(t, Y;)dt

for Gt = (O[t,ﬁt) with oy € R, ﬁt S Rd.
We use Itd’s lemma to calculate dS}, noticing that dSY = 0 since S = 1.
Thus, taking £ to be the infinitesimal generator associated with Y,

dVi = {8 - [LY(8,Ye) 4+ 6(8, Vo) + [cur (£, Yy) — A(£, V)] } dt
+ 5 Yy (£, Y)n(t,Yy)dB, . (3.20)

Moreover, from V; = C(t,Y;) we obtain

dV, = LO(t,Y)dt + Cy(t,Y:) -n(t,Y;) dB; . (3.21)
Identifying the coefficients of dB; in (3.20) and (3.21) yields:

Bi- V)Y = Gt Yh),
and hence, as Y, is invertible,
sl = cy Yyt
and C(t,Y:) = o + B¢ - S = ar + Cy, -yy—lsg. Hence
ap = C—Cy-Y,'5; .

We now identify the dt¢ coefficients in (3.20) and (3.21), and substitute in
the above expressions for a; and ;. It follows that

Cy -V (LY +6—71S7) = A+LC—rC.

We now look for an explicit expression for the operator £, which depends
on the coefficients v and 7 of the process for Y. For d = 1, writing ), for the

o [N
matrix with components , we get
Yi Oy, i
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1
Cy'yy_l (yyl/-‘ryt‘f'2131"(777]Tyyy)+(5—7“5t*>

1
= A—TC+CyV+Ct+§tr(7777Tny).

(For d > 1, the term tr (nmT Y, ) is defined as a vector whose coordinates
correspond to the components of )).

Setting

1
) = <96 {3+ b P (030) 8 - Y0}

and cancelling out the Cyv terms, we find that
1
Cyy+Ci+ itr(nnTny) =rC-A.

Denote by L the operator

A 1

LC = Cy+Citgtr (m" Cyy) .
The function C' is a solution to the partial differential equation

LC—rC = —-A, (3.22)

and is subject to the boundary condition

C(T,y) = gly) - (3.23)

We can obtain representations of solutions to (3.22) and (3.23) by applying
the Feynman-Kac formula:

Theorem 3.4.3. Under reqularity conditions'®, the unique solution to (3.22)-
(3.23) is given by

T
Ct,y) = E{/ e WA (s, W¥t)ds +e T g (quit)}
t
where the process WY is the unique solution to

AWt = y(s, W) ds + (s, W) dB,
WPt =y,

and where ¢(s) = [ r(u, W¥*) du.

15 We need to impose regularity conditions (differentiability and growth conditions)
on C' to obtain the uniqueness of the solution. To have the existence and unique-
ness of the solution, it is enough for all the functions involved to be C?, Lipschitz
and with Lipschitz first and second order derivatives. We can refer to Krylov [245]
or to Varadhan [358].
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The function C' represents the implicit price of a financing strategy for
(¢, Z) in the case where (s = A(t,Y;) and Z = g(Y7).

Remark 3.4.4. The results of Theorem 3.4.3 still hold when T is a stopping
time. This sort of problem occurs in the pricing of American options, where
we are dealing with a free boundary problem.

When A depends on the whole history of the process, the results are still
valid, but we no longer have a PDE.

3.4.4 Special Case

We are going to write the Black—Scholes formula in the special case where
S} =Y, is a one dimensional process that we write S 1 We assume that

dS*(t) = u(t,S})dt + o(t,S})dB; .

In this case, the implicit price of a financing strategy for (¢, Z) when ¢, =
A(t,S}) and Z = g(S%) is the unique solution to

LC—rC = -A,
subject to the boundary condition

C(T,x) = g(z),
where

R 1
LC = r(t,x)zCL + C) + §U(t’ z)Cl .

The solution can be written in the form
T
C(t,xz) = E{/ e A(s, WEt)ds + e (1) g(W%t)}
t

where W is the unique process solution to

AWt = Wote(s, W) ds + o(s, W) dB,
Wa:,t _
t =T

and where ¢(s ft u, Wot)

3.4.5 The Risk-Neutral Measure

Let us return to the general case, and show that we can also obtain the results
of Theorem 3.4.3 by using the concept of the risk-neutral probability measure.

A risk-neutral probability measure @) is such that the discounted gains
process
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t
GY=R,S; + / R.dD,
0

is a Q-martingale. Let 6 be a financing strategy for (¢, Z) and let V; = 6, -G .
We have

t t
RV} +/ Rs(sds=Vo+ | 6,dG? .
0 0
If ( fot 0,dGY,t > 0) were a (-martingale (which would be the case under inte-
grability conditions placed on 6), we would have R, V; = Eq (Z + ftT R,(ds \.7-}) .

To determine (Q, we note that

1 2
dGY = R, [(%3;+ (;eri QayJ;J”S_Ty) (t,Yt)} dt
9
+(152) wrias.
Let

d 1,02 oy1!
h(t,n)=<63;+ ay+5 283;+5—ry)<t,¥;) [n;y’] (),

and let @) be the measure that is equivalent to P and is defined by Girsanov’s
probability density'® dL; = —h,L;dB;. This probability measure is such that

dB; = dB; + hydt
is a @-Brownian motion. Under () the state variable has the dynamics

oy 1 28232 oy

+n(t,Y;)dB, .

As a result, the price of a financing strategy for (A(t,Y:), g(Yr)) is

T
Clty) = EQ{ / ™) A(s, Wy )ds + e =) g(Wr) Wy = y }
t
where W solves
AW, = ~(s,Wy)ds +n(s, W,)dB,, W} =y
with ¢(s) = [, r(u, W,) du and

Yy |1, oY1
) = — (s g G2 v ) o) [ 2] (e

16 Under integrability conditions, which do in fact hold if all the parameters, func-
tions and their partial derivatives are bounded.
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3.4.6 Example

Take the case of 3 assets, with » = 0, A = 0, D = 0, and with B, a 2-
dimensional Brownian motion. We assume that

S = Y(Yi,t) =Y, and  g(Yr) = max (Y7 —Y7,0),
where Y satisfies an equation of the same type as (3.19). We assume that
Ay} = v} dt+ o'V} dB,
dy? = v}dt+0°YdB; ,

where ¢! and o2 are constant vectors. This corresponds to the option to
exchange one unit of asset 1 for one unit of asset 2 at time 7.

The generalized Black-Scholes equation is then written Cy+2 tr(nn” Cyy) =
0, and the process WY satisfies dW¥* = n(W¥')d B, where

1,1 1,2 i1
oYL 0707y . ' ov
(Y1, y2) = LmyQ 02’21/2} with o' = {0172} :

Then
C(t,y) = C(t,y1,92) = y19(d1) — yap(da) ,

¢(x) = \/%/_ e/ du;

U1 1 2 1
dy = log{ v -l ——
1 g{y2 vy >}V —

dy = dy —VVT -1t ; V: =o' —a??.

where

3.4.7 Applications of the Black—Scholes Formula

To summarize, the Black—Scholes formula has enabled us to draw out two
concepts.

Asset Prices

A financial agent wants to sell (0, 7). What price is he willing to accept?
Meanwhile, a buyer would pay at most C(t,Y;); for at a higher price than
C(t,Y?), he could find a strategy that would give him a greater gain than Z.
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Hedging Strategies

In order to receive a cash flow (4, 7), we must be prepared to incur risks.
We can hedge ourselves against these risks, by following the strategy 6; =
(—a¢, —b:) that finances (—d,—Z). To implement this strategy, we have to
pay out —agSy — bo - S§ initially. This is the hedging cost.

In this model, we have not taken into account transaction costs or other
market imperfections (e.g., portfolio constraints).

Notes

Chung and Williams [59], (1983), is a good reference book for stochastic inte-
gration. Protter [304], (2005), contains numerous results on stochastic integra-
tion and stochastic differential equations, in great generality. Readers that are
more interested in Brownian motion, can refer to Karatzas and Shreve [233],
(1991), Rogers and Williams [315], (1988), and to Revuz and Yor [307], (1999),
who study it in detail. The Feymann-Kac formulae that we have used, are cov-
ered by Varadhan [358], (1980), Krylov [245] (1980), and Rogers and Williams
[315], (1988). A detailed study of the links between partial differential equa-
tions and stochastic calculus is carried out in Varadhan [358], (1980), and in
Karatzas and Shreve [233], (1991). The reader can also refer to @ksendal [294],
(1998), which is an excellent first approach to all of these issues and to Shreve
[338], (2004), Mikosch [278],(1999), and Steele [345],(2001), for stochastic cal-
culus “with finance in view”

We have contented ourselves with models whose price processes are con-
tinuous. Stochastic processes involving jumps are introduced in Merton [275],
(1976). Models with jumps, in which asset prices are modeled by Poisson pro-
cesses, are to be found in Jeanblanc-Picqué and Pontier [215], (1990), and in
Lamberton and Lapeyre [250], (1997). Extensions to general processes with
jumps are given by Aase and (@ksendal [1], (1988), Shiryaev [336], (1999),
Madan [261], (2001), and are presented in detail in Cont and Tankov [64],
(2004), the collective Deutsche Bank book [295], (2002), and in the forthcom-
ing book of Jeanblanc et al. [216].

More general set—ups (the price process as a semi-martingale) are studied
by Follmer and Sonderman [163], (1986) and Schweizer [330] (1991). For a
general approach, see Shiryaev [336] (1999).

The classic work concerning the options market is the Cox and Rubin-
stein book [72], (1985), which contains numerous notes and interesting ref-
erences. Kat [235], (2001), provides varied and up-to-date applications. The
book Jarrow and Rudd [213], (1983), is very accessible, and takes an intuitive
approach to the stochastic calculus. The series of Wilmott’s books [369, 370],
(1998, 2001) presents an interesting and accurate practitioner’s approach, as
do Overhaus et al. [295], (2000), and Brockhaus et al. [46], (2000).
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The Black—Scholes formula, which originated in Black and Scholes, [37],
(1973), has since been studied by many authors: one of the first articles was
Merton’s [274], (1973); later Harrison and Pliska [179], (1983), studied the
formula using stochastic calculus, drawing their inspiration from the discrete-
time methods of Cox et al. [71], (1979).

We have only looked at the case of European options. American options
(giving the right to exercise at any time between 0 and maturity) are covered
in Karatzas [229], (1988), Lamberton and Lapeyre [250], (1997) as well as in
Elliott and Kopp [149], (1998). The options literature is extensive, due to the
diversity of options available. We will return to this topic in Chap. 9.

An altogether different problem is that of valuation in the presence of
transaction costs or of constraints. It is no longer possible to replicate the
option. The problem of valuation with transaction costs has been addressed
by Bensaid, Lesne, Pageés and Sheikmann [27], (1992), in discrete time, and
by Davis, Panas and Zariphopoulou [89], (1993) and Cvitanié¢ [32, 74], (1996,
2001), in continuous time.

We have only looked at pricing in the case of complete markets. When
there is financing strategy for a product, its valuation is straightforward. In
the opposite case (the incomplete market case) the problem is much harder.
We will come back to it in Chap. 8.

The Black—Scholes formula only produces an explicit result when the coef-
ficients (r and o) are deterministic. When volatility is random, the market is
in general incomplete. A presentation of such models can be found in Fouque
et al. [164], (2000). El Karoui and Jeanblanc-Picqué [139], (1991), show that
if we can put deterministic bounds on the volatility, then we can deduce a
price range and a hedging strategy.

The study of the relationship between arbitrage and the existence of a
probability measure that is equivalent to P and turns discounted prices into
martingales, was taken on by Harrison and Kreps [177], (1979), and by Harri-
son and Pliska [178], (1981), in a space {2 that has a finite number of elements,
and in discrete time. A good approach to the problem in continuous time is
to be found in the book Miiller [284], (1987).

We have shown that in discrete time, the assumption of no arbitrage is
equivalent to the existence of a probability measure @), equivalent to the his-
toric probability P, and under which discounted prices are martingales (a mar-
tingale measure). The same is not true in continuous time. In the continuous-
time case, we need to introduce restrictions on the strategies that we use (see
Dalang et al. [80], (1989); Morton [281], (1989), Delbaen and Schachermayer
[96, 97, 98], (1993,1994, 2005), Kabanov [224], (2001), Xia and Yan [372],
(2001).

Arbitrage with constraints and/or transaction costs are studied in Ka-
banov and Stricker, [227], (2002).



116 3 The Black—Scholes Formula

More generally, various authors been interested in models with asset prices
driven by semi-martingales. The reader can consult for example Shiryaev [336],
(1999), for a general presentation and references.

The link between market completeness and the uniqueness of the martin-
gale measure has been studied by Harrison and Pliska [179], (1983). Further
information can be found in Bjérk [34], (1998), Bingham and Kiesel [33],
(1998), Shiryaev [336], (1999).
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ANNEX 3

In this annex, we present definitions and precise results pertaining to mar-
tingales, the stochastic integral, stochastic differential equations, and to the
link between partial differential equations and stochastic calculus, without
carrying out any proofs.

Let (£2, F, P) be a probability space, let (B;):>o be a real-valued Brownian
motion and let F; = o(Bs, s < t) be its natural filtration completed by the
addition of null sets. Recall that a process X such that for all ¢, the random
variable X; is F;-measurable, is said to be adapted. A process is said to be
continuous if for P-almost all w, the mapping t — X;(w) is continuous.

1 Martingales

Definition (M;,t > 0) is a martingale with respect to the filtration F; if
(M, t > 0) is a Fy-adapted process,
M, is integrable for all t, that is to say that E(|M;|) < oo,

My = Ey(My), when 0 < t < s, where Ey denotes the conditional expecta-
tion with respect to F;.

(M, t > 0) is a supermartingale with respect to the filtration Fy if

(M, t > 0) is a Fy-adapted process,

M is integrable for all t,

M; > Ey(My), when 0 <t < s.

If (M, t > 0) is a martingale, then E(M;) = E(M,), Vt.

If (M, t <T) is a martingale, the process is fully determined by its final
value: My = E(Mrp|F).

If M is a martingale, then for any adapted bounded process v,

E(MT /OTws)ds) = E(/OT My (s) ds) -

(Check this holds for any step—function ¢, and use limits).

We need a weaker notion of martingale: that of a local martingale. Let us
define this new object.

Definition A stopping time is a random variable T : 2 — R, such that
(T <t)eF,teRi. Alocal martingale (My)r>0 is an adapted process such
that there exists a sequence of stopping times T, satisfying

Tn < Tn+1 ; TTL — +too,

n—-+o0o

and such that for any n, (Miat, )i>0 i @ martingale.
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When working with local martingales, we can revert to the study of mar-
tingales, by introducing the sequence T},. Some of the properties that are true
for t A Ty, hold true when n — oo. We then say that we are working by
localization.

A martingale is a local martingale, this follows from Doob’s optional sam-
pling theorem:

Theorem Let M be a continuous martingale and let T be a stopping time.
The process MT = (M = Minr,t > 0) is a martingale.

If M is a uniformly integrable martingale, if S and T are two stopping
times such that S < T, then E(Mr|Fs) = Ms.

Proposition If M is a continuous positive local martingale then it is a
supermartingale.

Proof. As (Mg, t > 0) is a local martingale , there exists a sequence of stopping
times T;, such that, for all n, E(Miar, |Fs) = Msar,. Let n tend to infinity.
We can apply Fatou’s lemma for conditional expectations, as M is positive.
It follows, using the continuity of M, that:

Ms = nll_{goE(Mt/\Tn|fé) Z E(nh_{rolo Mt/\Tn,‘Fs) = E(Mt|]:5) .

O

A continuous semi-martingale!” is a continuous process (X;,t > 0) such

that X; = M; + A; where M is a continuous local martingale and A is a
continuous process of finite variation.

2 The It6 Integral

To define the stochastic integral of a process with respect to Brownian
motion, we start by defining fot h(s) dBs when h is a “elementary” process:

Definition We say that h is an elementary process if there exist (t;)i<n ;
0=ty <ty <---<t, such that

n—1
h(t) = hO 1[to,t1](t) =+ Z hl l]ti,t1+1](t) )
i=1

where for any i, h; is a bounded Fy,-measurable random variable .

The elementary processes play the role of step—functions.

Definition Let h be an elementary process. We define the random variable
I(h), denoted [, h(s)dBs, by

7 See Revuz and Yor [307] p. 121.
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n—1

I(h) == Z hz I:BtiJrl _Btl] .

=0
We define the process I;(h), also denoted fg h(s)dBg, by I(h) :=1I (k1 ).

Property Let h be an elementary process. The following properties hold:
a)  the process (I;(h),t > 0) is a continuous martingale,

b)  the process (IZ(h) — fot h2(s)ds,t > 0) is a continuous martingale,
¢) B(I2h) = E [ I h?(s)ds]

These properties are easy to prove using the elementary properties of Brow-
nian motion and of conditional expectations. Property ¢) follows from b), and
shows us that the mapping h — I(h) is an isometry from the space of elemen-
tary processes equipped with the norm L?(§2x [0, 00[, Pxdt) into L?(£2, F, P).
Using the sets’ density, we can extend the isometry:

Definition Let A be the set of processes h such that there exists a sequence
hy of elementary processes that converge to h in L?(2 x [0,T], dP x dt).

For h € A, define
I(h) = lim I(hy)

n—00

Ii(h) = I(hlpy) -

The isometry property shows that I(h) is well-defined, and that we have:

Property For h € A, (I(h),t > 0) and (Itg(h) - fot h2(s)ds, t > 0) are
continuous martingales.

It remains to determine a class of processes that is a subset of A.
Definition A process h is said to be predictable if it is measurable with respect
to the o-field on (£2 x Ry) generated by left-continuous adapted processes.

This o-field is also generated'® by sets of the form |s, ] x A; where A, € Fy,
and {0} x Ag where Ay € Fp.

Property A contains predictable processes h such that E UOOO h2(s) ds] < 00.

We now recall the properties of the stochastic integral that are used most
frequently.

Property
We suppose that the processes h and g belong to A. We write I;(h) =
fot h(u)dB,. The following properties hold:

18 See Chung and Williams [59] Chap. 3.
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a) The martingale property.I(h) is a martingale:

t s
E< / h(u)dBu|]-"s> = [ hwdB., vs<t.
0 0
In particular E(I(h)) = 0.
b) The increasing process associated with I(h): The process

({fot h(u)d } fo h2(s)ds,t > 0) is a martingale. Equivalently, the
increasing process associated with I;(h) is fot h2(s)ds

Thence we deduce that the variance of I;(h) is fo ds.
Similarly we have

E (/Othm) dB, /Otg(u) dBu> _E (/Oth(s)g(s) ds) .

Note that A contains the left-continuous processes belonging to L2(2 x
[0,00[, P x dt). In fact, when we integrate with respect to Brownian motion,
A contains the adapted, measurable (i.e., such that ({,w) — h(t,w) is Bg X
F-measurable) processes belonging to L2(2 x [0,00[, P x dt). Predictable
processes were introduced to enable us to define the concept of stochastic
integration with respect to any square-integrable martingale.

The integrability condition placed on h is very strong. We would like to
weaken it, to the detriment of some of the properties of our stochastic integral.
Fortunately, the loss is not a serious one.

Definition Let ©(B) be the set of predictable processes such that

¢
/ h%(s)ds < oo P-a.s. foranyt€ R, .
0

By considering the stopping times 7, = inf {t >0, fo h2(s)ds > p} we

can define the martingale fot N h(s) dBs. It is enough to let p tend to infinity
to obtain the following result:

Proposition For h € O(B), the process fo $)dBs is a local martingale.

3 Girsanov’s Theorem

We are going to study the influence of certain changes of probability mea-
sure on Gaussian variables, in order to gain a better understanding of the
workings of Girsanov’s Theorem.
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a) Gaussian Variables

Let X be a normally distributed random variable with expectation E(X)
and variance Var X. The Laplace transform of X is

E(e™) = exp(AE(X) + 1/2X? Var X)) .

A family of random variables is said to be Gaussian, if any linear combi-
nation of these random variables is also Gaussian.

The limit of Gaussian variables is Gaussian. In particular, f : X,du is a
Gaussian variable if the family (X,,s < u < t) is Gaussian.

If (X,Y) is a Gaussian vector, the distribution of X conditional on Y’
is a Gaussian distribution with expectation E(X |Y) and with the condi-
tional variance as its variance. It follows that E(e*X |Y) = exp(AE(X |Y) +
1/2)% Vary X).

b) Change of Measure for a Gaussian Variable

Proposition Let X be a Gaussian variable with mean m and variance o2.

Let L = exp [h(X —m) — 1h%0?] where h is a constant. The variable L is
positive, has expectation 1, and defines a probability density function: let Q) be
such that dQQ = LdP. Under @, the variable X is a Gaussian variable with
variance o* and mean m + ho?.

Proof. We give an explicit expression for the density of X under @, by eval-
uating

Eq(f(X)) = Ep(Lf(X))

1 _ 2
exp <h(x —m) — §h202 - (x272n)) dx
o

ﬂ% / 1)

1 1
= — z)exp ———(x — m — ho?)?dz .
= [ e )
The density of X under @ is then
1 1
— (x—m—h02)2 ,

exp —
Voro P00

which proves the proposition. O

¢) Change of Measure
Recall that two probability measures P and @ defined on (§2, F) are equiv-
alent if P(A) =0< Q(A) =0.

e The Radon—Nikodym density:
Let P and @ be two equivalent probability measures. There exists a pos-
itive F-measurable random variable f, such that Q(A) = Ep(fl4). We

d@
th tation — = f.
use the notation 1P f
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e (Conditional expectation:

It is important to be able to express the conditional expectation of a
variable X under @, with respect to its conditional expectation under P.

We have Ep(Xf10)
Fo(X10) = 5 gy

d) The Brownian Motion Case

It is easy to show that if B is a Brownian motion, then the process
)\2
(exp()\Bt — ?t),t > 0) is a martingale, for any A. The converse can eas-

ily be obtained, using the fact that the equality E (e)‘X|g) =F (eAX) implies
the independence of X and G. This result can be generalized: if X; = ut+oB;
then exp ()\Xt — (U + %02)\2)t) is a martingale for any A, and conversely.

Using these properties, and the change of measure rule for conditional
expectations, we can check that if Xy = ut 4+ 0By, and if @ is defined on Fr
by dQ = LpdP with

1
Ly = exp (th = (wy + 202W2)t> :

then the process X; can be written as
Xi=(u+70°)t+0B,,
where B is a Q-Brownian motion.

e) Girsanov’s Theorem

It is easy to prove that a similar result to that of paragraph b) holds for
a Gaussian vector, and easy to convince oneself that Girsanov’s theorem is
valid when the process h is elementary.

Remark Let L(h) be the martingale exponential, defined in Girsanov’s theo-
rem by L;(h) = 1+ [5 Ly(h)hs dBs, and let Q be the measure defined on Fr
by Q(A) = Ep(1aLr). This measure has total mass 1 as Ly has expectation
1. Moreover, if A € F; we have Q(A) = Ep(1aL;). Indeed, using the prop-
erties of conditional expectation, and the martingale property of L;, we get
Ep(lALT) = Ep[lAEp(LTLFt)] = Ep(lALt).

Let us now state the multidimensional version of Girsanov’s Theorem.

Theorem Let B = (B, B% ..., BY)T be a d-dimensional Brownian motion.
Let hy = (hi,h2,... hd) be a predictable process such that

T
/ |hsl|?ds < oo P-a.s. .
0
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t 1 t
L(h) = exp [ (s, = [ nPas
0

satisfies Ly(h) = 1—1—2;-1:1 fot Ls(h)hi dB:; it is a continuous local martingale.

The process

If E(Lr(h)) = 1, then the process L(h) is a martingale, and Q(A) =
E(14Lt) defines a probability measure on (2, Fr) such that Q(A) = E(14L;)
for Ae F;.

The process (By = By — fg hsds,0 <t < T) is a (£2,F;,Q) Brownian

motion.

Remark Tt is enough for h to be adapted and to belong in L?(dt), for then we
know how to define the stochastic integral with respect to Brownian motion.

If h is bounded, we can show that E(Lr(h)) = 1. In fact, for this last
1 /7
condition to hold, it is sufficient to have F | exp 5/ [hsl|?ds | < oo (the
0

Novikov condition). Improved sets of conditions are to be found in Karatzas
and Shreve [233].

f) The Martingale Exponential

We can show that if M; is a continuous, strictly positive martingale (with
respect to a Brownian filtration), then there exists ¢; such that fot ¢*(s)ds <

1 t
00, a.s. and My = exp (fo dB, 75/ q2(5)d5>.
0

4 Stochastic Differential Equations

A stochastic differential equation is an equation of the form

t t
X = X0+/ b(s,Xs)ds—i—/ o(s,Xs)dBs ,
0 0

or in the condensed form
dXt = b(t, Xt)dt + O'(t, Xt>dBt . (1)

The data of the problem is given by b, o, the space {2, the Brownian motion
B, and the initial condition Xy, which we take to be constant. The unknown
is the process X. The problem, as in the case of ordinary differential equa-
tions, is to show that when certain conditions are imposed on the coefficients,
differential equation (1) has a unique solution, in the sense that two solutions
are equal a.s.. We say that X is a diffusion.

It is also a Markov process: let X;* be the solution to (1) with the initial
condition at time s: (X2* = z). For t > s, we have
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E(f(X¢)|Fs) = 2(Xs) s
where &(z) = E (f(X;"")).

Theorem We assume that the coefficients b and o are Lipschitz in x, and
this uniformly with respect to t. That is, we assume that there exists K such
that for any t € [0,T), z € R, y € R

|b(t’$) - b(tay)| + ‘U(t’x) - U(tay)| < K'*T - y| ’
b(t,2)* +|o(t,2)* < K*(1+[a]?).
Then there exists a unique solution to differential equation (1).

In particular, if we want to solve the stochastic differential equation d.X; =
X;0,dB;, Xg =1, the unique solution is

t 1 t
X, = exp U GSdBS—f/ 95|2ds} .
0 2 0

This is a martingale whenever 6 is bounded. Moreover, when the integrals are
defined, X; is positive.

5 Partial Differential Equations

We take two functions b and o from [0,7] x R into R, and satisfying the
conditions of the previous theorem. Let £ the operator defined on C12([0, T x
R, R) by

Lft,x) = fi(t,x) + fo(t,2)b(t, x) + %UQ(t,x)fm(t,x) .

We say that £ is the infinitesimal generator of diffusion X.

We take as given a final value, that is a function ¢ from R into R. We now
look for solutions to the following problem P: find f such that

Lf(t,z) =0, VereR, Vtel0,T]
fT,z) = g(x), VreR.
For any (¢, ), we can define the process Z"* as the solution to
ZM(u) = x —|—/ b(s, ZL")ds —|—/ o(s, Zb")dB; . (2)
¢ ¢

It is the diffusion with infinitesimal generator £, and initial point = at time ¢.
Let f be a solution to P. Then applying [t6’s Lemma to f(u, Z5%) yields

T
(T, 25%) = £(t, 207) + / Cf(s.2)ds + / T fu(s, Z0%)o (s, 257)dB, |
t t
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which, as £f = 0 and f(T,z) = g(x), leads to

T
o(Z57) = f(t,) + / fo(5, Z0)0(s, 2°)dB, -

Hence, under the required integrability conditions, we can deduce that f (¢, z)
t,
Elg(Z}").

We can generalize the problem, and look for solutions to

Lf(t,z) = rf(t,z), zeR, VvVtel0,T],
f(T,z) = g(z),

where 7 is a constant. We can show that:

(3)

Theorem If g € CZ(R) and if g, ¢’ and g" are Lipschitz, then the function
o) = Bl g(z4)

is the unique Lipschitz solution to (3).

Let us give a sketch proof of the theorem. Let f be a solution to (3). We
apply Tto’s formula to e"(T=%) f(s, ZL%), (t fixed, t < s < T). We obtain

AT, 257) =" T0 (4, 2,77
’ of 1 O f
_ r(T—s) | _ t,x zJ t,x - t,x t,x
[ e stz + Gz 1 ot 22 T 5.2 Jas
T af
r(T—s) YJ t,x t,x
+ [ et s 2zt
/TeT(T f+—f+b—f+f 20°1 (s, Zb") ds
¢ ox 2 Ox?
r(T—s) YJ t,x t,x
+/t e 6x(:s,Zs Yo(s, Zo%)dBs .

The first integral (with respect to time) is zero, because f is a solution to
(3).

We take the expectations of the two remaining terms. Under regularity
conditions, the integral with respect to B is the value at time T' of a martin-
gale that is zero at time ¢, and hence its expectation is also zero. Using the
boundary condition, this entails

Elg(Zg") =" TY f(t,2)] = 0,

and hence we obtain the result.
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Portfolios Optimizing Wealth and
Consumption

In this chapter, we give a generalization of the model studied in Chap. 1
Sect. 1.3.

The financial market is that of Chap. 3: it is given by a continuous-time
model, comprising a riskless asset and d risky assets. The market is complete.
An investor with an initial wealth of x at time 0 maximizes the sum of the
expected utility of consumption over the planning horizon and the expected
utility of wealth at the end of the planning horizon, without running into debt.

Firstly, we show how dynamic programming can be used to study the prob-
lem in the case of constant or deterministic coefficients. This method provides
an explicit characterization of the optimal portfolio in terms of the value func-
tion, which, under regularity conditions, solves the Hamilton—Jacobi-Bellman
equation. This is a non-linear equation and in general it is difficult to solve.

Using the techniques of stochastic calculus (our fundamental tool here is
the predictable representation theorem, which we recall in the annex), we
show that the dynamic constraint on wealth remaining positive is equivalent
to a single constraint on an expectation. We then obtain the existence of
a portfolio and of a consumption plan enabling us to achieve the required
optimization. Thus we prove the market’s completeness. We then go on to
study the properties of the value function.

Finally, we show how in the case of deterministic coefficients, we can ex-
press the solution in terms of partial differential equations of the parabolic
type, and thus reduce the problem to the study of two Cauchy problems,
which are easier to solve than the Hamilton-Jacobi-Bellman equation.

4.1 The Model

We consider a financial market of (d+ 1) assets, whose dynamics are modeled
as in Chap. 3 Sect. 3.2.
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The first asset is riskless, and its price S° satisfies the following equation

ds®(t) = S°(t)r(t)de,
S°0) = 1.

The prices of the d risky assets satisfy the stochastic differential equation

dsi(t) = Si(t) { dt+20” dBJ}

where B = (B!, B2,..., BY)T is a d-dimensional Brownian motion. Denote by
F; the o-field generated by the paths of B up until ¢ and then completed; Fy
is the o-field generated by the negligible sets. We work with a finite horizon,
that is with ¢ € [0, 7.

We lay down the following hypotheses?.

H(i) The processes r, b and o are measurable, F;-adapted and uniformly
bounded on ([0, 7] x §2); r is positive.

H(ii) The matrix o(t) is invertible, its inverse is bounded for all ¢ € [0, T
and the process o(t) is predictable.

We will show (Proposition 4.4.3 and Sect. 4.7) that under these hypotheses,
the market is complete and presents no arbitrage opportunities.

An agent has an initial wealth of x at time 0. He chooses a portfolio. Let
0;(t) be the number of shares of type ¢ in his possession at time ¢. His wealth

at time ¢ is therefore .
= > 0:(t)S'(t) . (4.1)
i=0

We suppose that the agent uses a self- financmg strategy, and that his
consumption between times 0 and ¢ is given by fo s)ds, where ¢ is a positive
Fi-adapted process: the strategy 6 finances ¢, in the sense of the previous
chapter.

As a result, the agent’s wealth X (¢) satisfies

X(t) = 0(t)- S(t) = x+/0 0(3)(15(5)—/0 o(s)ds |

where S = (89, 91,..., 597 and where - denotes the scalar product. We can
also write this in the form

AX, =%, 0,(t)dSi(t) — c(t) dt
XO =xT.

! These assumptions can be refined. See Karatzas and Shreve [233].
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We will now write the equation in a form that is more convenient for
subsequent calculations. Let m; be the amount of wealth invested in the i-
th risky asset, so that m;(t) = 6,(¢)S*(¢) for i > 1. Using (4.1), and writing
X™¢ for the wealth process associated with (m;,1 < i < d) and with the
consumption ¢, we get:

AXTC = {XT°r(t) — c(t)} dt + Zm —r(t)} dt
d ) (4.2)
+ > mi(t)oi,(t)dB]
i,j=1
Xg’c =x.

We denote by 7(t) the vector (my(t),...,74(t))T, which is also referred to as
the agent’s portfolio of risky assets at time ¢. No sign restrictions are made
(the agent may borrow or sell assets short).

For equation (4.2) to have a unique solution?, we impose the following
conditions on the parameters ¢ and 7.

H(iii) ¢ is a positive adapted process such that fo t)dt < oo P-as.

H(iv) = is predictable, and satisfies fo [r(®)||?dt < oo P-a.s. where |||
denotes the norm of a vector.

As the coefficients b, r and o are bounded, the process X™¢ is an It6
process.

Exercise 4.1.1. Using [t0’s formula, check that

S*(t) = S*(0) exp {/ {b(s) JT(S)}dS—I—/OtU(s) dBS}7

where S*(t) = [S'(t),...,S%#)]", and that

X°R(t) = m—i—/ R(s +7(s)"(b(s) — r(s)1)} ds

' T
—|—/O R(s)m(s)" o(s)dBs,

where 1 represents the vector (1,...,1)” and where R(t) = exp [ fo }

2 See Rogers and Williams [315] or Karatzas and Shreve [233].
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4.2 Optimization

We assume that the investor’s preferences are represented by an additively
separable function of his rate of change in consumption and of his final wealth.
More precisely:

Notation 4.2.1. Let Uy and Us be two functions from Ry into R, and satisfy-
ing:

Ul U is strictly concave, strictly increasing and of class C?,

U2 limgo oo U'(z) = 0.

Assumption U1 shows us that the function U’ is strictly decreasing. Thus
it admits a continuous inverse, denoted I and defined on |U’(00), U’(0)[. As-
sumption U2 shows that I is defined on ]0,U’(0)[. We extend I at 0, on the
right of U’(0), when U’(0) is finite.

Notation 4.2.2. For a given pair (m,c), we use the notation

J(z;m,c) = E { /O ' Uy (c(t))dt + UQ(X;:C)}

where E denotes expectation under P and where z is the initial value of X;°,
e, z=X]".

We suppose here that the investor seeks to maximize J(x;m,c) under a
path-wise constraint: his wealth X™¢ must remain positive (the investor is
not allowed to run into debt).

4.3 Solution in the Case of Constant Coefficients

4.3.1 Dynamic Programming

We describe the principle of dynamic programming in the case where the
coefficients r, b and o are deterministic, with a view to using these results
in a later section. We only actually solve the problem in the case of constant
coefficients.

The reasoning behind dynamic programming is as follows: we suppose that
if we had wealth X, at time «, then we would be able to optimize between
times o« and 7', and this for all X,. We then look at the set of strategies
that produce wealth X, at time «, and pick the best of these strategies.
To formalize this argument, we need to introduce a new parameter: a time-
parameter for our initial point in time (until now, the initial point was always
taken to be time 0).
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Let a €]0, T[. Let us describe the dynamics for the wealth process X;"* of
an agent with an initial capital of x at time «. It is easy to show that in our
model:

d
AXPT = [XGr(e) = e(0)] et Do mi(0) t) = r(1)] dt
i=1

d
+ Y mt)oi; () dBY (4.3)

i,7=1

o, r __
X" =,

for a <t < T. The process (X;"*,t > «) also depends on (m, ), but to lighten
the notation, we have written X;"* instead of X;"**“" . We use the notation
1 for the vector (1,...,1)7T.

Definition 4.3.1. A pair (7, c) is admissible for an initial wealth equal to
x at time «, if it satisfies H(iil) and H(iv), and if the associated wealth
X" remains positive between times o and T. We will denote the set of such
admissible pairs by A(a, z).

Thus, to optimize between times « and T is a matter of maximizing, over
A(z,a), the value of

Jlezimc) = B {/aT Uy (co)dt + UQ(X%’“’)} .

4.3.2 The Hamilton—Jacobi—Bellman Equation
Let V be the value function, i.e.,
Via,) == sup {J(a,zim,) 5 (m,c) € Al 2)} .
A pair (7%, ¢*) is optimal if it is admissible, and if J(«, z; 7%, ¢*) = V(a, ).

The principle of dynamic programming® can be written:

The Principle of Dynamic Programming For all (o, ), for allt > «

t
Via,z) = sup E{/ Ui(es)ds + V (¢, X?’Im’c)} . (4.4)
(m,c)eA(a,x) a

Assuming regularity conditions on the value function?, this function is to
be found as one of the solutions to the so-called Hamilton—Jacobi-Bellman
equation:

3 Refer to the annex for an intuitive approach, and to the work of Fleming and
Rishel [155] for an exhaustive study.
4 Refer to the annex for an approach to the proof.
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The Hamilton—Jacobi—Bellman Equation

v T ov
E(t’ x) + (mc)setﬂlgxw {[I’Tt —c+7 (b — rtl)]%(t, x)

L, 1 20°V
+§||7T at| W(t,x)—&—Ul(c) =0 ; tel|0,T],zeR. (4.5)

with the boundary conditions

V(T,z) = Us(x), x>0;

V(£0) = 0, te0,1]. (4.6)

Using the infinitesimal generator £ associated with the diffusion X, the
HJB equation can be written

ov
E(t,x) + (Sup) (LV(t,x) +Ui(c)) =0.

In the annex, we will give an example of conditions under which the value
function solves the HJB equation.

If we know that there exists an optimal pair (7, ¢*), and that the value
function satisfies the HJB equation, then we can determine that pair. Indeed,
as the value function V satisfies the HJB equation, we have for all ¢

E(tXt ) + [’I"tXt — Cy + (bt — Tt].)TW (t)} %(t,Xt )
1 y 0%V ; ;
slof O S X7) < ~Ui(er)

Hence, by applying It6’s formula to V (¢, X;°) between times 0 and T, taking
expectations (as long as the stochastic integral involved is indeed a martin-
gale), and using the boundary conditions, we get

0 =V(0,z) — BE(Ux(X3))
’ E{/o {aa_z(s’ X2) 4 [reX? = 4 (bs — 1) Tn" (5)]

NV, e Lo 0OV
< G X2 4 gllT 7 )P s, X as

<V(0,2)— E UOT Uy(ct)ds + UQ(X;)] .

As the pair (7%, ¢*) is optimal,
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T
V(0,z) = E[/ Ui(ch)ds + UQ(X;):| :
0
Hence, the previous inequality becomes an equality, yielding,

T aV . N N T & 8V *
B{ [ |G X0 [z = 4 6= 1) (9] G 2)

0?V

1 T __x 2
+5”0'5 7 (s)]| el

(s, X2)+ Ul(c;‘)} ds} =0.
The expression above can only hold if the integrand is identically zero, for
it is a sum of terms that are all either negative or zero. As, by assumption, the

value function satisfies the HJB equation, this implies that (7*, ¢*) maximizes,
for all ¢,

N ov N 1 o*V N
[reX; = ot (b =) Tr(0)] G (6. X0) + 30T 7O Gz (6 X0) + Usleo)
i.e.,
Ct = Il <ax(t,Xt )>
and

. _ ov . (v
7 = (ol -r G { ST exn )

If the stochastic integral is not a martingale, we apply the same reasoning
only working by localization.

Proposition 4.3.2. Suppose that there exists an optimal pair, and that the
value function satisfies the HJB equation. Under the previous assumptions,
the optimal consumption—portfolio pair corresponding to a wealth equal x at
time t, is given by

=1 {g‘;(t,x)} (@.7)
= —[ow0!] by — ] Z—Z(t,m) [f}i&t,x)r. (4.8)

We say of such a pair that it is in feedback form, to express the fact that
it is determined at time ¢ as a function of the optimal wealth at time t.

