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Preface
The purpose of the book is the study of non-perturbative effects in gauge theories

constituting the Standard Model (SM). Nowadays we have excellent basis for under-

standing elementary particles physics. Two main constituents of the SM – the quan-

tum chromodynamics (QCD) and the electro-weak theory (EWT) are renormalizable

theories with firmly established rules of the perturbation theory calculations. The ex-

cellent agreement of these calculations in the regions of their applicability with the

totality of the experimental data remains no place for any doubt in adequacy of the

QCD and the EWT as genuine theories. However in both theories there are aspects,

which can not be achieved by the perturbation theory calculations. In QCD it is a de-

scription of lowmomenta hadron physics. In EWT the problem of the initial symmetry

breaking also causes troubles, even in case of final confirmation of the status of the

recently discovered state with mass ≃125.7 GeV as a genuine Higgs scalar particle.

In any case, the ability of consistent dealing with the non-perturbative effects in both

theories is extremely desirable. There are alsowidely discussed problems of hierarchy

and of naturalness, which demand to be born in mind.

As for non-perturbative effects, there are the widely known and elaborated lat-

tice calculations with supercomputers, which are successfully applied to QCD and to

some aspects of the EWT. While paying tribute to achievements of this powerful tool,

we would state, that analytic methods, proposed and elaborated in the book allow to

move up further and obtain possible values of the main physical parameters, which

define the corresponding theories.

As for general problems, for example, that of hierarchy and of naturalness, they

are attentively considered in a number of directions of theoretical studies. First of all,

there is a conception, that all the problems will be solved in the framework of the so

called New Physics. The quest for the New Physics means looking for possibilities to

extend the SM by adding new interactions and new particles. The option includes nu-

merouspossibilities: the supersymmetry, the superstrings, the extradimensionsof the

space-time and many others. While these directions of studies deserve overall atten-

tion, it is not less necessary to long for a solution of the main contemporary problems

of the particles physics in the framework of the SM by taking into account the non-

perturbative effects. As a matter of fact these effects can by no means be neglected

at all.

There are persuasive grounds of unavoidable necessity of introduction of the so

called effective interactions in theories of the SM for phenomenological description

of the non-perturbative effects. The first, while the most instructive, example of such

interaction is provided by the famous Nambu–Jona-Lasinio model. The model was

elaborated in the time of very active development of results having been obtained in

the course of solving the problem of superconductivity in works by Bardeen, Cooper,

Schriffer and by Bogoliubov, who have used his compensation approach in micro-
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scopic theory of the superconductivity. That was also the time of the beginning of

my scientific activity. After participation in a work on the spontaneous generation

of a mass in a chiral invariant model, which was done under the guidance of Niko-

lai Nikolaevich Bogoliubov, I had undertook attempts to apply the same method to

the problem of spontaneous generation of Nambu-like interactions. I have discussed

these attempts with N.N. Bogoliubov, but his reaction was at the first sight discour-

aging. He said: “The compensation equation in your case is a functional one, and to

understand, if there is a non-trivial solution is a hopeless problem.” But after fewmo-

ments he added: “A dog knows, though,what if somethingwill turn out?” In any case,

in connection with results, which constitute the basis of the book, which follows this

Preface, I would express sincere gratitude to the outstanding scientist Nikolai Niko-

laevich Bogoliubov.

I am also to recall with gratitude other outstanding physicist, which influenced

a lot on the essence of the approach considered in the book, Lev Davidovich Landau.

L. D. Landau has taughtme all the course of theoretical physics at the MoscowUniver-

sity, starting of the classical electrodynamics up to the quantumfield theory. The later

course was delivered by prof. Landau the only one time, just for our year of the study

(1959–1960). In addition to a knowledge of the theory, I have got from L. D. Landau

his scientific philosophy. He was a staunch supporter of the Ockham’s razor princi-

ple. That is he was very cautious in admitting new subjects and notions. Of course, it

was not pleasant to hear from him in the lecture roughly negative reference to Dirac

monopole. Such new proposals he prefer to call “pathology”. In any case it was his

conviction.

With establishing of the Standard Model as the genuine theory of elementary par-

ticles, I came to appreciate the Landau position with more vigor. The influence of his

conviction push me to formate my attitude to the problem of the so called effects be-

yond theStandardModel. There are evidently sucheffects.However, theOckhamprin-

ciple tells us: first try to find an explanation in the framework of the existing Standard

Model and only in case of a total defeat start to invent new notions and principles.

In doing this attempt it is necessary to apply new methods and approaches. One of

these approaches is proposed and developed in the book. This approach is based on

the N.N. Bogoliubov compensation method.

In a sense, the proposal advocated in the book is based on the conviction, that be-

fore introduction of a completely new notion, one have to examine all the possibilities

of explanation of the totality of facts in the framework of firmly established notions. In

our case this means to look for achievements in the framework of the Standard Model.

The application of the method is inevitably connected with an approximate scheme.

The specific approximation will be formulated in the proper place. We shall mostly

ground our conclusions on the qualitative and sometimes even in quantitative agree-

ment of results with the real physics. In this connection I recollect again an episode

from my early years in the scientific activity. Then I had the favorable opportunity of

having contacts with the prominent physicist I. Ya. Pomeranchuk. Once I had given a



Preface | vii

talk at his seminar,whichwas related to adiscussionof the so calledbootstrapmethod

(then having been just new). One of participants of the seminar had remarked: “But

this is a model!” Pomeranchuk replied in an instructive tone: “A model, which ex-

plains the totality of data is just the theory.” Following this wisdom I would consider

the comparison of results of the approach, proposed and developed in the book, with

the real physics as a possible check of an applicability of the approach. I do invite a

reader to follow the logics and the results of the compensation approach in applica-

tion to effective interactions of the Standard Model and to acquire the own opinion on

its validity.

I would express the deep gratitude to my colleagues, coauthors of works, which

contribute to the substanceof thebook, R. N. Faustov, A. T. Filippov,A. N. Tavkhelidze,

M.K. Volkov, I. V. Zaitsev. The collaboration with the colleagues and the experience,

acquired fromnumerousdiscussionswith them, assists greatly in creationof thebook.

I would also recall with the sincere gratitude prominent physicist Abraham Pais,

who had strongly supported my studies on a self damping in non-renormalizable

equations, which in the present book supply the main technical tool for an investiga-

tion of the phenomenon of a spontaneous generation of effective interactions.

The intercourse with my colleagues E. E. Boos, O.A. Khrustalev, V.A. Matveev,

V.A. Rubakov, V. I. Savrin, B. V. Struminsky has influenced a lot on my vision of phys-

ical problems and so also promotes the work on the book.

I do express the most deep gratitude tomy wife Larisa Lomonosova for encourag-

ing assistance in all my undertakings, especially in respect to this book.

Boris A. Arbuzov

M.V. Lomonosov Moscow State University
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1 Elementary particles and fields

1.1 Conventions and notations

Themain sourceof our knowledgeon elementary particles is provided by experiments

at high energies, which are performed at accelerators and colliders. Energy in particle

physics is measured in eV (electron-volt) and in its multiples. The commonly used

nowadays are the following units

MeV = 106 eV, GeV = 109 eV, TeV = 1012 eV. (1.1)

We shall use these units throughout the book. In calculations and estimates we shall

use natural system of units, in which two the most important constants, the Planck

constant ℏ and the velocity of the light c both are unity
ℏ = 1, c = 1. (1.2)

Then massM, momentum p, temperature T are measured also in eV. Both time t and

distance x aremeasured in inverse eV. There are the followingcoefficients of transition

from eV to the usual units1
GeV

= 1.973269602(77) ⋅ 10−14 cm, 1
GeV

= 6.58211889(26) ⋅ 10−25 s. (1.3)

Effective cross-sections are measured in barns (b = 10−24 cm2) and in its parts:

millibarn, microbarn, nanobarn, picobarn, femtobarn

mb = 10−27 cm2, 𝜇b = 10−30 cm2, nb = 10−33 cm2,pb = 10−36 cm2, fb = 10−39 cm2. (1.4)

Throughout the book we use kinematics of the four-dimensional Minkovsky

space, that means metric tensor gij being diagonal and

g00 = 1, g11 = g22 = g33 = −1. (1.5)

A scalar product of two vectors is defined by the following notation

(p q) = pi qj gij = p0q0 − pq, (1.6)

where by bold letters we designate spatial parts of four-vectors. We always shall mean

summation on recurring indices. Bearing in mind a simplification of the notations we

shall not explicitlywrite contravariant indices. For example,we shallwrite theproduct

of two tensors of the second rank in the following form

F ⋅ F = F𝜇𝜈 F𝜇𝜈, (1.7)
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that, as a matter of fact, means

F ⋅ F = F𝜇𝜈 F𝜇𝜈 g
𝜇𝜇 g𝜈𝜈

 . (1.8)

In all cases, when it does not cause misunderstanding we shall use notations like (1.7).

The exception will be necessarily made in Chapter 8, where some aspects of the grav-

itational interaction will be discussed.

When considering experimental data we shall use well-knownparameter s for an

invariant energy squared

s = (p1 + p2)2, (1.9)

where p1 and p2 are initial four-momenta of colliding particles. Other kinematic vari-

able will be explicated in appropriate places below.

The physics of elementary particles is described in the framework of the quantum

field theory. Thepresentation in thebook supposes sufficient knowledgeof this theory.

We shall refer mostly to books [1] and [2], in which a reader will find necessary details

of problems being considered below.

In the course of evaluations we shall encounter loop integrals. As a rule we shall

evaluate these integrals using the well-knownWick rotation, which will be explicitly

explained in the proper place. This procedure of transition to the four-dimensional

Euclid space may be used in some cases by default.

1.2 Particles and interactions

In the Nature there exist numerous particles and different interactions act between

them. Physicists usually distinguish interactions to be strong, electromagnetic, weak

and gravitational. According to involvement of particles in these interactions and also

to their peculiar properties particles divide into hadrons, leptons and gauge bosons.

A special role plays the Higgs boson.

The gravitational interaction is the most universal. All the particles are involved

in the gravitation.

By definition leptons are particles with half-integer spins, which additionally par-

ticipate only in weak and electromagnetic interactions. The most familiar representa-

tive of the class is the electron.

Gauge bosons are presented by the photon, the graviton, the electroweak bosons

W , Z and the mediators of the strong interaction – the gluons.

Themost numerous class of particles are hadrons, which participate strong inter-

action as well as weak and electromagnetic ones. The most familiar representatives

are proton and neutron, which constitute atomic nuclei. However these hadrons are

not elementary to the same level as, for example, the electron. It became clear, that

hadrons are composite particles, constituting of elementary quarks.

There are six quarks and six leptons to describe the totality of our knowledge on

variety of particles. They are presented in Table 1.1, where Q is an electric charge of a
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Table 1.1. Fundamental quarks and leptons

Q
e

2
3 − 1

3
1
3 − 2

3 0 −1 1 0

g1 u d d̄ ū 𝜈e e ē ̄𝜈e
g2 c s s̄ ̄c 𝜈𝜇 𝜇 ̄𝜇 ̄𝜈𝜇
g3 t b b̄ ̄t 𝜈𝜏 𝜏 ̄𝜏 ̄𝜈𝜏

particle and e = (1.60217649±0.00000004)10−19C is the elementary electric charge

(the electron charge magnitude). Here elementary objects with fractional charges are

thewell-known quarks and antiquarks while the right-hand part of the Table presents

leptons and antileptons. We see from Table 1.1, that quarks and leptons are gathering

into three quite similar rows,which usually are called generations. We number gener-

ations in the first column. So, e.g. u- and d-quarks and the electron represent the first

generation, whereas the t-quark and the 𝜏-lepton correspond to the third one.

The mediator fields will be introduced in the proper places below.

Now the main difference between quarks and leptons consists in their relation to

the strong interaction. Namely quarks participate in strong interaction while leptons

do not. The both take part in electromagnetic interaction, which we consider in the

next section.

Quarks and leptons in Table 1.1 have all spin 1/2. Quarks form bound states,which

are the observable strongly interacting particles, usually being called hadrons. The

variety of hadrons is divided in two large classes: baryons and mesons. Baryons have

half-integer spin, thus they consist of oddnumber of quarks, first of all of threequarks.

Mesons always have integer spin, so they consist of even number of quarks, first of all

of quark and antiquark. Thus baryons and antibaryons look like

Babc → qa qb qc, B̄abc → q̄ a q̄ b q̄ c. (1.10)

In the same waymesons are represented in the following form

Mb
a → qa q̄

b. (1.11)

After introduction of conception of quarks [3] there was magnificent success in un-

derstanding of systematics of hadrons. For example the proton and the neutron are

represented in terms of quarks of Table 1 as follows

P → u u d, N → u d d. (1.12)

The most light hadrons – 𝜋-mesons:

𝜋+ → u d̄, 𝜋− → d ū, 𝜋+ → u ū − dd̄√2 . (1.13)

In (1.12, 1.13) we see correspondence with electric charges in Table 1.1. We need

also prescribe quarks some other quantumnumbers. We know that baryons including
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the proton and the neutron possess conserving baryon quantum number B. Defining

B(P) = 1 for the proton, we have B(P̄) = −1 and thus according to (1.10) for each quark
B(q) = 1

3
and for each antiquark B(q̄) = − 1

3
.

Quarks have also individual quantumnumbers, whichare conserved in the strong

interaction For quarks of the second and of the third generations there are special

designations:

c → Charm(Ch), s → Strangeness(S),
t → Topness(Tp), b → Beauty(Be), (1.14)

Ch(c) = 1, Ch(c̄) = −1, S(s) = −1, S(s̄) = 1,
Tp(t) = 1, Tp( ̄t) = −1, Bt(b) = −1, Bt(b̄) = 1.

What concerns the first pair of quarks u, d it comes out that they are quite close in

mass so the are considered as a doublet of isotopic spin I.

Let us present quantum numbers of quarks in Table 1.2 and those of leptons in

Table 1.3.

Here we use unit GeV for a mass of a quark. In view of convenience we use system

of units with speed of light c = 1 and Planck constant ℏ = 1. This system is widely

used in application of quantum field theory to the physics of elementary particles.

Let us draw attention to closeness of masses of the u and d quarks. So we have two

states, which differ only by their electric charges. Thus in respect to strong interaction

wemayconsider this twoquarks as components of adoublet corresponding to isotopic

symmetry. Thus this pair has isotopic spin I = 1
2
and proton p corresponds to the third

Table 1.2.Quantum numbers of quarks

quark B I, I3 S Ch Bt Tp J P Mass GeV

u 1
3

1
2
, 1
2

0 0 0 0 1
2

+
0.0025 ± 0.0007

d 1
3

1
2
, − 1

2
0 0 0 0 1

2

+
0.005 ± 0.001

s 1
3

0, 0 −1 0 0 0 1
2

+
0.101+0.029−0.021

c 1
3

0, 0 0 1 0 0 1
2

+
1.27+0.07−0.11

t 1
3

0, 0 0 0 1 0 1
2

+
173.18 ± 0.94

b 1
3

0, 0 0 0 0 -1 1
2

+
4.20+0.17−0.07

ū − 1
3

1
2
, − 1

2
0 0 0 0 1

2

−
0.0025 ± 0.0007

d̄ − 1
3

1
2
, 1
2

0 0 0 0 1
2

−
0.005 ± 0.001

̄s − 1
3

0, 0 1 0 0 0 1
2

−
0.101+0.029−0.021

̄c − 1
3

0, 0 0 −1 0 0 1
2

−
1.27+0.07−0.11

̄t − 1
3

0, 0 0 0 −1 0 1
2

−
173.18 ± 0.94

b̄ − 1
3

0, 0 0 0 0 1 1
2

−
4.20+0.17−0.07
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Table 1.3. Quantum numbers of leptons

lepton B Q
e J Mass MeV

𝜈e 0 0 1
2

< 2 ⋅ 10−6

𝜈𝜇 0 0 1
2

< 0.19

𝜈𝜏 0 0 1
2

< 18.2

e 0 −1 1
2

0.510998928(11)

𝜇 0 −1 1
2

105.6583715(35)

𝜏 0 −1 1
2

1776.82 ± 0.16

projection I3 = 1
2
andneutron n corresponds to I3 = − 1

2
. Hadrons whichare consisting

of quarks according to (1.10), (1.11) also has isotopic spins.

In view of illustration for isotopic spin we present in Table 1.4 the most important

examples of hadrons [4] with their quantum numbers

Table 1.4. Light hadrons

Hadr. Q
e I, I3 Mass GeV Mean life s J PC Composit.

Width MeV

p 1 1
2
, 1
2

0.938272 ∞ 1
2

+ uud
n 0 1

2
, − 1

2
0.939565 885.7(8) 1

2

+ udd
Δ++ 2 3

2
, 3
2

1.2319 6.04(3)10−24 3
2

+ uuu
Δ+ 1 3

2
, 1
2

1.2316 5.92(8)10−24 3
2

+ uud
Δ0 0 3

2
, − 1

2
1.2331 5.60(6)10−24 3

2

+ udd
Δ− -1 3

2
, − 3

2
1.232 5.72(6)10−24 3

2

+ ddd
𝜋− 1 1,-1 0.139570 2.6033(5) 10−8 0− ūd
𝜋0 0 1, 0 0.134976 8.4(5)10−17 0−+ ūu−d̄d

√2

𝜋+ -1 1, 1 0.139570 2.6033(5) 10−8 0− d̄u
𝜎 0 0,0 0.40-0.55 (4-7)10−24 0++ ūu+d̄d

√2

400–700

𝜂 0 0,0 0.547853 0.507(0.027)10−18 0−+ cos 𝜃𝜂
ūu+d̄d−2 ̄ss

√6
+ sin 𝜃𝜂

ūu+d̄d+ ̄ss
√3

𝜌± 1 1,-1 0.7751(3) 4.38(3)10−24 1− ūd
147.8(9)

𝜌0 0 1, 0 0.7753(3) 4.37(3)10−24 1−− ūu−d̄d
√2

149.1(8)

𝜔 0 0,0 0.7827(1) 7.75(7)10−23 1−− ūu+d̄d
√2

8.49(8)

𝜙 0 0,0 1.0195(2) 1.545(3)10−22 1−− s̄s
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The first six rows represent baryons and the rest represent mesons. There are evi-

dent isotopic multiplets with approximately equal masses. Inside the multiplets elec-

tric charges of particles depend on the third component I3 of an isotopic spin. This

dependence is the following
Qe = B

2
+ I3, (1.15)

where B is baryon number, which is 1 for baryons and 0 for mesons in Table 1.4. On

the other hand we may obtain electric charge of a state with the aid of Table 1.1. For

example, we have

u u u → Q = 2 e, u u s → Q = e,
u c s → Q = e, u d s → Q = 0, (1.16)

u ̄s → Q = e, d ̄s → Q = 0,
s ū → Q = −e, s d̄ → Q = 0.

Here the last two rows represent K-mesons and anti-K-mesons.

We would draw attention to the mean life column. Here there is only one stable

particle p, while all other ones decay. States with very short decay time (Δ, 𝜌, ...) are
usually called resonances and instead ofmean lifewidthΓ of a resonance is presented.
The connection of these values is very simple

0.65822 × 10−24Γ(GeV) = 𝜏(s). (1.17)

Table 1.4 also illustrates the very important quality of quarks – the existence of a

new quantumnumber,which acquires thename “color”.We see here statesΔ++ (u u u)
and Δ− (dd d) which consist of identical quarks in symmetric spin state which corre-

sponds to total spin 3/2. However, the well-known Pauli principle prescribes states

consisting of identical fermions to be antisymmetric. This contradiction at the time of

formulation of the quark theory causes a lot of discussions. As a result of these discus-

sions the conception of the new quantumnumberwas formulated [5–9],which equips

each quark of the three in these states with distinct quantumnumber, which differs it

from the two other ones. Thus we have three states of each quark and anti-quark:

q𝛼a , q̄b𝛽, 𝛼, 𝛽 = (1,2,3), (1.18)

where a and b denote different sorts of quarks (see Table 1.2). Then a baryon is now

composed of quarks with different colors, that is,

Babc = 1

3! 𝜖𝛼𝛽𝛿 q𝛼a q𝛽b q𝛿c . (1.19)

Introductionof colorbecame inevitable,whenafter formulationof the constituent

quark model of hadrons the necessity of a study of symmetry problems of hadron

states was appreciated. In the course of the study of the problem the particular prob-

lem of magnetic moments of nucleons p, n have proved to be extremely important. At
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that time it was not at all understood, whymagneticmoments of the proton and of the

neutron do not obey the Dirac result for a spin 1
2
particle𝜇 = e

2M
, (1.20)

where e is the electric charge of the particle andM is its mass and the direction of the

magnetic moment coincides with that of the spin. There are quite another values for

nucleons [4] 𝜇P = e
2MP

(2.792847337± 0.000000029), (1.21)

𝜇N = e
2MP

(−1.91304272± 0.0000004529). (1.22)

According to (1.20) one would expect inside the brackets of the formula ≃ 1 for (1.21)

and ≃ 0 for (1.22). This consideration, for example, allows to L. D. Landau to assert,

that nucleons are not Dirac particles.

However, after introduction of the quark conception, law (1.20) has to be applied

not to nucleons, but to their constituents, namely to quarks. Then one has to show,

how this law really works. So let us follow the reasoning here arising.

According to Table 1.4 let us write the quark composition of the proton with spin

direction up in the following form

P↑ = 1√2 (u↑d↓ − d↑u↓)u↑. (1.23)

The composition (1.23) guarantees spin 1
2
of the system and isotopic spin also 1

2
. How-

ever term (1.23) is not all the story, because one may commute quark constituents.

There are six independent commutations, which result in the following representa-

tions in caseof symmetric andantisymmetric combination for the completewave func-

tion of the proton ΨP↑Ψ sym
P↑

= 1√18 (2(u↑u↑d↓ + u↑d↓u↑ + d↓u↑u↑) (1.24)− u↑u↓d↑ − u↓u↑d↑ − u↑d↑u↓ − d↑u↑u↓ − u↓d↑u↑ − d↑u↓u↑).Ψ asym
P↑

= 1√6 (u↓u↑d↑ − u↑u↓d↑ + u↑d↑u↓ − d↑u↑u↓ − u↓d↑u↑ + d↑u↓u↑).
Then we apply Dirac relation (1.20) to quark states in relation (1.24), that is

u↑ → e
2m

2

3
, u↓ → − e

2m

2

3
, d↑ → − e

2m

1

3
, d↓ → e

2m

1

3
, (1.25)

where m is average mass of u and d quarks and a triple combination in (1.24) means

sum of corresponding terms in (1.25). According to these rules we obtain for the mag-

netic moment of the proton⟨Ψ sym
P↑

|𝜇|Ψ sym
P↑

⟩ = e
2m

1

18
(12(4

3
+ 1

3
) + 6 (−1

3
)) = e

2m
, (1.26)

⟨Ψ asym
P↑

|𝜇|Ψ asym
P↑

⟩ = e
2m

1

6
(6(−1

3
)) = − e

2m

1

3
. (1.27)
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For the neutron we have with change u ↔ d

Ψsym
N↑

= 1√18(2(d↑d↑u↓ + d↑u↓d↑ + u↓d↑d↑) (1.28)− d↑d↓u↑ − d↓d↑u↑ − d↑u↑d↓ − u↑d↑d↓ − d↓u↑d↑ − u↑d↓d↑),Ψ asym
N↑

= 1√6 (d↓d↑u↑ − d↑d↓u↑ + d↑u↑d↓ − u↑d↑d↓ − d↓u↑d↑ + u↑d↓d↑).
Again using rules (1.25) we obtain

⟨Ψsym
N↑

|𝜇|Ψsym
N↑

⟩ = e
2m

1

18
(12(−2

3
− 2

3
) + 6(2

3
)) = − e

2m

2

3
, (1.29)

⟨Ψ asym
N↑

|𝜇|Ψ asym
N↑

⟩ = e
2m

1

6
(6 (2

3
)) = e

2m

2

3
. (1.30)

Thus we obtain following results for magnetic moments in the symmetric case

𝜇sym
P

= e
2m

, 𝜇sym
N

= − e
2m

(2
3
) . (1.31)

For the antisymmetric case there are quite different results

𝜇asym
P

= − e
2m

(1
3
) , 𝜇asym

N
= e
2m

(2
3
) . (1.32)

For ratios of the nucleon magnetic moments we have

( 𝜇P𝜇N )sym = −3
2
, ( 𝜇P𝜇N )asym = −1

2
. (1.33)

Only the first option is close to the real ratio, following from experimental values (1.21,

1.22) (𝜇P𝜇N )exp = −1.46. (1.34)

However in the initial formulation of the quark constituent model it was necessary

to choose antisymmetric combination due to the Pauli principle. The only way to rec-

oncile quark model with results (1.21, 1.22) was just to introduce the new quantum

number color and to construct baryons according to rule (1.19). Now the fulfillment

of the Pauli principle is guaranteed by antisymmetric factor 𝜖𝛼𝛽𝛾. This conclusion was
first made in work [5].

Relations (1.21, 1.22, 1.32)make it possible to estimate parameter m. We have from

values for the proton and the neutron respectively

m = 336MeV, m = 327MeV,
that leads to the following average value

m ≃ 331.5 MeV. (1.35)
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This value is quite different from that presented in Table 1.2. We return to this prob-

lem below and here only would mention, that the mass, which enters into expres-

sions (1.32) is usually called“the constituent quarkmass” and that inTable 1.2 is called

“the current quark mass”.

The physics of elementary particles is described in terms of quantum field the-

ory (QFT). In the present book we suppose, that a reader is acquainted with the main

points of QFT, e. g,with courses [1, 2]. The current situation in this science is described

by the so-called Standard Model, consisting of Quantum Chromodynamics (QCD) and

theElectro-WeakTheory (EWT).Wewouldbrieflydescribe theseparts. Thefirst theory,

which was elaborated was the Quantum Electrodynamics (QED). It describes interac-

tion of spinor charged particles bearing the electric charge e with photons.

1.3 Quantum electrodynamics

The interactionof chargedspinorfields, e. g., thosepresented inTable 1.1withphotons

is described by the following Lagrangian

L = N∑
k=1

( 𝚤
2
(�̄�k𝛾𝜇𝜕𝜇𝜓k − 𝜕𝜇�̄�k𝛾𝜇𝜓k ) −mk�̄�k𝜓k + eQk�̄�k𝛾𝜇A𝜇𝜓k)

− 1

4
F𝜇𝜈F𝜇𝜈, F𝜇𝜈 = 𝜕𝜇Aa

𝜈 − 𝜕𝜈Aa
𝜇 , (1.36)

where Qk = −1 for leptons e, 𝜇, 𝜏, Qk = 2
3
for up quarks u, c, t and Qk = −1

3
for down

quarks d, s, b. The lagrangian is invariant in respect to gauge transformations

𝜓 → U 𝜓, �̄� → �̄�U−1,
A𝜇 → U A𝜇 U

−1 + 𝚤eU 𝜕𝜇U−1 = A𝜇 + 𝚤e 𝜕𝜇𝜙(x). (1.37)

U = exp (𝚤 e𝜙(x)), U−1 = exp (− 𝚤 e𝜙(x)).
The quantity 𝛼 = e2

4 𝜋 (1.38)

is usually called the Sommerfeld fine structure constant. At low energies value of 𝛼 is
defined by the electron charge and is equal to

𝛼 = 0.007297352533± 0.000000000027 ≃ 1

137.036. (1.39)

The charged fermion (electron) propagator with momentum p𝚤 (p̂ + m)(2𝜋)4(p2 − m2 + 𝚤 𝜖) . (1.40)
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The photon propagator with p and 𝜇, 𝜈 being respectively its momentum and initial

and final indices − 𝚤 g𝜇𝜈(2𝜋)4(p2 + 𝚤 𝜖) . (1.41)

The charged fermion–photon vertex (index 𝜇), Q being its charge in units e, we have
already mentioned, that for the electron Q = −1

𝚤 (2𝜋)4 Q e 𝛾𝜇 . (1.42)

For the structure of the theory themomentumdependenceof the effective charge (1.38)𝛼(q2) is very important. In QED this dependence was obtained in the early years of

development of the quantumfield theory by L. D. Landau and his collaborators [10, 11]

𝛼(q2) = 3𝜋 𝛼(𝜇)
3𝜋 − N 𝛼(𝜇) ln(−q2𝜇2 ) , (1.43)

where N is the number of elementary unit charge fermions. As a matter of fact we

now know also fractionally charged fermions – six color quarks, so that N = 3 + 3 ×
3((2/3)2 + (1/3)2) = 8. One also has to take into account elementary charged W±-

bosons, which gives for q2 ≫ M2
W negative contribution to this number Neff : Neff =

8 − 11/2 = 5/2. In any case we have expression (1.43) with N = Neff . For space-like

q2 → −∞ we encounter the pole in expression (1.43). This pole is usually referred to

as Landau pole. For 𝜇 ≃ Mz 𝛼(MZ) = 1
129

.

The existence of the pole makes a theory internally contradictory. As for QED,

L. D. Landau himself in the issue dedicated to Niels Bohr [11] had first stated, that for

a realistic number of the charged elementary fields N ≤ 20 the pole was situated far

beyond the Planck mass

MP = √ 1𝜅2 = (1.220892± 0.000061)1019 GeV, (1.44)

where 𝜅2 is the gravitational constant. So the pole presumably could be removed by

quantum gravitation effects. As we have just remarked, nowadaysNeff = 5/2 and thus
this argument is valid. However we shall see, that for QCD the solution of the problem

needs application of special efforts.

Quantumelectrodynamicsproves tobeveryprecise theory. Results of calculations

in QED agrees experimental results up to high orders of the perturbation theory. For

example, the experimental value for anomalous magnetic moment of the electron

ae = 0.001159652187± 0.000000000004, (1.45)

with total magnetic moment 𝜇e = (1 + ae) e
2me

.
The results agrees QED calculations within error bars.
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Let us remind, that just calculation of ae by J. Schwinger [13] was very important

argument on behalf of quantum electrodynamics having been genuine theory of the

electromagnetic interaction. In view of the forthcoming calculation in the book of the

similarquantity for themuonwithaccount of nonperturbative contributionswewould

present briefly the procedure of this calculation.

The Lorentz structure of the magnetic moment term is the following

�̄�𝜎𝜇𝜈𝜓 F𝜇𝜈, 𝜎𝜇𝜈 = 𝛾𝜇𝛾𝜈 − 𝛾𝜈𝛾𝜇
2𝚤 , (1.46)

that means additional term in the electron-photon vertex𝛾𝜌 + 𝚤 e ae
2me

𝜎𝜌𝜆 k𝜆. (1.47)

Let us perform the calculation. The first approximation to the additional term to

the well-known Dirac magnetic moment (1.20) corresponds to the triangle diagram

presented in Figure 1.1 Now Figure 1.1 defines the following contribution to the vertex

(in the Feynman gauge)e3(2𝜋)4 ∫ 𝛾𝜇(q̂ + p̂1 + m)𝛾𝜌(q̂ + p̂2 + m)𝛾𝜇 dq
q2((q + p1)2 −m2)((q + p2)2 − m2) (1.48)

= e3(2𝜋)4 ∫ −2(q̂ + p̂2)𝛾𝜌(q̂ + p̂1) + 4m(2 q𝜌 + p1𝜌 + p2𝜌) − 2m2 𝛾𝜌
q2(q2 + 2qp1)(q2 + 2qp2) dq,

p21 = p22 = m2, �̄�p̂1 = �̄�m p̂2𝜓 = m𝜓, p2 − p1 = k.
It is easy to see, that the last term in the nominator contributes only charge struc-

ture 𝛾𝜌, the last but one term does not contain gamma matrices at all, so only the first

k

q + p1 q + p2

p2qp1

Fig. 1.1. Diagram corresponding to calculation of the anomalous magnetic moment of the electron.

Dotted lines correspond to photons.
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term may contribute additional structure (1.47). We perform calculations using the 𝛼-
representation [1].

Namely, we represent denominators in (1.48) in the following form

1

q2
= 1𝚤 ∫ e𝚤𝛼(q

2+𝚤𝜖) d𝛼, 1

q2 + 2qp1
= 1𝚤 ∫ e𝚤𝛽(q

2+2qp1+𝚤𝜖) d𝛽,
1

q2 + 2qp2
= 1𝚤 ∫ e𝚤𝛾(q

2+2qp2+𝚤𝜖) d𝛾. (1.49)

Let us perform the following substitution of variables𝛽 = 𝜆𝜉, 𝛾 = 𝜆𝜂, 𝛼 = 𝜆(1 − 𝜉 − 𝜂). (1.50)

Then the term under study takes the form

− 2 𝚤 e3(2𝜋)4 ∞∫
0

𝜆2d𝜆 1∫
0

d𝜉 1−𝜉∫
0

d𝜂 ∫dq(q̂ + p̂2)𝛾𝜌(q̂ + p̂1)e𝚤𝜆(q2+2𝜉qp1+2𝜂qp2+𝚤𝜖) . (1.51)

Now we use standard integrals [1]

∫dq e𝚤(a q
2+2 bq) = 𝜋2𝚤a2 e− 𝚤 b2

a ,
∫ dq q𝜇 e

𝚤(a q2+2 bq) = 𝚤 b𝜇
a

𝜋2
a2

e−
𝚤b2

a , (1.52)

∫ dq q𝜇 q𝜈 e
𝚤(a q2+2 bq) = a g𝜇𝜈 − 2 𝚤 b𝜇 b𝜈

2a2
𝜋2
a2

e−
𝚤b2

a ,
to obtain for expression (1.51) terms giving contribution to themagneticmoment struc-

ture in expression (1.47)

− e3
8𝜋2 2p̂1𝛾𝜌p̂1 + p̂1𝛾𝜌p̂2 + p̂2𝛾𝜌p̂1 + 2p̂2𝛾𝜌p̂2

12m2
+ O(k2). (1.53)

Note, that the remaining terms in the nominator of the last expression in (1.48) give

contribution only to Lorentz structure 𝛾𝜌 and thus have to be included in renormaliza-

tion of the vertex. They contain both ultraviolet and infrared divergences. Now, using

relations presented in the last line of (1.48), we obtain from (1.53) the followingexpres-

sion e3
32𝜋2 m (𝛾𝜌 k̂ − k̂ 𝛾𝜌) (1.54)

that with account of relations (1.46, 1.47) leads to the final result

ae = 𝛼
2𝜋 = 0.0011641 . . . , (1.55)

where we have used value (1.39). Comparing the result with the experimental num-

ber (1.45) we see agreement up to terms of order of magnitude (𝛼/𝜋)2. The correspond-
ing calculation of these terms and also of higher terms gives the final excellent agree-

ment.
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Result (1.55) in line with the Lamb shift calculations [14], as we have already men-

tioned, have proved QED to be the correct theory. Thus QED became the first and the

most elaborated renormalizable quantum field theory. The subsequent development

of the elementary particles physics leads to formulation of the theory of the strong in-

teraction and the theory of the electro-weak interaction. Bothwas constructed in close

analogy to QED. In the next sections we briefly describe these theories.

1.4 Quantum chromodynamics

The quantum chromodynamics (QCD) exploits color symmetry group SU(3)c for for-
mulation of strong interaction of quarks. The corresponding Yang–Mills fields [15, 16]

are named gluons. Themain properties of the theory were first disclosed in [17–20].

QCD describes fundamental interaction of quarks and gluons. There are six sorts

of quarks each bearing color

u, c, t, (1.56)

with electric charge Q = 2 e
3
, where e is the elementary electric charge

d, s, b, (1.57)

with electric charge Q = − 2 e
3
.

We start with QCD Lagrangian with Nf quarks with number of colors N = 3

L = Nf∑
k=1

[ 𝚤
2
(�̄�k𝛾𝜇𝜕𝜇𝜓k − 𝜕𝜇�̄�k𝛾𝜇𝜓k) − mk�̄�k𝜓k + g �̄�k𝛾𝜇taAa

𝜇𝜓k] − 1

4
(Fa𝜇𝜈Fa𝜇𝜈) ,

Fa𝜇𝜈 = 𝜕𝜇Aa
𝜈 − 𝜕𝜈Aa

𝜇 + g fabcAb
𝜇A

c
𝜈. (1.58)

where we use the standard QCD notations including Fa𝜇𝜈 for a Yang–Mills field [15].

Here fabc are structure constants of the SU(3) group and ta, (a = 1, . . . , 8) are the well-
known SU(3) matrices 3 × 3 of the infinitesimal transformations with the following

properties

ta tb − tb ta = 𝚤 fabc tc, Trace (ta) = 0,
ta tb + tb ta = 1

N
𝛿ab + dabc tc,

Trace (ta tb) = 1

2
𝛿ab, ta ta = N2 − 1

2N
I,

fbcm fanm + facm fnbm + fabm fcnm = 0, (1.59)

flam fmbn fncl = − N

2
fabc , famn fbmn = N 𝛿ab,

flam dmbn dncl = N2 − 4

2N
fabc, famn fbmn = N 𝛿ab,
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where I is the unit matrix 3×3 and as usually we sumup on recurring indices. We also

introduce number N, which marks dimension of a SU(N) group in view of using the

formulas both for SU(2) and SU(3). In QCD we have N = 3.

In what follows we in some cases shall consider mk to be small enough and set

them to zero.

Lagrangian (1.58) is invariant in respect to gauge transformations, which are de-

scribed also by (1.37), where we have

U = exp (𝚤 g ta 𝜃a(x)), U−1 = exp (− 𝚤 g ta 𝜃a(x)), e → g, (1.60)

where 𝜃a(x) are eight parameters of the SU(3) transformation, which depend on the

point of the space.

It is also useful to rewrite expression (1.58) in terms of matrix quantities:

A𝜇 = Aa
𝜇 ta, F𝜇𝜈 = Fa𝜇𝜈 ta. (1.61)

With this notations we have instead of (1.58)

L = Nf∑
k=1

[ 𝚤
2
(�̄�k𝛾𝜇𝜕𝜇𝜓k − 𝜕𝜇�̄�k𝛾𝜇𝜓k) − mk�̄�k𝜓k + g �̄�k𝛾𝜇A𝜇𝜓k] − 1

2
Trace(F𝜇𝜈 F𝜇𝜈),

F𝜇𝜈 = 𝜕𝜇A𝜈 − 𝜕𝜈A𝜇 − 𝚤 g [A𝜇, A𝜈]. (1.62)

Let us present Feynman rules for QCD:

(1) The quark propagator is just usual fermion one (1.40)

(2) The gluonpropagator differs from the photon one only by color Kronecker symbol− 𝚤 g𝜇𝜈 𝛿a b(2𝜋)4(p2 + 𝚤 𝜖) . (1.63)

(3) Quark-gluon vertex, 𝜇 and a being respectively Lorentz and color indices of the

gluon (see also (1.42) 𝚤 (2𝜋)4 g 𝛾𝜇 ta. (1.64)

(4) The three-gluonvertex with Lorentz indices, color indices andmomenta of gluons

being respectively (𝜇, a, k), (𝜈, b, p), (𝜌, c, q)
(2𝜋)4 g fabc (g𝜇𝜈(k − p)𝜌 + g𝜈𝜌(p − q)𝜇 + g𝜌𝜇(q − k)𝜈). (1.65)

The rule of construction of the vertex is evident: the metrical tensor indices corre-

sponds to momenta in brackets, which have the remaining Lorentz index.

(5) The four-gluon vertex with color and Lorentz indices (a, 𝜇), (b, 𝜈), (c, 𝜌), (d, 𝜎)
− 𝚤 (2𝜋)4 g2(fabf fcdf (g𝜇𝜌 g𝜈𝜎 − g𝜇𝜎 g𝜈𝜌) + facf fbdf (g𝜇𝜈 g𝜌𝜎 − g𝜇𝜎 g𝜈𝜌)+ fadf fbcf (g𝜇𝜈 g𝜌𝜎 − g𝜇𝜌 g𝜈𝜎)). (1.66)
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There are also auxiliary color fields (ghosts), which are scalars, but give extra minus

sign for closed loop as well as fermion fields. The propagator𝚤 𝛿a b(2𝜋)4(p2 + 𝚤 𝜖) , (1.67)

and the ghost-gluonvertex with 𝜇, b being the gluon Lorentz and color indices respec-
tively and p, a being the momentum of the outgoing ghost, having color index a

− (2𝜋)4 g fabc p𝜇. (1.68)

Running coupling in the three-loop approximation is the following

𝛼s(𝜇) = 4𝜋𝛽0 ln(𝜇2/Λ2) [1 − 2𝛽1 ln(ln(𝜇2/Λ2))𝛽20 ln(𝜇2/Λ2)
+ 4𝛽21𝛽40 ln2(𝜇2/Λ2) ((ln(ln(𝜇2/Λ2)) − 1

2
)2 + 𝛽2𝛽0

8𝛽21 − 5

4
)] , (1.69)

whereΛ is the famous QCD scale parameter and

𝛽0 = 11 − 2Nf

3
, 𝛽1 = 51 − 19Nf

3
, (1.70)

𝛽2 = 2857 − 5033Nf

9
+ 325N2

f

27
,

Nf is quark flavors number, which are involved for 𝜇 range in the problem under con-

sideration. For example, wemay take value of 𝛼s at point 𝜇 = MZ of the Z-bosonmass.

Herewe have to takeNf = 5 (all quarks but the t-quark) anduse experimental value [4]

𝛼s(MZ) = 0.1191 ± 0.0028. (1.71)

Using expressions (1.69, 1.70) we obtain for Λ in the region of five flavors

Λ 5 = 221+36−32 MeV. (1.72)

Coupling (1.69) decreases with 𝜇2 → ∞ that gives the well-known property of the

asymptotic freedom. The extensive studies of QCD effects in the region of the asymp-

totic freedom, that is for high energies, show excellent agreement of perturbative cal-

culationswith experimental data. Thus perturbative QCD, aswell as QED, proves tobe

an adequate theory in the region of its applicability. However, running coupling (1.69)

evidently has a singularity at 𝜇2 = Λ2, which is quite analogous to the Landau pole

in QED. A hope is usually expressed, that in the region of strong interaction there are

some nonperturbative contributions, which somehow eliminate this singularity. But

there was no explicit mechanism being formulated for such phenomenon. We shall

return to this important problem below in the proper place.
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In any case nonperturbative contributions in QCD are very important for low-

momenta phenomena. In low-momenta region coupling (1.69) becomes large and

thus perturbation theory calculations fails. What can we do with this problem? For

momenta below some scale Λ 0 one can try to to write down a simplified effective

Lagrangian, where contribution of heavier states are eliminated (one often says “in-

tegrated out”). The typical example of an effective interaction is provided by the

Nambu–Jona-Lasinio model, which we shall intensively exploit below.

Nowadays the simulations of the theory on the lattice is considered as the most

promising tool for nonperturbative problems in QCD. The technique was started by K.

Wilson [21] and it shows increasing progress during the last decades. In this technique

QCD is reformulated on a discrete space-time, an cubic lattice of sites with spacing a

and 4-volume L4. Gluon and quark fields are specified on the lattice sites and the path

integral is computed numerically as a sumover field configurations. We are interested

in limit a → 0, so it is desirable to work with as small spacing a as possible. Such

calculations become increasingly predictive. For example, they allow to construct be-

havior of running coupling 𝛼s(Q) in low momenta region. In this direction there are

several results, which sometimes do not agree one with each other. In any case, it is

advisable to consider also other methods to consider nonperturbative effects.

The latticemethod is also consideredas apossible tool to ground thephenomenon

of color confinement. Confinement is the basic property of the strong interaction and

it consists in the assertion that only colorless states can be observable. No free quarks,

no free gluons, no other color states. For example, consideration of effective potential

between a quark and an antiquark with lattice techniques gives [22]

Vq q̄ ≃ 4 𝛼s(r)
3 r

+ 𝜎 r. (1.73)

The term in effective potential (1.73), increasing at infinity, illustrates phenomenon of

confinement. Indeed, a colored particle can not overcome the infinite barrier of po-

tential (1.73). There is also temperature dependence of slope 𝜎, such that after critical
value Tc it becomes zero and the deconfinement phenomenon is expected. The esti-

mation of value Tc gives Tc ≃ 175 MeV.

1.5 Bethe–Salpeter equation

Throughout the book we shall use mostly two types of equations. The first one will

be a compensation equation, which provides essence of the method. This equation

will be introduced and elaborated below. We also will often use Bethe–Salpeter equa-

tions for bound states in quantumfield theory [23]. In view of absence of a description

of the Bethe–Salpeter equation in the most popular standard courses on the quan-

tum field theory we present here short explication of the necessary knowledge on this

equation.
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p + K/2

K

–p + K/2

=

p + K/2
q + K/2

–q + K/2

K

–p + K/2

Fig. 1.2. Diagram representation of a Bethe–Salpeter equation a bound state. Momenta are written

down by corresponding lines. Double line – the bound state X . Thick line corresponds to kernel
K(p, q,K).

The Bethe–Salpeter equation for two-particle bound state, which in diagram firm

is shown in Figure 1.2, is an integral equation

Φ(p,K) = ∫ dq K(p,q,K) Δ (q + K

2
) Φ(q,K) Δ (−q + K

2
) , (1.74)

where for any momentum t, Δ(t) is a propagator of the corresponding particle, for

example (1.40), and kernel K(p,q,K) is to be constructed according to the following

rules:

(1) The kernel is a sum of four-leg diagrams with the designated in Figure 1.2 distri-

bution of momenta.

(2) All these diagrams are connected and two-particle irreducible, that is, they can

not be reduced to unconnected diagram by cutting of two horizontal lines in the

diagram. For example, among diagrams presented in Figure 1.4 there are three

irreducible diagrams and two reducible ones.

Momentum K belongs to the bound state X and thus

K2 = M2
X . (1.75)

(1) (2) (3)

(5)(4)

Fig. 1.3. Diagrams (1), (3), (4) are two-particle irreducible, but diagrams (2) and (5) are two-particle

reducible.
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q + K/2

–q + K/2

= 1

Fig. 1.4. Normalization condition for the Bethe–Salpeter wave function in diagram form. Triple ver-

tices in the diagram correspond to wave function Φ(q,K).

Inmost casewe shallmake calculationafter the Wick rotation in themomentumspace

q → qE
q0 = 𝚤 q4, q2 → − q2E. (1.76)

Then in the Euclid space we have instead of (1.75)

K2 = −M2
X . (1.77)

The normalization condition for Bethe–Salpeter wave function Φ(p,K) defines
coupling constant in the effective triple vertex. For all cases to be considered below

this condition reduces to calculation of simple loop diagram presented in Figure 1.4

The diagram in Figure 1.4 is to be calculated according to Feynman rules withΦ(q,K) in vertices and the result is to be developed in series by K2. The coefficient at

K2 is to be equal to unity. Thus the condition have to be of the form

g2X(2𝜋)4 ∫Φ2(q,K)N(q,K)dq, (1.78)

where N(q,K) is a function, which form depends on a problem under a study. In ex-

pression (1.78) wave function is normalized on the mass shell

Φ(q,K) = 1, q2 = −m2, K2 = −M2
X ,

that allows to consider gX in expression (1.78) as an effective coupling constant.

1.6 Effective interactions

1.6.1 Preliminaries

We have briefly described in the previous sections gauge renormalizable theories,

which comprise the contemporary theory of the main interactions of elementary par-

ticles. In the framework of the perturbation theory these theories have proved their

efficiencies for description of phenomena in regions of their applicability. However

these regions do not include all the variety of physical systems and conditions. For

example, the behavior of running coupling (1.69) has a pole in the region of momenta
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around few hundreds of MeV. Just this region corresponds to formation of numerous

particles and resonances consisting of quarks and gluons. Thus we encounter prob-

lem of the perturbation theory failing in this low-momenta region. Thus bearing in

mind extensive evidence of the validity of QCD for large momenta region we are to ad-

mit, that in low-momenta region nonperturbative effects are inevitable. The existence

of nonperturbative effects were the main and principal assumption of the method

of sum rules in QCD [24], in which nonperturbative quantities e.g. vacuum averages

of elementary fields were introduced. The gluon condensate, that is the following

vacuum average of the normal product of gluon fields

V2 = ⟨: g2

4 𝜋2 Fa𝜇𝜈 Fa𝜇𝜈 :⟩. (1.79)

It was shown (see [24] and numerous subsequent works) that this quantity decisively

improves agreement of QCD sum ruleswith real physics provided this quantity is V2 =(0.012 ± 0.002) GeV4, whereas the perturbative value for this quantity is zero. The

quark condensate ⟨q̄q⟩ = ⟨: �̄� 𝜓 :⟩ ≃ −(0.23)3 GeV3
(1.80)

was also shown to be present necessarily for adequate description of low-momenta

region. These and similar quantities were used in the QCD sum rules method [24].

The purpose of the method is to find out how the high-momenta perturbative quan-

tities and the low-momenta nonperturbative quantities could be considered simulta-

neously. In this method one consider a correlation quantity (correlator) comprising

two ormore of gauge invariant currents with quantumnumbers of those states, which

properties are under study:

Π(q2) = ∫ dx e𝚤qx⟨0|TJ(x), J(o)|0⟩. (1.81)

For Q2 = −q2 this quantity is described in two-fold way. On the one hand one uses

Wilson operator decomposition[21], which application gives factorization of large and

small virtual momenta. Contributions of large momenta are the subject for perturba-

tive calculations, which in this region works quite efficiently due to the asymptotic

freedom. Thus the coefficient functions are defined. On the other hand, contributions

of the low-momenta region, which are nonperturbative are described by the so called

condensates, which are represented as vacuum averages of local operators.

Thus such decomposition leads to the following representation of quantity (1.81)

Π(q2) = C1 + ∑
n

Cn(q2)⟨0|On|0⟩. (1.82)

Here coefficients Ci are to be calculated in the framework of the perturbation the-

ory (see [24–27]). Vacuum averages ⟨0|On|0⟩ are purely nonperturbative. In the

approach [24] they are extracted from sum rules and thus are defined from a phe-

nomenology. For example phenomenological considerations lead to the following



20 | 1 Elementary particles and fields

estimates of vacuum averages

V2 = ⟨𝛼s𝜋 Fa𝜇𝜈 F
a
𝜇𝜈⟩ ≃ 0.012 GeV4, (1.83)

V3 = ⟨g3 fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇⟩ = (0.5 ± 0.5) GeV6,⟨q̄q⟩ ≃ −(0.23 GeV)3.
In the perturbation theory all these parameters are zero. The possible connection of

these nonperturbative parameters with the instanton [28] contribution was consid-

ered [24, 29, 30].

In what follows the method of calculation of these quantities in the framework of

the compensation approach will be described in details.

On the other hand it becomes clear that there is another quite effective method,

which serves for account of nonperturbative effects at low momenta. The most well-

known and significant example of suchmethod give the famousNambu–Jona-Lasinio

model [31, 32]. This model was the first example of a theory, which further acquires

notation “an effective theory”. This notationmeans that this theory somehow appears

in the framework of the fundamental theory (QCD, EW, etc.) and it acts in the restricted

region of the momentum space. The simplest possibility to describe this property is to

introduce an auxiliary cut-off, that exactly was done in the initial works [31, 32]. Let us

briefly present highlights of the model, which acquires real popularity. Inmore details

of theNJLmodel the reader can see, e. g., inworks [33–38]. For a recent review see [39].

1.6.2 The model NJL

For the formulation of the model we may start from the initial QCD Lagrangian (1.58).

We know, that the first two masses of u and d quarks are small. What occurs if they

are just zero? Then Lagrangian (1.58) is invariant under the so called chiral transfor-

mations

q → e𝚤𝛾5𝜏a𝜃
a

q, q̄ → q̄ e𝚤𝛾5𝜏a𝜃
a , (1.84)

where 𝜃a are parameters of a SU(2) isotopic transformation and

q(x) = (u(x)
d(x)), q̄(x) = (ū(x), d̄(x)), (1.85)

are fields of u and d quarks.

This property is realized in the Nambu–Jona-Lasinio model [31, 32]. For descrip-

tion of the main properties of the NJL model we start from its simplest version. The

initial four-quark SU(2) × SU(2)-symmetric Lagrangian has the following form:

L = q̄(x)(𝚤𝜕𝛼𝛾𝛼 − m0)q(x)+ G

2
((q̄(x) q(x))(q̄(x) q(x)) − (q̄(x) 𝜏a 𝛾5q(x))(q̄(x) 𝜏a 𝛾5q(x))), (1.86)
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wherem0 is a small initial current mass of light quarks and G is the four-fermion cou-

pling constant, 𝜏a – the Pauli matrices. Color is summed up in each product q̄Oiqwith

different inside operators Oi.

Let us find out if Lagrangian (1.86) is invariant in respect to the chiral transforma-

tions.

Let us illustrate this property by writing the first term of expansion of transforma-

tion of four-fermion terms in equation (1.86)

q̄q q̄q → q̄(1 + 2𝚤𝛾5𝜏a𝜃a)q q̄(1 + 2𝚤𝛾5𝜏a𝜃a)q = q̄q q̄q + 4𝚤q̄𝛾5𝜏a𝜃aq q̄q,
q̄𝜏b𝛾5q → q̄(1 + 𝚤𝛾5𝜏a𝜃a)𝜏b𝛾5(1 + 𝚤𝛾5𝜏a𝜃a)q= q̄𝜏b𝛾5q + 𝚤q̄(𝜏a𝜏b + 𝜏b𝜏a)𝜃a q = q̄𝜏b𝛾5q + 2𝚤q̄ 𝜃bq, (1.87)

q̄𝜏b𝛾5q q̄𝜏b𝛾5q → (q̄𝜏b𝛾5q)2 + 4𝚤q̄𝛾5𝜏b𝜃bq q̄ q.
Let us remind, that in our definition 𝛾25 = 1. Due to (1.87) terms proportional to 𝜃a can-
cel in the four-fermion part of Lagrangian(1.86). The kinetic term in (1.86) q̄𝚤𝜕𝛼𝛾𝛼 q is
also invariant due to anti commutativity of 𝛾𝛼 and 𝛾5. However the mass term −m0q̄ q

evidently is not invariant under transformations (1.84). In view of this we for the be-

ginning consider the case of chiral invariance, that means

m0 = 0. (1.88)

Then, following [31, 32], let us introduce evident Feynman rules and define ultra-

violet cut-off Λ, which defines the region of applicability of the effective interac-

tion (1.86,1.88).

First of all we consider the problem of a possibility of a spontaneous generation of

quark mass.We start with Lagrangian (1.86)withm0 → 0. At this point we for the first

time use the procedure, following fromN.N. Bogoliubov compensation approach [40–

42]. With small but nonzero m0 we expect some value for mass m arising as a result

of interaction in (1.86). So let us add to and subtract from expression (1.86) mass term

m q̄ q and rewrite (1.86) in the following form:

L = L0 + Lint ,
L0 = q̄(𝚤𝜕𝛼𝛾𝛼 −m)q, (1.89)

Lint = G

2
((q̄ q)(q̄ q) − (q̄ 𝜏a 𝛾5q)(q̄ 𝜏a 𝛾5q)) + (m − m0) q̄ q. (1.90)

Now in the interaction Lagrangian (1.90) there is quite improper mass term. Thus we

have to guarantee real absence of this term due to a compensation condition to fulfill.

Thismeans the condition for all possible contributionsof interaction (1.90) to themass

term giving zero as a result. For the first approximation, corresponding to diagrams of

Figure 1.5 we have the following compensation equation:

−(m − m0) + 8Nc mG(2 𝜋)4 ∫ d4q 𝜃(Λ2 − q2)
q2 + m2

= −(m − m0) + 3mG

2 𝜋2 Λ∫
0

ydy

y +m2
= 0. (1.91)
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= 0+

Fig. 1.5. Diagrams corresponding to compensation equation for spontaneous generation of mass in

NJL model.

Here we have used Wick rotation in a transition to the four-dimensional Euclid mo-

mentum space. Let us remind, that this procedure means, that after all algebraic cal-

culations in the usual Minkovsky space we perform in an integral under a considera-

tion the following substitution: (pq) → − (pq) and dq → 𝚤 dq. In such simple variant

all quantities are expressed in terms of two main integrals

I1 = Nc

16𝜋2 Λ∫
0

ydy

y +m2
= Nc

16𝜋2 (Λ2 − m2 ln Λ2 +m2

m2
) ,

I2 = Nc

16𝜋2 Λ∫
0

ydy(y + m2)2 (1 − m4(y +m2)2) (1.92)

= Nc

16𝜋2 (ln Λ2 + m2

m2
− Λ2(Λ2 + 2m2)

2(Λ2 + m2)2 ) .
Now we take limitm0 → 0. Thus we have from (1.91,1.92)

−m (1 − 8G I1) = 0, −m [1 − 3 𝜇
2𝜋2 (𝜆𝜇 − ln 𝜆 + 𝜇𝜇 )] = 0,

𝜇 = Gm2, 𝜆 = GΛ2. (1.93)

Equation (1.93) evidently has the trivial solution

m = 0. (1.94)

However, there is also a nontrivial solution, which occurs when the expression in the

square brackets is zero. One readily gets convinced, that a nontrivial solution does

exist for 𝜆 ≥ 6.58. For example, with 𝜆 = 8.87 behavior of this expression is presented
in Figure 1.6 and the solution is 𝜇 = 1.

Let us consider the Bethe–Salpeter equation for isotopic vector pseudoscalar state

with momentum Q = 0, presented in Figure 1.7. It reads

𝛾5 𝜏a g𝜋qq = 𝛾5 𝜏a G 8Nc(2𝜋)4 ∫ (q2 +m2)d4q(q2 + m2)2 g𝜋qq. (1.95)

Here coefficient 8Nc is due to traces in isospin, color and spinor indices. We immedi-

ately get convinced, that this equation is equivalent to equation (1.93) form ≠ 0. This
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–0.3

–0.2

–0.1

0.1

Fig. 1.6. Behavior of expression in square brackets of (1.93) for 𝜆 = 8.87 in dependence on 𝜇.

π

Fig. 1.7. Bethe–Salpeter equation for pseudoscalar state.

means, that for the nontrivial solution of (1.93) there exists a massless pseudoscalar

state with unit isotopic spin. This is an inevitable consequence of the symmetry

breaking according to Bogoliubov–Goldstone theorem [40, 43, 44]. Such state has

semblance of pion, but the pion mass is not zero, although it is small in comparison

to other hadron masses. Thus we have to use Lagrangian (1.86) with small, but not

zero value form0. This means that we have not exact chiral invariance (1.84), but only

initially approximated invariance. Then instead of (1.93) we have−m0

m
+ (1 − 8 I1) = −m0

m
+ [1 − 3 𝜇

2𝜋2 (𝜆𝜇 − ln 𝜆 + 𝜇𝜇 )] = 0,
𝜇 = Gm2 , 𝜆 = GΛ2. (1.96)

Qualitatively main features of a nontrivial solution are the same as for m0 = 0. For

example, for
m0

m
= 1

60
a nontrivial solution exists provided 𝜆 ≥ 6.47 and 𝜇 = 1 for 𝜆 = 8.747. The Bethe–
Salpeter equation for a small nonzero pion mass is now the following

g𝜋qq = 8GNc(2𝜋)4 ∫ d4q(q2 + m2)2 (q2 + m2 + m2
𝜋

2
(1 − m4(q2 + m2)2)) g𝜋qq. (1.97)

From (1.97,1.95,1.96)we have

Gm2
𝜋 = 𝜇𝜋 = m0

4mI2
. (1.98)
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Nowvertices for thepion-quark-antiquark interaction and the𝜎 q̄ q interactionare

correspondingly the following

g𝜋qq q̄𝛾5 𝜏a q𝜋a , g𝜎qq q̄ q 𝜎. (1.99)

This coupling is defined by thenormalization condition for Bethe–Salpeterwave func-

tion. We have for pion normalization correspondingly the following

4g2𝜋qq I2 = 1. (1.100)

Let us in the same approximation calculate the 𝜋-decay constant f𝜋. The experimental
value for this constant is the following [4]

f𝜋 = 92.42 ± 0.33 MeV, (1.101)

According to the evident one-loop diagram we have

f𝜋 = 4 g𝜋qq m I2 = m

g𝜋qq
, (1.102)

wherewehaveusednormalization condition (3.28). Thus thewell-knownGoldberger–

Treiman relation [45] naturally arises in NJL model. Now let us formulate the set of

equations

I2 = 1

4g2𝜋qq
, 1 − 8 I1 = m0

m
,

m2
𝜋 = ḡ2𝜋qq m0m𝜇 , g2𝜌(M2

𝜌 − 4m2
𝜋)3/2

48𝜋M2
𝜌

= Γ𝜌, (1.103)

g2𝜌 = √6 g𝜋qq, ḡ𝜋qq = √M2
𝜌 + 6m2

M2
𝜌

g𝜋qq.
We also have evident relation for masses of 𝜋- and 𝜎mesons, which one obtain from

difference of one-loop contributions to corresponding meson mass square

m𝜎 = √m2
𝜋 + 4m2. (1.104)

Let us fix the well-knownvalues of f𝜋 andm𝜋 (average of charged ones and the neutral

one) and the 𝜌-meson parameters

f𝜋 = 92.4MeV, m𝜋 = 138 MeV,
M𝜌 = 775.4MeV, Γ𝜌 = 149.2 MeV. (1.105)

and solve set of equations (1.103), that gives𝜇 = 0.5723, 𝜆 = 8.0754, (1.106)

m = 320.08MeV, m0 = 2.838MeV.



1.6 Effective interactions | 25

We use also the definition of the quark condensate in our notations (1.92,1.93)

⟨q̄q⟩ = lim
𝜖→0

⟨q̄(𝜖) q(0)⟩ = − lim
𝜖→0

Trace G(𝜖) = − 4m3 I1𝜇 ,
where G(x) is the quark propagator.

Taking into account expressions (1.103,1.104,1.106,1.107)we come to the following

set of parameters

m0 = 2.84MeV, G = 1(425.1MeV)2 , Λ = 1202.3MeV,
m = 320MeV, ⟨q̄q⟩ = −(305.1MeV)3, m𝜎 = 654.9MeV,

g𝜋qq = 2.44, ḡ𝜋qq = 3.46, g𝜌qq = 5.97. (1.107)

Results (1.106, 1.107) demonstrate satisfactory agreement with data. Value of the

quark condensate is rather higher than its conventional value. But nevertheless value

in (1.107) is within 20% accuracy off standard value −⟨250MeV⟩3. Note, that re-
sult (1.107) with high accuracy agrees the well-known Gell-Mann–Oaks–Renner rela-

tion [46]

m2
𝜋f

2
𝜋 = −2m0 ⟨q̄q⟩. (1.108)

Mass of the 𝜎-meson rather exceeds its experimental value 400MeV < m𝜎 < 550MeV

[4]. However there are arguments for real mass of the lightest scalar 𝜎 to have larger

mass in interval 700–900 MeV [47], but due to effect of four-quark configurations

in the scalar state its mass is shifted below. We shall return to this problem in what

follows.

To conclude withNJL results we would state, that such a simple assumption gives

quite adequate description of lowmass hadron physics, which could not be achieved

in the framework of a perturbation theory. The NJL theory is just very instructive ex-

ample of effective nonperturbative theory. There are few significant features of an ef-

fective theory, which manifest themselves in NJL theory. The principal ones are the

following:

(1) If one consider an effective theory being local it necessarily is nonrenormalizable.

