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Preface

This is an introductory textbook on the geometrical theory of dynamical
systems, fluid flows, and certain integrable systems. The subjects are
interdisciplinary and extend from mathematics, mechanics and physics to
mechanical engineering. The approach is very fundamental and would be
traced back to the times of Poincaré, Weyl and Birkhoff in the first half of
the 20th century. The theory gives geometrical and frame-independent char-
acterizations of various dynamical systems and can be applied to chaotic
systems as well from the geometrical point of view. For integrable systems,
similar but different geometrical theory is presented.

Underlying concepts of the present subject are based on the differen-
tial geometry and the theory of Lie groups in mathematical aspect and
based on the gauge theory in physical aspect. Usually, those subjects are
not easy to access, nor familiar to most students in physics and engineering.
A great deal of effort has been directed to make the description elementary,
clear and concise, so that beginners have easy access to the subject. This
textbook is intended for upper level undergraduates and postgraduates in
physics and engineering sciences, and also for research scientists interested
in the subject.

Various dynamical systems often have common geometrical structures
that can be formulated on the basis of Riemannian geometry and Lie group
theory. Such a dynamical system always has a symmetry, namely it is invari-
ant under a group of transformations, and furthermore it is necessary that
the group manifold is endowed with a Riemannian metric. In this book,
pertinent mathematical concepts are illustrated and applied to physical
problems of several dynamical systems and integrable systems.

The present text consists of four parts: I. Mathematical Bases,
II. Dynamical Systems, 111. Flows of Ideal Fluids, and 1V. Geometry of
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Integrable Systems. Part 1 is composed of three chapters where basic math-
ematical concepts and tools are described. In Part II, three dynamical sys-
tems are presented in order to illustrate the fundamental idea on the basis
of the mathematical framework of Part I. Although those systems are well-
known in mechanics and physics, new approach and formulation will be
provided from a geometrical point of view. Part III includes two new theo-
retical formulations of flows of ideal fluids: one is a variational formulation
on the basis of the gauge principle and the other is a geometrical for-
mulation based on a group of diffeomorphisms and associated Riemannian
geometry. Part IV aims at presenting a different geometrical formulation for
integrable systems. Its historical origin is as old as the Riemannian geom-
etry and traced back to the times of Béacklund, Bianchi and Lie, although
modern theory of geometry of integrable systems is still being developed.

More details of each Part are as follows. In Part I, before considering
particular dynamical systems, mathematical concepts are presented and
reviewed concisely. In the first chapter, basic mathematical notions are
illustrated about flows, diffeomorphisms and the theory of Lie groups. In
the second chapter, the geometry of surface in Euclidian space R? is sum-
marized with special emphasis on the Gaussian cuvature which is one of
the central objects in this treatise. This chapter presents many elementary
concepts which are developed subsequently. In the third chapter, theory of
Riemannian differential geometry is summarized concisely and basic con-
cepts are presented: the first and second fundamental forms, commutator,
affine connection, geodesic equation, Jacobi field, and Riemannian curva-
ture tensors.

The three dynamical systems of Part II are fairly simple but funda-
mental systems known in mechanics. They were chosen to illustrate how
the geometrical theory can be applied to dynamical systems. The first sys-
tem in Chapter 4 is a free rotation of a rigid body (Euler’s top). This is a
well-known problem in physics and one of the simplest nonlinear integrable
systems of finite degrees of freedom. Chapter 5 illustrates derivation of the
KdV equation as a geodesic equation on a group (actually an extended
group) of diffeomorphisms, which gives us a geometrical characterization of
the KdV system. The third example in Chapter 6 is a geometrical analysis
of chaos of a Hamiltonian system, which is a self-gravitating system of a
finite number of point masses.

Part IIT is devoted to Fluid Mechanics which is considered to be a central
part of the present book. In Chapter 7, a new gauge-theoretical formulation
is presented, together with a consistent variational formulation in terms of
variation of material particles. As a result, Euler’s equation of motion is
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derived for an isentropic compressible flow. This formulation implies that
the vorticity is a gauge field. Chapter 8 is a Riemannian-geometrical formu-
lation of the hydrodynamics of an incompressible ideal fluid. This gives us
not only geometrical characterization of fluid flows but also interpretation
of the origin of Riemannian curvatures of flows. Chapter 9 is a geometrical
formulation of motions of a vortex filament.

It is well known that some soliton equations admit a geometric interpre-
tation. In Part IV, Chapter 10 reviews a classical theory of the sine-Gordon
equation and the Béacklund transformation which is an oldest example of
geometry of a pseudo-spherical surface in R? with the Gaussian curvature
of a constant negative value. Chapter 11 presents a geometric and group-
theoretic theory for integrable systems such as sine-Gordon equation, non-
linear Schrodinger equation, nonlinear sigma model and so on. Final section
presents a new finding [CFG00] that all integrable systems described by the
su(2) algebra are mapped to a spherical surface.

Highlights of this treatise would be: (i) Geometrical formulation of
dynamical systems; (ii) Geometric description of ideal-fluid flows and
an interpretation of the origin of Riemannian curvatures of fluid flows;
(iii) Various geometrical characterizations of dynamical fields; (iv) Gauge-
theoretic description of ideal fluid flows; and (v) Modern geometric and
group-theoretic formulation of integrable systems.

It is remarkable that the present geometrical formulations are successful
for all the problems considered here and give insight into common back-
ground of the diverse physical systems. Furthermore, the geometrical for-
mulation opens a new approach to various dynamical systems.

Parts I-1II of the present monograph were originally prepared as lecture
notes during the author’s stay at the Isaac Newton Institute in the pro-
gramme “Geometry and Topology of Fluid Flow” (2000). After that, the
manuscript had been revised extensively and published as a Review arti-
cle in the journal, Fluid Dynamics Research. In addition, the present book
includes Part IV, which describes geometrical theory of Integrable Systems.
Thus, this covers an extensive area of dynamical systems and reformulates
those systems on the basis of geometrical concepts.

Tsutomu Kambe
Former Professor (Physics)*
December 2003 University of Tokyo

*Visiting Professor, Nankai Institute of Mathematics (Tienjin, China)
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Chapter 1

Manifolds, Flows, Lie Groups
and Lie Algebras

In geometrical theory of dynamical systems, fundamental
notions and tools are manifolds, diffeomorphisms, flows,
exterior algebras and Lie algebras.

1.1. Dynamical Systems

In mechanics, we deal with physical systems whose state at a time ¢ is
specified by the values of n real variables,

and furthermore the system is such that its time evolution is completely
determined by the values of the n variables. In other words, the rate of
change of these variables, i.e. dz!/dt,...,dz"/dt, depends on the values of
the variables themselves, so that the equations of motion can be expressed
by means of n differential equations of the first order,

dz?
dt

= Xzt 2?2, (i=1,2,...,n). (1.1)

A system of time evolution of variables, such as (z1(t),...,z"(t)) described
by (1.1), is termed a dynamical system [Birk27]. A simplest example would
be the rectlinear motion of a point mass m located at = under a restoring
force —kx of a spring:

de/dt =y, dy/dt =—kx,

where k is a spring constant. A system of N point masses under self-
interaction governed by Newton’s equations of motion is another example.
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However, the notion of the dynamical system is more general, and not
restricted to such Newtonian dynamical system.

The space where the n-tuple of real numbers (z?, ..., z") reside is called
a n-dimensional manifold M™ which will be detailed in the following sec-
tions. The space is also called the configuration space of the system, while
the physical state of the system is determined by the 2n variables: the coor-
dinates (z!,...,2") and the velocities (i1, ...,4") where &* = dz’/d¢t. Such
a system is said to have n degrees of freedom. It is of fundamental impor-
tance how the differential equations are determined from basic principles,
and in fact this is the subject of the present monograph.

Study of dynamical systems may be said to have started with the work
of Henri Poincaré at the turn of the 19th to 20th century. Existence of
very complicated orbits was disclosed in the problem of interacting three
celestial bodies. After Poincaré, Birkhoff studied an exceedingly complex
structure of orbits arising when an integrable system is perturbed [Birk27;
Ott93]. Later, the basic question of how prevalent integrability is, was given
a mathematical answer by Kolmogorov (1954), Arnold (1963) and Moser
(1973), which is now called the KAM theorem and regarded as a funda-
mental theorem of chaos in Hamiltonian systems (e.g. [Ott93]).

The present approach to the dynamical systems is based on a geo-
metrical point of view.! The geometrical frameworks concerned here were
founded earlier in the 19th century by Gauss, Riemann, Jacobi and others.
However in the 20th century, stimulated by the success of the theory of gen-
eral relativity, the gauge theory (a geometrical theory) has been developed
in theoretical physics. It has now become possible to formulate a geometri-
cal theory of dynamical systems, mainly due to the work of Arnold [Arn66].

1.2. Manifolds and Diffeomorphisms

A fundamental object in the theory of dynamical systems is a manifold.
A manifold M" is an n-dimensional space that is locally an n-dimensional
euclidean space R™ in the sense described just below, but is not necessar-
ily R™ itself.2 A unit n-sphere S™ in (n + 1)-dimensional euclidean space
R"*! is a typical example of the n-dimensional manifold M™. Consider

n this context, the following textbooks may be useful: [Fra97; AK98; AMT8].

2The euclidean space R™ is endowed with a global coordinate system (z!,...,2™) and
is basically an important manifold. Henceforth the lower case e is used as “euclidean”
because of its frequent occurrence.
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R2
u 2

Fig. 1.1. Two-sphere S? and local coordinates.

a unit two-sphere S? which is a two-dimensional object imbedded in three-
dimensional space R? (Fig. 1.1). Denoting a point in R?® by p = (z, v, 2), the
two-sphere S? is defined by all points p satisfying ||p||> = 2% + y* + 2% = 1,
where || - || is the euclidean norm. The two-sphere S? is not a part of the
euclidean space R?. However, an observer on S? would see that the imme-
diate neighborhood is described by two coordinates and cannot be distin-
guished from a small domain of R2. A point p’ in a patch U (an open subset
of S?) is represented by (u!,u?).

In general, an n-dimensional manifold M™ is a topological space
(Appendix A.1), which is covered with a collection of open subsets
Ui, Us, ... such that each point of M™ lies in at least one of them (Fig. 1.2).
Using a map Fy, called a homeomorphism (Appendix A.2), each open

Fig. 1.2. Atlas.
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subset U is in one-to-one correspondence with an open subset Fy (U) of
R™. Each pair (U, Fyy), called a chart, defines a coordinate patch on M. To
each point p (€ U C M), we may assign the n coordinates of the point
Fy(p) in R™. For this reason, we call Fyy a coordinate map with the jth
component written as x?] This is often described in the following way. On
the patch U, a point p is represented by a local coordinate, p = (le,, . ,xg).
The whole system of charts is called an atlas.

The unit circle in the plane R? is a manifold of one-sphere S!. The S*
has a local coordinate 6 € [0,1] (with the ends 0 and 1 identified) C R*.

Consider a map by a complex function f(6),
fO)=e?"  f:0c[0,1] C R = p(z,y) € S* C R? (1.2)

where €?™ = x + iy (i = /—1,2% + y? = 1). The map is one-to-one and
onto if we identify the endpoints by f(0) = f(1) — (1,0) € R? (Fig. 1.3).
Choosing a patch (open subset) U C S', a homeomorphism map Fy is
given by f~1(U).

It is readily seen that the unit circle S! (a connected space?) is covered
by the real axis R! (another connected space) an infinite number of times
by the map f : R' — S'. Corresponding to an open subset U C S!, the
preimage f~!(U) consists of infinite number of disjoint open subsets {U, }
of R, each U, being diffeomorphic with U under f : U, — U. It is said
that the R! is an infinite-fold cover of S*.

Suppose that a patch U with its local coordinates p = z = (z!,...,2")
overlap with another patch V with local coordinates p = y = (y!,...,y").

s — ) —
270 . U, U, U, U, R!

Fig. 1.3. Manifold S*.

3 A manifold M is said to be (path-)connected if any two points in M can be joined by a
(piecewise smooth) curve belonging to M.
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Fig. 1.4. Coordinate maps.

Then, a point p lying in the overlapping domain can be represented by both
systems of x and y (Fig. 1.4). In particular, 3* is expressed in terms of z as

=yt 2™, (i=1,...,n). (1.3)

We require that these functions are smooth and differentiable, and that the
Jacobian determinant

| = oy) _ Oy vy") (1.4)
o(x)  I(zt,...,2")
does not vanish at any point p € U NV [Fla63, Ch. V].

Let F: M™ — W" be a smooth map from a manifold M"™ to another
W, In local coordinates = = (x!,...,2™) in the neighborhood of the point
p € M™ and z = (2!,...,2") in the neighborhood of F(p) on W7, the
map F is described by r functions F(z),(i = 1,...,7r) of n variables,
abbreviated to z = F(x) or z = z(x), where F' are differentiable functions
of z9 (j=1,...,n).

When n = r, we say that the map F is a diffeomorphism, provided
F is differentiable (thus continuous), one-to-one, onto, and in addition
F~1 is differentiable (Fig. 1.5). Such an F is a differentiable homeomor-
phism. If the inverse F~! does exist and the Jacobian determinant does
not vanish, then the inverse function theorem would assure us that the
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F (differentiable)

F~! (differentiable)

Fig. 1.5. Diffeomorphism.

inverse is differentiable. In the next section, the fluid flow is described to be
a smooth sequence of diffeomorphisms of particle configuration (of infinite
dimension).

1.3. Flows and Vector Fields

The vector field we are going to consider is not an object residing in
a flat euclidean space and is different from a field of simple n-tuple
of real numbers.

1.3.1. A steady flow and its velocity field

Given a steady flow* of a fluid in R3, one can construct a one-parameter
family of maps: ¢; : R? — R3, where ¢, takes a fluid particle located at p
when ¢ = 0 to the position ¢;(p) of the same particle at a later time ¢ > 0
(Fig. 1.6). The family of maps are the so-called Lagrangian representation of
motion of fluid particles. In terms of local coordinates, the jth coordinate
of the particle is written as z7 o ¢;(p) = ! (p), where “z7o” denotes a
projection map to take the jth component.

Associated with any such flow, we have a velocity at p,
d
v(p) = —

(p) = 3 ¢e(p) -

In terms of the coordinates, we have v’(p) = (da!(p)/dt)|,—o. Taking a
smooth function f(z) = f(a!, 22, 23), i.e. f: R?® — R and differentiating

4 Steady velocity field does not depend on time ¢ by definition.
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v(p)

p=do(p) ¢(p)

Fig. 1.6. Map ¢;.

f(¢¢(p)) with respect to t, we have®

d B dz}(p) of i 0
&f((bt(p)) o = - dt oz EJ:U (p)@f (1'5)
S X, X0 =Y )y (16)

J

This is also written in the following way by bearing in mind that f is a
map, f:R? = R:

Xf= 500 =100 (1.7

The differential operator X is written also as v by the reason described in
the next subsection.

Conversely, to each vector field v(z) = (v7) in R3, one may associate a
flow {¢:} having v as its velocity field. The map ¢;(p) with ¢ as an integra-
tion parameter can be found by solving the system of ordinary differential
equations,

U (@ (1).2%(0),2°(1)

dt

with the initial condition, 2(0) = p. Thus one finds an integral curve (called
a stream line) in a neighborhood of ¢ = 0, which is a one-parameter family
of maps ¢;(p) for any p € R3, called a flow generated by the vector field
v, where v = ¢ (Fig. 1.7). The map ¢ is a diffeomorphism, because ¢;(p)
is differentiable, one-to-one, onto and ¢, !is differentiable, with respect
to every point p € R3.% This is assured in flows of a fluid by its physical
property that each fluid particle is a physical entity which keeps its identity

5We use the symbol := to define the left side by the right side, and =: to define the right
side by the left side.

6The flow {¢:} is considered to be diffeomorphisms of Sobolev class H*® in Chapter 8
(s >n/241in R", Appendix F).
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¢ (U)

o, (p2)
/
.‘/)r(pl)

(a) (b)

Fig. 1.7. (a) An integral curve and (b) a flow ¢;.

during the motion, as long as two particles do not come to occupying an
identical point simultaneously.”

Remark. Continuous distribution of fluid particles in a three-dimensional
euclidean space has infinite degrees of freedom. Therefore, the velocity field
of all the particles as a whole is regarded to be of infinite dimensions. In
this context, the set of diffeomorphisms ¢; forms an infinite dimensional
manifold D(°) and a point = ¢, € D(*) represents a configuration (as a
whole) of all particles composing the fluid at a given time ¢.

1.3.2. Tangent vector and differential operator

The vector fields we are going to consider on M™ are not an object residing
in a flat euclidean space. We need a sophisticated means to represent vectors
which are different from a simple n-tuple of real numbers. In general, on a
manifold M™, one can define a vector v tangent to the parameterized curve
¢ at any point z on the curve. We motivate the definition of vector as
follows.

A flow ¢(p) = (2! (p)) on an n-dimensional manifold M" is described
by the system of ordinary differential equations,

J
day

" =vi(xl,...,2l), (j=1,...,n), (1.8)

with the initial condition, ¢g = p. The one-to-one correspondence between
the tangent vector v = (v7) to M™ at x and the first order differential

"The present formulation is relevant to the time before a spontaneous formation of
singularity (if any).
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operator ) vI(2)0/0x7, mediated by (1.8) and the n-dimensional version
of (1.6), implies the following representation,

Z v (x 8xﬂ (1.9)

which defines the vector field v(x) as a differential operator v/ (x)0/0x7.

In fact, with a local coordinate patch (U,zy) in the neighbor-
hood of a point p, a curve will be described by n differentiable func-
tions (z#(t),...,2%(t)). The tangent vector at p is described by vy =
(#3;(0),...,27(0)) where ©(0) = dz/dt|s—o. If p also lies in the coordinate
patch (V, 2y ), then the same tangent vector is described by another n-tuple
vy = (24,(0),...,4%(0)). In terms of the transformation function (1.3) on
the overlapplng domaln which is now represented by zi, = zi, (a:U) the two
sets of tangent vectors are related by the chain rule,

. dad, oz, \ dai; ozl \
'UZ = — = - —_— = — | Uy;. 1.10
ViTodt Zj (ax{,> dt |, Zj ol | Y (1.10)

This suggests a transformation law of a tangent vector. Owing to this
transformation, the definition (1.9) of a vector v is frame-independent,
i.e. independent of local coordinate basis. In fact, by the transformation
zt, = xi,(x];), we obtain

ori,\ 0 .0
Z 5 =>4 ;(%) i :zi:vvﬂ. (1.11)

J
It is not difficult to see that the properties of the linear vector space are
satisfied by the representation (1.9).% Usually, in the differential geometry,
no distinction is made between a vector and its associated differential oper-
ator. The vector v(z) thus defined at a point x € M™ is called a tangent
vector.

ax&

1.3.3. Tangent space

Each one of the n operators 9/0z® (o = 1,...,n) defines a vector. The
ath vector 8/9z (v™ = 1 and v® = 0 for i # «) is the tangent vector to
the ath coordinate curve parameterized by x®. This curve is described by

81t is evident from (1.9) that the sum of two vectors at a point is again a vector at that
point, and that the product of a vector by a real number is a vector.
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(a) (b)

Fig. 1.8. (a) ath coordinate curve, (b) coordinate basis in R3.

% = s and z° = const for i # a. Then the tangent vector 9/9z® for the ath
curve has components dz®/ds = 1 and dz?/ds = 0 for i # « (Fig. 1.8(a)).
The n vectors 9/dz!,...,0/0z™ form a basis of a vector space, and this
base is called a coordinate basis (Fig. 1.8(b)). The basis vector 9/0z% is
simply written as d,. A tangent vector X is written in general as’

X =X0;, o X,=X(z)0;.

If » = (r',...,7"V) is a position vector in the euclidean space RY and
M™ is a submanifold of RV : M™ c RN (n < N), the vector 9/9z% is
understood as 0, = 9/dz = Or/dz® = (9/0x*) (r',...,rY), where r’ =
ri(zt, ... 2").10

The tangent space is defined by a vector space consisting of all tangent
vectors to M™ at = and is written as T,M™.!! When the coefficients X7

are smooth functions X7 (z) for x € M™, the X (x) is called a vector field.

1.3.4. Time-dependent (unsteady) velocity field

In most dynamical systems, a parameter ¢ called the tizme plays a special
role, and the tangent vector v = (v7) is called the velocity. A velocity field is
said to be time-dependent, or unsteady, when v’/ depends on ¢ (an integration
parameter) as well as space coordinates (Fig. 1.9). In the unsteady problem,
an additional coordinate z" is introduced, and the n equations of (1.8) for

9The summation convention is used hereafter, i.e. the summation with respect to j is
understood for the pair of double indices like j without the summation symbol .
10The parameters (z!,...,2™) form a curvilinear coordinate system.

1Tt is useful in later sections to keep in mind that the tangent space Ty M™ is the usual
n-dimensional affine subspace of RV .
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I3

) V() 9,

n V(1,)0,

Fig. 1.9. Time-dependent velocity field.

vJ € R™ are replaced by the following (n + 1) equations,

dad _
dit = I (20(t), 2} (8), ..., 2" (1), with o® = 1, (1.12)
for 5 =0,1,...,n. It is readily seen that the newly added equation reduces
to 29 = t. Correspondingly, the tangent vector in the time-dependent case

is written as, using the tilde symbol,

0= 0'0; = 020y 4+ vy = Oy + 10, (1.13)
where the index a denotes the spatial components 1,...,n.12

1.4. Dynamical Trajectory

A fundamental space of the theory of dynamical systems is a fiber
bundle. How is the phase space of Hamiltonian associated with it?

1.4.1. Fiber bundle (tangent bundle)

In mechanics, a Lagrangian function L of a dynamical system of n degrees
of freedom is usually defined in terms of generalized coordinates q =
(¢%,...,q") and generalized velocities ¢ = (¢',...,4™) such as L(q,q),
while a Hamiltonian function is usually represented as H(gq,p), where

12 Nonwelocity tangent vector such as the Jacobi vector J is written simply as J = J*q
(see the footnote of §8.3.4).
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7
m/

Fig. 1.10. A tangent bundle TM?! for M! (a curve).

p = (p1,...,pn) are generalized momenta. Is there any significant differ-
ence between the pairs of independent variables?

Suppose that ¢ = (¢!,...,¢") is a point in an n-dimensional manifold
U™, which is a coordinate patch of a manifold M"™ and a portion of R™,
and that ¢ = (¢%,...,4") is a tangent vector to M™ at g. The pair (g, §) is
an element of a tangent bundle, TM". Namely, a tangent bundle TM™ is
defined as the collection of all tangent vectors at all points of M™, called a
base manifold.'> A schematic diagram of a tangent bundle TM is drawn in
Fig. 1.10 (see also Fig. 1.23 for a tangent bundle T'S').

Associated with any bundle space TM, a projection map 7 : TM — M
is defined by w(Q) = ¢, where Q@ € TM,q € M. On the other hand, the
inverse map 7~ !(g) represents all vectors v tangent to M = M"™ (base
manifold) at ¢, i.e. a vector space T;M = R". It is called the fiber over g.
In this regard, the tangent bundle is also called a fiber bundle, or a vector
bundle** (Fig. 1.11). Since 7~1(U™) is topologically U™ ® R™, the tangent
bundle is locally a product. However, this is not so in general (see [Fla63,
Ch. 2; Sch80, Ch. 2; NS83, Ch. 7]).

1.4.2. Lagrangian and Hamziltonian

The space of generalized coordinates ¢ = (¢*,...,q") is called the config-
uration space in mechanics (also called a base space), whereas the space
(g,q) is called the tangent bundle, a mathematical term. The Lagrangian
L(q,q) is a function on the tangent bundle to M™, namely L : TM™ — R.

131f a point of TM™ is represented globally as (g, 9), i-e. a global product bundle ¢®g, the
tangent bundle is called a trivial bundle. Note that the first n coordinates (¢',...,q™)
take their values in a portion U™ &€ R™, whereas the second set (ql, ...,q"™) take any
value in R™. Thus, the patch is of the form, U™ ® R™.

4 A fiber is not necessarily a simple vector. It takes, for example, even an element of Lie
algebra. See Chapter 9.
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Fig. 1.11. A fiber bundle TM™.

Fig. 1.12. Dynamical trajectories.

If we consider a specific trajectory ¢(t) in the configuration space with ¢ as
the time parameter, then we have ¢ = dg/d¢. Thus, the pair (¢,q) has a
certain geometrical significance (Fig. 1.12).

Dynamical trajectory of the point ¢(t) is determined by the following
Lagrange’s equation of motion (see §7.2.3):

d (0L\ 0L
T <aqi> ~ % " (1.14)
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The Hamiltonian function H(q,p) is defined by
p) =Y pid — L(g,q), (1.15)

where p; is an ith component of the generalized momentum defined by

pi(¢:9) == 5;L(q,q). (1.16)

a %
Change of variables from (g, q) for the Lagrangian L(q,q) to (g, p) for the
Hamiltonian H(q,p) has a certain significance more than a mere change of
coordinates. Consider a coordinate transformation from ¢y to qy by qy =
qv (qu). Correspondingly, the change of velocity, gu — qv, is represented by

Qo Z aq%/ -k (1 17)
qV - aqk QU' .
k U

On the other hand, the generalized momentum is transformed as follows,

ok OL
QUa qU Z 8(]\/ aqU

since qu = qu(qy) and therefore aq,’; / 3(}%, = 0 in the second equality, and
(1.17) is used to obtain the last equality since 9¢% /04i, = dgt; /gt Thus,
it is found that the transformation matrix for p is the inverse of that of q.

The expression (1.17) represents the transformation law of vectors and
characterizes the tangent bundle, while the expression (1.18) characterizes
the transformation law of covectors (see §1.5.2). The two transformation
laws imply that the product ), pi¢* would be a scalar, an invariant under
a coordinate transformation, since >, (pv)igi, = >_,(pv)igi; can be shown.
A covector and a vector are associated with each other by means of a metric
tensor (see §1.4.2).

()i = a‘(’l

1.4.3. Legendre transformation

Mathematically, the change ¢ — p is interpreted as a Legendre transfor-
mation (e.g. [Arn78, §14]). Consider a function I(x) of a single variable z,
where I”(z) > 0, i.e. () is convez. Let p be a given real number and define
the function h(z,p) = px — I(z). The function h(zx, p) has a maximum with
respect to x at a point x,(p). The point x, is determined uniquely by the
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1(x)

Q*

h (X, p)=pxs—1(x:)

x(p)

Fig. 1.13. Legendre transformation.

condition, 0h/0xr = p—U'(z.) = 0, since I'(x) is a monotonically increasing
function by the convexity (Fig. 1.13). Thus, p = I'(z,). If we write z = ¢,
the relation p = I'(z) is equivalent to (1.16) as far as the variable ¢ is
concerned.

By the Legendre transformation, the Lagrangian L(g,¢) on a vector
space is transformed to the Hamiltonian H (g, p) on the dual space, defined
by (1.15) and (1.16). In mechanics, the space (g, p) is called the phase space.
The equations of motion in the phase space are derived as follows:

OH . . OH
dH(g,p) =) (aqi dg" + e dpz) : (1.19)

i

On the other hand, taking the differential of the right-hand side of (1.15)
and using (1.16), we obtain

d (Zpiq - L(q,q)> =3 (pidq +¢'dp; — g dg' — 90 dg )

i

oL . . ,
= Z <— dg' + qldpi) . (1.20)

oq*

Equating the right sides of the above two equations, we obtain the following
Hamilton’s equations of motion,
dg¢’ _ OH  dp; OH

= = —— 1.21
dt  Op;’ dt oqt’ (1.21)
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since dp;/dt = OL/dq' by using (1.16) and Lagrange’s equation of
motion (1.14).

1.5. Differential and Inner Product

A basic tool of a dynamical system is a metric. How are vectors and
covectors related to it?

1.5.1. Covector (1-form)
Differential df of a function f on M™ is defined by df[v] := vf and is

regarded as a linear functional T, M™ — R for any vector v € F =T, M™.
In local coordinates, we have v = v79;. Using (1.9), we obtain

df[v]:df[vjaj]zvf=Zvj(x)%. (1.22)

This is a basis-independent definition (see (1.11)). The differential d f[v?d;]
is linear with respect to the scalar coefficient v7. In particular, if f is the
coordinate function z*, we obtain

=06, =’ (1.23)

dz'[v] = da'[v?9;] = v/ da* [ 0 ] =’ Ou

Oz oI

by replacing f with z*. Namely the operator dz? reads off the ith component
of any vector v (Fig. 1.14). It is seen that'®

v=0l, ., vh) I:"> dx! E:"> vi

v=!, v I:"> o E:"> ot[v]:aivi

Fig. 1.14. 1-forms: dz* and a = a;dz*.

15The symbols 0ijs 5% and &% are identity tensors of rank 2, i.e. second order covariant,
second order contravariant and mized (first order covariant and first order contravariant)
unit tensor, respectively (see §1.10).
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Thus, the n functionals da? (i = 1,...,n) yield the dual bases correspond-
ing to the coordinate bases (01,...,0,) of a vector space T,M™, in the
sense described below. The dual bases (dz!,...,da") form a dual space

(T, M™)*. The most general linear functional, o : T, M™ — R, is expressed
in coordinates as

a:=adz' + - + a,dz". (1.24)

The « is called a covector, or a covariant vector, or a differential one-form
(1-form),'6 and is an element of the cotangent space E* = (T, M™)*. Corre-
sponding to the covariant vector «, the vector v is also called a contravari-
ant vector. Given a contravariant vector v = v7 0j, the 1-form a € E* takes
the value,

alv] = Zai dz'[v78;] = a;v’. (1.25)

Correspondingly, a contravariant vector v € E can be considered as a linear
functional on the covariant vectors with the definition of the same value
as (1.25)17:

v[a] = av] = av’. (1.26)

When the coefficients a; are smooth functions a;(z), the a is a 1-form field
and an element of the cotangent bundle (TM™)*.

Appendix B describes exterior forms, products and differentials in some
detail. A function f(x) on z € M™ is a zero-form. Differential of a function
f(z) is a typical example of the covector (1-form):

_9f

df = =L da' = 9;fda®, O;f =
ox?

of

et (1.27)

where dz? is a basis covector and df/dx" is its component. This form holds
in any manifold. In the next subsection, a vector grad f is defined as one
corresponding to the covector df.

16The differential one-form is called also Pfaff form, and the equation aijdz! + --- +
andz™ = 0 is called Pfaffian equation on M™.

7In Egs. (1.25) and (1.26), the Einstein’s summation convention is used, i.e. a summa-
tion is implied over a pair of double indices (i in the above cases) appearing in a lower
(covariant) and an upper (contravariant) index in a single term, and is used henceforth.
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1.5.2. Inner (scalar) product

Let the vector space T,M"™ be endowed with an inner (scalar) product
(-,+). For each pair of vectors X,Y € T,M", the inner product (X,Y) is
a real number, and it is bilinear and symmetric with respect to X and Y.
Furthermore, the (X,Y) is nondegenerate in the sense that

(X,Y)=0 for"Y e T,M™, only if X = 0.
Writing X = X'0; and Y = Y79;, the inner product is given by
(X,Y) = gi; XYY, (1.28)
where
9ij = (0i,05) = gji (1.29)
is the metric tensor. If it happens that the tensor is the unit matrix,
9ij = 0ij, e g=(0;5) =1, (1.30)

we say that the metric tensor is the euclidean metric, where 6;; is the
Kronecker’s delta: 6;; =1 (if ¢ = j4),0 (if ¢ # j).

By definition, the inner product (A, X) is linear with respect to X
when the vector A is fixed. Then the following a-operation on X, a[X] =
(A, X), is a linear functional: @ = (A,-). In other words, to each vector
A = AY9;, one may associate a covector a. By definition, a[X] = g;; A7 X" =
(9ijA7)X*. On the other hand, for a covector of the form (1.24), one has
a[X] = a; d2'[X] = a; X?, in terms of the basis dz*. Thus one obtains

a; = gig Al = g Al = Ay, (1.31)

which defines a covector A;, and the component a; is given by g;; A7 and
written as A; using the same letter A. The covector o = A;dz? = (g;; A7)da?
is called the covariant version of the vector A = A79;. In tensor analysis,
Eq. (1.31) is understood as indicating that the upper index j is lowered by
means of the metric tensor g;;. In other words, a covector A; is obtained by
lowering the upper index of a vector A7 by means of g;j. In summary, the
inner product is represented as

(X,Y) =g, X'V = XY, = X,;Y7. (1.32)
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On the other hand, a vector A7 is obtained by raising the lower index
of the covector A; as

Al = gl A, (1.33)

which is equivalent to solving Eq. (1.31) to obtain A7. This is verified by
the property that the metric tensor g = (g;;) is assumed nondegenerate,
therefore the inverse matrix g~ must exist and is symmetric. The inverse is
written as g~! =: (¢’?) in Eq. (1.33) using the same letter g. As an example,
we obtain the expression of the vector grad f as

of

(grad f) = gji%. (1.34)

1.6. Mapping of Vectors and Covectors

Dynamical development is a smooth sequence of maps from one state
to another with respect to a parameter “time”. Here we consider
general rules of mappings (transformations).

1.6.1. Push-forward transformation

Let ¢ : M™ — V" be a smooth map. In addition, let us define the differential
of the map ¢ by ¢, : T, M" — T,V". In local coordinates, the map ¢ is
represented by a function F(z) as y = ¢(z) = F(x), where z € M™ and
y € V". Let p(t) be a curve on M™ with p(0) = p and p(0) = X (a tangent
vector), where X € T,M". The differential map ¢, at p is defined by

Y = 6.X(= F.X) = (D)o (1.35)

This is called a push-forward transformation (Fig. 1.15) of the velocity
vector X to the vector Y (the velocity vector of the image curve at F'(p)).

F(p()
¢ Y= X
F(p)
M’l Vr

Fig. 1.15. Push-forward transformation ¢ by a function y = F(z).
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(a) Let us consider the case n = r. Suppose that the transformation is given
by  +— y = (F¥(z)) within the same reference frame Jj, and that the
tangent vector X = X79; is mapped to Y = Y*9,. Then the components
are transformed as (see §4.2.1)

= (6. X)" = (%T)Xj. (1.36)

(b) Next, consider a transformation between two basis vectors for n = r
again. The transformation ¢, applies to the basis vectors 0/0x7, and we
have

0 0 ay’“ (9 & 8
= = J _
Y =¢. X = ¢, { J] X7y { ]} X7 2 O =Y"— F (1.37)

The components of Y are given by
yh="2Xx9=gkxi Jgk.= 22 (1.38)

This is also written as Y = JX, where J = (Jj’-“).
In particular, setting X* = 1 (for an integer i) and others as zero in
(1.37), it is found that the bases (9/0z%) are transformed as

o071 oy d
NEARCS w19

If we write this in the form,

0

— =Bi——, 1.40
oyk ko (1.40)
the matrix Bl = 9z'/9y" is the inverse of .J since
oz’ oy~ oa'
=7 = = (‘5z =1. 1.41
oyk Ox9  Oxd (1-41)

A physical example of the transformations (a) and (b) is seen in §4.2.1 for
rotations of a rigid body. Equation (1.39) is also written as

0 B oy* of 0 B
Writing as X = X7 (2)0/0x7,
¢ X[f] = X[f o ¢]. (1.43)

(¢) A manifold M™ is called a submanifold of a manifold V" (where n < r)
provided that there is a one-to-one smooth mapping ¢ : M™ — V7 in
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which the matrix J has (maximal) rank n at each point. We refer to ¢ as
an imbedding or an injection. This appears often when V' = R” so that we
consider submanifolds of an euclidean space R".

1.6.2. Pull-back transformation

Corresponding to the push-forward ¢., one can define the pull-back ¢*,
which is the linear transformation taking a covector at y back to a covector
at x, i.e. ¢* : (T,V)* — (T, M)*. Suppose that a vector X at x € M is
transformed to Y = ¢.(X) at y = ¢(x) € V, then the pull-back ¢* of a
covector a (one-form) is defined, using the push-forward ¢, (X), by

(¢ ) [X] := afp.(X)], (1.44)

for any one-form o = A;dy’. This defines an invariance of the pull-back
transformation. Namely, the value of the covector aw = A;dy* at the vector
Y = ¢.X (in V) is equal to the value of the pull-back covector ¢*« at the
original vector X (in M).

Note that, owing to dz*[d;] = &}, one has

0 [ 0
— | = Adyt | —| = A.. 1.4
¢ L()y’“} v {811’“] ’ (1)
Writing
¢ o = a;dat, (1.46)

one obtains a; = ¢*«a[d/0x], and furthermore one can derive the following
transformation of the components of covectors by using (1.39) and (1.45):

ol e 2] a0
GO i | TP T Ozt Oyk

oy* 0 oy*
= —F - 7 = _A . . 1.47
azi {3@/’“] " o (1.47)
Thus, using JF of (1.38), we have the transformation law,
a; = ApJE. (1.48)

Substituting the expression Axdy” for « in (1.46) and using (1.47), we have

k
& (Apdy®) = 4,2 (1.49)
oxJ
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¢

Fig. 1.16. Pull-back of a function f(y) to (¢* f)(z).

Setting A; (only) = 1 (the other components being zero) as before (for an
integer k), it is found that the bases (dy') are transformed as

* % 9 ' j
¢*[dy’] = 8zjdxj. (1.50)

The pull-back of a function f(y) (Fig. 1.16) is given by
(0" f)(x) = f(o(x)),

where a scalar function f(y) is a zero-form. If one sets A; = df/0y’ in
(1.44), Eq. (1.44) expresses invariance of the differential:

s (o] () ()
~ () @t = an..

Based on this invariance, the general pull-back formula is defined for the
integral of a form (covector) a over a curve o as

/ a:/¢*a, (1.51)
b(o) o

where ¢ : 0 C M — ¢(o) C V. Namely, the integral of a form « over the
image ¢(o) is the integral of the pull-back ¢*« over the original o. See the
next section 1.6.3 for M = V', and Appendix B.7 for an integral of a general
form a.

1.6.3. Coordinate transformation

Change of coordinate frame can be regarded as a mapping y = y(z) : x €
U" — y € V" where (U™, z) and (V",y) are two identical coordinate
patches. A same vector is denoted by X = (X7) in U™ and by Y = (Y*)
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in V", Transformation of the components of the same vector X = Y is
described by Eq. (1.38) (using W in place of J):
. ayk
k _ yik yd k_ 99"

YP=W;iX?, Wj= D7 (1.52)
which is equivalent to (1.17). Correspondingly, transformation of bases is
described by (1.39):

0 g O 0

=WrF—, o — =Wy 0

90~ Wigp O kg (153)

where W = (WF). It is easy to see the identity: Y*9/9y* = X70/0x7.
The transformation (1.18) corresponds to Eq. (1.48) which describes the
transformation of components of a covector. Solving (1.48) for Ay, we obtain

Ay =a; (WHL (1.54)
Thus, we find the invariance of inner product:

ApY® = a; (WY WEXT = ;60 X7 = a; X7 (1.55)

1.7. Lie Group and Invariant Vector Fields

Dynamical evolution of a physical system is described by a trajectory
over a manifold, which is often represented by a space of Lie group,
a symmetry group of the system. This and the following section are a
concise account of some aspects of the theory of Lie group and Lie
algebra related to the present subject.

We consider various Lie groups G associated with various physical systems
below. In abstract terms, a group G of smooth transformations (maps) of
a manifold M into itself is called a group, provided that (i) with two maps
g,h € G, the product gh = g o h belongs to G: G x G — G, (ii) for every
g € G, there is an inverse map ¢g~! € G. From (i) and (ii), it follows that
the group contains an identity map id, which is often called unity denoted
by e. Thus, gg ! =g lg=e.

A Lie group is a group which is a differentiable manifold, for which the
operations (i) and (ii) are differentiable. Some lists of typical Lie groups
are given in Appendix C. A Lie group always has two families of diffeomor-
phisms, the left and right translations. Namely, with a fixed element h € G,

Ly(g) =hg (or Ry(g) = gh), foranyge G,
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where Ly, (or Ry) denotes the left- (or right-) translation of the group onto
itself, respectively. Note that Ly(h) = Rp(g) = gh. The operation inverse
to Ly (or Rp) is simply Lj,-1 (or Ry-1), respectively.

Suppose that g; is a curve on GG described in terms of a parameter ¢.
The left translation of g; by ga; for an infinitesimal At is given by gat o g¢.
Hence the t-derivative is expressed as

— —id
lim git+At — Gt —Xog, X= lim gnt — 1

A0 At At—0 At (1.56)

gt =
where id denotes the identity map. Thus, the left-translation leads to the
right-invariant vector field [AzIz95] in the sense defined just below. Simi-
larly, the right-translation leads to the left-invariant vector field. The g, is
said to be a tangent vector at a point g;.
A vector field X%, or X® on G is left-invariant, or right-invariant, if
it is invariant under all left-translations, or right-translations respectively,
namely for all g, h € G, if

(Lp) Xy =Xp,, or (Rp)XJ =X}, (1.57)

respectively. Given a tangent vector X to G at e, one may left-translate or
right-translate X to every point g € G as

Xy =(Lg)X =goX =gX, (1.58)

X3 =(Ry).X =Xog= Xy, (1.59)
respectively. It is readily seen from (1.59) that (Rj). X} = X;‘h, hence the
transformation (1.59) gives a right-invariant field generated by X. Similarly,
the transformation (1.58) gives a left-invariant field.

Consider a curve & : t € R — G with the tangent & = X at ¢t = 0.
The left-invariant field is given by XX = (d/dt)(gs o &) for g5 € G (s
a parameter), whereas the right-invariant vector field is represented by
XE = (d/dt)(& o gs). Examples of such invariant fields are given by (3.86)
and (3.87) in §3.7.3.

The left-translation (L,).X is understood as a transformation of a vec-
tor X located at x under the push-forward to ¢gX at g(z) (Fig. 1.17(a)).
On the other hand, the right-translation (R;).X = X og (z) is understood
as follows: first let the map g act on the point & and then the vector X is
taken at the point g(z) (Fig. 1.17(b)). This is something like a change of
variables when g is an element of a transformation group.
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(b)

Fig. 1.17. (a) Left- and (b) Right-translation of a vector field X.

For two right-invariant tangent vectors Xg and YgR, the metric (1.28)
is called right-invariant if

<X§7Y9R> = (X, Ye).

Similarly, the metric is left-invariant if (X;,Y;) = (X, Y.) for left-
invariant vectors, X;,YgL. Examples of the left-invariant field are given
in Chapters 4 and 9.

1.8. Lie Algebra and Lie Derivative

1.8.1. Lzie algebra, adjoint operator and Lie bracket

Every pair of vector fields defines a new vector field called the Lie bracket
[, :]- More precisely, the tangent space T.G at the identity e of a Lie group
G is called the Lie algebra g of the group G. The Lie algebra g (= T.G) is

equipped with the bracket operation [, ] of bilinear skew-symmetric pair-
ing, [,+] : gxg — g, defined below. The bracket satisfies the Jacobi identity,
(X, Y], Z] + (Y, 2], X] + [[Z, X]. Y] = 0, (1.60)

for any triplet of X,Y,Z € g.
Any element of the Lie algebra X € g defines a one-parameter subgroup
(Appendix C.2, Eq. (C.4)):

1
& =exp[tX] =e+tX + 5#)(2 +0(t*), Xecg (1.61)

where & is a curve t — G with the tangent éo =X e€gatt=0.In this
sense, the element X is called an (infinitesimal) generator of the subgroup.
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A Lie group G acts as a group of linear transformations on its own Lie
algebra g. Namely for Yg € G, there is an operator Ad,, such that

AdyY = (Lg)s o (Ry—1).Y = gYg ', (1.62)

for VY € g.18 The operator Ad, transforms Y € g into Ad,Y € g linearly
(Fig. 1.18). The set of all such Ad,, i.e. Ad(G), is called the adjoint repre-
sentation of G, an adjoint group. Setting g with the inverse &' := (&)1,
the adjoint transformation Ad 71Y is a function of ¢. Its derivative with
respect to ¢ is a linear transformatlon from Y to adxY defined by

35 lye, = [X,Y]. (1.63)

dxY =
aax dt —o

This defines the Lie bracket [X,Y].!? Its explicit expression depends on
each group or each dynamical system considered. It can be shown that the
bracket [X,Y] thus introduced satisfies all the properties required for the
Lie bracket in each example considered below. The bracket operation is
usually called the commutator. The adx is a linear transformation, g — g,

g g

81

Fig. 1.18. Adjoint transformation AdgyY, where Y = dns/ds|s=0 and AdyY =
(d/ds)(gonsog™")|s=o.

18g is the Lie algebra and g is an element of the group G. The operator gY g—!

better written as the push-forward notation, g«Yg~1.

19Most textbooks in mathematics adopt this definition. Arnold [Arn66; Arn78] uses the
definition of its opposite sign which is convenient for physical systems related to rotation
group (see (1.64)) in Chapters 4 and 9, characterized with the left-invariant metric. In
fact, the difference between the left-invariant and right-invariant field, (1.58) and (1.59),
results in different signs of the Lie bracket of right- and left-invariant fields (see [Az1z95]).

may be
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by the representation, Y — adxY = [X,Y]. The operator adx stands for
the image of an element X under the linear ad-action.

1.8.2. An example of the rotation group SO(3)

Consider the rotation group G = SO(3). Any element A € SO(3) is repre-
sented by a 3 x 3 orthogonal matrix (AA” = T) of det A = 1 (Appendix C),
where AT denotes transpose of 4, i.e. (AT)i = AF. Let K = (9,,0,,0.)
be a cartesian right-handed frame. By the element A, the coordinate frame
K is transformed to another frame K’ = (0,/,0,,0,) = AK, and a point
X = (z,y,2) in K is transformed to X' = (2/,y/,2') = WX by the rules in
§1.6.3, where W = (A~1)T. Then, we have

(XK' = WX)TAK = XTWTAK = XTA'AK = XK.

Consider successive transformations A’ = AyA;, i.e. A; followed by As.
Then we have (X')7 = XT(A434,)7" = XTAT A, that is, the compo-
nents X evolve by the right-translation, resulting in the left-invariant vector
field (§1.6).20

Let £(t) be a curve (one-parameter subgroup) issuing from e = £(0)
with a tangent vector a = £(0) on SO(3). Then one has &(t) = exp[ta] =
e+ta+O(t?) for an infinitesimal parameter (time) ¢, where a is an element
of the algebra g (usually written as so(3)) and a skew-symmetric matrix
due to the orthogonality of £(t) (Fig. 1.19).

dx

ox’

Fig. 1.19. K = (95,8y,0), K’ = £(t)K with e = £(0),a = £(0).

20The length of vector is also invariant by this transformation, i.e. isometry, since
(X', X"y = (X, (WTW)X) = (X, X), where WTW = (A"1HTA-1 = (AAT)"1 =T.
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Then, for a, Vb € so(3), the operation ad, : g — g is represented by
adab = [a,b] = —(ab — ba), (1.64)

where the minus sign in front of (ab — ba) is due to the definition (1.63).
This is verified as follows. Since £(t) ™! = exp[—ta] = (e—ta+---), we have

) 'bE(t) =(e—ta+---)ble+tat---)
=b — t(ab — ba) + O(t?). (1.65)

Its differentiation with respect to ¢ results in Eq. (1.64).

In Chapter 4, we consider time trajectories over the rotation group
SO(3) such as £(t) with time ¢. In such a case, it is convenient to define the
bracket [a, b]™ for the left-invariant field defined as

[a,b]®) := —[a,b] =ab —ba=c. (1.66)

In Appendix C.3, it is shown that, for a,b € so(3), c is also skew-symmetric,
and that the matrix equation ab —ba = c is equivalent to the cross-product
equation (C.14),

é=axb, (1.67)

where &,b and & are three-component (axial) vectors associated with the
skew-symmetric matrices a, b and c, respectively.

1.8.3. Lie derivative and Lagrange derivative

(a) Derivative of a scalar function f(x)

Suppose that a vector field X = X'9; is given on a manifold M™. As
described in §1.2, with every such vector field, one can associate a flow, or
one-parameter group of diffeomorphisms &, : M™ — M™, for which & = id?!
and (d/dt)&x]i—o = X (x). A first order differential operator £x on a scalar
function f(x) on M (a function of coordinates x only) is defined as

= X ai
‘0 ox

Lxf(r) = 3 () () S, (168)

t=0

(see (1.44) and below, and (1.5)). This defines the derivative Lx f of a
function f (a zero-form) by the time derivative of its pull-back & f at
t = 0, where the point &z moves forward in accordance with the flow of

21The id is used here in order to emphasize that this is an identity map.
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pull-back
O = f

sitting
fisherman

Fig. 1.20. Fisherman’s derivative.

velocity X. Relatively observing, the pull-back £f f is evaluated at x, and
its time derivative is defined by the Lie derivative. This is sometimes called
as a derivative of a fisherman [AK98] sitting at a fixed place  (Fig. 1.20).22

In fluid dynamics however, the same derivative is called the Lagrange
derivative, which refers to the third and fourth expressions,

Df d )
Dt dt axif(x)'

Therefore we obtain that (Df/Dt)f = Lx f, which is valid for scalar func-
tions. But this does not hold for vectors, as shown in the next subsection.

In the unsteady problem, the right-hand side is written as (9; +
X%9;)f(z,t). The Lagrange derivative is understood as denoting the time
derivative, with respect to the fluid particle £&;x moving with the flow, of
the function f(z,t).

(51&33) =X’

(b) Derivatives of a vector field Y (x)

Now, suppose that we are given a second vector field Y (z) = Y?9;, and
consider its time derivative along the X-flow generated by X (z). To that
end, let us denote the second Y-flow generated by Y (z) as ns with ny =
e = id. The first flow & transports the vector Y (z) in front of a fisherman
sitting at a point x. After an infinitesimal time ¢, the fluid particle at x

22The Lie derivative £x also acts on any form field « in the same way, (d/dt)(é:)* o as
(1.78). On the contrary, to a vector field Y, the Lie derivative is defined by (1.69) in terms
of the push-forward (&;)«. This definition is different from that of Arnold [1978, 1966]
by the sign, but consistent with the present definition of (1.63).
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will arrive at &x. We take the vector Y at this point &x and translate it
backwards to the original point x by the inverse map of the push-forward,
that is (&)Y (&2), in precise (&)Y (&x). Its time derivative is the Lie
deriative of a vector Y, given by

_1 _ B
LoV tim S V&) Z V(@) gy oor Y& = &0
—0 t t—0 t .
= lim 1(Y§t €.Y). (1.69)

The first expression is nothing but that of adxY (z) according to (1.63).
Thus we have

d
LxY = =&Y =adxY = [X,Y], (1.70)
dt =0
where [X,Y] is the Lie bracket (see (1.63)).
The last expression of (1.69) suggests another useful expression of [ X, Y],
which is given by

! (nsgt gtns)

im
t—0,s—0 St

0 0
= 9tos (ns&e — &ms) t:O,s:O. (1.71)

LxY =[X,Y]:=

According to Appendix C, the two flows & and 75 generated by X and Y
can be written in the form [AK98, §2]:

& :aa+tX(x)+O(t?), t—0, (1.72)
Ns:x x4+ sY () +0(s?), s5—0. (1.73)

Recalling that 7:&:(x) for diffeomorphisms is given by 7,(&(x)), i.e. the
composition rule, we have

Ns&e = € +1X + O(t%) + sY (&) + O(s?)
=e+tX +sY +stX70;Y + O(#?, 5%), (1.74)

where & = e+tX +O(t?). The expression of &7, is obtained by exchanging
the pairs (¢, X) and (s,Y’). Thus finally, we have

aYy _yi F0X

Ns&e — §ens = st (Xja v 57

) + O(st?, 5%t). (1.75)
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The first term may be written as st[X,Y] according to (1.71). Thus the
non-commutativity of two diffeomorphisms & and 7y is proportional
to [X,Y], where

OYF 0X*
(X, Y}k .= X o =V o (1.77)

and {X,Y} is the Poisson bracket. The degree of non-commutativity of
& and 7, is interpreted graphically in Fig. 1.21. According to the defini-
tion (1.70), by using the expression Lx := X0;, the Lie derivative of the
vector field Y with respect to X is given by

LxY =[X,Y]=LxLy — LyLx = [Lx, Ly] = Lix v} (1.78)
If they commute, i.e. &ns = ns&, then obviously we have [X,Y] = 0.
This suggests that the coordinate bases commute since the coordinate
curves are defined to intersect. In fact, for X = 9,,Y = 03, we obtain
from (1.78)
[0, O8] = 0003 — 030 = 0. (1.79)
In general, we have

&ins — ns&e = [X,Y]st 4+ O(st?, 57).

If [X,Y] = 0, then we obtain &ns — ns& = O(st?, s%t).

