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Preface

In this book we are attempting to offer a modification of Dirac’s theory of the
electron we believe to be free of the usual paradoxa, so as perhaps to be acceptable
as a clean quantum-mechanical treatment.

While it seems to be a fact that the classical mechanics, from Newton to Ein-
stein’s theory of gravitation, offers a very rigorous concept, free of contradictions
and able to accurately predict motion of a mass point, quantum mechanics, even
in its simplest cases, does not seem to have this kind of clarity. Almost it seems
that everyone of its fathers had his own wave equation.

For the quantum mechanical 1-body problem (with vanishing potentials) let

us focus on 3 different wave equations’:

(I) The Klein-Gordon equation
3
(1)  9%*p/ot* + (1 — A)p =0, A = Laplacian = 282/830? .
1

This equation may be written as
(2) (9/0t —iv1 — A)(9/ot+ivV1— A =0.

Here it may be noted that the operator 1— A has a well defined positive
square root as unbounded self-adjoint positive operator of the Hilbert
space H = L?(R3).

(IT) The Dirac equation is of the form (“ =1/2 of (I)”)

(3) (0/ot+iHp)yp =0,

where Hp is a square root of 1 — A, but not the above positive one;
rather, Dirac introduces some hypercomplex units?a;, o, oz, 3 such
that ajoq + ayoy; = 265, , a3+ Ba; =0 ,3% =1 . Then he defines

1We use units of length, time and energy making ¢ = m = e = h = 1, cf. footnote 1 of ch.1.

X1



xii Preface

Hp = a.D+ g with D = (Dy,Dy,D3) D; = —id/0x;, and then gets
H% =1— A, so that, indeed, Hp is a square root of 1 — A.

(ITI) The Schrédinger equation arises if we “approximate” v/1 — A ~
1-— %A, resulting in the equation

(4) (D)0t + i(—%A +1) =0,

where the last term - corresponding to the rest mass of the particle -

usually is eliminated by a substitution e — ), so that we then get
1
(5) (0/0t + iHg)Y = 0 with Hs = —2 A .

If there is an electromagnetic field present, represented by a scalar electrostatic

V and a 3-vector electromagnetic potential A, we get

(6) Hp=a(D—-A)+5+V,
and
(7) Hs= 2 3(D;~ AP +V

as Dirac or Schréodinger “Hamiltionian”.

We have presented above 3 wave equations to exhibit their interrelation: Most
discussions of elementary quantum mechanics deal either with the Schrédinger
equation or the Dirac equation, or with both. But it is clear at once, that the
approximation v/1+ x ~ 1 + 3z is good only for very small . This means that
also the approximation between the operators (6) and (7) can be useful only for
very small momenta3. So, only one - either Schrédinger or Dirac - can reflect the
real world, one should think. Why then do both equations enjoy their existence,
parallel to each other?

One feels tempted to declare the Dirac equation as the true wave equation of the
1-body problem. Indeed, first of all, the spectrum of the operator Hp of (6) exhibits
the split of basic hydrogen states, known as fine structure, while the operator Hg
only has these as states of higher multiplicity?, ignoring the fine structure split.

Next, looking at both equations from a mathematical aspect, one finds that

2Such a 4, B may be represented by self-adjoint 4 X 4-matrices with complex coefficients, making
(3) a (hyperbolic symmetric) system of 4 linear first order PDE-s in 4 unknown functions. A

variety of such representations are in use.
3The rest energy of an electron is & 500000eV, while the energies of the various bound states

of the hydrogen atom range around 10eV. So, for the spectral lines of H the relative error should

be around 10~%, perhaps good enough for even the accuracies of spectral measurements.
4For more details cf. sec.3.0.
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eq. (3) with Hp of (6) is a true wave equation while eq.(5) with Hg of (7) does
not have this property. More precisely, eq. (3) is a first order hyperbolic system
(of 4 equations in 4 unknown functions). It exhibits a finite propagation speed,
and a geometrical optics. “Finite propagation speed” means that a disturbance at
t =0 (at a point 2°) propagates only within a cone |z — 2°| < ¢t (with a constant
¢ > 0) - it cannot be felt outside that cone.“Geometrical optics” means that,
approximately, - with an error depending on wave length (i.e., momentum) - the
time-propagation may be described by letting an initial configuration (at ¢ = 0)
propagate along “light rays” - that is, along a certain field of orbits. Evidently
then, for the Dirac equation, this field of orbits will be given by the classical field
of motion. Rather, one then will find two such fields of orbits, reflecting the fact
that eq. (3) really takes care of two particles - electron and positron, propagating
along different orbits.

But this parallel becomes even more striking because - as we will discuss later
on (cf. sec.4.6) - the Dirac equation’s geometrical optics does not only define
the classical orbits of propagation of the two particles, but also assigns a magnetic
moment riding on each particle - that is, a 3-vector changing along the propagation,
exactly as indicated by equations valid for a magnetic moment (of Bohr strength)
in the electromagnetic field of the potentials A, V. In other words, this geometrical
optics also represents the electron spin.

Finally, the Dirac equation remains invariant (rather co-variant) under Lorentz
transforms - i.e., it is compatible with theory of relativity. In comparison to the
above, the Schrodinger equation does not have above properties. It lives in a
mathematical environment of its own, is not a hyperbolic equation, in particular.
One might list in its favour that it allows a simple generalization to multiple
particle problems: For a system of /N particles with masses m; and charges e;
(without other outside fields) one just uses the equation

N
1 1
TN _ . _ E AV

involving 3N independent variables x{ i =1,...,N,l = 1,2,3, with A; =
S ajg and V=3, 5

Moreover, it appears that the Schrédinger equation seems to be firmly en-
trenched as equation of the harmonic oscillator (i.e., equ. (5) with Hg = 1{—92+
w?z?} | in one variable z, with a “frequency” w = 27v), and indispensable for
quantum field theory, involving theory of “light quant’s” - that is, particles other
than electrons).

For a system of eletrons and protons however, the Schrédinger equation should

survive only as an approximation, not as the real thing.
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From the above perspective, with all its beautiful agreements, it then appears
as a very disturbing fact that the Dirac equation was plagued by a variety of
systematic difficulties seemingly leading into rather bad contradictions. The aim
of the present book is to eliminate these: We will try to show that they appear only
due to a deficient (or incomplete) interpretation of quantum mechanical prediction.

What then are the theoretical foundations of quantum mechanical prediction?
While in classical mechanics one may accurately predict the status of a physical
system, once its initial status (at ¢ = 0) is precisely determined, this is not so
in quantum mechanics. Given an initial status, the data at a future time may
be predicted only with a certain probability. The accuracy of such prediction is
limited. In particular, the Heisenberg uncertainty princile states that location and
momentum of a particle cannot both be predicted with infinite precision.

Note, the initial concept of quantum mechanical prediction grew out of obser-
vation of spectral lines of light emitted by excited atoms. Schrédinger found that
the spectral lines emitted by hydrogen atoms could be explained by looking at the
linear operator H = —A — ﬁ, with a suitable constant ¢, under suitable condi-
tions at co. This operator has a sequence of negative eigenvalues A\g < A\; < ...
with lim A; = 0. The energies corresponding to the spectral lines of hydrogen then
coincided with the differences of the (energy states) A;.

Based on this fact (and other similar ones) mathematicians brought into play a
general spectral theory of unbounded self-adjoint operators on a separable Hilbert
space H. In the above we have H = L?(R?) and the self-adjoint operator H in a
suitable domain, such that ¥, Hiy € H. Based on an earlier theory of Hilbert this
was mainly started by J.v.Neumann [JvN1,2] and F.Riesz [Riel], and developed
into a field where many authors contributed?®.

J.v.Neumann, in his book [JvN], then also attempted to design a precise formal
scheme of prediction, perhaps generally accepted, as follows.

The status of a system (like an atom) is fully described by specifying
a unit vector v of some given separable Hilbert space H. This vector
1 is called the physical state of the system; it contains all the data
available.

The properties or quantities which can be predicted are called “ob-
servables”. Each observable is represented by an unbounded self-adjoint
linear operator A acting on (a dense subdomain of) H. Such a self-

adjoint operator possesses a spectral resolution {E(X) : —oo < A < o0}

5cf. H.Weyl [Wey1], and the books of M.H.Stone [Stol], B. Sz.-Nagy [Nal] , E.C.Titchmarsh
[Ti1,2]; especially note also the split of approaches, either abstract or specifically adapted to
differential operators.
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such that A = [*_XdE(X) (with a Stieltjes integral over the measure
dE(X)). [Or, in simpler terms, A has an orthonormal eigenvector ex-
pansion or a corresponding integral expansion, or both - for different
parts of its spectrum./

Physics then tries to predict the outcome of a measurement of an
observable in a given physical state. The result of such measurement
always must be a point of the spectrum Sp(A) of A. If X € Sp(A) is
measured, and X\ is an isolated point-eigenvalue, then, after the mea-
surement, the system is assumed to be in a state ¥y which is an eigen-
vector of A to eigenvalue A, regardless of its earlier state v -i.e., we
have Ay = Mpy. If such eigenvalue X is simple (of multiplicity 1) then
the probability of measuring the value \ for A is given by |(11,v)|?
with the inner product (.,.) of H. In general, the probability of mea-
suring a value of A in the (open) interval (A1, 2) C R is given by
(¥, (E(A2 —0) — E(A1 +0))y). Thus the expectation value of the mea-
surement will be given by (Y, Ap) = [ Ad{(y, E(A\)v).

As time propagates we may either keep all observables constant (in-
dependent of t), and let the state propagate as a solution of the wave
equation Ou/0t + iHu = 0 (where H denotes an observable - an un-
bounded self-adjoint operator on H - representing the total energy of
the system, and called the Hamiltonian of the system). Or else we may
let the states stay constant and let all observables propagate according
to the law A — A, = et Ae="Ht _ noting that et are unitary oper-
ators on H. Both procedures will give the same prediction results. The
two above procedures are called the “Schridinger representation” and
“Heisenberg representation”, respectively.

In particular, prediction of a measurement of the total energy H -
an observable - is independent of time: We get H; = e'HtHe Ht = I,

for all t, reflecting conservation of energy.

In the above it was assumed that the potentials A,V are independent of time.

For the Dirac equation one usually uses the Hilbert space H = L?(R3,C*),
called the configuration space and the total energy observable H = Hp of (6).
Then it is common to work with a variety of dynamical observables, all derived from
important quantities of classical Physics, such as location, momentum, angular
momentum, spin, current, ... . The difficulties in Dirac’s theory then arise from
the fact that (i) that equation 1/1 +iHp1 = 0 must serve as wave equation for two

different particles - electron and positron - while (ii) prediction (or observation)
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of most dynamical observables (except energy and angular momentum) tends to
mix up states belonging to either particle.
Here now we come in with our proposal of repair or modification of v.Neumann’s

procedure:

First of all, one should not attempt to work with a collection of
observables as large as v.Neumann does. All dynamical observables
are differential operators (perhaps of order 0, i.e., multiplications by a
function of polynomial growth). We propose to work with an algebra
of pseudodifferential operatorsSwe call strictly classical, and allow
only self-adjoint operators within that algebra as observables. We will
give a physical motivation for this restriction in ch.2.

Secondly, working with the time-propagation A — A, = et Ae~#H?
of observables (with constant states), we want this time propagation to
depend smoothly on t, in a manner to be specified. This condition
alone will amount to further restrictions on observables, seemingly too
strong, because this excludes many dynamical observables. However,
the dynamical observables excluded are just the ones leading into con-

tradictions.

We resolve this difficulty by introducing an algebra P of precisely
predictable observables. - The elements of P are (strictly classical)
Ydo-s, and they have a smooth Ay, and J. v. Neumann’s principles
of predicting measurements, laid out above, should be applied only to
precisely predictable observables. Moreover then, for an observable
A which is not precisely predictable - such as location, for example -
we discuss some principles of finding precisely predictable approxima-
tions, that is, observables in P with expectation value close to that of
A. Such an approximation either may work for all states . Or else,
it may work only for certain states - for example, if the particle is not
to close to the origin, or if it is known with certainty that the particle
is an electron - not a positron. At any rate, then, there is a built in
error for the prediction of expectation value. For example, location

has a built-in error of the order of the Compton wave length of the

6Pseudodifferential operators arise if we interpolate among the differential polynomials
a(z,D) = 3" pag(z)D? defined for a function a(z,£) = 3, ag(z)€%, polynomial in &, using a
procedure to allow definition of an operator a(x, D) also for more general functions a(z, §), not
polynomials in . This will be done in such a way that the well known composition formulas
for products of differential polynomials - the so-called “Leibniz formulas” - still are valid in a
generalized form. For details cf. ch.1.
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electron, in agreement with the fact that location of an electron can-
not be predicted more accurately than its wave length - since in some

experiments the electron appears as a wave.

As another important observation: The elements of our precisely predictable
algebra P may be almost decoupled by a unitary pseudodifferential operator U
roughly similar to the Foldy-Wouthuysen transform (cf. [Thl], sec.3.3.9 or [DV1]).
Now, under some mathematical restrictions on the potentials A,V this decou-
pling (unitary pseudodifferential-) operator U may be refined in such a way that
it precisely decouples the Hamiltonian operator” Hp. Using this refined Foldy-
Wouthuysen decoupling, we then define a further restriction PX C P as the
subalgebra of operators precisely decoupled by (the refined) U, and then use PX
as algebra of precisely predictable observables.

This then will give an orthogonal split H = H. ® H,, of the Hilbert space
‘H into a space H. of eletronic states and a space H, of positronic states. And,
moreover, a precisely predictable observable A preserves this split - such operator

A is reduced by above decomposition; A maps H. — H. and H, — H,.

Following the v.Neumann principle thus modified will remove all difficulties of
Dirac’s theory. Moreover, we also investigate the behaviour of the algebras P
and PX under a Lorentz transform of the coordinate system, finding a kind of
covariance of these algebras (with features to be explained (ch.6)). [The algebras
PX are not uniquely characterized, by the way, leaving something open for physical

intuition, but also something in the way of a straight covariance.]

Finally, in ch.7, we undertake a study of certain precisely predictable approxi-
mations of observables not in P. Such approximations are not uniquely determined
either. Still, since it is proposed to use the spectral theory of these approxima-
tions as substitute for the non-corrected observable, their spectral theory will be
of interest, and it is hoped that it will not be too different from that of the original
observable. This is confirmed, indeed. In fact, for the two observables we studied
explicitly - location and eletrostatic potential - it was found that the approxima-
tion is unitarily equivalent to the original observable, so that only a unitary map

- not too far away from 1 is in the way.

In conclusion of this preliminary discussion we might note that a similar no-

tion of precisely predictable observables seems possible for gauge theories a la

"In other words, then the Dirac equation splits precisely into one equation for the electron, and
another one for the positron - both are strictly classical hyperbolic (2 x 2-systems of) pseudodif-
ferential equations.
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Yang-Mills (cf.[FS]). Especially we may think of the two problems in nuclear
physics involving special representations of the Liegroups SU (2, C) and SU (3, C) of
Weinberg-Salam ([Sal],[Wb1]) and Gell-Man ([GM1]) used for discussion of weak
and strong interactions - that is for their corresponding Dirac-type equations.
(cf.[Cal]). However the simplest such case would deal with 8 x8- or 12x12- matrices,
and we have not attempted approaching it, so far.

No such approach seems possible for the Schrodinger equation - at least not as a
directly analogous generalization. In fact, the Heisenberg representation A — A; =
e'Ht Ae"Ht has very different properties for a second order differential operator
H.

However, we might make a distinction here between the case of equ. (8), where
the Schrodinger equation serves as a non-relativistic approximation only, and the
special case of the harmonic oscillator. In the first case, where we deal with an
approximation only, a distinction of precisely predictable observables may be out
of place anyhow. But the Schrédinger equation of the harmonic oscillator has
been used in Quantum Field theory as a (precise) wave equation of the Photon -
a particle of spin 0.

We address this case in ch.8. Interestingly, an algebra of precisely predictable
observables arises, but with the property that these observables are precisely pre-
dictable only at periodic times. This might be compared with the fact that total
energy Hp(t) for a Dirac problem with time-dependent potentials also is not pre-
cisely predictable, except at the precise time t , but not earlier or later.

Assuming that a time-constant field A,V is superimposed with a field of an
oscillation - an electromagnetic wave - then also H () may be precisely predictable
only at periodic time-intervals. This, of course, would be a situation where an
atom emits (or absorbes) a photon, thereby changing its total energy. [And then,
it seems that time is also quantized - in the sense that only very special moments
can serve for precise observations.]

In fact, if we must admit that the outcome of our measurements can be precisely
predicted only at periodically occurring distinct times, then at once we might be
free from all concerns about so-called quantum jumps, because continuity at a set
of discrete points is a meaningless thing.

All in all, our improvement of v.Neumann’s “principles of quantum mechanics”
remains confined to a rather special set of problems. We must leave it to others

to perhaps use some of these ideas to design a fitting more general concept.

We have tried to anticipate the fact that this book might meet readers of very
different orientations. While, generally, we have tried to offer a mathematically

rigorous theory, including an introduction into (our kind of) pseudodifferential
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operators, we have tried to put lengthy and technical proofs into footnotes, or
somewhat out of the way, as not to bore others willing to accept the statements.
We have neglected to include an introduction into rigorous spectral theory of self-
adjoint differential operators in Hilbert space, although frequent use is made of
such things, referring to the large mathematical literature, already more than half
a century old. Regarding pseudodifferential operators, we did not include exis-
tence proofs of evolution operators, and the global Egorov theorem for hyperbolic
systems of pseudodifferential equations we developed in our book [Co5] is only
discussed for the Dirac operator, a very special symmetric hyperbolic operator,
although this is often used for more general such problems. Neither did we discuss
the proofs for global coordinate changes for 1do-s, although, again, this is used.
Again, we did not include a general discussion of composition of Fourier integral
operators, although the evolution operator of Hp is a Fourier integral operator.
But for the special compositions of FIOps we require, this is not needed. A sort of

7

“Egorov-type argument” always is sufficient for us. It avoids the nonlinear PDE-s
arising while obtaining newly-generated phase functions, focusing instead on some
kind of (linear) “Hamiltonian flow” in each case. In fact, we are making it a special
point, to be able to avoid Fourier integral operator calculus throughout this book
— just as well as we resist the temptation to translate our theory from Euclidean
space R? to differentiable manifolds, following a popular trend.

In conclusion: After looking over a multitude of introductions into Quantum
Theory - notably Dirac’s theory of the electron - given by Physicists and Mathe-
maticians, our personal orientation, emphasizing physical interest, spectral theory
and theory of pseudodifferential operators has lead us to a lookout over Quantum
Theory which seems distinctly different, in some respects. While we must admit
that we did not attempt a complete review of all relevant physical literature®,
we find it worthwile to hereby attempt a presentation to the general public - for
inspection and comments.

Our “Thanks” must be expressed to anybody - known or unknown - who en-
couraged us, especially the editor of this series, and the publisher, and to Stefan

Cordes who helped in many respects.

Heinz Otto Cordes
August 2006

8Reference to older attempts dealing with Dirac paradoxes may be found in Thaller’s book
[Th1]; For arguments for or against v.Neumann’s principles one might look into the papers of

[DV]; also, the paper [GZA] of T. Gill et al. was recently brought to our attention.



Chapter 2

Why Should Observables be
Pseudodifferential?

2.0 Introduction

The present chapter will be irrelevant! for the mathematical deployment in suc-
ceeding chapters. We offer this material only to provide a motivation for our claim
that a Dirac observable should be a self-adjoint pseudodifferential operator.

We shall consider the action of translations, rotations, and dilations on do-s
- or, rather, on general bounded operators A : Hy — Hs_,,. We shall find that
these actions are smooth, both in configuration space and in momentum space, if
and only if A is a 1do of order m, not quite in Opipc,, but in a slightly larger
such class, also equipped with some calculus of ¥do-s.

Note, the property “smooth” appears here as a mathematical idealization:
An observable certainly should be “insensitive” against small errors in
positioning our coordinate system - both in configuration space and in
momentum space - and this also should hold for small rotational errors
or dilational ones - if its prediction is to make any sense at all. The
idealization appears here as a replacement of “insensitive against small errors” by
“smooth under translational, rotational and dilational action”.

To explain in more detail, what this means: Consider the linear operators
T, : uw(z) — ulx — 2) = (TLu)(x), and, S, : u(x) — u(ox) = (Syu)(x), and,
Rt :u(x) — u(rz) = (R,u)(z), for general z € R3, 0 < 7 € R, and a general (real

IException: We are making some practical application in sec.2.4, useful for a side-result in
ch.3.

37
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3 x 3-)rotation matrix o € SO3(R). Note, we have T, = e~**P - formally a ¢do
(with symbol e~%¢) but certainly, T, is not a strictly classical 1do - except for
z = 0. Similarly, the operators S, , R, do not belong to Opyc, except for 7 =1
oro=1.

In the simplest case (of Hs = H - i.e., s = 0 - , and a bounded operator

A:'H — 'H) we consider the 4 operator families?

(2.0.1) {A, =T AT, : 2 € R?} | and , {A¢ = e " Ae" : ¢ € R?}
and,

(2.0.2) {A,=5,'4S,:0€S03(R)}, and , {A, = R-'AR, :0 < T < 0} .

Each of these families involves certain parameters. In (2.0.1) there are the 3
parameters z1, z2, 23 € R (or (1, {2, (3 € R), in (2.0.2) we have the coefficients o
of the orthogonal matrix o, leaving 3 (real) degrees of freedom, since we may write
0 = e with a real antisymmetric 3 x 3-matrix a = —a”. (Or, in the second case
of (0.2), we have the single (real) parameter 7 > 0.) So, we may ask whether
partial derivatives (of all orders) for these parameters exist - then we will say
that the corresponding action (of the operator T, or e~%* or S, or R, on the
operator A) is smooth. And, to be precise, we want these partial derivatives to
exist in operator norm of the Hilbert space H. [That is, for example, we want that
10A./021 — AA. Az || — 0 as Az — 0, with AA, = A, Az (1,00 — Az, ete.,
with operator norm ||| of H.]

The point we are trying to make then is this:

All the above 4 actions are smooth if and only if the bounded operator
A :H — H is a pseudodifferential operator of order 0, with symbol
belonging to a class we call ¥sy, where ¥sy D ey is a bit larger, but
still allows some calculus of Y do-s.

For simplicity we get restricted to 1do-s with complex-valued symbol - even
presenting some major arguments only for the 1-dimensional case, with trivial
extensions to arbitrary dimensions. We only want to make the point, that it

may be physically significant to restrict theory of observables to ¥do-s, while not

2Clearly this involves 4 Lie-group representations on the algebra L(7). For the second (2.0.1)
the Fourier transform Aé = F*A¢F may be written as (A;)" = C_lAATg, since we have
Te = F*e~? [ Thus this amounts to translation smoothness in phase space, while the first
(2.0.1) expresses the same for configuration space. The smoothnesses of (2.0.2) automatically
imply (and are implied by) the corresponding smoothnesses in phase space, as a simple calculation

shows.
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allowing more general abstract linear operators of our Hilbert space H. For the
first (perhaps hardest) step we only use the Heisenberg group and the Hilbert
space ‘H, postponing a refined treatment to later sections. Otherwise, the results
developed here are of no significance for our discussions in later chapters, so that

reading may be skipped or postponed.

2.1 Smoothness of Lie Group Action on ydo-s

Consider first an arbitrary bounded operator A of H = L?(R?). Assume that we
have

(2.1.1) e P peire™iZD = A, - € O°(RS, L(H)) .

To discuss this condition: Note, that the operators T, = e~**P form the group of
translation operators - We find that T,u(xz) = u(z — z). This is a Lie-subgroup of
the group of unitary operators. It is strongly continuous in z - we have T,u — T}, u
in strong L2-convergence, as z — zg, for every u € H. However, T, is not
uniformly continuous - we do not have ||T, — T,,|| — 0 as z — zp, as easily seen®.

Quite similarly, the group {e?® : ¢ € R3} of (unitary) multiplication operators
again is strongly continuous but not uniformly continuous*. The Fourier transform
of the multiplication group is the translation group again. Both groups {7} and
{ei*} together generate what is called the Heisenberg group.

Then we must emphasize: by (2.1.1) we mean that the family A, . is operator
norm continuous in L(H), not only strongly continuous. And in addition, that all
partial derivatives for z; and (; (of any order) exist in norm convergence, and also
are norm continuous.

Now we want to prove:

Theorem 2.1.1 An operator A € L(H) satisfies (2.1.1) if and only if it is a do
in Opyty. Here ttg = CB>(R®) denotes the space of C°°(R)-functions having
all derivatives bounded. For such a function the vdo A = a(x, D) is defined in the
usual way - either (1.0.15) or (1.2.1).

3Consider the family ue(x) = []3 e(x;) , @e(t) = (€2Tr)_1/46_t2/2€2 of unit vectors in H.
Show that ||Tue — Thpuel|? — 2 as e — 0, € > 0 for every fixed z,z9 with z # 20, so that
|IT. — T || =2, as z # zo, follows.

4Qet ||(e%® — eiC0T)y|| = 2Husin(%(( — ¢0)z)|| > ||lu|]| whenever u € H vanishes outside a
(non-empty) open z-set where |sin %(C —Co)zx| > % Such open z-sets exists whenever ¢ # (o
since the sine reaches £1 for some points 2. Hence we get [|e?¢* — ¢*€0?|| > 1 whenever ¢ # (.

5(1.0.14) will work too, but the distribution av? (z,z —.) no longer has the nice properties as
for an a € vYe.[For example, the translation operator T itself has symbol ¢, (z,£) = e*¢ ¢ tg ,
but its integral kernel is §(x — y — z) - with a singularity at z — y = z different from 0.]
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Proof. First of all, the ¢ydo-s A = a(x, D) all are bounded operators of H. [Of
course’®, we have stated theorem 1.1.4 only for a € 1)cg, but the reader may inspect
the proof given, to find that only the boundedness of a few derivatives (up to
order 8) was used, and not the more stringent conditions (1.0.13), defining 1cy.]

Furthermore, for such A = a(z, D), we find that
(2.1.2) A.c=alz+2(+ D).

In other words, A, ¢ is also a ©do in Opyty with symbol a, ¢ = a(z + 2,£ + ().
Indeed, (€% Ae™"u)(z) = gize " [dE [ dye @ Va(z, )u(y)ec?

= o5 [dE [ dye’€= OV a(z, u(y)dy = a(z,(+D)u(x). Similarly, T_, AT, u(z)
= a(z + z, D)u(x), confirming (2.1.2).

With formula (2.1.2) things are clear now: If a € ¢ty then all derivatives of a
exist in uniform convergence over RS. Using (2.1.2) and (1.4.5) (for ¥tg) we thus
conclude that, indeed, all derivatives (for z and ¢) of A, ; exist in operator norm,
so that (2.1.1) holds.

Vice versa, assume now that an operator A € L(H) satisfies (2.1.1). Then our
attempt to show that A € Opyty will require that we specify a symbol a € ¥t
such that A = a(z, D). Let us play a bit with the (norm-smooth) family A, ..

For a translucent argument we get restricted to the case of a 1-dimensional
operator - that is, we consider the case of an operator A € L(H) , H = L?(R), so
that only one (real) z- and ¢-variable” is involved. Then we arrive at a formula

expressing the symbol a(z, ) of A in terms of A, . by writing

(213) (2,0) = [ dadga(-)a(-bla + 2.6 +0)
with b(z, &) = (14 0,)2(1 + 9¢)%a(x, €), and the Greens function
(2.1.4) 'ym(t):e_t(;lm__ll)! as t>0,=0,ast<0

of the differential operator (14-9;)™ in (—oo, 00) - that is, we have (140 )™ v, (t) =
d(t) with the Dirac delta function 0, and (2.1.3) simply expresses this fact.
Note that b(x,&) is the symbol of the operator

(2.1.5) B=(1+iadp)*(1—iad,)?A

6Incidentally, as to be used later on, this also holds for (1.4.5): Again our proof there does
not use the Leibniz formulas, but only the special Beals-formulas for the symbol of a®(z, D) =
Asa(z, D)A;l, but they already work for a € ¥tg. Hence it follows that as(x.§) € 9to, and thus
also a(xz, D) € L(Hs), for all s.

"For 3 dimensions one simply must replace the function v2(—x) in (2.1.3) by the product
y2(—z1)y2(—x2)v2(—z3), and the differential operator (1 + 8;)2 by [13(1+ Ou )2, and similarly
for £&. Then we get fla. (2.1.7) again with W replaced by a product of 3 1-dimensional operators.
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where we have written “adxA = [X, A]”. If A € Opyty then clearly B € Opyty
as well.

By (2.1.2) we get B, ¢ = b, ¢(x, D) where b, ¢(z,§) = b(z + 2, + (). Using
this we may write (2.1.3) in the form

(2.1.6) a(z,{):/dmdf)\(x7§)bz,g(ﬁc,§) with A(z,§) = v2(—2)y2(=¢) -

Formally the right hand side of (2.1.6) looks like a trace: Using formula (1.2.1) it
is clear that b, ¢(z,&)e’® is the integral kernel of the operator v/2m B, ¢ F*, while
Az, €)e®s similarly would be the integral kernel of the operator 27 \(z, D)F* =
V212 (—2)y2(—D)F*. Note that \(z,¢) is real, by definition. So, the right hand
side of (2.1.6) - i.e.,

= [ dzd¢(a(z,£)e™™s)(A(z, )e) - then should represent the trace of the product
2n(B, cF*)(Ma, D)F*)* = 2nB, \x,D)* = 21B, ¢y2(—D)y2(—x). So, this

gives the formula
(2.1.7) a(z,() = trace{B, W™},

with the integral operator

1 1
2.1. W = —ya(—2)72(~D) = yo(—z)(——s ) .
(218) 2= 0072(=D) = 12(=0) ()
For the derivation of (2.1.7) we have used that 74 (£) = 7@(11%&)2'

The point is that (i) formulas (2.1.7),(2.1.8) indeed express the symbol a of a
do A € Opyty explicitly in terms of the operator family B, . generated by B
of (2.1.5), while (ii) the operator W of (2.1.9) turns out to be® of trace class (cf.
[Kal]), so that indeed the traces and above formula make sense. Moreover, (iii)
even for a general bounded operator A of H satisfying (2.1.1), we find the family
B, ¢ smooth as well, so that formula (2.1.7) defines a complex-valued function
a(z,() € Yty , using the fact that the trace class is an ideal of the algebra L(H),
where the function trace {CX*} is a continuous function of C for C' € L(H) with
operator norm, as long as the operator X belongs to trace class.

8 According to ch.X, sec’s 1.3-1.4 of [Kal] an operator X is of trace class whenever it can
be shown that X = YZ where Y and Z are of Schmidt class (i.e., they are integral operators
with kernel in L2(R2) for our 1-dimensional case.) But we may write the operator W as a

v2(—x)
(A+i(z—y))?"

Just introduce Uu(z) = fdz“’l(izzz) (2)dz, and note that U~! = (1 + iz)(1 + ), so that

W =U(1+ zm)(l + 0¢)W) = UV. The integral kernel of U is squared integrable, since y1 (of
(2.1.4)) and 15 both are L2-functions. Similarly, V has the kernel (1+iz)(1+ 0y )W,
also in LQ(RQ), so that U and V both are Schmidt operators. Hence W is of trace class, and so
then is B, (W™, since the trace class is an adjoint invariant ideal of L(H).

product UV of Schmidt operators as follows: W has integral kernel w(z,y) =
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In other words, we find that (2.1.7) constitutes a left-inverse of the map
a(x,§) — A = a(x,D) defined for a € tg. We already noted that formula
(2.1.7) defines a symbol in ¢t for every operator A satisfying (2.1.1). Therefore,
in order to show that this left-inverse actually is an inverse, we only must prove
that a(z,¢) = 0 - with a defined by (2.1.7), for some A € L(H) satisfying (2.1.1),
implies that A = 0. But then we get trace{ B, W*} = trace{ BW} .} = 0 for all
z,(, by the general rules for traces. Also, for the formal ¥»do W = %A(m, D) we
get (just as (2.1.2))

(2.1.9) W= %gg(—x —2)y2(=¢—D) .

Then, given two arbitrary C§°-functions w, x get

(2.1.10) /dZdCWz,g(l —0.)%w(2)(1 - 9,)*w(¢) = w(—2)x(—D) ,
using partial integration and that (1 + 9;)?y2(t) = 6(t). Applying this we get
(2.1.11) trace(w(xz)Bx(D)) =0 for all w,y € C§° .

Expressing this with the distribution kernel kp(z,y) of B we get [kp(z,x —
2)w(x)x(z)dxd¢ = 0 for all w, x € C§°, implying B = 0, hence A =0, q.e.d.

Our above theorem only is a preliminary result, involving the special translation
group in configuration space and momentum space, and the Hilbert space H = Hy,
and operators of order 0. In the sections, below, we shall extend this in various

directions.

2.2 Rotation and Dilation Smoothness

We are still with zero-order ¥do-s with symbol in ¥ty (and with scalar-valued
symbol). The class Opyty was seen to be identical with the class of bounded
operators of H = L? which are translation smooth, both in configuration space
and in momentum space - i.e., the operator A and its Fourier transform A" =
F*AF both are translation smooth - we have cdn.(2.1.1) We now ask about the
subset WGS of Opyty of operators which also are smooth with respect to the
action of rotations and dilations. That is, we request that, for the two families of
substitution operators GR = {S, : 0 € SOz} and GD = {R, : 7 € R;} we have

(2.2.1) S*AS, € C*°(S03,L(H))) ,
and

(2.2.2) RIAR, € C™(Ry, L(H)) .
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Here we use the operators S,u(z) = u(oz), and, Ryu(z) = 7%/%u(rx), respectively.
Both are unitary operators, and the classes GR and GD are Lie groups, of course.
Again the two conditions mean that the two conjugations (by S, or by R.) are
smoothly depending on the parameters o € SOgz and 7 > 0, respectively, with
derivatives existing and continuous in operator norm® of L(H).

First of all, in that respect, we notice that
(2.2.3) FS,=S5F , and , FR, =RIF .

This implies that A € Opitg satisfies (2.2.1) (or (2.2.2)) if and only if A® = F*AF
does. So, we need not distinguish between these conditions in configuration space
or momentum space: If they hold in one of these spaces, then they do hold in the
other one as well. If (2.2.1) or (2.2.2) hold then we will say that A is “rotation
smooth” (“dilation smooth”).

Furthermore, after sec.2.1, if A is translation and rotation and dilation smooth
then we already know that A has a symbol in ¥ty and may work with it - this
makes things easier, and reduces the theorem below to a series of calculations.

Theorem 2.2.1 An operator A € L(H) is smooth in the sense of all four above
groups {e~*P} and {€¥*} and {S,} and {R,} if and only if A = a(x, D) with
symbol a(x, &) € Yty satisfying the following “condition 1sg”:

Define the (first order linear) partial differential operators

(224) il = §]a§l - -'If'laxj ; ];l =1,2,3,
and then
3
(2.2.5) njp=¢cj—¢yasjFl, noo = Z%’ :
1

FEvery finite application of the n;; to the symbol a(x,§) must still belong
to wto.

The proof of this theorem consists of studying the action of the two corre-
sponding Lie-algebras onto our symbols a(z,£). This will be left to the reader.
For details, see [Co5],ch.8, sec.5.

The class of all symbols a(z,§) € ¥ty satisfying cdn. sy will be denoted
by ¥sg, henceforth. The classes ¥s and s, are defined similarly to ¥c , ¥cpy,:

9Note that again, the operators Sp and R, are only strongly continuous - not uniformly
continuous in their parameters o or 7.
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1s is the class of all polynomials in x,& with coefficients in sg. Also, ¥s,, =
(x)™2(€)™21hsg. One confirms that

(2.2.6) Ve C PSS C Yty
and that s, may be described as the subset of ¥t,, of all a(x, &) such that
every finite application of the operators n;; still belongs to t,,.

Investigating the type of symbol in vs,, we note first: These symbols (at least)
satisfy the (Hoermander-type) conditions (1.2.2) locally, in the following sense:

Proposition 2.2.2 Fora € s, we have (1.2.2) whenever either |x| or || belongs
to a bounded set. That is,

(2.2.7) af)(@,&) = O((L+ g™ ), as |z <c,
and,
(2.2.8) af)(@,€) = O((1 + [a])™=~ ), as [¢] <.

Proof. Focus on (2.2.7) (and assume m = 0). For a € 95y and |z| < ¢ get

Aooa = Y- &g, = mooa+O(1) = O(1) , Aja = ag, — Gag, =nua+O(1) =
O(1) . Thus,

1€12ae, = &Xo0a—2, & A = O([€]), implying aje, = O((€)~"). This procedure
may be iterated to get (2.2.7). Similarly for general m and for (2.2.8), q.e.d.

As one consequence of this proposition we note that, for a symbol a € ¥s, the
integral kernel ka(z,y) = (27)3/2a" (z, 2 — y) of A = a(z, D) (appearing in fla.
(1.0.14)) has regained the properties it had for a symbol of the class ¢, : It is
C except at x = y and for large |y|, k(2°,y) behaves like a function in S. This
follows from prop.1.1.1, since, evidently, a(x, &) is of polynomial growth in £ for a
given fixed x.

It is possible to state more precise global estimates for the symbols in s, -
where we again get restricted to m = 0 with similar facts for general m left to the
reader.

Theorem 2.2.3 For a € sy we have the estimates'®

(229 {32, = O V) for alt — 161 <3 < I,

for all 6, ..



2.2. Rotation and Dilation Smoothness 45

To prove this theorem we need the following

Lemma 2.2.4 For a(z,£) € C§°(R®) define apq = npga , p,q=0,...,3 where we
extend (2.2.5) by setting

(2.2.10) Mpo = Oz, 5 Nog = 0%, » Mpp =0, p,q=1,2,3.

Then there exist symbols Y9 pq € Yce1_p2 and ’ygg € Pce2_o1 such that

3 3
15 25
(2211) af|wj = Z Vpéapq ’ alﬁj = Z ’ngapq )
p,q=0 P,q=0

This lemma follows with the argument of prop.2.2.2, writing down terms a bit
more carefully. It is clear then that the lemma allows to generate a factor (x)/(£)
(or (£)/{x)) in the general estimates for symbols, so that we get (2.2.11) and the
theorem.

Finally, in this section, let us come back to the question about calculus of ¥ do-s
within Opis. Tt is clear from (2.2.7) that we have a “local calculus of do-s” in
the sense of Hoermander [Hoel]. That is, the Leibniz formulas (1.0.8), (1.0.9) are
valid locally - i.e., we have asymptotic convergence of the series for ¢ and a. in
compact z-subsets (with respect to &) or vice versa, giving asymptotic operator
convergences in the sense of [Hol] (cf.also, [Co5],IV) - that is, in the sense of
smoother and smoother remainders.

Note also, the classes ¥sg , 1s as well as the operator classes Opysy , Opys
form algebras, under their corresponding products - pointwise or operator product.

In matters of global calculus of ¥do-s it turns out that, at least, we have as-
ymptotically convergent Leibniz formulas for products AK , KA and commutator
[K,A]if A =a(x,D) € Oppsy, but K = k(x, D) € Opipc,,,, in the following sense.

Proposition 2.2.5 We have
(2.2.12) k(xz, D)a(x, D) = ¢1(x, D) ,a(x, D)k(x, D) = co(z, D) ,

[k(z, D),a(z, D)] = c3(zx, D) ,

where

—5)lel
Cl<.’L‘,§) = Z %k‘@)(l’75>au)<x,§) +R}V($7€> )

le|<N

10The class of symbols a(z, &) satisfying estimates (2.2.9) is known as the Weinstein-Zelditch
class (cf.[Wel],[Zel]).
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—)l
(2.2.13) ERIEDY ( L!) a') (z, )k (2,€) + R/ (,€)

[t|]<N

2

Cg(lC,f) _ (_.Z;)J

=0 T

{k,a}j(iﬂ,f) + R:;V(.’E,f) .

In (2.2.13) the terms k(L)a(L) , a(L)k(L), with |¢| = 7, and the “higher order Poisson
brackets”

(2.2.14) {k,a}; = V1k.Via — Via.Vik

belong t0 VSmam/—ret —pre2 for all myr' = 0,1,... with r +r' = j, while Rﬁv S
YS! —rel —prez for all ' =0,1,.., withr+1r"=N+1 - forl =1,2,3.

The proof is discussed in [Co5],ch.8, prop.7.4.

2.3 General Order and General H,-Spaces

In this section we shall consider smoothness under the Heisenberg group as in
sec.2.1, but for operators A € L(H,), with one of the weighted Sobolev spaces
of sec.1.4 . Moreover, one may remove the restriction to ido-s of order 0 and
also characterize the classes Opibc,,, for general m € R? by looking at translation
smoothness for operators in L(H,, H;) - rather L(Hs, Hs_m), for any fixed s € R?,
as we will find.

Observe first that - clearly - the class Opyty is an algebra - it coincides with
the class of smooth operators considered in sec.2.1, above, and they trivially form
an (adjoint invariant) algebra. Moreover, we note that the translation operator
T, = e~ **P and the multiplication operator e’“* both belong to the algebra Opiit,.
As a consequence, it follows from corollary 1.4.2 that e~** and e** both form
groups of bounded linear operators in every weighted Sobolev space!! H,. Thus
we might ask whether a similar characterization of the smooth operators also is
possible for the spaces H.

Recall from sec.1.4: our Sobolev space H, carries the norm ||ulls = ||Asul| 2
with Ay = (2)*2(D)*!, so that Ay and AJ! = A* = (D)=*1(x)~%2 provide isome-
tries Ag : Hy — H and A* , : H — H,.

While examining operators in L(H) we then should keep in mind that

“A € L(Hs)” means the same as “A; = A;AA* € L(H)”.

11Of course the operators e~ ##D iz ¢ L(Hs) no longer may be expected to be unitary, but
they will be bounded.
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Note that A; and A*

* 5 are Ydo-s in Opye. If A = a(z, D) is a do in Opity
then we have calculated a symbol as for the operator A in 1.4 (footnote 23) - we

found that

(2.3.1) as(x, &) =

(2m)°® [ dydcato O [ dze (T e ST

where we must recall that all 4 integrals are finite parts: When evaluating them we
must use the identity e =¥ = (z) 72N (1—A,)Ne~"¥ and formal partial integration
to convert (2.3.1) into an integral with integrand in L' which can be evaluated.
Examining differentiability of as(z,£) we note that - formally - a differentiation

828§ may be carried out under the integral signs, giving

(2.3.2) (as)(p) (@, €) =

e [ ayacaly ey =01 [ asem=e (g ey

Indeed, it is found that this operation is legal - the formal conversion gives

e [
res (G m (=)™
with an(z,€) = (1 — A)V(1 — Ag)Va(z,€), and,

(CE -Y, 5 - C)eiiZCXN (xv Z)eiianN (ga , C)

1 -3
BEA

_ 2N (¢ N 1 €-n-¢ s1

Again, N should be chosen sufficiently large, such that the integral converges

(2.3.4) Xy = ()" (1= )M )Y

absolutely. [Note the various applications of 1 — A do not improve nor disimprove
the estimates, but the various denominators (y)2" eventually will create an L!-
function.] Moreover, if a € 1ty then any arbitrary (z,¢)-differentiation may be
taken inside the integral (2.3.3), and it will not affect the L!-property of the
integrand. So, it follows that as € 1ty whenever a € ¥t.

This conclusion may be reversed. We clearly have A = A* (A;A;. Hence we
get the same formulas (2.3.3) and (2.3.4) with a and a5 (and < &) interchanged.

We have proven:

Proposition 2.3.1 We have A = a(x, D) € Opty if and only if A; = AsAN* | €
Opyto.
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Next let us also examine a possible relation between translation smoothness
for A and A,. In that respect we might examine the abstract meaning of condition
(2.1.1):

Proposition 2.3.2 For any fized s = (s1,s2) € R? an operator A € L(H,) is
smooth under conjugation with (both) e=*P €% € L(H,) - in the sense of (2.1.1)
~'H replaced by H, — if and only if all conmmutators'? (ad,)?(adp)*A belong to
L(Hs), for any pair of multiindices 6, ¢.

Proof. For a Lie-group differentiability at the unit element e = 0 implies differen-
tiability anywhere. For A € L(H) and A¢ = e~ " Ae™" we verify O¢, (u, Acv)|c—o =
¢, ("% u, A(e""v))|c=o = —i({zju, Av) — (u, Az;v)) for u,v € C§°. If the com-
mutator [z;, A] exists as a well defined operator in L(H) then the right hand side
equals —i(u, [x;, AJv). Moreover, then one easily verifies (by looking at the differ-
ence quotient of (u, A¢cv)) that d¢, A¢|¢c=o = —ilx;, A] exists in operator norm of
H. And this conclusion may be reversed: If d¢, A¢|c—o exists then also [z, A] is
well defined and belongs to L(H). This argument may be iterated arbitrarily. By
taking Fourier transforms one similarly finds a relation between differentiability of
e?*P Ae=#*P and existence of iterated commutators (adp)*. Q.E.D.

With prop. 2.3.2 it is now easy to relate conditions (2.1.1) for A and Aj:

Suppose that A € L(H,) satisfies A, ¢ € C*(R%, L(Hs)). So, this amounts to
the condition that adady, A € L(H). Now consider Ay = AjAA*, € L(H). We
have

(2:3.5) [Dj, As] = ([Dj, AsJAZ ) As + As[Dj, AJAZ + As(As[Dj, AZ,) € L(H)

because [Dj, A;JA* | = SQé—i'g € L(H), and similar for A [D;, A*]. Similarly we
also get [z, As] € L(H). Moreover, the procedure may be iterated arbitrarily to
get adlad, Ay € L(H) for all 6,c. Tt follows that Ay satisfies the assumption of
thm.2.1.1. Hence A; € Opyty. Then prop.2.3.1 implies that A € Opyptg. So, we
have proven:

Theorem 2.3.3 The class of all operators A € L(Hy) with A, . € C®(R®, L(H))
coincides with the class Opyty of Wdo-s with symbol in Ytgy.

Finally, let us also study the Heisenberg group action on an operator A €
Opt,,. We defined 9t as the class of all polynomials a(x,&) = 3 a, g(z,&)z0¢",
with coefficients a, 9 € 9to. Such symbol is said to have order m = (mq,ms)
if A_pa(z, &) = () "™2a(x,&){E)~™ € tg, and the class of such symbols is

12 A1l operators adxj and adp, commute.
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denoted by t,,. Clearly then we have A = a(x,D) € Opit,, if and only if
Ap = (z)~"™2 A(D)~™ € Opyty.

Under this aspect it is natural to consider the operator A = a(x, D) as a map
A Hmy 00 = H(0,—ms) because for s = (m1,0) , s —m = (0, —myz) the inequality
|Aul|s < c||u|| means exactly the same as the inequality ||[Aou| < c||u||, with
L?-norm ||.||. Since T, = e~ and €* have their meaning as groups mapping
Hs — Hs, for every s, we may talk about smoothness of A, ; of (2.1.1) as maps
Hs — Hs_pm for some fixed s € R?, whenever an initial A € L(Hs, Hs_ ), is
given. Again, by ‘smoothness’ we mean smoothness in the parameters z, {, and in

operator norm topology of L(Hs, Hs—m). We then have

Theorem 2.3.4 The family A, of an operator A € L(Hs,Hs—m) is smooth in
L(Hs,Hs—m) if and only if A = a(x, D) is a pseudodifferential operator of order

m with symbol in Pt,,.

Proof. Assume first that s = (m1,0), as specified above. We can assume the
above prop.2.3.2 valid also for the case of an A € L(Hs, Hs—m), simply , since
the partial derivatives of A, ¢ at z = ( = 0 are given as the iterated commutators
ad',adf,A. Now, for A = (z)™2Ag(D)™ we calculate that

(2.3.6) [Dj, A] = —ims é—;;A + (z)™*[Dj, Ao(D)™ ,
(2.3.7) [z, A] = (x)"?[z;, Ag|(D)™* + im1A<ZD)7§2 )
as well as

(2.3.8) (D, Ag] = imQé—;on + (z)"™2[D;, AD)"™
(2.3.9) [, Ao] = (x)~ " [a;, AD)™™ — imlA()(g;Q '

The 4 equations tell us that existence of A, [D;, Al, [z, A] in L(Hs, Hs—r,) is equiv-
alent to existence of Ay, [Dj, Aol, [, Ao] in L(H). Clearly this may be iterated
to show that existence of adyad?A in L(Hg, Hs—m) for all ¢,0 is equivalent to
existence of ad‘,adf Ag for all ¢, 6.

Actually, this conclusion applies for all s , not only for s = (mq,0), but we
then must look at Ag in L(H,_(p, o)) rather than in L(H). At any rate, we find

that theorem 2.3.4 is an immediate consequence of theorem 2.3.3. Q.E.D.

Finally let us also look at the classes Opts,, and ask whether they may be

characterized by a similar smoothness as in thm.2.2.1. Indeed, there is no trouble
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repeating the above arguments. We get the operators S, and R, well defined as
bounded operators in every H,. In fact, S, even remains unitary in every Hg
while R, sends (z) into (tz) and (D) into (D/7). Differentiating (z)™ for 7 gets
us

2

(2.3.10) O (Tx)™ = Tm (rz)™

1+ 7222

I2

where the factor T2 is a bounded operator. So, for dilations, we get formulas
similar to (2.3.6)-(2.3.9). For rotations we get such formulas without the additional

terms. We summarize this:

Theorem 2.3.5 Let s,m € R? be given. The 4 groups {e~**P} and {**} and
{So} and {R:} act smoothly on an operator A € L(Hs, Hs—m), in the sense of
strong operator convergence of L(Hs,Hs—m), if and only if A = a(xz,D) with
symbol a(x, &) € Pt,y, satisfying the following condition sy, :

Every finite application of the nj; to the symbol a(z,&) must belong to Yt

where
3
(2.3.11) njL =€j — €y as j # 1, noo = Z%’ ;
1
where
(2.3.12) gj1 = &0, — 1104, , 4,1 =1,2,3.

2.4 A Useful Result on L?-Inverses and Square
Roots

In this section we want to discuss some simple but useful applications of thm.2.3.4.
With a slightly different argument prop.2.4.1, below, was already proven by R.Beals
[Be2].

Proposition 2.4.1 For any s,m € R? if a 1»do A € Opipc,, [which naturally
extends to a bounded operator Hs — Hs_m] possesses a bounded inverse B =
A7V H ., — Hs then B must be a do in Opc_,,.

We first make some simple reformulations.

Proposition 2.4.2 We have

(241) Ve = {CL € Yty : aé?)) € ¢t(m1—\0|,m2—ﬂ\) Vo, L} .
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The proof is evident - just by looking at (1.2.2).
Applying thm.2.3.4 and fla. (2.1.2) we then get this:

Proposition 2.4.3 For any fired s,m € R? the class Opipc,, consists precisely
of all A € L(Hs, Hs—m) such that (i) A, ¢ of (2.1.1) is smooth in L(Hs, Hs—m),
and (ii) each family a;agAz,C is smooth in L(Hs, H(s,—my+10],sa—matle]))- O,
equivalently, each family <x>‘L‘<D>|B|8§82AZ7< is smooth as a map Hs — Hs—m.
Moreover, the cdn. (ii), above, may be replaced by (ii’): each family 8;32)14%4 is
smooth in L(Hg, 0] so—|e),Ho—m)), €quivalent to requiring each BQGgAZ,C@)M (D)

to be smooth as a map Hs — Hs—m-

Now the proof of prop.2.4.1 is immediate: Let A = a(z,D) € ¢, have a
bounded inverse B = A™! € L(Hs_m,Hs). Then we get B, = (A,¢)"!, and
find that

(242) Bz’g\z = _Bz7CAz,§\sz,C ’

first as a map Hs_,,, — Hs, using that B, € L(Hs—m,Hs), and A, . €
Opyt,, C L(Hs, Hs—m) only (a weaker condition). The derivative exists in norm
of L(Hs—m,Hs). Similarly for higher derivatives and for (-derivatives. From
thm.2.3.4 it then follows that B = b(x, D) € Opypt_,, C L(H¢, Hy + m) for all
t € R%2. With that information we may go back to fla. (2.4.2) and conclude that
B¢z € L(H¢, Higymeer) for all t. Iteration and application for ¢-derivatives then
confirms the cdn. of prop.2.4.3 (with m replaced by —m), completing the proof.

Proposition 2.4.4 Assume that m; > 0, j = 1,2, and that an md-elliptic
wdo A = a(x,D) € Opypcy,, (with scalar (complez-valued) symbol) is self-adjoint

and positive definite in H, in the sense that'

(2.4.3) (u, Au) > ag(u,u) for all u € Hs

-1
with some ag > 0. Then the positive square root /A and its inverse VA — belong
to Opcy, s and Opyc_, /2, respectively.

Proof: Under the assumptions it follows that the Hilbert space inverse B =
A7l € L(H) of the unbounded operator A with domain H, exists, and that we
have ||B|| < % This also implies that B is an inverse of A in L(Hs, Ho). Hence,
by prop.4.1, we also get B € Opyc_,.

13What we mean, more precisely, is that the unbounded operator A with domain H, C H
coincides with its Hilbert space adjoint so that there exists a spectral resolution of A in the
Hilbert space H.
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The positive square root C' of the bounded self-adjoint operator B of H exists

by standard arguments. Moreover, we have

1/ 1 dA
2.4.4 B=- [ —— %
( ) 7T/0 A+ AV

a well known “resolvent formula” (cf. [Kal],ch.V,fla.(3.43)). In fact, we might
need a more general formula (cf. [Co14],VIL,(1.6)):
(2.4.5)
, ; —1)71-3---(25—1) [* dX 1 _
o+t = pig = Ao )=
r 2425 Jo aA+ait !

1,2,... .

This still is easily derived by a well known complex resolvent integral technique.
First of all we get (with norms and inner product of H = Hy, and A, =
()52 (D) of (1.4.4))

(2.4.6) |Cul]* = (u, Bu) = (A_,, 21, {Anj2BAL, oA o) s WES
where the operator {-} is in Opicy, hence is L?-bounded. Accordingly,
(24.7) ICull® < A 2ull® = [ull -2

and we have C € L(H_,,/2,Ho).
In order to apply prop.2.4.3 - to show that C' € Opyc_,,, we next look at the
derivative C, ¢|.. With (2.4.4), also valid for C, ; we get

Cocilomcmr= [ At Al
elle=E0 T o UNAF AT AN

(2.4.8)

In order to get control of this look at the commutator

1 1 1

(249) Pan =P

valid for general operators P. Applying (2.4.9) (and iterating) we get
(2.4.10)

N
1 1 1 ; 1 1
— P—— = ——_(ada))P+ ———(ad)NT'P .
A+ A+ ;(A+A)J+2(“ 4) +(A+/\)N+2(a A) A+

Here we set P = [D, A] = —adaD. Clearly then all “coefficients” a,dilP are do-

s, and they belong to Opy:c;j(;m—e)4m—e2. Integrating (2.4.10) (with measure \d//\X)

from 0 to oo, the terms of the sum at right will give (up to a multiplicative constant
cj) the operators BIT1C(ad4)’ P = P;, by (2.4.5). We have

(2.4.11) | Pjul|* = (u, ((ada)? P)*B**3(adx)’ Pu) ,
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where now all operators are ®do-s, and the total order of the operator product in
(2.4.11) is —(2 +3)m +2(j(m —e) + m — e?) = —2(m/2 + €2) — 2je. Accordingly,
(2.4.12)

1Pjull? = (Ao ertty (Ajer £ Amyse2)A _njoe2tt) < clfull myaeo |

amounting to P; € L(Hy,,/2—c2,Ho). As to the remainder Ry = last term in
(2.4.10), note that Hﬁu” < ||Blul|, as I, A > 0. Thus,

(2.4.13) |Ryul| < ||QNA+/\ ul|

where Qn = BN*2(ad4)NT1P is a vdo of order —(N + 1)e — €2. So, if N is
sufficiently large, we conclude that the orders of Qn are less than the orders
—s = (—=m1/2,—mg/2 — 1), and it follows that ||Qnu| < c||A_sul = c||u]-s.
Accordingly,

1 1
2.4.14 R <cl|l-——=ul-s = || ———FA_
(2414 [ Ravull < el ull-s = I A-stdl
where A’ = A_;AAN* — A € Opypey,—. The point now is that we can show that
(2.4.15) I 1 | < L A>0
4. A+)\+A’u _cl+>\as >0,

with some constant c¢. This again relies on the fact that we have
1
(2.4.16) 14"l| < cll A" ull < Sl Aull + ¢ [lull

with small § > 0 and with constants ¢,¢’. The latter will need the Heinz inequal-

ity'4 for its verification. Details are omitted.

At any rate, we then get the integral fo < o0. As a consequence we

(1+A)f
indeed get the desired inequality

(2.4.17) 1C. cpattllo < el /2 -

In a similar way we can derive all the other inequalities for use of prop.2.4.3,(ii’).
Q.E.D.

Corollary 2.4.5 While prop.2.4.4, in its present form, was stated only for an op-
erator A with scalar (complez-valued) symbol, the statement still holds for matriz-
valued symbols a(x, &) as long as (in addition to assumptions stated) all the com-
mutators of ad( )ad(e) (z, D) with A have the order they should have if a were
scalar.

The proof is evident.

14For self-adjoint positive A, B, if A < B then also A™ < B” for all 0 < 7 < 1.



Chapter 3
Decoupling with 1)do-s

3.0 Introduction

Spectral theory of the Dirac Hamiltonian H of (1.0.2) has been vigorously pursued
since the early 1930-s. For moderately decent potentials V and A it is found
that there is a unique self-adjoint realization of H having bands of continuous
spectrum along the half-lines [1, 00) and (—oo, —1] while the spectrum in the open
interval (—1,1) is discrete, (if any). Particularly, for the hydrogen atom (with no

C

electromagnetic potentials (i.e., A; = 0) and Coulomb potential V(z) = —ﬁ) we

get the point-eigenvalues (cf. Sommerfeld [So2], ch.4,87, or Thaller [Th1],7.4)

c} —1/2
(3.0.1) per = {1+ } L k=0,1,..., l=+1,+2, ...
k4 /12 = c3)?

It was one of the special features of Dirac’s theory that the energy levels represented
by (3.0.1) accurately reflect the levels of the hydrogen atom, including the fine
structure of the hydrogen spectral lines which the Bohr-Sommerfeld planetary
model could explain, but the Schrédinger equation could not!.

On the other hand, the presence of the band (—oo, —1] was always regarded
as a most disturbing fact - due to the tendency of a physical system to sink to
lower energy states, one then should conclude that the only stable state would be
“energy at —oo”. The Schrodinger Hamiltonian Hy is semi-bounded below, it does
not have the negative continuous spectrum. This seems to give some preference
to Schrodinger’s model.

Returning to Dirac, the important point is that the operator H really serves as

Hamiltonian for two particles: We have the charge conjugation - an anti-unitary

95
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map, turning equation (1.0.1) into the same equation with H replaced by —H_
with H_ - of the general form (1.0.2) having the same potentials V, A, but with
signs reversed. So, under this transform, the negative energy band becomes the
positive band [1,00) while the sign of the potential is reversed, as it should be
for the positron. So, in view of this “C-symmetry” of the system one wants to
conclude that the energy band (—oo, —1] really belongs to the positron - the

“anti-particle®”.

1With our units of time, distance, energy [cf.ch.1,footnote 1] the time dependent Schrodinger

equation is of the form
1
(3.0.2) /0t +iHyp =0, Ho=1- A+ V() V(@) = _Iifl ,
x

with the Laplace operator A and with “1” representing the rest energy of the electron (usually
omitted). Since the field free Dirac Hamiltonian Hy satisfies HZ = 1 — A - cf.(1.0.3)) - one might
just formally write (1.0.2)) (with A; = 0) as H = v/1 — A + V. Compared with (3.0.2) we are
reminded of the well known approximation formula /1 +z ~ 1 + %:c, valid for small x but not
for large x.

The eigenvalues of H; differ by a relatively small amount from the rest energy 1. They are
given by the formula
i

(3.0.3) Aj=1 5, 0=01,2..

T2+ 1)

The fine structure constant cy ~ % is small, we get c?c ~0.532 x 1074, In (1.0.1) we therefore

37
might approximate

2

(3.0.4) L i -9 A
U. Hil = _—_—— —772: k+|l\71'
2(k+\/1270?)2 2 (k+ 1)

So, clearly, the (multiple) eigenvalues \; of Hs split up into a bunch of eigenvalues of H (very
close together).

The same splitting (observed as fine structure of the spectral lines) was related to the relativistic
degeneration of orbital ellipses within the Bohr Planetary model of the hydrogen atom.

This used to be one feature in favour of Dirac’s theory. The other one, perhaps even more

important, is the explanation of the electron spin, to be discussed later on (cf. sec.4.6).

2For the special choice of the matrices cj, 8 used in this book (cf. (3.1.6),(3.1.7), below) the
charge conjugation map is given by the substitution ¢ = a1, with the first Dirac matrix o;.
[Note, we have o] = a1, and a% = 1, so a; is unitary.] Looking at the eigenvalue problem
Hiyp = M\ with H of (1.0.2), this substitution will give Hajo = daiw & a1Hoio = \o.
Now, for our special set of a;, 8, given in (3.1.6), (3.1.7)) we get a1 real, a2, a3 pure imaginary,

hence &1 = a1,a2 = —ag, &3 = —ag3, hence vy = a1 = &1, Q] = Q3] = —Qg =
Qs , ajaza] = iagaz = —az = ag, and also, a1fBa; = 7Baf =8=-3, using the relations
(1.0.3). Since all potentials are real-valued, we conclude that a1 Hon = 35 d;(Dj — Aj) — B+ V.
So, taking a complex conjugate, and using that D; = —i0;; has Dj = —Dj, we find that
Hv = A\ becomes
3

(3.0.7) D oD+ A)+B—-Vw=—-Iw.

j=1

That is, under this symmetry, we get the same eigenvalue problem back, but with reversed sign
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Electrons and positrons, on the other hand, are well distinguished particles;
an electron never should become a positron - nor vice versa. So, in the first place
now, looking at physical states - that is, unit vectors in H = L?(R?,C*) - we need
a rule to decide whether a state 1 represents an electron or a positron.

Thus it might be considered highly desirable to effect a clean split of the Hilbert
space H of physical states into electronic and positronic states, with the general
state being a superposition of two such states. That is, one might like an orthog-

onal direct decomposition
(3.0.5) H=H H,,

where ¢ € H. (¥ € H,) represents a situation where it is known with certainty
that the particle is an electron (a positron).
One would want this decomposition to reduce the Dirac operator H - that is,

H maps these spaces into themselves - we get
(3.0.6) H=H®+ H? where H*: H. —H., H’ : H, = H, ,

(and H* =01in H, , H? =0 in H,).

Note, the self-adjoint operator H possesses many invariant closed subspaces,
and then the orthogonal complement also is invariant, as a consequence of self-
adjointness. Accordingly, one will have a very large choice to construct such a
split, and, so far, one simply would elect one according to physical convenience or
meaningfulness.

In this chapter, we approach this dilemma by offering a decoupling effected by a
unitary (strictly classical) pseudodifferential operator U = u(x, D) decoupling

the Dirac Hamiltonian H, in the sense that

H, 0
3.0.8 U'v=U0U*"=1, U'HU = ¢
30 (o)
where H, and H,, act on the Hilbert space®L?(R3,C?) = K.
To effect this we must impose suitable assumptions on the potentials A;, V to
make sure that H is a strictly classical ¥»do of order e!. We just will require that

the potentials are of polynomial growth, and of order —1, in the sense of ch.1,

of X and the potentials A and V. But A and V all have the factor e - hidden by our choice of
units. So, if the charge e is replaced by —e then we get the eigenvalue problem (3.0.8). In other
words, looking at this symmetry ¥ < w we might just as well regard H as Hamiltonian for the
positron - an electron with reversed sign of charge. [It is clear, by the way, that |[¢)| = ||w]|, and

that above correspondence also works for eigenpackets - see our later discussions in ch.7 - ]
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footnote 6 - cf. cdn. (X) of sec.3.2, below. And, moreover, we will assume here
that A;, V are time-independent.

This restriction to a unitary ¥do is not without merit: It reflects the fact
that, mathematically, equation (1.0.1) is a true wave equation with a built- in
“geometrical optics”. The “light rays”, in this case, are the orbits of particle
propagation. But, clearly, this particle propagation is two-fold - since electrons
and positrons propagate along different orbits.

In pursuit of this two-fold particle propagation the above split (3.0.5) will
emerge naturally, together with the unitary map (3.0.8). The geometrical optics
just splits the Hilbert space into 2 components, belonging to electron and positron:
A particle, known with certainty to be an electron propagates along one of the two
kinds of orbit; the positrons use the other kind. Theory of strictly classical ¥do-s
is needed to obtain such a split for general potentials.

Clearly one will expect the uncoupling (3.0.8) to be related to the Foldy-
Wouthuysen transform. Recall, this transform was introduced as an approzimate
decoupling similar to (3.0.8), with an operator Upy composed of explicit expres-
sions related to the entries of the 4 x 4-matrix operator H, and error terms going
with % (with ¢ = speed of light) (cf.de Vries [deV1]). Under special assumptions
on H this splitting becomes exact, and then coincides with (3.0.8) (cf. sec.3.2 -
and, in more detail, [Thl], 5.6).