Remark 4.3.8. Tt is extremely important to underline the following points.
Firstly, in general it is difficult to solve the HJB equation explicitly and
obtain the value function.
Secondly, the optimal pair that we have exhibited depends on the optimal
wealth, which would still need to be determined.
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Thirdly, the particular form of the HJB equation enabled us to exhibit
an optimal couple, on condition that such a couple existed. In particular, the
assumption of optimality implies that the pair is admissible. These results can
easily be extended to the case where the utility function depends on time.

Equation (4.8) has played a very important role in the financial literature,

since —— is independent of the utility functions. The equation provides a

mutual fund theorem.

There are solutions to the HIJB equation that are not value functions for
our problem. Let us clarify the link between the two concepts:

Theorem 4.3.4. Let v be a function of C12(]0, T[xRy, R, ) satisfying (4.5)
and the boundary conditions

o(T,z) = Us(x), x>0;
u(t,0) = 0, te0,1].

Then V(t,z) <wv(t,z), 0<t<T,0<z <oo, where V is the value function
defined in (4.4).

Proof. Let v be a solution to the HIB equation, and let X*® be the process
initialized at = at time ¢ and associated with the admissible pair (7,c). We
write

1 S
T, = T Ainf {5 eft,T)| Xb* =nor X0* = — or/ |7 (w)||? du = n} ,
n t
which is a stopping time. Due to the boundedness conditions on the processes
up until time 7, the stochastic integral

| G x5 0(s) b,
t

is the value at time 7,, of a martingale that is zero at time ¢, and it therefore
has zero expectation.
Using It6’s Lemma, we show that

E [v(r,, X2")]
= v(t,z) + E / ' [g;}(s,Xﬁz) + {r Xp" —cs + 7L (s)(bs — rs1)}
L/

ov . 0%

1
% (o Xty 4 LTy P xt
G (XD + 5 TP 555, X0 |

< o(t,2)— B /f Ul(cs)ds] .

Hence the result follows by letting n tend to infinity, and by taking the supre-
mum over the set of admissible pairs. O
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It is important to note that we have not used the boundary condition
v(t,0) = 0. We could have hoped for the HJB equation to have a unique
solution satisfying our boundary conditions, but this is not the case.

However, using general theorems®, we can prove the following result:

Theorem 4.3.5. Let v be a solution to the HJB equations that satisfies the
conditions of Theorem 4.5.4 , and let (¢*,7*) be the pair defined in Proposi-
tion 4.3.2.

If the pair is admissible, then v is the value function and the pair (c*,7*)
is optimal.

This result is derived from the fact that the optimal pair at time ¢ only
depends on the optimal wealth at time ¢ (and not on wealth before time ¢).
This is called a “feedback control”.

This method may seem convenient. However, we must not forget that
it assumes knowledge of the value function (whereas it is not possible in
general to solve equation (4.5)) and of the optimal wealth, which must remain
positive. Nonetheless, on a simple example, the method allows us to bring the
calculations to their conclusion.

Exercise 4.3.6. The same approach can be used to study the case where
T
J(xyme) == FE {/ F(t)Ul(c(t))dt+F(T)UQ(X;’C)}
0

with I'(t) = exp [— fot ~(s) ds] , where the process + is positive and adapted.

The function we are to maximize is:

J(a,z;m,¢) = E {/j FeUy[e(t))dt + F:?‘UQ(X%)} ,

where I'* = exp {— f; ~(s) ds} , and the value function is

t
Viez) = sup E{ / FfUl(cs)ds+Ff‘V(t,Xf’C)}.
(m,c)eA(a,x) a

Show that the HJB equation is then
9v — v + sup {(%[xrt —c+ 7t (b, — 1))

ot (c,m)ERT xR Ox

Find the optimal pair.
® See Fleming and Rishel [155] p. 158.
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4.3.3 A Special Case

Let us find a complete solution to the optimization problem in the case where
Ui(z) = 2%, 0 < a < 1, Uy(z) = 0, and where the coefficients r, b and o are
constants.

The previous theorem, and a little intuition, will enable us to determine
the value function and the optimal pair. We place ourselves in the case where
d =1 (one risky asset) so as to avoid excessively heavy calculations.

The HJB equation is then

1 5, ,0% o
+§7TO'$+C :0

ov ov
— +  sup xr—c+mb—r))—
ot (m,c)ERXRy ( ( ))8x

We shall look for a value function of the form V (t,z) = [p(t)]'~* z*. We
will then choose p(t) in such a way that V solves the HJB equation.

Using the previous workings (or solving the HJB equation in this particular

1
case), along with the equality I(y) = (Q) “7", we find that the optimal
@
consumption at time ¢ for a wealth equal to = at time ¢, is worth
x
c(t,x) = —,
’ p(t)

and that the optimal portfolio is

b—r «x
o2

w(t,x) = o

If V satisfies the HJB equation, with the supremum being attained by the
pair (¢, 7) defined above, then p must satisfy

pt)—vp(t)+1 =0
p(T) =0,

where

v = _1fa(r+;(j§’(lj);) .

This equation admits as a solution

pt) = - (1= exp (T ~1),

which is non-zero on ]0, T7.
The wealth associated with the pair (c¢*, 7*) satisfies

1 , 1

dX; = X7 [(r— —+n 1

1—

)dt — dB,| ,
(6%
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b—r
withn = — , and is therefore positive. The pair (¢*,7*) is then admis-
o

sible, and the wealth equals

t t
1 1 1
xexp/ r——+1n? —7( U )2 dsf/ U dBs| .
0 p(s) l—a 2'1-«a 0 11—«
Using the explicit form of p, it is straightforward to evaluate the various
integrals, to obtain

X = r—= e —n“)t —nB| .
e T R s (r+5m) t=nB

The hypotheses H(iii) and H(iv) of integrability for ¢ and 7 hold as a
result of the integrability of exp(aB;) for a constant, and hence as a result of
the parameters of the problem being constant.

Exercise 4.3.7. Calculate (¢*, X75) in the case where Ui (z) = Us(x) = z?,
0 < a < 1, and then in the case where U;(x) = Uz(x) = In z.

In the case of more general utility functions, it is difficult to have an
intuition for the form that the value function takes. We will now draw on an-
other approach, that will lead to solving Cauchy problems instead of the HJB
equation (which we will come back to in a special case: that of deterministic
coefficients).

4.4 Admissible Strategies

We return to the general case: an agent seeks a strategy that will maximize
a function of his consumption and final wealth, amongst all those strategies
under which his wealth remains positive at all times.

When it is under the form X (¢) > 0, this constraint is difficult to check
(it is an infinite-dimensional constraint). We will give it a form that does not
depend on the paths of X, and is one-dimensional. To do this, as we have
often done in previous chapters, we work under the risk-neutral measure. Let

n(t) == o))" (B(t) - r(H)1) (4.9)

L = exp{/otms)st—;/Otm(s)n?ds}.

Under the hypothesis H, the process 1 is bounded. We can then use Gir-
sanov’s theorem (in its multi-dimensional form).

and let

Let @ be the probability measure equivalent to P and defined on Fr by
dQ = LrdP. Let B, = B, — [, n(s)ds. This is a Q-F;-Brownian motion.
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Under @, all prices have the same expected return and are governed by the
stochastic differential equation

dsi(t) = Si(t){r(t)dt+20i7j(t) ng} ,

and the wealth X satisfies
AX[C = [X™e(t)r(t) — c(t)] dt + 3, ; mi(t) 03 ;(t) dB]
X™0) = z,

or, in a closed form,

XTeWR(E) = o — /0 o(s)R(s) ds + /0 R()xT(s)o(s)dBs ,  (4.10)

for R(t) the discount factor defined by

R(t) = exp {— /0 "rs) ds} .

Definition 4.4.1. The pair (m,c) is admissible for an initial wealth x, if the
process X™¢ defined by (4.10) has non-negative values®. Denote by A(x) the
set of admissible pairs.

We give a more practical form to the path-wise constraint X (¢) > 0,
t€[0,T].

Let us return to equation (4.10).

If the pair (7, ¢) is admissible, then the process

My = :EJr/O R(s)7" (s)o(s) dBs

is a local @Q-martingale (o is bounded) equal to X™¢(¢)R(t) + fot c(s)R(s) ds,
which is a positive local martingale. It is therefore a Q-supermartingale (see
annex to Chap. 3), which satisfies Eg(Mr) < My. Hence we deduce the
following result.

Proposition 4.4.2. Let (7, c) be an admissible pair and let X™¢(T) be the
associated final wealth. Then

Eg (X”’C(T)R(T) + /OT c(s)R(s) ds) < zx. (4.11)

5 Under P or under Q, the result is the same.
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Formula (4.11) is the continuous-time equivalent of the formula obtained
in Sect. 1.3 of Chap. 1.
Let us prove the converse, which is given by:

Proposition 4.4.3. Let ¢ be a process that satisfies H(3ii), and let Z be a
Fr-measurable non-negative random variable, such that

Eg (ZRT + /OT R(s)c(s) ds) =x. (4.12)

Then there exists a predictable portfolio © such that the pair (w,c) is admissible
and such that the associated final wealth X7 is equal to Z. In particular, the
market is complete.

Remark 4.4.4. If

Eo (ZRT+/UT R(s)c(s) ds) <z,

then there exists a predictable portfolio 7 such that the pair (7, ¢) is admissible
and such that the associated final wealth X7 is then lesser than or equal to
Z.

Indeed, we can construct a positive and Fp-measurable Z; such that Z; >
7 and

T
Eq <Z1RT +/ R(s)c(s) ds) =z.
0
Proof. (of Proposition 4.4.3)
Note that if there exists a portfolio m such that the pair (m,c) is admissible

and such that the associated wealth X™¢ has final value X7 = Z, then the
local @Q-martingale

M, = o+ / " R(s) () o (s) dB(s) (4.13)
0
is positive, since it can be written as
M, = X™°) R(t) + /Ot R(s) c(s)ds .
Hence M is a supermartingale. Moreover, by assumption Eg(Myp) = z =

Eg(Mp). We can easily deduce that the supermartingale M is in fact a mar-
tingale, and satisfies

T
M, = Eq (M7|F,) = Eq (X;’CR(T)Jr/O R(s)c(s) ds|]-"t>.

Let us now show the existence of a 7 satisfying (4.13), by using the pre-
dictable representation theorem (see annex).
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For a given pair (Z, c¢), the process

T
M, = Eq (ZR(T) +/O R(s)c(s)ds| ft)

is a martingale under Q). According to the predictable representation theorem,
there exists a predictable process ¢, such that fOT llo(s)]?ds < oo a.s. and

t
M, = Mo—l—/ »(s)dB; .
0

As the pair (Z, ¢) satisfies (4.12), we have My = Eq(Mr) = =.
Thus, let © be the process defined by
m(t) = [R@#)] " [o7(t)]
and let X™¢(¢) be defined by

AT te 0T

X™C(t)R(t) = x +/0 ©(s)dB(s) — /0 R(s)c(s)ds .

Let us check that X™¢ is the wealth process associated with the pair (7, c),
and that the pair is admissible. By construction,

X™(t) R(t) = x—i—/o R(S)?TT(S)O’(S)dB(S)—/O R(s)c(s)ds,

hence X™¢ is the wealth process associated with (7, ¢). Moreover,

X)) R(t) = M,g—/0 R(s)c(s)ds

Eo <ZR(T) + /t ! R(s)e(s) ds| ]—"t> : (4.14)

which is positive. We also get X7°“ = Z.

Finally, as the measurability and integrability conditions placed on the
pair (m,c) are satisfied, the pair is admissible. O

Exercise 4.4.5. Show that if a strategy finances a positive final wealth and
a positive consumption, then the associated wealth always remains positive.
We can use the fact that

T
R.X: =Eq <RTXT —|—/ R(s)c(s)ds |.7~"t> .
¢

Remark 4.4.6. Under P, constraint (4.11) can be written as

Ep (LTRTXT + /OT L(s)R(s)c(s) ds) =x.
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4.5 Existence of an Optimal Pair

The optimization problem involves maximizing J(z; 7, c) over the set of ad-
missible pairs (m,¢), that is, over the set of pairs such that the associated
final wealth X™¢(T) is positive and such that the pair (¢, X7“) satisfies the
constraint

T
Ep{ / L(t)R(t)c(?) dt+L(T)R(T)X”(T)} <z, (411)
0

Write V(z) := sup {J(z;7,¢); (7, ¢) € A(x)}. We are first going to deter-
mine a pair (¢*, X75) that maximizes

E {/ Uy (c(t))dt + U2(XT)}
0

and satisfies constraint (4.11). From there we will deduce a pair (¢*, 7*) that
is admissible, according to the workings of Sect. 4.4.

Though it is an abuse of notation, we will write

T
Jwym X77) = EP{/O Ul(C(t))dtJrUz(X;’c)} .

We will say that the pair (Xr,c) is admissible when (4.11) is satisfied.

First, we establish an elementary property of utility functions, which will
prove to be very important later on.

Proposition 4.5.1. If U satisfies Ul and U2, then
U(y)) —yl(y) = max{U(c) —cy, ¢ >0} (4.15)
Proof. The result follows directly from the concavity of U. Indeed,
U(I(y) —Ule) > U (I(y) (I(y) —c) -

If I(y) > 0, U'(I(y)) =y, and hence

If I(y) =0, y > U'(0), and hence

U)-U(e) = ~U'(0)c > —yc.
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4.5.1 Construction of an Optimal Pair
A Candidate to the Title

To construct an optimal pair, we will use the method of Lagrange multipliers,
which will guide us in making an intuitive choice for the optimal pair. It will
then remain to check the results of our intuition. We introduce the Lagrangian
for the constrained problem. For A € Ry, we define

L(c,Xr3;)\) =E {/OT Us(c(t))dt + UQ(XT)}

T
+ AE {33 - </ LthCt dt + LTRTXT> } .
0

A sufficient condition for (¢*,X}) to be optimal is for there to exist a
Lagrange multiplier A* € R such that (¢*, X}, \*) is a saddle point of L,
that is to say that for all (¢, X7, \), (¢, Xr) satisfying (4.11) and A € Ry,

L(e, Xp; A7) < L(c% X735 A7) < L(e7, X753 A) .

The second inequality implies that the pair (¢*, X7) saturates the constraint.
The first inequality implies that the pair is optimal. Thus, we can determine
A*,

To satisfy the first inequality, we look for a (cf, X7.) such that for all (¢,w),
¢ (w) maximizes Uy (c(t,w)) — A*LyRye(t,w), and for all w, X7 (w) maximizes
Us(X(T,w)) = N LyRp X (T, w).

According to Proposition 4.5.1, this brings us to study the pair

g = LHNG); X = L(A (), (4.16)

where

G = R(t)L: - (4.17)

As we remarked earlier, \* must be such that the constraint (4.11) is
saturated, i.e., such that

E {/OT Celh(A*¢) dt + CTIQ()\*CT)} =zx. (4.18)

We will later prove the existence of A\*.

Checking the Optimality of the Solution

Assume that there exists A\* satisfying (4.18). Let ¢* and X* be defined as in
(4.16).

We need to check that this pair is optimal. Using property 4.5.1 for utility
functions, it is clear that the gain
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J(z;¢,X(T)) = E [/0 Uile(s)]ds + Uz [ X(T)]

satisfies

T
I, X(T)) < E[ | vl as + e (e

+E UOT ysle(s) — I (ys)] ds + yr [ X7 — I2(?JT)]}

for any positive Fg-adapted process y, and for any pair(c, Xr).
By choosing ys := AM*R(s)Ls = M*(s, we get for any admissible pair

(¢, m),
J(a?;qX(T))SE{/O Ui(cy) ds + Us (X})} = J(z;c*, X7)

where the pair (¢*, X77) is admissible by the choice of \*. Hence we obtain the
optimality of (¢*, X*).

Existence of the Optimal Pair

In order to obtain the existence of A*, we now introduce a new assumption
on the utility functions U; and Us.
U3 LRI;(X) € LY (2 x[0,T]; dP x dt) VYA>0,

LrRpI,(X¢r) € L'(2;dP) VA>0.

This assumption is given in terms of I1 and Is; L, R and ( are taken as
given.

Lemma 4.5.2. Under assumptions U1.2.3, the function X defined on R, by

T
X(y) = E{/o th1(th)dt+CT12(yCT)} (4.19)

is strictly decreasing on [0,7] for § = inf{y|X(y) = 0}, is continuous and
satisfies

lim X(y) = 400, lim X(y) = 0.

y—0 y—4o00

Therefore, X has a continuous inverse ). There exists \* satisfying (4.18).

Proof. The proof does not present any difficulties. We show separately that
X is left-continuous and right-continuous, by monotone convergence and by
dominated convergence”. Then we need only define \* = Y(z). O

7 See Karatzas et al. [231], Lemma 4.2.
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4.5.2 The Value Function

It is then easy to obtain the value function for the problem. By substituting
in for ¢* and X7, we obtain

where G is defined on R, by

T
Gly) = E{ / UL 10 (9G] dt + U, [12<y<T>]}. (4.20)

Under the assumption
U4 U, if of class C? and U/ is increasing, i = 1,2,
we can show® that G and X are of class C! and that G'(y) = yX'(y). It

remains to justify the differentiation of G under the integral sign.

Note that X and G are of the form

E {/OT Ceha (y¢e) dt + CThz(yCT)}

for chosen functions h;. We have already encountered functions of this type in
Chap. 3, and we know that they are associated with the solutions to parabolic
equations. We will be exploiting this feature in the next section.

Thus we have used techniques based on martingales and on concavity,
to show the existence of an optimal pair (¢*, X7). By martingale techniques
again, we have associated to this pair, a portfolio 7* such that the pair (¢*, 7*)
is admissible.

Let bring together the results obtained.

Theorem 4.5.3. Under assumptions U1.2.3 on utility functions Uy and Us,,
there exists an optimal pair (7*,c*) € A(z) such that

J(z;7%, ") = sup {J(a;7,¢), (m,¢) € A(z)}

Let Y be the inverse of the function X defined by (4.19) and let (s = L:R;.
The pair (7*,c*) is determined by

¢ = Li(V(@)¢)
m; s the portfolio associated with c¢; and with the final wealth X7, with
X7 = L (Y(z)¢r)
where the functions I; are the inverse functions of the U]. Moreover, we have
J(z;7*, ") = G(Y(x))
where G is defined by (4.20).

8 See Karatzas et al. [231], Proposition 4.4.
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Exercise 4.5.4. Returning to Exercise 4.3.6, show that the previous results
remain true when (; = LthFt_l.

Let us show, by means of a few calculations, how this method can be used
to produce an explicit expression for the pair (¢*,7*).

4.5.3 A Special Case

We return to the example given in Sect. 4.3.3, with Uy (z) = 2%, 0 < o < 1,
Us(x) = 0, where the coefficients r, b and o are constants. We are going to
show how we can use stochastic calculus to give a more precise solution to the
problem.

Let us write U for the function Uy, and I for the inverse of U’. An expres-
sion for I is immediate:
Y 1/a—1
1) = (4.

a
The optimal consumption is given by I (Y(z)(;) where Y(z) satisfies

T = E{/OT GI[Y ()¢ dt} = (yf))l/(al) E[/OT ¢/ dt] .

Setting
T
K—l — E|:/ C?/(a_l) dt:| ,
0

we get V(x) = a(Kx)*~! and

¢ = I(V@)G) = oK/

To obtain the optimal portfolio, we need the predictable representation of the
martingale

W= B[ [ Ry as 7]

for if Us(x) = 0, then the optimal final wealth is zero. More precisely, we need
to determine ¢ such that

t
M, = x—l—/ ©(s)dB, ,
0

where, as before, B denotes the Q-F;-Brownian motion

B, = B,—nt with n = —(b—7r)o !

We will then have
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As the coefficients are constants, we obtain
G = e " exp (1B —n’t/2)

and hence, setting 8 =1/(a — 1) and v = r(1 + ) — 21?B8(3 + 1) (the same
v as in 4.3.3) and introducing the martingale exponential

. |
Ly = exp (nBB; — §n252t) ,

we see that y
Ricf = achRtCtﬂ = zKLie ™,

and that the martingale M can be given explicitly as a function of L:

T
M, = Eq (/ Rc: ds|ft>
0

¢ T
mK/ eV Lyds + xK/ e Y Eq(Ls|F) ds .
0 ¢

Since L is a Q-F;-martingale, we obtain

t N e—l/t _ e—uT _
M, = 2K V e v, ds + Lt} .
O V

Using dL, = nﬂit dB,, and the rules of stochastic calculus,

—vt —vT

- L — -
AM; = 2K |e "' Lydt + —2d (e7t — 7T + € TC ai,
14 14
Knfj - B
_ xr nﬁLt (e—yt _ e—VT) dBt )
14

It follows that

y xKnB , _, CUTN ot E xK((b—r) 1/a—
o= (e™" —e Tyertl, = Za—1)v (exp —v(T—t)—1) t/ '

We also obtain vK~!=1—e%T and

Gly) = (%)ﬁ#
v = o (557)

Thus we recover the formulae obtained in Sect. 4.3.3.
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Exercise 4.5.5. Study the case U;(z) = Us(z) = 2%, 0 < § < 1. Show that

- ()"

T
X(y) = E{/O Ct(y(sg)l/é_ldt—i—(T(ygT)l/é_l} _

with "
K = E{/ (f/é_ldt—kﬁg/é_l}él/l_‘s.
0

Check that we also get G(y) = %91 6K and V(z) = 62 K'~% and that
the optimal pair is given by

c*_£ 9 1/6_1.)(* oz Cj 1/6—-1
tT K \§ T T Rk \US :

Note that ¢* and X7, are proportional to the initial wealth x. This is also
true in the case of Inz. It can be shown that In and z° are the only utility
functions that have this property.

4.6 Solution in the Case of Deterministic Coefficients
In this section, we assume that the coefficients r, b and ¢ are deterministic.
Let us find the optimal portfolio at each point in time.

We retrace the steps of our study of Sect. 4.2, and make use of the dynamic
programming principle.

Let us use the notation

RY = exp {— /:r(s)ds}

oo [ w0z~ 5 [ ras)

where the process 7 is defined by (4.9). The process (LY, a < ¢t < T) is
a P-martingale satisfying dLy = n, Ly dB;. The condition for admissibility
between times o and T is written

Ly

T
Eq. (/ RgcthRgﬂX%) <z,

where Q, = LT P.

As in Sect. 4.3.1, we write A(a,z) for the set of pairs (m,c) that are
admissible between times o and T for a level of wealth z at time «. Let
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Via,x) = sup J(a,z;m,¢) .
(m,c)eA(a,x)

By transposing the workings of the previous section, we obtain an optimal
pair: setting, for s > a (« and z are fixed)

" = hV(a,2) (), X7° = L(V(a,z)(F),

where Y(q, ) is the inverse function of X'(«,-) with

T
Xaw) = B{ [ LERROG) -+ L3R LG
for
G = LR .
Using It6’s lemma, it can easily be shown that

dCta = Cta [—Ttdt+77t dBt] . (421)

4.6.1 The Value Function and Partial Differential Equations

The value function V(a,z) can be determined as in the previous section, by
means of a function G defined by

Gla) = £{ [ UL () e+ U (01 }

Let ‘H be the set of class C1? functions on [0,7] x R*, such that there
exist K and o > 0 with

sup |H(t,y)| < KQ+y*+y~ %), y>0. (4.22)
0<t<T

The results established in the previous chapter, along with equation (4.21),
satisfied by (¢, yield the following result.

Theorem 4.6.1. If hy and hy are in 'H,

H(a,y) = E{/: ha (y¢) dt + ho (yc%)}

is the unique solution in H to the partial differential equations with boundary
conditions

0OH OH 0’H

1 2, 2
=y — 4= = —hi, tela,T] y>0,
ot ", +5lmell”y 52 1 [, T] y

H(T,y) = ha(y) y>0.

(4.23)
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We are led to make a new assumption on the utility functions.
U5  The functions U;ol; and y — yl;(y) belong in H .

We then obtain

Proposition 4.6.2. Under the assumptions Ul to U5, the value function
V(a,z) is given by
Via,z) = G(a,Y(a,z)) ,

where G is the unique solution to (4.23) that is associated with h; = U; o I,
and where Y(«, ) is the inverse function of X(«,-) ; X(«,y) is defined by

X(ay) = T(z’y) :

where T (o, y) is the unique solution to (4.23) associated with h;(y) =y I;(y).
Moreover, —(a,z) = Y(a, ).

ox

Thus we have reduced the problem to two Cauchy problems. We can use
these results to determine the optimal wealth.

4.6.2 Optimal Wealth

Is is also possible to give an explicit expression for the optimal wealth and
for the optimal portfolio. We saw in (4.14) that the wealth associated with a
final wealth X7 and with a consumption (¢;,0 <t < T), is given by

X(R(E) = Eo [XTR(TH— /t " Rs)e(s) ds | J—"t} .

The results of Sect. 4.5 show that the optimal wealth at time ¢ is given by:

T
X OR() = Eo| R LVe)r) + [ 1) B @6 as 7]
Using the fact that

Ep [ZLt |F

BelZl7) = 5, 1, 17

we obtain

X*(t) = ¢ ' Ep

T
Cr BY(@)Cr) + / . 11<y<x>cs>ds|ft] .

The process ¢ is Markov with respect to F;, since its coefficients are deter-
ministic. Hence
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X*(t) = ¢ 'Ep

Cr L(Y(z)(r) / CLi(Y Cs)d5|Ct] ,

and ( satisfies
Cs = <t za t<s,

where ¢! is independent of ¢;. Using the same notation as in Proposition 4.6.2,
where

Titw) = B (06 12 06h) + [ ucth (o) as)
we can see that
X*(t) = V@) Tt V(@)G) = Xt V()é) -
In addition, the function 7 satisfies the partial differential equation (cf. (4.23))

OT 0T 1, . 2T
E—ny87y+§llmll o y1i(y)

and the boundary condition

T(T,y) = yla(y) .

Remark 4.6.3. Cox and Huang [68] applied similar kinds of working to the case
of Markovian coefficients, that is to coefficients of the form (S, t), o(St,t).

We can also give the partial differential equation satisfied by X (¢,y) =
@ We find that

ox ox 9*°x
Ty e Iml) S gl G = <h), @2

with the boundary condition

X(T,y) = L(y) .

4.6.3 Obtaining the Optimal Portfolio

In all generality, the optimal portfolio is obtained by applying a predictable
representation theorem. We return to the dynamic programming principle,
and to the workings of Sect. 4.2.

The HJB equation has led us to a candidate to the title of optimal pair:

o =1 {‘Zv(t X; )}

= o] (- 1)

(X)) {a 7z, X*)}_l .
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ov
We saw (Proposition 4.6.2) that —(t,2) = Y(¢,2). We fall back on

o
¢ = LX), (4.251)

and we obtain
7 = —[a()]™t (b —red) V(t, X7) {ggj(t,Xt*)}l : (4.251)

It remains to check that this pair is indeed optimal. To do this, it is enough
to verify that X is associated with the pair (¢, 7}) expressed in its feedback
form.

Since
XH(t) = X(tV(@)¢) ,

it follows from It6’s lemma and from (4.24) that
dX*(t) = (X7 — ) dt + ;7 [(by — re1)dt + opdW] (4.26)
and the result follows.

Remark 4.6.4. Cox and Huang [68] first determine the optimal wealth process
and from there deduce the optimal portfolio. They find an analogous expres-
sion to (4.25ii), even though they use the function X rather than the function

L . o\ L
Y (it is enough to notice that D = X'(y)).
x

4.7 Market Completeness and NAO

We work under the hypotheses given in (H).
An arbitrage opportunity is a portfolio 7w such that

(i) (m0) € A(0)
(ii) the wealth process X™° satisfies P(X;’0 >0)>0.

Proposition 4.7.1. In the model described in Sect. 4.1, and under the hy-
potheses (H), the market is complete and there are no arbitrage opportunities.

It is straightforward to check that there are no arbitrage opportunities in
our model: as (4.11) is satisfied, we have for (m,0) € A(0)
EP(LTRTX;:’O) < 0.

The approach developed in the proof of Proposition 4.4.3 enables us to
valuate an asset. We have seen that if Z is a positive Fr-measurable random
variable such that Eq(ZR(T)) is known and is equal to z, then there exists
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a portfolio 7 such that the strategy (m,0) attains the final wealth Z, with an
initial wealth equal to x. Thus with an initial capital of x, we could build a
portfolio 7 enabling us to attain Z at time 7. The value of this portfolio at
time ¢ would then be defined by V(¢) with

R(t)V: = Eq(ZR(T)|Fi)

(using (4.14) with ¢ = 0, as in this case the agent has no consumption).
Taking into account (4.16), this equation can also be written as

Vi — Ep (CrZ | Fy) _ Ep (ZUs(X7) | Ft) _ Ep (ZUi(cr) |F)
' G Ui(¢;) Ui(¢;) ’

where we are using the marginal utilities.

As any positive Fp-measurable random variable can be attained with an
admissible strategy by choosing an initial capital v, the market is complete.

Notice that, when we restrict ourselves to square-integrable portfolios, the
portfolio that attains Z is unique. To see this, it is enough to check that if m;
and 72 both belong to A(z) and finance Z, then the process

(My = Ma)(t) = /0 R(s) (mi(s) = ma(s))" o(s) dB,

is a Q-martingale that is zero at time T, and hence is itself zero. Taking
its second moment, and observing that ¢ is invertible, we obtain for all ¢:
m1(t) = ma(t) a.s..

Notes

The problem of finding an optimal portfolio was first solved in Merton [272],
(1971), using the methods of dynamic programming. The methods of stochas-
tic calculus, and in particular the martingale representation theorem, have
made it possible to prove the existence of an optimal strategy in a very gen-
eral framework. We can consult Karatzas et al. [231], (1987), Cox and Huang
[68], (1988). All these authors place themselves in a complete market frame-
work. These theories then enable us to exhibit a hedging portfolio. The case of
deterministic coefficients is particularly interesting, as the optimal portfolio—
consumption pair can then be given in feedback form.

The method presented here applies to the case of complete markets with
dynamics driven by processes to which the predictable representation theorem
can be applied. In particular, this is the case when prices are driven by pro-
cesses with jump components. Merton [275], (1976), studied the case where
stock prices display such discontinuities. His work was later taken up by Aase
and Oksendal [1], (1988), and then by Jeanblanc-Picqué and Pontier [215],
(1990), and by Shirakawa [334] (1991).
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The notion of a viscosity solution is used to prove the existence and unique-
ness of the solution to the HJB equation. (Shreve and Soner [339], (1991),
Zariphopoulou [378], (1994)). The main reference on the HJB equation is
Fleming and Soner [156] (1993).

The case in which transaction costs or constraints intervene is much more
difficult. It has been studied by Constantinides [63], (1986), and later by
Davis and Normann [88], (1990), and Shreve and Soner [340], (1994). A recent
approach is given in Cvitanié [32, 74], (1996, 2001).

The issue of optimal hedging in an incomplete market has been studied by
Follmer and Sondermann [163], (1986), Bouleau and Lamperton [41], (1989),
Schweizer [329, 330], (1988, 1991). He and Pearson [185, 186], (1991), Shreve
and Xu [342, 343], (1992), Fleming and Zariphopoulou [157], (1991), Duffie,
Fleming, Soner and Zariphopoulou [117], (1997), and Cvitanié and Karatzas
[75], (1993), have worked on the case where there are additional constraints
on the portfolio.

More recently, the problem of optimizing the final wealth or consump-
tion has been addressed in incomplete markets. The first results of note were
obtained by Pages [297], (1989), who characterized the set of equivalent mea-
sures to P making discounted prices into martingales, and studied the case of
an optimal consumption. Subsequent results have been obtained by He and
Pearson [185, 186], (1991), and then Karatzas et al. [232], (1990). He and
Pages [184], (1993), El Karoui and Jeanblanc [138], (1998) looked at the case
where the agent has revenues.

Optimization under an infinite horizon and with an asymptotic criterion
has been studied by Morton and Pliska [282] (1995), Foldes [160], (1990),
Huang and Pages [198], (1992), and by Konno, Suzuki and Pliska [239], (1993).

Problems involving a recursive utility function, were first touched upon by
Duffie and Epstein [116], (1992), Duffie and Skiadias [124], (1994) and, using
the concept of backward stochastic differential equation, by El Karoui, Peng
and Quenez [143], (1997). Detemple and Zapatero [102], (1992), introduced
utility functions that depend on earlier consumption (habit formation).

Finally, we point out the numerical methods developed for dealing with
such problems (Sulem [349], (1992), Fitzpatrick and Fleming [154] (1991)).

Lecture notes by Cvitanié¢ [32], (1996), Karatzas [230], (1997), Korn [240]
(1998) and Karatzas and Shreve [233] give the most recent results, along with
detailed and complete bibliographies.
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ANNEX 4

1 The Predictable Representation Property

a) The Brownian Motion Case

Let (Bi)t>0 be a d-dimensional Brownian motion. We denote by F; the
filtration obtained by completing o(Bs , s < t), that is by adding the null sets.

Theorem ? Let (M, t > 0) be a continuous F;-martingale that is zero at time
0. Then there exists a unique predictable process (¢¢,t > 0) such that

_ z [ oam = [ ooan.

t
/ #*(s)ds < oo P-a.s. t€][0,T].

and

If moreover E(M2) < oo, then Efo ¢*(s)ds < oo.

In particular, the predictable representation theorem enables us to define
the stochastic integral with respect to a Fi-martingale:

Joonss = [l

Let (By)i>0 be a P-Brownian motion, and let F; be its filtration. Let
L; be a Girsanov density L; = exp {fo s)dBs — % fo h2(s }, where h is

bounded. We then know that B, = fo s)ds is a Q-Brownian motion.

In general, the filtration Fr = U(B57 s <t)is not equal to F;. However, we
can show!? that the predictable representation theorem still holds under Q:

Theorem Any continuous Q-F: martingale can be written in the form
fo ng, where ¢ is a predictable process satisfying:

/t #*(s)ds < oo P-a.s. (or Q-a.s.) .
0

b) The General Case

If (M,t > 0) is a (local) martingale, not necessarily adapted to the Brow-
nian filtration, we can develop the definition of a stochastic integral with
respect to M.

9 See Karatzas and Shreve [233].
10 Revuz and Yor [307] Exercise 1.27, Chap. VIII, Sec. 1.
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Let M be a G;-P-martingale. We say that M has the predictable repre-
sentation property for (G;-P) if any P-G,-martingale that is zero at time zero,

can be written as fot ¢(s) dM; where ¢ is a Gi-predictable process.

Example Let B be a d-dimensional Brownian motion, and let F; be its filtra-
tion.

If M; = fg os dBs where rank o(s) = d a.s. on 2 x [0,7], then M is
a d-dimensional process that has the predictable representation property for
(Fi, P). Indeed, if (X;,t > 0) is a Fy-martingale, then dX; = ¢; dB; where
¢; is predictable. As we have dM; = o0;dB;, we can deduce that dX; =
peo;t AM,.

2 Dynamic Programming

We will content ourselves with an intuitive approach to the results con-
cerning dynamic programming. The interested reader can refer to Fleming
and Rishel [155] or to Krylov [245] for the full proofs.

The principle behind dynamic programming is a very general principle
from the theory of stochastic control, and holds under very general assump-
tions. The idea is as follows:

e if we use one strategy on the interval [«,t] and another strategy on the
interval [t, T], we obtain a strategy on [a, T,

e if we are given a strategy on the interval [a, T, we can decompose it into
one strategy on [«, t] and one strategy on [t, T).

Of course, the strategies need to be “glued back together” together “by con-
tinuity”.

The first remark leads to
t
E{/ Uy (o) ds + V(t, X2 } < Vi),
«

since V (¢, X;*) corresponds to using an optimal strategy on [t,T], and since
combining a strategy on [a, t] and a strategy on [t,T] (in our case, the optimal
strategy) produces a strategy on [a, T].

The equality
t
Via,z) = sup E{/ Ui(cs)ds + V(t,Xf"xm’c)}
(m,c)eA(a,x) a

follows from the fact that an optimal strategy on [a,T] yields an optimal
strategy on [t,T].
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If we accept the principle of dynamic programming, it is just as easy to
have the intuition for the HJB equation.
Firstly, we apply 1t6’s lemma to V (¢, X;”") between times o and o + h

a+h av
Via+ h,ngh) —V(a,z) = / E(S’ X)ds

ath gy 1ot 9?v
o o a,z T _ 112
+[;4%@&>M;+§L 5, X0 TP ds

We then use the principle of dynamic programming under the form

a+h
Via,z) > EU Ui(es)ds + V(a+ h,Xth)] :

If follows that

a+h ov
0>FE {/ |:U1(Cs) + E(&Xﬁ‘w) + {X;“’Irs —cs+ 7TST(bS — 7"51)}

ov

a,x 1 T 2 aQV a,x
X %(SWXVS )-’-5”71'5 05” ﬁ(&X\s ) ds

a+h av
Toe—(s, X¥*)dB, ».
+ /a 7TS O.< ax (57 S ) <

These workings are purely formal: we would need to check the integrabil-
ity conditions.

Next, we divide through by &, and let h tend to 0. Still only formally, it
follows that

ov
> -
0 > Uiea) + 5y ()

ov 1 0%V
+{ara = ca + Talba — raD)} G (@,0) + 50l S5 (0,0)

da?

Hence the relationship that holds for all 7, ¢:

ov
>

ov 1 0%V
+sup{U1(c)+{xra —c+m(bo —Tal)} %(a, .I‘)+§ 7T oo W(a,x)} .

The HJB equation follows as a result: if an optimal pair exists, then the
inequalities above become equalities.

We are now going to state without proof the conditions under which the
value function is a solution to the HJB equation.
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We take a special case: that of constant coefficients, with Us = 0. We set
U == U1.
Let £ be the operator defined by

OH OH 1 02 H
LH(t,y) = —W(ty)Jrryafy(t,y)—§||77H2y2 o2 (t,y)

with n = —o~1(b—7r1).

We suppose that there exist functions G and S in C*3([0, 7] x Ry, Ry)
such that
ﬁG(ta y) = U(I(y)) te [07T] ) Y€ R++

G(Ta y) =0 y€R++
LS(ty) = yl(y) t€[0,T], yeR4y
S(T,y) =0 yeRyy

and such that G, —%G, S and —‘ZS satisfy polynomial growth conditions of the
Y y
type

H(t,y) < MQ+y > +y* R
OréltagXT (ay) = ( +y +y )7 ye +-+

where M and A are strictly positive constants. We also assume that U is of
class C2.

It can then be shown!! that the following result holds.

Theorem Under the previous assumptions, the value function is of class
CH2([0,T) xRy ) and satisfies the HIB equation (4.5) as well as the boundary
conditions (4.6).

' See Karatzas and Shreve [233], Chap. 5 Theorem 8.22.
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The Yield Curve

The uncertainty attached to the future movements of interest rates is an
important part of the theory of financial decision making. Most agents are
risk-averse, and risk is linked in particular to interest rates. Investment deci-
sions and asset/liability management are often very sensitive to perturbations
of the yield curve. To hedge interest rate risk, the markets use increasingly
complicated financial products (forward contracts, futures contracts, options
on contracts). These constitute the forward markets.

It is therefore important to understand the factors that drive interest rates,
to model the yield curve, to analyze financial instruments such as options on
zero coupon bonds, and to develop strategies for hedging interest rate risk.

5.1 Discrete-Time Model

We adopt a model, in which transactions take place at set times indexed by
integers, and entail no cost. We work under the assumption of no arbitrage,
and of the existence of a martingale measure.

Someone who borrows one euro at time n, will have to pay back F(n, N)
euros at time N, when the loan is due to be repaid. We call F(n,N) the
forward price of 1 euro.