Eigx

[X, Y1st + O(st2 s21)

11_&'§tx
ngX

Fig. 1.21. Graphic interpretation of [X, Y] for infinitesimal s and ¢.
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In unsteady problem of fluid dynamics, the Lagrange derivative of the
vector Y = Y*(x,1)0y is defined by
D D 6Yk oY’k

v _ vk [ Ji
DtY DtY (ftilf) = 8k X 8k (180)

This derivative makes sense in the gauge—theoretical formulation described
in §7.5 and denotes the derivative following a fluid particle moving with the
velocity X79;, whereas the Lie derivative characterizes a frozen field (see
the remark just below).

Remark. A vector field Y defined along the integral curve & generated
by the tangent field X is said to be invariant if Y (&x) = (§)«Y (). Sub-
stituting this in the previous expression of (1.69), it is readily seen that
LxY =0, or rewriting it,

5 - (1.81)

oY’ 0X"
LxY = (X J Y/ ) 9; = 0.
In unsteady problem, X79;Y " is also written as DY /Dt given by the right-
hand side of (1.80). Then, using the operator D/Dt = 9; + X79;, the above
equation (1.81) becomes

D .
v —(Vijg.
oY = (V70X (1.82)

In fluid dynamics, the equation LxY = 0 is called the equation of
frozen field (Fig. 1.22).23 If we set ¢ = &; in (1.37) together with X = Y (x)
and Y = Y (&x), then the equation Y (&) = (&)Y (z) represents the

Fig. 1.22. Frozen field (&;)+Y (push-forward of Y') coincides with Y (y) at y = &;x.

23The Jacobi field Y (= J below) satisfies this equation (see §8.4).
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push-forward transformation. Therefore, writing & = y;(x), the solution
of (1.82) is given by Eq. (1.38),

dyg
oxJ’

which is called the Cauchy’s solution [Caul816] in the fluid dynamics.

Y(t) = Y(0) (1.83)

1.9. Diffeomorphisms of a Circle S?

A smooth sequence of diffeomorphisms is a mathematical concept of

a flow and the unit circle ST is one of the simplest base manifolds

for physical fields.
Diffeomorphism of the manifold S* (a unit circle in R?, see Fig. 1.3) is
represented by a map g : z € R! — g(z) € R! (where g € C>) with
every point of z or g(z) is identified with = 4+ 1 or g(x) + 1 respectively.?*
Collection of all such maps constitutes a group D(S!) of diffeomorphisms
with the composition law:

h=gof, ie h(x)=g(f(z)) € DS,

for f,g € D(S). The diffeomorphism is a map of infinite degrees of freedom
(i.e. having pointwise degrees of freedom). In Chapter 5, the diffeomorphism
is assumed to be orientation-preserving in the sense that ¢’(z) > 0, where
the prime denotes 9/0x.

Consider a flow & (z) which is a smooth sequence of diffeomorphisms
with the time parameter as ¢ (see (1.72)). Its tangent field at &; is defined by
G@) = S| = 1m TP o6 ) — () o),

t T T
in a right-invariant form. The tangent field X (z) at the identity (id) is given
by u(z) = d&i(z)/dt|t=o-
Alternatively, with the language of differentiable manifolds, the tangent
field X (z) is represented as

X(z) = u(x)d, € TS, (1.84)

where T'S! is a tangent bundle (§1.3.1) over the manifold S!. The tan-
gent bundle T'S' allows a global product structure S' x R! as shown in
Fig. 1.23(a). The figure (b) is obtained from (a) by cutting it along one

24By the map ¢(z) = €?27%, there is a perioditity ¢(z + 1) = ¢(x) for 2 € RL.
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Fig. 1.23. Tangent bundle S x R! with the circle S* and the fiber R'.

fiber ab and developing it flat, where a’b’ is identified with ab. The solid
curve in the figure describes a particular vector field u(z) on S', which is
called a cross-section of the tangent bundle T'S'.

If @b’ is identified with ba by twisting the strip, then a Mobius band is
formed. The resulting fiber bundle is not trivial, i.e. not a product space
(see, e.g. [Sch80]). The Mobius band is a double-fold cover, i.e. two-sheeted
cover of the circle St (see Fig. 1.4).

For two diffeomorphisms & and 7; corresponding to the vector fields
X and Y respectively, the Lie bracket (commutator) is given by (1.76)
and (1.77):

[X,Y] = (w0’ —vu')0,, (1.85)
where X = w(2)d,,Y = v(x)d, € T'S'. This is sometimes called Witt
algebra [AzIz95].

1.10. Transformation of Tensors and Invariance

1.10.1. Transformations of vectors and metric tensors

We considered the transformations of vectors and covectors in §1.4 (see
also (1.10)) together with the invariance of the value of covectors based
on (1.44).
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Here, we consider a transformation and an invariant property of ten-
sors.?> Let M be an n-manifold with a Riemannian metric and covered
with a family of local (curvilinear) coordinate systems, {U : z',..., 2"},
{V iyt ...,y"},..., where U,V,... are open sets (called patches) with
coordinates x,y,.... A point p € U NV, lying in two overlapping patches
U and V, has two sets of coordinates z(,) and y,) which are related differ-
entiably by the functions y*(z):

| | n .
y(P)iy (a:(p)v"'vx(p))a k—l,...,n.

In the corresponding tangent spaces, the vectors are represented as X =
Xi0/0z' € T,U and Y = Y*9/0y* € T,V. The coordinate bases are
transformed according to

o ok o g O

oy
WO e Oy Fe oL
9~ wi oy Vigye Vhere Wi=g5

(1.86)

by the chain rule (in an analogous way to (1.39)), W being the transfor-
mation matrix. Suppose that the components of the vectors are related by

=WFX', (written as Y = WX), (1.87)

as is the case of the push-forward transformation (1.38), then the vectors
are invariant in the sense:

X = Xzaf ’Wk8 Yka

Y _vy
ox't b Oyk oyk

Equation (1.87) is the rule of transformation of vector components. In phys-
ical problems, the logic is reversed. The vector, like the velocity vector of a
particle, should be the same (may be written as X = Y) in both coordinate
frames. Then the components must be transformed according to the rule
(1.87).

The metric tensor is defined by (1.29). According to the basis transfor-
mation (1.86), we obtain

gij(x) = <awz 3mg> < 8i ]l@ay>

=Wrw! <aa 88> WIW! g (y). (1.88)

25See §3.11 for differentiation of tensors.
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This is the transformation rule of the tensor g;;. Using (1.87) for the
transformation of two pairs (X,Y) and (£,n) of tangent vectors, where
X,¢£ € T,U and Y,n € TV, we have the invariance of the inner product
with the transformation (1.88):

G(&,X) = (& X)(x) = gij ()& XT = W W g (y)&' X/
= gu)n"Y"' = (n,Y)(y), (1.89)

where Y* = WFX? and ! = Wl§3

1.10.2. Covariant tensors

The inner product G(&, X) in the previous section is an example of covariant
tensor of rank 2. In general, a covariant tensor of rank n is defined by

Q™ :Ey x FEyx - x E, >R,

a multilinear real-valued function of n-tuple vectors, written as
Q" (v1,...,v,) which is linear in each entry v; (i = 1,...,n), where E},
is the tangent vector space for the kth entry.

A covector a = a;dx’ on a vector v = v/9; = v79/dx7 is an example of
QW a covariant tensor of rank 1. In fact, we have a(v) = a;v'dz?(9;) =

;0. An example of Q) is G(A,X) = g;;A'X7. Both are shown to be

invariant with the coordinate transformation (see §1.6.3 for a(v)).

In general, the values of Q™ must be independent of the basis with
respect to which components of the vectors are expressed. In components,
we have

QM () := QM (v1(2),...,v,(x) = QMW (WM, ..., vk,
= QP (@) ok
at « € U, where

Qo (@) = QW (0/0ab,...,0)0x").

P

Considering that the bases are transformed according to (1.86) and Q™ is
multilinear, we have the transformation rule,

QY (@) =W W™ (y). (1.90)

l17 7 n

Owing to the transformation (1.87), it is obvious that we have the invari-

ance, QU)(z) = Q) (y).
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From two covectors o = a;dz* and 3 = bjdmj , one can form a covariant
tensor of rank 2 by the tensor product ® as follows: a ® 3 : E x E — R,
defined by

a® fv,w) = a(v)B(w) = a;dz’ @ bjda? (v, w)
= Quv*u', (1.91)
Qi = QP (0k,0)) = abjda’ @ da? (0, )

where v = v*0),, w = w'9, € E.

1.10.3. Mixed tensors

A mixed tensor of rank 2 is defined by
- .0
i _ (2) 7
Mj(x) =M (dx ’axj> ,

which is a first order covariant and first order contravariant tensor.
According to (1.50), a 1-form base dz’ is transformed as

N

dz’ = -

oyJ

dy’ = VT/; dy?, where WJZ = 0x" /0y’ (1.92)

Thus, using (1.86) and (1.92), we obtain the transformation rule of the
mixed tensor M:

Mi(z) = WIWIME (y). (1.93)

The transformation matrix W = 92/dy is the inverse of W = dy/dz, i.e.
W = W1, since one can verify WW = I, i.e.
00 o

WS = 503 07 ~ oy~

Let us consider such mixed tensors through several examples.

(i) Transformation: A mixed tensor M) of rank 2 arises from the matrix
of a linear transformation W = (WF). In the coordinate patch V, taking a
covariant vector a = A;dy’ € E* (cotangent space, §1.5.1) and a contravari-
ant vector Y = Y*9, € F, the mixed tensor M : E* x E — R is defined
by M@ (a,Y) = a[Y] = A;Y". Next, consider the transformation ¢ and
its matrix W(= ¢.) : E(U) — E(V), i.e. Y = WX defined by (1.86) and
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(1.87). The corresponding pull-back is given by ¢*a = a;dz’ (see (1.46)),
and the component a; is expressed by (1.47):

Oy’

@ =0

= A;W7. (1.94)

Thus, we have the invariance of the value of the mixed tensor as follows
(using Y7 = W/ X*):

MP(a,Y) = a]Y] = A,WIX = 0, X" = ¢*a[X]. (1.95)
According to (1.93), the transformation of the tensor W = (Wﬁa) is

(Wf Wi) Wg = W;. Namely, the transformation of W is an identity:
W —-Ww.

(ii) Vector-valued one-form: Next example of the mixed tensor is the tensor
product, M? = v®a : E* x E — R, of a vector and a covector, defined by

MP (B, w) = v ® a(f,w) = v/0; © a;dz’ (8, w)
= 9;(B)v’ a;dz’ (w) = by M w*, (1.96)
where w = w'0;, 8 = b;dz?® and Mz] = vJa;. The value of the tensor v ® «

on a vector X = X'9; takes the value of a vector (rather than a scalar) as
follows:

MP(X)=v®o(X) =v®ada’(X) = va; X' (1.97)

In this sense, M‘(,2 J—_ ® « is interpreted also as a vector-valued 1-form.
In particular, the following I is the identity mixed-tensor:

I:=0; ®da’. (1.98)
In fact, we have
I(X) = I(X%0,) = 0; ® da' (X %8y) = X“6.0; = X.

(i) Covariant derivative: The third example is the covariant differentiation
V, which is an essential building block in the differential geometry and also
in Physics, and investigated in the subsequent chapters as well.

Consider a vector X = X*9, and the transformation X = WY with
Wk = 92%/0y". Tt may appear that, just like the tensor WF = dy*/dx’,
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the derivative X* /027 is also a mixed tensor. But this is not the case. In
fact, we have

oXF 0 - 0 OxF
= YW= — [y
OxJ ozJ Wa OxJ < aya)

« yel k 2.k 3 . «@ 2.k
_ oYy %% yo oz % _ W@Wfay L P 0z
OyP Oxi Oy Oy>OyP dxI J oyP I OyedyP

(1.99)

«

Only the first term follows the transformation rule (1.93), while the sec-
ond does not. In order to overcome this difficulty, the differential geometry
introduces the following linear operator Vy, on the product of a scalar X k
and a vector Oy, defined by

Vo, (X 0) = (Vo, X*)0 + X*(Vo,0)

oxF o

= O+ X T, Ok, (1.100)

where Ffj is the Christoffel symbol, which can be represented in terms of

the derivatives of the metric tensors gog (see §2.4 and 3.3.2). From (1.100),
the following mixed tensor is defined:

oxk
k ._
X = Oxd
In fact, it can be verified that this tensor is transformed like a mixed tensor
according to X" (x) = X%(y)WfW(’; (see e.g. [Eis47]).
In order to write it in the form of a vector-valued 1-form just as (1.97),
it is useful to define

+Th X (1.101)

VX =0, ® (VXH), (1.102)
oxk , ,
o da’ +TF X*da' = Xﬁdajl.

Then the value of VX on a vector v = v79; is found to be a vector, which

VXF =dx* +TE Xda' =

is given by

VX(v) =0 @ VX*(179;) = vIVX"(9;)0%

JOXE |k ey ixk
=\ 5 + 7, X7 ) Op = v? X0k (1.103)

The operator VX is called a connection 1-form (see §3.5), and VX (v) is
called the covariant derivative of X with respect to the vector v.
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(iv) Riemann tensors: In the differential geometry, a fourth order tensor
called the Riemann’s curvature tensor plays a central role. This is defined
as Réjk =9;Tt, — akrgl + Fémfﬂ — Fimfﬁ (see §2.4 and 3.9.2). It can be
verified (e.g. [Eis47]) that this tensor is transformed according to

Rl (x) = Ros, () WiWeW/IWy, (1.104)

showing that Réjk is a mixed tensor of rank 4, the third order covariant
and the first order contravariant tensor.

(v) General mized tensor: In general, a mized tensor of rank n is defined by
M(”):Ef><~-~><E;><E1><~-~><Ep—>R.

This is a p times covariant and ¢ times contravariant tensor (p + ¢ = n)
and a multilinear real-valued function of p-tuple vectors and ¢-tuple covec-
tors, written as M(")(al, .v.y 0O, V1,...,Vp), which is linear in each entry
o (i =1,...,q) and v; (i = 1,...,p). The values of M is indepen-
dent of the basis by which the components of the vectors are expressed. In
components, we have

or(n) — Af(n) — . kiokg i 1
M (z) = MY (aq,...,0q,01,...,0p) = G1k, aqqull___lp vy v,

where

MR = M kL dat gy, 0y).

p

1.10.4. Contravariant tensors

In the second example (ii) of the mixed tensor, we obtained the expres-
sion, M® = b; M/ w'. According to the rule (1.31) of §1.3, the lower-index
component b; is related to the upper-index component B k (the vector coun-
terpart of b;) by means of the metric tensor g;; as b; = gjkBk. Similarly,
according to (1.33), the upper-index component w® is related with its cov-
ector counter part W = W;da! as w® = ¢g'W,; by means of the inverse of
the metric tensor g* = (¢g71)%. Hence, we have

M® =b; M w' = (g5 M])B*w® = (¢" M} )b;W. (1.105)

Thus it is found that a covariant tensor Mjy; of rank 2 is obtained by lowering
the upper index of the mixed tensor of rank 2:

My, = gji M.
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Similarly, a contravariant tensor M7 of rank 2 is obtained by raising the
lower index:

” .
M = g" M.
In this way, we have found the equivalence:
MWy = M7bjw' = My, BFw'.

In tensor analysis, one can use the same letter M for the derived tensors
by lowering or raising the indices by means of the metric tensor.
In general, a contravariant tensor of rank n is defined by

P™  Ef x E} x---x Ef >R,

a multilinear real-valued function of n-tuple covectors, written as
P™(ay,...,a,) which is linear in each entry a; (i = 1,...,n). The values
of P(™ is independent of the basis. In components, we have

P(") — P(Oél, ey an) =1 k" Ok k;"Pkl’“"k"’,
where
phukn = p(dzh L ek,

From the two vectors v = v*9; and w = w’ 0;, one can form a contravariant
tensor of rank 2 by the tensor product: v ® w, defined by

v@w (dz',dz?) = da'(v) da? (w) = viw’. (1.106)
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Chapter 2

Geometry of Surfaces in R3

Most concepts in differential geometry spring from the
geometry of surfaces in R3.

2.1. First Fundamental Form

Consider a two-dimensional surface ¥2 parameterized with ! and 2 in the
three-dimensional euclidean space R?. A point p on X2 € R3 is denoted by a
three-component vector x(u', u?), which is represented as * = ri+yj+zk =
xli+2?j+23k with respect to a cartesian frame with the orthonormal right-
handed basis (i, j, k) (Fig. 2.1). The vector x is also written as

x(u',u?) = (2 (ut, u?), 2 (u', u?), 23 (u, u?)), (2.1)

where (u',u?) € U C R2. A surface defined by (z,y, f(z,y)) is considered
in Appendix D.3.

A curve C lying on 2, denoted by x(t) with the parameter ¢, is the
image of the curve Cy: u®(t) on U. The tangent vector T to the curve C
is given by

de du® o
T—E——dt T, = Ty = U0y,
where
ox
T = (7g) = Juc = Tya = Oq-

The two tangent vectors (a1, x2) form a basis for the tangent space Tp22
to ¥? (Fig. 2.2).

45
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RZ

(' (1), u* (1)

Cu

Fig. 2.1. Surface ¥2 in R3.

Fig. 2.2. Tangent space TpX2.

A scalar product in R3 is defined for a pair of general tangent vectors
A = Ax, = A9, and B = Bz, = BY0, as

(A,B) = (A%x,, B z3) = gopA“B”, (2.2)
where the metric tensor g = {gapg} is defined by
9ap(2?) = (Oa, 0p) = (Ta, xp) = (Ta, p) ps (2.3)

2 - . 0xt O
g — L [
(o, xg)Rs ZEZI Oij To, T 2 gus R (2.4)
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where the symbol (-, -)gs is defined by (2.4), the scalar product with the
euclidean metric (§1.5.2) in R3. This is so that the euclidean metric induces
the metric tensor g, on the surface 2. The metric tensor is obviously
symmetric by the definition (2.4): gog = 9gga-

Denoting a differential 1-form as de = x,du®, the first fundamental
form is defined by

I:= (dz,dz) = (xodu®, zzdu”) = gopdudu’
= giidutdut + 2g1odutdu? + goodudu®. (2.5)

Note that du® is a 1-form (§1.5.1), i.e. du®(A) = du®(APz5) = A~ The
first fundamental form I = (dx,dx) is a quadratic form associated with
the metric. This quadratic form I is interpreted, in a mathematical term,
as a second-rank covariant tensor (§1.10.2) taking a real value on a pair of
vectors A and B,

I(A,B) = gopdu® @ du’ (A, B)
= gopdu®(A) @ du’(B) = gasA*BP, (2.6)

by using the definition (1.91) of the tensor product ®. In this context, dx
is a 1-form yielding a vector, defined by a mixed tensor: de = x, ® du®,
and we have

dz(A) = 2, @ du®(A) = T, A% = A. (2.7)

Thus, eating a vector A, dx yields the same vector A. In this language,
dx is not an infinitesimal increment vector, but a wvector-valued 1-form
(8§1.10.3(ii)).

Example. Torus (I). Consider a surface of revolution called a torus X",
obtained by rotating a circle C of radius a about the z-axis, where the cir-
cle C is in the z—z plane with its center located at (z,y,z) = (R,0,0)
with R > a (Fig. 2.3). The surface is represented as z'(u,v) =
(x(u,v),y(u,v), z(u,v)), where

2" = (2,y,2) = (R+ acosu) cosv, (R+ acosu)sinv,asinu). (2.8)

The parameter u is an angle-parameter of the circle C (e.g. u € [0, 27]) and
v denotes the angle of rotation of C around the z-axis (e.g. v € [0, 27]).
In this sense, the surface %" is denoted as T2 in a standard notation:
T2([0,27], [0, 27]) with 27 being identified with 0 for both parameters.
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Fig. 2.3. Torus. (zy,®y) = (Ou, Ov)-

The basis vectors to T, X0, are

x, = 0,2 = (—asinucosv, —asinusinv,acosu), (2.9)

x, = 0,x"" = (—(R + acosu)sinv, (R + acosu) cosv,0). (2.10)

The metric tensors gos = (Tq, Tg) are

Guw = 0%, Guv =0, guy = (R+acosu)?, (2.11)
which are independent of v, and g, is a constant. The first fundamental
form is

I =a?(du)? + (R + acosu)?(dv)?. (2.12)
O

A line element of the curve x(t) (on ¥?) for an increment At is denoted
as Az = (Au®)x,, and its length As is defined by

As = | Az| = (Ax, Axz)'/? (2.13)
(Az, Ax) = gop(Au®)(AuP) (2.14)

(Fig. 2.4). Thus the length of an infinitesimal element of u!-coordinate
curve (Ajul,0) is given by (A1s)? = g11(Ajut)?. Similarly, the length
of an infinitesimal element (0, Asu?) is given by (Ags)? = gaa(Agu?)2.
Consequently, we have g;; > 0 and goe > 0.

The angle 6 between two tangent vectors A and B is defined by
(A,B)

cosf = .
|A[l B

(2.15)
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As=1l1AxIl

Fig. 2.4. Length, angle and area over Y2, (As)? = g11(Aul)? + 2g12Aul Au? +
g22(Au?)2.

So the intersecting angle 6 of two coordinate curves u! = const and

u? = const is given by

<.’131,:132>A1U1A2U2 _ g12
(A1s)(A2s) V1922

Hence, it is necessary for orthogonality of two coordinate curves on a surface
to be g12 = 0 at each point. It is also the sufficient condition.

Consider a small parallelogram spanned by two infinitesimal line-
elements (Aju!,0) and (0, Agu?). Its area AA is given by

AA = sin9(,/g11A1u1)(,/g22A2u2) = \/§A1U1A2u2, (217)

where g = g11g22— (g12)? = det(gap), where g can be shown to be positive.!
The metric properties of a surface, such as the length, angle and area,

cosf =

(2.16)

can be expressed completely by means of the first fundamental form of the
surface. It is true that these quantities are embedded in the enveloping space
R3, where the metric tensor is euclidean, i.e. g;j(R*) = &;; (Kronecker’s
delta) with i,j = 1,2, 3. In this sense, the metric gog(3?) = (x4, x5)ps of
the surface 32 is induced by the euclidean metric of the space R3. Consider
two surfaces, and suppose that there exists a coordinate system on each sur-
face which gives an identical first fundamental form for the two surfaces, i.e.
their metric tensors are identical, then it is said that the two surfaces have
the same intrinsic geometry. Two such surfaces are said to be isometric. As
far as the measurement of the above three quantities are concerned, there
is no difference in the two surfaces, no matter how different the surfaces
may appear when viewed from the enveloping space. Furthermore, we can

lg = (A12)% + (A?%)? + (A31)? > 0, where AF = zizh — afah. This is verified by using
(2.4) and the identity, det(gng) = det(z 1 Talh) = (A12) + (A23)2 4 (A3H2,
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define an intrinsic curvature called the Gaussian curvature for the isometric
surfaces, which is considered in §2.5. It will be seen later that the Gaussian
curvature is one of the central geometrical objects in the analysis of time
evolution of various dynamical systems.

2.2. Second Fundamental Form

The vector product of two tangent vectors @1 (=x,1) and x2(=x,2) yields
a vector directed to the normal to the surface %2 with the magnitude
lz1 x x2|| (Appendix B.5). Thus, the unit normal to %2 is defined as

N — Ty X T2 _ Tyt X T2 (2 18)
[y x @\ (2w X 22| ) '

at a point z(u',u?). Since (IN, N) = 1, we obtain (N, N) = 0 by differ-
entiating it with respect to u®, where N, = ON/Ou®. Hence, N, L N
for « = 1 and 2, i.e. N; and N, are tangent to ¥2. Thus, we have two
pairs of tangent vectors, (1, z2) and (N1, N3) (Fig. 2.5). Using the pair
(N1, N3), one can define a mixed tensor, dN = Nz@du” (see §1.10.3(ii)).
The assignment b(xy,) : €o — —dN(24) = =N, (a = 1,2) defines a linear
transformation between (x1,x2) and (N1, N2), where the equation

N, =-b(z,), or No=-Waxz=—-blz; —bix, (2.19)

(a = 1,2) is called the Weingarten equation. The (b2) is the transforma-
tion matrix from (x1,x2) to (N1, N2), whose elements are related to the

T,3?
X

Ny=—-b\x,-b%x,
>

X1

¥ Ny=—bhx—b3x,

(a) (b)

Fig. 2.5. (a) Unit normal N, (b) Two pairs: (€1, z2) and (N1, N2).
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coefficients of the second fundamental form defined below. For YA € TX?,
this assigns another tangent vector b(A) = —dN(A) = —A*N,,.

With two tangents dx = x,du® and dN = Ngduﬁ7 the second funda-
mental form is defined by

1= —(dz,dN) = —(zodu®, Ngdu?) = bysdu®du’®, (2.20)
where
bag = —<:Ba, N@). (2.21)

In the language of the tensor product, the II is a second-rank covariant
tensor taking a real value on a pair of vectors, i.e.

II(A, B) = —(dz,dN)(A, B) = (A,b(B))
= bapdu® @ du’(A, B) = ba3 A*BP. (2.22)

Owing to the orthogonality (., N) = 0, we obtain
0= 8u5<wa’N> = <$0457N> + <1:a,N5> = <waﬁ’N> - baﬁ'

Note that the equality x5 = 0%x/u*ou’ = 0%x/0u’du® is considered to
be a condition of integrability to obtain a smooth surface (see §2.7). This
leads to the symmetry of the tensor b,g:

bag = <$aﬁ, N> = bﬁa- (223)
Thus, it is found that the second fundamental form is symmetric:
II(A, B) = (A, b(B)) = bosA°B? = (B,b(A)) = 1I(B, A). (2.24)

Taking the scalar product of (2.19) with x.,, and using (2.4) and (2.21), we
have the relation

(Na,zy) = _<bg Ty, L), O by = bg 9p-

Solving this, we obtain b2 = ¢#7 bya, where g*? denotes the components of
the inverse ¢~ ! of the metric tensor g, that is,

(g™ and ¢*Pgs, = gyp9°* =62, (2.25)

where 5?; is the Kronecker’s delta. Thus,

g*f =

11 g22 12 21 g12 22 g11
- = = — = . 2.26
detg’ 7 g detg’ 7 det g (2.26)
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Example. Torus (IT). In §2.1, we considered a torus surface X' and its
metric tensor. According to the formula (2.18), unit normal to the surface
Ytor is obtained as

N = (—cosucosv,—cosusinv, —sinu), (2.27)

where the expressions (2.9) and (2.10) are used for the two basis vectors
Ty, Ty € TpXior. The coeflicients byg of the second fundamental form are
obtained by using (2.23) and the derivatives of x,, and x, as

buw = @, bupy =0, by, = (R+ acosu)cosu. (2.28)

Using the metric tensor g of (2.11), we have det g = a?(R+a cos u)?. Hence,

the inverse g—! is given by
1 1
un _ U — g¥% — i — 2.29
g a2 7 g 9 (R + acosu)? (2.29)

O

2.3. Gauss’s Surface Equation and an Induced Connection

What is an induced derivative for a curved surface in R3.

Although the vectors x; and x; are tangent, the second derivatives x,g
are not necessarily so, and we have the following expression,

Top = 0o = bap N + FZ@ . (2.30)

This represents four equations, called the Gauss’s surface equations
(Fig. 2.6). The first normal part is consistent with (2.23) and the sec-
ond tangential part introduces the coefficient Flﬁ, the Christoffel symbols

2

(@ (b)

Fig. 2.6. (a) 9gxa, (b) covariant derivative Vo, xa.
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defined by
(@v, Tap) = (20, )05 = G Tls = Tapuw-

and Faﬂ,y = F@a,y.

(03

Evidently we have the symmetry, T’} ; = I'}
Using the expression (2.30), one can introduce an induced covariant
derivative V of a base vector x,, with respect to a second base 3 defined as

vmﬁiba(z vaﬁaa) = waﬁ — bagN = I‘Zﬂwv, (2.31)

where V (the nabla with an overbar) denotes the tangential part of the
derivative. The equation Vg, &, = Vo,0, = ') 30, is consistent with an
equality in (1.100) for X* =1, that is Vg, 9, = I}, k. This is the property
of (an affine) connection considered in §1.10.3(iii).2

For two tangent vectors X,Y € T¥2, one can introduce a vector-valued
1-form,

VX =0, @ VX*, VX' =dX*+T%,Xda”,

where VX is a (connection) 1-form. Then, we have the induced covariant
derivative of X with respect to Y:

VyX =0, @ VXE(Y) = VX* (V)0 (2.32)
VXH(Y) =dX*(Y) +Th,X°YF. (2.33)

The covariant derivative Vy X is considered to be a map, V : TE2 xT%? —
T2, namely Vy X represents a tangent vector as evident by (2.32), and
the operator V is called an induced connection. Taking X® =1 and Y7 =1,
Eq. (2.33) reduces to %Baa = F’E,a Ok, which is equivalent to (2.31), the
tangential part of (2.30).

For later application, let us rewrite the expression (2.30) (or (2.31)) by
multiplying X*Y” on both sides. Then we obtain

XYP0sz0 = XVPbogN + XY Vg, 20 (2.34)

The first term on the right-hand side is equal to the second fundamental
form II(X,Y)N by (2.24). Using (2.31)—(2.33), the second term is found to
be equal to Vy X — dX(Y), where dX(Y) = dX*(Y)z, = YP0sXx,.

2See §3.5 for general definition of affine connection or covariant derivative.
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Now let us define the nabla V in the ambient space (in the ordinary
sense) by
VyX =YP05(X%,) = dX(Y) + XVP0sz,.

Collecting these, it is found that Eq. (2.34) is written as

VyX =VyX +II(X,Y)N, (2.35)

VyX =dX*(Y)z, + Xdz,(Y), (2.36)

dzo(Y) :=Y? Vg, z, (tangential part).

The first is called the Gauss’s surface equation, and the second gives another
definition of the covariant derivative.

A vector field X (z) is said to be parallel along the curve generated by
Y (z) if the covariant derivative Vy X vanishes:

VyX =0. (2.37)

See §3.5 and 3.8.1 for more details of the parallel translation.

Sometimes (very often in the cases considered below), it is possible to
formulate the curved space (such as ¥?) without taking into consideratiaon
the enveloping flat space R3. In those cases, the nabla V (without the
overbar) is used to denote the covariant derivative.

2.4. Gauss—Mainardi—Codazzi Equation and Integrability

We consider some integrability condition of a surface.

Differentiating the metric tensor g,o = (x,,x) with respect to 1%, we
obtain

aﬁgua = aﬁ<xu7wa> = <$Vﬁ7 wa> + <wu>waﬁ>
= Fuﬁ,a + Faﬁ,w (238)

It is readily shown that 93gvq + 0,908 — 0098y = 2I'8v.0 = 2gan Fgu. Hence,
we find

M, = g Ty, (2:39)
1
F/J’l/,a = i(aﬁgua + avgaﬂ - aagﬁv)v (240)

which are well-known representations of the Christoffel symbols in terms of
the metric tensors.
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Example. Torus (IIT). Using the metric tensor g of (2.11), we can calculate
the Christoffel symbols 'y, and T'ng,, for the torus X', as follows:

(0 0 B 0 —a@sinu
Lapu = <O a® sinu) ’ Lapw = <—aQ sinu 0 > » (241)

where Q = R + acosu. Next, using the inverse g—! of (2.29), we obtain
e =9""Tagu+ 9" Tapw = g"" Tapu since " = 0. Similarly, we have
I'ts =9"" Tapw. Thus,

1/0 0 1 0 asinu
w 1 v o1 L (242
o (0 @ sin u> ’ af Q <a sinu 0 > (242)

O

As a result, it is found that all the coeflicients of the Gauss equation
(2.30) are represented in terms of g,g and bag (the first and second funda-
mental forms). The following equality of third order derivatives

Tapy = Bvagc')am = Tang, (2.43)

is considered to be a condition of integrability of a surface.?

When two sets of tensors gos and b,z are given, one can derive another
important equation of the surface. Using the Weingarten equation (2.19)
and the Gauss equation (2.30), one can derive the following expression:

0=2=Zapy — Tayp = (Rey5 — Bagy) @y + Vapy N, (2.44)
where
ng = 0,15, — (%FZQ + I‘Z#Fga — I‘E#F%, (2.45)
B(’;M = bz bas — bg bary s (2.46)
Vaﬁ’)’ = Fgﬁbyw + aybaﬁ - szb,,g — aﬁbav. (2.47)

The tensors Ry, 5 defined by (2.45) are called the Riemann—Christoffel cur-
vature tensors. Because the left-hand side of Eq. (2.44) is zero, both of the
tangential and normal components of (2.44), i.e. the coefficients of x, and

3In §2.7, integrability conditions are given in different ways.
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NN respectively, must vanish. Thus we obtain the Gauss’s equation,

Ry 5 = b5 bag — b basy, (2.48)

and the Mainardi-Codazzi equation,*

Ovbap — T bus = g bay — TY by (2.49)

Introducing the notation by g,y := 9ybas—1'g,byp for the left side, Eq. (2.49)
reduces to bag;y = bay;s- Since all the indices take only 1 and 2, the
Mainardi-Codazzi equation consists of only two equations: bi1.2 = bi2.1
and baz;1 = bay;o.

Remark. When the two sets of tensors gog and b,g are given as the first
and second fundamental tensors (see §2.11 for the uniqueness theorem),
respectively, Eqs. (2.48) and (2.49) must be satisfied for the existence of
the integral surface (represented by Eq. (2.43)), and therefore they are con-
sidered as the integrability conditions. In the geometrical theory of soliton
systems considered in Part IV, the Gauss equation and Mainardi—-Codazzi
equation yield a nonlinear partial differential equation, usually called the
soliton equation.

2.5. Gaussian Curvature of a Surface

We consider various curvatures in order to characterize a surface
and curves lying on the surface.

2.5.1. Riemann tensors

From the Riemann tensor RY 5 (third order covariant and first order con-
travariant), one can define the fourth order covariant tensor by

Rsapy = gsv Ry
In terms of the Christoffel symbols, we have
Rsapy = 95 a5 — 030 gas + T4 Tsn 0 — T4 T, (2.50)
which can be shown by using the equation,
9pLlya.0 = 05(95u10) = 95008150 + T4 (Lups + Do)
This equation can be verified by using (2.38) and (2.40).

4This is sometimes called as Codazzi equation [Cod1869]. However, the equivalent equa-
tion had been derived earlier by Mainardi [Mail856]. (See [Eis47, Ch. IV, §39].)
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Furthermore, using (2.40) again, one can derive another expression of
Rsapy: [Eis47]

1
R5a[3’y = i(aﬁaagé'y - aﬁaégouy - 8780496[3 + awa5gozﬁ)
+ 9" Tapw Loyu = Dayw Topp)- (2.51)

The last expression shows a remarkable property that the tensor Rsagy
is skew-symmetric not only with respect to the pair of indices 8 and 7,
changing sign with the exchange of both indices, but also with respect to
the pair of indices « and §.

From (2.51), it can be shown that

Réaﬁ'y + R5ﬁ'ya + RMQB =0. (252)

It is obvious in the expression (2.51) that the Riemann tensors are rep-
resented in terms of the metric tensors g.g only, characterizing the first
fundamental form, because the Christoffel symbols are also represented in
terms of gap by (2.40).5

Considering that the indices a, 3--- take two values 1 and 2, the ten-
sor Rsapy has nominally sixteen components, among which the number of
nonvanishing independent components is only one. This can be verified as
follows. Because of the above skew-symmetries with respect to two pairs of
indices (o, ) and (3,7), all the tensors with a = ¢ or 8 =  of the form
Raapy or Rsqpp vanish, and the remaining nonvanishing components are
only four. However, we obviously have the following relations among the
four by the skew-symmetries:

R1212 = _R1221 = R2121 = _R2112~

Hence all the Riemann tensors are given, once Ry212 is known.

When a surface is isometric with the plane, i.e. when their first funda-
mental forms are identical to each other, there necessarily exists a coordi-
nate system for which g11 = g22 = 1 and g2 = 0. Then, we have Ri212 = 0,
since Rjs12 is represented in terms of the Christoffel symbols and their
derivatives (see (2.50)) and the Christoffel symbols, in turn, are given by
derivatives of the metric tensors (see (2.40)) which vanish identically. In
general, a surface is isometric with the plane if and only if the Riemann
tensor is a zero tensor.

5This remarkable property is called the Gauss’s Theorema Egregium.
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From a sheet of paper, we can form a cylinder or cone, but it is not
possible to form a spherical surface without stretching, folding or cutting.
The geometrical property which can be expressed entirely in terms of the
first fundamental form is called the intrinsic geometry of the surface. As
shown in the subsequent sections, the Gaussian curvature of a surface is an
intrinsic quantity. The Gaussian curvature of a plane sheet, circular cylinder
or a cone are all zero, while that of the sphere takes a positive value.

2.5.2. Gaussian curvature

The Gaussian curvature K of a surface is defined by
K := det(b}) = Rj3, (2.53)

which will be given another meaning by (2.62) below in terms of the normal
curvatures. Here the following equation, obtained from (2.48), is used:

Ri3 = g>* R}, = g**(blbas — b3ba1) = b1b3 — b3bT. (2.54)

(63

Using (2.48) again and the relation b,g = ga,ybg, defined in §2.2 together
with det(bag) = det(gas) det(b}), one obtains another form of the Gauss
equation (2.48),

Ri212 = g1uR519 = g1,(b]baa — byba1) = g1,9"" (b1uba2 — bayba1)
= b11b22 — b21b21 = det (baﬁ) = det(ga,y) det(bg), (255)
since g1,g"* = 6. Thus it is found that

_ det(bag) _ R1212
det(gap) g

K = det(b3) , (2.56)

where g = det(gag) = 911922 — (912)°.

Example. Torus (IV). Regarding the torus surface X, we have calcu-
lated already the tensor coefficients of the first and second fundamental
forms in §2.1 and 2.2. Using (2.11) and (2.28), the Gaussian curvature is
found immediately as

_det(bap) a(R+acosu)cosu Cos U

= = - . 2.
det(gap) a?(R + acosu)? a(R + acosu) (2.57)

tor

The curvature KT takes both positive and negative values according to
cosu > 0 or < 0 (Fig. 2.3). O
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2.5.3. Geodesic curvature and normal curvature

In order to find another useful expression of K, consider a space curve
C defined by x(s) with s the arc length parameter (see Appendix D.1).
The unit tangent is given by T = dx/ds = x,du®/ds = x,u* (where
u* = du®/ds). The curvature k of C at x is defined by

AT due du? d*u®

Tas PEs ds e
= (bapN + T2, )i’ + @00 = knN + Ky (2.58)

KM

(using (2.30)), where n is the unit principal normal to the space curve C
(cf. Serret—Frenet formula), and the geodesic curvature defined by

kg = (0500 + i), (2.59)

is the tangential component of dT'/ds (Fig. 2.7). The normal n of the
curve is not necessarily parallel to the normal IN of the surface on which
the curve C is lying, and the component of the vector kn in the direction
to the surface normal N is given by

kn = (kn, N) = (xap, N)u*u’ = 1II(T, T), (2.60)
in view of the definition (2.23). Equivalently, we have

N a,,B adq,B
(Tap, N)du*du”  bogdu®du (T, 7).

KN =

ds?  Gap ducduf

Fig. 2.7. Geodesic curvature kg and normal curvature xy (< 0).
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Ky (p)= T,

. ’
4 '

// P
, N

Fig. 2.8. kn(p) =I1I(T,T) at p € £2.

The sy is called the normal curvature and understood as the second funda-
mental form on the unit tangent T' (Fig. 2.8). In general, the curvature vec-
tor kn has a tangential component &, (the geodesic curvature vector). The
above derivation shows that the normal curvature is given by ky = II(T',T)
under the restricting condition, I(T,T) = (T, T) = 1.

2.5.4. Principal curvatures

The plane P spanned by the vectors T' and N at a point p € 22 cuts the
surface ¥? with a section called a normal section (a curve Cy, Fig. 2.7).
The second fundamental form takes

I(T,T) = +x,

where the signs + depend on whether the curve C is curving toward N (+)
or not (—). Next, rotating the tangent direction T" with p fixed, the normal
curvature ky = II(T", T') changes, in general, with keeping (T, T') = 1 fixed,
and takes a maximum k; in one direction, and a minimum ks in another
direction (Fig. 2.8). These values and directions are called the principal
values and directions respectively, and are determined as follows.

Observe that the above extremum problem is equivalent to finding the
extrema of the following function,

_ bagTeT?
o galgT"‘Tﬂ
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without the restricting condition (T',T) = 1 (multiplication of T* with an
arbitrary constant ¢ does not change the value ). The extremum condi-
tion given by OA/OT* = 0 yields the following equation for the principal
direction T7:

(bap = Agap) TP =0, (a=1,2). (2.61)

The condition of nontrivial solution of T, i.e. vanishing of the coefficient
determinant, becomes the equation for the eigenvalue A yielding a quadratic
equation of A (Appendix K), which has two roots x; and k2 (principal
curvatures). Product of the two roots is given by k1ke = det(bag)/det(gas)
from the quadratic equation, which is nothing but the Gaussian curvature
K of (2.56).5 Thus it is found that

. det(bag)
det(gap)
In Appendix D.3, for the surface defined by (z,vy, f(z,y)), a formula of

its Gaussian curvature K is given, together with the tensors of the second
fundamental form

= KR1Kk2. (2.62)

Example. Torus (V). For the torus X'°*) by using the first and second
fundamental tensors, (2.11) and (2.28), Eq. (2.61) reduces to

(a—Xa®)T" =0,
(R+ acosu)(cosu — A(R+ acosu)T” = 0.

Thus we obtain the eigenvalues (principal values) k1 and kg and associated
eigen directions (T%,T") given by

1 Ccosu
= 170 3 = 5 Oa ]-
i a (1,0) 2 R+ acosu 0,1)
Naturally, the product x1x2 is equal to K*F of (2.57). O

Figure 2.9 shows two surfaces of positive Gaussian curvature (K > 0).
Figure 2.10 shows a surface of negative Gaussian curvature (K < 0) and an
example of II(T', T) taking both signs.

Although the definition (2.53) of the Gaussian curvature K is given
by the coefficients b3 derived from the second fundamental form b,g, the
curvature K is determined entirely when the metric tensor fields g, 5(u', u?)

6Sum of the two roots divided by 2, (k1 + x2)/2 = H, is called the mean curvature.
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I (p)>0 II(p)<0

Fig. 2.9. Surfaces of positive Gaussian curvature (K > 0).

1I>0

(a) (b) (T, T)=—2(T")*+(T??

Fig. 2.10. A surface of negative Gaussian curvature (K < 0).

are given, i.e. K is intrinsic. This is understood by recalling the observation
given in §2.5.1 (below (2.51)) that Ri212 (or equivalently Ri2) is determined
by the metric tensors gog. This remarkable property is called the Gauss’s
Theorema Egregium. This is essential in the Riemannian geometry.

According to (2.61), it can be shown that the two principal directions
are orthogonal unless bo3 = g3 With ¢ a constant (see also [Eis47]). When
K = 0 at every point, the surface is called flat, while if H = 0 at every
point, the surface is called a minimal surface.

From the definition of the Gaussian curvature (2.53) and the expression
of Riemannian tensor (2.51), the Gaussian curvature is given the following
expression (Liouville-Beltrami formula):

1 [3 ( gi2 0911 1 3922>

K=— |2 S
2,/g [0ul \ g11\/g Ou® /g Ou!

0 (20912 1 0gu1 g1z Ogu (2.63)
ou? \ /g Out /g Ou?  g11\/g Oul ' '
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2.6. Geodesic Equation

Geometrical object “geodesics” governs the dynamics of physical
systems to be considered in later chapters.
Geodesic curves are characterized by the property of vanishing geodesic
curvature K, = 0 at every point. Namely, the derivative of the unit
tangent T along the geodesic curve has no component tangent to 32
(Fig. 2.11), from (2.58). Hence, using the induced covariant derivative
V of (2.33), the geodesic curve is described by V7T = 0. This implies
another definition of the geodesics according to (2.37) of parallel transla-
tion, namely the tangent vector T on the geodesic curve is translated par-
allel along it. When the curve is parametrized by the arc length s, we have
T =dx/ds = (du®/ds)z, = T*x,, where T* = du®/ds. Then Eq. (2.33)
reduces to
VT = @, [dT7(T) + 17, T°T] = 0,

where dTY(T) = T*0T"/0u® = dT7/ds. Thus, we obtain the geodesic
equation:

dT”

-t [0, T*T7 =0, (2.64)
which is written in another form by using 77 = du?/ds as

du” 5 du® duf

- + -

ds? B ds ds
This is consisitent with the expression (2.59) for k4 = 0.

The above definition of the geodesic curve is a generalization of a rec-
tilinear line on a flat plane. Since such a rectilinear line is not curved,

=0. (2.65)

Geodesic curve

Kkn (kg=0)

Fig. 2.11. Geodesic curve (kg = 0).
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its geodesic curvature is zero and its tangent vector is translated parallel
along it. Another important property of a rectilinear line on a plane is that
it is a shortest line among those curves connecting two points on a plane.
In §3.8, it will be verified in a general space that the arc-length along a
curve is extremum if the property Vo T = 0 is satisfied.

Example. Torus (VI). For the surface of a torus X', the Christoffel sym-
bols T’} ; are already given in (2.42). The geodesic equation (2.64) for the
tangent vector T'(s) = T%(s)x,+T"(s)x, can be immediately written down
as follows:

Tt Q(u)

dS + T SiHUTUTU = O, (266)
a7 2a
—_— = inuT"T? =0 2.67
Fro T sinu , (2.67)

where (T, TV) = (u'(s),v'(s)), Q(u) = R+ acosu and (ds)? = a?(du)? +
Q?(dv)?. D

2.7. Structure Equations in Differential Forms

Differential geometry in R3 is reformulated with differential forms.

2.7.1. Smooth surfaces in R® and integrability

In this section, differential geometry of surfaces in R? is reformulated by
means of the differential forms. Suppose we have a smooth surface 32 rep-
resented by (2.1), and choose a right-handed orthonormal moving frame
K, : {e1,es,e3} at each point = on the surface 2 in such a way that es3
is always normal to ¥?:

K, :{ei,es,es} where (e; e;) =70,

where e; and ey span the tangent plane at each point of ¥2. This frame
is analogous to the orthonormal (¢, n,b)-frame for a space curve to obtain
the Frenet—Serret equations (Appendix D.1).

The vector doe = x1du’ + xodu? lies in the tangent plane T, %2 where
T, = 0x/Ou” € T,¥2. Therefore, we can also represent d& in terms of e;
and ey as

dz = ole; + oes, (2.68)
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1 2

where ¢! and o2 are 1-forms and o = 0 by definition. If we write z; =

cie1 + cies, we obtain
V=cldu! + cidu?, 0% = cldut + cidu?. (2.69)
The first fundamental form is given by
= (dz,dx) = o'o! + 0%0?. (2.70)

Analogously to the expression (2.68) for de, one may write differential forms
for each of the basis vectors e; as follows:

de; = w, e +wles +wies, (i=1,2,3), (2.71)

where the wf are 1-forms” and can be represented by a linear combina-
tion of du' and du? like (2.69). Since (de;, e;) + (e;,de;) = 0 due to the
orthonomality (e;, e;) = d;;, we have the anti-symmetry:

Hence, we have wi = w3 = w3 = 0.

The second fundamental form (see (2.20)) is

I = —(dx,des) = f((alel + 0'262), (elwé + egw§)>
= —olw; — o%ws. (2.73)

From the differential calculus (Appendix B.3), we have the relation,
d(akek) = dakek — oA dey.

If we take exterior differentiation of (2.68), the left-hand side vanishes iden-
tically,® and we have

0 =d(dz) = (do' — 0% Aw3)es + (do? — o' Aw?)ey
—(or Awi + 0% Awd)es. (2.74)

Thus, from the first two terms, one obtains the first integrability equations:

do' =0? Nwy = —w A d?, do? =o' ANw? = w Aot (2.75)

where u.:f

7According to the notation of §1.8.3(iii), de;(= Ve;) = ey ® wF is called a
connection 1-form.

8The property d(de) = d?z = 0 is nothing more than the equality of mixed partial
deivatives. It is the source of most integrability conditions in partial differential equations

and differential geometry.

PRl
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where @ := w) = —w?. In addition, the third term gives the equation,
o' AW =P AWl =0 AW ot AW =0, (2.76)
where w! == w} = —w} w? = W} = —w3. Both pairs of 1-forms, (0!, 0?)

and (w',w?), can be represented by a linear combination of du! and du?.

Hence, (w!,w?) are expressed by a linear combination of o! and o2 with

constant matrix coefficients §;; (say) as follows:
wh = =P’ = B20®, W' =—Pao" — o’ (2.77)

Substituting this into (2.76), we have (821 — B12)o! A 02 = 0. Hence, we
obtain the symmetry, 812 = (21, and the second fundamental form (2.73)
is written as

Il = Bioto! +2B120'0% + Bago?o?. (2.78)

Comparing the present first and second fundamental forms (2.70) and (2.78)
(in the local orthonormal frame {e;, ez}) with the previous (2.5) and (2.20)
respectively, it is found that the present metric tensor is g;; = d;; and

bij = Bij- (2.79)

2.7.2. Structure equations

It is convenient to use matrix notations and write as follows:

ey 0 —-w -—-w!
e=|e|, o=("0%0%, Q=[w 0 —w?]|, (2.80)
es wl Ww? 0

where Q = (w}) and ¢® = 0. Then, the first structure equation (2.68) is

dx = oe, with =0, (2.81)
where o is the basis of 1-forms dual to the frame e. One may recall that
dx is a 1-form having a vector value (a vector-valued 1-form). Note that

ol A o2 represents the surface element of ¥.
Similarly, the second structure equation, (2.71) and (2.72), is

de=Qe, Q=-07, (2.82)
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where the left-hand superscript T' denotes transpose of the matrix. This is
also a vector-valued 1-form. In components, we have

de; = —wey —wles,
des = we;, — wes, (2.83)
des = wle; + w3e,.

Equation (2.74) is written as

d(dz) = d(ce) =doe — o Ade
=doe—o0cAQe=(do—o0AQ)e=0. (2.84)

Thus, Egs. (2.75) and (2.76) are represented by a single expression,
do—aAQ=0. (2.85)

Equations (2.82) and (2.85) are called the structure equations. Similarly,
from d(de) = 0, we have

d(de) = d(Qe) =dQe —Q Ade
=de—QAQe=(d2-QAQ)e=0. (2.86)

Thus, we obtain the second integrability equation,
dQ-QAQ=0. (2.87)
In components, it is written as dw? + w}“ A wf =0 (i,k=1,2,3), or as
do—w'Aw? =0, dw'+wAw?=0 do?®—wAwW' =0 (2.88)

Thus, from two vectorial structure equations (2.81) and (2.82), we have

obtained six integrability conditions (2.75), (2.76) (equivalent to (2.85)) and

(2.88). Almost all of local surface theory is contained in these equations.
In particular, from the first equation of (2.88), we obtain

dw = w' Aw? = Ko' Ao?, (2.89)
K = b11ba2 — b12b2y, (2.90)
where (2.77) and (2.79) are used. This is often called the Cartan’s second

structure equation. From (2.56), it is seen that the coefficient K is the
Gaussian curvature since det(gag) = 1.
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It is reminded that Eq. (2.75) of the first integrability condition are
do' =0* Nw, do®=w Ao, (2.91)

while Eq. (2.89) is deduced from the second integrability condition.

The first equation (2.89) implies that the Gaussian curvature K is given
once we know o', 0% and . When ¢! and o2 are given, Eqgs. (2.75) suffice
to determine . In fact, if the two equations of (2.75) give do! = Ac! A o2
and do? = Bo'Ao?, we must have w = —Ao! — Bo?. Thus, K is completely
determined from o' and 2. General consideration of this aspect will be
given in §3.5.

2.7.3. Geodesic equation

On a geodesic curve v(s), its tangent vector T is translated parallel along
itself. This is represented by VT = 0. From (2.36), this is written as

(dT%)eq + T*de, = 0.
From (2.83), we have de; = —we, and dey = we;. Therefore we obtain
dT' + T?w =0, dT?-T'w =0. (2.92)

If the parameter s is taken as the arc-length of the curve, T = dv/ds is a
unit tangent vector and can be represented as

T' =cos ¢(s), T?=sin ¢(s), (2.93)

where ¢(s) is the angle of the tangent T with respect to the axis e; at a
point s (Fig. 2.12). It is easily shown that T'd7T? — T2dT! = dp. From
(2.92), we also obtain T'dT? — T2dT" = w. Thus, it is found that

w = dp. (2.94)

7(s)

T=(T", T?

S ®
€

Fig. 2.12. Angle ¢(s).
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2.8. Gauss Spherical Map

In Appendix D.2, the curvature x of a plane curve is interpreted by the
Gauss map G, which indicates that the  is given by the ratio of the arc-
length over the Gauss’ unit circle with respect to the arc-length along which
a point & moves. This can be generalized to the surface in R3 [Kob77].