It is clear that - with (3.0.8) - the two spaces H., H, of (3.0.5) are given by

(3.0.9) He=U(5) . Hp=Uly) -

In the time-independent case the “precisely predictable observables” of sec.1.0
then simply are the self-adjoint ¥do-s reduced by this split. In particular, a »do
A will be precisely predictable if and only if we have

x Ae 0
(3.0.10) U*AU = (O Ap> ,
i.e., the “PP-operators” are uncoupled by U just as H is.

In ch.4 we then will show that there is no “generalized Zitterbewegung” for any
such precisely predictable observable, in the sense that its Heisenberg transform
A, = et Ae~"Ht depends smoothly on the parameter ¢, in a sense to be defined.
[And, this will also be discussed for time dependent potentials.]

3 Actually, we may have to take away a finite dimensional subspace Z of K for the operator
H. and add it to KC for Hy - or vice versa - reflecting the fact that some “positronic” eigenvalues
might have wandered into the continuous spectrum of the electron - or vice versa. For details,

cf.sec.3.5, below.
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3.1 The Foldy-Wouthuysen Transform

Let us come back to the Dirac Hamiltonian of (1.0.2),i.e.,

3
(3.1.1) H=> a;(D;—Aj)+ 8+ V(x),
j=1
where we now assume V and A; time-independent functions of z, and of poly-
nomial growth - order —1. That is, in detail, as a general assumption, for this

chapter,

Condition (X ) The function is C°°(R3); derivatives of order j are

O((1+ |2)) 7771 = O((z)=771).

With our 4 x4-matrices «;, 3 it is clear that H of (3.1.1) acts on vector functions
Y(t, ), taking values in C*, and eq. 9v/dt +iHvyp = 0 is a first order 4 x 4-system
of PDE-s.

In the absence of fields, i.e., V.= A = 0, the operator H = Hy has constant

coefficients, inviting application of the Fourier transform: We get
(3.1.2) F'HyF =ho(¢) =a-£+ 0,

a multiplication operator where h(£) is a hermitian symmetric 4 x 4-matrix func-
tion of & = (&1,&2,&3). For each € € R3 the matrix ho(¢) has the two distinct
real eigenvalues Ay = 4+/1+ €2, each of multiplicity 2. There exists a uni-
tary 4 x 4—matrix function u(£) such that u*(&)ho(§)u(g) = (3““)\?) (€), where
the right hand side stands for the 4 x 4—diagonal-matrix with 2 x 2—blocks
0= (00) , A= (8‘2) Then, of course, U = u(D) = F~u(¢)F defines a uni-

00
tary operator of the Hilbert space H = L?(R3,C*), and we get
As 0 Ay O
1. *HoU = D) = Ay = D
(3.1.3) U*HoU (0 A_)( ) (0 A_>, +=X:(D),

where again the entries of the matrix are 2 x 2-blocks, using 0 = ( ) and 1 = (o 1)
Note, the right hand side of (3.1.3) no longer contains differential operators,
but, rather singular convolution operators. We may write /1 +&2 = (§) =

Z £J 78 + 7gy» then,
(3.1.4) A:(D) =+{) " S;D; + So}

where S; = F~ 18 J F So = %F are singular convolution operators. S; , j >

0, involves a Cauchy—type singular integral.
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In terms of the matrices a, 8 of (1.0.3), we may write

(3.1.5) U= %250(1 + Sp — pasS) =u(D) ,

with u(§) = m(l + so — Pas), where sp(&) = % , s(§) = % , and, as usual,
u(D) = F~u(¢)F. So, clearly, U belongs to an algebra of singular convolution
operators generated by the bounded singular integral operators S; , j = 1,2, 3,
and Sp.

Now let us observe that - formally - a somewhat similar “explicit diagonaliza-
tion” may be carried out in the case where the operator H has general magnetic
potentials A as long as the electrostatic potential V still vanishes identically. This
is called the Foldy-Wouthuysen transform* of H. In fact such explicit transform
exist whenever the Dirac operator has a “supersymmetry”, as not to be discussed

here. Let us use an explicit set of matrices a; , 3: With the “Pauli-matrices”

01 01 10
(316) g1 = <—Z 0) , 02 = <10> , 03 = <0 _1> 5

we set

(3.1.7) o= (0_wio(;> 8= <01 _01> .

Generally we choose to write our 4 X 4—matrices as 2 X 2-matrices of 2 x 2-blocks.
With above «, 8 and with V =0, (3.1.1) assumes the “block form”

(3.1.8) H= (_152_50 ,E=0(D—-A)=) 0;(D; - A)).

All 4 of the 2 x 2—blocks of H in (3.1.8) commute, while that matrix is hermitian.
One may use ordinary 2 x 2—matrix calculus to “diagonalize” this H, in the
sense that we get a “block diagonalization” (3.1.3) with suitable 2 x 2-matrix
operators A4, and a suitable unitary 4 x 4—matrix operator U, but the 2 x 2-
blocks A+ no longer need to be diagonal. We will call this a “decoupling”. We
get Ay = +v/1+ =2, and, formula (3.1.5) remains intact, if we just replace Sy by

Jliﬁ Zo, and («aS) by Or, in detail, using 2 x 2-blocks,

(3.1.9) U*HU = <g+Af)) , U= m{( HO)G)(D —za((l)(l)>} .

4The Foldy-Wouthuysen transform was introduced in [FW] as an “approximate decoupling*’,

\/75_'_'

in connection with the nonrelativistic limit of Dirac theory. U* HU was decoupled only modulo
terms of order C% with ¢ the speed of light - or, in higher approximation of order c%, etc.. For
the later development, especially the precise decoupling as V = 0 and more generally in the
supersymmetric case, we refer to the book of Thaller [Thl], and the review article of deVries
[deV1], perhaps also to Grigore, Nenciu, Purice [GNP].



3.2. Unitary Decoupling Modulo O(—o0) 61

A precise definition of U in the sense of the Hilbert space H is straight-forward,
if we impose cdn.(X) on the potentials A;. Especially, the differential operator =
has a unique self-adjoint realization; then =y and E will be well defined bounded
operators of L2(R3,C?). But we also wish to emphasize that U as well as A =
U*HU are (global) pseudodifferential operators on R3. In fact, U belongs to our
algebra Opipcy of “strictly classical” do-s of [Cob], discussed in ch.1, assuming
that the potentials A(x) satisfy cdn.(X)®.

Note the symbol p(x, &) = /1 + (0.(€ — A))2 is md-elliptic of order !, so that
the 1do p(z, D) has a K-parametrix Q=q(x,D) of order —e! , in the sense of
sec.1.3.

In this chapter we want to discuss such a unitary decoupling for cases where also
the potential V no longer vanishes identically - but it also must satisfy cdn.(X),
of course. In that case we cannot expect an explicit formula. However, in sec.3.2
we first will discuss a decoupling modulo a remainder of order —oo where U has
an explicit asymptotic expansion, starting out with (3.1.9)) [or (3.1.5)] as the zero
order term. Getting a complete decoupling then will be a matter of manipulat-
ing remainders in O(—o0), as we learned handling them in sec.1.4. This will be

discussed in sec’s 3.5 and 3.6.

3.2 Unitary Decoupling Modulo O(—o0)

In this section we will assume (time-independent) potentials A;, V # 0, all sat-
isfying cdn.(X). Similar to our construction of an inverse (mod O(—o0)) for an
md-elliptic 1do we first shall try to use calculus of ¥do-s to construct a strictly
classical 0-order v do satisfying the 3 equations (3.0.8) only mod O(—c0).

Note, it follows from tdo-calculus that, with the symbol u(z, ) of (3.1.9) - i.e.,
with®

B2 w9 =t @ (o)) < ic(1g))

5The differential operator Z indeed has a unique self-adjoint realization in H: It is a sum oD —

oA where —c A is bounded (under cdn.(X)) while oD is unitarily equivalent to the multiplication
—a¢ , under the Fourier transform (which maps S «+ S). One thus concludes that K = 1+Z22 =
1+(D—-A)?—cgcurl A = 1—A+0O(e! —e€?) is bounded below by 1, in the Hilbert space H, hence
its inverse and its unique inverse positive square root =p are well defined bounded self-adjoint
operators of H. Moreover, E; = Z;Z¢ are H-bounded self-adjoint as well, have bound 1, all as
operator H — H, as easily seen. Now, if we use prop.2.4.4 (and its corollary 2.4.5) it follows at
once that Zg € Opyc_,1, hence that 2 € Opycg. We again must use prop.2.4.4 to show that
also 1/v/2 + 250 € Opypcy. Then, indeed, it follows that U of (3.1.9) belongs to Opicy.
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where (g = \/14er2 , (= \/111”2, with Y(z,§) = > 0,(&§ — A;(x)) - we get

(3.2.2) uw*(z, D)u(x,D) — 1, u(z,D)u*(x,D) —1 € Opypc_. ,
and
(3.2.3) u(z, D) Hu(z, D) — (0 A ) € Oppe_2

with Ay = Ay (2,D))(})). Accordingly we may use ug(z, &) = u(z,) as a 0-th
approximation for the desired decoupling.
Suppose now, we have found u;(z,§) € Opyc_ne , 7 = 0,..., N, such that

U= Z?’:O u;j(z, D) satisfies
(324) U*U -1 s Uu* -1 e Opwc_(N_H)e , U'HU — A , €EO0PYe_Ne—e2

with a “decoupled” A = (AO+ AO_). Then we shall construct w = un41 € Ye_Ne—e
such that V = U+ Q with Q = w(z, D) satisfies (3.2.4) for N +1. By induction we
then get an infinite sequence u; € ¥c_ e, and the asymptotic sum u = > u; €
e will give the desired symbol satisfying (3.2.2),(3.2.3).

We have V*V —1 = (U*U — 1) + (U*Q + Q*U) + Q*Q € Oppc_(n42)e, Which
amounts to the condition

(3.2.5) upw+w ug — 21 € Ye_(N42)e With z1(x, D) =1-U"U € Opc_(n41)e »

using that above 2 has Q*Q, QO* € Opyc_o(ny1)e C Opc_(N42)e, While (3.2.4)
holds [U for N and V for N + 1]. Similarly VV* — 1 € Optpc_(n 42y will hold if
we solve

(3.2.6)

upw” +wug — z2(x, D) € Ye_(n42)e With za(z, D) =1—-UU" € Opc_(n41)e -

Conditions (3.2.5) and (3.2.6) mean that the hermitian symmetric parts of ujw

and wug should be equal to half of z; and 29, resp. - i.e.

1 _ 1 .
(3.2.7) w= uo(§z1 +iv) = (52’2 +i0)ug (mod Ye_(n42)e),

with hermitian symmetric matrix symbols v,d of order —(N + 1)e. But note
that ugz; = zoug (mod Ye_(n42)e) due to U(1 —U*U) = (1 — UU*)U. So the
two conditions do not contradict. We will treat the first as a sharp equation to

determine w, then the second will hold mod order —(N + 2)e with § = ug~yuo.

6We better recall, that Y2 = |o.(¢ — A)|? = |¢ — A|? is a scalar, due to the properties of o, so
also o and the square root in (3.2.1) are scalars, while ¢ is a 2 x 2-matrix. The 2 X 2-matrices
of (3.2.1) are really 4 X 4-matrices - i.e. 2 X 2-matrices of 2 X 2-blocks.
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Next we must satisfy the third condition (3.2.4)) with V and N +1 and a new
decoupled A’. That is, V*HV —A' = (U*HU —A)+(A—AN)+(U*HQ+Q*HU) €
OpYc_(N41)e—e2- For symbols this amounts to ughw + w*hug = 23 + 24 (with “=
mod order —(N + 1)e — €?”, and with the symbols 23,24 of A’ — A,A — U*HU.
Note that the symbol z3 of A’ — A should be “decoupled” and of order —Ne — e
while z4 (of order —Ne — e?) is given (but z3 must be found). Here we substitute
w = up(321 +i7), (from (3.2.7)) for

1 1
(3.2.8) uéhuo(izl +iv) + (521 — iy )uphug = z3 + 24

where again a hermitian symmetric v (of order -(N+1)e) and a decoupled z5 (of
order —Ne — e2) must be found while z; (hermitian, of order —(N + 1)e) and 24
(hermitian, of order —Ne + e? are given. Note, ujhug = A =diag(Ay, Ay, A\_,A_)

is the diagonal matrix from (3.1.3),(3.1.4). Therefore the above amounts to
1
(3.2.9) Ny =23+ 24 — 5{)\21 + 210} =25 .

Note the right hand side z5 of (3.2.9) is of order —Ne — e%. That commutator
equation can only be solved for v if z5 is of the form (pO*pO) (with 2 x 2-blocks 0, p).
This determines z3 as the “decoupled part” of z5. Then (3.2.9) has infinitely many

solutions, of the form

(3.2.10) v = 1.4‘0(61P> :

21 p*ca

with general (2 x 2-matrix-valued) symbols ¢1,c2 to be chosen such that v is a
symbol of proper order —(N + 1)e. So, indeed, the strictly classical ¢do U of
order 0 satisfying the 3 equations (3.0.8) modulo O(—oc0) only exists.

Next, we will remove the “mod O(—00)” from the first two relations (3.0.8) -
so that U indeed becomes a unitary operator of H. Just as in ch.1 with inverses
of ¥do-s this requires some functional analysis.

Note, the operator U thus far constructed is md-elliptic of order 0. Thus
we may apply thm.1.4.7 to find that (i) the kernels of U and U* both are finite
dimensional, and they belong to S C H. (ii) The operators U, U* have closed rank.
In other words, U, U* are Fredholm operators.

It is important then to show that their Fredholm index ind(U) = dimker U —
dim ker U* vanishes. To verify this we need some common results of Fredholm
theory (cf.[Kal],ch.4,85 or [Coll],App Al): The index of a Fredholm operator
A € L(H) does not change if we add a compact operator C' or else, a bounded
operator B with sufficiently small norm ||BJ||. To use this, focus on the do
uo(x, D) with u = ug of (3.2.1). Note that U — ug(x, D) is of order —e, hence it
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is a compact operator of H (rem.1.4.3). Thus ind(U) =ind ug(z, D). Regarding
up(z, D) we first notice that its Fredholm index is zero if we assume A; = 0. In
that case the symbol is independent of z, so ug(z, D) = F~tug(¢)F is a unitary
operator with kerU = kerU* = {0}. For potentials A; # 0 form the symbol
(3.2.1) with A;(x) replaced by sA;(z), with a constant s , 0 < s < 1. This
symbol, called uf(z,§) satisfies [u§ — ug’]a — 0 as s — s with [.]4 as in thm.1.4.1.
By that theorem we thus get ||uf(z, D) — uy’(x,D)|| — 0 as s — so. In other
words the family of operators u§(x, D) is norm continuous in the parameter s. It
is md-elliptic for all s, so it is Fredholm for all s. Accordingly the Fredholm index
is constant along the interval [0,1]. That index is zero for s = 0, so also, for s = 1.
It follows that ug(x, D) and hence U has index 0.

In other words, kerU and ker U* have the same dimension N. We pick
orthonormal bases {¢;};j=1. .~ and {w;};=1. .~ of kerU and ker U*, resp. and
then form the operator V = U+ X , X = Zf[ w;){w; . Here we note that
X € O(—o00) since ker U and ker U* both are subspaces of S. Accordingly we still
have 1 = V*V = P € O(—) and 1—-VV* = @Q € O(—o0). In addition we
now have ker V- = ker V* = {0}, because the operator X is an isometric map of
ker U onto ker U* = (im U)* . So, it just extends the operator as an isometry into
its kernel. As a consequence we now have V invertible, as an operator of L(H),
and V* then is invertible as well. So, V*V = 1+ C is invertible as well, where
C e O(—o0).

Lemma 3.2.1 For a positive definite self-adjoint operator of the form 1 + C,
where C € O(—o0) both the unique positive square oot /1 + C' and its inverse
(14 C)~Y2 are of the form 1 + O(—o0).

This is an immediate consequence of cor.2.4.5. A simpler proof will be discussed
in sec.3.4, below (cf. prop.3.4.3).

With this lemma we now may define W = V(V*V)~1/2 = V(1 + C)~1/2,
Clearly then W = U + O(—o00) € Opicp is invertible in L(H), and we have
W*W = 1, so that W is a unitary operator of H. Also we have W*HW =
U*HU 4 O(—00). So, since U*HU was decoupled mod(O(—o0)) the same is true
for W*HW . So, we have proven:

Theorem 3.2.2 Let the C*-potentials A,V have the property that derivatives of
order k decay like (1+|z|)~%~1. Then there exists a unitary vdo U € Opipcy such
that

(3.2.11) Ut HU — (ff;) € O(=0) .
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Here XY are (2 x 2-matrices of ) 1¥do-s in Ope. In fact we have
(3.2.12)

X=X(2,D)+Xo, Y =A(2,D)+Yy, A:(2,§) =V(z)£1+({ - Ax))*,

with certain yPdo-s Xo,Yy € Oppc_.2, of order —e?> = (0,—1). Moreover, the
operators U, X, Yy possess asymptotic expansions into an infinite series of terms
of lower and lower order, and these terms may be explicitly calculated, by the

7

procedure outlined above’. The lowest term of U coincides with the operator of the

symbol (3.2.1).

3.3 Relation to Smoothness of the Heisenberg

Transform

Before we begin the task of replacing the “€ O(—00)” in fla. (3.2.11) by “= 07 let
us point to the following later result, to be discussed in thm.5.5.1. (The potentials
are still time-independent and satisfy cdn.(X)):

Theorem 3.3.1 An operator A € Opipe (of order m) has a “smooth Heisenberg
transform” A; = et Ae=t if and only if it also is decoupled mod(O(—o0)), in
the sense of (3.2.11) - that is,

(3.3.1) U AU — (fg) € O(=0) ,

with (blocks of ) v¥do-s B,C € Opic (also of order m), and with U of theorem
3.2.2 - same U as for H.

[Proof see thm.5.7.1.]

Now, for the purpose of building a consistent theory of observables, in the
sense of J.v.Neumann [JvN], we will ask for a strict decoupling, not only modulo
O(—00). In view of the already achieved decoupling of thm.3.2.2 this reduces to
the question whether, after the U of thm.3.2.2 we now can find another unitary
V=142, Z € O(—0) such that

X0
3.2 “U*HUV =
(3.3.2) V*U*HUV <0Y> ,

"Note, the final correction of U, to make it a unitary operator, may be ignored, as far as
asymptotic expansions of X,Y,U are concerned. They just “redefine” the limit of the infinite

sum.
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with modified XY, but the modification consisting only of additional O(—o0)-
terms.

In [Co3] we were declaring the “smooth” algebra P as algebra of precisely
predictable observables. With an improved unitary UV = W, achieving a precise
decoupling (3.3.2), we will modify that declaration, and define a new algebra

PX C P of precisely predictable observables, by requesting that

B
(3.3.3) AEPX = WAW = <o£> .

It is evident that (3.3.2) amounts to a spectral split of the Hamiltonian H: Defining
‘H. as the subspaces of H of all vectors with vanishing last two (first two) of the
4 components, and then X1 = WHy we get H reduced by the orthogonal direct

decomposition
(3.3.4) H=K;iaeK_

The spectrum of the restrictions Hy = H|K+ clearly will be that of the self-adjoint
operator X resp. Y. In fact we get

(3.3.5) WIH W, =X K6 WHW_=Y,

with the restrictions Wi = WKy (which are unitary maps Wy : K1+ — Hy). The
spectral theory of X and Y can be readily studied, however, in view of formula
(3.2.12): The essential spectra of X and Y coincide with the half- lines ¥, = [1, 00)
and X_ = (—o0, —1] , respectively. Outside any neighbourhood of these half-lines
there are only finitely many point-eigenvalues of finite multiplicity.

This spectral split we expect to amount to a clean split into an electron and
positron part of the Hamiltonian. Accordingly, our above definition of the new
algebra PX of precisely predictable observables amounts to a restriction of ob-

servables to those who are also reduced by this split.

Clearly then, referring to our initial discussion, the spaces K4 should be inter-
preted as spaces of purely electronic and purely positronic physical states - named
K+ =H. and K_ = H,. This will convert (3.3.4) into (3.0.5).

We shall discuss a clean decoupling of H (of the form (3.3.2)) in sec.3.5, below.
However, there seems to be an obstruction, at least for our technique, insofar as the
split (3.3.2) will have to be made with respect to a decomposition H = H4 & H_
where Hy differ from the spaces of 4-vectors with last 2 (first 2) components
vanishing, resp. It may be necessary to shift a finite dimensional subspace Z of

rapidly decreasing functions from one of these spaces to the other one.
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Instead of directly designing a decoupling of H in the sense of (3.3.2) we will
attempt to decouple some special projection of the spectral family of H in the
interval between —1 and +1 - this automatically also gives a decoupling of H

itself. For such decoupling at Ay a “deficiency index” ¢y, must vanish, or else, a

9]
space Z of dimension |ty,| must be shifted. The index ¢ decreases with A, so, it
may cross 0 for some A € (—1,1) and allow decoupling. However, it seems possible
that ¢ does not change sign in (—1,+1). In that case we cannot decouple with
respect to the split H = H & H_ but first must modify the spaces Hy by adding
and subtracting a space Z. This may result for potentials so strong that some
electron eigenvalues wander into the continuous spectrum of the positron, or, vice
versa.

For details we refer to sec.3.5, below.
3.4 Some Comments Regarding Spectral Theory

We are departing from thm.3.2.2, and write (3.2.11) in the form

X0 or-
4.1 H~ =U*HU =
(3.4.1) U"HU (OY>+<F0> )

with self-adjoint 2 x 2-blocks X,Y of the form (3.2.12), and a I' € O(—00). The

task then will be, to find a unitary operator

_(1+ABY (ViB
(3.4.2) V(C 1+D)<C V),A,B,C,De@(oo),

such that V*H™V is “decoupled” - i.e., has the form (3.3.2) , its “ears” (the off
diagonal 2 x 2-blocks) vanish.

In all of the following we work with potentials satisfying cdn.(X): Derivatives
of order k decay like (1+ |z|)~F~1 .

To discuss a complete decoupling of H we now will invoke spectral theory
of the self-adjoint partial differential operator system H, in the Hilbert space
H = L?(R3,C*). Tt is knownBand easily proven that there is a unique self-adjoint
realization of the operator H of (3.1.1). This self-adjoint operator H has essential
spectrum consisting of the half-lines (—oo,—1] = ¥_ and [1,00) = ¥4 . The
spectrum in (—1, 1) is discrete, with at most countably many eigenvalues of finite
multiplicity clustering at +1 only. The unitary transform H~ of H is self-adjoint
too, with the same spectrum. Let {E) : A € R} be the spectral family of H™.

8To investigate the spectral theory of H of (3.1.1) one might look at H as an Hp-compact
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The operators X and Y of (3.4.1) (or (3.2.11)) have essential spectrum X
and ¥ _, respectively. Again, their spectrum is discrete outside of these half-lines.
Verification of this requires some simple arguments of 1»do-theory”.

We will require the following result:

Lemma 3.4.1 Let Py = ((1)8) , with 2 x 2-blocks again. Then Ex =1— Py —e) ,
where ey € O(—o0) , for all X € (—1,1) .

Proof. We must examine the difference between the spectral family E) of the
operator H~ of (3.4.1), and that of H® = (())(}9) there, in order to prove lemma
3.1.1. Assume —1 < X\ < 1, and first assume that A is not an eigenvalue, not of
H~ | nor of H®. For simplicity, write M = H~ , N = H® , for a moment. For
simplicity let A = 0 , noting that a general A (as above) may be treated similarly.

The integral fi’n(M — A)"td\ = I,(M) (along part of the imaginary axis)

exists under norm convergence of H, as a Riemann integal, because the integrand

perturbation of Hy = a.D + 8, writing H = Ho + {V — > ajA;} = Ho + Z. Note, Hy is
diagonalized by the Fourier transform (cf. (3.1.2)), and its spectrum is readily confirmed as
the union ¥4 UX_ with both these half-lines giving absolutely continuous spectrum (of infinite
multiplicity). There are no point-eigenvalues of Hy. We have Hg =1-—A, and HO_1 exists as a
1do in Opyc_ 1 - symbol independent of x. H itself is md-elliptic of order el hence its null space
is finite dimensional and belongs to S, by thm.1.4.7. It must be self-adjoint in the domain of Hgp
(i.e., the Sobolev space H,1 , el = (1,0)), since the potentials are bounded, so that Z € L(H).
If ker H # {0} we consider H' = H+ ) ¢;)(p; with an orthonormal base {¢;} of ker H. Clearly
H and H’ have the same spectral theory, except that H’ no longer has the eigenvalue 0 (and is
invertible). We also may write H' = Hy + Z where now Z has an additional term of order —co.
So, WLOG, we assume ker H = {0}, and then work with H instead of H’. Since the potentials
all are of order —e? - by cdn(X) - we find that C = H(;IZ € Opipe_e is compact, by rem.1.4.3.
We may write H = Ho(1+ C) = (1 + C*)Hg, hence H~' = 1+ C)"'Hy ' = Hy ' (1 +C*)~ L.
We get (1+C)" 1 =1—-C(1+C)" !, hence H~! = Hal — C(l—i—C’)’lH(;l, where the last term
is compact - since products of compact and bounded operators are compact.

Now, it follows that the essential spectrum of any operator - that is, all points of the spectrum
except isolated point-eigenvalues of finite multiplicity does not change, if one adds a compact
operator (cf.[Kal],or,[Coll]). Hence H~! and Hgl have the same essential spectrum - and so
have H and Hg. Thus, indeed, the essential spectrum of H must consist precisely of the union
34+ UX_. [But we have no statement, of course, about the more precise nature of Sp(H). Under
special condition - such as for potentials depending on r = |z| only one knows much more, such
as absolute continuity, etc.]

9For this we use a similar argument as for H: One will compare the operators At (z, D) with
the operator £(D), noting that the further perturbations X and Yy again do not influence the
essential spectrum. Get (€ — A(z)) — (¢) = (A(x)? — 26.A(z))/{{€ — A(2)) + (§)} € c_,2, as
well as V(z) € ¢e_ 2. So, weget X =(D)+ 2", Y = —(D)+ Z" with Z',Z" € ¢c__2. Again
(D) is md-elliptic of order e! - as are X,Y, and (D)~ ! exists - a 9do in Opypc_,1 with symbol
independent of x. The spectrum of (D) equals ¥. We may exactly repeat the argument of the
preceeding footnote to also show that X+ is the essential spectrum of X (Y). [Again, the study
of more detailed properties of these spectra requires a more delicate analysis.]
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is (norm-) smooth (even analytic). We may write jr] = Om—f— fBin’ and set
A =ip in the first, A = —iy in the second integral, with 0 < u <. A calculation
then gives
7
(3.4.3) M~L,(M) = 21/ (M? + )t
0

Here the integrand is O(u~2) , as 4 — oo . Hence the improper Riemann integral

[ = lim /o again exists in norm convergence of H
o — HMlp—oo Jg ag g .

For a real number a # 0 we have [ a?iiu;ﬂ = ﬁ I 1?;2 = g7 - Using the

spectral theorem we thus confirm that

(3.4.4) I(M) = #li_{lgo I,(M) = imsgn(M) = im(1 — 2Ep) ,
noting that fj;o sgn(A\)dE\ = —Ey+(1—Ey) = 1—2E, . Note that fiiooo in (3.4.3)
exists only as a Cauchy principal value, and only pointwise, for u € dom(M).

The corresponding formula holds for N = H?, where we observe that (i) the
domains dom(N), dom(M) are equal, and (ii) the spectral projection Fy at 0, for
the operator N must be of the form (8 (1)) + S with an operator S € O(—o0) . So,
in order to show that Ey — 14+ Py is O(—00), it suffices to look at the difference

ico
(3.4.5) R=1I(N)—-I(M)= / (M —X)"'A(N — \)tax
—ico
with A =M — N = (%)) of (3.4.1) , A € O(—0) .

We claim that this difference R is of order —oo. To see this, let again Ay =
(x)ysr(D)*2, for s = (s1,82). This operator Ay is an isometry Hs, — H , with the
weighted Sobolev spaces H of sec.1.4. To show that R € O(—o00) we must confirm
that A;RA; € L(H) for all s,t € R? . But we have

(3.4.6) As(M = NA;' =M+ B, — A= (M- N1+ (M—-X\)"'B,),

where By = AJMA;H — M € Opipeo,—1) C ‘H by the commutator rules and L
boundedness for pseudodifferential operators. M and A;MA;! have the same
spectrum, since their resolvents also are K-parametrices. On the other hand, for
large |A| the operator (M — A\)~! becomes small, on the integration path, so that
(14 (M —X)"'Bs)—1 = K, ) exist and is uniformly bounded . A similar argument
holds for the operator N (instead of M). Since we must have A;AA; € L(H) for
all s,t, we may pull Il and II; through the resolvents. to get a smooth integrand,
bounded by |A|72 for large |\| . Thus the integral exists as improper Riemann

integral, in norm convergence of H. It follows that indeed R is of order —oo .
Q.E.D.
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Remark 3.4.2 F) increases and is piecewise constant, in that interval, and jumps
only by a projection onto a finite dimensional subspace of S, at the eigenvalues.
Thus the eigenvalues of M (and those of N ) need no longer be excluded.

Proposition 3.4.3 For A € O(—o0) , if (1 + A)~! emists, it is of the form
1+ B, Be O(—). For a self-adjoint A € O(—o00) all eigen functions to
an eigenvalue # 0 belong to S = S(R?). If, in addition, 1 + A > 0, then we have
VI+A=1+ B where B € O(—0).

Proof, (We base this on facts discussed in sec.1.4.) First of all, 1 + A , for
A € O(—00) is an md-elliptic 1do of order 0. Thus it has a K-parametrix, unique
up to an additional term in O(—o00). Clearly a special K-parametrix is given by
1. An L2-inverse C of 1 + A, if it exists, must also be a 1do in Opicy, hence a
parametrix. Hence it differs from 1 only by an operator in O(—0o0).

A selfadjoint A € O(—o0) is a compact operator, hence has discrete spectrum
(except at 0). If A # 0 is an eigenvalue, then A — X is Fredholm in L? = Ho,
hence Fredholm in every polynomially weighted Sobolev space Hys = H s, s,), and
its null space is independent of s = (s1, $2), so, must be a subspace of N"H, = S,
by thm.1.4.7. Hence all eigenvectors to A # 0 must belong to S.

For A as above let 1+ A > 0. For V/1+A=1+ B, B € O(—00) it suffices to
show that (144)~2 = 1+C , C € O(—00), assuming (1+4) ! to exist. For, if that
inverse does not exist, then let P be the orthogonal projection onto ker(1+A) C S.
We get P € O(—), since ker(1 + A) is finite dimensional. Then (1 + A + P)~!
exists, and we may write 1+ A—1= (1+A4)(1+A+P)"2 -1 € O(—o0). Using
a well known formula for the inverse square root, write

1 [ dA

(3.4.7) Y B (CRR RV

Taking the difference between (3.4.7) and the same formula for A = 0 we get

L 4
TJo VAA+NA+T+N)

(3.4.8) 1—(1+4)72 =

Here the integral at right belongs to every Hs, hence to §. This follows, using the
same technique as for R of (3.4.5). Q.E.D.

3.5 Complete Decoupling for V(z) # 0

After above preparations we now will discuss a complete decoupling of H (or, of
H~ by an operator of the form 1+ O(—o0)). Our discussion here can be strictly
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confined to the class O(—o0) of integral operators. It was noted that O(—o0) is
an (adjoint invariant) subalgebra of L(H).
Let us fix some point A\g € (—1,1) , not an eigenvalue of H~ . By lemma 3.4.1

above we have

(3.5.1)

F
P=1-E\=P+72, Z:( ¢

F,G.He O(-x), F*=F, H*=H .
G*H>7 7G7 EO( 00)7 )

Instead of directly looking for a V satisfying (3.3.2) we try to find a unitary V
such that

(3.5.2) VPV =P .

Such V' also must satisfy V*(1 — P)V =1—- F = (8(1)) . But we have H~ =
PH~P+(1—-P)H~(1—P) , since P and H~ commute. Thus it follows that also
V*H™V is 1-diagonal'®.

Vice versa, if (3.3.2) holds, we need not to have V*PV = F,. Rather, it follows
that

MO
5. *PV — Py =
(3.5.3) V*PV — P, (0]\7)

with finite dimensional projections —M, N. Indeed, if H® = V*H~V = (i ) is
1-diagonal then PoH®(1 — Py) = (1 — Py)H®Py = 0. Especially, Py commutes
with H®, hence also commutes with the spectral projection P® = V*PV . That
is, P°Py = PyP® = PyP°(1—Py) = (1—Py)P°Py =0, i.e., P° is ¢)-diagonal. But
the operator Y has its essential spectrum in the interval ¥_ only, so, there are at
most finitely many point eigenvalues above Ag. This implies that the LR-corner
N of P° (which counts the spectrum above \g) must be an orthogonal projection
of finite rank. Similarly, Y has its essential spectrum in ¥, so that again only
finitely many point eigenvalues are below Ag. That is, the UL-corner —M of 1— P°
must be a projection of finite rank. So, indeed, P°— Py is a symmetry as in (3.5.3).

Given P of the form (3.4.2) (which must satisfy P? = P) we now look for V|
as in (3.5.1), satisfying

(3.5.4) V*V=1,PV=VP,.

[Note, the additional condition VV* =1 is implied: V =1+ Z , with Z of order

—o0 is a compact perturbation of 1, hence is Fredholm, with index 0. If V*V =1

10An operator A in 2 x 2-block-diagonal form with respect to a given direct decomposition
H = H1 & Ha will be called “i-diagonal”, in this section. [That is, A leaves both spaces Hi,2
invariant.] We also may say that such operator has “its ears” equal to 0.



72 CHAPTER 3. DECOUPLING WITH ¥DO-S

then ker V' = {0}, hence dim ker V* =dim ker V. = 0 = ker V* = {0} = V is
invertible, and VV* =1 follows as well.] Evaluating (3.5.4) in 2 x 2-block-matrix
form , get

(3.5.5)

(1+A")(1+A)+C*C =1, (1+D*)(1+D)+B*B =1, (1+A")B+C*(1+D) =0,

using V*V =1, and, from the second relation (3.5.4),
(3.5.6)
FU,+GC=0,GU4+H-1)C=0, (1+F)B+GU_ =0, G'B+HU_=0.

From P? = P we get
357 Fl+F)+GG*=0, G*G+H(H-1)=0, FG+GH =0.

These are satisfied apriori for F, G, H .

We must have 0 <14+ F <1, 0< H <1, since the projections P,1 — P are
self-adjoint positive.

The (self-adjoint) operators 1 + F and 1 — H are compact perturbations of
1, hence they are Fredholm. Their null spaces are finite dimensional, and their
inverses exist in the ortho-complements ker (1 + F)% | ker (1 — H)* | resp. ,
mapping these spaces to themselves.

Assume first ker(1 4+ F') = ker(1 — H) = {0}, so that the two inverses exist in
the entire space. Then the second and third relations (3.5.6) may be solved for
C, B. We get

(358) C=(1—-H)'G'Vy, B=—-(1+F)"'GV_.
Substitute this into the first and 4-th relation (3.5.6) for
(35.9) FV, +G(1—-H)'G*V; =0, -G*(1+ F)"'GV_+HV_=0.

This looks like a serious restriction of Vi . However, as a consequence of (3.5.7) it
is found that the coefficients F + G(1 — H)"'G* =0, and F - G*(1+ F)"'G =0
both vanish, so that the choice of V4 still is completely free. Indeed, FG+GH =0
of (3.1.7) implies (1 + F)G = G(1 — H) , or, G(1 — H)™' = (1+ F)"'G , and
1-H)'G*=G*(1+F)' . Thus F+ G1+ H)"'G*=F+ (1+F)"'GG* =
(1+F)"YF(1+ F)+GG*} = 0, using the first of (3.5.7). Similarly for the other
coefficient.

We conclude that PV = V Py of (3.5.6) holds for any matrix V' of the form
(3.4.2), for an arbitrary choice of Vi, with C,B of (3.5.8). Then, to make V'
unitary, we must substitute (3.5.8) into (3.5.5), and solve these equations for A
and D. Substituting C from (3.5.8) into the first of (3.5.5) get

(3.5.10) (1+AA+A)+(1+A){Q+F)'GG*1+F) "1+ A) =1.
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Using (3.5.7) to express GG* we get
(3.5.11) R=(1+F)'GG*1+F)'=-F(F+1)""

With this (3.5.10) assumes the form (1 + A)*(1 + R)(1+ A) =1 . This is solved
by setting

(3.5.12) Vi=(1+A)=01+A)*=1+RV2=(1+F)"Y2%
Similarly, the second equation (3.5.5) is solved by

(3.5.13) V. =(1+D)=(1-H)"Y2

The third relation (3.5.5) is also satisfied with such choice of A, B. We have proven:

Proposition 3.5.1 For an orthogonal projection P as in (3.5.1) assume that (1+
F)~Y and (1 — H)™! exist. Then the matriz (3.4.2) with

(3.5.14)

A=VI+F-1,B=-GVI-H ,C=GVI+F ,D=Vi-H-1.

provides a solution of (3.5.2) (with V' of the form (3.4.2)). In particular, V — 1
belongs to O(—0o0), in view of prop.3.4.2.

In general, while we cannot expect the inverses of 1+ F and 1 — H to exist in all
of L?(R3,C?), they certainly will exist in closed subspaces of finite codimension,
as already mentioned. We have the orthogonal direct decompositions of H, =
H_ = L*(R3,C?)

(3.5.15) Hy=ker(1+F)®HS , Ho =H? @ ker(1-H),

with HS =im(1 + F) , H® =im(1 - H) .

Examining (3.5.7) we note that GG*u = 0 on ker(1 + F), and G*Gu = 0 on
ker(1 — H) . This implies G*u = 0 on ker(1 + F') , and Gu = 0 on ker(1 — H).
Note, we must regard G : H_ — Hy , and G* : Hy — H_ . So, G and G* are
represented by a pair of 2 x 2-block-matrices, with respect to the decompositions

(3.5.15). The above then means that G ~ ( %08 ), G~ ( % Gg*) Or, if we now

write
(3.5.16) H=HydH_
in the form of a 4-fold direct sum

(3.5.17) H=H.®H @ker(l+F)®ker(l - H),
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then the projection P assumes the form

PO\ .. . [F°G° ~ (00
T (R A W ()

where, of course, the matrix elements are ordered according to (3.5.17), with @
projecting onto ker(1 + F') @ ker(1 — H) . In order to bring this matrix onto the
form ((1) 8), we will no longer insist on the direct decomposition (3.5.16). Rather,

we will write
(3.5.19) H=HS ®H® , with H] =HS @ker(1 - H) , H® =H? @ker(1+F).

Then, with respect to the new decomposition (3.5.19), we just have to ¢-diagonalize
the operator P° of (3.5.18), by a unitary V° of the form (3.4.2), with respect to
H® = HS ®H°, and then define V° = (‘6010). The latter task, however, may be
solved by application of proposition 3.5.1 to the operator P° : H°® — H°. Or.
rather, we must repeat the abstract construction leading to V' of prop.5.1 now for
the restrictions of A, B, C, D to HS., respectively, where assumptions of prop.3.5.1
hold. Using the fact that the projections onto the finite dimensional subpaces
ker(1— H) =N, ker(1+ F) = M of § belong to O(—o00) we indeed then get a
V¢ —1¢€ O(—0), and this even remains true if we replace 1 in the LR-corner of
V' by any other linear operator of M & N. Note that AV, M are eigenspaces of
H |, F, hence belong to S, by prop.3.4.2.

Returning to our old direct decomposition (3.5.16), w may express this result
in the form (3.5.3), i.e.,

Ok & M 0
(3.5.20) V*PV® — Py = (0N> :
where now —M, N are the orthogonal projections onto the spaces M , N. How-
ever, the operator V°*H™~V° needs not to be ¥-diagonal with respect to (3.5.16),
while it will be -diagonal with respect to (3.5.19).

Now if we assume dim(M) = dim(N) then this “deficiency” is easily corrected
by involving any unitary map M — A, to switch the two spaces, thus returning
from the decomposition (3.5.19) to (3.5.16), as we should like. If these dimensions
are not equal, then such a unitary map does not exist, of course. However, if, for
example, we have “<”, instead of “=", then M will be unitarily equivalent to a
subspace N © Z , with a proper subspace Z of A. If we then make the above
“unitary switch of spaces” we will convert (3.5.19) into H = {HS @ ker(1 + F) ®
Z}® {H® @ ker(l — H)© Z} . With definition of HS by (3.5.17) this yields

(3.5.21a) H={H i Z}o{H_0© Z},
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where we recall that Z, as a subspace of ker(1— H), must be a subspace of H_NS.
Similarly, if we have “>”, then we will get

(3.5.21b) H={HieZ}eo{H_-o Z},

with a finite dimensional subspace Z of H4 N'S.

This suggests introducing a “deficiency index”
(3.5.22) t = t(Ao) = dim ker(1 + F) — dim ker(1 — H) .

If « vanishes then we succeeded in constructing the desired operator V -i.e., then
our pdo W = UV decouples the Dirac Hamiltonian. For negative ¢ then we
constructed a decoupling with respect to a split of the form (3.5.21a). For positive,

with respect to (3.5.21b). In either case, by the way, we have
(3.5.23) dim Z = |¢] .

Note that, of course, our index ¢ depends on the choice of the point Ag € (—1,1)

we made initially. Observe here that
(3.5.24) ker(14+ F) =ker PxN'H4 , ker(1 — H) =ker ExNH_ .

In particular this implies that ker(1 4+ F') decreases, while ker(1 — H) increases, as
A increases from —1 to +1. There will be limits of {ker(1+ F)} and {ker(1 — H)}
as A\ — =£1, and those spaces are piecewise constant in A , jumping only at the
eigenvalues of H™, (and there only if the corresponding eigenspace contains a
nonvanishing function in H.y, respectively).

It follows that our index function ¢y is piecewise constant and non-increasing, as
A increases from —1 to +1, assuming only integer values. If it becomes 0 for some
Ao, then above construction will work, for that Ay, and we will get the decoupling
(3.3.2), with the split between electron and positron state occurring at Ag: All the
spectrum above (below) Ay generates electron (positron) states, respectively. If
L) assumes both positive and negative values, then it either will also assume 0 ,
or else jump - at some eigenvalue \g from “+” to “—”. But even if it does that,
without assuming 0, then we still will get our decoupling at that \y by properly
splitting the eigenspace at A .

The monotone function ¢y has limits 117 as A\ — £1 (where +oo is allowed).
Assume then, that ¢ty > 0, for example. Clearly the limit of M = M)y — M is
a finite dimensional subspace of S. We get dim ANy = dim M — ¢y < dim My,
as A > 0, since ¢y > 0 and M, decreases. Hence the Ay have bounded dimension

and must also converge towards a finite dimensional subspace M7 of § as A — 1.
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Looking at the above space Z = Z), of (3.5.21b), here a subspace of H; NS, its
dimension |¢5| decreases to the limit |¢1], and we may choose it to decrease with
A to a limit Z,. Since ¢y is a step function, assuming integer values, it must be
constant near 1. Hence Z, = Z; is constant near 1.

Similarly, if we assume that ¢_; < 0 (i.e., that ¢, assumes only negative values),
then we obtain a “mimimal” finite dimensional subspace Z € H_ NS and a
decoupling of the form (3.5.21a), with that space Z. The space Z is minimal in
the sense that our technique does not supply any such space of smaller dimension.
Again the splitting (3.5.21a) may be obtained by using any A > —1, sufficiently
close to —1.

Let us finally note, that our space Z might be made smaller still if we could
secure some point-eigenvalues within the continuous spectrum ¥, (or ¥_), with
the property that a subspace 7 # {0} of the corresponding eigenspace belongs
to §. In that case we could work with the spectral projection Py + 1 D Py , A
close to £1, T'=projection onto 7, which possibly might give a smaller space Z
(or even Z = 0). However, while isolated point-eigenvalues necessarily have their

eigenspaces in S, this is not proven for points within the continuous spectrum.

3.6 Split and Decoupling are not

unique - Summary

Let us shortly address the questions around the distinction of the 1ydo-decoupling
we have achieved. First of all, it is clear that there are other unitary i do-s achiev-
ing a decoupling. For example, we may conjugate the decoupled H® = (3(39) by
a unitary tdo of the form K = (é(;(g) with unitary tdo-s K., K, acting on H4
(properly modified by adding and subtracting that space Z). This amounts to re-
placing V' by VK. It will leave the two spaces H. and H, unchanged. If we insist
on the condition K —1 € O(—00) then it also will leave the asymptotic expansions
of thm.3.2.2 unchanged. Otherwise these expansions will look different, but we
still have a unitary operator UV K € Opiycg decoupling the Hamiltonian H. In
this case we might just speak about changing the representation of the decoupled
Hamiltonian H.

On the other hand, it might be important to notice that our split does not
create a precise ordering of discrete “energy levels” into two categories, one con-
taining electron- the other one positron-energy levels. Any two eigenvectors (g))
and (°) of ()0{00) and (83), resp., belong to S, assuming their eigenvalues A and
w1 are not in the continuous spectrum of X or Y, resp.. Then let x = (w ), and

define Z = x)(x € O(—o0), assuming that ||| = |lw|]| = 1. Confirm that 1 — Z
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is unitary, equal to 1 at {(3),(2)}*, but it exchanges () and (°). The opera-
tor UV (1 — Z) (with U of thm.3.2.2 and V of thm.3.5.2) also is a unitary tdo
€ Opycy decoupling H, with X and Y of (3.3.2) changed by an additional term of
order —oo. However, for this decoupling, the energy level A - formerly belonging
to () € H, - now belongs to (°) € H_. Also, the level y now belongs to H,. In
other words, the level A now is positronic, but the level pu is electronic.

Note also, this construction is possible only if both electronic and positronic
bound states exist. Somehow, the construction seems to keep track of the total
number of electronic and positronic bound states each.

On the other hand the question arises whether our construction also might
reach others of the many splits of H into two orthogonal subspaces left invariant
by H. To illuminate this, let us look at the potential free case and the spectral
family of the operator Hy = « - D + 3. This operator is unitary equivalent to the
matrix-multiplication w(§) — ho(§)u(§) = v(§), via the Fourier transform. Here
ho(§) = a - £ + B has eigenvalues +(£). We need the eigen-projections pi(§) =
1(1+ho(£)/(€)) of ho(€). The spectral family {F(X) : A € R} of the multiplication
operator ho(£), acting on a subspace of H, is a matrix-multiplication again. For
any A < —1 the projection F) is given by

(3.6.1) u(@) = p—(Hu(§) as (§) > —A, =0as (§) <-A.

In other words, if (&) denotes the characteristic function of the set {|¢|> > A2 —
1}, then the projection F) is given by the multiplication u(§) — p_(&)xa(§)u(§),
where the function p_(&)xx(€) has a jump-discontinuity along the sphere [£|? =
A2 — 1, so neither the multiplication operator nor its Fourier transform belong to
Opicy. A similar argunment shows that the same holds, if A > 1. In other words,
the partition

(3.6.2) H = F\(D)H & (1— F\(D))H

(reducing Hy) is not generated by projections which belong to Opicy. However, if
a decoupling by a U € Opipcy were possible, giving the split (3.6.2) as split (3.3.4)
then we would arrive at Fy (D) = U((lJ g) U* € Opycy -i.e., a contradiction.

This seems to show that our ido-technique above aims at the right kind of
split.

Let us summarize:

Theorem 3.6.1 Let the potentials of H be time-independent and satisfy cdn.(X).
Then any X in the interval {|\|,1} may be regarded as limit between electronic

and positronic states, in the sense that H. and H, may be defined as images
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of the spectral projections of H above and below A, respectively [with a possible
eigen-space at A split arbitrarily].

Any such split may be decoupled by a unitary do Uy € Opibeg, in the sense
that

X0
* _ A
(3.6.3) UsHU,=H" = (OYA) ,

where Ux, X, Y satisfy the asymptotic expansions of thm.3.2.2, with terms in-
dependent of \ - so, differ only by an operator in O(—c0).
Here the matriz at right of (3.6.3) is with respect to a split

(3.6.4) H="H,o&H,

where, in essence, H} and HX are the spaces {(})} and {(%)} withu,v € L*(R3,C?),
resp., except that an arbitrary subspace Zyx C S(R3,C?) of dimension |ux| must be
shifted from one of these spaces to the other one.

The integers-valued function vy is non-increasing. If 1y > 0 then

(3.6.5b) Hy ={(%):ue 2}, HY ={(%) :ue L*(R%C*),ve 2} .
If 1y <0 then

(3.6.5a) HY ={(%):ve L*R%C*)ue 2}, H} ={{):ve 2}
If 1x = 0 then no correction by shifting a space Zy is necessary.

One might add to thm.3.6.1 that a split H = H.®H, in the sense of the theorem
might be designed in such a way that any finite orthonormal set of eigenvectors
belonging to the interval |A| < 1 may be shifted from H, to H,, or, vice versa.

3.7 Decoupling for Time Dependent Potentials

In chapter 6 we will obtain a complete decoupling of the Dirac operator for a spe-
cial class of time-dependent potentials - those obtained from a time-independent
Hamiltonian by introducing new space-time coordinates, using a Lorentz trans-
form.

In general, if potentials depend on time - so that also H = H(t) is time-
dependent, then the Dirac equation will be decoupled by a (time-dependent) uni-
tary 1do U(t) € Opipey such that (not (3.0.8) holds, but, rather)

(3.7.1)

U*(OU(t) = URU*(t) =1, U HOU(L) — iU ()U(t) = <Ié 13) = H™(t),
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for all ¢. Indeed, if we then set u(t) = U(t)v(t) into u + H(t)u = 0 we get
0=0:,(Uv)+iHUv=Uv0+ Uv +iHUwv i.e., the decoupled equation

(3.7.2) b+ iH =0 .

Assuming then that we have general time-dependent potentials V (¢, z), A(t,x)
with properties similar to those derivable for Lorentz-transformed time-independent
ones, it turns out that a construction similar to that of sec.3.2 will be successful
at least in obtaining a decoupling mod O(—o0) again. The key to this will be

the fact, that the extra term U*(¢)U(t) appearing in (3.7.1) can be expected to
be of order —e? = e! —e. In other words, the third relation (3.7.1) appears as
a perturbation of (3.2.3) by a term of “lower order”, since the main term U*HU
will be of order e!. In effect, then, the iteration of sec.3.2 must be modified, but
it still will work.

We will require the following assumptions on V (¢, ), A(¢, x):

Condition (XT): V and A are C* in t and x, and the time-derivatives
8,{ V,@g A are of polynomial growth in z, of order —1 — j, for j =
0,1,.... That is, z-derivatives of order I of &V and &/ A are O((1 +
|z))~1=77Y), for 4,0 =10,1,... .

As in sec.3.2 we start with a first approximation, setting Uy (t) = uo(t; z, D)
with ug(t; 2, &) = u(t; z,€), with the symbol u of (3.2.1), (now also depending on
t, since it involves A = A(t, z)). But the dependence on ¢ is only through A(t,z),
so that g is a product!! of A with gradeug: This is a symbol in Yc_.2, even in
e, under cdn.(X).

Now the equivalent of (3.2.3) may be written as
As 0

(3.7.3) Ug (Y H (1)Uo (1) — i3 Uo - ( 0 A

) € Opyc_ez .

However, in (3.7.3), the term —iU*U is of order —e? — e, so that it just may be
omitted: that is, we land at the same (3.2.3) again, with the perturbation just
being absorbed by the lower order terms. Since (3.2.2) remains unchanged, we
then again may use ug = u of (3.2.1) as a 0-th approximation.

As to the induction argument, following (3.2.3), let us just look at the first step:
We must construct V(t) = Up(t) + Q(t) with suitable Q(t) = w(t; z, D) € Oppe_,
such that

(3.7.4) V'V —1,VV*—1€O0ppc_g., VHV — A —iV*V € Opthc_,_,> ,

with a decoupled A.

Mg (x, &) = u(w, &) with u(z,€) of (3.2.1) depends only on Y = o (¢ — A(t,z)) [with Y2 =

(€ — A(t,x))? a scalar]. Clearly, a time differentiation will produce a symbol of order —e?.
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Here the first two conditions (3.7.4) do not differ from those imposed in (3.2.4).
So the symbol w should be chosen according to (3.2.7) again- except that we may
add a hermitian symmetric matrix symbol of order —2e to z; , since such addition
cannot change the first two relations (3.7.4). This is useful, indeed, because for
the third (3.7.4) we ’d better choose z; not as the precise symbol of 1 —U*U [that
time-derivative might be difficult to control], but as the first term of the Leibniz
expansion (1.0.9) of symb(1 — U*U) - i.e., 21 = 1 — ujug. That, indeed will make
%1 controllable - [in fact, for our present first step we even have z; = 2; = 0].

Looking at the third (3.7.4), we get

V*HV — N —iV*V =

(U HUg—A)+(A—A)+(Q* HUg+ UG HQ)—iUg Uy —iU Q—iQ0*Q (mod Opape_s,)

=I+II4+III4+IV+V+VI .We have set A = A(z, D) with

A=diag Ay, A, A, A0) , A =V £ (€ —A).

Here we ignore the terms V and VI | and try determining our €2 by decoupling
the symbol of the remaining sum I+IT4+II141V, hoping that this will give an
with O € Opipc_,_,2, so that the terms IV,V terms are Opiic_,_ 2.

Since we have z; = 0 in (3.2.7) we must set Q = w(t,z, D) with w = iugy,
where v € ©¥c_. is a hermitian symmetric symbol to be determined.

Now, indeed, the symbol of A — A’ already is decoupled, by construction.
Regarding I: Using Leibniz formulas we will get the leading symbol a finite sum

—i(ughjetols + u(*)‘mghuo + “ag(hu)lm) € c_., where we note that the time-
derivative of this term again belongs to 1c_._.2 [ and one gains another —e for
each further “()”]. This follows simply because time dependence is through the
variable £ — A(t, z) only, and since A satisfies cdn.(XT).

Regarding III: Taking again only the leading terms of the Leibniz expansions
the symbol of this will be —i[\, 7] with above diagonal matrix A. Setting v =
(3; :’/i), for a moment we will get 4(Ay — A_)( (;3732).

Regarding IV: The leading symbol will be ugig. Again any further time-
differentiation will generate another “—e”.

Setting the sum of the leading symbols of LILITI,IV equal to 0 then indeed will
determine 7 - or, rather 2 and 3 only - while v and ~4 are left arbitrary, and we
will set them = 0 - in such a way that time-derivatives of order j are of je orders
lower.

This is exactly what we need for our iteration. We will not follow through all
details of further iterations, which now should be clear in principle.

It also is clear that the removal of O(—o0) in the first two relations (3.7.4) -

i.e., replacing “€ O(—o0)” by “= 07 there , to make U(¢) unitary will work exactly
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as in the proof of thm.3.2.2. We have proven:

Theorem 3.7.1 Let the potentials V,A; be time-dependent, and assume that
cdn.(XT) holds. Then there exists a unitary ¥do U(t) = u(t,x,D) € Opicy
such that the substitution ¥(t,x) = (U(t)x(t))(x, &) transforms the Dirac equation
Y+ H(t)yp = 0 into the form

(3.7.5) X +iHA(t)x = 0 with HA(t) = (A(;AO_) + O(~o0),

a decoupling with respect to the split H = Hy ® H_where Hy consist of the 4-
vector-valued functions with last two (first two) components equal to 0, respectively.

The two operators Ay = X (t) and A_ = Y (t) possess asymptotic expansions
of the form (3.2.12), i.e.,

(3.7.6) X(t) = Ay (t,x,D) + Xo(t) , Y(t) = A_(t,x,D) + Yo(t) ,
with
(3.7.7) Ai(t,x,6) = V(t,z) £ /14 (€ —A(t,z))?,

where now Xo(t),Yo(t) depend on t, and the expansions may be arbitrarily differ-
entiated for t.
All t-derivatives of the symbol u(t, z, &) exist, and are symbols again. Moreover,

we have
(3.7.8) ult,z,€) €he_jo forj=0,1,... .
Moreover, we have

(3.7.9) ANX(t), DY (t) € Oppea_jer , j=0,1,... .



Chapter 4

Smooth Pseudodifferential

Heisenberg Representation

4.0 Introduction

In this and the following chapter we will investigate time-dependence of do-
observables when physical states are kept constant in time. In particular we look
for “smooth” dependence on ¢ in uniform operators norms (of our weighted Sobolev
spaces). Clearly the exponential operator e~ ! - for time-independent H - or,
more generally, the evolution operator U(7,t) of H(t), are not even continuous in
strong operator topology, they are only (what functional analysts call) “strongly
continuous”. We shall see that our smoothness translates into a powerful condition
on the symbol a(z,£) of a ¢¥do , which is not passed by many observables. In a

sense, the rejected observables experience some kind of “Zitterbewegung”.

This investigation raises a variety of formal questions, possibly of strong physi-
cal interest. These are studied in the present chapter, while in ch.5 we will attempt
a mathematically rigorous discussion.

We already pointed to the fact that the observables with smooth Heisenberg
representation are closely related to the “precisely predictable observables”, i.e.,
the operators splitting under our rigorous decoupling of ch.3 (cf. thm.3.3.1). In
fact, we will find that all precisely predictable observables may be found by depart-
ing from a symbol ¢(z,£) commuting with the symbol h(z, &) of the Hamiltonian
H, for all z,&, and going through an iterative construction of lower and lower or-
der corrections z1(z, &), z2(x, €), . . ., to be added to ¢(z, D). Then, finally, we still

must add a correction 2z (, &) of order —oo to the asymptotic sum ¢+ E(fo zj, to

83
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arrive at a symbol a(z,£) = ¢+ Y.;° 2j + 2o such that the self-adjoint operator
A = 1{a(z, D) + a(x, D)} gives a precisely predictable observable.

This procedure is mathematically correct, but, in general, will supply a prac-
tically inaccessible symbol a(z, ). Normally it will be possible to obtain only the
first correction z;(x, £), in some special cases we also control the second (or even the
third). To attempt some Physics, we thus will work with a(x,€) = q(z, &) + z(z, )
where we set z = z1 (or, perhaps, z = 21 + 29, if 25 is explicitly available).

With this principle in mind we will lay out the construction of (the first correc-
tions) 21, z2 only, in this chapter, and investigate standard dynamical observables,
like location, momentum, etc. In many cases we may choose the initial sym-
bol ¢(z,£) as the symbol of the (not precisely predictable) observable in question
- for location, we use ¢(x,&) = 1 - the symbol of the multiplication operator
u(x) — zyu(z), with the first location coordinate ;. This works because the

scalar function z; trivially commutes with the matrix h(z, ).

For other observables - such as the spin - this is not possible. But this only
means that we may predict the spin only if we know with certainty that the
particle is an electron - not a positron (or vice versa). In other words, we must be
sure that the corresponding physical state belongs either to H. or to H, (of the
decomposition (3.0.5)).

It turns out, that this smoothness of the Heisenberg representation, and even
the construction of only the first correction z; will provide a rather perfect con-
nection between classical and quantum physics, insofar as it entails a “geometrical
optics”: The smooth propagation of a precisely predictable symbol goes along
“light rays”- the classical orbits - and this propagation also incorporates the
propagation of the spin as a magnetic moment in the electromagnetic field of

the given potentials. This we will work out in sec.4.6.

In ch.5, below, we then will focus on a mathematically complete construction
of our algebras P , PX of precisely predictable observables, proving a variety of
theorems.

Finally, at this place, we perhaps might point to a logical complication showing
up only if potentials depend on time - so, it never appeared in our previous presen-
tations of this material: “Prediction of an observable” usually means that we focus
on a given observable A valid for all times - such as the location coordinates x.
For a given physical state ¢ at time ¢ = 0 we want to predict location at some (or
at every) later time ¢ — this would be the quantum mechanical equivalent of pre-
dicting the orbit of the particle. Using Heisenberg representation this means that
we want to look at the expectation value A, of the operator A4, = U (t,0)AU(0,t) -
with A = 2 and the evolution operator U(r,t) of the Dirac equation — in the state
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1. But our above “smoothness condition” addresses itself not to above A; but
to (smoothness in ¢t of) the map A — U(0,t)AU(t,0), we shall call the “inverse
Heisenberg transform”. If potentials are time-independent then the two above
transforms are just given by e?#t Ae=*Ht and e~ Ae!f* — involving just a change
from t to —t, not affecting differentiability. But, if potentials depend on time then

it is convenient for us to use the inverse Heisenberg transform.

4.1 Dirac Evolution with Time-Dependent

Potentials

Note that the Dirac Hamiltonian H of (1.0.2) belongs to Opic if we assume that
the potentials V,A; are of polynomial growth! in x, for every fixed time ¢. In
fact, we get H = H(t) € Opyc,, with m = (1,N) = e! + Ne? with the N
mentioned there. Clearly H(t) is formally self-adjoint. As in ch.3 we generally
assume cdn.(X), i.e., that N = —1:

The potentials V, A; of H are C*°(R?), and their derivatives of order
k are O((1+ |z|)~17%) for all k = 0,1,....

Recall, the operators H(t) then are md-elliptic of order e! = (1,0). Indeed,
the symbol of K = H(D)™! will be k = 3" a;s;(€) + (B +v(2))(€) ™! with y(z) =
V(z) — > a;Aj(x). For [£] = oo we have (£)~! = 0 and Zs?({) = % =1,
so that k%(z,£) = 1 = k(z,£) is invertible with bounded inverse. For |z| = oo
we have v(z) = 0, hence h(x,&) = ho(x,€) = k* = k*k = 1 = |k~!| = 1. Thus
h(x,€)(¢)~1 is md-elliptic of order 0 = H and h are md-elliptic of order e!. The
same may be stated for the operators H +1i - For (h £ 4)(¢)~! there is no change,
as |€] = oo, while for |z| = co we get ho(x, &) £ ¢ nonsingular, since the matrix hg
is hermitian. One concludes that H(¢) has a unique self-adjoint realization? with
domain dom H(t) = He:.

Assume first that H(¢) = H is independent of t. We then conclude existence
of the (unitary) group e~*1* (cf. [Kal],ch.9 for example, or just apply the spectral
decomposition theorem for the self-adjoint H) as evolution operator of the Dirac

1Recall, this means that a-derivatives of order j are O((1+ |z|)(N=7)) for some N, called the
order.

2We know that (H £4) : H,1 — H while ||(H £d)u||? = |Hul|® + ||u||? > ||u]|> = H+iis 1 to
1. Let f € H and (f, (H +i)u) = 0 for all u € H,1. But H +1¢ has a K-parametrix E € Opyc_ 1
with (H+4)E =1+ K , K € O(—00). Substitute u = Ev , v € S, for (f, v+ Kwv) = 0 valid for all
v € S. This yields f = —k*f € S C H,1 = dom(H). But then get (H —i)f =0 = f = 0. Thus
the image of H + 4 is dense in H, hence = H. Similarly for H — ¢ which implies H self-adjoint.
[For another proof cf. ch.3, footnote 5.]
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equation (1.0.1) in the Hilbert space H. In particular, for u(t) = e~ tug | uy €
dom(H) = H,1 the derivative dyu(t) exists in H and u(t) solves (1.0.1), and e~*t
is strongly (but not uniformly) continuous in ¢.

Now, we may use the same argument to also conclude that the group et
is well defined (strongly continuous) in every H,, with domg(H) = Hsyer -
u(t) = ey, differentiable in H, for ug € Hy_.1. The point is that, with
Ag = (z)°2(D)** of (1.4.2),(1.4.3) and H, = A;HA;!, and u(t) solving (1.0.1) in
Hs we get ugs(t) to solve dyus(t) + iHsus(t) = 0 in H. Clearly Hy = H + Ps where
P, € Opsc_.2 C Opihcy is bounded in ‘H. We again get Hs + A md-elliptic of order
e, for all S(N) 7 0, while [|(H,+ A)ul] > |(H+ )l | Pyl = (SO [Py Dl
for u € S and |S(N\)| > || Ps||. The latter implies that Hs + A is 1 to 1 in S while
md-ellipticity implies that the orthocomplement of the range belongs to S, so that
it must be 0, i.e. the resolvent (H, + \)~! exists for |S()\)| > || Ps||, and this gives
—iHt iH

existence of e In turn we thus get existence of e

iHt

as strongly continu-
ous group on H,, for every s. [But, of course, e *** no longer is unitary there.
Rather, we get an estimate ||e~*#¢|| = O(e® /") with some constant c,.] Conclude
thus that e™*#* is defined as an operator acting on all temperate distributions
u € 8" = UH,, as an operator® of order 0.

With time-dependent potentials we no longer may think of a group e~** but,
instead, will get an “evolution operator” U(t,t) such that u,(t) = U(r,t)ug solves

the initial-value problem
(4.1.1) Our(t) +iHE)u () =0, t R, u (1) = up -

We quote the result below - as special case of [Cob],ch.6, thm.3.1. Its proof uses
a different technique: First use a Friedrich’s-type “mollifier” to “regularize” the
symbol h(t) of H(t) to get an operator H.(t) of order 0, allowing Picard’s theorem
for solving the formal ODE (1.0.1). Then pass to the limit ¢ — 0, using the
Arzela-Ascoli theorem, where it is essential that commutators with Ay of matrix-
valued operators of order m are of order s + m — e while A_, is compact, giving
the necessary compactness for Arzela-Ascoli.