(2) Thus the theory may make sense only in presence of a form-factor F(q2i ) being
somehow defined. In the considered case there is simple cut-off, that means

F(q2) = 𝜃(Λ2 − q2). Due to this an effective interaction acts in a restricted region

of the momentum space.

Nowwe are sure that the genuine theory of strong interaction is QCD. But NJL from the

first sight hasnothing todowith this gauge theory. Thenatural question ariseswhy the

NJL approachcanexplain lowmasshadronphysicswith suchexcellent precision? The

only possible answer to this question is that NJL interaction appears in the framework

of QCD due to a mechanism of spontaneous generation.
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We are aware of a phenomenon of spontaneous breaking of an invariance. For

example, this phenomenon leads to the important physical effects: superconductiv-

ity, superfluidity, ferromagnetism. In the framework of quantum statistical theory

these effects were explained decades ago. One of the most powerful methods, which

were applied for the explanations, was the compensation approach by N.N. Bogo-

liubov [40–42]. At the same time there were applications to QFT problems, one of

the most important was just the Y. Nambu works, which was strongly influenced by

works [40–42]. The essence of the physical effect is a spontaneous generation of a

quark mass due to a nontrivial solution of equations (1.91, 1.88). As a result we obtain

spontaneous violation of the chiral symmetry (1.84). We shall use the compensation

approach also for more complicated problems, namely for studies of possibilities of

spontaneous generation of effective interaction, similar to the NJL effective interac-

tion, considered above.

The main principles of the approach will be presented in the third chapter.



2 The standardmodel

2.1 The electro-weak theory

Let us remind, that before the formulation of the EWT we had the QED, various mod-

els for strong interaction and the weak interaction with the following interaction La-

grangian

Lint = GF√2 J𝛼 J†𝛼, (2.1)

J𝛼 = ē(1 − 𝛾5)𝛾𝛼𝜈e + �̄�(1 − 𝛾5)𝛾𝛼𝜈𝜇 + �̄�(1 − 𝛾5)𝛾𝛼𝜈𝜏+ d̄ (1 − 𝛾5)𝛾𝛼u + ̄s (1 − 𝛾5)𝛾𝛼c + b̄ (1 − 𝛾5)𝛾𝛼t,
where

GF = 1.16639(1) ⋅ 10−5 GeV−2, (2.2)

is the Fermi constant.We denote since now the spinor field of a particle by its symbol,

e. g., 𝜇 = 𝜓𝜇 denotes the spinor field of the muon. Here all the lepton and quarks are

present, one have to bear in mind, that for quarks also summing over color indices

is understood, so, in simple words, there are three terms for each quark pair. The

prime up the down quarks means linear combinations according to the well-known

Cabibbo–Kobayashi–Maskawamatrix [48, 49]: D = U D, that is

(d 

s 

b 

) = ( c1 −s1c3 −s1s3
s1c2 c1c2c3 − s2s3e𝚤𝛿 c1c2s3 + s2s3e

𝚤𝛿

s1s2 c1s2c3 + c2s3e
𝚤𝛿 c1s2s3 − c2c3e

𝚤𝛿

) (d

s

b

). (2.3)

Here si = sin 𝜃i, ci = cos 𝜃i, 𝜃i are three mixing angles and 𝛿 is a phase, which corre-

sponds to a CP violation.

The result of fit of totality of experimental data for absolute values of matrix ele-

ments of matrix (2.3) is the following [4]

( 0.97427 ± 0.00015 0.22534 ± 0.00065 0.00352+0.00015−0.00014

0.22520 ± 0.00065 0.97344 ± 0.00016 0.0412+0.0010.0005

0.00867+0.00029−0.00031 0.0404+0.0011−0.0005 0.999146+0.000021−0.000046

). (2.4)

Matrix element V12 of matrix V (2.4) is with high precision the well-known parametersin 𝜙c, that is the sine of the Cabibbo anglesin 𝜙c = 0.225, (2.5)

where Cabibbo angle describes mixing of d and s quarks

d = d cos 𝜙c + s sin 𝜙c, s = −d sin 𝜙c + s cos 𝜙c . (2.6)
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In dealing with four-fermion interactions similar to (2.1) the Fiertz transformation

is very useful. Inwhat follows it will be repeatedly applied. The transformation relates

to change of order of spinor operators in four-fermions terms such as the following

�̄�1 Ok𝜓2 �̄�3 O
k𝜓4 = ∑Dkk

ll �̄�1 Ol𝜓4 �̄�3 O
l𝜓2, (2.7)

where Ok, . . . ,O
l are some matrices, e.g. the Dirac ones. In obtaining corresponding

relations we proceed as follows. Let us take an example

�̄�1𝛾m𝜓2 �̄�3𝛾m𝜓4 = as �̄�1𝜓4 �̄�3 𝜓2 + ap �̄�1 𝛾5𝜓4 �̄�3 𝛾5𝜓2 + av�̄�1𝛾m𝜓4�̄�3𝛾m𝜓2+ aa �̄�1𝛾m𝛾5𝜓4�̄�3𝛾m𝛾5𝜓2 + at�̄�1𝜎𝜇𝜈𝜓4�̄�3𝜎𝜇𝜈𝜓2, (2.8)

Let us write relation (2.9) using explicit indices

(𝛾m)𝛼𝛽 (𝛾m)𝜆𝜎 = as I𝛼𝜎 I𝜆𝛽 + ap (𝛾5)𝛼𝜎 (𝛾5)𝜆𝛽 + av (𝛾n)𝛼𝜎 (𝛾n)𝜆𝛽 (2.9)+ aa(𝛾m𝛾5)𝛼𝜎 (𝛾m𝛾5)𝜆𝛽 + at (𝜎𝜇𝜈)𝛼𝜎 (𝜎𝜇𝜈)𝜆𝛽.
Now we multiply (2.9) by 𝛿𝜎𝛼 𝛿𝛽𝜆 and obtain due to Trace of Dirac matrices but the unit

one I being zero

16as = Trace(𝛾m 𝛾m) = 16, as = 1. (2.10)

The next time we multiply (2.9) by (𝛾5)𝜎𝛼 (𝛾5)𝛽𝜆 and in the same way we obtain

16ap = Trace(𝛾5 𝛾m 𝛾5 𝛾m) = − 16, ap = −1. (2.11)

We proceed in the same way for combinations and obtain results being presented

in Table 2.1, where we use the following notations

SS → �̄�𝜓 �̄� 𝜓, PP → �̄�𝛾5𝜓 �̄�𝛾5𝜓, SP → �̄�𝜓 �̄�𝛾5𝜓,
PS → �̄�𝛾5𝜓 �̄� 𝜓, VV → �̄�𝛾𝜇𝜓 �̄�𝛾𝜇𝜓 AA → �̄�𝛾𝜇𝛾5𝜓�̄�𝛾𝜇𝛾5𝜓,
VA → �̄�𝛾𝜇𝜓 �̄�𝛾𝜇𝛾5𝜓, AV → �̄�𝛾𝜇𝛾5𝜓 �̄�𝛾𝜇𝜓, (2.12)

TT → �̄�𝜎𝜇𝜈𝜓 �̄�𝜎𝜇𝜈𝜓, 𝜎𝜇𝜈 = 𝛾𝜇𝛾𝜈 − 𝛾𝜈𝛾𝜇
2 𝚤 .

We also have to take into account, that in the procedure of the Fiertz transformation

there is an odd number of commutations of spinor operators. Because of these oper-

ators obey anticommutative relations, each such commutation leads to a change of

sign. Thus we have additional minus sign in all the elements of Table 2.1.

It is also useful to have the analogous transformation with isotopic matrices, the

coefficients of the transformation are presented in Table 2.2. We have also to take into

account colors of quarks. Indeed in Lagrangian (2.1) in each quark term there is sum-

mation by colors which corresponds to colorless current J.

�̄�𝛼 ⋅ ⋅ ⋅ 𝜓𝛼, (2.13)
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Table 2.1. Coefficients of the Fiertz transformation

S S P P S P P S V V AA V A A V T T

S S − 1
4

− 1
4

0 0 − 1
4

1
4

0 0 1
8

P P − 1
4

− 1
4

0 0 1
4

− 1
4

0 0 1
8

S P 0 0 − 1
4

− 1
4

0 0 − 1
4

1
4

0

P S 0 0 − 1
4

− 1
4

0 0 1
4

− 1
4

0

V V −1 1 0 0 1
2

1
2

0 0 0

A A 1 −1 0 0 1
2

1
2

0 0 0

V A 0 0 −1 1 0 0 1
2

1
2

0

A V 0 0 1 −1 0 0 1
2

1
2

0

T T 3 3 0 0 0 0 0 0 1
2

Table 2.2. Coefficients of the isotopic Fiertz-like transformation

I I 𝜏𝜏

I I 1
2

1
2

𝜏𝜏 3
2

− 1
2

In what follows sometimes it will be necessary to take into account color indices in

terms of (2.1) type. While performing the Fiertz transformation, color indices also

change places. So we have relations

I𝛼𝛽 I
𝛾
𝛿 = a11 I

𝛼
𝛿 I

𝛾
𝛽 + a12 (ta)𝛼𝛿 (ta)𝛾𝛽,(ta)𝛼𝛽 (ta)𝛾𝛿 = a21 I
𝛼
𝛿 I

𝛾
𝛽 + a22 (ta)𝛼𝛿 (ta)𝛾𝛽. (2.14)

Coefficients aij are calculated in the same way as in case of the usual Fiertz transfor-

mation. The result of the operation is described in Table 2.3

The very important element enters Lagrangian (2.1), namely, combination (1−𝛾5).
It deserve more detailed attention. Note that we define here 𝛾5 = − 𝚤𝛾0𝛾1𝛾2𝛾3, so that𝛾25 = 1. Let us construct twomatrices

PL = 1 + 𝛾5
2

, PR = 1 − 𝛾5
2

. (2.15)

Table 2.3. Coefficients of the color Fiertz-like transformation (for colored quarks).

I I ta ta

I I 1
3

2

ta ta 4
9

− 1
3
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One easily sees, that these matrices possess all the properties, necessary for the com-

plete set of projection operators, namely

P2i = Pi, PL + PR = 1, PL ∗ PR = PR ∗ PL = 0. (2.16)

Therefore these operators split the space of spinors into two subspaces

ΨL = PLΨ = 1 + 𝛾5
2

Ψ, ΨR = PR Ψ = 1 − 𝛾5
2

Ψ. (2.17)

Thus operators PL, PR project the initial spinor on its left and right components. By

Dirac conjugation equation (2.17) becomes

Ψ̄L = Ψ̄ 1 − 𝛾5
2

, Ψ̄R = Ψ̄ 1 + 𝛾5
2

, (2.18)

where we take into account that 𝛾5 anticommutes with 𝛾0 being present in the con-

jugated spinor. In other words, left particle corresponds to right antiparticle Let us

consider free Lagrangian of the spinor field𝚤
2
( 𝜕�̄�𝜕x𝜇 𝛾𝜇 𝜓 − �̄� 𝛾𝜇 𝜕𝜓𝜕x𝜇) − m �̄� 𝜓, (2.19)

Using equations (2.17, 2.18) we rewrite it in terms of left and right components𝚤
2
(𝜕�̄�L𝜕x𝜇 𝛾𝜇 𝜓L − �̄�L 𝛾𝜇 𝜕𝜓L𝜕x𝜇 + 𝜕�̄�R𝜕x𝜇 𝛾𝜇 𝜓R − �̄�R 𝛾𝜇 𝜕𝜓R𝜕x𝜇 ) − m (�̄�R 𝜓L + �̄�L 𝜓R) , (2.20)

We see here that the first term divides in two independent parts, connected with left

and right spinors respectively, but the mass term mixes these components. If an in-

teraction is described in terms only of, say, left components and a mass is zero, right

components are thoroughly decoupled and do not appear, if they are not present ini-

tially.

Now let us return to the would-be interaction (2.1). Such four-fermion interaction

is nonrenormalizable. In particular it leads to cross-sections, which linearly rise with

energy increasing. The situation may be improved if one introduces in addition to

the photon three massive intermediate bosons: W+,W−, Z. Then instead of interac-

tion (2.1) we have

Lint = − gW(J𝛼W𝛼 + J†𝛼W
†
𝛼), (2.21)

and interaction of boson Z with a neutral current. We have the following relation

g2W
M2

W

= GF√2 . (2.22)

For the theory being renormalizable we have to introduce a gauge symmetry. It comes

out that this goal is achieved provided the symmetry of the gauge theory of the electro-

weak interaction is SU(2)×U(1) [50, 51]. SU(2) group is completely the same (inmathe-

matical aspects) as the symmetry group, describing usual spin and isotopic spin. This
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is why, the symmetry can be named aweak isospin and its representations are labeled

by values of this isospin I, which as usually , are either integer or half-integer. U(1)

group corresponds to some symmetry, conserving a charge, similar to electric charge

or hypercharge. The corresponding quantum number is named weak hypercharge Y.

A representation of the electro-weak symmetry group is hence characterized by two

numbers: (I, Y).
Now we have three Yang-Mills fields Wa

𝜇 , corresponding to SU(2) subgroup and

one photon-like field B𝜇 connected with U(1). All four of them are massless. The the-

ory of interaction of such a vector field set with a conserved spinor current is renor-

malizable. But such theory has nothing to do with real physics. As we see from a brief

review of W interactionsW+W− and Z as well have to be sufficiently massive and only

the photon is to be massless. So we have a good theory, which is not physical because

it is too good, too symmetric. A breaking of the symmetry is necessary and here lies

the central point of the theory. Let us demonstrate how the famous Higgs mechanism

works, which gives this symmetry breaking.

So we proceed to the Higgs phenomenon [52–54]. Let us consider the following

lagrangian, describing interaction of a massless vector field A𝜇 and a complex scalar

field 𝜙𝜕𝜙†𝜕x𝜇 𝜕𝜙𝜕x𝜇 − m2𝜙†𝜙 − 𝜆(𝜙†𝜙)2 − 1

4
F𝜇𝜈F𝜇𝜈 + 𝚤e(𝜙† 𝜕𝜙𝜕x𝜇 − 𝜕𝜙†𝜕x𝜇 𝜙)A𝜇 + e2A𝜇A𝜇𝜙†𝜙, (2.23)

Here F𝜇𝜈 = 𝜕𝜇A𝜈 − 𝜕𝜈A𝜇 is an electromagnetic field. The lagrangian is invariant under

the following transformations

𝜙 → e𝚤 𝜃(x)𝜙, 𝜙† → e−𝚤 𝜃(x)𝜙† , A𝜇 → A𝜇 + 1e 𝜕𝜙𝜕x𝜇 . (2.24)

If one introduce instead of fields 𝜙, 𝜙† two real fields 𝜙j, j = 1,2
𝜙 = 𝜙1 + 𝚤𝜙2√2 , 𝜙† = 𝜙1 − 𝚤𝜙2√2 , (2.25)

then transformations (2.24) for scalar fields take the form of a two-dimensional rota-

tion 𝜙1 = cos 𝜃𝜙1 − sin 𝜃𝜙2 , 𝜙2 = sin 𝜃𝜙1 + cos 𝜃𝜙2. (2.26)

Thus, the symmetry upon transformations U(1) (2.24) means un fact invariance in re-

spect to rotations of a plane. Transformations in the form (2.26) demonstrate indepen-

dence of the theory on the direction in the plane with axes 1, 2. Let us ask the question,

if a spontaneous breaking of the invariance could occur? For answering the question

one has to add to Lagrangian (2.23) a small term, which breaks the invariance𝛿 L = 𝜖 𝜙1 . (2.27)

Now we lose equivalence of two axes, so the initial invariance is valid no longer. In

particular if one considers vacuum expectation value of field 𝜙1, it is not zero, due
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to (2.27), whereas ⟨𝜙2⟩ = 0. So we have

⟨𝜙1⟩ = 𝜂, ⟨𝜙2⟩ = 0. (2.28)

In a usual theory for application of the perturbation theory being possible, such vac-

uum averages should be zero. So we redefine fields in the followingway

𝜙1 = 𝜂 + 𝜉, 𝜙2 = 𝜓. (2.29)

Now vacuum averages of both fields 𝜉 and 𝜓 are zero and Lagrangian (2.23) takes the

following form

1

2
𝜕𝜇𝜓 𝜕𝜇𝜓 + 1

2
𝜕𝜇𝜉 𝜕𝜇𝜉 − m2

2
(𝜓2 + 𝜉2) − m2𝜉 𝜂 − m2

2
𝜂2

− 1

4
F𝜇𝜈F𝜇𝜈 + e (𝜓𝜕𝜇𝜉 − 𝜉𝜕𝜇𝜓)A𝜇 − e 𝜂 𝜕𝜇𝜓A𝜇 + 𝜖𝜂 + 𝜖𝜉 (2.30)

− 𝜆
4
(𝜓4 + 2𝜓2(𝜉2 + 2𝜉𝜂 + 𝜂2) + 𝜉2 + 4𝜉3𝜂 + 6𝜉2𝜂2 + 4𝜉𝜂3 + 𝜂4)

+ e2
2
A𝜇A𝜇(𝜓2 + 𝜉2 + 2𝜉𝜂 + 𝜂2).

We have now to demand vacuum average of redefined field 𝜉 to be zero. But we know,
that in case there is a termproportional to a field itself in a Lagrangian the correspond-

ing average is not zero. So we look for the linear terms in 𝜉 in (2.30) and obtain the

following condition 𝜖 − m2 − 𝜆 𝜂3 = 0. (2.31)

At this point we switch off the initial breaking term, that is we put 𝜖→ 0 and obtain the

following relation There are two solutions of this equation. The first one is the trivial

one 𝜂 = 0. The other one, 𝜂2 = − m2𝜆 , (2.32)

just breaks the initial invariance. If both nominator and denominator are positive, the

solution does not exist. Condition 𝜆 > 0 is inevitable, because if it is not so, a theory

becomes unstable. So we have to assume, that m2 = −m2
0 is negative, that is not so

sweet, because means, that initial scalar particles are tachyons. Howeverwe shall see,

that this is not leading to observable effects. Thus, let us consider symmetry breaking

solution (2.32).

Let us look now at Lagrangian (2.30) and mark terms quadratic in scalar fields𝜉, 𝜓:
1

2
𝜕𝜇𝜓 𝜕𝜇𝜓 + 1

2
𝜕𝜇𝜉 𝜕𝜇𝜉 + m2

0

2
(𝜓2 + 𝜉2) − 𝜆 𝜂2

2
𝜓2 − 3 𝜆 𝜂2

2
𝜉2. (2.33)

Using equation (2.32) we get convinced, that field 𝜓 has now zero mass and field 𝜉
acquires normal real mass

m𝜓 = 0, m𝜉 = √2m0 . (2.34)
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The fact, that field 𝜓 is massless occurs by no means by chance. It is consequence of

the general theorem, which was proven by N.N. Bogoliubov in statistical physics [40]

andwas applied to particle physics by Goldstone [43, 44]. Bogoliubov–Goldstone the-

orem states, that in case of spontaneous symmetry breaking there is always a zero

excitation. For QFT this means inevitable existence of zero-mass field, in our case 𝜓.
The corresponding particles are usually called Goldstone particles.

Thuswe have now vector fieldA𝜇, which initially ismassless,massless scalar field𝜓 and massive scalar field 𝜉. The appearance of the massless scalar field makes the

model unrealistic, because this means an existence of a new Coulomb force, which

is severely restricted by observations. However, as it is shown in works [52–54], there

occurs a phenomenon, which leads to acquiring of a mass by the vector field and at

the same time to a disappearance of the massless scalar from the physical spectrum.

Indeed, let us consider terms in equation (2.30), whichare quadratic in thevector field

and in field 𝜓 − 1

4
F𝜇𝜈F𝜇𝜈 + 1

2
𝜕𝜇𝜓 𝜕𝜇𝜓 − e𝜂𝜕𝜇𝜓A𝜇 + e2 𝜂2

2
A𝜇A𝜇. (2.35)

One easily sees, that the last three terms are united into combinatione2 𝜂2
2

(A𝜇 − 1e 𝜂 𝜕𝜇 𝜓) (A𝜇 − 1e 𝜂 𝜕𝜇 𝜓) . (2.36)

The expression in brackets is just a gauge transformation (2.24), so we can introduce

new vector-potential

B𝜇 = A𝜇 − 1e 𝜂 𝜕𝜇 𝜓. (2.37)

Of course, the electromagnetic field can be as well expressed in terms of B𝜇: F𝜇𝜈 =𝜕𝜇 B𝜈 − 𝜕𝜈B𝜇. As a result of this substitution field 𝜓 disappears completely from equa-

tion (2.35), which is now expressed exclusively in terms of B

− 1

4
F𝜇𝜈F𝜇𝜈 + e2 𝜂2

2
B𝜇B𝜇, (2.38)

that is, it corresponds to a vector field with the mass

MB = e 𝜂. (2.39)

It comes out, that at the beginning we have four field degrees of freedom: two degrees

of themassless vector field, that corresponds to two possible states of its polarization,

and twodegrees of freedom–oneper each scalar. As a result of the symmetrybreaking

we have massive vector field with three degrees of freedom, because a massive vector

particle has three polarization states, and one massive scalar particle, which corre-

sponds to the scalar field, which acquires nonzero vacuum average, i. e., former 𝜙1. It
occurs so, that the degree of freedom of the massless scalar field is used for a creation

of the additional (the third) degree of freedom of the vector field, so that it describes
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nowmassive spin-one particle. The physical sense of theHiggs effect is connected just

with this fact.

The problem, what solution of the two ones is preferable and has to be realized is

of theutmost importance.Herewecan rely onaconsiderationof a classical interaction

energy. Indeed, the fact, that vacuum average (2.28) is not zero, corresponds to an

existence of classical constant field 𝜙1 = 𝜂. Then in the expression for the energy all

derivatives vanish and it now looks like

V(𝜙1) = m2

2
𝜙21 + 𝜆

4
𝜙41 . (2.40)

Here we take into account, that L = T − V, where kinetic energy T is just connected

with terms with derivatives. The dependence of potential energy (2.40) on 𝜙1 drasti-
cally differs for two cases: m2 > 0 and m2 < 0. As we see from 6.5, a minimum of the

potential energy form2 > 0 is evidently situated at 𝜙1 = 0, whereas form2 > 0 it is sit-

uated at some finite point 𝜙21 = −m2/𝜆 and is negative. This means that for the second

case there are two equilibrium points, but the trivial point 𝜙1 = 0 is unstable. On the

contrary, the nontrivial one corresponds to stable state.

V(𝜙1)

𝜙10.5 1.0 1.5 2.0

1

2

3

4

5

Fig. 2.1. Dependence of the effective potential energy on 𝜙1. The upper line corresponds tom2 > 0,

the lower one corresponds tom2 < 0.

The stable state with minimal energy just corresponds to a nonzero vacuum average,

that is it leads to the symmetrybreakingwith theproperties beingdescribed. The posi-

tion of the minimum of course exactly coincides with solution (2.32). Let us note also,

that Figure 2.1 illustrates the statement, which was made above, concerning an insta-

bility of a theory with 𝜆 < 0. Indeed, in this case for 𝜙1 → ∞ a potential energy tends

to the negative infinity, that evidently leads to instability.

It is important to note, that for the nontrivial solution the initial gauge invari-

ance (2.24) is broken, because now we have the massive vector field B𝜇. The Higgs



2.1 The electro-weak theory | 35

phenomenon occurs also in nonabelian Yang–Mills theories [15]. The application to

this problem is demonstrated in works [55, 56]. Let us proceed to the real situation in

the EWT. As we have noted, for a description of the electro-weak interactions we have

to use four gauge fields, corresponding to symmetry group SU(2) × U(1). So we have
threeWa

𝜇 , a = 1,2,3 and one B𝜇, in other notations
W+

𝜇 = W1
𝜇 − 𝚤W2

𝜇√2 , W−
𝜇 = W1

𝜇 + 𝚤W2
𝜇√2 , W0

𝜇 = W3
𝜇 . (2.41)

It is necessary to remind, that as a result of a breaking of the gauge invariance of the

theory we have to obtain three massive vector fields:W+
𝜇 , W−

𝜇 , Z𝜇 and amassless pho-

ton A𝜇. Now W0 and B have the same quantum numbers, being as well the same as

physical states Z and A are to have. So the last two can be expressed as linear combi-

nations of the initial ones

W0
𝜇 = cos 𝜃W Z𝜇 + sin 𝜃W A𝜇, B𝜇 = − sin 𝜃W Z𝜇 + cos 𝜃W A𝜇, (2.42)

where 𝜃W is usually called Weinberg mixing angle. To create three masses we need at

least three Goldstone bosons. We need also at least one scalar field which acquires

nonzero vacuum average and finally becomes an observable spin-zero particle. So

there is minimal number four for initial scalar fields. Thus we consider the standard

set of scalar fields, which correspond to spinor representations of the group SU(2),
that is 𝜙 is a complex doublet

𝜙 = (𝜙1𝜙2) , 𝜙† = (𝜙†1 𝜙†2). (2.43)

Then the Lagrangian describing the intermediate bosons and scalars (2.43) in the

electro-weak theory is the following

L = − 1

4
Wa

𝜇𝜈W
a
𝜇𝜈 − 1

4
B𝜇𝜈B𝜇𝜈 + (D𝜇𝜙)†(D𝜇𝜙) − m2𝜙†𝜙 − 𝜆(𝜙†𝜙)2,
B𝜇𝜈 = 𝜕𝜇 B𝜈 − 𝜕𝜈 B𝜇,

Wa
𝜇𝜈 = 𝜕𝜇Wa

𝜈 − 𝜕𝜈Wa
𝜇 + g 𝜖abc Wb

𝜇 W
c
𝜈. (2.44)

Charges of 𝜙 in respect to SU(2) : g and U(1) : g correspond to the following long

(covariant) derivative of 𝜙
D𝜇 𝜙 = 𝜕𝜇𝜙 + 𝚤 g Wa

𝜇

𝜏a
2

𝜙 + 𝚤
2
g B𝜇 𝜙,

(D𝜇 𝜙)† = 𝜕𝜇𝜙† − 𝚤 g Wa
𝜇
𝜏a
2

𝜙† − 𝚤
2
g B𝜇 𝜙†. (2.45)

From equation (2.45) we see, that 𝜙 corresponds to representation (1/2,1) of the
SU(2) × U(1). Let us put again m2 < 0, m2 = −m2

0, then Higgs phenomenon occurs.

Let 𝜙2 has nonzero real vacuum expectation value⟨𝜙2⟩ = 𝜂√2 . (2.46)
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Let us introduce new notations, which generalizes (2.43)

𝜙 = 1√2 ( 𝜓1 + 𝚤 𝜓2𝜂 + 𝜎 + 𝚤 𝜉 ) , 𝜙† = (𝜓1 − 𝚤 𝜓2√2 𝜂 + 𝜎 − 𝚤 𝜉√2 ) . (2.47)

Similarly to how we deal with the fields substitution in Higgs model, we proceed here

and obtain in place of equation (2.44)

1

2
𝜕𝜇𝜓i𝜕𝜇𝜓i + 1

2
𝜕𝜇𝜎𝜕𝜇𝜎 + 1

2
𝜕𝜇𝜉𝜕𝜇𝜉 + m2

0

2
(𝜓2

i + 𝜉2 + 𝜎2 + 2𝜂𝜎 + 𝜂2)
− 𝜆
4
((𝜓2

i + 𝜉2 + 𝜎2)2 + 2𝜂𝜎(𝜓2
i + 𝜉2 + 𝜎2) + 2 𝜂2(𝜓2

i + 𝜉2 + 3𝜎2) + 4𝜂3𝜎 + 𝜂4)
−1
4
Wi

𝜇𝜈W
i
𝜇𝜈 − 1

4
W0

𝜇𝜈W
0
𝜇𝜈 − 1

4
B𝜇𝜈B𝜇𝜈 (2.48)

− g 𝜂
2

𝜕𝜇𝜓i Wi
𝜇 − 𝜂

2
𝜕𝜇𝜉(gW0

𝜇 − gB𝜇) + g2𝜂2
8

Wi
𝜇W

i
𝜇

+ 𝜂2
8
(g W0

𝜇 − gB𝜇)(gW0
𝜇 − gB𝜇) + ⋅ ⋅ ⋅

Here i = 1, 2. By dots we designate numerous additional terms, which does not enter

into definition of masses and mixing parameters of fields. From the beginning we as-

sume the negative sign for the mass squared of the scalar field. The condition of the

vacuum average of the redefined field 𝜎 be equal to zero is exactly the same, as equa-

tion (2.32) in the original Higgs model. Provided nontrivial solution is realized, fields𝜓i, 𝜉 have zero masses and field 𝜎 acquires mass √2m0. Namely this particle, which

remains in the physical spectrum is called the Higgs boson H and we have

MH = √2m0 = 𝜂√2𝜆. (2.49)

We see also from equation (2.48), that massless scalars again are united in combi-

nations similar to that of equation (2.36) and the corresponding vector fields obtain

masses. The chargedWi are redefined in the followingway:

Wi
𝜇 → Wi

𝜇 − 1

g 𝜂𝜕𝜇𝜓i, (2.50)

and have now the followingmass:

MW = g 𝜂
2

. (2.51)

Neutral fieldsW0
𝜇 and B𝜇 form the following physical combination:

Zi𝜇 = g√g2 + g2
W0

𝜇 − g√g2 + g2
B𝜇 − 2𝜂√g2 + g2 𝜕𝜇𝜉, (2.52)

and the neutral vector boson Z has the followingmass:

MZ = 𝜂√g2 + g2

2
. (2.53)
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Comparing equation (2.52) with equation (2.42), we see, that the Weinberg angle is

defined in terms of the coupling constants in the followingway:

cos 𝜃W = g√g2 + g2
, sin 𝜃W = g√g2 + g2

. (2.54)

Again from equation (2.48) we also see, that the photon combination (2.42) remains

massless. Thus we explicitly trace the action of the Higgs effect in the electro-weak

theory and obtain masses of intermediate bosons and Higgs scalar, value of vacuum

average 𝜂 and expression of Weinberg mixing angle in terms of initial parameters of

the theory: g, g, 𝜆, m0.

Let us obtain also relation, connecting the parameters of the theory with elemen-

tary electric charge e . We know, that charged W± are to have unit charge. Hence, the

upper components of scalars (2.43) have also unit charge. So in long derivative (2.45)

electromagnetic vector-potential has to enter with coefficient 𝚤e. Substituting equa-

tion (2.42) into equation (2.45) we have

e = g g√g2 + g2 = g sin 𝜃W . (2.55)

Let us proceed to a description of an interaction of vector and scalar fields with

leptons andquarks. The interactionof the chargedbosonsW± with leptons andquarks

are to be described by expression (2.21) with charged current (2.1). For the beginning

let us takeonly thefirst termof the current,which contain the electronand the electron

neutrino. We have to formulate a Lagrangian having exact SU(2) ×U(1) symmetry.We

know, thatW± interact only with left-handed components of leptons, whereas a pho-

ton interacts with both components. Therefore, a minimal set of spin one-half fields

consists of a doublet of left spinors and a right electron, which is singlet in respect to

weak SU(2). ΨL = 1 + 𝛾5
2

( 𝜈e
e
), ΨR = 1 − 𝛾5

2
e. (2.56)

The spinor containing part of the Lagragian has the following form

Ł𝜓 = 𝚤
2
(Ψ̄L𝛾𝛼D𝛼ΨL − D𝛼Ψ̄L𝛾𝛼ΨL)+ 𝚤
2
(Ψ̄R𝛾𝛼D𝛼ΨR − D𝛼Ψ̄R𝛾𝛼ΨR) + ge(Ψ̄LΨR + Ψ̄RΨL), (2.57)

where

D𝛼ΨL = 𝜕𝛼ΨL + 𝚤g𝜏b
2

Wb
𝛼ΨL − 𝚤g1B𝛼ΨL, D𝛼ΨR = 𝜕𝛼ΨR − 𝚤g2B𝛼ΨR, (2.58)

and corresponding expressions for Dirac conjugated spinors. Here as usually the

gauge interaction of a Yang-Mills triplet with a doublet is defined by the same gauge

constant g, which enters equations (2.44, 2.45). In respect toU(1) symmetryΨL belongs

to representation (1/2,−2g1/g) andΨL to (0, −2g2/g) one.We will soon explicate val-

ues of hyper-charges. Note, that the right singlet does not interact withW field. It as
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easy to understand the fact, because ΨR has weak isospin zero, so adding two zero

isospin state one never obtains isospin one of W . The last term in equation (2.57)

is very important, because it provides an electron with a mass. Really, substituting

equation (2.47) with account of (2.56) into this term we have

ΔL𝜓 = ge 𝜂√2 (ēLeR + ēReL) + ge 𝜎√2 (ēLeR + ēReL) + 𝚤ge 𝜉√2 (ēLeR − ēReL), (2.59)

The first term of this relation is just describing an electron mass, namely

me = ge 𝜂√2 = √2 ge MW

g
, (2.60)

where we have used equation (2.51) for the W mass. Hence, the symmetry breaking

leads at the same time to appearing of a mass of the electron (and of other spin one-

half particles). The second term in equation (2.59) is describing the interaction of the

Higgs boson 𝜎with an electron (and similar terms with other spinors). We come thus

to a conclusion, that an interaction constant of Higgs boson with a spinor particle a is

proportional to its mass

ga = gma√2MW

. (2.61)

Let us return to the interaction with gauge bosons. Substituting equation (2.58) into

equation (2.57) we have the following expression for the interaction Lagrangian

Lint = − g

2
Ψ̄L𝜏b Wb

𝜇 𝛾𝜇ΨL + g1 Ψ̄LB𝜇 𝛾𝜇ΨL + g2 Ψ̄RB𝜇 𝛾𝜇ΨR. (2.62)

First of all we demand the Lagrangian (2.62) to describe correctly the electromagnetic

interaction. Using equation (2.42) we extract the photon interaction

(g
2
ēL𝛾𝛼eL sin 𝜃W+( g1 ēL𝛾𝛼 eL + g2 ēR𝛾𝛼eR) cos 𝜃W)A𝛼 = e (ēL𝛾𝛼eL + ēR𝛾𝛼eR)A𝛼. (2.63)

The right hand side of the expression describes thewell-knownelectromagnetic inter-

action (1.36). Demanding independent terms in equation (2.63) be equal in both sides,

we obtain the following conditions

g

2
sin 𝜃W + g1 cos 𝜃W = e, g2 cos 𝜃W = e,− g

2
sin 𝜃W + g1 cos 𝜃W = 0. (2.64)

Solving the set of equations we obtain finally

g = esin 𝜃W , g1 = e
2 cos 𝜃W , g2 = ecos 𝜃W , g = g2. (2.65)

We encounter already the first relation and the last one gives values of weak hyper-

charges of the left and the right spinors respectively

ΨL → (1
2
, −1) , ΨR → (0, −2). (2.66)
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Of course, we can also express gi in terms of g

g2 = 2 g1 = g tan 𝜃W . (2.67)

Now from equation (2.62) we have interaction terms forW and Z

ΔLint = − g

2√2 (ē 𝛾𝜇(1 + 𝛾5)𝜈e W𝜇 + ̄𝜈e 𝛾𝜇(1 + 𝛾5)eW†
𝜇) − g Z𝜇

2 cos 𝜃W (2.68)

×(�̄�e 𝛾𝜇 (1 + 𝛾5)
2

𝜈e + ē 𝛾𝜇 (−(1 − 2 sin2 𝜃W) (1 + 𝛾5)
2

+ 2 sin2 𝜃W (1 − 𝛾5)
2

) e) .
The first two terms coincide with expression (2.21) with current (2.1). Thenwe have the

following relation
g

2√2 = gW . (2.69)

This relation allows us to connectW mass with other parameters. Indeed, from (2.22)

and (2.69) we have

M2
W = g2 √2

8GF

= e2√2sin2 𝜃W 8GF

= 𝜋𝛼√2 sin2 𝜃W GF

, (2.70)

where 𝛼 is the fine structure constant (1.38). Here 𝛼, GF and sin 𝜃W were known from

experiments beforeW discovery, so expression(2.70) served for prediction ofW mass.

Using equations (2.51, 2.53), we have

MZ = MW| cos 𝜃W | , (2.71)

The term in brackets by the Z𝜇 in equation (2.69) is the weak neutral current. It can be

represented in the following form

J0𝜇 = 1

2
̄𝜈e 𝛾𝜇(1+𝛾5)𝜈e − 1

2
ē 𝛾𝜇(1+𝛾5)e+2 sin2 𝜃W ē𝛾𝜇 e = I3(V−A)𝜇 +2 sin2 𝜃W Jem𝜇 . (2.72)

Nowwe can include in the theory also other elementary leptons and quarks of the Ta-

ble 1.1. The expression for charge current J𝜌 is already presented in equations (2.1, 2.3).

As a matter of fact this means, that in addition to doublet (2.56), we introduce the fol-

lowing lepton and quark doublets

Ψ𝜇L = 1 + 𝛾5
2

( 𝜈𝜇𝜇 ), Ψ𝜏L = 1 + 𝛾5
2

( 𝜈𝜏𝜏 ),
ΨUL = 1 + 𝛾5

2
( u

d  ), ΨCL = 1 + 𝛾5
2

( c

s 
), (2.73)

ΨTL = 1 + 𝛾5
2

( t

b  ).
All the lepton doublets are (1/2,−1) and all the quark doublets are (1/2,1/3) in re-

spect to SU(2) × U(1). The prime at lower components of doublets is explicated by
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Cabibbo–Kobayashi–Maskawa matrix (2.3). We are to have also right components for

charged lepton and for all quarks. So we have the following set of right spinors in ad-

dition to (2.56)

Ψ𝜇R = 1 − 𝛾5
2

𝜇, Ψ𝜏R = 1 − 𝛾5
2

𝜏, (2.74)

ΨUR = 1 − 𝛾5
2

u, ΨCR = 1 − 𝛾5
2

c, ΨTR = 1 − 𝛾5
2

t,
ΨDR = 1 − 𝛾5

2
d, ΨSR = 1 − 𝛾5

2
s, ΨBR = 1 − 𝛾5

2
b.

Here all leptons (the first line) are (0,-2), up quarks (the second line) are (0,4/3) and

down quarks (the third line) are (0, -2/3).

These newly introduced objects interact with gauge bosons and scalars in the

same way, as the electron and its neutrino, so that we have electro-weak interaction

Lagrangian ofW , Z, Awith leptons and quarks in the following form:

Lint = − g

2√2 (J𝜌W𝜌 + J†𝜌W
†
𝜌) − g

2 cos 𝜃W J0𝜌 Z𝜌 + e Jem𝜌 A𝜌,
J0𝜌 = 1

2
( ̄𝜈e𝛾𝜌(1 + 𝛾5)𝜈e + �̄�𝜇𝛾𝜌(1 + 𝛾5)𝜈𝜇 + ̄𝜈𝜏𝛾𝜌(1 + 𝛾5)𝜈𝜏+ ū𝛾𝜌(1 + 𝛾5)u + c̄𝛾𝜌(1 + 𝛾5)c + ̄t𝛾𝜌(1 + 𝛾5)t) (2.75)

− 1

2
(ē𝛾𝜌(1 + 𝛾5)e + �̄�𝛾𝜌(1 + 𝛾5)𝜇 + ̄𝜏𝛾𝜌(1 + 𝛾5)𝜏+ d̄𝛾𝜌(1 + 𝛾5)d + ̄s𝛾𝜌(1 + 𝛾5)s + b̄𝛾𝜌(1 + 𝛾5)b) + 2 sin2 𝜃W Jem𝜌 ,

Jem𝜌 = ē𝛾𝜌e + ̄𝜇𝛾𝜌𝜇 + ̄𝜏𝛾𝜌𝜏 − 2

3
(ū𝛾𝜌u + ̄c𝛾𝜌c + ̄t𝛾𝜌t) + 1

3
(d̄𝛾𝜌d + ̄s𝛾𝜌s + b̄𝛾𝜌b).

2.1.1 Feynman rules for the electro-weak interaction

Propagators for intermediate bosons, scalars 𝜙 and ghosts 𝜔 -n 𝜉-gauge:
W± : −𝚤(2𝜋)4(k2 −M2

W
+ 𝚤𝜖) (g𝜇𝜈 + (𝜉 − 1) k𝜇k𝜈

k2 − 𝜉M2
W

) ,
Z : −𝚤(2𝜋)4(k2 −M2

Z
+ 𝚤𝜖) (g𝜇𝜈 + (𝜉 − 1) k𝜇k𝜈

k2 − 𝜉M2
Z

) ,
𝜙± : 𝚤(2𝜋)4(k2 − 𝜉M2

W
+ 𝚤𝜖)𝜙2 : 𝚤(2𝜋)4(k2 − 𝜉M2

Z
+ 𝚤𝜖)𝜙1 ≡ H : 𝚤(2𝜋)4(k2 −M2
H
+ 𝚤𝜖)𝜔± : −𝚤(2𝜋)4(k2 − 𝜉M2

W + 𝚤𝜖)
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𝜔z : −𝚤(2𝜋)4(k2 − 𝜉M2
Z
+ 𝚤𝜖)𝜔𝛾 : −𝚤(2𝜋)4(k2 + 𝚤𝜖) (2.76)

Here 𝜉 = 1 corresponds to the Feynman gauge, 𝜉 = 0 corresponds to the Landau gauge

and the limit for 𝜉 → ∞ gives the unitary gauge without ghosts. Note that from here

we denote the surviving scalar field 𝜙1 by H and name it the Standard Model Higgs

scalar particle (Higgs boson).

Vertices for the boson interactions are the following, where incoming momenta

are correspondingly presented in brackets

A𝜇W
+
𝜈 ,W−

𝜌 (k; p; q) : (2𝜋)4 e (g𝜇𝜈(k𝜌 − p𝜌) + g𝜈𝜌(p𝜇 − q𝜇) + g𝜌𝜇(q𝜈 − k𝜈)),
Z𝜇W

+
𝜈W

−
𝜌 (k; p, q) : (2𝜋)4 g cos 𝜃W(g𝜇𝜈(k𝜌−p𝜌)+g𝜈𝜌(p𝜇−q𝜇)+g𝜌𝜇(q𝜈−k𝜈)),

Wa
𝜇W

b
𝜈W

c
𝜌W

d
𝜎 : ig2 (2𝜋)4(𝜖abn𝜖ncd(g𝜇𝜎g𝜈𝜌−g𝜇𝜌g𝜈𝜎)+𝜖acn𝜖nbd(g𝜇𝜎g𝜈𝜌−g𝜇𝜈g𝜌𝜎)+ 𝜖adn𝜖nbc(g𝜇𝜌g𝜈𝜎 − g𝜇𝜈g𝜌𝜎)),

W+
𝜇 ūd : (2𝜋)4 𝚤 g

2√2𝛾𝜇(1 + 𝛾5),
W−

𝜇 d̄u : (2𝜋)4 𝚤 g
2√2𝛾𝜇(1 + 𝛾5),

Z𝜇ūu : (2𝜋)4 𝚤 g
4 cos 𝜃W 𝛾𝜇 ((1 + 𝛾5) − 8

3
sin2 𝜃W) ,

Z𝜇d̄d : (2𝜋)4 𝚤 g
4 cos 𝜃W 𝛾𝜇 (−(1 + 𝛾5) + 4

3
sin2 𝜃W) ,

Z𝜇�̄�i𝜈i : (2𝜋)4 𝚤 g
4 cos 𝜃W 𝛾𝜇(1 + 𝛾5),

Z𝜇
̄lili : (2𝜋)4 𝚤 g

4 cos 𝜃W 𝛾𝜇(−(1 + 𝛾5) + 4 sin2 𝜃W ),
HW+

𝜇W
−
𝜈 = 𝚤 (2𝜋)4 g MW g𝜇𝜈,

HZ𝜇Z𝜈 = 𝚤 (2𝜋)4 gMWcos 𝜃W g𝜇𝜈,
HΨjΨj = 𝚤 (2𝜋)4 g Mj√2MW

,

(2.77)

Now we can proceed to applications. At first we demonstrate simple tools to deal

withW and Z decays in the lowest approximation, corresponding to the so called tree

diagrams. In numerical estimates we use here values (the precise values are present

in corresponding tables)

GF = 1.166GeV−2, sin2 𝜃W = 0.23,
MW = 80.4GeV, MZ = 91.2GeV. (2.78)

Let us start with W decays, which are described by vertices (2.77). Calculation of a

decay into a lepton pair gives the following partial width provided we neglect lepton
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masses Γ(W+ → l+ 𝜈l) = g2MW

48𝜋 = GF M
3
W

6√2 𝜋 ≃ 227MeV. (2.79)

The same expression multiplied by 3 (the number of colors) is describing the decay

W → ud̄. We have three lepton channels, according to e, 𝜇, 𝜏 and two quark channels
ud̄, c ̄s. So to obtain the total width one has to multiply (2.79) by 3 + 2 ⋅ 3, i. e.,

Γt(W) = 9GF M
3
W

6√2 𝜋 = 9 ⋅ 227MeV = 2.043GeV. (2.80)

Branching ratios for different decay modes follow form the above and are 1/9 for each

lepton mode and 1/3 for each quark mode. these simple results are valid with a con-

siderable accuracy.

To deal with Z decays, we have to note, that (2.79) describes a partial width no

matter which sign stands in brackets (1 ± 𝛾5). Contributions of left and right parts do
not interfere in the approximation of zero spinor masses due to orthogonality prop-

erty (2.16), so we have for a partial width

Γ(Z → ΨΨ̄) = GF M
3
Z

12√2𝜋 (g2L + g2R), (2.81)

where gL,R are coefficients afore (1 ± 𝛾5) respectively in brackets of expressions (2.77)
for a corresponding vertex. We calculate in this way the total width and obtain

Γt(Z) = GF M
3
Z

12√2 𝜋 (21 − 40s + 160s2

3
) ≃ 2.43GeV.

s = sin2 𝜃W . (2.82)

Again simple estimate gives a satisfactory value (Γexp = 2.4952 ± 0.0023GeV). It
easy to obtain also branching ratios for different decay modes. For instance. invisible

neutrino modes have each GL = 1, gR = 0, so for three neutrinos we haveΓinvisΓexp = 3

21 − 40s + 160s2

3

= 0.1994, (2.83)

to be compared with the measured value 0.2000 ± 0.0008, that as is well-known, fix
the number of light neutrinos to be just three.

Thus simple tree-level calculations give satisfactory agreement with data. How-

ever, the lowest order of perturbation theory may be the same in different physical

theories. So, a real proof of of the validity of a theory can be achieved only after mea-

surement of radiative corrections. Such was the history of a justification of QED. Now

precision of experiments on electro-weak effects allows to measure also radiative cor-

rections. The totality of data gives now precision tests of the Standard Model, the part

of data are presented in Table 2.4. Forproper comparison one have to take into account

the the electro-weak corrections as well as the QCD corrections.
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Let us discuss briefly the QCD corrections. First of all we have to take into account

the fact, that all quantities, connected with color objects become running with Q2.

That is, we have running strong coupling constant 𝛼s(Q2) and running quark masses

mq(Q2). Secondly, all probabilities of quark – antiquark decay channels have to be

multiplied by the famous factor

Rs = 1 + 𝛼s(M2
Z)𝜋 (2.84)

This factor has to be introduced, e. g., in calculations of Z width. We have instead

of (2.82) with account of (2.84) and 𝛼S(MZ) = 0.119
Γt(Z) = GF M

3
Z

12√2 𝜋 (6 − 12s + 24s2 + Rs (15 − 28s + 88 s2

3
)) = 2.494GeV, (2.85)

that remarkably improves agreement with the experimental number. In the similar

way other radiative corrections are calculated with necessary precision that allows to

perform estimation of agreement of the theory with the experiment. The main points

of the comparison are presented in Table 2.4. The notations there are the following:

hadronic peak cross-section at √s = Mz 𝜎had
partial leptonic and hadronic widths Γ𝜈, Γe, Γ𝜇, Γ𝜏 , Γu, Γd, Γs, Γc, Γb
the total hadronic width Γh = Γu + Γd + Γs + Γc + Γb
ratios Rl, Rb, Rc
asymmetries Ab

FB, Ac
FB

The notations here needs explications, which follows below:

Γinvis = Γt(Z) − Γe − Γ𝜇 − Γ𝜏 − Γh,
Rl = ΓhΓl , Rb, c = Γb, cΓh , 𝜎h = 12𝜋Γe ΓhΓZ M2

Z

, (2.86)

and asymmetries are defined according to the following relation:

Ab
FB = 𝜎(e−e+ → bb̄)F − 𝜎(e−e+ → bb̄)B𝜎(e−e+ → bb̄)F + 𝜎(e−e+ → bb̄)B , (2.87)

where𝜎F corresponds to the b-quark flying inside the forward hemisphere in direction

of the electron momentum.

2.1.2 Higgs scalar search

The existence of scalar Higgs particle is one of the main keystones of the electro-weak

theory. Let us summarize properties of the particle. Remind, that its coupling are pro-

portional to masses of particles. WithMH increasing its interaction becomes stronger.
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For MH in the range 114–130 GeV the dominant decay channel of the Higgs boson is

H → b̄ b. In the first approximation the partial width of a decay to a fermion pair is

the following

Γ(H → ̄f f ) = NC GF

4 𝜋√2MH m
2
f (1 − 4m2

f

M2
H

) 3
2 . (2.88)

The channel of Higgs decay to vector boson pair corresponds to the following partial

width Γ(H → VV) = GF M
3
H

16𝜋√2𝛿V√1 − 4x (1 − 4x + 12x2), x = M2
V

M2
H

, (2.89)

where 𝛿W = 2, 𝛿Z = 1.
The decay channels to (𝛾𝛾), (Z𝛾), (gluongluon)proceed via loop diagrams and the

resulting widths are written down below

Γ(H → 𝛾𝛾) = GF 𝛼2M3
H

128𝜋3√2 |AW (𝜏W ) + ∑
f

NC Q
2
f Af (𝜏f )|2, (2.90)

Γ(H → g g) = GF 𝛼2s M3
H

64𝜋3√2 | ∑
f=Q

Af (𝜏f )|2, (2.91)

where 𝜏i = M2
H/(4m2

f ) and
AW (𝜏) = −2𝜏2 + 3𝜏 + 3 f (𝜏)(2𝜏 − 1))𝜏2 , (2.92)

Af (𝜏) = 2(𝜏 + f (𝜏)(𝜏 − 1))𝜏2 ,
where

f (𝜏) = − arcsin2 √𝜏 for 𝜏 ≤ 1, (2.93)

f (𝜏) = −1
4
| ln 𝜏 + √𝜏 − 1𝜏 − √𝜏 − 1

− 𝚤𝜋|2 for 𝜏 > 1.
For H → 𝛾𝛾 and for H → Z 𝛾 the W loop provides dominant contribution for not very

large MH .

The intensive search for the Higgs boson is performing at the LHC and recently it

results indiscovery [57, 58] of a resonanceatmassM = 125.7±0.6GeVwithproperties

consistent with those predicted for the Higgs particle. We shall return to discussion of

this discovery in the subsequent chapters.

2.2 Status of the standardmodel

We consider the Standard Model to be the reliable basis for description of elementary

particles physics.
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Let us present the main experimental data in comparison to the SM calculations

according to [59] in Table 2.4. We have to compare the second column, representing

experimental results, with the rest three, which present results of the overall fit in the

framework of the electroweak theory. We see, that the agreement is satisfactory while

there are only two points, in which there are discrepancies slightly more than 2 stan-

dard deviations. The are the forward-backward asymmetry A0, b
FB

in decay Z → b̄b and

the relative probability of decay Z → b̄b. Nevertheless the overall fit is in good form,

so we may conclude on behalf of the agreement of the theory and the experiment.

We have also to bear inmind, that the totality of experimental data on hadronic re-

actions at highenergies including the recent data from theLHCexperiments agrees the

QCDpredictions. In doing this comparison the behavior of the running coupling (1.69)

with parameters (1.70) is used. The value of 𝛼s(MZ) quoted in (1.71) is taken just from

data, presented in Table 2.4.

There is only one suspicious point in all the totality of data. This is the anomalous

magnetic moment of the muon. We know, that a charged spin one-half particle has

Dirac magnetic moment

D0
m = e

2m

The radiative corrections give additional contributions Dm = D0
m(1 + am) to this quan-

tity and according to measurements of this contribution to the electron [12] and the

muon [60] we have

aexpe = 11596521807.3(2.8) ⋅ 10−13,
aexp𝜇 = 11659208.9(6.3) ⋅ 10−10. (2.94)

The first number for electron agrees calculations in the framework of QED with ac-

count of the electroweak and hadronic contributions. However the second number

deviates from such calculations, which give the following contributions to a𝜇

aQED𝜇 = (11658418.853± 0.037) ⋅ 10−11,
aEW𝜇 = (154 ± 2.0) ⋅ 10−11, ahadron𝜇 = (6967 ± 59) ⋅ 10−11. (2.95)

atheor𝜇 = aQED𝜇 + aEW𝜇 + ahadron𝜇 .
Thus we have the following discrepancy with significance 2.9𝜎

Δa𝜇 = aexp𝜇 − atheor𝜇 = (249 ± 87) ⋅ 10−11. (2.96)

The other method of processing of data [61–63] gives rather larger significance of

the effect Δa𝜇 = aexp𝜇 − atheor𝜇 = (349.3 ± 82.3) ⋅ 10−11. (2.97)

This would-be discrepancy maycause serious trouble for the perturbative electroweak

theory. We shall consider possible nonperturbative contributions to a𝜇 below.
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Table 2.4. Input values and fit results for the observable and parameters of the global electroweak
fit. The first and the second columns list respectively the parameters used in the fit and their experi-

mental values. In the third column the fit results are given

Parameter Experiment Fit result

MH [GeV] 125.7 ± 0.4 94+25−22

MW [GeV] 80.385 ± 0.015 80.377

MZ [GeV] 91.1875 ± 0.0021 91.1874

𝜎0had [nb] 41.540 ± 0.037 41.478

R0l 20.767 ± 0.025 20.7142

A0, lFB 0.0171 ± 0.0010 0.01645

sin2 𝜃leff 0.2324 ± 0.0012 0.2314

Ac 0.670 ± 0.027 0.668

Ab 0.923 ± 0.020 0.935

A0, cFB 0.0707 ± 0.0035 0.0742

A0, bFB 0.0992 ± 0.0016 0.1038

R0c 0.1721 ± 0.0030 0.1723

R0b 0.21629 ± 0.00066 0.21579

𝛼s(MZ) — 0.1191 ± 0.0028

We present in Table 2.4 the comparison of experimental values of several parameters

with the corresponding calculated values being obtained from the overall fit.

We see from Table 2.4 possible discrepancy in value of forward-backward asym-

metry A0, b
FB

in process e+ e− → b̄ b at energy √s = MZ

ΔA0,b
FB = A0, b

FB exp
− A0, b

FB th

A0, b
FB th

= −0.044 ± 0.016. (2.98)

It is 2.8 s.d. effect, so the statistical significance in rather poor, however one may bear

this problem in mind also.

There is also one very interesting problem, which speaking formally contradicts

the Standard Model. We mean the problem of the neutrino oscillations.

In the electroweak Lagrangian (2.75) we assume neutrino masses to be zero.

However, there is no convincing argument for this prescription, contrary to cases of

gauge vector bosons (the photon and the gluons). In case masses of neutrinos are

not strictly zero, they may be mixed one with the other analogously the case of lower

quarks (d, s, b) mixing. This mixing is described by Cabibbo–Kobayashi–Maskawa

matrix (2.3). Let us for simplicity consider case of two different neutrino states 𝜈e and𝜈𝜇 . Let us suppose, that states with definite masses are not these electron and muon

neutrinos, but states, which we designate 𝜈1 and 𝜈2. Then in general we have the
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following relations

𝜈e = cos 𝜙 𝜈1 + sin 𝜙 𝜈2, 𝜈𝜇 = − sin 𝜙 𝜈1 + cos 𝜙 𝜈2 , (2.99)

where 𝜙 is a mixing angle. Let us consider time dependence of state 𝜈e, having mo-

mentum p |𝜈e(t) >= e−𝚤E1t cos 𝜙 |𝜈1 > +e−𝚤E2t sin 𝜙 |𝜈2 >, (2.100)

where

E1 = √p2 +m2
1 , E2 = √p2 + m2

2. (2.101)

Now by writing in expression 𝜈1,2 in terms of 𝜈e, 𝜈𝜇 according to (2.99, we have|𝜈e(t) >= (e−𝚤E1t cos2 𝜙 + e−𝚤E2t sin2 𝜙) |𝜈e > + cos 𝜙 sin 𝜙 (e−𝚤E2t − e−𝚤E1t)|𝜈𝜇 > . (2.102)

Now the probability to detect the muon neutrino 𝜈𝜇 if for t = 0 we have pure neutrino

electron state is the following

W(𝜈e → 𝜈𝜇) = 1

2
sin2 2𝜙 (1 − cos(E1 − E2)t) . (2.103)

Substituting relations (2.101) into expression (2.103) and using distance x instead of

time t we have the following result for probability of 𝜈e → 𝜈𝜇 transition
W(𝜈e → 𝜈𝜇) = 1

2
sin2 2𝜙 (1 − cos Δm2 x

2p
) ,

= sin2 2𝜙 sin2 Δm2 x

4p
, Δm2 = m2

2 − m2
1. (2.104)

The probability for 𝜈e to remain itself is evidently the following

W(𝜈e → 𝜈e) = 1 − sin2 2𝜙 sin2 Δm2 x

4p
. (2.105)

The phenomenon of neutrino oscillations was predicted by B. Pontecorvo [64] and

discovered first in atmospheric neutrino studies [65].

We have in interaction Lagrangian (2.75) three neutrinos. Thus for complete de-

scription of oscillationswe have to use all three neutrino mixing (see, e. g. [66]), which

is described by 3 × 3 matrix in the commonly adopted notations

(𝜈e𝜈𝜇𝜈𝜏) = ( c12c13 s12c13 e−𝚤𝛿s13−s12c23 − e𝚤𝛿c12s13s23 c12c23 − e𝚤𝛿s12s13s23 c13s23−e𝚤𝛿s13c12c23 + s12s23 −e𝚤𝛿s12s13c23 − c12s23 c13c23

) (𝜈1𝜈2𝜈3). (2.106)

Here, as well as in expression (2.3), sij = sin 𝜃ij and cij = cos 𝜃ij.
After the discovery [65] the phenomenon was extensively studied and nowadays

we have considerable information on the parameters of neutrino oscillations, which
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may be found in [4]. Values of differences of the mass squared Δm2 are of the most in-

terest for the forthcoming discussion in the book. The available data are the following

sin2 2𝜃12 = 0.857 ± 0.024, sin2 2𝜃23 > 0.95,sin2 2𝜃13 = 0.095 ± 0.010,Δm2
12 = (7.50 ± 0.20) ⋅ 10−5 eV2, (2.107)Δm2

23 = 0.00232+0.00012−0.00008 eV
2.

Strictly speaking nonzero masses of neutrinos and their mixing do not contradict to

the ideology of the electroweak interaction.

In any case the Standard Model seems to be in good form now. The only possible

deviations may be due to nonperturbative effects of the electroweak interaction. We

shall return to these considerations in the forthcoming chapters.

However, there are problems of hierarchy and of naturalness. The hierarchy prob-

lem is connected with the danger of an instability of the Standard Model in relation

to quantum corrections [67, 68]. This is connected with existence of the fundamental

scalar field of the Higgs boson. Even the second order correction to the scalar field

mass is quadratic divergent. We have already mentioned in Section 1.3, that natural

scale of effective cut-off may be connected with Planck mass (1.44). But then with in-

teraction of the Higgs scalar defined by rules (2.77) with other fields we see, that the

largest contribution is given by the t-quark loop with H ̄tt vertex
𝚤 (2𝜋)4 gMt√2MW

H Ψ̄t Ψt . (2.108)

One loop diagram gives the following contribution to (ΔMH)2 after the Wick rotation

(ΔMH)2 = 3 g2M2
t

8𝜋2 M2
W

Λ2∫
0

y(y −M2
t )(y +M2

t )2 dy ≃ 3 g2M2
t

8𝜋2 M2
W

Λ2 = 0.273Λ2. (2.109)

wherewe takephysical valueg = 0.65 andmasses fromTables 1.2 and2.4.With typical

scale of the electroweak interaction

𝜂 = 2MW

g
= 247.221 ± 0.002GeV, (2.110)

we obtain the corresponding value of Λ
Λ = 𝜂 2𝜋MW

gMt

√2

3
≃ 0.91TeV. (2.111)

Thus we are to have the effective cut-off somewhat less than TeV. That means that on

this level some New Physics have tomanifest itself. However, all experiments devoted

to searches for theNew Physics give negative results at this scale. Thus the problem of

hierarchy may cause troubles for good form of the Standard Model.
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There is also important problem, which consists in the question, what is the prin-

ciple, which defines values of numerous parameters entering the Standard Model. In-

deed,wehave twogauge couplings and theWeinbergmixing angle,whicharedefined,

e. g., by the following relations

𝛼s(Mz) = 0.116 ± 0.001, 1𝛼(Mz) = 127.916 ± 0.015,
sin2 𝜃W = 0.23108 ± 0.00005. (2.112)

We have masses of 6 quarks, 3 charged leptons and theW boson mass, which are pre-

sented in tables, and the Higgs boson mass, which we have, discussed above. Note,

that theW boson mass with use of parameters (2.112) defines also the Z boson mass

and vacuumaverage 𝜂 (2.110). We have the Cabibbo–Kobayashi–Maskawamatrix (2.3)

with four independent parameters. In addition it is necessary to have yet unknown

masses of three neutrinos and four parameters of the neutrino mixing matrix (2.106).

Thus we have at least 25 independent parameters, which defines the Standard Model

in the framework of the perturbation theory, and no leading reasons yet on how to un-

derstand their experimental values. This problem represents special interest for inter-

pretation of results to be considered in the book. It is also of considerable interest the

problem of how to calculate nonperturbative parameters, such as condensates (1.83).

We shall as well deal with these problems.

2.3 Properties of nonrenormalizable equations, instructive
example

All the theories consisting the Standard Model but the gravitation belongs to the class

of renormalizable interactions. However, the theories, which often used as effective

theories are formally nonrenormalizable, while as a rule it is assumed, that such the-

ories act in a restricted region of the momentum space. This could be achieved either

by introduction of a cut-off, or by using nonlocal variants, which as a matter if fact

lead to severe difficulties with maintaining of the unitarity and the locality. However

for a long time a phenomenon of arising of self-consistent damping in nonrenormal-

izable theories is known. Let us consider an example of this phenomenon [69], which

for our presentation is quite appropriate, because here we develop a method, which

shall be used throughout all the book.

Let us take a theory of interaction ofmassive vector fields A(k)𝜇 withmassless scalar

fields 𝜙(i), which is invariant in respect to transformation of some group, and the mul-

tiplet of vector fields corresponds to adjoint representation of the group. Thus we take

the interaction Lagrangian in the following form

Lint = 𝜆 cijk 𝜙(i) 𝜕𝜙(j)𝜕x𝜇 A(k)𝜇 . (2.113)
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= +

Fig. 2.2. Diagram representation of equation 2.115. Simple lines represent the scalar field and the

dotted ones represent the vector field.