It is recalled that o' Ao? is a surface element on ¥2. As a point = moves
over X2, e3 moves over a region on a unit sphere S2. This is a map G,
called the Gauss spherical map or spherical image, i.e. G : (p) — e3(p) for
p € ¥2. The two unit vectors e; and ey orthogonal to es lie in the tangent
plane to the spherical image as well as in ¥£2, and form an orthonormal frame
on the sphere S2. From the equation dx = o'e; + o2ey, it is understood
that the 2-form o' A 02 represents a surface element of ¥2. Analogously,
from the equation des = w'e; + w?es, it is read that the 2-form w' A w?
represents a surface element of the spherical image S? (Fig. 2.13).

Because there exists only one linearly independent 2-form on the two-
dimensional manifold,” the two 2-forms, o' A 02 and w' A w?, are linearly
dependent, and one can write the connecting relation in terms of a scalar
K’ in the following form:

wAw? = Kot Ao (2.95)

Equations (2.89) and (2.62) show that the scalar coefficient K’ is nothing
but the Gaussian curvature K = k1ko. This is analogous to the curvature
interpretation of a plane curve by the Gauss map in Appendix D.2 where

es(p)

Fig. 2.13. Gauss spherical map.

9Dimension of 2-forms on vectors in R? is 1, since the formula (B.6) gives (g) = 1 with
n=2andk=2.
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the line element Ap of a plane curve corresponds to the surface element
ol Ao? of X2

Similarly, we have a 2-form o' A w? — 02 A w! on X2, which can be
represented as

o' Aw? —o? Aw' = (11 + bag)o! Ao? =2Ho! A o?,

where the scalar coefficient H is the mean curvature of X2 since 2H =
bi1 + baa = K1 + K2 due to g;; = 0;; (see the footnote of §2.5.4).

2.9. Gauss—Bonnet Theorem I

Consider a subdomain A on a surface ©2 with a boundary 9A. Let us
integrate Eq. (2.89) over A and transform it by using the Stokes theorem
(B.46), then we obtain

/ Kol No? = / dw = w. (2.96)
A A oA

Let us consider the integral over a geodesic triangle A®), that is a triangle
whose three sides are geodesics. The triangle is assumed to enclose a simply
connected area such that the curvature K has the same sign within or on
the triangle. Such a triangle is shown in Fig. 2.14(a). Three oriented sides
are denoted by dA;, 0As and 0As, and three exterior angles are denoted
by €1, €2, €3.

(b)

Fig. 2.14. (a) Geodesic triangle, (b) Geodesic di-angle.
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Then from (2.94), we have

3
w = dp = / dep, 2.97
/BA(3) DA®) ; DA (297

for the piecewise-geodesics A®) = 0A; + OAs + dAs. On the other hand,
going around the closed curve consisting of the three piecewise-geodesics,
we have

3 3
Z / de + Z € = 2m. (2.98)
k=1 OAk

k=1
Combining the above three equations, we find the following equation,

3
Kol ANo? =21 =) e (2.99)

A®3) 1

This is the Gauss—Bonnet Theorem for a geodesic triangle. This is imme-
diately generalized to a geodesic n-polygon A by replacing 22:1 € by
> h_; €k in the above equation.

Since the exterior angle € is given as m — i; in terms of the interior
angle iy, the Gauss—Bonnet Theorem for the geodesic n-polygon is given by

Ko' no? = (2—n)7r+2ik. (2.100)
A k=1
For a geodesic triangle n = 3, we obtain
Ko' No? = —m + (iy +ig + i3). (2.101)

A®)
It follows that the sum of the interior angles is greater or smaller than w
according to the Gaussian curvature being positive or negative respectively,
and that the sum is equal to 7 for a triangle on a flat plane (K = 0) as is
well-known in the euclidean geometry.
For a geodesic di-angle (n = 2, Fig. 2.14(b)), Eq. (2.100) reduces to

Kol Ao? = 11 + 1o.
A®)
This makes sense for A of positive K, while it does not for A of negative
K since iy + i9 should be positive if it exists. As a consequence, it follows
that two geodesics on a surface of negative curvature cannot meet at two
points and cannot enclose a simply connected area.
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2.10. Gauss—Bonnet Theorem II

Suppose that M@ is a closed submanifold of R3. The total curvature of My
is given by

KdA, dA=o'Ad% (2.102)
Mo

Then, the (Brower) degree, Deg(Gn), of the Gauss normal map (Gn),
M? — S2, is defined as

1 1
Deg(My) := - KdA=— [ dS* =1, (2.103)

7 My T Js2

by (2.95), where dS? = w! A w?, since the area of the unit sphere S?
is 4. If we smoothly deform My, the curvature K will change smoothly
and likewise the area form dA, yet the total curvature normalized by 4
remains constant to be the integer 1. This implies that the degree Deg is a
topological invariant.

For a surface M, of genus g, i.e. the surface of a multihole doughnut
with g-holes (Fig. 2.15), we have

1
Deg(M,) = o /M KdA=1-g. (2.104)

This is another form of the Gauss—Bonnet Theorem, and gives a mea-
sure of the genus of the surface. For example, the degree of a single-hole
doughnut, that is T2, is Deg(T?) = 0.

EONEY

Fig. 2.15. A surface 9M of genus g = 2 of a manifold M3.
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For a closed manifold M?, the Euler characteristic y(M?) is also
defined by

x(M?) = #(vertices) — #(edges) + #(faces), (2.105)

for all triangulations of M? (breaking M? up into a number of triangle-
simplexes), where #(A’s) denotes the number of A’s, and x(M?) is inde-
pendent of the triangulation. It can be shown that

x(M?) = (1/2r) KdA=2-2g (2.106)
M2
from the above Gauss-Bonnet Theorem [Fra97, Ch. 16, 17, 22.3]. Euler
characteristic of a single-hole doughnut 72 is x(7?) = 2 — 2 = 0, whereas
for a sphere (without a hole), x(5?) = 2.

Regarding a circular disk D2, we obtain x(D?) = 1 (Fig. 2.16). This is
obtained with a simple-minded argument that a sphere S? may be collapsed
into two disks (top and bottom). Topologically, the unit disk (with two
antipodal points on the unit circle identified) is equivalent to the real pro-
jective space RP2, whose Euler characteristic is half of S? [Fra97, §16.2b).
Likewise, a ring which is defined by a circular disk with a circular hole
inside has the Euler characteristic y = 0, a half of x(T?) = 0.

An example of triangulation of a torus T2 is made as in Fig. 2.17. In T2,
the edge P; Ry is identified with Py Ry, and likewise, Py Py with Ry Ry (Ezam-
ple: Torus of §2.1). Namely, the two vertical edges are brought together by
bending and then sewn together, and moreover the two horizontal edges are
brought together by bending and then sewn together. Therefore, the num-
ber of vertices, Py, Ps, P3, Q1,Q2, @3, is six, whereas the number of edges
is 18, and the number of faces is 12. Thus, the Euler characteristic of T2 is
X(T?) = 6 — 18 + 12 = 0, consistent with the above, which is independent
of the triangulation.

@ (b)

Z=1 Z=0

Fig. 2.16. (a) Circular disk, (b) circular annulas.
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R, R, R, R,
Q Q, Q3 Qq
P, P, P, P,

Fig. 2.17. A triangulation of torus T°2.

2.11. Uniqueness: First and Second Fundamental Tensors

The first and second fundamental tensors g, and b,z of a surface satisfy
the Gauss equation (2.48) and the Mainardi-Codazzi equation (2.49). In
this section, we inquire conversely whether the two tensors satisfying these
equations denote in fact the fundamental tensors of a certain surface. This
means that we investigate integrability of the Weingarten equation (2.19)
and the Gauss’s surface equation (2.30).

In order to answer this question, we introduce the tangent vector p
defined by

oxt

Po=(04) = 5= =Ta, (i=1,2,3), (2.107)

and recall Egs. (2.3) and (2.18), from which we have

<pa7p,8> = Gap; <N7N> =1, <Napa> =0. (2108)

The Weingarten equation and the surface equation are reproduced here,

Na = _baﬁ Q’BWPW }
2.109
(Pa)p = bapN + T 5P, (2.109)

respectively, for N = (N%),p, = (p%,) € R? and «, 3,7 = 1,2.

The nine equations (2.109) (for N, p;, p,) and six functional equations
(2.108) constitute a mized system of a first order partial differential equa-
tions for N® and p!, [Eisd7, §23] where N¢ p!, (i = 1,2,3;a = 1,2) are
nine dependent variables, whereas Eq. (2.108) constitutes six constraint
conditions on such nine variables, when the tensors g.g and b,g are given.
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The existence conditions of an integral surface are given by the Gauss
equation (2.48) and the Mainardi-Codazzi equation (2.49), which are
presupposed to be satisfied. When Eqgs. (2.108) are differentiated with
respect to u®, the resulting equations are satisfied in consequence of (2.109),
and consequently we have three independent equations among the equations
(2.109). According to the theorem [23.2] of [Eisd7, §23], the solution to
Eq. (2.109) under (2.108) involves three arbitrary constants (say a',a?,a?®)
associated with initial values.

When such a solution is given, the equations of the surface are given by
the quadratures:

xt = /pgduo‘ + b,

by (2.107), where b’ are three additional constants. The vector IV is a unit
normal to this surface due to the second and third of (2.108).

We have now six arbitrary constants (a’,b’) involved in the present
problem for a surface in R®. This arbitrariness is interpreted on the basis
of the following observation. Namely, suppose that £ = (2%) and N =
(N?) constitute a solution of Egs. (2.107)—(2.109). Consider a pair of new
quantities # = (z°) and N = (N?) defined by

z=Az+ ("), N = AN, (2.110)

(and p = Ap), where b are constants, and A = (a}) is an element of SO(3),
i.e. a constant 3 x 3 tensor, representing rotational transformation (§1.8.2).
The position vector & is obtained by rotating x with the orthogonal matrix
A and translating the origin by (b%), while the vector N is obtained by
rotating the normal N with the matrix A. The matrix A is subject to the
following orthogonality condition:

AAT (= ATA) =1, (detA=1). (2.111)

This condition keeps the inner product of (2.108) invariant, and the equa-
tions of (2.109) are unchanged for the overbar variables too. From the first
equation of (2.110), the two surfaces defined by & and & may be obtained
from one another by a rotation and a translation, that is, a rigid motion
without change of form. This transformation of rigid-motion involves arbi-
trary constants whose number is 6 since the number of b is 3 and the
number of matrix elements of A is 9, with the total 12. However the con-
straint conditions (2.111) are 6. Therefore we have 6 arbitrary constants.
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Thus, the transformation of rigid-motion involves the same number of
arbitrary constants as the general solution of the present problem of deter-
mining a surface in R for a given set of fundamental tensors satisfying
(2.48) and (2.49). It follows that any two surfaces with the same tensors
Jap and b,z which satisfy the equations of Gauss and Mainardi-—Codazzi
are transformed into one another by a rigid-motion in space.



Chapter 3

Riemannian Geometry

We consider the “inmer” geometry of a manifold which is not
a part of an euclidean space. We consider only tangential vec-
tors, and any vector normal to the manifold is not available.
We presuppose that each tangent bundle possesses an inner
product depending on points of its base space smoothly. The
space is curved in general. The Riemannian curvature of a
manifold governs the behavior of geodesics on it and corre-
sponding dynamical system. Dimension of the manifold is not
always finite.

3.1. Tangent Space

3.1.1. Tangent vectors and inner product

If a manifold under consideration were a part of an euclidean space, it would
inherit a local euclidean geometry (such as the length) from the enveloping
euclidean space, as is the case of surfaces in R? considered in §2.1-2.3. What
we consider here is not a part of an euclidean space, so the existence of a
local geometry must be postulated.

Let M™ be an n-dimensional manifold. The problem is how to define a
tangent vector X when we are constrained to the manifold M™. According
to the theory of manifolds in Chapter 1, we introduced a local coordi-
nate frame (x!,...,2™). In §1.2, guided by the experience of a flow in an
euclidean space, we defined a tangent vector X € T, M™ by

X =x-2 = xip,
ox?
where 0/0x!,...,0/0x™ is a natural frame associated with the coordinate

system. Furthermore, in the language of the differential form (§1.10.3(ii)),

7
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we defined a vector-valued 1-form,’
w = 0; @ dz’.
From the calculus of differential forms, we have
wX] =0 ®da'[X] = X0; = X.

This is interpreted as follows. The 1-form w yields the same vector X by
eating a vector X.

We consider the intrinsic (inner) geometry of the manifold M™. Tt is
supposed that an inner product (-,-) is given in the tangent space T, M"
at each point « of M". If X and Y are two smooth tangent vector fields of
the tangent bundle TM™ (see §1.3.1, 1.4.2), then (X,Y) is a smooth real
function on M™.

Every inner product space has an orthonormal basis ([Fla63], §2.5).
Let us introduce the natural coordinate frame of the orthonormal vectors,
ey,...,e, for T, M"™, where 0; = Agej. Then, one can write a tangent
vector as de = 0; @ dz’ = e; ® 07, where ¢/ are 1-forms represented in the
form, o/ = Agdzi.

3.1.2. Riemannian metric

On a Riemannian manifold M™, a positive definite inner product (,-) is
defined on the tangent space T, M™ at = (z!,...,2") € M and assumed
to be differentiable. For two tangent fields X = X'(2)9;,Y = Y(z)0; €
TM™ (tangent bundle), the Riemannian metric is given by

(X,Y)(2) = gi; X" ()Y (2),
as already defined in (1.28),% where the metric tensor, g;;(x) = (8;,0;) =

gji(z), is symmetric and differentiable with respect to z‘. This bilinear
quadratic form is called the first fundamental form. In terms of differential

1This definition is independent of the local coordinate system. Indeed, if ul,...,u"™ is

another system, then du® = (9u?/dz*)dz* and (8/0u?) = (0x!/0u?)(8/0x"). Hence, we
have du’(8/0u’) = (Ou'/0x*)(0x! /Ou?)dx* (8/0al) = 6L da*(9/0x) = da*(8/0x*).

2If the inner product is only nondegenerate rather than positive definite like that in
Minkowski space, the resulting structure on M™ is called a pseudo-Riemannian.
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1-forms dz?, this is equivalent to
I:= gijdxi ®da’.
Eating two vectors X = X*(z)0; and Y = Y7 (z)9;, this yields
I(X,Y) = gi;jda"(X)da? (V) = g;; XY, (3.1)
The inner product is said to be nondegenerate,

if (X,Y)=0, Y e€TM", onlywhen X =0. (3.2)

3.1.3. Examples of metric tensor

(a) Finite dimensions
Consider a dynamical system of N degrees of freedom in a gravitational
field with the potential V(g) and the kinetic energy,

1 .qeq _ i .
T:§aijqu7 where ¢=1(¢"), (i=1,...,N).
The metric is defined by g;;4'¢?, where, for an energy constant E,
gij = g;]j((j) =2(E-V(79))a;;, fori,j=1,...,N, (3.3)

is the Jacobi’s metric tensor [Ptt93]. In Chapter 6, we consider another
metric called the Eisenhart metric gg

(b) Infinite dimensions
For two tangent fields X = wu(x)d,,Y = wv(x)d, on the tangent space
T;qD(S'), an inner product is defined by

(X,Y) = /S1 u(z)v(z) da.

Correspondingly, a right-invariant metric on the group D(S!) of diffeomor-
phisms (§1.8) is defined in the following way:

(U, V)e = /Sl(Ug offl,Vg o0& ), dr = /Sl (u,v), de = (X,Y), (3.4)

(see also §7.2), where U and V¢ are right-invariant fields defined by Ug(x) =
wo&(z) and Ve(z) = vo&(x) for £ € D(S'), and (-,-), denotes the scalar
product pointwisely at z € S!.
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This metric is right-invariant, and we have (U, V)¢ = (U, V);q = (X,Y).
We will see a left-invariant metric in Chapter 4, and right-invariant metrics
in Chapters 5 and 8.

3.2. Covariant Derivative (Connection)

We are going to introduce an additional structure to a manifold
that allows to form a covariant derivative, taking vector fields into
second-rank tensor fields.

3.2.1. Definition

Here, a general definition is given to a covariant derivative, called a con-
nection in mathematical literature, on a Riemannian curved manifold M™.
Let two vector fields X,Y be defined near a point p € M™ and two vectors
U and V be defined at p. A covariant derivative (or connection) is an oper-
ator V. The operator V assigns a vector Vy X at p to each pair (U, X) and
satisfies the following relations:

(i) Vu(aX + bY) =aVyX +bVyY,
(ii) vaU+va = GVUX + bVVX, (35)
(i)  Vo(f(2)X) = (U)X + f(z)Vu X,

for a smooth function f(z) and a,b € R, where Uf = df[U] = U9, f
(§1.4.1), and U = U79;. Using the representations,

X = X'9;, Y =Y79;,
and applying the above properties (i)—(iii), we obtain

VxY = Vxig,(Y10;) = X'V, (Y?0;)
= (X'0,Y")0 + X'YIT},00 = (VxY)* O, (3.6)
Vo,0; = T};0k,

where Ffj is called the Christoffel symbol. The ith component of VxY is

oY’

(VxY)' = X/ + I X7vh = X9V, (3.8)
=dY'(X) + (', Y")da? (X) := VY (X) (3.9)
VY!=dY' 4+ T, Yrda?, VY =0;Y 4T, V", (3.10)

where VY is called a connection 1-form.
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On a manifold M", an affine frame consists of n vector fields e = J
(k = 1,...,n), which are linearly independent and furnish a basis of the
tangent space at each point p. Writing (3.7) and (3.9) in the form of vector-
valued 1-forms, we have

Ve, = w;-cek, VY = (dY*)ey, + w;?yjek’ (3.11)

respectively, where wf = Ffjdxi. The operator V is called the affine con-
nection, and we have the following representation,

VY (X) =VyY. (3.12)

3.2.2. Time-dependent case

Most dynamical systems are time dependent and every tangent vector is
written in the form, X = X9, = 8, + X“0,, where 20 = ¢ (time), and
a denotes the indices of the spatial part, a = 1,...,n (see (1.13), roman
indices denote 0,1, ...,n). Correspondingly, the connection is written as

ViV = Vi Y705 = Vo, Y05 + XV, (Y79)),

where Y = 8, + Y*9,. We assume that the time axis is straight, which is
represented by?

Vo, 0 =0, Vo, 0 = 0. (3.13)

The first property is equivalent to (3.15) below, and the second means
Va,Y = Vp, Y. Namely, the time part vanishes identically. Corresponding
to (3.13), we obtain

h=Tio=0  (i,k=0,...,n). (3.14)

Writing the spatial part of X and Y as X = X®9, and Y = Y*9,, respec-
tively, we obtain

~ oYy«

Y =0,Y i= — .1
Va, O o Ours (3.15)
VY =0Y +VxY. (3.16)

3This is drawn cartoon-like in Fig. 1.9.
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3.3. Riemannian Connection
There is one connection that is of special significance, having

the property that parallel displacement preserves inner products of
vectors, and the connection is symmetric.

3.3.1. Definition

There is a unique connection V on a Riemannian manifold M called the
Riemannian connection or Levi—Clivita connection that satisfies

(i) Z(X,Y)=(VzX,Y)+ (X, V,Y) (3.17)
(i) VxY —VyX =[X,Y] (torsion free), (3.18)

for vector fields X,Y,Z € TM, where Z(-,-) = Z79;(-,-). The property
(1) is a compatibility condition with the metric. The torsion-free property
(ii) requires the following symmetry, Fi-fj = F;“l In fact, writing X = X0;
and Y = Y79, the definitive expression (3.6) leads to

(VxY = VyX)F = (XY -V X)* + (TF, - T%) XY, (3.19)

where XY = X°0;(Y*0,) = X'0;Y*0, + X°Y*9,0;. One consequence of
the first compatibility with metric will be given at the end of the next
section. (See also [Fra97; Mil63).)

Owing to the above two properties, the Riemannian connection satisfies
the following identity,

2VXY,Z) = X(Y, Z) + Y(Z,X) — Z(X,Y)
+(X, Y], Z) = ([Y, 2], X) + ([Z,X].Y). (3.20)

This equation defines the connection V by means of the inner product (-, -)
and the commutator |-, -].*

41t is postulated that this formula would be applied to a system of infinite dimensions as
well if an inner product and a commutator are defined consistently, under the restriction
that other properties do not contradict with those of a finite dimensional system.
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3.3.2. Christoffel symbol

The Christoffel symbol F can be represented in terms of the metric tensor
g = (gij) by the followmg formula:

1
IV =6¢""Tija, Tija= 5(32‘93‘04 + 0j9ai — Oagij) (3.21)

where g* denotes the component of the inverse g1, that is g*® = (g~1)*e,

satisfying the relations ¢*® g = ¢1ag®* = 5’“ The symmetry Fk = Fk with
respect to ¢ and j follows immediately from (3.21) and g;; = g;i.

The formula (3.21) can be verified by using (3.17), g;;(x) = (0;, 9;) and
Vs, 0; =Tk 0k, and noting that

8mgij = 8m<81, 8J> = <v(9mai, @) + <81, Vam8j> (322)
= Dikj + oy g (3.23)

and that 0;9jm + 0jGmi — Omgi; = 2gkm1"§j.

3.4. Covariant Derivative along a Curve

3.4.1. Derivative along a parameterized curve
Consider a curve x(t) on M™ passing through a point p whose tangent at

p is given by

d
T:Tkak:d—fng:abkak,

and let Y be a tangent vector field defined along the curve z(t). According
0 (3.6) or (3.9), the covariant derivative V7Y is given by

VY

VY= —- = [dY(T) + T}, T"Y7)0; (3.24)
d )
— Y+ T},4°Y7 | 0, 2
s o (3.25)

since TF = #*. When Y is a function of x*(t), then (d/dt)Y? =
#*(9Y?/0x"). The expression VY/dt emphasizes the derivative along the
curve z(t) parameterized with ¢.
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Y
x (1)
x (1)

VY =4yi(x(1)+ Tk yi=0
Fig. 3.1. Parallel translation.

3.4.2. Parallel translation

On the manifold M™ endowed with the connection V, one can define parallel
displacement of a vector Y along a parameterized curve z(t) (Fig. 3.1).
Geometrical interpretation of the parallel displacement will be given in
§3.7.1. Mathematically, this is defined by

VY
Y vy =0 3.26
dt T (3.26)

Thus, Y = Y'9; is translated parallel along the curve x(t) when®
VY = (dY’ 4+ w!Y7)d; =0, (3.27)

by using the connection-form representation of (3.11), or more precisely
when *(9Y" /") + T};i"Y7 = 0.

For two vector fields X and Y translated parallel along the curve, we
obtain

(X,Y) = constant (under parallel translation), (3.28)
because the scalar product is invariant:
T(X,Y)=(VrX,)Y)+ (X, VrY) =0, (3.29)

by (3.17), where each term vanishes due to (3.26).

3.4.3. Dynamical system of an invariant metric

As for the metric of right-invariant fields defined in §3.1.3(b), the scalar
product (X,Y) is unchanged by right-translation. Moreover, in most
dynamical systems to be studied below (Chapters 4, 5 and 8), the met-
rics are kept constant by the flows determined by tangent fields. In other

5For another interpretation of the covariant derivative, see §3.7.2.
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words, the physical system evolves with time such that every metric for any
pair of tangent fields is kept invariant.

Provided that the scalar products are constant along every flow, the first
three terms on the right-hand side of (3.20) vanish identically.® Hence on
the Riemannian manifold of left-invariant (or right-invariant) vector fields
with an invariant metric, Eq. (3.20) reduces to

2(VxY, 2) =([X,Y], 2) = [V, Z], X) + {[Z, X} Y). (3.30)

We will examine this formula in §3.7.3 and confirm its consistency. In fact,
the covariant derivative V xY determined by this formula assures that the
metric is conserved, in which the combination of two terms in (3.29) van-
ishes, in contrast with the parallel translation.

3.5. Structure Equations

We consider reformulation of the theory on the basis of the
differential forms and structure equations. As a simplest example
of a two-dimensional Riemannian space, a surface of negative con-
stant curvature will be considered at the end. A manifold of constant
positive Gaussian curvature is called a sphere, while a manifold of
negative constant curvature is called a pseudosphere.

3.5.1. Structure equations and connection forms

We investigate the geometry determined only by the first fundamental form,
i.e. the intrinsic geometry. In §3.1, we introduced a structure equation of
M™ already for local Riemannian geometry given by

de=dz'® 08, =ocle; + -+ o"e,, (3.31)

which is a mixed form that assigns to each vector the same vector, where
ei,...,ey, are the orthonormal basis vectors for T, M™ and o',...,c" are

its dual form-basis taking the value o’[z*e;] = 2. The first fundamental
form is given by

I=(dz,dx) =c'o! +-- - +0"0", (3.32)

where gog = 0. These are analogous to (2.68) (equivalently (2.81)) and
(2.70) of §2.7. However, there is an essential departure from it for the struc-
ture equations now defined analogously to (2.82), since we are constrained

61t would be sufficient to say that we consider such vector fields only.
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to the manifold M™ which is not a part of an euclidean space. Here, we can
consider only the “tangential” component, and no “normal” component is
available.

We define the connection form in the following way,

Ve = wie;, (3.33)

k

i

which is a vector-valued 1-form,” and try to find the connection 1-forms w
which are consistent with the following two conditions:

(Vez-, 6j> + <€7;, Vej) =0, (334)
d(dz) = 0.

The first condition is associated with the orthonormality, (e;, ;) = d;;, and
the second is the euclidean analogue. The expressions (3.33) and (3.34) are
consistent with the first of (3.11) of §3.2 and (3.22) for g;; = d;; (constant).
From the above equations, we obtain

w/ +wi =0, do' -0l Awl =0, (3.35)

respectively, which are generalization of Eqgs. (2.72) and (2.75) for T,X?
of §2.7.1. It can be verified that this problem has exactly one solution,
represented as

wh =Tk o', (3.36)

J )

([F1a63], §8.3), where w;? are called connection 1-forms, and the coefficients
F?i the Christoffel symbols (connection coefficients). Using the property
that wk is a 1-form, we have from (3.33) and (3.36),

Ve,le] = ekwf [e;] = Ffjek.

The left-hand side corresponds to Ve, e; = Vy,0; in §3.2.
Introducing the matrix notation,

e 0 ...w?
e=|:] o=@ om a=|: ] @
e, w0

"The symbol V is used in order to avoid confusion with an ordinary exterior derivative d,
and is consistent with the connection defined in §3.2. The equation d(de;) = 0 of §2.7
held since it is for surfaces X2 in the space R3. Here, it is not assumed.
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the structure equations are summarized as

dx = oe, (a vector-valued 1-form) (3.38)
Ve = Qe, Q+0f =o, (3.39)
do =0 AQ, (3.40)

where dx is the form that assigns to each vector the same vector, € is
the connection 1-form, and the last equation is a condition of integrability
(second of (3.35)) without any torsion form. Equations (3.39) and (3.40)
are Cartan’s structural equations.

For a tangent vector v = v’/e;, the covariant derivative of v in the
direction X is Vxwv, which is written as

Vou(X) = e;dv! (X) + v/ Ve;(X) = ex(dv” + vjw;?)(X)7 (3.41)

from (3.12) and (3.11).
There is no reason for believing d(Ve) = 0, which holds only for surfaces
in euclidean space R". Here, we have

d(Ve) = d(Qe) = (dQ)e — Q A Qe = Oe,
where we defined the curvature 2-form © by
0:=dQ-Q A0 (3.42)
In the euclidean space R™, we have the flat connection,
d—QAQ=0. (3.43)

In general spaces, writing (3.42) with components, we have

. . .
0 = dw) — Wi Awg, (3.44)
where © = (}). Each 2-form entry 6} is skew-symmetric, since w} = —w
and w;? Awi = —wF Aw]. Equation (3.44) may be written as
T R
by using the tensor coefficient R'jy = —Rijyq = —R'jy, called the

Riemannian curvature tensor (see §3.9.2).
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3.5.2. Two-dimensional surface M?

Let us consider a simpler two-dimensional Riemannian manifold M?, where
9ap = 0ap. The vector-valued 1-form (3.38) that assigns to each vector the
same vector is represented by

dz =ole; + o’es, (3.46)

and the skew-symmetric connection form is given by

Q= (g ‘5”) , (3.47)
1

where @ = wi = —w?. Hence, € is completely given by a single entry .
The same is true of the curvature 2-form ©. Since QA = 0 from (3.47), we
obtain © = df). Hence, it is found that the curvature 2-form 6? is ezact,®
that is,

02 = dwy = dw. (3.48)
The second of the structure equations, (3.39), is written as
V61 = —wey, V62 = weq, (349)

and the third structure equation (3.40) is

0 —w
d 1 d 2y 1 2 .
(do,do”) = (07,0 ) A (3.50)
(Fig. 3.2). Equation (3.45) of the curvature form reduces to
1
9% = §R12k10k Aol = Rl'o1p0' Ao? := Koo' A o2, (3.51)

Note that the tensor R'o19 = goo R'*12 = R'215 is the Gaussian curvature
K for the present Riemannian metric of goo = 1 and go; = 0. As noted
in the footnote, the Gaussian curvature at a point p gives the angle of
rotation under parallel translation of vectors along an infinitely small closed
parallelogram around p.

It is interesting to observe close similarity between the present expres-
sions (3.40), (3.51) and Egs. (2.85) and (2.89) of §2.7.2, respectively. In

8The curvature 2-form on a pair of tangent vectors is equal to the angle of rotation
under parallel translation (§3.7.1) of vectors along an infinitely small closed parallelogram
determined by these vectors [Arn78, App. 1].
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Structure equations

dx=c'e,+d’e,

Ve, =we,
Ve,=-we,

_ 0 —o
do= O’/\<m 0>

Fig. 3.2. Riemannian surface M?2.

particular, the 1-forms w in both cases are playing the same role. Equa-
tions (3.50) and (3.51) with (3.48) are rewritten as follows:

do! = 0? AN,
do? = w Aol (3.52)
dw = Ko' A o2,

Remarkably, these are equivalent to the equations of integrability (2.91)
and (2.89) in §2.7.

3.5.3. Example: Poincaré surface (I)

Let us consider an example of M?, which is the upper half-plane
(y > 0,—00 < z < 00) equipped with the first fundamental form defined by

- yiz(da;)2 + %(dy)Z, (3.53)
called the Poincaré metric. This implies that all small line-elements whose
length (in the (x,y) plane) is proportional to their y-coordinate (with a
common proportional constant) is regarded as having the same magnitude
(horizontal arrows along the vertical line L in Fig. 3.3). Corresponding
to (3.32), we obtain the 1-form basis,

_de o dy

o )

Y Y

The vector-valued 1-form (3.31), or (3.38), that assigns to each vector the
same vector is represented as follows:

(3.54)

de =dr® 0, +dy® 9, = o'e; + o’es, (3.55)
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Fig. 3.3. Parallel translation on Poincaré surface.

so that the orthonormal basis vectors are given by e; = y0, and es = y0,,.
From the expressions of ¢! and o2, we obtain

1
do! = ?dx ANdy = ol A o2, do? = 0. (3.56)
Hence, we obtain a structure equation,
0 1
do = (dot,do?) = (o*,0%) A (_ 1 ) (3.57)

which corresponds to the third structure equation (3.40). Comparing with
(3.50), it is found that —w = o! = dx/y. Therefore, the second structure
equation (3.49) is

d d
Ve, = 5627 Ve, = —?mel. (3.58)

Furthermore, comparing the first equation of (3.56) with (3.51) implies the
remarkable result,

K=-1 (3.59)

Namely, the Poincaré surface has a constant negative curvature K = —1,
often called a pseudosphere.
Consider a vector defined by u = ey, i.e. u! = 1 and u? = 0 (Fig. 3.3).
Covariant derivative of u in the direction es is
dz(es)

VU(EQ) = v€1(62) = €2 y = O,
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since dz(ez) = 0. This says that the horizontal vector e; = yd, of same
magnitude (proportional to y) is parallel when translated along the direc-
tion e = y0y, i.e. along the line L (Fig. 3.3).

Next, consider another vector v = e sinf + e cos = asinf(sin6 9, +
cos 6 0y) defined at the point p = (—acosf,asinf) located on the circle C
of radius a in the Fig. 3.3 where 6 is the angle from the negative z-axis.
The vector v is tangent to the circle C with its length equal to y = asin 6.
Let us take the covariant derivative (defined by (3.41)) of v along itself v.
Then we have

Vu(v) = V(e sind)(v) + V(eq cos0)(v)
= e1d(sinf)(v) +sinf Ve; (v) + ead(cos §)(v) + cosd Vea(v)

d d
=e (sin@cos@ — cos Hm(v)> + e ( (sin #)* + sin 01(1})) =0,
) )

since dz(v) = ysin 6, where df(0)(v) = y(sin0 9, + cos09,)f =sinbdyf.
Thus it is found that the vector v tangent to the curve C is parallel-
translated along itself, i.e. Y = T in (3.26) (Fig. 3.3). This means that the
semi-circle C is a geodesic curve (see (3.60) below).
In §3.6.3, it will be shown that both the semi-straight line L. and the
semi-circle C are geodesic curves on the Poincaré surface.

3.6. Geodesic Equation

One curve of special significance in a curved space is the geodesic
curve, whose tangent vector is displaced parallel along itself locally.

3.6.1. Local coordinate representation

A curve 7(t) on a Riemannian manifold M™ is said to be geodesic if its
tangent T = dy/dt is displaced parallel along the curve (), i.e. if

In local coordinates y(t) = (x%(t)), we have dy/dt = T = T'9; = (dz*/dt)0;.
By setting Y =T in (3.24) and (3.25), we obtain
dr?

VT = {dt + F;'.ijT’“} 9; = 0. (3.61)
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Thus the geodesic equation is

are . .

w Tk =0, (3.62)
d*z ; dad dak i ;

It is observed that the geodesic equations (2.64) or (2.65) for X2 are equiv-

alent in form with (3.62) and (3.63), respectively.

3.6.2. Group-theoretic representation

On the Riemannian manifold of invariant metric considered in §3.4.3,
another formulation of the geodesic equation is possible, because most
dynamical systems considered below are equipped with invariant metrics
(with respect to either right- or left translation). In such cases, the follow-
ing derivation would be useful. Using the adjoint operator adx Z = [X, Z]
introduced in (1.63), let us define the coadjoint operator ad* by

(adxY,Z) == (Y,adx Z) = (Y, [X, Z]). (3.64)

Then Eq. (3.30) is transformed to
2AVxY,Z) = (adxY,Z) — (ady X, Z) — (ad Y, Z).

The nondegeneracy of the inner product (see (3.2)) leads to

ViY = %(adXY — adiY — ady X). (3.65)
Geodesic curve v(t) is a curve whose tangent vector, say X, is displaced
parallel along itself, i.e. X satisfies VxX = 0. From (3.65), another form
of the geodesic equation is given by

VxX = —adx X =0, (3.66)

since adx X = [X, X] = 0.

In a time-dependent problem, the covariant derivative is represented by
(3.16) as V3 X = 0; X + Vy X where the time part vanishes identically (so
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that X is replaced by X), and
X =0, + X%, Y =08, + Y%0,.
Thus, the geodesic equation of a time-dependent problem is given by
ViX =X +VxX =9, X —ady X = 0. (3.67)

Remark. It should be remarked that there is a difference in the sign + for
the expression of the commutator of the Lie algebra depending on the time
evolution as described by left-translation or right-translation, as illustrated
in §1.8.1 and the footnote there.

When the time evolution is described by left-translation (L. ). as in the
case of the rotation group of §1.6.1 or Chapter 4, the negative sign should
be taken for both adxY and [, ] to obtain the time evolution equation. In
this regard, it is instructive to see the negative sign in front of the term
t(ab —ba) of (1.65) (and the footnote to (1.63)). This requires that V%)Y
should be defined by using the [-,-]™ of (1.66) in place of [+, -].

In the case of the right-translation (R,), for the time evolution, the
commutator is the Poisson bracket {X,Y} of (1.77) and the time evolution
is represented by (3.67).

See §3.7.3 for more details.

3.6.3. Example: Poincaré surface (II)

In §3.5.3, we considered the metric and structure equations of the Poincaré
surface, and found that it is a pseudosphere with a constant negative cur-
vature. Here we are going to derive its geodesic equation, which can be
carried out in two ways, and obtain geodesic curves by solving it.

(a) Direct method. The line element is represented as (from (3.53))

1

(ds)” = 3

(dz)? + y—t(dy)Q. (3.68)

Therefore the metric tensor g is given by gur = 1/92, gy = 0,94y = 1/97,
and its inverse g1 is given by ¢** = 4%, ¢"¥ = 0, ¢¥¥ = y? from (2.26).
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The Christoffel symbols I';; , and I';; , are calculated by (3.21), as was
done in §2.4 for the torus. The result is

0 —y? y=* 0
Tijo= <y3 0 > , Tijy = ( 0 7y73 . (3.69)

1

Next, using the inverse g7, we obtain I'j; = ¢"*T';; o + g"T'ij,y = ¢""Tj0

since " = 0. Similarly, we have I'/; = g¥T';;,,. Thus,

0 —y ! y ! 0
e = ry. = ) .
1] (_y—l 0 ) ’ ij < 0 _y—l (3 70)

The tangent vector in the (z,y)-frame is T = (2/,y') where 2/ = da/ds.
Thus, the geodesic equation (3.62) is written down as follows:

d / 2//
z 71
s.%‘ ya:y O, (37)
/ 1 N2 1 N\2
d i . 72
1sy +y($) y(y) 0 (3.72)

(b) Structure equations in differential forms. We considered the struc-
ture equations of the Poincaré surface in §3.5.3 (Egs. (3.54)—(3.58)). The
geodesic equation is an equation of parallel translation of a tangent vector
X = X*ey, in the local orthonormal-frame representation,
k

VX(X) = %ek + X*Ver(X) =0, (3.73)
(see §3.5.1 for VX (X)), where X! = 0}(X) = 2//y and X? = 0%(X) =
y'/y since o' = dz/y and 0? = dy/y according to (3.54) and (3.55). The
connection form Vey, is given by (3.58), which is now written as Ve; = ole,
and Ve, = —o'e;. Using these and writing X = X! and Y = X2, the above
geodesic equation reads

d
—X-XY =0 3.74
- , (374)
d
—Y+XX=0 3.75
“y+ (375)

[Kob77]. It is readily seen that Eqs. (3.74) and (3.75) reduce to (3.71) and
3.72) respectively by using X = z'/y and Y = ¢/ /y.

(

(¢) Geodesic curves (Solutions). We can show that geodesic curves in the
(z,y)-plane are upper semi-circles of any radius centered at any point on
t

he z-axis, and upper-half straight lines parallel to the y-axis (Fig. 3.4).
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Fig. 3.4. Geodesic curves on Poincaré surface.

Multiplying (3.74) with X and (3.75) with Y, and taking their sum, we
immediately obtain X X’ + Y'Y’ = 0. Integrating this, we obtain

X2 4Y? =1, (3.76)

where the integration constant on the right-hand side must be unity because
of Eq. (3.68). Hence, we can represent X and Y in terms of a parameter ¢ as

!/ /

x="= sint, v =2 = cost. (3.77)
Y Y

Next, Eq. (3.74) is rewritten as

X/ !
X _y_v
X Y
This can be integrated immediately, which leads to the relation y = a X for

a nonzero constant a if X # 0. The right-hand side is aX = asin ¢ from
the first of (3.77). Therefore, we obtain

y=asint (> 0). (3.78)

Accordingly we assume a > 0 and 0 < t < 7. Substitution of X = y/a in
(3.76) leads to

(y/)2 = y2(l - (y/a)2) = a’sin®tcos® t.
Since y’ = acost(dt/ds) from (3.78), we obtain

ds = £dt/sint.
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Since yy = yaX = a(dz/ds) = +asint(dz/dt), we obtain (dx/dt) =
+asint. Integrating this, we have

x = Facost+ b, (b : a constant). (3.79)
Thus, eliminating ¢ between (3.78) and (3.79), we find
(x—b)?+y*=d? (y > 0),

which represents an upper semicircle of radius a centered at (b,0).

If X = 0, the system of Eqgs. (3.74) and (3.75) results in ¥ =
y'(s)/y(s) = c (constant). Then we have the solution (z(s),y(s)) =
(z0, yoe®) for constants x¢ and yo (> 0). This represents upper-half straight
lines parallel to the y-axis.

From the Gauss-Bonnet theorem (§2.9), it was verified for a negative-
curvature surface M2 such as the Poincaré surface that two geodesic curves
do not intersect more than once (as inferred from the curves of Fig. 3.4).
Furthermore, the sum of three inner angles i1 +i5 4143 of a geodesic triangle
is less than 7 on the negative-curvature surface.

3.7. Covariant Derivative and Parallel Translation

A geodesic curve is characterized by vanishing of the covariant
derivative of its tangent vector along itself, i.e. parallel translation
of its tangent vector. How is a vector translated parallel in a curved
space?

3.7.1. Parallel translation again

Parallel translation of a tangent vector X along a geodesic 7(s) with unit
tangent 7' is defined by (3.26) as VX = 0. By setting Y = Z = T in the
second property (3.17) of the Riemannian connection, we obtain

d%< X,T) = T(X,T) = (VX,T), (3.80)

since VT = 0 by the definition of a geodesic. Hence, the inner product
(X, T) is kept constant by the parallel translation (VX = 0).
Let us define the angle 6 between two vectors X and T by

(xX,7) _(X,7T) 1/2
X 1
as before (see (2.15)), where ||T'|| = ||dy/ds|| = 1. First, the parallel trans-
lation along the geodesic v is carried out such that the vector X translates
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Fig. 3.5. Parallel translation in M?2.

along ~ smoothly by keeping its angle 6 and its magnitude || X]|| invari-
ant. Then, differentiating (3.81) with respect to the arc-length s and using
(3.80), we obtain

%(X, T)=(VrX,T) = %(HX”COS@) =0. (3.82)
This can define the parallel translation on two-dimensional Riemannian
manifold M? uniquely (Fig. 3.5). However, in general, this is not sufficient
for the parallel translation, because in higher dimensions (than two) the
direction of the translated vector can rotate around T and it is not deter-
mined uniquely by 6 only. To fix that, a surface including the geodesic y(s)
must be chosen for the parallel translation. This can be done as follows.

At the initial point p of the geodesic, a plane ¥y spanned by X and T is
defined. We consider all geodesics starting from p with their tangents lying
in Xg. The set of all such geodesics close to p forms a smooth surface Sy
containing y(s). At a small distance A from p, a new tangent plane X; is
defined so as to be tangent to the surface Sy and contain (s) at the new
point p;. Next, we take p; as the initial point and use the tangent plane 3,
to construct a new geodesic surface S;. Moving along the v(s) again by A
and so on, we repeat the construction successively. As A — 0, we obtain a
field of two-dimensional tangent planes X x along the geodesic v(s) in the
limit [Arn78, App. 1].

Thus the parallel translation along a geodesic is defined such that the
vector X must remain in the tangent plane field X x, keeping its magnitude
and the angle 6 invariant. By this construction, we obtain a vector field X
of parallel translation of the vector Xg = X at s = 0. This is a linear map
F§ from 0 to s, where Xy = F5Xg. Thus, we obtain V72X = 0 from this
and (3.82).

Parallel translation along any smooth curve is defined by a limiting
construction. Namely the curve is approximated by polygons consisting of
geodesic arcs, and then the above procedure is applied to each geodesic arc.
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3.7.2. Covariant derivative again

Writing a geodesic curve as 3 = ~(t) with ¢ the time parameter, one can
give another interpretation of the covariant derivative VX, i.e. it is the
time derivative of the vector P?X; at vo. The vector PPX; is defined as
a vector obtained by parallel-translating the vector X; = X(v;) back to
vo along the geodesic curve v; (Fig. 3.6). This is verified by using the
property VT = 0 of the geodesic curve 7; and the invariance of the
scalar product of parallel-translated vector fields along +; in the follow-
ing way.

The left-hand side of (3.80) is understood as the time derivative by
replacing s with ¢. It is rewritten, by using T3 = T'(), as follows:

1 d
T(X,T)| = }%E«Xt,Tt) — (X0, Tp)) = <dtPt0XMO,TO> (3.83)

since (X3, Ty) = (P? Xy, To) (Fig. 3.7). Comparing with the right-hand side
of (3.80) at 7o, we find that

d
VrX = &PtOXt. (3.84)

3.7.3. A formula of covariant derivative

In §3.6.2, we obtained an expression of the covariant derivative (3.65), which
is reproduced here:

1
VxY = 5 (1X,Y] - (adxY +ady X)), (3.85)
where [X,Y] = adxY from (1.63). Comparing (3.85) with (3.84), rewriting

it as VxY = (d/dt)PY,, it can be shown that the term [X,Y] came from
the t-derivative of the factor Y;.

geodesic curve
Yo VrT=0

Fig. 3.6. Covariant derivative.
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To show this, it is useful to note that the following identity holds for
any tangent vectors A and B (likewise matrices):

(exp A)(exp B) = exp <A + B+ %(AB — BA) + O(A?, Bz)> .

Substituting A = Xt and B = Y's, differentiating with s and setting s = 0,
we obtain Y () := (d/ds)vns|s=0, which is given by

exp(Xt) (Y + %[X, Y]t + O(tQ)) = exp(X1)Y, (3.86)

where [X,Y] = XY — Y X = [X,Y]®™ by definition (1.66) of left-invariant
fields. The ~; and 7ns denote flows generated by X and Y, respectively.
Writing Y (v;) = exp(Xt)Y;, we have Y; =Y + 1[X, Y]t + O(¢?).

As for the right-invariant fields, one can regard Eq. (1.74) to be an
expansion of

1
NsVt = exXp (tX +sY + i[tX, sY]> ,

where X = X*9), and Y = Y*0y, and [X,Y] = [X,V]®) := {X YV} defined
by (1.76) and (1.77). Differentiating with s and setting s = 0, we obtain

Y(y) = <Y + %[X7 Yt + O(t2)> exp(Xt) = Y; exp(Xt), (3.87)

with the same expression for Y; as (3.86) with [X,Y]®). Thus the above
statement that 1[X,Y] came from the ¢-derivative of the factor Y; has been
verified.

Likewise, the terms ad%Y + ad}j X came from the t-derivative of the
operation P?. For its verification, we just refer to the paper [Arn66), where
ad%Y is written as B(Y, X).

It can be shown by the covariant derivative (3.85) that the right-
invariant metric (Y, Z) of right-invariant fields Y (y¢) and Z(vy:) is constant
along the flow v; (generated by X). In fact, taking the derivative along ~,
we find

X(Y.Z) =(VxY,Z) +(Y,VxZ) = 0. (3.88)

The first equality is the definition relation of (3.17). Substituting the for-
mula (3.85), the first term is

(VxY,Z) = %(([XyYLZ> - Y [X, 2]) = (X, [, Z]))
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by using (3.64). The second term is obtained by interchanging ¥ and Z
in the above expression. Thus, it is seen that summation of both terms
vanishes [Arn66]. This shows that the formula (3.85) for VxY is consistent
with the assumption made in §3.4.3 to derive the formula (3.30). The same
is true for the left-invariant case.

The parallel translation conserves the scalar product as well (§3.4.2). In
this case, each term of (3.88) vanishes.

3.8. Arc-Length

A geodesic curve denotes a path of shortest distance connecting two
nearby points, or globally of an extremum distance.

A geodesic curve is characterized by the property that the first variation of
arc-length vanishes for all variations with fixed end points. Let Cy : vo(s)
be a geodesic curve with the length parameter s € [0, L]. We consider the
first variation of arc-length as we vary the curve. A varied curve is denoted
by Cy : v(s,a) with v(s,0) = vo(s) (Fig. 3.7), where o € (—e,+¢) is a
variation parameter (¢ > 0) and s is the arc-length for o (s).

The arc-length of the curve Cy, is defined by

L(a) = / ‘ s /Oﬂ<aw<s,a>’av<s,a>>”2 o
_ 9

0Os 0Os
o 1/2
= T T T=_—.
/0 (T(s,0),T(s,))"/* ds, o

(s, a)

0s

Its variation is given by

L 1/2 L —1
o /oy Oy 0v(s, ) V oy Oy
TN v /oy oy _ v er 9
L(a)i/o 8a<(‘35’8s> ds /0 0s Oa 0s’ Os ds.
o o =00 9,)50) ¥ Y0)

e

Fig. 3.7. Varied curves.
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For ae = 0, we have [|0(s,0)/9s|| = 1 by definition, and we have

L(0) = /0 ! <av;63fy,8s’y> ds (3.89)

Lo o \Y
:/0 &@a’y,@s’y)ds—/o <8a’y,8885*y>ds, (3.90)

where 05y = 9v/0s and 0,y = 07v/da. To obtain the last expression, we
used the following identity:

O

This is verified as follows. Using local coordinate (z!,...,z™) for M™, we
represent 9,7 and dyvy as (9x'/0a)d; and (0z'/s)0; respectively. Then,
we take the covariant derivative of J,7 along the s-curve with « fixed:

v vV [0z *x ox'
500 = 3, (5%) = (3a) 2+ (50 ) 70

02t ozt (027
N (838a> %+ <8a) <8s> 1550k

The last expression is symmetric with respect to o and s, thus equal to
(V/0a)(0x1/0s)0; = (V/da)dsy, which verifies (3.91).

The vectors T = 957y and 0,7 are denoted as T and J and termed the
tangent field and Jacobi field, respectively in §3.10.1. Equation (3.91) is
shown to be equivalent to the equation £rJ = 0 in (8.53) of §8.4, and
interpreted as the equation of J-field frozen to the flow generated by T'.

Thus, the first variation L’(0) of arc-length is given by

L(0) = (J, T — (J,T)p — /OL <J, GVST> ds, (3.92)

where T = 057(s,0), J = d,¥(s,0) and P=~(0,0), Q= (L, 0).
Suppose that all variations vanish at the endpoints P and Q. For such
variations, we have J = 0 at P and Q for all a. Then we have

<J, ;T> =0 for0<s<I, (3.93)

for every vector J tangent to M along the geodesic Cy. Thus the vector
VT/0s = V7T = 0 must vanish at all s € (0, L) by the nondegeneracy of
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the metric. This is necessary, and also sufficient for vanishing of the first
variation L’(0).

Thus, it is found that the geodesic curve described by V7T = 0 is char-
acterized by the extremum L'(0) = 0 of the arc-length among nearby curves
having common endpoints.

If the endpoints are sufficiently near, the geodesic curve denotes a path
of shortest distance connecting the two nearby points.

3.9. Curvature Tensor and Curvature Transformation

Parallel translation in a curved space results in a curvature trans-
formation represented by curvature tensors. The curvature tensors
are given once Christoffel symbols are known.

3.9.1. Curvature transformation

Let us consider parallel translation of a vector along a small closed path
C. Take any vector Z in the tangent space T,M at a point p € C C M.
After making one turn along C from p to p, the vector does not necessarily
return back to the original one in a curved space, but to a different vector
of the same length. This is considered a map of the tangent space to itself,
which represents small rotational transformation of vectors, in other words,
an orthogonal transformation (close to the identity e). Any operator g of an
orthogonal transformation group (or a group SO(n)) near e can be written
in the form, g(A) = exp[A] = e + A+ (A?/2!) + - - -, where e is an identity
operator and A is a small skew-symmetric operator (see Appendix C).

Let X and Y be two tangent vectors in 7T, M. We construct a small
curvilinear parallelogram II., in which the sides of Il are given by eX and
€Y emanating from p, where ¢ is a small parameter. We carry out a parallel
translation of Z along the sides of II., making a circuit C* from p along
the side €Y first and returning back to p along the side eX (Fig. 3.8).°

The parallel translation results in an orthogonal transformation of 1), M
close to the indentity e, which can be represented in the following form:

9-(X,Y) =e+2R(X,Y) + O(%), (3.94)

9The sense of circuit is opposite to that of [Arn78, App. 1.E], but consistent with the
definition of the covariant derivative (3.84).
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£[X,Y]

Fig. 3.8. Curvature transformation.

where R is a skew-symmetric operator depending on X and Y. Thus, the
R is defined by

R(X,Y) = lim 25Y) ¢

lim = (3.95)

The function R takes a real value for a pair of vectors X and Y in T,,M,
namely a 2-form. The 2-form R(X,Y) is called a curvature 2-form, cur-
vature tensor, or curvature transformation. The curvature transformation
describes an infinitesimal rotational transformation in the tangent space,
obtained by parallel translation around an infinitely small parallelogram.
The explicit representation is given by (E.8) in Appendix E. In order to
derive the formula, the circuit must be closed by appending a line-segment
of €2[X,Y] to fill in the gap in the incomplete curvilinear parallelogram
(hence the circuit is five-sided). It is found that the curvature transforma-
tion R(X,Y) is given by

R(X, Y) = VXVY - VYVX - V[X,Y]' (396)

3.9.2. Curvature tensor

The curvature transformation is represented in terms of curvature tensors.
Namely, for a vector field Z € T'M, the transformation Z — R(X,Y)Z is
defined by

R(X,Y)Z = VX(VyZ) —Vy(vXZ) —V[va]Z (397)
= (R*1i; Z* XY 7)0,, (3.98)
R%%ij := 015, — 0515, + T35, — DL, (3.99)
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for the vector fields X,Y € TM, where X = X'9;,)Y = Yjaj, Z =
Zk9,,. This describes a linear transformation T,M — T, M, i.e. Z*9, —
(R"kijZkXin)ﬁa, where R%;; is the Riemannian curvature tensor and
the tri-linearity (with respect to each one of X, Y, 7) is clearly seen. This is
verified by using the definition (3.6) for the covariant derivative repeatedly
and using [X,Y] = {X,Y}*0, for V|x y| (see (1.76) and (1.77)).