If S(n) is the price of a financial product given in units of time n, the
forward price of S is expressed in units of time N as Sgp(n) = S(n)F(n, N).

Definition 5.1.1. A zero coupon bond with maturity N is a security that pays
one euro at time N and does not generate any cash flows before N.

The price at time n of a zero coupon bond with maturity N (n < N) is
denoted by P(n,N). It is the price of one euro paid out at time N. We have
P(N,N) = 1. The forward price of 1 euro and the price of a zero coupon bond
are linked by the relationship F'(n, N) = [P(n, N)]~! (from the assumption
of NAO).
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P(n,N)

P(n,N +1)’
and the spot rate by r(n) := f(n,n). We have P(n,n + 1) = e~ 7",

We define the instantaneous forward rate by f(n,N) :=1In

The term structure of rates is given by the study either of the family
P(n,.), or of the family f(n,.). One approach involves studying the dynamics
of the yield curve, that is, expressing f(n, N) as a function of today’s curve

f(O,N).

In a deterministic model, the relationship between rates of different ma-
turities must be such that P(n,n +1)P(n+1,N) = P(n,N), for all n and
N, so as to avoid arbitrage opportunities between the zero coupon bonds of
different maturities: to obtain 1 euro at time N, we must pay P(n,N) at
time n; we could also pay P(n + 1, N) at time n + 1, which comes down to
paying P(n,n + 1)P(n+ 1, N) at time n. In this case, we have in particular
f(O,N) = f(n,N) =r(N), Vn < N. In a deterministic model, the instanta-
neous forward rate depends only on its maturity.

To study a model in an uncertain world, Ho and Lee [193] make the fol-
lowing assumptions:

e the price of zero coupon bonds depends only on the number of up-
movements in rates between times 0 and n,

e the price at time n + 1 of a zero coupon with maturity N differs from
the price obtained in the deterministic case by the addition of a random
perturbation function h,

e the perturbation function h is only a function of time to maturity and of
the behaviour of the price between times n and n + 1.

At time n, there are n + 1 states of the world. For each of these states
at time n, there are two possible states at time n + 1, depending on whether
the price increases or decreases. The price at time n of a zero coupon bond
with maturity N, is P(n, N;j), where j refers to the number of increases
before time n. The condition imposed on the prices corresponding to different
maturities is

P(n,N)

Pin+LN) = 5o D)

h(n+1,N); n+1<N,

where h is a perturbation function. In more detail:

, P(n,N;j)
Pn+1,N;j) = ——2)) _pgin+1,N
(n+ ) ’j) P(n,n—*—l;j) ( 7n+ ) )7
P(n,N;j
Pln+1,N;j+1) = ]Mh(l;nﬂ,m.

We suppose that h(1;n+1,N) > h(0;n+ 1, N).
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The random nature of the perturbation becomes clearer if we introduce
the random variable Y,, ;1 that is worth 1 if the prices increases between times
n and n + 1, and 0 otherwise. We assume the (Y,,, n > 1) to be independent
and identically distributed! under the risk-neutral probability measure.

The move in P(n, N) is given by

P(n,N)

P(n+1,N) = Ponntl)

h(Yyr1;m+1,N) (5.1)
where A(.;n + 1, N) depends only on N —n. We have h(.; N,N) = 1.

As was noted previously, in world of certainty, the assumption of no ar-
bitrage implies that h is identically 1. In our model of an uncertain world,
we need to impose a condition that precludes all arbitrage opportunities be-
tween zero coupon bonds of different maturities. This will translate into a
specification of the perturbation function.

We will now prove the following result.

Theorem 5.1.2. Under the assumption of no arbitrage opportunities, there
exists § > 1 and m € [0,1] such that

wh(0;n,N)+ (1 —m)h(l;n,N) =1 (5.2)

and

L ChaNy = "
7+ (1—m)eN-"n"’ ' T+ (1 =) N

h(0;n,N) = (5.3)

Proof. We saw in Chaps. 1 and 2, that when the state space is finite, the
assumption of no arbitrage is equivalent to the existence of a risk-neutral
probability measure, under which discounted prices are martingales.

The discount factor can be expressed as a function of the prices of zero
coupon bonds: the factor that discounts prices given at time n corresponds to
today’s value for one euro at time n, and is given by:

Ammzﬁp@qu
k=1

Hence the sequence (A(0,n)P(n, N),n < N) is a martingale, for any value
of N.

The relationship (5.1) can written
A(0,n+1)P(n+1,N) = A(0,n)P(n,N)h(Ypr1;n+1,N).

Taking conditional expectations relative to F,, we find that the conditional
expectation of A(Y,4+1;n + 1, N) is equal to 1, i.e.,

! See El Karoui and Saada [148] for a generalization.
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mh(0;n+ 1, N)+ (1 —7m,)h(l;n+1,N) = 1,

where m, is equal to E(Y,+1 = 0|F,). The number ,, does not depend on n,
as the Y,, are independent and identically distributed.

In our model, we have assumed that the price at time n does not depend
on the path taken. We can calculate P(n+2, N), assuming that the price rose
between n and n + 1, and then fell. Then we find that

P(n,N;j)h(1;n+1,N)h(0:n+2,N)
Pn,n+1;j)P(n+1,n+2;5+1)
~ P(n,N;j)h(1;n+1,N)h(0;n,N)
 Pyn+2)h(1in+1,n+2)

Pn+2,N;j+1)=

Similarly, we can carry out the calculations, assuming that the price first fell
and then rose:

P(n,N;j)h(1;n+2,N)h(0;n+ 1,N)

P(n+2,N:j+1) =
(n+2,N;j+1) Pln,n+2;,j)h(0;n+1,n+2)

By equating two results, we find that:
h(1;n4+1,N)h(0;n+2,N)h(0;n+1,n+ 2)
=h(l;n+2,N)h(0;n+1,N)h(l;n+1,n+2).

Using (5.2) and the assumption that h(.;n, N) depends only on (N —n),
we find, setting s = N —n — 1 and h(.;s) = h(.;t, t + s),

(1—=m)(1—=mh(0;5))h(0;s —1)h(0;1)
= (1 —=7h(0;5s—=1))h(0;s) (1 —7h(0;1)) .

1 0
We can write this expression as H0s 1) = 7(0:5) + v, where §

and ~ are defined by

w(h(0;1) —1)

Mo = -mh@:D)

TTa-ms M=

We obtain the expression (5.3) by solving this difference equation, using the
condition h(0;0) = 1. The inequality ¢ > 1 then follows from h(1;s) > h(0; s).
O

From here, we will deduce the movements in the spot rate
r(n)=—InP(n,n+1).

We will show that the number of up-moves in the price is an explanatory
variable, and we will express the price of zero coupons and the forward and
spot rates as functions of this variable. More precisely, we will prove:
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Theorem 5.1.3. Let P(0, N) be today’s curve of zero coupon bond prices, and
let f(0,N) be the spot instantaneous forward rate curve. We have

P(0,N) vy h(Y;;4,N)

P(0,n) i h(Y;;4,n)

P(n,N) =

and
+(1—7) 6N

f(n,N) = f(0,N) +1n(1/6) Y Y; +In - PR

Jj=1

r(n) = f(0,n) + In(1/0) z": Yi+In(r+(1—m)o").

Proof. Our choice of model entails

~ P(O,N) 14 h(Y;;4,N)
P(n,N) = P(0,n) ]1;[1 h(Yj;j,n)

Let us set ¥(n, N) = = ¢V, Noticing that

h(0;n,N)
h(Yj35,N) = $(5, N)" h(0; 4, N)
we obtain an expression for the instantaneous forward rates:

P@LN) PN
P(n,N+1) " P(O,N+1)

f(n,N)=1In

I

Il
-

J

I

Il
—

J
After simplification, this equals

P(0,N) 74+ (1—m) 6N
PONTD) +1n(1/5);yj +In—— e

In

O

Remark 5.1.4. The variance of the spot rate is given by (In §)?nq(1—q), where
q is the expectation of Y}, and it converges to infinity with n. This is an
important drawback to the model. Furthermore, the forward and spot rates
can become negative?. Therefore this model is not satisfactory.

2 Sandmann and Sonderman [321] have studied a model that precludes this possi-
bility.
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5.2 Continuous-Time Model

Two main approaches are used in continuous time. The first involves modeling
the prices of zero coupon bonds in a way that is consistent with the assumption
of NAO, and thence deducing an expression for the spot rate. The second
approach uses the spot rate as an explanatory variable. We present these two
approaches and we show, on a few examples, how these models lead to the
valuation of interest rate products.

5.2.1 Definitions

We give the same definitions as in discrete time. A zero coupon bond with
maturity T is a security that pays one euro at time T, and provides no other
cash flows between times ¢ and T. We assume that for all T, there exists a
zero coupon bond with maturity 7°3.

The price at time ¢ of a zero coupon bond with maturity 7" is denoted by
P(t,T). We have P(T,T) = 1.

If S(t) is the price of a financial asset in units of time ¢, we call the forward
S()
P(t,T)

We introduce the yield to maturity at time ¢, Y (¢,T), defined by

price of S, its price expressed in units of time T, i.e., Sp(t) =

P(ta T) = exp [_(T - t)Y(t7 T)] .
The forward spot rate at time t with maturity T is

T = — [81n§9(t,6)h_T |

Thus we have

T T
Y(t,T)= Ti—t/t f(t,u)du and P(t,T) = exp (—/t f(t,u)du) .

The instantaneous spot rate is

r(t) = lim Y(t,T) == — [mngj(f’T)L_ = f(t.1).

T—t

The yield curve is given by the function 8 — Y'(¢,0).
The discount factor is

3 In practice, this assumption does not hold.
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R(t) := exp (— /Otr(s) ds) .

At each time ¢, we can observe a range of rates: the family s — Y'(¢,s+¢)
of interest rates with maturities s 4 ¢, observed at time t. We would like to
study the behaviour of the curve Y (¢,6) as a function of today’s yield curve,
which is Y'(0, 6).

In a deterministic model, we must have
P(t,T)=P(t,u)P(u,T), Vt<u<T,

to preclude arbitrage opportunities. Thence, under the assumption of dif-
ferentiability, we deduce the existence of a real-valued function r such that

Pt,T) = exp( ft ) As in the discrete model, we can check that

ft,T)=f(0,T)= T(T), Vt < T and that Y (¢,T) = 7~ ft u) du. The
yield to maturity is thus the average value of the spot rate

In a stochastic model, as usual we take a probability space equipped with
a filtration F;, which we assume to be a Brownian filtration. We assume that
at time ¢, the price P(t,.) of zero coupon bonds is known, i.e., the P(t,.) are
Fi-measurable variables. To give the assumption of NAO an explicit form, we
assume that the processes P(.,T) are positive, adapted, and continuous, and
that P(t,T') is continuously differentiable with respect to 7.

We assume that there exists a probability measure @ under which dis-
counted prices are square-integrable martingales: in particular, under @, the
process (R(t)P(t,T), t > 0) is a martingale. This property holds for all T, in
order to preclude arbitrage opportunities between products of different matu-
rities.

The property leads to some interesting results. First of all, since P(T,T) =
1, it must be the case that P(0,T) = Eg(R(T)), and that

exp ( /t ! r(w) du> ]ﬁ,

Remark 5.2.1. Using the notation Ly = %‘}1 and L, = Ep(Ly|F;), the pre-
dictable representation theorem implies* that there exists an adapted process

q such that
¢ ¢
L; = exp (/ q(s)dBs — 1/2/ qZ(S)ds) .
0 0

Using the predictable representation theorem again, we deduce that for each
maturity 7', there is an adapted process o(¢,T) such that under P,

P(t,T) = Eq (5.4)

* See Heath—Jarrow—Morton [189] or Lamberton-Lapeyre [250].



166 5 The Yield Curve

dP(t,T) = P(t,T) ((r(t) — q(t)o(t,T)) dt + o (¢, T) dBt> ,

where B is a P-F;-Brownian motion. The quantity ¢(t)o(t,T) is the difference
between the riskless rate and the average rate of return on the zero coupon
bond. The process q is called the risk premium.

5.2.2 Change of Numéraire
The Forward Measure

The value at time ¢ of a deterministic cash flow F' received at time T is

exp (- /tTr(u)du> ‘ft] .

If the cash flow is random, its value at time ¢ is

F exp < /tTr(u) du) ‘ft] .

We can give an interpretation of this formula, by introducing the notation
F.P(t,T) for the certainty equivalent of F, defined by

F exp (— /tTr(u) du) ‘}}] .

We will re-write this last equality using a change of probability measure.

FP(t,T) = F Eg

Eq

1
F.= —F
P(t,T) ©

By the assumption of NAO, the process R(t)P(t,T') is a @Q-martingale, so
its expectation is constant and equal to P(0,T).
R@)P(t,T)
P0,T)
Q-martingale with expectation 1. Therefore, we can use ¢ as the density
of change of measure or Radon-Nicodym density. Let )7 be the probability
measure defined® on (2, Fr) by Qr(A) = Eg(¢f'14), for all A € F;. When T
is fixed, we will use the notation: ¢; = ¢7 .

For all T, the process (CtT = ,t20> is a positive

d
Definition 5.2.2. The probability measure QT defined on Fy by % = CtT
is called the T-forward measure.
With this notation,
F.=Eq,.(F|F).

5 As described in Sect. 3 of the annex to Chap. 3, we check that Qr is well-defined.
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When F is the value of a security, the certainty equivalent F is called the
forward price of F'.

When 7 is deterministic, Q1 = Q.
The measure Q7 is the martingale measure that corresponds to choosing

the zero coupon bond with maturity 7" as numéraire, as the property below
makes explicit.

Property 5.2.3. If (X;,t > 0) is a price process, its forward price
(X/P(t,T),t > 0) is a martingale under Qr.

Proof. Take T to be fixed. Let (X;,t < T) be a price process. By definition
of the martingale measure @), the discounted price process X;R(t) is a Q-
martingale. We want to show that (X;/P(t,T);t < T) is a Qr-martingale.
According to the formula for conditional expectations under a change of mea-

sure®, we have
XiCt
{ X | } _ Fa [W,T) |fs} _ Bg[XiRi|F] _ X,
or | P, 1) " Eql¢: | 7] P(0,T)C, P(s,T)

Forward and Futures Contracts

We now define these two financial products.

A forward contract with maturity 7' and with as underlying, an asset whose
price at time t is V4, is a contract that entitles its holder to buy or to sell the
asset at time T, at a price that is set when the contract is signed (at time t).
This contract does not entail any cash flows when it reaches maturity.

The price of the contract refers to the price G; at which it was agreed (at
t, when the contract was signed) that the asset would traded at time 7.

A futures contract is a forward contract with continuous readjustment.
More precisely, a futures contract with expiry T, written on an asset whose
price is V; at time ¢, is a contract which sets a price (the price of the contract)
that provides the basis for “margin calls”. Each player gives a guarantee, in
the form of a deposit that is placed in a current account to his name. At each
day’s close of trade, each player’s position is readjusted. If there is a loss, the
player must finance it; if there is a gain, his account will be credited. The
underlying is delivered at time 7', at the price of time T', rather than at the
price agreed upon in the contract. Let us give an example taken from Aftalion
and Poncet [2].

5 Sect. 4 of the annex to Chap. 3.
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FEzample 5.2.4. On October 15 1990, an investor sold a contract on a notional
bond”, with maturity in December 1990, at a rate of 97.52. As the contract’s
nominal value was 500 000 FRF, and as a change in rate of 0.01% corresponded
to 50 FRF, the following table gives the margin changes generated by this
position, up until the day before the position was brought to a close (a minus
sign indicates a loss, that is a margin contribution, and a plus sign indicates
a gain, hence a margin restitution).

Date Closing rate  Margin

15/10  97.86 —1700 FRF
16/10  97.70 + 800 FRF
17/10  97.10 +3000 FRF
18/10  96.74 +1800 FRF
19/10  96.22 +2600 FRF
22/10  96.50 —1400 FRF
23/10  96.06 +2200 FRF

The player bought back the contract on October 24, at the rate of 96.00. The
margin changes left him a net sum of 7300 FRF, to which we must add the
results of his trades on October 24, that is 300 FRF — the difference between
the rate at which the contract was bought back (96.00) and the closing rate
on October 23 (96.06). Of course, the total effect of margin changes and
of the gain (or loss) that occurs on the day that the position is closed out
(in this case a total of 7600 FRF) corresponds to the difference between the
initial ask price® and the final bid price?, i.e., to 500 000(97.52 — 96.00) /100 =
7600 FRF.

Proposition 5.2.5. The price at time t of a forward contract with maturity
T, on an asset whose price process is given by V (s), is

G(t) = Eqr(V(T)|F) -
The price of a futures contract (the futures price) is
H(t) = Eq(V(T)|Ft) -
If r is deterministic, the forward and futures prices are equal.

Proof. To obtain the price of a forward contract, we use the fact that the
process X; defined by

" Notional bonds provide the basis for contracts on the MATIF, the French futures
exchange, which is the context of this example.

8 The price that a seller in the market asks for.

9 The price that a buyer in the market is prepared to bid.
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XtZO for t<T
XT:VT—Gt atT,

is a price process.

A futures contract can be characterized as an asset whose dividend process
is given by the process H, and whose price process is zero. We seek to calculate
the futures price associated with obtaining Vp, that is, the value at time ¢ of
a dividend process H such that Hy = V. Let R, = exp (= [, r(u)du).
The cumulative dividend process (see Sect. 3.4.4) HF = [ R\dH, is a Q-
martingale. If we assume 7 to be positive and bounded, then the process R is
bounded above and below, and from the equality dH R = R!dH,, we deduce
that H is a Q-martingale. Hence H; = Eq(Hr|F;), as required. O

The Spot Rate

Proposition 5.2.6. Let T be fized. The forward spot rate (f(t,T),t < T) is
a Qr-martingale

f(t7T) = EQT [TT |ft] , t<T, (55)
that equals the price of a forward contract written on the spot rate.

In particular, f(0,T) = Eq,(r(T)) is the price at time 0 of a forward
contract written on the spot rate with the same maturity T'.

The price of a zero coupon bond can be expressed as a function of the spot
rate by

P(t,T) =exp (— /tT Eq, [rs|Fi) ds) , t<T. (5.6)

Proof. By definition, the forward rate f(¢,7T) is equal to

_ P(t,T+h)—P(t,T)
—1
) hP(t,T)

The process P(t,T 4+ h) is a price process, therefore from Property 5.2.3,

Pt,T+h

(P(t,;)) is a Qr-martingale. As a result
1

F(T) = = lim 5 Eq, {(P(T,T+h) 1) |7} |

so that f(¢t,T) = Eq, [rr|F:]. Under Qr, f(t T) is the best L? estimator of
r(T), for F; given. By definition, In P(¢,T") ft f(t, s)ds, hence

T
P(t,T) = exp (ﬂ Eq, [rs |Fi] ds) .
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Exercise 5.2.7. Let P/(t,T,T*) := P(t,T*)/P(t,T) be the forward price at
time ¢, in units of time 7T, of a zero coupon bond with maturity 7% > T. Using
Jensen’s inequality, show that the forward spot rate Y ¥ (¢, 7, T*) defined by

PI(t,T,T*) = exp (—(T* = T)Y' (¢,T,T%))

is a Qp-submartingale.

Forward Price, Futures Price

We can specify the relationship between the forward price and the futures
price. By definition of Qr, for any product Z € L?(2, Fr,Q),

Eq. Z|F] = Eqg [ZCC((I;)) |.7-"t] .

Moreover, Proposition 5.2.6 and the properties of the exponential show
that

C— b o [ / "t —r(u))du}
1 +/tT (F(t,u) —r(u))exp{/tu(f(t,v) - r(v))dv} du

T cu
=1+ == (f(t,u) —r(u) du .
e

(the equality between the third and fourth terms is obtained using the formula

exp </tTg(u) du) - 1—|—/tTg(u) <exp/tug(v)dv> du |

which is established by differentiating with respect to T').

When the variables Z; are F,-measurable, we use the notation
COVQu (Z17 Z2 ‘fs) = EQu (Zl Z2 ‘fs) - EQu (Zl |f5)EQu (Z2 |f3)

— Eq, ((Zl ~ Bo. (% |F)) Z m) ,

for their conditional covariance with respect to F, under Q,,.
We write Z,, = Eq(Z|F,). Using

Eo (zg (Ft,w) — r(u)) m) = Eo.(Zu (f(t,u) = r(w) |7 |

and taking into account the fact that f(t,u) = Eq, (r(u)|F:), we obtain
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Fo,(Z|F) = Eo(Z|F1) - /t Cova, (Zu,r(u) |F) du (5.7)

In particular,

T
Eq.(Z)=Eq(Z) — /0 Covg, (Zy,r(uw))du .

Proposition 5.2.8. The price at time 0 of a forward contract with maturity
T, written on Z, is the price at time 0 of a futures contract with the same
characteristics, minus a covariance bias.

5.2.3 Valuation of an Option on a Coupon Bond
The price of a European option with payoff h(T) at time T is given by
C(t) = Ry Eq[h(T)Rr |F] .

Let us consider an option with maturity 7" on a product that makes de-
terministic payments F, at times T,,, T < T, < Tph41, and let V(t) =
N
Yooy FnP(t,T)).

Theorem 5.2.9. The price of a European option with strike K and maturity
T written on an asset that makes the payouts Fy, at times T, s

N
C(0) = > F.P(0,T,)Qn [V(T) > K] - KP(0,T)Qr [V(T) > K] ,
n=1

where @, is the T, -forward measure.

Proof. By definition,

N +
n=1
which can be written

N
C(0) = Z F,Eq [RrP(T,To)liv(ry>xy) — KEq [Rrlivirysky] -
n=1
By definition of @,,, we have
Eq [RrP(T,Tu)lv(r)>ky] = P(0,Tn)Eq, [Livir)>ky]

which produce the result required. O
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Exercise 5.2.10. Show that if r is constant, then the price of a European
option with maturity 7', strike K and with, as the underlying, the forward
contract F; on an asset with constant volatility o, is:

Cy = e T (Fd(d)) — K&(dy)) ,

In(F, K1)+ (T — ¢
with di = (Fy )T Qt( ) , do = dy — ov/T —t. This is known as
o _

Black’s formula.

5.3 The Heath—Jarrow—Morton Model

This model specifies the dynamics of zero coupon bonds under the assumption
of NAO. We then study the evolution of the yield curve.

5.3.1 The Model

We suppose that for any maturity, the dynamics of the zero coupon bond with
maturity 7" are given by

dP(t,T) = P(,T) ((r(t) — q(t)o(t, T))dt + o(t, T)dBt> ,

where B is a Brownian motion under the historical probability measure P, and
where o is a matrix of adapted, bounded coefficients, which are continuous in
t and continuously differentiable with respect to T.

The process ¢ is the risk premium (see Remark 5.2.1), and is assumed
to be bounded. The instantaneous return of the zero coupon bond is r(t) —

q(t)o(t,T).
As P(T,T) = 1, we assume that o(T,T) = 0.

Under the risk-neutral measure @), the price dynamics of the zero coupon
bond are:
dP(t,T) = P(t,T) (r(t)dt + o(t,T)dBy) (5.8)

where B is defined by dB, = dB, — ¢(t)dt, and is a Q-F;-Brownian motion.

Let I(t,T) := o(t,T)o*(t,T) (where * denotes the transpose), and let us
assume that Eg (exp%fOT I(S,T)ds) < oo and that Eg f%a(s,t) |2 < 0.
We then have:

P(t.T) = P(0,T) exp {/Ot (s, T)AB, — ;/Ot I(s, T)ds + /Ot r(s)ds} (5.9)

and

¢ =exp {/Ota(s,T)st - ;/OtI(S,T)ds} ) (5.10)
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Theorem 5.3.1. The forward spot rates are given by

f(th):f(OaT)*/o 2;(5 T)dB; +/ g;(s,T)U*(s,T)ds

and the spot rate satisfies

r(t):f((),t)f/o g;(s t) dB, +/ %(s,t)a*(s,t) ds .

Proof. Formula (5.9) can be written as

¢ ¢ ¢

InP(t,T) = 1nP(0,T)+/ r(s)ds—%/ I(s,T)ds+/ o(s,T)dBs ,
0 0 0

t<T. (511)

We differentiate this expression with respect to T, to get

0 0 1 (o Lo
a—TlnP(t T) = 8—TlnP(O T)— 2/0 3T I(s, T)der/ 9T o(s,T)dBs,

and hence the expression for the forward spot rate.

It now remains to use
r(t) = filnP(t T)
B or ’ T=t ,

to obtain the expression for the spot rate. The forward spot rate is a biased
estimator of the spot rate, where the bias is independent of the volatility.
In the historical world (under P), the risk premium must be taken into
account. O

Remark 5.3.2. Using (5.10), we can see that d¢; = o(t, T)Ct dBt Applying
Girsanov’s theorem, we find that the vector BtQT = B — fo s,T)ds is a

Qr-Brownian motion: once again we find that under Qr, f(t,T) = f (O T)—
+ 80’

Jo 8T
Exercise 5.3.3. Using the fact that

T)dB®7 is a martingale.
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show that

T
F(,T) = Eo (r(T) | 7)) +% /t Eq (g;(s,T) |]-"t) ds.

Using covariance calculations, establish the fact that
T
J(t,T) = Eo (r(T) | ) + Covo r(T),/ o(s.T)dB, |7 | .
t
and next, using (5.11), show that
T
F.T) = Eq (1) |7 + | Covg (+(5),r(T) |7, ds
t

T
— %/t Covg (I(s,T),r(T)|F:) ds.

5.3.2 The Linear Gaussian Case

The Gaussian model is a model in which the volatility of the zero coupon bond
is deterministic, and the spot rate is a Gaussian diffusion (Jamshidian [208],
El Karoui et al [141, 142]). In this framework, we obtain a Black—Scholes type
formula for the valuation of options on zero coupon bonds.

The Model

As before, we take as given for any maturity, the dynamics of zero coupon
bond prices under the historic measure:

dP(t,T) = P(t,T) ((r(t) — q(t)o(t, T))dt + ot T)dBt> ,

where B is a one-dimensional Brownian motion under P, and where o is a
bounded deterministic function of class C!' with respect to its second variable.
We continue to assume that o(T,T") = 0.

Under the risk-neutral measure, we have
dP(t,T) = P, T) (r(t)dt + o(t,T)dBy)

where B is a Brownian motion under Q.

The results that were proved in the previous section here take the form:

Theorem 5.3.4. The price at time t of a zero coupon bond is
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= ex tO'S — O\(S 1 t0'28 —0'28 S
- o| [[oe D) - ats.as.+ 5 @60 - s as]
t<T.

The forward spot rate is given by

"o k 0
f@&,T)=f(0,T) —/0 8—TU(5,T) dB; —|—/0 a(s,T)a—TU(&T) ds .

The spot rate satisfies

TU)::HOJ)Alé ;;UGJ)dBS+lA a@J)é%a@J)ds, Vi, (5.12)

Because o is deterministic, the spot rate, as well as the forward spot rate,
are Gaussian processes. (They can therefore take negative values, though after
parameter calibration, this only occurs with a small probability).

These formulae give the dynamics of zero coupon bond prices, and of the
spot and forward rates. These dynamics depend only on today’s yield curve
and on the volatility. The forward spot rate f(0,t) is a biased estimator of
the forward spot rate f(¢,T) and of the spot rate r(t). The bias term depends
only on the volatility.

By definition of Y, we obtain:

Yo(s,T) —ofs,t
Y (t,T) :yf(()’t’T)f/ Mst
; T4
1 (' o%(s,T) — 0?(s,1)
il ? "2 d t<T (5.13
+2A Tt s, t=T (513)

where
f = L f d
Y t,T .
(0,t,7T) t/t (0, s)ds

The yield curve at time ¢ can be obtained from the initial curve by means
of a random term and of the deterministic risk premium that depends only
on the volatility.

Change of Numéraire

Let us return to the issue of a changing numéraire. We would like to interpret
the biases in the previous formulae in terms of covariances. The variances and
covariances are not altered by a change of measure of the Girsanov kind; and,
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the volatility ¢ being deterministic, it has the same distribution under @ as
under Q7.

As commented on earlier,
Covq, (EQ(r(T)|Fs),r(s)) = Covq (r(T),r(s))
and, using (5.7),
T
f(t,T) = Eqq (r(T) |F1) = Eq (r(T) | F) —/t Covq (r(s),r(T) |F:) ds .
In particular,

0.8) = Bo(r(t) = | Covglr(s).r(e)) ds-

t

According to (5.12), r(t) = Eg(r(t)) — o(s,t) dBs, hence we get

ar’

r(t):f(O,t)—/O aaTa(s,t)st+/0 Cove (r(s),r(t)) ds .

Using (5.13) we also obtain:

t
— t
Y(t,T*):Yf(O,t,T*)—/ AR o(5:1) 4 por

F0,t,T) / ST (’t)dBfT
+

) VarQ }/t T* — (T — t) COVQ (Yt,T, }/t,T*) .

l\’)

The instantaneous rate contains a drift term that depends on the corre-
lation between rates at earlier dates. Under @), the instantaneous rate has
expectation

1
Eg,(Yir)=Y7(0,t,T) + 5(T —t)Varg Y7 .

It is the price at time 0 of a forward contract with maturity ¢ on the rate
between times ¢ and 7. At time ¢, the expectation under Q: of Y; 7 equals
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the forward rate plus a positive risk premium that is proportional to VarY; r.
Under Q,

1 t
Eq(Yir) =Y (0,t,T) + §<T —t)VarY, r + / Cov (Yir,7(s))ds .
0

Thus it is also the price of a futures contract on the rate for the period
(t,T). If the correlation between times 0 and t is positive, the price of the
futures contract is higher than the price of the forward contract. Under Qr,
by exploiting the relationship between forward and futures prices, we can
write:

t
Bos (Yiirs) = Bo, (Vi) = [ Cov (Viir-,r(s)) ds
0
= EQt (K,T*) — (T — t) COV (K,T* s }/%,T)
T—t
=Y/(0,t,7%) + —5— VargYir — (T = t) Cov(Yisr, Yor) -

P(t,T*
Exercise 5.3.5. Let Pf(t,T,T*) := P((t7T))7 t <T be the forward price

of a zero coupon bond with maturity 7*. Show that

P, T, T*) = PY(0,T,T%)
X exp UO [0(5,T*) — (s, T)] B, — %/0 [02(s,T") — 0%(s, T)] ds] .

Using Property 5.2.3, check that P7(t,T,T*) is a martingale under Q7.
Thence deduce that

PI(t,T,T*) = PY(0,T,T")

X exp [/Ot[a(s,:r*) —o(s,T)]dBYT — ;/Ot[o(S,T*) - a(s,T)Fds] .

A Special Case

Let us consider the case o(s,t) = o(t —s) where ¢ is a constant. We then have

ft,T) = f(0,T) + ot (T - ;) — 0B, .

As remarked upon earlier, the forward spot rates are Gaussian, and can be-
come negative with a positive probability.

r(t) = £(0,¢) + ? —oB; .
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The spot rate is equal to the forward rate between times 0 and ¢, plus a
random perturbation and an adjustment factor. It too can be negative with a

positive probability. From the expression P(t,T) = exp ( ft f(t,s ds),

also obtain
T Tt
P(t,T) = exp _/ F(0,5)ds — * S (T 1) + 0T~ 1)B. | .
t

This formula has a drawback: B; is not observable. We remedy the situation
by using the spot rate

P(t,T) =exp (—/t (f(0,s) — f(0,t))ds — Uztw —(T - t)r(t)) .

This last formula depends only on observables, and only one parameter re-
mains to be estimated.

1— —A(t—s)
Exercise 5.3.6. We suppose that o(s,t) = o + Show that r; =
Eq(rr)—oZ; where Z; = f e Mt=9)dB,. Next show that f(t,T) = Eq(f(t,T))—
1 —At
oeMT=D7, and that Y (t,T) = Eo(Y(t,T)) — o T‘;Zt.

Valuation of a Call on a Zero Coupon Bond

We would like to valuate a call with strike K and maturity 7', on a zero coupon
bond with maturity 7. The value of the call at maturity (that is at time 7T')
is
(P(T,T7) - K)+ ,
hence C(t) = Eq <(P(T, T*) — K)" exp ( ft ) | F ) If we choose the
zero coupon bond of maturity T as numeéraire, the associated probability
measure is Qr, and as we saw (in Exercise 5.3.5),
APl o = Pl {o(t,T*) — o(t,T)} dBE™ .

T,

By definition of Q7, we have

T
C(0) = Eq <(P(T, T*) — K)* exp <_/0 r(s) ds))
= P(0,T)Eq, ((P{TVT* - K>+) .

Let X(t) = o(t,T*) — o(t,T) and X? = fo X2(s)ds. Analogous calculations
to those of the Black—Scholes formula show that
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C(0) = P(0,T) (P({T,T*@(d) ~ Kd(d— 2))

where

PIO,T,T*) 1
=(ln—22= 2 4 252} /5.
d (n % —|—2 )/

5.4 When the Spot Rate is Given

Let us now assume that the spot rate is given.

We suppose that under the historic measure P, the spot rate r(t) follows the
1t6 process defined by

dr(t) = f(t,r¢)dt + p(t,r) dB; (5.14)

where B is a one-dimensional P-Brownian motion, and f and p are continuous
functions, which satisfy growth and Lipschitz conditions such that equation
(5.14) admits a unique solutiont?.

As with the Black—Scholes formula, we assume that the value P(¢,T) of
a zero coupon bond is a function of r(t), which we write P(¢,T'; r(¢)), where
P(t,T;7) belongs to CL12(R, x Ry x R).

It6’s formula leads to (7" is considered to be fixed, and we write P(¢,T)
instead of P(t,T;r(t))):

oprP

oP 1 ,0%P
dP(t,T) = <at+f6r+ P

2" 2
= P(t,T)(‘utdt + UtdBt)

) (t,T)dt + p %P(t, T)dB,
T

with
oP OP 1 ,0%P
u(t,T) = P(t17 T) (8t +f o T 502 87”2> (t.T) (5.151)
and
o, 1) = LLTO) P, (5.151)

P(t,T) or

The assumption of no arbitrage leads us to use the measure ) under which
discounted prices all have the same expected return. Here, using Girsanov’s

d .
theorem, we get £ = L, with dL; = ¢ L;dB; and where ¢(s) =
Fi
10 Tn practice, we choose simple expressions for f, p and ¢, depending on parameters.
These parameters are then estimated by calibrating or fitting the theoretical yield
curve to the observed yield curve.
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(s, T) —r(s)
o(s,T)
nor does ¢) that all the discounted prices P(s,t) are Q-martingales, i.e., that

P(s,t) = Eg (P(t,t) exp ( / tr(u)du) |]-'s> L os<t (5.16)

or, under the historic probability measure, that

P(s,t) = Ep (exp{/st o(w)dB, — 1/2/: G2du — /str(u)du} |]—"s> .

We exploit the Q-martingale property of P(s,t;7(s))exp [f fos r(u) du],
by saying that the infinitesimal generator associated with the diffusion is zero.
Hence

. Thus we obtain (by noting that as @ does not depend on T,

oP oP 1 ,0°P
E—i_(f—'—pQ)E—i—ip W—TP—O- (5.17)

This type of equation is known as an evolution equation. Thus we recover
dP(t,T) = P(t,T) ((r(t) — q(t)o(t,T)) dt + o(t, T)dBt)

oP OP . -~
= (Pt,T)r(t)— pg— ) dt+ p—dB, . 5.18
(P10 - m 7 ) a5 a (5.18)
This evolution equation applies to any security linked to interest rates, as
long as the security does not pay out coupons. For a numerical solution to the
equation, we need to assign it a terminal condition. For a zero coupon bound,
this terminal condition is P(T,T) = 1.

Exercise 5.4.1. Let us show how, following the approach of Vasicek [360],
(1977), we can recover the result above, reasoning by no arbitrage between
zero coupon bonds of different maturities. We suppose that the price of a zero
coupon bond has the dynamics

dP(t,T) = P(t,T)(pdt + 0,dB;) ,

and that P(t,t) = 1. At time ¢, the agent sells an amount 1 (¢) of zero coupon
bonds of maturity s;, and buys an amount my(t) of zero coupon bonds of
maturity so. We have

dmi(t) = mi(t) {M(t,si)dt+a(t,si)dl§t} .

The resulting portfolio has value 7 := w9 —m;. Show that if © were an arbitrage
portfolio, then we would have

Ta(t)u(t, s2) — m(t)u(t, s1) = m(t)r(t) ,
ma(t)o(t,s2) — mi(t)o(t,s1) =0,
pu(t, s) —r(t)
o(t,s)
must be constant and independent of s. We denote this term by ¢(¢,r); it is
the market price of risk. Check that we recover equation (5.17).

and that the existence of an arbitrage portfolio implies that
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5.5 The Vasicek Model

We now study a special case, by specifying the dynamics of the spot rate.

5.5.1 The Ornstein—Uhlenbeck Process

In this model, we suppose that under P the spot rate satisfies the stochastic
differential equation

dry = a(b—r(t))dt + pdB,; 7(0) =ro, (5.19)

where a, b and p are strictly positive constants. This process is known as the
Ornstein—Uhlenbeck process. The instantaneous mean is proportional to the
difference between the value of b and the value of r(¢). A pull-back force tends
to bring r(t) closer to the value of b.

Proposition 5.5.1. The explicit form of the solution to (5.19) is

t
) = (o= B + bt p [0V aB, (5.20)
0

Proof. Tt is enough to note that applying It6’s lemma to (5.19) yields
d(e®ry) = e (abdt + pdB,) ,
and to then integrate this last equation. 0
If o is a constant, then r(¢) is a Gaussian variable with mean (rq—b)e™ %' +b
2

and variance g—(l —e~29%) In particular, it is not a positive random variable.
a

More generally, if r(0) is a Gaussian random variable that is independent
of the Brownian motion B, then the family r(t) is a random Gaussian function
with expectation and variance (carry out the workings using (5.20))

Ep(r(t)) =b (1 —e ) + e_“tEp(r(O)) ,

1— e—2at

V t) = —2at 2
arp r(t) = poe " + p7 ———,

COVP(T(t),T(S)) :poe—a(t+s)+p2/ e—a(s—u)e—a(t—u)du
0

B e2as -1
= g *+) <PO + 0 2) .
a

for s < t and where py denotes the variance of r(0). We can also calculate the
conditional expectation and conditional variance of r(t):
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Proposition 5.5.2. If (r(t),t > 0) is a process as in (5.19), we have for s <t
Ep (r(t)|Fs) = b+ (r(s) —b)e =) (5.21)

and
2

Varp (T(t) |,7:5) = % (1 _ e—?a(t—s)) 7

where
Varp (r(t) |F.) = Ep (r(t) | ) — (Ep (r(t) | F2))?

Proof. These results can be obtained directly from the expression for r(t)

t
r(t) = (r(s) — b) e—alt=s) 4 p 4 p/ e—alt-wqpg,

The workings for the variance are carried out in the same way, using the fact
that

t
Varp(r(t) | Fs) = Varp p/ e =W 4B,

Thence, we deduce the expressions for the expectation and variance of
r(t), as well as

Ep</:( du|}') /Ep ,) du

= b(t =) + (r(s) - b)

Similar calculations, involving this time the covariances, show that

t 2 2 _ a—a(t—s)
_ P —a(t—s)\2 4 1 €
Varp(/s T(U)du|fs) = —yall-e (t=9) +az<(t—s)—a> :

1— e—a(t—s)

a

d
Pr0p051t10n 5.5.3. The variable fo s)ds is a Gaussmn variable with mean
e—at p2 1— e—at
bt —bi d j L (1—e —(t—— .
+ (ro —b) " and variance —; (1—e ) 4P 2 ( - )

Moreover,
Ep </St r(u) du |fs) =b(t—s)+ (r(s) —b) ﬂ , (5.221)

and

Varp (/:r(u) du ﬂ) -

2

2 2 1— —a(t—s)
. (1 - e—a“—s)) +2 ((t —5) - ea> . (5.22i)

2a3 a



5.5 The Vasicek Model 183
5.5.2 Determining P(t,T) when q is Constant

We give two methods for determining P(s,t) explicitly. The first uses the
valuation partial differential equation, and the second involves using (5.4)
and the distribution of r. We suppose that ¢ is constant.