Her cijk are structure constant of the symmetry group. For example, for SU(2) cijk = 𝜖ijk,
for SU(3) cijk = fijk .

Let us consider the full vertex function of the interaction of the scalar field with

the vector one. In doing this we use approximate equation for a vertex function,

which graphically is shown in Figure 2.2. It is evident, that the approximation, which

is used in this equation is equivalent to the well-known ladder approximation in

Bethe–Salpeter equations. Let us introduce for the diagram in the left-hand side of

the equation the following definition

(2𝜋)4𝜆Γ(ijk) 𝜇 = (2𝜋)4𝜆 c(ijk)Γ𝜇(p, k). (2.114)

The equation for function Γ𝜇(p,k) in the ladder approximation is the following

Γ𝜇(p,k) = 2p𝜇 Z + a 𝜆2𝚤 (2𝜋)4 ∫ (p + q)2 − k2 − [(p2 − q2)2 − (k, p − q)2]/m2[(p − q)2 − m2](q − k
2
)2(q + k

2
)2 Γ𝜇(q, k) dq,

(2.115)

wherem is the vector field mass and a = 1 for SU(2) group, a = 3/2 for SU(3) group.
The possible renormalization of the vertex needs introduction of factor Z before

inhomogeneous term in the equation.

Let us consider equation (2.115) for k𝜇 = 0. In this case we succeed in obtaining an

exact solutionof the equation. Vertex Γ𝜇 in this case has the followingsimple structure

Γ𝜇(p, 0) = 2p𝜇 F(p2). (2.116)

Let us perform Wick rotation in equation (2.115). This means the following substitute

dq → 𝚤 d4q, q2, p2, (pq) → −q2, −p2, −(pq). (2.117)

where now d4q corresponds to integration in the four-dimensional Euclid space. In

what follows we shall always use the Wick rotation (2.117) in studies of analogous

equations.

Let us rewrite the equation in the following symbolic form

F = Z + I + K0 F + K F, (2.118)
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where

I = a 𝜆2
m2 p2

∫ d4q(2𝜋)4 2 (pq)2(q2)2 F(q2), (2.119)

K0 F = a𝜆2
m2p2

∫ d4q(2𝜋)4 [(p2 − q2)2(pq)(p − q)2 − 2(pq)2] F(q2)(q2)2 ,
K F = 4a 𝜆2

p2
∫ d4q(2𝜋)4 p2q2 − (pq)2(p − q)2 [(p − q)2 +m2] F(q2)(q2)2 .

Here the first line defines constant integral. Let us look for solution F in the form

F = F0 + F, where the main part of the vertex function is defined from the follow-

ing equation

F0 = Z + I + K0 F
0, (2.120)

and F is defined by

F = K F0 + (K0 + K) F. (2.121)

Here we study solution of equation (2.120). It is possible to show, that equation (2.121)

may be solved by iterations and these iterations converge [70].

Let us consider equation (2.120). We use spherical coordinates of the four-dimen-

sional Euclid space

q0 = q cos 𝜃, q1 = q sin 𝜃 cos 𝜙,
q2 = q sin 𝜃 sin 𝜙 cos 𝜓, q2 = q sin 𝜃 sin 𝜙 sin 𝜓, (2.122)

d4q = 1

2
q2 dq2 sin2 𝜃 d𝜃 sin 𝜙d𝜙d𝜓.

We choose 𝜃 to be the angle between p and q, that is (pq) = pq cos 𝜃. Then equa-

tion (2.120) can be rewritten in the following form (from here we omit zero in the su-

perscript of F)

F(x) = Z + I − 2 a𝜆2
m2(2𝜋)3 ∞∫

0

dyF(y) 𝜋∫
0

sin2 𝜃 cos2 𝜃 d𝜃
+ a 𝜆2
m2 (2𝜋)3 ∞∫

0

ydy(x − y)2 F(y)
y2

𝜋∫
0

sin2 𝜃√xy cos 𝜃 d𝜃
x + y − 2√xy cos 𝜃 , (2.123)

where x = p2, y = q2. Applying the simple, but very useful relation

𝜋∫
0

sin2 𝜃 d𝜃
x + y − 2√xy cos 𝜃 = 𝜋

2
[1
x
𝜗(x − y) + 1

y
𝜗(y − x)] , (2.124)
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where, as usually, 𝜗(x) = 1 for x ≥ 0 and 𝜗(x) = 0 for x < 0, we obtain the following

equation

F(x) = A + G

12
[ 1

x2

x∫
0

y2dy F(y) − 2

x

x∫
0

ydy F(y) − 2 x

∞∫
x

dy F(y)
y

+ x2 ∞∫
x

dy F(y)
y2

],
I = Z + G

12

∞∫
0

dy F(y), G = 3a 𝜆2
8m2 𝜋. (2.125)

Here we have introduced the following notation

A = Z + G

12

∞∫
0

dy F(y), (2.126)

and demand renormalization constant Z to be chosen in such a way, that quantity A

being finite. Finally constant (2.126) has to be defined by normalization condition

Γ𝜇(p,k) = 2 p𝜇, k2 = −m2, (p ± k

2
)2 = 0. (2.127)

Let us proceed with equation (2.125). If one try to solve the equation by iterations,

starting of zero approximation F0 = A, already in the first approximation logarith-

mic divergent terms appear and in subsequent approximations appear power diver-

genceswith growingpowers. This picture is appropriate tononrenormalizable charac-

ter of initial interaction (2.113). However, there exists the unique solution of the equa-

tion (2.125). The simplest way to show this is to reduce the equation (2.125) to a differ-

ential one by proper application of sequential differentiations. In such a way we are

persuaded, that equation (2.125) leads to the following differential equation

d2

dx2
[1
x

d2

dx2
(x2 F)] + G F

x2
= 4A

x3
. (2.128)

This equation reduces to the well-known Meijer equation [71], which in the standard

form with substitution z = G x is the following

[(z d

dz
+ 2)(z d

dz
+ 1)(z d

dz
− 1)(z d

dz
− 2) + z] F(z) = 4A. (2.129)

Of course, not each solution of equation (2.129) satisfies integral equation, which with

use of variable z is the following

F(z) = A + 1

12
[ 1

z2

z∫
0

t2dt F(t) − 2

z

z∫
0

tdt F(t) − 2 z ∞∫
z

dt F(t)
t

+ z2 ∞∫
z

dt F(t)
t2

],
z = G x, t = Gy. (2.130)
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A solution of differential equation (2.129) has to fulfil boundary conditions at zero and

at infinity. For us to be able to formulate these conditions and to show, that they can

be fulfilled, we have to consider asymptotic behavior of solutions in this points.

A general solution of equation (2.129) has the following form

F(z) = F0(z) + 4∑
i=1

Ci Fi(z), (2.131)

where F0(z) is a particular solution of inhomogeneous equation (2.129), which evi-

dently is the following

F0(z) = 4A

z
. (2.132)

Linearly independent solutions of homogenous equation Fi, i = 1,2,3,4 are just the

Meijer functions. In view of application to the present problem, aswell as tonumerous

problems being discussed in what follows, we present here necessary properties of

these functions:

F(x) = Gmn
pq (x|a1 ,...,apb1 ,...,bq

), (2.133)

is a solution of the following differential equation:

[(−1)p−m−n x p∏
j=1

(𝛿 − aj + 1) − q∏
j=1

(𝛿 − bj)]F(x) = 0, 𝛿 = x
d

dx
. (2.134)

Independent solutions are defined by proper choice of upper indices m, n of func-

tion (2.133).

Anasymptotical behaviorof aMeijer function for x → 0 is definedby the following

decomposition

Gmn
pq (x|ar

br
) = m∑

h=1

∏m
j=1 Γ(bj − bh)∏n

j=1 Γ(1 + bh − aj)∏q
j=m+1 Γ(1 + bh − bj)∏p

j=n+1 Γ(aj − bh) xbh× Fp, q−1 [1+bh−a1 ,...,1+bh−ap1+bh−b1 ,...,∗,...,1+bh−bq ; (−1)
p−m−n x

] , (2.135)

p < q, or p = q and |x| < 1.
Here

Fp, q−1 [1+bh−a1 ,...,1+bh−ap1+bh−b1 ,...,∗,...,1+bh−bq ; (−1)
p−m−n x

] =
1 + (−1)p−m−n x (1 + bh − a1) ⋅ ⋅ ⋅ (1 + bh − ap)(1 + bh − b1) . . . ∗ . . . (1 + bh − ap) + ⋅ ⋅ ⋅

is a generalized hypergeometric series with p upper indices and q−1 lower indices, in
which index withnumber h is omitted. The prime in the product of Γ-functions means,

that the termwith j = h is also omitted. Note, that Meijer functions are defined for any

relation between parameters. In case of difference of some parameters being integer,
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that leads to singularities in expression (2.135), one has to supply the parameter by a

small increment 𝜖, and perform in expression (2.135) limit 𝜖 → 0. This procedure leads

to an appearance of logarithmic terms ln z, ln2 z etc in asymptotic (2.135).

For x → ∞ we have

Gmn
pq (x|arbr) = n∑

h=1

∏n
j=1 Γ(ah − aj)∏m

j=1 Γ(1 + bj − ah)∏p
j=n+1 Γ(1 + aj − ah)∏p

j=n+1 Γ(ah − bj) xah−1× Fq,p−1 [1+b1−ah ,...,1+bq−ah1+a1−ah ,...,∗,...,1+ap−ah ; (−1)
q−m−n x−1

] , (2.136)

q < p, or p = q and |x| > 1.
From (2.135) we see, that we have at x → 0 power behavior xbh , where bh is the

smallest parameter bj in the decomposition (2.135), or xbh ln x in case of two coincid-

ing parameters bi = bj = bh. For x → ∞ we have asymptotic xah−1 also with possible

logarithms in case of coinciding parameters. By the way, Meijer functions are prop-

erly defined for all values of parameters including coinciding and differing by integer

numbers. In this cases one has to introduce small difference 𝜖, perform necessary eval-

uations and take the limit 𝜖 → 0.

For x → ∞ G-function has power behavior provided p < q either

n ≥ 1, m + n > p + q

2
, |arg x| < (m + n − p + q

2
)𝜋, (2.137)

or

q = p + 1, |arg x| − (m + n − p + 2k − 1) < 𝜋
2
, (2.138)

where k is an integer number. Provided x → ∞ and p < q and

m > p + q

2
, n = 0, |arg x| < (m − p + q

2
) 𝜋, (2.139)

the G-function decreases exponentially. Under the same conditions for x, p, q the G-
function increases exponentially at the following regions:

if q ≥ p = 2 one has to take either

m + n > p + q
2

and |arg x| − (m + n − p + q

2
)𝜋 < 𝜋

2
, (2.140)

or

m + n ≤ p + q

2
for all arg x. (2.141)

In case

m + n = p + q

2

G-function has oscillation asymptotic for real positive x

C

xc
cos ((q − p) x 1

q−p + 𝜙), (2.142)

c = q − p − 1 + 2∑p
i=1 ai − 2∑q

j=1 bj

2(q − p) .
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Apower factorwith the same cappears alsobefore adecreasing exponent in case (2.139)

and before an increasing one in case (2.140).

Let us apply this information toourproblemof solutionof integral equation (2.130)

using solution (2.131, 2.132) of differential equation (2.129). We may choose the follow-

ing set of linearly independent solutions Fi

F1(z) = G10
04(z |1, −2, −1, 2),

F2(z) = G10
04(z |2, −2, −1, 1), (2.143)

F3(z) = G30
04(z | − 1, 1, 2 − 1),

F4(z) = G30
04(z | − 2, 1, 2, −2).

Let us note here, that in case of p = 0 (no upper indices) we write lower indices in one

row.

First of all, let us formulate conditions for z → 0 and for z → ∞. It is easy to see,

that in homogenous part of equation (2.129) b1 = −2, b2 = −1, b3 = 1, b4 = 2. Thus

we have solutions with asymptotic zbh at z → 0. Let us try asymptotic behavior

F(z) ∼ 1

z2
. (2.144)

Substituting this behavior into integral equation (2.130) we reproduce only term with

asymptotic F ∼ 1/z. Thus behavior (2.144) is excluded. In the same way we get con-

vinced, that a term with asymptotic behavior 1/z is to be excluded also.
On the other hand, solutions Fi, i = 1, 4 for z → ∞ with account of power

term (2.142) have following behavior

Fi ≃ z−
3
8 ∑

k

Cik exp[ak 4 z1/4], (2.145)

where ak are roots of equation a
4 = − 1, that is

a1 = e𝚤𝜋/4, a2 = e−𝚤𝜋/4, a3 = −e𝚤𝜋/4 , a4 = − e−𝚤𝜋/4. (2.146)

Integrals in equation (2.130) are to converge at infinity. However, due to properties at

infinity (2.140) F1(z) and F2(z) exponentially increase at infinity. Therefore we may

choose only F3(z) or F4(z). From these F3(z) behaves as 1/z for z → 0, that is neces-

sary for cancelation of singular behavior (2.132) of the particular solution of inhomo-

geneous equation (2.129). Thus we are rested with F3(z) and this fixes the following

solution

F(z) = A(4
z
− 2G30

04(z | − 1, 1, 2, −2)) . (2.147)

According to (2.135)

G30
04(z | − 1, 1, 2, −2) = 2

z
(1 − z

4
) + o(z), (2.148)

therefore undesirable terms containing 1/x cancel and F(0) = A. In the first approxi-

mation normalization condition (2.127) gives A = 1. Thus we obtain the unique solu-

tion (2.147) with A = 1 of equation (2.130).
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It also instructive to rewrite solution (2.147) in another way. Let us multiply differ-

ential equation (2.129) by operator

z
d

dz
,

then the equation becomes being a homogenous Meijer equation with set of parame-

ters bi : −2, −1, 0, 1, 2; ai : 0. Taking into account all boundary and normalization

conditions we again come to the unique answer

F(z) = 2G3 1
1 5(z |00, 1,2,−1,−2). (2.149)

Of course expression (2.149) is identic to (2.147) with A = 1. This is consequence of the

useful general relation

Gm 1
1 q+1(z |00, b2,...,bq,−1) = 1

z

∏m
j=2 Γ(1 + bj)∏q
j=m+1 Γ(−bj) −

Gm 0
0 q (z | − 1, b2, . . . , bq). (2.150)

Let us present also another useful relation, which is usually absent in textbooks. It

will be applied below in the book.

Gm1
1 q+1(z |11, b2,...,bq, 0) = ∏m

j=2 Γ(bj)∏q
j=m+1 Γ(1 − bj) − Gm0

0q (z |0, b2, . . . , bq). (2.151)

We have demonstrated the method of solution of this equation in view, that in

what follows we repeatedly will encounter similar equations and the method, de-

scribed here, will be applied.

It seems also advisable to show the expression for an integral, containing aMeijer

function and a variable power factor

∫ x𝛼−1 Gmn
p q (x |ai

bj
) dx = Gmn+1

p+1 q+1 (x |1, ai+𝛼bj+𝛼, 0
) . (2.152)

We shall often encounter integrals of this type in what follows.

We would also present here few useful relations, which one encounters in calcu-

lations in the framework of approach being developed in the book

x𝛼 Gmn
p q (x aibj) = Gmn

pq (x  ai+𝛼bj+𝛼
) , (2.153)

Gmn
p q (x a1 ,...,an−1,a, an+1,...,apb1 ,...,bm ,..., bq−1 , a

) = Gmn−1
p−1 q−1 (x  a1,..., an−1, an+1,...,apb1 ,...,bm ,...,bq−1

) , (2.154)

Gmn
pq (x |a1 ,...,an ,b, an+2,..., ap

b1,...,bm−1, b, bm+1,...,bq
) = Gm−1n

p−1q−1 (x |a1 ,...,an , an+2,..., apb1 ,..., bm−1,bm+1 ,...,bq
) , (2.155)

∞∫
0

Gs t
u v (x  cldk ) Gmn

pq (𝜔 x |ai
bj
) = Gm+t,n+s

p+v, q+u (𝜔 a1 ,...,an ,−d1 ,...,−dv, an+1,...,apb1 ,..., bm ,−c1,...,−cu ,bm+1,..., bq
) . (2.156)

Relations (2.154, 2.155) means, that equal upper and lower indices cancel cross-wise.

Other useful formulas may be found in textbook [72].



3 Bogoliubov compensation

3.1 Origin of the approach

The compensation approach was introduced and elaborated by N. N. Bogoliubov

firstly in application to problems of statistical mechanics (see [40]). Let us illustrate

the approach with the case of an ideal isotropic ferromagnetic. Let us start with the

dynamical systemwith the following Hamiltonian (Heisenberg model)

H = − 1

2
∑
(f1 ,f2)

I(f1 − f2)(Sf1 ⋅ Sf2 ), (3.1)

where (f ) are space points corresponding to points of a crystal lattice, Sf are spin vec-
tors with the usual commutation relations, I(f1 − f2) are nonnegative numbers. We

assume, that I(f1 − f2) are positive for points f1, f2 being the nearest neighbors.
For this system each component of total spin S = ∑(f ) Sf is the integral of the

motion. We have also

Si Sj − Sj Si = 𝚤 𝜖ijk Sk, (3.2)

Now we have the following definition of an average ⟨A⟩ of a dynamical variable A

⟨A⟩ = Trace (A e−H/𝜃)
Trace (e−H/𝜃) . (3.3)

Due to Sx commutes with H we have

Trace (Sy Sxe−H/𝜃) = Trace (Sy e−H/𝜃Sx) = Trace (Sx Sye−H/𝜃), (3.4)

and from (3.2) we immediately obtain

Trace (Sz e−H/𝜃) = 0. (3.5)

The same relation is valid for Sx, Sy and so
Trace(∑

(f )

Sf) = Trace (S) = 0. (3.6)

Let us introduce magnetization vector of the unit volumeM = 𝜇/V S. Then we have

from (3.3, 3.6) ⟨M⟩ = 0. (3.7)

Thus theusual averageof vector M equals zero, that evidently corresponds to isotropy

of the system in respect to the rotationgroup. Let us emphasize, that result (3.7) is valid

for any temperature including those being below the Curie point. However we know

that in the last case the magnetization vector differs from zero and its direction can be

chosen arbitrary. Thus the state of statistical equilibrium is degenerated.
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Let us switch on an external magnetic field 𝜈 e (𝜈 > 0, e2 = 1) and change Hamil-
tonian (3.1) for the following expression

H𝜈 = H + 𝜈 (e ⋅M)V . (3.8)

Then bearing in mind well-knownproperties of a ferromagnetic below the Curie point

we see, that ⟨M⟩ = eM𝜈, (3.9)

whereM𝜈 will tend to nonzero limit with intensity of the external field 𝜈 tends to zero.
We have here instability of the usual averages with addition to Hamiltonian (3.1) of

term 𝜈 (e ⋅M)V with infinitely small 𝜈, which result in a finite increment of average⟨M⟩.
Then Bogoliubov introduces the notion quasi-average. Let us take a dynamical

quantity A, which consists of combinations of products

S
𝛼1
f1
(t1) ⋅ ⋅ ⋅ S𝛼rfr (tr),

and let us define quasi-average ≺A≻ of this quantity by the following prescription≺A≻ = lim
𝜈→0

⟨A⟩𝜈e, (3.10)

where ⟨A⟩𝜈e is the usual average of A for hamiltonian (3.8).

In this way the existence of a degeneration immediately results in dependence of

quasi-averages on direction of unit vector e. It is evident also, that

⟨A⟩ = ∫ ≺A≻ de.
The conception of quasi-averages proves to be very effective in dealing with the

most interesting phenomena such as the superfluidity and superconductivity. In par-

ticular, this approach quite adequately describes phenomenon of spontaneous break-

ing of an invariance. Such problems, as we have seen in Section 1.6.2, inevitably arise

in problems of elementary particles interactions. In what follows we would discuss

these problems in details.

3.2 Application to QFT

Now we would like to apply N.N. Bogoliubov quasi-averages method [40, 42], which

is the most consistent and effective method of studying of a spontaneous symmetry

breaking problems, to problems of the Quantum Field Theory.

An important point of the quasi-averages method is connected with a compensa-

tion equation [40, 42]. Bearing in mind numerous applications of these equations in

the book, let us briefly formulate method of construction of the compensation equa-

tions. In the line of a study of a possible spontaneous symmetry breaking in quantum
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field theoryproblems inmethod [40] the followingprocedure is applied¹. Let the initial

Lagrangian

L = L0 + Lint , (3.11)

to possess some symmetry. Let us add to expression (3.11) some term 𝜖Lbr, which
breaks the initial symmetry.With this modification of the problemwe perform evalua-

tions of necessary quantities andwe set 𝜖 → 0only after these evaluations.Not always

the results of such a procedure (quasi-averages) coincide with results, obtained in the

framework of the initial symmetric problem (simply averages). In the line of these

evaluations of quasi-averages one has to solve compensation equations. For instance,

in a theory with the initial chiral symmetry fermions are to have zero masses. Let us

use the following small increment which breaks the symmetry

𝜖 Lbr = −𝜖 �̄� 𝜓. (3.12)

Now let us add to the modified Lagrangian (3.12) a possible mass term and subtract

the same. We have

L = L0 − m �̄� 𝜓 + Lint +m �̄� 𝜓 − 𝜖 �̄� 𝜓 . (3.13)

Let the fist two terms to be the new free Lagrangian while the three last terms now

comprise the new interaction Lagrangian. Then we have to demand the new interac-

tion does not contribute to the mass term, that is two-field Green function obtained

from themodified interaction Lagrangian be zero on the mass shell. This condition is

just the compensation equation of the problem. In the case under consideration this

condition leads to equation −m + 𝜖 + Σ(m) = 0, (3.14)

where Σ(m) is mass operator on the mass shell of the modified free Lagrangian. In

this equation one already can set 𝜖 → 0. As a rule (see e.g. [73]) mass operator Σ(m)
is proportional tom and trivial solution of the compensation equation m = 0 always

exists. However a nontrivial solutionm ≠ 0 also may exist.

Thus the main principle of construction of a compensation equation consist in

the procedure “add-subtract” of symmetry breaking terms, one of these terms be-

ing related to the free Lagrangian and the other one being related to the interaction

Lagrangian. Then one has to compensate that term, which is to be zero in the corre-

sponding problem. This principle will be applied below.

1 At first methods [40, 42] where applied to quantum field theory problems in work [73].
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3.3 A spontaneous generation of the Nambu–Jona-Lasinio
interaction

We have already discussed a spontaneous generation of a mass in Nambu–Jona-

Lasinio model (Section 1.5.2). It just corresponds to the procedure described in the

previous section. The natural question arises if one can achieve an effect of a spon-

taneous generation of an effective interaction itself. This possibility was first thought

on by the author after the discovery of the phenomenon of a mass generation. After

expiration of a long time I have returned to this problem and have developed the

method of dealing with it in the framework of the compensation conception [40, 42].

The explication of the method is the main goal of the present book.

Now let us illustrate the first considerations on the problem with Nambu– Jona-

Lasinio interaction taken as an example.We start withQCDLagrangianwithonly light

quark doublet (u, d) assuming SU(2) isotopic invariance (see (1.85)). Thus we have

from (1.58)

L = 𝚤
2
(q̄𝛾𝜇𝜕𝜇q − 𝜕𝜇q̄𝛾𝜇q) − m0q̄q + gsq̄𝛾𝜇taAa

𝜇q − 1

4
(Fa𝜇𝜈Fa𝜇𝜈) ,

Fa𝜇𝜈 = 𝜕𝜇Aa
𝜈 − 𝜕𝜈Aa

𝜇 + gsfabcAb
𝜇A

c
𝜈, q = (u, d). (3.15)

Now we would like to find out, if the Nambu–Jona-Lasinio interaction (1.86) could be

spontaneously generated in the problem (3.15). In doing this we again proceed with

the add-subtract procedure:

L = L0 + Lint ,
L0 = q̄(x)(𝚤𝜕𝛼𝛾𝛼 − m)q(x)− (GS

2
(q̄(x)q(x)) (q̄(x)q(x)) − GP

2
(q̄(x) 𝜏a 𝛾5q(x)) (q̄(x) 𝜏a 𝛾5q(x)))

− 1

4
(Fa0𝜇𝜈Fa0𝜇𝜈), (3.16)

Lint = q̄(x) (m −m0)q(x)+ (GS

2
(q̄(x) q(x))(q̄(x) q(x)) − GP

2
(q̄(x)𝜏a𝛾5q(x))(q̄(x)𝜏a𝛾5q(x)))

− 1

4
(Fa𝜇𝜈Fa𝜇𝜈 − Fa0𝜇𝜈F

a
0𝜇𝜈) + gsq̄𝛾𝜇taAa

𝜇q. (3.17)

It is important, that we have introduced different couplings for scalar iso-scalar terms

and pseudoscalar iso-vector terms due to introduction of mass m in both parts of the

Lagrangian: L0 and Lint. The presence of the mass evidently breaks the initial chiral

invariance (1.84) (for m0 = 0). We assume, that interactions with couplings GS,P act

in restricted region of the momentum space, that is in four-dimensional Euclid space

for 0 < q2 < Λ2 with Λ being a cut-off to be defined in the course of the solution

of the problem. This means that the chiral invariance is broken only for this specific

region.
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+ = 0+m

G

g g

Fig. 3.1. Diagrams corresponding to compensation equation for spontaneous generation of mass in

NJL model.

+ = 0

Fig. 3.2. Diagrams corresponding to compensation equation for spontaneous generation of interac-

tion in NJL model.

Now let us formulate compensation equations. They are due to two reasons. The first

one is due to compensation of the improper mass term in the newly defined interac-

tion Lagrangian (3.17). The equation is similar to that being presented in graphic form

in Figure 1.5 in Section 1.6.2. However in the present formulation of the problem it is

necessary to add the contribution of gluon exchange into themass, because this com-

pensation equation exclude improper mass term from the interaction Lagrangian (see

Figure 3.1).

The other two equations correspond to diagrams in Figure 3.2 presented here. Ver-

tices in Figure 3.2 correspond to those in the newly defined free Lagrangian (3.16).

These compensation equations exclude undesirable interaction terms from the free

Lagrangian.

Here we restrict ourselves with one-loop terms in the equations. The first approx-

imation, which gives constant solutions of equations, corresponds to an account of

such one-loop diagrams. Provided we include in a consideration also vertical dia-

grams, it would correspond to necessity of a dependence on variable (p−q)2, where p
is initial momentum and q is the final one. We shall see further, that such terms have

to be taken into account in the next approximation,described in Chapter 5

Calculations give the following set of compensation equations

GP = 3G2
P

2 𝜋2 (Λ2 − m2 ln Λ2 + m2

m2
) ,

GS = 3G2
S

2𝜋2 (Λ2(Λ2 + 3m2)Λ2 + m2
− 3m2 ln Λ2 +m2

m2
) , (3.18)

m − m0 + m𝛼s𝜋 ln Λ2 +m2

m2
= 3mGS

2 𝜋2 (Λ2 −m2 ln Λ2 + m2

m2
) .
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Note, that in calculation of the QCD term in the last equation we have used Landau

gauge, because in this case there is no contribution to structure 𝛾 + 𝜇p𝜇, which would
need renormalization of the wave functions of quarks.

We see that the first two equations have evident trivial solution

GP = GS = 0, (3.19)

and in case m0 = 0 the third one has trivial solution

m = 0. (3.20)

However we look for a nontrivial solution, thus we divide the first and the second

equation by GP and GS respectively and the third one bym. It is also easy to see, that

expressions in brackets in the first and in the third equations coincide, so that after

introduction of the following dimensionless variables

GSΛ2 = x, GPΛ2 = y, GPm
2 = z, (3.21)

we obtain the following set of equations:

3

2𝜋2 (x(y + 3z)
y + z

− 3
xz

y
ln y + z

z
) = 1, 𝜖 = m0

m
, (3.22)

3

2𝜋2 (y − z ln y + z
z

) = 1, x

y
+ 𝜖 − 𝛼s𝜋 ln y + z

z
= 1.

Table 3.1. Physical parameters from solution of set (3.22) in dependence on strong coupling 𝛼s for
m0 = 5.5 MeV, all variables in MeV but dimensionless x, y, z

𝛼s x y z m − 3√⟨q̄q⟩ m𝜋 G−
1
2

P G−
1
2

S Λ

0.6 12.24 8.24 0.625 255.4 237.2 131.1 323.2 265.1 927.5

0.7 13.00 8.40 0.717 263.3 233.4 128.0 310.9 249.9 901.2

0.8 13.74 8.56 0.807 270.3 230.5 125.6 301.0 237.6 880.6

0.9 14.46 8.70 0.893 276.7 228.1 123.7 292.9 227.2 864.0

1.0 15.16 8.83 0.976 282.6 226.2 122.1 286.1 218.4 850.3

Now for given 𝛼s and 𝜖 (meaning fixation of current mass m0) we look for solution of

set (3.22). All variables in the set are dimensionless, so to get knowledge on values of

initial variablesm, GS, GP, Λwe have to introduce an additional relation. From equa-

tions (1.102, 1.101) with account of (3.21) we have

f𝜋 = m√3(ln y+z
z

− y
y+z )

2𝜋√ln y+z
z

− 3y

4(y+z)
− yz

4(y+z)2

, f𝜋 = 92.42 ± 0.33 MeV. (3.23)
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Table 3.2. Physical parameters from solution of set (3.22) in dependence on strong coupling 𝛼s for
m0 = 6 MeV, all variables in MeV but dimensionless x, y, z

𝛼s x y z m − 3√⟨q̄q⟩ m𝜋 G−
1
2

P G−
1
2

S Λ

0.6 12.23 8.23 0.623 255.3 237.3 137.0 323.5 265.5 928.1

0.7 12.98 8.40 0.715 263.1 233.5 133.8 311.1 250.2 901.7

0.8 13.72 8.55 0.805 270.2 230.6 131.2 301.2 237.8 881.0

0.9 14.44 8.70 0.891 276.6 228.2 129.2 293.1 227.5 864.3

1.0 15.14 8.83 0.974 282.5 226.2 127.5 286.3 218.6 850.5

Table 3.3. Physical parameters from solution of set (3.22) in dependence on strong coupling 𝛼s for
m0 = 6.5 MeV, all variables in MeV but dimensionless x, y, z

𝛼s x y z m − 3√⟨q̄q⟩ m𝜋 G−
1
2

P G−
1
2

S Λ

0.6 12.21 8.23 0.621 255.1 237.3 142.7 323.8 265.8 928.8

0.7 12.97 8.40 0.713 263.0 233.6 139.3 311.3 250.5 902.2

0.8 13.70 8.55 0.803 270.0 230.6 136.6 301.4 238.1 881.4

0.9 14.42 8.69 0.888 276.5 228.2 134.5 293.3 227.7 864.6

1.0 15.13 8.83 0.972 282.4 226.2 132.8 286.4 218.8 850.8

Expression (3.23) corresponds to thewell-knownGoldberger–Treiman relation [37, 45].

For definition of the 𝜋-meson mass we shall use Gell-Mann–Oaks–Renner rela-

tion (1.108)

m2
𝜋 f

2
𝜋 = −2m0 ⟨q̄q⟩, (3.24)

where quark condensate ⟨q̄q⟩ is defined by (1.107). Due to this definition in our ap-

proximation it reads ⟨q̄q⟩ = 3m3

4 𝜋2 (y
z
− ln y + z

z
) . (3.25)

Using along with set (3.22) relations (3.23, 3.24, 3.25) we for each value of 𝛼s has defi-
nite solution. From phenomenological results of Section 1.6.2 we expect value of cut-

off Λ to be of order of magnitude ≃ 1 GeV. For such scale value of strong coupling 𝛼s
from (1.69) can be estimated to be 𝛼s ≃ 0.8. In the subsequent chapters we will get

convinced, that such values are natural for an average strong coupling in the non-

perturbative region. In any case here we present results for solution of the set for

values of 𝛼s = 0.8 ± 0.2. The results are shown in Tables 3.1, 3.2, 3.3 for values of

m0 = 5.5, 6, 6.5 MeV respectively.

Let us emphasize, that for𝛼s = 0a solutiondoes not exist at all. Comparing results

of the Tables with phenomenological results (1.106, 1.107), obtained in Section 1.6.2,

we see qualitative agreement. As for experimental data, agreement is even better, e. g.,

for quark condensate ⟨q̄q⟩. It seems, that the best agreement with both the pion mass
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and the quark condensate corresponds tom0 = 6.5 MeV and𝛼s = 0.8 ± 0.1. (3.26)

As we shall see below, this value for strong coupling (3.26) in the nonperturbative re-

gion is consistent with its behavior with account of nonperturbative effects. However

value form0 is rather higher than the estimated phenomenological value [4]

m0 = 3.5+0.5−0.2 MeV. (3.27)

This deviation might be prescribed to approximation being used here. On the other

hand we have to bear in mind, that result (3.27) corresponds to scale ≃ 2 GeV and for

smaller scales we expect increasing ofm0.

Results being obtained allows to calculate other low-energy parameters. Let us

consider the interaction of composite particles, such as 𝜋-meson or 𝜌-meson (see Ta-

ble 1.4) with constituent quarks. This means existence of such effective interactions

g𝜎qq 𝜙𝜎 q̄ q,𝚤 g𝜋qq 𝜙a𝜋 q̄ 𝜏a q, (3.28)

g𝜌qq 𝜙a𝜌,𝜇 q̄ 𝜏a 𝛾𝜇 q.
In the framework of the Nambu–Jona-Lasinio interaction coupling constants (3.28)

are to be calculated with account of one-loop diagrams represented in Figure 3.3.

q – p/2

q + p/2

Fig. 3.3. Diagrams corresponding to calculation of meson-quark coupling constants in NJL model.

In the course of the diagrams evaluation we have to single out terms being propor-

tional to p2 and demand its coefficient being unity. Really it is normalization condi-

tion for bound state fields 𝜙𝜋 and 𝜙𝜌. Straightforward calculations give for coupling

constants the following results, which we express in terms of variables (3.21)

g𝜎 = 2 𝜋√3(ln y+z
z

− y(13y2+27yz+12z2)
12(y+z)3 ) ,

g𝜋 = 2𝜋√3(ln y+z
z

− z2

(y+z)2
) , (3.29)

g𝜌 = √2𝜋√ln y+z
z

− 13
32

+ 9z
8(y+z)

− z3

24(y+z)2

.
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For example, form0 = 6.5, 𝛼s = 0.9 we have
g𝜎 = 3.00, g𝜋 = 2.59, g𝜌 = 3.76. (3.30)

The knowledge of coupling constants allows to estimate masses of resonances. For

this purpose the procedure of “bosonization” was proposed. In simple words this pro-

cedure consists in the following identical transformation

GS

2
q̄ q q̄q + g𝜎 q̄ q𝜙𝜎 ≡ 1

2GS

(GS q̄q + g𝜎 𝜙𝜎)2 − g2𝜎 𝜙2𝜎
2GS

. (3.31)

While considering the QFT S-matrix an effective Lagrangian is placed in an exponent.

Onemay exclude quark fields by functional integration by dqdq̄. The quadratic com-

bination in (3.31) then enters the following functional integral

∫exp [ 1

2GS

(GS q̄q + g𝜎 𝜙𝜎)2] dq̄dq. (3.32)

Integral (3.32) is of Gauss type and it gives a normalization factor. Thuswe are leftwith

the last term of expression (3.31) which is essentially scalar field 𝜙𝜎 mass term, corre-

sponding to the mass of the 𝜎-resonance. Indeed, the last term in expression (3.31) is

exactly the mass term of scalar field 𝜙𝜎 with mass

m𝜎 = g𝜎√GS

. (3.33)

Substituting into (3.33) numbers from Table 3.3 and results (3.30)we have form0 = 6.5
MeV and 𝛼s = 0.9

m𝜎 = 701MeV. (3.34)

The satisfactory agreement of numerous parameters with their measured values,

starting only from two input quantities: m0 and average 𝛼s, testifies to the approach,
which we exploit here.

However, the most interesting result of this section is the existence of the non-

trivial solution itself, because we now do not make an assumption on existence of an

effective interaction with arbitrary parameters, but obtain just the definite interaction

with definite parameters. Fixing purely QCD parameters 𝛼s and m0 we calculate all

other parameters without any arbitrariness.

We have to admit, that the approximation used is rather rude. We have assumed

an existence of a cut-off Λ, which restricts a region of the effective interaction. The

problem is how to justify such assumption. In view of this goal we consider a com-

paratively simple model, involving one scalar field. The formulation and study of the

model will be performed in subsequent sections.
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3.4 Justification of the model choice

We have discussed in Section 1.6.2 the problem of effective interactions, which proves

to provide an adequate description of the most complicated items of elementary parti-

cles physics, e.g. low-energy hadron interactions. We have laid arguments onbehalf of

a possibility to describe nonperturbative effects in terms of effective interaction. Start-

ing from these considerations we are to investigate this possibility and this will be the

main body of the present book. For example, the famous Nambu–Jona-Lasinio effec-

tive interaction is shown to describe low-energy region of strong interactions. How-

ever we are sure, that the genuine theory of strong interaction is QCD, which seem-

ingly has nothing to do with this effective interaction. Our aim is to find an approach,

which gives possibility to consider spontaneous generation of effective interactions

in the framework of firmly established gauge theories of the Standard Model. In do-

ing this we rely on Bogoliubov compensation approach, which provides possibility of

generation of quasi-averages. As a result nonperturbative effects was obtained in such

important problems, as phenomena of superconductivity, superfluidity etc.

We are willing to study the phenomenon of a spontaneous generation of an effec-

tive theory. Thefirst attempt to consider this problemwasmade in theprevious section

under assumption of existence of built-in cut-off Λ. In this way we have obtained sat-
isfactory results.

We have already remarked that to bemore rigorous one has to consider more com-

plicated approximation, under which there is not necessary to introduce the cut-off

from the beginning.

The problem is tofind amodel, inwhich themain features of the approachmay be

tested. Let us consider for thebeginning elementary scalarfields. Their self-interaction

leads to a nontrivial quantumfield theory, in which we would study a possible gener-

ation of an effective interaction. The purpose of the present work is to consider a sim-

ple model, whichwould allow to have exact solutions of (approximate) compensation

equations. Using these solutions one could study conditions underwhich the assump-

tions would be fulfilled. To some extent the model has to correspond to features of a

renormalizable theory. Namely we achieve a simplicity by considering a scalar field.

In view of coupling constants to have proper dimensions we choose dimensionality of

the space-time tobe six. Really, in this case the coupling constant of interaction g 𝜙3 is
dimensionless and interaction G𝜙4 has constant of inverse mass squared dimension,

that corresponds to the dimension of a constant of a four-fermion interaction in four-

dimensional space-time. Thuswe can consider the theory being chosen as amodel for

NJL interaction (3.15). The model was considered in work [74].

So we introduce in the six-dimensional space-time a scalar field 𝜙 with initial

scale-invariant Lagrangian

L = 1

2
g𝜇𝜈

𝜕𝜙𝜕x𝜇 𝜕𝜙𝜕x𝜈 + g0
3! 𝜙3. (3.35)
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Let us choose the natural signature with one time and five space axes. The transi-

tion from this space-time to Euclidean six-dimensional space is accompanied by the

following substitutions

p2 → −p2E, d 6 p → 𝚤 d 6
E p. (3.36)

It was important for us to find a model, which corresponds to the approach under

consideration. So here we will not discuss physical meaning of a multi-dimensional

theory and we consider the chosen variant as purely model one, as well as two-

dimensional models are often considered.

Nowwe start with Lagrangian (3.35). Evident evaluations give one-loop renormal-

ization group equation [1] for g2(𝜇2)
d g2(𝜇2)

dL
= − 3 g4

4 (4𝜋)3 , L = log
𝜇2Λ2
3

, (3.37)

Solution of equation (3.37) has a form

g2(𝜇2) = g20 (1 + 3 g20
4 (4𝜋)3 log

𝜇2Λ2
3

)−1 . (3.38)

Sometimes it is convenient to use parameter h̄(𝜇2) defined by the following relation

h̄(𝜇2) = 3 g2(𝜇2)
4 (4𝜋)3 = (log 𝜇2Λ2

g

)−1 , (3.39)

where for transition from Λ2
3 to Λ2

g we have used the standard tool analogous to that

in QCD: Λ2
g = Λ2

3 exp (− 4 (4𝜋)3
3 g20

) .
Thus we get convinced, that the theory (3.35) is an asymptotic free one and expres-

sion (3.39) makes sense for 𝜇2 ≫ Λ2
g.

Note that in this theory there are quadratic divergences in the scalar field mass. It

is the common feature of theories with elementary scalars. The problem of the mass

of the scalar field will be considered in details later on.

3.5 Compensation equation in a six-dimensional scalar model

Let us have a massless scalar field of the six-dimensional space. The initial free La-

grangian possesses scale symmetry. We shall look for a solution, which breaks this

symmetry, with the aid of the Bogoliubov compensation approach being formulated

above in this chapter. Namely according to the rules of the approach we add to the

Lagrangian the following small increment

− 𝜖 𝜙4
4! .
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Now the scale invariance is already broken and an appearance of nonlocal terms of

the form

G ∫ F̄(x, x1, x2, x3, x4) 𝜙(x1)𝜙(x2)𝜙(x3)𝜙(x4) dx1 dx2 dx3 dx4 (3.40)

is possible. Here G is a dimensional coupling constant and F̄(x, x1, x2, x3, x4) is a func-
tion of four differences of coordinates x − xi, which Fourier transform F(p1, p2, p3, p4),
where pi are momenta of legs, represents a form-factor, defining range of interac-

tion (3.40). We shall look for a solution, decreasing at momentum infinity and thus

defining a region of action of the effective interaction.

Let us add to the initial Lagrangian such a term with an interaction of the forth

power and subtract the same

L = 1

2
g𝜇𝜈

𝜕𝜙𝜕x𝜇 𝜕𝜙𝜕x𝜈 − m2

2
𝜙2 − G

4! F ⋅ 𝜙4 − 𝜖
4!𝜙4 + g0

3! 𝜙3 + G

4! F ⋅ 𝜙4 + m2

2
𝜙2, (3.41)

where we use abbreviated notation −GF ⋅ 𝜙4 instead of expression (3.40). Of course

the presence of term (3.40) explicitly breaks the scale invariance, sowe perform a pro-

cedure “add-subtract” for a mass term as well. Let us refer the forth power term with

the plus sign to the interaction Lagrangian and the same termwith the minus sign we

refer to the free Lagrangian.

L0 = 1

2
g𝜇𝜈

𝜕𝜙𝜕x𝜇 𝜕𝜙𝜕x𝜈 − m2

2
𝜙2 − G

4! F ⋅ 𝜙4 − 𝜖
4!𝜙4 ,

Lint = g0
3! 𝜙3 + G

4! F ⋅ 𝜙4 + m2

2
𝜙2. (3.42)

According to the compensation approach the interaction term with the negative sign

in (3.41, 3.42) has tobe compensated. Thismeans, that thenew freeLagrangian leads to

zero four-particle connected Green functions and as a final result contains only terms

of the secondpower in fields. Thusperforming evaluationswith signwhich is inherent

to the term in the new free Lagrangian, we come to the compensation equation, which

schematically looks in the followingway: the first order term plus one-loop terms plus

two-loop terms etc. Emphasize once more, that here one has to use term +G 𝜙4 as an
interaction Lagrangian. One has to equalize to zero the expansion obtained in such

a way . This condition is an equation for function F(p1, p2, p3, p4). We set 𝜖 → 0 after

evaluations, in our case this means after compensation equations being obtained.

The equation explicitly differs from expansion in powers of interaction La-

grangian

Lint = G

4! F ⋅ 𝜙4, (3.43)

in the sign of the interaction constant. In view of this note let us emphasize, that the

procedure being described can be applied only to symmetry breaking terms of even

powers in fields. For terms of odd powers, e.g. for three-linear ones, a fulfillment of

a compensation equation leads to vanishing of connected Green function, which is
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defined by an interaction Lagrangian, because the two expansions in this case differ

only in overall sign.

Note, that the presence of term −G 𝜙4 in the new free Lagrangian may lead to

appearance of connected Green functions of higher powers in 𝜙, that is of the sixth
power, of the eighth power etc. Generally speaking, one has to construct a chain set of

compensation equations for all these Green functions. We start with an equation for

the fourth power Green function and delay the problem of higher Green functions to

be discussed and considered in the forthcoming studies.

Let us construct an approximated equation for the fourth power connected Green

function. First of all we choose the following kinematics: both left legs have zero mo-

menta and the right ones have momenta p and −p. We restrict ourselves by terms up

to two-loop ones inclusively. Namely, we have the first order term – the point; three

terms of the second order – simple loops, i.e. a horizontal one and two vertical ones

with permuted left legs; in the third order we have a horizontal and two vertical two-

loop chains and six terms “wine glass”: horizontal wine glasses having bases to the

left and to the right and vertical ones with bases up and down. The number of the last

terms is to be counted twice due to permutations of the left-sided momenta p and −p.
Generally speaking, in each vertex form-factor F is present. Howeverwecan solve only

a linear version of the equation, which is obtained by keeping in the equation the first

and the second order terms, the two-loop horizontal chain and the wineglasswith the

basing to the right. Contributions of the rest third order terms we shall consider later

on. We proceed to the linear equation keeping form-factor F(p, −p,0,0) ≡ F(p2) in the
first order term and in right-hand vertices of the horizontal loop of the second order, of

the horizontal two-loop chain and of thewineglass in the third order. Other vertices in

diagrams we consider to correspond to point-like interaction in which the form-factor

is changed for its value at zero (F(0) = 1)
G

4! F(0) 𝜙4 = G

4! 𝜙4 . (3.44)

In vertical simple loops, which as well serve as a kernel of the integral equation, we

substitutepoint-like vertices (3.44). Corresponding integrals diverge of course. In view

of our search for decreasing solutions at momentum infinity for F(p2), we introduce
some cut-offΛ, which existence is to be confirmed by results of a solution of the equa-

tion. In doing this we make the following substitution

∞∫
0

dq2 → Λ2.
For estimation of Λ order of magnitude we use the following definition

Λ2 = ∞∫
0

F(y)dy, (3.45)
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where one of vertices is changed for the form-factor. For justification of the approach

the problem of convergence of the integral in (3.45). We shall use the same cut-off Λ
in logarithmic diverging integrals. A possible difference of an actual cut-off in these

integrals from Λ leads to some change in constant term c, which enters into corre-

sponding expressions. It will come clear, that the solution will not depend on a value

of this constant. Thus the formulationof the equation in the frameworkof theaccepted

approximations does not contain arbitrary assumptions.

We consider the equation in six-dimensional Euclidean space with the aid of sub-

stitutions (3.36). In the course of evaluations one has to perform angle integrations in

of functions ((p− q)2)−1 and log(p− q)2 with powers of (pq). We have (for the logarith-

mic case see [75])

∫ dΩ6

p2 + q2 − 2p q cos 𝜃 = 4 𝜋3
3

(Θ(x − y) ( 3

4x
− y

4x2
) + Θ(y − x) ( 3

4y
− x

4y2
)) ,

∫dΩ6 ln(p2 + q2 − 2pq cos 𝜃)
= 𝜋3
12

(Θ(x − y) (8y
x

− y2

x2
+ 12 ln x)Θ(y − x) (8x

y
− x2

y2
+ 12 ln y)) , (3.46)

∫dΩ6(pq) ln(p2 + q2 − 2pq cos 𝜃)
= 𝜋3
18

(Θ(x − y)(3y2
x

− 6 y − 3y3

5x2
) + Θ(y − x)(3x2

y
− 6 x − 3x3

5y2
)), x = p2, y = q2.

First of all let us calculate one-loop integral keeping terms of zero and the first orders

in m2. We have for one such vertical diagram (x = p2, where p is the total momentum

along the loop)

− 𝚤 G2 𝜋3
2 (2𝜋)6 (Λ2 + 1

3
x ln ( xΛ2

) + 2m2 ln ( xΛ2
) − c x) , (3.47)

where Λ is the square of the cut-off being mentioned and c is a constant, depending

on a behavior of the form-factor.

Let us consider the linear compensation equation, obtained in agreement with the

formulated rules (seeFigure 3.4). The equation in this approximation has the following

form

G F(p2) = G2

2(4𝜋)3 (3Λ2 + 2

3
p2 ln p2Λ2

+ 4m2 ln p2Λ2
− 2 c p2)

− G3

8(2𝜋)9 ∫[1
3
(p − q)2 ln (p − q)2Λ2

+ 2m2 ln (p − q)2Λ2
− c (p − q)2] (3.48)

× F(q2)(q2 + m2)2 d6q − 3G3 𝜋3 Λ2

2 (2𝜋)12 ∫ F(q2)(q2 +m2)2 d6q.
Firstly let usnote, that trivial solutionG = 0 is evidently possible. In viewof looking for

a nontrivial solution we cancel the equation by G. Performing here angle integrations
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= G F(p) = G

+ + + +

= 0+ +

Fig. 3.4. The graphic representation of the linear compensation equation (3.48).

by using formulas (3.46) we obtain the following one-dimensional integral equation

F(x) = G

2(4𝜋)3(3Λ2 + 2

3
x ln xΛ2

+ 4m2 ln xΛ2
− 2cx)

− 3G2Λ2

4(4𝜋)6 ∞∫
0

y2 F(y)(y + m2)2 dy − G2

18(4𝜋)6(− 1

20 x2

x∫
0

y5 F(y)(y + m2)2 dy
+ 3

4x

x∫
0

y4 F(y)(y +m2)2 dy+3 log x

x∫
0

y3 F(y)(y + m2)2 dy+3 x log x

x∫
0

y2 F(y)(y +m2)2 dy
+ 4

x∫
0

y3 F(y)(y +m2)2 dy + 3 x2

4

∞∫
x

y F(y)(y +m2)2 dy − x3

20

∞∫
x

F(y)(y + m2)2 dy
+ 3

∞∫
x

y3 ln y F(y)(y + m2)2 dy + x ∞∫
x

(4 + 3 ln y) y2 F(y)(y + m2)2 dy)
− G2m2

12(4𝜋)6(− 1

x2

x∫
0

y4 F(y)(y + m2)2 dy + 8

x

x∫
0

y3 F(y)(y +m2)2 dy
+ 12 ln x

x∫
0

y2 F(y)(y + m2)2 dy + 12

∞∫
x

y2 ln y F(y)(y + m2)2 dy

+ 8 x

∞∫
x

y F(y)(y + m2)2 dy − x2
∞∫
x

F(y)(y + m2)2 dy)
+ G2

6 (4𝜋)6 (ln Λ2 + 3 c)(∞∫
0

y3 F(y)(y + m2)2 dy
+ x

∞∫
0

y2 F(y)(y + m2)2 dy) + G2m2(4𝜋)6 ln Λ2

∞∫
0

y2 F(y)(y +m2)2 dy.

(3.49)
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Amethod of solution of equations of (3.49) type is developed in Section 2.3. Equa-

tion (3.49) is reduced to a differential one by sequential differentiations. Evident eval-

uation gives

d4

dx4
(x2 d4

dx4
(x2F(x)))

= −𝛽 ( F(x)(x +m2)2 + 2m2 (x d2

dx2
F(x)(x +m2)2 + 3 d

dx

F(x)(x + m2)2))m 𝛽 = 2G2(4𝜋)6 . (3.50)

One easily see, that equation (3.50) can be rewritten in the form

((x d

dx
+ 2)(x d

dx
+ 1)(x d

dx
) (x d

dx
)(x d

dx
− 1)

× (x d

dx
− 1)(x d

dx
− 2)(x d

dx
− 3) + 𝛽 x2) F(x)

= 2 𝛽m2x(F(x) + x
d F

dx
− x2 d2 F

dx2
) , (3.51)

where two terms of expansion in m2 are kept. From this form of the equation we im-

mediately conclude, that for x → 0 there are eight independent asymptotes, which

coefficients we denote as follows
a−2
x2

, a−1
x

, a0, a0l ln x, a1 x,
a1l x ln x, a2 x

2, a3 x
3. (3.52)

Eight independent asymptotes at infinity are the following

Fk(x) ≃ x−3/16 exp(4 (𝛽 x2)1/8 exp (𝚤 𝜋 (2k − 1)
8

)) , k = 1, 2, . . . , 8. (3.53)

Four of these asymptotes at infinity decrease exponentially (k = 3, 4, 5, 6), and the

rest four ones do increase.

Equation (3.51) is equivalent to the initial integral equation under definite bound-

ary conditions being fulfilled. First of all we can use only solutions, decreasing at in-

finity. To obtain conditions at zero we have to substitute expression

F(x) = − x2𝛽 d4

dx4
( x2

d4

dx4
( x2 F(x) ))

in integrals of equation (3.49) and perform sequential integrations by parts. The re-

sults are presented in the appendix to this chapter.

Substituting expressions (3.87) into equation (3.49), we have

F(x) = F(x) − a−2
x2

− a−1
x

− a0l ln x − a1lx ln x

+ G𝜋3
2(2𝜋)6 (3Λ2 (1 − G I

2(4𝜋)3) + 2 x

3
ln ( xΛ2

) − 2 c x) (3.54)

+ x (ln Λ2 + 3 c) a1l, I = ∞∫
0

y2 F(y)(y + m2)2 dy.
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From here we obtain the following condition (independently on values of Λ2 and c)

a−2 = 0, a−1 = 0, a0l = 2Gm2(4𝜋)3 ,
a1l = G𝜋3

3 (2𝜋)6 = √2𝛽
6

, (3.55)

I = 2(4𝜋)3
G

= 2√2√𝛽 . (3.56)

Thefirst four conditions (3.55) are boundary conditions for equation (3.51). A combina-

tion of four solutions decreasing at infinity with account of these boundary conditions

gives theunique solution. It canbe expressed in termsofwell-knownspecial functions

for case m2 = 0. Indeed, let us make the following substitution in equation (3.51)

z = 𝛽 x2
28

, (3.57)

which reduces the equation to the canonical form of Meijer equation [71] of the eighth

order

((z d

dz
+ 1)(z d

dz
+ 1

2
)(z d

dz
)(z d

dz
)(z d

dz
− 1

2
)

× (z d

dz
− 1

2
)(z d

dz
− 1)(z d

dz
− 3

2
) + z ) F(z) = 0. (3.58)

Conditions (3.55) fix the solution. Firstly, four solutions, decreasing at infinity, always

could be combined to set to zero three singular asymptotes at zero, i.e. to fulfill con-

ditions a−2 = a−1 = a0l = 0. Such property has the following Meijer function (see

Section 2.3)

C ⋅ G50
08 ( z | 32 , 1, 12 , 12 , 0, 0, −12 , −1) .

The constant is defined by the coefficient before√z ln z. For small z this Meijer func-

tion behaves as follows

G50
08 ( z | 32 , 1, 12 , 12 , 0, 0, −12 , −1) = 𝜋 + 16

3
√z ln z + ⋅ ⋅ ⋅ . (3.59)

Comparing the coefficient afore√z ln z with (3.55), we obtain

C = √2
4

.
Performing integration (see [72]), we have in accordance with definition of I (3.54)

I = ∞∫
0

F(y)dy = √2
4

∞∫
0

G50
08 (𝛽y2

28
| 3
2
, 1, 1

2
, 1
2
, 0, 0, −1

2
, −1)dy = 2√2√𝛽 , (3.60)

that perfectly agrees with condition (3.55).
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Thus, solution

F(x) = √2
4

G50
08 (𝛽x2

28
| 3
2
, 1, 1

2
, 1
2
, 0, 0, −1

2
, −1) , (3.61)

fulfills all conditions (3.55), and consequently the initial equation (3.49), which is an

approximate compensation equation. This solution is a nontrivial solution, which

contains dimensional parameter G, and hence it leads to the initial scale symmetry

breaking. Of course, as we have noted before, trivial solution F(x) = 0 is also possible.

Note, that the boundary conditions are not dependent on value of the form-factor at

zero. Equality F(0) = 1 will serve as an additional condition in what follows.

Let us take into account terms proportional to m2. We shall look for a correction

to the solution of equation (3.51) in the following form

F(x) = F0(x) + Δ F(x). (3.62)

Substituting (3.62) into equation (3.51)we have the followingequation in the first order

in m2

((x d

dx
+ 2)(x d

dx
+ 1)(x d

dx
) (x d

dx
)(x d

dx
− 1)

× (x d

dx
− 1)(x d

dx
− 2) (x d

dx
− 3) + 𝛽 x2 ) Δ F(x)

= 2𝛽m2 x (F0(x) + x
d F0
dx

− x2
d2 F0
dx2

) . (3.63)

From equation (3.63) we can exactly define several terms of expansion of Δ F(x)
for small x. Indeed let us consider the following expression

Δ̄ F(x) = 2m2

x
(F0(x) + x

d F0
dx

− x2
d2 F0
dx2

) (3.64)

= 2m2 ( 𝜋
2√2 x + 2G

3 (4𝜋)3 (ln (√𝛽 x) + 4 𝛾 − 23

6
) + 𝜋√2G2

96 (4𝜋)6 x ln x + O(x)) ,
where 𝛾 = 0.577215665 . . . is the Euler constant. Substituting expression (3.64) into

equation (3.63), we get convinced, that it fulfills the equation up to terms of x3 order,

because the differential operator in the left-hand side nullifies the terms presented

in (3.64) and subsequent terms up to the indicated order. We are interested just in

the presented terms (3.64) because they refer to the boundary conditions. Indeed ex-

pression (3.64) contains terms z−1/2, ln z, z1/2 ln z, which violate their boundary con-

ditions. Hence we are to add to expression (3.64) a combination of solutions of the

homogeneous equation to force the boundary conditions to be fulfilled. Finally we
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obtain

ΔF(x) = Δ̄F(x) − 𝜋2𝜇
8

G50
08 (𝛽x2

28
|3
2
, 1, 1

2
, 1
2
, −1

2
, 0, 0, −1)

− 2𝜇
3

G50
08 (𝛽 x2

28
| 3
2
, 1, 1

2
, 0, 0, 1

2
, −1

2
, −1)

− 𝜋𝜇 (𝛾 + ln 2 − 43

48
)G50

08 (𝛽 x2
28

| 3
2
, 1, 1

2
, 1
2
, 0, 0, −1

2
, −1) , (3.65)

𝜇 = Gm2

2 (4𝜋)3 .
From this expression we extract the exact value for F(0). While doing this one has

to bear in mind, that the presence of a term being proportional to ln x at x → 0 is a

consequence of an expansion in m2 at x ≫ m2. Looking back at the corresponding

evaluations we see, that for x → 0 one has to change ln x for ln(4m2). Now we have

F(0) = 𝜋√2
4

+ 𝜇 (4 ln Y + (16 − 𝜋2)𝛾 + (14 − 𝜋2) log 2 − 122

9
+ 𝜋2 42

48
) . (3.66)

For 𝜇 = 0 we obtain F(0) = 1.11072. Condition F(0) = 1 defines the value of 𝜇,
which is connected with mass (see (3.65))

𝜇 = 0.005789. (3.67)

Thus the solution, which is found here, satisfies all the necessary conditions pro-

vided (3.67) is valid. Emphasize, that (3.67) defines the mass of the scalar field. Note,

that the small value of (3.67) thoroughly justifies the account of only the first term of

the expansion in m2. We reject the second solution of condition F(0) = 1, which is of

order of unity, due to to its inconsistence with the expansion of the solution inm2.

We have mentioned already, that generally speaking one has to consider a total

chainof compensation equations including connectedGreen functionswith six, eight,

etc. legs. Note, that corresponding equations will contain inhomogeneous parts, ex-

pressed in terms of Green functions of lower order, and homogeneous parts, being

proportional to the corresponding form-factor, e.g. F6 with six legs. Assuming our re-

sult the connected four-leg Green function be zero, we come to the conclusion, that

inhomogeneous part of equation for F6 is zero, so trivial solution F6 = 0 inevitably

exists. The analogous considerations lead to conclusions on possibility of existence

of trivial solutions of all higher Green functions. One may, of course, study possibili-

ties of existence of nontrivial solutions as well. However, the purpose of the present

work is to show that even though one nontrivial solution does exist, so we rely on fol-

lowing variant: nontrivial solution for four-leg connected Green function and trivial

solutions for all higher connected Green functions. The consideration of compensa-

tion equation for Green function with two legs, which defines mass of the scalar field

will be performed particularly later on.
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The next step of study should include nonlinear equation with account of all

possible diagrams. However this problem evidently do not admit analytic solution.

Approximate estimate of nonlinear corrections to the form-factor’s value at zero will

be obtained in what follows. Maybe future studies will be connected with numerical

methods. We are convinced, that the experience achieved in finding of the nontrivial

solution will help in formulation and realization of numerical methods. Presumably

result (3.67),whichmeans the existenceof a solutiononly fordefinite relationbetween

dimensional coupling constant and mass of scalar field, will be important.

3.6 Bethe–Salpeter equation and zero excitation

It is well-known, that a symmetry breaking is to be accompanied by an appearance

of an excitation with zero mass [40, 42, 43]. Let us consider this problem in the same

approximation. While constructing an equation for a bound state one has to keep in

mind, that here genuine interaction (3.43) acts, that one, which is referred to the inter-

actionLagrangianand remains, of course, not compensated. Bethe–Salpeter equation

for a massless bound state of two scalar fields in this case has the form

Ψ(x) = G 𝜋3Λ

2(2𝜋)6 − G2 𝜋6ΛΛ

2 (2𝜋)12 + G2𝜋6
18(2𝜋)12(− 1

20 x2

x∫
0

y3 Ψ(y)dy
+ 3

4x

x∫
0

y2Ψ(y) dy + 3 ln x

x∫
0

yΨ(y)dy (3.68)

+ 3 x ln x x∫
0

Ψ(y)dy + 4

x∫
0

yΨ(y) dy + 3 ∞∫
x

y ln yΨ(y)dy
+ x ∞∫

x

(4 + 3 ln y) Ψ(y)dy + 3 x2

4

∞∫
x

Ψ(y)
y

dy − x3

20

∞∫
x

Ψ(y)
y2

dy),
Λ = ∞∫

0

Ψ(y)dy.
Comparing this equation (3.68) with compensation equation (3.49), we see the main

difference in the sign before the kernel of the integral equation. Remind once more,

that the compensation equation is the condition of vanishing of the total expansion in

G in the modified free Lagrangian in expression (3.41) and therefore terms of the first

and of the third orders are situated in the same part of equation, e.g. in the left-handed

one, whereas in the Bethe–Salpeter equation the corresponding terms are situated in

different parts of equation.
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The sign before the kernel is very important. This means, that in a differential

equation sign before 𝛽 changes as well
((x d

dx
+ 2)(x d

dx
+ 1)(x d

dx
) (x d

dx
)(x d

dx
− 1)

× (x d

dx
− 1)(x d

dx
− 2)(x d

dx
− 3) − 𝛽 x2)Ψ(x) = 0. (3.69)

One easily see, that due to absence of term being proportional to x log x in the inho-

mogeneous part boundary conditions are the following

a−2 = a−1 = a0l = a1l = 0. (3.70)

The change of sign before 𝛽 leads to changing of asymptotes at infinity
Ψk(x) ≃ exp (4 (𝛽 x2)1/8 exp (𝚤 𝜋 k

4
)) , k = 1, 2, . . . , 8. (3.71)

Now we have three decreasing asymptotes (k = 3, 4, 5), two oscillating ones (k =
2, 6), and the remaining three are increasing. Using the first five solutions, which

allow a definition of integrals at infinity, we fulfill four boundary conditions at

zero (3.70). As a result we obtain the following solution of equation (3.68)

Ψ(x) = AG40
08 (𝛽 x2

28
| 3
2
, 1, 1

2
, 0, 1

2
, 0, −1

2
, −1) , (3.72)

where constant A is defined by normalization condition of a Bethe–Salpeter wave

function. Direct calculation leads to result Λ = 0, so the inhomogeneous part of

equation (3.68) vanishes. Thus we have shown, that the equation for a bound state

with zero mass has a solution.