3Recall from sec.1.4, a continuous operator A : S’ — S’ will be said to be “of order m =
(m1,mo)” if its restriction to Hs is continuous as a map Hs — Hs—m for all s. Note then that
the do-s in Opicy, all are of order m. Vice versa, of course, an operator S’ — &’ of order m
does not have to be a strictly classical do. For example, let A = ¢/{P), We may think of A as
a tpdo with symbol a(x,§) = €{€) . But this symbol clearly does not belong to tc. On the other
hand, the family A; = D)t golves the differential equation Ay — i(D)tA; = 0. An argument
as above shows that ||A¢||s = O(ecsIt!) for all s, so that, indeed, A is of order 0. Similarly, it
is easily verified that e %0t is not a do in Opic, while, of course, it may be written formally
as a 1bdo. Such operators may be elegantly treated replacing e**¢ by e (®:8) with a different
“phase function” ¢(x,&). They are called “Fourier integral operators” (FIO-s) (cf.[Tal],[Tr1]).
—iH

In general, the operators e , under our cdn.(X) on potentials, will be FIO-s.
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Theorem 4.1.1 Let us assume that the potentials V, A; and their time-derivatives
8£V,6£Aj, 1 =1,2,..., all satisfy cdn.(X) - x-derivarives of order k decay like
(14 |z|)~t*, for all k.

Then there exists a unique “evolution operator” U(r,t) € O(0) [of order 0],
defined for all 7,t € R, and such that

(4.1.2) U(r,7)=1, Ult,k)U(7,t) =U(1,k) , U, ")U(1,t) =1,
for all k,7,t € R, and such that U(r,t) satisfies the two abstract ODE-s
(4.1.3) U (r,t) +iH)U(1,t) =0, 0. U(r,t) —iU(r,t)H(T) =0,

for all 7,t. In particular, the function U(r,t) is strongly continuous in L(Hs)
for all s € R2, and its derivatives 020U(r,t) exist in strong convergence of
L(Hs, Hs—(j+1)er), and they are strongly continuous as operators Hys — Hs_(j11)er
for all s € R%. In particular, these derivatives are operators of order (j + l)el.

Note: Fven though the evolution operator U(t,t) (or, for time- independent H
the operator e ~*H!) are operators of order 0 they are not 1do-s in Opycy. Already
for vanishing potentials we may formally write P = e~*#? as a ¢»do P = p(x, D)
with symbol p(x,&) = e~ (&) (with the matrix ho(€) of (3.1.2)) independent of
z. However, this symbol does not belong to ¥cy - although it indeed belongs to
the algebra 9ty of thm.2.1.1. Especially, our Leibniz formulas (1.0.8),(1.0.9) are
not valid for such operators - i.e. the asymptotic convergence fails. One may find
a more complicated calculus of symbols for similar operators in [Hoe3],[Tal],[Tr1].
But we will not require this here.

Returning to quantum mechanics, in the “Heisenberg representation” we as-
sume that physical states - the unit vectors ¥ of H - are constant in time, while
observables - the unbounded self-adjoint operators A acting on a dense subspace

of H - propagate by the formula*
(4.1.4) A— A =U(r,t)AU(t,7)

while ¢ propagates from 7 to t.

4With “Schrédinger’s representation” the observables stay constant in time while the physical
states propagate, in the sense that ¢9 € H at t = 0 propagates into ¢ (t) at time ¢, where 9 (t) is
the solution of 9 + iHvy = 0 satisfying ¥(0) = vg. That is, we have 9(t) = U(0,t)o (that is,
P(t) = e~y for time-independent H).

Now, either we are given a state ¥ at ¢ = 0 and want to predict a given observable A at some
later time t. [This might be the normal situation: Certain well known “dynamical observables”
are given as well defined operators at any time - such as location, momentum,..., and one might
want to predict their propagation in time.] At time ¢ the expectation value Ay of A in the (thus
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In the following we now will not admit the most general self-adjoint operator
A as observable, but assume that, in addition, A must be (represented by) a
self-adjoint pseudodifferential operator® in Opic,,, for some m.

Such restriction seems natural, in view of our discussion in ch.2, noting that an
observable should be “insensitive” against translations, dilations, rotations, both
in configuration space and in momentum space.

The selection of “useful” observables will be further restricted by asking for
“smooth” dependence of the function A — A; with respect to the variable ¢.
While this might be felt to be a natural condition, we also might point to the fact
that just the “Zitterbewegung” experienced by observables like ’location’ might
be interpreted as “non-smoothness” of that observable.

So, this seems to point at one of the most important obstacles to Dirac’s theory.

More precisely we have in mind asking for two further restrictions:

Starting with a ¥»do A € Opipc,, the (inverse) Heisenberg transform
Ay of (4.1.4) should again be a 1do in c,,.

And, A; should depend smoothly on ¢ - in a sense to be specified.
[In particular, its symbol a;(x, ) should be smooth in ¢.)

4.2 Observables with Smooth Heisenberg
Representation

In this section we will allow time-dependent potentials satisfying cdn.(X) with all

their time-derivatives, for all ¢ € R. Mainly we focus on the Hamiltonian H(t) of
(1.0.2) again®.

propagated) state v (t) will be A; = (1(t), Ap(t)) = (o, Aetho) with Ay = U(t,0)AU(0,t) (i.e.,
Ay = et Ae=*Ht for time-independent H).

Or else, the state 1(t) = ¢ at time ¢ might be given, and one might want to get information
on A in the original state 19. Then we get Ay = (e, U(0,t) AU (t, 0)4pt), (i-e., e Ht AetH?t for
time-independent H).

If we now work with general time-dependent H(t) then we must use (4.1.4) as propagation
formula for observables, while the “other” map A — U(¢,0)AU(0, t) really gives the “Heisenberg
representation”. For time-independent H this just is a matter of sign reversal of ¢t. But for
general H(t) dependence of U on t and 7 is slightly different, because we no longer have H(t)
commuting with H(7) as 7 # t.

5There is the question of uniqueness of self-adjoint realizations of such an operator [For
example the scalar operator L = (93 +at (in one z-variable will have many self-adjoint realizations
(cf. [Til], thm.5.11 - there is limit circle case then), but only one of them would qualify as a
strictly classical ¥do. as an investigation shows.] We leave this point without a general answer,
noting that our tdo-s have their natural extension to &’ which also should specify their self-
adjoint extension under consideration. In particular, this question seems trivially answered for
the standard dynamical observables.
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By thm.4.1.1 the differential equation (1.0.1) - i.e. @(t)+4H (t)u(t) = 0, has an
evolution operator U(7,t) of order 0, where U, Uj, are of order e!, assuming only
that also the differentiated potentials 8gV, ag'Aj , 7=0,1,..., all satisfy cdn.(X)
The operator U(7,t) satisfies

(4.2.1)  OU(r,t)+iHt)U(7,t) =0, and , 0,;U(7,t) —iU(r,t)H(T) =0,
and,

(4.2.2) U(r,7)=1, Uk, t)U(r,k) =U(7,t), Ult,7)U(r,t) =1, t,7,k €R .

In the special case of time-independence we just have U(7,t) = e~ it=T)H

For a first approach, look at the “propagation”
(4.2.3) A =U(1,t)AU (¢, 7)

of some linear operator A. [The physical state u is transformed back from time ¢
to time 7, then the observable A is applied, and then we transform forward again,
from 7 to t (see also footnote 4) - this is what we called the inverse Heisenberg

representation] A formal differentiation of (4.2.3) produces
(4.2.4) OpAry = —i[H(t),Art] , Arr = A

Under our present assumptions we may translate 7 into 0. We thus will keep

= 0 fixed and write Ay = A; and 0;a = a, to simplify notation. Recall,
U(7,t) normally will not be a 1do in Opypc. Thus we cannot normally expect A;
to be in Opyc, even if we assume A € Opye. However, there will be a special
class of operators A € Opyc with the property that also A; € Opiye for all t.
Assuming that A belongs to that class, we may approach (4.2.4) symbol-wise: Let
A = a(z, D) with a(x,€) € Yy, and then assume A; = ai(z,§) with a; € Yep,.
Using calculus of ydo-s we may express the symbol of the commutator [H (t), A¢]

by an asymptoctic series

(4.2.5) symb([H (t), A¢]) = [h, a4] +§: {h actj ,

]l
with the “Poisson brackets”

(4.2.6) {a,b}1 = {a,b} = ajcby —beaj, , {a,b}a = ajgebjpy — bjec)us , ete., ... .

SHowever, (with proper modification) this just as well applies to the case where H is replaced

by a more general self-adjoint ¢)do K of order el - such as the FW-transformed H (i.e., K =
U*HU) of (3.0.7). Existence of the evolution operator (or of e~**  for time-independent K)
again follows with the techniques of sec.4.1, under proper assumptions on the time-derivatives

of the symbol.
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Thus (4.2.4) may be stated by writing

(4.2.7) Brar = —i[h(t), ar] — {h(t), ar} + %{h(t),at}g o

where the first term at right tends to be of order higher than m, unless we assume
some kind of commutativity between h(t) and a;. Our assumption of “smoothness”
of the (inverse) Heisenberg representation will include that (i) a and a; are symbols
of (strictly classical) tdo-s of the same order m, and that, moreover,(ii) d; even is
a symbol of order m —e?. With this, (4.2.7) implies that the commutator [h(t), a;]

2 as well. Especially, the terms of the asymptotic sum, at

2m—e?2—e,m—e®—2e,..., sothe sum also is of order

must be of order m — e
right, are of order m — e
m — e

The above implies that there is a clean split of a; into a sum
(4.2.8)  ay=q + 2, with ¢ = pyapy +p_ap— , ze = pragp_ +p_apy ,

where ¢; commutes with h(t) while z; is of order m — e.
In (4.2.8) we have used the projections p+ = p(t) of the spectral decomposi-
tion of (the 4 x 4-matrices) h(t). In particular we have

1
(4.2.9) h=MXipy +A_p_ where pi = 5(1 +

with ¢ =& — A(t,z) , ho({) = al + . Note py are orthogonal 4 x 4-projection
matrices of rank 2 commuting with h(¢), for all ¢, 2, and with
(4.2.10)

Ph=pr,pi=pr,pep-=p-pr =0, pr+p-=1,2,6€R’ teR.

One should keep in mind that p4 depend on t if the potentials are time-
dependent.

Clearly the p4 are symbols in ¥cp, so ¢q; of (4.2.8) belongs to ¥c,, while evi-
dently [h(t),q;] = 0 for all t,z,£. On the other hand one confirms”that z; € ¢, .

With the split (4.2.8) eq. (4.2.7) (and the initial condition Ay = A) assume
the form
(4.2.11) G + 2 = —i[h(t), z¢] — {h(t), s }(mod Ycpy_e2_c) , Go=¢q, 20=2,
noting that the terms at right of (4.2.7) are of order m+e',m—e?, m—e? —e,m—

ez — 2e, ..., and with ¢ = pyapy +p_ap_ , 2z =prap_ + p_ap; . Then we treat

"The eigenvalues of h = a.(6 — A) + B3+ V are Ay = £(6 — A) + V. Hence \y — A\_ =
2(¢ — A), and one computes that z; = %{p+ [, at]lp— — p—[h,at]p+}/(§ — A). Since we know
that [h(t), at] € ¢, _.2, it indeed follows that z; € Yem—e.
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(4.2.11) as a sharp (commutator) equation for the symbol z(z,§) - still dropping
Z as to be of lower order (which has to be checked, after solving), In other words,

we try to determine an approximate ¢; and z; as solutions of the (sharp) equation
(4.2.12) [h(t),ze) = i(gs + {h(t), ¢t }) =we , Go=¢q, 20=2.

It will be found that the symbol g; is uniquely determined just by its initial
value ¢o = ¢ and the conditions to be imposed to make (4.2.12) solvable with
some z;. The initial value ¢ may be any symbol in ¢, (for some given m)
commuting with the symbol h(0) for all z,£. Once ¢ is found, we then get a
formula for the possible symbols z;, where one confirms that z; € ¥¢,,_. and even
2 € YCm_e_e2, so that indeed ¢; + z; satisfies (4.2.11), as a first approximation
of (4.2.7). Then we will seek the next approximation by going with the Ansatz
a; = ¢ + z¢ + wy into eq. (4.2.7) where now the symbol w; € 1¢;,—2. is to be
found. Again some approximative commutator equation similar to (4.2.11) will
have to be solved, Some further condition on z; will have to be imposed to make
that equation solvable. In this way, iterating the procedure, we will get an infinite
number of corrections, of lower and lower order. Their asymptotic sum will satisfy
(4.2.8) mod tc_o - that is, mod O(—o0). But every operator in O(—o0) is a
strictly classical ¥do, and O(—o0) is an ideal of O(0). Since U(r,t) € O(0) one
then concludes that (4.2.4) and (4.2.3) hold sharply.

All of the discussion of higher order approximations will be postponed to ch.5,
however. Here we only look at the construction of ¢; and z; as solutions of the
sharp equation (4.2.12), starting with some arbitrary ¢ commuting with h(0).

Since ¢ (z, ) commutes with h(t), it leaves the eigenspaces Sy = im(p4 (¢, z, £))

invariant, and we must be able to write

(4.2.13) 4 = 4 Py + a5 p-

with linear maps qtjE 1Sy — St

First assume (as additional condition) that these ¢ (z, ) are multiples of the
4 x 4-identity matrix. [We shall find that this Ansatz leads to a solution if only the
initial value gy has that property. All scalar dynamical observables (with symbol
a multiple of the 4 x 4-identity) have this property, so it might be worthwhile to
look at it.]

Given a symbol ¢; € e, with [A(t), ¢:] = 0 the commutator equation (4.2.12)

will be solvable with some z(x, ) if and only if we have the conditions

(4.2.14)  pe(®)(Ge + {h(t), @ Dpe @) =0, p_(t)(Ge + {h(t), @ )p_(t) =0 ,
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for all z,&,t. Assuming (4.2.14) we get all solutions of eq. (4.2.12) in the form

(4.215) zz =cy+ec_+ {prwip— —p_wp}, Ay —A_ =2(E—A(t,x)) .

1
Ap — A
with w; of (4.2.12), and arbitrary matrices cx = ¢!, (x, ) satisfying ¢4 = preipy .
It turns out, looking at higher iterations, that the ¢! are arbitrary for ¢ = 0 but

they have to satisfy some conditions for ¢ # 0. Now we have

Proposition 4.2.1 Assume that above qtjE are scalar multiples of the 2x 2-identity.
Then the conditions (4.2.14) just mean that the two (complez-valued) symbols
q (z,€) satisfy the equations

(4.2.16) i +{A a1 =0 4 +{\ -} =0,
with Poisson brackets {-,-} = {-,-}1 of (4.2.6.).

Note that eq.s (4.2.16)) give two scalar first order PDE-s (with real coefficients)
for the two complex-valued functions qfE (x,€) of 7 variables t,x,€&. Each involves
only one of the functions qti; they are independent of each other. Together with the
initial conditions qoi(x, €) = ¢*(z, €) they will determine unique solutions ¢-(z, £),
defined for all ¢, x, €.

This kind of initial-value problem will be shortly discussed at the end of this
section (together with a proof for prop.4.2.1). But a detailed study will be found
in sec.5.5. As a consequence of the discussion there we have

Proposition 4.2.2 FEach of the two (scalar first order) PDE-s (4.2.16) has a
unique solution ¢ (z,€) assuming the initial value qti(x,ﬁ) = q¢*(z,€) att = 0.
They are smooth functions of all variables x,&,t if they are smooth in x, & initially
- for t = 0. Moreover, an initial symbol q*(x,€) € 1bc,, generates a solution qti

which remains in e, for all t.

Let us assume this proposition for now.

Note, it is an automatic consequence of the DE (4.2.16) that we have q'ti €
PYep—e2 if qtjE € ey, , as asserted by prop.4.2.2. This is, because the operation
{)\+, .} lowers the order of a symbol by e2. Moreover, differentiating (4.2.16) for ¢
we get G; = —{\ qi} — {\, @t} € Yem—_2e2 . And this may be iterated for

(4.2.17) g (2,6) € Ve _jer , G=0,1,... .

Notice that prop.4.2.2 and (4.2.17) and the formula (4.2.15) for z; imply that ¢;

and 2; constructed from fla-s (4.2.16) with initial value ¢ = ¢*py + ¢ p_ (where

gt are scalar symbols in 1c,,) define a q; € tc,, with ¢ € c,,_.2, while we
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indeed also get 2; € ¢y, —e and 2 € e, o2, assuming that the ¢!, are properly
selected. Later analysis of further corrections (in ch.5) will show that selection of
Y. is free (and we usually will set ¢} = 0, since we want a correction of a given
commuting symbol). However, for ¢ # 0 the ¢!, will have to satisfy a condition, to
be discussed in thm.5.1.1.

Apart from this “open end”, however, it is clear that we get a well defined ¢; and
z¢ with z; € Yem—e , 2t € YCp_e_e2 such that eq. (4.2.7) holds mod(Ye,, ¢ _e2)
for a; = g4 + 2. [Later construction of further corrections may fix the choice of ¢,
but within t¢,,_._.2 , and not for ¢t = 0.

In this way we have constructed a first order corrected symbol ay” =
¢+ + 2z - and, in particular, an “initial correction” z = zy to any symbol
q € ¥c,, commuting with h(0) for every z, £, and which is scalar in the
two spaces S1(0,z,£). Moreover the propagated symbol still has the
same property - it splits into a sum ¢; + z; where ¢; commutes with

h(t), and is scalar in Sy (t,z,£) while z; is of lower order m — e.

But the correction is not complete insofar as (4.2.4) is valid only mod
(Opwcm—e—e?)'

In sec.4.3, below, we shall apply this result to construct first order corrections
for a variety of well known dynamical observables, all with the property that (i)
they belong to Opie,,, for some m, and (ii) their symbol is scalar in the two

eigenspaces of the symbol of the Hamiltonian.

W

Proof of prop.4.2.1. Using the indices j,, r to indicate either “4” or we get
(4.2.18) iDL = — PP+ Do

by differentiating (4.2.10), and corresponding formulas for z- (or £-) derivatives.
This implies

(4.2.19) piprpr = —Piprpr + Pipio =0,

and, similarly,

(4.2.20) DjPr|zPj = PiDrieP; =0 .
Also,
(4.2.21) PP =Y pidepepi + > GePipepL = Qi -

T I
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Next, we also find that

(4.2.22) piips,pripr =0,

because the left hand side equals equals

= PiPj|ePr|z — PiPr|ePj|zPl

= —Pi|¢PjPr|zDl + 5jlpl|§pr|a:pl + DijeDrDj|zDl — 5lrpl\5pj|mpl

= PUePj|aPrPL — PijePr|zPLOjr + 051D1¢Pr 2Dl

—PUePr|«PiPL + PUePr|zP10rj — OtrPlePjlePt = 0 .
Accordingly,

n{h, a}p

=225 P (Njiepsi + Ajpsie) (@),pr + @ Priz) — (@fepr + @ Prie) (Nj1aps + Apj12) bou

= {\,¢"Ip + > @ Apdpj.prtpr = {\,4'}p1 , because, in each term, the
two differentiations “0¢” and “0,” will either both go onto projections - then the
corresponding sum will be Y~ A;¢"pi{p;, pr }p1 = 0, by(4.2.22)) - or, only one will go
onto a projection, the other onto a scalar - then there will be a factor p;0p;p; = 0,
by (4.2.20). Or, finally, both will land on scalars - then we will get {\;, ¢'}p;, as
stated.

Substituing this and (4.2.19) into (4.2.14) we indeed get (4.2.16), q.e.d.

Finally some comments about solving the PDE-s (4.2.16). Focus on the first,
(4223) 3tq + )\|§(]|3; — >\|$Q|£ =0 N

where we drop “+”, for a moment. The general solution of this equation consists
of all functions which are constant along all solution curves of the system (of 6

ODE-s in 6 unknown functions)
(4.2.24) &= Ne(t2,6) , €= —Ap(tiz,€) -

Indeed, for any (z(t),£(t)) solving (4.2.24) get

D q(t;a(t), £(t) = G+ qu® + e = G+ Nz — Mage = 0 — that is,

q(t; z(t),£(t)) = const.

Note, the initial-value problem of the (Hamiltonian) system (4.2.24) is (locally)
uniquely solvable, and we shall show in sec.5.5 that, under our present assump-
tions on the function A(x, £), the solution (z4(x?,£Y), & (2, £°)) through the point
(20,€9), at t = 0, extends infinitely, for all ¢ € R. This defines® a “flow” - that

8Generally, the flow v,+ : RS — RS is defined for any pair of reals 7, t by following the solution
curve from (x°,£9) at t = 7 to (z,&) at t. This map will depend smoothly on 7 and ¢, and
there will be the “group property” vix o V7t = vry for all 7,¢, k. In sec.5.5 we shall show that
composition a(z,€) — a o vy maps Yem — Yem. In particular the inverse map of vo; is given

by vio, just be using above group property (together with the fact that v = 1 for all ¢).
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is, a family v : R® — RS of diffeomorphisms (2°2,£0) — (2 (2?, £°), &0 (20, £°0))
mapping RS onto R®. To solve the initial-value problem for the PDE (4.2.23) -
getting the unique solution satisfying our given initial value ¢ (2°,£%) at ¢t = 0 -
we must use the inverse of the above map: For any (z,£) we follow the solution
curve of (4.2.24) backward from (z, €) to its intersection with ¢t = 0, at some point
(70,£°). Then, since ¢ was seen constant along that curve, we define the value of
qi(,€) as the value of (29, £).

In this way we arrive at a well defined function ¢;(z,&) which is smooth in
t,x, & and represents a symbol in ¢, for every ¢, as shall be seen in sec.5.5.

Clearly the above, carried out for “4”, may just as well be done for “-”. So,

all together, we have this:

Theorem 4.2.3 The “commuting part” g = qo of our (first-approzimated) sym-
bol a™ (z, &) propagates as qor = qovyg along the Hamiltonian flow vy of the system
(4.2.24). Then the (first) correction zo; is given by fla.(4.2.15), with symbols 9t
of order m — e, left arbitrary for t = 0 but needing further restraint for t # 0 -

to be discussed later on. [But “c}' = 0 in t will give a valid first correction with

A7, = aly(z, D) satisfying (4.2.4) mod(Opem—c—e,)-]

Now, at the end of this section we emphasize again that the symbol propagation
of thm.4.2.3 is not leading to “prediction of observables”: The expectation value
(¢, Ae)) (with Ay = Ag: of (4.2.3)) represents the observable A applied to the state
¥ at time t transformed backward to time ¢t = 0. For example, if A = x =location
and ¢ = 6(z — 2°) [the particle is located at 2° (at time t)] then the spectral
properties of Ay reflect the possible statements about location the particle might
have assumed at time ¢ = 0 (in the past).

What we must answer, to predict A is just the inverse problem: We need
Ay = U(t,0)AU(0,t) which does not satisfy a formula like (4.2.4) [This means
that we are given an observable A = Ay at time t¢; we transform it back to 0,
apply it to our state 1y there, and then transform it back to ¢ - indeed, this means
that we now are predicting measurement of the observable A at time ¢, given a
state at 0.].

However, what we practiced above for the initial time ¢ = 0, may be repeated
for a general initial time ¢ = 7, resulting in a general symbol flow v;;, defined for
all 7,t € R. We discussed the symbol propagation ¢ = ¢, — ¢+ = q o vy, for fixed

7 and varying t as a first approximation, but now will use the formula
(4.2.25) qi0 = q ° Vot

to describe the (approximate) symbol propagation of the (forward) Heisenberg

representation. Otherwise there is no change.
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Remark 4.2.4 The reader may guess that the flow v,y just reflects the classical
motion of the particle underlying this problem. Indeed this will be confirmed, but
only after we also discuss the case of a symbol (4.2.13) where the qti need not be
multiples of 1, but may be hermitian symmetric operators of the two-dimensional
spaces S+. Interestingly, this also will bring the spin propagation - as a magnetic

moment moving in the given field - into the picture. For details cf. sec.4.6, below.

4.3 Dynamical Observables with Scalar Symbol

The tools developed in the preceeding section are sufficient for an application to
some - even though not all - of the standard dynamical observables.

Let us return to the case of time-independent potentials. Then H is constant
in time and we get U(7,t) = e~ "= Accordingly, the operators U(0,t)AU(t,0)
and U (t,0)AU(0,t) assume the form e~*#t Ae'f* and e?H* Ae ="t the latter giving
the Heisenberg representation, the first just the same, but with time reversal. It

may be useful to summarize the results of sec.4.2 for the time-independent case.

Theorem 4.3.1 For time-independent potentials A,V consider any symbol q €
Yem with the property that [q(x,€), h(x,&)] = 0 with h(z,&) = a(§ — A(x)) +
8+ V(x), for all x,&, and that, moreover, q(x,&) is a scalar multiple of 1 in the
two (2-dimensional) eigenspaces Sy(x,&) of the 4 x 4-matriz h(z,£). Then, let
(x5 (x,€), &5 (x,€)) denote the (unique) solution of the system (of 6 ODE-s in 6
unknown functions)
B(t) = Aaje(o(0), £() » E(t) = — s (2(), £(1)
through the point (z,£) € RS, with the eigenvalues Ay (x,&) = V(z) (£ — A(z))
h(z,€), and let vi : RS — RS be the diffeomorphisms (z,€) — (z5(x,€), &5 (x, €)).
Using the two eigenprojections
pe(@,€) = L1 % (a(€ — A@)) + B)/{€ — A2)) of h(x, &) we must have
436 = (@, Op(2,) + ¢ (0, Ep_(2,) , with scalar symbols ¢*(z,).
Then define
(4.3.1)

(2, €) = g (2, Opy(,€) + q; (2, Op—(2,€) with g (x,€) = (¢ o viy)(x,)
and
(4.3.2) 2t = m(m{h:%}ﬁ— —p—{h,q}py) -

[Specifically, z = zo does not require knowledge of qi, and just needs the Poisson
bracket {h,q} = hjeqz — qehj of q(x,§) initially given. Also note, the term of
(4.2.15) generated by ¢ in (4.2.12) vanishes if potentials are time-independent.]
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Then the operator Qcorr = q(x,D) + z(z, D) differs from an operator with
smooth Heisenberg representation (i.e., in the algebra P of sec.3.8 or sec.’s 5.1.
5.2) only by a Y¥do in Opipcy,_oe.

As already mentioned, total energy is represented by the Hamiltonian H itself.
It is clear that - for time-independent potentials? — we have H, = ¢!t He *Ht = H
independent of t. So, the Heisenberg transform is not only smooth, but is even
is constant. The same is true for the total angular momentum J = x x D +
3 (00
J is known to commute with H (cf. footnote 11 of ch.7.), so that again J; =
et Je—iHt — J for all t.

Looking for applications of thm.4.3.1 we notice that certainly its assumptions

) if A =0 and V is rotationally symmetric, because this differential operator

are satisfied for any “scalar” observable - i.e., whenever the symbol of an observable
is a multiple of the 4 x 4-identity matrix. Evidently this is the case for most
standard dynamical observables. So, we now can calculate first order corrections
z(x, &) for many standard dynamical observables, starting with the symbol g of
such observable. For calcuation of z(z, &) write (setting h° = o - (€ — A(x)) + 3)

(433) q=q ps+q p- =r+sh®, withr =qt+q~, s=(¢"—q7)/({—A(x)) .

Clearly this decomposition for H itself gives h(z, &) = V(x) + h(x,£). Generally,
r(z,€) and s(x,&) are scalars, under the assumptions of the theorem. And, vice
versa, if r and s are scalars then ¢& are scalars as well. For an observable with

scalar symbol g we get s = 0,7 = g, so that

(4.3.4) {h,gy ={V,q¢} +{h°,q} = {V,¢} + - {6 — A(x),q} .

91f potentials depend on time then we must be aware that the operators H(t) and H(7) no
longer need to commute, as t # 7. Not even symbol-wise we need to have [h(t),h(7)] = O,
although under our assumptions (of cdn.(X)) we still have h(t) — h(T) € Yc_ .2 = Pec1_,, so,
[h(t), h(7)] is a symbol of lower order, with respect to h(t).

Still, since ¢ = h(0) commutes with h(0), and since h(0;x,&) is scalar in each of the two
spaces S+ (z,€) a (first order) correction symbol z¢(z,£) € ¢c_,2 may be calculated [although
in the time-dependent case this correction does not vanish anymore|. Accordingly, the total
energy observable H(0) then possesses a precisely predictable approximation, but it is no longer
precisely predictable itself.

Incidentally, the self-adjoint operators H(7), for 7 # ¢t do not have their individual precisely
predictable corrections - except that they differ from H(0) (which has such correction) by an
operator of order e! — e. We shall see in ch.5 that the precisely predictable observables form an
algebra P- subalgebra of Opic. But this algebra depends on ¢, for time-dependent potentials.
Then H(t) has an H(t)corr in P(t), for every t, but (generally) not in P(r) for ¢t # 7. [Note, if
the potentials V, A are periodic in ¢, then H(t) will have a precisely predictable approximation
in P(7) periodically — for 7 = ¢ + jm , with some period 7, but not for other values of 7.]
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Then z(x, &) requires calculation of!?

)
4.3. _—p- = —A)).
(4.3.5) p+ap— — p_api <£_A>(u+pX(£ )
For a scalar symbol ¢(z,£) we then get the correction symbol

(4.3.6) z(2,§) ={V(2),q(z,)} — Ac(z,§) - {{ — A2),q(z, )},
with the formal 3-vector

(4.3.7) Ac (k+px(£—Alz)) ,

B 1
20— A@)?

using the constant (3-vectors of) matrices = (27) and p = (J?2) , and the vector

product “x”.
If g is scalar only in each of the spaces S, so that s in (4.3.3) does not vanish
identically, then fla. (4.3.6) gets the additional terms!!
§—A 0
(4.38) =Ac-{V,s({—A)}+{V,s}u- C—A) (—Ap-a+hv-
with Ac of (4.3.7) and v; = 5|5, + >, Ajjz,5)e,-
The above may be applied to observables like location, momentum, angular

(€—A)’

momentum: Location coordinates are given as the multiplication operators u(x) —
zju(z), j =1,2,3. These are self-adjoint operators of H with symbol o’ (z, £) = x;
independent of €. Clearly a’/ belongs to ¢, and it commutes with h(z). Applying
fla. (4.3.6) to the symbol ¢ = a’ - with m = e? to determine a (first) correction

symbol z(x,&) € e_.1 we get

1

(439) Tcorr :.’E—Ac s )\c(.’li,f) = W{M+px (S—A)} .
We are aware that further corrections are needed to get an operator with a smooth
Heisenberg transform. However, it might be interesting then to obtain the explicit
z, in this case. Note - the location coordinates themselves do not have this smooth-

ness property; they need these corrections.

Note, the above symbol z.. is a self-adjoint 4 x 4-matrix. However, the cor-

responding ¥do Z .. (x, D) is not self-adjoint, so cannot represent an observable.

10¢f. also [Co5], p.331, fla.(4.7).

1T include the case of time-dependent potentials here: Assuming ¢& scalar in S+, we also
have to add just one more term to (4.3.6) or (4.3.8) - the expression —s(x, £)A(0; z, £) - A(0, ),
with Ac of (4.3.7) and sz, &) = (¢t (z,€) —q™ (z,€))/{(€ — A(0,z)) of (4.3.3). Especially, if q(z, £)

is scalar in C* this correction vanishes.
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This, however, is easily cured by defining the (first-)corrected location observable

aSlQ

1 1
(4.3.10) Xeorr = i(xcorr(x, D)+ zeorr(z, D)) =2 + i(Ac(x,D) + Ae(z,D)") .

[In particular, note that the symbol \.(z,&) is of order —el

, l.e., its order is
e = (1,1) units lower than that of the location operator z.] Let us state our

interpretation again, at this point:

The location observable x we would like to predict. However, x is
not precisely predictable while X orr (nearly) is. So, we may predict
Xiorr, tn the sense of v.Neumann’s rules, but then must be aware of a
possible error of our expectation value of magnitude |R({u, Ac(x, D)u))|
in the physical state u - the difference between & and X.

Incidentally, this error is easily estimated: For vanishing potentials
the operator norm of (the components of) A.(x, D) is not larger than
1, as easily seen. For non-vanishing potentials this should not change
much (even though we did not check details).

The location variable has the physical dimension of a length. But
our unit length is the Compton wave length of the electron, as men-
tioned initially (ch.1, footnote 1.) So, this inaccuracy of our prediction

of location seems perfectly natural'>.

The above construction of a corrected observable may be repeated (so far)
for every observable A = a(z, D) where the symbol a € ¢, commutes with
h(z,¢), and may be written as a = atp, + a“p_ with scalar symbols a®*(z, €).
Apart from location, this is true for the following dynamical observables. In the
list, below, we are giving the symbols of the (first order) corrections with some
discussion, but without derivation'*. We may come back later on, to study their
spectral theory, etc. In each case, as for location x above, the corrected symbol
is a self-adjoint matrix, but the corresponding do still must be “symmetrized”
— using the (self-adjoint) symbol a..r we take the (self-adjoint) operator Agopr =

%(aw”(x, D) + acorr(z, D)*) as (first order) corrected observable.

12This formal difficulty often is avoided by using a slightly amended definition of a tdo A
represented by a given symbol a, called the Weyl-representation (cf. sec.1.6). While the Weyl
representation offers this (and certain other) advantage(s), it also brings forth some further
complications of certain formulas, notably the Leibniz formulas (1.0.8),(1.0.9). This is why we
are avoiding it here.

13Recall our correction recognizes only the first of infinitely many others we cannot analyze.

The derivation, in each case, will be a matter of applying fla. (4.3.6) (or (4.3.8)) for the

symbol ¢ of the (uncorrected) observable in question.
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Momentum:

.0
(4.3.11) p = (p1,p2,p3) , pj = D; = —Zc’)T:j © Peorr =& — Z%z(LE)Az\m(x) ;

with the components A, of the formal 3-vector A, of (4.3.7).

But note that the correction of the symbol & € ¢l is of order —e! — 2¢? =
el — 2e, due to our cdn.(X) imposed on the A;. This means that the first order
correction of the momentum p is zero. Only a second order correction is listed in
(4.3.11) while other second order terms were ignored. In other words, we rather
should write (4.3.11) as

0
(4311/) b= (p17p27p3) y Pj = D] = 77’87 : Pcorr :g )
Ty
i.e., there is no first order correction to be added to the symbol of p.
(Orbital) Angular momentum:

(4.3.12) L=xXp: Leorr(x,&) =2 x &= Ae(w,8) x & — Z)\cl(x X Ayz) -

Again, with A, of (4.3.7), and, again, the last term is of order —e - two units e lower
than the corrected symbol x x &, so it should be omitted, since other corrections
of that order will come forth: We should write (4.3.12) as

(4.3.12") L=xXp: Leopr(2,6) =2 x &= Ae(2,8) x € .

Electrostatic potential:

(4.3.13) V(z): Veorr(2,8) =V +E@)N(x,€), E=—grad V.
We will discuss the spectral theory of this operator!® in sec.7.3f .
Mechanical momentum:

(4.3.14) T=p—A: Teorr(,8)=6—A(x)—Bx A, B=cul A.

Relativistic mass:
(4.3.15) M=H-V: Myu,=h(z7§ —V()—Ex)N\(z,§) .

Again, the correction of h(z,£) — V(z) € 9ca listed is of order —e! — 2¢? - i.e.,
2e units lower. However, in this case we cannot expect any other correction of

15 Actually, we went through the calculations for obtaining a second order correction for this
observable (cf. sec.5.6.).
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that order'® | so, the symbol M,y of (4.3.15) already has the first and second
corrections represented.
Note that the formal 3-vector \.(z, ) seems to govern every correction above.
Clearly some dynamical observables are missing in above list, such as spin and
current. These have symbols not commuting with h(z, ) - or else, their symbol
does commute with A(z,§) but it is not a multiple of 1 in the two eigenspaces of

h. This latter type will be discussed in the next section, below.

4.4 Symbols Non-Scalar on S.

In this section we will continue the discussion of sec.4.2, and construct a first
order correction z; also for the case of a symbol for a ¢ € ¢, still commuting
with h(t,z, &) but without the property that ¢(x,&)|S+(z, ) are multiples of the
identity. We return to time-dependent potentials for this.

Things are quite similar as in sec.4.2, except that we do not have the result
of prop.4.2.1, used to translate conditions (4.2.14) into a useful form. For this
we will have to analyze the two linear maps ¢ (z, &) : S4(z,&) — S (x,€) of the
(2-dimensional) S’ (z, &) with respect to suitable bases of these spaces.

Note, we already have a unitary map u(t; x, £), taking the symbol h(t; x, £) onto
the diagonal form diag{\y, Ay, A_,A_}, given explicitly'"by (3.2.1). Moreover,
u(t;z,€) is a symbol in ey for every ¢. It is clear that the first two (last two)
columns of u(t; x, £) supply orthonormal bases of S (z,&) (of S (x,€)). However,
to simplify some calculations, we will expand arbitrary vectors, using the two

. . . .1 1 .
pairs of bi-orthogonal systems, obtained by avoiding the factor Jiroe o the first

system - called ¢; - and applying its square for the second - called %;. That is,
we set (for Sy:)

1
441 (o) g L g
( ) (9017902) (—zov) ) dj] 2+2U0¢] y J P
and, (for S_:)
—i0v _ 1 .
(442) (9033()04) = (1+(:0) ) % - 2+ 27)0 i, )= 3a4 )

with vo = 1/(¢) , v =¢/{¢), ¢ = € — A . Clearly the linear maps ¢;"(z, &) are
represented by 2 x 2-matrices ki = ((nfjl)) with respect to the bases (4.4.1) (or

16 Actually, since H = M + V(z) commutes with H the symbol of H needs no corrections - it
has the first correction as well as all the others equal to zero. It follows that corrections for M (of
any order) must equal the negative of the corresponding correction for V(z). Accordingly, the
first correction for M vanishes; the second is listed in (4.3.15). As mentioned we even calculated
a second correction for V(x). This must give the third correction of M.

7Our potentials are time-dependent here, but the formula (3.2.1) remains intact.
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(4.4.2)) of S%. We express this by writing

2
+ + 4
(4.4.3) 4 = Z Ki5Pej1 »
4l=1

with pjjl = P;) {1 and p; = i) (42 - It is clear also that

(4.4.4) P+ =Dy + Pias -

With such preparation we may look at cdn.’s (4.2.14) again. Note, we had
p+pp+ = 0, but it is no longer true that also pﬂiﬁpi = 0, although we still have

p¥p;; = 0= pzp;; = —pxp;;, hence
s .4 + +
(4.4.5) pFDuPF = —PFPPF = 05 PPy ePF = PPy 07 =0 -

Inspecting the other formulas [(4.2.21)-(4.2.22)] used in the proof of the proposition

in sec.4.2 we find a similar effect: Looking at pydp,, for example, we get

(4.4.6) DP+qP+ = P+4+p+ = Z KD+ PSPt + Z RIDT

where the first term at right no longer needs to vanish, although all terms involving
q; (z,€) have disappeared.
Similarly, looking at

(4.4.7) p+{h atp+ = p+ {4, ot +p{A-p—, a}p+ = (I) + (11)

we get

(I) = p+{A+, a}p+ + A4 PP+, ¢}p+, while

(IT) = A |ep+P-qaP+ + A oD+ qeP-P+ + A-pAp—, ¢}p+ = A-pi{p—, }P+,
since pyp- = p_py = 0. Also, py +p- = 1 implies p_, = —p4|, and p_¢ =
—P4|e, hence, {p_,q} = —{p4,q}, so that, (/1) = —A_p;{p+,q}ps. Together we
get

(4.4.8) pih afp+ = pr{ e p+ + (A = A ) {ps, o -

For further simplifications note that Ay —A_ = 2(¢) = 2(¢(—A). Also, ¢ =q" +q,
where p1{A\y, ¢ }p+ =0, by (4.4.5), since A} is a scalar. Furthermore,

P+{D+, 07 3P4 = PP P+ —P+ QPP+ = —P4P+1eT PP+ FD+P+(eq P+(2D+
= 0, where we used that py ¢~ = ¢ p4 = 0 implies p+q|2 = —Pyeq ,q|;p+ =
4" P4je- With these simplifications we get

(4.4.9+) pr{h, a}ps = pAdp ar ke +2(QOpAps, a4 tp+ -
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W

Repeating the above for

(4.4.9-) p—A{h,¢}p—- =p-{A_,q-}p- —2(O)p—{p—,q-}p— .

we get

After this, it is clear that we again have split the two conditions (4.2.14) into
separate systems for gy: The first cdn. involves only ¢, the second only ¢q_. We
may rewrite (4.2.14) as

(4.4.10) p+qip+ £ 2(Ope{p+,q+tp+ =0,

where again “”

means differentiation along the flow - i.e., 9y + Ay |¢0p — Ay |20¢ -
different for the two flows.

For a full evaluation of (4.4.10) we now will translate it into a matrix form.
Using (4.4.6) and (4.2.20) (i.e., pLp/yp+ = 0 for any directional derivative “”) we

translate (4.4.10) into

(4.4.11) Zpgmﬂ + Z K1 (ppup) + 2(C Z kip{p,pitp =0,

where we again restricted to “+” and dropped the “4”. Evidently, the first term
of (4.4.11) has the matrix ((x};)). The matrices of the other two terms may be
written as Wk with a linear map W acting on 2 x 2-matrices. Thus (4.4.11) may
be written as

(4.4.12) (kE)Y + WERE =0
with
(4.4.13) K =Fk+ )\i|§8m — )\:Hxagf@ .

So, again, this will be 4 x 4-systems of (linear homogeneous) ODE-s along the
particle flows.
In fact we can improve on the term W* k%, insofar as it turns out that we may

write
(4.4.14) Wkt = [0F, kT

with certain 2 x 2-matrix-valued symbols ©% at right and the matrix-commutator
[0F, k*t]. Indeed, (dropping “+7”, and with “”= any directional derivative) we
have ppj; = pji, hence pp); +p'pji = pj; = (1 —p)ply = p'pji. Thus ppepjijp =
ppie(1 = P)Pjijl = (PPeP)2)Pj1, and, similarly, ppjyepjep = pji(pp|ep|ap). Using
(4.4.4) and pj; = ¢;) (¢ (for “+7) we may write

(4.4.15) PDIEPD = D (ks DIeDjatr)Dir -
kr
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Thus we get - with pjiprr = ;) {1, ) {@r = dikpjr - that

(4.4.16) p{pjt}p =D _(k: PlePlatr) (Dri0r; — DjrOkt)
kr

hence - with @}l = (pj, P|eP|z¥1) - the last term in (4.4.11) will be

(4417) = 2<<> Z l“ﬂjlgllw(pklérj - pjrélk) = 2<<> Z([@l7 F@+])jlp;rl )
Jlkr 7l
In a similar way one finds that the second term of (4.4.11) - and, gener-
ally, a term of the form 3 k;p(pji)'p, with any directional derivative “” -
may be written as [0, klp; with ©~ = (((¢;,¢7))). Indeed, get p(p;1)'p =
>k Prr ((hs ¥5) (P15 ) + (k5 05) (07, 4r)). Differentiating (pr, 1) = dr; we get
(P> 1) + (x> 1) = 0. Tt follows that

(4.4.18) pp =Y Prr(O5;01 — 01, OF) -
kr

So,
(4.4.19) Znﬂppjzp Z K g

All in all then the sum of the two last terms at left of (4.4.11) assumes the form

(4.4.20) Zpﬂ AT O = (95, ¥)) + 2(0(@5 Pieppethn)

W'

where now means the special directional derivative along the flow of (4.2.24),
as defined by (4.4.13). There is an analogous consideration for “—” which will be
left to the reader.

In other words, (4.4.11) (or (4.4.12)) now assumes the form
(4.421) (5) +[6F, k] =0, (O)1 = (&5, (¥i)') + 2CN@5 s Pajepaiatti ) »

where we have introduced the new notation gaj = ¢j, ¢ =9, 0; = @jt2,Y; =
w]+27 for .7 =12

Clearly, the above should be further evaluated, using details of our bi-orthogonal
systems of (4.4.1) and (4.4.2). This will be done in sec.4.6, below, where we will
look at “geometrical optics” by studying the “particle flow” under physical as-
pects. We shall find that not only the classical orbits of electron and positron, but
also the propagation of spin is reflected in this kind of symbol propagation.

For our present purpose, it will be important to observe that there will be a

complete analogue to prop.4.2.2, asserting a unique solution - now of the system
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(4.4.21) - with s providing a symbol ¢, in tc,, if the initial-value ¢ is such a
symbol, by way of (4.2.13) and (4.4.3). This will be discussed in sec.5.5. With that,
fla.(4.2.15) with w; of (4.2.12) automatically will give the neccessary correction
symbol z; in ¢¥cp,—e, and (4.4.21) automatically will give ¢; € ¥c,,_.2, implying
that z; € ¥e¢,,_o_.2 may be neglected. Then, of course, the machinery of sec.4.2
also applies to initial symbols not scalar in the two spaces Si, as we shall require
in sec.4.5, below.

Note, by the way, the symbols @ﬁ belong to ¥c_,:z.

Looking at eqn. (4.4.21) [for “+” again, dropping “t” and “+”]: For a constant
2 x 2-matrix O the system '+ [0, k] = 0 (of 4 ODE-s in 4 unknown functions x(t))
is solved by (t) = e~©®%k(0)e®?, this giving the unique solution of the initial-value
problem, fixing x(0) = x°. Here Q(t) = e~ ®* solves Q' +0OQ = 0 with initial value
Q(0) = 1 - it represents the evolution operator of that constant coefficient system.

Our © of (4.4.21) depends on t, but one finds the same relation between the
two ODE-s k' +[0(t), k] = 0 and Q' +0O(¢)Q = 0: Let Q(7,¢) denotes the evolution
operator of the 2 x 2-ODE ¢ + X (t)qg = 0 with an X = X (¢) depending on t, i.e.,

(4.4.22) XQ(T,t) + X()Q(7,t) =0, Q(r,7) =1,

equipped with the usual “group property” Q(7,t) = Q(71,t)Q(r, 1) for all 7,71, t.
Then the unique solution of the ODE U + [X (t), U] = 0 with initial value U(0) is
given by U(t) = Q(0,t)U(0)Q(t,0). In the case of (4.4.21) we have the derivative

W’

along the particle flow. That is, we must set
(4.4.23) X(t) = O(L,(t),£(1))

with any solution curve x(t),£(t) of the Hamiltonian system (4.2.24). With such
X (t) we then define

(4424) H(tvx(t)vf(t)) = Q(Ovt)ﬂ(oaan’go)Q(t70) :

Clearly we get x(0,2(0),£(0)) = x(0,x0,&p), assuming our curve starts at (o, &)
for t = 0. A differentiation at once confirms that
(4.4.25)

Opr(t, x(t),£(1)) = [X (), (L, 2(t), £(1))] = —[O(t, (1), £(1)), KL, 2(t), £(1))] -
We have proven:

Theorem 4.4.1 For time-dependent potentials satisfying cdn.(X) with all their

time-derivatives, and an initial symbol qo(x, &) € Ve, commuting with h(0, x, ) for
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all x, & (but without the condition that qo(x, &) is scalar in the two spaces Sy (z,§))
a continuation symbol gi(x,&) (commuting with h(t,x,&) for all t) is given by
writing
2 2
(4.4.26) G = Z Ky + Z KejiPeji s
Jl=1 Jl=1

where the dyads ptijl are defined as in (4.4.3), while the 2x 2-matrices kKF = ((f-@tiﬂ))
are determined by fla. (4.4.24) with the evolution operator Q@ = Q*(r,t) of the
problem (4.4.22) with X (t) of (4.4.23), where © = ©F is given by (4.4.21) and
z(t),&(t) are the solutions of (4.2.24) - again for +, respectively, and with initial
conditions x+(0) =z , £(0) = &.

Then the first correction symbol zy € ey is given as in thm.4.2.83 - using
fla. (4.2.15) with above redefined q;. Again the symbols ¢, of (4.2.15) are free at
t =0, but they need further restraint for general t (cf. proof of thm.5.1.1.(ii)).

4.5 Spin and Current

The spin-observable usually is defined as the (formal 3-vector of) matrices

1 o0
451 - - C—
(4.5.1) S=5p. 0 (00>j,

motivated by the fact that - for rotationally symmetric potentials - the total an-

gular momentum

(4.5.2) J::ch—&—%p:L—FS
commutes with H, so can be predicted independently of any energy observations'®.

Now, it is clear that the multiplication operator S; = %pj belongs to Opycy,
and has symbol a(z,§) = % p; independent of z and £. Evidently, this symbol does
not commute with the symbol h(x, ) of H, so that the constructions of sec.4.2
and sec.4.4 both do not apply.

In such a case, however, one may argue as follows: This observable S can
be meaningfully predicted only if it is known in advance (with certainty - i.e.,
probability 1) that the particle is an electron (a positron). Recall our split H =
He & H,, of (3.0.5), realized in sec.3.5, and the corresponding partition of unity

18¢f. footnote 11 of ch.7.
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1 = P. + P,, where P, and P, are t¢do-s in Opycy with symbol pi (modulo
O(=00)).
If the physical state u belongs to H. then we have u = P.u, hence for the

expectation value S we get
(4.5.3) S = (u, Su) = (u, P.SP.u) .

Note, the operator S, = P.SP. is a »do with symbol

(45.4) e(,€) = gpipps (modic_.) |

and the symbol s, € ¢y commutes with h(x,&), for all z,&. So, it could well be
used as a symbol ¢ of sec.4.2 to construct a correction with smooth Heisenberg
transform, which would be precisely predictable. But it could be used as approx-
imation for the spin-observable only for physical states where the particle is an
electron - for sure. To get such symbol working for both spaces H. and H, one
might take the sum

(4.5.5) S=P.SP.+P,SP, ,

with symbol (mod ¢c_.)

(4.5.6) 5(z,€) = %(p+pp+ +p-pp-) .
Clearly, with py of (4.2.9) , we get

1 1
(4.5.7) s=lp+ W(a<+ﬂ)p(ac+ﬂ)}~

We get B8pf = p, and, a1p18 + Bpraq = 0 while agp18 = Bpras = —p3 and
azp1 = Bp1as = po . This gives

(4.5.8) (aQ)p1B + Bpi(aC) = —2Cpus + 2¢p2 = 2(u X Q1 -
Furthermore,

(4.5.9) (@Q)p1(a€) = 2G1(p¢) — o1

hence,

(aC + B)p(al + B) = 2p+ 21 x ¢ +2¢(p¢) — (¢)?p, so that,

(4.5.10) §=r2>2{p+u><C+C(PC)}-

We then might offer the operator S = 5(z, D) for the approximation procedure of
sec.4.2, to construct Seop, as precisely predictable approximation. However, it is

clear then that this will work only for physical states in H. or H,,.
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As another approach to the same problem we might look at the decomposition
1
(4.5.11) J:L+S:x><D+§p.

of the total angular momentum into spin and orbital contributions. We constructed
the symbol of a precisely predictable approximation of the observable L (or only
its first installment) in (4.3.127), as

1
(4512) lcorr = X 5 - )\C X f 7Lcorr = E(lcorr(‘T»D) + lcorr(‘r»D)*) .

For A = 0 and rotationally symmetric V' (z) we know that [H,.JJ] = 0. Assuming
this we get Ac independent of z; we then might write (4.5.11) in the form

(4.5.13) J = Jeorr = Leorr + (S + AC(D) X D) :

Both terms of the last sum are of the same order 0. Moreover,

Ao x €= qrplnx E—Ex (px &)} = gzl x €+ (pE)€ — €p} . Thus the
symbol of that sum is

1 1 1
4.5.14) =p+ x €4 — &) = +uxé+ = 5(x,8) .
( ) 5P 2<€}>2{u §+(p€)E —E7p} 2@2{,0 px &+ (p§)E} = 5(x, )
In other words, (4.5.13) assumes the form
(4.5.15) J=Leorr + S,
where now the naturally corrected spin S does have its symbol § = %(p+pp+ +

p—_pp—), (by (4.5.6)) indeed commuting with h(x,§).

In other words,

Proposition 4.5.1 For A; = 0 and rotationally symmetric V there is a corrected
decomposition (4.5.15) of the total angular momentum into a precisely predictable
orbital component and a spin component where now the (uncorrected) symbol of
the spin commutes with h(x,€), so that it may be entered into the correction pro-
cedure'® of thm.4.2.3 or thm.4.4.1. This (uncorrected) new spin symbol §(z, &)
coincides with the symbol of (4.5.6) in the general case, useful for the expectation
value of S only in the case where the precise nature of the particle - either electron

or positron - is known with certainty.

We will not calculate any further correction of the spin-obervable, after having
achieved a “O-th correction” making our procedure of sec’s 4.2 and 4.4 applicable.
However, let us get the linear maps ¢* explicitly, used to correct the symbol

19and, more precisely into that of thm.5.1.1.
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5(z, &) of our natural spin S. That is, we should obtain explicitly the matrices k%

of (4.4.3). Using (4.4.4) we have

1
(4.5.16) P+pPP+ = prjppﬁ = 5o/ Z<%»P‘Pl>pj+l :
= 2+2/(0) =

So, for kT we must calculate the matrix (with vo = 1/(¢) , v = (/{¢))
(1.92) plpr 2) = (29 () (H429) = (14 1/(0)%0 + ez (0Q)o(00) -
One find that (o¢)o(c¢) = 2(a¢)¢ — (0, hence
(4.5.17) o= Lo + ;(ag)g
€ Qa+Q)
Evidently this is not a multiple of 1, so, we must apply the theory of sec.4.4. For

the matrix k=~ we get exactly the same formula, i.e.,

U B
(45.18) R RN Te Ry L

As another observable, frequently used, but wit symbol non-commuting with
h(z,§), let us mention the current. The 3 components C; of the current usu-
ally are given to coincide with the 3 Dirac matrices a; of (1.0.2) - for us given
by (3.1.7). But we must remember here that this describes the current density.
The corresponding observable then would be the (matrix-) multiplication operator
P(y) — a;0(z —y)Y(y) (with the delta-function 6(z —y)), describing current den-
sity at the point . Again, while this is a linear operator S — § it does not define
a preclosed operator of H, and hence, does not qualify as an observable. What
one must take instead is the (distribution) limit (as € — 0) of ¢; = a;dc(z — y)
with d.(z) = d1(z/e) where 6, € S, [d1dx = 1. These ¢5(z) are well defined
multiplication operators (and do-s in Opipc(p,—oc)), as € > 0.

We remind of the continuity equation
(4.5.19) 0:p°(x) +div P(z) =0,

linking?® the current density to the particle density p°(z), given as observable by
p%(x) = 6(z — y) - involving the same limit p°(z) = lim._o0°(x).

20The expectation value of p?(z) at a state ¥ will be g = [ ¥*(y)d(z — y)¢(y)dy = |b(z)|2.
Similarly, the expectation value of c? (z) will be Eg)(w) = (x)* o 15 (x). Assuming that (¢, x) is
a solution of the Dirac equation we then indeed get (4.5.19) for the expectation values, since a;
are hermitian, while D; are skew-hermitian, and all potentials are real. In fact we then even get
the continuity relation (4.5.19) not only for p%(z) and c%(x) but even for (the expectation values
of) p(x) and c°(x).
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We can only work with the (smeared out) current and particle density ¢ (z) and
p°(x), and notice that both belong to Opyc(y,—oc). The symbol of p° commutes
with h but the symbol of ¢® does not.

We then repeat the argument given for the spin observable: Assuming that
the nature of the particle is known with certainty - either it is an electron or a

positron, then we work with the symbol

(4.5.20) & (2% = {prapy +p_ap_}6(a* —z) ,

i.e., the principal part of an operator giving the same expectation value as c?(a:)

for such physical states. A calculation shows that

N §—A 0
4.5.21 &%) = (h(x, &) — V(z) =——=6°(2° — ) .
( ) (@°) = (h(z,§) ())<€—A>2 ( )
Clearly, this symbol is scalar in each of the two spaces Sy, since all terms are
scalar, except h(z,£). Thus we may use the calculus of sec.4.2 to determine the

first correction. Details are left to the reader.

4.6 Classical Orbits for Particle and Spin

In this section we want to look at the Hamiltonian flow in (z, £)-space (i.e., phase
space) induced by the “equations of motion” (4.2.24) - a system of 6 ODE-s in
the 6 unknown functions z(t),£(¢) -, and, more generally, the propagation of the
matrix k% (x,£) along these orbits, described by eqn.s (4.4.21). We shall see that
there indeed is a propagation of a point charge in the given electromagnetic field
(induced by V and A), and also a propagation of a magnetic moment vector (of
Bohr strength) sitting on that point charge.
Explicitly, the system (4.2.24) for Ay = ({ — A) + V looks like this:

(4.6.1)

, 1 , ]
&= m(& —A(t,x)), €= (& —A(t,z)) ;(gj — Aj(t,2) A — V), .
The first equation may be solved for £ — A: We get

(4.6.2) f—A:L (€ —A) = 1

Vi—i?’ Vi—i?
Equating the derivative £ of (4.6.2) with the second (4.6.1) gives

7

(4.6.3) (=

) + A () ==V + ) iiA L .
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In (4.6.3) we get O;A(t,x(t)) = Ap(t,z(t)) + >, 1(t) Ay, (t, 2(t)). Now we use
the relation

(4.6.4) @ xcurl A= (&1Ay, — #1A,) -
l

As a consequence (4.6.3) assumes the form
_E
V1— 22

According to ch.1, footnote 1 we have the electric and magnetic field £ and H

(4.6.5) ( ) = —Au(t,2(t) — Vi (t,z(t) + & x curl At z(t)).

given by

(4.6.6) E=—-Ay—grad V, B=curl A |,

1

T in the physical units we employ here.

and the relativistic mass will be
Accordingly (4.6.5) reads

i
VI—i?

Clearly this exactly describes the acceleration of the charged particle under the

(4.6.7) ( ) =E+ixB.

force of the (time-dependent) electromagnetic field acting on it.

The above was evaluated for A;. For A_ we get the same equation (4.6.7),
except that left hand side bears a minus sign - in accordance with the fact that,
for a positron, all forces act in the opposite direction.

But now let us also try to interpret the propagation of (4.4.21), coming into play
only for observables with symbols inducing a nontrivial map of the two eigenspaces
S.. It will be necessary then to evaluate the matrices ©F of (4.4.21).

Two things are important: First - (4.4.21) again is an ODE for the 2 x 2-
matrix - say, £ = kT, - again along the particle orbits - solutions of (4.2.24),
with differentiation “”=0; + A0z — A2 0¢. Arguments similar to those in sec.4.2
apply, concerning the two propagations A — U(0,¢)AU(¢,0) and (the Heisenberg
representation) A — U(t,0)AU(0,t), with the difference that ¢; now does not
propagate constant along the flow, but rather, as a solution of an initial-value
problem of a first order linear homogeneous ODE.

Second, to simplify calculations, we note that the matrices ©® occur only in a
commutator of the “equations of motion”. When we evaluate it we may omit any
additive term giving a scalar multiple of the 2 x 2- identity matrix, because its
contribution to the commutator will vanish. We shall write “a = b(mod 1)” if b—a
is a scalar multiple of the identity matrix

Again we focus on “+” and drop the +-sign in notation.
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First we look at (the 2 x 2-matrix)

(4.6.8) 0~ = (((5,91))) = (p1,502)" (V1. 93) -
From (4.4.1) we get
(4.6.9)

1
(4101’<)02) = (1 +U0)(—ila’y) ) (¢17¢2) = 5(—2’10'7) ) with 9= 1 _:_j,UO = 1 +C<C> ?

hence (1/1/171%) = %(—?o’y/) i andv

o 1 , 1 . /
(4.6.10) o~ = 5(1 + vo) (o) (0y') = 5(1 + vg)io.(y xv") (mod 1) .
Here we used the well known formula

(4.6.11) (0&)(on) = En+io.(Exn), &neR?.

Note, v = (/(1+(¢)) is a scalar multiple of ( = £— A, hence yx~' = WC x (',
since ¢ x ¢ = 0. Thus we get - all (mod 1) -

(4.6.12) o~ =~ !

Next we calculate

(4.6.13) (€= A) = {0+ Ne,Ory = 3 N O, HE— A)

where A\, = (§5 — Aj) /(€ — A) and N\, = Vi, — D> Ay, (& — A1)/ — A) .
The result is this:

Y
(= a) Ao

(4.6.14) (& —AR) = —Apr = Vg, — > —Aj.,), k=1,2,3.
J

The last term equals —&—ﬁ(curl A x (£ — A))g. Thus we have

(4.6.15) C=(6—A) = Ap-Vp + @_71A>curl Ax(E—A),

and we get

(4616) (= A)x (€~ A = x ¢ = x (<Via = A — 755 (0B~ ().
All togeter we get

(4.6.17) ov =L 1w+ (PB=(CB)) .

2(0(1+(0) (€
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Next we set out to calculate the other part 2(¢)©1! of the matrix © of (4.4.20).
Here it might be some help to go back and write

(4.6.18) 2(C)pp|ep)aP = PPeh|ap

noting that 2(C)pp|ep|ap = A4-PP|eP|aP + A—DPP|ep— | While ppiep = 0.
We get

1 .
(4.6.19) 2(¢)et = §(1 + Uo)(l,’LO”}/)p|5h0(C)|x(7ilg,y) (mod 1)
with h°(¢) = a¢ + 3, since the term V|, (1,i07)(_},,) = V(1 + |y[?) is scalar,
using (4.6.11).

Now we get p = (1 + h(()g(f)) = 5(1+voho(¢)), hence pje, = 5(voje, /v0)ho(C) +
%voak where the first term at right will generate a scalar multiple of 1, hence may
be ignored. Also, ho(()jz, = X a;(& — Aj) + B) e, = —(.A),. Substituting
into (4.6.19) we get

(4.6.20) 2(¢)0' = —%(1 +00) (1,i07) (D A,y (L) -

4l
But we have
(4.6.21) Z Ajjp a0 =div A —ip. curl A,
jl

with p = (82), where again the first term may be ignored, when we substitute this
into (4.6.20). We get

(4.6.22) 2(0)0" = —%vo(l +uo)(Lioy)pB(_L) |
A matrix calculation then gives
(4.6.23)
(o) (%) ) (o) = 0B) + (0)(@B)o) = (1 = hB + 2,57
We have 1 — |y|2 = 1+2<C> s0 (4.6.23) equals
2 1

.6.24 B B)() .
(1.6.21) e B g B0
All together we then get

6. ol=—L Lo+ —L (B
(16.25) 200" = 5 B+ 57580

Collecting things, up to here: We have
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(4.6.26) 0 =0~ +2()e!

with ©1 of (4.6.25) and

S 1 ep
(4.6.27) o~ = NG REN(S) (CxE+ <<>(|C| B—(¢.B)()) .
We may write © = —%O’.T with
1 (I 1 1
(4.6.28) T = m(( X & — @(ICI B—(¢B)})) + <<>2(B+ [Ews) (¢B)C).-

Any (hermitian symmetric) 2 x 2-matrix s may be (uniquely) written as k =
k? + 0.R, (often called the Garding-Wightman representation). In this form the
DE (4.4.21) reads like this:

(4.6.29) (K% =0, F+TxRF=0.

The first equ. (4.6.29) councides with (4.2.16), or its translation (4.6.7), using
standard physical terms - this happens if ¢; is a multiple of the identity. In order
to evaluate the second (4.6.29) we must simplify Y of (4.6.28).

Notice the terms with ((B)¢ cancel while B carries the factor ﬁ(l + %) =
m(l ++(0) = %

Thus we get

1 1
(4.6.30) Y=———(xE+—B.

QA +() (©)
We still must use (4.6.1) and (4.6.2) to introduce visible physical quantities. We
get

VitE
4.6.31 T=—Fr—ix&+V1-302B.
( ) 1+V1—i2
All in all then, our equations (4.2.14) have assumed a form characterized as

follows:

Theorem 4.6.1 We consider time-dependent potentials V, A sat-
isfying cdn.(X) with all their time-derivatives.

Under the Heisenberg transform A — A; = U(t,0)AU(0,t) the
“commutative part” q of the symbol a = q + z € e, of a “precisely
predictable” observable A = a(x, D) propagates as ¢ — q = q; +
q; where qti(x,f) leave the eigenspaces Sy (t,x, &) of the Hamiltonian
symbol h(t,z,&) (to Ax =V £ (£ — A(t,x))) invariant.
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Specifically, the map q;7 (z,€) : Sy (t,x,€) — Sy (t,,&) has a matriz
Kk = r¢(x,€) (with respect to the bi-orthonormal system (4.4.1)) which
decomposes as k = K + 0.8, and with x° propagating as a constant
along the “electron particle flow” determined by the “classical equations
of motion”(4.6.7) - i.e.,

T
e

On the other hand, the 3-vector Ky propagates along the same classical

(4.6.32) ) =E+ixB.

electron flow, obeying an equation of motion of a magnetic moment
vector (the spin-vector), of the form

1, - o 1 )
(4.6.33) ﬁm =B~ , where B~ =B+ mwxg,
with the electric and magnetic field strength £ and B of (4.6.6), where
“” denotes the directional derivative along the flow, given by (4.4.13).
Similarly, the other part q— of the symbol q will propagate with a
matriz k_ (with respect to the system (4.4.2)) for S_ and “classical

orbits” of the positron and the positron spin, described by equations
corresponding to (4.6.31)-(4.6.33).

Remark 4.6.2 Looking at thm.4.6.1 one observes that the value of the right hand
side at a given t, x,& represents the magnetic field strength B~ an electron, located
at x with momentum &, moving at velocity & - effected by the field of A,V - should
experience at time t. If we interpret the vector K(t, x,£) as the magnetic moment
of the electron at (t,z,€) - which moves with the particle along the orbit through
(t,z,€) - then K'(t,x,£) should be the rate of change of that magnetic moment.