In fact, writing Vy Z = U'9;, we have Ul = YjajZl + YjZk’Fék from
(3.6). Then, we obtain

Vx(VyZ) = X'V, (U'9) = X'9,U + X'U'TS,.
Hence, by using the definition, VxZ = V!9, = (XjajZl + XjZkFék)ﬁl,

Vx(VyZ) = Vy(VxZ) = (X'Q,U* + X'U'TS - YO,VY — X'VIT2)0,
= [(X'0;Y7 —Y'0;X7)(0;2% + ZFT'3y,)
+ XY ZH (0T, — 0,15
+ T, —T7T%, )] Oa- (3.100)

On the other hand, we have
Vixy)Z ={X, Y}V, (Z"0,) = (X'0,YT — Y0, X7)(0, 2 + Z*T'5,).

Thus the equality of (3.97) and (3.98) is verified. All the derivative terms
of X*, Y7, Z* cancel out and only the nonderivative terms remain, resulting
in the expressions (3.98) with the definition (3.99) of the Riemann tensors
R?;;. The expression (3.99) can also be derived compactly as follows. Using
the particular representation, X = 0;,Y = 0; and Z = J, we have

R(&i,aj)ak = Vai(VQjak) — Vaj (Vo,0) = Rgijam (3.101)

where the third term Vs, 5,) does not appear because [0;,0;] = 0. The
definitive equation V,0; = Ffjak leads to the representation (3.99), defin-
ing R%; in terms of Ffj only. It can be shown that the tensor Rijkl in
(3.45) is equivalent to the present curvature tensorR, ., by using (3.36)
and (3.44).
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From the definition (3.96), one may write
R(X,Y)=[Vx,Vy] = Vixy] (3.102)
The anti-symmetry with respect to X and Y is obvious:
R(X,Y)=-R(Y,X), or Rp;=-Rp. (3.103)
Taking the inner product of R(X,Y)Z with W = W®9, € TM, we have

(W,R(X,Y)Z) = (Do, On) R™ 5, W ZP X'YT = Ry W ZP XY,
(3.104)

where Rogij = Gmall™gi; and gma = (Om, Oa). In addition to the
anti-symmetry

(W,R(X,Y)Z) + (W, R(Y, X)Z) =0 (3.105)
due to (3.103), one can verify the following anti-symmetry [Mil63],
(W,R(X,Y)Z) + (Z, R(X,Y)W) = 0. (3.106)
In fact, using (3.17) repeatedly, we obtain
(W,VxVyZ)=—(VxVyW,Z)+ XY (W, Z)
—(VxW,VyZ) - (VyW,VxZ),

and a similar expression for (W,VyVx Z). Noting that (XY —
YX)<W, Z> = [X, Y]<W, Z> = <V[X7y]VV, Z> + <VV, V[}Qy]Z), we obtain
(3.106). Thus, we find the following anti-symmetry with respect to (a, 3)
from (3.106), in addition to (¢, 7) from (3.103):

Ra,@ij = _Rﬁaij~ (3107)
Finally, another useful expression is given as follows:

(W.R(X,Y)Z) = X(W,VyZ) - Y(W,VxZ) — (VxW,VyZ)
+(VyW,VxZ) = (W,V(x y1Z). (3.108)

3.9.3. Sectional curvature

Consider a two-dimensional subspace ¥ in the tangent space T,M, and
suppose that geodesics pass through the point p in all directions in 3. These
geodesics form a smooth two-dimensional surface lying in the Riemannian
manifold M. One can define a Riemannian curvature at p of the surface
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Fig. 3.9. Sectional curvature, K(X,Y) = (R(X,Y)Y, X)/Sxy.

thus obtained. The curvature in the two-dimensional section determined
by a pair of tangent vectors X and Y (Fig. 3.9) can be expressed in terms
of the curvature tensor R by

K(X,Y)= WXS& (3.109)
XY
Sxy = [|XI2IY]PP - (X, V)2, (3.110)

where Sxy denotes square of the area of the parallelogram spanned by
X and Y. The K(X,Y) is called the Riemannian sectional curvature. If
X and Y are orthogonal unit vectors, then K (X,Y) is given simply by
(R(X,Y)Y, X) since Sxy = 1 in this case.!? Using (3.108), we have

K(X,Y) = (R(X,Y)Y,X) = X(VyY,X) - Y(VxY, X)
— (VxX,VyY) + (VxY,VyX) — (Vix )V, X)  (3.111)

= (R(Y,X)X,Y) =Y (VxX,Y) - X(VyX,Y)
— (VyY, VxX) + (Vy X, VxY) — (Vy X, Y).  (3.112)

Equality of (3.111) and (3.112) is obvious since
XY(X,Y) — YX(X,Y) = [X,Y](X,Y)

and due to (3.18). In general, because of the two anti-symmetries (3.105)
and (3.106), we have K(X,Y) = K(Y,X) and K(X,Y) = K(Y, X).

10 According to the definition, the expression of (3.96) is opposite in sign to the definition
of [Arn78]. However, the sectional curvature K (X, Y') becomes same in both formulations,
owing to the difference of respective definitions.
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3.9.4. Ricci tensor and scalar curvature

A certain average of the sectional curvatures are sometimes useful. The
Ricci tensor is defined by contracting the first and third indices of the
Riemann tensor:

Rij = Rkikj. (3113)

Suppose that a vector X is given at a point p € M™. Let us introduce
an orthonormal frame of T,M": (ei,...,e,_1,€,), where X = X"e,. A
sectional curvature for the plane spanned by e, and eg is

K(eow eﬁ) = <R(ea7 65)657 ea>
= glleikj(eﬁ)i(ea)k(eﬂ)j(ea)m = Ropap- (3.114)

Then, one can define the Ricci curvature K g at p specified by the direction
X = X"e, as the sum of sectional curvatures in the following way:

Kp(p,X) =Y K(€ea,X) =Y  gimB u; X' X7 (€q)" (€)™
a=1 a
=Y R%qX'X7 = R X'X) = Rpp X"X". (3.115)

The scalar curvature R is defined by the trace of Ricci tensor:
R := R! = ¢**Ry.. (3.116)

In an isotropic manifold, i.e. all sectional curvatures being equal to a
constant K, the Riemann curvature tensors have remarkably simple form,

R = K(6g g1 — 07'95k),  Rijr = K(gixgjt — 9ugjk) (3.117)

where K is a constant (equal to the sectional curvature, Rogag = K, for
orthonormal basis e,). Then, the Ricci tensors are

Rij = Rkikj = KR gij (3118)
where K = (n — 1)K. The scalar curvature is

R = g"Ryi = nKp = n(n - 1)K. (3.119)
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3.10. Jacobi Equation

Behavior of a family of neighboring geodesic curves describes
stability of a system considered.

3.10.1. Derivation

Let Cp : v0(s) be a geodesic curve with the length parameter s € [0, L],
and C,, : (s, a) a varied geodesic curve where a € (—¢, +¢) is a variation
parameter (¢ > 0) and vo(s) = 7(s,0) with s being the arc-length for
a = 0.1 Because (s, ) is a geodesic, we have V(9s7)/ds = 0 for all a. An
example is the family of great circles originating from the north pole on the
sphere S2. The function (s, a) is a differentiable map v: U C R?2 — S (a
surface) C M™ with the property [0/0s,0/0a] = 0 on S, since a = const
and s = const are considered as coordinate curves on the surface S (see
(1.79)). Under these circumstances, the following identity is useful,

vV (VZ vV (VZ
75 (8@) ~ 90 (83) = R(957,0a7)2 (3.120)

[Fra97], where Z(s, ) is a vector field defined along S.

This is verified as follows. Using local coordinate (z!,...,2™) on M",
we represent J,7y and Oy as (9x'/0a)d; and (92°/ds)d;, and write Z =
2%(s,)0;. Then we have the double covariant derivative,

Os \ da )| \0sda /) " Oa ) Os 9s ) 0 " “ 05\ oa )’

which is obtained by carrying out covariant derivatives V/da and V /s
consecutively, where we note

Vo _ _ (9 | _ oy
Do = vﬁavaz = < Do ) Vajaz <ao/7 - D aj) )

and furthermore,
vV (VO Ol 0ri\ [ Oz*
ds ( dax ) B (c‘)sf)a) Vo, 0i + (aa> (as) Vo, Vo, 0. (3.121)

H1n this section, the variable s is used in the sense of length parameter instead of t.
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Changing the order of a and s, we obtain a similar expression of
(V/0a)(V /Ds)Z. Taking their subtraction, we obtain

vV (VZ VvV (VZ (Y (VO VvV (Vo
5 () o (o) == (5 () - e () o=

Thus, using (3.121), this equation reduces to

o lon) o (3)

((%a) (5) - (55) () vowae
— i (%) (885) Vo,Va,0; — V,V,0)

B (?’m) B )

= R(( Bs ) % (%Z)a]) (=8,

0\
S
= R(as’% aa’Y)Z'

akv )a

See (3.97), (3.98) and (3.101) for the last three equalities. The last shows

(3.120).
Along the reference geodesic 7o(s), let us use the notation T = 9,7y
(o = 0) for the tangent to the geodesic and

J = 0a7v(8, @)|a=0 (3.123)

for the variation vector. The geodesic variation is v(s, «) —~(s,0), which is
approximated linearly as

v(s, @) —v(s,0) = aduY(8, @)|a=0 = aJ. (3.124)

Setting Z = T in (3.120) and using V7T'/ds = 0 and (3.91), we have

\Y% VT Vv vT V \Y
VvV

Oy + R(J.T)T = zz]+R(J T,

~ 950s ds Os

where we used the anti-symmetry R(T,J) = —R(J,T).
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—¢

Fig. 3.10. Jacobi field.

Thus we have obtained the Jacobi equation for the geodesic variation J,

\VAAY

55557 TRULDT =0. (3.125)
The variation vector field J is called the Jacobi field (Fig. 3.10). Note that
the Jacobi equation has been derived on the basis of the geodesic equation
VT/0s = 0, the equation of frozen field (3.91), and the definition of the
curvature tensor (3.97).

We are allowed to restrict ourselves to the study of the component J;

normal to the tangent T In fact, writing J = J | +¢T (c: constant) satisfying
(J,T) =0, we immediately find that Eq. (3.125) reduces to

A\
—5JL+R(J.,T)T=0 3.126
s Os L+ ( L ) ’ ( )
since R(J,T)T = R(J.,T)T + cR(T,T)T and R(T,T) = 0, and
(VT/ds) = 0.
Defining ||J||? := (J, J) and differentiating it two times with respect to

S and using (3.125) and (31[)7 we Ob ain
;Td -1( 1) 9 3'12‘

where (d/ds)i||J||? = (VyJ, J), VoJ = V.J/s, and
K(T,J) = (R(J,T)T,J) = Ryj J'TI J*T" (3.128)

is a sectional curvature factor associated with the two-dimensional section
spanned by J and T'. The proper sectional curvature K (T, J) is defined by
(3.109), which reduces to K(T,J) when T and J are orthonormal, hence
Sty =1.



Riemannian Geometry 111

Writing J = ||.J|le; where |les|| = 1, Eq. (3.127) is transformed to

d2
@HJH = (IVres|” — K(T,e;))|| ] (3.129)

3.10.2. Initial behavior of Jacobi field

Jacobi field J(s) is defined by a C'*° vector field along the geodesic yo(s)
satisfying Eq. (3.125). Such a Jacobi field is uniquely determined by its
value and the value of VrJ at a point (at the origin e, say) on the geodesic
[Hic65, §10], where T = 0, is the unit tangent vector to 7o. This is a
consequence of the uniqueness theorem for solutions of the second order
differential equation (3.125).

Suppose that the initial values are such that J(0) = 0 and J'(0) =
Ao # 0. This corresponds to considering a family of geodesics emanating
from the origin e radially outward on a curved manifold M. Let us write
J = sA. Then, we obtain

T|J| = T|sA| = T((sA, sA))/? = (VpsA, sA)/|sA|
= |A| 4+ s(VrA, A)/|A], (3.130)

where |sA| = (sA,sA)'/? and VpsA = A + sVpA. Applying T again,
we have

T?|sA| = ((VrVrsA,sA) + (VrsA, VrsA))/|sAl — (VrsA, sA)?|sAl?
_(R(sA,T)T,sA) |VrsAl? B (VrsA, sA)?

B |sA| |sA| [sA3
= —|sA|k(s) + H(s), (3.131)

where

w(s) = BATTA) _ (RUTIT, J)
- |A? - T2

H(s) = |VTsA|2/|sA| —(VrsA, 5A>2/|5A|3
IV AP|APP — (VA A)?).

(3.132)

S
= 1ap!

For J = sA, Eq. (3.125) gives VrVr(sA) = 0 at s = 0, whereas we have
VrVr(sAd) = 2VrA + sVrVrA. Hence, we obtain VoA = 0 at s = 0.
Therefore, we have H'(0) = 0 as well as H(0) = 0.
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In view of T = 0; and J = sA, the above results give
[71(0) =0, [J]'(0) = Ao, [J]"(0)=0, [J|"(0) =—Agr(0).

Therefore, we have

3

17](s)/Ag = 5 — n(o)% +O(s%) (3.133)

[Hic65)]. Using the definition cos = (J,T)/|J||T|, we have

(R(J.D)T,J)|  _ [JPIT]? = (1. T)°

rk(0) = HE 0 Wi K(J, T)
= |TPsin® 0 K(J,T), (3.134)
K@T%—<m$ﬂiﬂ (3.135)

IPRITR = (2 T)*

Thus it is found that initial development of magnitude of the Jacobi field
is controlled by the sectional curvature K (J,T).

3.10.3. Time-dependent problem

In the following chapters, we consider various dynamical systems in which
field variables are time-dependent. A tangent vector to the geodesic curve is
represented in the form, T' = T%9; = 8, + T, according to §3.2.2, where
2% =t (time) and « denotes the indices of the spatial part. The covariant
derivative is given by (3.16) as V;J = 0y + VrJ where J = J*0,. Thus,
using the time ¢ instead of s, we have

vJ =0iJ +VrJ, (3.136)
ot
where T and J are the spatial parts.

Note that the curvature tensor in the Jacobi equation is unchanged, i.e.
R(J,T)T = R(J,T)T which does not include any 8, component, because
the curvature tensor Ry, of (3.98) vanishes, when one of k,i,j takes 0,
owing to the definition (3.99) using (3.14), under the reasonable assumption
that the metric tensor and the Christoffel symbols do not depend on ¢. Thus,
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the Jacobi equation (3.125) is replaced by
O} +0y(NV7J) + V1 + VoV + R(J,T)T = 0. (3.137)

This equation provides the link between the stability of geodesic curves and
the Riemannian curvature, and one of the basic elements for the geometrical
description of dynamical systems.

3.10.4. Two-dimensional problem

On a two-dimensional Riemannian surface M2, Eq. (3.125) is much simpli-
fied. We introduce a unit vector field e along 7o(s) that is orthogonal to
its tangent T' = 0s7p. The unit tangent 7' is displaced parallel along o (s),
likewise the unit normal e is also displaced parallel along ~o(s) because
(e, T) = 0 is satisfied along vo(s) (§3.4). Hence we have (Ve/0s) = 0 as
well as (VT'/0s) = 0. Let us represent the Jacobi field J(s) as

J(s) = 2(s) T(s) + y(s)e(s),

where x(s) and y(s) are the tangential and normal components. Then, we
obtain from (3.125)

V2 d%z d2y
S T T = — I)T.
( s) J = o I+ 2 e R(zT +ye,T) yR(e,T)

Taking a scalar product with e, we obtain

d?y
@ = —y<R(€7 T)T, €>.

Representing vectors and tensors with respect to the orthonormal frame
(e1,e2) = (T, e) along vo(s), we have

<R(6,T)T, 6> = <R(62, 61)61, 62> = R2121 = R1212
= K(ez,e1) = K(e1,e2) := K(s),

which is the only nonzero sectional curvature on M?2. Thus, the Jacobi
equation becomes

— 4 K(s)y =0. (3.138)
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On the Poincaré surface considered in §3.5.3, we found that K =

R'515 = —1. Therefore, the Jacobi field on the Poincaré surface is rep-

resented as a linear combination of e® and e™*:

y(s) = Ae® + Be™°.

3.10.5. Isotropic space

For an isotropic manifold, the curvature tensor is given by (3.117). Then
we have

R(JL,T)T = R, T"JET? = KJS(T,T) — KT*(J.,T) = KJ.

Thus, the Jacobi equation (3.126) reduces to

v\ 2
(85) JY+KJT =0. (3.139)
Choosing an orthonormal frame (ey,...,e,), the covariant derivative

becomes ordinary derivative, i.e. V/0s = d/ds, since the orthonormal frame
can be transported parallel along the geodesic (see the previous section
and §3.4).

3.11. Differentiation of Tensors

In §1.8.3, we learned the Lie derivatives of a scalar function and a
vector field. Here, we consider Lie derivative of 1-form and covariant
derivative of tensors.

3.11.1. Lie derivatives of 1-form and metric tensor

The value of 1-form w € (T'M™)* for a vector field W(x) € TM™ is a
function w(W)(z) = w;W? € R. Lie derivative of w(W) along a tangent
vector U € TM™ is

£U[M(W)] = ch’?](leVz) = wl(UJO”'JWZ) + (Ujajwi)Wi
= wi(LyW) + (Lyw) WP, (3.140)
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where
(LoW) = [U,W]) = Ulo;W' — WIo;U", (3.141)
(Lyw)i = UrOpw; + wrd;U". (3.142)

In terms of a metric tensor g;;, 1-form may be written as w;(V) = g;;VJ
(V. € TM™). Then,

(Low)i(V) = UM(Okgij)V? + gi; U0V + g VIO,U* (3.143)
= (Lvg)i;V? + gij(Lu V), (3.144)

where the Lie derivative of the metric tensor g is defined by
(Lug)ij = Ur0kgij + gind;U" + gr;0;U". (3.145)
Thus, the Lie derivative of w(W) = w;W* = g;;VIW® = (V, W) is given by

Lulgi VW = (Lug)i VW + gi; (Lo V)W + gV (Lo W)
= (Lug)i; VW + (Lo V, W) +(V,LuW). (3.146)

3.11.2. Riemannian connection V

On a Riemannian manifold with the metric tensor g;; and Riemannian
connection V, time derivative d/dt of the inner product (Y,Z) (Y,Z €
TM™), along a parameterized curve ¢; generated by a vector field V' =
VkO, € TM™, is given by

d

Y. 2) = (Vv Y, 2) + (Y, Vv Z,) (3.147)

(see §3.4). In components, this is rewritten as
i

N oY
k 7 k
VP 0,(9i;Y'Z7) = gi5V <8xk

, , , Y4i
+ P;dyl> 77 + gi;Y'VF (a

A
Dk +1“§dz) :

Since this holds for all Y and Z (€ TM™), it is concluded that the Rieman-

nian metric tensor g;; must satisfy

9gij _
ok

9130} — g} = 0. (3.148)

This is understood to mean that covariant derivative of the metric tensor
vanishes (see next section).
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3.11.3. Covariant derivative of tensors
We have already defined the covariant derivative of a vector field v = v'0; as
Ulk = Vo' = Vo' (9),) = v’ + Tiot. (3.149)

We define the covariant derivative of a covector field w = w;dz? such that
the following “rule of derivative” holds:

8k(wivi) = wivfk + wi;kvi. (3.150)
Using (3.149), we obtain
Wi Ok (V%) + (Fpwi v’ = wi (O’ + Ti’) + (Opw; — Thywp)v'
So, the covariant derivative of w; is defined by
Viw; = wig 1= Ogw; — I‘ﬁciwl. (3.151)

We generalize the above rules regarding general tensors. For a mized tensor

of the type (p, q), M;ll;z (see §1.10.3(v)), we define

ka'%l"'Z:q _ Mil...iq L aklequ + FZITMTQ“-.% + FZQTM?IT“;Z-’; 4

JiJp Ji--gpik T J1Jp JiJp JiJp
J— /r‘4 il...iq —_ T . il...iq —_— . e e
klerj2~--jp ijzMjlrmjp . (3.152)

This is obtained by using the rules (3.149) and (3.151) repeatedly for each

. . . 3 -1 . . .
covariant and each contravariant index of M ]11 J'Z' The covariant derivative
of the mixed tensor M ; is

M;,, = 0xMj + T}, M] — Ty M, (3.153)
while the covariant derivative of the tensor M;; of (0,2) type is

Mij;k = 5)kMij — F};iMrj — F; M, (3.154)

j
Hence, Eq. (3.148) means that
Gijsk = 0. (3.155)
Using contraction on ¢ and j in M in (3.153), we have
M}y = O M} + T}, M] — Ty, M} = 0, M, (3.156)

which is consistent with (3.150). Therefore, the covariant differentiation
commutes with contraction, that is, contraction of the covariant derivative
of M j’ is equal to the covariant derivative of contracted tensor (scalar) M/,

i.e. (0/0x") M.
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3.12. Killing Fields

We consider Killing vector field, Killing tensor fields and associated
nvariants.

3.12.1. Killing vector field X

A Killing field (after the mathematician Killing) is defined to be a vector
field X such that the Lie derivative of the metric tensor g along it vanishes:

(Lxg)ij = X Okgij + 9in0; X" + gr;0: X* = 0, (3.157)

from (3.145). Using the property (3.148) of the Riemannian metric tensor
9ij, this is rewritten as

0= (Lx9)ij = X" (9T} + 9ulk;) + 9ix0; X" + g0, X"
= g (0; X" + T X" + gjn(0: X" + T1 X"
= g X5 + 9 X5 = (9 X");5 + (g X ")
=X+ Xja, (3.158)

where X; = g X", since Gik;; = 0 from (3.155).12 Thus, we have found
another relation equivalent to (3.157),

(Lx9)ij = Xij + Xjii = 0, (3.159)

which is called the Killing’s equation. This equation implies
(Lx9)i;Y'Z1 = (Vy X, Z) +(Y,VzX) = 0. (3.160)
In problems of infinite dimensions considered in Chapters 5 and 7, the
inner product is defined by an integral, and the Killing field X is required

to satisfy identically

(VyX,Z)+ (Y, VzX)=0, for"Y,ZeTM. (3.161)
Using the definition relation (3.30) for the connection, this is transformed to

(Y, X],Z) + (V,[Z,X]) =0, for"Y,Z e TM. (3.162)

12Note that XJZ is equivalent to V; X7 = VXk(E)j) defined by (3.10) in §3.2.
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3.12.2. Isometry

A Killing field X generates a one-parameter group ¢; = e'X of isometry. If
Y and Z are fields that are invariant under the flow (see Remark of §1.8.3),
the inner product (Y, Z) = ¢;;Y*Z7 is independent of ¢ along the flow ¢.
From (3.147), invariance of (Y, Z) is given by

d

T 2) = (VxY,2) + (V. VxZ) = 0. (3.163)
This is satisfied if the vector fields Y and Z are invariant, i.e. Y¢; = ¢:Y
and Z¢; = ¢:Z. Such a field as Y or Z is also called a frozen field (frozen
to the flow ¢;). Then, we have from (1.81),

LxY =VxY -VyX =0, LxZ=VxZ-VzX=0.

Thus, it is found that the two Eqs (3.160) and (3.163) are equivalent.
Using (3.146) and the property of Killing field (3.157), we obtain another
expression for the invariance,

%(Y, Z) = Lx(Y,Z) = (LxY, Z) + (Y, Lx Z) = 0. (3.164)

In an unsteady problem, V xY should be replaced by 0;Y + VxY. Hence
the equation VxY = Vy X, representing invariance of Y along ¢, is
replaced by'3

oY +VxY =9,X + Vy X. (3.165)

3.12.3. Positive curvature and simplified Jacobi equation

The sectional curvature K x in the section spanned by a Killing field X and
an arbitrary variation field J can be shown to be positive. The curvature
Kx is given by the formula (3.111):

Kx(X,J) = (R(X,J)J,X) = —(VxX,V,J)
F (VX V) + (Vix. X, J). (3.166)

13Usually Killing field X is stationary: 9; X = 0. Examples will be seen in §5.5 and 9.6.
M The formula U(Y, Z) = (VyY, Z) + (Y,Vy Z) = 0 is used repeatedly since the metric
is invariant.
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The first term vanishes because the Killing field X satisfies the geodesic
equation Vx X = 0. The second term is rewritten by using the Killing
equation (3.161) for X as

<VJX, VXJ> == —<V(VXJ)X, J),

where Y and Z are replaced by J and V x J, respectively. To the third term,
we apply the two properties, the torsion-free [X, JJ] = VxJ—V ;X and the
property (ii) of (3.5), Vw_1)X = VyX — Vi X, and obtain

(Vix,nX,J) = (Vv X, J) = (Viv, )X, J).
Substituting these into (3.166), we find

Kx(X,J) = ~(Viy, )X, J) = (V,X,V;X)
= Vs X[ = [VxJI?, (3.167)

by using (3.161) again. The last equality holds when J is a Jacobi field
and the equation of frozen field V ;X = V xJ is satisfied. Thus, it is found
that the sectional curvature Kx between a Killing field X and an arbitrary
variation field J is positive.

In this case, the Jacobi equation (3.127) reduces to

d’ 1
— | J|* = J|I? - K(X,J)=0. 3.168

LI = Vx|~ K(X, ) (3168)
Hence, the Jacobi field grows only linearly with s (does not grow exponen-
tially with s): ||J||* = as+b (a, b: constants). Thus, stability of Killing field
is verified.

3.12.4. Conservation of (X,T) along ~(s)

If the curve 7(s) is a geodesic with its tangent dy/ds = T = T'9; and in
addition X is a Killing vector field, then we have

d

(X T) = (VrX,T) + (X, 94 T) = (V2 X,T)
= g (Vo X)'TF = gl-kajTjT’C

1

5 (Xsj + X;.6)TIT" =0, (3.169)
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where V1T = 0 is used. Thus, the following inner product,
(X,T) = X;T", (3.170)

is conserved along any flow y(s), where X; = g;x X* is the Killing covector.

3.12.5. Killing tensor field

Equation (3.169) is rewritten as

%(Xivi) = %(Xi;j + X0 =0.

This states that the quantity I = X;v’ is conserved along a geodesic flow
g:(v) generated by Yv = v'd; € TM™. A generalization can be made to a
tensor field Xk kg ky,, Where I = Xkle...kpvklka .- vkr is conserved along
any geodesic flow. According to [CIP02], we look for the condition that
assures

d .
ki k k ki, k k
—dS(XkleA..kpv 2 0") = IV (X ey, k, 00 0) = 0

for Yo = v'9; € TM". Using (3.152) for the covariant derivative of the
tensor Xp, ,..x, and in addition (3.149) for the covariant derivative of the
vector v¥ (which vanishes because vV ;v* = 0), we obtain

d k1, ko

&(Xklkg--»kpv ok okey = oRoh P X
Lk ks kp, ]
— Rk R I Xy, (3,171
Sl v Ve X, (3171)

after deleting terms of the form vivjv’“ which must vanish by the geodesic
condition. The second equality is due to the permutation invariance of
ki,ko, ..., kp, and j, where

V(j)X(K)p = Vijle...kp + Vleij...kp + -+ vkpXklkgmj-

Thus, the invariance of I = Xkle...kpvklvkz .

-v*r along the geodesic flow
gt(v) is guaranteed by the tensor field Xy, x,...r, fulfilling the conditions (for

fixed value of p),

V(j)X(K) 0, (3.172)

where each one of (j,k1,ka,...,kp) takes values, 1,2,...,n. Hence the

number of equations is nP?T!, whereas the number of unknown variables
is (n+p—1!/pl(n — 1)!. These overdetermined equations generalize the
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Killing’s equation (3.159) for the Killing vector field (p = 1). Such tensors
Xk ky--k, are termed the Killing tensor fields [CIP02], whose existence is
rather exceptional.

3.13. Induced Connection and Second Fundamental Form

Space of volume-preserving flows is a subspace embedded in a space
of general (compressible) fluid flows. An induced connection for the
subspace can be defined analogously to the case of a curved surface
in R3. Here, we consider such a case with finite-dimensional spaces.

Let V" be a submanifold of a Riemannian manifold M™ equipped with a
metric g;;. Let us consider the restriction of the Riemannian metric g;; of
M™ to the space tangent to V”. This induces a Riemannian metric (an
induced metric) for V”. An arbitrary vector field Z of M™ defined along V"
can be decomposed into two orthogonal components'®: Z(p) = Zy + Zy,
where Zy = P{Z} is the projected component to T,V" at a point p € V"
and Zy = Q{Z} is the component perpendicular to 7,,V". The symbols P
and Q denote the orthogonal projections onto the space V" and the space
orthogonal to it, respectively. Let VM be the Riemannian connection for
M™, and define a new connection VV for V" (r < n) as follows. Consider a
vector X tangent to V" and a vector field Z in M"™ defined along V" where
7 is not necessarily tangent to V. Then, the V" is defined by

V% Z(p):=p{V¥Z} =ViZ - (Vi 2z}, (3.173)

where the right-hand side is the projection of VA Z onto the tangent space
of T,V". It can be checked that the operator VY satisfies the properties
(3.5) and an induced connection. Suppose that X, Y and Z are tangent
to V7, then one has Q{X} = 0,Q{Y} = 0 and Q{Z} = 0, and furthermore
Q{[Xv Y]} =0.

This is shown as follows. Extending the vectors X and Y to the vectors
in M™, which is accomplished just by adding 0 components in the space
perpendicular to V", we consider [X,Y] in M™. By the torsion-free of the
Riemannian connection V*, one has

Q{[X, Y]} = a{VXY - V¥ X} =0, (3.174)

15See Appendix F for the Helmholtz decomposition of vector fields.
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which is verified by using the expression (3.6). In fact, all the terms includ-
ing the terms I’fj cancel out with the symmetry Ffj =T ;“l and the remaining
terms are within the space V. Hence, VMY - V¥ X = p{(VI Y -V¥ X} =

VYY —V{ X. Thus, it is found that the connection V" is also torsion-free:
VY — VYV X = [X,Y]. (3.175)

Therefore the connection VY is also Riemannian. The second condi-
tion (3.18) is satisfied by (3.175). The first condition (3.17) is also valid
for VV.

In §2.3, we considered a relation between the connection V in the
enveloping R? and the induced connection V of a curved surface $2, which
is represented by the Gauss’ s surface equation (2.35) including the second
fundamental form.

Analogously for the case r = n — 1, taking the second fundamental
form as S(X,Y) instead of II(X,Y )N, the corresponding Gauss’ formula
is given by

VY =VYY +S(X,Y), X, YeTvrl (3.176)

This equation can be generalized for the case n = r+p as follows (Fig. 3.11):

VY = VY + S(X,Y), (3.177)

S(X’ Y) = Z<V§(/IY5 Na>Na>
where N, (@ = 1,...,p) are p normal vector fields along V" that are

orthonomal. This is the surface equation generalizing the Gauss’s equation
(2.35). According to (3.174), it is not difficult to see that the function

Mm"

N

sxy)  yly

Fig. 3.11. Gauss’s surface equation.
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S(X,Y) satisfies the following relation,

S(X,Y):=V¥Y - VLY
={V¥Y} =q{V¥X} =5, X). (3.178)

Thus, S(X,Y) is found to be symmetric with respect to X and Y.

Corresponding to VM and VY, we have two kinds of curvature tensors,
RM(X,Y)Z and R (X,Y)Z, respectively. Using the definition (3.97) of
R(X,Y)Z and the above relations (3.177) and (3.178), one can show the
following formula:

(W,RM(X,Y)Z) = (W,RV(X,Y)Z)

where XY, Z W € TV".

This can be verified by using the definition (3.173) repeatedly. For exam-
ple, we have

VEVyZ = VY (VY Z - {Vy Z}) - {VY (VY Z — Vi Z})}.

Taking the scalar product with W € TV", we obtain

(W,VXVyZ) = (W, VY VY Z) - (W, VY S(Y,Z)) (3.180)
= (W, V¥VYZ) + (S(X,W),S(Y, Z)). (3.181)

The last equality can be shown by using
(i) (W, VY S(Y,2)) + (VAW S(Y, Z2)) = X(W,5(Y, Z)) = 0,
(i) W L S(Y,Z), and
(iii) Q{VEW} = S(X,W).
Similar expressions can be derived for the other terms. Using those expres-
sions, one verifies (3.179).
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Part II

Dynamical Systems
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Chapter 4

Free Rotation of a Rigid Body

We now consider a physical problem and try to apply the geometrical the-
ory formulated in Part I to one of the simplest dynamical systems: Fuler’s
top, i.e. free rotation of a rigid body (free from external torque). We begin
with this simplest system in order to illustrate the underlying geometrical
ideas and show how powerful is the method. The basic philosophy is that
the governing equation is derived as a geodesic equation over a manifold
of a symmetry group, i.e. the rotation group SO(3) (a Lie group) in three-
dimensional space. The equation thus obtained describes rotational motions
of a rigid body. A highlight of this chapter is the metric bi-invariance on the
group SO(3) and associated integrability. Some new analysis on the stabil-
ity of regular precession is presented, in addition to the basic formulation
according to [LL76; Arn78; Kam98; SWK98].

4.1. Physical Background

4.1.1. Free rotation and FEuler’s top

A rigid body has six degrees of freedom in general, and equations of motion
can be put in a form which gives time derivatives of momentum P and
angular momentum M of the body as

dpP dM
=F —

— = — =N

dt ’ dt ’
where F' is the total external force acting on the body, and N is the total
torque, i.e. the sum of the moments of all the external forces about a refer-

ence point O. Correspondingly, the angular momentum M is defined as the

127
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M
(const) [0}

/

Fig. 4.1. Free rotation in fixed frame F (inertial frame).

one about the point O. If the body is free from any external force, we obtain
the conservation of total momentum and angular momentum: P = const
and M = const.

When the rigid body is fixed at the point O but the external torque N
about O is zero, then the equation of angular momentum is again given by
dM /dt = 0. This situation reduces to the problem of free rotation of a top,
termed the Euler’s top (Fig. 4.1).

In either case of the Euler’s top or the free rotation (with no external
force and the point O coinciding with the center of mass), the equation of
angular momentum is given by the same equation,

dM
7 =0 (4.1)

However, in order to describe detailed rotational motion of the body, it
is simpler to consider it in the body frame (i.e. in the frame of reference
fixed to the moving body), which is noninertial. Equation (4.1) in the iner-
tial frame is transformed into the following Euler’s equations in the rotat-
ing frame,

do? dQ?
Ji—— = (Ja = J3)*QB =0, Jo—r — (J3— J1)P*Q =0,
dt dt
(4.2)
do? Lo
Jjg_(Jl_JQ)Q Q :07

where Q = (21,02 ,0Q3) is the angular velocity (a tangent vector) relative
to the body frame, and (Jy, J2, J3) are principal values of the moment of
inertia of the body B. In general, the moment of inertia is a second order
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symmetric tensor defined by
Jag = / (||?00s — z%2P)pd’x, |z|? = 2%, (4.3)
B

(which is also called the inertia tensor J), where p is the body’s mass
density, assumed constant. Like any symmetric tensor of rank 2, the inertia
tensor can be reduced to a diagonal form by an appropriate choice of coor-
dinate frame for the body, called a principal frame (x', 22, 2%), in which the
inertia tensor is represented by a diagonal form J = diag(Jy, Jo, J3).!

Relative to the instantaneous principal frame, the angular momentum
is given by the following (cotangent) vector,

M = (M) = JQ = (Jo53Q°) = (J1Q, 1202, J30%). (4.4)

The kinetic energy K is given by the following expression,

1 1
where
(M,T)s = M T = MyT" + MoT? + M3T? (4.6)

is the scalar product, i.e. a scalar pairing of a tangent vector 7" and a
cotangent vector M (see (1.55)). The kinetic energy K is a scalar, that
is, invariant with respect to the frame transformation from a fixed inertial
frame to the moving frame fixed instantaneously to the body.

It is an advantage that the moments of inertia (J1,Jo2, J3) are fixed to
be constant in the frame relative to the moving body although Egs. (4.2)
became nonlinear, while the inertia tensors were time-dependent in the
fixed system, i.e. in the nonrotating inertial frame, where Eq. (4.1) is much
simpler.

Using the angular momentum M = JQ, the Euler’s equation (4.2) is
converted into a vectorial equation:

d
SM=MxaQ. 4.
dt X (47)

From the definition (4.3), we obtain the following inequality in the principal frame:
Jo+ J3 = [([(z3)% + (1)?] + [(z)? + (22)?])pd32 > Ji1, and its cyclic permutation for
the indices (1,2, 3).
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4.1.2. Integrals of motion

Two integrals of the Euler’s equation (4.2), or (4.7), are known:

1
5(J;le’ +Jy M3+ J T M3) = E, (4.8)

M} + M3 + M3 = | M. (4.9)

It is not difficult to see from (4.2) and (4.4) that E and |M| are invariants of
the motion. The first represents the conservation of the energy %(M ,Q) and
the second describes the conservation of the magnitude |M| of the angular
momentum.

From these equations, one can draw a useful picture concerning the orbit
of M(t). In the space of angular momentum (M;, My, Ms), the vector M (t)
moves over the sphere of radius |M| given by (4.9), and simultaneously
it must lie over the surface of the ellipsoid of semiaxes v2J1 E, \/2JoF,
and /2J3E (the energy surface (4.8) corresponds to an ellipsoid in the
angular momentum space). Hence the vector M (t) moves along the curve
of intersection of the two surfaces (Fig. 4.2). It is almost obvious that the
solutions are closed curves (i.e. periodic), or fixed points, or heteroclinic
orbits (connecting different unstable fixed points). Thus it is found that
the system of equations (4.2) is completely integrable. In fact, the solutions
are represented in terms of elliptic functions (see e.g. [LL76, §37]).

Fig. 4.2. Orbits over an energy ellipsoid in M-space for J; < J2 < J3.
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4.1.3. Lie—Poisson bracket and Hamilton’s equation

The Euler’s equation (4.7) can be interpreted as a Hamilton’s equation,
which is written in the form,

d
aMa ={M,, H}, (4.10)

where M = M,e,, and e, (o = 1,2,3) is the orthonormal base vectors.
The Hamiltonian function H is given by (4.5):

1 /MZ M3 M?
H=-(—"2+>24+232 4.11
2(J1+J2+J3 ’ (4.11)

and the bracket {-,-} is defined by the following rigid-body Poisson bracket
(a kind of the Lie—Poisson bracket?),

(A H} = —M - (VA x VarH), (4.12)
where V; = (8/0My,0/0Ms,0/0Ms3). We have
VuH = (My/Ji, My/Jo, M3/ J3) =Q, VuM,=eq.

Then, we obtain

d

Mo = {Ma, H} = =M - (eq x Q) = eq - (M x Q). (4.13)

This is nothing but the ath component of Eq. (4.7).

In the following sections, the system of governing equations (4.2) will be
rederived from a geometrical point of view, and stability of the motion will
be investigated by deriving the Jacobi equation for the geodesic variation.

4.2. Transformations (Rotations) by SO(3)

Rotation of a rigid body is regarded as a smooth sequence of transforma-
tions of the body, i.e. transformations of the frame fixed to the body with

2A general definition of (&) Lie-Poisson brackets is given by {F,G} i (u) :=

+ <u, [%—5, %]>, where §F/0u is a functional derivative and [-,] is the Lie bracket

[MR94; HMROS].
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respect to the nonrotating fized space F' (an inertial space). The transforma-
tions are represented by matrix elements in the group of special orthogonal
transformation in three-dimensional space SO(3) (see Appendix C.3).3

4.2.1. Transformation of reference frames

Let us take a point y, fixed to the body which is located at * = X'e; +
X2%ey + X3e3 at t = 0, where e; (i = 1,2,3) are orthonormal basis fixed
to the space F. By a transformation matrix A = (4%) € SO(3), the initial
point = (X*) is mapped to the current point y, at a time ¢:

y(t) = Alt)e = y' (e, y'(t) = A5(1) X7 (4.14)

In terms of the group G = SO(3), this transformation is understood such
that an element g:(= A(t)) of the group G represents a position of the
body at a time ¢ attained by its motion over G from the initial position
e (represented by the unit tensor I).

On the other hand, relative to the body frame Fp which is the frame
instantaneously fixed to the moving body, the same point y,(¢) fixed to the
body is expressed as

Y(=y,) =Y'b, +Y?by + Y3bs,

where b; (i = 1,2,3) are orthonormal basis fixed to the body which coin-
cided with e; (i = 1,2,3) at t = 0 (Fig. 4.3). From the property of a rigid

Fig. 4.3. Frames of reference F'(e;) and Fg(b;).

3The group G = SO(3) is a Lie group and consists of all orientation-preserving rotations,
ie. AT = A1 det A = +1 for A € G, where AT is transpose of A.
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body, it is required that Y? = X* which do not change with t. According
to §1.5.1(b), the basis-transformation is written as (see (1.40))

b.(t) = Bi(t)e;, hence Y =Y"b, =Y"*Bie,, (4.15)

where B = (B}) € SO(3), i.e. BBT = I. The transformation matrices B
and A are identical, i.e. A = B.
This is because Y of (4.15) must be equal to y, of (4.14), whence we have

y'=AXT =BY" (X'=Y").

Note that (4.14) is an example of §1.6.1(a).

In mechanics, the configuration of a rotating rigid body is represented
by a set of three angles called the Fulerian angles, that is, the configuration
space of a rotating rigid body is three-dimensional. In the present formula-
tion, this is described by the manifold of the group SO(3), whose dimension
is also three (Appendix C.1).

4.2.2. Right-invariance and left-invariance

Rotational motion of a rigid body is described by a curve C : ¢ — g; on the
manifold of the group G with ¢ the time parameter [Arn66; Arn78):

gt = A(t), go =1, where A(t) € SO(3), teR.

For an infinitesimal time increment §t¢, motion of the body from the position
gt is described by the left-translation g:ys¢ = ¢stg¢. This is interpreted as
an infinitesimal rotation 6t at g, represented by a matrix Q defined by

At +dt) — A(t) = A(6t)A(t) — A(t) = 5t Q - A(1),
At +6t)% = (A0t A(1))E = A(5t)IA(t)!. (4.16)

In the language of the geometrical theory, the matrix Q = (A(6t) — I)/6t is
called a tangent vector at the identity e. This is because the tangent vector
gy is defined by

. dg: dA A A . -1
=——=—=0Q Q= 4.17
9t at at Gt geo(ge) ™, ( )
namely () is obtained from the tangent vector ¢, by the right-translation
with (g;) ™!, since A(t) evolves by the left translation according to (4.16) (see
§1.7). The matrix 2 can be shown to be skew-symmetric (Appendix C.3).
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It is instructive to see that the € is identified as an azial vector Q of
the angular velocity of the body rotation relative to the fized space. In fact,
operating g; on x, we have g;& = y(t) and g5 = y(t + t), hence

y(t + 0t) = gz + 6tQgx = y(t) + 6t x y(t) (4.18)
(see Eq. (C.15) in Appendix C). Differentiating,
vy :dy/dt:gtm:Q~gtm:Qxy. (4.19)

This means that the point y(t) is moving with the velocity v, = QO xy, ie.
Q) is the angular velocity in the fixed space.

Corresponding to the right-invariant expression ¢; = Qg; of the tangent
vector, the angular momentum is similarly written in the right-invariant
way as

M, =Jj =Mg,, M=JQ, (4.20)

where J is an inertia operator and time-dependent in the fixed space.
In mechanics [LL76], the angular momentum is defined by M, =
[(y x v,)pd®y = [(gsx x (Qgix))g:(pd®x). This enables us the definition,
M, =M G-

Relative to the body frame Fg, the same velocity (relative to the fixed
space) is represented as dy,/dt = vib;, as shown below, where

Vp = Qb xY (4.21)

(see (4.26)), and € is the angular velocity relative to the body frame. The
matrix version of €2, is derived by left-translation of the tangent vector g;
with (g¢)~! as

Qb = gt_1 ogy = gt_lﬁgt, (4.22)

(verified below). An important point is that the tangent vector g; is repre-
sented by the left-invariant form (see §1.6 and 1.7)

9t = 9:Sh, (4.23)
by the £, at e, whereas it is also represented by the right-invariant form,
gr = Qgy with Q at e in (4.17) (Fig. 4.4).

Proof of Q, = g;'Qg,. By the motion y(t) = Y*b,,, the basis is trans-
formed by (4.15) as b;(t) = e; B} (t). Therefore,
bi(t + 6t) = BF(t + 6t)ey, = BL(6t)B(t)Fes
— B)LBl(ot)er, (1.21)
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(_)':gt'g;l
&t

Y=g, '-g=
=g/ lez Adg‘,, 0

Fig. 4.4. Q and Q.

namely, the element B(t+dt) is obtained from B(t) by the right-translation
with B(6t). Taking y,(t) = yje; which is given by Y*B](t)e;, we have the
transformation law for the components y; :

yi = B!(t)Y', y, = BY, (4.25)

where Y is a constant vector. Owing to the right-translation property of
B(t), one may write dB/dt = B, and

d d

Sy = S(eBU)Y) = eBQY = b
Y dt(e (1)Y) = eBQy by,

Writing dy, /dt = b;v}, we find that the rotation velocity v, = (v}) relative
to the instantaneous frame Fp is given by

v, =Y =0 x Y, (4.26)

since , is skew-symmetric. Now we have A(t) = B(t), however §;A = QA
and 0, B = BQ,. Thus, we obtain

Q= ATIQA = g7 ' Qg;.

This verifies the expression of (4.22).

4.3. Commutator and Riemannian Metric

Aiming at geometrical formulation of rotational motion of a rigid body, we
define the commutation rule for the Lie algebra so(3) (already considered
in §1.8.2), and introduce a metric for the tangent bundle T'SO(3).

A tangent vector at the identity e of the group G = SO(3) is said to be
an element of the Lie algebra so(3). The space of such vectors is denoted
by T.G = so(3). It is useful to replace each element of skew-symmetric
tensor ), € T,G with an equivalent axial vector denoted by . According
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to (1.66) and (1.67) in §1.8.2, the commutator [-,-]™ for the left-invariant
field such as (4.22) (or (4.23)) is given by the vector product in R3:

X, Y]¥ =X xV, for X,Y eT.G=so(3). (4.27)

Kinetic energy K is given by the scalar pairing of a tangent vector
gt = Qg; and a corresponding cotangent vector M; = Mg, (see (4.20)), both
of which are right-invariant fields. Thus, the kinetic energy K is defined by
the following scalar product in the right-invariant way (see (3.4)):

K = %(Mt(gt)ﬂv Ge(ge)™)s. (4.28)

The factor ¢; on the right of ¢; = Qg, indicates that the tangent vector is
represented in terms of the original position @, whereas its right-translation
Gi(g:)™! = Q denotes the tangent vector at the current position y(t) =
gix (see (4.19)).* The same is true for M;(g;)~! = M (see (4.20)). This
expression (4.28) can be rewritten in terms of ) and the angular momentum
M = JQ as

K = (MaQ)s = %(Jﬁvﬂ)sa (4.29)

DN | =

where J is the inertia tensor (called an inertia operator) relative to the
fixed space.

The kinetic energy is a frame-independent scalar. In other words, it is
invariant with respect to the transformation from a fixed inertial frame
(e;) to the instantaneous frame (b;) fixed to the body. In this case, the
tangent vector was given by the left-invariant form ¢, = ;{2 in the previous
section.® Correspondingly, the angular momentum is written as M; = g, Mp,
where M, = (g;)"'Mg; and M = J). Hence, left-invariance on the group
results in the following. The energy K of (4.28) is given by

K = 5(0eMi(a) ™ 9:0(00) ™), (4.30)

(6%, ), (4.31)

1 A A 1
= —(Jg:) Dp)s = =
2( giily, gt b)( 5

4Equation (4.28) is a symbolic expression in the sense that each entry should be provided
with an equivalent vector to obtain the scalar product (,)s, as in (4.29).

5There, the body frame (b;) is transformed by the right-translation (4.24), which results
in the left-invariant vector field g: = (g¢)«p. See §1.7.
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where the second equality is due to the right-invariance and
geMy = Mg, = JQgy = J g,

and in the last expression, J, = (g;)~'Jg; since (g:)T = (g¢)~* for g; €
SO(3). Equivalence of (4.29) and (4.31) is due to the fact that the kinetic
energy K is frame-independent between the e;-frame and b;-frame. The
symmetric inertia tensor J, can be made a diagonal matrix (relative to the
principal axes) with positive elements J, (>0), owing to the definition (4.3).
Then, the expression (4.31) is equivalent to (4.5).

Now, one can define the metric (-,-) on T.G by

(X,Y):=(JX,Y),=JX-Y, for X,Y eT.G, (4.32)

where (-,-)s is defined by (4.6). Then the kinetic energy is given by K =
£(9, Q) for Q € T.G. Thus, the group G = SO(3) is a Riemannian manifold
endowed with the left-invariant metric (4.32) (which is also right-invariant
in a trivial way as given by (4.28)).

4.4. Geodesic Equation

4.4.1. Left-invariant dynamics

Let us consider the geodesic equation on the manifold SO(3). We have
already introduced the commutator (4.27) and the metric (4.32). Further-
more, the metric is left-invariant. In such a case, the connection VxY sat-
isfies Eq. (3.30), where X, Y Z € so(3). In a time-dependent problem such
as in the present case, the geodesic equation is given by the form (3.67):

(X +VxX =0. (4.33)

In terms of the operators ad and ad* of §3.6.2, we have the expression (3.65)
for the connection VxY:

1
VxY = S (adxY —adiY —adi X)), (4.34)

The expression of ad%Y is obtained by using the present commutator
[X,V]™ = X x Y and the definition (ad%Y,Z) = (Y,[X, Z]™), which
leads to (by using (4.32))

(ad%Y,Z) = (JY, X x 2)s = (JY x X, 2)s = (JHJY x X), Z). (4.35)
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Hence, the nondegeneracy of the metric yields
adyY = JHJY x X). (4.36)

Thus it is found from the above that

Y&Y:%IWﬂXx?%%L@x?—UHXX)

1 .

= 5J—l(KX xY), (4.37)
[Kam98; SWK98], where K is a diagonal matrix with the diagonal ele-
ments of

Ko:=—Ja+Js+J, (4.38)

for (o, 3,7) = (1,2,3) and its cyclic permutation (all K, > 0 according to
the definition (4.3) and the footnote there).

The tangent vector at the identity e is the angular velocity vector Q.
The geodesic equation of a time-dependent problem is given by (4.33) with
X replaced by Q) and using the ordinary time derivative d/d¢ in place of d;
(since t is the only independent variable):

d

G —adz0=0.

Using (4.36) and multiplying J on both sides, we obtain
d -
J—=Q -
dt (
This is nothing but the Euler’s equation (4.7) if it is represented with
components relative to the body frame, i.e. instantaneously fixed to the

JO) xQ=0. (4.39)

moving body. In fact, the component with respect to the b; axis (one of
the principal axes) is written as J; (dQ!/dt) — (J2Q2Q3 — J3030%) = 0. In
the body frame, the inertia tensor J is time-independent.

Thus, based on the framework of geometrical formulation, we have suc-
cessfully recovered the equation of motion for free rotation of a rigid body
well known in mechanics.

4.4.2. Right-invariant dynamics

Let us try to see this dynamics in the fixed space, where it can be verified
that (d/dt)JQ = 0. In this space, the inertia tensors J = (J,3) are time-
dependent, and we have (d/dt)JQ = (d.J/dt)Q + J(dQ/dt). In fact, from
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the definition (4.3), we obtain

d .
3 Jos = Jas = /(a:kg'ckaaﬁ — %P — %P pdie,

since dz®/dt = & = (Q x &)* = £,jxV 2" (see (B.27) in Appendix B.4).
Obviously, 2Fi* = & - (( x ) = 0 (see B.4). Hence,

Jot = —aaijj /xka:ldem — elijj /xkxadew = Jalej, (4.40)
introducing the notation Iy = [ |z|?pd’z,
Jaji = €aji(Jut — Lo6kt) + €1k (Jka — Lo0ka) = €ajkdil + ljkdra.  (4.41)
The last equality is obtained since

€ajkOkilo + €1jkbralo = Io(caji + €1ja) = lo(Eaji + €atj) =0

due to the definition (B.26) of ;;, in Appendix B.4. Then, we obtain the
following expression,

jalQl = Jalele = Eaijlele + ElijkanQl.