The solution being obtained proves the existence of zero mass excitation [40, 42,

43] in the model. Of course definition of a Bethe–Salpeter equation itself is possible

onlyprovided a nontrivial solutionof a compensation equation to exist and thus inter-

action (3.43) to act. The obligatory correspondence between a nontrivial solution of a

compensation equation and an existence of a zero excitation thoroughly corresponds

to Bogoliubov quasi-averages approach [40].

It is interesting to note, that with taking into account of three-fold interaction g 𝜙3
in the kernel of equation (3.68) themass of the bound state becomes nonzero. Oneeas-

ily understands this, because interaction (3.68) itself leads to dimensional parameterΛ 3 being present and thus the scale invariance being already broken.

3.7 Compensation equation for scalar field mass

Let us look at interaction Lagrangian (3.42). Themass term there is quite improper. To

solve the problem one has to formulate a compensation equation for Green function
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with two scalar legs. Let us consider this equation taking into account solution (3.62)

and three-fold interaction. The compensation equation means nullification of total

contribution of interaction (3.42) to the mass. In the first approximation the contribu-

tion of the four-fold interaction is described by the first order diagram “bubble” and

that of the three-fold one is represented by simple one-loop diagram (see Figure 3.5).

m2 = +

Fig. 3.5. Compensation equation for mass of the scalar field.

Puttingmomenta of the external legs to be zero, we have for “bubble”diagram just so-

lution (3.62) in the vertex. As a result we obtain the following compensation equation

for scalar mass

m2 = − G(2𝜋)6 ∫ F(q2) d6q
q2 +m2

− g2(2𝜋)6 ∫ d6q(q2 + m2)2
= − G

2 (4 𝜋)3 ∞∫
0

y dy (F0(y) + ΔF(y))
+ Gm2

2 (4𝜋)3 ∞∫
0

dy F0(y) − g2

2 (4𝜋)3 ∞∫
0

y2 dy(y + m2)2 , (3.73)

Here in “bubble” diagram we perform an expansion in m2 and take into account the

zeroth and the first orders of the expansion. By direct evaluation with the aid of ex-

pressions (3.61, 3.64, 3.65) we obtain that the zeroth order terms is zero and the first

order term is equal to 3m2. The loop, which is described by the last term in (3.73),

quadratically diverges. Note, that in the initial theory (3.35) we introduce some cut-offΛ 3, which corresponds to a physical limitation of a region of applicability of the the-

ory. As a result we have the following compensation equation for the mass provided

m ≪ Λ 3

m2 = 3m2 − g2

2 (4𝜋)3 Λ2
3. (3.74)

Emphasize, that for the trivial solution G = 0 the first term in the right-hand side of

equation (3.74) is absent and we have a negativemass squared, i.e. a tachyon solution.

For the nontrivial solution we have

m2 = g2

4 (4𝜋)3 Λ2
3. (3.75)

It is well-known, that a scalar tachyon leads to instability for small fields. There-

fore the restoration of the normal sign of the mass squared, which is achieved pro-
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vided the nontrivial solution is valid, corresponds to a transition to a more stable

state.

So the value of the scalar mass is defined in terms of initial parameters of the

theory g and Λ 3. The value of parameter Y (3.67) gives the relation of the mass and of

the coupling constant G of the four-fold interaction. Thus all the parameters entering

into the nontrivial solution are defined in terms of the initial ones.

Note that the initial cut-off Λ 3 corresponds to some boundary energy, which

provides real physical cut-off of the corresponding integrals. In the physical four-

dimensional space-time it may be for example the Planck energy 1.22 ⋅1019GeV. One
should expect the expressions similar to (3.74) also would lead to relations, which

connect the theory parameters with a boundary energy (e.g. the Planck one), which

enters into logarithmic divergent terms.

The final result for effective Lagrangian of the theory after the symmetry breaking

occurs is the following

L = 1

2

𝜕𝜙𝜕x𝜇 𝜕𝜙𝜕x𝜇 − m2

2
𝜙2 + g0

3! 𝜙3 (3.76)

+ G

4! ∫ F̄(x, x1, x2, x3, x4) 𝜙(x1)𝜙(x2)𝜙(x3)𝜙(x4) dx1dx2dx3dx4,
where form-factor F is the solution of the compensation equation.

3.8 Estimate of nonlinearity influence

Till now our results were obtained in the framework of the linear approximation. The

decrease of the form-factor at infinity indicates an applicability region of the approxi-

mation. It evidently is incorrect for large momenta variables because the effective cou-

pling constant becomes too small in comparison to constant G, which was used to de-

fine the kernel of the integral equation.We can roughly take into account an influence

of a nonlinearity, using the following procedure.

Let equation (3.51) be valid for small x (we putm2 = 0).

d4

dx4
( x2

d4

dx4
( x2 F(x) )) = − 𝛽 F(x)

x2
, 𝛽 = 2G2(4𝜋)6 . (3.77)

We use this equation with the corresponding (3.55) for x ≤ x0, whereas for x ≥ x0
one has to take into account a nonlinearity. Let us draw attention to the fact, that 𝛽 is
proportional toG2 i.e. it contains the form-factor squared. Therefore for x ≥ x0 instead

of (3.77) we use the following equation

d4

dx4
( x2

d4

dx4
( x2 F(x) )) = −𝛽 F3(x)

x2
. (3.78)

In this approximation we have correct behavior of right-hand sides at small (3.77) and

at very large (3.78) values of x. In the intermediate region there is a tear in the right
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hand side at x = x0. This means that the eighth derivative tears at this point. As we

shall see soon the form-factor and its derivatives up to the fifth order have to be con-

tinuous.

Let us introduce variable y = √𝛽 x. One easily sees that for y → ∞ equation (3.78)

defines the following decreasing asymptotic

F(y) ≃ b

y2
− 6 b3

5!7! y4 + 12 b5

7! 7!8! y6 + ⋅ ⋅ ⋅ , (3.79)

where b is a constant. At the same time equation (3.77) with account of boundary con-

ditions has the following solution in region (0, y0):
F(y) = √2

4
G50
08 ( y2
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2
, 1
2
, 0, 0, −1

2
, −1)

+ C1 G
30
08 ( y2

256
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2
, 1
2
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2
, −1)

+ C2 G
30
08 ( y2

256
|3
2
, 1, 0, 1

2
, 1
2
, 0, −1

2
, −1) (3.80)

+ C3 G
10
08 (y22 56 |3

2
, 1, 1

2
, 1
2
, 0, 0, −1

2
, −1)

+ C4 G
10
08 ( y2

256
| 1, 3

2
, 1
2
, 1
2
, 0, 0, −1

2
, −1) ,

where Ci are constants. The appearance of the additional termswith these coefficients

multiplied by Meijer functions increasing at infinity is due to the fact, that now the

decrease at infinity is provided by asymptotic (3.79) and thus in region (0, y0)we have
to use all solutions of equation (3.77), which fulfill the boundary conditions at zero.

The first line here is solution (3.61), which was obtained earlier. Let us begin a se-

quential account of the new terms starting from the zero approximation, in which in

region (0, y0) we have this old solution, i.e. all Ci = 0. This solution is matched to so-

lution (3.79) in point y0. It will come clear, that in expression (3.79) an account of the

first term is sufficient. Then from continuity of the function and of its first derivative

we obtain the following set of equations√2
4

G50
08 ( y20

256
|3
2
, 1, 1

2
, 1
2
, 0, 0, −1

2
, −1) − b

y20
= 0,

√2
4

G50
08 ( y20

256
|3
2
, 1, 1, 1

2
, 1
2
, 0, −1

2
, −1) − b

y20
= 0, (3.81)

Solution of the set:

y0 = 8.4980, b = 7.5055. (3.82)

The second term in asymptotic (3.79) at y0 comprises 7.7 ⋅10−6 times the first one, that
justifies the account of the first term only. The value of the form-factor at zero does not

change F(0) = 1.1107.



3.9 Conclusions of simple scalar model | 81

Now let us take into account two additional terms in (3.80) with coefficients C1
and C2, which for small y give larger contribution than the remaining two terms. In

this case we have to match values of the function and of its derivatives up to the third

order. One obtains the set of four equationswith aid of rules of differentiation ofMeijer

functions [71]. Its solution reads

y0 = 17.635, b = 9.410, C1 = 0.0166, C2 = −0.0538. (3.83)

The value of the form-factor at zero becomes

F(0) = 𝜋√2
4

+ C2𝜋 = 1.0936. (3.84)

Now let us take into account termswith coefficients C3, C4. We consider them and

deviations from solution (3.83) as well to be small. Thenmatching the function and its

derivatives up to the fifth order, we obtain a set of six linear equations leading to the

following solution

Δy0 = 1.457, Δb = 1.032, ΔC1 = −0.0094,ΔC2 = 0.0223, C3 = −0.0249, C4 = 0.0136. (3.85)

Substituting the last result into (3.84), we have

F(0) = 1.1007. (3.86)

The sequence of numbers 1.1107, 1.0936, 1.1007 for value F(0) demonstrates stability

of the result in respect to contribution of nonlinear corrections

3.9 Conclusions of simple scalar model

Grounding on the results being obtained we conclude, that in the model under con-

sideration a nontrivial solution does exist, which breaks the initial scale invariance

and leads to a spontaneous appearance of effective interaction in Lagrangian (3.76),

acting in a restricted region of the momenta space in accordance with the value of

parameter G. Effective form-factor F(p) decreases exponentially with oscillations for

p2 → ±∞, i.e. both for space-like and time-like momenta. We confirm the existence

of a zero mass excitation, which has to be present for an occurrence of spontaneous

symmetry breaking.

We start with the renormalizable theory of a scalar field (in a six-dimensional

space), and we obtain as a result the definite theory with interaction breaking scale

symmetry. New dimensional parameters G−1/2 and m are proportional to parameterΛ 3, which defines the initial asymptotically free interaction. Let us emphasize once

more, that the interaction being obtained is an effective one, that first of all is reflected
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in a presence of form-factor F(p), which is just the solution of the compensation equa-

tion. At momentum infinity the theory becomes asymptotically free again.

It is quite important, that the problem under consideration has a consistent solu-

tion only provided triple interaction g 𝜙3 is acting. Really, albeit compensation equa-

tion (3.48) contains no contribution of this interaction, the nonzero scalar field mass

appears only for g ≠ 0. If it is not the case the value of form-factor at zero F(0) is not
unity. In general one can not exclude a possibility of condition F(0) = 1 being ful-

filled form = 0. However the experience obtained in considering the present problem

shows that this condition could be fulfilled only provided the model has very peculiar

properties. As amatter of fact the problem under consideration is defined not by com-

pensation equation (3.48) only, but by set of equations (3.48, 3.73), which explicitly

contains a contribution of triple interaction g 𝜙3. The same conclusionwe are to make

after consideration of spontaneous generation of the Nambu–Jona-Lasinio effective

interaction in Section 3.3

It should be noted, that a possibility of a nontrivial solution strongly depends on

the choice of the theory. This may be demonstrated by comparison of different signa-

tures of the six-dimensional space-time. Namely if one instead of signature 1 + 5 will
choose signature 3+3, then in definition (3.36) of a transition to Euclidean coordinates
the sign before 𝚤 d6p changes. As a result all signs change for one-loop integrals. For

four-fold interaction we restore all previous results by simple substitution G → −G.
However theone-loop integralwith two three-foldvertices inevitably changes signand

relation (3.74) leads to tachyonmass. So we come to the conclusion, that for signature

3 + 3 only the trivial solution G = 0 is stable.

Of course, we base our conclusions only on exact solutions of approximate equa-

tions. However it is possible, that qualitative properties of solutions, which manifest

themselves in the model problem, will be quite useful in study of problems of sponta-

neous symmetry breaking in more realistic cases, when there is no hope for analytic

solution of corresponding equations and what is possible to apply are just numerical

methods. Attractive qualitative results are the existence of relations between param-

eters of the problem and the natural appearance of small parameter Y (3.67). The es-

sential result is connected also with the conclusion on the stability of the nontrivial

solution. The estimate of nonlinearity contribution, which does not lead to decisive

change of properties of the solution, provides additional argument on behalf of the

present approach.

The resulting theory is nonlocal and the question might arise, whether the gen-

eral principles of unitarity and causality are here valid. The initial theory (3.35) quite

corresponds to these principles. One should expect, that its solutions, nontrivial ones

as well, have also to fulfill these conditions. Therefore one can consider the present

example as a step in direction of formulating of a consistent nonlocal theory. Basing

on results of the present work we may assume, that such theory can be consistent not

for an arbitrary form-factor but for the one, which follows from a nontrivial solution

of an initially local theory.
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Without any doubt a possibility of spontaneous generation of an effective interac-

tion, containing a dimensional parameter, is of great interest for studies of problems

beyond the Standard Model. In particular, the phenomenon of a spontaneous gener-

ation of an effective interaction, provided it to occur in a genuine physical theory, e.g.

in the electro-weak theory, might essentially promote our understanding of bases of

the theory. A subsequent results in this direction and applications of the approach

to spontaneous generation of effective interactions in gauge theories of the Standard

Model will be presented below.

To conclude the present chapter we would state, that theory of massless scalar

field 𝜙 with interaction g𝜙3 in six-dimensional space is considered. A possibility of

initial scale invariance breaking, which results in a spontaneous arising of effective

interaction G𝜙4, is studied by application of Bogoliubov quasi-averages approach. It

is shown, that compensation equation for form-factorof this interaction inapproxima-

tion up to the third order in G has a nontrivial solution. In the same approximation the

Bethe–Salpeter equation for a zero-mass bound state of two scalar fields 𝜙 is shown to
have a solution. The conditions imposed on form-factor value at zero and scalar field

massm fix the unique solution, which gives relations between parameters of interac-

tion g𝜙3 and parameters G and m. Arguments are laid down in favor of a stability of

the nontrivial solution.

3.10 Appendix

Here formulas of integration by parts of expressions entering in equation (3.49) are

presented

𝛽 x∫
0

y2 F(y)(y + m2)2 dy = −x2 d3

dx3
(x2 d4

dx4
(x2 F(x))) (3.87)

+ 2x
d2

dx2
(x2 d4

dx4
(x2 F(x))) − 2 d

dx
(x2 d4

dx4
(x2 F(x))) + 12a1l,

𝛽 x∫
0

y3 F(y)(y + m2)2 dy = −x3 d3

dx3
(x2 d4

dx4
(x2F(x)))

+ 3x2
d2

dx2
(x2 d4

dx4
(x2F(x))) − 6x d

dx
(x2 d4

dx4
(x2 F(x)))

+ 6 x2
d4

dx4
(x2 F(x)) − 12a0l,
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𝛽 x∫
0

y4 F(y)(y + m2)2 dy = −x4 d3

dx3
(x2 d4

dx4
(x2F(x)))

+ 4x3
d2

dx2
(x2 d4

dx4
(x2F(x))) − 12x2

d

dx
(x2 d4

dx4
(x2F(x)))

+ 24x3
d4

dx4
(x2F(x)) − 24x2

d3

dx3
(x2F(x)) + 48 x

d2

dx2
(x2 F(x))

− 48
d

dx
(x2 F(x)) + 48a−1,

𝛽 x∫
0

y5 F(y)(y + m2)2 dy = −x5 d3

dx3
(x2 d4

dx4
(x2F(x)))

+ 5x4
d2

dx2
(x2 d4

dx4
(x2F(x))) − 20x3

d

dx
(x2 d4

dx4
(x2F(x)))

+ 60x4
d4

dx4
(x2F(x)) − 120x3

d3

dx3
(x2F(x))

+ 360x2
d2

dx2
(x2 F(x))−720x d

dx
(x2F(x)) + 720x2F(x) − 720a−2,

𝛽 ∞∫
x

F(y)(y + m2)2 dy = d3

dx3
(x2 d4

dx4
(x2 F(x))) ,

𝛽 ∞∫
x

y F(y)(y +m2)2 = x
d3

dx3
(x2 d4

dx4
(x2F(x))) − d2

dx2
(x2 d4

dx4
(x2F(x))) ,

𝛽 ∞∫
x

y2 ln y F(y)(y + m2)2 dy = x2 ln x d3

dx3
(x2 d4

dx4
(x2F(x))) − (2x ln x + x)

× d2

dx2
(x2 d4

dx4
(x2 F(x))) + (2 ln x + 3) d

dx
(x2 d4

dx4
(x2 F(x)))

− 2 x
d4

dx4
(x2 F(x)) + 2

d3

dx3
(x2 F(x)) ,
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𝛽 ∞∫
x

y2 F(y)(y + m2)2 dy = x2
d3

dx3
(x2 d4

dx4
(x2F(x)))

− 2x
d2

dx2
(x2 d4

dx4
(x2F(x))) + 2 d

dx
(x2 d4

dx4
(x2 F(x))) ,

𝛽 ∞∫
x

y3 ln y F(y)(y +m2)2 dy = x3 ln x
d3

dx3
(x2 d4

dx4
(x2F(x))) − (3x2 ln x + x2)

× d2

dx2
(x2 d4

dx4
(x2 F(x))) + (6 x ln x + 5x) d

dx
(x2 d4

dx4
(x2F(x)))

− (6 ln x+11)x2 d4

dx4
(x2F(x))+6x d3

dx3
(x2F(x))−6 d2

dx2
(x2F(x)) .



4 Three-gluon effective interaction
In this chapter we begin to study nonperturbative effects in strong interactions. We

proceed from initial QCD, the main points of which is presented in the first two chap-

ters. We have already laid down, that there is unavoidable necessity to introduce non-

perturbative quantities, e. ,g, condensate averages. In view to achieve a description

of nonperturbative contributions we shall rely on the main idea of the present book

and we shall look for effects of spontaneous generation of effective interactions. The

results to be discussed in the chapter are mostly obtained in work [76].

4.1 Compensation equation

For the beginning we consider pure gluon QCD without quarks. We start with La-

grangian with gauge group SU(3). That is we define the gauge sector to be color octet
of gluons Fa𝜇 .

L = −1
4
Fa𝜇𝜈F

a
𝜇𝜈, Fa𝜇𝜈 = 𝜕𝜇Fa𝜈 − 𝜕𝜈Fa𝜇 + g fabcF

b
𝜇F

c
𝜈. (4.1)

where we use the standard notations. Let us consider a possibility of spontaneous

generation of an effective interaction− G

3! ⋅ fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇 , (4.2)

which may be called an anomalous three-gluon interaction.

Here notation G
3!
⋅ fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇 means corresponding nonlocal vertex in the mo-

mentum space (2𝜋)4G fabc(g𝜇𝜈(q𝜌pk − p𝜌qk) + g𝜈𝜌(k𝜇pq − q𝜇pk)+ g𝜌𝜇(p𝜈qk − k𝜈pq) + q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌)× F(p, q, k) 𝛿(p + q + k) + ⋅ ⋅ ⋅ , (4.3)

where F(p, q, k) is a form-factor and p, 𝜇, a; q, 𝜈, b; k, 𝜌, c are respectively incoming

momenta, Lorentz indices and color indices of gluons.

In accordance to the Bogoliubov compensation approach [40–42] in application

to QFT, which was discussed in Chapter 3, we look for a nontrivial solution of a com-

pensation equation, which is formulated on the basis of the Bogoliubov procedure

add-subtract. Namely let us write down the initial expression (4.1) in the following

form

L = L0 + Lint ,
L0 = − 1

4
Fa𝜇𝜈F

a
𝜇𝜈 + G

3! ⋅ fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇 , (4.4)

Lint = − G

3! ⋅ fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇 . (4.5)
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Here isotopic and color summation is performed inside of each quark bi-linear

combination, and notation − G
3! ⋅ fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇 means corresponding nonlocal vertex

in the momentum space

(2𝜋)4 G fabc (g𝜇𝜈(q𝜌pk − p𝜌qk) + g𝜈𝜌(k𝜇pq − q𝜇pk) (4.6)+ g𝜌𝜇(p𝜈qk − k𝜈pq) + q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌) F(p, q, k) 𝛿(p + q + k) + ⋅ ⋅ ⋅ ,
where F(p, q, k) is a form-factor and p, 𝜇, a; q, 𝜈, b; k, 𝜌, c are respectfully incoming

momenta, Lorentz indices and color indices of gluons. We mean also that there are

present four-gluon, five-gluon and six-gluon vertices according to expression for Fa𝜇𝜈
(4.1). Note, that inclusion of total gluon term Fa𝜇𝜈 F

a
𝜇𝜈 in the new free Lagrangian (4.4)

is performed in view of maintaining the gauge invariance of the approach.

Effective interaction (4.2) is called anomalous three-gluon interaction. Our inter-

action constant G is to be defined by the subsequent studies.

Let us consider expression (4.4) as the new free Lagrangian L0, whereas ex-

pression (4.5) as the new interaction Lagrangian Lint. It is important to note, that we

put into the new free Lagrangian the full quadratic in F term including boson self-

interaction, because we prefer to maintain gauge invariance of the approximation

being used. Indeed, we shall use both quadratic term from the last term in (4.4) and

triple one from the last but one term of (4.4). Then compensation conditions (see for

details Chapter 3) will consist in demand of full connected three-boson vertices of

the structure (4.6), following from Lagrangian L0, to be zero. This demand gives a

nonlinear equation for form-factor F.

Such equations according to our terminology are compensation equations. In a

study of these equations it is always evident the existence of a perturbative trivial so-

lution (in our case G = 0), but, in general, a nonperturbative nontrivial solution may

also exist. Just the quest of a nontrivial solution inspires the main interest in such

problems. One can not succeed in finding an exact nontrivial solution in a realistic

theory, therefore the goal of a study is a quest of an adequate approach, the first non-

perturbative approximation of which describes the main features of the problem. Im-

provement of a precision of results is to be achieved by corrections to the initial first

approximation.

Thus our task is to formulate the first approximation. Here the experience ac-

quired in the course of performing works [74, 77, 78], as well as examples being con-

sidered above, could be helpful. Now in view of obtaining the first approximation we

would make the following assumptions.

(1) In a compensation equationwe restrict ourselves by termswith loopnumbers 0, 1.

(2) We reduce thus obtained nonlinear compensation equation to a linear integral

equation. It means that in loop terms only one vertex contains the form-factor,

being defined above, while other vertices are considered to be point-like. In di-

agram form equation for form-factor F is presented in Figure 4.1. Here four-leg

vertex correspond to an interaction of four gluons due to our effective three-field



88 | 4 Three-gluon effective interaction

++ = 0+

p

–p

0
p

–p

0
p

–p

0

p

–p

0
+ +

p

–p

0
p

–p

0

++

p

–p

0

0

p

–p

Fig. 4.1. Diagrams, describing the compensation equation for vertex (4.6), denoted by the black

spot, open circles denote the same vertex without form-factor and also four-leg vertex (6.10) without

the form-factor. Simple lines correspond to gluons.

interaction. In our approximation we take here a point-like vertex with an inter-

action constant being proportional to g G.

(3) We integrate by angular variables of the 4-dimensional Euclidean space. The nec-

essary rules are presented in Section 5.8 and in paper [77].

Let us note that such approximation was previously used in works [77, 78] in the study

of spontaneous generation of the effective Nambu–Jona-Lasinio interaction. It was

shown in Chapter 3 that the accuracy of the approximation could be estimated to be≃ 10–15%. Thus we could hope for such accuracy in the present problem.

At first let us present the expression for four-gluon vertex

V(p,m, 𝜆; q,n, 𝜎; k, r, 𝜏; l, s, 𝜋)𝚤 (2𝜋)4 = (4.7)

gG(f amnf ars(U(k, l; 𝜎, 𝜏, 𝜋, 𝜆) − U(k, l; 𝜆, 𝜏, 𝜋, 𝜎) − U(l,k; 𝜎, 𝜋, 𝜏, 𝜆) + U(l,k; 𝜆, 𝜋, 𝜏, 𝜎)+ U(p,q; 𝜋, 𝜆, 𝜎, 𝜏) − U(p, q; 𝜏, 𝜆, 𝜎, 𝜋) − U(q, p; 𝜋, 𝜎, 𝜆, 𝜏) + U(q,p; 𝜏, 𝜎, 𝜆, 𝜋))+ f arn f ams(U(p, l; 𝜎, 𝜆, 𝜋, 𝜏) − U(l,p; 𝜎, 𝜋, 𝜆, 𝜏) − U(p, l; 𝜏, 𝜆, 𝜋, 𝜎) + U(l,p; 𝜏, 𝜋, 𝜆, 𝜎)+ U(k, q; 𝜋, 𝜏, 𝜎, 𝜆) − U(q,k; 𝜋, 𝜎, 𝜏, 𝜆) − U(k, q; 𝜆, 𝜏, 𝜎, 𝜋) + U(q,k; 𝜆, 𝜎, 𝜏, 𝜋))− f asn f amr(U(k, p; 𝜎, 𝜏, 𝜆, 𝜋) − U(p,k; 𝜎, 𝜆, 𝜏, 𝜋) + U(p,k; 𝜋, 𝜆, 𝜏, 𝜎) − U(k, p; 𝜋, 𝜏, 𝜆, 𝜎)− U(l,q; 𝜏, 𝜋, 𝜎, 𝜆) + U(l, q; 𝜆, 𝜋, 𝜎, 𝜏) − U(q, l; 𝜆, 𝜎, 𝜋, 𝜏) + U(q, l; 𝜏, 𝜎, 𝜋, 𝜆))),
U(k, l; 𝜎, 𝜏, 𝜋, 𝜆) = (k𝜎 l𝜏 g𝜋𝜆 − k𝜎 l𝜆 g𝜋𝜏 + k𝜋 l𝜆 g𝜎𝜏 − (kl)g𝜎𝜏g𝜋𝜆)F(k, l, −(k + l)).
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Here triad p, m, 𝜆 etc. means correspondingly incoming momentum, color index,

Lorentz index of a gluon. Properties of structure constants f amn of the SU(3) group are
explicated in Section 1.4.

Let us formulate compensation equations in this approximation. For free La-

grangian L0 full connected three-boson vertices with Lorentz structure (4.6) are to

vanish. One can succeed in obtaining analytic solutions for the following set of mo-

mentum variables (see Figure 4.1): left-hand legs have momenta p and −p, and a

right-hand leg has zero momenta. However in our approximation we need form-factor

F also for nonzero values of this momentum.We look for a solutionwith the following

simple dependence on all three variables

F(p1, p2, p3) = F(p21 + p22 + p23
2

), (4.8)

Really, expression (4.8) is symmetric and it turns to F(x) for p3 = 0, p21 = p22 = x.

We consider the representation (4.8) to be the first approximation and we postpone

calculations of corresponding corrections for forthcoming studies. Now according to

the rules being stated abovewe obtain the following equation for form-factor F(x) due
to diagram representation in Figure 4.1

F(x) = − G2 N

64𝜋2 ( Y∫
0

F(y) ydy − 1

12 x2

x∫
0

F(y) y3dy
+ 1

6 x

x∫
0

F(y) y2dy + x

6

Y∫
x

F(y)dy − x2

12

Y∫
x

F(y)
y

dy)
+ G gN

16𝜋2 Y∫
0

F(y)dy + GgN

24 𝜋2( x∫
3x/4

(3x − 4y)2(2y − 3x)
x2(x − 2y) F(y)dy

+ Y∫
x

(5x − 6y)(x − 2y) F(y) dy) + GgN

32𝜋2( Y∫
x

3(x2 − 2y2)
8(2y − x)2 F(y)dy

+ x∫
3x/4

3(4y − 3x)2(x2 − 4xy + 2y2)
8x2(2y − x)2 F(y)dy

+ x∫
0

5y2 − 12xy

16x2
F(y)dy + Y∫

x

3x2 − 4xy − 6y2

16y2
F(y)dy). (4.9)

Here x = p2 and y = q2, where q is an integration momentum, N = 3 for QCD. The last

four terms in brackets represent diagrams with one usual gauge vertex (see the last

three diagrams at Figure 4.1). These terms maintain the gauge invariance of results

in this approximation. Note that one can additionally check the gauge invariance by

introduction of longitudinal term dl k𝜇k𝜈/(k2)2 in boson propagators to verify an in-

dependence of results on dl in this approximation. Ghost contributions also give zero
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result in the present approximation due to vertex (4.6) being transversal:

p𝜇 V(p, q, k)𝜇𝜈𝜌 = q𝜈 V(p, q, k)𝜇𝜈𝜌 = k𝜌 V(p, q, k)𝜇𝜈𝜌 = 0,
V(p, q, k)𝜇𝜈𝜌 = g𝜇𝜈(q𝜌pk − p𝜌qk) + g𝜈𝜌(k𝜇pq − q𝜇pk)+ g𝜌𝜇(p𝜈qk − k𝜈pq) + q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌. (4.10)

Gauge invariancemight bealso violatedby termsarising frommomentumdependence

of form-factor F. However this problem does not arise in the approximation corre-

sponding to equation (4.9) and becomes essential for taking into account of g2 terms.

In this case ghost contributions also do not cancel. The problem of the gauge invari-

ance of the next approximations has to be considered in future studies.

We introduce in equation (4.9) an effective cut-off Y, which bounds a “low-

momentum” region where our nonperturbative effects act and consider the equation

at interval [0, Y] under condition
F(Y) = 0. (4.11)

The value of this parameter is to be defined in the process of a solution of the com-

pensation equation. We shall solve equation (4.9) by iterations. That is we expand its

terms beingproportional tog in powers of x and take at first only a constant term. Thus

we have

F0(x) = − G2 N

64𝜋2( Y∫
0

F0(y) ydy − 1

12 x2

x∫
0

F0(y) y3dy
+ 1

6 x

x∫
0

F0(y) y2dy + x

6

Y∫
x

F0(y)dy − x2

12

Y∫
x

F0(y)
y

dy)
+ 87Gg N

512𝜋2 Y∫
0

F0(y)dy. (4.12)

Expression (4.12) again provides an equation of the type which were already studied

in Chapters 2 and 3, where the way of obtaining solutions of equations analogous to

(4.12) are described. Indeed, by successive differentiation of equation (4.12) we come

to the Meijer differential equation

(x d

dx
+ 2)(x d

dx
+ 1)(x d

dx
− 1)(x d

dx
− 2) F0(x) + G2Nx2

64𝜋2 F0(x) = A, (4.13)

A = 4(− G2 N

64𝜋2 Y∫
0

F0(y) ydy + 87G gN

512𝜋2 Y∫
0

F0(y)dy),
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which solution again is expressed in terms of Meijer functions

F0(x) = C1G
10
04(z|1/2, 1, −1/2, −1) + C2G10

04(z|1,1/2, −1/2, −1)
− GN

128𝜋2 G31
15(z |01, 1/2, 0,−1/2,−1) Y∫

0

(Gy − 87 g

8
)F0(y)dy, (4.14)

G31
15(z |01,1/2,0,−1/2,−1) = 1

2 z
− G30

04(z |1, 1/2, −1, −1/2),
z = G2 N x2

1024𝜋2 .
Constants C1, C2 are defined by the following boundary conditions

[2 z2 d3 F0(z)
dz3

+ 9 z
d2 F0(z)
dz2

+ d F0(z)
dz

]
z=z0

= 0, (4.15)

[2 z2 d2 F0(z)
dz2

+ 5 z
d F0(z)
dz

+ F0(z)]
z=z0

= 0,
z0 = G2 N Y2

1024𝜋2 .
Conditions (4.11, 4.15) defines set of parameters

z0 = ∞, C1 = 0, C2 = 0. (4.16)

The normalization condition for form-factor F(0) = 1 here is

− G2 N

64 𝜋2 ∞∫
0

F0(y) ydy + 87Gg N

512𝜋2 ∞∫
0

F0(y)dy = 1. (4.17)

However the first integral in (4.17) diverges due to asymptotic

G31
15(z |01, 1/2,0,−1/2,−1) → 1

2 z
, z → ∞,

and we have no consistent solution. In view of this we consider the next approxima-

tion. We substitute solution (4.14) with account of (4.17) into terms of equation (4.9)

being proportional to gauge constant g but the constant ones and calculate terms pro-

portional to√z. Now we have bearing in mind the normalization condition

F(z) = 1 + 85 g√N√z
96𝜋 (ln z + 4 𝛾 + 4 ln 2 − 1975

168

+ 1

2
G31
15(z0 |00,0,1/2,−1,−1/2)) − 2

3 z

z∫
0

F(t) t dt (4.18)

− 2 z

3

z0∫
z

F(t)dt
t
+ 4

3√z z∫
0

F(t)√t dt + 4√z
3

z0∫
z

F(t) dt√t ,
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where 𝛾 is the Euler constant. We look for a solution of (4.18) in the form

F(z) = 1

2
G31
15 (z |01,1/2,0,−1/2,−1) − 85g√N

128𝜋 G31
15 (z|1/21,1/2,1/2,−1/2,−1)− C1G

10
04 (z|1/2, 1, −1/2, −1) + C2 G10

04 (z|1, 1/2, −1/2, −1) . (4.19)

We have also conditions

1 + 8

z0∫
0

F(z)dz = 87 g√N
32𝜋 z0∫

0

F0(z) dz√z , (4.20)

F(z0) = 0, (4.21)

and boundary conditions analogous to (4.15). The last condition (4.21) means smooth

transition from the nontrivial solution to trivial one G = 0. Knowing form (4.19) of a

solution we calculate both sides of relation (4.18) in two different points in interval

0 < z < z0 and having four equations for four parameters solve the set. With N = 3

we obtain the following solution, which we use to describe QCD case

g(z0) = 3.8166, z0 = 0.009553,
C1 = −5.19055, C2 = 5.46167. (4.22)

We would draw attention to the fixed value of parameter z0. The solution exists only

for this value (4.22) and it plays the role of eigenvalue. As a matter of fact from the

beginning the existence of such eigenvalue is by nomeans evident. This parameter z0
defines scale appropriate to the solution. That is why we take value of running cou-

pling g in solution (4.22) just at this point.

Note, that we use notations F(z) and F(x) for the form-factor, bearing inmind, that

these two functions are connected by the substitution of variable according to (4.14).

Let us take three-loop expression for 𝛼s(𝜇2) (1.69) and take for normalization in

low energy region with Nf = 3 its value at mass of 𝜏-lepton. We have

𝛼s(M𝜏 = 1777MeV) = 0.320 ± 0.005. (4.23)

From here we obtain Λ 3 = (345 ± 19)MeV. (4.24)

We normalize the running coupling by condition

𝛼s(x0) = g(z0)2
4 𝜋 = 1.15515, (4.25)

where coupling constant g entering in expression (4.22) is just corresponding to this

normalization point. Now from definition of z (4.14) and value z0 (4.22) we have

G = 1Λ2
G

, Λ G = (264 ± 7)MeV. (4.26)
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Typical range around 250MeV is natural for strong interaction. It is also worth men-

tioning the value of the momentum which corresponds to boundary of nonperturba-

tive region z0. From equations (4.22, 4.26) we have for this momentum

p0 = (630 ± 18)MeV. (4.27)

Nonperturbative boundary (4.27) seems also natural fromphenomenological point of

view.

We have to bear in mind, of course, that all these results are obtained under cho-

sen approximation. Generally speaking, results could change with another choice of

form of dependence on the three variables in expression (4.8). By considering exam-

ples, we have get convinced, that such change does not influence coefficient afore the

logarithm in brackets in expression for inhomogeneous part of equation (4.18), while

it may lead to some change in the constant term of the expression in brackets. It is

important to understand how small changes in this term influence results. In view of

this we consider additional term 𝜖 in the inhomogeneous part of (4.18). Thus we have
the followingmodified expression

1 + 85g√N√z
96𝜋 (ln z + 4𝛾 + 4 ln 2 − 1975

168
+ 1

2
G31
15 (z0 |00,0,1/2,−1,−1/2) + 𝜖). (4.28)

Let us take for example value 𝜖 = 0.13. In this case instead of (4.22) we have
g(z0) = 3.11587, z0 = 0.0153348,
C1 = −4.47289, C2 = 3.62922, (4.29)

that in the same way as for case 𝜖 = 0 leads to the following parameters

𝛼s(x0) = 0.7726, G = 1Λ2
G

, Λ G = (273.5 ± 7.0)MeV. (4.30)

Another example 𝜖 = 0.15. In this case we have
g(z0) = 3.03685, z0 = 0.0163105,
C1 = −4.37005, C2 = 3.43372, (4.31)𝛼s(x0) = 0.7339, G = 1Λ2

G

, Λ G = (276.4 ± 7.0)MeV.
4.2 Running coupling

In the previous section N. N. Bogoliubov compensation principle was applied to stud-

ies of a spontaneous generation of an effective nonlocal interaction (4.2) in QCD.

It is of the utmost interest to study an influence of interaction (4.2) on the behavior

of strong running coupling 𝛼s(Q2) in the region below z0 i. e., Q < p0 (4.27).
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For the purpose we rely on considerations connected with the renormalization

group approach [1] (for application to QCD see, e. g., [2]). We have the one loop pertur-

bative expression for QCD 𝛽-function.
𝛽(g) = − g3(4𝜋)2 (11 − 2Nf

3
) , (4.32)

We shall take additional contributions for small momentum k2 → 0 of our new inter-

actions according to diagrams shown in Figure 4.2, that gives instead of (4.32)

𝛽(g) = − g3(4𝜋)2 [(11 − 2Nf

3
) − 405√3 g(z0)

2𝜋 Φ(0)] . (4.33)

Here we see a decisive difference in behavior of perturbative 𝛽 (4.32), which acts at

large momenta p > p0 and nonperturbative one for small p ≃ 0 (4.33). The sign of 𝛽
changes between these regions. So 𝛼s(p2) for p2 → 0 is also positive aswell as for large

p. The behavior in between can not be obtained by application of renormalization

group. However, wemay use the dependence of diagrams of Figure 4.2. It is described

by functionΦ(x):
Φ(z) = z01∫

z

x − 3z/4
x − z/2 F(x)dx + z∫

3z/4

4(x − 3z/4)2
z(x − z/2) F(x)dx, z < z01,

Φ(z) = z01∫
3z/4

4(x − 3z/4)2
z(x − z/2) F(x)dx, z01 < z < 4z01

3
, (4.34)

Φ(z) = 0, z > 4z01
3

, z01 = √z0, x = √3Gq2
32𝜋 , z = √3G k2

32𝜋 .
Thus in approximation using the one-loop expression corresponding to diagrams

of Figure 4.2 with Nf = 3 we have

𝛼s(x) = 𝛼(x̄0)
1 + 𝛼s(x̄0)

6𝜋
( 27

2
− 405√3 g(z0)

2 𝜋
Φ(x)) ln ( x

x̄0
) , (4.35)

whereΦ(x) is definedby the loopdiagrams of Figure4.2. Due to this vertex being gauge

invariant, there is no contribution of ghost fields. With G defined by (4.26), g(z0) de-
fined by (4.22) and k2 = Q2 we have the behavior of 𝛼s(Q).

With fixed parameter 𝜖 in (4.28) we calculate the behavior of running coupling.

Let us begin with initial case 𝜖 = 0. We have value of 𝛼s(Q) at the beginning point of
nonperturbative contribution z̄01 = 4

3
z01, corresponding to Q = 726MeV.

𝛼s(z̄01) = 0.936. (4.36)

The boundary of nonperturbative region Q0 = 726MeV seems quite reasonable.
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k

k

Fig. 4.2. Diagrams, describing the contribution of nonperturbative vertex (4.7), denoted by the black

spot, to the running coupling 𝛼s(k2). Simple lines correspond to gluons and thick lines correspond

to quarks.

𝛼s(Q)

QMeV200 400 600 800 1000 1200 1400

–1

1

2

Fig. 4.3. Dependence of the running coupling 𝛼s. The continuous line corresponds to 𝛼s with non-
perturbative contribution (4.35), the discontinuous one with a pole, denoted by the vertical line,

corresponds to the usual perturbative one-loop expression.

It is interesting to study a dependence on valueof 𝜖. For example, for 𝜖 = 0.13we have
the dependence presented in Figure 4.4. We see, that qualitatively the dependence is

the same as in Figure 4.3, but the value of 𝛼s at the maximum is lower. This, of course,

leads to change of mean value of the coupling in the nonperturbative region. Remind,
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𝛼s(Q)

QMeV200 400 600 800 1000 1200 1400

–1.0

–0.5

0.5

1.0

1.5

2.0

Fig. 4.4. Dependence of the running coupling 𝛼s for 𝜖 = 0.13. The continuous line corresponds to

𝛼s with nonperturbative contribution (4.35), the discontinuous one with a pole corresponds to the
usual perturbative one-loop expression.

that this parameterwas essential for results of Nambu–Jona-Lasiniomodel,whichwas

considered in Section 3.3.

We have three-loop expression for 𝛼s(x) (1.69), which allows us to define value of𝛼s at p̄20 = 4/3p20. According to previous results we normalize the running coupling

by condition (4.36). The last values being presented correspond to central values of

parameters defined above.

We would like to draw attention to the result, presented at Figure 4.3, which con-

sists in absence of the Landau pole in expression (4.35). Remind, that in perturbative

calculation up to four loops the singularity at the Landau pole point is alwayspresent.

Only by taking into account of the nonperturbative effects we achieve elimination of

this very unpleasant feature, which was seriously considered as a proof of the incon-

sistency of the quantum field theory [10, 11].

There is also a feature of expression (4.35), which deserves being mentioned. The

limit of 𝛼s(Q) for Q → 0 is zero. It may be interesting for consideration of the color

confinement conditions [79, 80]. Let us note, that similar behavior of the running cou-

pling corresponds also to results, obtained by lattice calculations. For example, in the

most recent lattice work [81] the dependence of the running coupling resembles that

of Figure 4.4.

The average 𝛼s in the nonperturbative region for 𝜖 = 0.13
�̄�s = 1

Q0

Q0∫
0

𝛼s(Q)dQ = 0.87, Q0 = √128𝜋z01
3√3G . (4.37)

For 𝜖 = 0.15 �̄�s = 0.84. These values, as well as value (4.36) of the coupling at the

boundary of the nonperturbative region, agree with estimate (3.26), which give sat-
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isfactory description of nonperturbative parameters including quark condensate and

the pion mass (see Section 3.3).

4.3 The gluon condensate

One of important nonperturbative parameters is the gluon condensate, that is the fol-

lowing vacuum average

V2 = ⟨ g2

4 𝜋2 Fa𝜇𝜈 Fa𝜇𝜈⟩. (4.38)

Let us estimate this parameter in our approach. We apply our method to the first non-

perturbative contributions, presented in Figure 4.5, which is proportional to g G. It is

important to introduce Feynman rule for contribution of operator (4.38) in brackets.

We denote it by skew cross in Figure 4.5

VFF(𝜇, 𝜈; p) = 𝚤 g2𝜋2 (g𝜇𝜈 p2 − p𝜇 p𝜈). (4.39)

With distribution of integration momenta denoted in Figure 4.5 form-factor in

both types of diagrams according to (4.8) has the same argument:

F (p2 + 3

4
q2) . (4.40)

It comes out, that the second and the third terms in the second row of Figure 4.5

are twice each of the previous terms. Thus the sum is equal to the result for the first

diagram multiplied by 10.

We have after the Wick rotation

V2 = 10 × 24 g3 G(2 𝜋)8 𝜋2 ∫ F (p2 + 3

4
q2) 12 (p2 q2 − pq2)

q2(p − q/2)2(p + q/2)2 dpdq. (4.41)

Fig. 4.5. Diagrams for calculation of the gluon condensate. Lines – gluons, black circle – triple ver-

tex (5.4), empty circle – four gluon vertex (6.10) with corresponding form-factor and skew cross –

vertex (4.39). Momenta directed to the right are p − q/2, q, −p − q/2 for bug-like diagrams and
p − q/2, p + q/2 for∞-like diagrams.
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Using the following integral by angle 𝜃
𝜋∫
0

sin2(𝜃)d𝜃(p2 + q2

4
)2 − (pq)2 = 𝜋

2(x + y

4
) [𝜃 (x − y

4
) 1

x
+ 𝜃 ( y

4
− x) 4

y
] , (4.42)

x = p2, y = q2,
we obtain the following expression for quantity (4.41)

V2 = 5 g3 211

G2𝜋3 √3
√z0∫
0

F(t) It dt, (4.43)

It = 12( 4t/3∫
0

(t − 3y

4
)dy − 4

4t/3∫
t

(t − y)2(t − 3y/4)(t − y/2)y dy − t∫
0

(t − y)2
t − y/2 dy),

t = G√3
25 𝜋 (x + 3 y

4
).

We have already expressions (4.19, 4.22) for form-factor F(z), z = t2. So calculation

here is direct andweobtain, using values forg (4.22) and the central value indefinition

of G (4.26)

V2 = 5 g3 210𝜋3√3G2
12 (2 − 6 ln 4

3
) z0∫

0

F(z)√z dz = 0.0096 GeV4, (4.44)

Provided we take nonzero value for 𝜖 in expression (4.28) results for gluoncondensate
read

V2 = 0.0120 GeV4 (𝜖 = 0.13),
V2 = 0.0128 GeV4 (𝜖 = 0.15). (4.45)

So in this approximation we have the nonzero nonperturbative parameter V2. Its

value agrees within accuracy of determination of this parameter with phenomenolog-

ical values (1.83),V2 ≃ 0.012GeV4 [24],V2 ≃ 0.010GeV4 [82]. Values (4.44, 4.45) show

variation in the range of an uncertainty of its phenomenological definition. Thus we

can state, that our nonperturbative approach allows to calculate safely this important

parameter.

Let us also estimate vacuum average V3

V3 = ⟨g3 fabc Fa𝜇𝜈 Fb𝜈𝜌 Fc𝜌𝜇⟩. (4.46)

Quite analogous calculations give, e. g., with 𝜖 = 0.13
V3 = g3 217

G3
(2 − 6 ln 4

3
) z0∫

0

zF(z)dz = 0.00744GeV6. (4.47)

This value also agrees estimates (1.83).
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4.4 The glueball

The existence of anomalous interaction (4.2) makes possible to consider gluonic

states. We shall consider scalar glueball X0 state to get indications if value of the

nonperturbative constant (4.26) may be used for adequate description of the non-

perturbative effects of the strong interaction. For the purpose we use Bethe–Salpeter

equation with the kernel corresponding to one-gluon exchange with our (point-like)

anomalous three-gluon interaction (4.2). We take for vertex of X0 interaction with two

gluons in the following form

Ggb

2
Fa𝜇𝜈 F

a
𝜇𝜈 X0 Ψgb(x), x = p2, (4.48)

where Ψgb(x) is a Bethe–Salpeter wave function. We have for the first approximation

(zero momentum of X0)

Ψgb(x) = − 3G2

16𝜋2 ( 1

2x2

x∫
0

y3Ψgb(y)dy − 1

x

x∫
0

y2Ψgb(y)dy (4.49)

− 3

Y∫
0

yΨgb(y)dy − x

Y∫
x

Ψgb(y)dy + x2

2

Y∫
x

Ψgb(y)
y

dy),
where we take again the upper limit Y of integration as in (4.9) due to form-factor of

interaction (4.2) F(x) = 0 for x ≥ Y. Again by successive differentiations we obtain

from equation (4.49) the following differential equation:

(z d

dz
+ 1)(z d

dz
+ 1

2
)(z d

dz
− 1

2
) (z d

dz
− 1)Ψgb(z) = zΨgb(z) + C

4
, (4.50)

C = 4

z̄0∫
0

Ψgb(t)dt, z = 9G2x2

128𝜋2 , t = 9G2y2

128𝜋2 .
Comparing variable z in equation (4.50) with the initial variable z in Eq. (4.14) we see

relation z = 24 z. This means also, that ̄z0 = 24z0, z0 from solution (4.22). In new vari-

ables equation (4.49), in which we also have taken into account terms, proportional

to gauge coupling g and mass of the bound state squaredm2, looks like

Ψgb(z) = 1 − 2

3 z

z∫
0

Ψgb(t)tdt + 4

3√z
z∫
0

Ψgb(t)√tdt
+ 4√z

3

z̄0∫
z

Ψgb(t)√t dt − 2z

3

̄z0∫
z

Ψgb(t)
t

dt, (4.51)

1 = 4

̄z0∫
0

Ψgb(t)dt + (𝜅 + 3g√2
2𝜋 ) ̄z0∫

0

Ψgb(t)√t dt.
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Here 𝜅 is connected with the bound state massm in the followingway:

𝜅 = − 3GM2
gb

8√2𝜋 . (4.52)

According to expression (4.50) we look for the solution of equation (4.49) in the fol-

lowing form

Ψgb(z) = 𝜋
2
G21
15 (z|01, 0, 1/2,−1/2,−1) + C1 G20

04 (z|1, 1/2, −1/2, −1) (4.53)+ C2 G10
04 (−z|1, 1/2, −1/2, −1) .

By substituting expression (4.53) into set of equations (4.51) and using the values of g

and z0 (4.22) we obtain unique solution for parameters

C1 = 1.07899, C2 = −1.38099, 𝜅 = −2.6415. (4.54)

Now from values (4.26, 4.54), using relation (6.60), we have the lightest scalar glueball

mass

Mgb = 1479 ± 40MeV. (4.55)

This value is quite natural, the more so, that the most serious candidate for being the

lightest scalar glueball is the state f0(1500) (see recent review [83]) with mass 1507±
5MeV, that evidently agrees our number (4.55).

Nowwe have to obtain the coupling constant of the scalar glueball entering in the

expressionof the effective interaction (4.48). For thepurposeweuse thenormalization

condition for Bethe–Salpeter wave function Ψ(t).
1 = √2G2

gb𝜋G
̄z0∫

0

Ψgb(t)2√t dt. (4.56)

Substituting into equation (4.56) solution (4.53, 4.54) and calculating the integral, we

obtain

G2
gb = 𝜋G√2 I = 1.825G,

I = z̄0∫
0

Ψgb(t)2√t dt = 1.21732. (4.57)

From result (4.57) we have the following value of the glueball coupling:

Ggb = 1

190.337MeV = 5.254
GeV

. (4.58)
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4.5 Conclusion

An existence of a nontrivial solution of a compensation equation is extremely restric-

tive. In the most cases such solutions do not exist at all. When we start from a renor-

malizable theory we have arbitrary value for its coupling constant. Provided there ex-

ists stable nontrivial solution of a compensation equation the coupling is fixed as well

as the parameters of this nontrivial solution. Note, that application of the same ap-

proach to the electro-weak theory to be described below also leads to strong restric-

tions on parameters of the theory including the coupling constant.

We also may state, that in the case, discussed in the present chapter, just the non-

trivial solution is the stable one, because the theory with the Landau pole is unstable.

We consider the results for the gluon condensate (4.44,4.45) and the glueball

mass (4.55) as a confirmation of efficiency of our approach in application to nonper-

turbative contributions to QCD.

We consider the present results for low-momenta 𝛼s to be encouraging and

promising for further applications of the Bogoliubov compensation approach to prin-

cipal problems of elementary particles physics. Let us emphasize, that elimination

of the Landau pole, which is achieved due to existence of the effective anomalous

three-gluon interaction, removes evident instability of the theory. This result may

serve as an additional argument for stability of the solution being obtained here in

comparison with the perturbative one. We shall consider problem of stability in more

details in what follows.

In the next chapter we apply the method to light hadrons and their interactions.

This problem is without doubt connected with nonperturbative effects. Let us watch,

how compensation approach works in this field.
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5.1 Introduction

The Nambu–Jona-Lasinio model, which we have described in Section 1.6.2, has man-

ifested itself to be a good phenomenological tool for low-energy hadron physics. For

details of the Nambu–Jona-Lasinio model see works [31, 33–37]. In the present chap-

ter we consider the problem of a spontaneous generation of the Nambu–Jona-Lasinio

interaction, following the compensation approach, introduced and elaborated in pre-

vious Chapters 3 and 4.

It is well-known, that the fundamental perturbative theory QCD is valid in the

region of large q2. In low-momenta region NJL model supplements the fundamental

QCD. It is important, that commonproperty of both theories consists in the chiral sym-

metry, which defines main features of low-energy hadron physics. However till now

there was no direct derivation of NJL model from QCD. Therefore the problem to find

a relation between parameters of NJL and those of QCD for a long time was quite ac-

tual. Some attempts in this direction were accompanied by inevitable introduction of

additional parameters (see, e.g. [38, 84]).

We have already discussed main properties of the model in Section 1.6.2. In Sec-

tion 3.3 we have considered application of the N. N. Bogoliubov compensation ap-

proach [42] to the problem of spontaneous generation of the NJL interaction. The

results of Section 3.3 seems encouraging albeit the approximation being used there

is rather rude and needs an introduction of cut-off Λ, which however is defined in the

course of the solution of compensation equations.

In this chapter we use the method developed in Chapter 3 based on the N.N. Bo-

golubov compensation approach [42]. As a result we demonstrate the spontaneous

generation of the Nambu–Jona-Lasinio effective interaction, which contains no addi-

tional parameters but the QCD ones. For the first time main parameters of low-energy

hadron physics were calculated in this approach [77] in chiral limit that is for current

mass of light quarks m0 = 0. In this chapter we develop the approach for demon-

stration of spontaneous generation of the Nambu–Jona-Lasinio interaction and apply

results for description of light spin zero and spin one mesons [78, 85].

5.2 Effective NJL interaction

Now we start with QCD Lagrangian with two light quarks (u and d) with number of

colors N = 3

L = 2∑
k=1

( 𝚤
2
(�̄�k𝛾𝜇𝜕𝜇𝜓k − 𝜕𝜇�̄�k𝛾𝜇𝜓k ) − m0�̄�k𝜓k + gs�̄�k𝛾𝜇taAa

𝜇𝜓k) − 1

4
(Fa𝜇𝜈Fa𝜇𝜈) , (5.1)

where we use the standard QCD notations.
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Let us assume that a nonlocal NJL interaction is spontaneously generated in this

theory.WeuseBogoliubovapproach, described inChapter 3 (see also [40, 42]) to check

this assumption. In accordance to the approach, application of which to such prob-

lems are described in details in Section 3.5, we look for a nontrivial solution of a com-

pensation equation, which is formulated on the basis of the Bogoliubov procedure

add-subtract. Namely let us rewrite the initial expression (5.1) in the form

L = L0 + Lint ,
L0 = 𝚤

2
(�̄�𝛾𝜇𝜕𝜇𝜓 − 𝜕𝜇�̄�𝛾𝜇𝜓) − 1

4
Fa0 𝜇𝜈F

a
0 𝜇𝜈− m0�̄� 𝜓 + G1

2
⋅ (�̄�𝜏b𝛾5𝜓 �̄�𝜏b𝛾5𝜓 − �̄�𝜓 �̄� 𝜓)

+ G2

2
⋅ (�̄�𝜏b𝛾𝜇𝜓 �̄�𝜏b𝛾𝜇𝜓 + �̄�𝜏b𝛾5𝛾𝜇𝜓�̄�𝜏b𝛾5𝛾𝜇𝜓) , (5.2)

Lint = gs �̄�𝛾𝜇taAa
𝜇𝜓 − 1

4
(Fa𝜇𝜈Fa𝜇𝜈 − Fa0 𝜇𝜈F

a
0 𝜇𝜈)− G1

2
⋅ (�̄�𝜏b𝛾5𝜓 �̄�𝜏b𝛾5𝜓 − �̄�𝜓 �̄� 𝜓)

− G2

2
⋅ (�̄�𝜏b𝛾𝜇𝜓 �̄�𝜏b𝛾𝜇𝜓 + �̄�𝜏b𝛾5𝛾𝜇𝜓�̄�𝜏b𝛾5𝛾𝜇𝜓) . (5.3)

Here 𝜓 is the isotopic doublet of quark fields, color summation is performed inside of

each fermion bilinear combination, F0 𝜇𝜈 = 𝜕𝜇A𝜈 − 𝜕𝜈A𝜇, and notation G1/2 ⋅ �̄�𝜓�̄�𝜓
corresponds to nonlocal vertex in the momentum space𝚤 (2𝜋)4 G1 F1(p1, p2,p3,p4) 𝛿(p1 + p2 + p3 + p4), (5.4)

where F1(p1,p2, p3,p4) is a form-factor and p1, p2, p3, p4 are incoming momenta.

In the same way we define vertices, containing Dirac and isotopic matrices. We com-

ment the composition of the vector sector, which here contain only iso-vector terms,

in what follows.

Let us consider expression (5.2) as the new free Lagrangian L0, whereas expres-

sion (5.3) as the new interaction Lagrangian Lint. Then compensation conditions (see

againChapter 3)will consist indemandof full connected four-fermionvertices, follow-

ing from Lagrangian L0, to be zero. This demand gives a set of nonlinear equations for

form-factors Fi.

These equations according to terminology of Chapter 3 are called compensation

equations. In a study of these equations the existence of a perturbative trivial solution

(in our case Gi = 0) is always evident, but a nonperturbative nontrivial solution may

also exist. Just thequest of anontrivial solution inspires themain interest in suchprob-

lems. It is impossible to find an exact nontrivial solution in a realistic theory, therefore

the goal of a study is a quest of an adequate approach, the first nonperturbative ap-

proximation of which describes the main features of the problem. Improvement of a

precision of results is to be achieved by corrections to the initial first approximation.
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Thus our task is to formulate the first approximation. Here the experience ac-

quired in the course of considering of scalar model in Section 3.5 is useful. Now in

view of obtaining the first approximation we would make the following assump-

tions.

(1) In compensation equations we restrict ourselves by terms with loop numbers 0,

1, 2. For one-loop case only trivial solution exists. Two-loop terms lead to integral

equations, whichmay have nontrivial solutions. So the account of two-loop terms

leads to the first nontrivial approximation.

(2) In compensation equations we perform a procedure of linearizing over form-

factor, which leads to linear integral equations. It means that in loop terms

only one vertex contains the form-factor, while other vertices are considered

to be point-like. In diagram form equation for form-factor F1 is presented in Fig-

ure 5.1.

+ + +

= 0+ +

Fig. 5.1. Diagram corresponding to compensation equation in the Nambu–Jona–Lasinio nonlocal

interaction.

An accuracy of this procedure was estimated in Section 3.8 (see also work [74]) to

be of the order of magnitude of ten per cent.

(3) While evaluating diagrams with point-like vertices diverging integrals appear.

Bearing in mind that as a result of the study we obtain form-factors decreasing at

momentum infinity, we use an intermediate regularization by introducing ultra-

violet cut-off Λ in the diverging integrals. It will be shown that results do not

depend on the value of this cut-off.

(4) We use a special approximation for integrals, which is connected with trans-

fer of a quark mass from its propagator to the lower limit of momentum inte-

gration. Effectively this leads to introduction of infra-red cut-off at the lower

limit of integration by Euclidean momentum squared q2 at value m2. To jus-

tify this prescription let us consider a typical integral to be encountered here

and perform simple evaluations. Functions which we use here depend on vari-

able of the form 𝛼 q2, where 𝛼 is a parameter having 1/m2 dimension. Now we
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have

∞∫
0

F(𝛼 q2)dq2(q2 +m2)k = ∞∫
m2

F(𝛼 (q2 − m2)) dq2(q2)k
= ∞∫
m2

F(𝛼 q2) dq2(q2)k − 𝛼m2

∞∫
m2

F(𝛼 q2) dq2(q2)k + ⋅ ⋅ ⋅ , (5.5)

Thus the introduction of infra-red cut-off at m2 which actually consists in the

following substitution corresponds to accuracy, which is defined by parameter𝛼m2. As we shall see, this parameter for our solutions does not exceed order of

magnitude of few per cent. We use this tool throughout the present book. In do-

ing this we keep at numerators only the leading terms in m expansions because

taking into account of the next terms evidently means supererogation of accu-

racy
∞∫
0

F(𝛼 q2)dq2(q2 +m2)k → ∞∫
m2

F(𝛼 q2)dq2(q2)k . (5.6)

(5) We shall take into account only the first two terms of the 1/N expansion. Ne-

glected terms gives contribution, which values are defined by parameter 1/(4N).
Here additional factor 4 in the denominator is connected with structure of NJL

interaction in Lagrangian (5.3). Indeed a trace in color indices is always accom-

panied by a trace in spinor indices, which gives factor 4. Thus this approximation

defines accuracy ≃ 8%.
Let us formulate compensation equations taking into account all the prescriptions

being introduced. For free Lagrangian L0 (5.2) full connected four-fermion vertices

are to vanish. One can succeed in obtaining analytic solutions for the following set

of momentum variables (see Figure 5.1): left-hand legs have momenta p and −p, and
right-hand legs have zero momenta. In particular this kinematics suits for descrip-

tion of zero-mass bound states. The construction of expressions with an arbitrary

set of momenta is the problem for the subsequent approximations. In the present

chapter we shall use the next approximation for obtaining parameters of scalar and

pseudo-scalar mesons.

Now following the rules being stated above we obtain the following equation for

form-factor F1(p) in scalar channel
G1F1(p2) = G2

1NΛ2

2𝜋2 (1 + 1

4N
− G1N

2𝜋4 (1 + 1

2N
) ∫ F1(q2)dq

q2
)

+ 3G1G2

8𝜋2 (2Λ2 + p2 ln p2Λ2
− 3

2
p2 − m4

0

2 p2
) − (G2

1 + 6G1G2)N
32𝜋6 (5.7)

× ∫(2Λ2 + (p − q)2 ln (p − q)2Λ2
− 3(p − q)2

2
− m4

0

2(p − q)2) G1F1(q2)dq
q2

.
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Here integration is performed in the four-dimensional Euclidean momentum space

with infra-red cut-off at m2
0. One-loop expressions contains terms proportional to N

and 1 while two-loop terms correspond to N2 and N. The leading terms are the same

for scalar and pseudo-scalar cases. We perform the study with the scalar channel, be-

cause it defines spontaneous breaking of the chiral symmetry. Equation (5.7) evidently

has trivial solution G1 = 0. Bearing in mind our goal to look for nontrivial solutions

we divide the equation by G1 and perform angular integration in four-dimensional

Euclidean space. The necessary formulae for these calculation are presented in Sec-

tion 5.8. From (5.7) we have

F1(x) = A + 3G2

8𝜋2 (2Λ2 + x ln xΛ2
− 3

2
x − 𝜇2

2x
)

− (G2
1 + 6G1G2)N
32𝜋4 ( 1

6 x

x∫
𝜇

(y2 − 3𝜇2)F1(y)dy
+ 3

2

x∫
𝜇

yF1(y)dy + ln x x∫
𝜇

yF1(y)dy + x ln x x∫
𝜇

F1(y)dy
+ ∞∫

x

y ln yF1(y)dy + x

∞∫
x

(ln y + 3

2
) F1(y)dy

+ x2 − 3𝜇2
6

∞∫
x

F1(y)
y

dy + (2Λ2 − 3

2
x) ∞∫

𝜇

F1(y)dy (5.8)

− 3

2

∞∫
𝜇

yF1(y)dy − ln Λ2(∞∫
𝜇

yF1(y)dy + x

∞∫
𝜇

F1(y)dy) ),
A = G2

1NΛ2

2𝜋2 (1 + 1

4N
− G1N

2𝜋2 (1 + 1

2N
) ∞∫
𝜇

F1(y)dy),
𝜇 = m2

0 , x = p2, y = q2.
Equation (5.8) by a sequential six-fold differentiation reduces to the following differ-

ential equation

d2

dx2
(x d2

dx2
(x d2

dx2
(x F1(x)) + 𝛽m4

0

4
F1(x))) = 𝛽 F1(x)

x
.