The factor \/11_7 ~ 1 for relativistically small velocities should be regarded
as a relativistic correction. So then, eqn. (4.6.33) just states that the magnetic
moment approzimately has the absolute value 1 - that is, it is of “ Bohr-strength”
(cf.[So1]) as it should be.

Remark 4.6.3 According to the “Stern-Gerlach effect” the orbit of an electron
should also depend on the direction of its spin. But, in the above, such effect is
not evident. Rather we get just the classically determined orbits of electron and
positron without influence of the spin.

Note, however, this Stern-Gerlach effect is quantum mechanical, insofar as in
all experiments proving it, there are only 2 spin-directions observed, not a con-
tinuous distribution - as it seems to us. So, since we are only looking at a first
approzimation, in this chapter, it may not be astonishing that this effect escapes

our observation.
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The (only) two-fold orbits of our theory arise from the fact that the Dirac
Hamiltonian’s symbol h(t,x,£) - as 4 X 4-matrix, has only two distinct eigenvalues
AL =V (&= A), each one of multiplicity 2. If we look closely at the decoupled
Hamiltonian of sec.3.5 then it appears that a split of Ay into 2 distinct eigenvalues -

2 _ might be more natural to use

both differing from Ay only by a symbol of order —e
for obtaining orbits of the electron. However, such split is not strong enough to be
incorporated into our theory of observables, since it will disappear as |x|+|&| — oo.

Also, the construction of higher order corrections of observables, we will discuss
in ch.V, will give us additional “decoupled symbols” - the matrices c+ of (4.2.15)

(propagating in time) - to be considered while determining classical orbits.



Chapter 5

The Algebra of Precisely
Predictable Observables

5.0 Introduction

In this chapter we will start by discussing a precise theorem giving a necessary
and sufficient condition for smoothness of the (inverse) Heisenberg transform, with
some “framing conditions” added. Note, the symbol classes ¢, carry a “topol-

ogy” (in fact, a Frechet topology), defined by the sup norms!

(5.0.0) flali= 3 [la) "= (€ al) (0, e aey 4= 0.1,2,.
16]=4.e|=t

where, as usual [|b(z,§)||grs = sup, ¢cgs [b(x,€)|. This allows a definition of differ-
entiablilty of a symbol a;(x, ) for a parameter ¢: We shall say that

ar = a(x,€) belongs to C°(R,1¢,,) (or that the symbol a; depends
smoothly on t) if a;(z,£) € C®(R x R%) and if, in addition, the
time-derivatives ay, dy, . . ., 85(1,57 ... all exists in all of the above norms
(5.0.1). Then also the pdo A; = a.(z,D) will be called a smooth
functions of ¢ (within the space Opcyy,).

We return to sec.4.2, and its assumptions there: time-dependent potentials
A,V satisfying cdn.(X) with all their time-derivatives, for all . We have the

n view of the results presented in ch.2 it is possible to carry over this Frechet topology to the
operator class Opcy, by using the (countably many) norms ||<x>m2"”adiadbA(D)ml*w' |-
In view of (2.1.7) [which expresses the symbol as a trace of the product of a fixed trace class

operator and an operator of the form (2.1.5)] we then get an equivalent topology on Opycy,.

117
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evolution operator U(r,t) of the Dirac equation, an operator of order 0, - for

time-independent A,V coinciding with e~ *(t="#

- and consider the (inverse)
Heisenberg representation A — A; = U(0,t)AU(t,0), for an unbounded operator
A acting on a dense subdomain of H. We still assume A € Opic,, to be a strictly

classical ¥do , and set 7 = 0.

In ch.4 - centering around relation (4.2.7) - we were developing a procedure
to determine A, for a given A - assuming that (i) A, = a;(z, D) still belongs
to Opyc,,, while (i) even d; € ©c,,_o1. Actually, it was seen that these two
conditions alone imply that the symbol a(z, &) of such an operator must “nearly”
commute with the symbol h(0;x,&) of the Hamiltonian H(t) at ¢ = 0. More
precisely, there must be a decomposition a = ¢ + 2z - and, generally, a; = ¢ + 2¢,
where ¢:(z,§) commutes with h(t;x,€) [so, ¢q(x,&) = ¢(0,z,§) commutes with
h(0;2,8)], for all x,& while z = 20 , 2zt € VCm—e-

Also, starting with an arbitrary given symbol ¢ € ¢, with [h(0; z, &), q(z,£)] =
0 for all z,£, we were attempting to construct a “correction symbol” z(z,§) €
em—e - and, more generally, continuations ¢; with [g, h(t)] = 0 and z(z,€§) €
Yem—e With zg = 2z such that A = a(x, D) with @ = ¢ + 2z has a smooth (inverse)
Heisenberg representation, given by a:(z, D) with a; = ¢ + 2.

Our construction - so far - was not carried out completely, insofar as only ¢,
and an approximative z and z; were obtained. This approximation was seen to be
useful, however, insofar as it was correct “modulo lower order” - that is, its error
tends to get negligibly small as |z| + |£] — oco. And the usefulness of this was
confirmed, perhaps, since, among other facts, we were able to derive the classical
equations of motion from it - including motion of the spin as a classical magnetic

moment vector.

In the present chapter we will offer a mathematically complete theory, showing
that an iteration of our procedure can be designed which indeed will supply a
precise correction symbol z € ¢y, for every symbol ¢ € ¢, commuting with
the Hamiltonian symbol h(¢,z,£) at t = 0 such that indeed (1) ¢ and z both will
have “extensions” q; € ¢y, and z; € Yy, for all t € R, where ¢ = q , zp = 2,
while [h(t;2,€),q:(z,€)] = OVx, € € R3t € R; (2) ¢ € C°(R,%c,,) and z €
C®(R,Ycm—c); (3) A = q(x,D)+ z(z,D) and A; = q;(x, D) + z(z, D) satisty
Ay =U(0,t)AU(t,0) - that is, A; is the (inverse) Heisenberg representation of A.

In sec.5.1, below, we will set up the precise class of operators for the above,
and then will state and prove the corresponding theorem. The main ingredient of
the proof will just be an iteration of the procedure in sec’s 4.2 and 4.4. But we

again will need detailed facts about symbol propagation. These will be discussed
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in sec.’s 5.4 and 5.5 together with those postponed in our discussions of sec’s 4.2
and 4.4.

Our discussion in sec.5.1 will get us an algebra P(0) of precisely predictable
observables at the initial point 7 = 0, but the procedure will work for any given
initial 7, of course. Moreover, the operators of P(0) will propagate — with their
inverse Heisenberg transform, creating the algebra P(7) at some arbitrary 7. These
facts will be discussed in sec. 5.2. In sec.5.3 we return to the discussion of physical
consequences surrounding this kind of “prediction”.

In sec.5.6 we will obtain an explicit second correction, at least for two dynamical
observables - the energy split into potential and relativistic mass. [Here we assume
time-independence and vanishing magnetic potentials A ;, but a general V(z).]

In earlier publications [Co3],[Co4] we proposed the concept of precisely pre-
dictable observable as that of a self-adjoint operator A € Opyc with smooth
Heisenberg representation, in the above sense. Such observables thus may be con-
structed from any given ¢(z,£) € ¥c commuting with h(0;z,£) by constructing
above correction symbol z, then defining B = ¢(z, D) + z(z, D) and finally choos-
ing A= %(B + B*), to obtain a self-adjoint operator (and a precisely predictable
observable).

In the case of time-independent symbols this choice may be refined, by bringing
into play the Dirac decoupling of ch.3. Namely, after proving thm.3.3.1 = thm.5.5.1
we may use the precisely decoupling unitary operator U of sec.3.5 and declare only
those self-adjoint 1do-s precisely predictable which decouple precisely by that U.
For precisely predictable approximations - in the sense of ch.4 or ,rather, of sec.5.1
- this means that we still must add a correction of order —oco after carrying out
the iteration constructed in sec.5.1. This will be discussed in sec.5.8, after first
discussing a proof of thm.3.3.1 in sec.5.7.

In the details of proofs, given in this chapter we will be partly dependent on
certain results discussed in detail in [Co5], ch.VI, but too lengthy to be taken
into the present book. Mostly they are straight-forward but more complicated
extensions of theorems discussed here under restricted assumptions - for easier

access.

5.1 A Precise Result on {ydo-Heisenberg

Transforms

For every m € R? let us introduce the class P,,, C Optpc,, of all (strictly classical)
pseudodifferential operators A = a(x, D) € Opipe,, with the following property:
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The (inverse) Heisenberg transform A, = U(0,t)AU(t,0) (with the
evolution operator U(r,t) of the Dirac equation (1.0.1),(1.0.2) - with

time-dependent potentials), belongs to Opie,, again, for every t € R.
Moreover, we have A; = a;(x, D) with a symbol a; € C®(R,c,,),

and, moreover, we have
(511) 8gat(x,§) 6'l/)cm—jeQ ,7=0,1,2,...

The class P - evidently an (L?-adjoint invariant) algebra®- then is defined as
union of all P,,:

(5.1.2) P=J Pm.

meR?

General assumptions® on the potentials of H: For a(t,z) = V(t,x), Aj(t,x)

and also for all time-derivatives &/ a(t,z) , j = 0,1,2,... require cdn.(X) of sec.3.1:
(5.1.3) N dla(t,x) = O((1 + |=))~171), z e R?,
for each compact t-interval, and for each multi-index 6.

Theorem 5.1.1 (i) For each A = a(x, D) € Py, the symbol allows a decompo-
sition

(5.14)  a=gq+z, withz€vYemc, [W(0;2,6),q(x,6)] =0, 2,6 € R®.

(ii) Vice versa, if a symbol q € e, commutes with h(0) for all z,& € R3, there
exists z € Yem—e with A = a(x,D) € Py, for a = q+ z. Here the “correction
symbol” is an asymptotic sum z = Xz; (mod O(—00)), with solutions z; of first
order commutator equations, recursively, where z;_1 must be adjusted to insure
solvability for z;.

(i1i) Suppose Ay, Ay € Py (both must have a decomposition (5.1.4)) have the
same q. Then b= z1 — z9 is symbol of b(x, D) € Pp—e; it allows (5.1.4) with m—e

instead of m.

2Regarding the algebra properties: Note that asymptotic sums (in the sense of prop.1.2.2) are
finite sums near any finite z, £, hence may be differentiated term by term. This shows that cdn.
(5.1.1) remains valid for products and adjoints of operators. It is evident that the algebra P and
its graded subspaces P;, depend on the choice of the “initial point” - in our case 7 = 0, except if
potentials are time-independent. So, we should refer to P(0), or, in general, P(7). Later it will
be seen that A — A; provides an algebra isomorphism P(0) — P(t).

3Then the (4 x 4-matrix-valued) symbol h(z,¢) and the eigenvalues At (z,&) all belong to

1cg1, while the unitary u(z,§) of (3.2.1), the projections p+ of (4.2.9), and the dyads ptijl of
(4.4.3) all belong to co.
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Proof. We postpone the prooft of (iii) to sec.5.7. [While we wanted to state
this here - since it is a kind of uniqueness statement, linking (i) and (ii) - it is
easier to verify ( and perhaps more transparent) after we learn about the unitary
decoupling of our algebra P in sec.5.7.]

In essence, we will have to refine and continue the argument of sec.4.2. Let
A € P,,. Note, the derivatives 9,U(0,t) and 9, U (¢, 7) exist in L(Hs, Hs_1) for
every s, and 0;U(0,t) = —iH(¢t)U(0,t) , 0:U(t,0) =4iU(t,0)H(t) are operators of
order e' - not 1do-s, but they map H, — H,_.1, continuously®. Thus it follows
that (4.2.4)) holds - i.e.

(5.1.5) A= —i[H(t),A] ,teR, Ag=A,

holds, where again A; = a4(x, D) € Ope,y,, by assumption. Using (5.1.1) and
1do-calculus (1.2.3)-(1.2.6) we then get (4.2.7), i.e.,

(5.1.10) a¢ = —i[h(t),as] — {h(t),a:} + %{h(t), atto + ... (modO(—0)) a0 = a .

By (5.1.1) we also have a; € ¥c¢,,_.2 while all other terms except the first at right
are in Yc,,_.2. It follows that the commutator [h(t), a:](z, &) belongs to e, _e2.

4The point is that cdn. (5.1.1) may not be needed for a study of a “local algebra” correspond-
ing to P. Note, if in (5.1.10) we ignore all Poisson brackets at right as terms of lower order [they

are c, then we get

m—e2]

(5.1.6) a = i[h,a¢] mod (¢c

m782) N
With the projections p+ = %(1 + h(€)/(€ — A)) - assuming A time-independent, for a moment
-and X.5 = pXps , €,0 =, it follows that

(5.1.7) [hyatl44 = [hyat]l—— =0, [hae]4— =2(€ — Aary— , [hyat]—4 = —2({ — A)ar—4 .
Accordingly, we conclude that (modulo TZJCm—e,g) we have
(5.1.8) tpg =at—— =0, arg— =21{§ — Adaty— , at—+ = =216 — A)ar—+ .

If this were sharp equations - not only mod (¢, — €2)) - then this at once implies that asy
and a+—_ would be independent of ¢ - so equal to their value at t = 0, while we get

(5.1.9) arr— =aq_(z,)e?HEA) g L —a | (z,£)e 2HEA)

Here it is easily verified that the functions at4+— and a¢—4 can be (strictly classical) symbols
only if the “starting symbol” a(z,§) has order m; = —oo - that is it belongs to ¥c—oo,my =
N{Yemy,ms : m1 € R}

Indeed, when taking (multiple) &-derivatives of the product (5.1.9) some of them will land on

the factor eT2it(&)

which does not produce decay when differentiated for . So, some decay will
be lost and must be made up for from the other factor.

So, this explains why our result needs the cdn. (5.1.1) - if we work without that we will
get a larger class of 1¥do-s: Applying the decoupling operator U to this larger class we will get
operators with “ears” in 9c_oo, c0-

We will not discuss this in further detail.

5cf. thm.4.1.1 - or, more generally [Co5],VI, thm.3.1.
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With the eigen-projections py = p4 (t) of h(t) (of (4.2.9)) write

(5.1.11) ap = Qg4 + Qpy— +ap—y +a—— with ap44 = prap+
to get
(5.1.12) [h(t),at] = Ay — A_)(apy— — ap—4) for all z, € .
Thus
(5.1.13)
1 1

_=——pi[h(t _ i=———p_[h(¢ e .
A4 2<§_A>p+[ ()7at]ewcm ey At—4 2<§—A>p [ ()7a’t]€'¢)cm e
So, just define g; = aty+ + ar—— = prarpy +p-arp—, and 2z = prap— + p-apy

to get the decomposition a = g+ z as stated - [h,q] = 0 for all ,£ , ¢ € Ve, 2 €
Yem—e (even for all ¢, not only for ¢t = 0), proving (i).

Vice versa - for the proof of (i), let ¢ € 1c,, be given with [h(0, z,§), g(z,§)] =
0V z,& In sec.d.2 and sec.4.4 we already constructed symbols® ¢, € ¢, and
2zt € WYem—, solving eq. (5.1.10) modulo ¢, _o_.2. As next step we will go
into (5.1.10) with a; = ¢ + 2zt + wy , Wi € YVCm—_2e, Wi € YCpy_oe_c2 (seeking
an improvement w; for our first correction zt), in the attempt to improve our
approximation. Using that z; satisfies (4.2.16), and that [h(t), ¢:] = 0 we conclude
from (5.1.10) that

(5.1.14) (L), wi] + {A(t), 2} — %{h(t), Gda + 2 € ey a0t

In particular, note that {h,q:}; € Y¥cmqer—je and {h, 2t} € YCmier—(j41)e, SO
that only the Poisson brackets listed in (5.1.14) appear. But we must assume, for
now, that also w; € 1¢,,_9e_e2, for the w; we will construct. This indeed will
be verified later on for the w; we now attempt to construct by setting the left
hand side of (5.1.14) equal to 0. In other words, we try to solve the commutator

equation

(5.1.15) [h(t), w] = i({R(t), 2} + 2 — %{h(t>7(1t}2) =,

where the right hand side is in ¢, _._.2. Again a solution w; of (5.1.15) exists if

and only if we have

(5.1.16) pyaipr =p_zp_ =0.

6Recall that g; was constructed using the Hamiltonian flow induced by h(t;z,€). Tt will be
essential that this flow has the following property: Write it as (ft, pt) = (fie(z, ), pe(x,§)), so
that fy = hie(t, fr,0t), ot = —hip(t,2,€) and fo(z,€) = =, po(z,§) = £ For any symbol
a € Ycm (and any m, any t) we then must have a:(z, &) = a(fi(z,§), pe(x,€)) € Yem. This is
the statement of thm.5.4.3, below. Note, this automatically also implies that a; = (a)5)¢(hj¢)t —
(aje)t(hz)t € Pe,y, o2 -ete. [With cor.5.4.4 we also get the required cdn. (5.1.1) for ay = q¢+2¢.]
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This will not automatically be true. However, we recall that the symbol z; we
constructed in sec.4.2, explicitly given by (4.2.15), was not uniquely determined.
Rather, z; of sec.4.2 was given by (4.2.15) with w; of (4.2.12) as soon as we have
determined ¢;. Recall, ¢, was obtained by letting the components ¢* float along
the particle flow, as described in sec.4.2 and sec.4.4. But in (4.2.15) there are those
functions ¢4 with ¢4+ = piciep4, so far left quite arbitrary except for assuming
that they are symbols in ¢, with ¢y € e, 2. Replacing z; in (5.1.15)
with z; 4+ ¢;, where z; is given by (4.2.15) with ¢x = 0 and ¢; = ¢ + ¢c_ we may
write (5.1.16) as

(5.1.17)  pa(®)(ée + {h(t), e} + (e + {h(t), 2} — %{h(t% Gt }2))p+(t) =0,

where now the symbol y; = Z; + {h(t), z:} — %{h(t), Gt}2 € YCpy_o_e2 is completely
determined by our preceeding operations. So, again, first we must determine c¢;
by solving the two equations (5.1.17). Once ¢; solving (5.1.17) is found we have
(5.1.16) with

(5.1.18) zp = i({h(t) 2z + e} + 2+ & = S{h(t) ar2) -
and then simply have
1
1.1 =d die + ————— - —p-
(5.1.19) wy t+ + d— + 2(§—A(t,a:)>(p+xtp P_TiDy)

verified just as (4.2.15). Again diy are arbitrary symbols in c,,—o. satisfying
d+ = p+dip+, and we may impose the additional condition that dy € PCm—20—_e2-
Then we get w; € 1¢,,_2e_e2 as required for our Ansatz a; = q; + z; + wy.

Now we must solve the problem of finding a solution ¢; of (5.1.17). Observe that
¢; commutes with h(t), by construction, just as ¢; did, in our first construction.
Moreover, the two matrices ¢, of (4.2.15) correspond to (what we called) ¢ in
(4.2.13). Moreover, the conditions (5.1.17) for ¢; - i.e., px (¢ +{h(t), et} +w)p+ =
0 look exactly like eq.’s (4.2.14) on ¢, except that we now have an additional
“inhomogeneous” term piy:p+ which was 0 in (4.2.15).

We may apply the technique of sec.4.4 again to convert (5.1.17) into a pair of
first order PDE-s for the matrices 7} of ¢;+ with respect to the bi-orthogonal sys-
tems (4.4.1)-(4.4.2): With the matrices pﬁ defined there we have ¢+ = Zvﬁpﬁ,
and let also p+y;p+ = Zvﬁpﬁ Then the same calculation performed in sec.4.4
transforms (5.1.17) into two 2 X 2-matrix systems of the form
(5.1.20)

with notations as in (4.4.21). The first system (for “4”) contains only the unknown

2 X 2-matrix function vT, the other one only v~. There is the directional derivative
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“” along the Hamiltonian flow of the system (4.2.24) again, for the two cases
“+7 and “”, and the first (5.1.20) translates into the (system of) first order

inhomogeneous ODE-s
(5.1.21) Y410, +uv, teR,

for the 2 x 2-matrix function v;(z,§), assuming “4” (and omitting “+”). The
system (5.1.21) is uniquely solvable, given an initial matrix vp. In sec.5.5 we will
show that the solution ~; extends uniquely for all ¢ € R, and defines a symbol
in Yem—e, given that vo € Yem—e, [and, of course, using that yr € e, 2
implies vy € ¥epy,_e_e2]. Normally we will assume that v9 = 0 to get ¢ = 0,
so that the “commuting part” of our symbol a equals ¢. It also will follow that
Yt € WCp—_e—e2. With this all, we then are assured that the condition for solvability
of the commutator equation (5.1.15) is satisfied, so that then we may write down
its solution in the form (5.1.19).

Note then, that, indeed, Wy € Ve, _ge_e2, due to yy = —ixy € Yey_e_e2, as
we requested, when setting up (5.1.15). [And, moreover, cor.5.4.4 will give the
required cdn. (5.1.1) for a; = g + 2¢ + wy.]

Note also, that we now have uniquely”defined functions c;+ in (4.2.15), assum-
ing that co+ = 0.

It now should be clear that we may repeat this process of correction arbitrarily,
to get a sequence z;, wy, S¢, I't, - - . of corrections of lower and lower order.To indicate
just the next step: we will go with the Ansatz a; = q; + z; + w; + s; into equ.
(5.1.5) and use that [h(t),q:] = 0 and that (4.2.12) and (5.1.15) are valid. This

will give yet another commutator equation

(5122) (), 5] = C0h(0) w} + b — AR, 7k — AR aids) =

modulo ¥c,, _3._.2, assuming that also s; € ¥c,,_3._.2. We then solve the sharp
equation (5.1.22), and again get a condition prw;py = 0 for the right hand side of
(5.1.22). This last condition translates into an ODE along the particle flows, for
the matrices of dyy just like (5.1.21) for the ~; or (4.4.21) for the k;. Again we must
invoke thm.5.4.3 to verify that the d; obtained are symbols of proper order, and

that also $; € 1¥c¢,,_3._c2, as needed for the Ansatz. Furthermore, again, cor.5.4.4

"Note that our initial split az = g¢ + 2¢, obtained while proving statement (i) of our theorem,
-ie. (5.1.11),(5.1.12),(5.1.13), above - will bring forth different ¢; and z¢, as we have constructed
now: We will get the split ar = (q¢ + ¢t) + 2z¢, with z; of (4.2.15), setting c+ = 0 there. In other
words, our ¢; there no longer will be the initial ¢ flowing along the particle flow. Rather, there
will be a lower order perturbation ¢; of g¢ also commuting with h(t) but propagating differently.
One might try to relate this to the Stern-Gerlach correction of particle orbits, for different spins.



5.2. Relations between the Algebras P(t) 125

will bring the required cdn.(5.1.1) for the “partial sum” a; = q; + z¢ +w¢ + s;. The
new correction s; then will be given by a formula like (5.1.19) with z; replaced by
wy and new arbitrary symbols d;.

In this way we end up with a sequence ztl =2 € YCm—e, ztz = W € YWCm—_2¢, zf’ =

St € VCm—3e, - - - ,zg € YCm—je, - - -, such that the “partial sum”
AN = g¢(z,D) + Z;v:1 z (x,D) € Opipey, satisfies (5.1.5) modulo a term Qf
order m — Ne — €2, for all N = 1,2,3,.... The asymptotic sum 2{° = S A,

in the sense of prop.1.2.2, then will give an operator A; = ¢ (x, D) + 2°(z, D)
satisfying® (5.1.5) mod O(—occ). Then form

(5.1.23) By = U(t,0)AXU(0,1) — A .

Note we have By = 0 and B, = iU(t,0)[H(t), A|U(0,t) + U(t,0)AXU(0,1),
where U(0,t) and U(¢,0) = U*(0,t) are of order 0 (as evolution operators of a
semi-strictly hyperbolic system of ¢do-s) while A% +4[H(t), A] € O(—o0), as just
derived (cdn.(5.1.5)). It follows that B; € ¢®(R,O(—00)) as well. Integrating
from 0 to ¢ it follows that B; € C*°(R, O(—o0)). In other words, we get

(5.1.24) U(0,£)AXU(t,0) = A + U(0,)B,U(t,0)

where again the last term belongs to C*°(R, O(—oc0)). But O(—o00) = Optpc_ o,
by prop.1.4.6. Hence U(0,t)BU(t,0) = 2°(z, D) is a 1do with some symbol
Zt € Yc_oo. In particular, the right hand side of (5.1.24) is a ¥do of the form
qt(z, D)+ (22°+22°)(x, D)) where the symbol a; = g1+ (z:+2;) satisfies cdn.(5.1.1),
while 27° + £° is a symbol in ey, —c.

Conclusion: For the given symbol ¢ commuting with h(0) and a = ¢ + 2§°
with z5°, as defined above, we have U(0,t)A®U(t,0) = AP + Z° = (¢ + 27° +
25°)(z, D).

This completes the proof of (ii).

5.2 Relations between the Algebras P(t)

It might be useful now to reformulate our results of sec.5.1, by removing the special
emphasis we put onto the point 7 = 0 as the “initial point” for the start of the
smooth-inverse Heisenberg transform.

Looking at the definition of P,, and P around fla. (5.1.1), and at the group

property

(5.2.1) U(r,t) =U(k, 7)U(T,K)

8That asymptotic sum is a finite sum near every finite t,z, ¢ - even in compact t-intervals.
Hence it may be t-differentiated term by term, and we get cdn.(5.1.1) for it.
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of the evolution operator U(r,t) - valid for all 7,k,t € R - it will be clear that,
with P(0) := P, defined as in sec.5.1, and

(5.2.2) Pu(r) ={A, =U(0,7)AU(7,0) : A€ Py}, P(1t) =UPp(7),

we have defined a graded algebra for every 7 € R, just as for 7 = 0.
In particular, we note that P(7) may be redefined exactly parallel to the defi-
nition of P = P(0) in sec.5.1:

P (7) consists precisely of all (strictly classical) ¢»do-s A = a(x, D) €
Oppey, such that A,y = U(7,t) AU (¢, 7) belongs to Opic,, again, for
all t € R, and that, moreover, A, = ar¢(x, D) with symbol a,; satis-

fying
(5.2.3) & ary(2,6) € e _jez , 5=0,1,2,... .

In fact, let A = a(x, D) € P(7). Such A is of the form A = U(0,7)A°U(r,0)
with some A° = a°(x, D) € P = P(0), by our definition of P(r), and then we have
a(z,€) = al(x, &) with a? defined as in (5.1.1). Using (5.2.1) we then get
(5.2.4)

Ay = U(r, ) AU(t,7) = U(,)U(0,7)A°U(1,0)U (¢, 7) = U(0,t) A°U(¢,0) = A .

Thus,
(525) aTt(:Cag) = a?(z7£) .

This shows at once that we have (5.2.3) if and only if we have (5.1.1).
Similarly we conclude that
(5.2.6)
U(r, )P (1)U (t,7) = U (7, ) U0, 7) P U(1,0)U (¢, 7) = U(0,¢)PrU(t,0) = Pra(t)

so that we have an algebra isomorphism P(7) — P(t) given by the map

(5.2.7) P(r) = U(r, O)P(n)U(t,7) = P(t) .

It might be important here to point to an inherent unsymmetry between
the parameters t and 7 here: For a given A € Ope, the two-parameter family
{4+ = U(r,t)AU(t,7) : 7,t € R} is well defined, taking values in the class
of operators of order m. If A € P(r) for some specific 7 then we know that
A € P(t) C Optpey, again is a tdo for all ¢. But this needs not to be true for

other 7, specifically we expect it to be false in a neighbourhood of such 7.
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On the other hand, if potentials are time-independent, then, of course, we get
U(r,t) = et~ H with the (time-independent) H. In that case we clearly have

(528) A‘rt _ e—i(t—T)HAei(t—T)H _ AO,th ;

which shows that, in this case, we have P(7) = P independent of t. Moreover, the
algebra isomorphism (5.2.7) then becomes an automorphism of P. We then may
say that P is an invariant algebra of the Dirac equation - conjugation with the
evolution operator leaves P invariant.

Note, in the time-independent case, we may use the “forward Heisenberg trans-
form” to define the algebra P - this then only amounts to a time-reversal.

To repeat this again: The total-energy observable H is precisely predictable -
it belongs to the algebra P - in the case of time-independence. But this is not
so, if potentials depend on time, although in that case still there exists the
lower order correction symbol of thm.5.1.1. for the total energy H(7) at time 7.

5.3 About Prediction of Observables again

To clarify our approach regarding Heisenberg transform and precise (or approxi-
mate) prediction of observables let us here discuss a comparison of classical and
quantum mechanics, looking at - say - the orbit of our particle, as a classical pre-
diction of future behaviour of the mechanical system - electron or positron in a
given electro-magnetic field - we are studying.

Classically, at time t = 0, we are given the space-momentum coordinates -
perhaps also the magnetic moment - of the particle. So, we are given the space
and momentum coordinates = and ¢ (and, perhaps, also the initial vectors K% of
sec.4.6) at time ¢ = 0. We then have the equations of motion (derived for us in
sec.4.6) - a system of first order ODE-s determining the propagation of z,¢, #*+
giving us an initial-value problem (for ODE-s) with completely determined initial
data. From these data we can derive a unique orbit of the particle, predicting
x(t), £(t), KT (t) with infinite accuracy - theoretical error = 0.

In quantum mechanics - with our special interpretation of v.Neumann’s rules -
we have given corresponding observables x;, D; as linear operators on the Hilbert
space ‘H, postponing discussion of the spin for now. These observables work at any
time ¢. With the Schrédinger representation, for a moment, we have not an initial =
or an initial momentum & given, at time ¢t = 0, but, rather, an initial physical state
to(z) € H with ||¢ho|| = 1. This may be a (near) eigen-state of z - i.e. a d.(x —2°)

0

- certifying location of the particle near z°, or similarly a (near) eigenstate of D-

but not both. With Schrédinger location and momentum are given by  and D
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for all ¢, but the state 1y propagates as a solution of ¢ + iH(t)y = 0 from g
into ¢(t) = U(0,%)1)0. An attempt to predict x or D at time ¢ then amounts to
studying the observable A = x or A = D in the state ¢(t) - or, equivalently, with
Heisenberg, the observable U(t,0)AU(0,t) = Az in the state vyg.

Now, since neither z nor D belongs to the algebra P(t) containing the precisely
predictable observables at time ¢, the expectation value of A in the state ()
cannot be predicted with infinite accuracy in the sense of v.Neumann. Rather, we
must hope to find a precisely predictable approximation A, of A. In that respect
we note that A € P(t) is equivalent to A € P(0), by fla. (5.2.7). So we now may
try to apply thm.5.1.1(ii) - either on the operator A for P(t¢) or also on A for
P(0) to construct an approximation of A from the algebra P(¢). Of course, this
works only if the symbol of A commutes with the symbol h(t, z,£) of H(t) - which
is true for A=z and A= D.

Nevertheless, we should make the point that this - precisely - is the re-
placement, Quantum Mechanics makes for our observation of the orbit
of the particle.

Or, with some weaker attempt, one may only construct the first iteration, as
we did in ch.4.

Even if we would succeed in constructing such A, € P(t), we might still have
to refine this by adding yet another correction of order —oo to get into the still

smaller algebra PX of sec.5.8.

5.4 Symbol Propagation along Flows

In this section we finally attack the problem of symbol propagation under the
Hamiltonian flows v, used repeatedly in sec.’s 4.2, 4.4, 4.6, and sec.5.1. Generally
we assume given a (real-valued) symbol A\, = A\(¢;2,€) € Ycer , t € R. Moreover,
we assume \; € C%°(R,c.1) using the norms (5.0.1) for m = e'. Clearly this
may be verified for the two symbol eigenvalues A\ = V(t,z) & (¢ — A(t,z)) of
our Dirac Hamiltonian H, if the potentials V (¢, ), A, (¢, z) satisfy cdn.(X) with
all their time derivatives.

Repeatedly, in the preceeding sections, we were facing a problem of investigat-
ing symbol properties of solutions of an initial-value problem of a first oder PDE

of the form
(5.4.1) O+ Ng - Ogt — A - Ocu +ku — 1 =0, u(0) =uo ,

where k = k(t) = k(t;2,£) , L =1(t) =1(t;2,€) , ug = ug(x, &) are given symbols.

In the simplest case we had k =1 = 0, and the solution u(¢; z,£) a scalar. Then it
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was found that the general solution of equ. (5.4.1) consists of all functions constant

along the flow generated by the system of 6 ODE-s in 6 unknown functions z(t), £(¢)

(5.4.2) = Ae(t;2,8) , £ = —Ap(t2,8)

But we also needed to look at problems of the form (5.4.1) with non-vanishing k
or [, and even with matrix-valued solutions u(¢; x,€) - such as equ. (4.4.21), or
equ. (5.1.15).

In the latter case, (5.1.1) turns into an ODE along the flow, of the form

(5.4.1") @ +ki=1, a(0) =ug ,

where we set §(7) = govor = g(7;20-(2, &), &0.-(2,8)) , and with “”= 9,. Again
vy, denotes the flow (z,8) — (zo-(2,£),&0.-(2,§)) generated by the Hamiltonian
system (5.4.2).

We shall provide answers to questions around symbol properties of solutions
u(t;z,€) of (5.4.1) in 3 steps:

(i) The components f(z,£) = zo,(z,€) and p(z,£) = &or(x,&) of
the flow 1y, are symbols. Specifically, we get f = zg, € ¥c.2 and
@ = &y € Ye1. Moreover, we have f, ¢ of the same order than z, ¢,
respectively. That is, c(x) < (f) < C(z) and ¢(§) < (p) < C(¢) with
positive constants ¢, C, in compact 7-intervals.

(ii) The substitution g — g o vy, preserves the symbol property of
the function g - in the sense that g € ¢, if and only if g o vy, € VYey,.

(iii) The solution of (the ODE-initial value problem) (5.4.1") pos-
sesses the same symbol properties as its initial-value ug and its un-
homogeneous term b, assuming that the (matrix-) function k is Peyg.
That is - assuming that & € tco and that ug,(7) € ¢, we will get
(1) € e, as well. Moreover?, if even k € thc_.2 and I(T) € epm_e2,
then it also follows that @' € tc,,_.2. [This latter fact is an imme-
diate consequence of equ.(5.4.1°), once we have that a(7) € Yep,. It

is of crucial importance for our results, because it will guarantee that

qe '(/)Cmfe2 C 2 EYCm_e—e? s Wt € YCy_20—c2, etc.]

In this section we focus on verifying (ii) and (iii), above. Note that (ii) is

a consequence of (i), with some calculations, while (iii) is an extension of some

9 Actually, to verify (5.1.1) for the symbol constructed in step (ii) of thm.5.1.1, we must verify
that also a j-fold time derivative applied to the unknown symbol u in (5.5.1) will give a je2-fold
improvement in the order of u - i.e., that 8zu € wcm_jEQ for j=1,2,... . This, however, follows
automatically, once we impose proper conditions on the coefficient symbols (cf. corollary 5.4.4).
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facts already developed in sec.1.5 for scalar equations. Clearly (ii) means that,
regarding symbol properties of solutions of the PDE (5.4.1) we may safely focus
on the ODE (5.4.1°): A coefficient of (5.4.1) belongs to a ¢, if and only if the
corresponding coefficient * belongs to ¥c,, and the same holds also for the solutions
w and 4. We shall discuss (i) in sec.5.5, below - this involves a somewhat more

delicate procedure (cf. prop.5.5.1 and thm.5.5.2).

Proposition 5.4.1 We have g(x,£) € ey, if and only if
(9 0 vor)(,§) = g(f(x,£), o(x,€)) € tem.

Proof. In view of the inversion property of the flow v,/ it suffices to prove the
“U7. Let v(x, &) = g(f(x,€), p(x,£)). Looking at (1.2.2) we get

(5.4.3) (@, )] = 1g(f, o)l < (/)™ ()™ < (@)™ ()™ ,

using that z, f and &, are of the same order, respectively (cf.(i) above, or,
prop.5.5.1). This confirms the first estimate (1.2.2) for v.
Next, we get

(5.4.4) Uiz = Gl flz + 9ePle -

Here g, = O((f)™ ! {¢)™) and g¢ = O((f)™2 (@)™ !, using (1.2.2) for g. Also,
fe=0(), but ¢, = O{&)/(x)), using (1.2.2) for f € 1pc.2 and ¢ € P (as stated
in (i) again - or, look at thm.5.5.2). Since f,x and ¢, ¢ are of the same order, we
then indeed get v, = O({z)™2~1(£)™). This is one of the two estimates (1.2.2)
involving derivatives of order |¢| 4+ |#| = 1, and the other one follows similarly. In
fact this outline should be sufficient to explain the induction argument completing
the proof.

Next, to discuss (iii) above - which involves only an ODE - we need!® the
explicit form of the evolution operator for a system of first order ODE-s, in terms
of a fundamental system of solutions of the “corresponding homogeneous equation”
@' + kit = 0:

This evolution operator E(7,t) just equals the N x N-matrix solution of the
equation satisfying the initial condition E(7,7) = 1. In other words, E(7,t) is the

unique N x N-matrix-function solving

(5.4.5) OE(T,t) + k(t;x, ) E(r,t) =0, E(r,7)=1.

19Tt may help to note that, already in sec.1.5 - fla. (1.5.4),(1.5.5) - we discussed the fact that
the function up = e~ ** _ for a symbol k € 1cg, belongs to 1co. Observe that ug is the evolution
operator of the ODE u + iku = 0, i.e., we have our problem here for the scalar case, of a 1-
vector u. Similarly we now must prove the same symbol property for the general case, involving

N-vectors.



5.4. Symbol Propagation along Flows 131

We may use E to solve the problem (5.4.1°) - we get!!

(5.4.6) a(t) = B0, tyuo + /0 E(r, t)I(r)dr .

From (5.4.6) we may directly read off the symbol property of @, once we have the

proposition, below.

Proposition 5.4.2 The function E(7,t) = E(7,t;2,§) belongs to ey for any
fized choice of T,t.

Proof. This proof follows some very technical but standard arguments in
theory of ODE’s, concerning dependence of solutions on initial values. We present
only a discussion showing that the very first two symbol estimates (1.2.2) hold.
This should give a hint how it may be extended to obtain all other such estimates.

Differentiating (5.4.5) for = we get

(5.4.7) ((x)a) + k((z)a) + ((z)k),)u =0 .
Write (5.4.5) and (5.4.7) together in matrix form:
(5.4.8) v’+< ko >v=o,v(0)=(uo Y=,
()i, O (T)uo|a
where we dropped “7, for a moment, and introduced the vector v = ( <Z>u|1) .

Important to note then: The matrix in (5.4.8) is bounded in x, £ [for a compact
7, t-interval], in view of estimates (1.2.2) for k € 1cg. So, we may use (5.4.8) for

the estimate
(5.4.9) W' < cfol

with a constant ¢ independent of z,&,7,¢. Then (5.4.9) gives |(Jv|?)'] < 2¢|v|?
which may be integrated for

(5.4.10) [u] < |wolect=T1 .

Clearly this implies the first two estimates (5.4.2) for the evolution matrix E(7,t)
and for order m = 0. Q.E.D.
We summarize our results - anticipating the results, concerning remark (i)

above, to be discussed in sec 5.4, below.

H1To confirm (5.4.5) just left-multiply by FE(t,0), use the “group property” E(t,x)E(r,t) =
E(7, k) [which follows from definition of F] and differentiate, obtaining equal left and right hand
sides. We have equality in (5.4.6) at ¢t = 0, so equality holds everywhere.
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Theorem 5.4.3 Let the real-valued A = A\(t;x,&) belong to C®(R,¢ce1). Then
the (unique) solution u(t,x,&) of the first order initial value problem (5.4.1) with
given (N x N-matriz-valued) symbols k(t; x,&) € C°(R,¢cg) and I(t) = 1(t;x,&) €
C® (R, cy,) - for some m = (my1, ma), and with uy € Ve, exists for all times t,
and it belongs to C (R, cy,).

If, in addition, we have k € C®(R,vc_.2) and | € C®(R,vc,,_.2), then it
also follows that & = Oyu € C° (R, Pcpy,_e2).

The last statement of the theorem still requires the observation that, once we
have shown that u € C*®(R,¢¢,,), every term of equ. (5.4.1), except the first
one, will be in ¢, _.2 so that this also follows for the first term %. Moreover, an

induction argument shows that we have

Corollary 5.4.4 Under the assumptions of thm.5.4.3, if in addition we have
(5.4.11)  ONE€ve_jer , 8] € Ye_(jrnyer » O E Yey_(jrr)er » forj>1,
then it also follows that afu € YCp—je2 for all j=1,2,. ...

Indeed, this follows for j by differentiating (5.4.1) for ¢ and using that it is true
for j — 1.
We then may go back to (5.1.16), (5.1.17), for example and note that indeed

2

there © € ¥c_.2, while v; also is of e® orders lower, so that the last sentence of

thm.5.4.3 applies. Also, we may use cor. 5.4.4, looking at higher ¢-derivatives.

5.5 The Particle Flows Components are Symbols

Let us now fill in the missing link of sec.5.4 - discussing (i) there. Generally we
assume given a symbol Ay = A(t;x2,€) € Yea , t € R. Moreover, we assume
At € C*°(R,1pce1) using the norms (5.0.1) for m = el. Clearly this may be verified
for the two symbol eigenvalues A\f = V (t, )+ (£~ A(t, z)) of our Dirac Hamiltonian
H, if the potentials V (¢, z), A;(t, ) satisfy cdn.(X) with all their time derivatives.
Then consider the system of 6 ODE-s in 6 unknown functions z(t), £(t)

(5.5.1) i = Ne(t;,€) , €= —Na(t;2,6) ,
with initial conditions

(5.5.2) z(r) =20, &(r) =€,

where 2%, £0 € R3 are given 3-vectors.
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Differentiability for ¢ implies Lipschitz continuity in ¢, hence a local unique
solution of (5.5.1),(5.5.2) exists in some interval |t — 7| < ¢ > 0, by Picard’s
theorem. For an ODE of this kind the problem of extending that solution into a

2

larger t-interval is just a matter of deriving apriori estimates'?. Here is such an

apriori estimate:

Let us write f = f(t,7;2,8) = f(2,8) = 274(2,8) , ¢ = (t, 7;7,§) = p(2,§) =
&re(c, &), so that (5.5.1),(5.5.2) assume the form

(5.5.3) F=XNets fo0), o= Nu(ts f0) . f=m,p=Catt=r

Proposition 5.5.1 For any given finite interval [t — 7| < ng (any 0 < 1y < 00)

we have the apriori estimates
(5.54)  c(x) <(f) <Cla), el€) <(p) <CE), forall [t—7] <m0,
with constants ¢,C > 0 independent of t,x,& (but possibly depending on 1g ).

Proof. We have

_ I A S Aep
T )

Integrating this, under the initial conditions (f) = (x) , (¢) = (£) at t = 7 we

(5:5.5) (fr =0((f), () =

get

(5.5.6) \log@\ <c¢o, |log@\ < ¢

() (©
with constant ¢o = 1o sup{| A, [N2/(€)| : 2, € R3,[t—7| < no}. The logarithm is
an increasing function, so (5.5.6) implies (5.5.4) with constants ¢ = e, C' = e,

q.e.d.

As a consequence of the proposition the flow v, : R® — R® indeed exists for
all 7,t. It is given by the map (z,&) — (f(z,€), ¢(x,&)). Using well known differ-
entiability properties of solutions of ODE-s, derivatives 0] 0L090 f , 0] 0LO7 % of
any order j,[, 6, exist and are continuous - and they satisfy all equations obtained

12This means the following: Assuming the local solution may be extended into |t —7| < g then
one must use the equation and initial conditions only to derive boundedness of that solution (in
that interval). If one succeeds in doing so, then the local solution indeed extends into that intervall
(and satisfies that “apriori estimate”). This is true because the estimate provides a “box” the
solution cannot leave, and where the derivatives also stay bounded, so that the solution cannot

oscillate either, while a local solution (for continuation) exists wherever it goes.



134 CHAPTER 5. THE ALGEBRA OF PRECISELY PREDICTABLES

by formally differentiating (5.5.1) or (5.5.2) with respect to any of the variables
t,T,x, €.

We Want to show that f(x,€) € ez , @(x,€) € Yea for every t,7, ie., that
f(e) , <p(0 satisfy the estimates (1.2.2), for their orders m = €2, e!, respectively.
Clearly for § = « = 0 this is implied by (5.5.4). We prepare for an induction proof
by considering next the case |¢| + |0 =1 (i.e., by differentiating (5 5.3) once - for
one of the z, ¢ (occurring in the initial conditions only)). Write f(e) = @Ee)) =w,

for a moment, and get
(5.5.7) D= Njga0 + Ajgew , v = xgg)) as t=r1,
W= = Aga¥ — AW , W= 5((;)) as t=171,
with the 3 x 3-matrices
(5.5.8) New = ((Ngjm (G 1,0))) 5 Aae = ((Naye (8 f190))) 5 et

Under our assumptions we get Ajey, Ajze € Ye_e2 and gy € Ycer_oe2 , Ajgg €
c_e1, implying corresponding estimates for the coefficients of the system (5.5.7).
Let us multiply the first equation (5.5.7) by <Tlc>, and the second equation by ﬁ,
and regard (5.5.7) as a system

(5.5.9) p="Pp,p=p" att=r,
of first order ODE-s for the vector p = (F1), with p; = <U> y P2 = (u’W, and with
the matrix
A
(5.5.10) . ( Nea(Fr90) 5N ee(fr9) ) N << 3 )
5. = Ao |
*%Auz(fa 90) - /\\Lﬁ(fa 50) S<D<P>i2

where the second matrix at right is generated by the conversion of the vector
(Z)//<<]2>) into p. Both matrices clearly are O(%), using that the symbols ¢, (t; f, ) =
O(ﬁ), etc. , and also using (a slight improvement of) (5.5.4). Note that (5.5.9)

implies
(5.5.11)  [p|* = 2R(p.p) = 2R(p.Pp) = O(Ip|*) , |p|* = [p(7)]* at t =T .

Integrating this we get

[p()] 1
(5512) |10g7| < C|t—’7’|— .
p(7)] (f)
That is,
(5.5.13) Ip(r)|e= <=1/ < p(t)] < |p(r)|et=1/{)

with some constant ¢, depending on the ¢-interval chosen.
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Finally, we must distinguish between the cases where an z- (or ¢-) derivative
was taken. If [t = 1,0 = 0 then we have v = 0,|w| = 1 at t¢ = 7, so that
P’ = ((50)/00y) = €*/{), for some constant 6-vector c” , |c°| = 1. Then (5.5.13)

amounts to

—~

f)
(5.5.14) fe=0(=) , ve=00).

@)
In view of (5.5.4) this gives the desired symbol estimates (1.2.2) for one &-derivative.
Similarly one derives that estimate for one z-derivative. Substituting this back into
the ODE (5.5.9) we also get estimates for the derivatives v and - namely,
(©

) ’ f\z = O(T;) ) (plé = O(%) ) L)0|az: = O(W) )

S
(€

valid in any finite ¢t-interval.
Note, that (5.5.15) are exactly the first estimates needed to show that

(5.5.15) fle = O(

(5.5.16) fevey, ¢ €
as we shall proceed to show, in the following.

To continue this iteration differentiate (5.5.7) again - for some x; or &, to get

some f((;;, <p(;)) with |¢|41]0] = 2, now called v, w’. That derivative - for the moment

denoted by “” - may land on the old u, v, or else on the coefficients A¢,,.... Also,
on the initial conditions, where we now will get v = w = 0 since :cg;)) = 5((;)) =0

for such ¢, 6. We shall get

(5517) 1')/ = A‘ngl + /\‘&w' + Q1 y ’U/ = 0 as t =T s
W = =Ngg¥V' — Agew' +q2, W' =0ast =1,

with

(5.5.18) ¢ = M@c” + /\T&w , Qo = —/\va — NgeW -

We make the same transformations, defining now p; = &/) , Py = %, and r; =

%77"2:%’7‘:(:;)7&)1‘
(5.5.19) p=Pp+r,p=0att=r1,

with the matrix P of (5.5.10) again. Eq. (5.5.19) will lead to an estimate, similar
as (5.5.9) was implying (5.5.11). But, before we do this let us investigate the

properties of the 2-vector 7 = (J1). And, in fact, we want to prepare our induction
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proof, so, we better examine the rules used to estimate such r after repeated

differentiations. For example, we have

and similar formulas for )\1&, )\sz, A,¢» Where, in each case, as a rule, we always
convolve the last mentioned differentiation with the vector f’ or ¢, etc. Thus ry
(and 7o as well) appear as a sum of terms which are products of a (3-fold (z, &)-)
derivative of A\ and two first derivatives of f or ¢, and a factor ﬁ or ﬁ. [Write
v = f"w = for a moment, to emphasize this, then

11 = AN ean f T Neae?' [+ Neea /¢ + Aegew’'}, and similarly for 7]
While the first (z,£)-derivative of A is coupled to the factor ﬁ (for “|z”) or <—;>
(for “|&”)the second and third are linked to “f’” (for “|z”) and “¢"” (for “|£”).

Since (x, §)-differentiation of \ always generates a factor ﬁ or <—;>,
the estimate, the products mentioned (making g;) always obey the estimate

(\f’\lf‘l O S i 4 | ).

R GHRRG R RRGIEE

resp., in

(5.5.21) rj=0

Recall we are aiming at the derivatives f((;;, so that we must have “/ +* :(;) 7. Ac-
cordingly, each fraction at right of (5.5.20) must be O(<—}> (f)~11{p) = Iy, Similarly,

for ro, so, we get
(5.5.22) r=O((x) 1 10l(g) =),
Using (5.5.22) in (5.5.19) we then arrive at

(5.5.23) p=O((x)" " 1Pl(g) =y |

and this supplies the estimates for (5.5.24), below, for all |¢| 4 || < 2.

Theorem 5.5.2 The two functions f(x,&) = fre(x,§) = xre(x,€) and p(z,§) =
pre(x, &) = &n(x, &) are (strictly classical) symbols, together with all their t-

derrivatives. In fact we have
(5.5.24) f € ez f €Ycy , ¢ EYCer , Y EYCe1_e2

Going ahead in our induction proof, let us next examine what happens if we
keep on differentiating (5.5.7) (or (5.5.17)) again and again for an (z,£)-variable:
If all these derivatives land on the v, w of (5.5.7) or the v',w’ of (5.5.17) we will

get the expression of (5.5.7), now with v = f((eg , W= @Ee)) But there also will
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be other terms, generated whenever not all additional derivatives land on wu,v of

(5.5.7). So, in the new equations there will be a linear combination of terms

> =3 > ve=l
(5:5.25) (wrrevgey I e I1 )
2 Or=j 2 ps=l

where e; = 0,1, €1 +¢5 =1, and where all |¢,| 4|0, and |vg|+ |ps| are < |¢| +16),
so that their corresponding estimates (1.2.2) are already known. We then will
define p; = ﬁ , P2 = %, and divide the combination of terms (5.5.25) by (f)
and (), respectively, to get a new 71,79, to finally obtain a new (5.5.19) again,
with the same matrix P of (5.5.10).

An examination of the terms (5.5.25) then will give estimates similar to (5.5.21),
and, finally (5.5.22) and (5.5.23), and the next estimate (5.5.24), which then is
proven by induction.

This completes the induction proof of thm.5.5.2.

5.6 A Secondary Correction for the Electrostatic
Potential

Let us here go through the details of a secondary correction, for the special dy-
namical observable V() - i.e., the electrostatic potential. Recall, that infinitely
many corrections may be constructed whenever the symbol of an observable com-
mutes with h(z, ). Here we have such a symbol V(x). Perhaps it will help to get
familiar with this construction.

In this section we assume the magnetic potentials = 0, so that the Dirac
Hamiltonian is given by H = " «o;D; + 4+ V(z). Applying thm.5.1.1(ii) to the
multiplication operator u(z) — V(x)u(x) with symbol ¢(z,£) = V(z) € Optpc_.»
[assuming V() satisfies cdn.(X)] we obtain an operator A = a(x, D) € P_.2 with
symbol given by an asymptotic expansion a(z,£) = V(z)+z(x,£)+. ... Moreover,
this asyptotic expansion extends to A; = eIt Ae=H1t ¢ P__»: we have a;(z,§) =
a(z,&) + z(2,&) + we(2,§) + se(2,€) + ..., where qo(z,£) = V() , 20(z,§) =
z2(x, &), ...

We must have A, = i[H, A,], or, in terms of symbols,
. . ) 1 1
(5.6.1) ar = ilh,as] + {h,ar} — i{h,at}g — E{h’ ag}s + ﬂ{h’ agts+ ... .

The “first correction symbol” zo(x, &) (for t = 0) already was explicitly constructed

in sec.4.2. In our present setting it is given as

(5.6.2) 2(2,) = 20(2,€) = £ No(2,6) , € = —grad V, Ao = @{Hp <€}

with the matrices p, p of (4.3.7).
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But we also need z; for t # 0 for our construction of the next correction wy(z, §).

In that respect, we recall the construction of sec.4.2: We explicitly obtained

(5.6.3) qt(2,8) = p+ () V(& (2,€)) +p-(§) V(2 (2,€)) ,
= L{ - }+e +
2y = 2E) PywWip— — p—wip+ Ct+ T Ct—

where (i) zif(x, €) denotes the z-component of the solution (z¢,&) of the Hamil-

tonian system (4.2.24), given for us as

(5.6.4) i==££/(6), {=Ea),

through the point (x,¢), while (ii) wy = i({h, ¢} — q¢:), and, pL = %(1 + (€ +
08)/(£))) are the eigenprojections of the symbol h(z,&). Furthermore, (iii) ¢y =
p4ciLpy may be arbitrarily chosen (as symbols in ¢e_._.2) at t = 0. but they still
must be properly determined for ¢ # 0 - as to solve a certain differential equation,
namely, eq. (5.6.7), below - that reduces to a set of ODE-s along the flow of (5.6.4).

Here we are looking for the second correction wy(x,&) € ¥c_c2_g., while we

had z; € c_.2_.. In sec.5.1 we derived a commutator equation for w;:

(565) o = i({h, ) — 2~ Sk ada) =

where the right hand side is in ¥¢,,_._.z. Again a solution w; of (5.6.5) exists if

and only if we have

(5.6.6) P+XtP+ = P-XiP— = 0.

This will not automatically be true. Rather, to satisfy (5.6.6) we interpret it
as a differential equation for the - so far undetermined - symbols ¢;+ of (5.6.3):
Changing notations, let z; be the (well determined) symbol of (5.6.3) setting ¢;1 =
0 there, and replace z; in (5.6.5) by 2z +¢; with ¢; = ¢i4 + ¢, interpreting (5.6.6)
as equations for ¢;:

(5.6.7) p+(ée = {h e} + (2 — {h, 2} + i{hv Gt}2))p+ =0.
Also, x¢ in equ. (5.6.5) will assume the new form
(5.6.8) xe = i({h, 2t} — 2 — i{ha Ge}o + {h.ce} — &)

After getting the solvability straight, the solution of (5.6.5) will be

1
(5.6.9) wy = %(mxt% —p-Xep+) T dig +di— .
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We are only interested in wy here, where we may set dop = 0. Also we will
assume cg+ = 0. This sets the stage for our calculation: the projections py are
independent of ¢; from (5.6.3) - using (5.6.4) - we get

: & (2,6 - & (2,6)
(5.6.10)  dr = —p(&)E(a (2, €)) - v — p—(OE(zy (2,€)) - =2

t (& (.€) ' (& (.€)

Inserting (5.6.10) into wy = i({h, ¢:} — ¢+), and the result into z; = %{mwtp, -
p_wips } we will get an explicit formula for z; (strongly simplifying) for ¢t = 0.
However, we also need Zg = ﬁ(m_djop_ — p_wop+), with wg = i({h,do} — Go),
in the sequel. After calculating § we then may set ¢ = 0, henceforth, with strong
simplifications. We get
(5.6.11) DPiGo = p"r(V‘Ijxl‘i‘a_jj"(-;_l - &),
where & = X\, |¢(&), hence, & = Ayjee - & = —Apjee (&) - Ay ().

Recall, we have Ai(z,§) = V(z) £ (£), hence, A ,(2,8) = —E(x) , Ape =
€/(€), and Ay jg;e, = 00/ (8) — ;6/(€)*. Therefore, &g = £/(€) and ig; = &;/(€) —
(E€)E;/(€)3. This gives

&G | (E@)E)?*  E(x)

(5.6.12) (p+Go)(z,€) = p+(){Va,a (m)@ + (£)3 3

, we have A_|; = Ay, but A_je = —A ¢, etc., giving a corre-

}.

W

Similarly, for

sponding formula for p_¢gy. Adding both formulas we get

(5.6.13)  Go(x,€) = Vg0, (2)5;(€)51(€) — ho(§)s5(E){E%(2) — (E(2)s(€))*} ,

where we still have used that py +p_ =1, py —p_ = ho(£)/{£) with hg = a+,
and also have introduced so(§) = 1/(§) , s(&) =&/(£).

Moreover, note that
(5.6.14) 90 =V(z), go=—E(x)s(§) ,

the latter from (5.6.10) for ¢ = 0.
From (5.6.14) we get

(5.6.15) wo(z,§) = —i€(x)(a —s(§)) ,

and w; = i({h, 4} — Gi), hence wo = i({h,do} — ¢o), where we get ¢o and Gy from
(5.6.14) and (5.6.13). We get
(5.6.16)

{h, G0} = —{h, (E(2)5(€))} = Viu,m ()0js1(€) = 50(€)(E2 — (E(2)5(6))?)
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hence

(5.6.17)  wo = i{ Va0, (2) (05 — 5;(§))s1(§) — Z(2,)50(E)(1 = ho(€)s0(E))}

setting Z(z,€) = £2(x) — (£(x)s(€))?, for a moment.

Next, calculating zg = %so(erwop_ — p_wop+) we notice that the term with
factor Z cancels out, when we substitute wg from (5.6.17), because Z is 4 x 4-scalar
while its factor 1 — hgsg equals 2p_. It follows that

(5.6.18) 2 = %so(g)v\wsz(ﬁ)(maw- —P-a;pi)

since also the remaining term is scalar and cancels, due to p; . p— —p_ . py =0.
In (5.6.18) we use that

(5.6.19) prap_ —p_apy = so(€) (ho(€)a — €) = iso(€) (1 + p x €) = 2(EA(E) ,

so that we get

with A, of (5.6.2).

Next we turn to the calculation of xo = i({h, 20} — 20— £{h, V}2), as in (5.6.5),
for ¢ = 0. Note, the last term vanishes; we have {h, V}o = hje¢Vipe — V|echjze = 0.
Furthermore,

(5.6:21)  {h, 20} = {h, E(@)Ac(E)} = = Via,0, (2)A01(§) + Acjie, (§)E5 () E1(x).

For calculation of A we note that (5.6.19) implies

cjl&
(5622 hei = 553E)& — ho(€)ay)
so that
(5.6.23) )‘chEz = _230(€)Sl(§))\cj(§) + %83(6)(5] - alaj)'

The second term at the right in (5.6.21) equals 2s0(&)(s(€)E(x))(—A(6)E(T)) +
150(€)(E%(x) — (a&(x))?). We need 0y = 29 — {h, 20}, i.e.,

(5.6.24) 00 = Via,z (2)(a; — 5;(§))Acu(§)

+250(§) (s(§)€(@))(Ae(§)E () — %Sg(é)(EQ(JJ) — (a€)?).
With this 6y (and, more generally, 6; = 2, — {h, 2.} + ${h, q;}2) cdn. (5.6.7) for

the functions ¢; reads

(5.6.25) prxip+ =0 for x¢ = i(0 +{h,c:} —¢:)
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and then we have the desired wq given as wy = %SO (p+Xx0pP— —P—XoP+), according
to (5.6.9). But we imposed the condition ¢y = 0, so that {h,co} = 0. Moreover,
the matrix function ¢; was always satisfying pycip— = p_cipy = 0. This implies
p+Cp— = p_ép+ = 0, since the projections py are independent of ¢. Thus it
follows that pixops = ip+bops. Or, in other words, the special form of the

“diagonal blocks” co4 is irrelevant for our next correction wg - we get

i
(5.6.26) wo = 550(&)(p+0op— — p-bop+)

with 6 of (5.6.24). For the calculation write 0y = 0! + 62 + 62 with the 3 terms at
right of (5.6.24). We claim that p46'p_ —p_60lp, = 0. Indeed, this is a matter of
handling (o — s)\., since other factors are 4 x 4-scalars. From (5.6.19) we derive
2i(&)Ae = (prap— — p_apy). This implies p_A.p_ = 0. Using py + p_ = 1 get
2i(&)p4(a — 8)Aep— = pr(a — $)p4+(prap—) + py(a — s)p—(p—Acp—), where the
last term at right vanishes. But the first term vanishes too. Here is the calculation:
dpyagpr = (14 as + Bso)a(1 + as + Bso) = a; + (as)ay(as) + (Bso)a;(Bso) +
(aj(as) + (@s)a) + (a5 (Bso) (Bso)a) + () (Bso) + (Bso)axs(as)) = [1] + [2] +
(3] + [4] + [5] + [6]. Here [3] = —s3ay; [4] = 2s;; [5] = 0; [6] = 28s0s;. Also,
2] = Y4 sesiapajap = — > spsiagaga + 25, sesioulr = —|s|ay + 2(as)s;.
Using that s3 + [s|? = 1 we then get [1] + ...+ [6] = o (1 — 53 — [s]?) + 2s;(as +
Bso+ 1) = 4s;(&)py. That is,

(5.6.27) Py —si)pr =0, p_(aj +s5)p- =0,
where the second relation is derived similarly. Accordingly we indeed get
(5.6.28) pr(a—s)Ap— =0, p_(a—$)Aps =0,

where again the second relation follows similarly. Accordingly the term ' makes
no contribution to our wy.

For the term 62 we must focus on

i
(5.6.29) P+AP— = P-Acp+ = —5s0(prap— +p-aps)

as follows from (5.6.19) and a little calculation. Now, 2(pya,p— + p_a;ps) =
%((1 + hoso)a; (1 — hoso) + (1 — hoso)a; (1 + hoso)) = o — hosoajhoso = o —
(as)as(as) — (Bso)az(Bso) — (as)a; (Bso) + (Bso)az(as)) = [1] - [2] - [3] — (6],
with above notation. So, we continue = «; + |s|?a; — 2(as)s; + sia; — 2Bs0s; =
205 — 2hgsps;. That is,

(5.6.30) prap_ +p_apy = a—ho(§)so(€)s(§) ,
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and

(5.6.31) P-AcP— —P-Acpt = —%80(5)(01 — ho(€)s0(£)s(€)) -
It follows that 62 supplies the term

(5.6.32) wo(2.) = SHOEOE@NE@(a — ho(€)sol€)s(€))

as follows since the third term 63 again will make no contribution to wg. For the lat-
ter we look at piajoup— —p_ajapy = (prajpy)(proup-) + (p+ojp—)(p—cup—) —
(r—ajpi)(p+aupy) — (p—ajp-)(p—cupy) = sj(praup— +p-cupy) — si(prop— +
p_a,ps), where we used (5.6.27) and 1 = p; + p_. With (5.6.30) we get

(5.6.33) DHOouP_ — PPy = S0y — S0y .

Then it is evident that p 63p_ —p_03p, = 0 follows, so that, indeed, fla. (5.6.32)
gives the complete second correction symbol.

As to the secondary corrected operator, note that we may arrange the various
factors at right of (5.6.32) in any convenient order, since any commutators gener-
ated would be one order e lower than the order of w(zx, ), so would not count. So,
we state:

Proposition 5.6.1 We have

(V(z))y = V() + %{(S(z)Ac(D)) + (A(D)E(x))}

(5.6.34) +i{(5(x)S(D))(5(x)(a — ho(D)so(D)s(D)))s3(D)

+53(D)((a = ho(D)so(D)s(D))E(x)) (s(D)E (x))}
this giving a self-adjoint operator (V(x))3 .

5.7 Smoothness and FW-Decoupling

In this section we consider a Dirac Hamiltonian H = a(D — A)G + V with time-
dependent potentials A;, V satisfying cdn.(XT) of sec.3.7. We then want to es-
tablish the following result.

Theorem 5.7.1 Let U(t) = u((¢t,z, D) € Opcy be any unitary operator decou-
pling of the Dirac equation 1) + H(t)y =0 mod O(—o0) , in the sense of sec.3.7.
That is, we have

* s *TT A _ XO OF* _
(5.7.1) U*HU —iU"U = H (t)—(OY (g ) TEO(=00)
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with respect to the split H = L*(R3,C*) = Hy @ H_, with Hy = L*(R3,C?).
Then a strictly classical Ydo A € Opiey, has a smooth (inverse) Heisenberg
representation A — Ay = U(1,t)AU(t,7) at T, in the sense of (5.1.1) if and only
if
B0
(5.7.2) U*(r)AU (1) — <0 C’> € O(—0)

with some (2 x 2-blocks) B,C € Opipcy,.
That is, A € Opipe,, belongs to the class Py, (7) if and only if (5.7.2) holds.

The proof of thm.5.7.1 requires some preparations. Let us first go and trans-
form the evolution operator U(7,t) = Ug(7,t) of our Dirac equation @+ iH (t)u =
0, setting u(t) = U(t)v(t) with the decoupling unitary operator U(t) of the the-
orem. We get v + iH”(t)v = 0, i.e., v(t) = Uga(r,t)v(7), with the evolution
operator Uga(7,t) of the transformed equation, while, of course, we also have
u(t) =U)v(t) = Uy (r,)u(r) = Ug (7, t)U(7)v(7). Tt follows that

(5.7.3) Uga(rt) = U*OUp(r,)U(r) , T, tER.