The second term vanishes because &5 Q! = 0 owing to the skew symme-
try €1 = —€51k- Hence, we obtain

Jar Q! = ik (Ju) = (Q x (J))a-
Therefore, it is found that, by using Eq. (4.39),

A dJ 4 a0 . . o
(JQ):d—‘t]Q+JE:Qx(JQ)+(JQ)XQ:0. (4.42)

d
dt

Thus, we have recovered Eq. (4.1), describing conservation of the angular
momentum in the fixed inertial space.

4.5. Bi-Invariant Riemannian Metrices

There is a bi-invariant metric on every compact Lie group [Fra97, Ch. 21].
The group SO(3) is a compact Lie group. We investigate these properties,
aiming at applying it to the present problem.
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4.5.1. SO(3) is compact

The group G = SO(3) is considered as the subset of real 32-dimensional
space of 3 x 3 matrices, satisfying AT A = I (orthogonality), i.e. Ag;-Ajk =
AjiAj, = di, and det A = 1 (see C.1). In particular, its magnitude || A]|
may be defined by

IA]? == Z(Ajk)2 = ZAngjk = Zékk =3.
ik k

ik

Hence, SO(3) consists of points that lie on the sphere ||A|| = /3 that satisfy
det A = 1. Therefore it is a bounded subset. It is also clear that the limit
of a sequence of orthogonal matrices is again orthogonal. Thus, SO(3) is a
closed, bounded set, i.e. a compact set. The compactness can be generalized
to SO(n) for any integer n without any difficulty.

4.5.2. Ad-invariance and bi-invariant metrices

In the vector space of the Lie algebra g = so(3), a scalar product is
defined by

1
(@,b)so(3) = —§tr(ab), (4.43)

for a,b € g = so(3) (see Appendix C.4). Using equivalent axial vectors
a = (a'),b = (b"), this scalar product is

(a,b)so(3) = (a, by) = 6ijdi6j, (4.44)

i.e. the metric tensor is euclidean. The scalar product (@, b)sq3) is invariant
under the adjoint action of G = SO(3) on g. In fact, for g € G, we have
Adga = gag™' (see (1.62)), and

_ _ 1 L 1
(gag™, gbg™ Hso(3) = —5tr(gag 'gbg™") = —5tr(ab) = (a,b)so(3)

since g~' = ¢gT. This is called the ad-invariance.
Suppose that g is represented as e!® with a parameter t. From the

Ad-invariance for a,b,c € g = so(3), we have

(e'®be ' e'*ce™ ') = (b, c). (4.45)
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Differentiating with ¢ and putting ¢ = 0, we obtain
<[a7 b], c) + <b7 [a, C]> =0, (4.46)

which is useful to obtain a formula of sectional curvature below.
Let us define a Riemannian metric on the group G by the right-
invariant form,

(ag,by) = <‘199717b9971>e-

Then, we claim that it is also left-invariant. This is verified as follows. From
the Ad-invariance, we have,

(@c,be) = (9gacg™", gbeg™ ") = (gae, gbe).

The second equality is due to the right-invariance (where a;, = ga. and
b, = gb.). The above shows the left-invariance. Thus, we have obtained
the bi-invariance of the metric (,). This can be generalized to SO(n) for
any integer n.

For any bi-invariant metric (,) on a group G, one-parameter subgroups
are geodesics. This is verified as follows.

Let a, be a left-invariant field represented as ga where a € g. The
tangent vector a at e generates a one-parameter subgroup A4; = '@ of right
translation. Let +; be a geodesic through e with the bi-invariant metric
that is tangent to ga = a; at g = 4+ and Ty = T(y:) = ¥ Tp be the unit
tangent to ; there. Consider the scalar product (a:, T;) along 7. By the
left invariance, we have

(a¢, Ty) = (ao, To). (4.47)

This infers that Vra = 0, from (3.83) and (3.84), that represents parallel
translation of the tangent vector a; along 7, with its magnitude unchanged
due to (4.47). Therefore the curve A; = e'® coincides with the geodesic
with Ty parallel to a = ag.

The flow A; = e'® is a one-parameter group of isometry. In fact,
Eq. (4.45) holds for any pair of b, ¢ € so(3), which results in (4.46). Using
the scalar product (4.44) and the commutator (4.27), Eq. (4.46) becomes

(@xb)-e+b-(axe)=(axb)-é+(bxa) e=0.

This is satisfied identically for any pair of l;, ¢. Thus, it is found that
a is a Killing field (see §3.12), because the above equation is equivalent
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0 (3.161): (V;a,¢&) + (Vea,b) = 0 since Vya = b x @ = —1a x b. This
means that any element of so(3) generates a Killing field.

The scalar product (a,b)se3) of (4.43) is equivalent to the metric
(JX,Y), of (4.32) if the inertia tensor J is the unit tensor I (i.e. euclidean)
that corresponds to a spherlcal rigid body, called a spherical top. In this
case, the angular momentum J,€), reduces to €. Generally for rigid bodies,

the inertia tensor J is not ¢l (c¢: a constant), but a general symmetric ten-

14
2@

sor which is regarded as a Riemannian metric tensor. Then, the equality of
(4.30) and (4.31) of scalar products represents the ad-invariance. Thus, it is
seen that the rotation of a rigid body is a bi-invariant metric system as well.
The formulation in §4.3 describes an extension to such a general metric ten-
sor J. It would be interesting to recall the property of complete-integrability
of the free rotation of a rigid body mentioned in §4.1.

4.5.3. Connection and curvature tensor

It is verified in the previous subsection that integral curves of a left-invariant
field ay = ga for a € g are geodesics in the bi-invariant metric. Hence we
have Vga = 0. Likewise we have V(41p)(a +b) = 0 for a,b € g. Since
Vea =0 and Vpb =0,

V(a+b) (a+b) =Vub+ Vpa =0. (4.48)
Therefore, we obtain the Riemannian connection given by
2Vab = Vb — Vipa = [a, b], (4.49)

by the torsion-free property (3.18).
In this case, the curvature tensor (3.97) takes a particularly simple form.
First note, e.g. V4(Vse) = 1[a, [b, c]], by (4.49). Then, we obtain

R(a,b)c = Vq4(Vpe) = Vp(Vac) = VigpC
= 3 (la. [b.¢l) ~ [b,[a, ]| - 2[fa. b, ) = —[[a,Bl.c],  (4.50)
by using the Jacobi identity (1.60). For the sectional curvature defined by
K(a,b) := (R(a,b)b,a), (4.51)

we obtain,

K(a’vb) = _<[[a’b]b]7a> = <[b7 [[avb]vaD
= _<[b7 [a’ [a> b”> = <[[a7 b]’ [a> b”>7



Free Rotation of a Rigid Body 143

where the formula (4.46) is used repeatedly. Hence,
1 2

Thus, we have found non-negativeness of the sectional curvature,
K(a,b) > 0.

4.6. Rotating Top as a Bi-Invariant System

Rotating motion of a rigid body is regarded as an extension of the bi-
invariant system (considered in the previous section) in the sense that the
tangent vectors are time-dependent (i.e. there is an additional dimension )
and the metric tensor is not the euclidean 6;5, but given by a general sym-
metric tensor J.

4.6.1. A spherical top (euclidean metric)

A spherical top is characterized by the isotropic inertia tensor J = ¢l where
T is the unit tensor with ¢ a constant. Then, the metric is defined by (4.32)
with J replaced by I:

(X,Y)=X-Y, for X,Y € so(3). (4.53)

In order to apply the formulae of the bi-invariance to the time-dependent
problem of a spherical top, every tangent vector such as a, b, etc. should
be replaced with a vector of the form, X = 8, + X“9,, where X = (X®) €
so(3). For example, V,a = 0 (in the previous section) must be replaced by
the form,

ViX =0X+VxX =0. (4.54)

The equation V(q4p)(a + b) = 0 is replaced by v)”(-n”/(X +Y) = 0. Corre-
sponding to (4.48), we have

VxY +Vy X =0.

This is rewritten as 2VxY = [X, Y], where [X,Y] = VxY — Vy X by the
torsion-free property,® and the commutator [X, Y] is given by X x Y.

8[X,Y] = [X,Y] +8Y — X, and VY — Vo X = [X, Y] reduces to VxY — Vy X =
[X,Y].
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Fig. 4.5. Spherical top.

The connection VxY is given by (4.37). When J = cI, this reduces to
the following form just obtained:

1
VxY = JX xY. (4.55)

The geodesic equation is given by 0; X + X x X = 9, X =0, i.e. X is
time-independent. The one-parameter subgroup e*X is a geodesic and X
is a Killing field, as mentioned in §4.5.2. Namely, the general solution of
free rotation of a spherical top is steady rotation described by any element
a € so(3) (Fig. 4.5).

Note that, even in the time-dependent problem, the curvature tensor is
unchanged, i.e. R(X, }7)2 = R(X,Y)Z, as explained in §3.10.3. This is also
verified directly by applying the expression VY,Z = 07 4+ Vy Z repeatedly
and using V[;{y]Z =Vixyv)4+Ve.y-6.x)Z (the time component vanishes
identically on the right-hand side). Thus, we obtain

R(X,Y)Z = %(X xY) x Z, (4.56)
Lo 1
K(X,Y) = ZlIX % Y[[* = V<Y, (4.57)

from (4.50), (4.52) and (4.55). It is found that the sectional curvature
K(X,Y) is positive if X and Y are not parallel. This characterizes the
free steady rotation of a spherical top.

4.6.2. An asymmetrical top (Riemannian metric)

The case of free rotation of a general asymmetrical top is already studied in
§4.3 and 4.4. The commutator is given by (4.27), and the metric is (4.32),
which is reproduced here:

(X,Y)=JX-Y, for X,Y € so(3). (4.58)
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The geodesic equation is given by (4.39). Here, we consider some aspects of
its stability. The variables, say X or Y, will be written simply as X or Y.
In particular, the connection is given by (4.37):

1 N
VxY = §J_1(KX xY). (4.59)

Relation between the stability of a geodesic curve (¢) and Riemannian
curvature tensors is described by the Jacobi equation (§3.10). The equation
of the Jacobi field B, defined by (3.123) (using B instead of J), along the
geodesic generated by T is given by (3.137), which is reproduced here:

2B + 0,(VrB) + V0B +VrVrB+ R(B,T)T =0, (4.60)

where T is the tangent vector to the geodesic v(t).

To calculate the curvature tensor R(B,T)T, we apply the expression of
the connection V of (4.59) repeatedly in the formula (3.97) together with
the definition of the commutator (4.27). Finally it is found that

1

XYV)Z=-—"
R(X,Y) 4T, J5 ;5

(R(X xY)) x JZ, (4.61)
where £ = diag(ky, ka,k3) is a diagonal matrix of third order with the
diagonal elements,

Ko = —3J2+ (Jg — Jy)? +2Ja(Jg + Jy)

with (o, 8,7) = (1,2,3) and its cyclic permutation. It is readily seen that
the right-hand side of (4.61) reduces to that of (4.56) when J is replaced by
¢l and also to that of (4.50) if the bracket is replaced by a vector product.

In the steady rotation of a spherical top, the Jacobi equation is given
by (3.127):

|| B

2 2
along 7(t) = e'”. The right-hand side vanishes because V7B = 1T x B
and K (T, B) = 1||T x B||%. Thus, we find a linear growth: || B(t)|| = at + b
(a,b: constants), and the stability of the geodesic e!”
|| B|| exhibits neither exponential growth, nor exponential decay.

=|| VB |* -K(T, B), (4.62)

is meutral, because

Even in the asymmetrical top, there are solutions of steady rotation. In
fact, if we substitute (Q!,0,0) for (Q', Q2 Q3) for the Euler’s equation (4.2),
we immediately obtain dQ2!/d¢ = 0. Hence, the rotation about the principal
axis e; is a steady solution of (4.2). The same is true for rotation about the
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other two axes. Thus, each one of the three, (2},0,0) = Qtey, (0,02,0) =
02%ey or (0,0,03) = Q3es, is a steady solution.

Using the unit basis vectors (e1, e, e3) in the principal frame and defin-
ing the sectional curvature by K(e;,e;) = (R(e;, e;)e;,e;), one obtains
from (4.61) that K(e;,e;) =0 (for i = 1,2,3), and that
K1
le,

%)

K3
4Jy"

K(€1,€2) = 4J3’

K(EQ,Eg) = K(eg,el) = (463)
It can be readily checked that K (e;, e;) reduces to ||e; x ;|| of (4.57)
when J is an isotropic tensor cI. For general vectors X = X'e; and Y =

Yie; and with general J, we obtain
K(X,Y)=(R(X,Y)Y,X) = RynX'YIX*Y", (4.64)

where R = (R(ex, er)ej, e;) (see (3.101) and (3.104)).

4.6.3. Symmetrical top and its stability

(a) Regular precession

If two of J; are equal (say, Jo = Js := J, and J; # J.),” we have a
symmetrical top. If the symmetry axis is e;, the Euler’s equation (4.2) can
be solved immediately, yielding a solution,

Q' =5, Q2(t) +iQ%(t) = aexp(iwyt) (4.65)

where w, = Q(J; — J1)/J. (nonzero constant) and «, 3 are constants.
With respect to the total angular velocity { = (0,02, Q3), we may write
B = [ cos and o = Q) sin , where  denotes the constant polar angle of
Q) from the pole e;.

The steady rotation X = (X1,0,0) is a Killing vector, because the
condition (3.161) is satisfied. In fact, the covariant derivative is, from (4.37),

VyX = %J‘l(f(ff x X) = %J‘l(O,K3Y3X1, —K,Y2X1),
where J :Adiag(JL Ji,J1) andK’ = diag(—Jy + 2J 1, J1,J1) from (4.38).
Then, for Y = (Y*) and Z = (Z*), we have
(Vy X, Z) = %my «X)-Z =
%Jl(ZQYB - 7YX

1 - ~ A ~
“(ZxKY)- X

[\

"In this case, we have k1 = (4 — 3k)J1J 1, and k2 = k3 = k? of (4.63).



Free Rotation of a Rigid Body 147

Fig. 4.6. Regular precession in (a) Fp and (b) F, for J; > J, .

Thus, it is obvious that we have the indentity equation of (3.161),
(VyX,Z) 4+ (VzX,Y) = 0 with any Y, Z € so(3), for the Killing vector
X = (X1,0,0). This implies existence of a conserved quantity (§3.12.4),
which is given by

(X,Y)=X -JY = X'J;Y! = const (4.66)

along the geodesic flow generated by Y. Because X' is a constant, this
means that the first component J;Y! of the angular momentum M is con-
served, which interprets the first of (4.65) since J; is a constant.

Relative to the body (top) frame Fp, the angular momentum vector
M = (1024, J.Q% J,03) rotates with the constant angular velocity wy,
about the symmetry axis e; with its component J;Q! being constant and
the magnitude J, a perpendicular to e; also constant. On the other hand,
relative to the fixed space F', the angular momentum M is a constant
vector. Relatively speaking, the symmetry axis e; of the top rotates about
M, simultaneously the top itself rotates uniformly with § about its axis
e1. This motion is called the regular precession [LL76] (Fig. 4.6, where the
points O, P, N, Q are in a plane and the same for O, P/, N, Q' in (b)).

With respect to the regular precession about the axis e;, one can solve
the Jacobi equation (4.60) where

T = Qlel + QQ(t)EQ =+ QS(t)€3, B = 3161 =+ B2€2 + 3363.

The following is a new analytical study of stability of the regular preces-
sion (4.65).

(b) Stability of regular precession
In order to make the equations formally compact, we employ complex rep-
resentations such as Q. (t) = Q?+iQ3 = aexp(iwyt) and B, (t) = B> +iB3,
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and introduce the variables defined by
(P,Q,R)(t) := (B',Q.B.,.B,).

where R = @ and the overbar symbol denotes complex conjugate. Then,
after some nontrivial calculations given in §4.6.5, the Jacobi equation (4.60)
reduces to the following three second order differential equations with con-
stant coefficients (obtained from (4.81) and (4.82)):

S R
P—ZiQ+ ZiR =0,

.. . .2 2 467

Q + ikBQ — ika?P +~vQ — yR = 0, (4.67)

R —ikBR + ika?P + YR — vQ = 0,

where Q, = twpQy and w, = B(k — 1) were used, together with the
definitions,?

1
= = I0P, p=01  y=_ (-

I7
Setting (P, Q, R) = (Py, Qo, Ro)e™! for an exponent p (where Py, Qq, Ry are
time-independent complex constants), one can obtain a system of linear
homogeneous equations for the amplitudes (Py, Qo, Ro). Nontrivial solu-
tion of (Py, Qo, Rp) is obtained when the determinant of their coefficients
vanishes:

-2p*  p —p
-q¢ Fy(p) v |=0, (4.68)
q v F.(p)

where Fy(p) = p? £ kBp — v and ¢ = ka?p. This reduces to
2% (Fy Fo — %) — pq(Fy + F_ +2y) = 2p*(p” — o® = k?3°%) = 0.
Hence, we have the roots of the eigenvalue equation (4.68):
(a)p=0; (b)p==A,

where A = /a2 + k2032, and p = 0 is a quadruple root. Thus, it is found
that all the six roots are real.

8From the inequality J2 + J3 > J1, in the footnote of §4.1.1, we have 2 > k > 0.
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Case (a) p = 0: Equations (4.67) result in P = 0 and Q = R = const (real).
Then the Jacobi field is given by

B! = cit + co, B, = Boeiw”t.

This shows neutral stability of the basic state (4.65) since the Jacobi field
does not grow exponentially.
Case (b) p = +\: For these eigenvalues, we obtain

Bl — Béeii)\t, B* — Boei(wp:t)\)t.

The Jacobi fields are represented by periodic functions, hence we have the
neutral stability again. In general, the fields B = (B!, B?, B3) are rep-
resented in terms of three different frequencies, A and (w, £ A) which are
incommensurate to each other, therefore the Jacobi fields are quasi-periodic.

Thus, the present geometrical formulation has enabled us to study the
stability of the regular precession of a symmetrical top, and the Jacobi
equation predicts that the motion is neutrally stable in the sense that the
Jacobi field does not grow exponentially.

4.6.4. Stability and instability of an asymmetrical top

It is shown in §4.6.2 that each of Q'e;, O2e,, or N3e; is a steady solution
of the Euler’s equation (4.2). Let us try a classical stability analysis to see
whether they are stable or not. Suppose that an infinitesimal perturbation
w = (w!w? w?) is superimposed on the steady rotation = (2',0,0).
Substituting € + w into the Euler’s equation (4.2) and linearizing it with
respect to the perturbation w, we obtain the following perturbation equa-

tions: w! = 0, and
Jow? — (J3 — J1)Q'w? =0,
J3® — (Jy — J2)Q'w? = 0.
2

Assuming the normal form (w?,w?) = (a,b)e’, we obtain an eigenvalue
equation for A:

Ji = Jo)(J1 — Js)
JoJ3 '

If Jy is the highest out of the three (Ji, Jo, J3), then (J; — Jo)(J1 — J3) is
positive and X is real, meaning stability of the steady rotation Qle;. If J;
is the lowest among the three, the same is true. However, if J; is middle

)\2:(
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among the three, A is pure imaginary. Then, the steady rotation Q'e; is
unstable. Same reasoning applies to the other two steady rotations.

The analysis of the Jacobi field made for a symmetrical top in the pre-
vious section clarified that the regular precession is neutrally stable. Here
are some considerations for an asymmetrical top in geometrical terms on
the basis of numerical analysis [SWK98] for the sectional curvature,

K(Q'e;, B) = K(ey,e) (A B?)? + K(ey, e3)(Q'B3)? (4.69)

(see (4.63) and (4.64)) defined for the section spanned by the steady rotation
Q'e; and a Jacobi field B = B%e? + B3e3. For the stable motion (with
J1 being the highest or lowest), it is found that the sectional curvature
K(Q'ey, B) defined by (4.69) takes either positive values always, or both
positive and negative values in oscillatory manner, depending on the inertia
tensor .J. However, it is found that the time average K is always positive
for any J in the linearly stable case. On the other hand, in the case of linear
instability of the middle J; value, there exist some inertia tensors J which
make K negative.

As a whole, the geometrical analysis is consistent with the known prop-
erties of rotating rigid bodies in mechanics.

4.6.5. Supplementary notes to §4.6.3

With respect to the regular precession about the axis e; (considered in
§4.6.3), let us write down the Jacobi equation (4.60),

0iB +V7(0,B) + 0,(VrB) +VrVrB+ R(B,T)T =0, (4.70)

explicitly for a general Jacobi field B = Ble; 4+ B%ey + B3e3 along the
geodesic of the regular precession with a periodic tangent vector T = Q'e, +
Q2 (t)ea +Q3(t)es given by (4.65), where Q. := Q% +iQ? = aexp(iw,t) and
wp = (k—1)QL.

The first term is

8,523 = Blel + Bgeg + Bgeg7 (471)

where a dot denotes d/d¢t. Using the covariant derivative (4.59), we have

1 - -
VB =0"Ve, B = 271(1{29233 — K303 B?%)e;
1, - . f
+ 272(1{39331 — K1Q'B3)e,
1 - -
+ —(K1Q'B? — K2:0?B')es, (4.72)

2J3
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where Jy = Js = J, and K| = —J; +2J,, Ky = Ji, K3 = J; from (4.38).
From this, we obtain

1 . o - 1 . .
Vr(0:B) = 5(92133 —3B%e; + 5(1<:93131 —(2-kK)Q'B3e,
1 . .

+ 5((2 — k)Q'B? — kQ?B)es, (4.73)
where BF of (4.72) is replaced simply by B* and k = J,/J, is
used. This is the second term of (4.70). The third term is obtained by
differentiating (4.72):

1 . .
0:(VrB) = Vr(0:B) + 5(9233 —Q3B?%)e;
1 . )
+ 5k(Q3Bleg — O?Bley). (4.74)

The fourth term is obtained by operating V1 on (4.72) again:

Vr(VrB)
= i[fk((sz?)? +(Q¥%)B' + (2 - k)Q'Q*B? + (2 - k)Q'Q°BYle
+ i[k(Q — E)QTO?B! — k(Q3)2B% — (2 - k)2(QY)2B? + k0203 B3|e,
i[k@ — k) B + kQ*Q3B? — k(Q%)?B® — (2 — k)*(2')?B3es.

(4.75)

Regarding the last term, the curvature tensor R(B,T)T is decomposed into
several components as

R(B,T)T = B'Q R(e;, e;)T, (4.76)

by using the property of tri-linearity of general curvature tensor R(X,Y)Z
with respect to X, Y, Z (see (3.98)) as well as (4.61). Actually, the number
of independent components are only three: R(ei,e3)T, R(ei,e3)T and
R(eq,e3)T, since R(e;,e;)T is anti-symmetric with respect to ¢ and j.
Using (4.61), we obtain

1 1
R(el, 62)T = ZkQ2€1 — 1k29162,

1
R(eg, 63)T = 1(4 — 3](1)(9362 — 9263),

1 1
ff(eg7 el)T = ZkQQleg — Zkggel,
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where k1 = (4 — 3k)J1J., and k2 = k3 = kJ1J. are used for (4.61).
Substituting these into (4.76), we find
R(B,T)T
1 ) . 1
= Z[k((QQ)2 +(9%%)B! — kQY(Q2B* + Q3B®)|e; + Z[kale)?Bl
. 1 .
+ E2(QY)2B? + (4 - 3k)(Q2%)%2B? — (4 — 3k)Q%*Q3B%ey + 1[4@2919331
— (4 - 3K)Q?QB? + K*(2)2B? + (4 — 3k)(2%)2B>. (4.77)

Collecting all the terms (4.71), (4.73)—(4.75) and (4.77), we find that each
component of the Jacobi equation (4.70) with respect to e;, es and e3 is
written down in the following way:

B' - 3B*+Q?B3 + %(4’23 + (1 - k)'0*) B2
+ %(0232 + (1 - k)% B2 =0, (4.78)
B? + kQB' + (k — 2)Q'B® + %k((f’ + (1 - k)00 B!
—(1=k)((QH2 = (®)HB? — (1 - k)Q*Q*B? =0, (4.79)
B —kQ?B' — (k- 2)Q'B? + %k(—fﬁ + (1 - k)Q'03%) B!
—(1-k)Q*B3B? — (1 - k)(QY)2 - (9%)?)B? = 0. (4.80)

Using complex representations such as Q. (t) = Q% +iQ% = aexp(iw,t) and
B.(t) = B2 +iB3, these are rewritten as

B' + %i(Q*E* - O.B,) - %MP(Q*B* - O.B,) =0, (4.81)
B, —ikQ.B' —i(k — 2)Q'B, — %ikQ*Bl + %k(l — k)Q'BQ,
1\2 1 2 2D
= (A =K)(Q)°Bu + 5 (1 = K)[|]" B = ()°B.] =0, (4.82)

where the overbar symbol denotes complex conjugate. The first is obtained
from (4.78) by using Q. = iw,Q.. The second is derived from (4.79) and
(4.80). One more equation is obtained from them, which is found to be
equivalent to the complex conjugate of (4.82) where B! and Q! are real.



Chapter 5

Water Waves and KdV Equation

We consider the second class of dynamical systems. Physically, the equa-
tions are regarded to describe nonlinear waves, which are familiar as sur-
face waves in shallow water, and are studied extensively in fluid mechanics.
Mathematically, this is reformulated as a problem of smooth mappings of
a circle S' along itself. This corresponds to problems of nonlinear waves
under space-periodic condition. A smooth sequence of diffeomorphisms is a
mathematical concept of a flow and the unit circle S is one of the simplest
base manifolds for physical fields. The Virasoro algebra on S* is considered
as a fundamental problem in physics.

The manifold S? is spatially one-dimensional, but its diffeomorphism has
infinite degrees of freedom because pointwise mapping generates arbitrary
deformation of the circle. Collection of all smooth orientation-preserving
maps constitutes a group D(S!) of diffeomorphisms of S!, as noted in §1.9.
Two problems are considered here: the first is the geodesic equation over a
manifold of the group D(S?), describing a simple diffeomorphic flow on S*,
and the second is the KdV equation, which is the geodesic equation over
an extended group D(S'),! obtained by the central extension of D(S'). A
highlight of this chapter is the dynamical effect of the central extension, i.e.
a phase shift enabling wave propagation.

In the first section, we review the physical background of long waves
in shallow water, and then consider infinite-dimensional Lie groups, D(S*)
and b(Sl), including an infinite-dimensional algebra called the Virasoro
algebra [AzIz95]. This chapter is based on [OK87; Mis97; Kam98], and some

IThe derivation on D(S1) (or D(S1)) in the present chapter can be made more accurate
to the group D*(R!) (or D5(R1)) of diffeomorphisms of Sobolev class H*(R) (see §8.1.1
and Appendix F with M = R!). Cauchy problem is known to be well posed for a
nonperiodic case as well in the Sobolev space H*(R) for any s > 3/2 [Kat83], [HMO01].
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additional consideration is given on a Killing field. In addition, formulae of
Riemannian curvatures are given.

5.1. Physical Background: Long Waves in Shallow Water

Before considering the geometrical theory of diffeomorphic flow and the
KdV equation in the subsequent sections, it would be helpful first to present
its physical aspect by reviewing the historical development of the theory of
water waves.

(a) Long waves of infinitesimal amplitudes (of wavelength ) in shallow
water of undisturbed depth h, (Fig. 5.1) is described by a wave equation,

2 292, _
Ofu — c;05u =0,

[LL87, §12], where A\/h, > 1, a/h, < 1 with a the wave amplitude. The
parameter ¢, = v/gh. (g: the acceleration of gravity) denotes the phase
velocity of the wave. The function u(z,t) denotes the velocity of water par-
ticles along the horizontal axis = (or the surface elevation from undisturbed
horizontal level h,).

(b) Next, approximation that takes into account the finite-amplitude
nonlinear effect is described by the following set of equations,

[0 + (u £ )0 ](ut2c) =0 (5.1)

[Ach90, §3.9], where c(z,t) = \/gh(x,t), and h(x,t) denotes the total depth,
the surface elevation given by ¢ := h(z,t) — h.. Equation (5.1) represents
two equations corrresponding to the upper and lower signs. This system of
equations state a remarkable fact that the two variables u=+ 2c are constant
along the two systems of characteristic curves determined by da/dt = u=ec.
This property can be used in solving the problem of obtaining two variables
u(z,t) and c(zx,t).

surface

bottom

Fig. 5.1. Long waves in shallow water.
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Consider a particular case with the following initial condition,

f—0- u =0, Cc=Cy =/ghs for x > 0,
o u=U>0, c=cy =+ghi >c, forz<0

(h1 > h.). Then along the characteristic curves (da/d¢t = u — ¢) emanating
from the undisturbed region of x > 0 where u = 0, we have u — 2¢ = —2c¢,
from the above property. Substituting ¢ = ¢, + %u, the equation of the
upper sign of (5.1) reduces to

Oru + <Zu + c*) Ozu = 0. (5.2)

Multiplying by %, this is rewritten simply as (since ¢, is a constant),

0w +v0,v =0, (5.3)
where v = %u + c«. The general solution of this equation is

v=f(z —vt), (5.4)

for an arbitrary differentiable function f(z).

A wave profile such as that in Fig. 5.2 becomes more steep as time goes
on because the point of the value v(>0) moves faster than the point in front
with smaller values than v. There will certainly come a time when the wave
slope Ov/0x becomes infinite at some particular x.. Beyond that time the
wave will be broken. This critical time ¢. is determined in the following
way. Differentiating (5.4) with x, we obtain

o f(6)
O = T

So, the critical time when the derivative 0, v first becomes infinite is

te= Irgn[—(l/f’(ﬁ))]~

& =x —ut.

Fig. 5.2. Nonlinear wave becoming more steep.
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This finite-time breakdown occurs at a point where f'(£) < 0, i.e. at the
front part of the wave. This is understood as representing the mechanism
of breakdown of waves observed in nature.

(c) However, stationary waves are also observed in nature. A well-known
example is the observation by John Scott Russel in 1834, which is regarded
as the first recognized observation of the solitary wave, now called the
soliton. His observation suggested that the wave propagates with speed

g(h« + a) (a: wave amplitude), which was confirmed later with compu-
tation by Rayleigh (see below), although Russel’s observation was exposed
to criticism by his contemporaries because of the known property of break-
down described above.

Later, Korteweg and de Vries [KdV1895] succeeded in deriving an equa-
tion allowing stationary advancing waves, i.e. solutions which do not show
breakdown at a finite time. In the problem of long waves in a shallow
water channel (Appendix G), it is important to recognize that there are
two dimensionless parameters which are small:

Y ﬂ=<h;)2, (5.5)

where a, is a normalization scale of wave amplitude and A is a representa-
tive horizontal scale characterizing the wave width. In order to derive the
equation allowing permanent waves, it is assumed that o ~ 3 < 1. Per-
forming an accurate order of magnitude estimation under such conditions,
one can derive the following equation,

3 1.,
Oru + FU Osu + Eﬁfu =0 (5.6)

(see Appendix G for its derivation), where

1/2 1/2
= (g) z }C*t, r= (O;) C;t. (5.7)

The function u(z,t) denotes not only the surface elevation normalized by
a., but also the velocity (normalized by ga./c.),

u = dz,/dt, (5.8)

of the water particle at © = x,(¢). Comparing (5.6) with (5.2), it is seen
that there is a new term (1/6)8?% An aspect of this term is interpreted as
follows. Linearizing Eq. (5.6) with respect to u, we have 0,u + aag’u =0
(where a = 1/6). Assuming a wave form wu,, o exp[i(wr — k)] (the wave
number k and frequency w) and substituting it, we obtain a dispersion
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relation (i.e. a functional relation between k and w), w = —ak®. Phase
velocity of the wave is defined by c(k) := w/k = —ak?. Namely, a small
amplitude wave u,, propagates with nonzero speed c(k) = —ak? propor-

tional to @ = 1/6, and the speed is different for different wavelengths
(= 2w /k). This effect is termed as wave dispersion. What is important
is that the new term takes into account an effect of wave propagation, in
addition to the particle motion dx,/dt. (See the ‘Remark’ of §5.4.)
Replacing u by v = %u, we obtain
L3
0-v+vdev + 68511 =0. (5.9)

This equation is now called the KdV equation after Korteweg and de
Vries (1895). Equation (5.9) allows steady wave solutions, which are called
the permanent waves. Setting v = f(§ — br) (b: a constant) and substitut-
ing it into (5.9), we obtain f" + 6ff — 6bf" = 0. This can be integrated
twice. Choosing two integration constants appropriately, one finds two wave

V3 (- 57)
Va(e o)

where secha = 2/(6 +e7 %) and cnz = en(Bx, k) (Jacobi’s elliptic func-
tion) with 8 = \/d/2 and k = \/a/d. The first solitary wave solution is
obtalned by settlng two 1ntegrat10n constants zero (and b = A/3). The

solutions as follows:

v = Asech? (solitary wave), (5.10)

v=Acn? , c=2A—d, (5.11)

(a)

Fig. 5.3. (a) Solitary wave, (b) cnoidal wave.
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second solution represents a periodic wave train called the cnoidal wave
(Fig. 5.3).

The propagation speed of the solitary wave (5.10) is found to be consis-
tent with Russel’s observation. Namely the speed is given by 1/g(h. + a) =
ci(1+ 2a/h.). In fact, the argument of (5.10) is written as

A « 1/21 1a
e57=(5) 2l (ram)e):

by using (5.5) and (5.7), and by noting that the amplitude of the wave is
given by a/as = tUamp = (2/3)vamp = (2/3)A

5.2. Simple Diffeomorphic Flow

It was seen in the previous section that the equations of water waves
describe not only the surface elevation, but also the moving velocity of
the water particles. In other words, the wave propagation is regarded as
continuous diffeomorphic mapping of the particle configuration. That is,
the particle configuration is transformed from time to time. This observa-
tion motivates the study of a group D(S!) of diffeomorphisms of a circle
S1, corresponding to the space-periodic wave train (not necessarily time-
periodic) in the water wave problem. For the manifold S[0, 27), every point
x + 27 € R is identified with z.

5.2.1. Commutator and metric of D(S!)

In §1.9, we considered diffeomorphisms of the manifold S* (a unit circle in
R?) by a map (Fig. 5.4),

geD(SY) 2z ec St g(x) € S

(r) .xeS' 23
L ) 7
6 7 0 2 3 4 5 6 7 0 1

X

RSN\

X
) e e e oo

Fig. 5.4.
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and defined the tangent field,
X(z) = u(x)d, € TS"

by (1.84). There, we defined the Lie bracket (commutator) of two tangent
fields X = u(x)d,,Y = v(z)9d, € TS! as

[X,Y] = (w0’ —vu')d,, (5.12)

where v/ = Jd,u = wu,. Furthermore in §3.1.3(b), we introduced a right-
invariant metric on the group D(S!) defined by

OV i= [ Uog7 Vyog )i,

for right-invariant tangent fields Uy (z) = uog(x) and Vy(x) = vog(x) with
g € D(SY). This is rewritten as

(U, V), = /5 (o) = (X, )., (5.13)

where X = u(2)9,,Y = v(z)0, € T.D(S') are tangent fields at the iden-
tity e. Because of this metric invariance, the Riemannian connection V is
given by the expression (3.65):

1
VxY = Z(adxY —ady X — adiY), (5.14)

Using the definition (1.63) of the ad-operator and the definition (5.12)
of the commutator, we have adxY = [X,Y] = (uv’ — vu')0,. Then by
the definition (3.64) of ad%Y for X = u(x)0,,Y = v(z)0;,Z = w(z)0s,
we have
(adyY,Z) = (Y,adx Z) = / v(uw' — wu')dz = —/ (wv" + 2vu/)wdr,
S1

Sl
(5.15)
where integration by parts is performed with the periodic boundary condi-
tions u(x + 27) = u(x), etc. Hence, one obtains

adyY = —(uwv' + 2vu’)0,.
From (5.14), the Riemannian connection on D(S') is given by

VxY = (2uv' + vu')d,. (5.16)



160 Geometrical Theory of Dynamical Systems and Fluid Flows

5.2.2. Geodesic equation on D(S?')

The geodesic equation is given by (3.67):
X +VxX=0X—adxX =0.
Thus, the geodesic equation on the manifold D(S%) is
ug + 3uu, = 0. (5.17)

This is equivalent to Eq. (5.3). Compared with the KdV equation (5.9)
with v = 3u, this equation has no third order dispersion term w,,,. The
third order derivative term is introduced only after considering the central
extension in the next section. The above equation (5.17) would be termed
as the one governing a simple diffeomorphic flow. Its solution exhibits finite-
time breakdown in general as given in §5.1.

5.2.3. Sectional curvatures on D(S!)

Using the definition (5.16) of VxY and VyY = 3vv'd, repeatedly, we have

Vx(VyY) = 6u(vv’) + 3vv'd/,
Vy (VxY) = 20(2uv’ 4+ vu') + (2uv” + vu' )0,

Vix,yY = 2w’ —vu')v 4+ v(uw’ —ou'),
where v’ = 0,u, etc. Therefore,

R(X,Y)Y = Vx(VyY) = Vy(VxY) = Vixy]Y

= 20" (uv” — vu')v + v(ur’ —vu')’.

Thus, we obtain the sectional curvature,

K(X,Y)=(R(X,Y)Y,X) = / (w’ —vu')?dz, (5.18)
Sl

where integration by part is carried out for the integral |, 1 uv(uwv' —vu') du,
and the integrated term vanishes due to periodicity. It is remarkable that
the sectional curvature K (X,Y") is positive, except in the case, u(x) = cv(x)
for ¢ € R, resulting in K(X,Y) = 0.
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5.3. Central Extension of D(S!)

An element g of the diffeomorphism group D(S') represents a map g : x €
St — g(z) € S'. One may write x = ¢’? and instead consider the map ¢ —
g(®) such that g(¢+27) = g(¢) + 2w. Corresponding to the map ¢ — g(¢),
one defines the transformation of a function f. := €*® — f,(¢) = et9(®)
where e(¢) = ¢. Furthermore, associated with the group D(S%), one may
define a phase shift 7(g) : (Sl) — R, which is to be introduced in a new
transformed function F,. Namely, in addition to f4(¢), the transformation
¢ +— ¢ = g(¢) defines a new function,

F. =€ — Fy(¢') = explin(g)] explig(¢)].

It is described in Appendix H that f, = ¢9(®) is a function on D(S'),
whereas Fy, is a function on an extended group D(S"). Associated with this
F,, the transformation law results in the central extension of D(S').

An extension of the group D is denoted by D, and its elements are
written as

f:: (f7a)7 g:= (gJ))Gﬁ(Sl),

for f,g € D(S') and a,b € R, where D(S') = D(S') @ R. The group
operation is defined by (see (H.10)):

gof:=(gof,a+b+ Bl(g,f)), (5.19)

f
B(g, f) = %/S Ind,(go f)dInd,f, (5.20)

where B(g, f) is the Bott cocycle (Appendix H). It can be readily shown
that the following subgroup Dy is a center of the extended group D, where
Dy is defined by {fo | fo = (e,a),a € R}.

5.4. KdV Equation as a Geodesic Equation on D(S!)

We now consider the geodesic equation on the extended manifold D(S'),
studied by [OK87].

Nontrivial central extension of T,D(S') to T:D(S') is known as the
Virasoro algebra [AzIz95]. A tangent field at the identity é := (e, 0) on the
extended manifold D(S') is denoted by @ = (u(x)d,, ). For two tangent
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fields at é,
@ = (u(z,t)0y, @), o= (v(z,t)0,,B) € T:D(S"),

one can associate two flows: one is ¢t — ét := (&, at) starting at éo = € in the
direction 4 = (u(x)0,, ) and the other is t — 7, = (¢, ft) in the direction
© = (v(x)0s, B), where o, 5 € R. Then, the commutator is given by

[T, 7] := ((u0pv — v Opu)Dy, c(u,v)), (5.21)
c(u,v) := /(‘ﬁu Orvdr = —c(v,u). (5.22)
For the derivation of ¢(u,v), see Appendix H.3. The extended component

c(u,v) is called the Gelfand—Fuchs cocycle [GF68].
The metric is defined by

(@, 0) = /Sl u(z)v(x)dx + af. (5.23)

Following the procedure of §5.2, the covariant derivative is derived as
Vad = (w(u|v)&b, ;c(u,v)) , (5.24)
w(u|v) = 2uv, + vu, + %(ozvmM + BUgaz)- (5.25)

The geodesic equation is written as 04/t + Va4 = 0. This results in the
following two equations:

U + Uy + Uz, = 0,
(5.26)
ata =0.

The second equation follows from the property, f g1 UzzUgde = 0. The first
equation is of the form of KdV equation (5.9). The coefficient « is called
the central charge, which was 1/6 in (5.9) for water waves (where v = 3u).

Remark. The central extension is associated with a phase-shift 7(g) of
the transformation ¢ describing particle rearrangement, while the central
charge o represents the rate of phase-shift. The term including « induces
wave motion whose phase speed is different from the speed u of particle
motion. Recalling the explanation below (5.8), the term «u,,, describes
the wave dispersion, in other words it implies the existence of wave motion.
In fact, the KdV equation describes the motion of a long wave in shallow
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water, where the fluid particles move translationally with speed u different
from the wave speed c(k).

5.5. Killing Field of KdV Equation

It may appear to be trivial that the following constant field,
U=(Us0s,0), U.,a€R (5.27)

is a solution of the KdV equation (5.26). This is in fact a Killing field, and
it would be worth investigating from a geometrical point of view.

5.5.1. Killing equation

One can verify that the Killing equation is satisfied by X = U. In fact, the
Killing equation (3.161) reads

(VaU,d) + (0, V3U) =0, (5.28)

for any @ = (u(z,t)dy, @), 0 = (v(x,t)0s, ) € TeD(S'). In order to show
this, we apply (5.23), (5.24) and (5.25) to each of the two terms. The second
term is then

A 1
(4, VaU) = / (U*vz + zavmx> udz, (5.29)
Sl

and an analogous expression is obtained for <V,a(A] ,0). Therefore, the left-
hand side of Eq. (5.28) becomes

1
Ly (a,0) = /sl {U*aw(uv) + ioz&v(umv + UV — uzvx)} dx.

The right-hand side can be integrated, and obviously vanishes by the peri-
odicity of u(z) and v(z). Thus, the Killing equation (5.28) is satisfied, and
it is seen that the tangent field U is the Killing field.

5.5.2. Isometry group

A Killing field X generates a one-parameter group of isometry ¢, = e'X.

According to §3.12.2, along the flow ¢; generated by X, the inner product
(i, D) is invariant for two fields @ and ¢ that are invariant under the flow X.
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Suppose that Uis a Killing field, then the invariance of the vector field
= (v(z, )0, ) along ¢, is represented by (3.170):

0o+ Vi =0U + ViU  (9,U =0). (5.30)

In the time-dependent problem, one can introduce the enlarged vectors
9=0,+ 0 and U = 9, + U. Then, this is rewritten as?

Vit =VilU,=V,U. (5.31)
Using (5.27) and the covariant derivative (5.24), the equation (5.30) (or
(5.31)) takes the form,

1 1 -
vy + 22U, v, + iavzm =U,v, + iavmm, =V,;U. (5.32)

Namely, we obtain
v + Usvgy =0, therefore v = f(ax — U,t),

for an arbitrary differentiable function f(z). For two such invariant fields
4 and 0, we have

L, 7) = (Vi 0) + (8, Vo) = (Val,0) + (8, V,0) =0, (5.33)

(see (3.163) and (3.164)) by the Killing equation (3.161).

Thus it is found that the vector field U is the Killing field which gen-
erates a one-parameter group of isometry, ¢; = eV in D(Sl), which is a
stationary geodesic (U is stationary).

5.5.3. Integral invariant

The stationary Killing field U is analogous to the steady rotation X =
(X1,0,0) of a symmetrical top in §4.6.3(a). We consider an associated
invariant analogous to (X,Y).

According to §3.12.4, we have the following integral invariant,

(U, 0) =U, | w(x)dz+a? (5.34)

Sl
along a geodesic generated by @ = 0y + W, where @ = (w(z,t)0;, &) and
Vs = 0, with the replacement of X and T by U and , respectively. The
invariance can be verified directly, as follows, by setting u = w in (5.29)

2The invariant field ¥ does not necessarily satisfy the geodesic equation V% = 0.
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since the right-hand side of the first line of (3.169) is

S1

= /S {U*af Guﬂ) + %a <ar(wwm) - ;ax((wz)Q))] dz = 0.

(5.35)

5.5.4. Sectional curvature

Moreover, the curvatures of the two-dimensional sections spanned by the
Killing field ¢;(= U o ¢;) and any vector field & = (v(x,t)8,,a) are non-
negative. The sectional curvature K (4, 0) is calculated in the next section
§5.6 for two arbitrary tangent fields @ and o. For the particular vector @& = U
with constant components, the formula (5.47) is simplified to

. 1 2
K(U,b) = / (U*vm + 2041135”) dz, (5.36)
Sl

(where v, = 8,v, etc.). This shows positivity of K (U, ).
This can be verified by a different approach. According to the definition
of sectional curvature (3.112) and using K (U, %) = K (U, ©) noted in §3.10.3,

the sectional curvature K (U, 0) is given by

~

K(U,d) = (R(U,),U
= —(Vd, Vo U) + (VoU, V0) — (Vi U, ) (5.37)

where ﬁ(Vgl?,@) = 0 and U(V,U,0) = 0.> Because the tangent field U
generates a geodesic flow ¢, we have VU = 0. Hence the first term which
includes VU disappears. Using the torsion-free relation (3.18) [U, 7] =
V50 — V35U, the second term can be written as

3This is because VUU = 0 (geodesic equation) and (V4U,d) = 0 by (5.35). The latter is
also verified by (V4U,9) = #(U,9) — (U, V48) = 0. The extended components of VUU
and VU are zero due to (5.24).
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N

» v,

<: ¢ (Killing)

Fig. 5.5. A Killing geodesic ¢+ and a nearby geodesic 5.

where [U, 0] = (Uyv,0,,0) by (5.21) and (5.22). Using (5.24) and (5.25),
the third term is
. 1
,(V[@[A]]U,w = / (Us(Usvg)z + ia(U*vx)xm)vd:r.
sl

It is not difficult to show that this term cancels the second term
(V3;U,[U,9]). Thus we finally obtain the non-negativity of K (U, ):

K(U,0) = (V3U,V5U) = [|[VsU||2 > 0 (5.38)

where VU is given in (5.32). This confirms the formula (5.36). This is
analogous to the curvature (4.57) for the rotation of a spherical top in §4.6.1.

This positivity of K (U , ) means that the nearby geodesic ¥; generated
by ©, where qbs(: o), will be pulled toward ¢, initially, according to the
Jacobi equation (3.125). This could be interpreted as a kind of stability of
the flow ¢, (Fig. 5.5), and furthermore investigated in the next subsection.

5.5.5. Conjugate point

The geodesic flow ¢; = etV in ﬁ(Sl) with initial condition ¢¢ = (e, 0), gen-
erated by the Killing field U = (U.0z, ), has points conjugate to ¢g = (e, 0)
along ¢;. This is verified, in the following way, by using the Jacobi equation
(3.127) along the flow generated by U = 9; + ﬁ, which is reproduced here:

a ||J|
a2

where the vector J is a Jacobi field,

= ||V J|I*> = K(U,J), (5.39)

J = (v(z,t)0,,0).

The sectional curvature K (U ,J) is calculated in the previous subsection,
and is given by (5.36).
As for the first term on the right-hand side, we have

1 2
<vt + 2U, v, + avzm> dzx

IV = (V57.957) = [ ;

S1
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where v = d;v. The left-hand side of (5.39) is

d? |lJ)* 1d® 2 2 2
B 5 =318 /Slvdm—i-a —/Sl(vvtt‘f'(vt) )dx.

Collecting these three terms, Eq. (5.39) becomes

0= / (Vg — U202 — AU 005 — Q0 VUpps — UV 0000 )d
Sl

= / V(v 43U 040 + 4UViz + a0pza + AU Uzpee )de, (5.40)
Sl

where integration by parts are carried out for all the terms and the inte-
grated terms are deleted by the periodicity.

Thus, requiring this is satisfied with non-trivial Jacobi field v(z,t),
we obtain

Vi + 3U2 00 + AUV + Oigan + U, Uggzs = 0. (5.41)

We have recovered the equation for the Jacobi field v(z,t), obtained by
[Mis97] (Eq. (3.1) in the paper).
Equation (5.41) is satisfied by the function,

v(x,t) = sin(wyt) sin(nx — v,t), n: an integer,

where w, = n(U* — %omQ) and v, = w, + Uyn. This is orthogonal to

U = (U.d,, ) (the inner product vanishes), and the magnitude is

1/2
||| = | sin(wy,t)] (/ sin?(na — Vnt)dsc) = /7|sin(w,t)|.
S1

This magnitude ||.J|| vanishes at the times ¢ (conjugate points),

T 27
tp=—k=——-——Fk, f k=0,4+1,£2,....
T o (2U. —an?)n "’ o U
Thus, the neighboring geodesic 15 intersects with the flow ¢; a number
of times (Fig. 5.6), which is regarded as a kind of neutral stability of the

flow ¢;.

Iyl
N N N N N

t, to t) t

Fig. 5.6. The Jacobi field ||J|| and conjugate points.
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5.6. Sectional Curvatures of KdV System

By the geometrical theory formulated in Chap. 3, the stability of geodesic
curves on a Riemannian manifold is connected with the sectional curva-
tures. The link is expressed by the Jacobi equation for geodesic variation
J in §3.10. An evolution equation of its norm ||.J|| is given by Eq. (3.127),
where the second term on the right-hand side K (J,T) is the sectional cur-
vature associated with the two-dimensional section spanned by J and T
(the tangent to the geodesic). If K(J,T) is negative, the right-hand side is
positive. Then the equation predicts exponential growth of the magnitude
||.7]|, which indicates that the geodesic is unstable. It was found in the previ-
ous section that the geodesic flow ¢; generated by the Killing field is stable.
The sectional curvatures of the KdV system can be estimated according to
the definition (3.111) [Mis97; Mis98; Kam98].
Expressing two tangent vectors with a common charge « as

= (u(z,t)0y, ), 0 = (v(x, )0y, @),

we have the sectional curvature K (i,0) = K (0, @) in the section spanned
by @ and ¢ as (see Eq. (3.112), with X = 4,Y = 0),

(5 2)
In order to calculate the right-hand side,* we use the definition (5.24) of
the covariant derivative, and obtain

Vi = (w(u|v)8w,;H(uv)>, H(ulo) = /S pevgds, (5.43)

where w(u|v) is defined by (5.25) and u,, = 02u, etc. It is readily shown
that H(v|u) = —H (u|v) by using periodicity of functions after integration
by part. Then by the definition of inner product (5.23), the second term of
(5.42) is

(Va0, Vi) = /S1 w(u|v) w(v|u)dz + iH(u|v) H(vl|u), (5.44)

4The curvature tensor is represented by spatial parts @& and ¥ even in the unsteady
problem, as explained in §3.10.3 and also verified directly in §4.6.1.
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Similarly, the first term of (5.42) is

(Vait, Vo) = / w(uluyw(vlv)de

since H(ulu) = /umumdx— /8 ( >dx =0,

by periodicity. Substituting the expression (5.25) for w(u|v), we obtain the
sum of two terms as

- <Vﬂ’ll, Vf,@) + <Vﬁf}, V{)’LAL>
= —E[H(ulv)]2 + 2/(uv’ —ou)?dx — a/(uv' — o) (W —v")dx

1
+ 4a2/(um ///) dr — ga/u/v/(u// —|—1Jll)d$
1
+3a /(u” —v")(w" —vu')dz, (5.45)

where integration by parts are carried out several times (when necessary)
with integrated terms being deleted by the periodicity. As for the third
term of (5.42), we use the definition (5.22),

[i, 0] = ((uv" — vu')0y, H (ulv)).
Then we obtain Vg 50 = (W (u|v)0y, L(u|v)), where
1
W (ulv) = 2u' (uwv’ — o) + u(uv’ —vu') + iH(u\v)u”’ + 2a(uv —ou')"”

1
L(ulv) = ~3 /(uv’ —ou')'u"dz,

according to the definition (5.24) of the covariant derivative. Finally, the
last term of (5.42) is

1
(Vig,o),0) = §H(u\v)/ v vdr — /(uv’ —vu')3dx
1
— 504/(1/’ — ") (uv" — vu")dz. (5.46)

Note that [u”vdz = — [w"v'de = —H(ufv). Thus, collecting (5.45) and
(5.46), the curvature K (4, 0) of (5.42) is given by

K(4,0) = F — zHQ -G, (5.47)
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where

2
F= / ((uv’ —ou') — %a(u”’ - v"’)) dz, (5.48)
Sl

G= 9a/ u'v' (v + 0" )dx, H= [ «"Vdax. (5.49)
51 51
Note that the terms including the factor o and the integral H (u|v) originate
from the central extension. If those terms are deleted, the curvature K (i, )
is seen to reduce to K(X,Y) of (5.18).
The curvatures are calculated explicitly for the sinusoidal periodic fields
Uy = (ap sinnzx 0, ) and 0, = (b, cosnx J,, «). For n > 3, we have
T
K(01,4,) = 1 (a?b7 + a*(ann®)® + 2(bran)*(1 4+ n?)) >0,
™

K (b1, 0,) = 1 (a?b7 + a®(byn®)® + 2(b1b,)*(1 + 1)) > 0.