𝛽 = (G2
1 + 6G1G2)N

16𝜋4 , (5.9)

with corresponding boundary conditions.
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Equation (5.9) reduces to theMeijer equation.Namelywith the simple substitution

we have

((z d
dz

− b)(z d
dz

− a) z
d

dz
(z d

dz
− 1

2
)(z d

dz
− 1

2
) (z d

dz
− 1) − z)F1(z) = 0,

(5.10)

z = 𝛽 x2
26

, a = − 1 − √1 − 64u0
4

, b = − 1 + √1 − 64u0
4

, u0 = 𝛽m4
0

64
.

Boundary conditions for equation (5.10) are formulated in the same wayas in previous

cases. At first we have to choose solutions decreasing at infinity, that is combination

of the following three solutions

F1(z) = C1 G40
06 (z |1, 12 , 12 , 0, a, b) (5.11)

+ C2 G40
06 (z |1, 12 , b, a, 12 , 0) + C3 G

40
06 (z |1, 0, b, a, 12 , 12) .

Constants Ci are defined by boundary conditions

3G2

8𝜋2 − 𝛽
2

∞∫
m2

0

F1(y) dy = 0,
∞∫
m2

0

y F1(y)dy = 0, ∞∫
m2

0

y2 F1(y)dy = 0, (5.12)

which one obtains from integral equation (5.8) by considering asymptotic behavior

of integral terms at infinity. These conditions and condition A = 0 as well provide

cancelation of all terms in equation (5.8) being proportional toΛ2 and ln Λ2. Thus the

result does not depend on a value of parameter Λ. By solving linear set (5.12), in which
solution (5.11) is substituted, we obtain the unique solution. Value of parameter u0,

which is connected with initial quark mass, and ratio of two constants Gi we obtain

from conditions F1(𝜇) = 1 and

A = G1NΛ2

2𝜋2 (1 + 1

4N
− G1N

2𝜋2 (1 + 1

2N
) ∞∫
m2

0

F1(y)dy) =
= (1 + 1

4N
) G1NΛ2

2𝜋2 (1 − 6G2(4N + 2)(G1 + 6G2)(4N + 1)) = 0, (5.13)

F1(u0) = 1, u0 = 𝛽m4
0

26
= N (G2

1 + 6G1G2)m4
0

1024𝜋4 .
The last line here presents the obvious condition of normalization of a form-factor

on the mass shell. Now relations (5.13) give for N = 3 with the account of the first of
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conditions (5.12)

u0 = 1.726 ⋅ 10−8 ≃ 2 ⋅ 10−8, G1 = 6

13
G2. (5.14)

So G1 and G2 are both defined in terms of m0. Thus we have the unique nontrivial

solution of the compensation equation, which contains no additional parameters.

The form-factor now reads as (5.11) with

C1 = 0.28323, C2 = −1.90129 ⋅ 10−8, C3 = −3.42638 ⋅ 10−10. (5.15)

In what follows we use the notation F1(z) for expression (5.11), where z is always the

dimensionless variable defined by expression (5.10). We have F1(u0) = 1 and F1(z)
decreases with z increasing in the followingway

F1(z) → D

z
1
6

exp (−3 (1 − 𝚤√3) z 1
6 ) + h.c.,

whereD is a complex constant. It is important, that the solution exists only for positive

G2 and due to (5.14) for positive G1 as well.

At this point we would comment the problem of accuracy of our method of tak-

ing into account of quark mass m0. A possible corrections being proportional to m2
0

correspond to dimensionless variable (5.5) where 𝛼 = √𝛽/8
𝛼m2

0 = √u0 ≃ 10−4, (5.16)

and so they are not significant for definition of form-factor F1(z).
It is interesting to consider dependence of results, firstly for valuem0 on value of

number of colors Nc. The set of equations (5.12) has unique solution for each value of

Nc . First of all, let us consider limit Nc → ∞. The solution here is

u0 = 0, C2 = C3 = 0, C1 = 1

2√𝜋
F1(z) = 1

2√𝜋 G40
06 ( z |0, 12 , 12 , 1, −12 , 0) . (5.17)

This result means, that for Nc → ∞we have the zero current mass for the light quark

doublet, in other words we have the exact chiral symmetry. This result seems natural.

We would emphasize, that it is obtained in the framework of the approach without

any additional assumption. In fact this result qualitatively explains smallness of the

light quarks’ current massm0.

With Nc decreasing m0 increases achieving value (5.14) for Nc = 3. Let us present

values of u0 for several values of Nc

Nc = 2 : u0 = 1.065 ⋅ 10−7, Nc = 4 : u0 = 4.75 ⋅ 10−9,
Nc = 5 : u0 = 1.74 ⋅ 10−9, Nc = 10 : u0 = 8.00 ⋅ 10−11. (5.18)
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With one per cent accuracy we may approximate this results by the following simple

dependence

u0 ≃ A

N
𝛽
c

, A = 2.326710−6, 𝛽 = 4.46366. (5.19)

Wewould also comment the composition of the vector sector. For a nontrivial solution

with G1 ≠ 0 we calculate one-loop terms giving contribution to equation for form-

factor of vector terms. As a result of the first approximation we obtain just the isotopic

vector terms, which are presented in expression (5.3).

Let us note, that at this stage we have two possibilities: trivial solutionGi = 0 and

nontrivial one (5.11, 5.14, 5.15). We shall see below that a choice between the possibil-

ities will be determined by the QCD interaction.

5.3 Scalar and pseudo-scalar states

Now with the nontrivial solution of the compensation equation we arrive at an ef-

fective theory in which there are already no undesirable four-fermion terms in free

Lagrangian (5.2) while they are evidently present in interaction Lagrangian (5.3). In-

deed four-fermion terms in these two parts of the full Lagrangian differ in sign and

the existence of the nontrivial solution of compensation equation for Lagrangian (5.2)

means nonexistence of thewould be analogous equation, formulated for signs of four-

fermion terms in interaction Lagrangian (5.3).¹

So provided the nontrivial solution is realized the compensated terms go out from

Lagrangian (5.2) and we obtain the following Lagrangian

L = 𝚤
2
(�̄�𝛾𝜇𝜕𝜇𝜓 − 𝜕𝜇�̄�𝛾𝜇𝜓) − 1

4
Fa0 𝜇𝜈F

a
0 𝜇𝜈 − m0�̄� 𝜓

+ gs �̄�𝛾𝜇taAa
𝜇𝜓 − 1

4
(Fa𝜇𝜈Fa𝜇𝜈 − Fa0 𝜇𝜈F

a
0 𝜇𝜈)

− G1

2
⋅ (�̄�𝜏b𝛾5𝜓 �̄�𝜏b𝛾5𝜓 − �̄� 𝜓 �̄� 𝜓) (5.20)

− G2

2
⋅ (�̄�𝜏b𝛾𝜇𝜓 �̄�𝜏b𝛾𝜇𝜓 + �̄�𝜏b𝛾5𝛾𝜇𝜓�̄�𝜏b𝛾5𝛾𝜇𝜓) ,

where G1, G2 are defined by relations (5.14) and form-factor F1 is defined by equa-

tions (5.11, 5.15).

1 In other words the fact, that sum of a series ∑Gnan = 0 for some value G, by no means leads to a

conclusion, that sum of the same series with G → −G vanishes as well.
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Herewe have to comment themeaning of the strong coupling constant gs. We have

already discussed in Sections 1.4, 4.2 running coupling g2s /4𝜋 = 𝛼s(q2) depending on
the momentum variable. We need this coupling constant in the low-momenta region.

However theperturbation theory in QCDdoes not work for small q2.We assume that in

this region𝛼s(q2)maybeapproximatedby its averagevalue ̄𝛼s . This assumption is very

close to conceptionof a frozen strong coupling at lowmomenta [86]. The consideration

of average low-momenta value of �̄�s performed in Section 4.2 (see also [86–90]) leads

to the definition of a possible range of values of �̄�s from 0.7 up to 0.9. So in what

followswe use constant �̄�s which is assumed to fit this interval of possible values. Let

us remind, that in Section 4.2 such average was calculated for several possible sets of

initial parameters and these averages turn to agreewith the possible rangeof variation

of �̄�s
0.7 < �̄�s < 0.9, (5.21)

in the nonperturbative region. In what follows in Chapter 5 we shall use notation 𝛼s ≡�̄�s.
Thus, bound state problems in the present approach are formulated starting from

Lagrangian (5.20).

Let us write down Bethe–Salpeter equation for a state in zero-spin (scalar and

pseudo-scalar) channel in the same approximation as was used in equation (5.7). Let

us begin with massless states. The definitions of momenta are the same as in equa-

tion (5.7)

Ψ(p2) = G1 N

2 𝜋4 ∫ Ψ(q2) dq
q2

+ (G2
1 + 6G1G2)N
32𝜋6 (5.22)

×∫(2Λ2 + (p − q)2 ln (p − q)2Λ2
− 3

2
(p − q)2 − m4

2 (p − q)2) Ψ(q2) dq
q2

.
Herem is a quark mass, which of course do not coincide withm0. We define the value

of m after considering the spontaneous breaking of the chiral symmetry.

After angular integrations we obtain the one-dimensional equation similar to

equation (5.8)

Ψ(x) = G1N

2𝜋2 ∞∫
m2

Ψ(y)dy + (G2
1 + 6G1G2)N
32𝜋4 (3

2

x∫
m2

yΨ(y)dy + 1

6x

x∫
m2

(y2 − 3m4)Ψ(y)dy
+ ln x x∫

m2

yΨ(y)dy + x ln x x∫
m2

Ψ(y)dy + ∞∫
x

y ln yΨ(y)dy + x

∞∫
x

(ln y + 3

2
)Ψ(y)dy

+ x2 − 3m4

6

∞∫
x

Ψ(y)
y

dy + (2Λ̄2 − 3

2
x) ∞∫

m2

Ψ(y)dy
− 3

2

∞∫
m2

yΨ(y)dy − ln Λ2(∞∫
m2

yΨ(y)dy + x ∞∫
m2

Ψ(y)dy)), (5.23)
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The corresponding differential equation for Ψ(x) is almost the same, as the previous

one (5.9) with one essential difference. Namely the sign before 𝛽 is opposite.
((z d

dz
− b̄)(z d

dz
− ā) z d

dz
(z d

dz
− 1

2
) + (z d

dz
− 1

2
)(z d

dz
− 1) + z)Ψ(z) = 0, (5.24)

z = 𝛽 x2
26

, ā = −1 + √1 + 64u
4

, b̄ = −1 − √1 + 64u

4
, u = 𝛽m4

64
.

In this case we have the following solution decreasing at infinityΨ(z) = C∗1G30
06 (z |1, 12 , 0, 12 , ā, b̄) + C∗2G

30
06 (z |1, 12 , 12 , 0, ā, b̄) (5.25)

+C∗3 G30
06 ( z |1, ā, b̄, 12 , 12 , 0) + C∗4 G

30
06 ( z |12 , ā, b̄, 1, 12 , 0) .

Constants C∗i are defined by the following conditions

∞∫
u

Ψ(z)dz√z = 0, ∞∫
u

Ψ(z)dz = 0, ∞∫
u

√zΨ(z)dz = 0, Ψ(u) = 1. (5.26)

where u = 𝛽m4/26. Let us remind, that boundary conditions (5.26) guarantee can-

celation of terms in equation (5.22) containing cut-off Λ. Performing integrations in

expressions (5.26), we have the following set of equations

C∗1G
30
06 (u|1, 12 , 0, 12 , ā, b̄) + C∗2 G

30
06 (u|1, 12 , 12 , 0, ā, b̄)+C∗3G30

06 (u|1, ā, b̄, 12 , 12 , 0) + C∗4G
30
06 (u|12 , ā, b̄, 1, 12 , 0) = 1,

−C∗1G30
06 (u |32 ,1, 12 , 0, 12 + ā, 1

2
+ b̄)

+C∗2 [ Γ( 3
2
)Γ( 1

2
)Γ( 1

2
− ā)Γ( 1

2
− b̄) − G31

17 (u |13
2
, 1, 1, 1

2
, 0, 1

2
+ā, 1

2
+b̄
)]

−C∗3 G30
06 (u |32 , 12 + ā, 1

2
+ b̄, 1

2
, 1,0) − C∗4 G

30
06 ( u |1, 12 + ā, 1

2
+ b̄, 3

2
, 1
2
, 0) = 0,

C∗1 [ Γ( 3
2
)Γ(−1

2
)Γ(−ā)Γ(−b̄) − G31

17 ( u |12,3/2, 1,3/2, 0,1+ā,1+b̄)]
−C∗2G30

06 (u|2, 32 , 32 , 0,1 + ā,1 + b̄) − C∗3G
30
06 (u|2, 1 + ā,1 + b̄, 3

2
, 3
2
, 0)

−C∗4 G30
06 ( u |32 , 1 + ā, 1 + b̄, 2, 3

2
, 0) = 0, (5.27)

C∗2 [ Γ( 5
2
)Γ(−1

2
)Γ(−1

2
− ā)Γ(−1

2
− b̄) − G31

17 (u|15
2
,2,2, 3

2
,0, 3

2
+ā, 3

2
+b̄)]

−C∗1G31
17 (u |15

2
, 2, 3

2
,2, 0, 3

2
+ā, 3

2
+b̄) − C∗3G31

17 (u |15
2
, 3
2
+ā, 3

2
+b̄,2, 2, 3

2
,0)−C∗4 G31

17 (u |12, 3
2
+ā, 3

2
+b̄, 5

2
, 2, 3

2
,0) = 0.
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For a given value of u these conditions (5.27) uniquely define four coefficients C∗i .

The result, that equation (5.22) has unique solution, which satisfies all boundary

conditions, corresponds to existence of a zero-mass state in the same approximation

as is used for compensation equation (5.7). This is quite natural due to Bogoliubov–

Goldstone theorem [40, 43, 44].

Howeverwehave to take into account theQCD interaction aswell as an interaction

of these mesons (𝜙 and 𝜋a) with quarks. Indeed we have just shown the existence of

this states and so the following effective meson-quark interaction is to exist

− g (𝜙 �̄� 𝜓 + 𝚤 𝜋a �̄� 𝛾5 𝜏a𝜓), (5.28)

where g is defined by normalization condition of zero-spin states

g2 N

4 𝜋2 I2 = 1, I2 = ∞∫
m2

Ψ(p2)2 dp2
p2

= ∞∫
u

Ψ(z)2 dz
2 z

. (5.29)

The form-factor of interaction (5.28) for our standard quark momenta prescription

(p, −p) is a Bethe–Salpeter wave function defined by eqs. (5.25, 5.27). The account

of contributions of meson-quark interaction was considered in the framework of the

Nambu–Jona-Lasinio model, e. g., in works [91, 92] and was shown to be correspond-

ing to the next order of the 1/Nc expansion. In diagram representation the Bethe–

Salpeter equation is shown in Figure 5.2.

Let us calculate amass correction termdue to these contributions. For the purpose

let us take into account terms of the first order in P2, where P is the momentum of a

scalar (and pseudo-scalar) meson and one-loop terms being due to quark-gluon QCD

interaction and quark-meson vertices. Note that for the last loops we use massless

meson exchange. We define momenta of left-hand legs in Figure 5.2 to be p + P/2 and
= +

+ +

Fig. 5.2. Diagram corresponding to Bethe–Salpeter equation for the Nambu–Jona–Lasinio effective

interaction.
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−p + P/2 and obtain the following equation
ΨP(p2) = G1N

2 𝜋4 ∫ ΨP(q2)dq
q2

(1 − 3P2

4q2
+ (qP)2(q2)2 )

+ (G2
1 + 6G1G2)N
32𝜋6 ∫(1 − 3P2

4q2
+ (qP)2(q2)2 ) (5.30)

× (2Λ2 + (p − q)2 ln (p − q)2Λ2
− 3

2
(p − q)2 − m4

2(p − q)2)
× ΨP(q2) dq

q2
+ ( g2s

4𝜋4 + g2

8𝜋4) ∫ ΨP(q2) dq
q2(q − p)2 .

In the course of the QCD term calculation we use the transverse Landau gauge ².

Let us multiply equation (5.30) by ΨP(p2)/p2 at P = 0 and integrate by p. Due to

equation (5.22) being satisfied we have

−P2
2

∫ Ψ(q2)2dq(q2)2 + ( g2s
4𝜋4 + g2

8𝜋4)∫ Ψ(p2) dp
p2

∫ Ψ(q2) dq
q2(q − p)2 = 0. (5.31)

After an angular integration we obtain the following relation

P2𝜋2
2

I2 = 2g2s + g2

8

∞∫
m2

Ψ(x)dx(1
x

x∫
m2

Ψ(y)dy + ∞∫
x

Ψ(y)dy
y

)
= 2g2s + g2

2√𝛽
∞∫
u

Ψ(z)dz
z

z∫
u

Ψ(t)dt√t = (2g2s + g2) I5
2√𝛽 , (5.32)

z = 𝛽 x2
64

, t = 𝛽 y2
64

.
The integral inside of I5 with account of boundary conditions (5.26) reads

z∫
u

Ψ(t) dt√t = C∗1 G30
06(z | 12 , 1, 32 , 0, 12 + ā, 1

2
+ b̄)

−C∗2G30
06 (z |0,1, 32 , 12 , 12 + ā, 1

2
+ b̄)

+C∗3G30
06 (z |32 , 12 + ā, 1

2
+ b̄,0, 1

2
,1) (5.33)

+C∗4 G30
06 (z |1, 12 + ā, 1

2
+ b̄, 0, 1

2
, 3
2
) ,

and after a substitution of relation (5.33) into integral I5 it is to be calculated numer-

ically. Note that while evaluating integral (5.33) we use the following relation, which

2 This gauge leads to an absence of renormalizationof the both vertex and spinor field in the one loop

approximation.
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is formulated in Section 2.3 (see relations (2.150, 2.151)).

G31
17 (z|11, c,d,0, g,a,b) = Γ(c)Γ(d)Γ(1 − g)Γ(1 − a)Γ(1 − b) − G30

06 (z| 0, c, d, g, a, b) . (5.34)

Integral I5 turns to be positive, so the mass squared of scalar and pseudo-scalar

mesons is shifted to negative value

m2
𝜙 = − (𝛼s𝜋 + g2

8𝜋2 ) 8 I5√𝛽 I2 . (5.35)

Thismeans thatweobtain scalar andpseudo-scalar stateswithnegativemass squared

(tachyons).

5.4 Spontaneous breaking of the chiral symmetry

The negative value of m2
𝜙 (5.35) means instability of the vacuum. Therefore we have

to consider an effective potential depending on scalar field 𝜙. In doing this we need

an expression for mass operator of the quark Σ(p2). The Schwinger–Dyson equation

defining this function in our approximation reads as follows

Σ(p2) =m0 + G1 N

2𝜋4 ∫ Σ(q2) dq
q2

+ (G2
1 + 6G1G2)N
32𝜋6× ∫(2Λ2 + (p − q)2 ln (p − q)2Λ2
− 3

2
(p − q)2 − m4

2 (p − q)2)
× Σ(q2)dq

q2
+ ( g2s

4𝜋4 + g2

8 𝜋4) ∫ Σ(q2)dq
q2(q − p)2 . (5.36)

The first approximation corresponds tom0 = gs = g = 0. Then equation (5.36) exactly

coincides with equation (5.22) for Bethe–Salpeter wave function Ψ(p2) (5.25). Similar

situation takes place in standard NJL model [37]. For nonzero m0 we have without

gluon and meson corrections

Σ(x) = m0 + (m − m0) Ψ(x), Σ(−m2) = m. (5.37)

Emphasize that approximate solution (5.37) of equation (5.36) exists for any value of

m. For definition ofm one has to turn to the of the chiral symmetry.

Let us write down the effective potential which defines a possibility of the sym-

metry breaking. We look for terms proportional to 𝜙n for n = 1, 2, 3, 4. The term with

n = 2 is evidently defined by (5.35). For terms with n = 3, 4 we take quark-loop dia-

gramswith three and four scalar legs respectfully andas a resultwehave the following
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effective potential

V = C + m4 (− (1 − (u0
u
)1/4) ( 1

8 𝜋2 + 𝛼s𝜋 g2) I5 𝜉√u I2− ( 1

8𝜋2 + 𝛼s𝜋 g2) I5 𝜉2
2√u I2 + 3 𝜉3

2𝜋2 ((u0
u
)1/4 I3 (5.38)

+ (1 − (u0
u
)1/4) I4) + 3 𝜉4

8 𝜋2 I4), 𝜉 = g 𝜙
m

.
Here

I3 = ∞∫
u

Ψ(z)3 dz
2 z

, I4 = ∞∫
u

Ψ(z)4 dz
2 z

. (5.39)

The connection between termswith n = 1 and n = 2 is obtained from the fact, that the

tadpole term due to expression (5.37) gives just the same contribution as the two-loop

one up to factor (m − m0)/g. The contribution to the tadpole term being proportional

tom0 is zero due to boundary conditions (5.26).

Effective potential is defined by relation (5.38)up to a constant term C, which does

not influence the position of a minimum. However this constant term shifts the value

of V that can be important for the problem of a stability of different solutions. We

discuss this point below.

As for one-loop terms with n ≥ 5, they all converge with point-like vertices. In this

case they can be calculated and summed up to give the following additional term

ΔV = m4 ( 1

16𝜋2 (1 − 𝜉)4 ln |1 − 𝜉| + 𝜉
16𝜋2 − 7𝜉2

32𝜋2 + 13𝜉3
48𝜋2 − 25𝜉4

192𝜋2) , (5.40)

which evidently does not destroy stability conditions and turns to influence results

quite insignificantly. Thus we neglect it.

We look for a minimum of potential (5.38) that is for a solution of the following

equation 𝜕V𝜕 𝜉 = 0. (5.41)

Constituent quark mass is expressed through the vacuum expectation value of scalar

field 𝜙
m = m0 + g 𝜂, 𝜂 = ⟨ 𝜙 ⟩. (5.42)

Bearing in mind definitions (5.13, 5.25) of parameters u0 and u, we come to the conclu-

sion, that the position of minimum 𝜉0 has to be the following𝜉0 = (1 − (u0
u
)1/4). (5.43)

Thus from relations (5.29, 5.38, 5.41, 5.43) we obtain the following expression for 𝛼s𝛼s = 𝜋√u
I5

(1 − (u0
u
) 1

4)(3 (u0
u
) 1

4

I3 + 4(1 − (u0
u
) 1

4) I4) − 𝜋
6I2

. (5.44)

Here all integrals are functions of u and so relation (5.44) defines function 𝛼s(u).
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Now it is the proper place to comment the problem of stability. From the very be-

ginning we have two solutions: the trivial one G1 = G2 = 0, m = m0 and the nontrivial

one, which in details is presented above. Here we have to study the constant term in

effective potential (5.38). It is connected with the following vacuum averages

C = 1

4
⟨Fa𝜇𝜈Fa𝜇𝜈⟩ + Σi mi ⟨�̄�i 𝜓i⟩, (5.45)

where the first term represent the gluon condensate. The relation of gluon and quark

condensates to the problem of stability of the chiral symmetry breaking is considered

in works [96, 97]. The first term is proportional to the gluon condensate V2, which

in our approach is calculated in Section 4.3. The light quark condensate ⟨q̄q⟩ will be
considered below.

Provided the nontrivial solution corresponds to the minimal negative value of ef-

fective potential (5.38)while the trivial solution corresponds to its value zero we are to

conclude, that just the nontrivial solution is stable and thus the nontrivial solution is

to describe the observable physical quantities. We discuss details of the problem after

obtaining numerical results for parameters of the present approach.

We apply quark mass operator (5.37) to obtain also the expression for pion decay

constant f𝜋. Considering one-loop quark diagram for decay amplitude of process 𝜋+ →𝜇+ 𝜈𝜇 we have
f𝜋 = g N

4𝜋2 ∞∫
m2

((m −m0)Ψ(y)2 + m0 Ψ(y)) dyy
= g N

4𝜋2 ((m − m0) I2 + m0 I1) , I1 = ∞∫
u

Ψ(z)dz
2 z

. (5.46)

Provided eitherm0 = 0 or I2 = I1 we get with account of normalization condition (5.29)

just the original Goldberger–Treiman relation m = g f𝜋. We use full relation (5.46).

However let us note, that values of the two integrals are close I2 ≃ I1 and the simple

original relation works with sufficient accuracy.

5.5 Pion mass and the quark condensate

In relations (5.38, 5.46) we have used approximation (5.37) for the quark mass oper-

ator. For calculation of the pion mass and the quark condensate we need the next

approximation for mass operator. In view of this we reformulate equation (5.36) for

the following function Φ(p2) = Σ(p2) − m0

m − m0

, (5.47)
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and thefirst approximation forΦ is justΨ. Thenwe introduce (5.47) into (5.36) to obtain
Φ(p2) = G1 N

8 𝜋4 ∫ ((m −m0)Φ(q2) +m0)dq(m −m0) q2 (4 + 2g2s + g2
G1N(q − p)2)

+(G2
1 + 6G1G2)N
32𝜋6 ∫(2Λ2 + (p − q)2 ln (p − q)2Λ2

− 3

2
(p − q)2 − m4

2 (p − q)2)((m − m0) Φ(q2) + m0) dq(m − m0) q2 . (5.48)

Now we subtract equation (5.30) from equation (5.48) and obtain the following

relation

D(p2) = G1 N

2 𝜋4 (∫ ((m − m0)D(q2) + m0) dq(m −m0) q2+ ∫ Ψ(q2)dq
q2

(3 P2
4 q2

− (qP)2(q2)2 )) + (G2
1 + 6G1G2)N
32𝜋6

×(∫(2Λ2 + (p − q)2 ln (p − q)2Λ2
− 3

2
(p − q)2 − m4

2 (p − q)2)
× ((m −m0)D(q2) +m0

m − m0

+ Ψ(q2) (3 P2
4 q2

− (qP)2(q2)2 )) dq

q2

+ [ g2s
4𝜋4 + g2

8𝜋4]∫ ((m −m0)D(q2) +m0)dq(m − m0)q2(q − p)2 . (5.49)

D(p2) = Φ(p2) − Ψ(p2).
The analogous procedure is applied in the standard NJL model [37, 38] while proving

the Gell-Mann–Oaks–Renner relation [46]. Then we again multiply (5.49) byΨ(p2)/p2
and integrate overdp. Due to equation (5.30) be satisfiedonly termsbeingproportional

either to P2 = −m2
𝜋 or to m0 do not cancel and finally we have the following relation

for mass of the 𝜋-meson

m2
𝜋 = m2m0

2 𝜋 (m − m0) I2 √u (𝛼s + g2

8 𝜋) Iln, (5.50)

Iln = − ∞∫
u

ln z√z Ψ(z)dz = C∗1 G
30
06 ( u |32 , 12 ,0, 12 + a, 1

2
+ b,0)

− C∗2 G30
06 (u|32 , 0,0, 12 , 12 + a, 1

2
+ b)

− C∗3 G30
06 (u|32 , 12 + a, 1

2
+ b, 1

2
, 0,0)

+ C∗4 G30
06 ( u |0, 12 + a, 1

2
+ b, 3

2
, 1
2
, 0) .

We see that pion mass squared is proportional to m0 in accordance to the result of

well-knownwork [46]. Note, that contributions being proportional tom0 arising from
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the first two terms of equation (5.49) are summed to overall zero due to consequences

of boundary conditions (5.27).

From equation (5.47) we obtain also the next approximation forΦ, which leads to
a nonzero value of the quark condensate

⟨q̄ q⟩ = − 4N(2 𝜋)4 ∫ Σ(q) − m0

q2 + m2
dq (5.51)

= N(m − m0)𝜋2 √𝛽 [𝛼s𝜋 + g2

8𝜋2 ] ∞∫
u

dz√z[ 1√z z∫
u

Ψ(t)dt√t + ∞∫
z

Ψ(t)dt
t

]
= − N(m −m0)𝜋2 √𝛽 [𝛼s𝜋 + g2

8𝜋2 ][∞∫
u

Ψ(t) ln t dt√t + 2√u ∞∫
u

Ψ(t)dt
t

].
After evaluating the integrals we have

⟨q̄q⟩ = [𝛼s + g2

8𝜋]3m2(m − m0)
8𝜋3√u

× [C∗1(G30
06(u|32 , 12 , 0,0, 12 + a, 1

2
+ b)

+ 2G30
06( u |1, 12 , 12 , 0, 12 + a, 1

2
+ b)) (5.52)

− C∗2 (G30
06(u|32 ,0,0, 12 , 12 + a, 1

2
+ b)

+ 2G30
06(u|1, 1, 12 , 12 , 12 + a, 1

2
+ b))

− C∗3(G30
06(u|32 , 12 + a, 1

2
+ b, 1

2
, 0,0)

+ 2G30
06(u|12 , 12 + a, 1

2
+ b,1,1, 1

2
))

+ C∗4(G30
06(u|12 + a, 1

2
+ b,0, 3

2
, 1
2
,0)

+ 2G30
06(u|1, 12 + a, 1

2
+ b,1, 1

2
, 1
2
))].

Scalar field 𝜙 corresponds to the 𝜎-meson. To estimate mass of the 𝜎-meson we

use relation (3.33), which was already presented in Section 3.3. Thus in the first ap-

proximation we have

m𝜎 = gs
G1

. (5.53)

The 𝜎 𝜋𝜋 vertex gives according to triangle one-loop diagram the following cou-

pling constant
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g𝜎𝜋𝜋 = g3 Nm

4𝜋2 ∞∫
u

Ψ(z)3
z

, (5.54)

and the 𝜎-meson width reads

Γ𝜎 = 3 g2𝜎𝜋𝜋
16𝜋m2

𝜎

√m2
𝜎 − 4m2

𝜋. (5.55)

5.6 Numerical results and discussion

Nowwe have expressions for all quantities under study. Then we proceed as follows.

(1) We calculate function 𝛼s (5.44) depending on parameter u (5.25) and get con-

vinced, that the interesting range of 𝛼s corresponds to u varying in the following

region

0.0005 < u < 0.002. (5.56)

In doing this we use parameter u0 = 1.72510−8 according to relation (5.14) and

calculate constants C∗i , i = 1,2,3, 4 from boundary conditions (5.27) thus defin-

ing Ψ(z). HavingΨ(z) we calculate integrals Ij, j = 1,2,3,4,5.
(2) We fix value f𝜋 = 92.4MeV.
(3) Then for given u in range (5.56) from (5.46) we obtain constituent quark massm.

(4) Havingm and 𝛼s we calculatem𝜋 from (5.50).

For u in range (5.56)m𝜋 varies insignificantly between 133MeV and 127MeVwith

maximal value 134.8MeV at u = 0.0009, that corresponds to 𝛼s = 0.673 and

m0 = 20.27MeV. Considering this maximal value of m𝜋, we present a set of cal-

culated parameters for these conditions including quark condensate (5.52) and

parameters of the 𝜎-meson (5.53), (5.55) as well

𝛼s = 0.673, m0 = 20.3MeV,
m𝜋 = 134MeV, f𝜋 = 92.4MeV,
m𝜎 = 771.0MeV, Γ𝜎 = 367.7MeV,
m = 295MeV, ⟨q̄ q⟩ = − (222MeV)3, (5.57)

G1 = 1(244.0MeV)2 , g = 3.16.
However we have no strong arguments on behalf of value 𝛼s (5.57). Thus it would
be instructive to consider also other values of 𝛼s, that means other values of pa-

rameter u.
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Let us take u = 0.001.We have in this case𝛼s = 0.700, m0 = 19.1MeV,
m𝜋 = 132.0MeV, f𝜋 = 92.4MeV, (5.58)

m𝜎 = 767.2MeV, Γ𝜎 = 385.5MeV,
m = 296.7MeV, ⟨q̄ q⟩ = − (222.8MeV)3,
G1 = 1(239.0MeV)2 , g = 3.21.

Let us take u = 0.0015. Then we obtain in the same way𝛼s = 0.818, m0 = 18.0MeV,
m𝜋 = 128.9MeV, f𝜋 = 92.4MeV,
m𝜎 = 754.8MeV, Γ𝜎 = 426.0MeV, (5.59)

m = 309.5MeV, ⟨q̄ q⟩ = − (228.8MeV)3,
G1 = 1(225.3MeV)2 , g = 3.35.

For u = 0.002we obtain in the same way𝛼s = 0.910, m0 = 17.3MeV,
m𝜋 = 127.3MeV, f𝜋 = 92.4MeV,
m𝜎 = 745.2MeV, Γ𝜎 = 440.0MeV, (5.60)

m = 318.9MeV, ⟨q̄ q⟩ = − (232.9MeV)3,
G1 = 1(216.0MeV)2 , g = 3.45.

Note, that for these calculations uncertainties due to our method of infrared cut-

off are defined not by estimate (5.16) but by the following quantities√u ≃ 3 10−2 (u = 0.001), √u ≃ 510−2 (u = 0.002),
that is the accuracy of numbers (5.57–5.60) is not better than (3–5)%. There are also

other sources of uncertainties and so we may estimate the overall accuracy to be of

order of 10%. Themain contribution to this estimate is provided by the next orders of

1/N expansion, according to the discussion in the Section 5.2.

Bearing in mind the last remarks, we may consider the correspondence of our re-

sults form𝜋, f𝜋 and ⟨q̄ q⟩ to existing data being quite satisfactory. Indeed, in Section 4.2
of Chapter 4 we have calculated values of average running coupling �̄�s in the nonper-
turbative region (4.37). It comes out to be approximately 0.8 − 0.9 in dependence on

the parameter 𝜖. This corresponds to results (5.59, 5.60). Value for the constituent light
quark mass is consistent, for example, with estimate (1.35), obtained from consider-

ation of the nucleon magnetic moments in Section 1.2. The quark condensate also is

close to its phenomenological value (1.83).
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σ

π

π
Fig. 5.3. Diagram corresponding to the 𝜎𝜋𝜋 effective coupling

constant. Simple lines represent quarks.

As for parameters of the 𝜎-meson, experimental data according to [4] give a wide

range for their possible values

400MeV < m𝜎 < 550MeV,
400MeV < Γ𝜎 < 700MeV. (5.61)

Let us note, that recent determinations [93, 94] of the 𝜎-meson parameters give more

definite results. They are respectfully the following

m𝜎 = (470 ± 30)MeV, Γ𝜎 = (590 ± 40)MeV,
m𝜎 = (541 ± 39)MeV, Γ𝜎 = (504 ± 80)MeV. (5.62)

There is also analysis of the 𝜋 − 𝜋 data with light 𝜎 [95], which also agrees with 𝜎 pa-
rameters (5.61, 5.62). The data give values form𝜎 essentially smaller, than that shown

in (5.57, 5.58 5.59, 5.60) of the present calculations. There is a reliable argumentation,

that the first approximation does not take into account effects of four quark admixture

in the 𝜎-meson [47]. The effective vertex 𝜎 𝜋𝜋 in the first approximation is described

by diagram shown in Figure 5.3. According to the diagram we have the following ex-

pression for effective coupling g𝜎𝜋𝜋

g𝜎𝜋𝜋 = N g3m

4𝜋2 ∞∫
u

Ψ(t)3
t

dt. (5.63)

Let us estimate contributions under discussion by taking into account of simple𝜋-
meson loopdiagram, shown in Figure 5.4 This diagram give the following contribution

to the mass squared of the 𝜎-meson

Δ(m2
𝜎) = − 3 g2𝜎𝜋𝜋

16𝜋2 ∞∫
u

Ψ(z)2
z

dz, m𝜎 = √m2
0 𝜎 + Δ(m2

𝜎). (5.64)

π

π
σ σ

Fig. 5.4. Diagram corresponding to contribution of

meson loop to the sigma meson mass.
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Here we take for an effective vertex 𝜎𝜋𝜋 just the Bethe–Salpeter wave function (5.25),
which defines 𝜎 q̄ q interaction. Thus the result of the calculation can be only qualita-
tive and is to be understood as an estimate. However, it is important, that the sign of

contribution (5.64) is obtained safely and the result of reducing the 𝜎mass due to an

account of four-quark contributions is quite reliable.

Let us also show expression for the 𝜎meson width

Γ𝜎 = 3 g2𝜎𝜋𝜋√m2
𝜎 − 4m2

𝜋

16𝜋m2
𝜎

. (5.65)

After application of corrections (5.64)we come to themodified table of results. In these

calculations of the 𝜎meson parameters we take for pion mass m𝜋 = 138MeV, which

corresponds to average of the charged and the neutral pion mass.

Let us take u = 0.001.We have in this case𝛼s = 0.700, m0 = 19.1MeV,
m𝜋 = 132.0MeV, f𝜋 = 92.4MeV,
m𝜎 = 458.9MeV, Γ𝜎 = 548.4MeV, (5.66)

m = 296.7MeV, ⟨q̄ q⟩ = − (222.8MeV)3,
G1 = 1(239.0MeV)2 , g = 3.21.

Let us take u = 0.0015. Then we obtain in the same way𝛼s = 0.818, m0 = 18.0MeV,
m𝜋 = 128.9MeV, f𝜋 = 92.4MeV,
m𝜎 = 447.6MeV, Γ𝜎 = 601.8MeV, (5.67)

m = 309.5MeV, ⟨q̄ q⟩ = − (228.8MeV)3,
G1 = 1(225.3MeV)2 , g = 3.35.

For u = 0.002we obtain in the same way𝛼s = 0.910, m0 = 17.3MeV,
m𝜋 = 127.3MeV, f𝜋 = 92.4MeV,
m𝜎 = 444.9MeV, Γ𝜎 = 630.1MeV, (5.68)

m = 318.9MeV, ⟨q̄ q⟩ = − (232.9MeV)3,
G1 = 1(216.0MeV)2 , g = 3.45.

Now parameters of the 𝜎 meson are in agreement with experimental bounds (5.61,

5.62). For example, the sets of results for the three values u fit into error bars of the

first result (5.62). We are to bear in mind our estimated accuracy ≃ 10%.
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Let us also draw attention to value of the quark condensate ⟨q̄q⟩. The results for
this quantity also agree within 10% accuracy with phenomenological value (1.83):− (230MeV)3. The agreement is even better than in original Nambu–Jona-Lasinio

model (see (1.107) in Section 1.6.2), where agreement was achieved with adjusting of

four parameters.

Now let us comment the problem of stability. To estimate value of effective poten-

tial (5.38) we take numbers (5.57, 5.58, 5.59, 5.60) for 𝛼s, m, ⟨q̄ q⟩ and use in expres-

sion (5.45) values for the gluon condensate (4.44, 4.45). In the point of a minimum in

expression (5.38) 𝜉0 = 1 − (u0
u
) 1

4 , 𝜉 = g 𝜙
m

, (5.69)

where𝜙 is nonzero vacuumaverage of the scalar field.We have calculatedmassm and

quark condensate ⟨q̄ q⟩ for u and d quarks, while in (5.45) contribution of all quarks is
implied. As amatter of fact, contribution of s-quark may be essential, and the heavier

quarks may also give an additional increment. Just to get impression of the depen-

dence of stability conditions on values of average �̄�s, we assume that the contribution

of other quarks is equal to valuem ⟨q̄ q⟩ for one light quark. So we substitute for quark
condensate term in (5.45)

3m ⟨q̄ q⟩, (5.70)

and now all parameters are in our disposal. Let us note, that similar arguments were

expressed in works [96, 97].

Substituting calculated values into (5.38, 5.45) we perform direct calculations for

three values of u. The results for vacuum density VD are presented in Table 5.1

We see from Table 5.1, that with �̄�s increasing vacuum density VD decreases and

at some value of the average coupling became negative. The value for absence of non-

perturbative contributions, that is for the trivial solution, has to be zero. Thuswe come

to the important conclusion.

There exists some critical value �̄�crits , which corresponds to a phase transition. For�̄�s < �̄�crits the perturbative phase is realized, in which vacuum averages V2 and ⟨q̄q⟩
are zero and the trivial solutions for compensation equations are accomplished. On

the contrary, �̄�s > �̄�crits corresponds to the nonperturbative phase, in which nontriv-

ial solutions of compensation equations are realized and both anomalous three-gluon

interaction (4.2, 4.6) and Nambu–Jona-Lasinio interaction (5.3, 5.4) are generated. Ac-

Table 5.1. Vacuum density VD in dependence of average �̄�s. Gluon condensate V2 is defined in (4.38)

�̄�s u g m −⟨q̄q⟩
1
3 MeV V2 GeV4 VDGeV4

0.84 0.001608 3.375 311.8 229.8 0.0128 0.0012

0.87 0.001765 3.408 314.9 231.2 0.0120 0.0004

0.91 0.002 3.450 318.9 232.9 0.0108 −0.0014
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cording to Table 5.1 under premise (5.70) this critical value is approximately�̄�crits = 0.88. (5.71)

We conclude, that the description of lowmomenta nonperturbative region comes

out to be quite satisfactory in case we unite results of two Chapters 4 and 5. Thus we

effectively describe this region with the only parameter, which can be chosen to be

either Λ QCD or f𝜋. Remind, that the interval of possible average values of the strong

coupling agrees with calculations of previous Chapter 4.

To conclude we would like to emphasize that the present approach for the first

time permits to determine parameters of effective interaction inherent to the Nambu–

Jona-Lasinio model in termsof parameters of the fundamental QCD. Theoptimal value

of 𝛼s = 0.8–0.9 in (5.67, 5.68) is quite reasonable from the point of view of the ex-

isting knowledge on its low-momenta behavior. As for value of current quark mass

m0 ≃ 18MeV, it seems to be rather larger than usual valuesm0(2GeV) ≃ 2–6MeV(see
Table 1.2). To comment the situation let us note, that firstly the low value of m0 be-

ing mentioned corresponds to perturbative region and the problem how this running

parameter varies while √q2 moves to low energy region deserves a special study. In

considering of the running m0 we have to take into account the effective NJL interac-

tion as well. Secondly, the lattice studies give as a rule rather high values form0, e. g.,

in work [98] values of m0 correspond just to few tens of MeV. The smaller values are

to be obtained in the continuous limit, which till now is performed only by an extrap-

olation procedure.

So we may state that the aim of the consideration is achieved. We have begun

with the demonstration of the nontrivial solution of the compensation equation. The

appearance of scalar and pseudo-scalar excitations (mesons) in the same approxima-

tion is a consequence of its existence. The account of QCD interaction and of meson-

quark interaction leads to the shift of their masses squared to the negative region, i.e.

to the appearance of tachyons, which are necessary for scalar condensate to arise. As

a result we obtain the standard scheme leading to the spontaneous breaking of the

chiral symmetry. Subsequent approximations of the approach are related to values of

the quark condensate and of the pion mass.

We have shown that the application of the method of our compensation method,

which is based on Bogoliubov compensation approach, to the low-energy region of

hadron physics leads to quite reasonable results. Let us once more emphasize that

we have no additional parameters but those entering in the low-energy QCD: 𝛼s and
m0. Thus we derive the effective interaction of NJL type from the fundamental QCD.

On this point we can do the more strong statement. Namely, the interval of possible

values of 𝛼s(z0) was calculated in Chapter 4 (see (4.25, 4.30). The most valuable in-

formation, which is to be compared with initial parameters is obtained in Section 4.2.

Indeed values for average �̄�s in the nonperturbative region e. g., (4.37) are just fitting

the interval 0.8 < �̄�s < 0.9. Remind, that this interval also includes the estimated𝛼crits = 0.88 (5.71). Thus, we may state, that all the results for description of low-
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momenta being presented till now in Chapters 4 and 5 are obtained with the only one

initial parameter either Λ QCD or f𝜋. This conclusion illustrates very important prop-

erty of a theory with a spontaneously generated effective interaction. The conditions,

imposed by compensation equations are very restrictive. In themost cases these equa-

tions have no nontrivial solution at all. But with existence of a nontrivial solution, for

example, in the case, described in Chapters 4 and 5, the set of conditions defines al-

most all the parameters and functions, entering in the theory.

It is quiteworth emphasizing, that the phenomenon of 𝛼crits (5.71) is occurring only

with combined action of both the three-gluon effective interaction and the Nambu–

Jona-Lasinio effective interaction. Thus these two parts of the theory are connected

by conditions of stability. So albeit we have considered conditions for spontaneous

generation of these interactions separately, it seems that they may be realized only in

a combination. It is important physical conclusion.

A development of the present approach in application to the hadron physics quite

deserves attention. In particular it is advisable to apply the approach to calculation of

parameters of vector mesons, e. g., of the 𝜌meson. We describe this application in the

subsequent section.

5.7 Vector mesons

In previous sections effective nonlocal SU(2) × SU(2) NJL model was derived in the

framework of the fundamental QCD. All the parameters of the model are expressed

through QCD parameters: current light quark mass m0 and average nonperturbative𝛼s. The results for scalar and pseudo-scalar mesons are in satisfactory agreement to

existing data. In the present work the same model without introduction of any addi-

tional parameters is applied for a description of masses and strong decay widths of𝜌- and a1-mesons. The results for both scalar and vector sectors agree with data with

only one adjusted parameter m0, with account of average 𝛼s, which range of variation
is considered in the previous section.

We have shown above, that low-energy hadron physics is effectively described in

the framework of the Nambu–Jona-Lasinio model, which is spontaneously generated

with conventional QCD taken as an input.

In previous sections we have succeed in obtaining description of SU(2) × SU(2)
NJLmodel using onlyQCDparameters. As a result anonlocal version ofNJLmodelwas

obtained with uniquely defined form-factor. Thus ultra-violet divergences disappear,

therefore there is no need of introduction of parameter Λ. Constants G1 and G2 are

expressed throughm0 and strong constant 𝛼s in the nonperturbative region.
Remind, that application of these results to the sector of scalar and pseudo-scalar

mesons leads to satisfactory description of 𝜋 and 𝜎 masses, constant of weak pion

decay f𝜋 and of strong 𝜎 → 𝜋𝜋 decay. Emphasize, that only parameters m0 and 𝛼s
were used.
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It is worth noting, that in Chapter 4 estimate of average nonperturbative value𝛼s was obtained. The same Bogoliubov approach for a study of the effective nonlo-

cal three-gluon interaction results in existence of the stable solution for the definite

form of nonperturbative contributions to running coupling 𝛼s(q2). This corresponds
to average value for the running coupling in the nonperturbative region 𝛼s =0.7–0.9.
Taking into account this result only one parameter m0 remains in our disposal. Note,

that previous results lead to a consistent value of the gluon condensate.

Hereweuse thenonlocalNJLmodelwith the sameparametersm0 and𝛼s for calcu-
lation ofmasses and decay widths of vector and axial-vectormesons 𝜌 and a1. Remind

that we introduce no new parameters at all.

5.7.1 Compensation equations for effective form-factors

In this sectionweapply previous results to calculationof parameters of vectormesons.

In the same way as above we start from the standard Lagrangian of QCD (5.1) with two

light quarks and number of colors N = 3

Let us rewrite the initial expression (5.1) in the form

L = 𝚤
2
(�̄�𝛾𝜇𝜕𝜇𝜓 − 𝜕𝜇�̄�𝛾𝜇𝜓) − 1

4
Fa0 𝜇𝜈F

a
0 𝜇𝜈 − m0�̄� 𝜓 (5.72)

+ G1

2
⋅ (�̄�𝜏b𝛾5𝜓 �̄�𝜏b𝛾5𝜓 − �̄� 𝜓 �̄� 𝜓) + G2

2
⋅ (�̄�𝜏b𝛾𝜇𝜓 �̄�𝜏b𝛾𝜇𝜓+ �̄�𝜏b𝛾5𝛾𝜇𝜓�̄�𝜏b𝛾5𝛾𝜇𝜓) + G3

2
⋅ (�̄�𝛾𝜇𝜓 �̄�𝛾𝜇𝜓 + �̄�𝛾5𝛾𝜇𝜓�̄�𝛾5𝛾𝜇𝜓)+ gs �̄�𝛾𝜇taAa

𝜇𝜓 − 1

4
(Fa𝜇𝜈Fa𝜇𝜈 − Fa0 𝜇𝜈F

a
0 𝜇𝜈)− G1

2
⋅ (�̄�𝜏b𝛾5𝜓 �̄�𝜏b𝛾5𝜓 − �̄� 𝜓 �̄� 𝜓)

− G2

2
⋅ (�̄�𝜏b𝛾𝜇𝜓 �̄�𝜏b𝛾𝜇𝜓 + �̄�𝜏b𝛾5𝛾𝜇𝜓�̄�𝜏b𝛾5𝛾𝜇𝜓)− G3

2
⋅ (�̄�𝛾𝜇𝜓 �̄�𝛾𝜇𝜓 + �̄�𝛾5𝛾𝜇𝜓�̄�𝛾5𝛾𝜇𝜓) . (5.73)

Here 𝜓 is isotopic doublet, color summation is performed inside each spinor bi-

linear combination, F0 𝜇𝜈 = 𝜕𝜇A𝜈 − 𝜕𝜈A𝜇, and e.g. notation G2 ⋅ �̄�𝜏b𝛾𝜇𝜓�̄�𝜏b𝛾𝜇𝜓 means

nonlocal vertex in the momentum space𝚤 (2𝜋)4 G2 𝜏b𝛾𝜇 × 𝜏b𝛾𝜇FV (p1,p2, p3,p4) 𝛿(p1 + p2 + p3 + p4), (5.74)

and form-factorFv dependson incomingmomenta. TheLagrangian contains contribu-

tion of bothG2 andG3 whichare connected correspondingly to isovector and isoscalar

terms.Hereweconsider compensation equation only for isovector four-fermion terms.

Now we consider the first three lines of the Lagrangian (5.72) as new free La-

grangian L0, and the four last ones as interaction Lagrangian Lint (5.73). Then com-

pensation conditions again will consist in demand of full connected four-fermion
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vertices, following from Lagrangian L0, to be zero. This demand gives a set of nonlin-

ear compensation equations for form-factors FV .

Let us emphasize, that again the existence of a perturbative trivial solution (in

our case Gi = 0) is evident, but a nonperturbative nontrivial solution may also exist.

In the present problem as well as in previous ones we look for an adequate approach,

the first nonperturbative approximation of which describes the main features of the

problem. Improvement of a precision of results is to be achieved by corrections to the

initial first approximation.

The definition of the approximation is already formulated in Section 5.2.

Note, that in case of vector vertices there are two Lorentz structures and thus we

have generally speaking two form-factors instead of one in Section 5.2. However the

corresponding set of equations has no explicit solution similar to that described by

relations (5.11), (5.14), (5.15) and so we proceed in the following way. In our approxi-

mation we impose simplified kinematic condition that left-side legs of diagrams have

momentap and−p, while right-sideoneshave zeromomenta.Now inaddition to terms

proportional to 𝛾 × 𝛾, which we are interested in, terms of the form p̂ × p̂may be also

present, Supposing, that the presence of a form-factor connected with the last struc-

ture gives small corrections we shall transform the initial equation (in diagram form

see Figure 5.1) to the scalar one contracting it with projector of the form

1

12
(𝛾 − p̂ p

p2
) . (5.75)

In the process of the study we have considered also equations obtained with use of

projectors of more general form, namely

1

4 (4 − d) (𝛾 − d
p̂ p

p2
) . (5.76)

It becomes clear, that for values d between 1 and 2 the corresponding solutions lead

to spread of physical values under interest in the range of 5–7%, that corresponds

accuracy of themethod as awhole. So we take the formulated projection procedure as

a component of the first approximation.

Now the demand of compensation of full connected four-fermion vertices propor-

tional to G2 multiplied by the vector form-factor leads us to the following equation,

which in diagram form has the same representation, shown in Figure 5.1, as the equa-

tion in the scalar case.

G2 FV (p2) +G2
2𝜋2 (65

72
p2 − 7

12
p2 ln ( p2Λ2

) − 5

4
Λ2)

+ G3 G2

2 𝜋2 (−43
72

p2 + 5

12
p2 ln ( p2Λ2

) + 3

4
Λ2)

+ G2
2 N

32 𝜋6
∞∫
m0

FV (k2) (G2
2 NΛ2 − 4𝜋2)d4k
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+ G1
2𝜋 ( 11

288
p2 − 1

16
Λ2 − 1

48
p2 ln ( p2Λ2

))
+ G2

3N

2𝜋6 ( 7

36

∞∫
m0

(2(kp)2
p2

+ k2) (p − k)2 ln ( (p − k)2Λ2
) FV (k2) d4k(k2)2

+ ∞∫
m0

(− 31

108

(kp)2
p2

− 109

864
k2) (p − k)2 FV (k2) d4k(k2)2

+ ∞∫
m0

( 1

18
k2p2 ln((p − k)2Λ2

) + 3

16
( 2(kp)2

p2
+ k2)Λ2

− 5

432
(−(kp)2 + 3 k2p2))FV (k2)d4k(k2)2 − ∞∫

m0

( 1

48

((kp)2 − k2p2)m0
4(p − k)4

− 1

96

m0
4 (7 k2p2 + 8 (kp)2)(p − k)2 p2 )FV (k2)d4k(k2)2 ) + G2G3

2N

2𝜋6
×(∞∫

m0

( 55

576

(kp)2
p2

+ 17

2304
k2) (p − k)2 ln ((p − k)2Λ2

) FV (k2)d4k(k2)2
+ ∞∫

m0

( 17

216

(kp)2
p2

+ 1009

13824
k2) (p − k)2 FV (k2)d4k(k2)2

+ ∞∫
m0

( 11

384
k2p2 ln ( (p − k)2Λ2

) − 49

768
( 2(kp)2

p2
+ k2)Λ2

+ 5

6912
(31(kp)2 − 33 k2p2))FV (k2)d4k(k2)2 (5.77)

+ ∞∫
m0

( 1

288

((kp)2 − k2p2)m0
4(p − k)4 + 1

384

m0
4 (7 k2p2 + 8 (kp)2)(p − k)2 p2 )

× FV (k2)d4k(k2)2 )
+G2G1

2N

2𝜋6 (− 1

288

∞∫
m0

((4(kp)2
p2

− k2) ln ((p − k)2Λ2
)

− 1

1728
( 32(kp)2

p2
+ k2)) (p − k)2 FV (k2) d4k(k2)2

+ ∞∫
m0

(− 1

864
(−5 + 6 ln ( (p − k)2Λ2

)) (k2p2 − (kp)2)
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+ 1

96
( 2(kp)2

p2
+ k2)Λ2)FV (k2)d4k(k2)2

+ ∞∫
m0

(− 1

192

m0
4 (5 k2p2 − 2 kp2)(p − k)2 p2 + 1/48 m0

4 (k2p2 − kp2)(p − k)4 )
× FV (k2)d4k(k2)2 ) = 0.

Herea conversion toEuclideanmomentumspace is performed, at one-loop level terms

proportional to N and 1 are taken into account and for two loops respectively N2 and

N. The lower limit of integration is defined by current quark mass m0 corresponding

to value u0 = 1.7810−8, which is obtained in the course of consideration of scalar

form-factor (see (5.14)). We also use relation

G1 = 6

13
G2, (5.78)

which is derived above. After dividing by G2 that correspond to our intention to find

a nontrivial solutionwe integrate by angular variables of four-dimensional space and

we have as a result

FV (x) + N𝜋4 ((( 1

64
G2

2 − 1

256
G3

2 − 1

128
G1

2) x∫
m0

1

x
FV (y)dy

+ ( 1

96
G2

2 + 1

96
G3 G2 + 1

384
G1

2) x∫
m0

y

x2
FV (y)dy)m0

4

+ (13
96

G2
2 − 5

96
G3 G2 + 1

192
G1

2 + 1

384
G3

2) ln (x) x x∫
m0

FV (y)dy
+ (1

8
G2

2 − 7

96
G3 G2) ln (x) x∫

m0

y FV (y)dy
+ ( 7

32
G2

2 − 29

288
G3 G2 + 1

384
G3

2 + 1

192
G1

2) x∫
m0

y FV (y)dy
+ 1

x
(− 13

1152
G3G2 + 1

128
G2

2 − 1

1536
G3

2 − 1

768
G1

2) x∫
m0

y2FV (y)dy
+ ( 1

11520
G3

2 − 1

1920
G3G2 + 7

2880
G2

2 + 1

5760
G2
1) 1

x2

x∫
m0

y3FV (y)dy
+ (( 7

384
G2
1 + 5

192
G2

2 + 1

24
G3 G2 + 1

256
G3

2) x ∞∫
x

1

y2
FV (y)dy
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+ (− 3

128
G1

2 − 1

128
G3

2 − 1

32
G3 G2) ∞∫

x

1

y
FV (y) dy)m0

4

+ ( 1

640
G2

2 − 1

3840
G1

2 − 1

7680
G3

2 − 13

5760
G3 G2) x3 ∞∫

x

1

y2
FV (y)dy

+ ( 5

1152
G3 G2 + 1

384
G1

2 + 1

64
G2

2 + 1

768
G3

2) x2 ∞∫
x

1

y
FV (y)dy

+ (13
96

G2
2 − 5

96
G3G2 + 1

192
G1

2 + 1

384
G3

2) x ∞∫
x

ln (y) FV (y)dy
+ ( 61

288
G2

2 + 1

1152
G3

2 − 11

96
G3 G2 + 1

576
G1

2) x

∞∫
x

FV (y) dy
+ (1

8
G2

2 − 7

96
G3 G2) ∞∫

x

ln (y) y FV (y) dy)
+ N𝜋4 ((( 1

192
G3 G2 − 1

32
G2

2) x ∞∫
m0

1

y2
FV (y) dy

+ ( 1

64
G3 G2 − 3

32
G2

2) ∞∫
m0

1

y
FV (y) dy)m0

4
(5.79)

+ ( 5

96
G3G2 − 13

96
G2

2 − 1

192
G1

2 − 1

384
G3

2) ln Λ2x

∞∫
m0

FV (y) dy
+ ( 43

576
G3G2 − 119

576
G2

2 − 11

2304
G3

2 − 11

1152
G1

2) x ∞∫
m0

FV (y) dy
+ ( 7

96
G3 G2 − 1

8
G2

2) ln (Λ2) ∞∫
m0

y FV (y) dy
+ ( 53

576
G3 G2 − 1

192
G1

2 − 1

384
G3

2 − 19

96
G2

2) ∞∫
m0

y FV (y) dy
+ (− 3

32
G3 G2 + 1

128
G3

2 + 9

32
G2

2 + 1

64
G1

2)Λ2

∞∫
m0

FV (y) dy)
+ G2 N (G2 NΛ2 − 4 𝜋2)

16𝜋4 ∞∫
m0

FV (y)dy + G2𝜋2
× (65

72
x − 7

12
x ln xΛ2

− 5

4
Λ2) + G3

2𝜋2 (−43
72

x + 5

12
x ln xΛ2

+ 3

4
Λ2)

+ G1
2

288G2 𝜋2 (11 x − 18Λ2 − 6 x ln xΛ2
) = 0.
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In view of looking for solutions of equation (5.79) we apply the differential opera-

tor

d3

dx3
x
d2

dx2
x
d3

dx3
x2 ,

to this equation. As a result we obtain a differential equation, which with account of

the following substitution

z = 𝛽 x2 , 𝛽 = 1

26
N G2 (12G2 − 7G3)

24𝜋4 , (5.80)

reduces to the following form(z d

dz
− b1) (z d

dz
− b2) (z d

dz
− b3)(z d

dz
− b4)(z d

dz
− b5)

× (z d

dz
− b6) × (z d

dz
− b7) (z d

dz
− b8) FV (z) (5.81)

= z (z d

dz
− a1 + 1)(z d

dz
− a2 + 1) FV (z),

i.e. it is Meijer equation of the eighth order. Solutions of the equation are represented

in terms of the Meijer functions [71] with parameters bi, ai, which we can calculate

provided G3 is defined. We can naturally admit G3 = G2 following rules of NJL model

(see [39] and Section 1.6.2). In what follows we present confirmation of this assump-

tion. In this case we have

b1 := 1.5, b2 = 1, b3 = 0.499991384, b4 = .500008866, (5.82)

b5 = −1.45597130 ⋅ 10−7, b6 = 0, b7 = −0.50000003,
b8 = −1.0000001, a1 := −0.3944464, a2 := 1.9013991.

Values of parameters are calculated with account of valuem0.

To obtain a solution of the integral equation we choose four linearly independent

solutions of equation (5.81) decreasing at infinity and form the following linear com-

bination with coefficients Ci

FV (z) = C1G51
28 (z|a1 ,a2b5,b4,b3,b2,b1,b8,b7,b6) + C2G

51
28 (z|a1 ,a2b6,b5,b3,b2,b1,b8,b7,b4)+C3 G51

28 (z|a1 , a2b7,b4,b3,b2,b1,b8,b6,b5) + C4 G
71
28 (z|a1 , a2b8,b6,b5,b4,b3,b2,b1,b7) . (5.83)

Coefficients Ci are fixed by boundary conditions, which are obtained in the same way

as above

3(13
96

G2
2 + 1

192
G1

2 + 1

384
G3

2 − 5

96
G2G3) 1𝜋4√𝛽

∞∫
m2

0

FV (y)dy
− 7

12

G2𝜋2 − 1

48

G1
2𝜋2G2

+ 5

24

G3𝜋2 = 0, (5.84)

∞∫
m2

0

y FV (y) dy = 0, ∞∫
m2

0

y2 FV (y)dy = 0, ∞∫
m2

0

y3 FV (y)dy = 0.
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As a result we have

C1 := 0.3330348455, C2 := 6.254973002 ⋅ 10−8, (5.85)

C3 := 3.452159489 ⋅ 10−8, C4 := 2.105889777 ⋅ 10−15.
Unlike of scalar case of Section 5.2 we here do not force the form-factor value at

lower integration limit to be unity. Using this condition one might try to define ra-

tio of G2 and G3. However assuming equality of these constants we avoid solution of

additional complicated transcendental equation, but we acquire a criterion of self-

consistency of our approach as a whole, because calculations show, that changing

this ratio in reasonable range we have satisfactory results for values of the form-factor

at the normalization point. In our case we have FV (u0) = 0.96094 and so we consider
ourassumption tobe justifiedwith reasonable accuracy. Admissible are values of ratio
G2

G3
= 𝜒 from 1 up to 1.2 as well. For the last value FV (u0) = 1.098993576. As a mat-

ter of fact to fix the ratio one should consider also equation for isoscalar vector terms.

However this leads to a considerable complication of the procedure and so here we

only noting, that preliminary estimates show that just for range 𝜒 = 1 − 1.2 values

of isoscalar vector form-factor differs from unity not more than by 10%. So admitting𝜒 = 1 we formulate the ground approximation bearing in mind necessity of further

corrections.