Now, given any do A = a(xz, D) € Opycy, let Ay = Up(1,t) AU (t, 7) be its
inverse Heisenberg transform, taken at an initial point 7. We clearly get

(5.7.4) U () A U(t) = (U ()Un (1, )U (7)) (U™ (1) AU (7))(U*(T)Un (£, T)U (1)) -
Defining A% = U*(7)AU(7) we thus get
(5.7.5) AL = U () A U(t) = Uga (1,8) AP Upa(t,7) .

The point then is that we want to show that A2, is a 1do in Opic,, with symbol
a®,(z,€) satistying a condition like (5.1.1) (or,rather, (5.2.3)) - i.e.,

(5.7.6) dlas(x,€) € Vep_jez , j=0,1,2,...,

if and only if A% — (J2) € O(—00), with some 2 x 2-¢do-s B, C' € Optpc,,,. Then
we must compare smoothness of A%, with smoothness of A,; and show that they

mean the same.

Proposition 5.7.2 Let X2 (t) = (é%?) with X =X(t), Y =Y(t) of (5.7.1), and
let Uxa(7,t) be the evolution operator of the equation u +iX>(t)u = 0. Then we
have

(5.7.7) O(1,t) = Uya(1,)Uxa(t,7) — 1 € C®(R?,O(—0)) .
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Proof. Using [Co5],VI, cor.3.3 we know that both operators, Uga , Uxa are
of order 0 while their partial derivatives for ¢+ and 7 are of order je! with the

combined order j of ¢- and 7-differentiation. We get
(5.7.8)  0,0(r,t) = iUya (1, t)HA (7)Uxa (t,7) — iUga (1,6) X2 (1) Uxa(t,7)
= iUya (1, )02 (1) Uxa (t,7) ,

where T» = HA — X2 € O(—o0). It follows that 9,0(7,t) € O(—oc). Similarly
for all higher ,¢-derivatives. Integrating from 7 to ¢ we conclude that (5.7.7)
holds, q.e.d.

Proposition 5.7.3 Let a,¢(z,£) be the symbol of A = Uxa (1,t)AUxa(t, 7).
Then AL is a ydo with symbol a2, (x,€) satisfying (5.7.6) if and only if A is a
Wdo with symbol a,+(x,§) satisfying (5.7.6).

The proof is evident, in view of (5.7.7).

Proposition 5.7.4 The operator A is a Wdo in Opypcy,, with symbol a (x,§)
satisfying (5.7.6) if and only if A — ((lfg) € O(—00), with some 2 x 2-1pdo-s B,C €
Optpcnm.

Proof. Clearly the system of equations @ 4 iX*(t)u = 0 is fully decoupled: we
may write u = (%) where then the 2-vectors v and w satisfy

(5.7.9) O+iX(Ho =0, b +iY (Hw=0.

It follows that Uxa = (3/ Vg) also is fully decoupled, so that

(5.7.10) A= (g

where

(5.7.11) Bri = V(r,)BV(t,7) , Cre = W(r,t) CW (t,7) ,
and

(5.7.12) Gre = V(r, ) GW(t,T) ,

setting A = (f%)

Using (3.2.12) - or, rather, its generalization'® to time-dependent potentials in
thm.3.7.1 - we have

(5.7.13) X=(D)+X,,Y=—(D)+Y1, with X;,Y; € Opthc_2 .

As a consequence we have

13Note, we have A\t (z,&) F (£) € Yc_ 2, so that, indeed, (3.2.12) implies (5.2.13).
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Proposition 5.7.5 The entire graded algebra of all 2 x 2-matriz-valued 1 do-s in
Opvyc is left invariant under the conjugations B — B. and C — Cpy. And,
moreover, the symbols By (x,€) and Cry(x,€) both satisfy the cdn.(5.7.6) for each
B, C € Opyey,.

We will not discuss the details of the proof of prop.5.7.5 here, but refer the
reader to [Co5],VI, thm.5.1 - or else, one may go through the details of our proof
of thm.5.5.1 (ii) under the present slightly different assumptions!*. The point is
that the operator X () or Y (¢) substituting for H(¢) in thm.5.5.1 equals the scalar
term £(D) € e, modulo a lower order matriz-valued term X1(t) or Yy (¢) This
has the effect that just any symbol ¢(z,§) € ¢, commutes with the symbol of
X (or Y) mod lower order, so that we may construct a lower order correction
z(xz,D) € Optpey— for any q(x, D) € Opipc,,. Moreover, this may be iterated:
we’ll get a correction w € ¢, —ge for z and find that ¢ —w = (¢ + 2) — (2 + w) is
a symbol of the invariant algebra, etc.,.... So, finally, taking an asymptotic sum,
we will obtain a correction z, € O(—00) such that ¢(x, D) + 2o (z, D) belongs to
the invariant algebra. Since that algebra contains O(—o0) it the follows that it
also contains the entire Optc.

Especially it also is confirmed that we get (5.7.6) as stated, just in the same
way as we obtained it for thm.5.1.1.

The proof of prop.5.7.4. then hinges on the following

Proposition 5.7.6 For any vdo G € Opyc we have G4 of (5.7.12) a ¥do with
symbol gr¢(x, &) satisfying (5.7.6) if and only if G € O(—0o0).

Proof. For a G € O(—o00) we trivially have G4 € O(—00), together with all its
Tt-derivatives, simply because the two evolution operators V(r,t) and W(7,t) are
of order 0 and their ¢, 7-derivatives of total order j also are of order je!. Thus we

then indeed have G a ¢do of any order m and cdn.’s (5.7.6) also hold for any m.

140ur present equation @ + i(HA + FA)u = 0 is semi-strictly hyperbolic of type el because
the operator HA belongs to Opwyc.1, and, moreover, the symbol - modulo lower order terms -
equals the block-matrix (>‘O+ /\(i) with A4 = V £ (¢). This 4 X 4-matrix-valued function has 2
eigenvalues A+ (§) of constant rank 2 for all z, &, and we have [A4 (&) — A_(&)| > 2(¢) (actually
“="), for all ,&. For any such semi-strictly hyperbolic system @ + iKu = 0 of type e! we have
a complete analogon of thm.5.1.1 - one defines an algebra P of operators A € Opycm (for
some m) with Ay = Uk (0,¢) AUk (t,0) (with the evolution operator Uk of K) satisfying (5.1.1),
(5.1.2). Then the 3 statements of thm.5.1.1 hold literally, but we may split K = Ko + K1 where
K1 € Opypc_ 2, and then replace H in thm.5.1.1 by Ko, instead of using the entire K instead of
H. The proofs also run exactly parallel. We will not discuss this thm. in more detail, but refer
to [Co5] (or, more compactly, [Co3], thm.5.1).
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Vice versa, assume that QQ € Opipc,, satisfies G, = gr(x, D) with v, satisfy-
ing (5.7.6). Differentiating for ¢ and setting t = 7 we get

(5.7.14) Grr = —i(X(1)G — GY (7)) .

Using (5.7.13) and the fact that the commutator [(D), Q)] is of order m — €2, since
(D) is scalar, and that G € Opicy,_e2, by (5.7.6), we conclude that

(5.7.15) 2i(DYQ € OpYcy_e2 = Q € Opthe—e -
Now, this procedure may be iterated. Differentiating twice for ¢t we get

where we define Q! (@) iteratively, setting Q0(G) = G and Q™' = —i(X () (GQ) -
QJ(G)X(t)) . Setting t = 7 we then get

(5.7.17) Grr = —i(X(1)G — GY (1)) + Q2(G) .

Now we use (5.7.6),(3.7.6) and (3.7.9) to find that (5.7.17) implies Q2(G) €
Opcy,—ge2. On the other hand, using that we already know that G € Opye,,—e,
by the above (and again using (5.7.13)) and the fact that commutators with (the
scalar operator) (D)7 add the term je! —e = —e? to the order of the commutant)
one finds that Q2(G) = 4(D)2G(mod Opic,,_oe2). 1t follows that G € Optpc,—ae.
With further iterations, using the expression 4 (G) for larger j and (5.7.6) for
higher derivatives, one indeed confirms that G must be of order m — je for all
j=1,2,.... Thus we get G € O(—0), g.e.d.

Finally, for the proof of thm.5.7.1, we still need to verify equivalence between
(5.1.1) and (5.7.6).

Proposition 5.7.7 We have a; satisfying (5.1.1) if and only if a® satisfies (5.7.6).

Proof. Assume that a; satisfies (5.1.1) - for a given A = a(z, D) € Opipcy,,
and A;; = are(x,&) = Ug(7,t)AUg(t, 7). With our Leibniz formulas we get

(5.7.18)
—i v+i+0 . .
2. ) = 30 O () any) V) .6) = (wa)(.€) + ...

VL

where this may be considered reordered into an asymptotic sum of (finite sums
of) terms of order m, m — e,m — 2e,.... We have

(5.7.19) é(a'rt-i-a(l',f) —ar(7,§)) — are(z,€) = /0 di(artten — art)(T,§) -
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Under assumptions (5.1.1) it is clear that the right hand side converges!5to 0 (in
all the Fréchet norms of vc,,_.2). In particular also the ¢-derivative Ay exists

in operator norm of every L(Hs, Hs_mie2), and we get

(5720) A'rt = th(.’E, D) 5 A-,—t = th(.’E, D) g v s

But the operators U = u(t,z, D) and U* are of order 0, and their ¢t-derivatives
of order j are of order —je (by (3.7.6)), hence A%, = U*(t)A,U(t) has the same

Tt

property : Its t-derivative of order j exists in every L(Hs, Hs_m4je2), and we get

(5.7.21) AAS = a2 (x, D), A =i (z, D),

In particular, to show differentiability of an asymptotically convergent sum one will
only need to verify that the formally differentiated terms still satisfy the required
estimates (1.2.2). Q.E.D.

The proof of thm.5.7.1 then also is complete.

Finally, we now come back to an old-postponed problem: the proof of (iii) in
thm.5.1.1.

Suppose an operator A belongs to P,,, but we also know that A € ey, ..
Applying thm.5.7.1 above, we then conclude that A® = U*(0)AU(0) is of the
form A® = (OBg) +T' with B,C € Opycy, and I' € O(—00). But we must also have
B,C € Opycy,— since A € Opcy,— while U, U* € Optpcy. Applying prop.5.7.5
for m — e it then follows that also B, C satisfy cdn.’s (5.7.6) for m — e, not only
for m. But then thm.5.7.1 implies that A € P,,_., as stated in thm.5.1.1 (iii).
Q.E.D.

5.8 The Final Algebra of Precisely Predictables

We are returning to time-independent potentials here, just because the decou-
pling of sec.3.5 has not been worked out for general potentials depending on time.
[But we will allow the special time dependent case of ch.6, obtained by Lorentz-
transforming a time-independent H.]

The result of section 5.7 was linking the algebra P of observables with smooth
time-propagation to the class of strictly classical {»do-s which can be decoupled
mod(O(—o0)) under the Foldy-Wouthuysen transform of ch.3. But we noticed
before that a “non-penetrable” barrier is needed between “electron states” and

“positron states”, and that nmo observation should mir up these two spaces - that

15The difference under the integral at right may be written as e fol dXareya(z,§), where drpqn
and its (z, &)-derivatives satisfy estimates (1.2.2) even for m — 2e2, not only for m — e2. Thus it

indeed follows that the t-derivative exists in all the Frechet-norms induced by (1.2.2) for m — ea.
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is, a precisely predictable observable A should preserve these spaces: We should
require that such A also is strictly decoupled by the transform U strictly decoupling
H.

Thus we now introduce the sub-algebra PX C P of all strictly classical ¥do-s
A € Opype such that

... (B0
(5.8.1) U* AU = <OC> :

where U € Opiycy denotes the strictly decoupling unitary ido of sec.3.5.

This decoupling is with respect to the split H = H4 & H_ where Hy1 equal
L?(R3,C?), slightly corrected by (possibly) moving a finite dimensional space of
rapidly decreasing functions from “4” to “-” (or “” to “+” ).

The spaces H. and H,, (of electronic and positronic states, resp.) then will be
defined as

(5.8.2) Ho=UHy , Hy=UH_.

And we then finally propose the self-adjoint operators of PX as precisely pre-

dictable observables. These operators indeed have the needed property:

Starting with an electronic state ¥ € H, we get as expectation value
for the prediction the number A = (¥, A) = (¢, BY), not influenced
by the positronic part C of A - referring to (5.8.1).

In particular, if the measurement results in an eigenvalue \ of A, this
will be an eigenvalue of B, belonging to an eigen function of B - a
function again belonging to H.. So, indeed, an electron never turns

into a positron, due to a measurement.



Chapter 6

Lorentz Covariance of

Precise Predictability

6.0 Introduction

It is known and very essential to Dirac’s theory that it is compatible with a trans-
formation of coordinates under the laws of special relativity. In other words, if we
change the (space-time) coordinate system by a Lorentz transform then Dirac’s
equation remains intact - except for the physically significant changes of potentials
- for example, a moving electrostatic field will also generate a magnetic field, under
Faraday’s laws'.

Recall, that a Lorentz transform is defined as any invertible linear transfor-

v

mation (£,) = L(!) (with a constant real 4 x 4-matrix L) under which the wave

operator O = §? — A does not change. This is true if and only if the matrix L

satisfies the condition
(6.0.1) LT JL = J with the diagonal matrix J = diag(1, -1, -1, —1) .

The linear maps L satisfying (6.0.1) form a group - the Lorentz-group. Actually

t

LYy — (1) + ¢, with a constant 4-vector b,

one also should include the translations (
to then obtain the Poincaré group of transformations () = L(%) + ¢.

We are only interested in the “proper groups” (of Lorentz or Poincaré trans-
forms not reversing time (and with determinant 1)). That is we will assume the

component lyg of the matrix L = GTE é‘l’i) to be positive, so that we get ¢’ increasing

L Also, the Dirac-4 x 4-matrices aj, 3 might change, but in such a way that the crucial condition

(1.0.3) remains intact.

149
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whenever ¢ increases. The classes of these (Lorentz or Poincaré) transforms form
groups as well. We then will address the question about behaviour of precisely
predictable observables under proper Lorentz (or Poincaré) coordinate transforms.

Using the group property it seems practical to approach this question looking

at a suitable set of generators of the groups. The proper Lorentz group £, is

10
Oo

special Lorentz transforms (¢,x2) — (¢', '), where, with fixed 6 € R,

generated by the maps®L, = ( ) [with any 3 x 3-rotation matrix o] and the

(6.0.2) t' =tcoshf — zysinh@, 2] = z1coshf — tsinh 6, b = z9, 4 = z3.

leaving the coordinates & = (x2,x3) unchanged and involving only ¢ and ;.
We tend to regard the action of translations or (time-independent) rotations

L, as (more or less) trivial® but, still, these cases perhaps may serve as examples

2Clearly the transforms L, are proper Lorentz transforms. For a general proper Lorentz
transform L we may multiply left and right by an L, such that the two 3-vectors li19 and
13, point into the positive z1-direction. From LTJL = J (and LJLT = J - verified from
(6.0.1)) we conclude that lﬂllo = loolgl and also llllgl = lgol1o. If both l19 and lgw1 point into
the x1-direction then this means that (1,0, O)T is an eigenvector of both I;; and lfl, so that
11 = (;gi E;z) with vanishing 2-vectors l?m =l121 = 0. Thus, a Lorentz matrix L of this form
splits into a map & — & (which must be an L,) and a map (%, ) — (%, ). The latter then is easily
seen to be of the form (6.0.2).

3Looking at a translation (%) — (4) + ¢ and a map L, first, we note that either coordinate
transform leaves the algebra Opic and all its subspaces Opicy, invariant: The operator a(z, D)
goes into a(xz — b, D) and a(ox, D), respectively, where ¢ = (]). Moreover, a translation t’ =
t+ 7,2’ = x + b sends the Dirac equation (1.0,1) into 9v¢ /0’ + iH’'1¢p=0 with H’ exactly of the
form (1.0.2), with the same matrices «;, 8 but the potentials A, V replaced by A’ = A(t+7,z+
b),V/ = V(t + 7, + b). Since a, remain the same, the split H = H4 ¢ H_ also remains
the same. Going through all the operations, it becomes clear that the two unitary decouplings
1do-s U and U’ of ch.IIl constructed for H and H’ may be related by U’ = T,UT_;, with
Tyu(xz) = u(x + b). [There is no uniqueness in the construction of sec.3.5, but the above U’
works. For time dependent potentials we should use U’(t) = T,U(t + 7)T—p.]

For an L, with an orthogonal map o = ((0;;)) the Dirac Hamiltonian H of (1.0.2) will change
into H' =3 a; (D;-—A;)-‘,-/B—FV’, with unchanged 3 but oc;- =, 0510q, and V'(t,z) = V(t,0x).
A calculation confirms that (i) the matrices a;,ﬁ’ = [ still satisfy relations (1.0.3). Moreover,
(ii) with our choice of a, 8 (cf.(3.1.7)) the o' still are of the form (3.1.7) with o; replaced by
0'; = > 0j;07. Furthermore (iii) we still have oo} = io} , ohol = io} , oho] = iol, just as

for the o;. Finally (iv) there exists a constant unitary 2 X 2-matrix ¢ = ¢(0) of determinant 1
10
00—
will be the two normalized eigenvectors of of each carrying an arbitrary factor e

such that @*a;go = 0. [Such a matrix ¢ must diagonalize ¢} since o3 = ( 1). Its columns

iA el where
A, may be adjusted to obtain precisely go*a}go = oj, for j = 1,2. This fixes only A — p, but
¢ becomes unique up to a free choice of sign + if we also request that det ¢ = 1. This fact
addresses a well known relation between the Lie groups SU(2) and SO(3). The inverse of above
map SO(3) — SU(2) describes a Lie-group homomorphism covering SU(2) twice.] So, with the
4 X 4-matrix @ = (gg), we have H = ¢*H'¢ = a(D’ — A’) + 8+ V', and then should compare

the unitary 1do-s U and U= @*U’ @, using the same «, 3, with different potentials.
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to outline our task: Of course, we will ask the question whether our concept of pre-
cisely predictable observables (and its surrounding facts) depend on the choice of
coordinate system. Under any of above transforms the Dirac equation will remain
intact, with covariantly changed potentials - perhaps with different Dirac matrices
«, 3, but still a Dirac equation. Generally, in this chapter, we will get restricted
to time-independent potentials.After a boost the time-independent potentials
may become time-dependent though, (with a rather special time-dependence), but
they still will satisfy cdn.(X). There will be algebras P and PX (independent of
the initial point 7), before and after the change of coordinates. Now, as it comes to
the Hilbert space H = L?(R3,C*) of physical states, this space should remain the
same, if we deal with an L, or with a translation by ({), since the locus “t = 0”
in Minkowsky space R* does not change. In the new coordinates 2’ = oz (or
2’ = x+b) a state ¢¥(x) will assume the form ¢’ (2') = (' — b) = (T_p0)(z’) (or
Y (z') = (oT2’) = (S,r9p)(2')). An observable A then will go into the observable
A = T,AT_, (or, A’ = S,AS,r). Note, T, and S, are unitary maps H < H
inverted by T_; and S,r. So, in the Hilbert space H of physical states our coor-
dinate transform just corresponds to the unitary map ¢ — Z*¢ with Z = Ty, (or
Z = S,), under which a linear operator A : H — H transforms into A’ = ZAZ*.

We then have the algebras P and PX and their transforms under Z - i.e.,
ZPZ* and ZPXZ* - and we will expect a relation between these algebras and the
algebras P’ , PX’ generated by the transformed Hamiltoninan H’.

Now, our split H = H.®H,, of (3.0.5) is determined by the split H = H  &H_
with Hy = L*(R?,C3) (give or take some subspace Z), and the unitary map U
obtained in sec.3.5. And, the algebras P , PX also depend on the split H =
‘H4+ @ H_ and the operator U € Opicy of sec.3.5. However, if we now examine U,
it is clear that U’ = ZUZ* (with Z =T}, (or Z = S,)) belongs to Opipcy, again
since Oppey, are invariant under linear transformation of variables. Moreover, we
get

(6.0.3) UH'U = (())(}lf(’)> with X' =ZXZ*,Y' =2Y7*,
since evidently the transform Z leaves our split H = H, @ H_ intact [although it
might transform the (finite dimensional) space Z a bit].

It may be important now to recall that there is no uniqueness in the construc-
tion of our unitary operator U of sec.3.3 and sec.3.5, nor is the split H = Hy &H_
unique, due to the subspace Z. But, if we decide to use the above transformed

operator U (and the correspondingly transformed space Z’) then, indeed, we get

(6.0.4) H="H,oH, with H, =U'H, , H,=UH_ .
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and
(6.0.5) U*P'U = {(é g) : A, D € Opype, B,C € O(—00)}
UrPxXU = {<6439> : A, C € Opyce} .

Then we also have
(6.0.6) P =ZPZ*, PX' =ZPXZ* .

Or, in other words, the concept of precise predictability transforms as it should
under this kind of “trivial” Lorentz transformation -

On the other hand, a time-translation (£) — (,*7) will generate the new ob-
servables A; = ¢™H Ae=™H _je., just the Heisenberg transform. We know that
this leaves the split (3.0.5) and both algebras P, PX invariant.

So, regarding Lorentz-invariance we are left with the special transform (6.0.2) -
called “z1-boosts” - or just “boosts”. For such a boost the Dirac equation will keep
its general form, as we shall see in sec.6.1. However, since now time is involved, we
no longer should keep the initial 3-space ¢t = 0 as the location where our physical
states are defined. Rather, we should define a new Hilbert space of states along the
(also space-like) hyperplane ¢’ = 0, and on ¢’ = 0 use the new space-coordinates z’.
This raises the question of a useful correlation between physical states at t = 0, and
t" = 0, accompanied by the proper change of observables as well. This problem
already appeared for the translation, if there is a time-shift - i.e., (£) — (£t7),
for example. In that case we were solving the Dirac equation (1.0.1) with initial
condition ¥(0,x) = 1o (z), for a given state 1y € H, getting 1 (t,x) = e~ Hiypy(z).
Then, choosing Z = 7, we get A, = ZAZ* = e'17 Ae7"H" as the transformed
observable A.

We take this fact as encouragement for seeking the change between the space-
like hypersurfaces ¢ = 0 and - after a boost (6.0.2) - ' = 0 as follows: Again we will
extend a given state 1)y into 4-space as solution 1 (¢, ) = e~ *H1)y(z) of the Dirac
equation (1.1.1). The values of 1) on the plane ¢ = 0 in the proper coordinates z’
then should be related to the transformed state.

However the vector of H (living on S’ of fig.6.0.1) will only be a unit vector if
we use a modified inner product (u,v) = [ u*kvde, with the constant hermitian
positive definite 4 x 4-matrix £ = cosh(6/2) — a; sinh(6/2), as will be shown.
Thus we will multiply the function ¥|S’ by & to create the transformed physical
state, living on S’. ¢’ then will have norm 1 in H. The map R : ¢ — 1’ will be
a unitary operator of H — mapping the physical states on S onto the physical
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states on S’. (Multiplication by & should correspond to the well-known relativistic

velocity distortion.)

t" = tgcosh @

Sl

Fig. 6.0.1. The Hilbert space H is located over the hyperplane S = {t = 0}. After
the boost (6.0.2) we should work with a Hilbert space over S’ = {t' = 0} given as
t = x1 tanh 6 in the old coordinates. We relate a state 1o on S to a corresponding state
on S’ by restricting the solution of the Dirac equation assuming initial values %9 on S
to S’, and multiplying it by a “relativistic distortion”. This corresponds to the fact that
at the hyperplane t = t¢p we traditionally deal with the restriction of the same solution

ety to t = to.

The induced transformation of independent and dependent variables will trans-
form the Dirac equation (1.0.1) into the Dirac equation again, with exactly the
same o, [, but with potentials changed according to the covariant change of
electromagnetic field vector (details cf. sec.6.1).

Things are quite different in one respect, however: The transformed potentials
now will depend on ¢ as well (except under special assumptions, such as A; =
V = 0). Still we must ask the question, in general as well as in the special cases,
whether or not “precisely predictable” can be defined also in the new coordinates,
and whether or not the definitions for both coordinates agree.

Indeed, in sec.6.2 we will show that in the case of vanishing potentials where
the unitary map U may be chosen according to (3.1.5), and then there are well

defined spaces H. and H,,, we do have
(6.0.7) P’ = RPR* and PX' = RPXR* .

This fact seems to be nontrivial - To prove it, we had to get some more explicit
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representation of the operator R. This happens to be a (global) Fourierintegral
operator with rather interesting properties.
On the other hand, for the general case, we find it useful to first investigate

another transform of the Dirac equation - namely, the equation
(6.0.8) O /ot +iH'yp where H' = RHR" .

Note that H’, the transform of the Hamiltonian H under R still is a “Dirac-type”
operator - a first order PDO, not exactly of the form (1.0.2) but similar, and can
be explicitly calculated. This is a time-independent operator, not coinciding with
the Dirac Hamiltonian obtained by the above coordinate transform - here called
H™(t) The Dirac equation 9v¢/9t + iH™ (t)y = 0 possesses an evolution operator

tH™ (t—T1) .

U(r,t) = Ug~(7,t) as in thm.4.1.1, not of the group form e~ However,

one can derive a relation between Ug~ and e lt, also involving a translation
operator (cf. (6.3.10)) These facts will be helpful for the study of transforming
precise predictability.

For V.= A = 0 we can get a direct evaluation of R - in terms of some Fourier
transformed nonlinear substitutions, allowing us to directly show (6.0.8). It turns
out that R then commutes with the spectral projections of Hy effecting the split
(3.0.5), and the unitary tpdo U of (3.1.5) remains the same.

In the general case we will rely on the fact that the unitary ¢¥»do U constructed in
sec.3.5 determines the two projections Py = U(é 8) u*, P_= U(g ?) U* € Opypey
effecting the split and also the two algebras P, PX of precisely predictables.

We trivially have RU unitary, and
p— X0

(6.0.9) (RU)*H'(RU) = <0Y> ,
50, RU decouples H’'. However, this is not a decoupling of H’ in our sense, since
RU is not a do - the operator R still being a global Fourier integral operator
with rather nonlocal properties. But we will try to rectify this by right-multiplying
RU with another Fourier integral operator, not disturbing the split (6.0.9), but
converting RU into a tdo. For this construction we will strongly rely on the
“formal 1do 7 E = e(z,D) with e(z,&) = %148 [this is not a tdo in Opye,
but, rather, a Fourier integral operator]. The U (called U®) thus constructed
will not coincide with U of (3.1.5) if potentials vanish, even though it then has a
representation U° = u®(D) with some other u®(¢) (depending on n) diagonalizing
symb(Hy).

Still, U® will decouple H' and equ. (6.0.8). And, moreover, the decoupling
achieved by U will be the transform of the decoupling of U under the
unitary operator R. Once we have obtained this U, then we also get a unitary
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1do (called U°(t)), now depending on ¢, decoupling the Dirac equation Oyu +
iH(t)u = 0 obtained by changing coordinates under the boost (6.0.2). It turns
out that

(6.0.10) Ue(t) = eimtD1 Uo(t)efi’r]tDl )

So, under U°(t) we still have the R-transformed original decoupling of U - just

mtD1 (which leaves the spaces

combined with a time dependent translation T}; = e
H, = RH. , H, = RH, unchanged with time).

Also, since now we have a time-dependent Hamiltonian, the algebras P and
PX now should depend on the initial point 7. Indeed, we get 75(7) = eintbip’
with P/ = RPR* describing the proper precisely predictable algebra.

This then, finally, should describe the Lorentz covariance of precise
predictability we have to offer.

Proving these facts (i.e., thm. 6.4.1) will engage us in a complicated discussion,
finally focusing on the problem of solving a certain ODE with vdo-coefficients -
rather, in proving symbol properties of their solutions. This is discussed in sec’s
6.5-6.7. We close the chapter with a discussion of integral kernels of some of the
operators used in this section - just to let us get a feeling for them.

Interestingly, the 1-dimensional (abelian) subgroup of boosts (6.0.1), for § € R,
generates a group R = Ry of unitary operators. This Ry may be seen to be the
evolution operator of a certain hyperbolic system, and, approximately, symb(A’)
is the transport of symb(A) along the (pair of) Hamiltonian flow(s) generated. We
will not work this out, however.

Note, we are keeping the ‘time evolution interpretation’ of the Dirac theory
intact, although normally this is abandoned in the extensive literature on Dirac
theory: For relativistic discussions equation (1.0.2) usually is multiplied by 8 and
thus assumes a form symmetric in the 4 variables (t,z) = (xg,x1,%2,23). The
symmetry invites forgetting about the distinction of time variable.

Perhaps we here should mention the work of A.Unterberger [Un;] who indepen-
dently has offered an abstract theory of Dirac observables, also involving pseudodif-
ferential operators. For vanishing potentials the operator Z = 3(—id; + H) — 1 is
a “square root” of the wave operator: We have Z? = A — 02, due to the proper-
ties of the Dirac matrices o, 3. Accordingly, a solution v of Y+ iHyp = 0 will
also solve the Klein-Gordon equation v, = A — . Their (t,z)-Fourier trans-
form " must satisfy (72 — €2 — 1)9"(7,£) = 0, hence must have support on the
“mass-hyperboloid” M = {72 = 1 + ¢2?}. Similarly to his earlier discussions for
Klein-Gordon theory, Unterberger introduces a class of pseudodifferential opera-

tors with symbol defined on a “phase space” with momentum and location given
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by the “world lines” in (¢, x)-space. His operators preserve solutions of the Dirac
equation, and have covariance under Poincare transforms built in. This is worked
out for vanishing potentials only.

Perhaps we also should mention, at this point, the extensive literature on the
subject of relativity and the Dirac equation (cf. Thaller’s book [Thl], chapters 2
and 3). For us, looking at observables of the Dirac equation, the only thing impor-
tant seems to be the covariance of our algebras, looked at in terms of conjugation
with the unitary operator R introduced above. In fact, while mathematically quite
interesting, many of the properties discovered within the past 75 years might only

distract from the real physical issues.

6.1 A New Time Frame for a Dirac State

We are looking at the Dirac equation with time-dependent* potentials, and symbol
of the Hamiltonian H(t) given by

3
(6.1.1) h(t;x,€) = Zaj(gj —A(t,z))+ B+ V(t,x),

A physical state will be a unit vector ¢)(z) in the Hilbert space H. When thinking
of this same physical state in the new space-time frame given by the boost (6.0.2)
we first extend v¢(z) into Minkowsky space {(¢,x)} as a solution of the Dirac
equation ¢+ iHv = 0 to obtain a function ¥ (t,z), and then restrict ¥ (¢, x) to the
space-like hyperplane ¢’ = 0 in the new space-time coordinates (¢, z').

This transformed state 1> = 1 (2’) should be a unit vector in the Hilbert
space H® of squared integrable 4-vector functions on S’. And, indeed, we will
show this to be correct, but with a slight amendment: The inner product of C*
on &' will no longer be 1*y. Rather, we must use 1/*x2y, with a certain constant
positive definite hermitian symmetric matrix® x.

The boost (6.0.2) will be abbreviated as
(6.1.2) t'=tc—x15, ¥) = —ls+mc, Th =19, T4 =13,
with ¢ = cosh § and s = sinh #. Its inverse is given by

(6.1.3) t=tce+ais, 1y =ts+aic, za=2a}, x5 =2af .

4Lorentz-transforming the Dirac equation will work for time-dependent potentials, but even-
tually we will return to time-independent A and V, since we want to study covariance of our

algebras P and PX partly defined only for that case.
5But, to compensate for this, we rather will left-multiply the restriction to ¢’ = 0 with the

constant matrix k - applying a “relativistic distortion” to the state.
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Given a state 1 (and its extension v (t,z) into R*). Assume 9 (z) € C§°(R?),
then also ¢, € C§°(IR?), for all times ¢. Indeed, the Dirac equation is a symmetric
hyperbolic system, hence it displays finite propagation speed. A quick study of
hyperbolic theory shows the upper speed limit to be = 1 — the speed of light —
as expected. Thus, if supp ¥ is contained in a ball {|z| < n} then supp ¥ will be
contained in {|z| < n+ |¢|}.

The transformed state 1) then should be given as the restriction 1(t, )| (=0},
in the proper coordinates ' on S’. Note that ¢/ = 0 amounts to ¢ = nx;, with
n = tanh 6. In order to verify a relation between ||¢[|? = [¢*dz = [ [¢(z)|*dx
and some L2-norm on S’ we consider the difference

(6.1.4) Z:/|1/1(nx1,x)|2dz—/|d)(z)|2dx.

For convenience we assume that ¢ > 0, and that supp 1, is contained in the half
space x1 > 0, for all 0 < 7 < ¢. This is no restriction of generality, due to the fact
that supports are compact, and that we have arbitrary space-time translations
available to shift supports, before attempting our discussion.

Then we may write (using our Dirac equation 0y /0t = —iH):
na1 d ) na1 § .
z = [ _an [ argetnoPy= [ do [ drwie s vuino)
z1>0 0 T z1>0 0
= —/ dT//dl‘gdl‘g/ dry {(iHY)* Y + * ((HY) Y (7, 21, T2, 23).
0 T/

But the differential operator H is hermitian symmetric. Therefore the latter inner
integral transforms into a boundary integral.

More precisely, we get iH = @10, + . ... The crucial term of above inner inte-
gral is ff;n dx1 0y, {0 a0} (1, 21, 22, 23) = —{* a1} (7, 7/, x2,23). The partial
integrations with respect to x5 and x3 do not give boundary terms since the inte-
grals extend from —oo to co. It follows that

(6.1.5)

/ dT//d$2d$3{1/1 04177/1}< 1’2,$3> = —Tl/dx{q//*alw}(ﬁflafﬂ)y

where we have used the substitution % = x1, d7 = ndx1, and extended the integral
to all of IR®, using the support condition. Finally we introduce the coordinates
2’ (also in the first integral of Z): On &’ we have ¢t = 7 tanh 6, 2} = x1 cosh§ —
tsinh@® = z1/coshf, z, = xa, 25 = 3. Introducing this in the first integral
(6.1.8), and in the integral of (6.1.5), we get — with ¥(nz1,x) = > (z') —

(6.1.6) /wA* (cosh @ — o sinh 0)y= (z")dz’ —/|1/) )|*da.
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This confirms the above discussion — we find that the positive definite matrix s
mentioned is given by x? = cosh — a; sinhf. Indeed, x? is hermitian, since ay
is. Also, o has eigenvalues +1, since a? = 1. Hence the eigenvalues of x? are
cosh 8 £ sinh 6 > 0.

In order to round off this discussion let us next transform the Dirac equation
onto the coordinates (¢, z') of (6.1.2). Equation ¢ +iH (t)1) = 0 assumes the form

3
(6.1.7) {(c—a18)0:+ (a1¢—8)0y, + 204, + 304, Jri(ﬁJrV—Z o Aj) S = 0.
1

2

We find our positive matrix k° as coefficient of J;. It is practical to introduce

Y = k™, with the positive square root x of k2 = ¢ — ays. Then the left hand
side of (6.1.6) will be [|¢/’||?, and (6.1.6) shows that the map 1 — 1’ is a unitary
operator of H. On the other hand, (6.1.7) with ¢, after a left multiplication by
k~1 = \/c+ ais, assumes the form

3
(6.1.8) {0y + 00y + @40y + Oy, +if +in (V= a;Aj)s~" 1 =0,
1

where
(6.1.9) o) =y, b=k tagk™ o =k tazkt B =k1BrTE

The last term in (6.1.8) assumes the form

(6.1.10) i{(c+ ais)(V — ays) ZQ/AJ}

3
=i{(cV —sA;1) —a1(—sV + cA;) — Za;Aj}.
2

Introducing the transformed vector potential
(6.1.11)
(V' AL AL AL (Y, 2') = (V cosh — Ag sinh 6, Aj cosh — V sinh 6, As, A3)(t, )

(which conforms with the covariant transformation rules for vector potentials)
we then obtain the Dirac equation (6.0.3) in the old form again, with the «;,
replaced by o}, 3’ of (6.1.13). However, a calculation shows that 8’ = 3, o = a,
for j = 1,2,3. Indeed, we get

(6.1.12) k=04 —a1d_, k' =6, +16_, 64 = cosh(0/2), 6_ = sinh(0/2),

using o = 1, and the fact that the matrices at right are positive.
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We already have oy = a;. We use that ajas +aea; = 0, for af = k71 1=

(04 + a10_)as(d4 + a16-) = aa(dy — @16-)(64+ + 10-) = ay. Similarly for ag
and (3, using ajag + aga; =0 and a1 8 + Bag = 0.
It follows that ¢'(t',2") = k(t,x) = (64 — a10-)y(t,x) satisfies the Dirac

equation again, in the new coordinates (¢, 2’), with the (covariantly) transformed

oK~

potentials V', A;- of (6.1.11), but with exactly the same Dirac matrices a;, 3.

‘We summarize:

Proposition 6.1.1 The map R : ¢ — o/ = xp®, with k of (6.1.12), and the
restriction > (z') to S’ (the plane t' = 0) of ¥(t,x) = e, in the new coor-
dinates (6.1.2), defines a unitary map of H = L?(R3,C*) onto itself. This map
takes the physical state 1(z) on S = {t = 0} (with ||[v|| = {[ w*wdx}l/Q =1)toa
transformed physical state o' (x'), defined on the plane 8" = {t' = 0}, in the new
coordinates (t',z'), again with ||| = { [ 1/)/*1/}/(1‘/)611'/}1/2 =1, in such a way that
the solution ¥’ (t',x') of the Cauchy problem

(6.1.13) oY’ Jot' +iHY' =0, ¢'(0,2") = ¢/ ('),
(with H of the same form as H, in new coordinates (t',z')),

3
(6.1.14) H=n(ta D), W=V +mB+) o;(&— A)),
1

with the old a;, 8 of (6.0.2), but potentials V',A;- of (6.1.11)) and the solution
Y(t,x) = e ey of (1.0.1) with ¥(0,z) = ¢ (z) are transforms of each other in
the coordinate transform (6.1.2), combined with the map ¢ — k> as transform

of dependent variable.

Remark 6.1.2 When trying to look at our algebras P and PX of sec.3.3, sec.3.5,
sec.5.7, sec.5.8, and their behaviour under this coordinate change, we must keep
in mind that PX generally was only defined for time-independent A and 'V, while,
in general, P will depend on the initial point T, if potentials depend on time.
However, after performing above coordinate transform, our new A', V' of (6.1.11)
in general now will depend on t'. We will assume time-independence of A and
V, in the following, then getting our P and PX, in the old coordinates, with
the constructions of ch.8 and ch.5. But these constructions normally will not be
available in the new coordinates. Still, of course, we may transform the algebras
already obtained to the new coordinates, using our operator R, above, and we will
show that they display similar properties, also in the new coordinates, regarding the
possibility of decoupling by means of a unitary ¥do , etc. Also, these algebras will

be independent of the initial Hilbert space of states, in spite of now time-dependence
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of A',V'. However, as the constructions of sec.3.5 are not available for A', V',
we cannot expect a comparison between the different methods of obtaining these

algebras.

Remark 6.1.3 No symbol properties are needed for A and V, above, although we
will assume bounded C*°-potentials V', A;. This implies essential self-adjointness
of H in its minimal domain C§°, hence existence of a unique self-adjoint realization
of H (cf.[Th1], thm. 4.2). So, also, our unitary group e *H' is well defined
under such weaker assumptions. However, for convenience we always will assume
cdn.(X) for A and V', which implies cdn.(X) also for A’, V' together with all their

time-derivatives.

Then this group consists of operators of order 0 - bounded Hy — H for all s,
with the weighted Sobolev spaces Hy of sec.1.4 (cf. [Co5],VI,thm.3.1 - also look
at sec.5.7, above, for further comments). In particular, this ensures that we may

calculate with Cg°-states, all the way.

6.2 Transformation of P and PAX for Vanishing
Fields

Let us look first at invariance of our algebras P and PX for vanishing potentials.
This is a case where not only the operator R of (6.0.2) but also conjugation A —
RAR* taking observables to the new space-time frame can be described explicitly.

It will be confirmed indeed that we have
(6.2.1) RPR* =P, RPXR*=PX .

Interestingly, however, we do not have H' = RHR* = H, reflecting the fact, that,
in the “moving frame”, the total energy of the particle (at rest in the old frame)

is “augmented” by the energy of the uniform motion in the z;-direction at speed

n.

Let us assume V = A; = 0 in all of the present section. In that case the
FW-transform U of (3.1.5) is just given by
1

with u(§) = \/ﬁ(l + 59 — Bas), where so(§) = % , s(&) = % , and, as usual,

w(D) = F-1u(¢)F.
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‘We have
(6.2.3) Ho = U{(u1,u2,0,0)" = ()} CH, Hp, =U{(0,0,v3,v4)" = ()} cH,

and our algebras are explicily given as

AB
(6.2.4) P=U{ (CD) :A,D € Opypc, B,C € O(—oc0)}U"
A0
(6.2.5) Px =U{ (O D) :A,D € Opyc}U™ .
Or, alternately, using the two eigenprojections
1
(6.2.6) Pr =px(D) , px(§) = 5 (1 F (a€ + 5)/(€))
we have
(6.2.7) P={A€Op)c: PLAP_,P_AP, € O(—)} ,
(6.2.8) PX ={A€Opypc: P_AP, = PLAP_=0}.

In terms of 2 x 2-block matrices the two projections Py satisfy

10 00
2. *P.U = *P U =
(6.2.9) U*P.U (00> , U U <01> ,
and we have
(6.2.10) H = (D)P, —(D)P_,

since h(€) = a& + [ has eigenvalues £(¢) = £4/1 + 2. The Py satisfy

(6.2.11) Pi=Py,Pl=P,, PP =P P, =0,P +P_ =1.
We get
(6.2.12) e~ = ~iD)tp | iD)p

where the Py = pi (D) are bdo-s with symbol py € )¢y, while e**(P)* also are
bdo-s, but with symbol e=€)* only in t, not in e. Leibniz formulas do not
apply in the asymptotic form, for such operators. Their composition obeys some

more complicated rules.
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We will need fla. (6.2.12) for construction of our unitary operator R: The
solution of Diracs equation for a given initial value g (z), at t = 0, is determined
by

(6.2.13) P(t,z) = e PP g + e PIP_yy .

Recall, R was constructed by the sequence
(6.2.14)

vo(x) = Y(t,x) = e iy — v(na1,x) = ¥°(2) = w°(ca1, 7) = Wy (z) = Rebo(x).

In (6.2.13) the terms 1o+ = P11y are independent of ¢. Thus, if we set ¢t =
nr1 , n = tanh @, then we will obtain terms of the form Fty + with an operator
E = E, of the form

(6.2.15) Bu(z) = (27r)‘3/2/dé‘ei’”fei”wl<5>uA(£) sl <1,

Again, E looks like a tdo with symbol e(z, &) = ¢™*1{€), But this symbol does
not even belong to ¥t since repeated ¢-differentiation brings out higher and higher
powers of 1. Still, the operator F is well defined by the integral (6.2.15), at least

6

for u € S, as easily seen®. Let us discuss some properties of the map E. Note,

this is a scalar operator - it commutes with every constant 4 x 4-matrix.

Proposition 6.2.1 The scalar operator (formal vdo) E = e(x, D) with symbol
e(z,€) = e*1€) may be written as
1

(6.2.16) E=F" ng(x)

F,

with the operator @ : u(x) — u(p(x),z2,x3), and the multiplication u(x) —

u(x)/p(xz) where the real-valued functions p and ¢ are given by

(6.2.17) ulx) = 1 an (1 — /a2 4+ (1 —2)(&)2) , & = (x9,23) ,
and
(6.2.18) o(x1) = 1+ n———t >0.

V1+z? + 22

In other words, E is the Fourier transform of a product of a substitution Q of

the independent variable x1 and a multiplication operator u(xz) — u(z)/p(x).

6These operators still have Leibniz formulas with integral remainder, but that remainder is
uncontrollable. Moreover, as another fact: While ¥do-s leave the location of singularities (of
the functions they are applied to) fixed, Fourier integral operators - like E - may transport
singularities elsewhere - according to interesting laws or prescriptions. Similar facts appear at
|z| = oo, for our type of (global) 1do-s and the global Fourier integral operators, similar to E.
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Proof. We may write the operator E in the form

(6.2.19) Fu(z) = (2m)~%2 / deei €)1 (g)

_ (27‘()_3/2/déeiié/dfleixl)\(gl’é)u/\(flag) ,

where we have written £ = (£1,€) again, and where

(6.2.20) MO = MG, = (G +m/1+&+82).

Observe that ¢ of (6.2.18) equals the partial derivative ¢ = 9A/9&;. Since |n| < 1
we get OA/0¢& > 0 for all £, and conclude that )\(fl,é) is an increasing function
of & for fixed €. This function has an inverse function, explicitly given by p of
(6.2.17), as seen by a calculation.

The function p clearly is a symbol in 1c.2, and it satisfies

(6.2.21) p@ (&) = o)1 .

Furthermore, the functions ¢(&) of (6.2.18) and

G
(6.2.22) A s R T

clearly belongs to vcq .
Now fla. (6.2.16) arises from the following trick: We get

(6.2.23) Ep(D)u = (ep)(z,D)u

= (2m)/? / dge'™ / dgy = NN [0¢ (a1, E)u (61, ) .

Here we may introduce )\ as new integration variable, in the inner integral. With

the inverse function p of A we then get
(6.2.24) Ep(D)u = (2r)3/2 /dgemw(u(gl),g) =F1QFu,ues.

All above integral manipulations are easily verified, and we then indeed get (6.2.16)
from (6.2.24), q.e.d.

The following consequences of prop.6.2.1 will be helpful.

Proposition 6.2.2 (i) For any (possibly matriz-valued) function f(&) of polyno-
mial growth we have
Ef(D)E* = f~(D), where f~ = S.f2, with

6.2.25 -
(6:2:29) 1O = (@ se§)flch - 5(0).9).
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(i) We have

(6.2:26) E°E =v(D) with v(&) = <£><f>ns ’

again with ¢ = cosh, s = sinhf, n = tanh 0, and the & -dilations S. : u(§) —

u(céy, €).

(iii) The operator E,, as a function of n, satisfies the differential equation

E
(6.2.27) dd—n” =iz1E, (D) .

Proof. For fla.(6.2.27) we differentiate E,u(z) = (2m)~%/2 [ dg¢et@Enmil&yh (&)
under the integral sign. For (6.2.26) use (6.2.16) - ie., E = F*QuF - , im-
plying E* = F*vQ*F with Q* = pQ~!, so that E* = F*Q'F and E*E =
F*Q 'FF*QuF = v(D). Similarly get Ef(D)E* = F*Q(vf)Q™'F = f~(D),
where a calculation yields that f~(z) = (vf)(u(z1,Z), &) assumes the form stated
in (6.2.25). Q.E.D.

Now we can approach the following result.

Theorem 6.2.3 For vanishing potentials the operator R of prop.6.1.1 commutes
with the projections Py, so that we have

(6.2.28) P, =RP.R* =Py .

Also, we have

10

(6.2.29) H' = RHR* = cosh0{H + tanh 0D, } , D; = o
1 01

as transform of the total energy observable H.
For any vdo A € P, the operator A’ = RAR* belongs to P,, again. For any
AcPX,, we also have A’ € PX,,.

Proof. Looking at (6.2.14) we may write (with the z;-dilation S, : u(z) —
u(cxy, T) and its adjoint S} = %51/0, where ¢ = cosh 6 )

1
(6.2.30) R=kS(E_,PL +E,P_), R" = E(PJrEi,7 + P_E;)Sl/cli .
Let

(6231) A:A+++A,, +A+, +A,+ s A65 :PEAP6 s E,(S: + .
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An operator A belongs to P, ifand only if Ay ., A__ € Opycy,, but A, _,A_, €
O(—). It even belongs to PX,, if also A, = A_, = 0. Combining (6.2.30)
and (6.2.31) we get

(6.2.32)

1
A/ = RAR* = EK;SC{Ef’r]A++Ein+ET]A**ET]+E717A+7E:;+E7]A7+Ein}sl/c’k‘:

For A € PX the last two terms in the sum of 4 in (6.2.32) vanish, and only the
first two must be considered. For A € P we want to show that we get E,CE* €
O(—o0) for all |n] < 1 and C € O(—o0). This follows from the fact that the
operator E belongs to O(0). That is, E € NL(H,) - for every s the operator E
extends to a continuous operator’ H, — H, . But E, is the evolution operator of
a first order symmetric hyperbolic pseudodifferential equation: Using (6.2.27) and
(6.2.25),(6.2.26) we get

0233 G = in(By(D)e(D)EE, = k(2. DIE, . By =1,
where k(n, x,€) = x1((§)¢(€))™ in the sense of (6.2.25). Here the function k(n, z, §)
satisfies the assumptions of [Co5],VI,thm.3.1, so that, indeed, the evolution oper-
ator E, is of order 0. Thus, indeed, it follows that the last two terms in (6.2.32)
are in O(—o0) whenever A € P.

We will show that the first two terms of (6.2.32) belong to ¢, whenever
A € Opyc,,. But first now let us prove (6.2.28).

Apply . (6:225),seting f(6) = p(€) = 31— (0 + 9)/€)). Werge (€)=
(02 - CS ) (c&1 — s(8), §) = é(c2 R >){1 al(egld 9<£>5)§1a£ ﬁ}
=3 {C< )—sé1—an(c€i—s(€)—al—B} = § & {(c+ars) () —(s+arc)é1—aé—p}.

Recall from sec.6.1 that we have ¢ + a1s = k2, s+ ajc = a1k~ 2, and that
we may write
(6.2.34) as =k tagk ™, as=k"taskt, f=k"108k7T.

So, it follows that

(6.2.35) rp®(€)r = ep(€) -

Now we must look at the construction of p(D)’: Clearly we get p(D) = p(D)4+.
So, in fla. (6.2.32), only the first term at right will appear. Formula (6.2.25) may

7As an alternate proof of this fact - perhaps more direct - one may use (6.2.16) again, where
then F, F* map H (s, s,) — H(ss,s;)> SO that one just must show that the multiplication (by v(x))
and the substitution operator @ both map Hs — Hs. The first is evident, since v(x), ¢(x) € co.
The second again may be verified, using that Q,Q~! are L2-bounded while again thm.1.6.1 may
be used on the operator @1 (z)™2 (D)™1Q to show that it belongs to Optcy,, with corresponding
L(Hs, Hs—m)-boundedness, according to sec.1.4.
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be written as
(6.2.36) Ep(D)E* = F*S.p™(2)S,.F .

Furthermore note, we get F*S.u(z) = (2m)73/2 [ déu(cg;, €)e?™s = 1(S1/cFu(z)),

c

and Sy . F = cFS., and, S} = %Sl/c. So, (6.2.36) may be written as
(6.2.37) Ep(D)E* = 8,,:p™(D)Se = e 'Sy /ep(D)Ser ™ .

Combining (6.2.37) with (6.2.32) - where only the first term, at right, counts, we
indeed get P’ = p(D) = Rp(D)R* = p(D) - this is for p = p;, while a similar
argument implies P/ = RP_R* = P_.

Next we look at the transform of the Fourier multiplier
(6.2.38) H = (D)p+(D) — (D)p—(D) ,

i.e., we seek for the observable H' corresponding to the Hamiltonian H in the old

coordinates. We then get
(6.2.39) Hyy = (D)py (D), H-_ = —(D)p_(D).

It is easy to get f2(D) for f(€) = (£)p4(€): There just is the additional (scalar)
factor ((c&, — s(€),€)) = ¢(€) — s& to be inserted into the result for f = p4. So,
we will get

(6.2.40) H! | =¢(D)p (D) — sDip (D) ,
and similarly,
(6.2.41) H' _ = —¢(D)p_(D) + sDip_(D) .

However, before we put both formulas together, to form H’, we must recall, that
(6.2.40) is to be used for E = E_,, but (6.2.41) for E = E,;. This means that,
in (6.2.40) and (6.2.41), we must replace (¢,s) = (cosh#@,sinh#) by (¢, —s) and
(¢, 8), respectively. In other words, in (6.2.25) we still must replace —s by s. Thus
(6.2.40) and (6.2.41) imply (6.2.29).

Finally, to show that the first two terms of (6.2.32) belong to Opic,,, whenever
A € Opype,y,, it suffices to look at the map

(6.2.42) A — EAE* = F*Qu(z)FAF*v(2)Q*F = F*Qu(x)FAF*Q™'F |

using (6.2.16) again. First of all, the map A — FAF* takes Opyc(y,, m,) onto
Op¥c(my,m,)- Indeed, we get
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(FAF u)(€) = gk [ doe=i7€ [ dCei®a(z, ()dC = gk [ do [ dcei™C=Ea(z, Opu(C).
Reorganizing the variables, we may write

(FAF u)(2) = gk [ de [ dyeSGva(~¢, yuly) .
Comparing this with (1.0.15) we find that

(6.2.43) FAF* = (a*(~D,z))* , F*AF = (a*(D, —2))" .

Here we see that the roles of  and £ of the symbol a(z, £) have been interchanged:
For a symbol a(z,§) € ¥c(m, m,) the symbols b(z,§) = a*(—¢§,z) and c(x,§) =
a*(§,—x) belong to ¥c(m, m,). But this change (mi,ma) — (ma,my) will be
reversed by the later transform B — F*BF occurring in our procedure.

We already noted that the function v(z) of (6.2.22) (and its inverse (x))
belong to ¥cy. Hence, the multiplication b(z, D) — v(z)b(z,D) = c¢(z, D) will
preserve the property “b(z,D) € Opiey,”. So, we are left with showing that
C — QCQ™! takes ¥, — ¥cym,. So, the question will be whether the coordinate
transform v : R® — R? defined by = = (z1,%) — (u(z1,7),2) will leave the classes
Opicy, invariant.

Now, local coordinate invariance of Hoermander classes of 1) do-s is well known.
For the global coordinate invariance needed here we will need thm.1.6.1 - or,
equivalently, thm.3.3 of ch.IV in [Co5]. This will require the condition that the
map

T . x
@’ @)= V1 —z2
of the open unit ball {|x| < 1} onto itself extends continuously to a diffeomorphism
T {Jo] < 1) — {Jo] < 1}.
To check on this condition, note, it will be equivalent to show that the inverse

(6.2.44) sovos twith s(z)=

map, sov ! os! (where i is replaced by A) has this property. A calculation

shows that®
1

Ve
a C(|z| < 1)-function, indeed, since the denominator does not vanish (due to
[n| <1and |z1| < |z] < 1).

The function of (6.2.45) is invertible as map between the open balls {|z| < 1},

(6.2.45) T (z) =

by construction. But its inverse also exists in the closed ball: Setting y = (y1,9) =
Y~!(z) we focus on the first of these 3 equations:
r1+n
nh=—r—/————-.
V1402 + 0z
8We get v~1(z) = (z1 + n{x),Z) hence (v o s 1)(z) = (x1 +n,%)/V/1 — 22, using that

(x/v/1—22) = 1/v/1 —22. Next we need ((z1 +1,%)/vV1—22) = \/1+ 12 + 2nz1/V1 — 22.
Using this we will get (6.2.45).

(6.2.46)
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The function at right is smooth and increases from —1 to +1, as —1 < x; < 1.

Thus it has a smooth inverse 21 = y(y1,7) in |y1]| < 1. Substituting this we get

(6.2.47) E=1++20(y1,m) 7 -

This supplies the desired smooth inverse map Y.
Since application of x and of the dilation S. both leave Opic,, and O(—o0)
invariant, we then indeed get

1
(6.2.48) /5)5 =P.A'Ps = (Agg)/ = EHSCE—anAaSE—énSl/cK , 6,0 ==+,

and may conclude that RPR* C P, as well as
RPXR* C PX, completing the proof of thm.6.2.3.

Corollary 6.2.4 In the case of vanishing potentials V,A; the two algebras P
and PX are left invariant by the transformation A — A’ = RAR* generated by

introducing new space-time coordinates with an x1-boost (6.1.2).

This ist just a consequence of the symmetry of conditions - comparing (6.1.2)

and (6.1.3) - , allowing application of thm.6.2.3 for the inverse Lorentz transform.

6.3 Relating Hilbert Spaces; Evolution of the
Spaces H' and H

From now on - for the remainder of this chapter, we always will assume time-
independent potentials A,V satisfying cdn.(X) - but no longer vanishing identi-
cally.

In constructing the operator R relating the spaces of physical states between
different space-time-coordinates we were, so far, only relating the L?-spaces of the
hyperplanes ¢t = 0 and ¢ = 0 with each other, by a unitary operator we called R.

Let us now try the same, but with the modification that we will relate the
space for ¢t = 0 with the L?-space on the hyperplane ¢ = 7/, with given fixed 7/ -
in the corresponding space-coordinates z’. Recall the boost (6.1.2) and its inverse
(6.1.3).

Given a state 1 (x) (at t = 0) we will extend it into R* as solution of our Dirac

equation :

(6.3.1) Pt @) = (e7 o) (@) .

Introducing the new space-time cordinates t’, ' we then get

(6.3.2) Yt ") =p({t'c+ 2is, t's + 2ice, 7).
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Here we now set t' = 7/ = a given fixed constant:
(6.3.3) O(a') = P, &) = Y(r' e+ s, T's + 2he, 7).

This again is a function of (2},3’). To normalize it and create a state in L?({2’ €
R3}) we will have to multiply it by the constant matrix x = cosh(/2)—aq sinh(6/2)
again, creating ¢/ (2) = b (z).

Repeating the construction of R in sec.6.1, let us write

(6.3.4) VO (21, %) = (7' [e +nz1, @)
with n = tanhf = s/c, and with the function (¢, z) of (6.3.1). Then we get
(6.3.5) R po(2) = of(2) = wp®(2hc + 7's, &)

defining a unitary operator R relating the initial states t = 0 and ¢’ = 7.
The question now is whether R and R™ can be related, using the families
e~ *Ht and Up (7,t) - evolution operator of the Dirac equation with the coordinate

transformed Hamiltonian H. Note, we have

(6.3.6) ' (t',2") = (Ugz(0,t)Rpo)(2') = kp(t',2) = wp(t'c + sah, ayc + st', ) .
On the other hand, we get

(6.3.7) (Re ™7 /o) (2') = kS0( [+ na,, o, &) = wib(7' Jc + sx,, e, &) .
Onto (6.3.7) we apply a translation Ty : u(x) — u(xy + A\, &) (with A = n7’) for
(6.3.8) (TaRe ™ 7' 1eyo)(2) = kip(r Je + s(@ + N), e() + ), &)

= k(t'c + sxq,cxy + s’

using that e¢n = s and 1+ s? = ¢2. Comparing (6.3.8) with (6.3.6) - where we set

t' =1, we get
(6.3.9) R o(a') = (Ugz(0,7")Ripo) (") = (T Re™ 17 /4p) (2

where also (6.3.2),(6.3.3) and (6.3.5) were involved. This gives an interesting

relation between evolution operators, as an immediate consequence of (6.3.9):

Proposition 6.3.1 The evolutions Ug and e ™H't with H' = RHR* are related
by the formula

(6.3.10) Uz(0,t) = TntRe*th/cR* _ TmefiH/t/c .
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Note, this gives the occasion for a check: For V.= A; = 0 we obtained the

formula
(6.3.11) H' =c(H +nDy,)

(cf.(6.2.29)). The terms at right of (6.3.11) commute - they are f(D)-s - hence
(6.3.10) implies

(6.3.12) Ug(0,t) = TppeHte=mtDey

—intD

But the operator e *1 equals the translation T_,; : u(x) — w(r1 — nt, &),

inverting T}, occurring in (6.3.12). Accordingly we have
(6.3.13) Uz (0,t) = e 1
as it should be for vanishing potentials. - The test checks.

In connection with prop.6.3.1 we will go back to sec.6.1, for the following
observation.

Remark 6.3.2 Our potentials - in the old coordinates - did not depend on t,
by assumption. This has the effect that V’,A;» of (6.1.11) only depend on the
3 wariables o + nt', &’ = (x4, x%). Introducing the “translation operator” Ty :

u(x) — u(xy +nt, T), we may write

(6.3.14) (VAN 2") = T (VC,A%)

where now the potentials

(6.3.15) (Ve A%)(2") = (Ve — Ays, Arc — Vs, Ag, Az)(cal, 2hy, oh)

depend only on &', no longer ont’. In particular, the multiplication operator u(x) —
V™~ (t, z)u(z) may be written as V™ = T,,V°T_,;, where now V° is independent
of t. Similarly for A~ and A°.

However, the translation operator Ty, commutes with every z-differentiation
and constant matriz. Looking at (6.1.2), we thus get

(6.3.16) H(t) = Ty HT_py , with H* =Y a;(D; — AS)+B+V .
J

Again, let us emphasize, that the operator H® - formally, a Dirac operator - is

time-independent.

One finds that the relation (6.3.10) between the evolution operators of H(t) of
(6.1.14) and H' = RAR* also implies a relation between H(t) and H'.
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Proposition 6.3.3 We have®
(6.3.17) H' = RHR* = ¢(H® +nD,,) = ¢(T_uHT,t + 1Dy, )
with the (time-independent) operator H® of (6.3.16).

Proof. We have (T)1u)(x) = u(x1 + nt, %), hence 0y (Tyyru) = nu|y, (v1 +nt, ) =
Tyt = 17T, . Differentiating (6.3.10) for t we get —i H (t)T,ee ™'t/ = U7 (0,t) =
at(Tnte—iH't/c) _ ﬂTntamle_iH/t/c _ %TntHle—iH't/c )
Multiply left by ¢7_,,; and right by etH't/e for T,ntﬁTnt =10z, + %H’, implying
(6.3.17), in view of (6.3.16). Q.E.D.

Finally, as a generalization of prop.6.3.1 useful for considering the algebras

P'(1), PX'(7):

Proposition 6.3.4 The evolution operator Uy (T,t), for a general initial point T,

1s given by the formula
(6.3.18) U (1,t) = Ty ¢/ with H' = ¢«(H® +nD,,) .

This follows easily, using that H(t +7) = T, H(t)T_,., by (6.3.16).

6.4 The General Time-Independent Case

Suppose now, we have a Dirac Hamiltonian H = «a(D — A) + V with general
(time-independent) potentials V, A satisfying cdn.(X). We then have a decoupling
unitary ¥do U € Opibcg, in the sense of sec.3.5 such that!©

(6.4.1)

X
H = U<0£)U* s where X = <D> + X, Y= 7<D> +Y, X1,Y1 € Opwc_ez .
We also have the operator R of sec.6.1, and the operator H' = RHR*, explicitly
related to the transformed Hamiltonian H by fla. (6.3.17). Since H’ is time-

independent and also has a somewhat modified standard Dirac Hamiltonian form

9We should observe that one might feel tempted to apply the Baker-Campbell-Hausdorff
formula onto (6.3.9), observing that Ty; = ePz1in order to get a representation of the
operator Uy (t): Formally, we get eAt Bt — ¢C(1) with a power series C(t) = C1t + Cat® + ...,
where C1 = A+ B and Cj is a combination of iterated commutators of A and B - of order j. With
our special operators A = inDy, , B = iH’ these commutators will be of lower and lower order,
and the formal infinite series C'(t) will converge asymptotically, resulting in a corresponding
asymptotic expansion for Uz (t).

10Here we refer to a split H = H4+ & H_ with H4 coinciding with L? (]R3, (C2)7 except that a
finite dimensional space Z of rapidly decreasing functions may have been shifted from “+” to

“7 (or “” to “4") (cf.sec.3.5).
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we might as well also ask whether H' may be decoupled by a unitary ¢do. Trivially
we have

(6.4.2) (RU)*H'(RU) = H” = (3(3) :

However, this is NOT a decoupling of the transformed Dirac equation in the sense
of ch.3, because the new unitary operator RU is not a ¥do in Opicy.

On the other hand, we shall see that (6.4.2) may be modified, using another

Z_0

0 Z+)7 again not a vdo, such that

(decoupled) unitary operator Z = (

(6.4.3) (RUZ)*H'(RUZ) = (0 }9) ,with X = Z*XZ_ , Y =Z.YZ, ,

where now
(6.4.4)
X = c((D) +1Dy,) mod (Oppe_c2) , ¥ = e(—(D) + 1Dy, ) mod (Optpc_2) ,

are 1do-s in Opyc,,, while also U® = RUZ € Opiycy, and
(6.4.5) U® = Uy mod (Oppe_.) ,

with the operator Uy = ug(D) of'! sec.3.1.

The task of getting the above operator Z will encounter considerable technical
difficulties (cf. sec’s 6.5 and 6.7). Even though decoupling H’ by a unitary ¥do
does not mean that we have decoupled the (now time dependent) Dirac equation
u+iH (t)u = 0, this still will help us to accomplish the latter task for the following
reason.

In decoupling equ. % + iH™(t)u = 0 we look for a unitary map - call it V(¢)
here - such that the substitution u(t) = V (¢)v(t) brings forth

(6.4.6) o+ iHA(tv =0 with H2(t) = V*HV —iV*V |

where now H» = (3(19) is decoupled.

Writing v = (¥), equation (6.4.6) then splits into the 2 completely separate

Vg

equations
(6.4.7) 01 +iX(t)vy =0, g+ Y (t)ve =0.