The Valuation Equation

We look for a solution to (5.17) of the form P(t,T) = exp(ar(t) + 3), where
the coefficients («, 3) depend on § = T — t. They must then satisfy

—a/(0)rP — '(0)P + (a(b—r) + pq)a(0) P + %2042(9)13 —rP=0.

Hence a and 3 are solutions to

o (@) +aa(@)+1=0

—3'(0) + a(b + pg)a(6) + 5-a2(6) =0,

with initial conditions a(0) = 0 and 3(0) = 0 coming from P(T,T) = 1. This
yields

where the constant K is chosen in such a way that 5(0) = 0.
We find

1— e—a@

B(6) = =Y (00)f + —— (noo) & > PPy

a 242 4a3

02

where Y(oc0) = b+ PT 202 represents the return on a zero coupon bond

with infinite maturity, as appears in the following formulae. Thus we obtain:

P(t,T) = exp(=Y (00)(T — t) + (1 _ e—a(T—t)) M
- % (1- e‘”<T‘t))2 . (5.23)

Using (5.18) (or differentiating (5.23)), we get:

dP(t,T) = P(t,T) ((r(t) + %(1 — Ty gp — 5(1 ) dBt) .
(5.24)
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Theorem 5.5.4. In the Vasicek model, the dynamics of the forward rate are
given by

2
f&,T)=Y(c0) — o—a(T—1) (Y (00) — r(t)) + 29? (1 _ e—a(T—t)) e-a(T=1)

therefore

f(t.T) - E(r(T) | F)) = <Y(oo) - ;;ea@t)) (1- )

This model can be criticized on several grounds: the coefficients are con-
stant over time, and f(t,00), the long rate with infinite maturity, is constant,
which does not occur in practice.

We have that o(¢,T) = p (1 — e_“(T_t)): the further out the maturity,

a

the greater the volatility. We also have p(t,00) = 7(t) + P1 and o(t,00) = L.
a a

The rate Y (¢,T) = — In P(¢,T) is easily calculated:

T—-1

1— e—a(T—t) (1 _ e—a(T—t))2 p2
oT—1 T adm =y

Y(t,T) =Y (00) + (r(t) = Y (o0))

If we study the function T'— Y (¢, T) (the so-called yield curve), we see that

Y(t,t)=r() and Y(,T) — Y(o0).

T—o0
Moreover,
02
o ifr(t) <Y(oo0)-— el the curve is strictly increasing,
a
2
o ifY(c0)— 4/)—2 <r(t) <Y(c0)+ ;—27 it is increasing and then decreasing,
a a

2
e and if Y(oo0) + ;—2 < r(t), the curve is strictly decreasing.
a

If we define R(t,0) =Y (t,t + 0), we see that R(t,0) — Y (oco) (which is

60— o0

independent of t).

The different shapes of this yield curve correspond to many of the curves
observed in the markets. Nevertheless, some of the observed curves cannot be
obtained in this model. Moreover, the problem of calibrating the parameters
has not been satisfactorily solved, and r(¢) and R(co) are not truly observ-
ables. In addition, the rates can become negative.
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Calculation of the Conditional Expectation
Under @, the process for r follows
dr(t) = a (by — r(t)) dt + pd B,
Pq

where b; = b+ — and where B is a (-Brownian motion. The price of a zero

a
coupon bond with maturity 7T is

T
P(t,T) = Eq exp—/ r(s)ds |F;
t

As r is Gaussian, it follows (see Annex 3) that P(¢,T) is a function of
r(t) of the form exp(ar(t) + ) = exp [Eq(X |F:) — 1/2 Var, X, where X =
- ftT r(u) du. Using the results of Proposition 5.5.3, we recover formula (5.23).

5.6 The Cox—Ingersoll-Ross Model

5.6.1 The Cox—Ingersoll-Ross Process

Cox-Ingersol-Ross [70] introduced a model where, in the risk-neutral world'?,
the spot rate is driven by the equation

dry = a(b —ry) dt + py/r dBy, r(0) =g (5.25)

with a, b and p positive.

We can show that this equation admits a unique solution'? that is positive,
but we do not have an explicit form for it. The solution does not reach 0 if
2ab > p?.

Theorem 5.6.1. Let r(t) be the process satisfying
dry = a(b—ry)dt + py/r:d By .

Its conditional expectation and conditional variance are given by

EQ(T(t) |.7'—s) = T(s)e*a(tfs) +b (1 _ efa(tfs)) ’

p2 (e—a(t—s) _ e—Qa(t—s)) . bp2 (1 _ e—a(t_s))2

Varg(r(t) |Fs) = r(s) o g

1 If we were to work under the historic measure, we would assume that the spot
rate satisfies (5.25) under P and that ¢(t) = a/r(t), where « is a constant.
2 See Tkeda and Watanabe [204] p. 222 or Karlin [234].
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Proof. By definition, for s < ¢, we have
t t
r(t) = r(s)+ a/ (b —r(u))du + p/ Vr(u)dB, , (5.26)

and, applying [t0’s formula,

r2(t) = r2(s) + 2a/ (b —r(uw)r(u)du + 2p/ (r(u))*/?dB, + p2/ r(u)du

=7%(s) + (2ab + p?) / r(u)du — Qa/ 72 (u)du + 2p/ (r(u))*/?dB, .
(5.27)

Assuming that the stochastic integrals that appear in the equalities above
have zero expectation, we obtain for s = 0

Eo(re) = o +a (bt—/ot EQ(ru)du> ,

and
Eq(r*(t)) = r*(0) + (2ab + pz)/o Eq(r(uw))du — Qa/o Eg(r*(u))du .

Solving the equation @(t) = ro+a (bt — fot @(u)du) , which can be transformed
into the differential equation &'(t) = a(b — @(t)), we obtain
E[r(t)] = b+ (r(0) — b)e " .

Similarly, we calculate

N | o

2
Varfr(t)] = 7 (1—e7") {r(o)em (1_eat>} ,

and the conditional expectation and variance of 7:

EQ(r(t) |f§) = T(S)efa(tfs) + b (1 _ efa(tfs)) ’

p2 (efa(tfs) _ ean(tfs)) . bp2 (1 _ e—a(tfs))2

Varg(r(t) |Fs) = r(s) o g
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5.6.2 Valuation of a Zero Coupon Bond

Proposition 5.6.2. The price of a zero coupon bond with maturity T is of
the form

P(t,T) = &(T —t)e "®¥(T-1) (5.28)
with
2ab
o 2velatr)s/2 02
(s) = (a+~v)(e7s —1) + 2y
2(e7 -1
U(s) = (e ) v = (a®+ 2p2)1/2 )

(@@ -1+

Proof. Once again, we present two methods.

The Valuation Equation

The valuation equation is given by

opP or 1, 0°P

with P(T,T) = 1. If we look for solutions to (5.29) in the form (5.28), we

1
find that ¢ and ¥ are solutions to §p2![/2 +a¥ +¥ =1, ¥(0) =0 and

¢ = —ab¥P, &(0)=0.1Itis straightforward to check that there is a solution
to the valuation equation, under the required form.

Calculation of the Conditional Expectation

Another method involves using probabilistic results to calculate

exp (— /tT T(S)ds) ‘ft] .

To do this, we need the conditional distribution of the variable

exp (— /tT r(s)ds) .

P(t,T) = Eg

We can check!® that
13 See Revuz—Yor [307)].
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exp (— /t ! T(s)ds> ‘.’Ft]

Eq

ZF(T—t,Tt)

exp (- /t Tr(s)ds) E

with F(s,z) = Eq [exp (— f; Ty (u)du)] , Tz being the process that is a solution
to (5.25), with initial value z.

We show how to obtain the Laplace transform of [ ro(u)du.

Let G(s,z) = Eq [exp (—p fos 75 (u)du)]| be that Laplace transform. Using
results on partial differential equation (see Sect. 3 of Annex 3), we look for G
as a solution to

oG p* 9*G oG

— =z b—1z)— — pzG

or = 2 aar 0Ty T

subject to the initial condition G(0,2) = 1. This is in fact equation (5.29). O

Exercise 5.6.3. This is a generalization of the previous models (Hull and
White [202], 1990).

We suppose that under P,
dr(t) = (8(t) + a(t)(b —r(t)) dt + o(t) dB; .
Show that P must satisfy

oP oP 1

e + (2(t) — a(t)r) I +50
where &(t) = a(t)b+ 0(t) — q(t)o(t).
Exercise 5.6.4. The two-factor model of Schaeffer and Schwartz [327], (1984).

The explanatory variables are the long rate £(t) and the difference between
the long rate and the spot rate, e(t) = r(t) — £(t). We assume that under P,

dey = m(p — e;)dt + v dBy (t)
dl; = a(b— €,)dt + e/l dBy(t)

where B; and B, are independent Brownian motions. We assume that the
risk premia are given by ¢; for e and by go/¢ for £. The zero coupon bond
has the value

P(t,T;e, l) = Eg <exp (— /T r(u) du) ’et =e, l; = E) )

Show that P satisfies

1 1
572Pe”e + 502£Pé2 +m(u+qay—e)P.+a(b+qelc—O)Pj+ P —(e+ )P =0.
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Notes

The results of the first section (the discrete-time model) have been generalized
by Jensen and Nielsen [217], (1998), who assume that the perturbation func-
tion depends on the number of up-moves, and by Sandmann and Sondermann
[321], (1992). By considering the spot rate as a state variable, El Karoui and
Saada [148], (1992), have shown that the forward spot rate depends on the
spot rate in a linear fashion. The continuous time model can be introduced
as a limit of the (discrete) Ho and Lee model. This approach was developed
Heath—Jarrow—Morton [187], (1990). A detailed carried out by El Karoui and
Saada [148], (1992), looks closely at the assumption of path-independence.
Their calculations provided the inspiration for our exposition of the results
concerning expressions for the yield curve.

The section in continuous time owes a great deal to Nicole El Karoui
([141, 142], (1992), and [136], (1993)). We give her our heartfelt thanks for
allowing us to follow her lecture notes and papers in this way.

Presentations of the futures contract can by found in Duffie [113], (1989)
and Hull [200], (2000).

Over the last few years, a new approach to studying the term structure of
interest rates has been used. By means of the martingale measure, this method
gives no arbitrage prices that depend only on the market price of risk. The
starting point is a model of the dynamics of the zero coupon bonds, rather than
of the interest rates. Today’s yield curve is taken to be exogenous to the model
and a model for the evolution of the yield curve is then developed. Martingale
methods produce, in most cases, necessary and sufficient conditions for no
arbitrage. The absence of arbitrage between the prices of zero coupon bonds
of different maturities translates into the existence of a probability measure @,
under which discounted prices are martingales (Heath—Jarrow—Morton [188],
(1990), Jamshidian [207, 208] (1989, 1991), El Karoui et al. [141, 142] (1992)).
We model the price dynamics under @, and study the dynamics of the yield
curve.

The first articles to use the concept of the martingale measure in inter-
est rate modeling, are Artzner and Delbaen [15], (1989), and Heath—Jarrow—
Morton [187, 188], (1990). The approach makes it possible to valuate interest
rate products: thus El Karoui and Rochet, [146], (1990) priced options on
zero coupon bonds. The linear Gaussian case has been studied in detail by
Jamshidian [208], (1991), and by El Karoui et al. [148] (1992). The sections
concerning the Markovian model and the linear Gaussian case are directly
inspired by El Karoui et al. [141, 142] (1992). These papers also contain nu-
merous applications, along with a study of the quadratic Gaussian case. The
forward measure has used by Geman [169], (1989), El Karoui-Rochet [146]
(1990) and Geman-El Karoui-Rochet [170], (1995) to study the valuation of
a variety of options.
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Brennan and Schwartz [44], (1979), Jamshidian [206, 207], (1989),
Longstaff and Schwartz [258], (1992), El Karoui and Lacoste [140], (1992),
Duffie and Kan [120], (1993), Frachot and Lesne [165], (1993) also develop
multi-factor models.

We have not addressed the issue of parameter calibration, or of the statis-
tics of processes linked to the yield curve. The theory enables us to calculate
the yield curve explicitly, once we have chosen a model, and identified the risk
premium and the parameters. However, in practice, estimating the parame-
ters from historical data for the short rate, and then building a yield curve in
a Vasicek or Cox—Ingersol-Ross model, does not produce satisfactory results.
Moreover, the risk premium is a function of the spot rate and of time (rather
than of maturity), yet most models assume it to be constant, which is not
satisfactory. Another method involves adjusting the risk premium parameter
in such a way that the associated yield curve is as close as possible to the
observed rates. We then find parameters that are stable over time, which is
in contradiction to the underlying model. The reader is referred to Brigo and
Mercurio [45], (2001).

Martellini and Priaulet’s book [265], (2000), is an excellent introduction to
interest rates. Lecture notes by Bjork (published in [32], (1997)), Bjork’s paper
[35], (2001), Musiela and Rutkowski’s book [285], (1997), and Rebonato [306],
(1996), present more elaborate models, and constitute of quasi-exhaustive
study of yield curve modeling.
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Equilibrium of Financial Markets in Discrete
Time

What are the effects of introducing financial markets into an economy? How
are stock prices determined? These are some of the questions that the current
theory of equilibrium in financial markets seeks to address.

As we showed in the previous chapters, necessary conditions that prices
(or gains) must satisfy follow from the NAO assumption: for example, there
must exist a probability measure under which prices (or gains), discounted
by the riskless rate, are martingales. However the compatibility of investors’
choices has not been taken into account. The theory of equilibrium in financial
markets set out here, on the other hand, takes investor preferences as a basis
for explaining how stock prices are determined. The theory originated with
Arrow [12] in 1953, and takes as its starting point the “theory of general
equilibrium”.

Recall that the theory of general equilibrium, which was initiated by Wal-
ras, explains the prices of economic goods using the equality of supply and
demand. The first proofs of the existence (and uniqueness) of a Walras equi-
librium are owed to Wald [361], (1936), however it was only at the beginning
of the fifties that the theory was formalized in all generality, and that a body
of existence proofs was given by Arrow—Debreu [13], (1954), McKenzie [270],
(1959), Gale [168], (1955), Kuhn [246, 247], (1956), Nikaido [293], (1956) and
Uzawa [356], (1956).

During the same period, Arrow [12], (1953) in “Le r6le des valeurs
boursieres pour la repartition la meilleure des risques”, and then Debreu,
[90], (1953) in “Economie de I'incertain”, showed that the theory of general
equilibrium, originally a static and deterministic theory, could be extended
to the case where the future is uncertain, by introducing the concept of con-
tingent goods. In the same article, Arrow [12] noted that as the introduction
of these new concepts assumed a great number of markets to be open, so it
required agents to have a huge computational capacity. Thus he suggested
creating financial markets in order to lessen the number of open markets. The
modern theory of equilibrium in financial markets is built on Arrow’s idea.
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Radner’s 1972 paper [305] “Existence of Equilibrium of Plans, Prices and
Price Expectations in a Sequence of Markets” plays a central part in the the-
ory, for several reasons. On the one hand, Radner transposes Arrow’s model
into a dynamic framework, and introduces a more general class of assets than
was considered by Arrow. Because he shows that, even when there are only a
few assets, an exchange economy with financial markets can have an equilib-
rium, his article is the starting point for the “theory of incomplete markets”.
On the other hand, Radner introduces the concept of “rational expectations”
into the Arrow model. The concept, which was first introduced by Muth [286]
in 1961, has gained considerable importance in economic theory over the last
thirty years, thus giving Radner a precursory role.

In the following, we will be using the notation below. Let x and y be two
vectors in R?.

x>y if and only if x; > y; foralli=1,... h.

x >y if and only if x > y and = # y.

x> yifand only if z; > y; foralli =1,... h.

x -y denotes the scalar product of the two vectors.

Rﬁr denotes the set of vectors z in R” such that > 0, and R@H denotes
the set of vectors z of R” such that = > 0.

6.1 Equilibrium in a Static Exchange Economy

We first recall the concept of a pure exchange economy within Arrow—Debreu
theory. A [-good and m-consumer exchange economy is described by the data
1. the agents’ sets of consumptions, which are here assumed to equal ]Rﬂ_,

2. the agents’ sets of endowments ¢; € Rﬂr+ (i=1,...,m),
3. the agents’ sets of preferences, which are represented by utility functions

U RL — R, (i=1,...,m). Here we assume that

Ul the functions u; are continuous, strictly concave, and increasing,
forall (i =1,...,m).

Under “perfect competition”, consumers cannot influence prices. Given a
set of prices p = (p',...,p!) € RLJF, the set of all the goods that agent ¢ can
buy at price p, given his endowment

Bi(p) = {ceRL [p-c<p-e},
is called the budget set of agent 1.

When p > 0, it can easily be shown that B;(p) is a convex compact set.
We suppose that agent ¢ maximizes his utility function over his budget set.
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As his utility function is assumed to be continuous and strictly concave, the
agent chooses a unique vector of goods, denoted by d;(p) € Rﬁ_, which is called
the agent’s demand at price p. As his preferences are increasing, the budget
constraint is binding at d;(p), and we have

p-di(p) = p-e for all 7.

Definition 6.1.1. A collection (p, d;(p),i=1,...,m) is an equilibrium if

i) p>0
i) Z di(p) = Z e = e. (6.1)

The name “aggregate excess demand function” is given to the function
z=31",(d; — e;). The price system p is an equilibrium price if and only if:

p>0 and z2(p)=0. (6.1)

Thus, an equilibrium price has the remarkable property of containing all
the information in the economy that the individual agents require. Indeed, if
each individual reacts to the price system according to his own endowments
and preferences, without knowing those of others, then their individual de-
mands are globally coherent.

From the mathematical point of view, proofs of the existence of an equi-
librium come down to searching for the zeros of the aggregate excess demand
function. Barring exceptional cases, existence proofs use a fixed point argu-
ment. The proofs fall into three categories. In the first, we find proofs that use
either a fixed point theorem, such as those of Brouwer or Kakutani, or anal-
ogous arguments. In this category we find for example proofs carried out in
the fifties, and proofs of the existence of an equilibrium in infinite dimensions.
Proofs of this kind do not required any assumptions of differentiability. The
second category uses combinatorial algorithms for calculating fixed points,
based on Sperner’s lemma (cf. Scarf [323, 324]), and dates back to the early
seventies. The third category uses differential topology (the work of Debreu
[92, 93], Dierker[103, 104], Balasko [20], Mas-Colell [267] and the references
therein, and Smale); and is the most recent. The approach was developed in
order to study the qualitative properties of equilibrium. In particular, this
type of proof has been applied in the theory of incomplete markets. Problems
related to the existence of an equilibrium have led to a great deal of progress
in the mathematical theory of fixed points.

We present here two proofs of the existence of an equilibrium, both using
Brouwer’s or Kakutani’s theorems.

The first proof is purely topological, and is the more classic approach. It is
carried out in the space of goods Rﬂr. The second proof, the Negishi method,



194 6 Equilibrium of Financial Markets in Discrete Time

is carried out in the space R, where m is the number of agents. The proof
is particularly interesting when the space of goods is infinite dimensional and
the number of agents is finite, as we will see in Chap. 7, in continuous-time
models.

6.2 The Demand Approach

For this method, we work directly with the excess demand function z. We can
show! that the function z : Rﬁr L R! has the following properties:

Proposition 6.2.1.

1. z is homogeneous of degree zero, i.e., z(ap) = z(p) for all p > 0 and
a>0.

. Z 18 continuous on R1++.

. z satisfies Walras’ law, i.e., p-z(p) =0 for all p > 0.

Af pn P and p’ =0, then ||z(p,)|| 2 o

S VOIS

. z 1s bounded below: z(p) > —e for all p.

As the excess demand function is positively homogeneous, we assume that

!
pe A7t = {pERﬁr, Zpkzl}.
k=1

Recall that a correspondence F' (also called a many-valued function) from
X into Y, is a mapping from X into P(Y) the set of subsets of Y. In other
words, a correspondence differs from a mapping in that F(z) can contain more
than a single point. The graph of F': X — Y is the set

graph F' = {(z,y) e X xY , ye F(x)}.

First, let us recall the following theorem:

Theorem 6.2.2 (Brouwer’s Theorem). Any continuous mapping from the
simplex A=V into itself admits a fized point.

The theorem admits the following extension to correspondences:

Theorem 6.2.3 (Kakutani’s Theorem?). Let S be a non-empty compact
convez subset of R!, let ¢ be a convex non-empty valued correspondence from
S into S, and whose graph is closed. Then ¢ has a fized point. That is, there
exists x € S such that x € p(x).

! Mas-Colell et al. [268] pp. 581-582.
2 Aliprantis and Border [4].
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This leads us to deduce the following result.

Lemma 6.2.4 ( Gale-Nikaido—Debreu Lemma). Let S be a convex closed
subset of the unit simplex A'=1. Let f be a continuous function from S into
R! such that p- f(p) = 0 for all p. Then there exists p* € S such that

p-f(p*) <0 forall pes. (6.2)

Proof. Let us consider the correspondence p : f(S) — S defined by

u(z)={pe S|p z=max{g-z|qe S}}.

The correspondence p is convex compact valued, and we can easily show that
the graph of 4 is closed. Let us consider the correspondence from S x f(.S) into
itself, defined by: (p, z) — (u(z), f(p)). Its values are convex and non-empty,
and its graph is closed. It follows from Kakutani’s theorem, that there exists
(p*, z*) such that p* € p(z*) and z* = f(p*). Hence

p-fp*) =p-2" < p-2f =p - f(pF)=0 forall pe S.

We can now finish our proof of the existence of an equilibrium.
Theorem 6.2.5. Under the assumption U1, there exists an equilibrium.

Proof. If we could apply the Gale-Nikaido-Debreu lemma to the simplex A!~1
and to the function z, the proof of the existence of an equilibrium would be
immediate. Indeed, if p - z(p*) < 0 for all p € A"~ then z(p*) < 0, but as
p* - z(p*) = 0 (Walras’ law) then necessarily z(p*) = 0. Unfortunately the
Gale—Nikaido—Debreu lemma does not apply to the aggregate excess demand
function z, as it is not continuous on the boundary of the simplex. This leads
us to truncate the simplex, and to work by taking limits.
For n € N, let

. 1
At = {peA“ pﬂ>n,j€{1,...,l}}.

As the restriction of z to AL~ is continuous, it then follows from the GND
lemma that there exists p}, € Al=! such that

p-2(pi) <0 , peAlt, (6.3)

Since the sequence (p¥) is in A'~! it has a limit point p*. Let us show
that p* > 0. According to Proposition 6.2.1 (4), it is enough to show that the
sequence z(py) is bounded. From Proposition 6.2.1 (5), it is bounded below

o1
by —e. Moreover, if z(p}) = (2*(p))._,, by applying (6.3) to p/ = ~, for all

l
j and for n large enough, we obtain:
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l
) < =D W) < )€

k=2 k=2

The sequence z!(p}) is therefore bounded above, and a similar reasoning
can be used to show that the sequences z*(p}) for k = 2, ...l are also bounded
above.

Therefore p* > 0, and from Proposition 6.2.1 (2), z(p*) is a limit point of
the sequence z(py).

As the sequence of truncated simplices Al~! is increasing, we have
p-z(p*) <0 for all p € Al=1 and by taking limits as n — oo, we have
p-z(p*) <0, p € A= Hence z(p*) < 0. Since p* - z(p*) = 0, we have
z(p*) = 0, and hence the existence of an equilibrium. O

6.3 The Negishi Method

Although purely topological proofs do exist, here we give an exposition of the
Negishi method under fairly restrictive assumptions of differentiability on the
utility functions u;, so as to emphasize formulae that also appear in continuous
time.

In addition to the previous assumptions, we suppose

. . l
U2 For all i, u; is C* on R, .

Ou; o s
U3 For all 4, u; satisfies the “Inada conditions”: a—u](x) — oo ifa? — 0,
x

where the other components of x are fixed.

6.3.1 Pareto Optima

Definition 6.3.1. An allocation (¢;)", € (RY)™ is a Pareto optimum if there
do not exist (¢})7, € (RL)™ with Y1, ¢} < e such that u;(c;) > u;(c;) for
all i, and u;(c}) > uj(c;) for at least one j.

Definition 6.3.2. A pair (p, (¢;)72, € (RL)™) is an equilibrium with transfer
payments, if for all i,

¢; mazximizes u;(c;) under the constraint
D¢ <P

and if Y10, ¢ = e.
Thus, we can see that (p, (€)%, € (R})™) would be an equilibrium if

agent ¢ had ¢; as his initial endowment. We would need to “transfer” p-(e; —¢;)
to him in order to attain an equilibrium.



6.3 The Negishi Method 197

The Negishi method rests on the first and second welfare theorems, which
state that any equilibrium is a Pareto optimum, and that any Pareto optimum
is an equilibrium with transfer payments. An equilibrium is therefore a Pareto
optimum whose transfer payments are zero. Thus we start by characterizing
Pareto optima.

6.3.2 Two Characterizations of Pareto Optima

Let o € A™~ 1. We will call a a utility weight vector, as we will construct
an aggregate utility function by attributing the weight «; to agent 7. Let us
consider the problem P, for a given e:

maximize {oqui(cr) + -+ Qmm(cm)}
P, under the constraints
;>0 foralliand >\ ¢; <e.
We obtain the following result:

Proposition 6.3.3. (¢;)7, is a Pareto optimum if and only if there exists
a utility weight vector « € A™~1 such that (¢;)™, is the optimal solution to
problem P,,.

Proof. 1t is easy to show that the solution to P, is Pareto optimal. Conversely,
let us show that we can associate with any Pareto optimum (¢;),, a utility
weight vector a € A™~! such that (¢;)™, is the optimal solution to the
associated problem P,.

Let us consider the following sets:
A = {(cl)l"il | ¢; >0foralli, Zci < e} ,
i=1
U = {(uilci)iZy | (ci)iZy € A},
and
V = {z €R™ | 2" > u;(g;) for all i ,

27 > w;(g;) for at least one j } .

It is straightforward to show that U is convex and compact, and that V is
non-empty and convex, and by definition of the Pareto optimum, UNV = (). It
follows from Minkowski’s Theorem?, that there exists a family of coefficients
(a1,...,qu,) that are all non-zero, and satisfy

3 See Chap. 1, Sect. 1.2.
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m m
Zaiwi < Zaizl welU, zeV. (6.4)
i=1 i=1

Let us apply (6.4) to the pair w = [u;(¢;)] and z = [u1(¢1) + ¢, u2(C2)
vovy U (G)] for t > 0. By cancelling out terms, we obtain ta; > 0 for all
t > 0, and hence a; > 0, and by symmetry, a; > 0 for all i. As (6.4) is
homogeneous in «, and as the a; are not all zero, we can assume that a =
(a1,...,am) € A" Finally, as [u;(¢;)]™, € V (closure of V), (6.4) implies
that

i=1 i=1

for all (¢;), such that ¢; > 0 for every i and >~ ¢; < e. Hence (¢;)I", is a
solution to problem P,. O

Let us use Proposition 6.3.3 to obtain another characterization of Pareto
optima.

Let us fix a € A™~ !, and consider problem P,. It can easily be seen
that if a;; = 0, then ¢;(«r) = 0. Under Inada’s condition, we can show that if
a; > 0, then ¢;(a) > 0. (The property does not hold without the condition.)
Therefore there exists a vector of Lagrange multipliers A = (A1,..., X)), A >0
such that, for all 4 such that «; > 0:

Q; grad ul(El) =\ (66)

This relationship implies that the utility weight vector that we attribute
to a Pareto optimum, is unique. Indeed, assume that ¢,1; = --- = ¢, = 0.
Then apiq =+ = a,, = 0, and if [ grad u;(¢;)]' denotes the first component
of grad w;(c;), we have

ar grad uy (61)]' = ag[ grad us (G2)]" = ... = ap] grad u, (¢,)]*

As Y7 | a; =1, the o; are uniquely determined. O
Let us define the aggregate utility:

u(a,e) = max {aqui(cr) + - + amum(cnm)}
under the constraints (6.7)
¢; >0, foralli and ), ¢ <e.

We now prove the second welfare theorem.

Proposition 6.3.4. An allocation (¢;)72, is a Pareto optimum if and only
if, when o is the associated utility weight vector, (p(c), (¢;)I%y) with p(a) =
grad u(a,e) is an equilibrium with transfer payments.
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Proof. Let us first show that if (p(«), (¢;)1™,) is an equilibrium with transfer
payments, then (¢;)7, is a Pareto optimum. If not, there would exist an
allocation (c})™; € (R} )™ with >, ¢} < e such that u;(c}) > u;(E;) for all 4,
and with a strict inequality for some j. We would then have p(a)-¢; > p(a)-¢;
for all 4, and p(a) - ¢; > p(a)-¢; for at least one j. Hence we would have
p(a) - >, i > p(a) - e, which contradicts the inequality > i, ¢} < e.

Now let (¢;)7, be a Pareto optimum, and let o be the associated utility
weight vector. Assume further that a1 > 0, as > 0, ...,a, > 0 and that
Qpt1 = -+- = uy = 0. Consider the following system of (p + 1)l equations

with (p + 1)] unknowns (¢;, A) € (Ri)p X Rﬂr+:
ay grad ui(cy) = A

ap grad u,(e,) = A

P
=1 Ci = €.

Let G be the matrix below (I denotes the unit matrix of L(R!, R))

C Pu _
(o751 Tx%(cl) 0 0 I
82UQ _
0 (65) Tx%(cg) I
O?u,
0 P ang (Cp)
i I I I 0]
G can then be written
a - A B
~ |BT 0

where A € L(RP!, RP!) is negative definite and B € L(R!, RP!) has rank .

Let us show that Ker G = {0}. Let (X,Y) € RP! x R! be such that
G();) = 0. Then we get AX + BY = 0 and BTX = 0, and hence —X =
A7IBY and YTBTA-'BY = 0. Thus BY = 0. As B is injective, Y = 0 and
hence X = 0.

It follows from the local inversion theorem that ((¢;)I,, A) is a differen-
tiable function of e. The function u(a, -) is then also a differentiable function
of e. Using differential notation, we obtain from (6.6),

du = Z o grad ul(@) déi = A Z déi = Mde

i :a; >0 i:0; >0

and hence
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A = grad u(a,e) . (6.9)
We set:

p(a) = grad u(a,e) = «; grad u,;(¢;) for all ¢ such that o; > 0. (6.10)

As a result of (6.10), for all ¢ such that a; > 0, ¢; is a solution to the
optimization problem P;:

max u;(¢;)
P; under the constraints
pla)-¢ < pla)- ¢ .

If a; = 0, then trivially ¢; = 0 is the optimal solution to P;. Hence
(p(a), € ;i=1,...,m) is an equilibrium with transfer payments. O

6.3.3 Existence of an Equilibrium

We deduce the following results:

Theorem 6.3.5. Under the assumptions Ul, U2 and U3, there exists an
equilibrium.

Proof. Let a € A™~1 and let [¢;(«)]™; be the optimal solution to the associ-
ated problem P,. Let (p(«) - (¢;(a) — €;)), be the associated transfers. Let
us prove the existence of an a*, called the “equilibrium weight” such that the
transfers are zero for all of the agents.

Let & : A1 — R! be the transfer function defined as follows:
&;(a) = pla) - (¢i(a) —e;), for all 4 . (6.11)

By definition, a* is an equilibrium weight if and only if it is a zero of ®.

To show that @ admits a zero, we first show that & is continuous. To
do this, notice that it follows from the theorem of the maximum (see an-
nex) that [¢;(a)]?,, the solution to P,, is a continuous function of a. As
p(a) = oy grad wu,[¢;(er)] for all ¢ such that «; > 0, the mapping o — p(«)
is also continuous, and hence @ is continuous. Moreover, ¢ has the following
properties:

Z@i(a) = pla) - (—e + Zci(a)> =0. (6.12)
If a; =0, then¢;(«) =0 and hence @;(a) = —p(a)-e; < 0. (6.13)

Next we use the theorem below, which is a generalization of Brouwer’s
theorem. Let H = {c e R™, > ¢; = 0}.
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Theorem 6.3.6. Let & : A™~! — H be continuous and satisfy the boundary
condition
Zf a; =0 @1(C¥)<0

Then there exists ag > 0 such that &(ag) = 0.

Proof. Let &; = max(—®;,0). Under this notation, @; (&) = 0 is equivalent
to Qv)i (OL) > 0.
Let us consider the continuous mapping from A™~! into itself, defined by:

@i + P ()
1+ 2111 ?; (a) .

It follows from Brouwer’s theorem that G has a fixed point «ag. There are
two possible cases. Either @;(cg) = 0 for all ¢ and our proof is finished, or
there exists i such that @;(ag) > 0 (since > i~ P;(ag) = 0 we cannot have
@, () <0 for all 7). From the boundary condition, ag; # 0.

Qoi
1+ 370, &7 ()

This implies that @; (ap) = 0, so that &;(ag) > 0foralli. As > 1", &;(ag) =
0, we have ®;(cg) = 0 for all i. The boundary condition implies that ag > 0.
g

Gi(Oé) =

Therefore we have ag; = . Hence 1" | &7 (ag) = 0.

Remark 6.3.7. The existence of a zero for @ is equivalent to the existence of
a fixed point for the mapping @ + Id.
Moreover, as >, @ = 0, the mapping @ + Id has values in

{# € R™ | 37" x; = 1}, which is the plane containing the unit simplex
A™1 TInstead of looking for a fixed point of a continuous mapping from the
simplex into itself, as in Brouwer’s theorem, we look for the fixed point of a
continuous mapping from the simplex into the plane containing the simplex.
We have a boundary condition

This condition is called “outward,” as at the boundary of the simplex, the
vector field @ +Id points towards the outside of the simplex. For this reason,
the result is considered to be a generalized form of Brouwer’s theorem.

Remark 6.3.8. Assume @ : A™~! — H to be continuous, and to satisfy the
“inward” condition at the edge: when a; = 0, @;(«) > 0. Then ¢ admits a
strictly positive zero. Obviously, it is enough to change ¢ into —@.

6.4 The Theory of Contingent Markets

As mentioned in the introduction, Arrow [12], (1953) in “Le role des valeurs
boursiéres pour la répartition la meilleure des risques” and then Debreu [90],
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(1953) in “Economie de lincertain” showed how the static and deterministic
theory of equilibrium could be generalized to the multi-period case and to
the case with uncertainty, on condition that a good is defined not only by its
physical characteristics, but also by the state of the world, the date of its use,
and on the condition that there are open markets for all these goods. Let us
specify these ideas in a simple case.

We consider an exchange economy with two dates, m agents and [ goods.
A time 1, the future is uncertain, and there are k possible states of the world.
There are open markets for all the goods in all states of nature. That is to
say that an agent can buy a contract for the delivery of a given merchandise
in a given state of the nature. The contract is paid for, even though the
delivery does not take place unless the specified event occurs. Agent i can
therefore make consumption plans ¢;(j) € R, for state j. The vector ¢; =
(ci(1),¢:(2),...,ci(k)) € (RL)F is called the contingent consumption plan. Let
us assume that agent ¢ has preferences over the set of contingent consumption
plans, and that they are represented by a utility function wu; : (Ri)k — R.
Finally, let e; = (e;(1),...,e;(k)) be the endowment vector of agent ¢ where
e; () denotes the endowment in goods of agent 7 in state j.

Thus the exchange economy is characterized by the list:
((]Rﬂ_)k, up, €5 i=1,...,m).

Let p'(j) be the price of good [ to be delivered if state j occurs. The vector
p=1[p(1),...,p(k)] € (R})" is called a set of contingent prices.

Given p € (]Rl_F +)k, the agent determines his budget set, that is to say, the
set of plans that are compatible with his set of endowments:

= {c € RO* | p-ci<p- e} (6.14)

where

k
= > ()

j=1

Definition 6.4.1. A contingent Arrow—Debreu equilibrium is a set of con-
tingent prices p* € (R, ,)¥ and a set of contingent plans (c})7, € (RL)F™
such that

1. ¢f mazimizes u;(c;) under the constraint ¢; € B;(p*) foralli=1,...,m
2. The markets clear, i.e., > " cF =Y 1", €.

i=1"1

If we make the assumption Ul, then there exists a contingent Arrow—
Debreu equilibrium. This approach has two drawbacks: first of all, it requires
a large number of markets to be open (in the previous example there are
kl markets). Secondly, the contingent goods are not always for sale. Hence
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Arrow’s idea, put forward in the article referenced above, of introducing a
number k of securities, in order to show the economy can be organized with
k 4 | markets, instead of with kl contingent markets. We describe this model
in the case of an economy with two dates (one period).

6.5 The Arrow—Radner Equilibrium Exchange Economy
with Financial Markets with Two Dates

As in the previous model, there are two dates. At time 1, the future is un-
certain, and there are k possible states of the world at time 2. Agent i has
uncertain endowments, and as before, ¢;(j) denotes the endowment of agent
i in state j. This time however, there are no markets for goods delivered in
the future. On the other hand, agents can buy portfolios of securities during
the first period. Anticipating the price levels for time 2, they can make con-
sumption plans in terms of the income that they anticipate getting from their
exogenous endowments and from their securities.

In this model, we make the assumption that agents have “rational expec-
tations”, in other words, the prices that they expected prices do occur. Agents
then exchange goods in the one state that does come about, in markets that
we call the “spot markets”. Let us now fully specify the model.

First we describe the financial part of the economy. There are d securities.
Each asset is characterized by the dividend it yields in each state of nature.
We say that an asset is “real” if its dividend is expressed in units of the good.
We say that it is “nominal” if there is a numéraire in each state of nature, and
if the dividend is expressed in monetary units. In the latter case, the matrix
V whose i-th column represents the dividend of asset ¢ in the various states,
is called the “dividend matrix”.

i-th r_llsset
[ol ol L wf]
V= vl...v;,_,vd «—  j-th state

i d
Vg voe U ovn Uy

From now on, we assume that assets are nominal. The agents construct
portfolios for themselves. A portfolio 6 is a vector in R?, whose components
can be negative (short selling is allowed). The payoff of this portfolio in state
j is (V0);. The securities are traded at time 1 at price S € Ri. We suppose
that the agents cannot run into debt, hence that S - 6; < 0 for all 7, where 6;
is the portfolio of agent 1.
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Given expected prices p = [p(1),...,p(k)] € (R,)*, agents make consump-
tion plans ¢ = [¢(1),¢(2),...,c(k)] € (R,)* (where c(j) is the consumption in
state j) for time 2.

We say that a pair (¢;, 6;) € Rﬂ’f x R? is feasible if it satisfies the following
constraints

S-0; <0
{ p(j) - c(i) < (VO;); +p(j) -e(j) forall j=1,....k. (6.15)

We define the budget set of agent i as the set of consumption plans that
he could finance using his exogenous endowments and the income from the
securities that he bought at time 1 (without going into debt). That is :

Bi(p,S) = {c; e R |36; e R?, (c;,0;) satisfies (6.15)} . (6.16)

We assume that the agents have preferences over the set of consumption
plans, and that these are represented by utility functions wu; : (Rﬁr)k — R
satisfying assumption U1l.