5.7.2 Wave functions of vector states

We have the nontrivial solution of the compensation equation and thus four-fermion

terms are excluded from free Lagrangian. There is of course no compensation in in-

teraction Lagrangian, which contains these terms with opposite sign. So we can study

a problem of bound states with account of this four-fermion interaction. The Bethe–

Salpeter equation for vector case in the same approximation as above (see Figure 5.2)

has the following form. Remind that the first approximation corresponds to zero-mass

states (in this approximation there is the same equation for vector and axial-vector).

ΨV (y) = N𝜋4 (m4(( 3

256
G2

2 − G1
2

128
) x∫
m2

1

x
ΨV (y)dy

+(G2
2

48
+ G1

2

384
) x∫
m2

y

x2
ΨV (y)dy) + ( 23

11520
G2

2 + G2
1

5760
)

× x∫
m2

y3

x2
ΨV (y) dy + ( 11

128
G2

2 + G1
2

192
) ln (x) x x∫

m2

ΨV (y) dy
+ 5

96
G2

2 ln (x) x∫
m2

yΨV (y) dy + ( 139

1152
G2

2 + G1
2

192
) x∫
m2

yΨV (y) dy
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− ( 19

4608
G2

2 + G1
2

768
) x∫
m2

y2

x
ΨV (y)dy + (( 7G2

1

384
+ 55

768
G2

2)
× ∞∫

x

x

y2
ΨV (y)dy − (3G1

2

128
+ 5G2

2

128
) ∞∫

x

ΨV (y)
y

dy)m4

− ( G1
2

3840
+ 19G2

2

23040
) ∞∫

x

x3

y2
ΨV (y) dy + ( G1

2

384
+ 49

2304
G2

2)
× ∞∫

x

x2

y
ΨV (y) dy + (11G2

2

128
+ G1

2

192
) x

∞∫
x

ln (y) ΨV (y) dy
+ ( 113

1152
G2

2 + G1
2

576
) x

∞∫
x

ΨV (y)dy + 5

96
G2

2

∞∫
x

ln (y) yΨV (y) dy) (5.86)

+ N𝜋4 ((− 5

192
G2

2

∞∫
m2

x

y2
ΨVdy + 5

64
G2

2

∞∫
m2

ΨV

y
dy)m4

− ( 11

128
G2

2 + G1
2

192
) ln (Λ2) x ∞∫

m2

ΨVdy

− ( 35

256
G2

2 + 11

1152
G1

2)x ∞∫
m2

ΨVdy − 5

96
G2

2 ln (Λ2) ∞∫
m2

yΨVdy

+ (− G1
2

192
− 125

1152
G2

2) ∞∫
m2

yΨV dy + ( 25

128
G2

2 + G1
2

64
)Λ2

× ∞∫
m2

ΨV (y) dy) + (𝛼s − 3

8

gv
2𝜋 )( 1

9𝜋 x∫
m2

ΨV (y) (15x + 2 y

x2
)dy

+ 1

9𝜋 ∞∫
x

ΨV (y) (12
y

+ 5x

y2
)dy).

Here besides the same kernel as in equation (5.79) we take into account also one-

gluonexchangeandone-mesonexchangewith corresponding constants𝛼s andg2v /4𝜋.
Note that contributions of (pseudo-)scalar mesons here cancel. In equation (5.86) en-

ters constituent mass m instead of current mass in equation (5.79). For parameter m

we use results of previous results in Section 5.4 where it was obtained from stability

condition for the effective potential. This procedure allows to define m correspond-

ing to value of 𝛼s. In the same way as in Section 5.6 we take values of u = 𝛽m4,

which correspond to values of 𝛼s in the range under study. We perform calculations

for u = 0.001, 0.0015, 0.002. Values of 𝛼s, are presented in the summarizing table.
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Differential equation now is the following

(z d

dz
− b1) (z d

dz
− b2) (z d

dz
− b3)(z d

dz
− b4)

× (z d

dz
− b5)(z d

dz
− b6)(z d

dz
− b7)(z d

dz
− b8)ΨV(z)

= −z (z d

dz
− a1 + 1)(z d

dz
− a2 + 1)ΨV (z), (5.87)

where

z = 𝛽x2 , 𝛽 = 1

26
N G2 (12G2 − 7G3)

24 𝜋4 , 𝜉 = G1

G2

,
a1 = 1

80

59 𝜉2 + 6 − √8281 𝜉4 + 708 𝜉2 + 36𝜉2 ,
a2 = 1

80

59 𝜉2 + 6 + √8281 𝜉4 + 708 𝜉2 + 36𝜉2 , (5.88)

and coefficients bi are roots of the following equation ( G3 = G2)

N m4 G2
2𝜋4 (− 2859b

2704
− 1217b2

676
+ 28195b3

2704
+ 435b4

338

−11539b5
676

+ 1388b6

169
) + (𝛼s𝜋 − 3 g2v

8 𝜋2)
(32b − 592b2

3
+ 880b3

3
+ 320b4

3
− 1216b5

3
+ 512b6

3
)

+ 48b2 − 128b3 − 176b4 + 640b5 − 512b7 + 256b8 = 0. (5.89)

Solution of equation (5.87) decreasing at infinity has the following general formΨV(z) = C1 G4 1
2 8 ( z |a1 ,a2b1,b2,b3,b5,b4,b8,b7,b6) (5.90)+C2 G41

28 (z |a1 , a2b1,b2,b3,b4,b5,b6,b7,b8 ) + C3 G
41
28 (z |a1 ,a2b1,b2,b5,b6,b3,b4,b7,b8)+C4 G61

28 (z |a1 , a2b1,b2,b3,b4,b5,b7,b6,b8) + C5 G
61
28 (z |a1 ,a2b1,b2,b3,b5,b6,b8,b7,b4) .

For u = 0.001with account of results (5.66) values of parameters bi read

b1 = 1.5, b2 = 1, b4 = 0.5, b3 = 0.6309939, (5.91)

b5 = 0.1329938, b6 = 0, b7 = −0.7007615, b8 = −1.0632261.
In the same way we obtain parameters for two other values of u:

u = 0.0015 (5.67)
b1 = 1.5, b2 = 1, b4 = 0.5, b3 = 0.6481721, (5.92)

b5 = 0.1365796, b6 = 0, b7 = −0.7118443, b8 = −1.0729073,
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and u = 0.002 (5.68)
b1 = 1.5, b2 = 1, b4 = 0.5, b3 = 0.6625915, (5.93)

b5 = 0.1384193, b6 = 0, b7 = −0.7197738, b8 = −1.0812370,
Parameters ai are the same as before (5.82). CoefficientsCi are defined from the bound-

ary conditions

ΨV (m2) = 1, ∞∫
m2

ΨV (y)dy = 0, ∞∫
m2

yΨV (y)dy = 0,
∞∫
m2

y2ΨV (y)dy = 0, ∞∫
m2

y3ΨV (y)dy = 0, (5.94)

and value gv is given by the iterative procedure being defined by normalization condi-

tion in one-loop approximation

N g2v
12𝜋2 ∞∫̃

u

ΨV (z)2
z

dz = 1, ũ = 𝛽𝛽0 u, 𝛽0 = (G2
1 + 6G1G2)N

16𝜋4 . (5.95)

Ratio 𝛽𝛽0 = 845

754
, (5.96)

gives coefficients for transitions to variable z ∼ p4 respectfully for vector and scalar

sectors. Expression for 𝛽0 is obtained in Section 5.2.

For applications asymptotic of ΨV at infinity is essential. Considering equa-

tion (5.87) and its solution (5.90) we obtain with account of general expression (2.142)

ΨV(z)z→∞ = CV z
c cos(6 z 1

6 + 𝜙V ), c = − 5 + 2∑i ai − 2∑i bi
12

,∑
i

ai = 1.50695, ∑
i

bi = 2, c = − 0.334492. (5.97)

Now we proceed to calculation of observable parameters. Initial estimate of 𝜌-meson

mass is given by expression (3.33), which for our case reads

M0𝜌 = gv√G2

, (5.98)

where G2 is defined from relation (5.78) and values G1 are calculated for chosen val-

ues u and are presented before in relations (5.57, 5.66, 5.67, 5.68). According to these

considerations we present below the first approximation M0
𝜌 for the 𝜌-meson mass

In view of estimating of other important parameter of the 𝜌-meson, namely its

width we have to obtain the coupling constant in vertex 𝜌𝜋 𝜋 in accordance with the

effective interaction

Lint = g𝜌𝜋𝜋 𝜖abc 𝜌𝜇a 𝜕𝜇𝜋b 𝜋c, (5.99)
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Coupling constant g𝜌𝜋𝜋 of 𝜌-decay to two 𝜋-mesons we find with triangle diagram ac-

cording to the following relation

g𝜌𝜋𝜋 = gs
2 gv

3

4 𝜋2 ∞∫
u

Ψ (z)2 ΨV ( 𝛽
𝛽0
z )

z
dz, (5.100)

whereΨ (z) is theBethe–Salpeterwave function for scalar states and gs is scalarmeson

coupling according to definition in Section 5.3.

The width of 𝜌 is the following
Γ𝜌 = g2𝜌𝜋 𝜋 (M𝜌

2 − 4m𝜋
2)3/2

24𝜋M𝜌
2

. (5.101)

This coupling constant in the first approximation is connected with quark loop,

presented in Figure 5.5.

ρ

π

π
Fig. 5.5. Diagram corresponding to the quark loop, which de-

fines 𝜌𝜋𝜋 effective coupling.

Now we calculate parameters of the corresponding wave functions and using rela-

tions (5.95, 5.96, 5.98, 5.100, 5.101). With parameters (5.66):

u = 0.001, 𝛼s = 0.7, G1 = 1(239.0MeV)2 ,
we have

C1 = 1.6997393, C2 = 0.10299083, C3 = 0.01072961, (5.102)

C4 = 0.005643271, C5 = −0.0001956055, gv = 4.0046,
M0𝜌 = 650.2MeV, g𝜌𝜋𝜋 = 5.65, Γ𝜌 = 134.1MeV.

With parameters (5.67):

u = 0.0015, 𝛼s = 0.818, G1 = 1(225.3MeV)2 ,
we have

C1 = 1.6910230, C2 = 0.1290819, C3 = 0.0157750, (5.103)

C4 = 0.007378365, C5 = −0.0003219670, gv = 4.240,
M0 𝜌 = 649.0MeV, g𝜌𝜋𝜋 = 5.82, Γ𝜌 = 142.3MeV.
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With parameters (5.68):

u = 0.002, 𝛼s = 0.91, G1 = 1(216.0MeV)2 ,
we have

C1 = 1.6849163, C2 = 0.1515008, C3 = 0.0269341, (5.104)

C4 = 0.00891981256, C5 = −0.00045756, gv = 4.415,
M0 𝜌 = 647.8MeV, g𝜌𝜋𝜋 = 5.89, Γ𝜌 = 146.2MeV.

Bearing in mind also results for other parameters (5.57, 5.58, 5.59, 5.60)we see quite an

admissible agreement with data, especially for variant (5.60, 5.104). However, the 𝜌-
mesonmass is significantly smaller than its physical value775 MeV. Itmaymean, that

there are other contributions to themass. Indeed, relation (5.98) take into account only

two-quark composition of the 𝜌-meson. The four-quark contributions may be taken

into account by considering a diagramwith 𝜋-meson loop.We have already taken into

account the 𝜋-meson loop contributions while considering parameters of the 𝜎 me-

son. The diagram corresponding to such contribution is presented in Figure 5.6. This

contribution is described by the following expression in case of point-like vertices in

effective Lagrangian (5.99) Δ(M2
𝜌) = g2𝜌𝜋𝜋

8 𝜋2 ∫ dq2. (5.105)

Integral in (5.105) evidently diverges. However, we know the nature of effective inter-

actions, which act only in a restricted region of the momentum space. In the Nambu–

Jona-Lasinio theory, which consequences we now are studying this restriction is pro-

vided by form-factor F(q2) and corresponding Bethe–Salpeter wave functions. In the

same way as in the case of the additional contribution to 𝜎meson mass (5.64) in Sec-

tion 5.6,we use for the purpose wave functionΨV , being obtained above. Nowwehave

Δ(M2
𝜌) = g2𝜌𝜋𝜋

8𝜋2 ∞∫
m2

ΨV (q2)2 dq2 = g2𝜌𝜋𝜋√2√21G1

IV ,
IV = ∞∫

u0

ΨV(z)2√z dz. (5.106)

π

π
ρ ρ

Fig. 5.6. The meson loop diagram, giving contribution
to the 𝜌-meson mass.
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Due to asymptotic (5.97) of ΨV integral IV converges and we calculate the corrected

mass of the 𝜌meson according to the following expression
M𝜌 = √M2

0 𝜌 + g2𝜌𝜋𝜋√2√21G1

IV . (5.107)

Thus we have the following change in results for values of u : 0.001, 0.0015, 0.002
respectively

M𝜌 = 830.6MeV, M𝜌 = 820.2MeV, M𝜌 = 810.0MeV. (5.108)

Thus 𝜌-meson mass is also consistent with experimental value M𝜌 = 775MeV (see

Table 1.4) in the range of the anticipated accuracy ≃ 10% for the range of values u

being considered here.

As a matter of fact, the effective wave function Ψ(𝜌𝜋 𝜋) has to be inserted in the

integral (5.106). However, for the moment this wave function is not obtained yet, and

we use instead of it wave functionΨV, which describes transition 𝜌 q̄ q. While calculat-

ing the additional term for the 𝜎mass, we have already mentioned, that the result is to

be considered as an estimate. Nevertheless, in both cases results improve agreement

with the real physical parameters. It is remarkable, that albeit the estimation of inte-

grals is approximate, the signs of additional terms are defined exactly. In case of the𝜎 meson it is negative and in case of the 𝜌 meson it is positive, that just corresponds

to an improvement of the agreement in both cases.

5.7.3 Results and discussion

In the last two Chapters 4, 5 we have considered strong interactions in the nonpertur-

bative lowmomenta region. At first the three-gluonanomalous interaction was shown

tobepossibly spontaneously generated. It turns tobepossible only provided theusual

gauge coupling constant g be fixed at the boundary of the nonperturbative region p0.

The result is quite remarkable. Then we introduce dimensional coupling constant G,

which is fixed by a value of the running coupling 𝛼s(Q2) in the definite point. We have

taken for this point the mass of the 𝜏 lepton, due to better precision of 𝛼s(Q2) determi-

nation at this value of Q2. For example, for 𝜖 = 0.13 (see (4.30, 4.37)) we have𝛼s(z0) = 0.773, G = 1(273.5MeV)2 ,�̄�s = 0.87. (5.109)

On the other hand, average value �̄�s was one of the two initial parameters of the spon-

taneously generated Nambu–Jona-Lasinio interaction, which was in details studied

in Chapter 5. It could not be a coincidence, that just value (5.109) corresponds to the

region of better agreement for low-energy hadron physics, which manifests itself in

studying of parameters of 𝜋, 𝜎, 𝜌 mesons and the gluon and the quark condensates

(see relations (4.45, 5.59, 5.60)). This corresponds to region of �̄�s values 0.8–0.9.
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5.8 Necessary formulae

Let us present below the set of expressions for angle integrals in four-dimensional Eu-

clid space, which was used in this chapter and will be used in what follows. Integrals

involving logarithmsmay be found in textbook [75]. Remind, that x = p2, y = q2.

∫ d4 q F(q2)(p − q)2 = 𝜋2 ∞∫
0

ydyF(y)(𝜗(x − y)1
x
+ 𝜗(y − x)1

y
) ,

∫ d4 q F(q2) (pq)(p − q)2 = 𝜋2
2

∞∫
0

ydyF(y) (𝜗(x − y)y
x
+ 𝜗(y − x)x

y
) ,

∫ d4 q F(q2) (pq)2(p − q)2 = 𝜋2
4

∞∫
0

ydyF(y)(𝜗(x − y)(y2
x

+ y) + 𝜗(y − x)(x + x2

y
)),

∫ d4 q F(q2) (pq)3(p − q)2 = 𝜋2
8

∞∫
0

ydyF(y)(𝜗(x − y)(y3
x

+ 2y2) + 𝜗(y − x)(2x2 + x3

y
)),

∫ d4qF(q2) (pq)4(p − q)2 = 𝜋2
16

∞∫
0

ydyF(y)(𝜗(x − y)(y4
x

+ 3y3 + 2xy2)
+ 𝜗(y − x) (2x2y + 3x3 + x4

y
)),

∫ d4qF(q2)(pq)5(p − q)2 = 𝜋2
32

∞∫
0

ydyF(y) (𝜗(x − y) (y5
x

+ 4y4 + 5xy3)
+𝜗(y − x) (5x3y + 4x4 + x5

y
)) ,

∫ d4 q F(q2)(p, p − q)((p − q)2)2 = 𝜋2 ∞∫
0

ydyF(y)𝜗(x − y)1
x
,

∫ d4 q F(q2)(q, q − p)((p − q)2)2 = 𝜋2 ∞∫
0

ydyF(y)𝜗(y − x)1
y
,

∫ d4 q F(q2)(p, p − q)(pq)((p − q)2)2 = 𝜋2
4

∞∫
0

ydyF(y) (𝜗(x − y)3y
x

− 𝜗(y − x)x
y
) ,

∫ d4 q F(q2)(p, p − q)(pq)2((p − q)2)2 = 𝜋2
4

∞∫
0

ydyF(y) (𝜗(x − y) (2y2
x

+ y) − 𝜗(y − x)x2
y
) ,

∫ d4 q F(q2) ln (p − q)2 = 𝜋2 ∞∫
0

ydyF(y) (𝜗(x − y) ( y

2x
+ ln x) + 𝜗(y − x) (ln y + x

2y
)) ,
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∫d4 q F(q2)(pq) ln (p − q)2
= 𝜋2

6

∞∫
0

ydyF(y) (𝜗(x − y) (y2
x

− 3y) + 𝜗(y − x) (−3x + x2

y
)) ,

∫d4 q F(q2)(pq)2 ln (p − q)2
= 𝜋2

4

∞∫
0

ydyF(y) [𝜗(x − y) ( y3

4x
+ xy ln x) + 𝜗(y − x) (xy ln y + x3

4y
)] ,

∫d4 q F(q2)(pq)3 ln (p − q)2 = 𝜋2
8

∞∫
0

ydyF(y)
×(𝜗(x − y) ( y4

5x
+ y3

3
− 2xy2) + 𝜗(y − x) (−2x2y + x3

3
+ x4

5y
)) ,

∫d4 q F(q2)(pq)4 ln (p − q)2 = 𝜋2
8

∞∫
0

ydyF(y)(𝜗(x − y) ( y5

12x
+ y4

4
− xy3

4
+ x2y2 ln x)

+𝜗(y − x) (x2y2 ln y + x5

12y
+ x4

4
+ yx3

4
)) ,

∫d4 q F(q2)(pq)5 ln (p − q)2 = 𝜋2
32

∞∫
0

ydyF(y) (𝜗(x − y) ( y6

7x
+ 3y5

5
+ xy4

3
− 5x2y3)

+𝜗(y − x) ( x6

7y
+ 3x5

5
+ x4y

3
− 5x3y2)) .



6 Three-boson interaction
In previous chapters N.N. Bogoliubov compensation approach [40–42] was applied

to studies of spontaneous generation of effective nonlocal interactions in QCD. Spon-

taneous generation of Nambu–Jona-Lasinio like interaction was studied in Chapter 5.

We have achieved a description of the low energy hadron physics in terms of initial

QCD parameters, which turns to be quite successful including values of parameters:

average strong coupling in the nonperturbative region �̄�s, the gluon condensate V2,

theglueballmassMgb, thepionmassm𝜋 , thepiondecay constant f𝜋 , the𝜎mesonmass

m𝜎, the quark condensate ⟨q̄q⟩, the 𝜌mesonmass andwidthM𝜌, Γ𝜌. The starting point
of the application of the approach to QCD was the study of a possibility of a sponta-

neous generation of anomalous three-gluon effective interaction (4.2). The nontrivial

solution of compensation equation (4.9) was obtained. Consequences of the solution

was shown to be quite reasonable.

We may suppose, that such solutions may occur also in other nonabelian gauge

theories. The most interesting such theory is the Standard Model electroweak theory

EWT, which is briefly described in Section 2.1.

Let us consider the electroweak theory and consider a possibility of spontaneous

generation of an anomalous three-boson interaction of the form

− G

3! ⋅ 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇. (6.1)

In considering this possibility we follow the same approximation scheme, which was

used in QCD.

The main principle of the approach is to check if an effective interaction could be

generated in a chosen variant of a renormalizable theory. In view of this one performs

“add and subtract” procedure for the effective interaction with a form-factor. Then

one assumes the presence of the effective interaction in the interaction Lagrangian

and the same term with the opposite sign is assigned to the newly defined free La-

grangian. This transformation of the initial Lagrangian is evidently identical. How-

ever such free Lagrangian contains completely improper term, corresponding to the

effective interaction of the opposite sign. Then one has to formulate a compensation

equation, which guarantees that this new free Lagrangian is a genuine free one, that

is effects of the uncommon term sum up to zero. Provided a nontrivial solution of this

equation exists, one can state the generation of the effective interaction to be possi-

ble. Now we apply this procedure to our problem. The presentation of this chapter is

connected with results obtained in works [99–103].

In the present chapter we start with studying a possibility of a spontaneous gen-

eration of interaction (6.1).
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6.1 Compensation equation for anomalous three-boson
interaction

Westartwith theLagrangianof the electro-weak interactionwith3 lepton𝜓k andcolor
quarkqk doubletswithgaugegroupSU(2). That iswe restrict thegauge sector to triplet
ofWa

𝜇 only. Thus we consider U(1) abelian gauge field B to be decoupled, that means

approximation sin2 𝜃W ≪ 1. Thus we suppose that neutral component

W3 = cos 𝜃W Z + sin 𝜃W A, (6.2)

after the procedure of the symmetry breaking has the same mass as the charged ones.

Simply speaking we takeW3 ≡ Z. However in applications to real processes we shall

use relation (6.2).

L = 3∑
k=1

( 𝚤
2
(�̄�k𝛾𝜇𝜕𝜇𝜓k − 𝜕𝜇�̄�k𝛾𝜇𝜓k ) + g

2
�̄�k𝛾𝜇𝜏aWa

𝜇𝜓k)
+ 3∑

k=1

( 𝚤
2
(q̄k𝛾𝜇𝜕𝜇qk − 𝜕𝜇q̄k𝛾𝜇qk ) + g

2
q̄k𝛾𝜇𝜏aWa

𝜇qk) (6.3)

− 1

4
(Wa

𝜇𝜈W
a
𝜇𝜈) , Wa

𝜇𝜈 = 𝜕𝜇Wa
𝜈 − 𝜕𝜈Wa

𝜇 + g 𝜖abcWb
𝜇W

c
𝜈.

where we use the standard notations. In accordance to the compensation ap-

proach [40–42] in application to QFT, described in Chapter 3, we look for a nontriv-

ial solution of a compensation equation, which is formulated on the basis of the

Bogoliubov procedure add–subtract. Namely let us write down the initial expres-

sion (6.3) in the following form

L = L0 + Lint ,
L0 = = 3∑

k=1

( 𝚤
2
(�̄�k𝛾𝜇𝜕𝜇𝜓k − 𝜕𝜇�̄�k𝛾𝜇𝜓k ) − mk�̄�k𝜓k

+ 𝚤
2
(q̄k𝛾𝜇𝜕𝜇qk − 𝜕𝜇q̄k𝛾𝜇qk ) −Mkq̄kqk) (6.4)

− 1

4
Wa

𝜇𝜈W
a
𝜇𝜈 + G

3! ⋅ 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇,

Lint = g

2

3∑
k=1

(�̄�k𝛾𝜇𝜏aWa
𝜇𝜓k + q̄k𝛾𝜇𝜏aWa

𝜇qk)
− G

3! ⋅ 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇. (6.5)

Here isotopic summation is performed inside of each quark bi-linear combina-

tion, and notation − G
3! ⋅ 𝜖abc Wa

𝜇𝜈W
b
𝜈𝜌W

c
𝜌𝜇 means corresponding nonlocal vertex in the

momentum space(2𝜋)4 G 𝜖abc (g𝜇𝜈(q𝜌pk − p𝜌qk) + g𝜈𝜌(k𝜇pq − q𝜇pk)+ g𝜌𝜇(p𝜈qk − k𝜈pq) + q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌) F(p,q, k) 𝛿(p + q + k) + . . . , (6.6)
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where F(p, q, k) is a form-factor and p, 𝜇, a; q, 𝜈, b; k, 𝜌, c are respectfully incoming

momenta, Lorentz indices and weak isotopic indices ofW-bosons. Wemean also that

there are present four-boson, five-boson and six-boson vertices according to expres-

sion forWa
𝜇𝜈 (6.3). Note, that inclusion of totalW-boson termWa

𝜇𝜈W
a
𝜇𝜈 in the new free

Lagrangian (6.4) is performed in view of maintaining the gauge invariance of the ap-

proach.

Effective interaction (6.1) is usually called anomalous three-boson interaction and

it is considered for long time on phenomenological grounds [104]. Note, that the first

attempt to obtain the anomalous three-boson interaction in the framework of the Bo-

goliubov compensation approach was done in work [105]. Our interaction constant G

is connected with conventional definitions in the followingway

G = − g 𝜆
M2

W

. (6.7)

The current limitations for parameter 𝜆 read [106–108],
𝜆 = −0.016+0.021−0.023, − 0.059 < 𝜆 < 0.026 (95%C. L.). (6.8)𝜆𝛾 = −0.022 ± 0.019, − 0.038 < 𝜆 < 0.030 (6.9)

where the first result in the second row (6.9) is obtained recently by joint analysis of

LEP data by the four experimental groups: ALEPH, DELPHI, L3, OPAL and the second

one is obtained in recent LHC studies. Due to our approximation sin2 𝜃W ≪ 1 we use

the same MW for both charged W± and neutralW0 bosons and assume no difference

in anomalous interaction for Z and 𝛾, i.e. 𝜆Z = 𝜆𝛾 = 𝜆.
Let us consider expression (6.4) as the new free Lagrangian L0, whereas expres-

sion (6.5) as the new interaction Lagrangian Lint. It is important to note, that we

put into the new free Lagrangian the full quadratic in W term including boson self-

interaction, because we prefer to maintain gauge invariance of the approximation be-

ing used. Indeed, we shall use both four-fold term from the last term in (6.4) and triple

one from the last but one term of (6.4). Then compensation conditions will consist in

demand of full connected three-boson vertices of the structure (6.6), following from

Lagrangian L0, to be zero. This demand gives a nonlinear equation for form-factor F.

In such waywe again come to a compensation equation. In a study of these equa-

tions it is always evident the existence of a perturbative trivial solution (in our case

G = 0), but, in general, a nonperturbative nontrivial solution may also exist. Just the

quest of a nontrivial solution inspires themain interest in such problems. One can not

succeed in finding an exact nontrivial solution in a realistic theory, therefore the goal

of a study is a quest of an adequate approach, the first nonperturbative approximation

of which describes the main features of the problem. Improvement of a precision of

results is to be achieved by corrections to the initial first approximation.

Thus our task is to formulate the first approximation. Here the previous studies,

described in Chapters 3, 4, 5 could be helpful. Namely, in the first approximation we
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follow the same approximation which was formulated in Section 4.1. Let us recall the

main points of the approximation in application to the electro-weak case.

(1) In compensation equation we restrict ourselves by terms with loop numbers 0, 1.

(2) We reduce thus obtained nonlinear compensation equation to a linear integral

equation. It means that in loop terms only one vertex contains the form-factor, be-

ing defined above, while other vertices are considered to be point-like. In diagram

form equation for form-factor F is the same as presented in Figure 4.1. Here four-

leg vertex correspond to interaction of four bosons due to our effective three-field

interaction. In our approximation we take here point-like vertex with interaction

constant proportional to g G.

(3) We integrate by angular variables of the 4-dimensional Euclidean space. The nec-

essary rules are presented in Section 5.8.

We have already mentioned, that results of application of the approximation agree

with physical values with average accuracy ≃ 10–15%. Thus we could hope for such

accuracy in the present problem.

At first let us present the expression for four-boson vertex. The expression is

similar to (4.7) and the difference is connected with the change of symmetry group

SU(3) → SU(2).
V(p,m, 𝜆; q, n, 𝜎; k, r, 𝜏; l, s, 𝜋)(2𝜋)4 = gG(𝜖amn𝜖ars(U(k, l; 𝜎, 𝜏, 𝜋, 𝜆)−U(k, l; 𝜆, 𝜏, 𝜋, 𝜎) − U(l,k; 𝜎, 𝜋, 𝜏, 𝜆) + U(l,k; 𝜆, 𝜋, 𝜏, 𝜎)+U(p, q; 𝜋, 𝜆, 𝜎, 𝜏) − U(p,q; 𝜏, 𝜆, 𝜎, 𝜋) − U(q, p; 𝜋, 𝜎, 𝜆, 𝜏)+U(q, p; 𝜏, 𝜎, 𝜆, 𝜋)) − 𝜖arn 𝜖ams(U(p, l; 𝜎, 𝜆, 𝜋, 𝜏)−U(l, p; 𝜎, 𝜋, 𝜆, 𝜏) − U(p, l; 𝜏, 𝜆, 𝜋, 𝜎) + U(l,p; 𝜏, 𝜋, 𝜆, 𝜎)+U(k, q; 𝜋, 𝜏, 𝜎, 𝜆) − U(q, k; 𝜋, 𝜎, 𝜏, 𝜆) − U(k, q; 𝜆, 𝜏, 𝜎, 𝜋)+U(q, k; 𝜆, 𝜎, 𝜏, 𝜋)) + 𝜖asn 𝜖amr(U(k, p; 𝜎, 𝜆, 𝜏, 𝜋) (6.10)−U(p, k; 𝜎, 𝜏, 𝜆, 𝜋) + U(p, k; 𝜋, 𝜏, 𝜆, 𝜎) − U(k, p; 𝜋, 𝜆, 𝜏, 𝜎)−U(l, q; 𝜆, 𝜋, 𝜎, 𝜏) + U(l,q; 𝜏, 𝜋, 𝜎, 𝜆) − U(q, l; 𝜏, 𝜎, 𝜋, 𝜆)+U(q, l; 𝜆, 𝜎, 𝜋, 𝜏))),
U(k, l; 𝜎, 𝜏, 𝜋, 𝜆) = k𝜎 l𝜏 g𝜋𝜆 − k𝜎 l𝜆 g𝜋𝜏 + k𝜋 l𝜆 g𝜎𝜏− (kl)g𝜎𝜏g𝜋𝜆 F(k, l, −(k + l)).

Here triad p, m, 𝜆 etc means correspondingly incoming momentum, isotopic index,

Lorentz index of a boson.

Let us formulate compensation equations in this approximation. For free La-

grangian L0 full connected three-boson verticeswith Lorentz structure (6.6) are to van-

ish. Thuswe come to the compensation equation, which in diagram form is exactly the

same, as is presented in Figure 4.1. One can succeed in obtaining analytic solutions for
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the following set ofmomentumvariables (seeFigure4.1): left-hand legshavemomenta

p and −p, and a right-hand leg has zero momenta. However in our approximation we

need form-factor F also for nonzero values of this momentum.We have already define

the first approximation for a dependence on three variables in the form (4.8). So here

we also use the following simple dependence on all three variables

F(p1, p2, p3) = F (p21 + p22 + p23
2

) , (6.11)

We consider the representation (6.11) to be the first approximation with a hope to con-

sider corrections in forthcoming studies.

Now according to the rules being stated above we obtain the following equation

for form-factor F(x)
F(x) = − G2 N

64𝜋2 ( Y∫
0

F(y) ydy − 1

12 x2

x∫
0

F(y) y3dy
+ 1

6 x

x∫
0

F(y) y2dy + x

6

Y∫
x

F(y)dy − x2

12

Y∫
x

F(y)
y

dy)
+ G g N

16𝜋2 Y∫
0

F(y)dy + Gg N

24𝜋2 ( x∫
3x/4

(3x − 4y)2(2y − 3x)
x2(x − 2y) F(y)dy

+ Y∫
x

(5x − 6y)(x − 2y) F(y)dy) + G g N

32𝜋2 ( Y∫
x

3(x2 − 2y2)
8(2y − x)2 F(y)dy

+ x∫
3x/4

3(4y − 3x)2(x2 − 4xy + 2y2)
8x2(2y − x)2 F(y)dy (6.12)

+ x∫
0

5y2 − 12xy
16x2

F(y)dy + Y∫
x

3x2 − 4xy − 6y2
16y2

F(y) dy).
Here x = p2 and y = q2, where q is an integration momentum, N = 2. The last four

terms in brackets represent diagrams with one usual gauge vertex (see three last dia-

grams at Figure 4.1). These terms maintain the gauge invariance of results in this ap-

proximation. Note that one can additionally check the gauge invariance by introduc-

tion of longitudinal term dl k𝜇k𝜈/(k2)2 in boson propagators to verify independence of
results on dl in this approximation. Ghosts contributions also give zero result in the

present approximation due to vertex (6.6) being transversal:

p𝜇 V(p, q, k)𝜇𝜈𝜌 = q𝜈 V(p, q, k)𝜇𝜈𝜌 = k𝜌 V(p, q, k)𝜇𝜈𝜌 = 0,
V(p, q, k)𝜇𝜈𝜌 = g𝜇𝜈(q𝜌pk − p𝜌qk) + g𝜈𝜌(k𝜇pq − q𝜇pk) (6.13)+ g𝜌𝜇(p𝜈qk − k𝜈pq) + q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌.



146 | 6 Three-boson interaction

Gauge invariancemight bealso violatedby termsarising frommomentumdependence

of form-factor F. However this problem does not arise in the approximation corre-

sponding to equation (6.12) and becomes essential for taking into account of g2 terms.

In this case ghost contributions also do not cancel. The problem of gauge invariance

of the next approximations has to be considered in future studies.

We again introduce in equation (6.12) an effective cut-off Y, which bounds a “low-

momentum” region where our nonperturbative effects act and consider the equation

at interval [0, Y] under condition
F(Y) = 0. (6.14)

We shall solve equation (6.12) by iterations. That is we expand its terms being propor-

tional to g in powers of x and take at first only constant term. Thus we have

F0(x) = − G2 N

64𝜋2( Y∫
0

F0(y) ydy − 1

12 x2

x∫
0

F0(y) y3dy
+ 1

6 x

x∫
0

F0(y) y2dy + x

6

Y∫
x

F0(y) dy − x2

12

Y∫
x

F0(y)
y

dy)
+ 87Gg N

512𝜋2 Y∫
0

F0(y)dy. (6.15)

Expression (6.15) provides an equation of the type which were repeatedly studied

above starting fromChapter 2,where thewayof obtaining solutions of equations anal-

ogous to (6.15) are described. Indeed, by successive differentiation of equation (6.15)

we come to Meijer differential equation

(x d

dx
+ 2)(x d

dx
+ 1)(x d

dx
− 1)(x d

dx
− 2) F0(x) + G2 N x2

64𝜋2 F0(x) (6.16)

= 4[[− G2 N

64𝜋2 Y∫
0

F0(y) ydy + 87Gg N

512𝜋2 Y∫
0

F0(y)dy]] ,
which solution looks like

F0(z) = C1 G10
04 (z |1/2, 1, −1/2, −1)+C2 G10
04 (z |1, 1/2, −1/2, −1) (6.17)

− GN

128𝜋2 G31
15 (z |01, 1/2, 0,−1/2,−1) Y∫

0

(Gy − 87 g

8
)F0(y)dy ,

G31
15(z |01, 1/2, 0,−1/2,−1) = 1

2 z
− G30

04(z |1, 1/2, −1, −1/2),
z = G2Nx2

1024𝜋2 .
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Constants C1, C2 are defined by the following boundary conditions

[2 z2 d3 F0(z)
dz3

+ 9 z
d2 F0(z)
dz2

+ d F0(z)
dz

]
z=z0

= 0, z0 = G2 N Y2

1024𝜋2 ,
[2 z2 d2 F0(z)

dz2
+ 5 z d F0(z)

dz
+ F0(z)]

z=z0

= 0. (6.18)

Conditions (6.14, 6.18) defines set of parameters

z0 = ∞, C1 = 0 , C2 = 0. (6.19)

The normalization condition for form-factor F(0) = 1 here is the following

− G2 N

64 𝜋2 ∞∫
0

F0(y) ydy + 87Gg N

512𝜋2 ∞∫
0

F0(y)dy = 1. (6.20)

However the first integral in (6.20) diverges due to asymptotic

G31
15(z |01, 1/2,0,−1/2,−1) → 1

2 z
, z → ∞,

and we have no consistent solution. In view of this we consider the next approxima-

tion. We substitute solution (6.17) with account of (6.20) into terms of equation (6.12)

being proportional to gauge constant g but the constant ones and calculate terms pro-

portional to√z. Now we have bearing in mind the normalization condition

F(z) = 1 + 85 g√N √z
96𝜋 (ln z + 4 𝛾 + 4 ln 2 + 1

2
G31
15 (z0 |00,0,1/2,−1,−1/2) − 3160

357
)

+ 2

3 z

z∫
0

F(t) t dt − 4

3√z z∫
0

F(t)√t dt − 4√z
3

z0∫
z

F(t) dt√t + 2 z

3

z0∫
z

F(t) dt
t
, (6.21)

where 𝛾 is the Euler constant. We look for solution of (6.21) in the form

F(z) = 1

2
G31
15 (z |01, 1/2,0,−1/2,−1) − 85 g√N

128𝜋 G31
15 (z |1/21, 1/2, 1/2,−1/2,−1)+ C1 G10

04 (z |1/2, 1, −1/2, −1) + C2 G
10
04 (z |1, 1/2, −1/2, −1) . (6.22)

We have also conditions

1 + 8

z0∫
0

F(z) dz = 87 g√N
32𝜋 z0∫

0

F0(z) dz√z , (6.23)

F(z0) = 0, (6.24)

and boundary conditions analogous to (6.18). The last condition (6.24) means smooth

transition from the nontrivial solution to trivial one G = 0 for z > z0. Knowing
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form (6.22) of a solutionwecalculateboth sides of relation (6.21) in twodifferent points

in interval 0 < z < z0 and having four equations for four parameters solve the set.

With N = 2 we obtain the following solution, which we use to describe the electro-

weak case

g(z0) = 0.60366, z0 = 9.61750,
C1 = −0.035096, C2 = −0.051104. (6.25)

We would draw attention to the fixed value of parameter z0. The solution exists only

for this value (6.25) and it plays the role of eigenvalue. As a matter of fact from the

beginning the existence of such eigenvalue is by nomeans evident. This parameter z0
defines scale appropriate to the solution. That is why we take value of running cou-

pling g in solution (6.25) just at this point.

Let us remind, that the solution with smaller value of z0 = 0.009553 and rather

large g(z0) = 3.8166, which with N = 3 corresponds to the strong interaction theory

QCD, was considered above in Chapter 4.

We have one-loop three fermion generation expression for running electroweak

coupling 𝛼ew(p2) 𝛼ew(x) = 6 𝜋𝛼ew(x0)
6 𝜋 + 5𝛼ew(x0) ln(x/x0) , x = p2, (6.26)

We normalize the running coupling by condition

𝛼ew(x0) = g(z0)2
4 𝜋 = 0.0290, (6.27)

where coupling constant g entering in expression (6.23) is just corresponding to this

normalization point. Note that value (6.27) is not far from physical value of 𝛼ew at the
W-boson mass 𝛼ew(MW) = 0.0337. (6.28)

To compare these values properly one needs a relation connecting G andMW , which

follows fromexpression for the running coupling (6.26). Let us remind that connection

of variables z and x = p2 is given in (6.17). Thus from value of 𝛼ew in point z0 we obtain
an equation for variableM2

W G. Solving this equation for set of parameters (6.25) and

bearing in mind definition (6.7) we obtain corresponding value of parameter 𝜆
|𝜆 | = 2.88 ⋅ 10−6. (6.29)

This result evidently does not contradict limitations (6.8, 6.9).

While considering the analogous interaction in QCD, we have studied the depen-

dence of results on value of parameter 𝜖, which was introduced to check stability of

result in respect to small perturbations. Let as also take expression (4.28) for the inho-

mogeneous part of equation (6.21) and consider variation of its solution in respect to
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value of 𝜖. Let us present several examples. For 𝜖 = 0.095 we have parameters of the

solution including also the corresponding value of 𝜆
g(z0) = 0.6227, z0 = 8.972601,
C1 = − 0.0432122, C2 = − 0.0535126,𝜆 = − 0.00747. (6.30)

Note, that condition (6.26) defines only |𝜆 |. However, bearing in mind, that our non-

trivial solution exists for positive G and 𝜆 is defined by relation (6.7), we obtain the

negative sign in the last line of (6.30).

For 𝜖 = 0.11 we have
g(z0) = 0.6258, z0 = 8.874286,
C1 = − 0.0445799, C2 = − 0.0538548,𝜆 = − 0.025. (6.31)

For 𝜖 = 0.13 we have
g(z0) = 0.6299, z0 = 8.74465,
C1 = − 0.0464409, C2 = − 0.0542931,𝜆 = − 0.12. (6.32)

We see, that solutions (6.30, 6.31) are consistent with restrictions (6.8, 6.9), while so-

lution (6.32) already significantly contradicts these limitations. Thus limitations (6.8,

6.9), e. g., − 0.038 < 𝜆 < 0.030, result in the following condition𝜖 < 0.1154. (6.33)

As a result of these considerations we see noticeable distinction in the two cases.

In QCD variation of 𝜖 do not lead to crucial changes in physical parameters. For ex-

ample, the gluon condensate for 0 < 𝜖 < 0.15 remains inside experimental uncertain-

ties.However in the electroweak theory the dependence on 𝜖 is very sharp. As amatter

of fact this difference is mostly due to smooth momentum dependence of 𝛼ew, while
in QCD running coupling at small momenta varies significantly. So, from the point

of view of the effective interactions, the electroweak case at the present stage of the

study is much less predictive, thanQCD. It would be desirable tohave some additional

information, which could help to define G. Of course, direct searches for anomalous

three-boson interaction (6.1) at the upgraded LHCcould either give definite answer, in

caseof thediscovery of the interaction, orprovidemore stringent limitations.However

in the same way, as the triple gluon interaction (4.2) leads in Section 4.4 to glueball

states, the interaction (6.1) may lead to states consisting of W bosons. Thus another

way to check possibility of an existence of the anomalous interaction can be provided

by searches for such W-balls. Let us consider this possibility in few subsequent sec-

tions.
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Here we would present value for the analogue of the gluon condensate, which

could be named theW condensate. Indeed, all calculations, which were performed in

Section 4.3, could be applied to the electroweak case with obvious change of parame-

ters and transmutation SU(3) → SU(2). Now, let us define the following quantity
VEW
2 = ⟨ g2

4 𝜋2 Wa
𝜇𝜈W

a
𝜇𝜈⟩. (6.34)

Then we use the same diagrams as shown in Figure 4.5 and calculate value (6.34). In

doing this we have to take into account the following considerations.

(1) The total convolution of structure constants for SU(3) is equal
f abc f abc = 24, (6.35)

while for SU(2) the same quantity is equal𝜖abc 𝜖abc = 6. (6.36)

Thus for the electroweak case one has to divide result (4.44) by 4, that is the ratio

of (6.35) and (6.36).

(2) One has to multiply result (4.44) by

3√3
2√2 , (6.37)

due to definition of variable z, which is proportional to N.

After performing these simple substitutions we obtain the following expression forW

condensate (6.34)

VEW
2 = 45 g3 29𝜋3√2G2

(2 − 6 ln 4

3
) z0∫

0

F(z)√z dz
= 45 g 29M4

W𝜋3√2 𝜆2 (2 − 6 ln 4

3
) z0∫

0

F(z)√z dz. (6.38)

Here all parameters including those entering into definition of form-factor F(z) (6.22)
are defined in the present chapter. With different values of 𝜖 they are shown in (6.25,

6.29) for 𝜖 = 0 and in (6.30, 6.31, 6.32) for 𝜖 ≠ 0.

For example, for 𝜖 = 0.11 we have
VEW
2 = −2.55TeV4, (6.39)

and for 𝜖 = 0.13 we have
VEW
2 = −0.108TeV4. (6.40)

It is interesting, that unlike the QCD case this vacuumaverage is negative. We see here

also very sharp dependence on parameter 𝜖.
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6.2 Effective strong interaction in the weak gauge sector

In Section 6.1 the possibility of a spontaneous generation of effective nonlocal triple

gauge invariant interaction (6.1) was demonstrated. Let us here remind the form of

the interaction in view of further discussion of its properties− g 𝜆
3!M2

W

F(pi) 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇,

W3
𝜇𝜈 = cos 𝜃W Z𝜇𝜈 + sin 𝜃W A𝜇𝜈, (6.41)

Wa
𝜇𝜈 = 𝜕𝜇Wa

𝜈 − 𝜕𝜈Wa
𝜇 + g 𝜖abcWb

𝜇W
c
𝜈.

where g(MW) ≃ 0.65 is the electro-weak coupling and uniquely defined form-factor

F(pi) guarantees effective interaction (6.41) acting in a limited region of the momen-

tum space. The accuracy of an approximate scheme being used, was estimated to be≃
10%. Experimental limitations for parameter of the anomalous interaction 𝜆 [104] are
shown in (6.8, 6.9). Parameter𝜆 is connectedwith coupling constantGby relation (6.7)

G = − g 𝜆
M2

W

,
Would-be existence of effective interaction (6.41) leads to important nonperturbative

effects in the electro-weak interaction.

Interaction (6.41) increases with increasing momenta p. For estimation of an ef-

fective dimensionless coupling we choose symmetric momenta (p,q,k) in vertex cor-

responding to the interaction− (2𝜋)4 g 𝜆
M2

W

𝜖abc (g𝜇𝜈(q𝜌pk − p𝜌qk)+ g𝜈𝜌(k𝜇pq − q𝜇pk) + g𝜌𝜇(p𝜈qk − k𝜈pq) (6.42)+ q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌) F(p,q, k) 𝛿(p + q + k) + . . . ,
where p, 𝜇, a; q, 𝜈, b; k, 𝜌, c are respectfully incoming momenta, Lorentz indices and

weak isotopic indices of W-bosons. We mean also that there are present four-boson,

five-bosonandsix-bosonvertices according to expression forWa
𝜇𝜈 (6.1). Inwhat follows

we shall use four boson vertex, which corresponds to the following interactionΔL = g G

2
𝜖abc 𝜖aed We

𝜇W
d
𝜈 W

b
𝜈𝜌W

c
𝜌𝜇. (6.43)

Explicit expression for the corresponding vertex is presented above (6.10). Form-factor

F(p,q, k) is obtained inSection 6.1 using the following approximatedependenceon the

three variables

F(p, q, k) = F (p2 + q2 + k2

2
) . (6.44)

Symmetric condition means

pq = pk = qk = p2

2
= q2

2
= k2

2
= x

2
. (6.45)
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Interaction (6.41) increases with increasing momenta p and corresponds to effective

dimensionless coupling being of the following order of magnitude

geff = |g 𝜆| p2
2M2

W

F (3p2
2

) . (6.46)

Form-factor F(x) in Section 6.1 is expressed in terms of the Meijer functions

F(z) = 1

2
G31
15 (z |01, 1/2, 0,−1/2,−1) − 85 g0√2

128𝜋 G31
15 (z |1/21, 1/2,1/2,−1/2,−1)+C1 G10

04 (z |1/2, 1, −1/2, −1) + C2 G10
04 (z |1, 1/2, −1/2, −1) . (6.47)

z = G2 (p2)2
512𝜋2 .
g0 = 0.6037, C1 = −0.0351, C2 = −0.0511, (6.48)

where g0 is value of the electro-weak running coupling at momentum p0 correspond-

ing to value of variable z

z0 = 9.6175, (6.49)

and

F(z) = 0, z > z0. (6.50)

Thus running geff in dependence on variable t = G p2 is the following

geff (t) = t

2
F ( 9 t2

2048𝜋2) , t = G p2. (6.51)

Behavior of geff (t) is presented in Figure 6.1.We see that for t ≃ 22 the coupling reaches

maximal value geff = 3.63, that is corresponding effective 𝛼 is the following
𝛼eff = g2eff

4 𝜋 = 1.049. (6.52)
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Fig. 6.1. Behavior of the effective coupling geff (t), t = G p2; geff (t) = 0 for t > 148.
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Thus for sufficiently large momentum interaction (6.41) becomes strong and may lead

to physical consequences analogous to that of the usual strong interaction (QCD). In

particular bound states and resonances constituting of W-s – W-balls (W-hadrons)

may appear.

6.3 Scalar bound state of two W-s

Let us consider a possibility of existence of bound state X of twoW with massMs. For

the beginning let us consider such state X with spin 0 and weak isotopic spin also 0.

Then vertex of XWW interaction has the following form

GX

2
Wa

𝜇𝜈W
a
𝜇𝜈 XΨ0, (6.53)

where Ψ0 is a Bethe–Salpeter wave function of the bound state. Again due to gauge

invariance there is also three-boson term− g GX 𝜖abc Wa
0𝜇𝜈W

b
𝜇 W

c
𝜈 X, (6.54)

where W0𝜇𝜈 is the gauge W field without nonlinear [W𝜇,W𝜈] term. There are four-

boson terms also, but we do not use them here. In what follows we use expres-

sions (6.53, 6.54).

The main interactions forming the bound state are just nonperturbative interac-

tions (6.41, 6.53). This means that we take into account exchange of vector boson W

as well as of scalar bound state X itself. In diagram form the corresponding Bethe–

Salpeter equation is presented in Figure 6.2. We expand the kernel of the equation in

powers of M2
W and M2

s and obtain the following equation with introduction of more

p

–p

p

–p

p

–p

p

–p

p

–p

+ +

+

=

Fig. 6.2. Diagram representation of Bethe–Salpeter equation for W-W bound state. Black spot corre-

sponds to XWW vertex (6.53) with BS wave function. Empty circles correspond to point-like anoma-

lous three-gluon vertex (6.41), double circle – point-like XWW vertex (6.53). Simple point – usual

gauge tripleW interaction. A double line represents the bound state X , a simple line represents W.
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suitable variable

z = G2(p2)2
64𝜋2 , t = G2(q2)2

64𝜋2 ,
p is external momentum, q is the integration momentum.

Ψ0(z) = 4 z0∫
0

Ψ0(t)dt − 2

3z

z∫
0

Ψ0(t)tdt + 4

3√z z∫
0

Ψ0(t)√t dt
+ 4√z

3

z0∫
z

Ψ0(t)√t dt − 2z

3

z0∫
z

Ψ0(t)
t

dt + 𝜇(−1
z

z∫
0

Ψ0(t)√tdt
+ 2√z z∫

0

Ψ0(t)dt + 6 z0∫
0

Ψ0(t)√t dt + 2√z z0∫
z

Ψ0(t)
t

dt − z

z0∫
z

Ψ0(t)
t√t dt)

− 𝜇s( 1

8 z√z z∫
0

Ψ0(t)t dt − 25

64 z

z∫
0

Ψ0(t)√t dt
+ 19

64√z z∫
0

Ψ0(t)dt + 11

8

z∫
0

Ψ0(t)√t dt + 19

16

z0∫
z

Ψ0(t)√t dt

+ 5√z
16

z0∫
z

Ψ0(t)
t

dt − 5z

64

z0∫
z

Ψ0(t)
t√t dt − z√z

64

z0∫
z

Ψ0(t)
t2

dt) (6.55)

− 𝜅
12𝜋( 1

2z

z∫
0

Ψ0(t)√t dt + 3

2√z z∫
0

Ψ0(t)dt + 3

2

z0∫
z

Ψ0(t)√t dt + √z
2

z0∫
z

Ψ0(t)
t

dt)
+ g

4𝜋(−1z z∫
0

Ψ0(t)√tdt + 3√z z∫
0

Ψ0(t)dt + 3

z0∫
z

Ψ0(t)√t dt − √z z0∫
z

Ψ0(t)
t

dt).
In equation (6.55) g is the electro-weak gauge coupling and the following notations

are used 𝜇 = GM2
W

6 𝜋 , 𝜇s = GM2
s

6𝜋 , 𝜅 = G2
X

G
. (6.56)

The first five terms in the rhs of equation (6.55) is the main (zero approximation)

part. These terms and the terms being proportional to 𝜇2 and 𝜇2s are obtained from the

main trianglediagram (the second one in the upper line of Figure 6.2) by expanding its

expression in powers of (M2
W)n and (M2

s )n. Thenwe take into account termswith n=0,1.
Estimates show, that higher powers can be neglected. The term being proportional to𝜅, that is to G2

X, corresponds to the third diagram in the upper line of Figure 6.2. Terms

with gauge electro-weak coupling g enters due to diagrams of the second line of Fig-

ure 6.2. Upper limit z0 is introduced as usually in our approach, according towhich z

0

may be either∞ or some finite quantity. That is z0 is defined in a process of solving the

problem. Physical meaning of this parameter corresponds to a definition of effective
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+ +

+

1 =

Fig. 6.3. Diagram representation of normalization condition Ψ0(0) = 1. Four leg vertex corresponds

to interaction (6.54). All the external momenta are zero. Other notations are the same as in Figure6.2

cut-off Λ, which bounds a low-momentum region, where the nonperturbative effects

are significant. For form-factor of interaction (6.41) the upper limit z0 is defined by

results (6.25).

The Bethe–Salpeter wave function in the first approximation is normalized by

condition Ψ0(0) = 1, which corresponds to the following equality

4

z0∫
0

Ψ0(t)dt + 2√2𝜋 z0∫
0

g F(t)√t dt + 3

32 𝜋2
z0∫
𝜇

g2 Ψ0(t)
t

dt = 1, (6.57)

where F(t) and z0 are defined by equations (6.22–6.25). In diagram form this condition

is presented in Figure 6.3.

We have to take into account also the normalization condition for the Bethe–

Salpeter wave function, which defines interaction constant GX. This condition guar-

antees the proper form of the effective propagator for bound state X, as we have men-

tioned in Section 1.5. In diagram form it is presented in Figure 6.4. Here each dia-

grammeans a coefficient before external momentum squared p2, that is for expressionΦ(p2, ...) we put 𝜕𝜕p2Φ(p2, ...)p2=0.
Diagrams in Figure 6.4 correspond to the following expression𝜅

8𝜋 (9 I0 − 25

16𝜋 D2) = 1,
I0 = z0∫

0

Ψ2
1 (z)dz√z , D = z0∫

0

√gΨ1(z) dz√z . (6.58)

1 = +

Fig. 6.4. Diagrams for normalization condition of X W W-vertex. Four-leg vertex corresponds to ver-

tex (6.10) being proportional to gG.
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We shall solve equation (6.55) by iterations. We take as the first approximation for

the problem the set of equations consisting of:

(1) the upper line of equation (6.55), that is (6.55) with 𝜇 = 𝜇s = 𝜅 = g = 0;

(2) condition Ψ0(0) = 1 (6.57);

(3) normalization condition (6.58) for the BS wave function.

There are few solutions of set of equations (6.55, 6.57) but only one of them leads to

positive M2
s . It reads in terms of Meijer functionsΨ1(z)= 𝜋
2
G21
15 (z|01,0,1/2,−1/2,−1)+ C1 G

20
0 (z|1,1/2,−1/2,−1)+C2 G10

0 (− z|1,1/2,−1/2,−1) , (6.59)

z0 = 44.151234, C1 = 3.05437, C2 = −0.0011964.
Nowweuse solution (6.59) and obtain parameter 𝜅 (6.55)with the aid of normalization

condition for XWW coupling (6.58).

With Ψ1 (6.59) we obtain from (6.58)𝜅 = 0.592411. (6.60)

Then we multiply full equation (6.55) by Ψ1(z) from the right and integrate the result

by z in interval (0, z0). It is easy to see by changing the order in double integrals, that
all terms being of zero order in 𝜇, 𝜇s, 𝜅, g vanish, and we have the following equation−𝜇s (3 I164

− 5 I2
64

+ 95 I3
64

+ 11 I4
8

− I5
64

) +
+ 𝜇 (−I1 + 3 I2 + 14 I3 + 6 I4) − 𝜅

12𝜋 (I2 + 3 I3) + 3 Ig3 − Ig2

4 𝜋 = 0, (6.61)

where

I1 = z0∫
0

Ψ1(z) dz
z√z z∫

0

Ψ1(t)t dt, I2 = z0∫
0

Ψ1(z) dz
z

z∫
0

Ψ1(t)√t dt,
I3 = z0∫

0

Ψ1(z) dz√z z∫
0

Ψ1(t)dt, I4 = z0∫
0

Ψ1(z)dz z∫
0

Ψ1(t)dt√t ,
I5 = z0∫

0

Ψ1(z) dz
z2

z∫
0

Ψ1(t)t√t dt,
Ig2 = z0∫

0

gΨ1(z) dz
z

z∫
0

Ψ1(t)√t dt, Ig3 = z0∫
0

gΨ1(z)dz√z z∫
0

Ψ1(t)dt.

(6.62)

Now we define running coupling g

g(z) = g(MW)√1 + 5 g2(MW )
24 𝜋2

ln(1 + 8 𝜋√z
GM2

W

) . (6.63)
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It enters in integrals (6.61, 6.62). The next question is if one can define possible mass

Ms? For example, provided we chooseMs = 125.5GeV that means

𝜇s = 𝜇 125.52
80.42 , (6.64)

Then with this value of 𝜇s bearing in mind relations (6.56, 6.60) we have

GX = 0.000668GeV−1, G = 0.00484
M2

W

. (6.65)

Result (6.65) means parameter of anomalous three-boson interaction (6.41) with ac-

count of relation (6.7) 𝜆 = − GM2
W

g(MW) = −0.00744, (6.66)

which doubtless agrees limitations (6.8). More than that, this value almost precisely

coincides with result (6.30). With this result we have simple dependence of such res-

onance mass on value of 𝜆
Ms = 125.5√0.00744|𝜆| GeV. (6.67)

One can also connect value Ms with parameter 𝜖, which was discussed above. Pro-

vided parameter 𝜖 in sets of results (6.29)–(6.32) increases, the mass of the scalar state

decreases, while for decreasing 𝜖 the mass increases up. To illustrate this dependence

we present below estimates for the mass of the scalar W-ball for several values of 𝜖𝜖 = 0 : Ms ≃ 6400GeV,𝜖 = 0.11 : Ms ≃ 68.5GeV,𝜖 = 0.13 : Ms ≃ 31.2GeV. (6.68)

Now there is a question, if a scalar W-ball really exists? For answering this ques-

tion one has to look for either WW or ZZ resonances with sufficiently high masses.

For example, one might ask, if this option could be applied to the newly discovered

state [57, 58] with mass 125.7GeV, which we have already mentioned in Section 2.1.2.

Let us consider this possibility in more details. Now we have scalar state X with

coupling (6.53, 6.65). In calculations of decay parameters and cross-sections we use

CompHEP package [109]. We use parameter GX (6.65) being obtained above andMs =
125GeV. Cross-section of X production at LHC reads

𝜎(p + p → X + ..)7 TeV = 0.16pb,𝜎(p + p → X + ..)8 TeV = 0.19pb. (6.69)
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Parameters of X-decay are the followingΓt(X) = 0.000502GeV ,
BR(X → 𝛾𝛾) = 0.430, BR(X → 𝛾Z) = 0.305,

BR(X → 4 l(𝜇, e)) = 0.00092, BR(X → b b̄) = 0.000024,
BR(X → 𝛾e+e−) = 0.0231, BR(X → 𝛾𝜇+𝜇−) = 0.016,
BR(X → 𝛾𝜏+𝜏−) = 0.0125, BR(X → 𝛾uū) = 0.0478, (6.70)

BR(X → 𝛾c ̄c) = 0.0368, BR(X → 𝛾dd̄) = 0.0446,
BR(X → 𝛾ss̄)) = 0.0430, BR(X → 𝛾bb̄) = 0.0416.

For decay X → bb̄ we calculate the evident triangle diagram and use mb(125GeV) ≃
2.9 GeV. Branching ratios for decays to other fermion pairs are even smaller.

Experimental data give in the region of the state the following results for 𝜎𝛾𝛾 =𝜎X BR(X → 𝛾𝛾) [57, 58]. Let us draw attention to notation 𝜇x in the discussion of exper-
imental data on 125.7GeV state. This notation, which is now used everywhere means

ratio of an experimental result for some quantity x to the value for the same quantity,

calculated for the Standard Model Higgs particle with mass 125.7GeV. Thus all pa-
rameters under a study are to equal to unity provided the state under discussion is the

genuine Standard Model Higgs particle. Now for the decay channel to two photons we

have 𝜇𝛾𝛾 = 𝜎 × BR(X → 𝛾𝛾)exp𝜎 × BR(X → 𝛾𝛾)SM = 1.3 ± 0.4, (6.71)

𝜇𝛾𝛾 = 𝜎 × BR(X → 𝛾𝛾)exp𝜎 × BR(X → 𝛾𝛾)SM = 1.6 ± 0.4.
Here 𝜎 × BR(H → 𝛾𝛾)SM ≃ 0.04pb for√s = 7 TeV is the Standard Model value for the

quantity under discussion, upper line corresponds to ATLAS data [57] and the lower

line corresponds to CMS data [58]. Firstly both limitations are quite consistent. Sec-

ondly our value for the same quantity from (6.69, 6.70) reads𝜇𝛾𝛾 = 𝜎 × BR(X → 𝛾𝛾)calc𝜎 × BR(X → 𝛾𝛾)SM = 1.6, (6.72)

that also agrees results (6.71), however it essentially exceeds theSMvalue. At this point

it is advisable to discuss accuracy of our approximations.

The former experience concerning both applications to the QCD and the Nambu–

Jona-Lasinio interaction in Chapters 4, 5 and to the electro-weak interaction in Chap-

ter 6 shows that average accuracy of the method is around 10% in values of different

parameters. So we may assume, that in the present estimations of coupling constant

GX wealsohave the sameaccuracy. For the cross-section thismeanspossibledeviation

up to 15% of the calculated value. Thus we would change (6.72) to the following result𝜇𝛾𝛾 = (1.6 ± 0.24), (6.73)

In any case result (6.73) agrees (6.71).



6.3 Scalar bound state of two W-s | 159

There are also data for the 125.7GeV stateproduction in the kinematical region of

vector boson fusion (VBF). Here there is amarked, but not decisive, deviation from the

Standard Model Higgs option. With our calculations we obtain significant difference:

𝜇𝛾 𝛾(VBF) = 3.0 ± 0.3. (6.74)

This could be compared with experimental value

𝜇𝛾 𝛾(VBF) = 2.3 ± 1.1.(CMS) (6.75)

There are also indications for an excess around 125.7GeV in four leptons states.With

our numbers (6.69, 6.70) we have for decay X → l+ l+ l− l−(l = 𝜇, e):
𝜎 × BR = (0.00013 ± 0.00003)pb. (6.76)

This is approximately six times smaller the the Standard Model result. This result is to

be compared to the latest data [110]

𝜇(4 l)CMS = 0.93+0.26−0.24(stat)+0.13−0.09(syst). (6.77)

Our estimation (6.76) already contradicts these data. Thus the interpretation of the

125.7GeV state as aW-ball is not likely for themoment. The experimental data, which

becomemore precise with accomplishing of the LHC studies, give the increasing con-

firmation for the 125.7 state being just the Higgs scalar particle. Although some ad-

mixture of other scalar states may be also considered.