Each of these two equations has its own evolution operator - we call them A(t)
and B(t), resp. Then the evolution operator Uga (¢) will be decoupled:

(6.4.8) Upa(t) = (Aét) B(()t)> .

it really is u of (3.1.5).
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Now, the initial-value problem at ¢ = 0 for (6.4.6) is solved by v(t) = Uga (t)v(0).
So, then, the initial-value problem for H™(¢) will be solved by u(t) = V(t)v(t) =
V() Uga(t)v(0) = V(£)Uga (£)V*(0)u(0), implying Ug~(t) = V*(t)Uga (t)V(0).
Or, in other words, for a unitary operator decoupling H~, in the above sense, we
have

(6.4.9) V() U~ (O)V(0) = (Aét) B(()t)> .

Now, in our case, we have Uy~ (t) = Tnte’iHlt/c. And, we already decoupled

eiH't/e by a (time-independent) operator we called U°. Notice, we may just
set V(t) = T,,U°. Then V*(t) = U®*T_,;, and we get (6.4.9) satisfied with
A(t) = emiX"t/c and B(t) = e~ t/e,

But, clearly, this V(¢) is no longer a strictly classical 1do - except for tn = 0,
since it contains the translating factor T} .

On the other hand, it again turns out that we may compensate for this by
using the unitary operator U°(t) = V(t)I_,, = T,,U°T_,, instead of V(¢). The
additional conjugation of H? with the translation T_,; does not “undecouple”
H? and will give us the desired do decoupling eq. (6.1.13).

Also, we note:

Since the transformed Hamiltonian H (t) is time-dependent, we should expect
the corresponding algebra P of sec.5.2 to depend on the initial point 7. This
indeed will be confirmed: While the algebra P’ is independent of ¢, we will get
P(r) =T P'T_yr.

Incidentally, while the algebra PX was defined so far only for time-independent
potentials - since only then we have results like sec.3.5 - we well may define algebras
PX"~ (1) for the present (time-dependent) H (), Then, again, we have PX ™~ (1) =
TmPX’T,nT as we shall see.

Let us summarize and state the following.

Theorem 6.4.1 After a Lorentz transform in the form of an x1-boost of the form
(6.0.2) we may consider the Hilbert space H of physical states transformed by the
unitary operator R of prop.6.1.1: A state 1 € H transforms into the state ()’ = R,
An observable A (acting on a subspace of H) transforms into A’ = RAR*.

The Dirac equation may be transformed onto the new coordinates in two dif-

ferent ways:

(i) By substitution of independent variables (6.0.2) (together with
left-multiplying the dependent variable with the constant matriz x of
(6.1.12)) we get

(6.4.10) VHiH =0, =1 att' =0, with
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(6.4.11)
(VY AT A AT (', 2') = (Ve—Ays,A1c—Vs, Ao, As) (2 c+t's, b, xh) .

(ii) By just introducing ' = Ry as new dependent variable we get
(6.4.12)  p+iH' Y =0, Y =1thy att =0, with H = RAR* ,
where we found that (the time-independent) operator H' has the form
(6.4.13) H' =c¢(H® +nD,,) with H = a(D — A°)+ 3+ V ,

with potentials
(6.4.14)
(VO A AS AL (t, ) = (Ve — Ays, Ajc— Vs, Ag, As)(cxy, 22, 3) -

The two initial value problems of (6.4.10) and (6.4.12) are solved (respectively)
by i = U~ () , Ug~(t) = Ug~(0,t), and by ¢ = e~ M4y, where we have

(6.4.15) Ug~(t) = Tpe He

For each of these initial-value problems there exists a unitary strictly classical
wdo of order 0 [called U°(t) and U®, respectively] decoupling the equation [(6.4.10)
or (6.4.13), resp.].

Moreover then, our transformed algebras P' = RPR* and PX’' = RPXR* may
be characterized as the classes of strictly classical do-s A with P'AQ’,Q' AP’ €
O(—) , (or =0, resp.), where

10 00
41 I: <& Ok ! — tod O* .
(6.4.16) P =U (oo) U™, Q =U (01>U

In other words, P' and PX’' consist of all 1do-s in Opc which are decoupled
mod(O(—o0)) or strictly decoupled by conjugation with the unitary ¢do U°® €
Opiycy, respectively.

On the other hand, the operator U°(t) € Opicy decoupling the (time-dependent)
transformed Dirac equation (6.4.10) is given by

(6.4.17) U°(t) = T,uU°T_ .

The family of algebras 73(7') defined (as in sec.5.2 but) for the transformed Dirac
equation (6.4.10) is given by

(6.4.18) P(r)=T,.P' ={A € Opypc: T_,,; AT, € P'} .
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Then P(7) consists precisely of all A € Oppe with P°(T)AQ° (1), Q°(1)AP° (1) €
O(—0), where

10

(6.4.19) Po(t) = U°(t) (00

Yo @ =g} o

Moreover, since U°(t) represents a precise decoupling of (6.4.10) we also may
define algebras PX™ (1) by setting

(6.4.20) PX~ (1) ={A € Opypc: P°(1)AQ° (1) = Q°(T)AP°(1) = 0} .

These algebras then are transforms of PX - of the (given time-independent) Dirac

equation, in the sense that
(6.4.21) PX™ (1) ={A € Opyc : R"T_,; AT,;R € PX} .

Only the statements (6.4.15) through (6.4.21) remain to be verified. This will
require some efforts to be accomplished in sec.6.6, after a more careful study of

the operator R in sec.6.5.

6.5 The Fourier Integral Operators around R

While (so far, in earlier chapters) we always tended to avoid an explicit discussion
of the operator et or the more general evolution operator Ug (7,t) in the time-
dependent case, it already was necessary to consider an explicit representation of
our Fourier integral operator R in sec.6.2, in the case of vanishing fields. In the
present section we will tend to achieve similar results for more general fields - still
time-independent. Again R will be seen to be a Fourier integral operator. Again,
however, we will not involve results about composition of general Fourier integral
operators.
Note, our operator U of (6.4.1) is of the form

(6.5.1)

1
U=Uy+U;, Uy ZUO(D) , Uy € Opye_, UO(g) =

NCES TN
where sg = 1/(¢) , s =&/(€) [cf. thm.3.2.2 - combined with an additional term of
O(—00), as seen in sec.3.5].

Let P=U(LNU*, Q=UQU*, and, P, = U (:0)Us , Qo = U (3°)Ug, the
latter with the splitting H = L?(R3, C?)® L?(R?, C?) corresponding to the fieldless
Hy = aD + 3. Then Py, @y are the projections of the fieldless Hamiltonian H
while P, @ are the analogous splitting projections corresponding to our present H

(with fields). Clearly we have

(1+ s0 — Pas) ,

(6.5.2) P=P+P,Q=0Q +Q, with P,Q1,€ Opypc_, .
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Our relation (6.2.12) of the fieldfree case may be set up again here, we get

; ; ; X0 00
5. —iHt — 71H+tP —itH_t H., = * H = *
(6.5.3) e e +e Q, Hy U<00>U , U<OY)U ,
where X = (D)+ X, , Y =—(D)+Y1, X1,Y1 € Opvc_.2. Using the expansions
(6.5.1),(6.5.2) we may write Hy = Uy(D) (ég)US‘ + Hiy with Hiy € Opype_e.
Also, Uy = ug(D) commutes with (D), so that we get H; = (D)Py + Hi,.
Similary for H_: We get

(6.5.4) H.=(D)Py+Hi+, H.=—(D)Qo+ Hi_ , Hi+ € Optoc_,2 .

Construction of our operator R (now with fields) again will start along the
diagram (6.2.14): Given an initial state 1 get ¥(t,x) = (e *Htiy)(z), using
(6.5.3): Y = ¥y +p_ = e H+tPopy + e7H-1Qu), and then look at ¢4 (nxy, ).
Here H+, P, @, are independent of t. We focus on the term with e~*#+* and
look at

(6.5-5) S(t) — ei<D>t67iH+tP — 6i<D>t€7i(<D>PO+H1+)tP ,

hoping to show that S(t) is a tdo.
We get S(0) = P. Noting that P and e~ *+ commute, we differentiate for ¢
and get

(6.5.6) S(t) = —iK(t)S(t) where K(t) = /P (Hy, + (D)(Py — P))e” 4Pt

Now an important observation: The operator K (t) is a ¢¥do in Opyc_.2 - using
[Co5],VI, thm.5.1. We even know the symbol k(t,z,&) of K(t), up to lower order
terms: The conjugation a(z, D) — e*P'a(x, D)e~"P)t generates the Hamiltonian

system

with flow

(6.5.8) r=a"+ t<£z> , &€ =¢% = const.
Thus the symbol k(¢,z, &) will be of the form

(6.5.9) k(t, @, &) = ko(z +t£/(€), &) + ku(t, 2, €)
where

(6.5.10) ko(t,z,D) = Hiy + (D)(Py— P) , ki € thc_o_2 .
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It is clear thus that S(¢) describes an evolution
(6.5.11)

S(t) +ik(t,x,D)S(t) =0, S(0) = P = p(x, D) , where k(t,z,&) € Pc_.2 .
Proposition 6.5.1 S(t) is a ydo € Opi)cy.

This proposition is an immediate consequence?of thm.1.5.4.

Next we observe that (6.5.3) may be written as
(6.5.12) et — §*(—t)e DI P 4 §* (—1)ePIQ |

whith another 1do S_(t) = e~ “P)te=-1Q with properties'® similar to S(t). Let
S*(_t) = S(taan)v and Si(_t) = Sf(tvan)a and 7/’0+ = P'l;/}() ) 1;[}0* = Q?/Jo
Setting ¢ = nx; in the first term at right of (6.5.12) we get

(6.5.13) (8% (—1)e 4P PYho) (@) 1o
= (2m)73/2 / dée™™ s(nzy, 2, ){ (e P ho 1) () Himnan
= (2m)3/2 / des (i, 2, ) TET O A (¢)

= (27T)*3/2/de(m‘l,a:,5)6“55”1(5“"<§>))w€+(E) :

We again find the function A(§) = & + n(€) of (6.2.20) in the exponent of the last
term [with 7 replaced by —n], hence again might try the substitution of integration
variable £ = u(C1) , € = C to arrive at

(6514) R = (2r)%/2kS, / AECE 51,2, 0 (E)) (V) (0 (E))

+(2m)"%28, / dE™Es_ (121, 2, 09 () () (00 €)

where we used k of (6.1.12) and S, : u(x) — u(cxy1, %) of (6.2.25), and the functions
w(x),v(z) = 1/p(x) of (6.2.17), (6.2.18), (6.2.22) (and v(z) = (u(x),)), calling
them py,, vy, vy, since they are used for n and —n.

12Recall, we used “the parametrix method”: Substitute a symbol s(t,x, D) into (6.5.11) and
neglect all “lower order terms”. Solve the corresponding ODE, and show the solution is a symbol
so(x,&). Start an iteration by going into the equation with s = sg + w with w of lower order.
Again solve the resulting ODE, etc. Take the asymptotic sum s = sg + w + ... and show it
solves (6.5.12) mod O(—oo). Then, finally, use Picard’s successive approximation for an ODE
with coefficient in O(—o0) to obtain a “clean” solution of (6.5.11).

13The arguments while analyzing S(t) may be exactly repeated.
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Note, we may re-express fla.(6.5.14) writing
(6.5.147) Ripg = kScky(n,x, D)E_;,Py + kSck_(n,x, D)E, Qv ,

with the (formal) symbols
ki(n,z,8) = s(nz1, z, U*n(g)) s k—(n,2, &) = s—(nz1, , Uﬁ(g))

Formula (6.5.14”) may be compared with (6.2.30) with E.,, of (6.2.16), in the
fieldless case. This, however, can be useful for us only if we are able to prove a
symbol property for the terms s(nx1,,€) , s—(nz1,z,£). We indeed will achieve
this, but using a different approach.

Proposition 6.5.2 Consider the operator V =V, defined by

(6.5.15) Vibo(z) = {e 1o} (@) |smpay » Y0 €S .

This operator solves the evolution initial-value problem

av,

5.1
(6.5.16) i

timVyH, =0, Vo=1.
Proof. First consider 1, (t,z) = e~ "+tepy. We get ¢ (t,2) = —ie~#H+twy with
(time-independent) wy = H1 1y, and Vi () = ¢4+ (nz1, x), so that

0

(6.5.17) a—nvnzpo = 1’11/.1(17351,1‘) = —izl{e%H”wOHt:ml

= —izy (Vywo)(x) = —iz1 (V, Hytho)(2) |

confirming the differential equation (6.5.16). The initial condition follows trivially.
Q.ED.

At this time let us recall the (scalar) operator E, of (6.2.15). Recall, that we
control this operator explicitly, using prop.6.2.1 and prop.6.2.2.

Let us introduce the operator W, =V, PE* . Differentiating for n (using fla.-s
(6.5.16) and (6.2.27)) we get

dw,,
dn

(6.5.18) = —ix VyPH. E*, +iV,P(D)E* x; .

With Hy = (D)Py+Hj, by (6.5.4), and P2 = P, write PH, = PPy(D)+PH, =
P<D>+P((P0—P)<D>+H1+) = P<D>+PH2+, where H2+ = (P()—P)<D>+H1+ S

Oppc_ 2, this assumes the form

= —ix | V,PHo E* Hyy € Oppe_2 .

—n

aw, . )
(6.5.19) dnn +ilx1, V, P(D)E~, |
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From (6.2.26) we get

(6.5.20) EX E_yo(D) =1 with ¢(§) =1-n&1/(¢) .

Substituting this into (6.5.19) we get

(6.5.21) 1, W, (E_y(D)o(D)E* )] = —imy Wiy (E_yp(D) Ha B,

n
dn
In this ODE for the operator function W, , |n| < 1, all coefficients are 1do-s.
Specifically, we have
(6.5.22)

r1 € Opheer , E_(D)p(D)E™, € Optpcer , E_yp(D)Hy B, € Optpe_2

Moreover, the first two (occurring in the commutator of (6.5.21)) are scalars; we
even have E_, (D)p(D)E*, = f~(D) with the f~ for f(x) = (x)@(x) of (6.2.25)'*.
For the last term in (6.5.22) we must apply thm.5.1 of [Co5],VI again.

Proposition 6.5.3 The unique solution W, of the ODE (6.5.21) with initial value
Wo = P also takes values in Opicy.

The proof again uses the parametrix method, but it is more complicated, since
certain first order linear systems of PDE-s must be examined, regarding their
preservation of symbol properties. We shall discuss it in sec.6.7.

It should be clear that there is an analogous discussion for the operator V,~
defined by

(6.5.23) V() = {e” " (@) Hemna, -

leading to the construction of W~ = V,"QE} € Opipcy. Assuming this we get the
following:

Theorem 6.5.4 The operators V, P, V,mQ of (6.5.15),(6.5.23) may be written

as

(6.5.24)

VP =VyPE”, o(D)E_; = (Wye(D))E_y and V,” =V~ = (W, (E,e(D))E, ,
where the expressions Wyp(D) and W,~¢(D) belong to Opipcy.

14 A calculation shows that f~(¢) = - {\/52 + (1 = 1n2)(£)2 + n&1}. We observe that we
get f~ > 0 for all £ and |n| < 1. Moreover for large |£1|, we have a convergent power series
expansion

oo 2 1 _ )
(6.5.25) = ‘§1| {1 —nsgn(61) + Y ¢ ( ))J} ;

1= j=1

[€1]
1+n

with ¢ = (Z) and constants c;, showing that f~ ~ (with + = sgn(&1)), with an error

bounded by ¢(1 —n )(f) /5% :
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The operator R of sec.6.1 (for general time-independent potentials satisfying
cdn. (X)) may be written as

(6.5.26) R = kSAV)E_, P+ V) E,Q}

with Ydo-s V,?i € Opycy, and the x;-dilation S, : u(x) — u(zycoshb, ) and
(constant 4 x 4-) matriz k = cosh(0/2) — aq sinh(0/2), also, with n = tanh 6.

6.6 Decoupling with Respect to H' and H(t)

With the above theorem we now can approach a “repair” of the splitting [using the
operator RU] of (6.4.2) - that is, in effect, the completion of the proof of thm.6.4.1.

We noted that RU is a unitary operator decoupling H' = ¢(H® +nD,, ), but it
is not a strictly classical »do. To repair this we introduce the (decoupled) unitary

opemtor15

Z_ 0 . 1 x
(661) Z = <0 Z+) with 74 = % ‘Pin(D)EinSI/c

[it is unitary, by (6.5.20)], and then the unitary operator
(6.6.2) U°=RUZ

Since Z already is decoupled, this will not change the decoupling property, - i.e.
we still have (6.4.2), with RU replaced by U®, but with the same spaces H, Hp.
Relation (6.4.4) will change, insofar as X, Y must be replaced by other ¢do-s XY,

15The matrix listed in (6.7.1) refers to the splitting H = H4 @ H—_ where H4 are built from
the functions in L2(R3,C*) with vanishing last two (first two) entries, respectively. We should
recall that the splitting used for the two projections P, Q differs from that by having a finite
dimensional space Z shifted. Calling these two splittings the standard and the effective splitting,

we should be aware that the projections ((1) 8) = U*PU and (g?) = U*QU of the effective

Olg) and (OOIBF) in the standard splitting where F' € O(—00) is a

finite dimensional orthogonal projection [onto the space Z we assume shifted from H_ to H4 , for
example]. The operator U® = RUZ will give U*P'U® = 2*(}0)Z and U*Q'U® = z*(}%)Z

in the effective splitting. This assumes the form Z* (&g)Z = (01190) , F° = Z*FZ_ and

zZ* ((? 1EF)Z = (8 I_OFQ) , in the standard splitting. Here F® still is an orthogonal projection

with finite rank Z° C H_. Moreover, since Z_ is of order 0 we still get F° € O(—o0), and
Z° = im F*° consists of rapidly decreasing functions. This means that the unitary operator U®

splitting assume the form (

still decouples H', but now with respect to a new splitting - we must shift the space Z° C H_
from H_ to H4. Similar for shifts H4 — H_.
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but still ¢do-s in Opce1, and still, formulas like (3.2.1) or (6.4.1) are valid for
X,Y, and still, this is a decoupling!®.

On the other hand, using (6.5.25), it is easy to show!” | that U® also is a 1do
in Opycy.

Also, it is clear that the transformed algebras P’, PX’ are characterized by the
condition that P'AQ’,Q"AP’" € O(—0) (or, = 0, resp.) with P’, Q" defined by
(6.4.16).

This will complete the proof of thm.6.4.1, as far as decoupling with respect to
H' is concerned.

Now, regarding the decoupling of the transformed Dirac equation (6.1.13), i.e.,
¢+ H(t) = 0, we already noted that ¢(t) = V(t)w(t) with V(t) = T,,U® , U°®
of (6.6.2) will take (6.1.13) into

(6.6.3) @+ (U (T H(t) Tyt + 0Dy )U)w = 0

where T, HT,; +1D,, = H', (by (6.3.17)), is independent of ¢, and where, more-
over, U*H'U® = H = (3(39) is decoupled - with asymptotic expansions (6.4.4).
Again, this is not a decoupling of (6.1.13) by a unitary ¥do, since V () contains

the factor T},;. However, we now may define
(6.6.4) U°(t) = V()T_ e = T U°T_ s

This clearly is a 1do , since the translation T}, leaves all classes ¢, invariant. On
the other hand, the substitution w(t) = T_,;x(t) will take (6.6.3), or &+ iHw = 0
into

(6.6.5) X+ i(T_pHTy — 1Dy )x =0,

161t is not hard to see that the new )v(, Y have the proper asymptotic expansion, required for
an analogous of (6.4.1).

17 Assume first that Z = 0 - i.e., that standard and effective splitting coincide. Then, us-
ing (6.5.26) and the fla’s P = U(;0)U* , Q = U(g})U* we get RU = kS.V° E_,U(50) +
RSV~ EU(20).

After a right multiplication by Z the first term ends up with a factor E,,]U(1 8) Ein. This

0

is a tdo in Opiycy, since 2 = U(ég) € Opycp, using prop.6.2.1. [We get E,nQEjn =

F*Qu(§)FQF*v(§)Q*F € Opiycy since the funtion v(§) = ﬁ belongs to ¥cp while the substi-
tution of variables executed by Q leaves Opico invariant.] It follows that the first term is of the
form ScESy ., where 2 € Opyco. But the coordinate transform Se : z — (cx1, &) leaves Opypem
invariant. Thus the first term gives a ¥do in Opicy, if right multiplied by Z. Similarly for the
second term.

If standard and effective splitting do not agree, then our matrix ((1) 8) above must be replaced
by (32), bringing forth extra terms such as E—nU(gg) E,. But such terms are of order —oco
since ' € O(—o0) and E4, € O(0). Hence they belong to Opyc_oo C Optpcg. So, still, U®
remains as a ¢do in Optcy.
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and this equation clearly is decoupled; we may write it as

Ny X° 0
(6.6.6) X+ iH(t)x = 0 with H® = T_,, HT,; — nD,, = ( 0 Yo) :

where we have
(6.6.7.) X° =T, XTy —nDy, , YO =T YT, —nD,, .
In other words, we have

Proposition 6.6.1 The Dirac equation 1/) + iﬁ(t)i/) = 0 with the z1-boost trans-
formed Hamiltonian H(t) of (6.1.14) is decoupled by the unitary vdo U°(t) of

(6.6.4).

Let us then look for the decoupling of the evolution operator Uy (7,t), already
evaluated in fla. (6.3.18). Clearly the evolution operator of the (decoupled) equa-
tion x + iH°(t)x = 0 is given by

(6.6.8) Ugo(1,t) = U () Ug (1, t)U(T) ,
as may be derived by an argument as used for (6.4.9).

Proposition 6.6.2 The graded algebra P(7) for the (time-dependent) transformed

Hamiltonian H(t), in the sense of sec.5.2, is given by

(6.6.9) P(r)=T,,P' ={A € Opyc:T_,; € P'} .
Indeed, we may solve (6.6.8) for
(6.6.10) Ug(0,t) = T {U° (T, Upe (0,£)) U}

where the term (.) is decoupled so that the unitary ¢do {U°(.)U°*} takes P’ =
P(0) onto itself. Since P = UH(O,t)ﬁ(O)UI’éI(O,t), by (5.2.2), we indeed conclude
(6.6.9).

It then is clear that the remaining statements of thm.6.4.1. are falling into
place. In particular, conjugation by the (decoupled) unitary i¢do-s Z and T4,y
leaves all the classes Opic,, (and also the class O(—o0)) invariant, so that indeed
the characterizations of P and P’ proposed in thm.6.4.1 are equivalent, as well as
those of PX |, PX' .

Thus thm.6.4.1 is established - except that we still need the proof of prop.6.5.3,
to be discussed in the section, below.

We might finish this section with some remarks:
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First we might point to fla. (6.6.4) which emphasizes the special kind of time-
dependence we have for our Hamiltonian H (t), obtained by using an z1-boost on a
time-independent Dirac Hamiltonian: The unitary 1)do decoupling it will depend
on time, but only through a time-dependent x;-translation.

Second, let us recall that our decoupling of H was not with respect to the
split H = Hy @ H_ but with respect to (what we called) an “effective splitting”
- having a certain space Z shifted. If we now examine the splittings achieved by
our unitary ©¥do-s U°(t) then it must be noted that now the splitting will depend

on t, insofar as the space Z° to be shifted will depend on t.

6.7 A Complicated ODE with ydo-Coefficients

In this section we want to generalize thm.1.5.2 so as to make it fit the ODE (6.5.21)
needed for the proof of thm.6.5.3.

Theorem 6.7.1 Given an initial-value problem of the form

dzZ
(6:7.0) G- iler, Zf(n. D)) +im Ze(n..D) =0, ~1 <7< 1. Z(0) = b(a. D).

for an unknown operator-valued function Z(n) taking values in O(m), for a given

fivzed m € R?, with real-valued (scalar) f(n,&) = ﬁ{\/&% + (1= n2)(E)2+n&},
and a coefficient symbol c(n, x,&) € C®(|n| < 1,¢c_.2) taking values in the class

of self-adjoint 4 x 4-matrices, modulo c_._.2. Also we assume that b(x, &) € ey,.

This problem admits a unique solution Z(n) belonging to C°(|n| < 1, Opicy,).

We will attempt a proof along the lines of thm.1.5.2. Thus the first step will
be to assume existence of a solution of the form Z(n) = z(n,z, D) € Opicy, and

then write down (6.7.1) in terms of symbols:

(6.7.2) zm—kzz {$1, zf)};

e =0.

In the first sum all terms vanish except for j = 1, where we get +i(zf)¢,. In the

second sum we neglect all terms but the one for j = 0. We get
(6.7.3) 2y — (2f)je, —iz12¢ =0 (mod Ve ) ,

and will attempt to solve (6.7.3) as a sharp equation, not only mod t¢c_., with
initial value z(0,z,&) = b(z, &), just as suggested by (6.7.1). We must show then
that this solution z(n,z, &) exists in the “slab” |n| < 1,z,& € R3, and, moreover,
that it represents a symbol in C*®(|n| < 1, v¥cy,).
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Before we construct such z, let us discuss the iteration to follow: We will try to
improve on z by going with the Ansatz z + w (instead of z) into equ. (6.7.2), with
a correction symbol w € ¢, —.. Assuming that z satisfies a sharp (6.7.3) with
initial value b, and neglecting terms of order m — 2e, we then get a new equation

for w, of the form
(6.7.4) wis — (Wf)je, —ir1we = —z¢c)y ,w =0ass=0.

Comparing (6.7.3) and (6.7.4) one may observe that both equations are identical,
except that we have inhomogeneous initial condition but a homogeneous equation
in (6.7.3) but an inhomogeneous equation with homogeneous boundary condition
in (6.7.4) - but the corresponding homogeneous equation is the same, in each case.

It also becomes clear that the equation of this type arising in any of the further
improvements again will be of the form (6.7.4) with zero-initial condition and more
and more complicated right hand side, determined by the earlier iterations.

This simplifies matters, insofar as there is only one first order PDE-initial value

problem to be considered.

In (6.7.3) we consider = (x1,x9,x3) and £3,&3 as constant parameters and
regard only 1 amd &; as variables. We then have a first order PDE in two variables

1n,&1 of the form
(6.7.5) 2y — fzje, = 2¢, with ¢ = fie, +iz1c,

where f assumes real (scalar) values, although the coefficient ¢ assumes matrix
values. Still, we may apply the standard technique used before: For any curve
&1 = &1(n) with & (n) solving the ODE

(676) 5.1 = €1|77 = _f(nagl) ’

the (matrix-valued) function Z(n) = z(n, &) satisfies the ODE
dz . .. . g

(6.7.7) o= with ¢(n) = ¢é(n, &(n)) -

Under our assumptions the solution curves of the ODE (6.7.4) cover the entire
{(n,&1) : In] < 1,& € R}: One curve through each point, and for all z, &, 5.
Thus we get a unique solution z(n,z, ) of (6.7.3), with initial values b(z,§) at
s = 0, defined in |s| < 1. The point again is that we must show z(n,z, ) to be a
symbol.

Actually, the solution &;(n,£Y) of the ODE (6.7.6) through the point (0,£?)

may be explicitly calculated. We get!®

(6.7.8) &i(n,&)) = m{<(£?75)> sinh(log \/ﬁ) + &Y cosh(log 1_777)} .

1+n
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Moreover, it also is easy to calculate explicitly the inverse function £? = £9(n, &;)

- keeping n fixed. We get
(6.7.9)

= ﬁ{gl cosh(log m> e+ (L 2)(@)? sinh(log 1%)} |

We now can get control of the task regarding solving (6.7.3) or (6.7.4) by

verifying

Proposition 6.7.2 Let the functions of (6.7.8) and (6.7.9) be denoted by & =
v(n,&),0) and &) = 0(n,£ o), respectively, with o = <§~> Then, for each fized
[n| <1 the two transformations of variables

(6.7.10) T, :a(z,€) — a(w,0(n,61, (€)), €)
and
(6711) 677 : a(a:,&) - a(a:?e(n’glv <é>)’g)

take the symbol classes c,, onto themselves. Moreover, the maps a,, = a(n, x,§) —
Tya, and a, — Oya, even take C™°(|n| < 1,9cy) — C(|n| < 1,v%cm).

The proof is a matter of differential calculus and proper use of estimates (1.2.2).
[See also [Co5], sec.9.2, and [Co2].]

Now the map T, takes (6.7.3) into (6.7.7) as we have seen, where now prop.6.7.2
implies that ¢ = Y,,¢ € 1co while Z = T, 2. We must show that Z € 1c,,. Then
z = ©,Z € ey, as well, again by prop.6.7.2, and we have obtained the desired
symbol property for the first approximation z. Very similarly one will handle all
further approximations, looking at (6.7.4), leading into an inhomogeneous linear

first order ODE with vanishing initial conditions.

18We may verify (6.7.8) directly: Clearly we get & = &9 as n = 0. Notice that (6.7.8) may be
rewritten as

1— 0
" +~} where sinh v = 5—} .
1+n &

€1 = /1 —n2(€) sinh{log

Rewrite this as

N &1 1—1n
sinh Y ———— Y =log,/| —— + 7
@V1—n? L+n
and differentiate for n. We get
vi-w [y, =t
= n = :
Jara-mige Vi-r 1=

This coincides with our ODE (6.7.6).
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However, solving equ. (6.7.7) with a symbol Z is just a matter of prop.1.5.3.
Thus, indeed, solving equ. (6.7.1) mod(O(—o0)) is accomplished.

Finally we must find an operator V € C*°(|n] < 1, O(—o0)) solving the ODE-

initial-value problem

av
(6.7.12) o + iz, Vf(n, D)] + iz Ve(n,z, D) = G(n) , In| <1, V(0)=0,

with a given G(n) € C*(|n] < 1, O(—0)).
Let us transform this equation a bit: First note that the function f(£) does
never vanish, and that

(6.7.13) g(6) = 1/1(6) ﬁl ()2 —ng1)

belongs to Yc_.1. Furthermore, we also have

Jfl 2)(¢)?
In (6.7.12) introduce the operator K = V f(D) - i.e., set V = Kg(D) , V}, =
K,9(D) + Kg,(D). Right-multiply by f(D), and get

(6.7.15)

87%‘"5 (D) +ile1, K (D) +iz1 Kg(D)e(z, D)f(D) = GF(D) = L € O(—c0) .

Write 21 K g(D)e(z, D)f(D) = K (19(D)e(z, D) f(D))+w1, K)(g(D)e(z, D)f(D)),
then (6.7.15) assumes the form

(6.7.14) 9n = — 705 (&1 + ) EYe_er .

(6.7.16) %{ +ilz1, K|(f(D) + g(D)e(x, D) £(D))

FK(Z(D) +imag(D)e(r, D)f(D)) = G (D)
Clearly, equ. (6.7.16) is of the form

(6.7.17) %—f +ife, KJA+ KB =1L,
with 1do-s A € Opce1, B € Opicy, and given L € O(—00).

Now - since we expect a solution K € O(—o0), which is an integral operator
with kernel k(z,y) in S(RY), by prop.1.4.6 - let us interpret equ.(6.7.17) as an
equation for the kernel k(z,y) of K. If C is any do , then CK and KC have
the kernels (C%k)(z,y) and (CY*k)(z,y), respectively, where the superscripts x, y
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indicate that the operator is to be applied to the z- or y-variable, respectively.

With this convention equ.(6.7.17) assumes the form

(6.7.18) %ﬁ +i(x AV — AV y))k + BY*k =1 .

Now, one finds at once that equ. (6.7.18) is a symmetric hyperbolic system of
pseudodifferential equations of type e in the 6 variables (x,y), in the sense of
[C5],ch.6. In particular we must use that the symbol of A is hermitian symmetric
modulo lower order, and also that the commutator [z, A] is of order 0. Thus,
using the fact that the evolution operator of such an equation is an operator of
order 0, it follows at once that the solution of (6.7.18) (with initial-value 0) exists,
and belongs to S(R%). In other words existence of the solution of the initial-value
problem (6.7.1) and the symbol property of the solution is established.

Moreover, we then also get uniqueness of that solution: A transformation of
(6.7.1) to equ. (6.7.18) (with ! = 0) works in general — not only for solutions
in O(—o00) , except that then the kernel k is a distribution kernel belonging to
S'(R®) = UH,(R®). Any solution of (6.7.1) with initial-value Z(0) = 0 , and
Z(t) € C*(n] < 1,0(m)) thus must vanish identically, implying uniqueness of
the solution of (6.7.1). Q.E.D.

6.8 Integral Kernels of ¢/t | ¢V1=At and eifot

We were involved in the action of conjugation by ¢! (or the evolution operator
U(r,t) of (1.0.1)) throughout this book, but avoided discussing these operators
explicitly, so far - except that we now were forced into a closer study, within the
present chapter. Let us thus take this final occasion to discuss these operators as
(highly singular) integral operators, although this will not be used anywhere here.

Note, the integral kernels of ¢!/Plt and ¢?VI+D*t are distribution kernels - i.e.,
Schwartz kernels. They are given as inverse Fourier transforms (27) ~3/2kY (| —y])

ity/ 142

where k(&) = e'lElt or else = e , respectively. Since k is radially symmetric,

in each case, the inverse Fourier transforms are Hankel transforms: For a function

f(z) = w(lz]) we have f(§) = f¥(£) = x([¢]) with
1 o
(6:81) X0 =1 [ VB ool
0
with the Bessel function J1(z) = \/ 2 sinz - [for half-numbers v = j + 1 Bessel

functions are expressible by trigonometric functions; cf. [MO],p.27 or [MOS], p.73].
For formula (6.8.1) cf. [Cob], p.22, for example, where the dimension n equals 3.
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Thus we get,

(6.52) anEiAmmmmm@mW

Here we may substitute w(p), as supplied - noting that these integrals will diverge,
but should be ok as distribution integrals.

Incidentally, note that we may write O = 97 — A = (9, + i|D|)(d; — i|D|) and
041 = (0; +i(D))(9; —i(D)), which explains why the operators e!lPlt, ¢*{P)t are
related to the initial-value problems of the wave operator O and the Klein-Gordon
operator O + 1, as discussed in ch. 0 of [Cob].

In our case we have w(r) = ", or else , w(r) = ¢V but we might as well
then also look at w. (1) = eV’ | () <4 < 1, connecting the two above w.

Of course, the integral (6.8.2) diverges, as improper Riemann integral, and
formula (6.8.1) is valid only for L'(R?)-functions, strictly speaking.

The simplest case happens for v = 0 where we must make sense of the integral

o0
(6.8.3) / pdpsin(rp)e’ .
0

We do this by writing

21 “dp ,
(6.8.4) x(r) = —\/733{ 9P eite gin rp},

mr o P
where now the integral exists as improper Riemann integral, while we interpret
the derivative 97 as a distribution derivative.

Focus on the integral in (6.8.4), called I, for a moment: I = 5 [ %(6”(”") —
e?t=1)) = L{I +ilo}, with
(6.8.5)
L = (cos(t+r)p—cos|t—r|p)— , I = (sin(t+r)p—sgn(t—r) sin [t—r|p)— .
0 P 0 P

We may split the integral Is and make a substitution of variable, for
oo
2
with the Heaviside function H(t) =las7 >0, =0, as 7 < 0. On the other

hand, write I; = lim._q fsoo = lim([3,. — I4.), and then make similar integral

(6.8.6) I, (1—sgn(t—r))=—-mH(r—t),

substitutions in I; . , j = 3,4. Get I; = —lim._.o f‘:tttl cos(re) L. Or,
t+r
6.8.7 I =—log—— .
( ) 1 0g It —r|
Alltogether, we get
(6.8.8)
1 1 t—r 1 2ir 1
2m)3/2 = —9H(r—t)+-1 =——0{é(t—r)+—p.v.—=}.
(20)75/2X(r) = O H (r—0)+ = log ||} == —0{B(t—r)+—pv. )
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Let us remind of the fact that 9, in (6.8.8) is a distribution derivative. So, (6.8.8)
will contain a derivative of a delta-function, and of a “principal value”, both
holding singularities at r = t.

Now let us try to do the same or similar things for the operator e*(P)»* | with
(D)y = /7% + D2

Formula (6.8.2) now may be written in the form

(6.8.9) \/7 8t/ sin(rp)e’Ph <p> dp ,

with (p), = /72 + p2. We choose this form (with only a first derivative 9;) in spite

of the fact that the integral fooo still is a distribution integral, because a formula due

to Sonine and Gegenbauer may be used to evaluate it [cf. [MO], p.53, first formula
1

, or else, [MOS], p.104, 4-th fla., where weset y =v =5, a=t, b=r, v =7,

and the integration variable now will be called p .| We also use the formulas
Ji(z) = \/ Zsinz, H(;)(z) = —i\/2e”  and that K_; = K , H(ll) = —Hl(l) .
2

Furthermore, we took the complex conjugate of the formula in [MO] and [MOS],
and use that K is real and that the complex conjugate of H f2) is H fl) , for real

argument. From (6.8.9) we get

T [T 2 N a1y
(6.8.10) X(T)ﬁat{/o dp( — m(?"p))(\/m)p3 2p); 2V

= [t [ oy o H 040057

Applying Sonine-Gegenbauer the integral assumes the form

(6.8.11a) / = —(g)%ﬁ]ﬂmﬁ t2—r2), as r<t,
o _
and
2 7 1
(6.8.11b) = W(;)ﬁﬁlﬁ(v ¥2_12) | as r>t.
Therefore
Jee 5
t
(6.8.12a) (2m) 732X (r) = _418 { (7;/7)} asr <t
n 2 — 72
and
> Ki(y/r? —t2)
6.8.12b 27) 32y (1) = —L 9, {2 .
( ) (2m) " x(r) = 22t{ N }oasr>

We need not to mention that J, , HY) , K, denote the well known (modified)
Bessel functions, and that 0; in (6.8.9) denotes the distribution derivative. The
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integral in (6.8.9) defines a distribution we evaluated only for r # t, as a C*°-
function there, while no statement was made for the singularity r = ¢.
Note that we have

o
(6.8.13) lims—ozHP (2) = =22 | lim,_ozK1(2) = 1,
™

with limit taken over z > 0. So, in the limit, as v — 0, we get
_ 1 1
(6814) (27'[') 3/2X(T) — —ﬁat{m} ast 7é r,

as v tends to 0, in agreement with (6.8.8). Note, that only the imaginary part
appears, since the real part has its support at ¢ = r. One finds that this (singular)
real part does not change with . Accordingly, for v = 1, with the function

(1)(\/t27)

(6.8.15a) Art)=r B ,r<t,
—r
and
2 242
8. T, WKI(T t),t<r.
(6.8.15b) Ar,t) =

PN )

we arrive at the formula (for the integral kernel of e*(P*)
(6.8.16)

k(e y) = (2m) "3 (fx — yf) = ——

mat{é(t — |z —yl) + pvAE |z =y},

where it may be readily checked (along (6.8.13)) that the principal value of the
function A(¢, |z — y|) (along the “singular sphere” |z — y| = t) exists.

Let us only then write down the final formula for the operators: In each of the
two cases we will have

(6.8.17)
DIty () = / dyko(z y)u(y)dy , Pu(z) = / dyks (2, y)uly)dy , u € S

with distribution integrals, where ko and k; are formed as in (6.8.16), using the
functions x of (6.8.8) and (6.8.16), respectively.

D)t and, of course, then also the operator

Since we now control the operator e
e~ UD) (by taking proper complex conjugates), we then may construct the operator
etflot as well, with the field free Dirac operator Hy = a.D + (3, using the unitary
diagonalization discussed in sec.3.1 - note that the unitary operator U there is a
1do of order 0. Its symbol is given explicitly by fla. (3.1.5), and it may be recalled
that the operators Sy , S all can be explicitly expressed with integral kernels built

from modified Hankel functions. The factor ﬁ is inessential, by the way. If
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we omit it, the operator U no longer will be unitary, but it will be bounded and
invertible, and it still will decouple Hy: We will get U1 HoU = (AO+ AO,) =A)

—iHot

For the evolution operator e we then get

(6.8.18) e tHot — e—i<D>tP+ +eDip

with Py = U((l)g) U, P_= U(g?) U*. [That is, in essence, Py and P_ may be
constructed, using the first two (last two) columns of the 4 x 4-matrix U, and,
again, the factor /1 + Sy may be dealt with similarly as in sec.4.4.]



Chapter 7

Spectral Theory of Precisely

Predictable Approximations

7.0 Introduction

In this chapter we will analyze the spectral theory of a few of our “precisely
predictable approximations” of dynamical observables, which are not precisely
predictable. Let us emphasize again: We are not attempting to redefine these
observables. The approximations only are good for calculating an “approximate
expectation value” for predicting outcome of a measurement of the observable in
question.

Note, the operators we consider are not really precisely predictable - they are
only results of the first (or second, or third) iteration of a process leading to a
precisely predictable approximation. Besides, they are not uniquely fixed.

Still, when we analyze their spectrum, we might be able to get an idea of
meaningfulness of the procedure offered in this book.

The reader familiar with work on spectral theory of the (precisely predictable)
Hamiltonian will understand that we are approaching a huge task, requiring much
detailed work for a more complete covering. Here, at this level, we essentially will
focus on only two observables: location and electrostatic potential, perhaps with
relativistic mass in the background.

It turns out that we will run into a type of singular Sturm-Liouville problem
- after a suitable separation of variables - which seems not well studied, so far,
insofar as there is a “third singularity” of the ODE in question - inside the interval
of definition, where the equation is “non-elliptic” hence has distribution solutions
which are not C*° there.

193
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We shall start this investigation with discussing a simple model problem, in
sec.7.1, involving a second order ODE. The principles developed there will be
applied in sec.7.2 to discuss the correction of the location observable we derived
in sec.4.3 [fla. (4.3.10)].

In sec.7.3 we then start with a discussion of the split H = M 4+ V of the
(precisely predictable) total energy observable H = aD + §+ V into “relativistic
mass” M = Hy = aD + (8 and electrostatic potential V. Here we assume A = 0
and a radially symmetric V.= V(|z|).

Note, the two summands M and V are not precisely predictable, while their
sum H belongs to PX. However, the symbols of V(r) and Hy commute with the
symbol of H. Therefore our approximation procedure of ch.’s 4 and 5 works. This
produces an (asymptotically convergent) infinite sequence AT, j =12, of
corrections, for A = V(r) or A = Hy with the limit A7 still needing a correction
O 4 of order —oo such that A~ = AZ + 04 belongs to PX. We can supply only the
initial (first two, or first 3) approximations A7’, A5, below, and hope that they may
be used as a substitute for A™~. [By the way, for any “capped” Coulomb potential
the difference A~ — A5’ is of trace class, so that, by the Kato-Rosenblum theorem
[Kal], ch.10 at least a statement about the absolutely continuous spectrum of A~
can be made.]

We will study the precisely predictable correction V.. (of the first order)
for the electrostatic potential V derived in (4.3.13) - here called (V)~. There
will be a corresponding corrected relativistic mass (M)~ = (Hy)"™ defined by the
(analogous) split H = (Hp)™~ + (V(r))™~, we leave to a future investigation.

A more detailed investigation of the spectral theory of (V(r))~ will fill the
remainder of this chapter. It turns out that the eigenvalue problem (V(r))~¢ =
Ay may be reduced to an eigenvalue problem of a (4-th order system of) PDE-s,
of the form Au = ABu with (formally self-adjoint) partial differential operators
A, B, where, in addition, B is positive definite. One might recall the fact that,
for self-adjoint finite matrices A, B, such problems possess a basis of eigenvectors,
orthonormal with respect to the inner product (u,v)° = u*Bv. Correspondingly,
the eigenvalue problem of the operator (V(r))~ will lead into a rather complete
Sturm-Liouville-type investigation of a self-adjoint 4-th order x2-system of ODE-
s, again of the form Au = ABu, with differential operators A, B, B > 0, defined
over the half-line r > 0. This will use the radial symmetry of the problem, enabling
us to use exactly the kind of separation of variables also splitting the eigenvalue

problem of the Dirac operator H.

And again, there will be a point of non-ellipticity inside the interval of definition
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0 < r < oo (depending on the parameter A), so that the model of sec.7.1 might
give some directives.

Interestingly again, and similar to the result of sec.7.2 for the location coor-
dinates, the first correction for the operator V(r) is unitarily equivalent to V(r)
itself - at least as far as the continuous spectrum is concerned, and by a unitary
transform which is a Wiener-Hopf-Cauchy type singular integral operator. Very
similar facts seem to emerge for (Hp)™, but we will postpone details to a later
occasion.

Clearly, such unitary transforms can become “effective” only if the electron
is close to the nucleus, since otherwise the operators V(r) and Hy undergo only
very small changes. When close to the nucleus one perhaps might offer (V(r))™
and (Hp)™ as renormalized potential and kinetic energies, bearing on thoughts
leading to similar properties of the electron developed in quantum field theory.

It also might be interesting that the unitary transform we obtained again is a
pseudodifferential operator, at least in its separated form. Indeed, the Cauchy-type
singular integral operator U of (7.3.9) is a local (1-dimensional) ¢do, while the
operators of our algebras P and Opic mentioned in (iii) above are 3-dimensional

Our theorem - in its separated form - is stated in sec.7.3. In order to be self-
contained we are discussing the required separation of variables in sec.7.4 [This is
the well known separation of variables of the Dirac operator for radially symmetric
potentials, discussed also in [So2] or [Thl], for example].

In sec.7.5 we give a summary of the various steps needed. In sec.7.6 and sec.7.7
we discuss the 3 singularities of our generalized singular Sturm-Liouville problem,
at the 3 points r =0, r = % , 7 = o0o. The first two are regular singularities,
while the last one, at oo requires a “Thomé-normal-series-treatment” of a special
kind, where we borrow some ideas from J.Horn [Hol]. In sec.7.8 we finish our
proof, discussing a variety of technical facts. In sec’s 7.6-7.8 we are still omitting

straight-forward calculations, quoting only the results.

7.1 A Second Order Model Problem

We find it useful to explain our technique for handling a special class of singular
Sturm-Liouville problems with applications to Dirac Theory on hand of a model
problem, working in the Hilbert space H = L*(R) , R = {—c0 < 2 < 00} on a
perturbation of the “location operator” w(z) — zu(z), namely,

(7.1.1)

— |z—yl < < X
LE :.’ﬂ+€71 52 s a—a/al', 1 QU(Z’)— 2/ e U(y)dy, 0 3 1
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Specifically we focus on € = 0, where the unperturbed operator Ly = z has the
well known spectral decomposition induced by the “wave distributions” §(x — A),
and on € = 1.

The eigenvalue problem L.u = Au is related to the singular Sturm- Liouville
problem

(712) 1=9)z(1+d)w+ev=X1-0*)v,v=(14+0) " uecH, =(1+0)'H,
(7.1.3) 1-0)xz—N1+0)v+ev=0.

For € = 1 this will be the Bessel equation (with variable s = 2 — \): s%v” + sv’ —
s%v = 0.

Note, the differential equation (7.1.3) has 3 singularities, now at 0, +oo. Sur-
prisingly there are 3 linearly independent global distribution solutions (instead of
2). Using the modified Hankel functions Iy, Ko (cf.[MOS],p.66) we may explicitly
write them down as

(7.1.4)  wvi(s) = Io(s) , va(s) = Ko(ls]) , vs(s) = Io(s), s>0, =0, s<0.

It is clear that only va(s) = Ko(|s|) will be L? (with all derivatives) at 4oo
(both). Taking (1 + 0) (with d=distribution derivative) we then get the “wave

distribution”?!

(7.1.5) ux(z) = (1+0)Ko(Jxr—A|) = pv.k(z—.), k(s) = Ko(|s]|)+sgn(s)K1(]s]) ,

(that is, a distribution solution uy of Liu = Au which is L? at oo, and such that

the “eigenpackets”
(7.1.6) f(z) = p.v./ E(x — ANr(N)dA , k€ C3°(R)

belong to H ).
Clearly there are no eigenfunctions - i.e., no nontrivial linear combination of

(7.1.4) can be in H;. One will expect an “orthogonality” of the form

(7.1.7) D.v. /OO k(z = Nk(zx —p)de =0, X #£pu

— 00

with that principal value well defined as A # pu.

lpw.k(z — .) denotes the “principal value” distribution (p.v.k(z — .),¢) = po. [ k(z —
NpN)dA , ¢ €8, with pv. [ =lime—o [,y s -
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Completeness of the absolutely continuous spectrum generated by (7.1.7) is a
matter of proving solvability of (7.1.6) for every f of a set dense in H. Again, (7.1.6)
is a singular convolution equation, equivalent to f(§) = V2mk™(£)k"(£) with

WA

Fourier transform . Using that application of (1 + d) amounts to multiplying

: : AN 7T _1+i€
the Fourier transform by (1 4+ i) one finds that x" = /5 Jire So, we get the
: A _ A : _ 1+ : _
equation f(€) = mv(§)x"(€) with v(§) = e having |v(&)| = 1, so that the
multiplication operator is unitary. Then, with g(x) = 7r(z) we get f* = vg”,

with v = \/gk:’\. Going back we get

1 o0
(7.1.8) f=Ug, Ug(z) = ;p-v-/ k(x —y)g(y)dy , U'L1U = Ly ,

with k(s) of (7.1.5), where U is a unitary singular convolution operator, as a new
generalized Fourier integral transform. Completeness of the absolutely continuous
spectrum thus generated then is evident.

For ¢ = 0 we already have control of the spectral resolution, but we might
repeat the same chain of arguments - formally - to then get sv”’ +v'+ (1—s)v =0
solved by e~®. Since one solution is known, two other distribution solutions may
be explicitly obtained. Only w(s) =e™*, s >0, =0 ,s < 0 will be L? at o0
(both). This will give the (already known) wave distribution uy(z) = d(xz — \),
and the corresponding eigenpackets and(trivial) generalized Fourier expansion -
with the identity as Fourier transform.

For general 0 < ¢ < 1 we get the differential equation sv” +v'+(1—e—s)v =0,
equivalent to the Whittaker equation (W): 4t?w” = (t2 — 4kt + 4> — 1)w. [We
use [MO],Ch. V1,2 as a reference]. Let w(k, u,t) be any solution of (W). Then

(7.1.9) v(s) = s_%w(%(l —¢€),0,2s)

solves our equation. In this case we again will get a 3-dimensional space of global
distribution solutions in (—oo, 00). From the solutions of (W) we pick the “Whit-
taker function” Wy o(2) , k= 3(1 —¢) as z > 0, but W_,.o(—2) , as 2 < 0. In

other words, we select

(7.1.10) 0(5) = Puco ()| "2 Wi(9)0(2ls]) s €R,

with a piecewise constant function p,.0(s) = a+ jumping only at 0, where x(s) =
sgn(s)3(1 — €). This solves for s # 0 since w(—Fk, u, —z) also solves (W).

The behaviour near oo of the function (7.1.10) is determined by the asymp-
totic formulas on p.116 of [MO] (second last formula) [Note that derivatives again

may be expressed by Wy o with good coefficients (cf.[MO],p.117)]. This makes
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sure that (1 + d)v € L? near 00. The behaviour near s = 0 is determined by the
second formula on p.116 of [MO], giving

(7.1.11) v(s) = — a? {2C + 1/}(5) +log|2s|} + hp., s>0,
I'(3) 2

and

(7.1.12) u(s) = —m“i:%){zc (1 — g) +1log|2s|} + hp. , s<0.

Here C =~ 0.577... denotes the Euler constant, and, ¢ (z) = I''(z)/T'(z). “h.p.”
stands for a term of the form p(s) 4 ¢(s) log |s| with power series p, ¢ vanishing at
0.

Proposition 7.1.1 v(s) of (7.1.10) is a distribution solution of (7.1.3) if (and
only if) we choose the constants ay such that the logarithmic terms in (7.1.11)

and (7.1.12) bear the same constant factor.

Indeed, we then get v(s) = ¢1 log |s|+coH (s)4v1(s) with the Heaviside function
H(s), and v1(s) = p(s) + q(s)log|s|, again with power series p,q, where still
q(0) = 0, coefficients jumping at 0, except p(0). We may write (7.1.3) in the form
(sv") 4+ (2k — s)v = 0. Note that H'(s) = d(s), hence sH'(s) = 0. Also, (log|s|") =
p.v.L, hence s(log|s|)’ = 1 = const., and (s(log|s|)’)’ = 0. It follows that (sv’)’ =
(sv})" € L} ., as readily checked from the special form of v;. Accordingly we also

locs
have (the distribution) z = (sv') + (26 — s)v € Lj,,. But v solves the equation
for s # 0. Accordingly z = 0 for s # 0. Since z € L}, it must be the zero
distribution, and hence v must be a global distribution solution. The converse is
evident, following the argument backward. Q.E.D.

From the proposition we derive the condition

eI'(=5)
T2T(E) T

(7.1.13) a_ = _
2
This then will again give a solution v(s) independent of A. Defining k.(s) =
(1+0)v(s) we again get an orthogonal integral expansion of the above kind. This
time the integral expansion theorem if of the form

e 1
(7.1.14) fz) = / Eo(x — NR(AN)dA | ke = ¢56(s) + cgp.v.; + L.,

— 0o
with certain constants ¢; (where k. € L? near +o00). Explicitly we get (with
¢ =T"/T)

£ 2 a4

(7.1.15) S = v -2 b=
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First we confirm that c§ are well defined in 0 < e <1, and that cg = c% =0, in
agreement with earlier calculations. The orthogonality [~ ke(z—\)ke(z—p)da =
0 (with distribution integral) is readily confirmed, using symmetry of the operator
L.. This implies that the convolution operator (k.x)*(k.*) = (lc*) must be of the
form [. = ¢*>§(x) with a constant ¢ > 0. Then define U, = %ks* and get a unitary

operator again, diagonalizing L. - i.e., U LU, = Ly.

7.2 The Corrected Location Observable

We were confronted with problems of the above kind while trying to do a clean
quantum mechanics of the Dirac equation One may remember that Dirac’s equa-
tion - while doing an incredible job explaining the hydrogen spectral lines - was
attacked because of unexplainable contradictions and paradoxa with the theory of
its observables, not to speak of the infinite negative energy band.

At that time it seemed to be unknown (or was left without consideration)
that the Dirac equation - similar to other (semi-strictly hyperbolic) symmetric
hyperbolic first order systems - possesses an invariant algebra of observables [also
relativistically covariant], and that it perhaps should be imperative to admit only
the self-adjoint operators of that algebra - of course, this is our algebra P (or else
the algebra PX) of ch.5 - as precisely predictable observables. Total energy
and total angular momentum are precisely predictable, but most other dynamical
observables are not precisely predictable - although most of them possess precisely
predictable approximations.

Transitions from “eletron states” to “positron states” seem to be “unpre-

dictable” - so that the negative energy band should not be a disturbance at all.

To come back to our above problem: We have set out to study the spectral
theory of precisely predictable approximations of special observables, such as lo-
cation, orbital angular momentum, electrostatic potential, relativistic mass and,
at that occasion, found that they may be treated with above method, to get a
unitary equivalence between the precisely predictable approximation and the orig-
inal observable, by a unitary map which is a pseudodifferential operator, similar

to above singular convolutions.

Let us discuss the perhaps simplest of such problems. We now are in the Hilbert
space H = L?(R3,C*), and consider the location operator x = (x1, 2, 3), i.e. the

3 multiplication operators u(z) — z;u(z) , j =1,2,3. These 3 operators are not

2

precisely predictable. But their precisely predictable approximations are given

2 Actually, fla. (7.2.1) gives only first improvement of a list of infinitely many, where only the
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as3

1 1
(721) xcorrzx—gﬂ(,u—‘rpr) 5
where “x” denotes the vector product, and with the 4 x 4-matrices p = (82)
and? p = (2‘6) -also D = 18, and A = Z‘;’ 85]_ =Laplacian. [Also, we set the
electromagnetic potentials equal to 0 but allow an arbitrary electrostatic potential.|

Let us focus on the operator A; representing the first coordinate

corr 1 1
(722) Al =y =X — iﬂ(ul + p2D3 — ,03D2) s

In order to convert the equation Aju = Au into an ODE we apply the Fourier

transform with respect to the second and third variable, for

1 1 1
(7.2.3)  By=Fy ' Fy ' AiRFs = —gz (1 p28s = pse) -

21+ 8+ -
Here we realize that the operator B almost looks like L. of section 7.1, except

that we have a self-adjoint matrix involved. Introduce a new independent variable

y = kx1, with £ = /1 + &5 + £5. With that we get
1 1 1
(7.2.4) Bi=—{y- §a(527§3)1_7a§} ;

with the self-adjoint 4 x 4-matrix

(7.2.5) a(§e,83) = %//'1 — %P3 + %Pz‘

Then it will be a matter of a principal axes transform of the matrix (7.2.5) to
generate exactly the operator (7.1.1) with —2z = A(&2, &5) =eigenvalue of a(&2, &3)
The unitary operator diagonalizing A; then will be the inverse Fourier transform
(with respect to the two parameters {3, £3) of the unitary operator we obtained in
section 7.1. The detailed form of that operator will emerge if we get more details

about above diagonalization of the matrix a.

final result will really be precisely predictable. But this last operator is not explicitly accessible,
so, we hope, that a study of (7.2.1) will provide a hint in the right direction.

3Recall our physical dimensions: The unit of lenght is the Compton wave length of the electron
h/mc = 3.861 x 10~ 13m . The unit of time is h/mc? ~ 1.287 x 10~21sec. The unit of energy is
mc? = 0.5MeV (cf. footnote 1 of ch.1).

4Recall our “Pauli matrices” o = (01, 02,03) of (3.1.6), where

Cl) =) m=(")
o1 = , 09 = , 03 = .
TP o) BT o2
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Regarding the matrix a(§2,&3), note that
(7.2.6) pi=p3=p3=1, pipa+papr =0, pipj+pjp1 =0, j=2,3.
This implies
(7.2.7) a’(&2,&) =1,

so that a(&2,&2) can only have the eigenvalues A = 1. Note that ps has both
eigenvalues £1 with multiplicity 2, each. For reason of continuity this must prevail

for all &9, &3.
In order to obtain a diagonalization of A; = z{°"" we then will need an explicit

unitary 4 x 4-matrix ® = ®(£°) (with £° = (&, &3)) such that
(7.28) & (£)a(€)D(€7) = diag(1,1,~1,-1)

To solve that eigenvalue problem we may write the 3 matrices occurring as tensor

products:

(7.2.9) U1 =02Q®0q, ppo=1R0oy, p3=1Ro3 .
Then, looking for w solving

(7.2.10) a(Eu = du ,

let w=v1 ®w with vy = %(111) being one of the normalized eigenvectors of os.
Then (7.2.10) amounts to

(7211) b(fo)w = (:l:%o’l + %02 — %Ug)w = \w s
involving the matrix
o 1 _62 53 +1
2. b = — .

A calculation gives the following eigenvectors of b:

(7.213) For A=1: w=wy = 2u(s+&))72(5) = 201+ &) (F5)

and

(72.14) For A\=—1: w=w_ = (26(k—&))"2(5E) = (2(1_@))7%(%3_240) 7

K—E2

where we have written (; = % ,j=23,and (o=+=1-G -G
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In this way we end up with the orthonormal system
(7.2.15) (u1,u2) = (v Wi, v_ @wy) for A=1,

(uz,ug) = (v Quw_,v_ @w_) for A=-1,

and a desired unitary matrix is given as
(7216) @(50) = (Ul, U2, U3, U4) .

Let us observe that the unitary matrix ®(£°) of (7.2.16) has one shortcoming:
Considered as a function of (° = ({1, ¢2) in the disk |¢°| < 1 with ¢y = /1 — [2°]2
the components of ® are bounded but some of them are discontinuous at (¢ =
(£1,0). Actually the absolute values are continuous in the entire circle, but the
argument of some compoents of w4 fails to be continuous there. However, using
that the eigenvectors wy are unique only up to a multiple of norm 1, this may
be cured locally by multiplying the discontinuous argument away. And, since the
unit disk is contractible, there also is a global cure, effected by multiplying w4 by
a suitable function of norm 1.

Continuity of ®(¢°®) becomes important when we return to the spectral the-
ory of the operator A; by taking the inverse Fourier transform. Combining
(7.2.3),(7.2.4) and (7.2.8) we get

7L%7L )7

1 1
2 2

1
o O\ * i S\ T3
(7.2.17) (F°T,®°)" A1 (F°T,®°) = ﬂd1ag(L7%,L77
with F'® = F5 F3, and the (unitary) dilation operator

(7218) (Tnu)(wlago) = \/Eu(’k':xlago) ’

and with Li% =L, ¢e= :I:% of fla.(7.1.1). This operator will be diagonalized
with (the singular convolution operator) V' = diag(U_1,U_1,U1,Uy1), using the
operator U, introduced at the end of sec.7.1. Then we still must reverse the dilation

and the Fourier transform F°. So, we end up with
(7.219) W*z{®"W = x1 , where W = F°T,®°Ty, F** , W'W =WW"* =1.

It should be interesting to look at the detailed properties of the unitary operator
W, but we will not look at this here.

7.3 Electrostatic Potential and Relativistic Mass

Let us next analyze a precisely predictable approximation of the electrostatic po-
tential V(x).
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Again our Hilbert space is H = L?(R3, C*). Consider the multiplication oper-
ator u(z) — V(|z|)u(x) with® V(r) = 1, and the (first order constant coefficient)
(4 x 4-matrix-) differential operator Hy = E‘;’ a;D; + (. In the absence of elec-
tromagnetic fields our Dirac Hamiltonian - the (precisely predictable) total energy
observable then is of the form

(7.3.1) H=Ho+ V(|z]) .

Note that Hy, V(r) also represent dynamical observables of Dirac theory. They
represent relativistic mass, and potential (energy) of the particle. However, Hy
and V(r) are not precisely predictable - but they have precisely predictable ap-
proximations we call (Hg)™ and (V(r))™, respectively. Explicitly, we write®
(7.3.2)

1 1
(Ho)™ =Ho—A—A", (V(r)" =V(r) + A+ A", A= —2E(u+pxD)—

with € = —grad V(|z|) and constant 4 x 4-matrices = (27) , p = (72), where

o = (01,09,03) are the 2 x 2-Pauli matrices.

Note, we still have the split H = (H)~ + (V(r))™, since the perturbations
cancel each other. Our point, making this new split, is that we claim that the new
energies (Hp)™~ and (V(r))™ can be predicted (in the sense of quantum mechanical
rules) while Hy and V(|z|) cannot. Yet, on superficial examination, the pertur-
bation A seems to be small, as |z| is large, due to & = O(ﬁ) and -5 and %
being bounded operators of H*. In that sense one may safely talk about potential
and kinetic energy, assuming the electron moves in its normal (hydrogen-) orbits,
but NOT SO if the electron is directly on the nucleus.

When we talk about spectral theory of the (unbounded self-adjoint) operators
A = (Hp)~ or A= (V(r))~, we mean to study the eigenvalue problem Au = Au.
Formally, these eigenvalue problems may be reduced to the problem
(7.3.3)

(1-A)Ho(1-A)v— i{(lfA)E(qupx D)+ (u+pxD)EA-A)}v = A1-A)?%w

ﬁ. But —cy is
a factor of V and of its perturbation (in (7.3.4)). It may be taken into the eigenvalue A, saving

5 Actually, we should use V(r) = _ch with the fine structure constant c; ~

complications.

6 Actually, A of (7.3.2) represents only the first of infinitely many corrections to be applied
to make these observables “precisely predictable”. We still control the next one, generated by
replacing A with A + T, where T = %i(S.D)(é’.(u + p x D))(lfig)3 . These (higher order)
perturbations seem to generate very similar spectral theory, but lead to differential equations of
order 12 (or 13) - using only the T - perhaps too complicated for a detailed discussion.
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(for Hyp), and,
(7.3.4)

1 —A)%(l — A+ i{(l —A)E(p+pxD)+(u+pxD)EN—-A) v =A1-A)v

(for V(r)). In each case we were setting u = (1—A)v and multiplying the equation
by (1 —A).

In the form (7.3.3) or (7.3.4) we have an eigenvalue problem of the form
Au = A\Bu with self-adjoint differential operators A, B, and B = (1 — A)? positive
definite. For finite matrices A, B this would be a self-adjoint problem with re-
spect to the inner product (u,v)° = u*Bv, and we then get a base of eigenvectors,
orthonormal with respect to that inner product.

The problems (7.3.3) and (7.3.4) involve (4 x 4-systems of) PDE-s of order 5
and 4, respectively. Fortunately the standard separation of variables applicable
to a Dirac operator H with rotationally invariant potentials may be applied for
(7.3.3) and (7.3.4) as well. We are going to discuss details of this separation in
sec.7.4, below. Looking at thm.7.4.1 , we are summarizing this conversion:

Proposition 7.3.1 Our Hilbert space splits: H = &H; p o withl,p,e as defined in
sec.7.4, where each Hilbert space Hyp o coincides with the space H* = L*(RT,C?),
s0 consists of 2-vector functions defined and squared integrable” over the half-line
0 < r < oco. Then problems (7.3.3) and (7.3.4) reduce to the (1-dimensional)
eigenvalue problems (7.8.5) and (7.3.6), below:

(7.3.5) {ZHoZ —GZ — ZGyv =\ Z%v , v=Z""u,
and
(7.3.6) {(ZV(NZ+GZ+ZGv =%, v=Z""u,

where (with the 2 x 2-Pauli matrices of (3.1.6), cf. (7.4.50))
(737) Hy = —io10, + ;Jz +o03 .

(We use the same notation for the separated Hy.) In (7.3.5) and (7.53.6) we used

the second order (2 x 2-matriz-) differential operator Z = (ZO* ZO ) where® Zy =
1+ 5 N:tl)

— 92, and the 2 x 2-matriz multiplication G(r) = —75{1 — o3k +ro2} .
Also, k denotes a nonvanishing integer - separation parameter, determined by the
space Hype -, and the Hilbert space is H* = L*(RT,C?), mentionned above. The
perturbed operators now are
(7.3.8) (H)~ =Hy—-GZ '—Z7'G, (V)" =V(z))+GZ ' +Z7'G .