Definition 6.5.1. A Radner equilibrium is made up of

e a set of prices for the securities Se Ri,
expected prices pe RYF,

o portfolios of assets (01, ...,0.,) and consumption plans (Ci,...,Cn) such
that

1. a) ¢ mazimizes u;(c;) under the constraint

¢i € Bi(p,S) forall i=1,...,m,

b) (¢, 0;) satisfies (6.15).

2. The markets clear, i.e.,
m — m
@)Dt G o= D €is

)Y, 8 = 0.

Remark 6.5.2. If we assume V to be injective, then the equality Z:’;l 6;=0
is satisfied if 1 and 2b) are.

Indeed, suppose that the preferences are increasing and that the con-
straints are binding at the optimum. It is then the case that p(j) - (¢;(j) —
ei(j)) = (V8;);, for all (i,j). By summing over i, and using 2a), we thus
obtain V(37" 6;) = 0. As V is injective, >./*, 6; = 0.

Suppose now that (p,S,¢;,0;;4 = 1,...,m) is a Radner equilibrium. A
necessary condition for equilibrium is for there to be no arbitrage, i.e., there
must not exist any portfolio § € R? satisfying S-0 < 0 and V# > 0 (otherwise,
the wealth of all the agents could become infinite, and there could be no
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equilibrium). As we saw in Chap. 1, there then exists § € Rf_ 4 such that
S=vTa.

Henceforth, we will distinguish two separate cases: the one in which
rank V' = k (called the complete markets case) and the one in which
rank V < k, the incomplete markets case.

6.6 The Complete Markets Case

We eliminate 6 from (6.15) by multiplying the j-th line of (6.15) by 3;, and
then summing over all the lines. Using the fact that S = V73, we obtain

k
> 8iPG) - [ei) — i) < 0. (6.17)
We set p*(j) = 5;p(j), and obtain

p*(j) - lei(d) —e(d)] < 0. (6.18)

k
=1

J

Let us define -
Bi(p*) = {ceRY |p"-c<p"-e}.

Thus we have shown that B;(p, S) C B;(p*).

Conversely, let us show that B;(p*) C B;(p,S) if S=VT3, g€ R{“H and

p(j) = pﬁ—(j) Let ¢; € B;(p*). As rank V = k, there exists 6; such that

Vo), = p}j) Jel) - e = BG) - [6() —aG)] Vi.  (6.19)

Equation (6.17) entails that

k
S0, =) p;(Ve:); <0, (6.20)

j=1

and (6.19) and (6.20) then imply that ¢; € B;(p, S).
Hence we can deduce the following result (sometimes called the equivalence

theorem):

Theorem 6.6.1. If (p, S, Ei,E;i = 1,...,m) is a Radner equilibrium, then
there exists B € ]Rf“H_ such that S = VT3 and such that (p*,¢;;i=1,...,m)
is a contingent Arrow-Debreu equilibrium with p*(j) = B(j)5;.
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Conversely, if (p*,¢f;i=1,...,m) is a contingent Arrow-Debreu equilib-
rium, then for any 3 € RE | there exists 0;, i = 1,...,m such that (p,VTj3,
p*(j)

¢i,0;;i=1,...,m) is a Radner equilibrium with p(j) = 3
J

Proof. The first implication follows from the equality B;(p, VT 3) = B;(p*).

For the converse, let us assume that the k first column vectors of V" are linearly

independent. Write V = (V! V?) where V! is the matrix made up of the first

k columns of V, and 6; = (0},0%) € R* x R4=F. V1 is then injective. Let us

define @; for all 4, by

1 —. _ . . -2
(V'0;); = p() - [ei(j) —ei(s)] and 6; =0.
According to Remark 6.5.2, the equality 77", ¢ = 3., e; implies that
S 05 =0 (as V! is injective). Trivially, we have 327", G, = 0. O

Under the assumptions made previously (the utility functions are contin-
uous, strictly concave and increasing, and agents’ endowments are strictly
positive in all states), as there exists a contingent Arrow—Debreu equilibrium,
we have the following corollary:

Corollary 6.6.2. Under the assumption U1, if rank V =k (i.e., if the mar-
kets are complete), for all 8 € Rﬁ-—w there exists an equilibrium with financial
markets, where S = VT 3.

Remark 6.6.3. The proof given above is based on two ideas: that at equilibrium
there is no arbitrage, and that markets are complete. These two ideas will recur
in continuous time.

The Special Case of a One-Good Economy

Let us assume that there is only a single consumption good in each state of
nature, and let us take it as numéraire (the dividend given by an asset in
each state is expressed in units of the good). In this case, the spot price is
identically equal to 1. Theorem 6.6.1 then becomes :

Theorem 6.6.4. In the special case of an one-good economy, if (S,¢;,0; ;i =
1,...,m) is a Radner equilibrium in which the consumption good is taken
as numéraire in each state of nature, then there exists 3 € R?H such that
S = VT3 and such that (B,¢;;i = 1,...,m) is a contingent Arrow-Debreu
equilibrium.

Conversely, if (p*,¢;;i=1,...,m) is a contingent Arrow-Debreu equilib-
rium, then there exists 0;,1 = 1,...,m such that (VTp*,¢;,0;;i=1,...,m) is
a Radner equilibrium in which the consumption good is taken as the numéraire
in each state of nature.
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In the special case of a one-good economy, we see that there are as many
equilibrium prices for assets as there are contingent Arrow—Debreu equilibrium
prices in an economy. In general, the equilibrium is not unique. However,
note the fundamental result, proved by Debreu [92]: for utility functions that
are fixed “generically with respect to endowments”, an exchange economy
has a finite number of equilibria (we call the situation one of determinacy,
as opposed to the indeterminacy of an infinite number of equilibria). In the
special case where the agents’ utility functions are additively separable, we can
give conditions on agent’s coefficients of relative risk aversion and endowments,
in such at way that the equilibrium is unique.

Remark 6.6.5. Recall, under the assumption that there is only one consump-
tion good in each state, the probabilistic interpretation of these results. As
the market is complete, there is a riskless portfolio (whose payoff is equal to
1 in all states). For the sake of simplicity, we take it to be asset 0, as we
will do later, in Chap. 7. Let the asset’s price be S°. We define the interest

1
rate r by SO = T Hence we deduce from the formula S = V73 that
r

Z?Zl B = ﬁ Therefore, we can interpret the 5;(1 + r) as probabilities. It
follows from Debreu’s result that there are a finite number of interest rates r
and probabilities, which are compatible with the equality of supply and de-
mand. In some special cases (if there is a unique contingent Arrow—Debreu
equilibrium), the interest rate and these probabilities are completely deter-
mined by the equality of supply and demand.

In the complete markets case, Theorems 6.6.1 and 6.6.4 show that the
introduction of financial markets does not change agents’ consumption at
equilibrium. What is the point then, of introducing the financial markets?
The aim is to reduce the number of markets or transactions. Indeed, in the
one-period model with contingent markets, we need to open kl markets. In
the model with financial markets, we need only open d+ [ markets. When the
number of states is sufficiently large, d +{ < kl. When the number of dates
is increased, in the first case the number of markets increases exponentially,
whereas in the second, it increases linearly.

In the incomplete markets case, the introduction of financial markets
changes agents’ consumption at equilibrium.

Under the assumption of a single consumption good in each state of nature,
whether or not the markets are complete, asset prices are determined by the
equality of supply and demand. If there is more than one consumption good
in each state of nature, and if the assets are nominal, then asset prices are
subject to the condition of no arbitrage, and there is an indeterminacy in the
price of the assets, which is linked to the choice of numéraire.
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6.7 The CAPM

We now present the CAPM?* as a special case of the Arrow-Radner model
with two dates and with an infinite number of states at time 2. The CAPM is
a necessary condition for equilibrium obtained under restrictive assumptions
on agents’ preferences. We will see in the next chapter how the introduction
of continuous time enables us to relax the very restrictive assumptions of the
CAPM. Nonetheless, we will be led to introduce an assumption of market
completeness.

We consider an exchange economy with two dates, with a single consump-
tion good, taken as the numéraire, and comprising m agents.

At time 1, there is a stock market comprising d assets (that is to say that
the agents own shares of the assets). We assume that the payoff of the j-th
asset at time 2 is a random variable d/ with finite variance, and defined on
a probability space (£2, F, P). Without loss of generality, we can assume that
the assets’ payoffs are linearly independent.

Agent 7 has uncertain endowments for time 2, which are modeled by the
random variable e; defined on (2, F, P). At time 1, he can modify his future
resources by constructing a portfolio 6; = (0}, ...,0%), on the condition that
he does not run into debt. The resources that will be at his disposal at time
2 are: ¢; = e; + Z;l:l 67 d7.

Let C be the finite-dimensional vector space generated by the (d?, j =
1,...,d). We endow C with a scalar product (c,c’) = E(cc’). Let ||c||2 be the
associated norm. Note that (1,¢) = FE(c). We suppose that:

(i) e; € C for all i (we can interpret e; as a payoff on an initial portfolio).
(i)  The aggregate wealth e = Y ", ¢; is a.s. not equal to a constant.

(iii)  d' =1, that is to say that there exists a riskless asset. In a later remark,
we will show how this condition can be relaxed.

In the following, we no longer assume U1 to hold, but instead we make
the following assumption:

U3 the agents have preferences on the elements of C, and these are
represented by utility functions U; : C — R, (i = 1,...,m), which have
the property of “aversion to variance”, that is to say that for any pair
(c,d) € C? satisfying E(c) = E(c), the inequality Var(c) < Var (c)
implies that U;(c) > U;(c') .

Remark 6.7.1. Tt is usually assumed that agents’ utility functions depend only
on the expectation and on the variance of the random variables, that is, that
they are of the form U;(E(c), Var ¢) where U; is increasing with respect to

4 Capital Asset Pricing Model
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its first coordinate and decreasing with respect to its second. Assumption U5
is less restrictive. To prove the existence of an equilibrium, we would need
stronger assumptions.

Given a set of prices S € R? for assets, agent i chooses a portfolio 8; =
(0},...,60%) in such a way as to

d
maximize U (ei + Z 95 d? ) under the constraint
j=1
S-0; <0.

The inequality above means that the agent cannot run into debt.

Given a price set S, the budget set is no longer bounded, as in the previous
section. Therefore this problem may not have a solution.

Definition 6.7.2. We say that (S, 0,; 1 =1,...,m) is in equilibrium if

1. For each i, 6; mazimizes U; (ei + Z?zl ngj) under the constraint
S-6; <0.
2. The security market clears, that is to say that Y .-, 0; = 0.

We do not discuss the existence of an equilibrium here. The CAPM is
a necessary condition for equilibrium. Sufficient conditions are discussed in
Nielsen [290, 291], (1989), and Allingham [6], (1991). An elementary proof
of existence, under the assumption of the existence of a riskless asset (but
without the assumption that C' is finite dimensional) is to be found in Dana
[83], (1999). In this case, there exists an equilibrium if the agents’ utility
functions are concave functions of the expectation and variance of the random
variables, and are increasing with respect to the expectation coordinate and
decreasing with respect to the variance coordinate. On the other hand, in the
case where there is no riskless asset, satiation can lead to the non-existence
of equilibrium.

Let (S,0;;i = 1,...,m) be an equilibrium. Let us consider the linear
functional @ defined on C' by

d
p(z) = S0 for 2z = Zdoj.

j=1
(i.e., if 2z is the value of the portfolio at time 2, P(z) is its price at time 1).

Note that this linear functional is well-defined, as the d’ are linearly inde-
pendent. It follows from Riesz’s theorem, that there exists ¢ € C such that

?(2) = (. 2).
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Since, by assumption, agent ¢ behaves with aversion to variance, for a given
expectation , at equilibrium, he minimizes

d
Var | e; + Z 0! d’ under the constraints
j=1

S-60; <0 and (6.21)

d d
Ele+) 0ld| = Ele+> 0;d
j=1 j=1

We set ¢; = eH—E?:l 07, and ¢ = eﬁ—Z?:l Efdj. We have (@, c; —e;) =

S - 6;. Since the expectation is taken to be fixed, the minimization problem
comes down to

minimize ||¢;||]2  under the constraints

<50’Ci> < <30’6i> = Qo
(Lia) = (Le) = a

c; €cC.

(6.22)

Therefore, for any 4, there are two Lagrange multipliers p; > 0 and A\; € R
such that

C; = )\i — Wi P a.s. .

Hence we deduce the existence of A € R and p > 0 such that
m
e = Zéi = A— a.s. . (6.23)
i=1
As by assumption e is not constant, p is strictly positive. Therefore for all
i, there exist a; > 0 and b; € R such that
¢ = ae+b; a.s. . (624)
We can rewrite (6.23) in the form
o = —ae+b a>0,beR. (6.25)
Hence there exists K € R such that
®(z) = —a Cov(e,z)+ KE(z), zeC, (6.26)
and in particular
S = —a Cov(e,d’) + KE(d") forall j=1,...,d. (6.27)

. T . -1 _ . . L.
As the price S is viable, S° = (1) is strictly positive.
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—1 1 .
Let us set S = T We can then rewrite formula (6.27) as:
T

E(d7)

S aCov(e,d)+1+r.

(6.28)

Hence we can deduce, for example, that the price of an asset that is positively
correlated with aggregate wealth, is lower than the discounted expectation of
its returns.

Given a portfolio # € R? such that S -6 # 0, we define its return Ry by

d . .
61d?
Ry = . 6.29
: z_: = (6.29)
Jj=1
Let M = (M!,...,M7) be such that e = Z?Zledj. We call M the
“market portfolio”. We have Ry = ﬁ' Let us assume that S - M =
o(e) > 0.

We now deduce the traditional beta formula from (6.28). We can rewrite
(6.28) as

E(Ry) = (1+7)[1+a Cov(e,Ry)] . (6.30)
Hence, in particular,
E(Ry) = (1+7)[14a Cov (e, Rpr)] - (6.31)
Hence,
Cov (e, Ry)
E(Rg) = (1+7) = [E(Rm) = (1 +7)] s——F =
| Oy O
= [B(Rw) = (7)) =

We define the “beta” of a portfolio with respect to the market by the formula:

- Cov (Re, RM)
Bo = Var B (6.33)

Hence we derive what is called the beta formula:
E(Rg) —(1+71) = Bo[E(Rum) — (1 +7)] . (6.34)
Now, a
E(Ry)—(147r) = o7 Cov(e,Rp;) > 0.

Therefore, if 8 is a portfolio such that Sy > 0 then E(Rp) > 1+ r. We call
E(Rp) — (1 +r) the risk premium of the portfolio. We summarize expressions
(6.24) and (6.34) in the following theorems.
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Theorem 6.7.3 (The Mutual Fund Theorem). At equilibrium, the agents’
demand can be split into a strictly positive demand for the market portfolio
and a demand for the riskless asset.

Theorem 6.7.4. The risk premium of a portfolio is a linear function of its
beta to aggregate endowment. If the market portfolio has a positive price, and
if the return on a portfolio is positively (respectively negatively) correlated with
aggregate endowment, the risk premium is positive (respectively negative). If
it is mot correlated with aggregate endowment, the expectation of its return is
equal to the riskless return.

Remark 6.7.5. When there is no riskless asset, we can carry out the same proof
but replacing the function equal to one in every state, by its projection h onto
the vector space generated by the d’. Indeed, at equilibrium, agent ¢

minimizes ||¢;||]2  under the constraints

(p,ci) < ao
E(Cl) = <1,Ci> = <h,Ci> = aj .

Expression (6.24) becomes

For all 4, there exist a; > 0 and b; such that

¢; = ae+bh, (6.24bis)
and hence we obtain the mutual fund result.
Equation (6.25) becomes
p=—ae+bh , a>0,beR. (6.25Dbis)
Recall expression (6.26), which remains unchanged
D(z) = —a Cov(e,z) + KE(z) . (6.26)

Under the assumption that 0 < p(e) , we have K > 0, for if K < 0, we
would have
0 < Ble) = —a Var(e)+ K E(e) < 0,

and hence a contradiction.

Using the formula
K E(Ry) = 1+a Cov(e, Ry) , (6.35)
we can easily show that assets that are not correlated with e have the same
1
expected return R’ = e We obtain a new beta formula:
E(Rp) — R = Bo[E(Rum) — R, (6.36)

which shows that there is a linear relationship between the expected return
on a portfolio and its beta to the market portfolio.
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Notes

In this chapter, we have merely touched upon the theory of general equi-
librium. The interested reader can refer to the classic works of Debreu [91],
(1959) and Arrow and Hahn [14], (1971), or to more recent books by Eke-
land [135], (1979), Hildenbrand—Kirman [191], (1989) and the article of Mas-
Colell-Winston—Green [268], (1995). For the geometric approach to the theory
of equilibrium, we reference the books by Balasko [20], (1988) and the arti-
cle Mas-Colell [267], (1985). For problems linked to the computation of an
equilibrium, we can look for example to articles by Scarf [323, 324], (1967).
The book Border [38], (1985) is a classic reference for fixed point methods in
general equilibrium theory.

For the theory of contingent markets, one can turn to the papers Ar-
row [12], (1953) and Debreu [91], (1959).

In this chapter, we have limited ourselves to the case of nominal assets, or
of real assets in a world with a single consumption good. This case has been
studied by Cass [49], (1984), Duffie [111], (1987), and Werner [364], (1985).
When there are several consumption goods, the case described as the real case
(where the gains from assets are expressed in terms of the consumption goods)
is much more delicate. The first results were obtained by Duffie-Shafer [122,
123], (1985). We only obtain the generic existence of an equilibrium. For the
theory of equilibrium with financial markets with either nominal or real assets,
the reader can consult Tallon [354], (1995), for an introduction, the book
Magill and Quinzii [262], (1994) and Magill and Shafer [264], (1991).

The classic version of the CAPM, in which the market contains a riskless
asset, comes from Sharpe [333], (1964) and Lintner [256], (1965). The assump-
tion of the existence of a riskless asset was relaxed by Black [36], (1972). The
idea of using a method of projection is due to Chamberlain [52], (1985). Un-
der the assumption that the utility function is Von Neumann—Morgenstern,
Chamberlain [51], (1983) characterizes distributions for which the utility func-
tion has the “mean—variance” property. The econometric aspects of estimat-
ing the CAPM are covered by Huang-Litzenberger [197], (1988), which also
provides an abundant bibliography of the subject. Nielsen [290, 291], (1989),
Allingham [6], (1991) and Dana [83], (1999) give presentations of the CAPM as
an equilibrium, as well as discussions of sufficient conditions for the existence
of an equilibrium. One can also consult Leroy and Werner [252].

Factor pricing is discussed in Leroy and Werner [252], (2001). Sect. 6.7 dif-
fered from the others in that the agents could choose to have either positive or
negative wealth (in general, agents choose to have non-negative consumption).
As the set of agents’ choice is unbounded, it is harder to prove the existence
of an equilibrium. In particular, there is no reason to limit prices to being
positive. The articles Page [296], (1996) and Dana et al [86], (1999), cover the
problems that this kind of model presents, and gives a abundant bibliography
of the subject.
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ANNEX 6
The Theorem of the Maximum

Let X CR'and Y C R™, let f: X XY — IR be a function such that
f(z,-) is continuous for all x, and let I" : X — Y be a non-empty compact
valued correspondence. The aim of this section is to give sufficient conditions
for the function defined by

h(z) = max f(z,y) (1)

yel'(z)

to be continuous, and to study the properties of the correspondence defined
by

G(z) = {ye I'(z), f(z,y) = M)} . (2)

Definition A correspondence I' : X — Y is lower semi-continuous (l.s.c.) at
x if for all y € I'(x) and any sequence x,, — x, there exists a sequence (yy),
Yn € I'(xy,) for all n, such that y, — y.

Definition A non-empty compact valued correspondence I' : X — 'Y is upper
semi-continuous (u.s.c.) at x, if for any sequence x,, — x and for any sequence
(Yn), Yn € I'(xy,) for all n, the sequence (y,) has a limit point y € I'(x).

Definition A correspondence I' : X — Y is continuous at x if it is upper
and lower semi-continuous at x.

Remark

1. When [ is a function, I" is continuous if and only if I" is upper or lower
semi-continuous (as a correspondence) .

2. If X is compact, I" is upper semi-continuous at any point of X if and only
if I" has a closed graph.

FEzxzample

1. I'(x) = A for all z, where A is a non-empty compact set. Then I" is obvi-
ously continuous.

2. I': Ry — IR, is defined by I'(z) = [0,z]. Then I" is continuous.
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3. I': Ry — IR, is defined by I'(x) = [0, f(z)] with f continuous. Then I’
is continuous.

4. I' : IR — IR is defined by

I'(z) = {{—-1},{+1}} ifzx>0
[~1,1] if 2 =0
I'z) =0 ifzx<0.

=
=
I

Then I' is u.s.c. but not l.s.c. at zero.

5. Let I' : IR — IR be defined by I'(z) = [-1,1] if z > 0, I'(z) = {0} if
x < 0. Then I' is l.s.c. at zero but is not u.s.c. at zero.

Theorem Let f: X XY — IR be a continuous function and let I' : X —'Y
be a continuous correspondence taking non-empty compact values. Then the
function h defined in (1) is continuous, and the correspondence G defined in
(2) is non-empty, compact valued, and upper semi-continuous.

Example X = R, Y = [-1,+1], f(z,y) = 2y?, ['(x) =Y for all . Then:
o h(z)=max {zy?, -1 <y<1}=2aT,
o G(z)={(-1),(1)}ifx>0,G0)=[-1,1] and G(z) = {0} if z < 0,

e (4 is not lower semi-continuous at zero.

Corollary If f : X xY — IR is a continuous function such that f(x,-)
is strictly concave for all xz, and if I' : X — Y is a non-empty compact and
convez valued continuous correspondence then G defined by (2) is a continuous
function.
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Equilibrium of Financial Markets in
Continuous Time. The Complete Markets Case

As we saw in the previous chapter, in discrete time the CAPM assumes very
particular specifications for agents’ preferences. Originally, continuous-time
equilibrium models were introduced to relax these assumptions. The first
models considered had one agent, and the methods used to analyze them were
essentially those of dynamic programming (see for example Merton [273], Cox
et al [70], Breeden [43]). It is only in the last decade that the problem of the
existence of equilibrium in continuous time with financial markets has been
addressed, and that various properties of the CAPM have been proven. Note
that there is no existence result in the incomplete markets case.

In this chapter, we study only the case in which information is generated
by a d-dimensional Brownian motion (this assumption can be relaxed). Un-
der the assumption of complete markets, we show that analogous results to
those in discrete time hold for equilibria in continuous time, i.e., there is an
equivalence theorem for the Radner and Arrow—Debreu equilibria. This is a
fundamental result, as it enables us on the one hand to transform the prob-
lem of the existence of a Radner equilibrium into that of the existence of an
Arrow—Debreu equilibrium, and on the other hand, it shows that asset prices
are fully determined at equilibrium. In the case of additively separable util-
ity functions, we prove the existence of Arrow—Debreu equilibria, using the
Negishi method. Thence we deduce the existence of Radner equilibria, and
provide a characterize for them.

Finally, we show that we can recover the formulae given by Lucas [259],
Cox-Ingersoll-Ross [70] and by Breeden [43].

7.1 The Model

As in Chaps. 3 and 4, we work on a finite time interval [0, 7] and a probability
space (£2,F,P) on which a standard d-dimensional Brownian motion B; is
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given. As usual, information is modeled by the filtration of the Brownian
motion, i.e., by F; = 0(Bs, s < t), completed by the addition of the null sets.

We consider an exchange economy with financial markets. In each state of
the world, there is a single consumption good, which we take as numéraire.

7.1.1 The Financial Market

There are d + 1 real securities (their dividends are expressed in terms of the
consumption good).

The first asset is riskless. Its price SY evolves according to the equation
ds’(t) = S°t)r(t)dt, S°0) = 1.

We write R(t) = exp[— fo ds] for the discount factor. In this chapter, we
do not assume r to be posmve

The other d assets are characterized by their cumulative dividend process
D = (D',...,D%), which we assume to follow an It6 process, and by their
price S, which we also assume to follow an Itd process. These processes are
then, in particular, continuous. We write § = (5°,8) = (8°,S1,...,89) for
the stock prices. We define the “discounted cumulative dividend process” D9
by dD4(t) = R(t)dD(t) and D4(0) = 0.

The process G¢ = SR+D9, which is an It6 process, is called the discounted
gains process. (This process was introduced in Sect. 3.4.4). In this chapter we
make the following hypothesis:

H1 There ex1sts on (§2, Fr) a probability measure @, equivalent to P with
density £ = @ , such that
dg?¢ =od(t)dB, , (7.1)

where B, is a Fi-Q Brownian motion and where the process (R is uni-
formly bounded. We assume that 0&,(¢) is F;-measurable and invertible.

Under (H1), any continuous Q-F-martingale can be written as a stochas-
tic integral with respect to G9. In what follows, we will use the notation

T
o(GY) = {é = (6°,0) , 6 predictable and [/ ||9(t)ag;(t)||2dt} < oo a.s.} )
0

H(GY) = {é € 0(GY) ‘/Ote(s)de(s) isa Q-F —martingale} .
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Remark 7.1.1. We could have proceeded by noticing that the discounted gains
process is an It6 process, and constructing a probability measure ) equivalent
to P, and a Brownian motion B such that dG; = od(t )dBt, using Girsanov’s
theorem. We do not take this route however, so as not to introduce additional
assumptions and problems of measurability.

Remark 7.1.2. 1f § € H(GY), then [ 0(s) dG9(s) is a Q-F;-martingale that is
zero at time zero. Therefore Eg (fo )dGe (5)) =0, for all t € [0,T].

Let us customize some of the definitions introduced in Chaps. 3 and 4 to
the context of our model.

Let Z be a Fp-measurable random variable. A trading strategy 6 c H(GY)
finances 7 if
(i) ()(Ot S,) = 0o - So+f0 5)dGd(s) for all te€[0,T],
(ii) Or-Spr = Z.

An “arbitrage opportunity” is a strategy 0 H(GY) with non-positive
initial value 0y - Sy < 0 and a non-negative terminal value Z of strictly positive
expectation.

In the model that we are studylng7 there are no arbitrage opportunities.
Indeed, if § € H(GY), then fo s)dGY(s) is a Q-martingale that is zero at

time zero, and therefore Eg Uo (s)dG4(s)] = 0. Hence Eq(R(T)Z) = 0,
and this contradicts the conditions for an arbitrage opportunity.

7.1.2 The Economy

We consider a single consumption good and m agents described by the list:
(LY, (Uj,e;),i=1,...,m) where the space

T
L}i_ = {c :2x[0,T] - Ry Fr-adapted | Ep [/ c(t)dt] < 00 }
0

represents the set of consumption processes available to agents, where U; :
LY — Ry is the utility function of agent i, and where ¢; € L1 is his endow-
ment stream.

Though, with regard to the existence of an equilibrium, it would be possible
to consider much more general preferences, we restrict ourselves here to the
additively separable utility functions,

Ui(c) = Ep UOTui(t,c(t))dt] .

We make the following assumptions concerning the functions u;:
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Ul w;(t, ) is strictly concave and strictly increasing for all ¢.

U2 u; belongs to C%'([0,T]x[0,00[) and 2% : [0, T]xR, — Ry is continuous.

dc
U3 wu; is of class O%* and %(t, 0) = oo for all ¢.

7.1.3 Admissible Pairs

Agent i holds a portfolio of stocks 6; = (62,0;). We suppose that 6, H(GY).

Definition 7.1.3. Given the discounted gains process of the stocks, the pair
(0;,¢;) € H(GY) x LY is admissible for agent i if it satisfies

ROt - §)) = /0 0:(5)AG4 (s) — /0 R(s)[ci(s) — es(s)]ds
Q a.s. for allt €[0,T7],

(7.2)

and
0:(T)-Sp = 69(T)S°(T)+6,(T)-Sr > 0 a.s.. (7.3)

Equation (7.2) says that the discounted wealth at time ¢ is the sum of
the discounted gains or losses produced by the exchange of stocks and of
consumption goods. Equation (7.3) supposes there no debt remains at the
end of the period. We note firstly that the wealth of an agent is not required
to be positive at each instant in time, and secondly that G9(¢), which is a priori
a d + 1 dimensional process, has a constant first component, so that it will
later be considered as a d dimensional process for the purpose of integration.

Remark 7.1.4. If we disregard issues of integrability for a moment, it is natural
to define admissible portfolios by

)5 = [ 0()60) = [ o) —exls)ds

where G = (S°, S + D), and by (7.3). Let dZ, = R(t)(6;(t) - S;). Itd’s lemma
leads to

dZ, = R(t)0;(t)dG, — R(t)[ci(t) — es(1)]dt + 0;(t) - SpdR; .
As thS? + S?th = 0,

dZ; = 0;(t)dGY — R(t)[ci(t) — e;(t)]dt .
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Proposition 7.1.5. We have:
a) If (0;, ¢;) is admissible, then ¢; satisfies
T

EQ[ ; R(s)[ci(s) —ei(s)]ds| < 0. (7.4)

b) Conversely, if c; satisfies (7.4), then there exists 0; € H(GY) such that
(0;,¢;) is admissible.

Proof. The first implication is obvious, since if §; € H(GY), then fo (s)dG“(s)

is a @-martingale that is zero at time zero, and so Fq Uo s)dG4(s)] = 0.
Therefore we have

= Eq [00(T)S*(T) + 6;(T) - Sr] > 0

T
Fo /0 R(s)[es(s) — es(s)]ds

To prove the converse, we first note that

Fo| [ " R©)ler(s) — eu(s) as| = e [ () R(s)er(s) — eu(s) as| <oc.

We introduce the -martingale :

Y - o[ " Reals) — exls) as| + o [ ' Rs)fes(s) - (o)l

(7.5)
As Eg(Yr) =0, we have Eg(Y;) =0, for all ¢.

From the predictable representation theorem (cf. annex to Chap. 4), there
exists 0; = (6},...,0%) with fOT [6:(t)od(t)||>dt < oo a.s., such that

t
Y, = / 0;(s) dG9(s) . (7.6)
0
Let us consider the process X;(t) defined by
t
RIOXi(t) = / §)dG (s / R(s)[ei(s) — es(s)] ds .
0

Let 69(t) be defined by 69()S(t) = Xi(t) — 6;(t) - S; and §; = (6°,6;). By
construction, (6;) € H(G9). Tt follows from (7.5) and (7.6) that

RIDXAT) = Eo| [ " R)es) — ex(s) as| = 0.

(0;, ¢;) satisfies (7.2) and (7.3), and is therefore admissible. O
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7.1.4 Definition and Existence of a Radner Equilibrium

Definition 7.1.6. For a given S and D, the pair (6,c) € H(GY) x L% is
optimal for agent i if it is admissible and if it maximizes the utility of the
agent over the set of admissible strategies.

Definition 7.1.7. For a given dividend process D, the list {(65,¢;) € H(GY) x
LY, (i=1,...,m); S} is a Radner equilibrium if:

(i) the pair (91, ¢i) is optimal for alli=1,... ,m,
(ii) markets clear, that is to say that

(a) 372 60; =0 P ®dt— a.s..

(b) > e = D e P®dt— a.s..

Remark 7.1.8. As in Chap. 6, Remark 6.5.2, we can see that if (i) and (ii)(b)
hold, then necessarily (ii)(a) is also satisfied.

Indeed, let A(t) = 3. 6;(t). Define § by 6 = (6°,0). By summing the
equalities (7.2) over all the agents, we obtain for all ¢ € [0, 17,

m

R(t)(0(t) - Si) /OH(S)de(8)+/O [ZR(S)[ei(S)_Ci(S)] ds

=1

/ 0(s) dG4(s) .

0

At the final date 7', as preferences are monotonous, constraints are binding
thus 07 - Sp = 0, and consequently

T
= S dS.
0—/0 6(s) dG¥(s)

As the process 0 = fot 0(s)dG9(s) is a martingale, its increasing process is
zero. Hence 0(t) - 0&(t) =0, Q @ dt a.e. and so also P ® dt a.e.. Since 0%, is
invertible, §(t) =0, P ® dt a.s.. Hence 0(t) - S; = 0 and so §°(t) = 0, P ® dt

a.S..

In what follows:
LY = {p 2 x[0,T] - Ry Fi-adapted
3 M such that p< M P®dt —a.s.} .

Let us recall the following definition:

Definition 7.1.9. The list [¢;, (i = 1,...,m);p] € (LY)™ x LY is a con-
tingent Arrow-Debreu P-equilibrium if
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(i) ¢; mazimizes the utility of agent i under the constraint

e[ Tp(s)(q(s)—ez—(s))ds] <0,

(i) Y006 = Yt e =:e P®dtas.

Using Proposition 7.1.5 and Remark 7.1.8, we now prove an analogous
theorem to Theorem 6.6.4.

Theorem 7.1.10. If ((él, ¢),i=1,...,m; S ) 1 a Radner equilibrium such
that (H1) holds, then (¢;,i = 1,...,m; RE) is a contingent Arrow—Debreu
equilibrium.

Conversely, suppose that (¢;,i = 1,...,m; p) is a contingent Arrow-
Debreu P-equilibrium such that p is an Ité process dp, = pp(t)dt +
op(t)dB, with strictly positive values and satisfying p(0) = 1 and such that

2
Ep (eXp %fOT ”ap’;”(t)(t) dt) < 00 . Then there emists a strictly positive P-F;-
martingale & and a discount process R, which are unique and such that p = RE.
Let Q be the probability measure on (12, Fr) that is equivalent to P and of den-

sity Ep. For any set of prices S such that (H1) s satisfied under Q, there
exists (91 c H(GY), i= 1,...,m) such that ((0;,¢;),i = 1,...,m;8S) is a

Radner equilibrium.

Proof. The first part of the theorem follows from Proposition 7.1.5.

To prove the second part, we suppose that there exists £, a strictly positive
P-F;-martingale and R a discount process, such that p = R¢. As £ is a posi-
tive P-martingale, there exists a unique predictable process g; that satisfies!

OT ¢? dt < oo P a.s. and d&; = ¢;&; dB;. We have

d(RE)e = —r(t)R(t)&dt + R(t)dE,
— _(OR1 dt + ROGEAB, = (0t + 0y(1)dB,

By identifying the coefficients of the drift and diffusion terms, we obtain

—r R = pp(t) and Ryqi& = op(t), and hence ry, = —*;”(Ef)) and q; = 2,,(%)

We suppose that p is an It6 process dpy = pp(t)dt + o,(t)dB; with

2
strictly positive values and such that Ep (exp% OT H‘;pz”(t)(t) dt) < oo and

p(0) = 1. We define r = —22,  R(t) = exp [— fot r(s) ds} and ¢ = °*. Let us

show that % is a positive P-martingale. Indeed,

P _ i dt . P
d (E)t =R (p(t) dt + peq: dBy) +7“tpt7R(t) =q; <R)tdBt .

! See for example Revuz—Yor [307] p. 304.
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(Cf. annex to Chap. 3.) For any price set S such that (H1) is satisfied under
Q, since ¢; satisfies (7.4) for any 4, there exists (6; € H(GY),i = 1,...,m)

such that the pair (6;,¢;) is optimal for all ¢ = 1,..., m. Finally, according to
Remark 7.1.8, it is enough to check that Y." ¢; = > i", e;, which follows
from the definition of an Arrow—Debreu equilibrium. U

7.2 Existence of a Contingent Arrow—Debreu
Equilibrium

As is often the case in infinite dimensional economies, we use the Negishi
method. Under the assumption of the separability of the utility functions, the
calculations below are a straightforward transposition of those of Sect. 6.3.
We assume here that (U1l) and (U2) hold for all i.

7.2.1 Aggregate Utility

We introduce the following notation. Let « € A™~! and ¢ € Ry ;.

u(t,c,a) = max Zajuj(t,xj) | sz <c,z;>0forall j (7.7)

Jj=1 Jj=1

and

(Ci(t,c,a))ir, = arg max{ Zajuj(uxj) |

j=1
ij <c, z; >0for allj} . (7.8)
j=1

First of all, we obtain the following result.

Proposition 7.2.1.
1. If u; satisfies (U1) for all i, then u(t, -, «) satisfies (U1) .
2. If u; satisfies (U2) for all i, then u(t,-, «) satisfies (U2) .
3. If u; satisfies (U3) for all i, then u(-,-, ) is of class C13.

Proof. The proof of 1 is left to the reader.
Assuming that %Ci (t,0) = oo for all ¢ and for all 4, the proof of 2 follows

that of Proposition 6.3.4. Note that in this case, % (t,c,a) = ai% [t,Ci(t,c, o))
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for all 7 such that a; > 0. The proof can be extended to the case of a gen-
eral %“p (t,0). However as the extension is a little technical, we will admit the

result (the proof can be found in Dana—Pontier [85]).
To show that 3 holds, note that as in Proposition 6.3.4, there exists A € R

such that when a; > 0, az >0, ap > 0 and apy1 =0 =--- = a;y,, we have:
0
a % t,CL(tc,a)] = A
ou (7.9)
ap a—: [t,Cp(t,c,a)] = A
ZCi(t,c,oz): c.
i=1

As in the proof of Proposition 6.3.4, it follows from the implicit function
theorem that (C;(-,-,«))™, is of class C13. Hence u(-,-, ) is also of class
ct3. O

Remark 7.2.2. Let us write u; .. for the second derivative of u;, and uc.(t, -, @)
for that of u(t, -, «). We will obtain explicit expressions for them later. As we
showed in Proposition 6.3.4,

%(t,c, a) = A.
Hence
o\
—Uee(t,c,a) = ~ 56
1
= —=m I T < =0y ee(t, Cilt, c,a)) Vi
Zi:l o i, cc(t,Ci(t,c,a))
and
oC; 1 O\ Uee(t, ¢, @)
(t,c,a) = — = .
Oc U cclt, Ci(t, ¢, )] Oc U cclt, Ci(t, ¢, a)]

In particular, we note that 88(’;1' (t,c,a) > 0.

7.2.2 Definition and Characterization of Pareto Optima

Let us recall the two following definitions:

Definition 7.2.3. The consumption vector (¢;)i, € (LL)™ is admissible if
it satisfies

zci <e P®dt as. .

=1
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Let A be the set of admissible consumption vectors.

Definition 7.2.4. An admissible consumption vector (¢;)7", is Pareto-optimal
if there does not exist a vector (¢;), € A satisfying:

Uj(c;) = Uj(Ej) forall j and Ujy(cjy) > Ujy(S4,)  for at least one jo .
We can characterize Pareto-optimal allocations as follows:

Proposition 7.2.5. An admissible consumption vector (¢;)i", is Pareto-optimal
if and only if there exists & € A™~! such that

Ci(t,w) = Ci(t,e(t,w),a) P®dt as. foralli=1,...,m.

Proof. As in the proof of Proposition 6.3.3, we show that (¢;)7, is Pareto-
optimal if and only if there exists @ € A™~! such that (¢;); is an optimal
solution to the problem:

m
Maximize Z a; Uj(z;) under the constraint z = (z;)j2; € A.
i=1

As the utility functions are additively separable,

max iai Ui(z;) = Ep [/OTu(t,e(t),a) dt] ,

€A =
and hence ¢;(t,w) = C;(t, e(t,w),a) P @ dt a.s.. O

As in equation (6.10) of Sect. 6.3, we set

p(t,a) = % [t,e(t),a] . (7.10)

We have the following result:

Proposition 7.2.6. If there exists a constant k > 0 such that k < e, P® dt
a.s., then p(t,a) belongs to LY. For all g > 0 and for all i, there exists
k; > 0 such that C; [t,e(t), 0] > ki, P®dt a.s..