Therefore, both of the sectional curvatures K (91, ,) and K (01,0,) are
positive for n > 3. Thus, most of the sectional curvatures are positive.
However, there are some sections which are not always positive. In fact,
203 +b]

a?b?

K(01,11) = %(aﬂh)z <—37r +8+a

The term —(3/4)(ra1b1)? was derived from the term —(3/4)H?, namely
from the central extension.

Similarly it can be shown that K(0,,,4,) is not always positive for any
integer n as well.



Chapter 6

Hamiltonian Systems: Chaos,
Integrability and Phase Transition

A self-interacting system of IV point masses is one of the typical dynamical
systems studied in the traditional analytical dynamics. Such a system is
a Hamiltonian dynamical system of finite degrees of freedom. We try to
investigate this class of dynamical systems on the basis of geometrical the-
ory, mainly according to [Ptt93; CPC00], and ask whether the geometrical
theory is able to provide any new characterization. A simplest nontriv-
ial case is the Hénon—Heiles system, a two-degrees-of-freedom Hamiltonian
system, which is known to give rise to chaotic trajectories. A geometrical
aspect of Hamiltonian chaos will be considered with particular emphasis
[CeP96]. Next, integrability of a generalized Hénon Heiles system will be
investigated for a special choice of parameters [CIP02].

Recently some evidence has been revealed that the phenomenon of phase
transition is related to a change in the topology of configuration space char-
acterized by the potential function [CCCP97; CPCO00], which is described
briefly in the last section.

Highlights of the present chapter are chaos and phase transition in cer-
tain simplified dynamical systems.

6.1. A Dynamical System with Self-Interaction

6.1.1. Hamziltonian and metric tensor

Consider a dynamical system described by the Lagrangian function,
—_ = 1 —\ 7 9 —
L(@,q) = E =V = Sa;5(0)d'¢d’ = V(a), (6.1)

where ¢ := (¢%,...,¢") and ¢ := (¢*,...,¢") are the generalized coordi-
nates of the configuration space and generalized velocities of the N degrees

171
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of freedom system, respectively, and V(q) is a potential function of self-
interaction or gravity. The first term K = (1/2)a;;¢'¢’ is the kinetic energy,
with a;; (¢, =1,...,N) being the mass tensor. We consider only the case
a;j = 0;; (Kronecker’s delta). The Hamiltonian H is

H :=piq' — L(q,q) = (1/2)a"pip; + V(@) = K +V, (6.2)
where p; = a;;¢’ is the generalized momentum, and (a™) is the inverse of
(aij) = a, ie. (@) =a "

In order to make éeometrical formulation, one can define an enlarged
Riemannian manifold equipped with the Eisenhart metric g¥ (M™ x R?) by
introducing two additional coordinates ¢°(= t) and ¢V ! [Eis29; Ptt93].1
Introducing an enlarged generalized coordinate @ = (¢%) = (¢°,q, ¢V 1),
the arc-length ds is given by

ds* = ¢Z4(Q)dQ"dQ” = a;;dg'd¢’ — 2V (q)dq°dq” + 2dg°dg™ T,

(¢° = t), where the metric tensor g¥ = gfﬂ(Q) is represented by, for a, 8 =
0,...,N+12

-2V(g) 0 1

9" =(¢")ap)=| 0" a 0" ], (6.3)
10 0

(") = ((6")") = QOT a(‘)1 QlT : (6.4)
1 0 2V(q)

where @ := (ay;), 0 is the null row vector and 07 is its transpose.

The Christoffel symbols Ffj are given in (3.21) with the metric tensors
g% Since the matrix elements a;;(= §;;) are constant, it is straightforward
to see that only nonvanishing Ffj’s are

. OV ov
_ il _ o N+1 _ pN+1 _ _ oN+19YV o
Lo =9' 3g — 0V Tl =T =—¢g"" g5 =-0v (6.5)
[CPCO00]. The natural motion is obtained as the projection on the space-
time configuration space (t,) and given by the geodesics satisfying ds? =
k2dt? and dgV ! = (k%/2 — L(g, ¢))dt. The constant k can be always set as
k =1, resulting in ds? = dt2.

! The same system can be formulated in terms of the Jacobi metric of (3.3) as well.
2Greek indices such o, 8 run for 0,1,..., N, N + 1, whereas Roman indices such as i, j
run for 1,..., N, in this chapter.
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6.1.2. Geodesic equation

The geodesic equation is given by (3.63):

d2zi i dz? dz*

e TR G A

Using (6.5) and ds = dt (and ¢ = a~! = (d;;)), we obtain

d? ov dq®
C =2 (i=1,.. N S :
dt2 q aql (Z ) ) )7 dt ) (6 6)
& yy L0V AV dL dK  av
az? B At “at a \C at

Choosing arbitrary constants appropriately, we have ¢° = t and dg™V 1 /dt =
1/2 — L. Alternatively, we may define dg"*1/dt = 2V (g). Equation (6.6)
is the Newton’s equation of motion, and we have the following energy
conservation from it,

dH dK dV . .
g—ﬁ‘*‘g—qq —l—qaqlV—O.
An enlarged velocity vector ¢ is written as

b=0Q=(1,0v,2V) = (1,v',..., 0N, 2V(q), v=4q. (6.7)

Thus, it is found that the geometric machinery works for the present
dynamical system too. The Eisenhart metric (regarded as a Newtonian
limit metric of the general relativity) is chosen here as can be seen imme-
diately below to have very simple curvature properties, although there is
another metric known as the Jacobi metric (§3.1.3(a)), which is useful as
well [CeP95; CIP02).

6.1.3. Jacobi equation

The link between the stability of trajectories and the geometrical character-
ization of the manifold (M (q) ® R?, g¥) is expressed by the Jacobi equation
(3.125) (rewritten):

(dV) J 4 RUO)Q =0, (6.5)
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for the Jacobi field J, i.e. a geodesic variation vector. From (3.99), it is
found that the nonvanishing components of the curvature tensors are

0jo = —Rbo; = 0:0;V, fori,j=1,...,N. (6.9)

The Ricci tensor (see §3.9.4), defined by Ry; := RLlj, has only a nonzero
component Ry = Rf)lo = AV. The scalar curvature, defined by R :=
g9 R;j = g° Ry, vanishes identically since g°° = 0 from (6.4). Note that
the curvature tensor is

R(J,Q)Q = R 5. Q*JPQ" = (3;0;V)J7, (6.10)

afy

where the Jacobi vector J is defined by
J=(0,J%0), (6.11)

in view of the definition (3.123).

It is interesting to find that the Jacobi equation (6.8) is equivalent to the
equation of tangent dynamics, that is, the evolution equation of infinitesimal
variation vector £(t) along the reference trajectory ¢o(t). In fact, writing
the perturbed trajectory as ¢'(t) = ¢}(t) + £'(t) and substituting it to
the equation of motion, dzqi/dt2 = —0V/dq', a linearized perturbation
equation with respect to £(t) results in

de? 0404 ) seqory

This is equivalent to the Jacobi equation (6.8) by using (3.25), (6.5) and
(6.10) because, noting J° = 0 and Q° = 1, one has

vJ\" dJ . ., dJ
v _ Y It 0,50 -
<d3> a Tl Q=

6.1.4. Metric and covariant dertvative

Introducing the velocity vectors defined by
o= (u®) = (1,u*,2V), o= (1,0",2V), (6.12)

and using the metric tensor g¥ of (6.3), we obtain the corresponding cov-
ectors U = (U, ) and V = (V,,) represented as

U = (g%)apu® = (0,u%,1), V = (0,0",1). (6.13)
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The metric is defined by

(i, 9) = (g%)0ou’v® + uFvk 4 uOurNFT1 4 N 140 (6.14)
= uFo* + 2V (), (6.15)
or (i,0) = Uyw® = uFo* + 2V (q).

This definition is reasonable because we obtain (@, %) = 2K + 2V = 2H,
which is an invariant of motion.

Covariant derivative is defined by (V;0)* = dv®(d) + nguﬁv’y. Using
the Christoffel symbols defined by (6.5), we obtain

(V0)? = do® + l_‘%,yuﬁv'Y =0,
(Va0)' = dv'(a) + 0;V, (6.16)
(Vad)N Tt =24V (a) — (uF0) + v*0p)V = uF oV — 0%, V. (6.17)

It is quite natural that the geodesic equation V;0 = 0 is consistent with
(6.6), since dv' (%) = dv'/dt and dV (9) = (d/dt)V(q) = v*0,V (see (3.25)).

6.2. Two Degrees of Freedom

6.2.1. Potentials

All information of dynamical behavior, either regular or chaotic, is included
in the geometrical formulation in the previous section. In order to see
this, let us investigate a two-degrees-of-freedom system described by the
Lagrangian,

L— %((ql)2 +(@2)2) - Va1, ¢2),

and consider two particular model systems: one is known to be integrable
and the other (Hénon—Heiles system) to have chaotic dynamical trajecto-
ries. In this chapter (only), we denote the coordinates by the lower suffices
such as ¢; (or J3), in order to have a concise notation of its square, e.g.
(q1)? = ¢3. The enlarged coordinate and velocity are

Q: (t7Q17q27Q3)7 Q: (17q.1a(j272V(Q17q2))'

To begin with, let us introduce a potential of generalized Hénon—Heiles
model, which is defined by

1 2 2 2 1 3
V(g1 q2) = 5((11 +aq3) + Agiqe — 3B%, (6.18)
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where the constant parameters A and B are
A=1 B=1, (6.19)

for the Hénon—Heiles model, which is known to yield chaotic trajectories.

With special choices of parameters, this system is known to be globally
integrable [CTW82]: one is the case of A =0 and B = 0, and the other is
the case of A =1 and B = —6.

In the next section (§6.3), we consider the first Hénon—Heiles model and
show some evidence that the trajectories are influenced by the Riemannian
curvatures, according to [CeP96]. In §6.5, we will investigate the latter
integrable cases and try to find Killing fields and associated invariants of
motion.

6.2.2. Sectional curvature

In order to study stability or instability of geodesic flows, i.e. existence
or nonexistence of chaotic orbits, the Jacobi equation (6.8) for a geodesic
variation J is useful, in which the sectional curvature is an important factor,
to be studied in §6.3.

The geodesic variation vector from (6.11) is given as J =
(Jo = 0,J1,J2,0). On the constant energy surface and along the geodesic
flow Q(t), one can always assume that J is orthogonal to Q7 ie. (J, Q> =
gijJin = 0. In fact, expressing as J = J, + cQ and substituting it in
Eq. (6.8), it is readily seen that the terms related to the parallel compo-
nent c Q(: ¢T') drop out and the equation is nothing only for the orthogonal
component J (see (3.126)).

The equation for the norm of geodesic variation ||.J|| is given by
Eq. (3.127). The Jacobi vector is chosen as J = (0,¢2,—¢1,0), hence
(J,Q) = 0 ([CeP96]). Then the sectional curvature normalized by ||.J||?
is given by

o ( K(‘LQ)
K(Q,Q) = W
_ 1 <azv,2_2 92V ,,+82V,2>
Q(Et — V(Cj)) aq% 43 3q18q2 q1492 8(]% 41 )

(Ey = K + V, total energy), which can be computed on the surface Sg of
constant energy where E; =const.

In order to get the geometrical characterization of the dynamical orbits
of the Hénon—Heiles model, it is useful to define the average value of negative
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curvature, K_ = {K : K(Q,Q) < 0} by
1
A(Se) Jsy,

where A(Sg) is the area in the (q,q)-plane Sg which is accessible by
the dynamical trajectories. The quantity (K_) was estimated at different
energy values F.

(K_) = K_dgdg,

6.3. Hénon—Heiles Model and Chaos

In the Hénon—Heiles (1964) model, the Hamiltonian is H = (1/2)(p?+p3)+
V(q1,q2), and the potential V' is chosen as

1 1 1 1., .
Vg, q2) = i(qf +43) +diq — qu’ = 57“2 - 57’3 sin 36),

where g1 = rcosf and ¢go = rsinf. Originally this was derived to describe
the motion of a test star in an axisymmetric galactic mean gravitational

field [HH64].

6.3.1. Conventional method

It was shown that the transition from order to chaos is quantitatively
described by measuring, on a Poincaré section, the ratio p of the area
covered by the regular trajectories divided by the total area accessible to
the motions.

At low values of the energy F;, the whole area is practically covered
by regular orbits and hence the ratio p is almost 1. As E} is increased
but remains below E; =~ 0.1, p decreases very slowly from 1. As F; is
increased further, p begins to drop rapidly to very small values (Fig. 6.1). At
E, =1/6 ~ 0.167, the accessible area is marginal because the equipotential
curve V(q1,¢2) = 1/6 is an equilateral triangle (including the origin within
it). Beyond E; = 1/6, the equipotential curves are open, and the motions
are unbounded. Thus the accessible area becomes infinite.

6.3.2. Evidence of chaos in a geometrical aspect

It is shown in [CeP96] that, for low values of Ey, the integral of the negative
curvature is almost zero, but that, at the same E; value (= 0.1) at which p

begins to drop rapidly, the value (K_) starts to increase rapidly (Fig. 6.1).
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(K _5/0.03

Fig. 6.1. pu (open circles versus left axis) and (K_) (full dots versus right axis) with
respect to Ey, due to [CeP96, Fig. 8] (reprinted with permission of American Physical
Society (© 1996).

The exact coincidence between the critical energy levels for the p-decrease
below 1 and for the (K _)-increase above 0 is understood to be the onset of
sharp increase of chaotic domains detected by the increase of the negative
curvature integral (K_). Along with this, the fraction of the area A_(Sg)
where K < 0 is also estimated as a function of E,. The transition is again
detected by this quantity as well.

6.4. Geometry and Chaos

In geodesic flows on a compact manifold with negative curvatures, nearby
geodesics tend to separate exponentially. Since the geodesic flows are
constrained in a bounded space, the geodesic curves are obliged to fold
in due course of time. Such joint action of stretching and folding is just the
mechanism yielding chaos. Ergodicity and mixing of this type of flows are
investigated thoroughly [Ano67; AA68]. The particular system of Hénon—
Heiles model considered in the previous section is regarded to be another
example of chaos controlled by negative curvatures, but it includes positive
curvatures as well.
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Recently, a series of geometrical study of chaotic dynamical systems
[Ptt93; CP93; CCP96; CPCO00] suggested that chaos can be induced not
only by negative curvatures, but also by positive curvatures, if the curva-
tures fluctuate stochastically along the geodesics.

In order to quantify the degree of instability of dynamical trajectories,
the notion of Lyapunov exponent is introduced (e.g. [Ott93; BJPV9S]).
However, the Lyapunov exponents are determined only asymptotically
along the trajectories, and their relation with local properties of the phase
space is far from obvious. The geometrical approach described below allows
us to find a quantitative link between the Largest Lyapunov exponent and
the curvature fluctuations. Under suitable approximations [CPCO00], a sta-
bility equation in high-dimensions can be written in the following form,

(Ci)? J + k(t)J =0,

which is similar to the Jacobi equation (3.139) for an isotropic manifold.
Here however, the curvature k() is not constant, but fluctuates as a function
of time t. The fluctuation is modeled as a stochastic process. This enables
us to estimate the Largest Lyapunov exponent.

Four assumptions are made before the analysis: (i) the manifold is quasi-
isotropic, (ii) k(t) is modeled as a stochastic process, (iii) statistics of k()
is the same as the Ricci curvature Kp (§3.9.4), and (iv) time average of
Kp is replaced by a certain static phase average. After some nontrivial
procedures, the following effective stability equation is derived:

d 2
(dt) J + [lka) + (k) 2n(0)] ] =0, (6.20)

where J stands for any component of the Jacobi field J,, and 7(t)
is a Gaussian random process with zero mean and unit variance, and
furthermore

1
n—1

1

quR(t) — (KRp)]?).

(kr) = (Kgr(s)), (6%kgr)=

Equation (6.20) looks like an equation of a stochastic oscillator of frequency
Q = [(kg) + (6%kg)Y/?n(t)]"/? with a Gaussian stochastic process with the
average k = (k) and the variance o = (6%kg)'/2.
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The largest Lyapunov exponent A is determined by the following limit
[CCPY6; CPC00; Ott93; BJPVIS]:

L J2(t) + J3(t)

o ) (6.21)

Applying a theory of stochastic oscillator [vK76; CPC00] to (6.20), the
largest Lyapunov exponent is estimated as

1
Ao (8%kR) ~ — ([Kr(t) - (KR)]?) (6.22)
for the case o < (kg). A formula is also given for o}, = O((kRr)).
A numerical exploration was carried out to compare (6.22) with (6.21)

for a three-degree-of freedom system [CiP02], in which the potential was
V(z,y,2) = Az? + By* + C2% — axz? — byz?,

where A, B, C, a,b are constants. This is a potential of nonlinearly coupled
oscillators, which was originally derived to represent central regions of a
three-axial elliptical galaxy [Cont86].

Estimate of the lyapunov exponent A through the analytic formula
(6.22) and its generalization (not shown here) shows a fairly good com-
parison with the largest Lyapunov exponent (6.21) obtained by solving
numerically a tangent dynamics equation (equivalent to the Jacobi equa-
tion with the Eisenhart metric). Figure 6.2 shows such comparison, plotted
with respect to the parameter a for fixed values of A = 0.9,B = 0.4,C =
0.225,b = 0.3 and E; = 0.00765.

Another numerical exploration had been carried out to compare (6.22)
with (6.21), for a chain of coupled nonlinear oscillators (the FPU 3 model)
and a chain of coupled rotators (the 1-d XY model) [CP93; CCP96]. The
sectional curvatures are always positive in the former model, while there is
a very small probability of negative sectional curvatures in the latter model.
Agreement between the relations (6.21) and (6.22) is excellent for the former
case. There is some complexity in the latter case, but not inconsistent with
the geometrical theory.

This series of investigations made it clear that chaos occurs in dynam-
ical systems with positive sectional curvatures if they fluctuate stochasti-
cally, and moreover that the largest Lyapunov exponent depends on the
variance of the curvature fluctuation (confirmed in general cases including
or = O(k)). This describes, in fact, a geometrical origin of the chaos in the
models investigated.
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Fig. 6.2. Comparison of the largest Lyapunov exponent A. Full circle: analytic formula
(6.22) and its generalization, full triangle: (6.21) obtained by numerical computation
[CiP02, Fig. 11] (with kind permission of Kluwer Academic Publishers).

6.5. Invariants in a Generalized Model

Let us investigate a class of invariants in a generalized Hénon—Heiles model,
whose potential is given by

Vigna) = (@ + @)+ Adder — 3 Bad, (6.23)
from (6.18). First we consider a Killing vector field and its associated invari-
ant, and next briefly describe an invariant associated with a Killing tensor
field of second order. There is a known invariant of motion, i.e. the total
energy: £ = K + V. With a special choice of parameters A and B, one
can show the existence of another invariant. If there exist two invariants in
a two-degrees-freedom Hamiltonian system, the system is completely inte-
grable (Liouville’s theorem: [Arn78, §49; Whi37]).

6.5.1. Killing vector field

According to the definition (6.13) of a covector, a Killing covector is denoted

as X = (X4) = (0, X7, X5,0), and its covariant derivative is given by

Xass = 05 Xa — I3, X5, (6.24)
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from (3.151). By (3.159), we have ten Killing equations,
Xop+Xpa=0 (0,8=0,1,2,3). (6.25)

Using (6.24) and the Christoffel symbol I‘fj of (6.5), and in particular,
noting that Xo,5 = —X,I'}, we obtain

Xo =0, Xoo = —Xk0:V, (k=1,2).
Xio = X

Thus, the Killing equation (6.25) for & = 0 and 8 = k results in
Xogk + Ko = 0 Xy, =0,
i.e. the Killing field must be steady. In addition, for 8 = 0,
Xoo = —Xp0kV = —X1(q1 + 24q1¢2) — Xa(q2 + Ag? — Bg3) = 0. (6.26)

The steady Killing field X (¢1, ¢2) and X5(¢1, g2) must satisfy this equation.
It can be shown that X3, = 0 and X,;3 = 0, hence the four equations
Xa;3+ X3.o = 0 are identically satisfied. The remaining three equations are

X1;1 =0, X2;2 =0, X1;2 + X2;1 =0. (627)
Using (6.24) and (6.5), we have
Xy = 01 X, (k,1=1,2).

Then, the first two equations of (6.27) lead to X; = Xi(g2) and X, =
Xo(q1). The third equation results in

Xi(g2) = —X5(q1) = ¢ (const).

Hence, we have X7 = cq2 + a and X5 = —cq; + b. Substituting these into
(6.26), it is found that the following equation,

0 = aqi + bz + 20 Aq1q2 + b(Aqi — Bg3) + 2cAqiq5 — cAqiqz + cBqs,
must hold identically. This is only satisfied by
a=0, b=0; A=0, B=0,

to obtain a nontrivial solution of Killing field. Thus, we find that the Killing
covector (covariant vector) is given by

X = (X,) = (0, cqa, —cq1, 0). (6.28)
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Corresponding Killing (contravariant) vector is
X = ((gE)aﬂXﬁ) = (OvCQ27 *qu’o)'

The vector (X!, X?) = (cgo, —cq1) denotes a rotation velocity in the (g1, g2)
plane with an angular velocity —c.
The associated invariant (X, Q) is given by (6.14) as

I = (X,Q) = cq2d1 — cqid2 = cM,

where M = q142 — q2¢1 is the angular momentum. Thus, it is found that
the angular momentum M is conserved. This is analogous to the invariant
(4.66) of a symmetrical top. Here, the potential V(q1,¢q2) of (6.23) has a
rotational symmetry with respect to the origin since A =0 and B = 0.

6.5.2. Another integrable case

It is shown in [CIP02] that there exists another Killing tensor field Xij
for the potential V'(qi,¢2) of A =1 and B = —6. The Killing tensors X;;
were found on the basis of the Jacobi metric (3.3) to satisfy Eq. (3.172),
VinXx), =0, in §3.12.5 with the definition of covariant derivative given
in §3.11.3. The associated constant of motion is given as

I = ¢} + 44362 — ¢3q2 + 4d1doqy + 4qiq2 + 363 + 343

This is consistent with that reported in [CTW82], worked out with a com-
pletely different method.

6.6. Topological Signature of Phase Transitions

Evidence has been gained recently to show that phenomena of phase tran-
sition are related to change in the topology of configuration space of
the system. This is briefly described here according to [CPC00; CCP02;
ACPRZ02).

There is a certain relationship between topology change of the config-
uration manifold and the dynamical behaviors on it. This is shown with
a k-trigonometric model defined just below, which is a solvable mean-field
model with a k-body interaction. According to the value of the parameter £k,
it is known that the system has no phase transition for £ = 1, undergoes a
second order phase transition for k = 2, or a first order phase transition for
k > 3. This behavior is retrieved by investigation of a topological invariant,
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the Euler characteristics, of some submanifolds of the configuration space
in terms of a Morse function defined by a potential function. However, it
should be noted that not all changes of topology are related to a phase
transition, but a certain characteristic topological change is identified to
correspond to it.

The mean-field k-trigonometric model is defined by the following
Hamiltonian for a system of N degrees of freedom,

N
Hy(q,p) = K(p) + Vi(q) = % > 0+ Vil(g), (6.29)
=1

where the potential energy is given by

Vild) = oy O (L—costn -+ ) (630)

B1yeeylk

where ¢ = (q1,...,qn), and A is a energy scale constant, and ¢; = (27/L)g;
with L as a scale length. Note that

A
Wi ZAZ:(I—COS%‘), Vo = N;(l_COb«ph +§0i2))7

A
Vs = e Z (1 — cos(pi, + @i, + ©iy))s

11,%2,13

6.6.1. Morse function and FEuler index

Given a potential function f(gq), we define a submanifold of the configura-
tion space MY by

M, :={qe M| f(q) < a}.

Morse theory [Mil63] provides a way of classifying topological changes of
the manifod M, and links global topological properties with local analytical
properties of a smooth function such as the potential f(q) defined on M.
A point g. € M is called a critical point of f if df = 0, i.e. if the
differential of f at ¢. vanishes. The function f(q) is called a Morse function
on M if its critical points are all nondegenerate, i.e. if the Hessian of f at
g has only nonzero eigenvalues, so that the critical points g. are isolated.
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We now define the Morse function by the potential energy per particle,

flq) :==V(q) =V(g)/N.

The submanifold is defined by M, = {¢ | V < v}. Suppose that the param-
eter v is increased from the minimum value vy where vy = min, V' (if any).
All the submanifolds have the same topology until a critical level [, is
crossed, where the level set is defined by V=1(I.) = {g € M | V(q) = I.}.
At this level, the topology of M, changes in a way completely determined
by the local properties of the Morse function V'(q). Full configuration space
M can be constructed sequentially from the M, by increasing v.

At any critical point g. where 9V /9¢;|,, =0 (i = 1,...,N), an indez k
of the critical point is defined by the number of negative eigenvalues of the
Hessian matrix H;; at g.:

v
Hi' = )
7 0qi0g;

i,j=1,...,N.

Knowing the index of all the critical points below a given level v, one can
obtain the Morse index (number) py defined by the number of critical points
which have index k, and furthermore obtain the Euler characteristic of the
manifold M, given by

N

X(M,) = (=1 * (M),

k=0

[Fra97; CPC00, App. B]. The Euler characteristic is a topological invariant
of the manifold M, (see §2.10 for M?).

6.6.2. Signatures of phase transition

Morse indexes py are given explicitly for the potential function (6.30)
[CCP02; ACPRZ02]. Thus, the Euler characteristics y(M,) of the mani-
fold M, are calculated explicitly for general k. It is found that behaviors of
X(M,) are characteristically different between different values of k = 1,2,
and 3, which correspond to no phase transition, a second order phase tran-
sition, and a first order phase transition, respectively.

Based on the exact analysis [CCP02| of the case k = 2, called the mean-
field XY model, it is found that the phase transition occurs when the Euler
characteristic changes discontinuously from a big value of O(e”) to zero,
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e.g. a large number of suddles existing on M,, disappear all of a sudden at
the level of phase transition.

It is shown [ACPRZ02] that the Euler characteristic x(M,) shows a
discontinuity in the first order derivative with respect to v at the phase
transition, and the order of phase transition can be deduced from the
sign of the second order derivative d*y/dv?, ie. d?x/dv? > 0 for the
first order phase transition and d2x/d112 < 0 for the second order tran-
sition. From this result, it is proposed that the thermodynamic entropy
is closely related to a function derived from the Euler characteristic, i.e.
o(v) = limy_. N~1log|x(v)| at the phase transition.

6.6.3. Topological change in the mean-field XY model

In the mean-field XY model, the potential energy per degree of freedom is
given by

V(g h o
Vig) = T N2 Z —cos(p; — ;) — N Zcos i,
i=1

i,j=1

where @; € [0,27], and h is a strength of the external field. At the level
of phase transition, it is remarkable that not only the Euler characteristic
changes discontinuously from a big value of O(e”) to zero, but also fluctu-
ations of configuration-space curvature exhibit cusp-like singular behaviors
at the phase transition [CPCO00].

In this XY model, it is possible to project the configuration space onto
a two-dimensional plane, an enormous reduction of dimensions. To this end,
it is useful to define the magnetization vector m by

m = (Mg, my) = (Z cos (p“Zbln(pl> . (6.31)

By this definition, the potential energy can be expressed as a function of
m, and m, alone:

2 Yy

which is regarded as a mean-field character. The minimum energy level is at
V = vy = —h, whose configuration corresponds to m2+m? = 1 and m, =1
(therefore m,, = 0). The maximum energy level is at V' = v, = (1 + h?),
whose configuration corresponds to m; = —h and m, = 0. The number
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of such configurations grows with N quite rapidly. The critical value v, is
isolated and tends to % as h — 0.

All the critical levels . where dV = 0 are included in the interval
le € [vg,ve]. The submanifold M, is defined by {q | V < v} as before.

First, for v < vg, the manifold M, is empty. The topological change that
occurs at v = vy is that corresponding to the emergence of manifold from
the empty set. Subsequently, there are many topological changes at levels
l. € (v, %], and there is a final topological change which corresponds to
the completion of the manifold. Note that the number of critical levels . in
the interval [vg, 3] grows with N and that eventually the set of I, becomes
dense in [vg, 3] in the limit N — co. However, the maximum critical value
v, remains isolated from other critical levels [..

According to (6.31), the accessible configuration space in the two-
dimensional (mg,m,)-plane is not the whole plane, but only the disk D
defined by

D = [(my, my) : m?2 +m§ <1].

Instead of M, the submanifold D,, is defined by

D, = [(mgz,my) € D : V(mg,my) < ).

The sequence of topological changes undergone by D,, is very simplified in
the limit h — 0.

The D, is empty as long as v < 0 (since h — 0 is assumed). The
submanifold D, first appears as the circle m?2 + mi =1, i.e. the boundary
circle of D (Fig. 6.3). Then as v grows, D, becomes an annulus (a ring)

1
v=0 O<v<s3

x=0 Z=0 Z=1

Fig. 6.3. Sequence of topological changes of D, with increasing v (in the limit
h — 0). [CPC00].
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bounded by two circles of radii 1 and 1 — 2v:
1—2v§mi+m3§1.

Inside it, there is a disk-hole of radius 1 — 2v. As v continues to grow
(until ), the hole shrinks and is eventually filled completely at v = v, = 3
(Fig. 6.3). In this coarse-grained two-dimensional description, all the topo-
logical changes that occur between v = 0 and % disappear. Only two topo-
logical changes occur at v =0 and v, = %

The topological change at v, is characterized by the change of Euler
characteristic y from the value of an annulus, x(annulus) = 0, to the value
of a disk, x(disk) = 1 (see §2.10). Despite the enormous reduction of dimen-
sions to only two, there still exists a change of topology. This topological
change is related to the thermodynamic phase transition of the mean-field

XY model.
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Chapter 7

Gauge Principle and Variational
Formulation

7.1. Introduction: Fluid Flows and Field Theory

Fluid mechanics is, in a sense, a theory of field of fluid flows in Newtonian
mechanics. In other words, it is a field theory of mass flow subject to Galilei
transformation.

There are various similarities between fluid mechanics and electromag-
netism. For instance, the functional relation between the velocity and vor-
ticity field is the same as the Biot—Savart law in electromagnetism between
the magnetic field and electric current [Saf92]. One may ask whether the
similarity is merely an analogy, or has a solid theoretical background.

In the theory of gauge field, a guiding principle is that laws of physics
should be expressed in a form that is independent of any particular coordi-
nate system. In §7.3, before the study of fluid flows, we review the scenario
of the gauge theory in quantum field theory and particle physics [Fra97;
Qui83; AHS82]. According to the scenario, a free-particle Lagrangian is
defined first in such a way as having an invariance under Lorenz trans-
formation. Next, a gauge principle is applied to the Lagrangian, requir-
ing it to have a symmetry, i.e. the gauge invariance. Thus, a gauge
field such as the elecromagnetic field is introduced to satisfy local gauge
invariance.

There are obvious differences between the fluid-flow field and the quan-
tum field. Firstly, the field of fluid flow is nonquantum, which however
causes no problem since the gauge principle is independent of the quantiza-
tion principle. In addition, the fluid flow is subject to the Galilei transfor-
mation instead of Lorenz transformation. This is not an obstacle because
the former is a limiting transformation of the latter as the relative ratio of
flow velocity to the light speed tends to zero. Thirdly, relevant gauge groups
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should be different. Certainly, we have to find appropriate guage groups for
fluid flows. A translation group and a rotation group will be shown as such
groups relevant to fluid flows.

Here, we seek a scenario which has a formal equivalence with the gauge
theory in the quantum field theory. We first review the Lagrangian and
variational principle of fluid flows in §7.2. In order to go further over a
mere analogy of the flow field to the gauge field, we define, in §7.4 and sub-
sequent sections, a Galilei-invariant Lagrangian for fluid flows and exam-
ine whether it has gauge invariances in addition to the Galilei invariance.
Then, based on the guage principle with respect to the translation group,
we deduce the equation of motion from a variational formulation. How-
ever, the velocity field obtained by this gauge group is irrotational, i.e. a
potential flow.

In §7.11 and subsequent sections, we consider an additional formula-
tion with respect to the gauge group SO(3), a rotation group in three-
dimensional space. It will be shown that the new gauge transformation
introduces a rotational component in the velocity field (i.e. vorticity), even
though the original field is irrotational. In complying with the local gauge
invariance, a gauge-covariant derivative is defined by introducing a new
gauge field. Galilei invariance of the covariant derivative requires that the
gauge field should coincide with the wvorticity. As a result, the covariant
derivative of velocity is found to be the so-called material derivative of
velocity, and thus the Euler’s equation of motion for an ideal fluid is derived
from the Hamilton’s principle.

If we have a gauge invariance for the Lagrangian of a system, i.e. if
we have a symmetry group of transformation, then we must have an equa-
tion of the form 0,J% = 0 from the local gauge symmetry [Uti56; SS77;
Qui83; Fra97], where J is a conserved current 4-vector (or tensor), i.e. a
Noether current. This is called the Noether’s theorem for local symmetry.
Corresponding to a gauge invariance, the Noether’s theorem leads to a con-
servation law. In fact, the gauge symmetry with respect to the translation
group results in the conservation law of momentum, while the symmetry
with respect to the rotation group results in the conservation of angular
momentum. (See §7.15.5, 6.)

In addition, the Lagrangian has a symmetry with respect to particle
permutation, which leads to a local law of vorticity conservation, i.e. the
vorticity equation as well as the Kelvin’s circulation theorem. Thus, the
well-known equations in fluid mechanics are related to various symmetries
of the Lagrangian.
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7.2. Lagrangians and Variational Principle

7.2.1. Galilei-invariant Lagrangian

The field of fluid flow is subject to Galilei transformation, whereas the
quantum field is subject to Lorentz transformation. Galilei transformation is
considered to be a limiting transformation of the Lorentz transformation
of space-time (z#) = (ct,z) as v/c — 0.} In the Lorentz transformation
between two frames (¢, ) and (¢, ), a line-element of world-line is a vector
represented in the form, ds = (edt, dx), and its length |ds| = (ds, ds)ll\/{i is
a scalar, namely a Lorentz-invariant:

(ds,ds)ye = —c?dt? + (de, dzx) = —c(dt')? + (da’, dz’), (7.1)

where the light speed ¢ is an invariant (e.g. [Chou28]). Scalar product of a
4-momentum P = (E/c¢,p) of a particle of mass m with the line element
ds is given by

E
(P,ds)mk = —;cdt—l—p-dw =(p-z—E)dt (=Adt)
= m(v? — ?)dt = —mpc?dr, (7.2)

where my is the rest mass, v and p(:= mwv) are 3-velocity and 3-momentum
of the particle respectively [Fra97; LL75], and

mo v
E =mc = —— i B=-
mc”, m (1—ﬂ2)1/2’ B c’

de = vdt, dr = (1—4%)"Y2dt (proper time).

Either the leftmost side or rightmost side of (7.2) is obviously a scalar, i.e.
an invariant with respect to the Lorentz transformation, and A=p-x — F
is what is called the Lagrangian in Mechanics. Hence it is found that either
of the five expressions of (7.2), denoted as Ad¢, might be taken as the
integrand of the action I to be defined below.

Next, we consider a Lorentz-invariant Lagrangian Aéo) in the limit as
B =wv/c— 0, and seek its appropriate counterpart Ag in the Galilei system.
In this limit, the mass m and energy mc? are approximated by mg and
mo(c? + 3v? + €) respectively (neglecting O(3?) terms) in a macroscopic
fluid system ([LL87], §133), where € is the internal energy per unit fluid mass

ISpatial components, e.g. @, p (called 3-vector), are denoted by bold letters, with their
scalar product being written such as (p,«). In addition, a scalar product (-, )y is
defined with the Minkowski metric g;; = diag(—1,1,1,1).
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which is a function of density p and entropy s in a single phase in general.
The first expression of the second line of (7.2) is, then asymptotically,

mv? —me® = mov? — mo(c® + 30* +¢€)

= (pd’z) (0% — e — ?),
where myg is replaced by p(x)dga:. Thus, the Lagrangian Aéo) would be
defined by

APt = /M dV(m)p(x)(%(v,v) —e— c2>dt. (7.3)

The third —c?dt term is necessary so as to satisfy the Lorenz-invariance
([LL75], §87). It is obvious that the term (v,v) is not invariant with the
Galilei transformation, v — v’ = v — U. Using the relations de = vdt and
da’ = v'dt = (v — U)dt’ with respect to two frames of reference moving
with a relative velocity U, the invariance (7.1) leads to

dt’ = dt + (;( — (v,U) + 3U%) + 0(54)> dt (7.4)
The second term of O(3?) makes the Lagrangian Ag))dt Lorenz-invariant
exactly in the O(3°) terms in the limit as 3 — 0. Note that this invariance
is satisfied locally at space-time, as inferred from (7.2).

When we consider a fluid flow subject to the Galilei transformation,
the following prescription is adopted. Suppose that the flow is investigated
in a finite domain M in space. Then the third term including c¢? in the
parenthesis of (7.3) gives a constant ¢*> Mdt, where M = [, d®zp(x) is the
total mass in the domain M. In carrying out variation, the total mass M is
fixed at a constant. Next, keeping this in mind implicitly [SS77], we define
the Lagrangian Ag of a fluid motion in the Galilei system by

Agdt = dt /M dV (z)p(x) (%(v, v) — e). (7.5)

Only when we need to consider its Galilei invariance, we use the Lagrangian
Aéo). In the Lagrangian formulation of subsequent sections, local conserva-
tion of mass is imposed. As a consequence, the mass is conserved globally.
Thus, the use of Ag is justified (except in the case when its Galilei invari-
ance is required).

Under Galilei transformation from one frame x to another z, which is
moving with a velocity U relative to the frame z (Fig. 7.1), the four-vectors
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0. xs-frame

Ut

x-frame

Fig. 7.1. Galilei transformation.

x = (t,x) and v = (1,v) are transformed as

v =(tx) = 22 = (te,2,) = (t, 2 — Ut), (7.6)

(1,v) = v, = (1,v.) = (L,v-U). (7.7)

v

Since v, = v — U, the kinetic energy term %(v, v) is transformed as

(v, v.) = $(v,v) — (v,U) + U

Second and third terms are written in the following form of time derivative,
(d/dt)[—(z(t),U) + 3U?t].? Transformation laws of derivatives are

o=08,-U-V, V=V, (7.8)
V = (01,09,03), 0y, =0/0t, O =0/0x".

Hence, we have the invariance of combined differential operators:
O+ (v -V)=0, + (vi- V). (7.9)

In the following, we reconsider the Lagrangian from the point of view of
the gauge principle, and try to reconstruct the Lagrangian Ag of (7.5).

2Tt is understood in Newtonian mechanics that these additional terms do not play any
role in the variational formulation of the action integral, where end values at two times
are fixed in the variation of (7.5).
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7.2.2. Hamilton’s variational formulations

Variational principle is formulated in terms of the action functional [
defined by the following integral of a Lagrangian L. The variational princi-
ple, i.e. principle of least action, is

t1

0l =0, where l:/ Llv, p,---]dt, (7.10)
to

where the Lagrangian L is a functional depending on velocity field v, density

p, internal energy e, etc.

In a system of point masses of classical mechanics, the Lagrangian L
is usually defined by a sum of kinetic energies of each particle )k, and
potential energy =V : L = > _k,—V, and the variational principle is called
the Hamilton’s principle.® However, for flows of a macroscopic continuous
material such as a fluid, a certain generalization must be made. In addition,
as already seen with (7.5), the Lagrangian must include a term of the inter-
nal energy € in a form [e, which will be given a certain gauge-theoretic
meaning in the present formulation. As a consequence of the Hamilton’s
principle, we have the energy conservation equation.

The Hamilton’s principle for an ideal fluid was formulated variously by
[Heri55; Ser59; Eck60; SS77]. There are two main approaches, Lagrangian
particle representation and Eulerian spatial representation (see the footnote
to §7.6.1), which are reviewed by [Ser59; Bre70; Sal88]. The Lagrangian
function in every case is composed of the terms of kinetic energy, internal
energy and potential energy, with additional constraint conditions. (The
potential energy term missing in (7.5) can be taken into account with-
out difficulty.) However, it may be said that there are some complexity or
incompleteness in those formulations made so far.

In the variational formulation with the Lagrangian particle representa-
tion, the equation of motion finally derived includes a term of particle accel-
eration dv/dt [Ser59; Sal88], where the time derivative d/dt is replaced by
0y + v - V with an intuitive argument. When this time derivative acts on a
scalar function, then it is given a definite sense. However, if it acts on vec-
tors, we need a careful consideration. In fact, the Lie derivative of a vector
v is different from dwv/dt (§1.8.3). The derivative dv/dt = v + (v - V)v

30riginally, Lagrange (Mécanique Analytique, 1788) extended the principle of virtual
displacements, by applying the d’Alembert’s principle, from static equilibrium systems
to dynamical systems. The d’Alembert—Lagrange principle is expressed equivalently in
the form of Hamilton’s principle. [Ser59]
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(accepted in the Euler’s equation of motion) is defined as an extension of
the operation on a scalar function. In the gauge theory which we are going
to consider, we will arrive at dv/dt = dyv+ (v-V)v from the gauge priciple.

On the other hand, it was pointed out by [Bre70] and [Sal88] that
the connection between Hamilton’s principle and the variation with the
Fulerian representation is obscure. This vagueness is partly due to the
fact that no mention is made of how the positions of massive particles
in the physical system are related to the field variables in a standard
Eulerian formulation, and that the system is described by the velocity field
u(x,t) at a fixed spatial point x, regardless of which material particle is
actually there. In other words, the equation of particle motion dx,/dt =
u(x,(t),t) is not specified in the variation. Lin’s constraint [Lin63; Ser59;
Sal88] was introduced to bridge the gap between the two approaches, but
it remains as local validity only in a neighborhood of the point under con-
sideration, and in addition physical significance of the new fields (called
potentials) thus introduced is not clear. In particular, for a homentropic
fluid in which the entropy s takes a constant value everywhere, the veloc-
ity field is limited only to such a field as the vortex lines are not knotted
[Bre70].

7.2.3. Lagrange’s equation

Consider that we have a system of n point masses whose positions are
denoted by 1 = (¢',¢%,¢), - , @, = (¢®"2,¢* 1, ¢*), and velocities
by vi = (¢},¢%,q}), -, vn = (" %,¢" " ¢"), and that we have a

Lagrangian L of the form,
L = L[q, ¢, (7.11)

which depends on the coordinates ¢ = (¢*) and the velocities ¢; = (q{) for
i=1,2,--- N, where N = 3n. It is said that the Lagrangian L describes
a dynamical system of IV degrees of freedom.

The action principle (7.10) may be written as

t1
5[:/ 0L[q, ¢:]dt = 0. (7.12)
to

We consider a variation to a reference curve ¢(t), where the varied curve
is written as ¢'(t,e) = q(t) + €£(t) and q; = ¢(t) + €£(t) with an
infinitesimal parameter ¢ by using a virtual displacement £(t) satisfying
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&(to) = &(t1) = 0. Resulting variation of the Lagrangian is

oL 8L 8L
0L = —0q+ — ‘
8(] 8 q¢ f t
oL aL\1 oL
_g[aqi_at<aqﬂf+at<azf)' (7.13)

When this is substituted in (7.12), the second term vanishes because of the
assumed conditions £(tg) = £(t1) = 0. Therefore, it is deduced that, for an
arbitrary variation £(t), the first term of §L must vanish at each time t¢.
Thus, we obtain the Fuler—Lagrange equation:

oL oL
) -2 . 14
at(acﬁ) aq' 0 (7.14)

If the Lagrangian is given by the following form of kinetic energy of the
same mass m,

mL¢(q) = smlq, ar), (7.15)

then the above equation (7.14) describes free motion of point masses. In
fact, Eq. (7.14) results in 0;(q;) = 0, i.e. the velocity ¢ is constant.

7.3. Conceptual Scenario of the Gauge Principle

Typical successful cases of the gauge theory are the Dirac equation or Yang—
Mills equation in particle physics, which are reviewed here briefly for later
purpose. A free-particle Lagrangian density A, €.g. for a free electron,
is constructed so as to be invariant under the Lorenz transformation of
space-time (z#) for p=10,1,2,3, where

Apree = @i’yﬂa;ﬂﬁ - m1;¢7 1; = W (é _OI> ) (716)

m is the mass, v is a Dirac wave function of four components for electron
and positron with £1/2 spins, 1! the hermitian conjugate of 1, and " the
Dirac matrices (u = 0,1,2,3) with 2° = ¢ (time), I being 2 x 2 unit matrix.
In the Yang—Mills case, the wave functions are considered to represent two
internal states of fermions, e.g. up and down quarks, or a lepton pair.

The above Lagrangian has a symmetry called a global gauge invariance.
Namely, its form is invariant under the transformation of the wave function,
e.g. 1 — €@ for an electron field. The term global means that the phase «
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is a real constant, i.e. independent of coordinates. This keeps the probability
density, ||, unchanged.*

In addition, we should be able to have invariance under a local gauge
transformation,

bla) = (@) = () = gla)b(a), (7.17)

where o = «(z) varies with the space-time coordinates x = (x*). With this
transformation too, the probability density |1|? obviously is not changed.

However, the free-particle Lagrangian A.ee is not invariant under such a
transformation because of the derivative operator 9, = 0/0x" in Agec. This
demands that some background field interacting with the particle should be
taken into account, that is the FElectromagnetic field or a gauge field. If
a new gauge field term is included in the Lagrangian A, the local gauge
invariance will be attained [Fra97, Ch.19 & 20; Qui83; AHS82]. This is the
Weyl’s principle of gauge invariance.

If a proposed Lagrangian including a partial derivative of some matter
field v is invariant under global gauge transformation as well as Lorentz
transformation, but not invariant under local gauge transformation, then
the Lagrangian is to be altered by replacing the partial derivative with a
covariant derivative including a gauge field A(z), @ — V = 9 + A(x), so
that the Lagrangian A acquires local gauge invariance [Uti56]. The second
term A(x) is also called connection. The aim of introducing the gauge field
is to obtain a generalization of the gradient that transforms as

Vi = V') = (0 + A)g(2)y = g(0 + A)p = gV, (7.18)

where ¢’ = g(z). In dynamical systems which evolve with respect to the
time coordinate t, the replacement 9 — V = 9 + A(z) is carried out only
for the t derivative. This will be considered below again (§7.5.1).

Finally, the principle of least action is applied,

SI=0, I[= A, A)d*z

M4

where M*? is a certain (z#) space-time manifold, and I is the action func-
tional. Let us consider two examples.

4The gauge invariance results in conservation of Noether current. See §7.4, 7.15.
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(i) In the case of an electron field, the local gauge transformation is given by
an element g of the unitary group U(1),” i.e. g(x) = €"7*(®) at every point
x with a(z) a scalar function, and ¢ a charge constant.® Transformation of
the wave function v is

V'(2) = gla)(z) = 99Dy (). (7.19)
The gauge-covariant derivative is then defined by
V=0, —iqA.(x), (7.20)

where A, = (—¢, Ay) is the electromagnetic potential (4-vector potential
with the electric potential ¢ and magnetic 3-vector potential Ay, k =
1,2, 3). The electromagnetic potential (connection term) transforms as

A (z) = Au(x) + Oua(z). (7.21)

It is not difficult to see that this satisfies the relation (7.18), V'¢)' = gVi).
Thus, the Dirac equation with an electromagnetic field is derived. (See
Appendix I for its brief summary.)

(ii) In the second example of Yang—Mills’s formulation of two-fermion field,
the local gauge transformation of the form (7.17) is given with g(z) €
SU(2).” Consider an infinitesimal gauge transformation written as

9(z) = expligo - a(w)] = I +igo - a(z) + O(laf), |al <1, (7.22)

where o - a = 010! + 0902 + 0302 with real functions of(z) (k = 1,2,3),
and o = (01, 09,03) are the Pauli matrices,

01 0 —1 1 0
0'1—|:1 0:|7 U2_|:i O:|, 0‘3—|:0 1:|, (723)

5The unitary group U(1) is a group of complex numbers 2 = e’ of absolute value 1.
64 = e/(hc) with c the light-speed, e the electric-charge, and A the Planck constant.
7SU(2) is the special unitary group, consisting of complex 2 x 2 matrices g = (g;;) with
-1

det g = 1. The hermitian conjugate g' = (gzj) = (gjs) is equal to g~ ' where the overbar
denotes complex conjugate. Its Lie algebla su(2) consists of skew hermitian matrices of
trace 0.
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composing a basis of the algebra su(2) which is considered as a real three-
dimensional (3D) vector space.® The commutation relations are given by®

[0, 0k] = 2i€jn0, (7.24)

The second term on the right-hand side of (7.22) is a generator of an
infinitesimal gauge transformation. The gauge-covariant derivative is rep-
resented by

V,=0,—iqo-A,(z), (7.25)

where the connection consists of three terms, o-A,, = UlAllL + O'QAZ + UgAi
in accordance with the three-dimensionality of su(2), and ¢ the coupling
constant of interaction. The connection A, = (Allt, Ai, Ai) transforms as

AL =A,-2qax A, +0,a, (7.26)

instead of (7.21). The three gauge fields A%, = (Ak A¥ A% AE) for
k =1,2,3 (3D analogues of the electromagnetic potential, associated with
three colors) are thus introduced and called the Yang-Mills gauge fields.
A characteristic feature distinct from the previous electrodynamic case,
compared with (7.21), is the non-abelian nature of the algebra su(2), repre-
sented by the new second term of (7.26) arising from the non-commutativity
of the gauge transformations, i.e. the commutation rule (7.24).

In the subsequent sections, we consider fluid flows and try to formulate
the flow field on the basis of the generalized gauge principle.’® It will be
found that the flow fields are characterized by two gauge groups: a trans-
lation group and a rotation group. Interestingly, the former is abelian and
the latter is non-abelian. So, the flow fields are governed by two different
transformation laws.

8Vector space su(2) is closed under multiplication by real numbers o, e.g. [Fra97].
9The structure constant €;x1 takes 1 or —1 according to (jkl) being an even or odd
permutation of (123), and 0 if (jkl) is not a permutation of (123).

10Gauge symmteries are often referred to as internal symmetries because gauge transfor-
mations correspond to rotation in an internal space. In the general gauge theory [Uti56],
however, gauge invariance with respect to Poincaré transformation of space-time yields
the gravitational field of general relativity theory. The present study of fluid flows con-
siders gauge invariance with respect to Galilei transformation (translation invariance).
See §7.5, 6, 7.



202 Geometrical Theory of Dynamical Systems and Fluid Flows

7.4. Global Gauge Transformation

Suppose that our system is characterized by a symmetry group of transfor-
mation (of a Lie group G), and the action is invariant under an associated
infinitesimal transformation [Uti56]:

t) — q(t)+9
a(t) = a(t) +04 (7.27)
oq" = faTéj ¢, dqr = 0¢(8q),
where T,, (o = 1,--- , K) are generators of the group G (represented in a

matrix form T, &J ), i.e. Lie algebra of dimension K (say), and £ are infinites-
imal variation parameters. An example of T, is given by (7.40). In terms
of the group theory (§1.8), the operators T, are elements of the Lie algebra
g = T.G, and in general satisfy the commutation relation,

[Tom Tﬁ] C fyj )
where Cgﬁ are the structure constants.
If ¢ (e = 1,...,K) are constants, i.e. if the transformation is global,
then invariance of I under the transformation results in
3L
0=6L = o0 8tq (7.28)
OL OL 0
=|— -0 6q¢" + 0, 0 7.29
B (aqﬂ o t<alq> (729)
Using 6q" of (7.27), vanishing of the right-hand side of (7.28) gives
oL . 8L
T q i 9’ =0, (7.30)

610‘J 810‘]

since the parameters ¢ can be chosen arbitrarily. The first term of (7.29)
vanishes owing to the Euler-Lagrange equation (7.14). Hence the second
term must vanish identically, and we obtain the Noether’s theorem for the
global invariance:

oL oL . .
Iomi i) —o. 31
o <8q 5q> = (6612 ‘”q> ! (7:31)

7.5. Local Gauge Transformation

When we consider local gauge transformation, the physical system under
consideration is to be modified. Concept of local transformation allows us
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to consider a continuous field, rather than the original discrete system. We
replace the discrete variables ¢° by continuous parameters a = (a',a?,a?®)
to represent continuous distribution of particles in a three-dimensional
Euclidean space M. Spatial position & = (z!,22,23) of each mass par-
ticle of label a (Lagrange parameter) is denoted by x*(a,t), a function of
a as well as the time t. Conversely, the particle locating at the point x at
a time t is denoted by a*(z,t). Functions z%(a,t) or a*(z,t) (k = 1,2,3)
may be taken as field variables.