"Note, also a change rv = w of dependent variable is involved, where we then return to the

notation v for w again.
8 Actually, Z is the separated operator 1 — A.
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This proposition follows at once from thm.7.4.1, below.

It is clear then, that the spectral theory of our corrected operators will be a
“superposition” of the spectral theories of all the operators (7.3.8), so that we must
look at the “singular Sturm-Liouville problems” (7.3.5) and (7.3.6), involving only
ODE-s (instead of the PDE-s (7.3.3) and (7.3.4)).

In the remainder of this chapter we will focus on (V(r))™~, leaving (Hp)™ for a
later occasion. Notice that (7.3.6) is a 4-th order ordinary differential equation -
rather, a system of 2 ODE-s in 2 unknown functions. Such a system will lead into
a self-adjoint theory if we introduce the (Sobolev-type) Hilbert space K = Z~1H?

with norm |lu|l2 = ||Zu|| and inner product (u,v)es = (Zu, Zv).

We then will attempt a diagonalization of the corrected potential (V(r))~. We
focus on (V(r))™ - that is, on the eigenvalue problem (7.3.6) - but expect the
same facts for the second correction discussed in sec.5.6, although the calculations
there were not fully carried through. Also, we work with the uncapped Coulomb
potential® V(r) = —2L (saving some complications) although we pointed out that

our observable theory is rigorous only with a cap on the singularity at 0.

Theorem 7.3.2 For the eigenvalue problem (7.3.6), that is, for the radial part
of the corrected potential (V(r))™, - after adding a suitable “self-adjoint boundary
condition” at 0 for certain (finitely many) values of the separation parameter k -
the entire continuous spectrum is absolutely continuous. The continuous spectrum
extends (with multiplicity 2) over all of the positive real axis Ry. It corresponds
to the subspace H2. of H? = L?*(Ry,C?) defined as the image of a unitary map
U: L*(Ry,C?) — H2, C H? , where U is explicitly given as singular integral
operator of the form

(7.3.9)

Uu(r) = A(r)u(r)+p.v. / " Blpulp)

with smooth 2 x 2-matriz functions A(p), B(p) € C*(R4.) satisfying

d o -
_pp-i-/ C(r, p)u(p)dp , u € C3°(Ry,C?),
0

r

(7.3.10) A(r)*A(r)+7?B(r)*B(r) =1, A(r)*B(r)—=B(r)*A(r) = 0 for allT > 0,

and such that the 2 x 4-matriz (A, B)(p) is of mazimal rank 2, for all p > 0; also,
with C(.,p) € H? for all p > 0, and smooth in p as well. The integral kernel of
(7.3.9), i.e.,

(7.3.11) A(r)o(r — p) + B(p) p-v.

+C(r,p) ,

90ur theory of precisely predictable observables so far is valid only for smooth potentials; so
we must modify V(r) in some small neighbourhood of 0, to make it smooth. We call that a

capped Coulomb potential.
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is of the form Zv, with a distribution solution v (in the variable r ) of the differential
eqn. (7.8.6) with A\ = %, and the distribution kernel (7.3.11) is L?, both near 0
and near co.

The operator U, as a map H?* — H?, is an isometry with range H2,, and we

havel©.
(7.3.12) UU=1, U V(r)"U=~-=V(r).

In other words, the unitary U transforms the corrected potential (V(r))™ into
the unperturbed V (r).

In the negative real axis we at most have discrete spectrum.

A discussion of the proof of the above theorem, and its link to the PDE-
eigenvalue problem (7.3.4), will fill the remainder of this chapter. Especially we
thought it necessary to give a detailed discussion of the separation of variables in-
volved, although this is the standard separation of variables used for Dirac Hamil-
tonians with rotationally symmetric potentials.

This again is an eigenvalue problem with the “third singularity” of sec.7.1,
but with many more complications appearing underway. Actually the standard
methods of treating singular eigenvalue problems involving ODE-s come into play,
but with very large technical difficulties, due to the fact, that this is a 4-th order

problem, involving 2 x 2-systems.

7.4 Separation of Variables in Spherical

Coordinates

We will discuss the well known separation of variables for a Dirac equation with
potentials depending on r = |z| only. Here we are leaning on [So2] or [Thl].

We introduce spherical coordinates in R?:
(7.4.1) x1 =rsinfcosy , ro =rsinfsiny , r3 =rcosf ,
where 0 <r<oo, 0<0 <7, 0<p <27 Inverted get
X3 T2
, ¢ = arctan — .

2 2
\x] + x5 L1

10Note, this theorem does not make statements about completeness of the continuous spectrum

(7.4.2) r=|z|, 6 = arctan

addressed, nor does it discuss a possible point spectrum - or even a possibly dense domain of the
operators (V(r))7 In the proof we just will gather information about wave distributions, using
well known techniques about singularities of ODE-s, and construct the unitary singular integral
operator (7.3.9).
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We get 0, = (02,0, Ors) T in the form

sin 6 cos ¢ cos 6 cos 1 —siny
(74.3) 0, = | sinfsinep ar—&-; cos 0 sin ae+7"si 7 cos Oy ,
cos —sind
er €9 e,

Note, the 3 unit vectors e, , eq , ey, at right, satisfy e, = i

1

g 0per » as well as

(7.4.4) erXeg=e€,, g X ey, ==0r, €, X & =€g .

Formula (7.4.3) may be rewritten as

(7.4.3") Or = €0, + 16989 + 1

—e,0, .
r rsing ¥ ¢

In Diracs theory the orbital angular momenta L , the spin S | and the total angular

momentum J are defined as
1
(7.4.5) L:fixxf)m,Szip,J:LJrS,

with p = (82) Using e, X e, =0, e, Xeg =€y, , er Xe, =—€g, T=re, , and
use of (7.4.3) gives
i
7.4.6 L= —ie,0p + ——€40
( ) Ze(p 9+Sin969 @
and a calculation yields

1

sin 6

89(81119 (99) - L(’)Q .

7.4.7 ?=—
( ) sin?6 ¥

Note that —L? coincides with the Beltrami-Laplace operator on the unit sphere.

In particular, the Laplace operator A = Z? 6§j of R? admits the form

2 1 1
_ 92 2 _ 2 2
From (7.4.3"),(7.4.4) and (7.4.6) we get
; . 1
(7.4.9) —i0, = —ie;0p — —(er x L).
r
The important point for this separation is that the total angular momentum
1 i

(7410) J = ip + @69890 — ze<p89
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commutes with the free Dirac operator'! Hy - and also, of course, with any scalar
potential V(r) = V(|z|) , depending on r = |z| only.

Constructing Hy in spherical coordinates we first focus on —iad,. Here use
the identity

(7.4.11) (ac)(bo)=a-b+iaxb-o3,

valid for the Pauli matrices ¢ = (01, 02,03) and any pair a,b, of 3-vectors. Simi-

larly, if a.b = 0, we conclude that (for a = (f;giao) of (3.1.7)), we get
(7.4.12) ala x b) = —i(aa)(pb) .

Using (7.4.9) and (7.4.12) get —iad, = —i(ae,)d, + L(ae,)(pL), hence

(7.4.13) Ho = —iady + 8 = —i(ae,){0, — %(pL)} 1 5.

With a potential V(r) then H assumes the form

1
(7.4.14) H = —i(ae){0, — ;(pL)} +6+V(r).
In (7.4.14) we still replace the term (pL) by
(7.4.15) K =08(pL+1),

called the spin-orbit operator. Clearly pL = K — 1 , hence

(7.4.16) H = —i(ae,){0, + % - %ﬁK} +5+V(r).

Notice, K has the matrix form

Ko O
7.4.17 K= Ky=o0L+1
(.4.17) (5 %,) Ko=or+1.
where the 2 x 2-matrix K depends on angular variables 8 , ¢ only. We have
J?=(L+1p)?=L*+pL+3=L%+pBK -1 So,
1

(7.4.18) K=p3(J*-L*+ nk

Note, the matrix (7.4.17) K commutes with £.
Regarding our separation of variables in spherical coordinates: Note, the 3
operators J2 , Jz , K all commute with each other; they act only on angular

1 For the first component Li of L (of 7.4.5)) one finds [L1, Ho] = 2073 — a30z,. Also,
lp1, Hol = —i[p1, @2)0xy — i[p1,a3]0z,, where [p1,a2] = —2iag , [p1,03] = 2ia2, using that
o102 =103 .... So, we get [J1, Ho] = 0. Similarly for the other components.
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coordinates, and hence may be regarded as operators on the sphere S* = {|z| = 1}.
Actually, they are self-adjoint operators there, in proper domains, and they have
a joint orthonormal base of eigenvectors'? in the Hilbert space L?(S?,C*).

Moreover, the (matrix-)multiplication operator ce, also depends on 6 ; ¢ only,
and it also commutes with J2 | J3 , K, and so does the constant matrix 3. But,
of course, ae, and 3 do not commute - they anti-commute.!?

Let us then focus on some joint eigenvector 1 of the 3 operators J? , Jz , K,
on the sphere. The simplest of the 3 operators will be J3 = —i0, + %pg, by (7.4.3),
(7.4.6), (7.4.10). So, we get Jsip = ma) , with some real m. But ps = (3302)
where (our) o3 = (01701). So %pg — m is a diagonal matrix with diagonal elements
equal to —m + % The solution exp i(m — % p3)p of the eigenvalue equation can be
continuous on S? only if m + % is an integer. That is, m must be a half-number:

m = j:%, :i:%, :I:%, ... Then, however, we get the four components ¢, all in the form
(7.4.19) Wi = c;(0)el TP

with “” for j = 1,3, and “+” for j = 2,4.

For our joint eigenvector 1 we then have

(7420) sz = U¢ ) ‘]311[) = m1/1 ) K‘/’ = ’ﬂ[’ ’

12The operator J? is self-adjoint and elliptic, on the compact manifold S3, because its (scalar-
valued) principal part equals the negative Laplace operator L? on S3. Accordingly, J2 has discrete
spectrum. All its eigenspaces are finite dimensional subspaces of C>°(S2,C*), left invariant by
the operators Jz , K. By theory of commuting self-adjoint operators in a finite dimensional
space every eigenspace of J?2 is spanned by an orthonormal base of joint eigenvectors of the 3
operators. These bases may be united for an orthonormal base of L?(S3,C%), consisting of joint
eigenfunctions of the 3 operators.

13We trivially get [J3, J2] = [J3, BK], looking at (7.4.18). In the UL-corner of this commutator
matrix we get [J3,01L1 + o2L2], evaluating to 0, using the standard commutator relations for
[oj,01] and [Lj, L;]. Similarly for the LR-corner. So, [J3, J?] = 0. This also implies [J3, K] = 0,
using (7.4.18), since J3, K both commute with 3. Furthermore, [J2, K] = [L?, K], by (7.4.18)
again. Again look at the UL-(and LR-)corner(s) only to verify that the commutator vanishes. A
similar calculation, finally, shows that also [aer, K] = 0. The latter implies that [ae,, J?] = 0,

again using the commutator relations (7.4.28) for [L;, L;].

70
0T
) v = oer. So, J3 is yp—diagonal, and, the commutator equals

Let us prove [aer, J3] = 0: First look at J3 = —id, + %pe, = ( ) , T = —10p + %03. and,
_ 0 iocer _ 0 iv
aer = (7id€1v 0_) = (ﬂ'u 0 )
laer, J3] = (7?[;’[;]’”(1 ). So, let’s get [r,v]: Recall, o5 = (01701) , 01 = (EZB) , 02 = (?(1)), S0
that, with e, of (7.4.3),
< cosf ie” ¥ sine)
v =o0er = o .
—ie'? sinf — cos

Get [0y, V] = [0, 0er] = ( (;,i;s—i;gsg‘ 9) = (2 g) , ¢ = e sinf. Also, [o3, (Zs)} = 2(86%), hence,

%[03,1/] = Z(CO OC) It follows that [7,v] = —i[0yp, V] + %[03,1/] = 0. So, indeed, (ae,) commutes
with J3.
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with reals v , &, and a half-number m. Using formula (7.4.18) we then get k¢ =
B(vip — L*¢ + 11b). That is,

1

(7.4.21) L) = {(v+ Z) — Bk}
for the scalar differential operator L? = —Ag. Writing ¢ = (zf) we find that
(7.4.21) amounts to

2 1 2 1
(7.4.22) L¢+=(U—H+1)¢+> L =(v+r+ ZW_'
But we know all the eigenfunctions of L?> = —Ag: They are the spherical harmonics
Yzf(97go) , where [ = 0,1,..., , p=0,%1,...,£l. The corresponding eigenvalue is

A; = [(I+1). Organized as a suitable orthonormal base of L?(S?) we may use the
functions (cf. [Mu], p.50)

(7.4.23) Y0, ) = cipe™ PPl (cos6)

with certain normalization constants c;,, and with the associated Legendre func-

tions
1
(7.4.24) PF(z) = (—1)‘@217,(1 — )2k (2 ) k=0,..,1.
We choose the ¢, as
204+ 1 (1 —|p|)!
7.4.25 = R LVA
(7429 w =\ I ()

then we have a complete orthonormal system of L?(S?).

Since J2, J3, K commute with 3 they also commute with (1 4 3). Conclusion:
With ¢ = (zf) also the two vectors (g’*) and (217) are simultaneous eigenvectors
of the 3 operators. Thus we may assume that either ¢ = (g’*) or ¢ = (9, ), and
even our joint orthonormal base may be assumed to consist of vectors (g*) and
(9,_) as well.

Moreover, looking at the multiplication operator ae, (6, ¢) we get

(7.4.26) (ae,)(§") = =i(oen)(),) » (ae)()) =i(oe)(§™) -

Notice, the 4 x 4—matrix e, is unitary and self-adjoint (i.e., a symmetry), as well
as the 2x2—matrix oe,., for every 6, ¢. Accordingly, the right hand sides in (7.4.26)
again are unit vectors, and they also form an orthonormal system. Therefore, we
may arrange our joint orthonormal base into a sequence of pairs (g’*) , (%7), in

such a way that for each pair the action of (§ is given by the 2 x 2—matrix (01701),
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and the action of ae, by the 2 x 2—matrix (926) Also, each pair spans a space of

joint eigenvectors of the 3 operators, to a triple v, m, k of eigenvalues, and we have

(7.4.27) b =i(oe )by , by = —i(oe )b .

So, let us assume first that ¢ = (gJ’). Then, looking at (7.4.22), we must have
’U—I{-l-i = [(I+1), for some integer [ > 0, and the two components 1/)1; , 7=1,20f
¥4 must be linear combinations of the Y}! , |p| < 1. However, looking at (7.4.19),
we conclude that wi = clYnl%_% , wi = CQYan_%, this being the only way to
establish proper dependence on .

We can establish other relations between v and k: Observe that (0L)? =
L? +0109[L1, Lo] + 0903[ Lo, L3] + 0301[L3, L1], using the (anti-)commutator rules
for the o;. Then use that o102 = i03 , 0203 = i01 , 0301 = 109, and also, that

(7.4.28) [Ly,Ls) =iLs, [Lo, L3] =4Ly , [L3,L1] =il .

as verified by a calculation. So, we get (¢ L)? = L2—(aL). Or, L? = (o L)((¢L)+1).
Looking at (7.4.17) we get

(7.4.29) L? = Ko(Kog— 1) .

Also, since p = (J9), we may write L2 = (pL)? + (pL) . So, J? = L2 + pL+ % =
(pL)? +2(pL) + % = (pL+1)% - %. This implies

1
(7.4.30) J?=K?— 1
and, the corresponding for the eigenvalues v and k:
1 1 1

4.31 =K2-= Nk — ).
(7.4.31) v=rRT- g (/<¢+2)(/£ 2)
Inserting this into (7.4.22) get
(7.4.22") L2y = k(k— 1)y, L*%_ = k(k+ 1)3_.

Now, coming back to our construction of 1, we must have

1 l
(7.4.32) Pi=aY, o vl =eY, o,
where the integer [ > 0 satisfies

7.4.33) (l+1)=kr(k—-1),

[k

while the half-number m must be chosen such that |m + %| < I, either for
for “+7, or for both “+”. In the latter case we can allow both ¢; #0, j =1,2.

For “-” and “4” we may allow ¢; # 0 and co # 0, respectively.

or
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Note, (7.4.33) implies k = 1 £ (I + 3), so, either k = I+ 1, or, Kk = —. It
follows that (the eigenvalue) x must be a (positive or negative) integer (Note,
k = 01is impossible, since this would give the negative eigenvalue — 3 to the positive
self-adjoint operator J2, by (7.4.30).)

In this way we will get a scheme of vectors ¢ for k =1,2,3,... , j=m— % =
—Ky..,k—1,and for k = —1,-2, ..., with j =m — % =rk—1,...— K.

Specifically, for Kk = 1 we get the two vectors

(7.4.34) Wi = (00), wiT = (30),

0
belonging to (k,m) = (1,—1) , and, = (1,1) , resp., where Yy = \/% is the
constant, of course. These two states will be related to the ground state of the

atom.
Next, for k = 2, and, kK = —1, each, we will get 4 sorts of vectors, each times:
Y
(7.4.35) G s 01)

for (k,m) = (2,-2), (2,—3), (2,3), (2,3) , and , the one for k = —1 is
identical to (7.4.35), so far. Similarly for k = 3, -2 , k = 4, =3, etc.

But, so far, we have not fully exploited the condition K¢ = k3, or, (¢ L)y =
(k — 1)1y, for our special 9. This condition holds trivially for ¢ = (1/”’) with the
functions v of (7.4.34), since these 14 are constant, so that Avy =0, Kooy =
4. However, for the other cases we now must fully evaluate this condition.
Clearly

1+ Ly Ly+il,
7.4.36 Ko = :
( ) 0 (Lz —iL; 1- L3>

We need to know how this operator applies to a spherical harmonic Ypl. Clearly
Ly = —id,, so, Lyl = pY! .

So, let us focus on Ly +4iL; = X . From (7.4.3) and (7.4.6) we get Lo +iL; =
(—icosdy + icot @sind,) £ i(isinpdy + icot O cosp) = —i(cos F isinp)dp +
cot O(isin o F cos )0, . This gives

(7.4.37) X =Ly+ily =eT"%(—i0p F cot 0 9,,) .

Apply to (7.4.23): Yl/clp '(pm)“’('(Plpl)’(cos ) sin 0 F ip cot 0Pl|p|(cos 0)) =
iei(zﬁFl)s@{(P\M) (2)V1 — 22 jFp\/ﬁplpl( ) Haoecosd -
Let us recall the meaning of P (of (7.4.24)): P, ( ) = b1 1:2 8’““( -1

with some constant bf. Thus we get (P}) = — + \/717’“ P and
hence

ky/ kx k O okt
(7.4.38) V1—22(PF) + pb= L pkl g o 1.

Vi—z2 ! ka
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Actually, to have (7.4.38) valid also for k = I, we must define P/™(z) = 0 as
is quite natural, looking at (7.4.24), since the (21 + 1)—th derivative of (22 — 1)!
vanishes identically. Generally, for formal reason we then also define Y} = 0 for
|k| > I. Looking at (7.4.24) we find that k+1 = —1. Let us write p = ke , k =
Ip| , € =sgn(p). So, if “+” in (7.4.37) equals —¢, and we write X = X4 = X_,
then (7.4.38) will give

(7.4.39) X .Y = — -k

Yl
k41
Clppr kHDE

In the other case - “+”=¢ the crucial term below (7.4.37) will have the wrong sign;

it will read

kx 2kx
7.4.40 1— 22(PFY - 22 _pk_ _pk+tl "7 pk
( ) \/71,( l) m l l m 1

Here we use a formula listed in [MO] (p.74, first formula):

2kzx
k+1 k_ (] k—1 _
(7.4.41) P, +7mpl =—(l—-k+1)({+kP" ,1<E<I-1.
Actually, (7.4.41) is valid also for k = [, if we assume PllJrl = 0, as introduced
above. Combining then (7.4.37),...,(7.4.41) we get XY}, = i(l — k + 1)(I +
k)clvkei(k’l)e“"Plk_l. Or,

ClLk

(7.4.42) XY =il —k+1)(1+k) Y e, k=1,.,1.

Clk—1

Summarizing formulas (7.4.39) and (7.4.42), we get
XLV = (Il,k,:l:ykl;1 , k=0,...,1,

XYl =aq etz k=01,

with certain constants g; j+. A calculation gives the following result:

(a) (Ly —iL)Yl = —i/(I+k+ 1) —k) Y, , k=0,1,2,..,1,
(b) (Ly —iL)Y =i/ —k+ D) +k) Yy, k=1,2,...,0,
(c) (Lo +iL))Yy =i/ —k+ 1)+ k)Y, k=1,2,..,1,

(d) (Lo +iL)Y = =i/ +k+ 1)1 —k) Y, |, k=0,1,2,..,1

Actually, since le:(l +1y Was defined to be 0, equation (a) and (d) are valid with

any constant ¢;; 4 or g;,—;,—, so, need to be derived only for k < [.
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The above formulas can be brought onto a simpler (more compact) form by
changing the definition of Y;f for p < 0: As Thaller does, for example, let us replace
Y} by (—1)PY} for p < 0, (while leaving Y} unchanged for p > 0). The modified
Y, will form an orthonormal base of L?(S?) just as well, and will substitute those
of (7.4.23) in every respect. Thus, from now on, (7.4.23) will define Ypl only for
p > 0, while we have

(7.4.23") Y0, ¢) = (—1)Peipe PP (cos) , p< 0.

With the modified Y,! we now may write (c),(d), above, as

(7.4.43a) (Ly +iL1)Y) =i/ (I—p+1)(I+p) Y., p=0,+1,...,+l,

while (a),(b) assume the form

(7.443b) (Lo —iL1)Y) =—i\/(l+p+ 1) —p) Yy, p=0,%1,.., = .

Formulas (7.4.43) give complete control of an application of K, of (7.4.36) to a
c l
vector of the form z = ( 1Y ), p=-1—1,-1,....,1 . We have

1
2, g

( 1+p i/(-p(+p+1) >Z
—i/(I+p+ 1)U ~p) —p

So, the eigenvalue problem Koy, = A4 is reduced to that of the 2 x 2—matrix
in (7.4.44), called A, for a moment. Let A— 1 = B, then det(B — y) = 0 amounts
topu==+(+ %)7 so, A has the eigenvalues A = % +({+ %), e, A=1+1,-1, as

expected.

(7.4.44) Koz =

The matrix B assumes a more treansparent form if we introduce the half-

numbersm:er%,j:lJr%:
(7.4.45) B m_ e
o C\=i/2-m?2 —-m )

Subtracting and adding m = p+ % from B of (7.4.45) it becomes evident that the

corresponding eigenvectors are

i/(I+p+1)Y!
4.4 = v
(7 6) ¢+ (m Ypl+1 ) )

for the eigenvalue j =1+ % of B -i.e., for k =141 of Ky, and ,

(7.4.47) vy = (VR Y

- 1
— (H»erl)Yerl

9

for the eigenvalue —j of B - i.e., for kK = —[ of K.
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There are some exceptions here: Above we appointed to have p = —I —

1,—1,-1l+1,...,1 — 1,1, where it seems that for each such p there appear two

eigenvectors 14 of Ky - one for K = [ + 1, the other for K = —I. However, we

observe that for p = —! — 1 (and also for p = [) the vector (7.4.47) is not an
. iV2I1YL

eigenvector. We then get ¢ = (, ) =(9) (and vy = (E/WY/H) = ©)

using that we appointed th = 0. So, both components of ¥4 vanish in these

I+1
cases, and only the vector (7(4+4)6) - belonging to kK = [+1 is left. The latter vector
is a multiple of (39”), for p = =1l — 1 (and of (YO’I ), for p = 1). This, of course,
nicely agrees with E7.4.34).

All other vectors (7.4.46),(7.4.47) have both components # 0. They are not
yet normalized, but (7.4.46),(7.4.47), for a given [, form an orthogonal system
spanning the space of all 2-component vectors the components of which are spher-
ical harmonics to the eigenvector (I + 1). Evidently then, the collection of these
vectors, for 1=0,1,..., will form a base of the space L?(S3, C?).

It is easy to normalize our vectors ¢4 : Since the Ypl are normalized, we will
get the sum of the square integrals of the components equal to 2 + 1 for each
vector (7.4.46) and (7.4.47). It follows that we must divide the right hand sides of
(7.4.47) and (7.4.48) by /20 + 1.

Summarizing then, introduce the (2—vector) functions Z]ljy_|r ,1=0,1,2,..., p=
—1—-1,-1,...,1, and Zzl)ﬁ , 1=0,1,2,..., p=—1,-1l+1,...;)1 — 1, by setting

1 i/ (I+p+1)Y}!
7.4.46' Z = Py,
( ) Pt vV 21 + 1(\/ (I-p) Ypl+1 )

1 in/(I—p) Y}
7.4.47 Zt = P
( ) b= \/21 +1 (*\/(lJFP‘H)Ypl-H

These (2-vector) functions Z!, . we call spin spherical harmonics (SSH(-functions)).
For each such SSH-function z = Z} | (or z = Z, _) we then introduce the pair of
(4-vectors) ¥ = (3) , w = (.2 ,) . Then we have the following

oe,

Theorem 7.4.1 (a) The j-vectors ¢ and w, taken over all SSH-functions Zzl)i,
form an orthonormal base of the Hilbertspace L*(S?,C*).

(b) For any z = Z}D)E , € = +,— , introduce the 2-dimensional space h =
span{y,w}, and then the tensor product h @ L*(0 < r < oo,r?dr), called H; .
Then the Hilbert space H = L*(R3,C*) equals the orthogonal direct sum of all
Hipe-

Moreover, the Dirac operator H of (7.4.14) with radially symmetric potential
V(r) is reduced by the above orthogonal decomposition: It transforms each K =
Hipe into itself, and so do the 5 operators J?, J3, K, 3, ae,.
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(c) A vector u of such subspace K may be uniquely written as u = uy(r)p (0, v)+
uz(r)w(0, ) , and then may be represented by the column (3;1). Then, if u ~ (31),

the (multiplication) operators 3, («e,) are represented by the matrices

(7.4.48) B~ (01_01) , (aer) ~ (EZZO> ;

while J? and J3 and K are represented as multiplications by the real scalars x and
mz—i andm:p—i—% (while k =1+ 1 fore =+, k = =l fore = —). The

operator H then is represented by

(7.4.49) H~—z‘<2i E){@T—I- 1_7«6K}+ (01 01) +V(r) 8= (01 _01) .

Furthermore, the operators (1 — A) and E](u + p x D) occurring in fla’s (7.4.3)
and (7.4.4) are represented as

1 k(k £ 1)

0 . )
(7.4.50) 1-A~ r( 0 Z+>T with Zy =1+ o o7,
and
(7.4.51) E(u+px D) ~G(r) = 74%{1 — o3k + roa)

Only the last two formulas still need a discussion: From (7.4.8) get r(1—A)L =
1— 02 — L L? But on the spaces H; ;. we have L? = {xk? — Bx}, where # must
be represented according to (7.4.49) above. This indeed confirms (7.4.50).

Regarding (7.4.51), we recall the formula

(7.4.52) w+pxD=—i(aHy— D),

easily verified, using fla’s (1.0.3). Also, with £ = —grad V and V = —cs/r we get
E=—%e, . Thus, £ (u+px D) = i€(aHy— D) = —{i(e,)Hy—i0,}. Using

(7.4.48) and (7.4.49) we then get (7.4.51).

7.5 Highlights of the Proof of Theorem 7.3.2

In this section we will sketch a proof for our theorem. The various steps will be
discussed in more detail in sec.’s 7.6 and 7.7, below. To simplify the discussion we
will just set ¢; = —1 here, i.e., work with V(r) = %, noting that —cy in (7.3.6) is
a factor contained in V and G, hence may be taken into the eigenvalue parameter
A. One major point is that, for A > 0, eq. (7.3.6) fails to be elliptic at the point
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r= % , inside the interval (0, c0) of definition, because the coefficient of its highest
derivative vanishes there. As a consequence, not all global distribution solutions
of (7.3.6) are also smooth solutions.

Curiously, eq. (7.3.6) has 10 linearly independent distribution solutions de-
fined in the entire R, while normally a 4-th order 2 x 2-system should have only
8. The two “extra-solutions” mean the existence of a (2-dimensional) absolutely
continuous spectrum of the observable, in all of 0 < )\ < co.

The construction of this absolutely continuous spectrum follows the old and
well known method of integrating a family @, (r) of “wave functions” after its
parameter A, to obtain “eigenpackets” but with the important difference that the
©a(r) will be not functions, but distributions with singular support at r = % In
fact, near r = % the singular part will be a linear combination of a delta-function
and a principal value.

Checking for completeness of this absolutely continuous spectrum could be a
matter of solving a Wiener-Hopf type singular integral equation over the half-line.
This seems to invite application of well known Fredholm criteria for such equations
(cf.[GK] or [Col2], for example) but ,so far, we do not control the behaviour of
kernels near A = 0 and A = oo well enough for this.

One may have to be on guard for “spectrum at co”: For some x the operator
7 is self-adjoint and positive definite only after imposing boundary conditions at
r = 0; We circumvent the difficulty of finding a proper domain of definition for
(V(r)); for uncapped Coulomb V(r) by defining dom(V(r));" as the span of all
eigenvalues and eigenpackets we will construct below.

Let us focus on (7.3.6): For A > 0 this ODE has regular singularities at r = 0
1
o
may fix (real-valued) local bases ¢;(r,A) , w;(r,A), j =1,...,8, defined in (0, 1)
and (%,oo) according to standard rules', and such that, at fixed r, they are

and r = and a Thomé-Poincaré-type singularity at » = co. At 0 and co we

power series in A — Ao for A\g > (or <)%, respectively. At oo eq. (7.3.6) looks
like (1 — 02)%v = 0, solved by e*" | re*" since all other terms carry a factor
% , 7 =1,2,3,.... Unfortunately, the two roots £1 of the indicial equation, for
getting the Thomé normal series’ have multiplicity 2, so the standard approach
does not work. However, we found that, near oo, the 4-th order 2 x 2-system
(7.3.6) may be reduced to a second order 4 x 4-system of the form

1 1 / 1
(7.5.1) w4+ a(=)w +b(=)w =0,

r r

with convergent (4 x 4-matrix-valued) power series a(s), b(s), in such a way that

the discussion we found in [Hol], §62 through §65, carries over with few changes

Hef. for example [JvN], or, [Km1], or, [Hol], or, [Nal].
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and indeed supplies a set of 8 linearly independent solutions with asymptotic
behaviour of the form e*"(cy + cl% + ...), and depending analytically on A\, for
fixed r and \ > % Clearly then, at oo, exactly 4 of the w; - say, for j = 5,...,8
- are exponentially decaying (with all derivatives). They span a space Too(\) (of
dimension 4). At r = 0 the 8 indicial exponents are symmetric with respect to 2,
insofar as € = (7 — 2)? solves a product of 2 quadratic equations. Again there will
be a 4-dimensional subspace 7(A) of local solutions - spanned by s, ..., s - such
that Zu € L? near 0 for u € Ty. [For special £ we may have to add self-adjoint
boundary conditions'® to make that dimension 4.]

At the regular singularity r = % the indicial exponents are 2,1,0 with 1 of
multiplicity 4 and 0,2 each of multiplicity 2. One might expect then a local
system of 8 “Frobenius-type” solutions, involving higher powers of log |r — %\, in
view of the fact that there are multiple roots, and that any two roots differ by an
integer. A careful analysis shows, however, that only the first power of log |r — f|
ever occurs, and then only in the form s?log|s|, 7 = 1,2,..., s=7r — % . One
may isolate a basis of 10 global distribution solutions, with singular support at
r = 1 only - call them x1,...,x10 - such that Zy; € L} for j = 5,...,10, while,
for j = 1,2,

loc

. 1
(7.5.2) Zx; = €0(r = 3) + Lige » € = (o) » ¥ = (1) -

and, for j = 3,4,
i-2 1
(7.5.3) Zx;=e pv-——T + L.,
X

with “p.v.%” denoting the “principal-value distribution”

1 .
(7.5.4) (pv.—, ) = lim w(s)—, peD.
5 =70 J)s|2e 5
All x;(r, X) are power series in A— \g for every r # )\io , including their derivatives,
so, including Zx;.
Now we want to look for eigenfunctions and wave distributions: For 0 < A < oo

we get
(7.5.5)
8
1
X] Ty )‘ chl uJl T, )\ X ) Xj(rvA) = Zdjl(/\)@l(n)‘) s T <5,
=1

15The discussion of self-adjoint boundary conditions at singular end points follows the standard
principles laid out by many authors (cf. the book [CL], for example). Note, in particular, that
the indicial exponents are independent of the eigenvalue parameter A, so they are also valid for
A\ = +i, as necessary for the study of defect spaces.



7.5. Highlights of the Proof of Theorem 7.3.2 219

with constants cj;,d;; depending on A. These relations may be differentiated
arbitrarily for r, and we may introduce the “Wronskian matrices” W, (r,A) =
(w,w',w"”,w"), etc. Note then that W, and W, are invertible 8 x 8-matrices,
while W, (7, A) is a 10 x 8-matrix, defined for r # %, and of maximal rank 8. With
c=((c;i(N)), d=((dji(X))), (7.5.5) implies that W, (r,A) = c(\)Wy(r,A) , r >
1, and, Wy (r, A) = d(\)Wy(r, A) , 7 < ;. Therefore,

(7.5.6)

1 1
c(\) = Wy (r, VW (r,\) ™1, r> 1 dO) = Wil N We(r, N < 1
(7.5.6) implies that ¢(\) and d(A) have maximal rank 8 and have convergent ex-
pansions in powers of (A — Ag) for every Ay > 0.

A family v(r, X) of global distribution solutions will be of the form

10
1
(7.5.7) v(r, A) :;pj( x; (7, A) Zwl (r,\) ij Jeji(A), > 3

and,

8

10
1
(7.5.8) v(r,\) = Zgol(n A) ij()\)djl()\) , < X
- j=1
The condition v(r, A) € To(A) N7 (A) means that the coefficients of wy, ..., w4, and

of ¢1, ..., p4 must vanish. that is,
(7.5.9) Zcﬂ =0, > d(Np;(\)=0,1=1,..,4,

giving 8 linear conditions for the 10 unknown functions p;(X). There are at least
two linearly independent solutions of (7.5.9). For a point-eigenvalue Ag, on the
other hand, we also must set p;(Ag) =0, j = 1,...,4, so that only the 6 unknowns
D5, .-, P10 are left, and (7.5.8) gives an overdetermined system of 8 equations in 6
unknowns. This should be nontrivially solvable only for special A. To prove this

we need orthogonality of eigenfunctions and wave functions:

Proposition 7.5.1 (i) Eigenfunctions to different eigenvalues are orthogonal [al-
ways with respect to the inner product of H2]. (ii) Wave distributions to different
A-values are orthogonal - in particular the [distribution-] integral (uy,uz2) is well
defined as long as the A-values of uy and ug are distinct. (iii) Any eigenfunction
(to \) is orthogonal to any wave function (to N # \).

This proposition follows with the standard argument, using partial integration

and vanishing of boundary terms. For example, for two eigenfunctions u; = Zv;
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we get
(7510) <U1,U2> == <Z21}1,1}2> = <’Ul, ZQ’U2> 3

with partial integration and vanishing of boundary terms at 0 and oo [and also at
r = 1. Then Z%v; = 5~ Xv; with the left hand side operator in (7.3.6) called X,
J J

for a moment. Then also, we must confirm that
(7511) <X’L)1,’UQ> = <U17X’U2> .

Again this is a standard partial integration, and vanishing of boundary terms,
using what we know about the spaces 7¢:(\) , ( =0, c0.

The orthogonalities (ii) and (iii) follow similarly - one must keep in mind that
the singularities of the distributions on either side never can get together, so that
inner product integrals can be defined.

Any orthonormal system in our separable Hilbert space H? is finite or count-
able. Hence there are at most countably many eigenvalues, i.e., the system (7.5.9)
with p; = ... = py = 0 cannot be identically of rank < 6. Notice, a 6 X 6-minor
1(A) will be a real power series in A — Ao, for all Ag > 0, and so will be its square,
and even the finite sum X(\) of such squares. It follows that X(\) does not van-
ish identically, and, hence, that it has (at most) countably many isolated zeros,
clustering only at 0 and co, at most.

After this we now turn to the wave distributions. So far we only know that the
system (7.5.9) is not identically (in \) of rank < 6. But another use of orthogonality
of wave distributions shows that this system really is of rank 8 (with exceptions
clustering only at 0, 00). [For every component of the 2-vector we can have only one
(nontrivial) linear combination of § and p.v. being L? near 0, 0o, or else we run into
a contradiction with orthogonality.] So,then an argument described more closely
in sec.7.8.1 allows construction of a pair of two global families v!(r, \) , v?(r, \),
defined for all X > 0, writing p; in (7.5.9) as pj(A) or p3()), where the p¥(\) are

smooth in X\. Then we get

(7.5.12) ZoF(r, \) = uf (\)o(r — l) +ub(\) pv. !

k
)\ r— +Z (T7)\)7

1
p)
with u¥(\) = (ig)()\), and, u§(\) = (ﬁg)(/\) [where!® the real 2 x 4-matrix U()\) =
(U, U2)(N) , Uj = (uj,u?) is of maximal rank 2 for all A], and with the 2 x 2-matrix
U. = (21(r, ), 2%(r, X)) smooth in A and with values in L?, in the variable 7, even
if differentiated for A. With that notation we may write the two eqs. (7.5.12) as

one matrix equation:

16 At first there may be a discrete exception set of A, but it may be eliminated (cf.sec.7.8.1).
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(7.512)  Z(0"02)(rA) = U(\)3(r — ) + Us(A) pov—

Ue(r, A) .
A r7+(r>

1
A

Or, if we now come back to the corresponding eigenpackets
[ A &(N)Zvi(X) = fdpv(p)Zvj(%), - with v(p) = pl—z/i(%) € C§°(Ry), by a change
of integration variable - the right hand side of (7.5.12) will supply the term

(7.5.13)
)+ [ RG)Lt [T O D = P e w2
P 0 P r=p 0 P
where now v(p) must be assumed as a 2-vector-valued C§°-function. [Note, that
F(r) no longer is a distribution, but a function in H?.]
In (7.5.13) there appears the distribution kernel

Us(:
(7.5.14) U'(r, p) = Ul(%)é(r —p) +pv. . _(pp) + Ue(r, %) .

This kernel has the following properties: (i) For fixed p, as a function of r only,
U°(.,p) is L? near 0 and oo (both), and has singular support at r = p only. (ii)
By orthogonality we have

(7.5.15) W(p.p') = /0 U (s, p)U°(s,p)ds =0, p# 1.

(iii) The distribution W (p, p’) defined by the above integral has singular support
at p = p’ only and must be a (2 x 2-matrix-) multiple of d(p — p’).

All in all this indicates that we have U%*U° equal to a multiplication operator
(by a matrix a?(p), with a(p) nonsingular). The desired unitary operator U of our
theorem - unitary only as a map from H? to the (closed) span of the functions
F(r) of (7.5.13) - then is defined as the operator U = U% ~!(r). This completes
the discussion of our theorem.

We will get completeness of above eigenpackets if we can show that the func-
tions F of the form (7.5.13) are dense in H2. Or else, if the space spanned by
them is not H? then one perhaps expects that its orthocomplement is spanned by
the eigenvalues obtained above.

At any rate, the issue of completeness clearly is related to the solvability of
the [Wiener-Hopf-type| singular integral eq. (7.5.13), when a function F' € H?
is given and a function v is to be found. However, in addition we also have the

orthogonality (7.5.15), perhaps leading to a better approach.
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7.6 The Regular Singularities

7.6.1 The Regular Singularity at 0

The series Ansatz v = r7(vg + v1r + ...) will lead to a product of 2 quadratic
equations in ¢ = (7 — 2)? solved by

(76.1) e= g +(k+ i)(n—ﬁ) + %/144(/4— 28)(k+0) + (k — B+ 18)%,

where we must set § = +1, while k may be any nonvanishing integer.

Some special k,3: For kK = 0 we get v = 0,1,3,4 . For k = 20 we get
y=+/9+06/2+2,2,2. For k = —B we get v =+£/9— 5 +2,2,2.

The radicand in (7.6.1) may become negative, but not for our choices of g, k,
so € will always be real. Moreover, a detailed check shows that, for our choices
of B3, k, € will never be negative, so that all exponents y remain real. We will get
v =2+ +/e. Looking at (7.6.1) it is clear that the two terms go like |x|? and +|x],
so that e = |k|? for large ||, and \/€ =~ |k|. One verifies that the cases x = 23 and
k = —[3 are the only cases where ¢ = 0 ocurrs, so that there are some roots v = 2.

Note that we must check for squared integrability of Zu for the Frobenius type
solutions ugr” + ... (or, possibly, a term like (ugr” + ...)logr also might occur).

But we have
(7.6.2) Zu= Zougr’ * + ..., Zg=k(k—03) —y(y—1) .

The diagonal matrix Zj has the elements k(k—8)—(2£e)(1£Ve) = dg , 8 = £1,
and we get 77~2 = r%VZ_ Clearly then the v = 2 4+/¢ will give Frobenius solutions
in L2, near 0, since the smallest r-exponent of Zu is nonnegative. This remains
true, even if there still is a logarithmic factor. For v = 2 — /e that exponent will
be negative (except for K = —3 and k = 23, and assuming that the corresponding
dg does not vanish). We need dg # 0 and /¢ > % , in order to secure a solution
u & L? near 0. We get

(163)  dy=(s- 27 = G~ VO = (1l + VE — es)(Inl — VE+ )

with cg = 3(3 — Bsgn(k)). Note we get either ¢z = 1 or cg = 2. The first factor,
at right of (7.6.3) will be # 0 for |k| > 2. The second factor depends on a more
careful evaluation of € (of (7.6.1)): Set v = |k| , 0 =sgn(x) , T = fsgn(x), for
(7.6.4)

de = {40* 4 (0 — 47)v + (10 — o7)} & /14502 — (146 — 360)v + (37 — 3607) .

There are 8 possibilities for the signs o, 7 and %+ in (7.6.4). In each of the 8 cases

one may expand /e = |&| + byr+ + ﬁp(i) with a constant byr+. This gives an

||
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expansion for the second factor at right of (7.6.3) at oo, of the form
1 1
(765) |/4/| - \E“F 3 = Qort + 7p(7

k[ K]

where, in the 8 cases, 16a,,+ = 19 £ /145, 294+ /145 | 27+ /145, 21 £+/145.
respectively. The smallest constant a,,+ will be &~ 0.43. It follows that we will have

)

“limit point case” for all but finitely many « - i.e., precisely 4 linearly independent
solutions (of the 8) which are L? near 0.

Furthermore, one finds that the coefficients of the 8 Frobenius solutions are
polynomials in A, hence, for fixed r, the solutions v(r, \) have convergent power
series expansions at Ag, for each Ay < %

7.6.2 The Regular Singularity at r = §

As mentionned, the indicial exponents are 2,1,0 with 1 a double root. Setting
s—r— % we get 8 Frobenius solutions, of the form
(7.6.6)

Prls) = (152, als) = D)2+, Uyls) = (Ds+.e s duls) = Qs+ ,

and

(7.6.7)  ths(s) = vslog|s| + vsas® + ..., ¥s(s) = talog|s| + 1hg2s® + ... |

and

(7.6.8) ¥r(s) = (§)+...+(bris+..)logls|, ¥s(s) = () +...+(g15+...)log|s| .

Eqgs. (7.6.6)-(7.6.8) define just functions, in the r-intervals (0,%) and (5,00).
1
o
in addition, we must check for solutions with support at the point r) only. It

To obtain distributions in D'(R;) we must fit them together at r\ = and,
turns out that (i) there are no solutions of the latter kind (except 0). Also, (ii)
one finds that only 13 and 14 may be broken at r), giving raise to yet another
pair H(s)y;(s) , j = 3,4, with the Heaviside function H(s) = % (1+sgn(s)), we
call tpg,1109. For j # 3,4, j < 9, the ¢;(r —ry) € L}, .(Ry) define solutions of
(7.3.6) with derivatives taken in the distribution sense. But this is not true, if
they are broken at r (i.e., continued on the other side of ) with a different linear
combination of the ;).

We finally set x1 = %9, x2 = Y10, X3 = V5, X4 = s, and then list the remain-
ing 1; as xs,..., X10 - except that suitable linear combinations of 5,16 must be
subtracted from 7,1 to eliminate the terms vy;slog|s|,l = 7,8. It is clear then
that Zy,; € L}, for j =5,...,10 , so that conditions for the system of 10 global

loc

distributions are fulfilled.
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7.7 The Singularity at oo

7.7.1 Asymptotic Behaviour of Solutions at Infinity
Observe that (7.3.6) -i.c., {ZRZ+GZ+ ZG}v =0, with Z = 1- 02+ k(k—03) %

and the multiplications R = 1 — X and G = 5(1 — 03k + ro2) may be written in

the form
(7.7.1) (LRL+LM +ML+N)w=0, L=1-0?,

where M = Lp(1), N = Lq(1) with power series p(s),q(s). [In this subsection
we use “X = p(1)” (or “Y = ¢(+)”) just to indicate that X (or Y) equals some
power series in %, with positive radius of convergence]. Clearly % =p(1). We

may write (7.7.1) in the form

M 1 1 1 1
7.2) {(L L Tl = M1 s Nvoper o ALy
(172) {(LAS)R(L+S)4To =0, § = 2 = Lp(T). rs? = Lot
Introduce u = (L + S)v as additional dependent variable, so that (7.7.2) is equiv-
alent to
(7.7.3) (L+Sv—u=0, (L+S)Ru+Tv=0.
The second eq. (7.7.3) may be converted into (L + S)u — %[02, Rlu + Lv = 0,
where (with R = 1 — X) we get —[02, R] = —[02,1] = %0, — %, so that, (7.7.3)
assumes the form
T 12 12

v
u

(7.7.5) {(1 _1> _ R+~ 2 <Oo>arw+:2p(1)w—0,

Writing (7.7.4) matrixwise - for the 4-vector w = (%) - we get this:

0 1 r2R\01 T
where 0,+1 in the matrices stand for 2 x 2-blocks, so that we have 4 x 4-matrices.
So, indeed, we now have converted (7.7.1) (or (7.3.6)) into a second order
equation of the form (7.5.1) with (the 4 x 4-matrices) a(2) = 7%2%(8(1)) , b(d) =
1-1 1,01
—(o1) — =)
It is important to notice that the first two coefficients ag, a; of the power series p

1-1
01

is “non-regular”, so that the standard (Frobenius) method for regular singularities

vanish while also by = 0 and by = —( ) The singularity of this equation at oo
fails. A scalar equation of this form has been discussed in all details in [Hol], §.10,
with a well readable proof - regarding asymptotic behaviour of its solutions near

0o. An essential condition there is that the algebraic equation 2 + agy + by = 0
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(called indicial equation) has distinct roots 1 # 72 [this is for scalar a, b where the
7; are complex numbers]. Our main reason for transforming (7.7.1) into (7.7.5) is
the fact, that, in the form (7.7.5), the indicial equation reads

(7.7.6) y2—-(B]F> =0.

This equation may be solved by two distinct 4 x 4-matrices vy =460, 6 =1 — %V
where v = (8 é) [Note, v is nilpotent, we have v = 0, hence 6> =1 —v = (é _i) ]

This suggests to try a generalization of Horn’s technique to our case of 4 x 4-
matrices. It turns out that, indeed, [Hol], ch.10 may be carried out, although
with some special guidance. This is important, because the general method of
Thomé normal series discussed in [CL], ch.5, for example seems to fail. Aiming at

(asymptotically convergent) Thomé normal series solutions of the form
+0r, vy 1
(7.7.7) w(r) =e*r p(;) ,

(with a scalar ), we make the matrix-substitution w = e*"z in (7.7.5). Using
“47 (with “” behaving quite similarly) we get d,w = €7(9, + 6)z. Accordingly,
(7.7.5) assumes the form [with . = (J7), and switching back from z to the old
notation w)

12

11 o,
- RLw' + T—Qp(;)w =0, L~ =-07—200, .

(7.7.8) L™w +
Here we may make an ansatz w = wor? +wir?~! + ... with a scalar v: The term
with the highest power will be —270r7~1. Since # is nonsingular, we conclude
that v = 0, so that w appears as an ordinary power series in % (taking values
in C*). Starting with an arbitrary constant 4-vector wgy one will get the usual
recursion to calculate wi, ..., and there will be no vanishing denominators, but
the formal power series obtained tend to be divergent. (Clearly one will get 4
linearly independent formal series.) For details cf. [Hol], §62.

The formal power series obtained are asymptotically convergent to solutions
of the system (7.7.8) obtained as exponential integrals, as follows: First another

substitution w — rw converts (7.7.8) into

1,1 1 1
(7.7.9) Xw=0, X=-02-200, +-p(=)0, + —q(-) ,
roor ror
with convergent power series p(s),q(s) - the constant terms now are pg = —2, g9 =

—20. In (7.7.9) we substitute a Laplace integral

(7.7.10) w(r) = /0 T et
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with integration path a halfline argt = const., in the complex ¢-plane. Assuming a
suitable exponential behaviour of z(t) this will lead us to a pair of (Volterra-type)

integral equations!” , to be satisfied by z(t):

(7.7.14) (20 + t)t(t / (rP(r =)+ Q(r — )} 2(r)dr = 0 ,
with the power series
(7.7.15) P(t) = iji], , Q) = qu? 7

0 J: 0 J:

using the coefficients p;, ¢; of the series for p and q.
Or also, equivalent to (7.7.14), a Volterra-type integral equation of the second
kind

(7.7.16)
¢ dT T / / /
2(t)=(t+20)c+Yz(t), Yz(t) = —(t + 29)/0 7’(7'-i-29)/0 O(1,t"z(r")dr' |
with a constant 4-vector ¢, and
(7.7.17) O(t,7) ={204+ )" (TP(T —t) + Q(T — t)) }}+ -

7Formally, assuming all integrals to exist, and all boundary terms of partial integrations

t(r )
ww—/ (T, )z(T)dT,j:I,...,
0 J!

performed to vanish we will get the correspondences

(7.711)  w~2(t), w' ~tz(t), W' ~t22(t), —
rit+1
t (r— t)
0 4!
(p;. = —pj_1, so that a repeated partial integration gives fooo ertgoj (t)dt = i fo e”gaj,l(t)dt =
—_ 1 (oo rt
= = e
rJ JO

with P,Q of (7.7.15). [Note, since the power series p and g converge near 0, the series P,Q

[To see the last correspondence, let, for a moment, ¢; = z(7)dr. Then ¢ = —z, and

z(t)dt , assuming all boundary terms to vanish.] This will lead us to eq. (7.7.14)

converge for all ¢, due to the additional denominators j!. Hence P, Q are entire functions of ¢.]
Eq. (7.7.14) is converted into (7.7.16) as follows: Multiply by (¢ + 26)~! and differentiate for
t, to get

(7.7.12) (t2(t)) + (20 + t) "L (qo + tpo)z +/ (t,7)z(T)dT =0,

with ®(t,7) = {(20 +t)" Y (7P(1 — t) + Q(T — t)}¢ - Link (7.7.12) with the homogeneous first
order ODE

(7.7.13) (tz()) + ——(po + qo)(tZ( ))=0.

1
t+20
Here we cast in our knowledge about pg = —2, go = —20 to get (7.7.12) into the form (¢tz(¢))’ —
w(t)(tz(t)) =0, w(t) = 2% = % + Hﬁ’ integrated by z(t) = (t + 20)c , with a constant
4-vector ¢. [In Horn’s case, this is trivial, while here we must use that pp and go commute to get
an exponential function as solution.] In (7.7.12) write the last term as ¥(¢), for a moment. Then
get (tz(t)) — w(t)(tz(t)) + ¥(¢t) = 0 . With “variation of constants” we then get (7.7.12) into the
form tz(t) = t(t + 20)c — t(t + 20) fot W\P(’r)tﬁ7 i.e.,(7.7.16), remembering the special form
of U.
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Eq. (7.7.16) may be solved'® by a Neumann series z(t) = 20+ Y 20+ Y %20+ Y320+

., 20(t) = (t + 20)c, uniformly convergent in compact sets of the t-plane slitted
along the negative real axis below —2. Such (unique) solution z = z. is obtained
for every constant 4-vector c. It is holomorphic in ¢ in C\ {¢t < —2} and satisfies
both (7.7.14) and (7.7.16).

To make the integral (7.7.10) exist and the equivalences (7.7.11) work, one
then will need exponential estimates on such z(t) along suitable rays argt = const.
Reexamining coefficients of (7.7.9), they are meromorphic functions in the entire
complex r-plane with poles only at r = 0 and r = % We need existence of the
integral (7.7.10) for r on the half-line r > % For this, as it turns out, we must
choose a ray argt = w with § < |w| < 7. Our 2(t) satisfies both integral egs.
(7.7.14) and (7.7.16), for any ray argt = w , any w, except w = m. The factor e"*
n (7.7.10), as r > 1, will decay exponentially for 7 > |w| > Z. So, we will need
an exponential estimate for z along such a ray. That will follow from (7.7.14) if we
obtain proper exponential estimates for the entire functions P, Q of (7.7.15). To
obtain such estimates we fix a path P, , in the complex r-plane encircling the two
singularities 0 and % of the coefficients of (7.7.10), by following a straight segment
parallel to (and above) the line £, = {y = —n + Anz} (with n > 0), at distance
e > 0 from 0 (and above 0), passing the two singularities 0, % on L,, and then to

return in the half-plane below £, (Fig.7.7.1), encircling 0, % The line £,, has unit

1 =AM\ _ (cosw

\/Tigng(l ) - (sinw
: : —tw) __ _ n — _ W ” w_m

Then L, is given by R(re ") = T o(w). We have “>” and “<” in

this relation above and below £, respectively. Thus we have

s

normal ) with some w = w, between 7 and m (Fig.7.7.1).

(7.7.18) R(re ™) <e
along the entire path P = P, ,,, With P positively oriented we get
1
(7.7.19) / p(=)r™ tdr = 27mip, , m=0,1,... .
P T

18This is a matter of estimating the operator Y to get convergence. Specify a region R by
taking the disk [t| < 1 in the complex ¢-plane - with 7 large Cutting out the sector |argt — 7| <
€, |t| > 2 —¢, for small € > 0. Then confirm:
pole at t = —2 . Hence,

[t+20] <ci, Iﬁ‘ <co, |2(tT) <c3,

as t,7 € R. Also, |z0| < c1]c|. Let z, = Y"2y. Then,

|z1(8)] < lelerereaeslt] = lelefeacslt] , [22(8)] < |elefe3cd 5'2 sy

|zn (t)] < ||t en cy ‘;lm , ..., forallteR.

This indeed insures convergence of the series Y Y7zg for all ¢ € R. So, it defines a unique
solution z = z. of (7.7.16), as specified. But we have differentiated to obtain (7.7.16) from
(7.7.14). So, apriori, (7.7.16) implies only that the left hand side of (7.7.14) is constant. However,
for z(t) continuous near 0 that constant vanishes at ¢ = 0, hence it is 0, and we indeed have

1
T2 = t+2 + (H_Q)Q v is meromorphic with only

equivalence of (7.7.14) and (7.7.16). [Unigeness of the solution is evident, of course.]
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Rewrite this as

1 1 1
7.2 m = —— —p(=))r™dr .
(7.7.20) Pm = 5 7D(rp(r))r dr
Then get
(7.7.21)

= m— = —— —r™(=p(=))dr = — —p(=))e""dr
Pl = o P m! g 27t Jp g
and, similarly,

(7.7.22) Qt) = % p(%q(%))e”dr .

Fig. 7.7.1. A path P, with R(re”*“7) < ¢ around 0 and %.

From (7.7.21),(7.7.22) get |P(t)],|Q(t)| < ¢ Maz{e®") : r € P} with a con-
stant ¢ incorporating length of P and maximum of coefficients p, ¢ along P. For
t with argt = —w we have t = e~ ™“[t| , R(rt) = [t|R(re ™) < g[t| on all of
P = Pey, by (7.7.18). Thus we get

(7.7.23) IP(t)],|Q(t)] < cee" | as t=e""[t]
with some constant ¢, for every € > 0. Now we estimate z(¢):

Proposition 7.7.1 The solution z(t) of our integral eqs. (7.7.14) and (7.7.16)
satisfies

(7.7.24) 2(e7™t) =O0(e) , t >0,

for any fized w = wy, satisfying 5 < w < 7, with o(w) of (60) - choosing 0 < 1 < co.
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Proof. With (7.7.14) and (7.7.23) we get
|z(e=t)| < g%ﬁ [y drest=D|z(e=™7)| . For ((t) = [1 e " |2(e"7)|dr we
thus get ( /C log¢) < ¢ = (log t¢)’. Integrating we get
log(t€). Or, ¢(t) < {(1)t¢, ast > 1. Or,
£C(t) < C()ct. Finally,
|z(e7™t)| < cte~let < ce? ! for all t > 0, q.e.d.

Il
—~

Now we look at w(r) defined by (7.7.10), and fix the integration path as argt =
—w with above w = w,), while assuming 7 in the half-plane below line £,,. For the
e-function of (7.7.10) we get |e™t| = eltIR(re™™) < e=oMItl Therefore, integrating

along that ray t = e~ and using (7.7.24) we get

(7725) ’LU(T) — /(;OO Z(t)ertdt — O(/OOO dTe'r(sfa(w))) ]

Notice the coefficient of 7 in the exponent is negative (for small € > 0, and the r
chosen). Therefore this integral exists for all r in the half-plane below the line £,),
in particular, on the real axis, for r > % To make the correspondences (7.7.11)
work we must insure that e'” fot dr [J (= k)™2(k)dk — 0 as t — oo, for 7 in that
halfplane and ¢ going along the integration path, and form = 0,1, ... . But we have
2(t) = O(efl"l) there, hence the inner integeral is O(|t|™ecl*l) = O(e?¢/*l) while the
factor e!” decays like e ~I*l as |t| — co. Thus, indeed, the above condition holds,
and the w(r) constructed will solve our eq. (7.7.9). All in all, thus, we constructed
the desired solution of (7.7.8), for every constant 4-vector ¢, giving a 4-dimensional
space of solutions of (7.7.5) of the form w(r)e’” , § =1-1v, v = (8 é) Repeating
the procedure for the minus sign we get another such family of the form w.(r)e=%"
- so, all together, an 8-dimensional space of solutions of (7.7.5), and thus of (7.3.6).

7.7.2 The Asymptotic Expansion at co; Dependence on A\
Finally, let us discuss the asymptotic expansion of the solution w(r) we found:

Recall z(t) is holomorphic in the plane slitted along ¢ < —2, so it has a power

series expansion
e}
(7.7.26) 2(t) =) zmt™
m=0

convergent in |t| < 2. Observe that

> m _rt __ (_1)m+1 o m+1 m!
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where we must recall that the integral was taken over a ray t = 7e ™ with
5 <w < 7. With a complex curve integral technique we may convert such integral
into an integral along the negative real axis, giving us the Gamma function. We
write (7.7.26) as

k
(7.7.28) 2(t) = ) zmt™ + Ri(t) |
m=0

with a “remainder” Ry bounded by c|t|*T! near t = 0. Recall, we have |z(t)| =
O(ef!"l) on the integration path, and the same also for Ry (t) . Thus,

k

1 m e

(7.7.29) w(r) = - Z w7+5k(r) , Sk = / " Ri(t)dt , wy, = (=1)™Tmlz,,
" m=0 m 0

where (with R(re” ™) = ——22L_ for real r)

/1+>\2n2’
(7.7.30) Sy = 0(/0 ||+ eleArn/ VTN 1))

A substitution 7 = (\/ﬁ%n"’ — ¢)|t| in (7.7.30) gives Sy, = O(|r|~%72), for real
r > %, q.e.d.

Finally, dependence!? on A: The coefficients of the DE’s (7.3.6),(7.7.5),...,(7.7.9)
all are local power series in A\ as long as r > % Hence also the operator Y of
(7.7.16) and all the terms of the Neumann series defining z(t) have that property.
Since the Neumann series converges uniformly (also under local change of \) we
can state the same thing for z(t), in that slitted t-plane. Then even our expo-
nential estimates are uniform under local changes of A. It follows that also the 8
linearly independent solutions of (7.3.6) we obtained have the property that v(r)
(and u(r)) are local power series in A whenever A > 1. Exactly 4 of them grow

exponentially, the other 4 decay exponentially, as we stated in sec.7.5.

7.8 Final Arguments

7.8.1 Fitting Together our Wave Distributions

First we verify that the system (7.5.9) must be of rank 8 for all A > 0 (with discrete
exceptions). Introduce the 4 x 10-matrices C~ = ((¢i5))i=1,...10,j=1,...4 , D~ =
((dij))i=1,...10,j=1,...4 , and then the 8 x 10 matrix X = (g:). Let X'(\) be the
8 x 6-right-most corner of X. So, we know that X’ has rank 6, except at the

9For a study of similar dependence on a parameter we refer to [Kil].
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eigenvalues. Let M;()) denote the sum of the squares of all j X j-minors of X.
Clearly M;(\) expands into a (real-valued) power series near every real Ao > 0 -
i.e., it is a holomorphic function of A in some neighbourhood of R . We know that
Mg(X) is not = 0, since its right hand corner X’ is not identically of rank < 6.
But we claim that also M7(\) and Mg(\) do not vanish identically.

For, assume that M;(\) =0 - i.e., X is of rank 6, with countable exceptions.
Pick some 6 x 6-minor x(), holomorphic and not = 0, and let (Ag) # 0 for some
Ao- Assume p is obtained by crossing out the columns vy, ...,v4 - but we know
that we may choose v; = j, since X’ is of rank 6. This means that we may choose
the 4-vector (pi,...,ps4) arbitrarily - say, equal to e/ (having j-th component = 1,
all others zero) - and then solve for p5(}),...,p10(A) , not only at A = Ao but for
all A with countable exceptions not clustering anywhere in R;. The functions
pj(A), j > 5, have denominator p(A) hence are meromorphic in a neighbourhood
of Ry with poles possible on R;. As a consequence we arrive at 4 families of
wave-distributions, of the form (7.5.2)(7.5.3) , but with L? _ replaced by L*(R.):

loc

For j=1,2, get
. 1
(7.8.1) Zvj(r,\) = e o(r — X) +’U?(7‘,)\) , ’U? cLl?, =), =),

and, for j = 3,4,

(7.8.2) Zvj = el ?p. +03(r,A) , vj € L*.

1
by
All Zv?(r, A) are meromorphic in A near R, , for each fixed r > 0. However,

we then find that Zviy and Zvs, must be orthogonal, as A # pu, while we get

- setting n = §, ¢ = %, for a moment - (6(r — n),p.v.rid = ﬁ We get
0 = (Z01(s ), Zos(o ) = (5(. — 0 pv-) + 08(GA) + poo. [ of(r A) 2 +
[ (r, \)v3(r, )dr where the last term stays bounded, as A — p — 0, and the
second and third term are O(|log |n—(¢||) and O((log |n — ¢|)?), as may be checked

by a calculation, using the fact that the singularities of UJQ are generated by terms

of the form s’log|s| with j > 0. Since the first term goes like we get

1
a contradiction, and must conclude that My () does not vanish idgntcically. A
similar argument yields that also Mg(\) is not = 0.

Then, now, we may pick an 8 x 8-minor p(A), not = 0. Assume p(\) is obtained
by crossing out the columns vy, vs from X. Then specify (p,, (A),pu,(A)) = (1,0)
(or = (0,1)) for two families of wave distributions of the form (7.5.12).

But there may be discrete points A where the minor p(A) vanishes. Before we
discuss these points, let us note:

For a A with u()) # 0 the linear span of the two vector functions Zv¥(r,\) , k =

1,2, is characterized as the 2-dimensional null space of the system (7.5.9) - via
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relation (7.5.7). This space depends smoothly on A, both, in L?, and as subspace
9Q(\) C C'9 using the base (p4(\),...,p q(A)T,1 = 1,2, the latter dependence
even being real analytic. If, at a Ao with p(Ag) = 0 we still have rank(X) = 8 then
there will be another minor 1! (Ag) # 0. This will generate another base (pj'(})) ,
not only at Ag, but in some neighbourhood, where also p(A) # 0. In other words,
at such a point, only the base we constructed gets singular, but the space stays
smooth (and even real analytic) in A. Similarly, at a point A\g where rank(X) < 8
we only must show that the above two-dimensional space Q(\) C C!° continues
smoothly through that point, as a local subspace of the null space of X ()\g), but
coinciding with the null space of X (A), near A\g. Given that, we have a smooth
base near each point A of R} and may construct a smooth global base, since R

is contractible.

Now let rank(X (\g)) = d < 8. Pick d rows x,,,...,2,, of X forming a basis
at Ag. They still are linearly independent near Ay, but the rank of X must be 8
there.