Proof. Let us assume that there exists k > 0 such that k¥ < e, P ®dt a.s.. As

%(t, -, &) i1s a decreasing function, we have:

ou ou
ta) < —(tk,a) < “—(s,k,B) .

plta) < 2otk a) < max =7(s, k, 5)

Under (U2), the maximum in the expression above exists, since according to

2 of Proposition 7.2.1 the function %(~, k,-) is continuous, and since the set

[0,T] x A™~! is compact.
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Moreover, if %“ci (t,0) = oo for all ¢ and for all 4, and if the functions wu; are

of class C12, it follows from Proposition 7.2.1 and from Remark 7.2.2 that
Ci(t,-, ) is an increasing function. We then have:

Ci (tve(t)7a0) > Ci(tak7a0) > ki,

with
ki = inf C;(s,k,ap) > 0.

We can show that the monotonicity of C;(t, -, ) still holds when the u; are of
class C%!. Thus the lower bound given above is still valid. O

Proposition 7.2.7. If (¢;)", is Pareto-optimal, then there ezists « € A™~!
such that ¢;(t) = Cy(t,e(t),a) for all i and ¢;, is the optimal solution to the
problem P;

mazimize U;(x;) wunder the constraint

Ep /0 p(t, a)z;(t) dt /Op(t,oz)ci(t)dt]. (P3)

< Ep

where p is defined as in (7.10).

Proof. As in the proof of Proposition 7.2.1 assertion 2, we make the assump-

tion, which can later be relaxed, that <% (¢,0) = oo for all ¢ and all i. Accord-

ing to Proposition 7.2.5, there exists a« € A™~! such that ¢;(t) = C;[t, e(t), a].
In addition,

if ;>0 Cilt,e(t),a) > 0 and
if ;=0 Cilt,e(t),a] = 0.

First note that the statement of the proposition holds trivially in the case

where a; = 0. When «; > 0, as p(t,a) = o4 %[t,@(t,e(t),a)], we have for

all x; € Ll,

wlt,2(0) -~ wlt (0] 2> 290z 0)] (D) — 1)
> X o) — (o)

Hence by integrating with respect to (t,w), we obtain

Ui(C) — Ui(zi) > Ep {/OT i

and hence the result. O
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7.2.3 Existence and Characterization of a Contingent
Arrow—Debreu Equilibrium

Theorem 7.2.8. Suppose that u; satisfies (H1) and (H2) for alli. If there ex-
ists k > 0 such that k < e P®dt a.s., then there exists a contingent Arrow-
Debreu equilibrium of the form (Cy[t,e(t), ap), i = 1,...,m; %(t,e(t),ao))
with ag > 0.

Proof. As in the proof of Theorem 6.3.5, we introduce the transfer function

& : A1 — R™ defined by

T
®;(a) = Ep /0 p(t, ) (Ci(t,e(t),a) —e;(t))dt

As Ci[t,e(t), ] and p(t,-) are continuous functions, and as C;[t, e(t), a] <
e(t) for all ¢ and p(t,«) € L, it follows from the dominated convergence
theorem that ®; is a continuous function for all i. As Y" | Ci[t,e(t),a] =
e(t), we have " | &; = 0, and if a; = 0, &;(«) < 0. The transfer function
& = (P;)2, therefore satisfies the conditions of Theorem 6.3.5. From this, we
deduce the existence of a zero ag > 0 for &, and hence the existence of an
equilibrium of the form (Cz-[t, e(t),a0], i =1,...,m; p(t, ao)). O

Remark 7.2.9. The equilibrium allocations being Pareto-optimal, a conse-
quence of this section is that all the equilibrium allocations take this same
form. We can show that the same is true of equilibrium prices. Furthermore,
we can show that when we fix k£ and fix the utility functions generically with
respect to endowments, then the transfer function has a finite number of zeros.

7.2.4 Existence of a Radner Equilibrium

Henceforth, we make the following hypotheses:

H2 e is an It6 process of the form de; = p.(t) dt + o.(t) dB;.

H3 There exist £ > O such that k < e a.s., and M such that fOT loe(s)]|?ds <
M as..

Recall that k; is a lower bound on the equilibrium consumption of agent 4
(see Proposition 7.2.6).

U4 There exist ¢ and A; > 0 such that

*ui,cc(t, C)

< Aia t 7T ) kia .
et ) €0,T), cé€ [k;o00]
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Let (¢4 = 1,...,m; p) be a contingent Arrow—Debreu equilibrium.
From Theorem 7.1.10, it can be implemented as a Radner equilibrium if
p is a strictly positive Itd6 process dp; = p,dt + o0,dB; satisfying

2
Eplexp 3 f r Hif’((tty“ ] < oo. We now show that these conditions are

in fact satisfied.

Proposition 7.2.10. Under the assumptions (H1 — H3, U1 — U4),
(i)  p¢ is a strictly positive It6 process belonging to LS
(i) Ep{exp éfOTlap(zt)“zdt] < o0

P

Proof From Theorem 7.2.8, there exists ag € A™™ ! such that
P = 3 L(t,e(t),ap). According to Proposition 7.2.1, %(o, -, ap) is of class C12.
It follows from It6’s formula that p; is an Itd process of the form:

dpe = pp(t) dt + ucet, e(t), agl oe(t) dB; . (7.11)
As we showed in Remark 7.2.2,

ucc(t, e(t), ap)
(t, e(t), Ol(])

T HUPH dt O

hence Fp |exp 5

Notice that we recover the results of the Cox—Ingersoll-Ross [70] inter-
est rate model with one agent. Indeed, as we showed in the proof of Theo-
rem 7.1.10, we have

_ _Np(t)
Ty = o (7.12)

By substituting in for yu,(t), and writing .. for the third derivative of u,
we obtain:

1
e = 7]; Uet[t, €(t), ap] + e ()uce[t, e(t), ag]

+%Hae(t)HQuccc[t,e(t),ao] . (7.13)

There is no reason for the interest rate f? to be positive. Also, we notice
that the framework for this section is much more general than the one con-
sidered by Cox—Ingersoll-Ross. Indeed, here we consider a model with several
agents, and furthermore, we do not assume the processes for asset prices to
be Markov.

As a summary, we give the following theorem:
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Theorem 7.2.11. Under the assumptions (H1 — H3, U1 — U4), there exists
a Radner equilibrium.

For any Radner equilibrium {(éi,ci), (i =1,...,m) ; S}, there exists
ag > 0 such that ¢;(t) = Cilt,e(t),ap],i=1,...,m . Moreover, { ¢;, i =
1,...,m } is Pareto-optimal, and there is a representative agent characterized
by an additively separable utility function and by endowments that are equal
to the aggregate endowment.

The interest rate is equal to the inverse of the expectation of the relative
variation of its instantaneous marginal utility. The probability measure @,
which is is equivalent to P, has density & = R%%(t, e(t),ap) on Fy.

We conclude these last two sections by giving the formula for asset prices:

1 o 1

5. =z F [ | ap (s)m} + fg e {R(T)S(T)]-}} .
As stated in Remark 7.2.9, if we fix k£ and if we fix the utility functions
generically with respect to endowments, then there are a finite number of
equilibrium utility weights, and hence of “equilibrium” measures @. Prices
are not fully determined by the equality between supply and demand. Their
final value is arbitrary. As we have seen over the course of this book, and as
will be shown in the next section: what matters in the calculations are the
risk-neutral measure and the interest rate.

7.3 Applications

We are going to show that we can obtain a continuous version with a finite
horizon, of the Lucas [259] one-agent model, and of the Breeden [43] CCAPM
(Consumption-based Capital Asset Pricing Model).

In the following, we assume that we have a Radner equilibrium (91', i, (i =

1,...,m);S) satisfying the conditions of Theorem 7.2.11. We consider the
probability measure Q) that is equivalent to P and has density

& = R%%(t, e(t), ap). We have that R;&; is uniformly bounded.

7.3.1 Arbitrage Price of Real Secondary Assets. Lucas’ Formula

We use martingale theory to give an arbitrage price for secondary assets.
Definition 7.3.1. Let Y be a dividend process of the form
dY; = Wy (t) dt + oy (t) dBt . (714)

We say that'Y is “attainable” if fg R(s)dY (s) is Q-integrable, or equivalently,
if f(f p(s)dY (s) is P-integrable. A trading strategy 0 € H(G9) finances® Y at
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an initial cost of Vy if
(i) 0p - So = Vo,
(ii) R(t)(0; - S¢) = 6y - So + [, 0(s)dG9(s) — [y R(s)dY (s) fort € [0,T],
(iii) 07 - Sy = 0.

The value 0, - S; =: V, of the trading strateqy at time t, is the “arbitrage
price” of Y at time t.

Proposition 7.3.2. Any attainable dividend processY is financed at an ini-
tial cost

T
Vo = Ep [ / 2(s) dY(s)] , (7.15)
0
and its arbitrage price is

v, = L, [ /t ") dY(s)|]—'t] . (7.16)

Dt

Proof. As in the proof of Proposition 7.1.5, we introduce the martingale

M, = Eg [ /O ' R(s)dY(s)m} .

It follows from the predictable representation theorem that there exists
0= (0',...,0%) with [ [|0(t)o&(t)]|>dt < oo P a.s., such that,

M; = %—!—/tﬂ(s)de(s).
0

Hence Vy = Eq(Mr) = Ep UOTp(s)dY(s) } is uniquely determined.
Let us define 6° by:

t d
R()S%° = M, — / R(s)dY(s) — R(1) 3 0i8i -
0 i=1

By definition, § = (6°,0) € H(G9) and 6 finances Y at an initial cost V,
defined by (7.15), and we have

Vi = 0,-S; = %EQ {/tTR(s)dY(sH}'t} = Z%Ep {/tTp(s)dY(s)}}} :

O
2 See also Sect. 3.4.4.
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Remark 7.3.3. Here we assume that the final value of the asset is zero.

Remark 7.3.4. Suppose that the asset also yields a final consumption §, which
is assumed to be a random variable such that p(T)d is P-integrable. Then
expression (7.16) can be generalized to

Vi = pitEp qu(s) dY(s)+p(T)6|}"t} , tel0,T]. (7.17)

To reproduce Lucas’ valuation formula in continuous time and with a
finite horizon, it is enough to assume that there is a single agent, and that
u(t,c) = e Pt p(c). We then obtain:

V =
LT e

Remark 7.3.5. Formula (7.16) holds more generally in the case where Y is
a semi-martingale such that f(f p(s)dY (s) is well-defined. In particular, the
process Y can include jumps. Indeed, suppose we want to calculate the price
of a zero coupon bond maturing at time 7. This means that Y; =0 for ¢t < 7
and Y; = 1 for t > 7. The process Y has a jump at time 7. We deduce from
(7.16) that the price of the zero coupon bond is zero after time 7, and for

t < T, equals
1
Vi = —Ep(p(T)| Ft) .
Pt

7.3.2 CCAPM (Consumption-based Capital Asset Pricing Model)

We recover Breeden’s formula.

Proposition 7.3.6. For Y an attainable It process,

(i) The process Z; = fot p(s)dY (s) + p:V; is a P-martingale.

(i) The process V; is an Ito process.

Proof. Notice that
Zy = /Otp(s) dY(s) + pVi = /Otp(s) dY(s) + Ep [/tTp(s) dY (s) |.7-'t]
T
— B { | reave m] .

Hence Z; is a continuous P-martingale and therefore an Itd process (apply
the predictable representation theorem).



7.3 Applications 233

Consequently, p;V; = fo ) is an It6 process. As, according to
Proposition 7.2.6, p; is a Strlctly posmve Ito process, it follows from It6’s for-
mula that V; = p;‘f is an It6 process that can be written py (¢)dt+ov (¢) dB;.

O

Henceforth, we will be looking at the rate of real excess return on stocks.

Accordlng to Proposition 7.3.6, for a given asset Y, the process Z; =
fo s) + p:V; is a P-martingale.

By applylng 1t6’s lemma, we get,
dZy = |pepy () + pepy (t) + Vipup(t) + ueelt, c(t), ao]

oe(t)-ov(t)| dt +oz(t)dB:, (7.18)

where 0.(t) - oy (t) denotes the matrix product o (t)oy (t)T.

As 7 is a martingale, it has zero drift. Therefore, we have a.e.,

prliay (8) + v (O] + Vit (t) + et e(t), aoloe(t) -ov(t) = 0. (7.19)

If we assume that V; # 0, and divide through by p;V;, we obtain, from formula
(7.13),
Ot pr ) edbe@adov(0 o) o
Vi Bult, e(t), ao] Vi
We can associate with each asset Y, the “real rate of return” I', which
solves the stochastic differential equation

ar, = (W) dt + Vi)dBt (7.21)

Nv(t)-‘r;w(t) = ur(t)

We interpret the term as the expectation of the in-
stantaneous real rate of return. Flrst of all, it follows from (7.20) that the
interest rate r; is the instantaneous real rate of return of an asset whose price
has zero volatility oy (t) (a riskless asset).

Let us set

or(t) = : (7.22)

] or(t)-oe(t) . (7.23)

Uce [tv e(t)v Ol()]
]

aié [t» e(t)» 040}
of the representative agent, and the term op(t) - o.(t) as the instantaneous
covariance between the real rate of return and the aggregate consumption.

The term — can be interpreted as the coefficient of risk aversion
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In order to finally obtain a beta formula, we construct the real price process
V*, whose diffusion coefficient can be written oy« (t) = k(t)o.(t) where k is
a predictable real-valued process. There are different ways of doing this. For
example, if we assume that we have an asset whose final dividend § equals

ﬁ fOT o.(s)dB(s), then according to (7.17) its real arbitrage price is then

v = 2o Tae<s>dB<s>|ft} -2 ou(s) dB(s)

Dbt

Using It6’s formula, we then obtain

t
1 <(s) dBs
dVy" = py (t) dt + oe(t) [ - Wucc[t,e(t),ao]} 4B,
Dt by
= wi () dt + k(t) oo (t) dB
with
k 1 1u [te(t)a]/t (s)dB
= — 7 —glecelly s Oc .
' 23 ptz 0 o
We now set op«(t) = U‘}/**((tt))'

By rewriting (7.23) for this asset, we obtain:

Uce [tv e(t) ) Ot()]

T —r = —
¢ ucft, e(t), agl

or«(t) - oe(t) . (7.24)
Let us now define the beta of a real asset with respect to aggregate consump-
tion by:

or(t) - or-(t)

Br(t) = o (t) o ()’ (7.25)
(assuming that o« (t) # 0). We then obtain:
(T —r) = Br(t) (T, —re) . (7.26)

Hence the excess rate of return on stocks is proportional to the “consumption
betas”.

Notes

As we said in the introduction, the first continuous time equilibrium models
had one agent, and the methods used to analyze them were essentially the
methods of dynamic programming. In particular, this is the case for Merton
[273], (1973), which introduced the CAPM property in continuous time, Bree-
den [43], (1979) and finally Cox, Ingersoll and Ross [70], (1985), which deals
with determining the interest rate at equilibrium.
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The problem of the existence of an equilibrium with financial markets in
continuous time is linked to two currents in the literature.
The first one goes back to the end of the sixties (see for example the articles Be-
wley [30, 31], (1969, 1972)), and deals with the existence of an Arrow—Debreu
equilibrium in infinite dimension. Very general spaces were considered and
a wide range of analytical methods were used. The literature in this area is
plentiful. The interested reader can consult either the article Mas-Colell and
Zame [269], (1991), which is based mainly on the Negishi method, or the book
Aliprantis, Brown and Burkinshaw [5], (1989). The case of L? spaces and ad-
ditively separable utility functions has been studied by Araujo and Monteiro
[10, 11], (1989, 1992) and Dana [81, 82], (1993). The issue of uniqueness (or
local uniqueness) of an Arrow—Debreu equilibrium is discussed in Dana [84],
(2001), and the references therein.
The second current deals with the existence of a Radner equilibrium. Tra-
ditionally, and in applications, the utility functions are often assumed to be
additively separable. The idea of using martingale theory to implement an
Arrow—Debreu equilibrium as a Radner equilibrium was introduced by Duffie
and Huang [119], (1985), in a model where agents consumed at time 0 and
at the final date. The idea was later generalized by Duffie [110], (1986) to
a model allowing for a consumption process. Huang [196], (1987) uses the
idea that any Arrow—Debreu equilibrium is Pareto-optimal, to give sufficient
conditions for asset prices to be functions of a state variable given by a dif-
fusion process. Karatzas, Lehoczky and Shreve [232], (1990) were the first to
take the consumption good as the numéraire. The real prices of the reference
risky assets are then It6 processes. Their paper shows that when agents have
coefficients of relative risk aversion that are smaller than one, there exists a
unique equilibrium measure, under which discounted prices are martingales.
Finally, Dana and Pontier [85], (1992) show that very general informational
structures can be considered. The case of two agents is considered in Dumas
[127], (1989) and Wang [363], (1996).

Duffie and Epstein [116], (1992) extend the results of Sect. 7.3 to “re-
cursive” utility functions in the setting of a representative agent model. The
existence of equilibrium allocations with recursive utilities is proved in Duffie
et al [118], (1994). The existence of a representative agent with recursive util-
ities is discussed in Dumas et al [129], (2000). Epstein and Miao [151], (2002)
consider a two-agent model, where agents have different sets of multiple priors
to solve the equity home bias and the consumption home bias puzzles.

Basak and Cuoco [25], (1998) analyse a model in which agents have hetero-
geneous investment opportunities. Models containing heteregeneous beliefs or
information are developed by Detemple and Murthy [101], (1994), Basak [24],
(2000), De Marzo and Skiadas [99, 100], (1998, 1999), Jouini and Napp [219]
(2006), Riedel [309], (2002), and Zapatero [377], (1998), Serrat [332] (2001).

Finally, Cuoco [73], (1997), extends Breeden’s CCAPM to the case of port-
folio constraints.
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Incomplete Markets

The valuation and hedging of options in incomplete and in imperfect markets
is an issue that concerns both academics and practitioners. This brief chapter
is an introduction to the topic. A more complete study is beyond the scope of
this book. As in previous chapters, we work with continuous processes built
on a space ({2, F, P).

8.1 Incomplete Markets

The framework is that of a market with d + 1 assets, including one riskless
asset, where asset prices are modeled by:

dSo(t) = r(t)So(t)dt,  So(0) =1
dSi(t) = Si(t)[bi(t) dt + X7 0 () AW ()], i=1,...,d  (8.1)

= Si(t)[bi(t) At + o;(t) AW;(1)]

for o;(t), a row vector (0; j, j =1,...,n). Here, the dimension of the Brown-
ian motion W = (Wy, W, ..., W,,) is no longer equal to the number of risky
assets. If d > n, there is an excess of assets, and the possibility of arbitrage.
In what follows, we assume that n > d and that the matrix oo is invertible.
Recall that a market is complete if any positive, square-integrable r.v. { € Fr
can be written as the final value of a self-financing strategy. In a complete
no-arbitrage market, the equivalent martingale measure is unique.

8.1.1 The Case of Constant Coefficients

We must be careful not to be too hasty in describing a market as incomplete.
For example, consider a market consisting of one riskless asset with constant
rate of return r, and one risky asset whose price follows the dynamics
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s, = S, (,udt +odBM + agdBt(t)> (8.2)

where ¢; are non-zero constants and where B() are independent Brownian
motions. With this formulation, there exist an infinity of risk-neutral proba-
bility measures R, given by

j% = exp (/Ot {Gl(s)ngl) - % (61(s))? ds + 6a(s)dBP — % (0a(s))? ds])

with 01601 + 02602 + u = r. There exist non-replicable contingent claims: for

example, the random variable Bé? ) cannot be written as the final value of a

self-financing portfolio. However, this market is complete if we restrict our-
selves to contingent claims that are measurable with respect to the price
filtration.

To check this is the case, introduce the process B®) defined by

1
B = —— [0B" + 0,87 .
oy + 03

This process is a Brownian motion (as it is a martingale and ([Bt(:s)]2 —t, t>0)
is also a martingale). Using this process, and setting o3 = \/0? + 03, the
dynamics of the risky asset’s price become

s, = S, (udt + UgdBt(g)> . (8.3)
We need to specify which are the filtrations being used. The initial fil-
tration was generated by the two Brownian motions B(*). The price fil-
tration is F; = o(Ss, s<t) = a(BﬁS), s St). Indeed, from (8.3), we
have o (S, s <t) C o (Bg?’), s < t>. Moreover, equation (8.3) implies that
dBt(g) = (dS; — Sipdt) /Sios, which shows that the reverse inclusion also
holds. Under this new form, the price dynamics are “Black—Scholes”, and there
exists a unique measure @, such that (S; e™™, ¢t > 0) is a <.7}t)—Q—martingale,
satisfying ~ d (S; e™") = Sy e "tosdW,, with the process
(Wt = B§3) e A O) being a (ft)—Q—Brownian motion.

g3

Any random variable ¢, which is square integrable and measurable with
respect to Fr, is also replicable; this is the statement of the representation

theorem under Q. Indeed, the (]:}>—Q—martingale Vie™ = Eq (e7"T¢|R)
can be represented as a stochastic integral with respect to W:

t t
Eq (e—er]-‘t) = b+/0 YsdW(s) = b—l—/O med (Sse‘”)

where 75 = 105/ (Sse”"*03). From this, it can be deduced that V4 is the value at
time ¢ of a self-financing portfolio which replicates ¢, i.e., that V; = a;SP +m..S;
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with a; = ™" (V; — m.S¢) . So we have checked that a contingent claim that
is measurable with respect to the information contained in market prices, is
replicable. This no longer holds for a random variable U that is measurable

with respect to Fr = o (B,El)7 B,E”, t < T)7 which is a larger o-field than

Fr. In this case, the representation theorem yields
t t
E(e7"U|FR) :u+/ Y1 (s)dBM +/ Pa(s)dB?) |
0 0

which can no longer be written as u + fot msd [e775S]. However, from a fi-
nancial point of view, the valuation of such claims holds little interest. The
model with two Brownian motions is not satisfactory. It requires too much
irrelevant information. All this can be generalized to the case of deterministic
coefficients, but not to the case of stochastic coefficients.

8.1.2 No-Arbitrage Markets

Under some regularity assumptions, which we specify later, without however
aiming for the most refined possible set of assumptions, the market described
in (8.1) does not present any arbitrage opportunities. To prove this is the case,
we show that there exists an equivalent martingale measure. Let

ef _
0, & ol ool 7 by — 1] .

Assume that ¢ and 6 are bounded. We use the following notation: R; =

exp (— fot rsds)7

o t 1 t
L0 “exp (-/ GSTdWS—f/ ||95||2ds> ,
0 2 0

and HY def R, LY, for the state price process satisfying
dH? = —HY(r,dt + 6T dw,) .

The process L° is a strictly positive P-(F;) martingale. Let Q be the proba-
bility measure defined on F; by dQ = LYdP.

Proposition 8.1.1. Under the measure Q, discounted prices are martingales.

Proof. A very simple method involves checking that the processes S; HY are
martingales under P. This follows from It6’s lemma, with the formula for
integration by parts leading to:

d (SlHO) (f,) = HtOdSl(t) + Sl(t)dHO(t) — Sl(t)H?(MO'ZVV, QTW>t

:HtOSz[bzfrfazﬂ]dt+Mt
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where M is a martingale. By definition of 6, the drift term is zero. O

However, it is not possible to replicate every JFp-measurable random
variable. Let us explain why, in the case r = 0. According to the repre-
sentation theorem, there exists a family (¢g, k < n) of processes such that
C=a+ > _o¢r(t) dWi(t). For ¢ to be replicable, we require the existence
of (m;, ¢ < d) such that

M=

T
/ 771
0

T d
/Z B ()] AW(t)

0

n T
or(t)dWr(t) =

Il
_

1

[
NE

~
Il

1

By identification of dW}, terms, this leads to a system of n equations with
d unknowns.

8.1.3 The Price Range

In an incomplete market, there exist non-replicable assets. That is, square-
integrable Fp-measurable random variables ¢, for which there exists no self-
financing portfolio with final value (. However, replicable variables exist, as
the assets themselves and all random variables of the form ( = = + fOT ﬂstg
(where S9 denotes the discounted prices). As often mentioned previously, if a
contingent claim ( is replicable, its price is Fg (e’TTC). If there exist several
martingale measure exists, then the values of Eg (e7"7() across the different
measures @ are all equal. When the claim is not replicable, we refer to any
value of Eq (e*TTC ) as a viable price. Such a price precludes the possibility
of arbitrage, as will be seen later. When the final payoff is not replicable, we
can approach the problem in two different ways, just as we did in the first
chapter:

e by finding the smallest value z, such that there exists a self-financing
portfolio with initial value x and final value greater than (,
e by considering the set of “viable” prices, that is the set of values of

Eq (e’TTC) given when @ describes the set of risk-neutral probability
measures.

We should emphasize the fact that the set of risk-neutral probability mea-
sures is convex; if this set contains more than one probability measure, then
it contains an infinity of probability measures.

If a claim is replicable, then all the values of Eg (e*TTC ) are equal.

Firstly, we look at the set of equivalent martingale measures, and secondly,
we study superhedging strategies, before making the link between the two. It
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is not possible to give all the proofs involved, as these require mathematical
developments that are beyond the scope of this book. Instead, we refer the
reader to the papers El Karoui and Quenez [144, 145], Cvitanié¢ and Karatzas
[75], Kramkov [241], and Cvitani¢, Pham and Touzi [78].

Equivalent Martingale Measures

To determine all the equivalent martingale measures, we look for their Radon—
Nykodym densities.

Let K (o) be the kernel of 0. For v € K (o), we notice that (v,6) = 0, and
define, for a bounded v, the exponential martingale

t t
e 1
Ly & exp <—/0 (OST + UST) dWy — 5/0 (H@SH2 + ||u5||2) ds) ,
and the process HY = L} R; satisfying

dH; = — HY (ry dt+ (0] +vf) dWy)

8.4
HY =1. (84)

Lemma 8.1.2. For all v € K(0), the processes (H"(t)S;(t), t > 0) are mar-
tingales under the measure P.

Proof. The proof is straightforward. As before, it is enough to apply Itd’s
formula. O

The result can be stated by saying that the probability measures Q¥ with
densities L” with respect to P are equivalent martingale measures. Next,
we need to check that in this manner, we have obtained all the equivalent
martingale measures.

Lemma 8.1.3. The set of equivalent martingale measures is the set Q defined
by
Q= {Q"[dQ"|5 = L{dP|,, v € K(0)}
with
dL¥(t) = —=L"(t) (07 (t) + v () AW, LY(0)=1.

Proof. If Q) is an equivalent martingale measure, the density (L, ¢ > 0) is a
strictly positive F; martingale, which, thanks to the predictable representation
theorem, admits the representation

dL; = Lypl dW(t) .

The process H” S is a P-martingale if and only if o(¢)@(t)+(b(t) — r(t)1) =
0. Then the various ¢ can be written as 0 + v, for v € K(o). O
The range of viable prices at time 0 is given by:
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inf £ (H*(T)C) . sup £ (H(T)C) [
We will write p(¢) = sgp E(HY(T)¢) and p(() = irl}f E(HY(T)¢).

In general, this price range is very wide. In the case of European option
hedging, the upper bound is often equal to the trivial bound (i.e., equal to the
value of the underlying). The reader can refer to the work of Eberlein—Jacod
[133] and Bellamy—Jeanblanc [26]. It is easy to obtain price ranges of this form
for any time t.

If the contingent claim ¢ is sold at a price p(¢) € |p(¢), P(¢)], then an
arbitrage cannot be constructed. Indeed, if we sell ¢ at price p(¢), then we
can invest the proceeds in the market by creating a portfolio 8. This portfolio
would be an arbitrage opportunity if its final value Vi were greater than (.
However, under any equivalent martingale measure, the portfolio’s discounted
value is a martingale. It follows that

p(¢) =Vo = E" (Vo R(T)) = E (H"(T)Vr) > E(H"(T)C)

We can give an analogous proof to show that a no-arbitrage price must
be greater than inf, (H"(T)¢). The value p(¢) = sup, (H"(T)() is referred
to as the selling price of ¢. This choice of terminology will be justified later.
El Karoui-Quenez [144, 145] established the following result.

Proposition 8.1.4. The three following properties are equivalent:

1. There exists A € K(o) such that E (H”(T)() = .

2. The price range is reduced to a single element:
E(H"(T)() ==z, Vv e K(o0) .

3. There exists an admissible portfolio m such that X*™(T) = (.

8.1.4 Superhedging

We now consider portfolios that superhedge a contingent claim (. The seller
is willing to sell the contingent claim at a price of = if he can invest x in a
portfolio whose final value is greater than the value of the claim, i.e., V'™ > (.
The selling price is then the smallest amount x that can be used to hedge the
claim.

Using the notation of the previous section, it can be shown that p({) =
inf {z : 3r, V7' > (}. Similarly, reasoning from the buyer’s point of view, we
define the purchase price, and show that p(¢) =sup{z : I, V;"" > —(}.
The essential tool here is the smallest supermartingale (for any given martin-
gale measure equivalent to P) equal to ¢ at time 7. This supermartingale is
equal to J§ = sup Egv (R(T)¢) at time 0, and to J; = sup Eqv (R(T)¢| %)
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at time ¢, with the last equality requiring a particular definition of “sup” to
avoid difficulties due to null sets (and this leads to the notion of essential sup).

We refer the reader to the papers El Karoui and Quenez [144], and
Kramkov [241], as well as to the lecture notes Touzi [355] and Pham [299], for
proofs of these results.

8.1.5 The Minimal Probability Measure

One method, which is frequently used to price financial products, involves
choosing one specific probability measure, amongst all the different risk-
neutral measures available. Different criteria exist for this choice in the litera-
ture, and the links between the different probability measures are themselves
an area of study.

The Minimal Measure

This probability measure is linked to minimizing quadratic cost. It was in-
troduced by Follmer and Sondermann [163], and was exhaustively studied
by Schweizer [330]. The chosen criterion is the minimization of E ({ — X;i’x)Q.
The associated dual to the problem is min, F [(e_TTL%)Q} , where the param-

eter v varies in such a way that the set of risk-neutral probability measures is
described.

The Optimal Variance Martingale Measure

The idea here is to choose @ close to the historic probability measure, selecting
2
the equivalent martingale measure that minimizes Ep [(R(T)g%) } . Further

details are to be found in Schweizer [331], and in Delbaen and Schachermayer
[96, 97].

The Minimal Entropy Martingale Measure

Miyahara [280] on the other hand chooses the equivalent martingale measure
that is closest to the historic measure, in the sense of a distance that is linked

to “entropy”, and which minimizes Ep {% In %}. Fritelli [166] has devoted

numerous articles to this topic, and the dual approach has been studied by
Delbaen et al [95]

Risk

This new approach consists in accepting that the hedge will not be perfect,
and that only 95% of the risk will be hedged. So we look for a portfolio, with a
minimal initial value z, such that P (X" > £) = 0.95. (Follmer and Leukert
[161]; Cvitani¢ and Karatzas, [76]).
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8.1.6 Valuation Using Utility Functions

Let U be a utility function that is strictly increasing, strictly concave, and
satisfies Inada’s conditions. An investor puts his initial wealth x into the
markets for the risky assets and for the riskless asset, and seeks to maximize
E (U (X77™)), where the expectation is taken under the historic measure. Davis
[87] determines the fair price of a contingent claim ¢ using an argument based
on the marginal rate of substitution. We suppose that the claim ( is sold at a
price of p(¢). If the agent invests an amount § in the contingent claim ¢, and
if he keeps this position in place until expiry, his final wealth will be given by
X;f‘;’” + %C . His optimization problem consists in achieving

W (5, z,p) = sup B <U (X;‘*’“ + pé)g)) .

Definition 8.1.5. Suppose that the equation

ow
W(Ovpv .’E) =0

has a unique solution p*. Then the fair price for the contingent claim C is p*.

An “infinitesimal” investment in the contingent claim has a neutral effect
on the agent’s optimization problem.

Theorem 8.1.6. Let V(z) =sup E (U (X)) =E (U (X;m))
We assume that V is differentiable and that V'(x) > 0. Then p* is given by

B ()

b= V()

In the complete market case, or when the contingent claim is replicable, the
value of p* is the same as the one obtained by the usual approach: the fair price
is then the expectation of R(T')¢ under a risk-neutral measure. Indeed, when
¢ is replicable, p = Eqg (R(T)(¢) is the initial value of the replicating portfolio:
the initial wealth p can be used to construct a self-financing portfolio made
up of the market assets (6;, 0 <t <T'), and having initial value V() = p,
and final value Vip(6) = (. If the contingent claim ( is for sale at price p, an
investor can, for any choice of §, buy an amount §/p of the contingent claim
at price p, and invest his remaining wealth z — § in a portfolio of market
assets. Initially, he seeks the optimal strategy for a given fixed 0, and next he
optimizes his choice of §. As the contingent claim is replicable, the optimal
solution is to choose § = 0.

Let us implement the first part of the optimization scheme, with § fixed.

The §/p shares in the contingent claim have a final value §¢/p, and the port-
folio 46 /p has initial value V, (66/p) = pd/p, and final value Vr (66/p) = 6¢/p.
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It is easy to see that the optimal way of investing the wealth x — ¢ is to sell
the portfolio §6/p and invest the wealth  — 6 + V; (66/p) = « — 6 + pd/p,
in an optimal manner, in the complete market. The optimal solution to our
initial problem is then to choose § = 0. The marginal rate of substitution is
%V (%p +z— 6) ’5:0 = (p"%l) V'(z), and this is zero only if p = p.

Davis’ price is a viable price in that the fair price is within the price
range determined previously, and thus it does not give rise to any arbitrage
opportunities. We do not reproduce the proof here (see for example Pham
[299]).

Hodges and Neuberger [194] suggest the following method. For a given
utility function, the “reservation price” is the value of p such that

max E (U (X77)) = max E (U (X777 +¢)) .

™

The reader can refer to El Karoui-Rouge [147].

8.1.7 Transaction Costs

Valuation in the case where transactions incur costs is an interesting topic,
as it is very close to what happens in the real world. The results however
are often disappointing. In the case of proportional transaction costs and of a
European option, Shreve et al. [341] show that the minimal superhedge is the
trivial hedge, which involves buying the underlying.

8.2 Stochastic Volatility

Models with stochastic volatility are such that
dSt = St (/.ttdt + O'tth)

where the volatility follows a stochastic process. Numerous studies have been
carried out in the case where the volatility dynamics are specified using a
noise process that is different from that of the underlying:

dO't = b(t,O't)dt + Z(t70't)dBt .

Models in which dS; = S; (uedt + o (£,.5¢) dWy), where 0 : RT x R is
a deterministic function are not considered to be of stochastic volatility. In

such models, there exists a sole risk-neutral measure, given by %‘Ft =L

with L; = exp [f(f 0,dW, — %fg QSdS} and 0, = ﬁ Nonetheless, it is not
straightforward to provide explicit valuation calculations in these models.
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8.2.1 The Robustness of the Black—Scholes Formula

As stated earlier, the price of a European call in the Black—Scholes model is
increasing with respect to volatility. This property can be extended to the
stochastic volatility case as follows. Let dS; = S;(rdt + o:dB;) be the price
process for the risky asset under a risk-neutral measure (). We use the notation
BS(t,z,0) for the Black—Scholes function defined by

BS (t,x,0) = F (e_r(T_t) (X1 - K)* X = UU) )

where X is the geometric Brownian motion with constant drift » and con-
stant volatility o. The function gives the price of a European option in the
Black—Scholes model with volatility o. Now we examine the error a financial
agent makes if he does not know the exact value of (o, t > 0), but knows
that this volatility remains between two bounds, which are either constant or
deterministic. He evaluates the price of the option using the Black—Scholes
function, and hedges using the delta obtained by applying the Black—Scholes
formula.

Theorem 8.2.1. If 01 < 0y < 09 for all t and for almost all w, where the
0;’s are constants,

BS (t, Sy, 01) < Eo (e*“T*ﬂ (Sp — K)* |]-'t) < BS(t,8,,00) .

Proof. The proof is very simple and uses the fundamental properties of the
Black—Scholes function, in the shape of the its PDE and its convexity. We
apply It6’s formula to the discounted Black—Scholes function e ™" BS (¢, S, 02)
evaluated at the “real” market levels. We obtain:

t
e "BS (t,8;,00) = BS(0,S0,0,) +/ e_”a;%s (s,Ss,02)ds
0
b OBS 1 [t 0*BS 2 2
+ /0 e o (s,8s,02)dSs + 5/0 e 92 (s,8s,02) Sosds
t
- / re”"'BS (s, S5, 02) ds
0
¢
= BS (0,50, 02) +/ e "® oBS (s,S5,092) 055sds
0 83?
bt ,.JOBS 0BS 19’°BS , , s
+ /0 e [at—i-axrss—i—Q 922 Sios —re” " BS| (s,Ss,02)ds .
The Black—Scholes function BS (t, z, 02) satisfies
2
oBS +xr8BS —|—m20218 BS CBS 0.

ot Ox 29 922
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It follows that
eiTtBS (t, St,UQ) = BS (0, 50,0'2)
1/t s 9°BS
+§/0 e W(S,SSJQ)SS2 (U?—ag)ds—i—Mt

where M is a martingale under the risk-neutral measure. Now it is enough to
use the same formula at time T, and take expectations under the risk-neutral
measure, to obtain

Eq [e""BS (T, Sr,02)] = Eq (e_T'T (St — K)+)

_,s0°BS
Ox?

1 /7T
BS (0,50702)4-5/ e (8,55,02)552 (Uf—ag) ds
0

< BS (0, 50,0'2) .

0

To hedge himself, the agent calculates the hedging “delta” using the Black—
Scholes methodology, that is using the function % (t,z,09) evaluated at
the observed levels, and constructs a portfolio containing A = a(%s (t, St 09)
shares. The value of this self-financing portfolio is IT(t) and its price dynam-

ics are given by

AITA(t) = rIIA(t)dt + A[dS, — rS,dt] .

The value of this portfolio is always greater than the estimated value of
the contingent claim (. Indeed, if we write e(t) = ITA(t) — BS (t, St, 02), 1t6’s
formula shows that

t
0BS
_ rt —ru 2 2 2
e(t) = ;e /0 e [02 - Ju] S“TxQ (u, Sy,09)du .
So the agent is superhedged. A counter-example in the case of a stochastic oo
is provided by El Karoui and Jeanblanc-Picqué [138].

This study is carried out in a more general setting in Avellaneda, Levy
and Pards [17] and in Gozzi and Vargioglu [176].

8.3 Wealth Optimization

One approach to the problem of portfolio optimization in the case of incom-
plete markets, is to complete the market by adding fictitious assets that the
agent is not allowed to use in his portfolio.
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Let p(t) be a (n — d) x n matrix whose row vectors are orthogonal and
such that o(t)pT (t) = 0. We complete the market with the assets

Jj=1

The matrix p is taken to be fixed, and the vector 3 is adjusted in such
a way that the optimal trading strategy in the completed market is given
by a portfolio that does invest in any of the fictitious assets. The idea is an
intuitive one: if 3 is large, the investor would prefer to have a long position
in the fictitious assets in his portfolio, and if 3 is small he would prefer to
have a short position. It must be possible to adjust the § coefficient in such
a way that the agent does not have a position in the fictitious assets, in his
portfolio. Karatzas [230] provides further details, as well as a rigorous proof.

Another approach is to complete the market and work with constrained
portfolios. Duality techniques are then very effective, and can also be applied
to other types of constraints. The reader can consult Cvitani¢’s lecture notes,
published in [32], and Karatzas [230].

Notes

Pricing in an incomplete market remains a challenge for practitioners. One
can refer to Bingham and Kiesel [33], (1998), and Bjork [34], (1998), for a
general presentation, to Miyahara [280], (1997), and Frittelli [166], (2000), for
the minimal entropy measure, and to Cvitani¢ [32, 74], (2001), for a utility
approach.
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Exotic Options

The valuation and hedging of the ever increasing number of exotic options, is
a topic that interests many practitioners seeking to answer their customers’
need to hedge risk (in particular in the foreign exchange markets). This last
chapter is devoted to the mathematical problems related to these products.