Thus, we consider a continuous distribution of mass, i.e. fluid, and
its motion. The variation field is represented by differentiable functions

&%(x,t). Suppose that we have a local transformation expressed by

¢=xq— ¢ = x4+ g, oq' =& T,
Gt = O¢q — ¢ = 04Ty + G,  0qr = 0(0q), (7.32)
ga = ga(m’ t)a

and examine local gauge invariance, i.e. gauge invariance at each point x
in the space. In this case, the variation of L[q, ¢¢] is

oL oL oL _ ,
st (2o (2] sevan (o). s

This does not vanish owing to the arbitrary function £ (x, ¢) depending on
time ¢. In fact, using the Euler—Lagrange equation (7.14), we have

oL oL o
0L =0 0q' ) = == T 2! 7.34

where (7.31) is used. Note that this vanishes in the global transformation
since 9¢;§ = 0.

7.5.1. Covariant dertvative

According to the gauge principle, the nonvanishing of L is understood
such that there exists some background field interacting with flows of a
fluid, and that a new field A must be taken into account in order to achieve
the local gauge invariance of the Lagrangian (i.e. in order to have vanishing
of (7.34)). To that end, the partial time derivative d; must be replaced by
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a covariant derivative D;. The covariant derivative is defined by
Dy =0, + A, (7.35)

where A is a gauge-field operator. Correspondingly, the time derivatives 0;¢&
and 0;q are replaced by

D& = 0, + A&, u:=Dyq = 0iq + Agq. (7.36)

In most dynamical systems like the present case, the time derivative is the
primary concern in the analysis of local gauge transformation.

7.5.2. Lagrangian
The Lagrangian mL¢ of (7.15) is replaced by

Ly = %/<DtQ7th> d’a = %/(Uv u) pd’a, (7.37)

where d*a = p d®z denotes the mass in a volume element d*z of the z-space
with p as the mass-density (see §7.8.1), and the integrand is L'(q, ¢, A) =
% <th, D;q).
In fact, assuming that the Lagrangian density is of the form L'(q, g;, A),
the invariance postulate demands
oL oL’ oL’

/ —_— —_— =
0L = 94 0q + 94 0q: + 8A5A 0.

Suppose that the variations are given by the following forms:

oq" =& Taq', 4 4

6q; = 6(0q)" = 0:(9¢") — (De&)*Tugq"
=& Tag; — (A9 Tud's

0A" = O To A" + (AQ)',

(7.38)

(see the footnote'!)where A is assumed to be represented as A = A"T}, and
D& = 0,6 + AE. Tt will be seen that these variations are consistent with
the translational transformation (Fig. 7.2) considered in §7.7. Substituting

M According to the local Galilei transformation in §7.7, we have §(diq) = [0 —
(D:§)*Tal(q + 8q) — Orq = 9:(5q") — (Dt€)*Ta " + O(|6g|?) (see (7.8)). The form of
§A* determines the character of the present gauge field A.
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P =p(gx)
2 £
X
Fig. 7.2. Translational transformation:
r—x' =gr:=x+E, u — u = u(gx) + D:£.
dxt = € = (9T 2t Sul = E¥Tut + D€l

these, we obtain a variational equation for arbitrary functions of £(x, t) and
Aé(z,t). Requiring the coefficient of (A¢)¥ to vanish, we have
oL’ . oL

— = T’ + = =0, 7.39
o T+ (7.39)

From this, it is found that A should be contained in L’ only through the
combination:

g + A"Tyq = 04q + Ag = Dyq,

confirming the second expression of (7.36). This implies that the operators
9, and A = A*Tj, are to be combined as Dy = 8, + A*T}, = 8, + A. Thus,
the expression (7.35) has been found. In case that L’ does not include ¢
explicitly, the above result implies that Ly of (7.37) is a possible Lagrangian.
Before carrying out variational formulation with a complete Lagrangian,
we must first define the variation field £(ax,t) which should be the subject
of a certain consistency condition considered in §7.6.3. Next, we determine
the form of the gauge operator A in §7.7, and then define a Lagrangian L 4
associated with the gauge-field A in §7.8 for translational invariance.

7.6. Symmetries of Flow Fields

It is readily seen that the Lagrangian (7.15) of point masses has symmetries
with respect to two transformation groups, a translation group and rotation
group. Lagrangian of flows of an ideal fluid has the same properties as the
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point-mass system globally. Local gauge invariance of such a system is one
of primary concerns in the study of fluid flows.

7.6.1. Translational transformation

First, we consider translational transformation.'?> The coordinates ¢* are
regarded as the spatial coordinates ® (o = 1,2, 3) where z® are continuous
variables, and ¢! are taken as the velocity components u® of fluid flow. The
operator of translational transformation is given by T, = 9/0x%, denoted
also as O,. This is rewritten in a matrix form,

13, ; = 650a, (7.40)

so as to have the same notations as those in §7.4, where Té,j is the (¢,7)
entry of the matrix operator T,, and §; the Kronecker delta. (This form can
be applied to the other case as well, i.e. the rotational transformation to be
considered next.) Then, variations of ¢* and ¢! (Fig. 7.2) are defined by

6z’ = €T}, a7 = €Ty a’ = (€-V)a' = ¢, (7.41)
Sut = (€-V)u' + Dy’ (7.42)

The last term D,£? is a characteristic term related to fluid flows.
The generators are commutative, i.e. the commutator is given by

[T, Ts) = 0005 — D300 = 0.

Hence all the structure constants C(Zﬁ vanish, i.e. abelian.

7.6.2. Rotational transformation

When we consider local rotation of a fluid element about a reference point
x = (x!,22%,23), attention is directed to relative motion at neighboring
points x + s for small s. Mathematically speaking, at each point within the
fluid, local rotation is represented by an element of the rotation group SO(3)

(a Lie group). Local infinitesimal rotation is described by the generators of

12When the author (Kambe) discussed rotational gauge invariance of fluid flows and its
noncommutative property (in China, 2002), Professor MoLin Ge (Nankai Institute of
Mathematics) suggested that there would be another gauge symmetry of commutative
property which is the subject of this subsection.
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SO(3), i.e. Lie algebra so(3) of three dimensions. The basis vectors of the
space of so(3) are denoted by (eq, eq, e3):

0 0 O 0 0 1 0 -1 0
egr=10 0 =11, ea=|0 0 0Of, es=|1 0 0
01 0 -1 0 0 0 0 0
which satisfy the non-commutative relations:
[ea, €8] = enep — egeq = €apyy (7.43)

where €.+ is the third order completely skew-symmetric tensor.

A rotation operator is defined by = (6}) = 6 e, where 6= (6,62, 6°)
is an infinitesimal angle vector. Then, an infinitesimal rotation of the dis-
placement vector s = (s!, 52, s%) is expressed as 0;-53' . The same rotation is

represented by a vector product as well:

(0 xs) = 0is’ =0%¢l, ;5. (7.44)
The left-hand side clearly says that this represents a rotation of an infinites-
imal angle |0| around the axis in the direction coinciding with the vector .
Thus the operator of rotational transformation is given by T, = e, where
T} ; is the (i, j)-th entry of the matrix operator eq.

In the rotational transformation, the generalized coordinte ¢* is replaced
by the displacement s* from the reference point x, and ¢! is the velocity at
neighboring points « + s with ¢;(s = 0) being u(x). Hence, we have

¢ =s', ¢ =Dig'(s) = u'(x) + 5 dju'(x). (7.45)

Then, variations of ¢* and ¢} are defined by

5q' = 6> egj s7 =0 x s, (7.46)

8¢; = Dy(d¢") = Dy (0% €l ; 57). (7.47)

g

7.6.3. Relative displacement

We consider local deformation of a fluid element about a reference point x,
and direct our attention to relative motion of neighboring points « + s for
small s. Suppose that the point « is displaced to a new position X () = z+
&(x). Correspondingly, a neighboring point  + s is displaced to X (x + s).



208 Geometrical Theory of Dynamical Systems and Fluid Flows

)
w
s+0s
s € 5s = Vip + Logxs
X irrotational ~ rotational

Fig. 7.3. Relative local motion.

Relative variation ds is defined by
§s:= X (x+s) — [X () + 5] = (s- V)&(x) + O(]s]*) (7.48)
(Fig. 7.3). To the first order of |s|, we have
6s =V + twe X s, (7.49)

[Bat67, §2.3], where the first term (which came from the symmetric part
of 0;€¥) is a potential part of §s with the potential ¢(z, s) = %ejk(w)sjsk
(where eji(x) = £[0;¢"(x) + O&’ (x)]). The second term (which came from
the anti-symmetric part of 8j§k) represents a rigid-body rotation with an
infinitesimal rotation angle %wg, where

we(x) = curl (=)

i.e. curl of the displacement vector &(x). Requiring that the transformation
should be commutative, we must have curl €(x) = 0. Therefore, we have

curl€(x) =0, &(x) = grad . (7.50)

A vector field &(x) satisfying curl £€(x) = 0 is said to be irrotational. For
such an irrotational field, there always exists a certain scalar function ¢,
and & is represented as above.

7.7. Laws of Translational Transformation

7.7.1. Local Galilei transformation

For the translational transformation, we represented in §7.6.1 the variations
of position and velocity as dz¢ = £ and du’ = (€ - V)u® + D;£? respectively,
by using the operator Dy = 0; + A according to the gauge principle. The
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curl €=0
, x' =gx=x+£&(x, 1)
b 0y =v(gx)+D;¢
=v+Av
X D=0, +AL

Fig. 7.4. Local translational gauge transformation.

same transformations are rewritten as

gz =z + &(x,t), (7.51)
u = u(gx) + D€, (7.52)

wl

(Fig. 7.4), which are supplemented with the (unchanged) transformation of
spatial derivatives:

V' =V, 0/0z“=0/0x" (7.53)

This is, in fact, the local Galilei transformation. Namely, the transfomations
(7.51) and (7.52) are understood to mean that the local coordinate origin is
moving with the velocity —D;£ (in accelerating motion) which corresponds
to U of (7.6) if ' and u' are replaced by x. and v, respectively. Under
the above local transformation, the time derivative is transformed as

at/ = 8t - (Dtg) . V

7.7.2. Determination of gauge field A

We require that the covariant derivative D;u, like u, should be transformed
as follows:

(Diu) (= Opu’ + A'u') = Dyu(gze) + Dy(D4£). (7.54)
This requirement results in
[A" = (De§) - V — A] (u(gz) + D) = 0.
As a consequence, we obtain the transformation law of A:

A = Algz) + (Ds€) - V.
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Eliminating D:£€ by (7.52) and using (7.53), this is rewritten as
A —u' V' = A(gz) — u(gz) - V.

This means that the operator A — -V is independent of reference frames.
Denoting the frame-independent scalar, or tensor, of dimension (time)~!
by €2, we have

A=u-V+Q (7.55)

Then, we shall have D;£ = 0;£+(u-V) £+Q€&. However, the global invariance
of translational transformation requires ) = 0, because we should have
D& = Q¢ for constant & (if that is the case) and Eq. (7.34) does not vanish
in the global transformation if d; is replaced by D;.'> Thus, we obtain

A=u-V=A"9,, AF =14t (7.56)

In this case, the covariant derivative D;u is represented by
Diu=0iu+ Au=0u+ (u-V)u, (7.57)
which is usually called the time derivative of u following the particle motion,

i.e. material derivative, or the Lagrange derivative.

7.7.3. Irrotational fields &(x) and u(x)

Local gauge transformation * — X (x,t) = x + &(x,t) is determined by
the irrotational &(x) (see (7.50)), i.e. the vector £(x) can be represented in
terms of a potential p(x,1):

E(x,t) = grad p(x, t) = (0;p). (7.58)

As a consequence, it can be verified that the velocity field w must be irro-
tational as well, i.e. we have potential flows of the form, w = grad f with a
certain scalar potential f, in the following way.

Transformed velocity is given by (7.52) with A =u - V:

u'(z) = u(X) + 0i(x) + u(X) - V&(=), (7.59)

13The case of nonzero tensor  will be considered in the next rotational transformation.
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where X () = x + €. Suppose that £ is infinitesimal, then we have
Au=1v'(z) —u(x) =0k + (u-V)E+ (£ V)u, (7.60)

to the first order of |£|. The last equation can be rewritten in component
form by using (7.58) as

Au' = 0,;0i0 + 0;(uF O ) + Opep(Opu’ — Ou"). (7.61)

This implies a remarkable property that if the velocity w is irrotational, i.e.
if Opu’ — O;u” vanishes, Au’ has a potential function A f. Namely,

Au' = 0;Af, Af =0+ uF0pp =Dy (7.62)

Hence, if the original velocity field w(x) is irrotational, the transformed
velocity u’ will be irrotational as well.

The case of finite transformation &(x,t) is verified as follows. Suppose
that we have a velocity potential f(x,t), and w is given by

u = grad f. (7.63)

Let us consider the variation of the transformed velocity u’ of (7.59) about
the reference point x,, i.e. we consider the variational field ou’(s) = u/(x.+
s) — u/(x,), which is developed as
S(u)k(s) = Ous (' + MO + 0y (s'OnEr)
oX!
+5'0[u™ (X )0 t" ()], (7.64)

(see (7.48) for comparison) to the first order of |s|, where u* = u*(X,)
and X, = x, + &(x,). Using the potential functions ¢ and f, the above
equation can be written as §(u)*(s) = Dy(x.) ', where!
Dyi(z«) = 0k01f + 0x01(0rp) + u™ O (O O1p)
+ (Ouru") O™ + (Ounuy) Ok€™ + (Ospul") €™ O™
= Di(z+),
and Oy = 0/0x%, 0., = 0/0XF and

D™ = Ou™ (X ,)/OXF = 0,40 f(X ) = Ouppu’  (symmetric).

140,68 = 0mdpp = O™, G u™(X+) = (Denu™) (Snm + AE™), and
(011ul)s™ (OmE") = 5! (DumOur f+) (DOmp) = s' (O ul") (DE™).
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Thus, we obtain

0 LD;j(w.)s"s].

6(u') (s) = Dialwa)s' = 55 [3

It is found that the transformed field u'(x) is irrotational if both & and u
are irrotational, namely that the irrotational property is preserved by the
(locally parallel) translational transformations.

For the potential velocity field (7.63), the gauge term is given by a
potential form as well:

Au = (u- V)u = grad (3|ul?), (7.65)
since ukakui = (8kf)8k8,f = (8kf)818kf = 8i(u2/2).

The covariant derivative D;u is represented as
Diu = 0u+ (u- V)u = grad 9, f + grad (3 |ul?). (7.66)

This leads to an important consequence in §7.9.4 that the equation of
motion can be integrated once.

Remark. There exist some fluids such as the superfluid He* or Bose—
Einstein condensates, composed of indistinguishable equivalent particles.
In such a fluid, local rotation would not be captured because there should
be no difference by such a local rotation that would be conceived in an ordi-
nary fluid (i.e. nonquantum fluid). Therefore the flow should be inevitably
irrotational [SS77; Lin63]. This is not the case when we consider the motion
of an ordinary fluid composed of distinguishable particles.

7.8. Fluid Flows as Material Motion

7.8.1. Lagrangian particle representation

From the local gauge invariance under the local (irrotational) translation,
we arrived at the covariant derivative (7.66), which is regarded as a deriva-
tive following a material particle moving with the irrotational velocity
u = grad f. This suggests such a formulation which takes into account
displacement of individual mass-particles [Eck60; Bre70]. In other words,
the gauge invariance requires that laws of fluid motion should be expressed
in a form equivalent to every individual particle.

Suppose that continuous distribution of mass-particles is represented
by three continuous parameters, a = (a’) = (a,b,c) in R?, and that each
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Fig. 7.5. Motion of material particles (2D case).

particle a is moving with a velocity v,. Their motion as a whole is described
by a flow ¢, which takes a particle located at ¢pa = a when 7 = 0 to the
position ¢,a = ¢(7,a) = (7, a) at a time 7.1 The coordinate parameters
(a,b,¢) = a remain fixed during the motion of each paticle, so that a fluid
particle is identified by a (Fig. 7.5). Then the particle velocity is given by

uo(7) = u(r,a) = 0;¢(r,a) = 0, x,, (7.67)

where x,(7) := x(7, a) denotes the position of a particle a at a time 7.

Suppose that the velocity 0, x, is defined continuously and differentiably
at points in space and represented by the velocity field u(t, ) (= 0-x,) in
terms of the Eulerian coordinates « and ¢. Note that

Or la=const =Dy =0y +u -V,
which is called the Lagrange derivative. By definition, we have
0ra=Dja=0a+u-Va=0. (7.68)
The covariant derivative of the potential velocity u is given by
Diu = 0 u|q=const = Oru + grad (%\u|2) (7.69)

Next, consider a small volume 0V consisting of a set of material particles of
total mass dm. Suppose that the motion of its center of mass from 7 = 0 to
7 is described by the displacement from x,(0) = a to x,(7) (Fig. 7.6). The
volume of the same mass will change, and equivalently the density p will
change. The density is expressed in two ways by p,(7) with the Lagrangian

15The configuration space of a fluid flow is represented in two ways: one is the Lagrangian
particle coordinates (7,a), and the other is the Fulerian coordinates (¢,x). The time
coordinate used in combination with @ = (a,b,c) is denoted by 7. Inverse map of the
function @ = ¢(7,a) is @ = a(t,z) and 7 = ¢, where @ = (z,y, z) and ¢ is the time.
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.

q;Ta =X(7, a)=x,(7)

¢

Fig. 7.6. Map a(a,b) — x(z,y) (2D case).

Ax=(Ax Ay)
* Ax= (A%, Ap)
° L]
A . Aso | A A | a0y A
. . . 1A Ay |~ d(a, b)
° T b
W1
Aa Y A X °

) )
Ax= S—ZAa, Ay = %Aa

_ ox _dy
Apx= %Ab, Ay = %Ab
Fig. 7.7. 2D problem: change of area: Aa Ab — AS.

description and by p(t, ) with the Eulerian one, and the invariance of mass
in a volume element during the motion is represented by

om = p(t,x)dV = pa(0)dV,,

where dV = dz dydz = d®*z and dV, = dadbde = d?a.
It is useful to normalize that p,(0) = 1, so that the Lagrangian coordi-
nates a = (a,b, ¢) represent the mass coordinates. Then, we have

p(t,x)d*z = d’a, (7.70)

Since d*x = J,d%a (Fig. 7.7), where J, is the Jacobian J, = d(z)/d(a) of
the map a — «:

Jo = ; = , (7.71)

we have

p(t,x) =1/J,. (7.72)
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The relation u(t, ) = 0;x,(7) has an important consequemce. Namely, this
kinematical constraint connects the velocity fired w(t, ) with the change
of volume dV = d3z. This is considered below.

7.8.2. Lagrange derivative and Lie derivative

Given a velocity field u(x) = (u,v,w), the divergence of w, written as
divu, is defined by relative rate of change of a volume element 6V during
an infinitesimal time §¢ along the flow ¢, generated by w(x), namely

§dV/dV = (divw) 6t (7.73)

(Fig. 7.8), where divu = 0,u + 0yv + 0w for = (z,y,2) € M.

In the external algebra (Appendix B), a volume element 0V is repre-
sented by a volume form V(= dz AdyAdz). The rate of change of V* along
the flow ¢, is defined by the Lie derivative £, in the form,

L, V? = (diva) V3, (7.74)

given by (B.44) in Appendix B.6.

The differential operator D; = 9; + u - V defines a time derivative
analogous to L., but their difference must be remarked. The operator D,
defined by (7.57) was derived by the gauge principle (a physical principle)
in §7.5, 7.7, whereas the Lie derivative £ of forms is mathematically defined
by the Cartan’s formula (B.20) in Appendix B.4.16 It is already explained

X — X'=X+V(X) At
r-or'=r+r-Vv At
s—s'=s+s-Vv Ar

0
. S(t)=r><s=|r |=m
X 0 s
P y
e o o o S()=r'xs"= s, s}',
r=(r,0) AS=S(1")-S(1)
s=(0, s)
1 A A
S(t)=rs 1y = Qufdx =S() < +Aux t 1 vat 3 1)
v=(u(x, y), v(x,y) vy =0y uy At +vy At

=S(0) (uy + vy) Ar+O((AD?)

Fig. 7.8. Fluid flow and div u.

1683.11.1 describes Lie derivatives of 1-forms and metric tensors.
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in §1.8.3 that both D; and £,, yield the same result on 0-forms, but different
results on vectors. Actually, we have Dyu = Oyu + (u - V)u, while L, u =0
according to (1.81) and (1.83) of §1.8.3. L,u = 0 because u is “frozen” to
the velocity field w itself. The derivative D, refers to the rate of change of
a variable following the motion of a moving point of interest, whereas the
derivative L,, acting on a vector refers to the rate of change of a vector field
along a flow generated by w (i.e. describing deviation from the frozen field).

Acting on a volume form, its rate of change is defined by the Lie deriva-
tive Ly, and Dy (dV) is defined to be equivalent to L, V*:

L, V? = (diva) V? <= Dy(dV) = (divu)dV. (7.75)

7.8.3. Kinematical constraint
Rate of change of mass in a volume element dV along a flow generated by

X = 0; +u -V is given by!”

Dy (pdV) = (Dyp)dV + p (DydV) = (9p+ (u-V)p) dV
+pdivedV = AipdV, (7.76)

where (7.75) is used. Invariance of the mass pdV along the flow is repre-
sented by D;(pdV) = 0. Thus, from the kinematical argument in the above
two subsections, we obtain the following equation of continuity,

Aip =Dip+ pdiv(u) = dp + div(pu) = 0. (7.77)
This must be satisfied in all the variations carried out below as a kinematical
constraint.

7.9. Gauge-Field Lagrangian L, (Translational Symmetry)

7.9.1. A possible form

In order to consider possible type of the Lagrangian L 4 for the background
gauge field with Ay = 0 f (f: a potential function), we suppose that L,4 is

17The time part 8; is included since the fields are assumed to be time-dependent.
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a function of A; and its derivatives:
La=LaA(Ag, Ary),  Agw = 0, AL = 0A/0x".
We take the following variations:

ox =€, where &% =040,
SA = E200 Ak + 04EF + An0uEF,
Ak = 0y (0AR) = 0,6% 00 Al + €% 0,00 Ak
+ 0,01 + O An 0atF + AaBLOk0a, (o1 = i),

(7.78)

where § Ay, is taken according to (7.42) with u replaced by A. The invariance
of L 4 with respect to such variations is given by

OL 4
aAk aAk'u

0L4 = 0Ak, =0. (7.79)
Substituting the variations (7.78), we have a variational equation for arbi-
trary functions of €%, 0,6, 0,6, 0,0rp:, 0,0104p. Each coefficient of
five terms are required to vanish. From the symmetry of the coefficient
of 0,0kt (= 0,0, ) with respect to exchange of k and v, we have

OLs 0L
DAy "0

Hence, the derivative terms Ay, should be contained in L4 through the
combination,

A[k:,u] = -Ak:;l/ - Al/;k-
In the present case, Ay = Ox f. Then, we have Ay, ) = 0,0cf — 0O, f = 0.
Therefore, the Lagrangian L 4 is not able to contain the derivative terms
Ak, and we have L4 (Ay). However, vanishing of the coefficient of 9,£* in
the variational equation requires 0L 4 /0Ay, = 0. Hence, L 4 is independent
of Aj as well. Thus, the Lagrangian L4 can contain only a scalar function
(if any, say e(x)) independent of A: L = La(e(x)).

7.9.2. Lagrangian of background thermodynamic state

According to the physical argument in §7.2.1 and [Kam03a; KamO03c]
regarding the Lorentz invariance of a mechanical system, it is found that
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the scalar function (implied in the previous section) should be the internal
energy €(p, s) (per unit mass) and the Lagrangian L4 can be given as

L.= —/ e(p, s)pdV, (7.80)
M

where p is the fluid density and s the entropy. Thus, the thermodynamic
state of a fluid is regarded as the background field, which is represented
by the internal energy e of the fluid, given as a function of density p and
entropy s (in a single phase) with € and s defined per unit mass.

On the other hand, the Lagrangian of the fluid motion is

Ly = %/(u,u>d3a (7.81)

(see (7.37)), where (u,u) = u'u! = vlu! + uu? + udud.

7.10. Hamilton’s Principle for Potential Flows

On the basis of the preliminary considerations with respect to the transla-
tional invariance made so far, now, we can derive the equation of motion
on the basis of the Hamilton’s principle by using the total Lagrangian Lp
to be defined just below. To accomplish it, some constitutive or constraint
conditions are required for the variations of the Lagrangian of an ideal fluid.

7.10.1. Lagrangian

According to the scenario of the gauge principle, the full Lagrangian is
defined by

Lp :ZLF—FLE:/

%(u,u)pdV—/ e(p,s) pdV, (7.82)
M

M

where u = D;x. The first integral is the Lagrangian of fluid flow includ-
ing the interaction with background field which is represented by A« in
u = D;x.'® The second is the Lagrangian of a thermodynamics state of
background material. The action principle is given by 61 = 0, i.e.

ty
51 = / SLp dt = 0. (7.83)
to

8Dz = Orx + Az = Az = (u - V) = u. If x is substituted by x,(t), Drz = dxp/dt.
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7.10.2. Material variations: irrotational and isentropic

We carry out material variations in the following way. All the variations
are taken so as to follow particle displacements. Writing an infinitesimal
variation of the particle position as dx, = &(x,t) and the variation of
particle velocity as Au,, we have

Ty — Ty + E(g, ), (7.84)
U — Ug + Au, = u(x,) + (€ V)u + D, (7.85)

(see (7.51), (7.52)), where x,(t) := x(t, @) denotes the position of the par-
ticle a. The displacemnet £(x) must be irrotational, i.e. £ = grad . All the
variations are taken so as to satisfy the mass conservation.

Variations of density and internal energy consist of two components:

Ap=&-Vp+dp, Ae =& Ve + de. (7.86)

The first terms are the changes due to the displacement &, while the second
terms are proper variations explained below. The entropy s (per unit mass)
is written as s = s(7, a), and the variation is carried out adiabatically,

5s =0, (7.87)

i.e. isentropically. Such a fluid is called an ideal fluid. Namely, in an ideal
fluid, there is no mechanism of energy dissipation and the fluid motion is
isentropic. Sometimes such a fluid is called an inviscid fluid too, because
kinetic energy would be dissipated if there were viscosity.

On the other hand, variation §p of the density is caused by the change of
volume dV composed of the same material mass pdV which is fixed during
the displacement dx, = &(x,t). The condition of the fixed mass is given by

0(pdV) = (6p)dV + p(6dV) = (6p + pdiv€)ddV =0, (7.88)
where ddV = div&dV. Hence, we have
op=—pdiv€. (7.89)

Invariance of the mass pdV along the flow is Dy(p,dV) = 0. From the
kinematical argument (§7.8.3), we have obtained the following equation of
continuity,

Dip + pdiv(u) = Op + div(pu) = 0. (7.90)

This must be satisfied in all variations as a kinematical constraint.
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Similarly, ds = 0 of (7.87) implies that 0,s(7,a) = 0, i.e. the entropy
s is invariant during the motion of particle a. This may be represented
alternatively by Lxs = D;s = 0 for the 0-form s with X = 0; +u - V:

0,s=Dys=0s+u-Vs=0. (7.91)

Then, proper variation of the internal energy €(p, s) is expressed in terms
of the density variation dp only by using (7.87), since

Oe Oe P
de=—90 —0s =0 7.92
€= 9,00t 950 = 2o (7.92)
where p is the fluid pressure, since dt/0p = p/p>.
The variation field &(x,t) is constrained to vanish on the boundary
surface S of M, as well as at both ends of time tg, t; for the action I:

&(xs,t) =0, forany vt, for xs € S =0M, (7.93)
&(x,tg) =0, &(x,t1) =0, for Va € M. (7.94)

7.10.3. Constraints for variations

As a consequence of the material variation,'® irrotational flows is derived
under the constraints of the continuity equation and the isentropic flow.
Schutz and Sorkin [SS77, §4] verified that any variational principle for an
ideal fluid that leads to the Euler’s equation of motion must be constrained.
This is related to the property of fluid flows that the energy (including the
mass energy) of a fluid at rest can be changed by adding particles (i.e.
changing density) or by adding entropy without violating the equation of
motion. (In addition, adding a uniform velocity to a uniform-flow state
is again another state of uniform flow.) They proposed a minimally con-
strained variational principle for relativistic fluid flows that obey the con-
servations of particle number and entropy. However, gauge principle in the
current formulation was out of scope in [SS77]. Actually, they showed only
the momentum conservation equation derived in the Newtonian limit from
their relativistic formulation which is gauge-invariant in the framework of
the theory of relativity.

19Tn most variational problems of continuous fields, both coordinate and field are varied.
It is said that a variation of coordinate is external, whereas field variation is internal. In
the material variation, both variations are inter-related.
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7.10.4. Action principle for Lp

We now consider variation of each term of (7.82) separately.

(i) Variation of the first term (denoted by Lp) is carried out as follows.
Variation of the integrand of Ly is composed of two parts:

€ V3w u)pdV] +6[3(u,u)pdv]. (7.95)
The first is the change of integrand due to the displacement £ and the
second is the proper change by the kinematical condition, as explained in

(7.86) for p and e separately. It is useful to note the vector identity:

£ V[F(x)dV] = (&- VF)AV + F¢ - V(dV)
= (&- VF)AV + F(div€)dV = div[F(z)€]dV

If F is set to be 3 (u, u)p, this becomes the first term of (7.95). The equality

&€-V(dV) = (div€)dV is obtained by setting udt = £ and 6dV = £ - V(dV)
in (7.73). Thus, the variation of Ly is given by

OLp = /M (div[$(w, u)p £]dV + 0[5 (u,u) pdV])
= f %<u»u>p<n»£>d5+/ (u, Dy€)pdV (7.96)
S M

since §(pdV) = 0 and du = D;&, where n is the unit outwardly normal to
S. The first term vanishes due to the boundary condition (7.93). Thus,

0Lp = /M<u,Dt£>pdV = /M D, [(u, &)pdV]

- [ Pawgpav - [ wgpifoav] (7.97)
M M
=0 [ [weoav] - [ Dug)pav. (7.98)

where f o and Dy are interchanged uniformly) and D; is replaced with
0; in the last equation, because the integral f v is a function of ¢ only.
The last term of (7.97) disappears due to the kinematical condition (7.76)
with (7.90).
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(ii) Variation of the second term (denoted by L) of (7.82) is given by

—0L. = /M (div(ep&)dV + d[e(p, s)p(x)dV])

— § comeas+ [ slelp.s]pav.
S M

analogously to (7.96). The first term vanishes due to the boundary condition
(7.93), and 6(pdV') = 0 is used for the first term. Thus, we obtain

0L = —/ de(p, s)pdV = —/ %6ppdV,
M M P

from (7.92). Substituting in (7.89),

6L, = /MpdiVEdV = fgp(mﬁ)ds - /M<gradp7 §)dv. (7.99)

The first surface integral vanishes by the condition (7.93), but is retained
here for later use.

Thus, collecting (7.98) and (7.99), the variation of the action I is
given by

t1
51 = / (6L + 6L.)dt

L '

= [/M<u7£>pdV} : +/t: dtfgp(n,ﬁ)ds

ty
- / dt/ {(Dyu+ p~'gradp), & )pdV. (7.100)
to M

The first line on the right-hand side vanishes owing to the boundary con-
ditions (7.93) and (7.94). Therefore, the action principle § I = 0 leads to

Dyu + p tgradp =0,
or Oyu+ (u-V)u+p 'gradp =0, (7.101)

for arbitrary variation £ under the conditions: & = grad .
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Equation (7.101) must be supplemented by the equation of continuity
(7.90) and the isentropic equation (7.91):

Op + div(pu) = 0, (7.102)
Os+u-Vs=0. (7.103)

As a consequence of the isentropy, the enthalpy h := € + p/p is written as
dh = p~tdp + Tds = p~dp. (7.104)
Using this in (7.101), we obtain the equation of motion for potential flows:
dyu + grad (3|ul?) = —grad h, (7.105)

since (u - V) u' = 9;(|u|?) for u = grad f. As a consequence, Eq. (7.105)
ensures that we have a potential flow represented as u = grad f at all times.
Substituting w = grad f, we obtain an integral of (7.105):

Oif + 3lgrad f|* + h = const. (7.106)

It is remarkable that the equation of motion is integrable. It is interesting
to recall that the flow of a superfluid in the degenerate state is irrotational
[SS77; Lin63] (see the remark of §7.7.3).

The degenerate ground state is consistent with the Kelvin’s theorem of
minimum energy [Lamb32], which asserts that a potential flow has a mini-
mum kinetic energy among all possible flows satisfying given conditions.?°

This is not the case when we consider motion of fluids composed of dis-
tinguishable particles like ordinary fluids. Local rotation is distinguishable
and there must be a formal mathematical structure to take into account the
local rotation of fluid particles. The analysis in the present section should
apply to the former class of fluids, whereas the latter class of ordinary fluids
will be investigated next.

20Suppose that the velocity is represented as u = V¢ 4+ u/ with diva’ = 0 and divu =
V24 (given), and that the normal component m - u’ vanishes and n - u = n - V¢ is
given on the boundary surface S (n being a unit normal to S), where ¢ is a scalar
function solving V2¢ =given with values of m - V¢ on S. Then J (Vo + u’)2d3:c =
[(V)2d3z + [ (v)2d3x +2 [5 ¢’ - ndS = [ (V¢)2d3z + [ (v)2d3z > [ (V¢)2id .

(This is a proof generalized to a compressible case.)
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7.11. Rotational Transformations

So far, we have investigated the translational symmetry, which is commu-
tative. From this section, we are going to consider the rotational trans-
formation briefly considered in §7.6.2. Related gauge group is the rotation
group SO(3) (Appendix C), i.e. a group of orthogonal transformations of
R3 characterized with unit determinant, det R = 1 for R € SO(3).

7.11.1. Orthogonal transformation of velocity

Consider the scalar product of velocity v, i.e. (v, v) which is an integrand
of the Lagrangian Lr. With an element R € SO(3), the transformation of
a velocity vector v is represented by v’ = Rwv. Then, the magnitude |v]| is
invariant, i.e. isometric: |v'|?> = (v’,v') = (v,v). This is equivalent to the
definition of the orthogonal transformation (Fig. 7.9). In matrix notation
R = (R’), a vector v* is mapped to (v')" = R} v/, and we have

(v, 0") = (V) () = Réij};vk =oFok = (v,v).
Therefore, the orthogonal transformation is described by
R Ry, = (RT)] Ry, = (RTR)} = 4, (7.107)
where RT is the transpose of 'R and found to be equal to the inverse R~1.
Using the unit matrix I = (67,), this is rewritten as
RTR=RRT =1. (7.108)

Taking its determinant, we have (det R)? = 1. Note that every element R
of SO(3) is defined by the property det R = 1.

The Lagrangian Ly is invariant for a fixed R. In fact, the mass in a
volume element dV is invariant by the rotational transformation:

Fig. 7.9. Orthogonal transformation.
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Rp(x)dV] = p(x) R[dV] = p(x)dV, since scalar functions such as p(x) are
not influenced by the rotational transformation and the volume element is
invariant. Thus, Ly has the global gauge invariance.

Likewise, it is not difficult to see that the Lagrangian Ly is invariant
under a local transformation, v(z) — v'(z) = R(x) v(x) depending on each
point @, where R(z) € SO(3) at Y& € M, becasue the above invariance
property of rotational transformation applies at each point.

7.11.2. Infinitesimal transformations

For later use, we take an element R € SO(3) and its varied element R’ =
R+ 0R with an finitesimal variation § R. Suppose that an arbitrary vector
vg is sent to v = Rwvy. We then have dv = Rvy = (JR)R™'v, so that
v + 0w is represented as

vov+dv=(I+(RR o= (I+0)v

where § = (SR)R™! is skew-symmetric for R € SO(3).2! This term
9 = (SR)R™! is an element of the Lie algebra so(3), represented as
= 6Fe;, in §7.6.2 where (ey,eq,e3) is the basis set of the Lie algebra
( ) (Appendix C.4). 6 is a skew-symmetric 3 X 3 matrix. Analogously to
(7 22), the infinitesimal gauge transformation is written as

R(z) = explf] = I + 6+ O(|0]?)
=TI+ (0'er + 0%e2 + 0%e3) + O(|0)?), (7.109)

where 0% € R, || < 1. The operator § = (0%) = 6*e, describes an
infinitesimal rotation, where 6 = (6*,6%,0%) is an infinitesimal angle vec-
tor (Fig. 7.10). Then, an infinitesimal rotation of the displacement vector
s = (s',52,5%) is given by (7.44). According to (7.49), the same local rota-
tion is represented by %wg X 8, where %wf = écurlf corresponds to 0.

It is remarkable that the local rotation R(x) of velocity u gives rise to a
rotational component in the velocity field v(z)(= R(z)u(x)) even though
u(x) is irrotational. In fact, the velocity v is

w(z) — v =expld(z)] u~u+0u=u+0xu. (7.110)

218ince RRT = I and (R + 0R)(R + 6R)T = I from (7.108), we have (SR)R™! +
(R~HT(SR)T = 0.
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Fig. 7.10. Rotational transformation.

The transformed field v = R(z)u(z) is rotational. The second term can be
represented in terms of a vector potential B and a scalar potential f’ as

0 x u = curl B+ grad f', (7.111)

(together with the gauge condition, div B = 0, to fix an additional arbi-
trariness). Taking curl,

curlv = curl (6 x w) = curl (curl B) = —V? B,

which does not vanish in general, where V? is the Laplacian. The vector
potential B is determined by the equation, V2 B = —curl (é x u). Thus, it
is found that the rotational gauge transformation introduces a rotational
component. Henceforth, it is understood that the vector v denotes a rota-
tional velocity field.

This property distinguishes itself from the previous translational trans-
formation which preserves irrotationality (§7.7.3). A gauge-covariant deriva-
tive is defined in the next section by introduing a gauge field 2 with respect
to the rotational transformation.

7.12. Gauge Transformation (Rotation)

7.12.1. Local gauge transformation

The rotational symmetry of the flow field was considered in §7.6.2, where
¢ and g} are defined as ¢' = s’ and ¢} = Dyq'(s) = u'(x) + s/ O;ju’(x).
Namely, ¢(= s) is a local displacement vector and ¢; = D;q ~ u(x + s).

Suppose that, in order to satisfy the local rotational gauge invariance,
an old form L’(q, ¢:) of the Lagrangian is modified to

L"(¢,q,Q), g¢: = Dug, (7.112)
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where the third variable €2 is the newly introduced guage field. Assume that
the local transformations are represented by

q=(s") = ¢ =q+dq, 8q' = 0°(m,t) ely; ¢ = (6 x 8),
q — q; = q: +0q:,  0qs = Dy(dq), (7.113)
Q - =0+60, 0% = e€up,0° QU —D,o°.

7.12.2. Covariant derivative V;

Local invariance of L” under the above transformation is given by

6L// 6L// aL//
5+ 2 50+ 2 50— 0.
ag %1 5g, 21T 0

5L =

Substituting (7.113) and setting the coefficients of #° and D;0” to be zero
separately, we obtain

8L// i . 8L// i . 6L//
0= bi® + g i % + pom e, (7.114)
8L// . . aL//
0= ——5¢s;4 ~ 305" 7.115
aqi P17 T 08 (7.115)

The second equation (7.115) means that the gauge field Q is contained in
L" only through the combination expressed as

D.¢' + QF e%j ¢ =Dig' + (Q x 8)" =: V;q', (7.116)
where Q = (Q7). Thus, a new velocity v is defined by V,q¢':

v = V4q, vx+s)=ulxz+s)+Qxs. (7.117)
Variation of V.q defined by (7.116) is given as

0Viq = 0%(x,t) eq Viqg = 0% (x, t) eéj Vi, (7.118)

Using v, this is dv = 6%(z,t) e}, ; v/ = 0 x v.
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7.12.3. Gauge principle

According to the gauge principle, the operator Dy is replaced by the covari-
ant derivative V; defined by

Vi=D; +Q, (7.119)
where the gauge-field operator €2 is characterized by
Q=0%,, Q=0%, Q =-0.
According to the previous section, the Lagrangian is written as

L"(q, at,59) = L(q, Viq). (7.120)

Using this form, we have the relations:

aL"” _ 9L OL ej Relt

o 00Ny g pivea OV lgipived @17 (7.121)
oL _ oL oL _ oL e g '

9q; OV:ig! q:fi:ved7 e OVig! q:fized (a)d

In addition, global invariance of L(q, Vq) for the variations d¢q and (7.118)
results in
oL" , n OL
— ey — e
6qz B 4 8th3 q:fized
Substituting (7.121) into (7.114) and using (7.122) and (7.116), it can be
verified that Eq. (7.114) is satisfied identically.

Therefore, replacing the differential operator D; in (7.98) with V,, we
obtain the variation 0Ly of (7.98) for the rotational symmetry as

5;(Vig)) = 0. (7.122)

0Ly = 0, /M [(v,&)pdV] — /M (Viv, €)pdV. (7.123)

7.12.4. Transformation law of the gauge field )

We now require that not only the Lagranginan but its variational form
should be invariant under local rotational transformations. We propose the
following replacement:

Dyv — V,v :=Dyv + Qv = dv + grad (v2/2) + Q x v, (7.124)

where Dyv = 9;v + grad (3v?) defined by (7.69), and Q is the gauge-field
operator, € € so(3), i.e. a 3 x 3 skew-symmetric matrix, and Q) the axial
vector counterpart of ).
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Recall that local translational gauge transformation permits a term of
the form Qo for Av (§7.7.2). In the previous translational gauge invariance,
this term must vanish to satisfy the global transformation. However, it will
be seen that the term v makes sense in the present rotational transfor-
mation.

According to the scenario of the gauge principle (e.g. [Qui83; FUS6]), the
velocity field v and the covariant derivative Vv should obey the following
transformation laws:

v — v = expld(t, z)] v (7.125)
Vv — Viv' = expld(t,z)] Viv (7.126)

where 6 € so(3), i.e. § being a skew-symmetric matrix.??

From the above equations (7.124)—(7.126), it is found that the gauge
field operator 2 is transformed as

Q-0 =e’Qe? — (Dy e)e ?. (7.127)

Corresponding to the infinitesimal transformation, we have the expansion,
e? =146+ (|0]?). Using 56 instead of 6,

v =(1+60)v=1v+30xw, (7.128)
up to the first order, and the gauge field Q) is transformed as
Q— Q' =040 x Q — D, (66). (7.129)

The second term on the right-hand side came from §0Q — Q§6. This is
equivalent to the non-abelian transformation law (7.26) for the Yang-Mills
gauge field A, (only for p = t) if 2¢A,, is replaced by Q and 2ga by —d6.

7.13. Gauge-Field Lagrangian Lg (Rotational Symmetry)

Let us consider a possible type of the Lagrangian L g for the gauge potential,
newly defined by A for the rotational symmetry.?3 Its relation with the

22The property 0, Q € so(3) means that we are considering the principal fiber bundle.
23Note that the new notation Ay of the gauge potential for the rotational symmetry
is used by the analogy with the electromagnetic gauge potential. This is completely
different from the gauge field Ay (no more used below) of the translational symmetry.
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gauge field €2 will be considered elsewhere. Suppose that
LB = LB(AkHAk‘;l)’ Ak‘;l = (91Ak = 8Ak/8ml

In an analogy with the electromagnetism, it is assumed that variations are
assumed to be a potential-type, i.e.

5Ak = ak¢, }
7.130
0Agy = A(6Ax) = 010k, ( )

and in addition, it is required that the Lagrangian Lp is invariant with
respect to such variations:
OLp

6Lp = =B 54, + OLp

—— 0Ak,; = 0.
0Ay K 3Ak;l wit =0

Substituting the variations (7.130), we have a variational equation for arbi-
trary functions of Oy ¢, 0;0k¢. From the symmetry with respect to exchange
of k and [ of 0;0;¢, the vanishing of the coefficient of 9;0x¢ is

OLp OLp

0Ar,  0An,

Thus, the derivative terms Ay, should be contained in Lp through
By = Op A1 — O Ak = A — Agyt. (7.131)

In addition, the vanishing of the coefficient of Ox¢ is OLp/0Ar = 0. Thus,
the Lagrangian Lp depends only on By;: L = Lg(By).

According to the theory of electromagnetic field, we define 1-form A!
and its associated 2-form B? in the case of constant density p by

Al = A deb = Ay dat + Ag da? + As da®,
2 1 1 2 2 3 3 1 (7.132)
B = dA" = Biadx' Adx® + Basdx® Adx® + Bspdz® Adx,

where (7.131) is used. One can define a 1-form version of B? by

Bl = Bk d.’Ek7 Bz = €ijk 8]-Ak, (7133)
In addition, we introduce a vector V! defined by
VI = Vida® = Vida' + Vo da? + Vs da?, (7.134)

B:=pV =(pVx), (p=const). (7.135)
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A scalar depending on By; quadratically is defined by the following external
product (since V! depends on By linearly):

VIAB? = (V,B)d’z = (V,V)pd’x.

Then, a quadratic Lagrangian is defined by
Lp= %/(V,B>d3x = %/(V, V) pdie. (7.136)

Its generalization to variable density is considered in §7.16.5 (with no formal
change). Thus, it is concluded that the total Lagrangian Ly is defined as

Ly = %/M@;,v}pd?’:c—/Me(p,s)pd3w+%/M<V,B>d3:c. (7.137)

7.14. Biot—Savart’s Law

7.14.1. Vector potential of mass flux

With respect to the newly introduced field A, we try to find an equation
to be derived from the total Lagrangian Lp with respect to the variation
of the gauge potential A = (A;) with other variables fixed.

Before carrying it out, we first take differential dL, obtained by the
difference of values of the integrands at two infinitesimally close points @
and x + da. It is assumed that the density p is a uniform constant. Since
p is constant, we obtain

dLr =p / (v,dv)d*z — p/ de(p, s)d*x + p / (V,dV)dz,
M M M
where pV = B = curl A, and
dv =v(x+dz) —v(z), dV =V(x+dx) - V(z)=p 'curldA.

Using the relation dv = V,dx, and carrying out integration by parts, we
obtain

dLr = [ (Vwda)dz—p [ deder [ (av.da)de,
M M M

where Vv = 9v + V(5 0?) +Oxvand Qy =V x V.



232 Geometrical Theory of Dynamical Systems and Fluid Flows

Now, consider variations of the gauge fields
0A, pdV =V x30A, 00y =V xdiV,

with v(x), dx being held fized with p as a constant. Assuming that
6Qy (x) = 69, and collecting nonzero terms from the first and third terms
of dLt and setting dLt = 0, we obtain

/ (59, [-pv x dz +2dA] ) d*z =0.
M

The last equation must hold for arbitrary 6$). Hence, we obtain
dA = lpv xdz,  d4; =1Le poidat. (7.138)
Taking curl of A (equal to B), we have
EapyOgAy = %Eamgw-k pv? axk/axﬂ = pPUq-
Thus, we find a connecting relation between v and A:
VxA=B=pv (p: const). (7.139)

This means that the gauge potential A is the vector potential of the mass-
flux field pv(x), which reduces to the stream function in case of two-
dimensional flows. Taking curl again, we obtain

O=VxV=p'VYxB=Vxv=uw, (7.140)

where w = V X v is the vorticity. This is just the Biot—Savart’s law between
the vorticity w and the gauge field V = B/p.

This is analogous to the electromagnetic Biot—Savart’s law j =V x B,,
beween the electric current density j and and the magnetic field B, (an
electromagnetic gauge field).

As a result, the covariant derivative Vv is given by

Viv=0w+V (30} +wxv=0v+ (v V). (7.141)

The last expression denotes the material derivative in the rotational case,
where an vector identity in R? is used.?* In terms of the particle coordinate
a, Eq. (7.141) is rewritten as

Vv = 0:9(T, @) |a=const- (7.142)

2y x (Vxv) = V(%|v|2) — (v V).
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7.14.2. Vorticity as a gauge field

In the previous section, we have found that the gauge operator Q is in fact
the vorticity by the assumption of the relation 6Q4 = 6. The equality
() = V x v can be verified from the requirement of Galilei invariance of the
covariant derivative Vv of (7.124), as follows.

Applying (7.7) and (7.8) (e.g. v is replaced by v. + U), the covariant
derivative V,v = v 4 grad(v?/2) + Q x v is transformed to

(O, U V)0, +U)+ V. 3o, + U +Q x (v, +U)
=0, v, + V, (v2/2) +Q x v,
—(U -V v, +Qx U+ V. (v, - U),

since U is a constant vector and V,(U?) = 0. We require that the right-
hand side is equal to 9;, v, + V. (v2/2) + Q. x v,, therefore

0=(Q-Q)xv,— (U -V ). +Qx U + V. (v, -U)
= (- Q) x v+ (Q - V. xv,) xU, (7.143)

where the following vector identity was used:
Ux(Vexwv,)=—(U-V.)v, + V(U -v,),
with U as a constant vector. Equation (7.143) is satisfied identically, if
O=Vxv, Q=V.xv,=Vxov=QQ. (7.144)

The second relation holds by the Galilei transformation (7.8). Thus, the
Galilei invariance of Vv results in the first relation, i.e. the gauge field €
coincides with the vorticity: w =V X v.

7.15. Hamilton’s Principle for an Ideal Fluid
(Rotational Flows)

We now consider the variational principle of general flows. By the require-
ment of local rotational gauge invariance in addition to the translational
one, we have arrived at the covariant derivative (7.141), that is the material
derivative of velocity. The variation should take into account the motion of
individual particles, as carried out in §7.10 for irrotational flows. The gauge
invariances require that laws of fluid motion should be expressed in a form
equivalent to every individual particle.
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7.15.1. Constitutive conditions

In order to comply with two gauge invariances (translational and rota-
tional), we carry out again the material variations under the following three
constitutive conditions.

(i) Kinematic condition: The x-space trajectory of a material particle a is
denoted by x,(7) = (7, a), and the particle velocity is given by

v(r,a) = 0.x(7,a) (7.145)

(Lagrangian representation). All the variations are taken with keeping a
fixed, i.e. following trajectories of material particles. During the motion, the
particle mass is kept constant. As a consequence, the equation of continuity
must be satisfied, which is given by (7.90) with w replaced by v. In the
Eulerian representation, the velocity field is written by

v =v(t,x). (7.146)

(ii) Ideal fluid: An ideal fluid is characterized by the property that there
is no disspative mechanism within it such as viscous dissipation or ther-
mal conduction [LL87, §2, 49]. As a consequence, the entropy s per unit
mass (i.e. specific entropy) remains constant following the motion of each
material particle, i.e. isentropic. This is represented as s = s(a), and its
governing equation is given by (7.103) with w replaced by v. The fluid is
not necessarily homentropic, i.e. the entropy is not necessarily constant at
every point.

(iii) Gauge covariance: All the expressions of the formulation must satisfy
both global and local gauge invariance. Therefore, not only the action I
defined just now, but also its varied form must be gauge-invariant, and the
gauge-covariant derivative V; of (7.141) must be used for the variation.

7.15.2. Lagrangian and its variations

Total Lagrangian of flows of an ideal fluid was given by (7.137), which is
reproduced here:

LT:LF+L6+LB:%/

(v,v)pd’z — / elp, s)pd®x + Ly,  (7.147)
M M

where Lp is the Lagrangian depending on the gauge potential A which is
assumed to be a function of @ only and depends on & and ¢ only through the
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function a(x,t). The Lagrangian Ly is invariant with respect to the mate-
rial variation, and its explicit form will be given in the next section (§7.16.5).

The action principle is 61 = j;tul SLt dt = 0. Variations of the
Lagrangian Lt are carried out in two ways, with an analogy in mind of
the case of quantum electrodynamics (QED), which is summarized briefly
in Appendix I. In the QED case, the total Lagrangian density is composed
of A1, A,,) of matter field ¢ and Ap(= —(1/167)F,, F'*") of the gauge field
A,,. The variation of A(y, A,) with respect to the wave function ¢ (with
A, fixed) yields the QED equation, i.e. the Dirac equation with electro-
magnetic field, while the variation with respect to the gauge field A4,, (with
¥ fixed) yields the equations for the gauge field, i.e. Maxwell’s equations of
electromagnetism.

In the present case of fluid flows, the equation of motion is derived
from the variation with respect to the particle position ¢, in the x-space
by keeping a (therefore A(a)) fixed. This is called the material variation.
This will yield the Euler’s equation of motion.

In §7.14.1, we carried out the variation of the gauge potential A with
other variables (such as v(x), de and a(x)) fixed, under the condition of
constant density p. There, we found the relation curl A (= B) = pv and
curl B = pw (Biot-Savart’s law). This is a connecting relation between the
vorticity field w(x) and the gauge field B(x).

Our system of fluid flows allows a third variation which is the varia-
tion with respect to the particle coordinate a in the a-space by keeping
x, v(x) and p(x) fixed. This is called particle permutation. This variation
yields a gauge-field equation in the Lagrangian coordinate a-space. The a-
variation is related to the symmetry of Lagrangian with respect to particle
permutation, which leads to a local law of vorticity conservation, i.e. the
vorticity equation. It is seen that there is a close analogy to the electro-
magnetic theory in this framework of the gauge theory (see comments in
§7.14.1, 7.16.5).