WLOG assume that X = (5{%) . [First multiply left by a constant 8 x 8-
permutation such that (vq,...,v4) goes into (1,...,d). Then right by a 10 x 10-
permutation such that the columns of a non-vanishing minor Z are taken into the
first d columns. So, we then have X = (IZ;L/) with Z invertible. Now multiply right
by (the 10 x 10-matrix) (‘é};) where J = Z7! |, K = —Z7'Y All these matrix
multiplications are valid for some neighbourhood of Ay and they are invertible. As
a result indeed we have converted X to the above form.] In fact, we even may
assume S(A) = 0, using another invertible 8 x 8-left multiplication of the form
(_s9):

In this normal form we look at the equation Xp = 0 with X = (ég) and,

correspondingly, p = (%). Clearly ¢(A) = 0, and also, T(A\)p(\) = 0, near Ao,
where now T'(A) is an (8 — d) x (10 — d)-matrix, and a power series T'(\) =
>k T(A = o), with k > 1, and Ty # 0. (We have T((\o) = 0, since for A = X
the rank is d, so all other rows must be combinations of the first d.) We may
divide with (A — \g)* and get the same equation with k& = 0 - changed T'()).
With the new (8 — d) x (10 — d)-matrix T'(\) we may have maximal rank -i.e.,
rank(7'(Ag)) = 8 —d. Then we are done - just fix a minor p(Ag) # 0 and construct
a linearly independent pair p'(\), p?(\) of (10 — d)-vectors solving T(A)p!(\) = 0,
real analytic near \g, transform back to get corresponding 10-vectors real analytic

near )\, and spanning Q(\) for A # X.
Or else, we still have rank T'(Ag) < 8 —d. Then we iterate the procedure. The

iteration must break off since we loose at least one dimension, at each step - from

the 8 dimensions we have.
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In this way, we indeed have constructed the space Q(A) for all A > 0, and
Q()) has a real analytic base near each point A > 0. As mentioned, we then
may piece together a global base defined for all A > 0 [using a countable cover of
open intervals A; , j =0,%1,%2,... such that A; intersects with A;1; but with
no other A;]. That global base should be used for definition of the 2 functions
(7.5.12).

7.8.2 Final Construction of the Distribution Kernel
U(r,p) of (7.3.11)

We may write the operator UY with distribution kernel (7.5.14) in the form
(7.8.3) U= A(r)+ K_B(r)+C,

with the “Mellin convolutions” K u(r) = p.v. [° u(p)-2 = [ u(p) r(jf)/ipl , and
the matrix multiplications A(r) = Uy(%) , B(r) = Us(2), and integral operator
C with kernel C(r, p) = U,(r, %) Note, if rank(A(r), B(r)) < 2 then A = 1 must
be an eigenvalue, which we know happens only at discrete points r. Focus on
(U, U%), for a u € C§°(Ry). The operators K4 are bounded over L?(R. ), and

they are diagonalized by the Mellin transform; one finds that

(7.8.4) Ki=+K, , K? = —n* + K73 .

We get,
(U, U%) = (u, (A*(r)—B*(r)K_+C*)(A(r)+K_B(r)+C)v) = (u, (A*(r)A(r)+
2 B*(r)B(r))v)—(u, B*(r) K2 B(r)v)+(u, (A*K_B—B*K_A)v)+(u, (C*K_)Bv)—
(u, B*(K_C)v) + (u,C* Au + A*Cv) + (u,C*Cv) , u,v € C§°(R4,C?) .

We may write (U%u, U%) = (W, u*(r) @ v(r")) with the distribution kernel

(7.8.5) W(r,r') = /OO U%>p, ") U (p, 7 )dp =0, r# 7" .
0

In other words, W (r,r’) has support at » = r’. However, the above calculation
shows that, with Q = A*A + 12B* B, we get

W (r, p) — Q(p)O(r — p) = pv.- (A" B — B*A)(p) + C3(r, p)

where C® is a function. This sum must vanish identically for r # p, which may
happen only if (A*B — B*A)(r) =0, and C® = 0.

Conclusion: The operator W = U%U? defined for C§°-functions u,v by setting

(u, Wov) = (U, U%) is a multiplication operator; We have

(7.8.6) U™U° = (A*A+7°B*B)(r) = Q(r) .
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We have seen that Q(r) is singular at discrete points r only, since Q(r)p =0, ¢ #
0 implies A(r)p = B(r)e = 0, or, rank(A(r), B(r)) < 2. Moreover, in proper local
coordinates, we have A(r), B(r) analytic near such a point r9. One then confirms
that the matrices A°(r) = A(r)Q(r)~% and B°(r) = B(r)Q(r)"2 still are power
series?? while A°* A° 4 B°*B° = 1. Thus, defining U = UOQ*%(T)7 we then finally
have achieved our unitary map of the theorem, since we will have U*U = 1. In
particular, after this correction, the matrix (U, Us) is smooth and has maximal

rank, as stated.

7.8.3 About the Negative Spectrum

To show that there is only discrete spectrum for A < 0 note that r\ = % <0

no longer belongs to Ry so eq. (7.3.6) now is elliptic; distribution solutions are
C*>. At r = 0 and r = oo there is no change, regarding asymptotic behaviour of
solutions: We still have the bases ¢;(r, A) and w;(r, A) of 8 solutions each, with
the spaces 7y and 7o of sec.7.5. Defining x;(r, A) now as the system of solutions
satisfying specified initial conditions at r = 1 - say, x1 = e, x2 = €2,...,x¥ =
el, x4 = €2, all other derivatives (of order < 4) = 0 , all at r = 1, and with
el = (}),e? = (9) - we now get (7.5.5),(7.5.6) for all 7 > 0. Looking for eigenvalues
or wave functions we try for p;(A) with v(r, \) = Z? pi(N)x;(r,A) € T, for n =10
and 7 = oo both. This gives the 8 egs. (7.5.9), but with sum from 1 to 8, not from
1 to 10. The matrix of this system must be singular to obtain nontrivial solutions.
The coefficients are local power series in A again we only get discrete points unless
det((p;i(A))) = 0. But a nontrivial solution now defines an eigenfunction, and
there may be only countably many such, due to orthogonality. Thus, indeed, the

spectrum below 0 is discrete.

7.8.4 Final Comments

We expect our unitary operator U linking V™ to V to map onto H? - equivalent
to the fact that there is no point spectrum of V™. Note, for example, that our
theorem extends trivially to the operator V,, generated from (7.3.2) by replacing
A with nA, defining a family connecting V' = V with V™. This will give a family
Uy, 0 <n <1 of operators, with UyU, = 1. Clearly, the U, are semi-Fredholm -

20Using analytic perturbation theory for real symmetric 2 X 2-matrices one may diagonalize
Q(r) near 7o, by a unitary 2 X 2-matrix depending analytically on r. With that one finds the
inverse square root still a Laurent series in r—rq, near rg, and with finitely many negative powers.
Then A°, B® have the same property, but are also bounded, due to A®*A® 4 72B°*B°® = 1. So,

they cannot have negative powers and must be power series, i.e., analytic near rq.
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we have ker U,, = {0} and im U, is closed in ‘H?. A simple argument shows that
Uy = 1, so, the Fredholm index of Uy is 0. If it can be proven that the family
U, is continuous in operator norm of H?, then the Fredholm index of U, must be
zero for all , and im U =im U; = H? would follow. Investigation of this norm
continuity seems linked to a study of asymptotic behaviour?! of wave distributions
(7.5.12) as A — 0 and as A — o0, as would be other approaches (through [GK] or
[Co9] , for example).

Note also, the 4 x 4-matrix-function (_fg()r)”ig:; ), with A(r), B(r) of (7.3.9)),
is a family of unitary 4 x 4-matrices, defining an “algebra-symbol” of U.

It is not hard to derive an “A-boundedness” in the sense of [Kal] for the
perturbation A + A* of V occurring in (7.3.2), using well known estimates of the
form discussed in [HLP].

21The behaviour of solutions of the DE (7.3.6) at all 3 singularities seems uncontrollable, as
A — 0 or A — oo, except that precisely the solutions needed for our wave distributions seem
to behave well, as we found out, using models. Incidentally, we believe that norm continuity
of Uy, can be proven if we work with (7.3.6) in a finite interval [r/,7"'] C Ry imposing self-
adjoint boundary conditions at 7/, r’/. Letting [r’,r"'] — Ry then might give the most promising
approach for solving the problem of completeness of the eigenpackets we constructed, because
that Ansatz should exclude the badly behaving “other solutions”.



Chapter 8

Dirac and Schrodinger

Equations; a Comparison

8.0 Introduction

In this chapter we shall venture beyond the Dirac equation - so far our only object
of study - and try reflecting on other wave equations in Quantum Mechanics.
Perhaps we have fortified our opinion that - for the hydrogen atom - and, more
generally, any “one-particle problem” considering a single charged particle in an
electromagnetic field - the Dirac equation would be preferable - i.e., more accurate,
and more to the point - to the Schrédinger equation, already introduced in (3.0.2).

Physics acknowledges this point of view by introducing a “Spin number” for
all elementary particles, setting this number = % for electrons and protons, and
then specifying the Dirac equation as responsible - by axiom - for all particles of
spin %

On the other hand, the Schrodinger equation still may serve as an approzimate
wave equation for the hydrogen atom. However we are forced to accept it as the
nonrelativistic wave equation for multiparticle systems - such as the Helium atom,
having a nucleus and two electrons or other multi-eletron atoms. Perhaps we may
use the “approximation element” as a reason for not trying to discuss precisely
predictable observables, in that context: Precision of any prediction cannot be
guaranteed anyway.

We already mentioned in the preface that it should be possible to design an
analogous theory of precisely predictable observables for the “Dirac-type equations”

arising from gauge theories of Yang-Mills and Higgs. We just have not looked at

237
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these equations, since they are an order of magnitude more technical - although
quite the same approach could be used.

Returning to Schrodinger’s equation, we might note yet the harmonic oscillator
- with Hamiltonian H,j, = 1 (2? — A). Its wave equation (8; + iHyp)1) = 0 seems
firmly entrenched in Quantum Field Theory as the wave equation of a “light quan-
tum”. A light quantum is categorized as a particle “of spin 07, and it seems that,
indeed, the Schrodinger equation of the harmonic oscillator should be the proper
(and precise) wave equation for it. [We even may design a relativistic “covariance”
for it - cf. [BLT], for example] So, with this example, it seems that it is not proper
to completely eliminate the Schrodinger equation from our discussions. We might
thus ask whether any of our above principles of precisely predictable observables
can be redeveloped for the Schrodinger wave equation of the harmonic oscillator.

In one dimension this would be the equation’

d2

. . 1 1
(8.0.1)  OY/Ot+iHspp =0 with H = Hyy, = §(D2 +2?) = 5(3:2 - E) ,

in the Hilbert space H = L?(R3).

We have the algebra Opic of strictly classical 1do-s (in one dimension, and
scalar, complex-valued) and note that Hg;, € Opwca.. Its symbol is given by
hsp(z, &) = %(xQ + £2), so, clearly, Hy, is md-elliptic of order 2e.

There is no analogous question to that asked in ch.3, since the symbol hgy,
is scalar. This really should be a wave equation of only one (kind of) particle.
Accordingly, we should turn to the problems raised in ch.4 and ch.5, and look at
the Heisenberg representation A — A, = e*srt Ae=iHsnt for a self-adjoint 1do A.
We shall do this - for special ¢»do-s A - in sec.8.5, below, and will find a surprising
difference to the findings for Dirac Hamiltonians with time-indpendent potentials:

In general Ay will leave the algebra Opic at once, as soon as t #
0. However, Ay will return - not only to the algebra, but even to the
old operator A = Ay periodically, as t is a multiple of w. So, if we
propose Psp, = Opipc as algebra of precisely predictable observables,
then - it seems that operators there are precisely predictable only at
certain discrete times - it is as if we have a quantization of the time

as well, at least in matters of predicting observables.

In case of the Dirac equation we might find- a somewhat similar behaviour

for time-dependent potentials. We observed earlier - sec.5.2, 5.1 - that the total

IThis corresponds to an oscillation frequency of w = 2w. A general frequency results from a

scaling of independent variable, not structurally affecting the algebra we will introduce.
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energy always is precisely predictable, if V, A are time-independent, but that this
fails to be true if potentials depend on time.
We are tempted, in this connection, to point to the following (hypothetical)

“experiment”:

Let the potentials A,V be superpositions of a (time-independent)
Coulomb potential V¢ = \%fl (and A¢ = 0) and an (in space compactly
supported and infinitely differentiable) electromagnetic wave A™, V™.
The wave potentials A", V¥ and their first time-derivatives are ar-
bitrarily given at t=0 - except that we require the “Lorentz-gauge”

condition
(8.0.2) div AY + V“f =

and also that A™ V", Allg, Vﬁ’ are C§°-functions of . It then follows
that the field strengthes £, B must satisfy the Maxwell equations. To-
gether with the gauge cdn. (8.0.2) it then follows that A™, V¥ will
satisfy the wave equation DA™ =0, OVY = 0 - together with (8.0.2)
for all x,t and thus are uniquely determined by their values (and val-
ues of their first time-derivativces) at ¢t = 0 for all z,¢. The hyperbolic
wave equation has finite propagation speed (= 1). Hence the a-support
will stay compact for all ¢, but the wave will spread into 3-space and
die out, of course, as t — Fo00. At any rate, the combined potentials
V=V 4 V" A =AY are uniquely determined for all t € R, and
they will satisfy our cdn.’s (X),(XT) of ch.3. So, our theory applies.

Here are the consequences: At each time 7 the total energy H(7) qualifies for
the construction of thm. 5.1.1,(ii) insofar as its symbol h(t, z, &) = a(§—A)+5+V
commutes with itself - although H(7) normally will not belong to the algebra
P (7). However, H(7) is approximately predictable, insofar as a correction Z(7) of

2 can be found - small for large |z| - such that H(7) + Z(r) is precisely

order —e
predictable?.

In other words, while at ¢ = +o00 we have only the Coulomb potential - with
the “radiation component A™,V%*” being undetectable, so that H is precisely
predictable, this will not be so for a finite 7. It should be a matter of a more
precise study of the correction Z(7), in different physical states to get information

on the error of expectation value.

2But H(t), for a t # 7, needs not even to have its symbol commuting with the symbol of
H(T), except if we have a periodicity of the potentials - perhaps hinted at by our assumption on
the “wave” A%, V¥. So, such H(t) does not even qualify for our approximation procedure of
thm. 5.1.1.
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Returning to the harmonic oscillator Hgp, in the sections, below, we will
elaborate on the scheme outlined above: To study the time-propagation under
A — Ay = etflant Ae=iHsnt of an algebra of 1do-s - or it could be a similar such
algebra of unbounded operators on the Hilbert space H = L?(R) - where the
self-adjoint operators of that algebra will be considered as precisely predictable
observables.

At the same time we will return to the ideas of sec.1.0, paraphrasing them in a
slightly different environment3: That of a C*-algebra obtained by “mixing” mul-
tiplication and convolution operators. Such approach [to elliptic and hyperbolic
theory of partial differential equations, in the light of C*-algebras with symbol]
has fascinated us for some time. It also will cast a slightly different light onto our
intents, and it will give occasion to review the earlier approach, providing help for

a reader who has not looked very closely at earlier chapters.

In sec.8.1 we discuss a C*-algebra A generated by a multiplication and a convo-
lution over L?(R) = H. This algebra is a subalgebra of the normclosure of Opicy
(in 1 dimension) in L(H) (cf.thm.1.4.1); it is generated by two operators in Optc.
An operator A in A also has a “symbol” we call the “algebra symbol” o 4, defined
as a continuous function over a certain compact space we call the “symbol space”
of A. o4 is abstractly defined, and it coincides with the values at |z| + |£| = oo of
the “pdo-symbol” of A, if A belongs to Opicy.

In sec.8.2 we discuss the action of conjugation by e*X*

on the “symbol space” of
the algebra A - the “algebra symbol” of an operator A is defined over a “boundary”
|z| + |€] = oo of R? we call the symbol space of A. [A 1do A has a symbol defined
over R2, possibly with a continuous extension to our symbol space. A general
operator in A has its “algebra symbol” defined only over that “boundary” - it
needs not to have an extension into R2.]

Here L is a self-adjoint first order differential operator. Under reasonnable
conditions on the coefficients of L the algebra A stays invariant under such con-
jugation, and it is interesting to observe the action of that conjugation on the
symbol space - a flow [i.e. a 1-parameter family of automorphisms] will be gener-
ated. That flow is related to a Hamiltonian flow similar to those studied in ch’s 4
and 5.

In sec.8.3 and sec.8.4 we review our concept of strictly classical ¥do-s - in this
1-dimensional case, and bring things into correspondence with earlier chapters.
Especially also we will fit the case of the Dirac Hamiltonian L = H with H of
(1.0.2) - going into L?(R? C*) again, where similar C*-algebras may be studied.

3This chapter is composed, using notes of a lecture presented at Berkeley in April 2004.
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One then might consider to define the self-adjoint operators of the algebra
A - and other self-adjoint operators “within reach of A” as precisely predictable
observables, for the “photon Hamiltonian” H,,. In sec.8.5 then we discuss the

corresponding Heisenberg representation - i.e., conjugation with e~ #snt,

using
our second order Hamiltonian Hgp. While the Hamiltonian flow generated by the
first order PDE 1/) 4+ iLy = 0 of sec.8.2 could be interpreted as “introducing a
motion of the algebra symbol space”, in the first order case, this is no longer so
for the second order operator L = Hgj,, an explanation for the basically different
behaviour we experience here.

Instead the entire algebra 4 will suffer a “motion into a different C*-subalgebra
of L(H)”. But this will be a “periodic motion”, insofar as A; = e!*Hsr de=#Hsn =
Aforallt =T, j=0,+1,+2,...

Proofs are omitted (or only sketched), in this last chapter, as this merely is to

serve as a general orientation.

8.1 What is a C"-Algebra with Symbol?

To discuss the simplest nontrivial case, let H = L?(R), and define the two bounded

linear operators

(8.1.1) s(z) = J% , S=s(D)=Fls(a)F,

where s(z) acts as a multiplication operator, while F' denotes the Fourier trans-
form Fu(§) = \/% fj;o e~ @y(x)dr , u € S. Recall S is a singular convolution
operator,

Su(x) = ﬁfdy sV(x — y)u(y)dy with sV(z) = ﬁsgn(z)Kl(\zD with the
modified Hankel function K;j. This function has a singularity like % at z =0 and
the integral is a Cauchy principal value.

We have operator norms ||s(x)| = ||S|| = 1 (since F is unitary). Each of the
operators generates a commutative C*-subalgebra of L(H) , called A, and Ap,
respectively. Clearly, A, = C([—00,+00]), and, Ap = F~1C([—00,+00])F, with
the “closed real line” [—o0, 4+00].

We observe that the commutator [s(z),S] is a compact operator. More-
over, if we mix both algebras - i.e., use both s(z) and S = s(D) to generate a
C*-subalgebra A of L(H), then

(i) A contains the entire ideal K(H) C L(H) of compact operators, and
(ii) The quotient algebra A/K is a commutative (abstract) C*-algebra.

As a commutative C*-algebra with unit it has a compact maximal ideal space

M, and it must be isometrically isomorphic to the space C(M) of continuous
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(complex-valued) functions over M (cf. [Lol],[Dx1]).

To each operator A € A one may associate the continuous function o4(m) :
m € M representing its coset modulo K. o4 is called the (algebra) symbol of A,
and this defines a homomorphism A — C(M).

Theorem 8.1.1 (elliptic theory) An operator A € A is Fredholm if and only if

its symbol o 4(m) does not vanish anywhere on M.

One then will ask about the nature of the space M , and about explicit for-
mulas for operators - like the generators, for example: The “symbol space” M
is a subspace of the product [—oco, +00] X [—00, +0o0] (with the “closed real line”
[—00,+00] = {—00 < z < 400}) thought of as a rectangle R with coordinates
(x,€) (see Fig.8.1.1). It coincides with the boundary of R. Moreover, then, we
have 0,(2) = a(z) , oppy = b(§) for (x,£) € M, and every a(x) € A, , b(D) € Ap.

Specifically, oy, = s(x) , 05 = s(§) = 1€+£2.

M, C M

M, C M

Fig. 8.1.1. The symbol space M of the algebra A is a square at |z| 4 |{| = oo, consisting
of the principal symbol space M, (at |{| = oo) and the secondary symbol space (at
|z] = o0). The space M is defined as the maximal ideal space of the (commutative)
quotient algebra A/K(H) An operator A € A is Fredholm if and only if its symbol does
not vanish on M .

The roots of this result go back to F.Noether (cf. [Nol] (in 1921)), or, in its n-
dimensional (C*-algebra-) version to I. Gohberg (cf. [Gol](in (1960)). The above
theorem is a special case of the algebra S discussed in [CH] (or cf. [Coll], ch.IV).
We are used to call A the comparison algebra of the differential operator 1 — 9?2
- as compared to similar algebras generated by more general second order elliptic
PDO-s (cf.[Col4]).
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This really holds the key of elliptic theory of linear PDE - there are multiple
extensions to (i) differential operators; (ii) systems; (iii) domains with boundary;
(iv) manifolds; (v) noncompact manifolds with edges (or conical points) on its

boundary; (vi) LP-spaces and other Banach spaces (and even Fréchet spaces).

8.2 Exponential Actions on A

After “elliptic theory” we now come to “hyperbolic theory”: For this, consider a
first order self-adjoint linear differential operator:
d 1

(8.2.1) H= ia(x)% + ia'(a:) +b(x) ,

with real-valued functions a, b defined over R. We want a,b to be C*(R) and to

satisfy some growth conditions:
(8.2.2) a9 (), b9 (z) =0((1 + |z))*7), 7=0,1,2,... .

Let us assume that the differential operator H has a unique self-adjoint real-
ization* - a (possibly unbounded) self-adjoint operator, defined in some dense
subspace of H. Then there is a well defined (strongly continuous) group U(t) =
e~ "H of unitary operators, with “infinitesimal generator” H, and such that (i)
U(t)dom(H) Cdom(H), and (ii) u(t) = U(t)uo satisfies the differential equation
44 4+ iHu = 0 and initial condition u(0) = ug , for each ug € dom(H).

Now we ask for the “action” (by conjugation) of such U(t) on our algebra A
with symbol. More precisely, we ask for details on the (operator-valued) function

(8.2.3) A, =U®)AU®t) , teR

where A € A is any operator. First question: For a € A, do we have A; € A
for all (or some) t? If yes, then this defines a family of automorphisms A — A
(because clearly the map is invertible, since U is invertible). Such automorphism
evidently would induce a homeomorphism M — M onto itself. So then, if the
answer to (i) is affirmative, one would ask: (ii) Describe in detail this (group of)
homeomorphisms.

3 special examples: For H = D = —i0, = —i% we will get the translation
operator (U(t)u)(x) = u(xz — t); For H = x=multiplication by x (also fitting the

assumptions) we get the “Fourier translation” (multiplication operator) U(t) =

4Actually this condition may be dropped: in [Co5],ch.6 we discuss existence of the group U(t)
even for v X v-matrix-valued systems H under much more general assumptions, and without
looking at self-adjoint realizations
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e~ (amounting to translation of the Fourier transform. It is not hard to verify
that, in these cases, the action on the symbol space M corresponds to these
translations: For e *P* the points on the vertical lines of the square stay fixed,
while those on the horizontal lines are translated. Vice versa for e~** - horizontal
and vertical interchanged. As a third example consider the case H = ix0, + %
This operator is non-elliptic at = 0, but still one easily finds that there is a
unique self-adjoint realization, using the fact that (H +¢)u = 0 does not have any
global distribution solutions in L2(R). The function u(t) = U(t)ug = e~ *ug then
will solve the (hyperbolic) PDE uj, = iHu = —zu), — %u, T, Ujp + TU|, + %u =0.
This operator H generates the group of dilations. Set u(t,z) = ug(ze*)e~'/2, for
some u € 8. Clearly u(0,z) = ug(z) while uy = —fu — 2y, . So, u(t,z) solves
our initial-value problem. Notice then that U(t) is the unitary dilation operator,
dilating  into vz, with v = e~t. The Fourier transform of that dilation operator
proves to be dilation by % = e!. Applying this knowledge to our generators (8.1.1)
one finds that (i) the algebra A again is left invariant under conjugation by U (t) (ii)
the corresponding transformation of the symbol space M is generated by dilating
the sides € = 0o with 7 = ™", and the sides x = oo with - = ¢".

It turns out that, in general, the 3 above cases can serve as models, insofar as
our result considers 3 types of operators, along these prototypes®.

In the general case, it is clear that u(t) = U(t)ug, for uy €dom(H), must solve
the first order linear PDE dyu + iHu = 0, i.e.,

(8.2.4) Oru — adyu + (—%a’ +id)u=0, u(z,0) =ug(z) .

An initial value problem of this kind may be solved “explicitly”, in the following

sense: Focus on curves in the (z,t)-plane given by x=x(t) with
d
(8.2.5) dif = —a(z(t)) , (0) =g .
Then, along such a curve, set (t) = u(z(t),t) , y(t) = 3a’(z(t)) — ib(z(t)) .Equa-

tion (8.2.4) then amounts to

d dx 1 )
(8.2.6) . Ul + Ujp—r = U — QU = (ia' —ib)p =v¢ , ¢(0) = up(zo) -

dt dt
Note, (8.2.5) is an ODE with general solution — [ % =t + c¢. Its solutions fill
the entire (x,t)-plane, as a family of non-intersecting curves. Also, (8.2.6) is a first

order linear homogeneous ODE (for ¢(t)), solved by

(82.7)  ul(z(t),t) = o(t) = p(0)elo VM — 4 (zg)elo (3¢ (@) =iblz(r))dr

5We are describing here the one-dimensional case of our result in [Co2] (also found in [Co5],
ch.9).
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In other words, at (x,t) one must follow the solution curve through that point
backward to the line ¢t = 0 to obtain some (xg,0). Then the value u(z,t) is given
as u(z(t),t) of (8.2.7) with that x.

Now, regarding the action of U(t) on our algebra, for any bounded operator
Ae L(H)let Ay =U(t)*AU(t). Then

d
(8.2.8) A= ilH A, Ag=4A.

Formally, we might regard (8.2.8) as an evolution equation determining A:; we
might write A; = e~ %41 A with adg A = [A, H]. However, to really solve (8.2.8) it
will be practical to introduce the concept of “pseudodifferential operator” (abbrev.
1do):

Note, the special form of our second generator S = s(D) using convolution
with a modified Hankel function, quoted initially: This also may be written in the
form (8.2.9), below, with a(z,£) = s(¢) (independent of z). Similarly, the first
generator s(x) can be given this form, with a(z,£) = s(z). A differential operator
A= Zjvzl a;(z)D* with coefficients a;(xz) € C*°(R) again may be written in that
way, choosing a(z,£) = 3" a;(z)¢?. Again, all operators of the algebra A° finitely
generated from s(z) and S = s(D) of (8.1.1) are ¥do’s; they may be written in
that form

(8.2.9) Au(x) = %/dfdyeig(m_y)a(x,f)u(y) ,uesS,

with a function a(x, &) also called the (v do-)symbol of A.

In fact, for every A € A° the “algebra symbol” o4 equals the restriction to
M = OR of the continuous extension to R of the corresponding ¢do-symbol a(z, &)
defining A through (8.2.9).

On the other hand, the general operator A € A has a symbol only defined on
M = 9R, and there is not necessarily an extension a to R such that A = a(z, D)
can be represented in the form (8.2.9).

We will be forced now to work in a (slightly) larger algebra generated by more
general do’s, mainly, because we need this “interpolation”, i.e., this extension of
the algebra symbol from the “boundary” M to the entire rectangle R.

8.3 Strictly Classical Pseudodifferential Operators

Notice that (8.2.9) also may be expressed in the form (corresponding to (1.0.14)
or (1.2.1))

(8.3.1) a(z, D)u(x) = (277)_1/2/dﬁeixfa(ﬂc,f)u/\(g) ,ueS.
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Or else,
(8.3.2) a(z, D)u(z) = (27r)_1/2/dyav2 (x,z —y)u(y)dy , ue S,

with «.V*7 denoting inverse Fourier transform with respect to the second argument
¢ofa(z,€). The integral in (8.3.2) generally will be a “distribution integral” - value
of the temperate distribution av’ (z,z—.) at the testing function u € S. We impose
the following

Condition (1.2.2)( on our symbols a(z,£):

a(x,€) is C®(R?). We have 9yd¢a(x, &) = O((1 + |z|)"(1 +[¢))7") Vk,1 > 0.

Symbols of operators A € Ag [defined as the algebra finitely generated by s(x)
and s(D)] satisfy cdn.(1.2.2)y. Vice versa, general symbols satisfying (1.2.2)g need
not define operators in A, although all such operators belong to L(H) (cf.thm.1.4.1).
We denote the class of symbols satisfying (1.2.2)¢ by t%c¢p, and the corresponding
class of operators by Opicy and denote its closure (in operator norm of H) by
Ap. Tt turns out that A, O A also is a C*-algebra with compact commutator. Its
symbol is defined on a compact space M, “over” M - that is, the points of M split
into an infinity of points of My, in the manner of a Stone-Cech compactification
(cf.[Co5],ch.V, sec.10).

We need the (slightly larger) algebra Aj, because we now claim that, assuming
(8.2.2), with slight additional precautions, A, indeed is invariant under the action
A — A, [while we have not checked this in detail for A4]. Also, as will be seen
shortly, use of 1do-s seems to be unavoidable here, because the generators s(z), S
propagate only as ©¥do’s.

Returning to equations (8.2.8), we now make the Ansatz A; = a(x, D;t) with a
symbol a;(z, &) = a(x,&;t) € co, for all t (and differentiability conditions, stated
later on). Here it must be mentioned that there is a “calculus of ¥do’s” within
Optcy which makes it an (adjoint invariant) algebra. This is given by a couple of
Leibniz-formulas (corresponding to (1.0.8) and (1.0.9))

(8.3.3) a(x, D)b(x,D) = ¢(x, D), a(x,D)* =a*(x,D) ,

where ¢, a* are given as asymptotically convergent infinite series

oo N\

(8.34) c(z,&) = Z ao (@, )by (2,€) . a*(x,€) :Z ' a0)(@,8)

7=0 : 7=0

Here we have c¢,a* € ¢y whenever a,b € ¥cg. We denoted differentiation with

respect to z and & by .() and . -(j) resp. Using this we may express the commutator
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[H,a:(z, D)] as a 1do with symbol expressed as an asymptotic series
(835) [H’ Clt(l', D)] = pt(x>D) y Dt = _i(hlﬁat\z - at|§h|x) o

For this note that H of (8.2.1) is a ¢do in Optc, (of order e=(1,1)) an extended
class® of (strictly classical) 1do’s for which (8.3.3) (8.3.4) holds as well, with
slightly changed meanings. The symbol of H is h(z,&) = —a(z)é +4d (z) + b(z).
The remainder “...” in (8.3.5) may not be small, but it will be “of lower order”.
That is (essentially) it will be small, as (z,{) approaches M = OR. One might
thus decide to neglect this remainder, for a first approximation of A;. Note that
also the (imaginary) term %a/(z) in h(z,€) is of “lower order”, compared to the
first and last term, hence might be neglected too. Writing hq(z, &) = —a(x)é+b(x)

this will lead us to a first order PDE (with real coefficients) of the form
(8.3.6) aj; — h1|5a|w + h1|wa|5 =0.

(or, ajy — (h1,a) = 0 with the “Poisson bracket” (.,.)).
Equation (8.3.6) may be solved just as equation (8.2.4) in sec.8.2: We introduce

the Hamiltonian system

Then the solutions of (8.3.6) are the functions constant along the (reverse) “flow” in
(z,&)-space induced” by (8.3.7). [Note (8.3.6) and (8.3.7) imply £a(—t, z(t),£(t))=
—aj +xap, — f'a‘g = 0.] This, and the initial condition a(x, &;0) = a(x, ) defines a
unique a(z,£;t). One can show then, that this a(z, ;t) is a symbol of ¥cy again.
This only gives an approximate solution of (8.2.8). However, this is enough to
start an iteration, yielding an asymptotic sum giving a (unique) solution of (8.2.8)
belonging to Opiycy. Moreover, this solution then will coincide with A(t), showing

6 Actually, the algebra Optco C L(H) only holds the (strictly classical) ¥do’s of order 0 =
(0,0). A general (strictly classical) tdo is a polynomial in z and D = —id; with coefficients
being ¥do’s in Opyco, best written in the form A = a(z, D) =3 z7aj(z, D)D!, because then
formulas (8.3.1), (8.3.2), (8.3.3) all are valid with the symbol a(z,&) = Ejl aji(z, )27 € e .
Such a symbol will satisfy a modified (1.2.2)g, called (1.2.2),, (or just (1.2.2)), called an order
of a(x,€) (or A = a(x, D)), the modification being that O((1 + |z|)~*(1 4 |£]) ") is replaced by
O((1 + |z[)™2=F(1 + |¢[)™ —!). The Leibniz formulas then also hold within the algebra Opyc
with the addition that order of a product equals sum of orders of the factors. Clearly, under
assumption (8.2.2), H belongs to Opyce C Opte, with e = (1,1), where Opipcy, denotes the
class of operators of order m. For details cf. sec.1.2.

"Clearly the flows of (8.2.5) and (8.3.7) are related: Project (8.3.7) onto (z,t)-space and get
(8.2.5), since h|; = —a(z) the first equation (8.3.7) does not involve £ and may be solved on its
own. Note also, for solving the initial-value problem of (8.2.5) we really needed the inverse flow

which accounts for a change of sign in (8.3.7).
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that A(t) remains a 1¥do in Opycy whenever its initial value A at ¢ = 0 belongs to
Opicy.

Similarly as in sec.4.2 we then may introduce a “Hamiltonian flow”, defined as
the map vz : (2,€) = (2r1(2, ), £ra(2,€), where a(t) = 20(2,€) , £(t) = &, €)
is the solution of (8.3.7) at time ¢, starting at ¢ = 7 with initial values (z,£).
Moreover, this flow of (8.3.7) extends continuously to R;, the Stone-Cech type
compactification of R? = R x R generated as maximal ideal space of the closure of
the function algebra ¢y within the bounded continuous functions over R?. The
boundary OR;, = Ry \R? happens to be the symbol space My, of Ay. The restriction
to M, of the extension to Rj of our Hamiltonian flow (8.3.7) then defines the action
of U(t) on our algebra A, - generating a group of homeomorphisms My — M.

The crucial result, in this respect is the following

Theorem 8.3.1 Assuming cdn. (8.2.2) on a,b, the Hamiltonian system (8.3.7)
has a unique solution x(t;xo,&) = xr¢(xo,&0), E(t; x0,&0) = Ert(To,&0) assuming
(20,&) at t = 7, for any given (x9,&) € R2, and all 7, defined for t close to T.
These local solutions extend for all (positive and negative) t, defining a family v,
of diffeomorphisms R? — R2 such that vy, 0V = vy for all T, k,t € R. Moreover,
the composition a — a0 vy = ary leaves the function algebra ey invariant - [and
it even preserves orders, i.e., Wy oVt C Y, if we introduce general order ¥ do-s

in a manner analogous to that in sec.1.2].

Theorem 8.3.1 is a special case of Thm.3.1 in [Co2] (cf. also [Co5],ch.6.6). Its
proof is a matter of verifying suitable apriori estimates [see also sec.’s 5.4 and 5.5
above].

Notice that theorem 8.3.1 induces a family of automorphisms ¥cy — ¢y o
vyt = co of the function algebra ey extending continuously to (isometric *-)
automorphisms of C'(Ry) - since (evidently) the composition a — a o v+ does not
change the sup-norm of a(x,£). Accordingly it follows that the homeomorphisms
vy indeed extend continuously to the boundary M, of Ry - and, of course, take
M, to itself.

Finally, notice that Opyc_. C K(H), as is well known (cf. rem.1.4.3). Thus,
for the study of cosets of the action A — A; , for A € Opyey it suffices to
study the map a(z, D) — (a o v;)(x, D), since a4 — a o vy € .. So, in this
sense, A, and U (t)* A,U(t) have the same generators, so , the algebras coincide.
Similarly, it follows at once, that the above mentioned homeomorphism defines the

corresponding homeomorphism of the symbol space onto itself. We have proven:

Theorem 8.3.2 (hyperbolic theory) Assuming (8.2.2) for the coefficients a, b,

the map A — A, = eHt Ae™" 1t defines a group of automorphisms of the algebra
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Ay, and the corresponding action on the symbol space My is given by restricting
the continuous extension to Ry of the group of diffeomorphisms R? — R2 defined
by the Hamiltonian flow of equations (8.5.7).

We call this “hyperbolic theory”, because the very same flow will govern propa-
gation of singularities under the hyperbolic equation (8.2.4): If A is “non-elliptic”
at mg € M i.e., o4 vanishes there, then the flow rules how that “singularity” will
propagate in time.

Again, this only ketches the root of the problem, there are generalizations of
all kinds, just as for elliptic equations. The result described does not only hold
for differential operators of the form H but also for general selfadjoint ¢¥do’s H of
order e = (1,1). A local version is known as Fgorov’s theorem, (cf.[Egl] published
in 1969). Again this has been generalized in many ways, similar as for elliptic
theory.

8.4 Characteristic Flow and Particle Flow

Returning to our “comparison algebra” A of sec.8.1 we note that there is a reason

to decompose the symbol space M into a disjoint union
(8.4.1) M =M, UM,

of principal and secondary symbol space, respectively - where M, = {|{| = oo},
and, M, = {|¢| < oo} - : The Fredholm property of an N-th order differential
operator L is that of the operator A = L(1 — 92)~N/2 possibly belonging to
our algebra A (if the coefficients are “good”). A (uniformly) elliptic operator L
generates a symbol of A bounded away from 0 on M. It then depends on the
“secondary symbol” of A - i.e., the symbol of A over M, whether or not the elliptic
operator L is Fredholm. For details cf.[Co14].

Let us make the point (without detailed proof) that, for a differential operator
H of the form (8.2.1) not only the symbol space of the larger algebra Ay is left
invariant (but is acted on) by the conjugation A — A; but also the principal
symbol space M, C M of A is left invariant, and is acted upon. It turns out that
this action is completely independent of the choice of the function b(x) in (8.2.1),
and best discussed by setting b(z) = 0 , i.e., considering the “principal symbol”
only. [Then, with a local treatment, thm.8.3.2 above in effect becomes trivial.].

Of course, we still must approach this from the Hamiltonian flow defined over
the space of finite x,&. The independence from b(x) must be checked by noting
that, at || = oo the flow ceases to depend on b(z).
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The flow of e=*H! over M,, is generally referred to as the characteristic flow
(of the hyperbolic equation (8.2.4)).

In contrast to this characteristic flow we will refer to the flow of equations
(8.3.7) (for finite x,&) as of the particle flow of equation (8.2.4), for a reason
me might want to explain now: The name “particle flow” for this global flow
will become suggestive, if we describe generalization of above results to the Dirac
equation or the Schroedinger equation of the harmonic oscillator. Note, the Dirac
Hamiltonian H = Hy is a first order 4 X 4-system (in 3 independent variables)
while the Schroedinger Hamiltonian H,j, for the harmonic oscillator is of second
—iH

order. We mainly want to comment on action of e~*s»* but shortly must describe

things for e,
With the Dirac Hamiltonian we work in H = L?(R3,C*). Our comparison
algebra A is generated by the six operators
5(@) = oL, 5, =5;(D) = Fls;()F . j=1,2.3.
V1+|z]?
Again the C*-algebra A contains the compact ideal K of H, and A/K = C(M) is a

commutative C*-algebra. The subalgebras A, and Ap of multipliers and Fourier

(8.4.2)

multipliers, spanned by the s;(z) and by the S, , respectively, both are (isomet-
rically isomorphic to) C(B3) with the closed ball B3 = {|z| < 1} 2 directional
compactification of R? - adding one point in each direction 2% = lim;_..tx° for
|#°| = 1. The symbol space M equals the boundary of the product R = B3 x B3.
That is,

(8.4.3) M =B? x 0B® UOB® x B® = {(z,£) € R : |a| + || = oo} .

Note, A is a subalgebra of L(L?(R?)), not of L(H), but the algebra A* of all
4 x 4-matrices of operators in A works on H. The symbol of A € A* is a 4 x 4-
matrix-valued function on M. A is Fredholm if and only if o.4(m) is invertible for
all m € M.

The Dirac operator Hy = H (of (1.0.2)) is of the form

3
(8.4.4) H=Hy=>Y» a;Dy ++V(z)=Hy+V(x),Ds, = —ids, ,
1

with constant 4 x 4-matrices «;, 8 such that HZ = 1—A, with the Laplace operator
A. The symbol h(z,£) of H (as a 1do) is given by h(z, &) = Z? ;& +B+V(x).
The self-adjoint matrix h(z, ) has the two eigenvalues

(8.4.5) A =14+ 82 +V(x),
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both of multiplicity 2 for each (z,&) Both functions Ay (z,&) are symbols (in our
class ¥cq1 , et = (1,0)). If it comes to U(t) = e~ et and A, = U(t)*AU(t), then
it must be observed first that A, remains a v»do only for a sub-algebra Py C A* . In
ch’s 4 and 5 above we describe a class Py C Opibey (in fact, a subalgebra algebra)
characterized by a smoothness of the function A; with respect to the parameter
t, which has this property. This algebra Py may be characterized by the fact that

its operators are of the form
(8.46) A=p(z,D)+s(z D) : [p(x,§),h(z,§)]=0Vz,{; s(x,§) € e .

For the analysis of the propagation A — A; the decomposition (8.4.6) is crucial:
Since p(x, &) and h(z,£) commute, there results a split of the matrix p(x, §) into a
pair p+(x, &) of self-adjoint 2 x 2-matrices taking the (2-dimensional) eigenspaces
of h(z,&) to the (distinct) Ax(z, &) into themselves. [All of this must be thought
of with respect to a suitable orthonormal base 17 (x, ) of C*, where the functions
1; are symbols in 1cy.]

Now, the symbols py (x, £) propagate along different Hamiltonian flows. Namely,
we have two such flows, given by the two Hamiltonian systems

(847) T = )\i\ﬁ(xvg) ) 5 = _>‘:|:|I(x7£) .

The propagation A — A; is governed by letting p+ propagate along the flow of
A+, and then making an infinite number of (lower and lower order) corrections. In
such a way we indeed may construct a family A; = a;(x, D) of ¥0do’s solving (8.2.8)
for H = Hy, and a corresponding “propagation of symbols” for the subalgebra Py
of A* (cf.[Co3] or [Co5]Ch.10, and, of course, ch.5, above).

Now, what fascinates us most, in this context: The self-adjoint 2 x 2-matrices

p+ have a unique decomposition

3
(8.4.8) p+(x,8) = cox(2,8) + Y ¢jx(z,8)0;

with our Pauli matrices

(0 /01 /10
= \io) 2 o) 7 o -1/

[This often is called the Garding-Wightman representation.] From (8.4.8) we form
the real-valued functions co+ (2, £) and the real 3-vectors ¢y (x, ) with components
cjx(x,€) : j = 1,2,3. The point then is this [and that may justify the name
“particle flow” for the finite Hamiltonian flows (within R3 x R3) defined by (8.4.7)
- analogous to (8.3.7)]:
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Theorem 8.4.1 The scalars cos(x, &) propagate along the flow of classical orbits
of electron and positron, respectively, while the vectors ¢y (x,&) describe propaga-

tion of a magnetic moment vector along these flows - to be interpreted as the spin.

Details were discussed in sec.4.6, where also nonvanishing electromagnetic po-
tentials are admitted. Curiously, the strength of the magnetic moment vector is
exactly one Bohr Magneton - so, even this seems built into that strange “square

root” of 1 — A, called the Dirac Hamiltonian®.

8.5 The Harmonic Oscillator

With the harmonic oscillator we return to our Hilbert space H = L?(R) and

comparison algebra A, etc., of section 8.1, but now focus on the Hamiltonian

d2

_ _} 2 2 _1 2_ 2
(8.5.1) H=Hy = 5(D°+0%) = 5(a* - ),

2
a second order differential operator with symbol h(z,&) = § (2% + ¢2). This har-
monic oscillator plays a crucial role in quantum theory of fields. The corresponding
classical equation of motion will be ‘g% + 2 = 0, solved by z(t) = asin(t — ¢),
with amplitude a and phase ¢. Following our above pattern we may examine the

“particle flow” of the Hamiltonian symbol h(x,&):
(8.5.2) i=he=¢, {=—he=—a,

which indeed leads to & + x = 0, if we eliminate . Solving the system (8.5.2)
gives (as orbits in the interior of the rectangle R) the concentric circles 22 4 £2 =
¢ > 0 with flow running clockwise around 0 at angular velocity 1. Indeed, this
is the correct field of particle orbits in phase space. Note, this flow does not®

8These classical orbits do not exhibit a dependence on the spin. They must be regarded like
light rays in geometrical optics: Phaenomena like the Stern-Gerlach effect do not enter - they
are like diffraction of light - appearing only with the wave nature. The Stern-Gerlach effect is
quantum mechanical, already one obtains only two possible orbits - spin-up and spin-down, not
a continuum of orbits. [Incidentally, the Stern-Gerlach effect may be linked to the fact that also
the “commuting part” of the lower order symbol z; (of (4.2.15)) is forced into a motion along the
classical orbits, described in sec.5.1. This will suggest a split of the particle flow into two flows,

using the principal axes transformation of the 2 x 2-matrices c?: (cf. also footnote 7 of ch.5).]

9To see this, use the transformation s = s(z) = \/11?, o = s(€) to map R homeomorphically
onto the rectangle {|s|,|o| < 1} in (s,0)-space. The boundary sides |z| = co and |£| = oo are
mapped onto |s| = 1 and |o| = 1, respectively. The transformation x; = x cost — £sint , & =

s[o]cost—o|s]sint
V1s12[0]2+(s[o] cos t—o[s] sin t)2
where we set [a] = v/1 — a2, for a moment. Note [s] = 0 amounts to s = 1. For such s

zsint 4 £ cost then goes into s¢ =

(and a similar formula for o),
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extend continuously to a homeomorphism (onto itself) of our compact rectangle
R = [~00, +00] x [~00, +-00], except if ¢ is a multiple of 7.
Asking the question about U(t) = e *#* and A; = U(t)*AU(t) we first note

that we have an explicit representation of U(t) as integral operator, namely,

(8.5.3) (U(t)e) () = / dyu(z, v;)p(y) 0 €S |
with

i(1 )
(8.5.4) u(z,y;t) = e ezame (@7 +y%) cost—2ay}

V2misint

This may be verified either by using a “Feynman path integral'©”

(8.5.5) u(zx,y;t /exp{z/ x{ h(z,£)) dT}H dxd§

or also directly, using the well known spectral decomposition of Hgj, and the well

known formula for the kernel of U(t) for a self-adjoint operator H with discrete

spectrum!! - i.e.,

(8.5.6) u(z,y;t Ze Patap (@) (y)

with an orthonormal basis {¢;} of eigenfunctions to eigenvalues X;. The path
integral representation (8.5.5) is complicated but often preferred, since it displays
the relation between the quantum mechanical Hamiltonian H and the classical
“action integral” fot (gp — h(q,p))dr of Hamiltonian classical mechanics. Also, it
provides a formalism useful for continuous “fields of harmonic oscillators”.

we get s = % =sgn(scost) and o; =sgn(ssint), regardless of o as long as |o| < 1 -
e., |§] < oo, and t # jg,j = 0,=%1,.... This means that the entire secondary symbol space
M = {|z| = o0, || < oo} is mapped onto some of the 4 corners |z| = || = oo of our rectangle

‘R. Similarly with the interior of M. It is thus clear that the map (z,£) — (z¢,&) isnot 1 — 1
and cannot define a homeomorphism R — R.

10Heuristically we have U(t) ~ 1 — iH¢t, hence U(t)u(z) =~ | dg—fu(y)eig(z’y)(l —ith(y,§)) =~
J %u(y)ei@(z’y)*th(y’{)) = V(t)u(zx), for small t. To get back to a precise formula for U(¢),
try U(t) = lirnm_,oo(V(%))m7 leading to a kernel uy, - a 2m — 2-fold integral - and its limit u
for m — oo, called the Feynman path integral.[The kernel um (z,y) of V(¢/m)™ appears as an
integral over all polygons (in (z,&)-space with m — 1 corners) of a partial sum of the integral
fot(a:g — h(x,&))dr (with € replaced by a difference quotiont AE/At) (cf.[FS],Ch.2, for more
detail).] The Feynman integral is liked in Physics because it cleanly displays the relation to the
“action integral” S = fot (xf — h(z,§))dr of Hamiltonian mechanics. By some “magic” only those
polygons contribute, in the limit m — oo, which converge to a smooth curve where the action
integral makes sense - hence the name “curve integral”.

11 H has eigenvalues n + % , n=0,1,... , and eigenfunctions e‘w2/2Hn (z) with Hermite

polynomials Hy as well known (cf.[Bu]).
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Now, let A be a 1do (of the finitely generated algebra A° or, more generally,
of Opiycy). Then, again, we have (8.2.8), i.e., A, = i[H,A] . H = z>+D? also is a
1do, hence we have the Leibniz formulas (8.3.4) for both HA and AH. But they
will break off and give explicit formulas for the symbols, since h(z,&) = 22 + £2
is a polynomial in z,§. With hjyp = hige = 2, h, = 22, hjg = 2§ we get the
symbol of [H, A] equal to —2i(§aj, — xaje) — (a0 — ajee)-

With this we may look at (8.2.8) “symbol-wise”:

(8.5.7) Ay = a(x, D;t) , a = 2(8aj, — vag) — (a2 — aee) -

In other words, the function a(z,&;t) must satisfy the second order'? partial dif-
ferential equation (8.5.7).

This equation may be transformed by introducing b(z,&;t) = €*¢a(x,£) as a
new dependent variable: The function b(z, ;) satisfies the PDE

(8.5.8) b+i(He — H,)b=0,

where H, and H¢ denote the operator H applied to the variable x and ¢, respec-
tively. Of course, b must satisfy the initial condition b(z,&;0) = e*¢a(z, ). Thus
we may calculate b(x, &;t) explicitly as

b(x,&t) = e tHeltillty — U (4)U,(—t)b, using that U,(—t) = e'=t and
Ue(t) = e~ *Het commute.

All in all we come out with the formula '3
(8.5.9) a(z,&t) = e UL (UL (H)e™ " a .

We now might want to look at the propagation of our generators p(z) and ¢(D)
of the algebra A. For this we write the kernel (8.5.4) of U(#):
e 1

T — 20

oz (2=9)? o= § tan § (2P

(8.5.10) u(z,y;t) =
This means that we get

(8.5.11) U(t) = a(t)e 20" (gic(t)a® ) g=ib(t)z®

120ne might try to repeat the construction leading to the proof of thm.8.3.2, by omitting the
last term in (8.5.7), and then starting an iteration. However, it is clear that the statement of
thm.8.3.1 does not hold here: The rotation of (8.5.2) - solving (8.5.7) without the last (second
order) terms will not leave e invariant. It even will mix up the two orders mi, ma of a symbol.
Besides, (8.5.7) will give a clean initial-value problem for the symbol a(z, £;t) since there is no

asymptotic sum involved.
13 Actually, formula (8.5.9) may be derived in a simpler way: The Harmonic oscillator

commutes with the Fourier transform F, i.e., also FUp, = UEF. Hence V2mAiu(z) =
J Uz (e a(x, €))(Usu) (£)dé = [(UeUg (" a(x, €))u"(§)dé = alz, D;t)u(x) with a(z,&;t) of
(8.5.9).
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with convolution fxu = [ f(z — y)u(y)dy and real a(t) = 281 m , b(t) =

1 tan £, ¢(t) = 55— , independent of x. In other words, this is a product of a
2sint

convolutlon and multiplications, each times with a quadratic exponential. Note

also, that convolution with e’ amounts to multiplication of the Fourier transform

by (eier®)A = \/%eifz/zlc.

So, starting with a(z,£) = p(x) (independent of &), we get

p(a:) N a2(e—i(z§—bm2+b§2))(e—icﬁ*){eibmzp(x)(eic§2*)(ez‘(zf—bgz))} )

Resolving this from inside out,

i eie(€=n)’ gilen=bn®) gy — ic€® [ e~ ((b=)n*+(2es—x)n) g

Hered=b—c= %cott > 0 for small t, but it changes sign at ¢t = 5. We thus
may continue above calculation:

_ \/@euc&@c&z)?/w) ,

This also holds for 7/2 < t < 7 with the appropriate change of sign of d.

The next step will be the calculation of

[y dye ic(z— y)2 iby” pi(c€?+(2¢€~y)? /4d)

— e—ilea®~ D) [ py)dye’®= e+ )92 +z(2cz75)

Setb—c—|—4d—d+4d (cot t + tant) = Sm% f, 2d—%:g.

Then, [ p(y)dye’ i(fy’+2(ca—g&)y) — p—i(cx—g&)*/f [ p(y) 1f(y+” 95)2dy )

Let us denote the last integral by k(x,&). Clearly

(8.5.12) k(z,€) = /p(z et gf)eifzzdz .
o r
Then our symbol a(z, ;) equals the product of k(z, &) with a bunch of quadratic
exponentials, namely,
(8.5.13)

2 .
pla,&t) = |;i\/ T (€)oo 9O et € D) et bt
T

So, the exponent will be

2 2

cg

+d—c—>+ z€(1-2)} .

(8.5.14) —if{a?(= 5

f

Next we repeat this for a(x, &) = ¢(§) (independent of x)

) — a2(e €6 ) cie€” ) {2 g () (i) (1 1))}
Resolving this from inside out,

i e—ie(@=y)’ ilys+by2) gy — —ica® [ ei(dy*+2ea+8)y) gy

where again d =b—c = % cot t, and, continuing,

_ %e—i(c12+(201+§)2/4d) )
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The next step will be the calculation of
J"q dnezc({ n)? e—lbn e—z(cw +(2cz+n)?/4d)

_ ez(cgz—xz(c+ =) fq dne z(d+4d)n —i(2c€+Sx)n )
Setb—ctgg=dtg=mu=Ff =9

Then, [ q(n)dne=i(f1*+2(cetga)n) — ciles+90) /1 [ g(n)dne~ if (n+=550)?
Let us denote the last integral by I(z, ). Clearly

= _ 9 Cyemif?
(8.5.15) l(z,§) /q(z fx ff)e dz .

Then our symbol a(z,§;t) equals the product of I(z,£) with a bunch of quadratic

exponentials, namely,

(85.16) q(z,6:t) = ';' U, )i Tom 1 o8 milotta® i)
Y3

Here the exponent works out as
2

] ) 92 2
(8.5.17) ot (o d - d)+5 (T—d)+ 2€(25 f

Now, a calculation shows that these exponents both vanish identically, so the

~1)) .

exponentials both are = 1. Moreover, we find that % = cost , % = sint . Hence
(8.5.13) and (8.5.16) assume the form of (8.5.19) and (8.5.20) below, and we may

summarize this as follows:

Theorem 8.5.1 For the operator H = Hgp, of (8.5.1) and a pair of operators
p(z) € A, , q(D) € Ap such that p(x), q(§) € ey, conjugation with U(t) = e~
transforms p(z) and q(D) into formal ¥do’s of the form
(8.5.18))

Ut)*p(x)U(t) = p(xcost — Dsint;t) , U(t)*q(D)U(t) = g(xsint + D cost;t) ,

where
—2i [t :
(8.5.19) p(x%;t) = (277)*3/2\/.—22/ p(z — 2% e dz
sin .
and

—+oo
(8.5.20) q(€%1) 3/%/Sm%/ q(z — e mE dz |

So, for given fixed ¢ the symbols in (8.5.18) depend only on the variable 2° =
zcost — Esint and €0 = xsint + € cost, respectively.

One may not expect the estimates of condition (1.2.2)o for the symbolsin (8.5.18),
considered as functions of x and £. But it is easily shown (using complex curve
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integral techniques) that the functions p(z;t), ¢(&;t) of (8.5.19),(8.5.20) do satisty
cdn.(1.2.2), for the case of the (holomorphic) generators p(z) = s(x),q(§) = s(§)
of A.

In fact, there is a periodicity:
Corollary 8.5.2 Fort = J,m, 37“, ... , the integrals in (8.5.18),(8.5.19) degener-
ate to delta-function integrals. For these values of t we indeed get our algebra A
back. Moreover, for the half-numbered multiples of ™ the two generating algebras

A, and Ap are interchanged, while for t = jm they are reproduced.

Interesting also, for any ¢, the symbols p(2°;t) (depending on z° only) generate
a commutative algebra (with symbol depending only on the linear combination z°
of z and &): We have (pq)(2°;t) given by substituting p(z).q(x) instead of p(z) in

(8.5.19). Similarly with (8.5.20).
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General Notations

A: Generals

(1) We are using various notations for derivatives:

Ou/0x = Opu = u|, — whichever is convenient.

time derivative: 4 = Ju/0t = dyu

multi-index notation — for symbols: agf)) = anga(x, &), where = (01,...,0,),
L= (L1, eitn) , Op = 04 ... 04,
[t =14+ ...+ tn.

(2) R™ and C™ denotes real and complex n-dimensional space; R = half-line
{z > 0}.

(3) f(z) = O(g(z)) means that |f(x)| < c|g(x)| with some positive constant
independent of x - possibly only for specific x, as indicated. The constant ¢ then

etc., — usually n = 3. For a multi-index ¢ set

is referred to as “the O(.)-constant”.
(4) (u,v) denotes the inner product of u and v in Hilbert space, but (f, )
denotes the value of the distribution f at the testing function ¢. The first is

sesqui-linear in u, v; the second is bi-linear in f, .

B: Function Spaces and Distribution Spaces

(1) L?*(R",C™) = Lebesgue-squared integrable maps R" — C™ [if m = 1 the
last arument is omitted].

(2) C*(Q) =functions over Q (an open set) with continuous partial derivatives
up to order k [including k = 00|, values usually in C, but possibly also in some C*
- including matrix-valued.

(3) D(R2) = C§°(2) = compactly supported C'*°-functions over the open set §.

(4) S = S(R¥) = class of “rapidly decreasing” functions over R* : All deriva-
tives are O((1 + |z|)7!) for every [ = 1,2,. ...

(5) D'() = set of distributions over the open set € - i.e., continuous linear

functionals over the set D(Q) of “testing functions”.
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264 General Notations

(6) S’ = §'(R™) = set of temperate distributions: continuous linear functionals
over the space S.

(7) L(X,Y) = class of continuous linear maps :X — Y [if X = Y the last
argument is omitted].

(8) K(X,Y) = class of compact linear maps :X — ) [the last argument is
omitted if X = Y.

C: Symbol classes

(1) ¢e = class of all “strictly classical” synbols: That is, of all functions
a(z,€) € C*°(R®) such that derivatives of x-order k and &-order [ are O((1 +
|z[)™2 =% (1 + |¢])™ ") with some reals my,mgy for all k,I = 0,1,... [The O(.)-
constants may depend on k,!]. The pair m = (my, ma) of reals is called an order
of the symbol a(x,&). The collection of all symbols of a given order m = (my,ms)
is denoted by ¥c,,. Especially ¢c_o = NptPe,, - the symbols of order —oo.

Such a symbol a(x,£) may be vector-valued, or matrix-valued: We will not
distinguish in notation between symbols taking values in C or in C™. Many of our
symbols are 4 x 4-matrix-valued.

(2) 9t = class of all C°°(R®)-functions a(x, &) such that all derivatives (of all
orders) are O((1 + |z[)™2(1 + |£])™) with given fixed real mj, mg. Then again
m = (my,ms) is called an order of the symbol a, and 9t,, (including ¥t_,)
denotes the class of all symbols in )t of order m.

(3) ¥s = Upnps,, where ¥s,, = collection of all symbols in t,, such that any
finite application of the (first order differential operators) n;; = e; —ei; , 4,0 =
1,2,3, j#1, and ny = Zi’ gj; — where gj; = £;0¢ — 110,; — belongs to ¥t,,

again.

D. Special Lie groups:

(1) SO3(R) = group of all real 3 x 3-matrices with determinant 1 — that is, the
group of all 3-dimenional rotations (about some axis in 3-space).

(2) SU2(C) = group of all unitary (complex) 2 x 2-matrices with determinant
equal to 1.

E: Abbreviations used:
DE = Differential equation
ODE = ordinary differential equation
PDE = partial differential equation
1do = pseudodifferential operator
FIO = Fourier integral operator
Rz , Iz denote real and imaginary part of the complex number z.
WLOG = “without loss of generality”.
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do

strictly classical, 7

angular momentum
orbital, 100
total, 97, 106
anular momentum
total, 207
anti-unitary, 55
approximation
precisely predictable, 97, 107, 108,
119, 122, 128, 199, 202, 203

asymptotic convergence, 17

Baker-Campbell-Hausdorff formula, 171
Beals

boundedness proof, 20

criterion, 50

formulas, 40

Bessel function, 187

Cauchy problem, 159
charge conjugation, 55
compact
ideal, 241, 250
operator, 22, 25, 63, 68, 70, 241
negative order, 22
compact commutator, 246
condition (X), 59, 85
condition (XT), 79
configuration space, 37, 42

continuity equation, 109

continuous
norm, 39

strongly, 83
uniformly, 39
covariant, 153, 155

current, 109

deficiency index, 75
dilation, 42
distribution, 10
homogeneous, 11, 13
over €, 10
principal value, 11
singular points, 10
temperate, 10
distribution integral, 8, 11
distribution kernel, 42, 187, 206, 221,
233
distributions

singular points, 10

Egorov theorem, xix, 249
eigenpacket, 57, 196, 197, 217, 221, 235
electrostatic potential, 100, 202
elliptic

-md, 19, 20, 70, 85, 86, 238

md-, 19

PDO, 24

theory, 20, 24, 240, 242, 243
energy estimate, 30

evolution operator, 26, 8587
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Feynman integral, 253

finite propagation speed, xiii, 239

flow, 94, 96, 240
characteristic, 250
Hamiltonian, 95, 110, 248
particle, 103, 104, 115, 250
symbol, 95

Foldy-Wouthuysen transform, xvii, 9, 58,

60, 147
Fourier integral, 10
Fourier multiplier, 166
Fourier transform, 7, 10
Fredholm, 70, 71, 242, 249, 250
criteria, 217
index, 63
integral equation, 25
inverse, 18, 20
operator, 19, 25, 63
property, 249
results, 9
semi, 234
theory, 63
Frobenius solution, 218, 222, 224
function, homogeneous, 11
function, rapidly decreasing, 10

function, testing, 10

Gell-Man, xviii
geometrical optics, 2, 58, 84, 104
Green inverse, 20, 24, 26

Hankel
function, 7, 11, 190, 196, 245
transform, 187

Heinz inequality, 53

Heisenberg group, 39, 46, 48

Heisenberg representation, 4, 88, 97, 111,

118, 238
smooth, 83

Higgs, 237
homogeneous function, 11

hyperbolic
semi-strictly, 2, 125, 145, 199

symmetric, xix, 2, 165, 187, 199

theory, 157, 240, 243, 248

ideal
maximal, 242, 248
two-sided, 18

infinitesimal generator, 243

initial value problem, 26, 29, 30, 91, 92,

94, 129, 132, 174, 244
integral equation
Volterra, 29, 226
integral kernel, 187, 205
integral kernels

singular, 12

K-parametrix, 18, 19, 70, 85
Klein’s Paradox, 4
Klein-Gordon
equation, xi, 155
operator, 7, 188
theory, 155

Laplace
integral, 225
operator, 1, 56, 207, 209, 250

Leibniz formula, 2, 6

asymptotically convergent, 15, 33,

34

with integral remainder, 15, 16, 34

Leibniz formulas

with integral remainder, 162
Lie

algebra, 43

group, 43, 150
light rays, 2, 58, 84, 252

location, 99
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Lorentz
transform, 149
momentum, 100
mechanical, 100

momentum space, 37, 42

operator
within reach, 241

order, of an operator, 86

parametrix
K-, 18
Poincaré group, 149
Poisson bracket, 46, 89, 92, 96, 121, 247
polynomial growth, 6, 85
polynomially weighted, 21
preclosed operator, 109
principal value, 11
PsiDO

strictly classical, 8
quotient algebra, 241

relativistic mass, 100, 203
Rellich selection theorem, 21
representation
Heisenberg, 4
left-multiplying, 32
right-multiplying, 32
Schrodinger, 4
two-sided-multiplying, 33
Weyl, 33
resolvent, 69, 86
formula, 52
integral, 52

rotation, 42

Schrédinger
equation, xii, xiii, 2

representation, 4

267

self-adjoint realization, 55, 61, 67, 85,
88, 160, 243, 244
separation of variables, 206
for rotationally invariant potentials,
206
singularity
regular, 217, 222, 223
Thomé-type, 217
smooth
dilation, 43
rotation, 43
translation, 39, 42
Sobolev imbedding, 21
Sobolev space, 20, 21, 24
space
maximal ideal, 241
spectrum
absolutely continuous, 197
continuous, 55, 76, 205
discrete, 209, 234, 253
essential, 67, 71
spin, 106
spin propagation, 96, 115
Stern-Gerlach effect, 115, 124, 252
supersymmetry, 60
symbol
1do, 14
classes
Ye, 8, 14, 18, 43
s, 43, 44, 49, 50
Wt, 39, 48, 49
of order —oo, 14
order of a, 14
space, 240, 242
principal, 242
secondary, 242
strictly classical, 8, 14

Thomé normal series, 225
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trace class, 41
translation, 39
unitary decoupling
complete, 70
for time-dependent potentials, 78
mod O(—o0), 61, 78

wave distribution, 196, 206, 219, 220
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wave distributions, 196
Weinberg-Salam, xviii
Weinstein-Zelditch class, 45
Weyl representation, 33, 99

Yang-Mills, xviii, 237

Zitterbewegung, 83, 88
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