Exotic options, or “path-dependent” options, are options whose payoff de-
pends on the behaviour of the price of the underlying between time 0 and the
maturity (here assumed to be fixed), rather than merely on the final price of
the underlying. We only deal with the case of European options here. Ameri-
can options (with which the buyer can exercise his right at any time between
0 and the maturity) are covered in Lamberton-Lapeyre [250], as well as in
Elliott and Kopp [149]. The paper Myneni [287] is also good reference, though
it is less accessible. One can also consult Jarrow and Rudd [213], Bensoussan
[28], Karatzas [229]. Path-dependent options of the American type are traded,
though their pricing formulae are not known explicitly.

Path-dependent options are traded mainly in the foreign exchange mar-
kets. Numerous authors have studied them in discrete time. One can look to
Willmott et al. [371], Chesney et al. [57], Musiela—Rutkowski [285], Zhang
[379], Pliska [301] and to the references therein. These works also tackle the
continuous time case, to which we devote the final part of this chapter.

As in the Black—Scholes framework, let us assume that the price of the
underlying follows, under the risk-neutral measure ), the dynamics

dSt = St (Tdt + O'dBt)

with B a Brownian motion. We suppose that ¢ > 0. This is not a very
restrictive assumption: if it did not hold, we would only need to change B
into — B, which is also a Brownian motion.

Our first section is devoted to the probability distributions associated with
the Brownian motion and its supremum. The results will serve later on in the
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chapter. In the following section, we study the valuation problem for barrier
options, and subsequent sections touch upon other exotic options.

For all that follows, we take a space (2, F, F;, P) and a Brownian motion
(B, t > 0) starting at zero and constructed on this space.

We write N'(z) = \/T / e~ 2 du for the standard cumulative normal
T J—c0

distribution.

9.1 The Hitting Time and Supremum for Brownian
Motion

We study the distribution of the pair of random variables (By, M;), where M

is the process for the Brownian motion’s maximum, i.e., M; def Supg<¢ Bs.
From this distribution, we deduce the distribution of the hitting time: the
first time that the Brownian motion B hits a given level.

9.1.1 Distribution of the Pair (By, M;)

Theorem 9.1.1. Let B be a Brownian motion starting at 0 and let M; =
sup (Bs,0 < s <t). Then:

—9
for y>0,z<y P(Btgx,Mtgy)zN(\i?)—N(xﬁy>,

for y>0,x>y P(Bt<$7Mt<y):N(yt)—N<?/:%>,

for y <0 PBi <z, M;<y)=0.
(9.1)

Proof. Calculating the law of the pair (M, B;) depends on which area of the
plane we are in.

o The Reflection Principle
Let us show that

for 0<y,z<y, PBi<ax,My>y)=P(B:>2y—x). (9.2)

Let Ty = inf{t : B; > y} be the hitting time for level y. It is a stopping
time and, trivially, (T, < t) = (M, > y); also, for y > 0, by continuity of
the Brownian motion’s paths, we have T, = inf{t : B; =y} and Br, =y.
Hence

P(Bi<x,My>y)=P(B; <z,T,<t)=P(B;—Br, <z —y,T, <t).
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We introduce conditioning with respect to T}, and to simplify the notation
we write P(A|Ty) = Ep(14|T,). Using the strong Markov property, the
previous expression becomes

E(lig,<¢ P(B; — Br, <z —y|T,)) = E(ll1,<. 9(T}))

with ®(u) = P(By_, < z —y) where B = (B, = By 1, — Br,, t > 0) is
a Brownian motion that is independent of (By,t < T),), and has the same
distribution as —B. Tt follows that ®(u) = P(B;_, >y — z ). Going back
to our previous computations, we get

E(lr, <t 9(T,)) = E(Ly,<tP(B; — Br, >y — z|T,))
=PB;>2y—x,T, <t),

where this last term equals P(B; > 2y — x), since 2y — x > x.

In the area of the plane 0 < y < x, as M; > B;, we have
P(By <z, My <y)=P(B <y, My <y)=PM, <y),
where the last term can be evaluated using the previous calculations.

Finally, for y <0, P(B; <, M; <y)=0as My > My =0.

9.1.2 Distribution of Sup and of the Hitting Time

Proposition 9.1.2. The random variable M, has the same distribution as
| Bt].

Proof. Indeed, for = > 0:

PM;>x)=PM; > x,By >x)+ P(My > 2,B; < x) .

Using (9.2) (with z =y ), we obtain:

>
(B, < —z) = P(|B| > z) .

We obtain the distribution of T}, = inf{s : By > x} by noting that

P(T, <t)=P(M, > z).

Hence, the density of T is, for =z > 0,
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P (T, € dy) —— ex i P (9.3)
z Yy 93 p o t>0 dl . .

It is worth noting that the process M does not have the same distribution
as the process |B|. The former is increasing, the latter is not. The reader can
refer to Revuz—Yor [307] for more information.

9.1.3 Distribution of Inf

The distribution of inf is obtained using the same principles as above, or by
noticing that

def .
my = inf By = —sup(—B,) ,
s<t s<t

where —B is a Brownian motion. Hence

fOr y§07x2y P(Bt>$,mt>y):j\/<

for y<0,2<y P(Btzx,mtsz( >N<5z)
for y>0 PBi>a,mi>y) = 0.
(9.4)

In particular, P(m; > y) =N (%) -N (%)

o

9.1.4 Laplace Tranforms

2
We know that for any A, the process <exp (/\Bt — 775 ,t> O) is a mar-

tingale. Let y > 0, A > 0 and let T} be the hitting time for level y. The

martingale
2

A
exp <)\ Bt/\Ty — ?(t A Ty))

is bounded by e*?, so is uniformly integrable, and the optimal stopping theo-
rem (see annex) yields

)\2
E [exp (/\BTy — 2Ty>} =1

) -

i.e.
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9.1.5 Hitting Time for a Double Barrier

Let a < 0 < b, let T, and T} be the corresponding hitting times, and let
T* =T, NTy be the hitting time for the double barrier. We continue to use
the notation M for the Brownian motion’s maximum, and m for its minimum.

Proposition 9.1.3. The Laplace transform of T* is
22 cosh[A(a + b)/2]
E AN | e A Vi I
{GX" ( 2 ﬂ cosh[A(b—a)/2]
The joint distribution of (Mg, my, By) is given by

P(agmt<Mt§b,Bt€E):/k(z)dx
E

where, for E C [a,b],

oo

M) = = 3 [onw (— gyt + 200 - )

k=—

~exp (—;(x b+ 2k(b — a))Q)} . (95)

Proof. The Laplace transform of T can be obtained by applying the optimal
stopping theorem. Indeed,

)
= exp (Ab;l) E [eXp (— AQQT*) nT*_Tb}

—-b A2 T*
+ exp A% E exp | — Lpe_r
2 2 ¢
and, using — B,

+b +b A2 T
o[ (50)] <ol (0 (oo - 157) 50
_ _ QT*
= exp ()\ 3b2 a) E [exp (—)\ 5 ) IIT*_Tb]
_h QT*
+ exp ()\ b2 3a) E [exp <—)\ 5 > HT*_Ta} .

By solving this system of two equations with two unknowns, we find:
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The first assertion follows by noting that

A2 T A2 T+
o ()] 2o ()]

The density can then be obtained by inverting the Laplace transform. A direct
proof of (9.5) appears as an exercise in Revuz—Yor [307]. O

9.2 Drifted Brownian Motion

9.2.1 The Laplace Transform of a Hitting Time

Let X be the process defined by X; = pt+ By and let T# = inf{t > 0; X; = a}.
Then we have

2
E (exp (—)\QT(5‘>> = exp (,ua — |a|v/ p? + )\2) :

To see this is the case, we use Girsanov’s theorem. Let () be the probability
1

measure defined by dQ|z, = exp (—uBt — 2,u2t) dP|z,, which can also be

written

1
dP|F, =exp (MXt - 2N2t> dQ|z, .

Under @), the process X is a Brownian motion, and T, is a.s. finite. Further-
more,

A2 1, A2 |
Ep | exp —7Ta = Eg |exp ,uXTu—§,u T, ) exp —7Ta ,

where on the LHS as on the RHS, T, = inf{t > 0; X; = a}. The RHS equals

Eq {exp (ua - %(u2 + AZ)TQ)] = e Eq [exp (;(u2 + )‘Q)Ta> 7

which we know how to calculate since under @), T, is the hitting time of level
a for a Brownian motion.

If X is defined by X; = ut+o0 By, it is enough to note that inf {¢t | X; = a} =
inf {t | Ht + B, = ¢ }, in order to obtain the transform of the hitting time for
o o
level 0.
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9.2.2 Distribution of the Pair (Maximum, Minimum)

Let X; = ut + oB; with ¢ > 0, and let M;¥* = sup(X,,s < t), and

m;* = inf (Xs,s < t). Girsanov’s theorem enables us to transform o~ !X
into a Brownian motion. Let @) be defined by dP = L dQ, where L; =
W 12 R . -1 I 1p? _
exp |-—B; — ——t|. Then dP = L7'dQ with L; " =exp |=B; + = —=t| =
o 202 o 202
o 12 _ W, . . .
exp | =Wy — =—t| where W; = B; + -t is a Q-Brownian motion, and
o 202 o
X f p?
P(X, <z, M* <y)=FE “We— —t| 1
s =)= Ea “pL t %2} {we<Zup < ¥}
o o

Straightforward but lengthy calculations lead to

-fory>0,y >z,

P(X, <@, M)} >y) =¥ P(X, > 2y — o + 2pt)

P, )= (E) 2y (2220
(X¢ <@, M7 <) N(U\/E e N R

- and for y <0, y <z,

—x + ut 2py —x + 2y + pt
P(X, > 0mi > y) = N ) -e¥ar( .
( t — t —y) < 0'\/1? U\/%

In particular, we can deduce from above the distribution of the maximum
as well as that of the minimum:

HM?<y>=N(y‘”)—59N(‘y‘”)7 y>0,

oVt oVt (9.6)
X —y +pt 2y Y+ pt '
P(mt zy) N(M)602N<g\/{>’ yﬁO

Let y > 0 and let T, = inf{t > 0| X; > y}. The density of T}, can be
computed by using the equality {7}, > ¢t} = {M;* < y}. In particular, by

letting ¢ — oo in the expression P(T, > t) = N (71;—\7;) —e N (_ayi\_/ft),
2p1
2

we find that if 4 < 0 and y > 0, then P(T, = c0) =1 — e? , which is zero
only when p = 0.

9.2.3 Evaluation of E(e™"Tv1ly, <4)
Let X; = ut + B;. We write

E(e™#Tvlly, c0) = e WV E (eBTy Vi pT, ]1Ty<a) ,
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Applying Girsanov’s theorem with Q defined by dQ = L; dP for L, =
eBt\/ﬁfut, yields Ep (eBTy\/ﬁ—#Ty]lTy@) = EQ (]1Ty<a), with Bt = B; —

v/2ut, a Brownian motion under Q. The stopping time 7}, can be written as

T, =inf{t : B, =y} =inf{t, B + /2ut =y} .
Calculating Eq(ll7,<q) depends on the density of the hitting time for a Brow-
nian motion with drift. Making use of formula (9.6), we obtain

E(e " illg o) = ¢ WV2HN (_\1;/6 + 2au>

+eUVIN (\yf - m) . (9.7)

a

9.3 Barrier Options

For this kind of option, a level (the barrier) L is fixed in the same way that
the strike price of an option is fixed. Both calls (options to buy) and puts
(options to sell) can be associated with a barrier. We give explicit workings
only for call options with strike K; in the case of a put the calculations are
very similar.

9.3.1 Down-and-Out Options

The buyer of the option looses his right of exercise if the price of the underlying
(St,t > 0) falls beneath the level L before maturity (we assume that L < Sp).
Otherwise, the option holder receives a payoff ¢(S7), with ¢(z) = (z — K)*
for a call option (respectively (K —z)™ for a put), where K is the fixed strike
price.

The price of a down-and-out call is:

def _r
DOC(Sy, K, L) = Eg(e™"™"(Sy — K)*lr, >7)
where T7, is the stopping time at which the underlying price crosses the barrier
for the first time:
def

TL = Hlf{t|St < L} = 1nf{t|St = L} ,

with the last equality being a consequence of the assumption L < Sy and of
path continuity.

We can also consider the case where the option holder receives a compen-
sation F' if the barrier is crossed. This compensation is agreed upon when
the contract is signed, and is received either when the barrier is crossed or
at maturity. The compensation is bounded above by F Eg(e "t 1y, <) for
the first mode of payment, and by F Eg(e™"" 11, <) for the second. These
two expressions only involve the distribution of T7,, which is known; we will
provide explicit calculations later.
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9.3.2 Down-and-In Options

The buyer of a down-and-in call receives the payoff only in the case where the
level L is reached before time T'. The price of such an option is:

DIC(So, K, L) & Eq (e 7"T(Sp — K) T lp, <1) .

It is then obvious that:
DOC(S, K, L) + DIC(S,K,L) = C(S, K)

where C(S, K) is the price of a call with strike K on an underlying that has
initial value S. The relation above enables us to limit ourselves to the study
of down-and-in options.

9.3.3 Up-and-Out and Up-and-In Options

An up-and-out option becomes worthless if the level H > Sy is reached before
time T', whereas the up-and-in option is activated when the underlying crosses
the barrier on its way up.

The price of an up-and-out option is
Eq(e™(Sr — K) " llrery,)
and that of an up-and-in option is
Eqg(e ™ (St — K) T lrs1y) ,
where
Ty =inf{t|S; > H} =inf{t|S; = H}.
9.3.4 Intermediate Calculations

e Fwaluating the Integrals

We start by evaluating the integrals that will appear in subsequent cal-
culations. Let a < b, m and c be real numbers. Elementary calculations
using a change of variable yield

d;

I(a,b;m,c) \/% /ab exp (mx - %(x - c)2> dz
— (N(B) - N(a)) exp (sz e

with
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a:a—(c—l—mT) ﬂ:b—(c—i—mT)

vT VT

Another integral that we will need later is, for a > 0, x > 0 and y > 0,

aet [ _ 1 _
J(a,z, :/ e e Y/t at,
A N

1 -
which can be written as —J (a’ a:y) with
VY \Y

= dof [* g0 1 _
J(a, :/ et e Mgt .
R e

We can evaluate the integral above by introducing the change of variable

2 1
v = \/;, and thenvf@ = u, so that v = 2(u+\/u2+4\/5),and
v

finally ¢ = y/u? + 4\/x. A more elegant approach involves using proba-
bilistic representations of the integrals above. Firstly, using the density of

T, (see formula (9.3)), we find that

z 22 1 - (2a rz?
E(e 7 llroy) = — ) = —J(= =) .
T ) m‘]< 2) v < 2)
It follows from (9.7) that

J(a,r) =7 [e_zﬁ/\/'(a) + GQﬁN(ﬁ)}

a:—\/f—i-\/ﬁ; 62—\/3—\/3%.

This brings us back to the Laplace transform of the hitting time for level
z>0:

with

2

zJ (oo,r,Z2> = e ?V2r

—_

E(e7) =

V2r

def < e
K(x,z) = /
( ) 0 vV 2t

52

is obtained by differentiating J (oo, z, 2> with respect to z:

The integral

xt

e~ /2t

K(z,z) = exp (—\z|\/ﬁ) .

1
V2x
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Change of Measure

We express the various terms we need to evaluate to price barrier options
as functions of the Brownian motion B, and then of the process (W; =

1 o?
B; +mt,t <T) where m = — 7“77 .
o

The price of the underlying asset can be written as
L,
Sy = Spexp | 0By +rt — 50 t| = Spexp(cWy)

and the hitting time 77, can be expressed as a function of S or as a function
of W by

L e
Tp, =inf{t : StSL}:inf{t : oW, glns} = inf{t : W, < (¢} d:ng
0

1. L 1. H
where we have set { = — In —. Similarly, setting h = — In —, we have
So o So

H e
TH:inf{t : O’WtZIHS}:in{t : Wiy > h} d:fTh.
0

An expression of the form Eq(@(Sr)lr, <) can be evaluated either by
using Girsanov’s theorem and transforming the process W into a Brown-
ian motion, or by using the density distribution of the pair (W, M) when
W is a Brownian with drift, and M is its maximum. Here we elaborate on
the method that uses Girsanov’s Theorem.

Let R be the probability measure defined by

dR 1
— = exp <—mBT — mQT) ,

dQ@ 2

ie., by
@ =e mWr — 1mQT
ar ~ P T3 '

It follows that

2T
Eq (@(St)lr,<1) = ER (@(SerWT) exp (mWT — m2 > ]]-Te<T>

where W is a R-Brownian motion. Therefore, we need to evaluate R(Wr €
dz, Ty < T'), which can be done using the reflection principle.
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e The Resolvent Operator

Let v be a given function, and let B be a Brownian motion starting at x.
To evaluate the Laplace transform of the function ¢ — v(By), i.e.,

ro)=E (/Om exp [—Azt} V(Bt)dt> ,

let us use our preliminary calculations and the density of B; given by
1 (y —2)°

——exp ————dy:

V2rt P 2t Y

ro\) = /_O; dy(y) OOC dt\/g%exf’ (_(y;:)Q) P <_A22t>

3 ates-xa - ).

The last equality uses the function K from the previous section. The func-
tion I" is known in the literature as the resolvent operator of Brownian
motion.

9.3.5 The Value of the Compensation

e If the compensation is paid when the barrier is touched, we need to cal-
culate Eg(ll7, <re~""t) = &(L,T). To do this, we express it under the
probability measure R:

2
O(L,T) = Er [exp (mWTﬂ - ”;n) e T ]1Tg<T:|
2r +m?2 ] emz~<2T 2r+m2€2>
2T T = i

mi
— ™ ER |1 _ _;
¢ R{TKTQXP 2 S\ T2 2

2
Using the earlier integral calculations, and noting that 2r4+m? = (1 + 02) ,
g

we obtain:
(L, T) = e "“N(y1) + "/ N(y2)
with
1 02T 1 o2T
=—(rT—to+——) , o=—~= (1T +lo+—) .
n Jﬁ( z) " a\/T< 2)

o If the compensation is paid at maturity, it is enough to calculate Eq (11, <7),
which has already been done above. Specifically:
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@

me 2T m2€2
Eq(lr,<1) = ﬁ (62’4) = N(73) + ™ N (74)
with
1 o7 1 o?T
= (rr—to - T~ = (rr 7).
Y3 UT(T lo 2),74 O’\/T(T +£0+2>

9.3.6 Valuation of a DIC Option

L
Since Sy > L, the value of In 5 is negative. Setting Sy = x, the price of the
0
option DIC(Sy, L, K') can be written

e"TDIC(z, L, K) = Eq((Sr — K) "1, <1)

T
= ER ((IGUWT — K)+6Xp <mWT — W’L2) ]1T5<T> .

The payoff can be decomposed into:

O'WT _ + _ UWT _
(ze K)™ = (xe K)ﬂ{ze”WT K >0}

= erWT]lWTZk — K]IWTzk
1. K o . L
where k = —1In —. Substituting this expression into that for the DIC, we
o

) T
obtain

e"'DIC(L, K) 5

—KER (emWT]l{WTZk}]lTZ<T) }

m?T
exp <_ ) [:U Egr (e(Uer)WT HWTZkﬂ{Tl<T}>

— exp <m;T) (2% (0 +m) — K¥(m)]

where ¥(y) = Eg (eyWT]IWTzk]lTKT). To evaluate the last expression

above, we use the reflection principle for Brownian motion and the elementary
fact that

(T, < T} = {mp & inf W, <} .

e Hence, in the case k < £ (that is K < L) we deduce that
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¥(y)

/ eyt ﬂusz(WT S du,Tg < T)

— 00

1 ¢ 1
= \/27T7T|:/k exp(yx — ﬁxQ)dx

+ /;O exp(yx — %(25 —z)?) dx]

Ty? Ty?
= exp [5] WV (Y1) = N(y2)] + exp [Qy + 2y4 Nys)
where the last equality makes use of some basic calculations, and where
we have set
1

n === ,yQ:%[k—yﬂ ,ygzﬁ[wa .

Once the computations are done, we find that for K < L

2r

L\t
DIC(L, K) = So N(Zl) 7/\[(22) + (So) N(Zg)
2r
LYoz !
Ke ™™ | N (24) — N(z5) + (5> 7 N(z)
0
where
1 T 1
z1 = py _(r + 502)T + ln(z/K)] 2y =2 —oVT
1 T 1
29 = oy _(r + 502)T + ln(x/L)] 25 =29 — VT
1 T 1
z3 = vy _(r + 502)T - ln(m/L)] 26 =23 —oVT .
e In the case K > L, we find that
2r 2r
LN\os+1 A
DIC(L,K) = Sy <) N(z7) — Ke™" () N(zg)
So SO
where
e o
27 = —= |In(L*/SoK) + (r 4+ z0°)T
aVT 2

28227—0'\/T.
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The formula can also be written as

1 2r
LY "o
So

K52
iz N(zg)] ’

DIC(Sy, L, K) = ( [50 N(z7) -

or, if we use the notation C(z, K) for the price of a European call with
strike K on an underlying with initial value z, as

2r

14+ — 2
(L o2 KS?

This expression enables us to give a strategy for hedging barrier options
with European calls.

9.3.7 Up-and-In Options

Their value is given by UIC(Sy, K, L) = e "1 Eg[(St — K)T 11, <r] with
Ty =inf{t : S; > H}, in the case Sp < H.

e Before we go into the calculations, we note that if K > H, then it follows
from the equality {Sp > K} N{Ty < T} = {Sr > K} that the option price
is the Black—Scholes price.

e In the case K < H, we proceed as we did previously, and establish that

m2T

E[(Sr— K)"lr,<r] = exp (— ) [So@(m + o) — K&(m)]

1. H
where, setting h = —In —,
oz

2(y) = /eyuﬂusz(WT edu, Ty, <T)

1 h 1 )
_\/ﬁ[/k exp(yzQT(th))dx
—&—/h exp <yx— o7 ) dx}
2

= exp By] [N (a1) — N(az)] + exp {ng + 2yh] N(asz) ,

and where the numbers a; depend on the various parameters involved. Once
we are done, we find that for K < H,
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2r

+1
UIC(So, L, K) — S (5) 7 (b)) — N (b)) + N (ba)
0
o
~ Ke'T (g)) T (N (ba) — N (bs)) + N (bo)
with
by = mﬁ [(r+0%/2)T — In(Kx/H?)] by = by —oVT
by = - f [(r 4+ 0%/2)T + In(H/z)] bs = by —oVT
by = —— [(r+02/2)T — In(H/z)] be = b3 —oVT.

m/T

The case in which coefficients depend on time in a deterministic way is
much more complicated, and no explicit formula is known. The problem in-
volves studying the distribution of (Bp,T*) with T* = inf{t, B; > g¢(t)}
where ¢ is a deterministic function. The calculation is straightforward if g is
an affine function, but few other cases yield explicit solutions. Roberts and
Shortland [311] transform the problem by conditioning on the final value of
the Brownian motion, and writing

Eq (2(St)lr,<1) = Eq (EQ (?(ST) LT, <7|BT)) -

This comes down to considering a Brownian bridge, and yields numerical
procedures for obtaining an approximation.

9.3.8 P. Carr ’s Symmetry

The formula obtained in the case of a DIC option when K > L is particularly
simple, and can in fact be obtained by another approach, which involves less
mathematics, and uses the symmetry formula of Peter Carr [47]. The formula
(see the following proposition) can be explained in a very intuitive way in
the case of the foreign exchange markets, when the exchange rate has the
dynamics

dX; = Xi[(r? — rf)dt + odW]

where r? is the rate in the domestic country, and 7 is the rate in the foreign
country.

Let us consider a call on the foreign currency, with maturity 7" and an
exercise price of K euro. The option guarantees the purchase of $1, at a max-
imum rate of K. Its price in domestic currency terms at time ¢ is written
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Call’(t, Xy, K, T, 74, r1).

For the foreign investor, the same option guarantees the sale of K euro
at time 7 at a maximum price of $1. Thus we have K foreign puts on
the euro-dollar rate ¥; = X, ! with strike K~', and a price at time t of
KPutf(t,Xt_l,K’l,T,rf,rd).

The absence of arbitrage implies that there is a symmetry between these
two markets (domestic and foreign):

Call’(t, Xy, K, T,r% r/) = KX, Put/ (t, X; 1, K1, T,r% , r) (9.8)
In the special case where 7% = r/, the homogeneity of the price of a put
aPut(t,z, K, T) = Put(t,az,aK,T) ,

leads to the following symmetry formula. (We have used the notation
Put(t,z,y,T) for the price of a put with strike y: the strike is given as the
third variable, and the price of the underlying as the second.)

Proposition 9.3.1. If the underlying asset has the dynamics dSy = S;odW;
under the risk-neutral measure, then we have the relationship

Call(t, S, K, T) = KSiPut(t,S; ', K™, T) = Put(t, K, S;,T) ,
which is called the symmetry formula.
Proof. We give a proof that uses Girsanov’s Theorem. The price of a call is
Call(t, Sy, K, T) = Eq((St — K)"|F) .
By taking out ST K as a factor within the expectation, we get
Call(t, Sy, K,T) = KEg(Sp(K™' — S )T |F) .

Under @, we can write S; = xM; where M is the martingale dM; =
M,odW,, My = 1; moreover M ! has the dynamics dM{1 = —UMfl(dBt -
odt). Next, Eq(Sr(K~' — S3')*|F;) can be evaluated by changing measure
(and numéraire), and introducing the density

d 2
R :Mt:exp (UBt2t> .

dQ

Fe

Under the new measure R, the process B, = B, — ot is a Brownian motion,
and the dynamics of Z = M~! are given by dZ; = —0ZdBy = 0 Z, AWy,
where W is an R-Brownian motion. Using Bayes’ formula, M;Er(A|F;) =
Eq(AMry|F;), we obtain
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7 +
CaH(t,St’K,T) = Kth ER <(K1 _ ;) |ft> )

Zr
x

1/K, on an asset Z following the process dZ; = —0Z;dW; and with initial
value 1/z. The last equality in the statement of the proposition follows from
the homogeneity of the put. O

The term Er ((K‘1 - )" |.7-'t> corresponds to the price of a put with strike

In the case where K > L, and for an underlying that is a martingale under
the risk-neutral measure,
E((St — K)" 1, <r) = E(lr, <r E((St — K))|Fr,) -

The term E((S7— K)|Fr,) corresponds to the value of a European call with
strike K, initial value of the underlying L, and maturity 7" — Tp,. Using the
symmetry formula, it is equal to Put(7y, K, L,T'). From the homogeneity of
the put,

K L?
E[Lr, <r B((St = K)*| Fr,)] = B [HTL<TL Put (Tb L K,Tﬂ :
L2 *
At maturity, the put with strike price L2/K is worth (K — ST) , and only

2
has strictly positive value if the underlying is below —, which in turn is

smaller than L, as K > L. If the payoff is non-zero, it must be the case that
the barrier L has been reached between times 0 and 7', and it follows that

K L2 +
(K - ST)

L? K
fE []ITL<TPut <TL,L, K,T):| = —F
It remains to employ Carr’s symmetry formula once again to obtain

K
DIC(z, K, L) = Call (L;) .
By differentiating this expression with respect to K, we obtain

. x Ka?

+
Indeed, Call (L, ?) =F ((STL — I?) ), and we know that
x

d

g ((Sr— K)*) = —KQ(Sr > K).
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The General Case

In the Black—Scholes case, we revert to the martingale case by using the
following result.

Proposition 9.3.2. Let X have the dynamics
dXt = Xt(’f'dt + O'dBt)
_q def 2r .
and let v~ = 1 — —. Then, X; = Xo(My)? where M is such that dM; =
o
Mt’yilO'dBt.

Proof. The proof is a direct application of It6’s formula, from which we de-
duce:

. K\ ' L\
Q(St > K, ?%1%15} <L)=Q (MT > (50> , %1%1Mt < (So>
X 1/~ Kax 1/~
- (Z) Q (MT > <L2) )
x\ 1/ Kax?

By integrating the last equality with respect to K, we obtain:

/ de (ST > k’?g%lst < L> =F ((ST — K)+]1TH§T)

_ (%)WEQ ((sTg —K>+> .

Hence we obtain the same formula as before. O

9.4 Double Barriers

The reader can also refer to the papers Kunimoto and Tkeda [248] and Geman
and Yor [173].

The payoff of a double barrier option is (S —K)™T if the underlying remains

within the range [L, H| between time 0 and the maturity of the option. The

option’s price is therefore Eg(e "7 (S7 — K)* llp+~r) where T* Ty ATy

Instead of evaluating Eg (e~ "7 (St — K)Tllp«~7), we calculate Eg(e™ " (St —
K)*lr«cr), as the sum of these two terms is Eg(e™ "7 (Sr — K)T), which
is known from the Black—Scholes formula. We can use the same change of
measure as before, and put this expression in the form
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m2
- (7“ + )
e 2 Er ((xe"WT — K)+emWT]1T*<T) .

Evaluating this expression requires explicit knowledge of the distribution of
the pair (W, T*). The distribution is not a simple one, as it is given by the
double series in (9.5).

We can use a different approach (Geman—Yor). We can evaluate the
Laplace transform of X(t) = Ep [e™Wt(ze”"t — K)T17..,]. Thus, using the
Markov property, we evaluate

B()) = /O " exp {—Aﬂ (1) dt = B ( / Oo exp [—Aﬂ ap(Wt)dt)
= Fp (eXp {— A?*] /OOO exp [—)‘;t] o(Wi 4+ Wr-) dt)

where ¢(y) = e™¥(ze”? — K)* and where W is a Brownian motion that is
independent of W. We can simplify the expression for the expectation in the
last line, by separating it into two and using hitting times:

)\2T* QT*

#0) = B [oxp |5 | 1o | w00+ B [oxp |25 | 1-2n| w00

where

V(y) =Ey, Uooo exp [A;t] (W) dt] ;

and where the notation E, specifies that the Brownian motion W starts from
A2T* } }
Ip«—7, | Were

y. The values of the expressions of the form Fg [exp {—

given previously, in the proof of Proposition 9.1.3.

o Let K € [L,H]. Using the results on the Brownian motion’s resolvent
operator, and for values of X\ such that m 4+ o — X < 0, we get

oAb
U(h) = ——|2(@n(o+m+A)
T+ m o+ ) — K (m + \) — By(m + )]
+¥ [K¥p(m — A) — 2@ (0 +m — N)]
e)\f
V() = — [K¥(m = A) — 2 (0 +m — A)]



9.5 Lookback Options

e For K < L, taking z =/ or z = k, we get

w(z) = e_;h 2(Wh(0 +m 4+ \) — Up(o +m + N))
—K[u'/h(m + )\) — ka(m + )\)}
Jr%[KWh(m —A) —a¥(c+m—N)].

It then remains to invert the Laplace Transform.

9.5 Lookback Options

269

A standard lookback option pays out Sy —mi where mI = inf{S;,t € [0,T]}.
The amount Sy —m{’ is positive. The price of this option can be expressed as

Look = e ™" Eq(Sr —md)
and its price at an interim time ¢ is Look; where

Look;e™"t = e_rTEQ (S’T - mg|.7-'t) )

We note that mI = mf A m], with m! = inf{S,,u € [s,t]}, which allows us

to write

Look;e™"t = EQ(e_TTSTl}—t) - e_TTEQ<m(t) A mtT|]:t) .

e The first term equals e~ S;, as discounted prices are Q-martingales.

e To evaluate the second term, we decompose the expectation into two parts.

Eq (mb Am?|F) = Eq (mgnm6<m; |]-"t> +E (mfnm;<m6|ft) :

— The first term above can be calculated using the fact that for u > ¢t

the price process can be written

S, = S exp (r(u — )+ 0(Bu — By) — %Q(u - t))

2

= S;exp (r(u —t) 4+ 0By — %(u — t)) def SiZi_u,

2

where B is independent of F;, and where Z,, def exp (ru + UBU — %u .

Now EQ(mg]lmetT‘]:t) = mb®(mf, S;) where é(m,xz) = Q(m <
xmy_t) with mp_; = inf{Z,,u € [0,T — ¢]}. An explicit expression

can be obtained for @ either by using the results on the distribution of
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the minimum for a Brownian motion with drift, or by using the results
proved in the section on barrier options.

h% +(r—o2/2)(T — 1)
oVT —1t

d(m,z) =N

m% +(r—02/2)(T — 1)
oVl —t ’

2r m
— exp [—(1 - ﬁ)ln x} N

which by setting

ln% + (r+a%/2)(T —t)
1= VT =1 ’

becomes
2r
z\ o2 2r
S(m,z) =N(d—oVT —1)— P N(7d+;\/Tft).
— It remains to evaluate the second term
Em] Lz < |F)
which can be written as ¥(mf, S;) where
U(m,z) = Eqg(amr_tLyme_,<m) -

Once again, the relevant computations were given in the section on
barrier options.

Proposition 9.5.1. The price of a lookback option is

LOOkt = StN(dt) - e_T(T_t)mBN (dt — oV T — t)

2r
(r—0ySt0® | (S o2 2rVT — ¢,
e () 7Ny + TV e TN ()
7 mf o
where . s .
= (2Tt + AT 1)) .
dy T n (mg +r( t) + 20 ( t))

Further lookback options are to be found in Conze and Viswanathan [65,
66].
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9.6 Other Options

We give examples of a few more options that are traded in the markets. We
do not go into the details of the calculations, which are often tedious. Nor do
we deal with the crucial issue of hedging, which is even more complex than
that of valuation.

9.6.1 Options Linked to the Hitting Time of a Barrier

Digital Options

e Asset-or-nothing options are linked to an “exercise price” K. The final pay-
off is equal to the price of the underlying if the underlying is “in the money”
at maturity, i.e., equal to Srls, >k, and to 0 otherwise. The “exercise price”
plays the role of a barrier. The value of such an option is e ™™ Eg(Srlls,> k),
and is easily obtained (it is the first term in the Black—Scholes price).

e Digital options (or binary options or cash-or-nothing options) are associated

with a barrier. The payoff of an up-and-out digital option is 1 if the underlying

does not go through the barrier before maturity, and 0 otherwise. The price

of this option is e " Eq(llz, »7) = e "7 Q(Ty, > T). The distribution of T},
1. L

under @ is the distribution of the hitting time for the barrier £ = — In 5 by
9 0

r
the Brownian motion with drift —¢ + B;. The relevant workings were carried

o
out when we evaluated the compensation from barrier options.

e Asset-or-nothing options can also have an up-and-in feature linked to a
barrier. Their price is then given by e "7 Eq(St lg, >k 7, > T). These
options are used to build hedging portfolios for barrier options.

Forward-Start Barrier Options

For this type of option, the barrier is only put into place at time ¢ < T where
T is the maturity. The payoff is (S — K)Jr]lT};ZT where T}, = inf{u >t :
Sy > H}. Meanwhile, early-ending options have a barrier that is only active
between the emission of the contract, and a time t.

Boost Options

A boost option is associated with two barriers: an upper barrier H and a
lower barrier L. The payoff of the option is proportional to the amount of
time spent between the barriers, before the first exit from the range.
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The price of a boost option can be calculated using the Laplace Transform
of T* =Ty 1 AT, where Ty 1, is the first exit time from the range, and where

Tu L L Ty ATy This Laplace transform is defined by ¥(\) = Eg(e™*7").
Knowledge of the transform will give us the solution we are after, as differen-
tiating the transform with respect to A leads to —¥'(\) = Eg(T*e™*"").

To evaluate ¥, we can split EQ(e_’\T*) into two parts:

Eq(e ™) = Bq(e " gy, , <r) + e QT > T) .
We know the distribution of Ty 1: it is given by a double series.

e If payments are made before maturity, the price of a boost option is, up
to a coefficient of proportionality, Eqg(e™"1T*) = —e~"T¥'(0).
e If payments are made “at hit”, the price is Eg(e™"" T*) = —¥'(r).

9.6.2 Options Linked to Occupation Times
Cumulative Options

These options become worthless if the underlying spends more than a certain
amount of time (specified in the contract) above a barrier. If L is the barrier

and D is the maximum duration of time allowed above the barrier, the payoff
T
is given by (S7 — K)T1a,<p where Ap = 1g,>rdt is a measure of the

amount of time that the underlying spends z;)bove the barrier L. The prob-
lem is then solved by evaluating the distribution of the pair (A, St). This
requires calculations that we cannot reproduce here. The reader can refer to
Chesney et al. [55, 56] and Hugonnier [199].

Cumulative—Boost Options
Unilateral cumulative boost options have a payoff that is proportional to the

T
amount of time spent above the barrier, that is, proportional to / Is,>r dt.
0

T
BC = EQ (eTT/ ]15,‘>Ldt> R
0

which can be easily evaluated under the form

Their value is then

T
BC = e*TT/ Q(S, > L)dt
0

where, as for the Black—Scholes formula, the term Q(S; > L) can be expressed
using the cumulative normal distribution.
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Step Options

These options were introduced by Linetzky [255] in 1997, and have the payoff
T

e~ VAT (Sr—K)* where AL = / s, <1,dt and where v is a positive coefficient

that is agreed upon, along with (t)he other parameters K and L, at the signing of
the contract. This payoff is smaller that the payoff of a European option with
identical strike, with equality occurring when the underlying remains under
the barrier throughout the life of the option. Linetzky prices these options
by obtaining the distribution of the pair (S, A%). We can also transform the
expression for the price by using the Brownian motion W and the distribution

T
of the pair (WT,/ Tw,<e dt), which appears in Borodin—Salminen [39].
0

Quantile Options

These were introduced by Akahori [3] in 1995, and have the payoff (4% — K)*
where

T
A%:inf{xelR :/ ]13t<xdt>aT} .
0

Parisian Options

These options bear similarities to the cumulative options, but here time does
not cumulate. The option becomes worthless if the underlying remains over a
certain level L for an interval of time of length D. This option is much harder
to price. The first step is to write the payoff in a mathematical form. To do
this, we introduce the last instant before time ¢ when the underlying reaches
level L, written g; = sup{s < t|Ss = L}, and the stopping time H, at which
the option disappears, given by

H = inf{t|(t —g:) > D,S; <L} .

In the expression above, ¢ — g, > D means that between times g; and ¢, the
underlying does not take the value L, and the inequality S; < L specifies that
at the instant ¢ (i.e., between times g; and t) the value of the underlying is
below the level L. The value of the option is then

EQ (G_TT(ST — K)+]1H2T) .

To evaluate this expression, we need to know the distribution of the pair
(ST, H), which is not easy to obtain. We calculate the Laplace transform of
the price with respect to time (Chesney et al. [55, 56] and Yor et al. [376]),
ie.,

/ dt eiAt EQ(eirt(St — K)+]1H2t)) .
0
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In fact, it is easier to calculate

/ dte M Eq(e™™ (S — K) <))
0

= / dte_)‘t EQ(G_Tt(St — K)+)> — / dt e_)‘t EQ(e_’”t(St — K)+11H2t>) .
0 0

The first term of the line above can be given explicitly, using the Black—Scholes
formula. This technique allows us to apply the Markov property at time H.

9.7 Other Products

9.7.1 Asian Options or Average Rate Options

These options have a fixed maturity 7" at which the final payoff is

+
1 (T
(T / Sydu — K | . Exact pricing formulae are known, but to present
0

them, we would need material that is beyond the scope of this book. In-
stead, we refer the reader Geman—Yor [171, 172], which make intensive use of
the Bessel process. The idea is to evaluate the Laplace transform with respect
to time of the price, rather than the price itself. That is:

oo 1 t +
/ e MEq 7/ Sydu— K| dt.
0 t Jo

It is possible to calculate this, using the result, owed to Lamperti!, that ex-
presses S; as a function of a Bessel process evaluated at a time other than ¢
(the time-change formula).