So we state, that a check of possible existence of W-balls, which we discussed

here needs a consideration of other possibilities. That means first of all, masses Ms

being different from 125.7 GeV. Let us consider few possible examples. For example

we would take two possible masses of a scalarW-ball

Ms1 = 150GeV, Ms2 = 200GeV. (6.78)

By performing the same operations as in the previous case, we come for the first mass

in (6.78) the following value of coupling constant Gx

GX = 0.000558GeV−1. (6.79)

With this valuewe have the following result for scalar stateX production cross-section

at√s = 8TeV 𝜎X = 0.0792pb. (6.80)

The decay properties of the state is described by the following results

Γt(150) = 0.617MeV, BR(X → Z 𝛾) = 0.635, (6.81)

BR(X → 𝛾𝛾) = 0.364, BR(X → l+l−l+l−) = 0.00146.
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For the second value of themass in (6.78)we have the following valueof coupling con-

stant Gx

GX = 0.000419GeV−1 (Ms2 = 200GeV). (6.82)

With this value the result for scalar state X production cross-section at √s = 8TeV

looks like 𝜎X = 0.0323pb. (6.83)

And the decay properties of the state are the following

Γt(200) = 6.538MeV, BR(X → Z 𝛾) = 0.184, (6.84)

BR(X → 𝛾𝛾) = 0.364, BR(X → W+W−) = 0.648,
BR(X → Z Z) = 0.113, BR(X → l+l−l+l−) = 0.0000457.

Wewould emphasize importance of channel X → 𝛾 l+l− for identification of a state
as aW-ball. This channel may serve for an accurate test of our conjecture because the

SM values for this channel are essentially smaller [111].

According to (6.80, 6.81) we have for the process at√s = 8TeV withMs = 150GeV

𝜎(p p → (X → 𝛾 l+ l−) + ...) = 0.0036pb, (6.85)

that is quite a significant effect.

The same calculations give forMs = 200GeV

𝜎(pp → (X → 𝛾 l+ l−) + ...) = 0.00043pb, (6.86)

The main results of comparison with the would be option of Ms = 125GeV are

presented in the following Table 6.1. Here the signal-strength 𝜇 is a ratio of a quantity
under consideration and of the same for the SM.

We have here comparison with data for both variants: the Standard Model Higgs

andwouldbeWW state. Aswehavealreadymentioned, the last data indicate onbehalf

Table 6.1. Comparison of experimental data to SM Higgs option and the W-hadrons option

process 𝜇exp 𝜇calc (W − ball)

H(X) → 𝛾𝛾 ATLAS 1.4 ± 0.3 1.6

H(X) → 𝛾𝛾 CMS 1.6 ± 0.4 1.6
H(X) → 𝛾𝛾VBF CMS 2.3 ± 1.0 3.0

H(X) → 4 l ATLAS 1.2 ± 0.6 ≃ 0.15

H(X) → 4 l CMS 0.93+0.26−0.23(st)
+0.13
−0.09(sys) ≃ 0.15

H(X) → bb̄ ATLAS −0.4 ± 1.0 ≃ 0

H(X) → bb̄ CMS 1.0 ± 0.65 ≃ 0

H(X) → 𝜏 ̄𝜏 ATLAS 0.16+1.72−1.84 ≃ 0

H(X) → 𝜏 ̄𝜏 CMS 0.78 ± 0.27 ≃ 0

H(X) → 𝛾 l+l− ? 7.0 ± 1.4
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of the Standard Model Higgs option ¹(see also [112]). We would emphasize importance

of channel X → 𝛾 l+l− for identification of would W-balls, which may occur at other

values of masses.

We would draw attention to the nonperturbative effects, which are decisive for a

confirmation of the existence of anomalous three-boson interaction (6.1). JustW-balls

in case of confirmation of their existence would follow from nonperturbative electro-

weak physics almost in the same way as the usual hadrons follow from nonperturba-

tive effects in QCD. Let us note, thatW-balls with higher spins are also of an interest.

In particular, in work [102] the possibleWW bound state with spin 1 is applied for an

interpretation of TEVATRON data [113, 114].

6.4 Muon g-2

We have already mentioned, that measurements of anomalous magnetic moments of

particles several times have been crucial points in verification of main theories of the

Standard Model. This refers to ae – anomalous magnetic moment of the electron in

QED (Section 1.3). There was also one of the decisive contribution to establishing of

the most important notion for strong interaction, namely of the color, which we have

discussed in Section 1.2. Measurements of the anomalous magnetic moment of the

muon (g−2)𝜇 (see the last publication [60] and the extensive review [115]) provides the

only significant deviation of the experiment from predictions of the Standard Model.

According to recent analysis of the problem [61–63] this deviation Δa𝜇 safely exceeds
four s.d. and comprises the following values correspondingly

Δa𝜇 = (3.493 ± 0.823)10−9, (6.87)Δa𝜇 = (3.935 ± 0.523th ± 0.63ex) 10−9.
The most recent analysis of the problem [63] gives rather lower values of the differ-

ence, which with two different methods of accounting the hadron contribution are

the following

Δa𝜇 = (2.87 ± 0.80)10−9, (6.88)Δa𝜇 = (2.61 ± 0.78)10−9.
These results do not contradict the previous ones (6.87) and the discrepancy on the

level of 3.5 s.d. persists.

It should be emphasized, that the deviation from the Standard Model calcula-

tions means the deviation from perturbative calculations in the electro-weak theory.

However there quitemay be nonperturbative contributions to physical quantities, just

1 Of course, one have to bear in mind also other options for interpretation of the effect.
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those discussed above, in particular, the discrepancy might be due to the effect of a

spontaneous generation of effective nonlocal interaction in the electro-weak theory,

described in the the present chapter.

In the present section we apply the previous results to the problem of discrepancyΔa𝜇. It will come clear, that the effect under discussion is quite natural in the theory

with account of the spontaneous generation of an effective interaction in the conven-

tional electro-weak theory, corresponding to expression (6.1).

Thus we start with the spontaneously generated anomalous three-boson interac-

tion of the form − G

3! ⋅ 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇, (6.89)

which corresponds to three-boson vertex (6.6)(2𝜋)4 G 𝜖abc (g𝜇𝜈(q𝜌pk − p𝜌qk) + g𝜈𝜌(k𝜇pq − q𝜇pk)+ g𝜌𝜇(p𝜈qk − k𝜈pq) + q𝜇k𝜈p𝜌 − k𝜇p𝜈q𝜌)× F(p, q, k) 𝛿(p + q + k) + . . . , (6.90)

where F(p, q, k) is a form-factor and p, 𝜇, a; q, 𝜈, b; k, 𝜌, c are respectfully incoming

momenta, Lorentz indices and weak isotopic indices ofW-bosons. Wemean also that

there are present four-boson, five-boson and six-boson vertices according to the well-

known nonlinear expression forWa
𝜇𝜈. Note, that in the approximation used we main-

tain the gauge invariance of the approach.

In the course of the study the following simple dependence of form-factor F on all

three variables was used

F(p1, p2, p3) = F (p21 + p22 + p23
2

) , (6.91)

The expression for four-boson vertex is presented above (6.10), where triad p, m, 𝜆
etcmeans correspondingly momentum, isotopic index, Lorentz index of a boson; g is

the usual gauge coupling constant of the electro-weak interaction. Note, that in ver-

tex (6.10) only momenta of two legs are present in various combinations. Thus a leg

here is either “momentum” one or “sterile” one. We shall use these notations in what

follows while discussing distribution of momenta in diagrams.

Now in the way of studying the problem in this section we get convinced, that

there exists a nontrivial solution, which is expressed in terms of Meijer functions.

The solution for the form-factor is unique and has the the following form for 0 <
z < z0

F(z) = 1

2
G31
15(z |01, 1/2,0,−1/2,−1) − 85 g√2

512𝜋 G31
15(z |1/21, 1/2, 1/2,−1/2,−1)++ C1 G

10
04(z |1/2, 1, −1/2, −1) + C2 G

10
04(z |1, 1/2, −1/2, −1). (6.92)

z = G2 x2

512𝜋2 , x = p2.
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For z ≥ z0 we have the trivial solution

F(z) = 0. (6.93)

Parameters of solution (6.92) are the following

g = g(z0) = 0.60366, z0 = 9.61750,
C1 = −0.035096, C2 = −0.051104. (6.94)

We would draw attention to the fixed value of parameter z0. The solution exists

only for this value (6.94) and it plays the role of eigenvalue. As a matter of fact, from

the beginning the existence of such eigenvalue is by no means evident. The definite

value for g(z0) is also worth mentioning. Let us note, that g(z0) is the value of running
gauge coupling g at themomentumQ0,which is defined by relationG

2 Q4
0 = 512𝜋2 z0.

Remind, that an existence of a nontrivial solution of a compensation equation is

extremely restrictive. In the most cases such solutions do not exist at all. When we

start from a renormalizable theory we have arbitrary value for its coupling constant.

Provided there exists nontrivial solution of a compensation equation the coupling is

fixed as well as the parameters of this nontrivial solution.

Now let us consider a contribution of interaction (6.89) with a form-factor defined

by relations (6.11, 6.92, 6.94) to the anomalous magnetic moment of the charged spin

one half particle with massm, for example, of the muon. The first approximation de-

scribed by the simplest diagram presented in Figure 6.5 gives zero. This result is im-

mediately connected with Lorentz structure of anomalous vertex (6.90).

k

Fig. 6.5. One loop diagram for calculation of new contribution to the muon magnetic moment. Verti-

cal line represents the photon, simple lines – W bosons, black spot – triple vertex (6.1) with corre-

sponding form-factor. Double line represents the muon.

Thus to obtain nonzero contribution to a𝜇 we look for two-loop diagrams, which give

contribution to three-boson Lorentz structure of the usual gauge vertex.

Vp,𝜇;q,𝜈;k,𝜌 = g𝜇𝜈(q − p)𝜌 + g𝜈𝜌(k − q)𝜇 + g𝜌𝜇(p − k)𝜈. (6.95)

Diagrams shown in Figure 6.6, in which four-boson vertex corresponds to terms in

expression (6.10) with “momentum” legs entering to oval loops achieve this goal.
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k

p + qp – k/2 p + k/2

–q + k/2

–u + q/2 + k/4

u + q/2 + k/4q + k/2

k

p + qp – k/2 p + k/2

–q + k/2

u – q/2 + k/4

–u – q/2 + k/4

q + k/2

k

p + qp – k/2 p + k/2

–u + k/2–u + k/2

–q + k/2q + k/2

Fig. 6.6. Two loop diagrams for calculation of new contribution to the muon magnetic moment. Ver-

tical line represents the photon, simple lines – W bosons, black spots – triple vertex (6.6) and four

leg vertex (6.10) with corresponding form-factors. Double line represents the muon. The momenta

are directed downwards and rightwards (the muon). The momentum of integration in the oval-like

loops is denoted u.

The calculations are performed in the unitary gauge. The main contribution to the

result is given by increasing terms in nominators in vector boson propagators, con-

tainingM−2
W

g𝜇𝜈 − q𝜇q𝜈
M2

W

q2 −M2
W

,
while in denominators we putMW = 0. The estimate of accuracy of this procedure will

be given below.

In the course of calculations finite renormalization of the gauge coupling g is per-

formed. In doing this we single out the constant contribution to the Lorentz struc-

ture (6.95) of triple boson vertices including oval-like loops. After this procedure only

the two first diagrams in Figure 6.6 give contribution to the value of the magnetic mo-

ment. Remind, that the structure of the anomalous vertex (6.89) gives zero contribu-

tion.
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We have for the main contribution to a magnetic moment according to diagrams

Figure 6.6 the following Lorentz structure

p̂ k̂ 𝛾a
4

− 𝛾a k̂ p̂
4

− 1

3
p̂ 𝛾a p̂ = m

6

k̂ 𝛾a − 𝛾a k̂
2

, (6.96)

which is multiplied by the two-loop integral, which we calculate in the Euclid four di-

mensional momentum space. The integration momentum inside an oval loop is u and

inside a triangle loop is q. Denotingu2 = x and q2 = ywehave from (6.91) combination

x + 3y
4
for arguments of both form-factors. Thus substitution

t = x + 3y

4
, (6.97)

is quite natural. Using variables t (6.97) and y we have the following expression for

coefficient before the magnetic moment structure with account of (6.96)

me g2G2

12(16𝜋2)2M2
W

Y∫
0

dt

F2(t)( t∫
0

4 t dy(6t − 3y) + 4t/3∫
t

4 t(16t3 − 48t2y + 48ty2 − 15y3) dy
3(2t − y)y3 ) , (6.98)

where Y is defined by the relation

z0 = G2 Y2

512𝜋2 .
From (6.98) with definitions of variable z and of the form-factor (6.92, 6.94) we obtain

the following final result for the contribution to a𝜇

Δa𝜇 = g(z0)2m2

3 𝜋2M2
W

(20 ln [4
3
] − 13

3
) × z0∫

0

F2(z)dz = 2.775 × 10−9. (6.99)

where for the numerical result we have used only values of themuonmass and theW-

bosonmass. All otherparameters aredefinedby solution (6.92)withparameters (6.94).

Let us draw attention to the disappearance of the effective interaction coupling con-

stant G from expression (6.99). This is due to entering of factor G2 into the denomi-

nator according to definition of variable z. Thus the main result does not depend on𝜆. This parameter influence only the next approximations. Let us estimate possible

corrections due toMW ≠ 0. They are defined by the following parameter√2g|𝜆|
32𝜋 = 0.0005, (6.100)

with the maximal value of |𝜆| = 0.059 from restrictions (6.9). Thus this correction is

negligible. The other correction may be connected with the value of gauge coupling
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g(z0). It is taken from solution (6.25). However it is possible to calculate experimental

value for this parameter. Let us start from the well-known expression for the running

electro-weak coupling with the total number of flavors

g2(Q2) = g2

1 + 5 g2

24𝜋2
ln[ Q2

M2
W

] , (6.101)

g = g(M2
W) = 0.65, Q2(z0) = 32𝜋√z0M2

W√2 g |𝜆|
Then with the same |𝜆| = 0.059 we obtain g(z0) = 0.626 and with this value we have
instead of result (6.99) Δa𝜇 = 2.987 × 10−9. (6.102)

This value is few per cent larger than value (6.99). There may be also other corrections

to result (6.99). The examples being studied earlier have given estimate for accuracy

of the approximation ≃ 10% [74, 78]. Bearing in mind this estimate, the result for the

nonperturbative contribution to a𝜇 is advertised to be the following

Δa𝜇 = (2.78 ± 0.28) × 10−9. (6.103)

The result, aswell as values (6.99, 6.102), evidently agrees deviation (6.87) within error

bars.

There are proposals to connect the Δa𝜇 effect with theories beyond the Standard

Model, for example with effects of super-symmetric variants [116]. However with such

proposals one inevitably introduces additional parameters to adjust the discrepancy.

Here we have no adjusting parameters. Therefore the result (6.103) is to be consid-

ered as an evidence for confirmation of the Standard Model. What is necessary, is to

learn how to calculate nonperturbative contributions. The method, which is used in

the present calculations, gives quite an adequate result. Thus we consider the result

to provide a convincing confirmation of the approach.



7 Possible four-fermion interaction of heavy quarks

7.1 Four-fermion interaction of heavy quarks

Let us remind that the adequate description of low-momenta region in QCD can be

achieved by an introduction of the effective Nambu–Jona-Lasinio interaction [31, 32]

(see recent review [39]). We have considered this problem in the previous chapters.

In the framework of the compensation approach the spontaneous generation of NJL-

type interaction was obtained in works [77, 78] and is described in Chapter 5. In these

studies pions and other light hadrons are described as bound states of light quarks,

which are formed due to the effective Nambu–Jona-Lasinio interaction with account

of the QCD interaction.

In the present section we explore the analogous considerations and assume that

scalarfieldswhich substitute elementaryHiggsfieldsmight be formedbybound states

of heavy quarks t, b. This possibility was proposed in works [117–119] and was con-

sidered in a number of publications (see, e.g. [120]). It comes clear, that estimates of

mass of the t-quark in this model gives result which exceeds significantly its mea-

sured value. In the present consideration we obtain the four-fermion interaction in the

framework of Bogoliubov compensation approach, while in the works on the model

being cited, the interaction was postulated. In our approach parameters of the prob-

lem are defined by an unique solution of a set of equations quite analogously the

Nambu–Jona-Lasinio case considered above. In particular we shall see that the t-

quark mass is quite consistent with the current data.

We start with Lagrangian (6.3) in which both gauge bosons W and spinor par-

ticles (leptons and quarks) are massless. As the first stage we consider approxima-

tion in which only the most heavy particles acquire masses, namely W-s and the t-

quark while all other ones remain massless. In view of this we introduce left doubletΨL = (1+𝛾5)/2 ⋅ (t, b) and right singletTR = (1−𝛾5)/2 ⋅ t. Then we study a possibility of
a spontaneous generation of the following effective nonlocal four-fermion interaction

Lff = G1 Ψ̄𝛼
L TR 𝛼 T̄

𝛽
R
ΨL 𝛽 + G2 Ψ̄𝛼

L TR 𝛽 T̄
𝛽
R
ΨL 𝛼+ G3

2
Ψ̄𝛼
L 𝛾𝜇 ΨL 𝛼 Ψ̄𝛽

L
𝛾𝜇 ΨL𝛽 + G4

2
T̄𝛼R 𝛾𝜇 TR 𝛼 T̄

𝛽
R
𝛾𝜇 TR 𝛽. (7.1)

where 𝛼, 𝛽 are color indices. We shall formulate and solve compensation equations

for form-factors of the first two interactions, while consideration of the two last ones

is postponed for the next approximations. However, coupling constantsG3, G4 essen-

tially influence the forthcoming results. Here we follow the procedure described in

Chapter 5, which deal with four-fermion Nambu–Jona-Lasinio interaction.

In diagram form the compensation equation is shown at Figure 7.1. Form-factors

Fi are introduced according to the following representation for four-quark vertices

G1 F1(x) 𝛿𝛼𝛼 1 − 𝛾5
2

× 𝛿𝛽𝛽 1 − 𝛾5
2

+ G2 F2(x) 𝛿𝛼𝛽 1 − 𝛾5
2

× 𝛿𝛽𝛼 1 − 𝛾5
2

. (7.2)
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+ + +

= 0+ + Fig. 7.1. The graphic represen-
tation of linear compensation

equations (7.3), (7.4).

Following our method, formulated in the previous chapters, we come to the follow-

ing compensation equations for form-factors F1(x) and F2(x), x = p2, corresponding

respectively to the first two terms in (7.1).

Φ(x) = Λ2(N2
c G

2
1 + 2NcG1G2 + G2

2)
8𝜋2(NcG1 + G2) (1 − NcG1 + G2

8𝜋2 × Ȳ∫
0

Φ(y)dy)
+ (Λ2 + x

2
ln xΛ2

− 3x

4
) × G2

1 + G2
2 + 2NcG1G2 + 2Ḡ(Nc + 1)(G1 + G2)

32𝜋2(NcG1 + G2)− G2
1 + G2

2 + 2NcG1G2 + 2Ḡ(Nc + 1)(G1 + G2)
29𝜋4 K × Φ,

(7.3)

F2(x) = Λ2G2

8𝜋2 (1 − G2

8𝜋2 Ȳ∫
0

F2(y)dy)
+ (Λ2 + x

2
ln xΛ2

− 3x

4
)G2

1 + G2
2 + 2Ḡ(G1 + G2(Nc + 1))

32𝜋2G2− G2
1 + G2

2 + 2Ḡ(G1 + G2(Nc + 1)
29𝜋4 K × F2 , Φ(Ȳ) = F2(Ȳ) = 0,

Φ(x) = NcG1F1 + G2F2
NcG1 + G2

, Ḡ = G3 + G4

2
, x = p2, y = q2.

(7.4)

Here number Nc = 3 and a kernel term in equations is the following

K × F = (Λ2 − x ln Λ2) Ȳ∫
0

F(y)dy − ln Λ2

Ȳ∫
0

F(y)ydy + 1

6x

x∫
0

F(y)y2dy
+ ln x x∫

0

F(y)ydy + x (ln x − 3

2
) x∫

0

F(y)dy + Ȳ∫
x

y (ln y − 3

2
) F(y)dy

+ x Ȳ∫
x

ln yF(y)dy + x2

6

Ȳ∫
x

F(y)
y

dy. (7.5)

andΛ is anauxiliary cut-off,which disappears fromall expressionswithall conditions

for solutions be fulfilled.
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Introducing substitution

G1 = 𝜌 Ḡ, G2 = 𝜔Ḡ, (7.6)

and comparing the two equations (7.3, 7.4) we get convinced, that both equations be-

come being the same under the following condition𝜌 = 0. (7.7)

and we remain with one equation

F2(z) = √𝜔2 + 8𝜔𝜔 √z (ln z − 3)
−16[ 1

6√z z∫
0

F2(t)√t dt + ln z
2

z∫
0

F2(t)dt + √z (ln z − 3)
2

z∫
0

F2(t)√t dt

+ 1

2

̄z0∫
z

(ln t − 3)F2(t)dt + √z
2

z̄0∫
z

ln t F2(t)√t dt + z

6

z̄0∫
z

F2(t)
t

dt], (7.8)

z = (𝜔2 + 8𝜔)Ḡ2x2

214 𝜋4 , t = (𝜔2 + 8𝜔)Ḡ2y2

214 𝜋4 , ̄z0 = (𝜔2 + 8𝜔)Ḡ2Ȳ2

214 𝜋4 .
Here we omit all terms containing auxiliary cut-off Λ due to their cancelation, which

occurs here in the same way, as in Chapter 5.

Performing consecutive differentiations of equation (7.8) we obtain the following

differential equation for F2(z d
dz

+1
2
)(z d

dz
) (z d

dz
)(z d

dz
− 1
2
) (z d

dz
− 1
2
) (z d

dz
−1) F2(z)+z F2(z) = 0, (7.9)

Equation (7.9) is equivalent to integral equation (7.8) provided the followingboundary

conditions being fulfilled

̄z0∫
0

F2(t)√t dt = √𝜔2 + 8𝜔
8𝜔 , F2(z̄0) = 0, ̄z0∫

0

F2(t)√t dt = 0, ̄z0∫
0

F2(t)dt = 0. (7.10)

Note that just boundary conditions (7.10) lead also to cancelation of all terms con-

taining Λ. Differential equation (7.9) is a Meijer equation and the only solution of the

problem (7.9, 7.10) is the following (for a definition and properties of Meijer functions

see Section 2.3)

F2(z) = 1

2√𝜋G40
06 (z|0, 12 , 12 , 1, −12 , 0) , ̄z0 = ∞. (7.11)

Here we also take into account condition F2(0) = 1 that gives

𝜔 = 8

3
. (7.12)

We would draw attention to the fact, that unique solution (7.11) exists only for infinite

upper limit in integrals and solution (7.11) exponentially decreases at infinity.
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= +

+ +

Fig. 7.2. The graphic representation of the Bethe–Salpeter equation for the bound state (8.41). The

black spot represents the Bethe–Salpeter wave function, four-leg points represent interaction (7.1),

dotted line is gluon, double line is the bound state itself.

7.2 Doublet bound state Ψ̄L TR

Let us study a possibility of spin-zero doublet bound state Ψ̄L TR = 𝜙, which, as we
shall see, can be referred to a composite Higgs scalar. With account of interaction (7.1)

using results of the previous section we have the following Bethe–Salpeter equation,

in which we take into account the would-be t-quark mass (see Figure 7.2)

Ψ(x) = Ḡ

16𝜋2 ∫Ψ(y) dy + G2
2

27𝜋4 K∗ × Ψ, (7.13)

where in the first approximation we neglect contributions of diagrams of the second

row in Figure 7.2. The modified integral operator K∗ is defined in the same way as

operator (7.5) with opposite sign, Ȳ = ∞, and lower limit of integration being changed

for m2, where m is of order of magnitude of the would-be t-quark mass (analogous

equation see in Chapter 5).

Then we have again differential equation

(z d
dz

− a1)(z ddz − a2)(z d

dz
)(z d

dz
− 1

2
)(z d

dz
− 1

2
)(z d

dz
− 1)Ψ(z) − zΨ(z) = 0,

(7.14)

z = G2
2(p2)2
212𝜋4 , a1 = −1 + √1 + 64𝜇

4
, a2 = −1 − √1 + 64𝜇

4
, 𝜇 = G2

2m
4

212𝜋4 .
where the main difference with the compensation equation is the other sign of the

last term, while variable z is just the same as in (7.9) with account of relation (7.12).

Boundary conditions now are the following

∞∫
𝜇

Ψ(t)√t dt = 0, ∞∫
𝜇

Ψ(t)√t dt = 0, ∞∫
𝜇

Ψ(t) dt = 0, Ψ(𝜇) = 1. (7.15)
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Solution of the problem is presented in the following form

Ψ(z) = C1G50
06 (z|a1 , a2, 12 , 12 , 1,0) + C2G30

06 (z|0, 12 , 1,a1, a2, 12)+C3 G30
06 (z|12 , 12 , 1,a1, a2, 0) + C4 G50

06 (z|a1, a2,0, 12 ,1, 12) , (7.16)

where Ci for given 𝜇 are uniquely defined by conditions (7.15).

We define interaction of the doublet 𝜙, consisting ofΨL TR, with heavy quarks

L𝜙 = g𝜙(𝜙∗Ψ̄L TR + 𝜙 T̄RΨL), (7.17)

where g𝜙 is the coupling constant of the new interaction to be defined by normaliza-

tion condition of solution (7.16) of equation (7.14). Then we take into account the con-

tribution of interaction of quarks with gluons and the exchange of 𝜙 as well (see Fig-
ure 7.2 the second row). Using standard perturbative method we obtain for the mass

of the bound state under consideration the following expression in the same way as

in Chapter 5, equations (5.30, 5.31, 5.35).

m2
𝜙 = − m2

t I

5√𝜋 𝜇 I2 , I2 = ∞∫

𝜇

Ψ(z)2 dz
z

, (7.18)

I5 = ∞∫
𝜇

(16𝜋𝛼s(z) − g2𝜙) Ψ(z) dz
16𝜋 z z∫

𝜇

Ψ(t)dt√t .
Here 𝛼s(z) is the strong coupling with standard evolution, normalized at the t-quark

mass, and we put m = mt. Provided term with brackets inside integral I5 being posi-

tive, bound state 𝜙 is a tachyon. Let us recall thewell-knownrelation for t-quarkmass,

which is defined by nonzero vacuum average of (𝜙∗2 + 𝜙2)/√2. It reads
mt = g𝜙 𝜂√2 , (7.19)

where fromphenomenologywe know the value of the electro-weak scalar condensate𝜂 = 246.2GeV. However in our approach there are additional contributions to this

mass, which are due to diagram shown at Figure 7.3. Thatmeans that for experimental

value of the t-quark mass we take the modified definition

mt = g𝜙 𝜂√2 + ΔM = g𝜙 𝜂
f √2 . (7.20)

According to these diagrams we have the following expression for ΔM
ΔM = − 4mt

∞∫
𝜇

F2(z) dz√z ∞∫
𝜇

𝛼s(z)F2(z)dz
2 𝜋 z − 4 ∞∫

𝜇

mt(z)F2(z)dz√z , (7.21)

mt(z) = mt (1 + 7𝛼s(𝜇)
8𝜋 ln z𝜇)− 4

7 .
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+ +

Fig. 7.3. Contributions to the t-quark mass. Dotted lines represent gluons.

Here the first term corresponds to gluon exchange between external legs and the sec-

ond term corresponds to gluon exchanges inside the loop calculated with account of

standard renormalization group mass evolution. Contributions of gluon exchanges

from external legs to internal lines cancel. Now parameter f defined in (7.20) is the

following

f = 1 + 4

∞∫
𝜇

F2(z)dz√z ∞∫
𝜇

𝛼s(z)F2(z)dz
2𝜋 z + 4 ∞∫

𝜇

mt(z)F2(z) dz
mt √z . (7.22)

Due to relation (7.10) factor f in (7.20, 7.22) is slightly larger than 2. For strong coupling𝛼s(z)we use the standard one-loop expression
𝛼s(z) = 𝛼s(𝜇) (1 + 7𝛼s(𝜇)

8𝜋 ln z𝜇)−1 . 𝛼s(𝜇) = 0.108, (7.23)

where for strong coupling at the t-quark mass we take its value obtained by evolution

expression (7.23) from its value atMZ: 𝛼s(MZ) = 0.1184 ± 0.0007.
Let us consider the possibility when relation (7.18) leads to a tachyon state. In this

case the neutral component of scalar 𝜙 consist of ̄tL tR+ ̄tR tL that is its vacuumaverage𝜂 corresponds to ̄t t condensate [117–119]. ForHiggsmechanism tobe realized we need

also four-fold interaction

L𝜙4 = 𝜆
2
(𝜙∗𝜙)2. (7.24)

Coupling constant in (7.24) is defined in terms of the following loop integral

𝜆 = 3 g4𝜙

16𝜋2 I4, I4 = ∞∫
𝜇

Ψ(z)4 dz
z

. (7.25)

From well-known relations (see Section 2.1) 𝜂2 = −m2
𝜙/𝜆 and the Higgs mass squared

M2
H = −2m2

𝜙 we have

𝜂2 = 16𝜋m2
t I


5

3 g4𝜙√𝜇 I2 I4 , M2
H = 2m2

t I

5𝜋√𝜇 I2 . (7.26)
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1 = +

Fig. 7.4. Diagram representation of the normalization condition for bound state 𝜙. Dotted lines rep-

resent gluons.

From (7.20) and (7.26) we have useful relation

2 = 16𝜋 I5
3 g2𝜙 f

2 √𝜇 I2 I4 . (7.27)

We obtain g𝜙 from a normalization condition, which is defined by diagrams of Fig-

ure 7.4

3g2𝜙

32𝜋2 (I2 + 𝛼s(𝜇)
4𝜋 ((I22)2 + 2 I6)) = 1, (7.28)

I22 = ∞∫
𝜇

Ψ(t)dt
t

, I6 = ∞∫
𝜇

Ψ(z)dz
z√z z∫

𝜇

Ψ(t)dt√t .
Here we use strong coupling at the t-quark mass (7.23) and perform necessary

calculations. In doing this we proceed in the following way: for six parameters𝜇, g𝜙, 𝜂, mt , MH, f we have five relations (7.20, 7.26, 7.27, 7.28) and the well-known ex-

pression

MW = g 𝜂
2

, (7.29)

where g is electroweak gauge interaction constant g(MW) atW mass. We obtain it by

usual renormalization group evolution expression (6.26) from value g at z0 (6.25). Let

us remind that we consider MW as an input. Thus for the moment we have two input

parameters, which are safely known from the experiment

MW = 80.4GeV, 𝜂 = 246.2GeV. (7.30)

The last value corresponds to value of electro-weak coupling g(MW) = 0.653. We

would once more draw attention to results of compensation approach on unique defi-

nition of physical parameters. In particular, the value for electro-weak charge at point

z0 is consistent with this value. For explication of this point see relations (6.25, 6.29,

6.30, 6.31, 6.32).

Now we present thus obtained parameters𝜇 = 4.067510−12, f = 2.034, g𝜙 = 2.074, (7.31)

mt = 177.0GeV, MH = 1803GeV.
The most important result here is the t-quark mass, which is close to experimental

valueMt = 173.3 ± 1.1 GeV [4]. Really, the main difficulty of composite Higgs mod-

els [117–120] consists in too largemt. Indeed the definition of g𝜙 in such models leads
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to g𝜙 ≃ 3 and thus mt ≃ 500GeV. We have all parameters, including important pa-

rameter f , being defined by self-consistent set of equations and the unique solution

gives results (7.31), which formt is quite satisfactory.

However the mass of the Higgs scalar particle is quite large. Such large mass of H

means, of course, very large width of HΓH = 3784GeV, BR(H → W+W−) = 51.4%, (7.32)

BR(H → Z Z) = 25.6%, BR(H → ̄t t), = 23.0%.
The large value forMH seems to contradict to upper limit for this mass, which follows

from considerations of the Landau pole in the 𝜆𝜙4 theory. Emphasize, that this limit

corresponds to the local theory and in our case of composite scalar fields is not rele-

vant.

The most important argument against Higgs mass (7.31), is the LHC discovery of

the state with mass 125.7 GeV, which properties are consistent with those of the Higgs

particle [57, 58]. In case of a final confirmation of the Higgs mass in accordance to

data [57, 58], results of this chapter are to be revised. Let us note, for example, that

the coefficient in relation (7.18) form2
𝜙 is defined by difference 16𝜋𝛼s − g2𝜙, which con-

tains two approximately equal terms. Under the approximation being used there, this

difference turns to be positive, that corresponds to tachyon state Ψ̄L ΨR. Just this result

leads to the interpretation of this state as corresponding to a constituent Higgs scalar

field. It might be, that with an account of the next corrections the sign in relation (7.18)

could change to the opposite. Then the state would be a usual Ψ̄L ΨR resonance with

mass of the order of magnitude ∼ TeV.

The most cardinal revision, while remaining in the framework of the compensa-

tion point of view, may consist in a conclusion, that one has to admit, that just triv-

ial solutions of compensation equations (7.3, 7.4) are realized. Bearing in mind dif-

ferent possibilities, we nevertheless would discuss some problems, connected with a

wouldbe existence of effective interaction (7.1).

As a matter of fact, predictions (7.31, 7.32) strictly speaking do not contradict ex-

perimental limitations yet. The possible effect would consist of registration of slight

increasing of cross-sections p + p → W+ +W− + X, p + p → Z + Z + X, p + p → ̄t + t + X
in region of invariant masses of two heavy particles 1 TeV < M12 < 3 TeV.

7.3 Stability problem

In Chapter 5 we have considered conditions for stability of the nontrivial solution.We

have became aware of the fact, that with variation of �̄�s the vacuum energy density

varies from positive (unstable) values to the negative ones, that corresponds to stabil-

ity of a nontrivial solution. How things are in the electro-weak case?

Let us construct the vacuum energy density for this case. It consist of vacuum

average of gauge boson term, vacuum average of the t-quark term (the ̄tt condensate)
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and the scalar field term.

VDEW = 1

4
⟨Wa

𝜇𝜈W
a
𝜇𝜈⟩ +mt⟨ ̄tt⟩ − m2

𝜙

2
𝜙2 + 𝜆

4
𝜙4. (7.33)

AA.
Here the W condensate is defined by relation (6.34) and the ⟨ ̄tt⟩ condensate can be

defined in exact analogy with ⟨q̄q⟩ condensate in Chapter 5. Let us use relation (5.51)

with u = 𝜇 ≃ 0, m0 = 0

⟨ ̄tt⟩ = − 3mt𝜋2 √𝛽 [𝛼s(mt)𝜋 + g2𝜙

8𝜋2] ∞∫
0

Ψ(t) ln t dt√t , (7.34)

𝛽 = G2
2

212 𝜋4 . (7.35)

where variable t is defined by expression (7.14).

Under the same conditions

Ψ(t) = √𝜋
2

G30
06 (t |0, 12 , 1, −12 , 0, 12) , (7.36)

and the integral in relation (7.35) can be easily evaluated by parts with the use of rela-

tion (2.152)
∞∫
0

Ψ(t) ln t dt√t = − √𝜋
2

. (7.37)

With this result we come to the final expression for the t-quark condensate

⟨ ̄tt⟩ = 3 ⋅ 24mt 𝜋|G2| [𝛼s(mt)𝜋 + g2𝜙

8𝜋2] = 3m3
t

4𝜋√𝜇 [𝛼s(mt)𝜋 + g2𝜙

8𝜋2] . (7.38)

It is remarkable, that the situation here is quite contrary to the case of QCD. Indeed,

in Chapters 4, 5 we have the gauge field (gluon) condensate being positive and the

fermion (quark) condensate being negative. The two condensates almost cancel each

other. In the electroweak case the gauge field (W) condensate (6.38) is negative (6.39,

6.40), while the t-quark condensate is positive on the contrary. We have already esti-

mated theW condensate. The question is if these two condensates also close to can-

celing? So let us estimate expression (7.38). Using results (7.31, 7.23)

𝜇 = 4.067510−12, g𝜙 = 2.074, MH = 1.803TeV
mt = 0.177TeV, 𝛼s(mt) = 0.108. (7.39)

we obtain the following value for the t-quark condensate

mt⟨ ̄tt⟩ = 10.32TeV4. (7.40)
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The coefficients in the scalarfieldpart of expression (7.33) aredefinedby relations (7.18,

7.25). Then in the point of the minimum of expression (6.34) we have with account of

definition (6.34)

VDEW = 𝜋2
g2

VEW
2 +mt⟨ ̄tt⟩ − M2

H 𝜂2
8

, (7.41)

where VEW
2 is defined by expression (6.34). Substituting values (6.30, 6.31, 6.32, 7.39,

7.40) and 𝜂 = 0.2462TeV we obtain for values of 𝜖 = 0.095, 0.11, 0.13 the following
values of the density VDEW correspondingly

VDEW = − 692.8TeV4, 𝜖 = 0.095, (7.42)

VDEW = −51.6 TeV4, 𝜖 = 0.11,
VDEW = 7.68TeV4, 𝜖 = 0.13.

We see, that the transition to positive values of the vacuumdensity occurs somewhere

between the second and the third values of (7.42). The sharp dependence on the choice

of parameter 𝜖 is connectedwith such dependence of theW condensate, as one readily

sees e. g., fromexpressions (6.39, 6.40). So the point of the phase transition occurs just

in this interval between 𝜖 = 0.11 and 𝜖 = 0.13, while our estimates of the preferable

values of parameters corresponds to 𝜖 = 0.095, that gives without doubts stability for
the nontrivial solution.

7.4 Possible effects of the heavy quarks interaction

Interaction (7.1) of heavy quarks could manifest itself in physical effects. There is in-

teresting data on decay Z → b̄b. Interaction (7.1) give contribution to this process due

to diagram in Figure 7.5. From interaction (7.1) we see, that terms with couplings G2

and G3 give contribution to diagrams in Figure 7.5. The previous experience teaches

to expect a significant contribution of these diagrams to the amplitude of the decay.

However, aswe see fromTable 2.4 there is no significant deviations from the SM fit. Let

us perform simple calculation of these diagrams, that gives the followingcontribution

++
Z

L

L

L

L

Z
R

R

L

L

Z
L

L

L

L

Fig. 7.5. Diagram describing the first contribution of four-quark interaction (7.1) to z → b̄b decay.
The left-side vertex corresponds to the SM Z ̄tt and Zb̄b vertices (2.77). The four-fermion vertices
with four L legs correspond to interaction with coupling G3 and the mixed LR vertex corresponds to
coupling G2. The distribution of color indices is shown in (7.1).
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to vertex Z → b̄b

ΔV = g

32𝜋2 1 + 𝛾5
2

(G3 (−12 − 2

3
sin2 𝜃W) + G2 sin2 𝜃W) ∫ dq2. (7.43)

From definition (7.6) and result (7.12) we have

ΔV = g

32𝜋2 1 + 𝛾5
2

(G3 (−12 − 2

3
sin2 𝜃W) + 8

3
Ḡ sin2 𝜃W) ∫ dq2. (7.44)

Let us recall that Ḡ is the average of G3 and G4. For example, if we take G3 to be equal

to this average, we obtain

ΔV = g

32𝜋2 1 + 𝛾5
2

G3 (−12 + 2 sin2 𝜃W) ∫ dq2. (7.45)

Note, that the momentum integration is symbolically designated by ∫ dq2. We have

to bear in mind, that there should be a form-factor in the integral, that leads to the

integral being inversely proportional to G/16𝜋2. In any case provided the expression

in brackets in (7.45) is of order of unity, the contribution ΔV will contradict the sat-

isfactory agreement of parameters of decay Z → b̄b with the Standard Model fit of

Table 2.4. However, expressions (7.44, 7.45) show an effective cancelation of two large

contributions. In case sin2 𝜃W = 0.25we have zero for (7.45). The physical value is close
to this number, namely, sin2 𝜃W = 0.2324± 0.0012 (see Table 2.4). Thus we conclude,
that there is a mechanism of cancelation in the possible effect. The accuracy being

achieved for the moment do not allow to make more definite assertion. However, one

has to bear in mind, that just in this decay there are suspicious deviations from the

Standard Model fit, especially in the forward-backward asymmetry FbFB (2.98), which

comprises around 2.8 s.d.. It would be advisable to consider possible contributions of

interaction (7.1) to this decay with better precision.

On the other hand, in case predictions of possible existenceof interaction (7.1)will

contradict future experimental results, it will not disprove the approach in awhole. In

the framework of our reasoning it will mean, that set of equations (7.3, 7.4) leads to triv-

ial solution, which is always possible. This does not exclude realization of nontrivial

solutions in other cases.

To concludewewould emphasize, that albeit we discuss quiteunusual effects, we

do not deal with something beyond the Standard Model. We are just in the framework

of the Standard Model. What makes difference with usual results is nonperturbative

nontrivial solution of a compensation equation. There is of course also trivial pertur-

bative solution. Which of the solutions is realized is to be defined by stability condi-

tions. The problem of stability is extremely complicated and needs a special extensive

study.

For the moment we can not exclude the possibility of realization of the trivial so-

lution of set of compensation equations (7.3, 7.4). Then the conclusion of the very high

mass of the Higgs scalar would be canceled.
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With the present results we would draw attention to two important achievements

provided by the nontrivial nonperturbative solution. The first one is unique determi-

nation of gauge electro-weak coupling constant g(MW) in close agreement with exper-

imental value. The second result consists in calculation of the t-quark mass. At this

point we would emphasize, that the existence of a nontrivial solution itself always

leads to additional conditions for parameters of a problem under study. These two

achievements strengthen the confidence in the correctness of applicability of the Bo-

goliubov compensation approach to the principal problems of elementary particles

theory.
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8.1 Short review of achievements of the compensation approach

In the book, which is proposed for the kind attention of a reader, the compensation

conception is introduced and defended. It consists in the following premise.

We consider totality of renormalizable interactions of the Standard Model to be

the genuine theory of the physical world. The excellent form of the perturbative cal-

culations in the framework of this theory serves as strong support for the assertion.

However necessity of account of the nonperturbative effects in the framework of

this genuine theory is evident. So the main premise of the book is the compensation

approach, which is motivated by the successful application of the Bogoliubov com-

pensation principle, first of all, to problems of statistical physics. That was famous su-

perfluidity and superconductivity problems. The first one was solved by Bogoliubov

himself, and his contribution to the solution of the second one is more than signifi-

cant. The solutions of these problems were purely nonperturbative. The application

of the same methods around fifty years ago had led to formulation of the conception

of a spontaneous generation of masses. In the present book we undertake the follow-

ing step and turn to the problem of a spontaneous generation of effective interactions.

The realization of the goal needs a formulation of the tool. The proposed tool is not

perfect, of course. When we perform the procedure of add–subtract, there is no ap-

proximation, but also there is not definite sense yet. Namely, how to formulate com-

pensation condition, which exclude nondesirable interaction terms from the newly

defined free Lagrangian? Strictly speaking it may be formulated only as a quantum

functional condition, which is firstly unknown yet, and secondly even in case of suc-

cessful formulation, problem of a solution is hopeless. Just this was said by N.N. Bo-

goliubov himself. So a formulation of an approximate procedure is inevitable, if one

has intention to find out even something.

However we know, that an adequate approximation scheme for a functional for-

mulation of a quantum field theory [1] is just the perturbation theory, i. e., the proper

introduction of Feynman graphs. In an analogy to this well-known conclusion we for-

mulate the first approximation also in terms of loop graphs with the number of loops

being restricted by either one or two.

Thus there is an approximation. If it is adequate or not can not be said from the

beginning. That is why we consider in the book a number of examples of an appli-

cation of the method. It comes out, that these examples are instructive. What we are

learning from these examples?

The first instructive example is the six-dimensional scalar model, which is consid-

ered in Sections 3.4–3.9. We start from a renormalizable g 𝜙3 theory and ask, if there

may be spontaneously generated the theory G𝜙4 with dimensional coupling constant

G ∼ 1/M2, which is similar to the four-fermion coupling constant in the usual four-
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dimensional space. With this example we have succeeded to apply the compensation

approach and to show how it works.

In Chapter 4 we consider the second example, being, as a matter of fact, the first

real physical one. It starts with QCD initial theory, which contains the fundamen-

tal dimensional parameter Λ QCD. The question, which we ask is if the anomalous

three-gluon interaction with dimensional constant G, having dimension inverse mass

squared, can exist? As the most important result we obtain the answer, that a non-

trivial solution does exist and thus the new effective interaction can be spontaneously

generated, provided initial gauge coupling constant g, defined on the boundary of

the nonperturbative region Q0 has uniquely defined value of the order of magnitude∼ 3. This result is of high importance. Firstly, it demonstrates the obvious fact, that

as a rule, compensation equations have a trivial solution, that is we return to the ini-

tial perturbative problem without any change. However, there are sometimes special

conditions, the fulfillment of which leads to a nontrivial solution. As we have got con-

vinced, such conditions are imposedonparameters of theproblemandnot only on the

parameters of the effective interaction, but also on the parameters of the initial renor-

malizable theory. This just occurs in QCD. So, when we have discussed status of the

Standard Model we have recapitulated numerous parameters of the theory and have

admit, that all these parameters are arbitrary. It is the general belief that the Standard

Model exists for any value of a coupling constant, of a mass and of a mixing param-

eter. But already the example of Chapter 4 demonstrate, that if we choose theories,

admitting the effective interactions with dimensional coupling constants,we have ad-

ditional conditions imposed on the parameters of the initial theory. What may be the

physical reason for choosing of such theories? It may be the reason of the stability.We

have considered this problem in Chapter 4 and have mentioned that the theory with

the spontaneously generated effective interaction (SGEI) differs from the same theory

without (SGEI) by the absence of the Landau pole. While the Landau pole leads to in-

stability of the theory, we may pretend, that just the theory, described in Chapter 4

is stable and thus is realized in the Nature. Let us emphasize once more, this theory

can exist only for specified values of parameters. In particular, we obtain the value of

average 𝛼s in the nonperturbative region being ∼ 0.8. As far as we know, there is no
other possibility to achieve such result without additional assumptions.

In Chapter 5 we consider the spontaneous generation of the Nambu–Jona-Lasinio

interaction and obtain the result, that when we start from QCD with two light quarks

having initial parameters m0 and average 𝛼s, the interaction is completely defined

and agreement with lowmomenta hadron physics (themost nonperturbative problem

known) Starting from two initial parameters, e. g., �̄�s and f𝜋 we obtain a satisfactory

description of low momenta strong interaction of mesons consisting of light quarks

and gluons.

The important resultsof Chapter 6 refer to the electroweak interaction. As amatter

of fact the compensation equation for three-boson effective interaction is in essence

the same as for the three-gluon interaction in Chapter 4 (with change of SU(3) →
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SU(2)). It is of great interest, that this compensation equation has two and only two

solutions, one of them suits for QCD and another one suits for EWT. Again we obtain

unique value for coupling g(z0), which gives order of magnitude of the electroweak

interaction
g(z0)2
4 𝜋 ≃ 0.03,

that is close to the real physical value. I am forced to note once more, that there is no

another method, which can determine the coupling, the more so, as in close agree-

ment with its real value.

The existenceof the electroweakanomalous three-boson effective interaction (6.1)

leads to several consequences. The resonances or bound states consisting ofWW are

predicted. Maybe, some signs of these states are already present in the data. It seems,

that the particular importance provides result of Section 6.4. In this section we show,

that the existence of the three-boson interaction (6.1) leads to additional contribution

to the muon anomalous magnetic moment. The calculation with already defined pa-

rameters and the form-factor gives contribution, which removes the discrepancy in

measurement of themuon g−2.The author is inclined to consider this result as a deci-
sive confirmation of the approach. As amatter of fact, the problemswithmagneticmo-

ments in many case play the decisive role in a confirmation of a theory. Let us remind,

that in QED such role was plaid by calculation of anomalous magnetic moment of the

electronae (1.55). InQCDunderstanding ofmagneticmoments (also anomalous) of the

nucleons was crucial for establishing of the new quantum number color, as we have

described in Section 1.2. The author express his conviction, that just the result of Sec-

tion 6.4 on the muon anomalous magnetic moment may serve for justification of the

nonperturbative approach with the spontaneously generated effective interactions.

Let us note, that nowadays the status of the discrepancy in the muon g − 2 is not

finally determined. Theoverall uncertainty of the effect,which is definedbyuncertain-

ties in both the experimental and the Standard Model theoretical results, comprises

from 3 s. d. up to 4 s. d. depending on a method of a calculation of hadron contribu-

tions to a𝜇. One may hope for a progress in a resolution of this problem in the near

future. For example, the most recent publication [121], devoted to a calculation of the

hadron contribution to the effect, supports the more pronounced discrepancy on the

level of 4 s. d.. Provided the existence of the discrepancy being firmly established, our

result becomes quite sound.

In application to the electroweak interaction of quarks we have considered only

the heavy quarks (t, b) and the spontaneous generation of the t-quark mass only. In

the present approximation all other quarks including b are massless. The real case

needs consideration of all three quark and lepton generations. This means also in-

troduction of mixing angles. The problem is which are conditions, imposed by the

method, and on what extent mixing angles and fermion masses are defined. In any

case the previous results give the reason to expect here an interesting continuation.

Some examples of model results for mass ratios will be considered below.
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Whenweconsider the electroweak theorywe restricted ourselves by heavy quarks

only. The introduction of the real three generations of quarks needs also introduction

of mixing angles. The evaluations being performed in Chapter 7 in this case would

be much more complicated. As we have seen throughout the book, and in Chapter 7

in particular, the existence of a nontrivial solution impose strong restrictions on its

parameters. One may expect the same consequences for parameters describing three

generations of quarks. Themodel of Chapter 7 corresponds to only onemassive quark,

namely the t-quark, whichmass was calculated to be of the correct size. Is it possible,

that in a complicate case of three generations of quarks and leptons, one would suc-

ceed in obtaining satisfactory description of masses and mixing angles? The answer

may be obtained only by trying to consider the problem. “The proof of pudding is eat-

ing”.

It is worth mentioning, that in expressions for vacuum energy density (5.38, 5.45,

7.41) combinations of the gauge field condensate and of the quark condensate are

present

VDQCD = 1

4
⟨Fa𝜇𝜈 Fa𝜇𝜈⟩ + ∑

i

mi⟨q̄iqi⟩, (8.1)

VDEW = 1

4
⟨Wa

𝜇𝜈W
a
𝜇𝜈⟩ + mt⟨ ̄tt⟩. (8.2)

In both cases two terms of expressions have opposite signs. For QCD case (8.1) the

first term is positive and the second one is negative, while for the electro-weak case

vice versa the first term is negative and the second one is positive. In both cases cal-

culations (see Table 5.1 and results (7.42)) shows presence of a critical point of a phase

transition, in the vicinity of which total vacuum energy density is close to zero. In QCD

it corresponds to value of average strong coupling�̄�s ≃ 0.88, (8.3)

which corresponds to value of parameter 𝜖 is according to result (4.37) somewhat less

than 𝜖 = 0.13. In the electroweak case according to (7.42) the point of the phase transi-
tion occurs to correspond to value of 𝜖 also slightly less than 𝜖 = 0.13. This remarkable

result one hardly can prescribe to simple coincidence.

The problem of vacuum energy density due to matter fields is very important for

consideration of evolution of the Universe, because this density is directly connected

with cosmological 𝜆 term. The problem is widely discussed starting from the well-

known paper by S. Weinberg [124].

Indeed, the large value for the vacuum energy density means drastic change in

the cosmological 𝜆 term and thus destroys any reliable model of the Universe evolu-

tion. However we need this quantity because it is the most important constituent of

the Higgs mechanism. Thus we need almost total cancelation of the vacuum energy

density. It may occur provided the real situation corresponds to close vicinity of the

phase transition point, where the density is almost zero.
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The result of approximate coincidence of phase transition points for the twomain

matter interactions, the quantum chromodynamics and the electroweak theory may

be very important for this the most important ideological problem. We would empha-

size, that the result of closeness of these points is achieved just in the theory including

spontaneously generated effective interactions. For QCD we have interactions (4.2)

and (5.2). For the electroweak theory we have analogous interactions (6.1) and (7.1).

The closeness of the two critical points in our approach is due to the most im-

portant feature of the compensation method. Compensation equations always have

trivial solutions. And in most cases they do not have any other solution. An appear-

ance of a nontrivial solution is quite a rare event. The existence of the nontrivial solu-

tion always impose strong restrictions on parameters of the problem. In this way we

have obtained nontrivial solutions for spontaneous generation of effective anomalous

three gauge boson interactions (4.2) and (6.1). In both case the existence of a solution

is connected with strict fixation of the gauge coupling constant g(z0) on the bound-

ary z0 of the nonperturbative region. For the present general discussion it would be

instructive to consider peculiarities of emerging of the solutions. Let us return to set

of equations (4.18, 4.28), which contain the flexible parameter 𝜖. Let us take number

of colors N = 3. The set of equations for 𝜖 = 0 has two solutions. The results of calcu-

lation are presented in Table 8.1

Table 8.1. Solutions of the compensation equation (6.1) in dependence on parameter 𝜖 for N=3

𝜖 z01 g1(z01) z02 g2(z02)

−0.39 NO ∞ 12.7165 0.4344

−0.38 0.00000245 213.46 12.627 0.4358

−0.37 0.00002376 68.7832 12.538 0.4372

−0.3 0.0006909 13.0498 11.931 0.4472

0.0 0.009553 3.8166 9.6175 0.4929

0.3 0.024342 2.5837 7.7065 0.5439

0.6 0.044331 2.1071 6.1246 0.6009

1.0 0.080961 1.7140 4.4249 0.6879

1.4 0.13537 1.5068 3.0873 0.7902

2.1 0.36996 1.2711 1.2753 1.0338

2.2 0.47729 1.2282 0.9963 1.0910

2.256 0.67041 1.1697 0.71186 1.1587

2.257 NO NO NO NO

Wewould draw attention to several important points. Firstly, considering results, pre-

sented in Chapters 4 and 6 on properties of solutions of compensation equation (4.2,

6.1), which essentially are the same for both cases, we state, that for values of param-

eter 𝜖 under the study there are two and only two solutions. The first one corresponds
to small boundary of the nonperturbative region z0 and large coupling constant on
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Fig. 8.1. The behavior of the formfactor for QCD.

this boundary g(z0). Vise versa the second one gives large z0 and small g(z0). Results,
presented in Table 8.1 for wider interval of parameter 𝜖 give more information. We see

from the table, that two solutions exist only for some restricted interval of 𝜖. With 𝜖 in-
creasing the two solutions tend each to other. Somewhere at 𝜖 = 𝜖0 between 𝜖 = 2.256
and 𝜖 = 2.257 they coincide and for 𝜖 > 𝜖0 both solutionsdisappear. With 𝜖 decreasing
the two solutions move away each from other and g(z0 for the first one grows quickly
and tends to infinity at value of 𝜖 between 𝜖 = −0.38 and 𝜖 = −0.39. Thus the first
solution in this case also disappears.

Wewould emphasize, that situation, corresponding to calculated parameter 𝜖 = 0

and close to this value positive and not large values of 𝜖 is quite remarkable. We have

just two possible Yang–Mills gauge theories. One with large value of coupling g and
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Fig. 8.2. The behavior of the formfactor for electroweak theory.
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the other with smaller coupling. NOT MORE! And really we have in the Nature just the

strong interaction QCD and the electroweak theory with moderate interaction. The

first one has symmetry group SU(3) and the second one has symmetry group SU(2).
We prescribe such groups to the obtained theories, however here we follow the ready

knowledge. Are there real theoretical arguments for such prescription?

Two solutions are different. The main difference consists in number of zeros of

function F(z).
The first solution quoted in Table 8.1 corresponds to the QCD strong interaction

with large value g(z0) and its form-factor F(z) does not change sign between zero and

z0. On the other hand, the second one with smaller value g(z0), which corresponds

to the electroweak interaction has the form-factor with extra zero between zero and

z0. With parameter 𝜖 increasing values of g(z0) for two solutions tends each to other

and do coincide at 𝜖 between 2.256 and 2.257. At the same point positions of zeroes

z0 of formfactors coincide also and for 𝜖 > 2.257 both solutions disappear. When

parameter 𝜖 decreases being negative, the QCD coupling increases very fast and at a

point between−0.38 and −0.39becomes infinite and the solution also disappears. We

would show and discuss these properties to illustrate our general conclusion, that the

existenceof a nontrivial solution of a compensation equation is really a rare event and

in the most cases there is only trivial solutions. Of course, parameter 𝜖 is by nomeans

a flexible parameter. It is fixed in the framework of the approximation being used. Our

main approximation means 𝜖 = 0. However, we have tried other close values for 𝜖
mainly in view of a check of a stability of our results.We would emphasize the follow-

ing conclusion based on application of these attempts. Firstly, as we have discussed

just above, our value 𝜖 = 0 hits in the narrow region of the existence of the nontrivial

solution. Secondly, as we have shown in Chapter 4 the best agreement with data are

achieved for small deviations from this calculated approximate value: 0.1 < 𝜖 < 0.15,
that also corresponds to the stable existence area of the nontrivial solutions.

The existenceof the electroweakanomalous three-boson effective interaction (6.1)

leads to several consequences. The resonances or bound states consisting ofWW are

predicted. Maybe, some signs of these states are already present in the data. It seems,

that the particular importance provides result of Section 6.4. In this section we show,

that the existence of the three-boson interaction (6.1) leads to additional contribution

to the muon anomalous magnetic moment. The calculation with already defined pa-

rameters and the form-factor gives contribution, which removes the discrepancy in

measurement of the muon g − 2. The author is inclined to consider this result as a de-
cisive confirmation of the approach. As a matter of fact, the problems with magnetic

moments in many cases play the decisive role in a confirmation of a theory. Let us re-

mind, that in QED such role was plaid by calculation of anomalous magnetic moment

of the electron ae (1.55). In QCD understanding of magnetic moments (also anoma-

lous) of the nucleons was crucial for establishing of the new quantum number color,

as we have described in Section 1.2. The author express his conviction, that just the

result of Section 6.4 on the muon anomalous magnetic moment may serve for justi-
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fication of the nonperturbative approach with the spontaneously generated effective

interactions.

Of course, these results are obtained in the framework of the approximated calcu-

lations.

In application to the electroweak interaction of quarks we have considered only

the heavy quarks (t, b) and the spontaneous generation of the t-quark mass only. In

the present approximation all other quarks including b are massless. The real case

need consideration of all three quark and lepton generations. This means also in-

troduction of mixing angles. The problem is which are conditions, imposed by the

method, and on what extent mixing angles and fermion masses are defined. In any

case the previous results give reason to expect here interesting results.

Wewould alsomention the result for current mass of light quarks. The result is es-

sentially based on the extremely small value u0 ≃ 1.7 ⋅ 10−8 (5.14), which necessarily
follows from the unique solution for compensation equation (5.8). Such small number

illustrates two important conclusion. Firstly, not all dimensionless parameters enter-

ing the description of the physics have to be of the order of magnitude of unity. The

author encounters such assertion repeatedly, starting from the student time. However

the example under discussion shows, that very small numbers may appear as solu-

tions of equations, describing physical problems. In our case we deal with compensa-

tion equations, which have nontrivial solutions only provided numerous conditions

being fulfilled. Theappearanceof such small numbers is bynomeansdue the so called

fine tuning. It follows just from the solution of the problem.

The compensation approach allows to fix at least few parameters of the Standard

Model from those 25, beingdiscussed inSection 2.2.Wemeanboth coupling constants,

the strong one and the electroweak one. We also calculate the t-quark mass in terms

of theW boson mass. These results lessen number of parameters by 3. One dare to ex-

presswell-foundedhope, that subsequent studieswill lead to achievement of a further

information on these parameters. Of course it needs extensive efforts e.g. in introduc-

tion of nonzero masses of other quarks in compensation equations of type (7.8). In the

next section we would try to consider simplified examples, which could show some

features of possible results.

8.2 Examples of additional relations in the compensation
approach

Following the approach used in Section 3.3 let us formulate the compensation equa-

tions for would-be four-fermion interaction of two types of quarks and two leptons,

that is we consider one generation of fundamental fermions. For simplicity we call

them “u”, “d”, “e” and “𝜈”, which in the standard way are represented by their left𝜓L and right 𝜓R components. We admit initial masses for all participating fermions to
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be zero and we will look for possibility of them to acquire massesmi, i = 1, ...4 respec-
tively due to interaction with scalar Higgs-like composite field.

Then let us consider a possibility of spontaneous generation of the following in-

teraction

Leff = G1ūL uR ūR uL + G2d̄L dR d̄R dL + G4ēL eR ēR eL+G3(ūL uR d̄R dL + d̄L dR ūR uL) + G5(ūL uR ēR eL + ēL eR ūR uL)+G6(ēL eR ūR uL + ēR eL ūL uR) + G7 �̄�L 𝜈R ̄𝜈R 𝜈L (8.4)+G8(�̄�L 𝜈R d̄R dL + d̄L dR �̄�R 𝜈L) + G9(�̄�L 𝜈R ūR uL + ūL uR �̄�R 𝜈L)+G10(�̄�L 𝜈R ēR eL + ēL eR ̄𝜈R 𝜈L).
Here all coupling constants Gi have dimension of the inverse mass squaredM−2.

Now wewould like to find out, if the four-fermion interaction (8.7) could be spon-

taneously generated. In doing this we again proceed with the add-subtract procedure

L = L0 + Lint ,
L0 =∑

u,d

q̄(x)(𝚤𝜕𝛼𝛾𝛼 − m)q(x) + ∑
e,𝜈

̄l(x)(𝚤𝜕𝛼𝛾𝛼 − m)l(x) − Leff , (8.5)

Lint = L0int + Leff .
Then we have to compensate the undesirable term Leff in the newly defined free La-

grangian. The relation, which serve to accomplish this goal, is called compensation

equation. Necessarily we use approximate form of this equation. In diagram form the

compensation equation for three fermions participating the interaction in one-loop

approximation is presented in Figure 8.3.

Let us define effective cut-off Λ in integrals of equation (8.7). We shall see below,

that Λmay be defined in the course of solution of compensation equations. With ac-

count of this definition we introduce the following dimensionless variables

y1 = G1Λ2

8 𝜋2 , y2 = G2Λ2

8 𝜋2 , y3 = G3 Λ2

8𝜋2 ,
z1 = G4Λ2

8 𝜋2 , z2 = G7Λ2

8 𝜋2 , z3 = G10 Λ2

8𝜋2 , (8.6)

x1 = G5Λ2

8 𝜋2 , x2 = G9Λ2

8 𝜋2 , x3 = G6 Λ2

8𝜋2 , x4 = G8 Λ2

8 𝜋2 ,
𝜉1 = m2

m1

, 𝜉2 = m3

m1

, 𝜉3 = m4

m1

.
Then we consider scalar bound state consisting of all possible fermion-

antifermion combinations ūu, d̄d, ēe and �̄�𝜈. The corresponding set of Bethe–Salpeter
equations is shown in Figure 8.4. In this way we come to the following set of ten

compensation equations presented in Figure 8.3 and four Bethe–Salpeter equations

shown in Figure 8.4. Let us note, that in Figure 8.4 we present also wouldbe contribu-

tions of gauge bosons exchanges, which in the present calculations are not taken into
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Fig. 8.3. Diagram representation of the compensation equation for spontaneous generation of inter-

action (8.7). Notations of quarks and lepton are shown by corresponding lines.
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Fig. 8.4. Diagram representation of the Bethe–Salpeter equation for scalar bound state, included

in set of equations (8.8). Notations of quarks and lepton are shown by corresponding lines. Contri-

butions of gauge bosons exchanges (the last diagrams in each equation are not taken into account

yet).
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account. Note also, that terms with factorA arise from vertical diagrams in Figure 8.3.