Another approach, developed by Stanton [344], Rogers and Shi [313] and
Alziary, Decamps and Koehl [7], involves writing down the valuation PDE.
The value of an Asian option is given by C/* = X (t).A(t,Y;) where

det 1 I

v, - (- | X(wdu-K

s () ¥k
and where A solves

8A+ 1 8A+1 5 5 0%A 0

b - 92 L 2522l

ot T oy 2 4 Oy?

with the boundary condition A(T,y) = y*.

The markets trade simpler products, which are based on the arithmetic

1 - . n 1/n

average | payoff — Z Sz | or on the geometric average ( payoff 117,57 ).
n D =

Jj=1

! See Revuz—Yor [307].
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9.7.2 Products Depending on an Interim Date

For the following products, we consider the maturity 7' and a fixed date t;
such that t; < T.

Compound Options

They are also called options on options. We distinguish the underlying option
and the dependent option. At time 0, the buyer purchases an option with
maturity t; and strike K7, on an option with maturity 7' > ¢; and strike K.
The dependent option can be priced by noting that its payoff at time ¢; is,
for a call on a call, (C(t1,K,T) — K1)™.

Chooser Options

The buyer of the option can decide at a fixed time t; < T on the nature of
the product that he has bought: is it a call or a put? By using put—call parity,
it is easy to show that the payoff of this option, in the case where the put and
call have identical strikes and maturities, is given by

max(C(t1), P(t1)) = C(t1) + (Ke "=t _ g, )+

and it is then easy to valuate the option.

Cliquet Options

Their payoff is max(Sr — K, S, — K,0). It would be possible to have cliquet
options involving several interim dates.

Bermudan Options

These are mid-way between European and American options, hence their
name. The holder of such an option can exercise his right before maturity,
but only at certain predetermined dates.

9.7.3 Still More Products

In this section, we content ourselves with giving some product definitions. Our
list is by no means exhaustive, and new products will no doubt have appeared
by the time this book is on the shelves.
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Quanto Options

Quanto options involve two countries and the exchange rate between their
currencies. These options have been studied by Chérif [54]. Their valuation is
based on the principle that a foreign asset becomes a domestic asset once its
price is transcribed into the domestic currency.

Take for example a call on a foreign asset with a strike given in the foreign
currency. The payoff is (S% — K7)* where we use f to denote prices in the
foreign country. This payoff is converted into the domestic currency, by using
the exchange rate X, and can then be valued using the domestic risk-neutral
measure, which is indexed by d. This leads us to evaluate Ed(XT(S{q —KH)*).

Another approach involves valuating the product in the foreign currency,
using the foreign risk-neutral measure, and then transcribing its value into
the domestic currency using the rate of exchange: we get XtEf((S£ —KH*).
The two approaches are identical according to the assumption of no-arbitrage.
Thus the risk-neutral measures of the two countries are linked.

Russian Options

These are American-style options. If they are exercised at time 7 their payoff

is Z, ©f gV max;<, S¢. The point is to determine 7% such that it optimizes

E(Z,er(7-0).

Rainbow Options
They are based on two underlyings. Their payoff is max(S1(T), S2(T), K).

Notes

The reader can consult the following articles: Rubinstein and Reiner [319],
Bowie and Carr [42], Rich [308], Heynen and Kat[190], Carr and Chou [48].

Recent studies have been carried out when the underlying process is a
general Lévy process. In this case, the market is incomplete and the valua-
tion is done under a particular risk-neutral measure. The reader can refer to
Shiryaev [336] and to the collective book [295], which also give wide choice of
references.

We also mention here some recent books on exotic options and derivative
products. The two Deutsche Bank volumes [46, 295] present the practitioner’s
view point. Jarrow and Turnbull, [214], (1996), Kat [235], (2001), Haug [180],
(1998), and Hull [200], (2000), contain an extensive study of various options.
Lipton [257], (2001), on the other hand, is devoted to the financial engineer’s
approach. The mathematics of derivatives can be found in Hunt and Kennedy
[203], (2000), and Kallianpur and Karandikar [228], (1999).



9.7 Other Products 277

ANNEX 9

1 The Laplace Transformation

Let E be the set of real-valued functions f defined on IR such that:
(i) f(z)=0, Yz <0,
(ii) there exists a > 0 such that / |f(z)|dz < oo,

0

(iii) I o, |f(x)|le % — 0 when z — oo.

If f € E, the integral L(f)(\) = / f(z)e ™ dx exists for all A > A\g. We
0

introduce the notation

o(fy=inf{r e R: z11_{101O f(z)e™* =0} .

Examples

Let Y be the Heaviside function given by Y (t) = 0,t < 0and Y (¢) = 1,¢t >
1
0. Then L(Y)(\) = %

Let f € E, a € IR and let ,f be defined by ,f(t) = f(t)e*. Then
Lf)A) = LA = a).
Let f € E,a > 0and let f, be defined by f,(t) = f(t—a). Then L(f,)(\) =
e AL(f)(N).

|
Let f(t) = Y (t)t"eq. Then L(f)()\) = (Afw
An important example in probability is the hitting time of a Brownian

motion. )

Let a > 0 and f(t) = \/;?exp—%. Then L(f)(\) = exp —(av/2)).

Properties

Let f € E. Then limy_.. £(f)(A) = 0.
If fu(t) = (=1)"t" £(2), then L(fn)(A) = [L(HI™(N).

If f is continuous to the right at 0 and if f’ exists, is continuous on |0, co|
and belongs to E, then L(f")(A) = AL(f)(A) — f(0).

If f,g € E and h(x) = /09’3 flx —t)g(t)dt, then L(h) = L(f)L(g).

The Laplace transformation is injective.
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2 The Optional Stopping Theorem

Let (M;,t > 0) be a martingale and let T be a finite stopping time. The
process (MT = (M;nr; t > 0) is a martingale that is called the martingale
stopped at T'.

If M is a uniformly integrable martingale and S,T are two stopping times
with S < T, then

MS = E(MT|.7:5) = E(Moo‘fg), a.s.
In particular, if M is a bounded martingale, then
Ms = E(MT|.7:3) == E(Moo‘fs)7 a.s.

for any pair of stopping times S < T.

This theorem often serves as a basic tool to determine quantities defined up
to a first hitting times and laws of hitting times. However, in many cases, the
u.i. hypothesis has to be checked carefully. For example, if W is a Brownian
motion and T, the first hitting time of a, then E(Wr,) = a, while a blind
application of Doob’s theorem would lead to the equality between E(Wr,)
and Wy = 0. The process (Wiar,,t > 0) is not uniformly integrable.
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Brownian Motion

A.1 Historical Background

The botanist Robert Brown, in 1828, observed the irregular movements of par-
ticles of pollen suspended in water. In 1877, Delsaux explained the ceaseless
changes of direction in the particles’ paths by the collisions between the par-
ticles of pollen and the water molecules. A motion of this type was described
as being a “random motion”.

In 1900, Bachelier [18], with a view to studying price movements on the
Paris exchange, exhibited the “Markovian” nature of Brownian motion: the
position of a particle at time t + s depends on its position at time ¢, and does
not depend on its position before time ¢. It is worth emphasizing that Bachelier
was a forerunner in the field, and that the theory of Brownian motion was
developed for the financial markets before it was developed for physics.

In 1905, Einstein [134] determined the transition density function of Brow-
nian motion by means of the heat equation, and so linked Brownian motion
to partial differential equations of the parabolic type. That same year, Smolu-
chowski described Brownian motion as a limit of random walks.

The first rigorous mathematical study of Brownian motion was carried out
by N. Wiener [366] (1923), who also gave a proof of the existence of Brownian
motion. P. Lévy [254], (1948) worked on the finer properties of Brownian
paths, without any knowledge of concepts such as filtration or stopping time.
Since then, Brownian motion has continued to fascinate probabilists, for the
study of its paths just as much as for that of stochastic integration theory.
See for example the books Knight [238] and Yor [373, 374, 375].

A.2 Intuition

The easiest Brownian motion to imagine is probably Brownian motion in
the plane: at each instant in time, the particle randomly chooses a direction,
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and then makes a “step” in that direction. However, for an approach that is
both intuitive and rigorous, we must study the real Brownian motion: at each
instant that is a multiple of At, the particle “randomly” chooses to move left
or right to a distance Az from its starting point. To model this “randomness”,

we turn to a sequence of independent identically distributed random variables

1
(Y;, i > 1) such that P(Y; = Az) = P(Y; = —Ax) = 7

At
integer part of a). The particle’s position will be V; =Y, + Yo +--- + Y[ﬁ]-

t
At time t, the particle will have made {] moves (where [a] denotes the

All this takes place on a very small scale: we would like to let both At and
t
Az tend to zero in an appropriate way. Note that EV,? ~ (Ax)? AL In order

(Az)?
At
The increment At will be “very small” and Az will be “small”, so that (Az)?

will also be “very small”. The most straightforward choice is Az = v/ At and

1
At = —.
n

for this quantity to have a limit, we must impose that have a limit.

Let us now give a precise formulation of this approach.

A.3 Random Walk
On a probability space (£2,F, P), let
P(Xizl):P(Xi:—l):% , 1€N*,

be a family of independent identically distributed random variables (the X;
are said to be independent Bernoulli variables). To this family, we associate
the sequence (S, , n > 0) defined by

So =0
- Al
S50 = 3 x. (4.
i=1

We have E(S,,) = 0, Var (S,,) = n. We say that the sequence S,, is a random
walk. We can interpret it as a game of tossing a coin: a player tosses a coin,
he wins one euro if it comes up tails, and loses one euro if it comes up heads.
He has no initial wealth (Sy = 0). His wealth at time n (after n games) is
Sn. We represent the series of the results obtained over N successive games
as a graph (see Fig. A.1).

We note that the sequence (S,,,—S,, m > n) is independent of (S, S1, ..., Sn)
and that S, — S, has the same probability law as S,,_,, (the binomial distri-
bution depends only on m — n).

We now proceed with a two-fold normalization. Let N be fixed.
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Fig. A.1. A random walk

S2

S1

o We transform the time interval [0, N| into the interval [0, 1],
e and we change the scale of values taken by S,,.

More precisely, we define a family of random variables indexed by real

k
numbers of the form N keN:

U

1
§ = oS (A.2)

We move from U% to U% in a “very small” interval of time equal to —

)

1
by making a step of a “small length” \/—N (towards the left or towards the
right). We have

E(U) =0 and Var(U%):

The independence and stationarity properties of the random walk still
hold, i.e.,
o ifk>F, Ux — Uy is independent of Ug for p < K
N

o ifk>FK, U% — U%/ has the same probability law as Uj_s .
N
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We define a continuous-time process, that is, a family of random variables
(U, t > 0) starting from U%, by requiring the function ¢ — U, to be affine

1
between times % and k% To do this, for N fixed, we note that for all

k(t k(t)+1
t € Ry, there exists a unique k(¢) € N such that % <t < ()TJr,

set

and we

k
UtN = UK,-FN(t—N) (UL#—U%)
where k = k().
(The process (Uy, t > 0) does not have independent increments. However,

E+1 4
if t > ¢ and T+ >t > N e have that

UN — U} is independent of U% ,p<k ).

Let us return for a brief moment to writing U as a function of the random
walk S. )
For t = 1 we have UY = ——=Sx. The central limit theorem then implies

VN

that U} converges in distribution to a standard normal random variable.

Exercise A.3.1.

1. Show that U} converges in distribution to a normal random variable with

k(t 1
mean 0 and variance t as N — o0o. Notice how 0 < t — % < N and
how )

N N .

2. Show that (UY, UL, ..., UY) with t; < ty < -+ < t,, converges in distri-
bution to a vector (Ztl, Ztyy- -y Zy,), such that Z;, — Z,,_, is independent
of (Z,, Z4,,- .., Zy,) and such that (Z;, — Zy,_,) has a normal distribution
with mean 0 and variance (¢; — ¢;—1) (use the central limit theorem for
vectors).

It can be shown that U” converges! to a process B, which has continuous
paths (i.e., for almost all w, the mapping t — B;(w) is continuous), and which
satisfies

(i) By = 0.

! In the sense of convergence in distribution. This is stronger than the convergence
in distribution of finite families. See Karatzas and Shreve [233]. It is also possible
to construct a probability space on which all the random walks Sy are defined, and
on which the normalized sums U™ converge a.s. to a Brownian motion (Knight
[238]).
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(ii) Bjys — By has the normal distribution A(0, s).
(iii) Bits — By is independent of By, — By, ,, for tg < --- < t,, = t.

Remark A.3.2. We can show that Brownian motion is the only process satis-
fying (i), (iii) and

(ii)" The distribution of By;s — B; depends only on s.

We introduce the notation AB(t) = B(t + At) — B(t) where B(t) = B,
and At > 0. The Brownian motion then satisfies:

e E[AB(t)]=0 Var[AB(t)] = At (using (ii))
e FEJAB(t)]=0 E{(AB(t))?] = At (using (ii) and (iii))

where E} is the conditional expectation with respect to F; = o(Bs, s < t).
The equality E,(AB(t)) = 0 can be interpreted as follows: if the position of
the Brownian motion at time ¢ is known, then the average move between times
t and t + At is zero. This property is a result of the independence and of the
Gaussian nature of Brownian motion.

A.4 The Stochastic Integral

Brownian motion represents the path of a particle that incessantly changes
direction. The graph of such a path has many sharp peaks and troughs, and is
not differentiable at these points (the left and right derivatives are not equal).
We can prove the following result:

Theorem A.4.1. For almost all w, the function t — Bi(w) is a.s. nowhere
differentiable (i.e., the set of t for which By(w) is differentiable has Lebesque
measure zero).

The lack of differentiability of Brownian paths forbids the interpretation
of the symbol dB; as By, and makes it impossible to define [ 6(¢) dB; using
the usual methods (such as writing dB; = B’(t)dt).

As Brownian motion has unbounded variation, the Stieljes integration the-
ory cannot be applied. However, we can draw on the ideas of Riemann inte-
gration theory, as long as we carefully check each step along the way. The aim
is to define a new integral, in such a way that it is additive with respect to 6,
and satisfies

/ dB, — B(b) — Bla) .
a0
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Hence the idea of defining the integral for a step function® 6 (i.e., such
that Q(t) = H(tl) , T G]ti,ti_;,_ﬂ s to=0<t1--- < tp = T), as:

/ " () aB,

When 6 is a process, we impose conditions of measurability, which are
slightly stronger than assuming the process to be adapted to the Brownian
motion’s filtration. For technical reasons, we also impose integrability condi-
tions on the process 6, in order for Y 6(¢;)(B(ti+1) — B(t;)) to converge when
the time-step tends to 0 (we approximate the process 6 with a step process).

p—1

> 0(t)[B(tir) — B(t)] -

=0

As seen in Chaps. 2 to 4, we are led to study It6 processes, i.e., processes
X of the form

t t
X == —|—/ u(s)ds —|—/ o(s)dB; . (A.3)
0 0
It is important to understand that the notation
dX; = p(t)dt +o(t)dBy (A4)

is only a symbolic notation, with which we can develop a stochastic cal-
culus. The exact meaning of (A.4) is given by writing X in the form of (A.3).

Still working symbolically, and interpreting dB; (and dX;) as small incre-
ments AB; of B (or AX;), we obtain

E(dXy) = p(t)dt, Var(dX;) = o?(t)dt
and similarly,

E,(dXy)
Vart (dXt)

w(t)dt
E[dX, — E,(dX))]? = o?(t)dt.

(Exact calculations would lead to E;(AX;) = ftH_At

2
Et<AXt— t+mu(s)ds> = t+At02(s)ds.)

t —Jt

u(s)ds and

It is worth emphasizing that whilst d¢ and dB; are both “small”, their sizes
are of different orders. Indeed, we have “E(dB;) = 0” and “E(dB;)? = dt”.
This symbolic representation of (A.4) has an advantage: it suggests that if we
apply Taylor’s expansion to a function of X;, and if we wish to keep the dt
terms, we will need to include terms from the expansion of “(dB;)?”, which
will have a role to play.

2 Taking functions that are left-continuous. This is a small technical difficulty that
we do not dwell upon here.
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A.5 It6’s Formula

Using this very intuitive approach to It6 processes, we can persuade ourselves
(and persuade the reader) that It6’s lemma is “quite natural”. Let

dXt = ,LL(t,Xt)dt+0'(t,Xt)dBt7 (A5)

be an It6 process, and let f be a function of class C?. We can apply Taylor’s
expansion to f :

"

f(Xivar) = f(Xe) = (Xewar — X)) f1(Xe) + %(Xt+At - X)) (Xy)
+ O(Xt+At — Xt)2 .

Setting AX; = X;ar — X; and identifying AX; with dX; as we did before,
we obtain from the expression for AX; given in (A.5)

Af(Xy) = p(t, Xo) f'(Xe) At + o(t, Xo) f' (X)) AB;
+ %{,Lﬂ(t,Xt)(At)Q + 02(t, X;)(AB;)?
+2u(t, Xo)o(t, X ) At AB L (X)) + o(AXy)? .

We saw above that the (AB;)? term is “of the same order as” At. There-
fore, we must keep it in this form. However the (At)? and (At) (AB;) terms
are o(At). It is appropriate to keep only terms of order lesser than or equal
to that of At. We obtain

AF(X) = ult, X0 f (XA + 3 0%(1, X0 f/(X0) At
+ U(t,Xt)fl(Xt) ABt .

Table A.1. Multiplication Table 1

dt dB

dt 0 0

dB 0 dt
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We remark that a rigorous proof of It6’s lemma rests on the same idea.

Furthermore, we note that this intuitive approach to 1t6’s formula makes
it easy to write down: we take Taylor’s expansion of order 2, and use the
“multiplication table” in Table A.1.

A similar technique can be used to move up the case of a multi-dimensional
Brownian motion. If B! and B? are two independent Brownian motions,
AB} AB? has zero expectation, so we neglect these terms in the Taylor
expansion. This leads to the multiplication table in Table A.2.

Table A.2. Multiplication Table 2

dt dB} dB}
dt 0 0 0
dB} 0 dt 0
dB? 0 0 dt

Example A.5.1.
dX/} = pidt + o, dB}

dXt2 = ,U/th“‘O'QdBtQ
A(X}XP) = X! dX? + X7 dX] +dX] dX}
= X} dX? + X2dX}! + 01094t .



B

Numerical Methods

We present here several methods for approximating solutions to partial dif-
ferential equations (PDEs) of the parabolic type that are analogous to those
appearing in the Black—Scholes model. We have chosen to give our exposition
of these methods in a simple case, assuming the coefficients to be constant,
for example. In this case, we know an explicit solution to the Black—Scholes
equation, and numerical methods are of little interest. However, we hope to
show which are the difficulties that arise, and to make it easier for the reader
to access specialist works on the subject such as Cessenat et al. [50], Kloeden
and Platen [237], Dupuis and Kushner [131], and Rogers and Talay [314].

To simplify the exposition, we assume that the market includes one riskless
bond whose price is given by

dsy = SPr(t,S;)dt,
and a stock whose price satisfies
dSt = b(t, St) dt + O'(t, St) dBt 5

where B is a real-valued Brownian motion.

We showed in Chap. 3 (Sect. 3.4) that to calculate the value of the con-
tingent product g(St), we need to solve the following PDE:

{LC(t,z) —r(t,2)C(t,x) = 0 B.1)
C(T,r) = g(x)
with

LO(t z) = xr(t,x)g—i(t,x) + %(72(25,33)6873(75,33) + %f(t,x) .

This solution can be written as
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Clta) = B (e Dgmz")) (B.2)

with s
- W) du
o) = [ (Wit du

In this formulation, W' denotes the solution to the following stochastic dif-
ferential equation

AWt = p(u, W2 du + o (u, WEH)dB, ,
Wit =,

where we have set u(t,x) = zr(t,z).

We present two methods for approximating C, the first one using (B.1)
and techniques for approximating solutions to parabolic equations, and the
second using (B.2) and simulating the process W.

B.1 Finite Difference

We are going to use the fact that C is the unique solution to the partial
differential equation (B.1) satisfying conditions of regularity.

Let us give an example of regularity conditions in a particular case. Let
us assume that r(¢,x2) = r and o(t,x) = zo. In this case, we solve (B.1) on
[0, T]x]0, 00[. We then have the following result (Karatzas et al. [233]): if A
is continuous on [0, 7]x]0, co[, Holder continuous in x uniformly with respect
to (t,z) on a compact set, if ¢ is continuous, and if A and g satisfy

max |A(t,z)| < K(1+z%+279) 0<z<oo, (B:3)
0<t<T

{ lg(z)] < K(1+a%+27%)
then equation B.1 has a unique solution in the set of C12([0, 7]x]0, oc[) func-
tions satisfying (B.3).

Note that in this particular case, in order to solve

oC oc 1 , ,0*C B
E+TI%+§Gx W—TO = A

we first make a change of variable, setting H (t,z) = C(t,e”). We are thus led
1 2) OH 1 ,9°H
- g _

27 ) oz

or 2 Ox?

H
to solve a— + <r — rH = A, which has constant

ot

coefficients.

Let us suppose therefore that (B.1) has a unique solution
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The first difficulty is that the domain on which we are studying (B.1) is
unbounded. Therefore, let us first solve the problem on [0,7] x [-K, +K].

To obtain the uniqueness of the solution, boundary conditions are needed.
Let us either impose Dirichlet conditions: we take a € R and impose

Ct,K) = C(t,-K)=a te[0,T], (B.4)

or Neumann conditions:

9C 1K) = %S(t, “K)=1b telo,T], (B.4bis)

ox
with b € R.

In the case of constant coefficients, C(t,z) can be expressed as a function
of the normal distribution. In this case, it is easy to show that

Ct,z) — oo  te[0,T]

r— 00

oC

In this case, the Neumann conditions with b = 1 are best suited to the prob-
lem.

B.1.1 Method

We continue our exposition of the method in the cases of Dirichlet and Neu-
mann conditions.

We define a grid on the domain [0,T] x [-K,+K], with steps of size
h =

for the space variable x and of size € for the time variable ¢.

N+1
We use the notation
t, = ne 0<n<M with Me=T,
2K
z, = —K+1 with 0<i< N+1;
N +1

(both the step sizes h and e will tend to 0.)

The finite difference method is a means of obtaining an approximation to
the solution, by using the nodes (¢, ;) on the grid. Let C(t, z) be the solution
to (B.1). We are looking for a family M of vectors (C"(i),1 < i < N)penm
such that C™(i) is close to C(t,,z;) fori =1,...,N and n =0,...,M — 1
(from our choice of the boundary condition in time, we know that C(tar, z;) =
g(x;) := CM(4)). If we are working with Dirichlet conditions, we impose

Ctn,z9) = Cltp,zn41) = a n<M
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ie.,

c"0) = C*"(N+1) = a n<M.
If we are working with Neumann conditions with b = 0, we take
Ctn,zns1) = Cltn,zN) and C(tn,z0) = C(tn, 1)

i.e.,
C"(N+1) = C™"(N) and c™(0)=C"(1)
(if b £ 0 we take for example C*(N + 1) = C™(N) + bh).

Next, we approximate

oC C"(i) — C™(4)
E(tn’ ;) by — (scheme 1)
ni;\ _ (m—1(;
or by M (scheme 2)
oC cri+1)-Cm(i—1
0?C C™(i+1) —20"() +C™(i— 1)

Exercise B.1.1. Why have we chosen these approximations?

B.1.2 The Implicit Scheme Case

By substituting the expressions above into the partial differential equation,
we obtain in the case of scheme 1 (called the implicit scheme)

O — CMi) _ o¥(n,i) C(i+ 1)~ 207(0) + C(i— 1)
e R
— sy SEED =D L syomg)

2h

where o(n,i) = o(tn, x;), p(n,i) = p(tn, ;) and r(n,i) = r(t,, z;). Hence C™
can be computed as a function of C"*! (remember that it is C* rather than
C° that is known at the outset).

Let us carry through our analysis in the case where r, 0 and p depend
only on the space variable . We can write the previous equation in the matrix
form:

1
E(C"+1 -C") = AC" where C" =C"(i),
and where the matrix A is a tridiagonal matrix.

In the case of Dirichlet conditions, C™(0) and C™(N + 1) are known. It
remains to determine (C™(i) , 1 < i < N), where C™ is a vector of RY. In the
case a = 0, the matrix A has the form
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aq bl 0 0
Co Q2 b2 0
A= 0 C3 as bd

0 0
CN N
with »
a; = Jh(;) + 7(4)
b — _02(2') _p(d)
! 2h2 2h
O )
! 2h2 2h

Exercise B.1.2. Modify A in order to study the case a # 0.

1
We obtain C™ as a function of C™*! by solving the system —(C™" ™! —C™) =
5
AC™.

In the case of Neumann conditions, we determine C(n,i) for 1 < i < N
from the equalities C'(n,0) = C(n,1) and C(n, N +1) = C(n, N). Matrix A
is written as

(o751 bl 0
Co Q9 bz
A= C3 as b3

(only the first and last lines have changed) with

_ S )

o*(N) u(N)
1 = P\ 7
oz T T e 282 2h

+7r(N) .

Scheme 2 seems more straightforward. We can obtain C"~! as a function of
1
C™ using —(C™ —C™ 1) = AC™, so it is no longer necessary to solve a system.

This scheme is called ezplicit, but it is not as efficient as scheme 1, for reasons
of stability (see for example Ciarlet [60]). Let us return to scheme 1.

B.1.3 Solving the System

1
Solving the system —(C™! — C™) = AC™ calls on methods for solving the
€
equation
(I +eA)C™ = Cnt!

where I + €A is a tridiagonal matrix. We can then proceed using the pivot
method, which consists in writing I + €A as a product of two matrices L U,
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where L is upper triangular and U is lower triangular, and in solving LU (X) =
B in two steps:

e solve LY =B
e solveUX =Y.

We can also solve (I+cA)X =Y by iterative methods. These are based on
the idea that I +¢A can be written as C'— D where C' and D are two matrices,
with C being invertible (there are a number of possible decompositions).

We then need to solve CX =Y + DX. We construct a sequence of vectors
(U™,n > 1) defined by recurrence for any fixed U?, with

yntl such that cuntl = Y 4+ DU™.

We show that (if the spectral radius of C~1D is smaller than 1) the sequence
U™ converges to X, the solution to (I +cA)X =Y.

B.1.4 Other Schemes

We can use other schemes than schemes 1 and 2. Let us assume that y =7 =0
and that o is constant, and describe some of the other possibilities. Scheme 1
is then written ontl o )
n _
. Iou
€ 2
1

where Ay, is the operator [4,C]; = fﬁ{C’(iJr 1)—2C3#)+C(i—1)}, whose

matrix we already know.

We could use the Crank-Nicholson scheme:

Cn+1 —_Cn 2

— = % AR(0C™ 4 (1 - 9)C™)
(In the case 6§ = 1, we are back to the implicit case of scheme 1, and the case
6 = 0 returns us to the explicit case).

The choice between the different schemes based on error estimation.

B.2 Extrapolation Methods

Let us assume that u(t, ) = pz and o(t, ) = ox. We have seen how a change
of variable can bring us back to an equation with constant coefficients. Assume
further that = 1/2, 0 = 1 and r = 0 for our exposition of the method, and
that A = 0.
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B.2.1 The Heat Equation

We want to approximate the solution of

oCc 19%*C
st =0
ot 2 0x? (B.5)

C(Tv ’JJ) = g($) )
with boundary conditions of either the Dirichlet or Neumann type. This equa-

tion is known as the heat equation. Note however that the heat equation is
usually written as

2
% — 1 Q =0 or in some cases without the coefficient of 1
ot 2 0x2 2
u(0,z) = g(x) .

The two forms are equivalent under a change of the time variable.

B.2.2 Approximations

We start with a semi-discrete approximation, i.e., we discretize only the space
variable. Thus we replace (B.5) with

oC
EJFA}LC =0 (B.6)
C(T,z) = g(x)

where 1
A,C = ﬁ{C(t,x +h)—2C(t,z) + C(t,z — h)}

and where A}, is a matrix operator. We are led to solve system (B.6) for z =
g, x1,...,TN+1.- We can then apply methods that are specific to differential
systems (e.g. Euler, Runge-Kutta).

The exact solution to (B.6) is
C(t) = (exp—Ant) C(0) . (B.7)

[ When the p, o and r coefficients depend on ¢, this formula is no longer valid,
but other analogous methods can be employed. |

To approximate the solution to (B.7), we need to approximate
C(t+ At) = (exp(—Ay At)) C(t)

and thus to approximate exp (—A, At). We set A, = A and At = . An
approximation of e=4 is (14 eA4)~! where
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Clt+e) ~ 1+A)1C().
We can check that we thus recover the implicit scheme.

Another approximation of e =4 is

e 4 ~ (1 + %A)i1 (1 — %A)

(Padé’s approximation). This leads to the Crank-Nicholson scheme.

We can also use mixed methods. Expanding the exponential e~2¢4

, we get
C(t+2) ~ (1—2eA+22A%)C(1) .

The implicit scheme leads to an approximate solution « where

Yt +2) = (142cA)" 1 y(t)
~ (1 —2eA+4e?A?) (1) .

If we apply the implicit scheme twice (to go from ¢ to ¢t + ¢, and then from
t + ¢ tot + 2¢), we obtain

D(t+2) = (1+eA)72I(t)
~ (1 —-2eA+32AY () .

Hence the approximation of (1 — 2c4 + 2e2A2)C(t), by
2I'(t + 2e) — v(t + 2¢) ,
which leads to the scheme

Cm+1/3 — (1+2€A)_1 on
Cm+23 = (14 2eA)720"
Cn+1 _ 20n+2/3 _ Cn+1/3 )

B.3 Simulation

In this section, we give a brief overview of simulation methods that can be
used to approximate solutions to stochastic differential equations as well as
the expectations of random variables.
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B.3.1 Simulation of the Uniform Distribution on [0, 1]

The probability law of a random variable X that is uniformly distributed on
[0,1] is defined by P(X € [a,b]) =b—a for 0 < a < b < 1. A sequence of
“random numbers” is a series of random variables X1, Xo,..., X,,... that are
independent, identically distributed, and have the same distribution as X. We
would like to simulate this sequence, i.e., we would like to obtain a determin-
istic sequence of numbers in [0, 1] which has “the same statistical properties”
as the sequence (X,),>1. We do not dwell on methods for simulating these
sequences of random numbers here. Most programming languages provide a
“random” procedure for generating random numbers. Another approach is to
use low discrepancy sequences.

We refer the interested reader to Bouleau [40], Niederreiter [289] and Rip-
ley [310]. These provide various programming methods, as well as a discussion
of the meaning of the expression “the same statistical properties”.

B.3.2 Simulation of Discrete Variables

To simulate a random variable X, which can take k values (aq,
ag, . ..,ar) with probabilities P(X = a;) = p;, we can use the random variable

Z = a1ly<p, + a2lp, <U<pitp, Tt alp 4ogp_ <U<1

where 1,<p<p is worth 1 if o« < U < 3, and 0 otherwise, and where U is
a uniformly distributed random variable on [0, 1], which can be simulated as
outlined above.

B.3.3 Simulation of a Random Variable
Case of a Random Variable with a Continuous Density Function

Let X be a random variable with probability density function f, which is con-
tinuous. We denote by F(z) = ffoo f(t)dt its cumulative distribution func-

tion. If f is strictly positive, F' has an inverse mapping F 1.

Exercise B.3.1. Show that, whatever the probability density function f, the
variable F'(X) is uniformly distributed on [0,1]. What is the distribution of
F~Y(U), if U is uniformly distributed on [0, 1]?

Show that if F' is the cumulative distribution function of a random variable
X (e, F(r) = P(X <)) and if F~(y) = inf{z |y < F(z)}, then X has the
same distribution as F~(U) where U is uniformly distributed on [0, 1].

We can now simulate X by using F~(U). If we want to simulate
(X1,Xs,...,X,) where the X; are independent and identically distributed,
we can use (F~(Uq), F~(Us),...,F~(U,)) where the Uy, Us, ..., U, are inde-
pendent random variables that are uniformly distributed on [0, 1].

This method is often long, and requires a subroutine for calculating F'~.
Therefore the accept/reject method is often used.
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The Accept/Reject Method

Suppose that X is a random variable with a bounded continuous density
function f with a compact support [a, b].

Consider a pair of random variables (U, V') that are uniformly distributed
on the rectangle [a, b] x [0, k]. When the point with coordinates (U, V') is below
the curve of f, we accept it, and set X = U. Otherwise, it is rejected and a
new point is drawn at random. It is easy to check that the variable X thus
defined, has probability density function f.

When the support of f is not contained in a compact set, this method is
no longer valid, as there is no uniform distribution on an unbounded interval.
We then use another density function g, such that

e the variable with probability density g is easy to simulate,
e kg(xz) > f(x) for a real constant k.

We then simulate a variable Y with density g and a variable U that is
uniformly distributed on [0, 1], and we set Z = kUg(Y).

1. UHZ< f(Y)weset X =Y.

2. Otherwise, we simulate new Y and U, and go back to 1.

The Gaussian Case
Specific methods apply to this case.

Exercise B.3.2. Let U and V be two independent random variables that are
uniformly distributed on [0, 1]. Show that

X = (~21logU)Y? cos 27U
Y = (=2 1logU)Y? sin 27V
are independent random variables that have the standard normal distribution

N(0,1).

The exercise immediately yields a simulation method. A normally dis-
tributed variable with mean m and variance o2 can be written m + X,
where X follows the distribution N (0, 1).

Further methods are to be found in Bouleau [40] and Ripley [310].

B.3.4 Simulation of an Expectation

Let X be a random variable. We would like to simulate E(X).
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Using the Simulation of X

If we have at our disposal a program for simulating independent random
variables with the same distribution as X, we can simulate F(X) by using
the law of large numbers, i.e.,

The same method can be used to simulate E((X)). The stopping cri-
terion, which determines n in such a way as to get a small enough error, is
obtained via the Bienaymé—Chebyshev inequality.

When the Density of X is Known

We suppose for the sake of simplicity that the density function f of X has

support [0,1]. We need to calculate fo x)dx with g(x) = xf(z). The law
of large numbers shows that if x1,xs,...,2, is a sequence of numbers that
are evenly spread on [0,1] (i.e. simulating a sequence of random numbers),

— Zg x;) — / z)dz (the measure — Zéxl converges weakly to the

i=1
Lebebgue measure).

Meanwhile, note that there are sequences (x1, ..., x,) that converge faster

by the method described above than when the x; are chosen “randomly” and

“independently”. This is the case with the Van der Corput sequences’.

B.3.5 Simulation of a Brownian Motion
Random Walks

Brownian motion can be approximated by a random walk?, i.e., the distribu-
tion of B; can be approximated by the distribution of %(Xl +Xo+ -+
Xiny)) = Sn where the X; are independent and identically (Tilistributed random
variables such that P(X; = 1) = P(X; = —-1) = %, where [-] denotes the

integer part of a number. We can then approximate E(1(B;)) by E(¥(Sy))
for any continuous bounded function .

! See Bouleau [40] p. 228.
2 See Appendix A.
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Using Gaussian Variables

Another method involves using normal distributions: if (X;, ¢ < n) are inde-
pendent standard Gaussian variables, and if

So =0
Sn+1 = Sn+6X, where 4§ € RT

then (Sg, S1,...,S,) has the same distribution as (By, Bs, ..., Bns)-

B.3.6 Simulation of Solutions to Stochastic Differential Equations

Let X; be the solution to the stochastic differential equation

dXt = /L(t, Xt) dt + O'(t7 Xt) dBt
where B; is a d-dimensional Brownian motion.

When p and o are constant, the solution is X; = X¢ + exp [(u — %02)75 +
oBy], and we can then simply simulate the Brownian motion. In the general
case, we need to use approximation methods such as the following.

The Euler Scheme

We discretize the stochastic differential equation above, using a scheme of the
form

thJrl = f(th7Btk+17Btk) kE{O,,N*l}

T
where the ¢ subdivide [0, T into steps of size At = A The simplest scheme

is the Euler scheme,

th+1 = th + ,u(tka th)(tk-i-l - tk‘) + g(tka th)(Btk+1 - Btk)
Xo = X,.

We can show (Maruyama [266]) that this scheme converges on quadratic

average to the solution of the stochastic differential equation, in the sense that

< OAt.

30>0,Yke{0,1,....N—-1}  E|X, — X}

Numerous schemes have been introduced to improve the speed of con-

vergence. Moreover, other criteria of convergence can be used, for example
convergence in LP spaces, or a.s. convergence.
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The Milshtein Scheme

Let us consider the one dimensional case where the coefficients p and o do
not depend on time, and where o is of class C'. Using Taylor’s expansion to
approximate o(X}), we obtain

The stochastic integral is easy to evaluate (Exercice 3.1.12). This leads us
to the Milshtein scheme
X = X tnu(Xe,) (trer — te)
+ U(Ytk) (Btk+1 - Btk)

1 _
+ §U(th)UT(th) [BZ.., — Bp, — (tey1 —th)] -
We can then show (Milstein [279], Talay [350]) that the scheme converges

a.s. and on quadratic average, with greater speed than the Euler scheme.

In higher dimensions than 1, the Milshtein scheme requires restrictions on
the matrix o. The reader can refer to Talay [350], Pardoux and Talay [298] or
to the books Kloeden and Platen [237] and Dupuis and Kushner [131].

B.3.7 Calculating E(f(X}))

We would like to give approximations of the term E(f(X})), when the process
X is a solution to a stochastic differential equation

dXt = [L(Xt)dt+U(Xt)dBt .

The coefficients i and ¢ do not depend on t. Notice that this not a restriction.
In the general case, it is enough to consider the process Y; = (¢, X;) and to
write down the SDE satisfied by Y;.

Calculating the Distribution of X

A first method for evaluating E(f(X;)) consists in calculating the distribution
of X; explicitly.

If the coefficients p and o are regular, and if X (0) has a density function
Po, then X (¢) has a density distribution p(t,-) that solves

d

—p = L*
dtp p

p(0,") = po
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where L* is the adjoint of L Zb —|— Z a;j( 8 8 with
T; 0

a=oc0T, ie, L*p = Z J%(ai’j p) + Z 871“1(@ p). We can try to solve

this equation numerically, but it is difficult, particularly in spaces of higher
dimensions.

The Euler and Milshtein Scheme

A second method consists in using a scheme (Euler’s or Milshtein’s) to sim-
ulate N independent occurrences X; of X;, which we denote X;(w;), and in

calculating
1 s,
~ 2 fXiw
i=1

kT
for a t of the form —. According to the law of large numbers, this provides
n

an approximation of E(f(X)).
We can then show that

[E(f(X7)) = E(f(X1))| < C(T)
There also exist (Talay [352]) methods that lead to second order schemes.

The General Case

To approximate expressions of the form

B( [ " A ds +oxr))

we can use the process

v, = (/;A(ngs,xt),

and then write down the stochastic differential equation that it satisfies, and
apply the methods covered in the previous subsection and described by Talay
([351] and [352]).
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dividend, 231
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reflection principle, 250
replicable, 53
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explicit, 291
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Milshtein, 299
self-financing, 45, 92, 128
selling price, 20
semi-martingale, 118
sensitivity to volatility, 104
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simulation, 294
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state of the world, 1
state price, 14, 18
state variable, 108
stochastic differential equation, 123
stochastic integral, 83, 118-120
stochastic volatility, 245
stopping time, 117
strategy

optimal, 65, 69
strike, 2
superhedging, 242
supermartingale, 117
symmetry (P. Carr’s), 264

term structure of rates, 160
transfer function, 200
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uniformly integrable, 79
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utility
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function, 244
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valuation equation, 183 utility weight vector, 197
valuation formula, 25
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