Let us remind, that the sign minus before linear terms in compensation equations is

connected with opposite signs of terms corresponding to effective interactions in the

new free Lagrangian and in the new interaction Lagrangian.

−y1 + Ay21 + 3(y21 + y23) + x21 + x22 = 0,−y2 + A y22 𝜉21 + 3(y22 + y23) + x23 + x24 = 0,−y3 + A y23 𝜉1 + 3 y3(y1 + y2) + x1 x3 + x2x4 = 0,−z1 + A z21 𝜉22 + 3 (x21 + x23) + z21 + z23 = 0, (8.7)−z2 + A z22 𝜉23 + 3 (x22 + x24) + z22 + z23 = 0,−z3 + A z23 𝜉2 𝜉3 + 3 (x1 x2 + x3 x4) + z1z3 + z2z3 = 0,−x1 + A x21 𝜉2 + 3(x1y1 + x3y3) + x1z1 + x2z3 = 0,−x2 + A x22 𝜉3 + 3(x2y1 + x3y3) + x1z1 + x2z3 = 0,−x3 + Ax23 𝜉1 𝜉2 + 3(x1y3 + x4y3) + x1z3 + x2z2 = 0,−x4 + Ax24 𝜉1𝜉3 + 3(x2y3 + x4y2) + x3z3 + x4z2 = 0,
A = m2

1

4Λ2
ln Λ2

m̄2
,

1

B
= 3(y1 + 𝜉1 y3) + 𝜉2x1 + 𝜉3x2,𝜉1

B
= 3(y3 + 𝜉1 y2) + 𝜉2 x3 + 𝜉3x4, (8.8)𝜉2

B
= 3(x1 + 𝜉1 x3) + 𝜉2 z1 + 𝜉3z3 ,𝜉3

B
= 3(x2 + 𝜉1 x4) + 𝜉2 z3 + 𝜉3z2 ,

B = 1 + m2
0

2Λ2
ln Λ2

m̄2
,

wherem0 is the bound statemass and m̄ is an average mass of participating fermions.

Let us comment the appearance of mass parameters 𝜉i in terms, corresponding to ver-

tical diagrams in Figure 8.3. Due to the orthogonality of matrices

1 + 𝛾5
2

, 1 − 𝛾5
2

, (8.9)

terms containing q̂ cancel and we are left only with mass terms in spinor propaga-

tors. Introduction of the average m̄, instead of substituting in proper places different

masses mi, means of course an approximation. However due to logarithmic depen-

dence on this parameter, this approximation seems to be reasonable. Factor A has to

be very small and factorB has tobe close tounity, becauseΛ ≫ mi. Ten equations (8.7)

correspond to the set of compensation equations, while four equations (8.8) represent
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the Bethe–Salpeter equations. Let us remind, that after performing the compensation

procedure, which means exclusion of four-fermion vertices in the newly defined free

Lagrangian, we use the resulting coupling constants in the newly defined interaction

Lagrangian with the opposite sign.

The appearance of ratios 𝜉i in Bethe–Salpeter part (8.8) of the set presumably

needs explanation.Weassume, that the scalar composite state,which inour approach

serves as a substitute of the elementary Higgs scalar, consists of all existing quark-

antiquark and lepton-antilepton pairs �̄�L 𝜓R (not only of heavy quarks Ψ̄L ΨR as in

work [100]). Then coupling of this scalar with different fermions will give their masses

according to well known relation

ga = g ma√2MW

. (8.10)

On the other hand, Bethe–Salpeter wave functions are proportional to coupling con-

stants ga, where a is just the constituent particle. Thus we change a ratio of coupling

constants by a ratio of corresponding masses 𝜉i.
It seems advisable to refer here to the experience, acquired while considering the

subsequent approximations in studies of the Nambu–Jona-Lasinio interaction. The

first approximation, which was considered in Section 3.3 contains only horizontal di-

agrams. It leads to results, which reproduce the main features of the model. The next

approximation, developed in Chapter 5, is of course more informative, but neverthe-

less the first one seems to be quite reasonable.

Now let us consider solutions of set (8.7, 8.8). First of all let us remind, that param-

eterA is very small, so we look for solutions, which are stable in the limit A → 0. We

also will consider only real solutions, because our variables just correspond to physi-

cal observable quantities. A number of such solutions is at least six. Namely, we have

forA = 0.0001 these solutions
y1 = 0.12500, y2 = y1, y3 = − y1,
z1 = y1, z2 = y1, z3 = − y1,
x1 = y1, x2 = − y1, x3 = − y1, x4 = y1, (8.11)𝜉1 = −1, 𝜉2 = 1, 𝜉3 = −1, B = 1.00001.
y1 = 0.12500, y2 = y1, y3 = − y1,
z1 = y1, z2 = y1, z3 = y1,
x1 = y1, x2 = y1, x3 = − y1, x4 = − y1, (8.12)𝜉1 = −1, 𝜉2 = 1, 𝜉3 = 1, B = 1.00001.
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y1 = 0.24999, y2 = 0.33333, y3 = 0,
z1 = 0.24999, z2 = 0.56468, z3 = −0.38570,
x1 = −0.24999, x2 = x3 = x4 = 0, (8.13)𝜉1 = 0.86603, 𝜉2 = −1, 𝜉3 = 0, B = 1.00003.

y1 = 0.33332, y2 = 0.057288, y3 = 0,
z1 = 0.26344, z2 = 0.56470, z3 = − 0.38570,
x1 = x2 = 0, x3 = 0.12285, x4 = − 0.17986, (8.14)𝜉1 = 𝜉2 = 𝜉3 = 0, B = 1.00003.

y1 = 0.29077, y2 = 0.29077, y3 = − 0.04256,
z1 = 0.25534, z2 = 0, z3 = 0,
x1 = 0.17801, x2 = x4 = 0, x3 = 0.17801, (8.15)𝜉1 = 1, 𝜉2 = 1.4344, 𝜉3 = 0, B = 1.00003.
y1 = 0.19313, y2 = 0.18758, y3 = 0.14295,
z1 = 0.857858, z2 = 0, z3 = 0,
x1 = −0.14116, x2 = x4 = 0, x3 = 0.14393, (8.16)𝜉1 = 1.069, 𝜉2 = 0.26728, 𝜉3 = 0, B = 1.00002.

Of course, there is a temptation to confront these solutions with the existing gen-

erations of quarks and leptons. Let us note, that the fist three solutions (8.11, 8.12, 8.13)

contain mass ratios 𝜉i with negative signs, that is quite unnatural for fermions enter-

ing to one generation. Maybe the most suitable ones are the three last solutions (8.14,

8.15, 8.16). All these solutions have nonnegative parameters 𝜉i and at least one lepton
beingmassless, thatmight be a neutrino. The fourth solution (8.14) gives one (the first)

fundamental fermion (quark) being much heavier, than three others, that reminds sit-

uationof the thirdgenerationwith the veryheavy t quark. Thefifth solution (8.15) gives

charged leptonmass approximately the same as those of quarks, that may hint the sit-

uation in the second generation with approximately equal masses of the muon and

of the s-quark. The sixth solution (8.16) gives two different masses for the quark pair,

while thewouldbe charged lepton has themass approximately four times smaller than

that of the first quark. This resembles situation for the first generation. Indeed, let us

take for the electron mass its physical valueme = 0.51MeV Then we have from (8.16)

me = 0.51MeV, mu = me𝜉2 = 1.90MeV, md = me 𝜉1𝜉2 = 2.04MeV. (8.17)

The wouldbe u-quark mass fits into error bars of its definition, while the wouldbe d-

quark mass is rather lighter than its physical value [4]. Note, that in our estimates we

have not taken into account the phenomenon of mixing of down quarks (d, s, b).
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Of course, the similarity is rather reluctant and there is no overall explicit agree-

ment with the real situation. Maybe one could move further with an application of a

next approximation, which presumably needs a consideration of the Bethe–Salpeter

equations with account of gauge interactions contributions, that is with account of a

gluonexchange and of electroweak bosons exchanges. These exchanges are schemat-

ically drawn in Figure 8.4. The problem of an adequate formulation of the approxima-

tion needs a special investigation. Nevertheless, even a possibility to define ratios of

the fundamental masses in the compensation approach is of a doubtless interest.

We would also draw attention to the important point, that for all solutions pa-

rameter B is close to unity, just as we have expected. With decreasing of parameter

A, which is proportional to ratio squared of the mass of the first quark and cut-off Λ,
parameter B tends to unity exactly.

It might be also worth mentioning, that we obtain three possible solutions for

fermion generations, that just corresponds to the current knowledge.

The example being just considered shows possibility of definition of mass ratios

in the compensation approach. There are also mixing angles in the Standard Model,

e. g., the Weinberg angle 𝜃W in W0, B mixing and down quarks mixing angles and a

phase in the Cabibbo–Kobayashi–Maskawa matrix. The example being just consid-

ered shows possibility of definition of masses ratios in the compensation approach.

There are also mixing angles in the Standard Model, e. g., the Weinberg angle 𝜃W in

W0, B mixing (2.42) and lower quarks mixing angles and a phase in the Cabibbo–

Kobayashi–Maskawamatrix (2.3).

In view of this, let us consider another example, which deals with mixed states of

s and d quarks, which mixing is described by the well-known Cabibbo relation [48]

q1 = cos 𝜃c d + sin 𝜃c s, q2 = − sin 𝜃c d + cos 𝜃c s. (8.18)

where quarks qi (i = 1,2) are lowermembers of quark doublets of the two first genera-

tions. Then in the test effective interactionwehave to introduce termswith strangeness

nonconservation. Thus let us take for the study the following four-fermion effective in-

teraction of quarks qi

Leff = G2q̄1Lq1R q̄1Rq1L + G5q̄2Lq2R q̄2Rq2L + G13(q̄1Lq2R q̄1Rq2L + q̄2L q1R q̄2R q1L)+G10(q̄1L q1R q̄2R q2L + q̄2L q2R q̄1R q1L) (8.19)+G11(q̄2L q1R q̄1R q1L + q̄1L q1R q̄2R q1L + q̄1L q1R q̄1R q2L + q̄1L q2R q̄1R q1L)+G12(q̄1L q2R q̄2R q2L + q̄2L q2R q̄1R q2L + q̄2L q1R q̄2R q2L + q̄2L q2R q̄2R q1L),
where as usually the color summation is meant inside each antiquark-quark term.Due

to strangeness nonconservation the quadratic term in the corresponding Lagrangian

contains also a mixing term

ΔL = −m1 q̄1 q1 − m1 𝜉 q̄2 q2 − m1 𝛿 (q̄1 q2 + q̄2 q1). (8.20)
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Now the set of compensation equations, which is analogueof (8.7) with notations (8.6,

8.20) looks like

− y2 + 3 (y22 + y210 + 2y211) + A(y22 + 2 𝜉 y211 + 𝜉2y213+ 2 𝛿 y11(𝛿 y11 − 2 y2) + 2 𝛿 y13(𝛿 y2 − 2 y11)) = 0,
− y5 + 3 (y25 + y210 + 2y212) + A(y213 + 2 𝜉 y212 + 𝜉2y25+ 2 𝛿 y12(𝛿 y12 − 2 y5) + 2 𝛿 y13(𝛿 y5 − 2 y12)) = 0,
− y13 + 3 (y213 + y211 + y212) + A(y2 y13 + 2 𝜉 y11y12 + 𝜉2 y5y13+ 𝛿2(y2 y5 + y213 + 2 y11 y12) − 2 𝛿(y2 y12 + y11y13 + y5 y11 + y12 y13)) = 0,
− y10 + 3 (y2 y10 + y5 y10 + 2 y11 y12) + A(y211 + 𝜉(y210 + y213)+ 𝜉2 y212 + 2 𝛿 y12(𝛿 y11 − 2 y10) + 2 𝛿 y13(𝛿 y10 − 2 y11)) = 0, (8.21)

− y11 + 3 (y2 y11 + y12 y10 + y11 y13) + A(y2 y11 + 𝜉 y11(y10 + y13)+ 𝜉2 y12 y13 + 𝛿2(y2 y12 + y10 y11 + 2 y11 y13)− 𝛿(y2 y10 + y2y13 + y10 y13 + y213 + 2 y11 y12 + 2 y211)) = 0,
− y12 + 3 (y5 y12 + y11 y10 + y12 y13) + A(y13 y11 + 𝜉 y12(y10 + y13)+ 𝜉2 y12 y5 + 𝛿2(y5 y11 + y10 y12 + 2 y12 y13)− 𝛿(y5 y10 + y5 y13 + y10 y13 + y213 + 2 y212 + 2 y11 y12)) = 0.

The mixing angle (8.18) is defined by parameters 𝜉, 𝛿 according to the following rela-
tion 𝛿(1 − 2 sin2𝜙c) = − sin 𝜙c (1 − 𝜉)√1 − sin2𝜙c. (8.22)

Masses of physical states d, s are the following
md = m1(cos2 𝜙c − 𝜉 sin2 𝜙c)cos2 𝜙c − sin2 𝜙c , ms = m1(𝜉 cos2 𝜙c − sin2 𝜙c)cos2 𝜙c − sin2 𝜙c . (8.23)

The set of Bethe–Salpeter equations is now the following

1

B
= 3(y2 + 𝜉 y10 + 2 𝛿 y11),𝜉

B
= 3(𝜉 y5 + y10 + 2 𝛿 y12), (8.24)𝛿

B
= 3(y11 + 𝜉 y12 + 𝛿 y13).

Remind, that parameters A and B are already defined in (8.7, 8.8). Now, there are nu-

merous solutions of set of equations (8.21, 8.24). The most of them are complex and

thus inadmissible from the physical point of view. There are also solutions with pa-

rameter B, which differs significantly from unity, that contradicts to definition (8.8)
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of this quantity. Among the real ones with B ≃ 1 there is a lot of solutions with either𝛿 = 0 or 𝜉 = 1. According to relation (8.22) the first possibility corresponds to zero mix-

ing sin 𝜙c = 0 and the second possibility corresponds to maximalmixing sin 𝜙c = ± 1
√2
.

There are few solutions with values of 𝛿 and 𝜉, which differ from 𝛿 = 0 and 𝜉 = 1. Let

us show two examples of these solutions. The first one

B = 1.00000333, 𝜉 = − 1, 𝛿 = −2.538663 ⋅ 10−7,
y2 = 0.33333222, y5 = 0.33333222, y13 = 1.07460479 ⋅ 10−13,
y10 = 1.0736719 ⋅ 10−14, y11 = − 4.31859573 ⋅ 10−8, y12 = 4.14358583 ⋅ 10−8.

(8.25)

The second one

B = 1.00000333, 𝜉 = 2.148573 ⋅ 10−14, 𝛿 = 1.4655801 ⋅ 10−7,
y2 = 0.33333222, y5 = 0.3333333 y13 = 7.1707928 ⋅ 10−15,
y10 = 5.05749407 ⋅ 10−16, y11 = 4.885245 ⋅ 10−8, y12 = −1.72524533 ⋅ 10−9.

(8.26)

For solutions (8.25, 8.26) we have from relations (8.22, 8.23) respectivelysin 𝜙c = ±1.2693 ⋅ 10−7, md = −ms = m1 ,sin 𝜙c = ±1.4658 ⋅ 10−7, md = m1 , (8.27)

ms = −3.64595 ⋅ 10−23m1 , (8.28)

We see here nonzero, but extremely small mixing angles. In the second case (8.28)

we obtain also an extremely small second mass. These results can not be related to

some real situation. However, they demonstrate, that physical parameters, namely

mass ratios and mixing angles, could be, in principle, defined in the framework of

the compensation approach. As a matter of fact, set of equations (8.21, 8.24) is over-

simplified and do not take into account upper quarks (u and c). We have seen while

considering one generation case above in this section, that an inclusion of all quarks

and leptons leads to physically reasonable results on the one hand, however to a con-

siderable complication of the problem on the other hand.

Provided one tries to introduce also other members of two generations into con-

sideration, this lead to an essential increase in a number of equations of the set. The

more so, as to approach the real situation one has to take into account three genera-

tions. Then the number of equations approaches a hundred. An analysis of solutions

of such set of nonlinear equations needs a dedicated and extensive work. Examples,

which were considered in the present section may just serve as a motivation for ac-

complishing this forthcoming work.
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8.3 Weinberg mixing angle and the fine structure constant

To conclude the considerations of possibilities of determination of parameters of the

Standard Model, let us demonstrate a simple model, which illustrates how the well-

knownWeinbergmixing angle couldbedefined. Inprevious chaptersN. N. Bogoliubov

compensation principle [41, 42] was applied to studies of a spontaneous generation of

effective nonlocal interactions in renormalizable gauge theories.

In particular, Chapter 6 deals with an application of the approach to the electro-

weak interaction and a possibility of spontaneous generation of effective anomalous

three-boson interaction of the form

− G

3! F 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇, Wa

𝜇𝜈 = 𝜕𝜇Wa
𝜈 − 𝜕𝜈Wa

𝜇 + g 𝜖abcWb
𝜇W

c
𝜈. (8.29)

with uniquely defined form-factor F(pi), which guarantees effective interaction (8.53)

acting in a limited region of the momentum space. It was done of course in the frame-

work of an approximate scheme, which accuracy was estimated in Chapter 3 to be≃ (10–15)%. Would-be existence of effective interaction (8.29) leads to important non-

perturbative effects in the electro-weak interaction. Remind, that our interaction con-

stant G is connected with conventional definitions in the followingway

G = − g 𝜆
M2

W

, (8.30)

where g ≃ 0.65 is the electro-weak coupling. The current limitations for parameter 𝜆
read [106] 𝜆 = −0.016+0.021−0.023, −0.059 < 𝜆 < 0.026 (95%C. L.). (8.31)

Solutions of the compensation equation correspond to QCD with g(z0) = 3.8 and
for the electroweak interaction with [100, 103]

g(z0) = 0.60366, z0 = 9.6175, |𝜆| = 2.88 ⋅ 10−6. (8.32)

Value of boundary momentum, that is effective cut-offΛ is defined by expression [100,

103]
2G2Λ4

1024𝜋2 = 2 g2 𝜆2Λ4

1024𝜋2M4
W

= z0. (8.33)

As a rule the existence of a nontrivial solution of a compensation equation impose

essential restrictions on parameters of a problem. Just the example of these restric-

tions is the definition of coupling constant g(z0) in (8.32). It is advisable to consider

other possibilities for spontaneous generation of effective interactions and tofind out,

which restrictions on physical parameters may be imposed by an existence of nontriv-

ial solutions.

To begin the considerations of the present section, let us demonstrate a simple

model,which illustrateshow thewell-knownWeinbergmixing angle couldbedefined.
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Let us consider a possibility of a spontaneous generation of the following quartic ef-

fective interaction of electroweak gauge bosons

Leff = G1W
a
𝜇W

d
𝜇 W

a
𝜌𝜎W

d
𝜌𝜎 + G2W

a
𝜇W

a
𝜇W

b
𝜌𝜎W

b
𝜌𝜎 (8.34)+G3W

a
𝜇W

a
𝜇B𝜌𝜎B𝜌𝜎 + G4 Z𝜇Z𝜇W

b
𝜌𝜎W

b
𝜌𝜎 + G5 Z𝜇Z𝜇B𝜌𝜎B𝜌𝜎.

where we maintain the residual gauge invariance for the electromagnetic field. Here

indices a, d correspond to charged W-s, that is they take values 1, 2, while index b

corresponds to three components ofW definedby the initial formulationof the electro-

weak interaction. Let us remind the well-known relation, which connect fieldsW0, B
with physical fields of the Z boson and of the photon

W0
𝜇 = cos 𝜃W Z𝜇 + sin 𝜃W A𝜇, B𝜇 = − sin 𝜃W Z𝜇 + cos 𝜃W A𝜇, (8.35)

Interactions of type (8.34) were earlier introduced on phenomenological grounds in

works [122, 123]. Let us introduceaneffective cut-offΛ in the samewayaswe have done

earlier while considering the spontaneous generation of effective interactions in QCD

and in the electro-weak theory. Here we use for definition of Λ relation (8.33). Herewe

shall proceed just in the same way as earlier. Then let us consider a possibility of a

spontaneous generation of interaction (8.34). Now we would like to find out, if inter-

action (8.34) could be spontaneously generated. In doing this we again proceed with

theadd-subtract procedure. Provided we start withusual form of the Lagrangian (6.3),

which describes electro-weak gauge fieldsWa and B

L = L0 + Lint ,
L0 = − 1

4
(Wa

0𝜇𝜈W
a
0𝜇𝜈) − 1

4
(B𝜇𝜈 B𝜇𝜈), (8.36)

Lint = −1
4
(Wa

𝜇𝜈W
a
𝜇𝜈 −Wa

0𝜇𝜈W
a
0𝜇𝜈). (8.37)

Wa
0𝜇𝜈 = 𝜕𝜇Wa

𝜈 − 𝜕𝜈Wa
𝜇 , Ba𝜇𝜈 = 𝜕𝜇 B𝜈 − 𝜕𝜈 B𝜇.

andWa
𝜇𝜈 is the well-known nonlinear Yang–Mills field ofW-bosons. Then the we per-

form the add-subtract procedure of expression (8.34)

L = L0 + Lint ,
L0 = L0 − Leff , (8.38)

Lint = Lint + Leff . (8.39)

Now let us formulate compensation equations. We are to demand, that consider-

ing the theory with Lagrangian L0 (8.38), all contributions to four-boson connected

vertices, corresponding to interaction (8.34) are summed up to zero. That is the unde-

sirable interaction part in the would-be free Lagrangian (8.38) is compensated. Then
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Fig. 8.5. Diagram representation of set (8.40) (the first five equations) and (8.41) (the two last ones).

Simple line representW-s, dotted lines represent B and lines, consisting of black spots, repre-

sent Z.

we are rested with interaction (8.34) only in the proper place (8.39) We have the fol-

lowing set of compensation equations− x1 + x21 = 0,− x2 + 2 x22 + 2 x1x2 + (1 − a2) x3x4 a2 x2x4 = 0,− x3 + x1x3 + 2 x2x3 + a2 x2 x5 + (1 − a2) x3x5 = 0, (8.40)− x4 + x1x4 + 2 x2x4 + a2 x4x5 = 0,− x5 + 2 x3x4 + a2 x4 x5 + (1 − a2) x25 = 0,
xi = 3Gi Λ2

64𝜋2 .
Here a = cos 𝜃W . Factor 2 in several terms of equations here corresponds to sum by

weak isotopic index 𝛿aa = 2, a = 1, 2. Then following the reasoning of the approach

we assume, that the Higgs scalar corresponds to a bound state consisting of a com-

plete set of fundamental particles. Note, that in Chapter 7 we have considered only
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the heaviest particle t quark as themain constituent of theHiggs scalar. We have to re-

mark, that this assumption could be hardly consistent with value of the Higgs particle

mass 125.7GeV [57, 58]. Here we include the electro-weak bosons in consideration of

the Higgs interaction. There are two Bethe–Salpeter equations for this problem, be-

cause constituents are either WaWa or Z Z. In approximation of very large cut-off Λ
these equations have the following form

x1 + (2 + a) x2 + 1 − a2

a
x3 + 𝛽 = 1, (8.41)

(2 + a) x4 + 1 − a2

a
x5 + 𝛽

a
= 1

a
,

where𝛽 describes additional contributions to equations. Now we look for solutions of

set (8.40, 8.41) for variables xi, a, 𝛽. We consider as physical solutions those having

very small 𝛽. Of course, there is the trivial solution with 𝛽 = 1: all xi = 0. However

there are also nontrivial solutions. Namely, there are the the following two ones with

x1 = 1

x2 = 0, x3 = 0.729625, x4 = 0, x5 = 0, (8.42)𝛽1 = 1, 𝛽2 = 0.729625 (a − 1)
a

,
for any a, and the following three ones with x1 = 0

x2 = 0, x3 = 3.070337, x4 = 0, x5 = 3.61378,
a = 0.8504594, 𝛽 = −5.06 ⋅ 10−16, (8.43)

x2 = 0.48772, x3 = 0, x4 = 1.2654, x5 = 0,
a = 0.33801, 𝛽 = −1.2 ⋅ 10−5,

x2 = 0.5, x3 = 1.09555, x4 = 0, x5 = 0,
a = −0.75556, 𝛽 = 1.

Very small 𝛽 ≃ −5 ⋅ 10−16 is appropriate only for the first solution of (8.43). (For solu-
tions (8.42) smallness of 𝛽 is achieved only for the second one with a → 1, that is in

an absence of the mixing.) Thus the only solution with physical meaning is just this

one, which gives sin2 𝜃W = 1 − a2 = 0.27672. (8.44)

This value corresponds to scale Λ (8.33), which corresponds to parameter z0. At this

scale the electroweak coupling according to (8.32)

𝛼ew(z0) = g(z0)2
4𝜋 = 0.028999 (8.45)

then electromagnetic coupling at the same scale is the following𝛼(z0) = 𝛼ew(z0) sin2 𝜃W(z0) = 0.0080244. (8.46)
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With the well-known evolution expression for electromagnetic coupling we have for

six quark flavors (Λ ≫ MW )𝛼(z0) = 𝛼(MW)
1 − 5𝛼(MW )

6𝜋 ln[ Λ2

M2
W

] = 0.0080244. (8.47)

This giveswith valueΛ from expression (8.33) with account of (8.32) the followingfine

structure constant at scale of theW-boson mass𝛼(MW) = 0.00772. (8.48)

to be compared with experimental value [4]𝛼(MZ) = 0.0077562± 0.0000012. (8.49)

Of course, set of equations (8.40, 8.41) is approximate. It quite may be, that with ac-

count of necessary corrections the agreement of the result with experimental num-

ber (8.49) will be not such indecently good.

The second solution gives mach larger value for sin2 𝜃W ≃ 0.89. As a result this
leads to 𝛼(MW) ≃ 0.0235, that is three times more, than (8.48, 8.49). Now we have

one solution (8.48) being in agreement with actual physics and another one being in

evident disagreement. Which one is to be used?

The answer is connected with the problem of a stability of solutions (8.43). The

stability in the model is defined by sum of vacuum averages

1

4
⟨Wa

𝜇𝜈W
a
𝜇𝜈⟩ + 1

4
⟨B𝜇𝜈 B𝜇𝜈⟩. (8.50)

In Chapter 6 contribution (6.38) to the first term, which is due to effective interac-

tion (8.29), is estimated. It was shown there, that the result is proportional to an inte-

gral involving the corresponding form-factor

z0∫
0

F(z) √z dz, (8.51)

which turns to be negative. Here we also consider effective interaction (8.29) in the

framework of the electro-weak theory. Let us assume, that a still unknown form-factor

of interaction (8.29) also leads to negative value of integral (8.51). Then in the same

way as in Chapter 6 we conclude, that contribution of interaction (8.29) also leads

to the negative result. In view of the result being proportional to coupling constants

Gi, the value of (8.50) is negative with larger absolute value for larger values of Gi.

Thus the first solution of (8.43) might be stable in comparison to the second one with𝛽 = −1.2 ⋅ 10−5. Thus result (8.48) may correspond to the most stable option.

The considerations of the present section can not be regarded as finally decisive

and they are rather indications of how things might occur.

Wewouldalsodrawattention to anappearanceof very small numbers in solutions

being considered. E. g., solution (8.43) contains parameter 𝛽 ≃ 5 ⋅ 10−16. This might

be useful in consideration of problems of hierarchy [67, 68].
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8.4 Expectations

We have already emphasized above, that in case compensation equations have non-

trivial solutions there are always a number of additional conditions, which give rela-

tions between physical parameters. Thus in case these solutions satisfy stability con-

ditions and, as a result, realize in the Nature, these conditions are to be imposed on

the real physics. We have demonstrated, that in case both of QCD and the electroweak

theorynontrivial solutionswith spontaneousgenerationof triple gaugeboson interac-

tions (4.2, 6.1) turn to be stable. One of the most important consequences of existence

of these solutions are predictions of coupling constants of corresponding gauge theo-

ries. The conclusions may be formulated as follows:

there are two and only two Yang–Mills gauge vector theories, which differs by an in-

tensity of interaction: the first option corresponds to interaction constant 𝛼s being of
order of unity at the boundary of the nonperturbative region (for Nc = 3 �̄�s ≃ 0.9),
and the second option corresponds to interaction constant 𝛼EW ≃ 0.03 for NEW = 2,

that is surprisingly close to the physical value of the electroweak coupling. We have

already calculated the t-quark mass in terms of theW mass (7.26, 7.29, 7.31). We have

already mentioned, that with these resultswe shorten list of arbitrary constants of the

Standard Model by number 3. What else?

In Section 8.2 we have presented examples, which demonstrate how compensa-

tion equations may define ratios of fundamental fermion masses. Provided one will

succeed in considering analogous problem including all three generations of color

quarks and leptons the important information may be achieved. In the would-be set

of equations will be involved not only masses, but parameters of mixing as well. For

the moment we could not safely judge on number of conditions, which would be pro-

vided by the set. Let us suppose that all ratios of quark and lepton masses will be

defined by the set of compensation equations. Then from already calculated t-quark

mass (7.31) we obtain also masses of the light quarks u, d. But these masses enter in

QCD quantities and in the Nambu–Jona-Lasinio interaction, which is defined by QCD

scale. Thus we obtain strict relation of the two scales, namely the QCD scale, e. g., f𝜋
or Λ QCD, with the electroweak scale, e. g.,W mass.

We have demonstrated, that mixing angles may be also defined by the compen-

sation equations. It is remarkable, that a possibility of a definition of the Weinberg

mixing angle,which enters into important parameter sin2 𝜃W , was also demonstrated.

This result might be achieved by a consideration of an effective interactions of gauge

bosons Wa and B (see Section 8.3). In case of a successful realization of this possi-

bility, one could also define the value of the fine structure constant 𝛼, because gauge
constant g of the electroweak interaction is already calculated in Section 6.1 and

𝛼 = sin2 𝜃W g2

4𝜋 . (8.52)
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Value (8.48) for the fine structure constant being estimated in the previous section

with satisfactory precision agrees its physical value. The author dares to express a

hope, that a consecutive consideration of interactions of the Standard Model leads to

definition of the totality of physical parameters, which is necessary to describe the to-

tality of data in elementary particles physics. It could be achieved provided one could

find the most stable solution of a total set of compensation equations and other nec-

essary relations, e. g., Bethe–Salpeter equations for corresponding bound states, es-

pecially scalar ones, including the Higgs scalar. Of course, realization of the program

needs extensive efforts and hard work. But the wouldbe result without doubt is worth

trying.

It is also worth mentioning, that further efforts are necessary to develop the next

approximations of the compensation approach. In the most cases we have worked

with solutions of linear equations, which were obtained in the approximate scheme

of linearization. The appropriate corrections to this scheme are needed.

In support of the approach under a discussion we would lay down just results of

the present book. Let us emphasize the main points.

(1) The compensation approach leads to derivation of the well-known and very ef-

fective in the lowmomenta region of the strong interaction Nambu–Jona-Lasinio

interaction,without introducing of anyadditional parameterbut the fundamental

QCDones. InChapter 5 and inSection 3.3wehavedemonstrated, that the resulting

scheme satisfactory describes data in the region of its applicability.

(2) The consideration of a possibility of spontaneous generation of anomalous three-

gauge boson interactions in both QCD and EWT results in definition of values of

gauge constants g in points of boundary of nonperturbative regions. Let us em-

phasize, that the values agree the nowadays knowledge on these fundamental

quantities. As far as we know, there is no other approach, which could provide

such result. The obtained results on the three-boson effective interaction allows

to calculate nonperturbative quantities, e. g., the gluoncondensate, in agreement

with the phenomenology.

(3) We would also draw attention to a successful attempt of the calculation of the

additional contribution to the anomalous magnetic moment of the muon in

the framework of the electroweak theory with anomalous three-boson interac-

tion (6.1). Let us remind, that Schwinger’s calculation of the anomalous magnetic

moment of the electron was in proper time one of the decisive arguments on be-

half of quantum electrodynamics. Bearing in mind this history, the author dares

to consider results of Section 6.4 as a strong indication for the verity of the com-

pensation approach.

We have already mentioned a possible connection of the two fundamental scales: the

QCD scale and the electroweak scale. However, there is one more fundamental scale,

namely, the scale of gravitation, which is actually the Planck mass MPl (1.44). Let us

ask the question, if it is possible to obtain a connection between the strong and the
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electroweak scales and the scale of the gravitation? From our point of view a possible

answer could be achieved by consideration of the wouldbe effective interactions in

the framework of the quantum gravitation theory. Of course, there is the essential dif-

ference between gauge theories of the Standard Model and the quantum gravitation.

The last theory is nonrenormalizable.However, the cumulative experience,whichpar-

tially is described in the book, may allow to hope for finding a possibility to deal with

the problem of a spontaneous generation of effective interactions in this case as well.

Just in view to support this assumption in the next section we consider an example,

whichdemonstrates, howgravitation interactionmaybe connectedwith conventional

particles’ interactions described in Chapters 1, 2. Provided one could succeed in a def-

inition of a connection of the scale of gravitation with the scales of the gauge theories,

wemight come to description of the Nature in terms of only one dimensional parame-

ter e. g., the Planckmass. All other physical quantities then would be defined in terms

of this fundamental MPl. In this case we might state, that fundamental physical pa-

rameters correspond to the most stable option , which just is realized in the Nature.

Of course, for themoment it is adream.But nevertheless the goal is very attractive.

Maybe, wouldbe realization of the dream might be achieved with the aid of notions

and tools, described in the book, which is proposed to a kind attention of a reader.

Let us emphasize, that this possibility is alternative to theoptionof anthropicprin-

ciple (see, e. g., [125]), which assumes multiplicity of Universes. The main foundation

of this postulate is just a complete absence of any principle, which could fix values of

parameters of the Standard Model. In Chapter 2 we have already noted, that the num-

berNSM of fundamental parameters of the Standard Model including those, which are

related to neutrinos, comprises as many as 25. Then if each possible set of these pa-

rameters corresponds to a really existing Universe, then the power of set of the totality

of Universes is (continuum)NSM

On the other hand, the existence of a human being, who is capable to observe the

Nature and to try to understand Its laws, is closely connected with actual values of

the parameters of the Standard Model. The properties of nuclei and their isotopes are

connected with parameters defining low-energy strong interaction, that is in our no-

tationswith �̄�s, mu, md. Themost important parameters, which define the rich variety

of organic substances, which is inevitably necessary for the life generation and evolu-

tion, are just the fine structure constant 𝛼 and the electron massme.

Thus the anthropic principle assumes, that we live in the only Universe, which

supplies conditions for an existence of a human being, that is in the Universe with

such parameters 𝛼, �̄�s, mu, md, me, which we consider now as real physical ones. All

other Universes are principally unobservable.

The approach, whichwe have considered in the present book, provides a possibil-

ity to define at least some of these parameters. Indeed, in Chapter 4 we have obtained

value �̄�s (see, e. g., (4.37)) in agreement with its physical value. As for other parame-
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ters, in Section 8.2 we have discussed possibilities of their fixing in the framework of a

spontaneous generation of effective interactions in the Standard Model. In Section 8.3

we have demonstrated a possibility to define the fine structure constant 𝛼. Relations,
being obtained in Section 8.2 are not to be considered as satisfactory ones, but the

examples, which give these results, may serve as leading indications for further more

reliable studies. In case of successful realization of the program, we shall have a pos-

sibility to understand how values of the fundamental parameters are fixed. Then the

conception of the uniqueness of the Universe might be established. That is, it might

be, that the observable Universe corresponds to the most stable nontrivial solution of

the Standard Model. The author does believe, that a possible way to this goal is con-

nected with a phenomenon of a spontaneous generation of effective interactions in

the framework of the Standard Model. Just this possibility we have considered in the

present book.

Wehavealreadynoted that further studiesmight lead to someconnectionof scales

of the Standard Model with the scale of the gravity.

In view of considering of a possible connection of parameters of the Standard

Model with the gravitation scale, in the followingsection we consider an example of a

spontaneous generation of an anomalous three-graviton effective interaction, which

is analogous to effective interactions (4.2, 6.1) in gauge theories of the StandardModel.

8.5 A possible effective interaction in the general relativity

Due to well-known problems of the dark matter and the dark energy numerous possi-

bilities ofmodified gravity are considered (see, e.g. review [126] and recent work [127]).

This approach assumes existence of new effective interactions of the gravitational

field in addition to the fundamental Einstein–Hilbert Lagrangian. The main goal of

the book is just to find out how such interactions can be generated. In view of the ex-

treme interest of the problem of a modified gravity we would consider a possibility of

a spontaneous generation of an effective interaction using the methods, being devel-

oped above. We would also follow the close analogy with effective interactions being

studied in previous chapters.

In the present section we would show an example of how gravity interactions

could be connected with interactions of the Standard Model.

Namely, we would discuss a possibility of anomalous gravitation interaction in

terms of nonperturbative effects of the Einstein–Hilbert gravity. For the purpose we

rely on the compensation approach, which is described in the book. In Chapters 3, 4,

5, 6, 7 this approach was applied to studies of a spontaneous generation of effective

nonlocal interactions in renormalizable gauge theories. In particular, Chapter 6 deal

with an application of the approach to the electro-weak interaction and a possibility

of spontaneous generation of the effective anomalous three-boson interaction of the
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following formwas demonstrated

g 𝜆
3!M2

W

F 𝜖abc Wa
𝜇𝜈W

b
𝜈𝜌W

c
𝜌𝜇, (8.53)

Wa
𝜇𝜈 = 𝜕𝜇Wa

𝜈 − 𝜕𝜈Wa
𝜇 + g 𝜖abcWb

𝜇W
c
𝜈.

where g ≃ 0.65 is the electro-weak coupling. Here F(pi) is a form-factor, which guar-

antees effective interaction (8.53) acting in a limited region of the momentum space.

This form-factor is uniquely defined by the compensation equation of the Bogoliubov

approach. We use an approximate scheme, which accuracy was estimated to be≃ (10–
15)%. Up to this precision the approach gives unique results for physical parameters,

so we have none adjusting parameter in the scheme. Would-be existence of effective

interaction (8.53) leads to important nonperturbative effects in the electro-weak inter-

action. Its consequences were considered above. Note, that interaction (8.53) is exten-

sively looked for experimentally and there exist experimental limitations for parame-

ter 𝜆 (6.8).
Wewould take interaction (8.53) as a leadinghint for choosing of aneffective inter-

action in the gravity theory. Considering links between vector nonabelian gauge the-

ories and the theory of the gravity one easily sees that gauge fieldWa
𝜇𝜈 plays the same

role as the Riemann curvature tensor Rmn 𝜇 𝜈. Thus the anomalous interaction which is

strictly analogous to interaction (8.53) is the following

G

2! FG √−g 𝜖n1n2n3m3 Rm1n1𝜇𝜈
Rm2n2𝜈1𝜌

Rm3n3𝜌1𝜇1
× g m1m2 g 𝜈𝜈1 g 𝜌𝜌1 g 𝜇𝜇1 ,

Rmn𝜇𝜈 = gms R
s
n𝜇𝜈, (8.54)

Rsn𝜇𝜈 = 𝜕Γsn𝜈𝜕x𝜇 − 𝜕Γsn𝜇𝜕x𝜈 + Γsr𝜇 Γrn𝜈 − Γsr𝜈 Γrn𝜇,
Γikl = 1

2
gim(𝜕gmk𝜕xl + 𝜕gml𝜕xk − 𝜕gkl𝜕xm ).

Here curvature tensor Rsn𝜇𝜈 indeed plays a part of gauge fieldW
a
𝜇𝜈 and two indices s, n

replace symmetry index a. The necessity of an introduction of absolute antisymmet-

ric tensor 𝜖n1n2n3m3 is connected with the antisymmetry of the curvature tensor in re-

spect to the last two indices. Here we have the direct analogy with the form of inter-

action (8.53). It is important to emphasize, that interaction (8.54) does not conserve

parity. Coupling constant G has dimension M−5. FG(qi) in definition (8.54) is again

some form-factor to be defined by a compensation equation. This equation in the first

approximation according to the procedure of our approach corresponds to diagrams

of Figure 8.6. The Lorentz structure of the anomalous three-graviton vertex is defined

in Section 8.6 with the use of the FORM program. We also use the standard Feynman

rules for the quantum gravitation [128, 129].
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q2 q3

q1

q2 q3

q1

q2 q3

q1

+ + = 0

Fig. 8.6. Diagram representation of the compensation equation in the first approximation. Dotted

lines correspond to gravitons, a black spot represents interaction (8.54), the striped triangle repre-

sents a contribution of the Standard Model diagrams.

Performing calculations using FORMwe achieve the following integral equation with

integrations in the four-dimensional Euclid momentum space

F(x) = F0G + 3G2

16𝜋2(− 1

x3

x∫
0

y7F(y)dy + 4

x2

x∫
0

y6F(y)dy − 3

x

x∫
0

y5F(y)dy
+8 x∫

0

y4F(y)dy + 18

∞∫
x

y4F(y)dy − 25x ∞∫
x

y3F(y)dy (8.55)

+24x2 ∞∫
x

y2F(y)dy − 11x3 ∞∫
x

yF(y)dy + 2x4
∞∫
x

F(y)dy), x = p2.
where F0G means inhomogeneous part of the equation, which in Figure 8.6 is denoted

by the striped triangle.

Assuming F0G = Const, we obtain by successive differentiations of equation (8.55)

the following linear differential equation for F(x). Introducing new variable

z = 81G2 x5

15625𝜋2 , (8.56)

we have

[(z d
dz

+ 3

5
)(z d

dz
+ 2

5
)(z d

dz
+ 1

5
)(z d

dz
)

×(z d
dz

− 1

5
)(z d

dz
− 2

5
)(z d

dz
− 3

5
)(z d

dz
− 4

5
)

+ z(z d
dz

+ 14

15
)]F(z) = 0. (8.57)

Integral equation (8.55) is equivalent to differential equation (8.57) with boundary

conditions. Taking into account these conditions we have the following solution,

which we obtain in terms of Meijer functions in the same way as other solutions in

the book

F(z) = C G50
18( z |1/150, 1/5,2/5, 3/5,4/5, −3/5 −2/5, −1/5). (8.58)
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Constant C is defined by normalization condition at z = 0: F(0) = 1, that gives

C = 6 Γ( 1
15
)

125 Γ( 4
5
) = 0.5972001. (8.59)

On the other hand, assuming F0G = 0, we may calculate F(0) from equations (8.55,

8.58), that gives

F(0) = 18

5
. (8.60)

So there is evidently additional contribution to F(0), that is
F0G ≠ 0. (8.61)

This contributionmight be given by diagrams includingmatter fields, for example, by

those being presented in Figure 8.7. First of all we would draw attention to presence

of Z exchange in Figure 8.7. The interaction of Z with neutrinos contains 𝛾5 matrix

(see Feynman rules (2.77)) and so the Trace inevitably contains antisymmetric tensor𝜖𝛼𝛽𝛾𝛿, which is present in interaction (8.54). The vertex of a graviton interaction with

a neutrino, as well as with any spinor field, is the following

V(𝜇, 𝜈, p1, p2) = 𝚤 𝜅 (𝛾𝜇 (p1 + p2)𝜈 + 𝛾𝜈 (p1 + p2)𝜇), (8.62)

where p1 is the momentum of the incoming neutrino and p2 is the same of the out-

coming one.

We readily estimate, that this diagram gives the following contribution to the in-

homogeneous part of the equation

F0G = −CG g2𝜅3
4(16𝜋2)2M2

Z

ln M2
Z

m2
𝜈

, (8.63)

where 𝜅 is the usual gravitation coupling constant, g is the electroweak gauge con-

stant, which is defined in Section 6.1, and CG is a coefficient of order of unity. From the

main equation (8.55) we have the following condition

F(0) + F0G = 1. (8.64)

q2 q3

q1

+ +=

q2 q3

q1

q2 q3

q1

q2 q3

q1

Fig. 8.7. Diagrams, describing the first approximation for the Standard Model contribution to three-
graviton vertex (8.54). Simple lines correspond to matter fermions (neutrino etc., double lines corre-

spond to weak bosons Z, W .
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Expression (8.63) has to be equal to

F0G = 1 − F(0) = −3.0028. (8.65)

Thenwith an account of number of neutrinos N𝜈 = 3 and previous relations (8.55,

8.65) we obtain the following estimate for the coupling constant of the effective inter-

action (8.54) G. In doing this we have to bear in mind, that integral equation (8.55) is

divided by coupling constantG due to the overall procedure for searches for nontrivial

solutions of compensation equations. Thus we have

G ∼ g2𝜅3
4(16𝜋2)2M2

Z

ln M2
Z

m2
𝜈

. (8.66)

As a matter of fact, for the moment we can not substitute a reliable value for the

average neutrino massm𝜈 in expression (8.66).Wemay safely assert, that it is not zero

due to existence of the effect of neutrino oscillations. In any case it may not be more

than 10−2 eV (see data (2.107) in Section 2.2). In view of this we have taken for the

estimate just neutrinos, as particles having the smallest masses of all particles giv-

ing contribution to coupling constant G. It is evident, that massless particles, namely

photons and gluons, do not give contribution due to parity conservation of their in-

teractions. To obtain more definite connection between the two parameters G and 𝜅
one needs perform difficult calculations, which will be done elsewhere. However our

estimate (8.66) allows us to consider effects of the interaction (8.54) and to conclude

if it is advisable to continue studies in this direction.

With physical mass of Z and bearing in mind relation

𝜅 = 1

MPl

,
where Planckmass (1.44) is very large, we understand, that possible value (8.66) is es-

sentially larger, than seeminglynatural value,which one can estimate under premise,

that only gravitational effects can define the quantity under the study

GPl ∼ 𝜅5 = 1

M5
Pl

. (8.67)

The interaction (8.54) due to a presence of the antisymmetric tensor 𝜖𝛼𝛽𝛾𝛿 gives no
contribution to spherically symmetric problems of gravitation (Schwartzschield solu-

tion, Friedmann solution etc.). However it could manifest itself in problems without

spherical symmetry in a rotating system (e. g., spiral galaxy). The considerable en-

hancement of possible value (8.66) in comparison to natural value (8.67) by the fol-

lowing factor

G

GPl

= g2M2
Pl

64𝜋2M2
Z

≃ 1031, (8.68)

is quite remarkable and may lead to observable effects. Here we use also estimation of

the logarithm in (8.66).
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Let us note, that the propagator of a graviton is the following [128]

D(a,b,m, n, q) = gamgbn + gangbm − gabgmn𝚤 (2𝜋)4 q2 , (8.69)

and the three-graviton vertex is presented in Section 8.6.

Thus we have a possible additional effective interaction which could be consid-

ered in the framework of modified gravitation. On the other hand the example shows,

that spontaneous generation of effective interactions may occur in the gravitation the-

ory as well.

Of course, for the moment we can not say, that the gravity scale MPl is somehow

connected with scales of the Standard Model. However, this example could give hints

on how this connection might be looked for.

8.6 Appendix

Here we present FORM program leading to the definition of vertex V corresponding

to interaction (8.54). The explicit expression of V takes much more space than the

program.

V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,m,n,r,s,u,v,t,w;
G F(a,b,c,d) = (d_(a,c)*d_(b,d)+d_(a,d)*d_(b,c));
G FG(a,b,m,n)=d_(a,m)*d_(b,n)+d_(a,n)*d_(b,m)-d_(a,b)*d_(m,n);
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,j,v,w,m,n,r,s,u,t;
G R(h,i,j,w,g,f)=F(i,w,g,f)*q(j)*q(h)-F(i,j,g,f)*q(w)*q(h)+
F(h,j,g,f)*q(w)*q(i)-F(h,w,g,f)*q(j)*q(i);
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R11=R(b,i1,m,n,g,f);
id q=q1;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
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G R12=R(b,i2,n,r,u,v);
id q=q2;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R13=R(a,i3,r,m,t,s);
id q=q3;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R1123=R11*R12*R13*e_(i1,i2,i3,a);
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R21=R(b,i1,m,n,g,f);
id q=q1;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R22=R(b,i2,n,r,t,s);
id q=q3;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R23=R(a,i3,r,m,u,v);
id q=q2;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R2123=R21*R22*R23*e_(i1,i2,i3,a);
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.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R31=R(b,i1,m,n,u,v);
id q=q2;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
S x,y;
G R32=R(b,i2,n,r,g,f);
id q=q1;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R33=R(a,i3,r,m,t,s);
id q=q3;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R3123=R31*R32*R33*e_(i1,i2,i3,a);
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R41=R(b,i1,m,n,u,v);
id q=q2;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R42=R(b,i2,n,r,t,s);
id q=q3;
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.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R43=R(a,i3,r,m,g,f);
id q=q1;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R4123=R41*R42*R43*e_(i1,i2,i3,a);
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R51=R(b,i1,m,n,t,s);
id q=q3;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R52=R(b,i2,n,r,g,f);
id q=q1;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R53=R(a,i3,r,m,u,v);
id q=q2;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R5123=R51*R52*R53*e_(i1,i2,i3,a);
.sort
Print;
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.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R61=R(b,i1,m,n,t,s);
id q=q3;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R62=R(b,i2,n,r,u,v);
id q=q2;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R63=R(a,i3,r,m,g,f);
id q=q1;
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G R6123=R61*R62*R63*e_(i1,i2,i3,a);
.sort
Print;
.store
V k,p,q,q1,q2,q3;
I a,b,c,d,f,g,h,i,i1,i2,i3,j,v,w,m,n,r,s,u,t;
G V(g,f,u,v,t,s)=1/2*(R1123+R2123+R3123+R4123+R5123+R6123);
.sort
Print;
.store
.end

After calculation we obtain vertex V(g, f , u, v, t, s), in which indices and momenta for

three legs are the following (for each leg there are two indices)

g, f , q1, u, v, q2, t, s, q3. (8.70)

Just to illustrate the form of the total vertex, we can present the expression for the

Lorentz structure of the three-gluon vertex (8.54) on the mass shell i. e., with the fol-
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lowing conditions

q21 = q22 = q23 = (q1q2) = (q1q3) = (q2q3) = 0. (8.71)

Remind, that the FORM notations are connected with those used throughout the book

in the following way

p(a) = pa, d_(v, s) = gvs, e_(a, b, c, d) = 𝜖abcd. (8.72)

V(g,f,u,v,t,s) =
2*e_(q1,q2,q3,f)*d_(v,s)*q1(u)*q2(t)*q3(g)

-2*e_(q1,q2,q3,f)*d_(v,s)*q1(t)*q2(g)*q3(u)
-2*e_(q1,q2,q3,f)*d_(v,t)*q1(s)*q2(g)*q3(u)
+2*e_(q1,q2,q3,f)*d_(v,t)*q1(u)*q2(s)*q3(g)
+2*e_(q1,q2,q3,f)*d_(s,u)*q1(v)*q2(t)*q3(g)
-2*e_(q1,q2,q3,f)*d_(s,u)*q1(t)*q2(g)*q3(v)
+2*e_(q1,q2,q3,f)*d_(u,t)*q1(v)*q2(s)*q3(g)
-2*e_(q1,q2,q3,f)*d_(u,t)*q1(s)*q2(g)*q3(v)
+2*e_(q1,q2,q3,g)*d_(v,s)*q1(u)*q2(t)*q3(f)
-2*e_(q1,q2,q3,g)*d_(v,s)*q1(t)*q2(f)*q3(u)
-2*e_(q1,q2,q3,g)*d_(v,t)*q1(s)*q2(f)*q3(u)
+2*e_(q1,q2,q3,g)*d_(v,t)*q1(u)*q2(s)*q3(f)
+2*e_(q1,q2,q3,g)*d_(s,u)*q1(v)*q2(t)*q3(f)
-2*e_(q1,q2,q3,g)*d_(s,u)*q1(t)*q2(f)*q3(v)
+2*e_(q1,q2,q3,g)*d_(u,t)*q1(v)*q2(s)*q3(f)
-2*e_(q1,q2,q3,g)*d_(u,t)*q1(s)*q2(f)*q3(v)
+2*e_(q1,q2,q3,v)*d_(f,s)*q1(u)*q2(t)*q3(g)
-2*e_(q1,q2,q3,v)*d_(f,s)*q1(t)*q2(g)*q3(u)
-2*e_(q1,q2,q3,v)*d_(f,t)*q1(s)*q2(g)*q3(u)
+2*e_(q1,q2,q3,v)*d_(f,t)*q1(u)*q2(s)*q3(g)
+2*e_(q1,q2,q3,v)*d_(g,s)*q1(u)*q2(t)*q3(f)
-2*e_(q1,q2,q3,v)*d_(g,s)*q1(t)*q2(f)*q3(u)
-2*e_(q1,q2,q3,v)*d_(g,t)*q1(s)*q2(f)*q3(u)
+2*e_(q1,q2,q3,v)*d_(g,t)*q1(u)*q2(s)*q3(f)
+2*e_(q1,q2,q3,s)*d_(f,v)*q1(u)*q2(t)*q3(g)
-2*e_(q1,q2,q3,s)*d_(f,v)*q1(t)*q2(g)*q3(u)
+2*e_(q1,q2,q3,s)*d_(f,u)*q1(v)*q2(t)*q3(g)
-2*e_(q1,q2,q3,s)*d_(f,u)*q1(t)*q2(g)*q3(v)
+2*e_(q1,q2,q3,s)*d_(g,v)*q1(u)*q2(t)*q3(f)
-2*e_(q1,q2,q3,s)*d_(g,v)*q1(t)*q2(f)*q3(u)
+2*e_(q1,q2,q3,s)*d_(g,u)*q1(v)*q2(t)*q3(f)
-2*e_(q1,q2,q3,s)*d_(g,u)*q1(t)*q2(f)*q3(v)
+2*e_(q1,q2,q3,u)*d_(f,s)*q1(v)*q2(t)*q3(g)
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-2*e_(q1,q2,q3,u)*d_(f,s)*q1(t)*q2(g)*q3(v)
+2*e_(q1,q2,q3,u)*d_(f,t)*q1(v)*q2(s)*q3(g)
-2*e_(q1,q2,q3,u)*d_(f,t)*q1(s)*q2(g)*q3(v)
+2*e_(q1,q2,q3,u)*d_(g,s)*q1(v)*q2(t)*q3(f)
-2*e_(q1,q2,q3,u)*d_(g,s)*q1(t)*q2(f)*q3(v)
+2*e_(q1,q2,q3,u)*d_(g,t)*q1(v)*q2(s)*q3(f)
-2*e_(q1,q2,q3,u)*d_(g,t)*q1(s)*q2(f)*q3(v)
-2*e_(q1,q2,q3,t)*d_(f,v)*q1(s)*q2(g)*q3(u)
+2*e_(q1,q2,q3,t)*d_(f,v)*q1(u)*q2(s)*q3(g)
+2*e_(q1,q2,q3,t)*d_(f,u)*q1(v)*q2(s)*q3(g)
-2*e_(q1,q2,q3,t)*d_(f,u)*q1(s)*q2(g)*q3(v)
-2*e_(q1,q2,q3,t)*d_(g,v)*q1(s)*q2(f)*q3(u)
+2*e_(q1,q2,q3,t)*d_(g,v)*q1(u)*q2(s)*q3(f)
+2*e_(q1,q2,q3,t)*d_(g,u)*q1(v)*q2(s)*q3(f)
-2*e_(q1,q2,q3,t)*d_(g,u)*q1(s)*q2(f)*q3(v)
+2*e_(q1,q2,f,s)*q1(v)*q2(t)*q3(g)*q3(u)
+2*e_(q1,q2,f,s)*q1(u)*q2(t)*q3(g)*q3(v)
-4*e_(q1,q2,f,s)*q1(t)*q2(g)*q3(v)*q3(u)
+2*e_(q1,q2,f,t)*q1(v)*q2(s)*q3(g)*q3(u)
-4*e_(q1,q2,f,t)*q1(s)*q2(g)*q3(v)*q3(u)
+2*e_(q1,q2,f,t)*q1(u)*q2(s)*q3(g)*q3(v)
+2*e_(q1,q2,g,s)*q1(v)*q2(t)*q3(f)*q3(u)
+2*e_(q1,q2,g,s)*q1(u)*q2(t)*q3(f)*q3(v)
-4*e_(q1,q2,g,s)*q1(t)*q2(f)*q3(v)*q3(u)
+2*e_(q1,q2,g,t)*q1(v)*q2(s)*q3(f)*q3(u)
-4*e_(q1,q2,g,t)*q1(s)*q2(f)*q3(v)*q3(u)
+2*e_(q1,q2,g,t)*q1(u)*q2(s)*q3(f)*q3(v)
+4*e_(q1,q2,v,s)*q1(u)*q2(t)*q3(f)*q3(g)
-2*e_(q1,q2,v,s)*q1(t)*q2(f)*q3(g)*q3(u)
-2*e_(q1,q2,v,s)*q1(t)*q2(g)*q3(f)*q3(u)
-2*e_(q1,q2,v,t)*q1(s)*q2(f)*q3(g)*q3(u)
-2*e_(q1,q2,v,t)*q1(s)*q2(g)*q3(f)*q3(u)
+4*e_(q1,q2,v,t)*q1(u)*q2(s)*q3(f)*q3(g)
-4*e_(q1,q2,s,u)*q1(v)*q2(t)*q3(f)*q3(g)
+2*e_(q1,q2,s,u)*q1(t)*q2(f)*q3(g)*q3(v)
+2*e_(q1,q2,s,u)*q1(t)*q2(g)*q3(f)*q3(v)
+4*e_(q1,q2,u,t)*q1(v)*q2(s)*q3(f)*q3(g)
-2*e_(q1,q2,u,t)*q1(s)*q2(f)*q3(g)*q3(v)
-2*e_(q1,q2,u,t)*q1(s)*q2(g)*q3(f)*q3(v)
+2*e_(q1,q3,f,v)*q1(s)*q2(g)*q2(t)*q3(u)
-4*e_(q1,q3,f,v)*q1(u)*q2(s)*q2(t)*q3(g)
+2*e_(q1,q3,f,v)*q1(t)*q2(g)*q2(s)*q3(u)
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-4*e_(q1,q3,f,u)*q1(v)*q2(s)*q2(t)*q3(g)
+2*e_(q1,q3,f,u)*q1(s)*q2(g)*q2(t)*q3(v)
+2*e_(q1,q3,f,u)*q1(t)*q2(g)*q2(s)*q3(v)
+2*e_(q1,q3,g,v)*q1(s)*q2(f)*q2(t)*q3(u)
-4*e_(q1,q3,g,v)*q1(u)*q2(s)*q2(t)*q3(f)
+2*e_(q1,q3,g,v)*q1(t)*q2(f)*q2(s)*q3(u)
-4*e_(q1,q3,g,u)*q1(v)*q2(s)*q2(t)*q3(f)
+2*e_(q1,q3,g,u)*q1(s)*q2(f)*q2(t)*q3(v)
+2*e_(q1,q3,g,u)*q1(t)*q2(f)*q2(s)*q3(v)
+2*e_(q1,q3,v,s)*q1(u)*q2(f)*q2(t)*q3(g)
+2*e_(q1,q3,v,s)*q1(u)*q2(g)*q2(t)*q3(f)
-4*e_(q1,q3,v,s)*q1(t)*q2(f)*q2(g)*q3(u)
-4*e_(q1,q3,v,t)*q1(s)*q2(f)*q2(g)*q3(u)
+2*e_(q1,q3,v,t)*q1(u)*q2(f)*q2(s)*q3(g)
+2*e_(q1,q3,v,t)*q1(u)*q2(g)*q2(s)*q3(f)
-2*e_(q1,q3,s,u)*q1(v)*q2(f)*q2(t)*q3(g)
-2*e_(q1,q3,s,u)*q1(v)*q2(g)*q2(t)*q3(f)
+4*e_(q1,q3,s,u)*q1(t)*q2(f)*q2(g)*q3(v)
+2*e_(q1,q3,u,t)*q1(v)*q2(f)*q2(s)*q3(g)
+2*e_(q1,q3,u,t)*q1(v)*q2(g)*q2(s)*q3(f)
-4*e_(q1,q3,u,t)*q1(s)*q2(f)*q2(g)*q3(v)
-2*e_(q2,q3,f,v)*q1(s)*q1(u)*q2(t)*q3(g)
+4*e_(q2,q3,f,v)*q1(s)*q1(t)*q2(g)*q3(u)
-2*e_(q2,q3,f,v)*q1(u)*q1(t)*q2(s)*q3(g)
-4*e_(q2,q3,f,s)*q1(v)*q1(u)*q2(t)*q3(g)
+2*e_(q2,q3,f,s)*q1(v)*q1(t)*q2(g)*q3(u)
+2*e_(q2,q3,f,s)*q1(u)*q1(t)*q2(g)*q3(v)
-2*e_(q2,q3,f,u)*q1(v)*q1(s)*q2(t)*q3(g)
-2*e_(q2,q3,f,u)*q1(v)*q1(t)*q2(s)*q3(g)
+4*e_(q2,q3,f,u)*q1(s)*q1(t)*q2(g)*q3(v)
+2*e_(q2,q3,f,t)*q1(v)*q1(s)*q2(g)*q3(u)
-4*e_(q2,q3,f,t)*q1(v)*q1(u)*q2(s)*q3(g)
+2*e_(q2,q3,f,t)*q1(s)*q1(u)*q2(g)*q3(v)
-2*e_(q2,q3,g,v)*q1(s)*q1(u)*q2(t)*q3(f)
+4*e_(q2,q3,g,v)*q1(s)*q1(t)*q2(f)*q3(u)
-2*e_(q2,q3,g,v)*q1(u)*q1(t)*q2(s)*q3(f)
-4*e_(q2,q3,g,s)*q1(v)*q1(u)*q2(t)*q3(f)
+2*e_(q2,q3,g,s)*q1(v)*q1(t)*q2(f)*q3(u)
+2*e_(q2,q3,g,s)*q1(u)*q1(t)*q2(f)*q3(v)
-2*e_(q2,q3,g,u)*q1(v)*q1(s)*q2(t)*q3(f)
-2*e_(q2,q3,g,u)*q1(v)*q1(t)*q2(s)*q3(f)
+4*e_(q2,q3,g,u)*q1(s)*q1(t)*q2(f)*q3(v)
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+2*e_(q2,q3,g,t)*q1(v)*q1(s)*q2(f)*q3(u)
-4*e_(q2,q3,g,t)*q1(v)*q1(u)*q2(s)*q3(f)
+2*e_(q2,q3,g,t)*q1(s)*q1(u)*q2(f)*q3(v)
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