In §7.15, we only consider the material variation, and the particle per-
mutation symmetry will be considered in §7.16.

7.15.3. Material variation: rotational and isentropic

According to the scenario outlined in the previous subsections, we carry out
an isentropic material variation. As a result of the variation satisfying local
gauge invariance, we will obtain the Euler’s equation of motion for an ideal
fluid. In addition to the conservation of momentum associated with the
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translational invariance (considered in §7.4 briefly as a Noether’s theorem),
we will obtain another Noether’s conservation law, i.e. the conservation of
angular momentum, from the SO(3) gauge invariance.

All variations are taken so as to follow particle displacement (a, B(a):
fixed) under the kinematical constraint (7.90) and the isentropic condition
(7.103). Associated with the variation of particle position given by

Ty — Tq + E(x40, t), (7.148)
the variation of particle velocity is represented by
v(xq) = V(@ + &) + Deb(wa) =v + (£ V)v + Dif (7.149)

up to O(|€|) terms (see (7.85) and Fig. 7.11). Variations of density and
internal energy consist of two components as before:

Ap=&-Vp+dp, Ac=E-Ve+ de. (7.150)

It is assumed that their variations are carried out adiabatically:
85 =0. (7.151)
The appropriate part dp of the density variation is caused by the displace-
ment dx, = &(x,t). From the condition of fixed mass, we have, as before

(§7.10.2),

o0p = —pdivé. (7.152)

Av,=(¢-V)v+D,¢

Fig. 7.11. Material variation.
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Then, the proper part de(p, s) is expressed in terms of the density variation
dp and the pressure p:

de=—308p+ — s = = dp. 1
p +6 s pr (7.153)

The variation field &€(x,t) is constrained to vanish on the boundary surface
S of M, as well as at both ends of time tg,t; for the action I:

&(xs,t) =0, for any t, for zg € S = OM, (7.154)
&(x,ty) =0, &(x,t1) =0, for e e M. (7.155)

7.15.4. Euler’s equation of motion

It is noted that the variations of &,, v, €, p and s, given in (7.148), (7.149)-
(7.153), are different from those of irrotational case (§7.10.2) in the sense
that those are extended so as to include rotational components, although
their precise expressions look the same. Therefore, formal procedure of the
variation of the Lagrangian Lt does not change. But, new consequences
are to be deduced in the following sections.

Using (7.147), the variation 01 is given by

e[ o] [ af s

t1
_ / dt / (Vv + p'gradp),€) pdV,  (7.156)
M

which is the same as (7.100) in the formal structure except V; replaces D,
(see (7.123)). The first line on the right-hand side vanishes owing to the
boundary conditions (7.154) and (7.155). Thus, the action principle 6 I =0
for arbitrary £ results in

1
Vv + ;Vp =0, (7.157)

under the conditions (7.151) and (7.152). This is the Euler’s equation of
motion. In fact, using (7.141), we have

0w + (v V) v = f% vp. (7.158)
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Using another equivalent expression of Vv in (7.141) and the thermody-
namic equality (1/p)Vp = Vh (see (7.104)), this can be rewritten as

dv+wxv+V(:v?)=-Vh (7.159)

This equation of motion must be supplemented by the equation of continu-
ity and the isentropic equation:

Owp + div(pv) = 0, (7.160)
Os+v-Vs=0. (7.161)

Note: The form of Lagrangian Lt of (7.147) is compact with no constraint
term, and the variation is carried out adiabatically by following particle tra-
jectories. In the conventional variations [Ser59; Sal88], the Lagarangian has
additional constraint terms which are imposed to obtain rotational compo-
nent of velocity field.?® In the conventional approaches including [Bre70],
the formula (7.141) for the derivative of v is taken as an identity for the
acceleration of a material particle without any further interpretation. How-
ever, in the present formulation, the expression (7.141) for Vv is the covari-
ant derivative, an essential building block of gauge theory. There is another
byproduct of the present gauge theory for the vorticity equation, which will
be described in §7.16.

7.15.5. Conservations of momentum and energy

We now consider the Noether’s theorem as a consequence of a symme-
try of the system, which applies to every variational formulation with a
Lagrangian.

We consider the global gauge transformation, & — x+ £ with a constant
vector & € R3 (where a is fixed so that Lp does not change), which is a
uniform translation. Variation of the Lagrangian 6 Ly = §Lg + dL. due to
this transformation is

SLt = 6Ly + 6L, = 8, / (v,€) pdV—i—]{ (n, €)dS

/ dt/ Vtv—i—p gradp) £> pdV. (7.162)

25 Although the Lin’s constraint yields a rotational component [Lin63; Ser59; SS77;
Sal88], it is shown that the helicity of the vorticity field for a homentropic fluid in
which grads = 0 vanishes [Bre70]. Such a rotational field is not general because the
knotted vorticity field is excluded.
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(see (7.156), (7.98) and (7.99)). This time, the second line vanishes because
of the equation of motion (7.157). Thus, the Noether’s theorem obtained
from 6Lt = 0 is as follows:

o /M (v,€) pdV + fs p (n,€)ds =0,

for any compact space M with a bounding surface S. Since £ is an arbitrary
constant vector, this implies the following:

O / v pdV = —j{ pndS. (7.163)
M s

This is the conservation law of total momentum. In fact, the left-hand side
denotes the time rate of change of total momentum within the space M,
whereas the right-hand side is the resultant pressure force on the bounding
surface S, where —pndS is a pressure force acting on a surface element dS
from outside.

Equation (7.163) can be rewritten in the following way. Noting that
O [,y = [y Ve, and that

Vi(pv) = 0i(pv) +v - V(pv), Vi(dV) = (V- v)dV,
the left-hand side is rewritten as

/ [0:(pv) + V - pvv]dV, where (V - pvv)’ = O)(pv*v?).
M

The right-hand side is transformed to

—/MVpdV:—/MV-(pI)dV

where I = (d;;) is a unit tensor. Substituting these into (7.163), we obtain

the momentum conservation equationS:

A (pv) + V- (pvv + pI) =0, (7.164)

since Eq. (7.163) must hold with any compact M. This describes that the
change of momentum density pv is equal to the negative divergence of the

26The ith component of V - (p’U'U +pI) is O (pv*v® 4+ p ;).
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momentum flux tensor pviv* 4+ pdy, in the ideal fluid. Equation (7.164) is
decomposed to

p(Ow+v-Vo+p 'Vp) +v(p+ V- (pv)) =0.

Because of the continuity equation (7.160), this reduces to the equation of
motion (7.158).

Equation of energy conservation is obtained as follows. Taking scalar
product of v with the equation of motion (7.158) by using the enthalpy h
on the right-hand side, we obtain

O (30v*) + (v V) 3> =—v-Vh.

Add the null-equation 1v?(9;p + div(pv)) = 0 to this equation multiplied
with p, we obtain

6t(%pv2) +V. (%pvQ'v) =—pv-Vh.

Next, we note that d,e = (p/p?)0sip = —(p/p*)V - (pv) by using the conti-
nuity equation. Then, we have

Bu(pe) = (Bup) € + p (Bre) = ( ¥ i) V. (pv) =~V - (pv)
where h = € 4+ p/p. Adding the last two equations, we obtain
Ah[p(3v* +€)] + V- [pv(30* +h)] =0. (7.165)

This describes the change of energy density p(%’u2 + e) under the energy
flux vector p'v(%fu2 + h) in the ideal fluid.

7.15.6. Noether’s theorem for rotations

Next we consider a consequence of the rotational invariance. Global rota-
tional transformation of a vector v is represented by v(x) — v'(xz) = Rv(x)
with a fixed element R € SO(3) at every point ® € M, which is equiva-
lent to a uniform rotation. Let us take a rotation vector 60 = |5é| e of the
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rotation angle |60] about the axis e. Then, an infinitesimal global transfor-
mation is defined for the position vector x as

' =+ 00 x x. (7.166)

Next, we consider an infinitesimal variation of the Lagrangian (with A and
a fixed) due to this transformation. From (7.156), the variation is given by

)
olr =% /M<va€>PdV+7ip<£,n> ds
—/ <(Vtv+lvp), &) pdV. (7.167)
M p

where £ = 86 x & with a constant vector 60, and n is a unit outward normal
to S. The last term vanishes owing to the equation of motion (7.157). The
Noether’s theorem is given by § Lt = 0, which reduces to

gt/M<”’€($)>Pd‘/+/sp<£(ws)7n> ds = 0. (7.168)

Using & = 80 x x, it is verified that this represents the conservation of
total angular momentum. In fact, using the vector identity (v,d6 x x) =
(00, x v) =60 - (x x v) with 06 being a constant vector, the first term is

s 0 s 0
59-5/wavpdV—59-5L(M). (7.169)

The integration term denoted by L(M) is the total angular momntum of
M. Similarly, the second term is

aé./ 2 % (pndS) = —00 - N(S). (7.170)
S

The surface integral over S is denoted by —IN(S), since IN(.S) is the resul-
tant moment of pressure force —pndS acting on a surface element d.S from
outside. Since ¢6 is an arbitrary constant vector, Eq. (7.168) implies the
following:
0

g L(M)=N(S). (7.171)
Thus, it is found that the Noether’s theorem leads to the conservation law
of total angular momentum from the SO(3) gauge invariance.
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7.16. Local Symmetries in a-Space

It is instructive to formulate the action principle in terms of the particle
coordinates a = (a',a?,a®). First, the equation of motion will be derived
with respect to the independent variables (7, a). Next, local rotation sym-
metry concerning the a-coordinate results in an associated local conserva-
tion law of vorticity in the a-space. Recall that a = (a, b, c) is defined as

the mass coordinate in §7.8.1.

7.16.1. Equation of motion in a-space

Variation of Lt with respect to , in the x-space is written as

0Lt =6Ly + 0L, :/

(v,6v>d3a—/ 5e(p, 5) pdV, (7.172)
M M

under the condition that A and a are fixed so that 6 Lg = 0. In the first term
(denoted by 6Ly), pdV is replaced by d*a. In the second term (denoted by
0L.), we have kept the original form pdV by the reason that will become
clear just below.

Following the particle motion, the variables (a',a?,a®) = (a,b,c) are
invariant by definition, which is expressed as

D;a’ = dia’ 4 (v - V)a' = 0. (7.173)

In the variation @, — x, + dx, of (7.148), the particle which was located
originally at x, is displaced to a new position x, + dx, with the coordinate
a fixed. Suppose that the particle which was located at x, + dx, originally
had the coordinate a + da (Fig. 7.12), then we have

Szt = 821' sai, ba' = azk sk, (7.174)
BN x(a+da, 1)
s
X,=X(a, 1)

Fig. 7.12. Relation between dx, and da, with dv = 0 (dx4).
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As for de, using (7.153) and (7.152), we have de = —(p/p) div dx,. Then,

the variation of the second term 6L, = — fM de pdV becomes
0L, = / p (divox,)dV = f p(n,dxy,)dS — dx, - grad pdV
M 5 M
c0zk op 1
= 0wy )dS — 0a' — — — pd
jip(n,a;)S /Maaalf)xkppv
:?{p<n,5wa>d57/ (Vah,da) d*a, (7.175)
s M
0 dz* 0
Va = aai = W w, (7176)

where V,, is the nabla operator with respect to the variables a’, and V,h =
(1/p)Vap = (1/p)(0p/da’). Thus, we have obtained §L. represented in
terms of the coordinate a only.

We seek a similar representation of the first term of (7.172). Using the
relation dv* = 9, (62%), we obtain

OLg := /d?’a P SvF = /d3a o* 0 (02F)

_ 9 3. ks k 3 g 0k o
= 5 d’a v" oz, /d a 0;v Dl da (7.177)
. aﬁ / B vk o2k — / da (d, V., 6a), (7.178)
-

where v* = 9,2%, and 9,v" is defined by (7.142), and
d;Va = (0.0") V2" =0,V , — Va(v?/2), (7.179)

& ox*
Va = Vi Va, T, (Va)i = Uk 8ai . (7180)

Here a covector V' = (vy) is introduced by the definition, vy = dy, vh = ok,

The covector V, is the velocity covector transformed to the a-space. This
is seen on the basis of a 1-form V! defined by

Vi = vdat 4+ veda? 4 vzda® (:= V - dx) (7.181)
= (V,)1da! + (Vo)ada?® + (V,)3da® (:=V,-da).  (7.182)

Then, the variation of the action I with L+ = §Lg + § L. is given by

t1

SLrdr = —/dT/dSa ([d:V 4+ Vah],éa),

to
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where boundary terms are deleted by the boundary conditions (7.154)
and (7.155) as before. Thus the action principle 61 = 0 results in

d;Va+Vaoh = (005 V28 +V,h =0. (7.183)

This is the Lagrangian form of the equation of motion [Lamb32, §13].

7.16.2. Vorticity equation and local rotation symmetry

We next consider a symmetry with respect to particle permutation. Suppose
that a material particle a is replaced by a particle @’ of the same mass, and
that this permutation is carried out without affecting the current velocity
field v(x) and carried out adiabatically, hence s being invariant. Therefore,
we are going to investigate a hidden symmetry with respect to permutation
of equivalent fluid particles.

To be precise, suppose that the permutation is represented by the fol-
lowing infinitesimal variation of particle coordinates, a — a’ = a + da(a).
By this permutation, a fluid particle @ which occupied a spatial point x
shifts to a new spatial point &+ dx where a particle a’ = a+da(7, a) occu-
pied before, and the position & where a was located before is now occupied
by a particle a” (Fig. 7.13). Therefore, we have §z* = (9z*/da*) da’.

Since the particle a is now located at a point where the velocity is
v(a') = v(a) + év, Eq. (7.173) is replaced by

ora’ + (v +dv) - Va' = 0.

x(a, 1)

Fig. 7.13. Relation between dx, and da, with v(x) unchanged.
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Analogously, the equation for the particle a” = a — da + (|da|?) (derived
from the definition a = a” + da(r,a’)) is written as

Oi(a’ — da") +v -V (a' —da’) = 0.

Eliminating the unvaried terms between the two equations, we obtain
di6at + (v - V)da® = —(dv - V)a', which is rewritten as
; da® _
(97 da’' = _W&U y
where 9, da’ = 9,6a* + (v - V)da'. This equation can be solved for jv* by
multiplying dz*/0a’, and we obtain
oz ,
ook = —%&5@1(7’, a), (7.184)
since (9x*/0a?)(0a’ /027 )6v) = 5}“ Svl = vk,
Because the mass da’db'dc’ at a’ = (a/,b,¢’) is replaced by the same
amount of mass dadbdc at a = (a, b, ¢), we have

ad', b, )

ot ~ L (7.185)

For an infinitesimal transformation @’ = a+da(a) = (a+da(a), b+db(a), c+
dc(a)), Eq. (7.185) implies

osa o e
Oa b de

Such a divergence-free vector field da(r, a) is represented as

Sa =V, x6¥(a), (7.186)

by using a vector potential §¥ (7, a).%”

Variation of the Lagrangian is given by (7.172) again, and variations of
each term are given by (7.175) and (7.178) respectively, since the relation
between da’ and ! takes the same form as the previous (7.174) although
their background mechanisms are different. Assuming the same boundary
conditions (7.154) and (7.155) as before, both first terms of (7.175) and
(7.178) vanish.

27The expression (7.185) is called unimodular or measure-preserving transformation by
Eckart [Eck60]. See (7.176) for the definition of V.
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Substituting (7.186) into the second term of (7.175), we have
6L, = f/ (Vah,V, x §0)d%a
M
= —/ (Vo x Vah,6¥)d*a = 0, (7.187)
M

since Vo, x Voh = 0,28 where partial integrations are carried out with
respect to the a-variables.

By the particle permutation symmetry, it is required that the action [ is
invariant with respect to the variation (7.186) for arbitrary vector potential
dU(7,a). Using (7.178) and (7.187), the variation 1 is given by

ol = —/dT/d% (d; Vi, Vo x 60)

- —/dT/d3a (0:(Va x V), 60),

To obtain the integrand of the last line, we used the definition (7.179) of
d.V,:

Vo X d:Vy=V40x (0, Vy—Va(v?)2)) =0,(Va x V,).

The variation of the vector potential W is regarded as arbitrary, hence the
action principle §1 = 0 requires

0:(Va x V) = 0. (7.188)

This equation, found by Eckart (1960) [Eck60; Sal88], represents a conser-
vation law of local rotation symmetry in the particle-coordinate space, and
may be regarded as the vorticity equation in the a-space. Its x-space version
will be given next.

7.16.3. Vorticity equation in the x-space

To see the meaning of (7.188) in the a-space, it is useful to realize that
V. X Vg is the vorticity transformed to the a-space. Curl of a vector V, =
(Va, Vi, V) is denoted by Q, = (Qq4, 2, Q) := V4 X V. In differential-
form representation, this is described by a two-form Q2 = dV'! (using V!

28Salmon [Sal88] introduced the vector potential T = §¥(a) which has been later found
useful, but 6L = 0 is not mentioned explicitly.
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defined by (7.182)):
02 =dv! = Q.db A de+ Qpde Ada + Q.da Adb = 9, - S?
= widz? A da® 4+ woda® A dat + wada! Ada? = w - 5%, (7.189)

where w = V x v = (w1, we, ws) is the vorticity in the physical x space, and
the 2-forms s and S? are surface forms.?? From Eqs. (7.188) and (7.189),
one can conclude that

0=0,[Q 8% =0.[0% =0, [w-s?] =0. (7.190)
Let us introduce a gauge potential covector A, of particle coordinates
only: A,(a) = (Aa, Ap, A.), and define a 1-form Al by
Al = A,da + Apdb + Acde. (7.191)
The exterior product of Q2 and A' is
P AAY=(Q,, Ay)d®a, d’a=dandbAde (7.192)
In the © = (z,y, 2)-space, the same exterior product is given by
PAA = (w, APz, d’z=dzAdyAdz, (7.193)

where A is defined by (7.132). Relation between A and A, is the same as
that of V and V, in (7.181) and (7.182).

From the equality of (7.192) and (7.193) and d*a = pd*z, we obtain
the following transformation law between w and €2, [Sal88]:

(w, A) = p (s, As). (7.194)

The derivative 9/07 is understood to be the Lie derivative Lx with the
vector X defined by

X =0,| = 0 +v*(t, ) 0.

a:fixed

Thus, we obtain

0-19%) = Lx[Q%] = Lo, 1 or0, %] = Lo, %] + Lonp, [Q%] =0,

2982 = (dz? A dz?,dz3 A dat,dz! A dz?), and S? = (da? A da®,da® A dal,dal A da?).
For example, the db A dec component of V, X V' is given by

Q oV, oV, I5] ( 8&;]“) 15) ( azk)
o= —— ==\ =) — = vk = )-
b  dc b\ * ac ac\* "ap
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from (7.190). With the a-space notation, this is written as

Ow + curl(w x v) = 0. (7.195)
To verify this, we write Q2 = w - s2. Then,

L5, (9?) = (Ow) - s°.

Next, for £, with v = v*0j, we use the Cartan’s formula (B.20) (Appendix
BA4): £,0% = (doi, + i, od) Q2. Then,
L,(Q%) =doi,0%+i,0d0?
= d[(w x v) -dx] + i, (divw)d®z = [V x (w x v)] - 5%,
since divw = 0. Thus, we find the vorticity equation (7.195) from the equa-
tion above it.
It is remarkable that the vorticity equation (7.195) in the a-space has

been derived from the conservation law (7.188) associated with the rotation
symmetry in the a-space. In addition, using the vector identity,

Vx(wxv)=w - Viw+ (V- v)w—(w- V),

(since V- w = 0) together with the continuity equation (7.102), Eq. (7.195)
is transformed to the well-known form of the vorticity equation for a com-

-G e

7.16.4. Kelvin’s circulation theorem

pressible fluid:

The local law (7.188) in the a-space leads to the Kelvin’s circulation the-
orem. Consider a closed loop C, in a-space and denote its line-element by
da. Using (7.180), we have

V.- -da=wv-dz,, (7.197)

where dx, is a corresponding line-element in the physical x-space
(Fig. 7.14). Integrating (7.197) along a loop C, fixed in the a-space, we
obtain the following integration law:

an Va-da:aT/ (VaxVa)~dSa:/ 8, (Va x Vg)-dS, = 0,
Ca Sa Sa
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a-space X-Space
P P )

t+ At

Fig. 7.14. Closed material loops in a-space and a-space.

by (7.188), where S, and dS, are an open surface bounded by C, and its
surface element in a-space, respectively. Thus, using (7.197), we obtain the
Kelvin’s circulation theorem:

0- v-da, =0, (7.198)
Ca(Ta)

where C,(x,) is a closed material loop in x-space corresponding to C,,.
Bretherton [Bre70] considered the invariance of the action integral under
a reshuffling of indistinguishable particles which leaves the fields of velocity,
density and entropy unaltered, and derived the Kelvin’s circulation theorem
directly. The present derivation is advantageous in the sense that the local
form (7.188) is obtained first, and then the circulation theorem is derived.

7.16.5. Lagrangian of the gauge field

In view of the relation 2, = V, x V, we have the transformation,

/ (Q,, Ay)da :/ (Va, Vo x Ay)d?a, (7.199)

M, M,
by integration by parts (omitting the integrated terms). We seek a related
expression in terms of V, and B,. Using A', B?, B = V x A defined
in §7.13 and recalling A! of (7.191) in terms of A,, we have a 2-form
B? =dA":
B? = dA' = B,db Ade+ Byde Ada + B.da Adb = B, - S*

= B1dz? Ada® + Beda® Ada' + Bsdz' Ada? = B - 8%
This is analogous to Q2 = dV'! of (7.189). Thus, an exterior product of B?
and V! (defined by (7.181) and (7.182)) is

VIAB?=(V,, B,)d%a = (V,, V, x A,)d%a, (7.200)
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since B, = (Bq, By, B.) = V4 X A,. This is also written as
VIAB? =(V,B) &z = (V,V x A)d’z = (V,pV)d®z, (7.201)
where the gauge potential covector A is defined by
VxA=pV. (7.202)

It is understood that pV is the divergence-free part of the mass flux pwv
(see (7.139)).

Thus, it is found that the Lagrangian Lp of (7.136) (which was given
for constant p previously) can now be generalized to the case of variable
density as

Lp=3 / (V.B)d*z = 3 / (0, Ag)d’a. (7.203)

The last expression was shown to depend only on a in §7.16.3 and invariant
with respect to change of time variable 7. Therefore, in the material vari-
ation with a fixed, the Lp is unchanged. Moreover, it is remarkable that
the Lagrangian Lp has an internal symmetry, i.e. a local conservation law
of vorticity in the a-space, which is expressed by 0.(V, x V) = 0. This is
analogous to the electromagnetic Lagrangian Ay, which has internal sym-
metries equivalent to the Faraday’s law and the conservation of magnetic
flux [LL75, §26).

7.17. Conclusions

Following the scenario of the gauge principle in the field theory of physics, it
is found that the variational principle of fluid motions can be reformulated
in terms of the covariant derivative and gauge fields for fluid flows. The
gauge principle requires invariance of the Lagrangian and its variations
with respect to both a translation group and a rotation group.

In complying with the local gauge invariance (with respect to both trans-
formations), a gauge-covariant derivative is defined in terms of gauge fields.
Local gauge invariance imply existence of a background material field.

Gauge invariance with respect to the SO(3) rotational transformations
requires existence of a gauge potential which is found to be the vector poten-
tial of the mass flux field pv. This results in the relation of Biot—Savart law
between curl of a gauge field and the vorticity w. This is in close anal-
ogy to the electromagnetic Biot—Savart law between curl of the magnetic
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field and current density. The invariance of Lagrangian with respect to the
gauge transformation and Galilei invariance determine that the wvorticity
is the gauge field to the rotational gauge transformations. As a result, the
covariant derivative of velocity is given by the material derivative of velocity
(§7.14).

Using the gauge-covariant derivative, a variational principle is formu-
lated by means of isentropic material variations, and the FEuler’s equation
of motion is derived for isentropic flows from the Hamilton’s principle in
§7.15, where the Lagrangian consists of three terms: a Lagrangian of fluid
flow, a Lagrangian of internal energy representing the background material,
and a Lagrangian of rotational gauge field. This is also analogous to the
electromagnetic case (see Appendix I and [LL75, Chap. 4]).

In addition, global gauge invariances of the Lagrangian with respect to
two transfomations, translation and rotation, imply Noether’s conservation
laws which are interpreted from the point of view of classical field theory
in [Sap76].2° Those laws are the conservations of momentum and angular
momentum, respectively. Furthermore, the Lagrangian has an internal sym-
metry with respect to particle permutation, which leads to a local law of
vorticity conservation, i.e. the vorticity equation. The Kelvin’s circulation
theorem results from it.

The present gauge theory can provide a theoretical ground for phys-
ical analogy between the aeroacoustic phenomena associated with vor-
tices [KM83; Kam86; KMS87] and the electron and electromagnetic-field
interactions.

30In [Sap76, Chap. 4], the particle coordinate labels are called basic fields and regarded
as a sort of gauge fields.
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Chapter 8

Volume-Preserving Flows
of an Ideal Fluid

In the pervious chapter, we have considered a variational formulation of
flows of an ideal fluid on the basis of the gauge principle. This leads to a
picture that a fluid (massive) particle moves under interaction with a back-
ground material field (gauge field) having mass and internal energy and the
material field is also moving rotationally and isentropically. From the invari-
ance of the Lagrangian with respect to both translational and rotational
gauge transformations as well as Galilei transformation, a covariant deriva-
tive V, is defined, and the Euler’s equation of motion has been derived. It is
said that the fluid flows have gauge groups such as a group of translational
transformations and a group of rotational transformations. The covariant
derivative V; is interpreted as the time derivative following the motion of
a fluid particle, or a material derivative.

In this chapter, we are going to investigate volume-preserving flows of
an ideal fluid. Corresponding gauge group of such flows is known to be
the group of volume-preserving diffeomorphisms, for which mathematical
machineries are well developed. Volume-preserving is another word for con-
stant fluid density. Under the restricting conditions of constant density and
constant entropy of fluid flows, the internal energy is kept constant during
the motion. Therefore, the Lagrangian reduces to the kinetic energy inte-
gral only. In this respect, from a geometrical point of view it is said that
the group of volume-preserving diffeomorphisms has the metric defined by
the kinetic energy.

By the conventional approach, flows of an inviscid fluid are studied
in great detail in the fluid dynamics. However, the present geometrical
approach can reveal new aspects which are missing in the conventional
fluid dynamics. Based on the Riemannian geometry and Lie group theory,
developed first by [Arn66], it is found that Euler’s equation of motion is

253



254 Geometrical Theory of Dynamical Systems and Fluid Flows

a geodesic equation on a group of volume-preserving diffeomorphisms with
the metric defined by the kinetic energy, and the behaviors of the geodesics
are controlled by Riemannian (sectional) curvatures, which are quantitative
characterizations of the flow field. In particular, the analysis shows that
the curvatures are found to be mostly negative (with some exceptions),
which can be related to mixing or ergodicity of the fluid particle motion
in a bounded domain. Primary concern of the geometrical theory is the
behaviors of particles and streamlines.

The present chapter is based on the works of [Arn66; EbMa70; Luk79;
NHK92; Mis93; HK94; EM97]. It is known that the geodesic equation on
a central extension of the group of volume-preserving diffeomorphisms is
equivalent to the flow of a perfectly conducting fluid. Here, only the follow-
ing references are noted: [Viz01] (and [Zei92]).

8.1. Fundamental Concepts

8.1.1. Volume-preserving diffeomorphisms

We consider flows of an inviscid incompressible fluid on a manifold M. The
flow region M may be a bounded domain D, or T2, or R3 (Fig. 8.1). In
§7.8.1, a fluid flow was described by a map ¢,a = x(7,a) from the particle
coordinate a to the spatial coordinate x. Here, we are going to make the
description more precise, and we represent the flow of an incompressible
fluid on M by a continuous sequence of volume-preserving diffeomorphisms
of M, because each volume element is conserved in flows of an incompress-
ible fluid. Mathematically, the set of all volume-preserving diffeomorphisms
of M composes a group D, (M). An element g € D, (M) denotes a map,
g: M — M.

@) b) ©

@ 2n R3

T3

2n

0 2n

Periodic B.C.

Fig. 8.1. Flow regions: (a) A bounded domain, (b) T2, (c) R3.
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Suppose that a flow is described by a curve, t(€ R) — gi(x) (with ¢
a time parameter), where a particle initially (¢ = 0) located at a point x
is mapped to the point g;(z) at a time ¢. All the particles at Yoz € M (at
t = 0) are mapped to g:(z) simultaneously. The product of two maps g
and ¢g; is given by the composition law:

gt © gs(z) = 9:(95()).

The expression ¢;(x) is the Lagrangian description of flows. The Lagrangian
description is alternatively written as

r=x(r,a) =x,(7), x(0,a)=a, (8.1)

(see §7.8.1), where 7 = t. In the expression of g;(x), the variable x assume
the role of the particle coordinate a. Hence, we may write (8.1) as = g;a.
Its inverse is a@ = g; ‘.
The volume-preserving map g, is characterized by unity of the Jacobian
J(g¢) of the map a — x ((7.72), (7.73)):
A(z) O(xt 22 2%)

J(ge) = Sa) ~ A ) " - (8.2)

The group D, (M), composed of all n satistying J(n) = 1 for n € D(M), is
a closed submanifold of D(M) which is a group of all diffeomorphisms of
M (see §8.5.2).

Displacement of a material particle z during a time At is denoted by
gt+at(z) — gi(x). Therefore, the particle velocity is given by

gt+At(9C) — gt (96) . gnt — €

o= dm T A A A oo
= ug 0 gi(x) = u(ge(x)), (8.3)

at a time ¢, where gi1ar = gat © g¢ (Fig. 8.2). The velocity field

U(w) == gi(x) = ue 0 g1 () (8.4)

Fig. 8.2. Tangent vector g;.
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is a tangent vector field at g; for Yz € M. The subscript ¢ denotes that
the tangent fields are time-dependent. In §7.15.1, U;(z) was denoted as
v(T,a) = Orx,(7) in (7.143).

The expression U; = §; = u; o g; is a right-invariant representation by
the definition (§1.7). Operating g; * (a right-translation) on U; = uy o gy,
we obtain the velocity field at go = e(= identity):

Ut:UtOgt_ligtOgt_l, UtETeID#(M)

In §7.15.1, this was written as v(t, ), because the operation g; * from the
right of ¢; (equivalent to v(7,a)) means inverse transformation to express
a in terms of x. The w(z) is the Eulerian representation of the velocity
field, where

Ut(x) :gtogt_lm7 :gt(a),

hence ui(z) = wi(x) with x = & = gia, whereas Uy = gi(a) is the
Lagrangian counterpart.

The volume-preserving condition (8.2), that is the invariance of the vol-
ume element J, = dV/dV, = 1, is equivalent to D;(dV) = 0. From (7.76),
this leads to the divergence-free condition, divu; = 0, for the Eulerian
velocity field wuy.

In mathematical language, u = wu; is an element of a Lie algebra
T.D,(M), satisfying

divu = 0. (8.5)
The boundary condition (BC) for a bounded domain D is
BC:(u,n)=0 on 0D, (8.6)

where n is a unit outward normal to 0D, i.e. the velocity vector u is tangent
to the boundary dD. If M = T3, periodic boundary condition should be
imposed for the velocity u. If M = R3, the velocity field u is assumed to
decay sufficiently rapidly at infinity so that volume integrals including u
converge.

For the sake of mathematically rigorous analyses, it is useful to con-
sider a manifold D;,(M) which is a subgroup of volume-preserving dif-
feomorphisms (of M) of Sobolev class H®, where s > n/2 + 1 and n =
dim M (see Appendix F). That is, D;,(M) = {n € D° : n*(n) = p},
where p is the volume form of M, and 7 is a bijective map (Appendix A.2):
M — M such that 7 and n~" are of Sobolev class H®. The group Dj,(M)
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grad f

Fig. 8.3. Orthogonal projection.

is a weak Riemannian submanifold of the group D*(M) of all Sobolev H*-
diffeomorphisms of M [Mis93].

An arbitrary tangent field v € T,D*(M) can be decomposed into
L2-orthogonal components of divergence-free part ¥ and gradient part
(Fig. 8.3):

v="+grad f, fe HT (M), (8.7)

(Appendix F), where divo = 0. Using the operator P to denote the projec-
tion to the divergence-free part, we have

v =P], Q[v]:=7v—P[v]=gradf, (8.8)

where Q is the projection operator orthogonal to the divergence-free part.

8.1.2. Right-invariant fields

For the geometrical theory of hydrodynamics, it is important to realize that
the flow field can be represented in a right-invariant way. We saw already
in (8.4) that the velocity field U; had the form of a right-invariant field.

Consider a tangent field U at & € D, (M) (&: a volume-preserving dif-
feomorphism on M), and suppose that Ug is right-invariant:

Ue(z) :=uoé(x), for "¢e€D,(M), uweT.D,(M), (89

where U, = u. Correspondingly, a right-invariant L?-metric can be intro-
duced on D, (M). With any two tangent fields

u=u(z)d = uf(x)d, v=uv(x)d="1")
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in the tangent space T, D, (M), an inner product is defined by

(1, v) = /M(u(x), o(2))adp(z), (8.10)

where (u,v), denotes the scalar product u*(x)v*(x) and du(z) the volume
form, defined pointwisely at x € M.

With two right-invariant fields Us = w0 § and V¢ = v o { in the tangent
space T¢D,, (M), the right-invariant metric is defined by

(Ue, Ve)e = /ng 0 Voo ) (€7 due = /M<u,v>zdue = (u,v)e,
(8.11)

where (§71)*due is the pull-back of the volume form due (Appendix B.6)
which is equal to dy, in the original space M (z) by the volume-preserving
property. Applying the right translation by ¢ on the integrand of (8.11),
we have

/ (Ueo& M Veo& Npobdue = / (Ue, Ve )e dpg := (Ug, Ve)e-
£(M) £(M)

(8.12)

The two integrals (8.11) and (8.12) are equal by the pull-back integration
formula (B.50) of Appendix B.7.2. Thus the present L?-metric is isometric,
(Ue, Ve)e = (u,v)e, with respect to the right translation by any & € D, (M).

In the previous section, we saw that the right-invariant velocity U; =
uz o g¢ is equivalent to the Lagrangian expression of the particle velocity
v(1,a) = 0-x(7, a). Analogously, we may express the particle acceleration
9-v(7, a) in the right-invariant form. However, we must recall that the rep-
resentation ;v (7, a) = Vv of (7.141) has been obtained on the basis of the
gauge principle. Correspondingly, we must regard the following connections
of the right-invariant form as the law of gauge principle.

Perhaps, the most essential premise in the formulation of hydrody-
namics given below is the right-invariance of the connections. For any
right-invariant vector fields Ug, Ve € T¢D;, (M), we define the following
right-invariant connection (Fig. 8.4),

Vi Ve = (V) 0, (8.13)

for ¢ € Dy(M) and u,v € T.D,(M), where V is the covariant deriva-
tive on M (manifold of Eulerian description). Similarly on the group
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Fig. 8.4. Right-invariant connection.

D, (M) of volume-preserving diffeomorphisms, we have the right-invariant
connection ?,

Vu Ve :=P[Vyu] 0 &, (8.14)

where the symbol P is the projection operator to the divergence-free part.
The difference between the two connections V and V is the second
fundamental form S of D, (M):

S(U§7 ‘/E) = @Ug‘/ﬁ - ng‘/& = Q[Vuv] © 57 (815)

(see (3.178)), where Q[V,v] = V, v —P[V,v]. This is right-invariant as well.

The curvature tensors are also defined in the right-invariant way. For
tangent fields U, V, W, Z € T¢D;,(M), the curvature tensor R is defined on
D(M) by

(RU,V)W)e := (RUo& L Vo HIWoe ) og, (8.16)
where R is the curvature tensor on M:
R(u,v)w := Vy(Vyw) = Vo (Vyw) = Vi gw (8.17)

for u,v,w € T.D,(M) (see (3.97)). The curvature tensor R on the
divergence-free fields T'D,, (M) is given by replacing V of (8.17) with V:

R(u, v)w := Vu(Vyw) = Vo (Vuw) — Vi pw. (8.18)

Both curvature tensors R and R are related by the following Gauss—
Codazzi equation (3.179) on T.D,,(M):
<R(u7 U)w7 Z>L2 = <R(U, U)wv Z> + <S(ua ’LU), S(U, Z)> - <S(ua Z)v S(Uv U})>
(8.19)
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8.2. Basic Tools

We are going to present basic tools for the geodesic formulation of hydro-
dynamics (of incompressible ideal fluids) on a group of volume-preserving
diffeomorphisms of M, i.e. D,(M). Let M be a compact (bounded and
closed) flow domain of a Riemannian space. The Lie algebra corresponding
to the group D, (M) consists of all vector fields v on M, ie. u € T.D,,
such that

divu(z) =0 at z € M, (u,m)=0 on OM, (8.20)

where n is unit outward normal to the boundary 0M (Fig. 8.5). The metric
is defined by (8.10) or (8.11).

8.2.1. Commutator

Commutator of the present problem of volume-preserving diffeomorphisms
is given by

[u,v] = {u,v} = uF v — v*Opu (8.21)

(see (1.76) and (1.77)). The right-hand side can be shown as divergence-free
if each one of the vector fields v and v is so, i.e. u,v € T.D,. In fact, we
have the vector identity,

Vxuxv)=@ - Vu+(V-v)u—(u-V)v—(V-u (8.22)
=@ -Vu—(u-V)v=—{u,v}. (8.23)

Obviously, the left-hand side is divergence-free.

oM

Fig. 8.5. Flow domain M and boundary oM.
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By the torsion-free property,
[u,v] = V0 — Vyu,

of the Riemannian connection (§3.3.1), the commutator [Ue, Ve] = Vi, Ve —
Vv, Us is also represented in a right-invariant form, since each term on the
right-hand side is so:

[Ue, Ve] = [u,v] 0 €. (8.24)

8.2.2. Divergence-free connection

The Riemannian connection V is defined by Eq. (3.30), which is repro-
duced here:

2V v, w) = ([u,v], w) — (v, w],u) + ((w, u], v), (8.25)

for u,v,w € T.D,(M), where u = u*dj, etc. This is assured by the right-
invariance of the metric (-, -) defined in the previous section, and also by the
right-invariance of the vector fields defined by (8.9) (see (3.87) and notes
in §3.7.3 and 3.4.3).

The adjoint action ad,w = [v,w] is defined in §1.8, and the coadjoint
action ad}u is defined by (3.64) in §3.6.2 as

(ad}u, w) = (u, adyw) = (u, [v, w]). (8.26)

From (8.25), we obtain
1 * *
Vv = 5([u, v] —adiv — ad}u) + grad f, (8.27)

by the nondegeneracy of the metric (§3.1.2 and 1.5.2), where f(z) is an
arbitrary differentiable scalar function. The last term grad f can be added
because

(w, grad f) = / (w,grad f)dp = / div(fw)du = fw,n)dS =0,
M M oM
i.e. the grad f term does not provide any contribution to the inner product
with a divergence-free vector w satisfying (8.20). This is also satisfied by
periodic boundary condition when M = T3.
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Taking projection to the divergence-free part, we have

1 _
V.,o=P 5([u, v] —adiv — adju) 4+ grad f | , (8.28)

where the function f(z) is to be determined so as to satisfy the condition,
divV,v = 0.

8.2.3. Coadjoint action ad*

One can give an explicit expression to the coadjoint action ad},v defined by
(8.26). In M = R3, this is represented as follows:

B=adiv=—(V xv)xu+grad f. (8.29)

This formula can be verified in two ways. First one is a direct derivation
from (8.26). In fact, using the definition (8.10), and (8.21), (8.23), we obtain

(adiv, w) = (v, [u,w]) = /M(v, [, w])dz

_ /M(U’v x (4 X w))pdz = 7/M(V X v,u X w)ydz

_/M((V X v) X u,w)zdr = —((V x v) X u,w).

This verifies the expression (8.29) for any triplet of u,v,w € T.D,(M)
satisfying (8.20), because (grad f,w) = 0.

There is a more general approach to verify (8.29), which relies on differ-
ential forms on a Riemannian manifold M™ (of dimension n). To every tan-
gent vector v = v*dy, one can define a 1-form al = v;dz’ where v; = girvF
(§1.5.2). Then, we have o} [w] = gipvFw’ = (v, w) for any tangent vector w.

v
In addition, setting
B = B'0; = ad}'v,

we can define a corresponding 1-form by ot = g;x B¥dz’.
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Then, we have a theorem for the vector field B = adjv € T.D,(M).
That is, the corresponding 1-form o is given by the formula [Arn66]!:

ak = —i,dal +df, (8.30)

where i, is the operator symbol of interior product (Appendix B.4), u,v €
T.D,(M), and df = §; fdz". Its proof is given in the last section §8.9 for a
Riemannian manifold M™ generally.

If M = R® and g;; = 4;;, the machinery of vector analysis in the
euclidean space is in order (Appendix B.5). First, since o} = Ve dx +vydy +
v,dz (where v; = §;,,v% = v'), we have

dal = Vydy Adz + Vydz Adx + V.dz A dy,
where V = (V,,,V,,V,) = V x v. Then the first term of (8.30) is

iuda}, = (Vyu, — Vouy)de + (Voug — Vou,)dy + (Vauy — Vyuy,)dz
= Wydx + Wydy + W.dz,

where W = (W,,W,, W,) =V xu = (V x v) x u. In view of al =
B,dz+ B,dy+ B.dz, Eq. (8.30) implies B = ad}jv = —(V xv) x u+grad f,
which is (8.29) itself.

8.2.4. Formulas in R? space

Following convention, we use bold face letters to denote vectors in R® and
a dot to denote the scalar product, in this chapter. Then, the expression
(8.21) is written for u,v € T,D,(R?) as

adyv = [u,v] = (u-V)v — (v- V)u. (8.31)
Equation (8.29) is
ady,v = —(V X v) X U4+ V fy. (8.32)
Noting the following vector identity,
(Vxv)xu=(u-V)v—u"VoF, (8.33)
the coadjoint action is also written as

adiv = —(u - V)v + uFVor 4+ V f,. (8.34)

!Due to the difference of definition of [v,w] by =+, [Arn66] gives ak = iydal + df.
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If v = w and ©*VoF = V(u?/2), we may write

adyu=—(u-V)u—Vp (8.35)
1
=—(Vxu)xu— V§u2 — Vp, (8.36)
where p = — fy, — %uQ. The scalar function p must satisfy
V2p = —div((u - V)u) = —0;0 (u'u), (8.37)

to ensure div(ad},u) = 0, where divu = d;u’ = 0.
Using (8.31) and (8.34), the connection (8.27) is given by

1
Vv = 5([”, v] —adiv — adiu) +grad f = (u - V)v + Vp/, (8.38)

where p' = f — %(ukvk + fuv + fou). Furthermore, the divergence-free con-
nection (8.28) is

Vuv =P[(u-V)v +Vp'] = (u-V)v+ Vp,, (8.39)
where the scalar function p, must satisfy
Vip, = —div((u - V)v) = —0x0; (u'v"), (8.40)
since G;u’ = 0. In particular, for v = u, we have
Vaut = (u-V)u+ Vp. (8.41)

The property div(Vy,u) = 0 is assured by p satisfying (8.37). Using the
vector identity (8.33) with v = u, the divergence-free connection (8.41) can
be written also as

- 1
Vuu=(VXxu)xu+V <2u2> + Vp. (8.42)

8.3. Geodesic Equation

In §3.6.2, we derived the geodesic equation of a time-dependent problem
which is given by (3.67): 0, X —ad% X = 0 for the tangent vector X (spatial
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part). Setting X = u and using (8.35), the geodesic equation becomes
Ou+ (u-V)u+Vp=Vu+Vp=0, (8.43)
where V; = 0; +u - V, and p should satisfy (8.37). This is also written as
ou+ Vyu = 0. (8.44)

Taking divergence, we obtain 0;(divu) = 0. Therefore, the divergence-free
condition divu = 0 is satisfied at all times if it is satisfied initially at all
points. This is nothing but the Fuler’s equation of motion for an incom-
pressible fluid. Equivalently, the geodesic equation is also written as

1
Oru+ (V xu) x u+ V§u2 = —Vp. (8.45)

This is consisitent with (7.158) in Chapter 7.

The above is the Eulerian description for the velocity (¢, x). In order
to obtain the right-invariant representation, consider a curve: ¢t — gy = &
and its tangent ¢, = £.2 Using (8.13) and (3.16) with Vi = Ug and € = uo¢,
the right-invariant connection of a time-dependent problem is given by

. o .
Vule = 5 (€087 0 6+ (Vigoe 1§ o) o, (8.46)

where £ 071 = w and Ue = €. This right-invariant form must be regarded
as representing the gauge principle, as noted in §8.1.2.
The geodesic equation on the group D,,(M) is given by vanishing of the
projection to the divergence-free part as P[Vy,g:] = P[Vy Ue] = 0, i.e.
0= P[(%tgt)gt] = P[Oyu + Vyu] o g:. (8.47)
The Euler’s equation of motion is obtained by the right translation g, Las
P[Oyu + V4 u] = 0, which is also written as

ou + Vyu = —gradp, divu =0. (8.48)

This form is valid in a general manifold M. In the euclidean manifold R?,
we have

Vautu = Vrgu = u"Vou = v opu = (u - V)u, (8.49)

by the definition of the connection (3.6) in the flat space where Ffj = 0.
Using the projection operator Q orthogonal to the divergence-free part, the

2In order to simplify the notation, ¢ is used instead of g;.
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above equation reduces to
Q[Vyu] = —grad p. (8.50)

This is another expression of (8.37).

8.4. Jacobi Equation and Frozen Field

Consider a family of geodesic curves ¢ = ¢(t,«) with « as the varia-
tion parameter. A reference geodesic is given by go(t) = g(¢,0). Behav-
iors of its nearby geodesics are described by the Jacobi field J, defined by
J = 9g/0a|a=0. The equation governing J is given by (3.127), which is
reproduced here,

|l J1I°
dez 2
where T = 0g/0t|a—¢ is the tangent to the geodesic go, and J is the

Jacobi vector where ||J||?> = (J, J). The K(T,J) is the sectional curvature
defined by

=|| VrJ|? = K(T,J), (8.51)

K(T,J) = (R(J,T)T,J) = RijJ'TI J*T".

The above Jacobi equation (8.51) has been derived from the definitions of
the geodesic curve and Riemannian curvature tensor in §3.10. It is seen that
the sectional curvature K (T, J) controls the stability behavior of geodesics.
Writing J = ||J|le; where |le;|| = 1, Eq. (8.51) is rewritten as
a2
2
2zl = (IVres|l” = K(T, es)| 7. (8.52)
Let us consider the Jacobi field from a different point of view. According
to the above definitions of 7" and J, Eq. (3.91) is written as V,J = V ;T by
applying the definition (3.24) to the divergence-free connection V. There-

fore, the vector fields T" and J commute by the torsion-free property (3.18).
Thus, it is found that the Lie derivative vanishes:

L] =[T,J]=Vp] —=V,T=0 (8.53)

(see (1.81)). The argument given above the equation (3.174) asserts that
the torsion-free is valid not only with the divergence-free connection V, but
also with the general connection V as well. Thus, we have V;J — V ;T =
[T,.J] =0.
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In the time-dependent problem in R3, it is noted that the tangent vector
(velocity vector) of a flow is written as 7' = (8;,u*d},), whereas the Jacobi
vector (non-velocity vector) is written as .JJ = (0, J¥8y). Then, the equation
[T,.J] = 0 is rewritten as

Od + (u-V)J = (J - Vu, (8.54)

by (8.21). This is equivalent to (1.81) under the divergence-free condition.
Assuming V - J = 0,3 this equation is transformed to

O +V x (J x u) =0, (8.55)

by using the vector identity (8.22), because V -« = 0. This is usually called
the equation of frozen field, (see Remark of §1.8) since it indicates that the
divergence-free field J is carried along with the flow u and behaves as if J
were frozen to the carrier fluid (Fig. 8.6).

The vorticity defined by w = curlu is regarded as an example of the
Jacobi field. Taking the curl of Eq. (8.45), we obtain the vorticity equation,

Ow—+V x (wxu)=0. (8.56)

Obviously, this is an equation of frozen-field with J replaced by w in (8.55).
Note that this equation can be rewritten as

Ow+ (u-Viw— (w-V)u = [u,w] =0. (8.57)
’M
&, 0)
€

Fig. 8.6. Frozen-in field.

3Equation (8.54) is rewritten as 9:J + V x (J x u) = (V- u)J — (V - J)u. Taking div
and using V-u = 0, we obtain 8;(V-J)+ (u-V)(V-J) = 0. Hence, if V-J = 0 initially,
we have V - J = 0 thereafter.
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Comparing Eq. (8.54) with (1.82) in view of D/Dt = 0; + u - V, we
obtain the Cauchy’s solution (1.83) written as
or*
dai’
where the Lagrangian description (8.1) of the map from the particle coor-
dinate a to the space coordinate x is used.

JE(t) = J7(0) (8.58)

Remark. Equation (8.55) can be extended to the compressible flow of
dive # 0 but with keeping divJ = 0 without change, where the veloc-
ity field is denoted by v instead of w. This is the case of the vorticity
equation (7.195) for the vorticity w = V x v instead of J. Introducing
the fluid density p and using the continuity equation (7.160), the vorticity
equation is transformed to

206G e

(see (7.196)). Comparing this equation with (1.82), we obtain the Cauchy’s
solution
et ) wI(0,a) Ox*

plt.w)  p0,a) ai’ (8.60)

since w/p takes the part of Y in (1.82).

It is well-known that the magnetic field B in the ideal magneto-
hydrodynamics is also governed by the same equation of frozen field as
(8.59), where w is just replaced with B [Moff78].

8.5. Interpretation of Riemannian Curvature of Fluid Flows

8.5.1. Flat connection

It is instructive to consider a model system on a manifold D.(M),
governed by

ou+ (u-V)u=0, (8.61)

instead of the geodesic equation d;u + Vyu = 0 of (8.44) on D, (M)
(volume-preserving) for M C R3. In this model system, the connection
is flat, i.e. the sectional curvatures vanish identically. This is verified as
follows.
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First, note the following equations,

VxZ =X -VZ=X"2,
VxVyZ = X*0,((V10)2) = (X*0,YHY9,Z + X*Y'0,.0,Z,
Vixyv)Z =[X,Y] VZ = (X*o,Y'9, - V'O, X ) Z,

for three arbitrary tangent vectors X = X*9,,Y = Y'9,,Z € T.D,(M).
Then, the curvature tensor R(X,Y)Z defined by (8.17) is given by

R(X,Y)Z =Vx(VyZ)—Vy(VxZ) = Vixy)Z
= X o (Y'9)Z) - Y'a(X"0x) Z)
— (X Yo, — (Yo X*)o))Z = 0, (8.62)

that is, the curvature tensor R(X,Y)Z vanishes for any X, Y, Z. Therefore,
all the sectional curvatures defined by K(X,Y) = (R(X,Y)Y, X) vanish.
Such a connection is said to be flat.

Thus the motion governed by (8.61) is considered to be one on a
flat manifold. However, the geodesic equation (8.43) on D, (M) (volume-
preserving) has an additional term gradp, and the fluid motion is char-
acterized by non-vanishing Riemannian curvatures as investigated below.
Therefore, it may be concluded that the pressure term gives rise to curva-
tures of fluid motion.

8.5.2. Pressure gradient as an agent yielding curvature

Let us consider how the fluid motion acquires a curvature and what the
curvature of a divergence-free flow is. On the group D, (M) of volume-
preserving diffeomorphisms of M, the Jacobian J(n(x)) for n € D(M) is
always unity for any « € M:

J(n(z)) = oln) =1, VxelM.

From the implicit function theorem, the group D, (M), composed of all n
satisfying J(n) = 1, is a closed submanifold of D(M). According to the
formulation of §3.13 and 8.1.2, the difference of the two connections, V in
D(M) and V in D,(M), is given by the second fundamental form S of
(8.15) (see (3.178)).

The curvature of the closed submanifold D, (M) is given by
(R(U, V)W, Z) in the Gauss-Codazzi equation (8.19). In particular, the



270 Geometrical Theory of Dynamical Systems and Fluid Flows

sectional curvature of the section spanned by the tangent vectors X,Y €
T,D, (M) is given by

K(X,Y)Pr = (R(X,Y)Y, X) s
= (R(X, Y)Y, X)M + (S(X,X),5(Y,Y)) — [|S(X,Y)]?,
(8.63)

where the D,, raised to the superscript emphasizes that K(X,Y) denotes
the sectional curvature on the group of volume-preserving diffeomorphisms.
This describes a non-trivial fact that, even when the manifold D(M) is flat,
ie. (R(X,Y)Y,X)™ = 0, the curvature K(X,Y)Px of D,(M) does not
necessarily vanish due to the second and third terms associated with the
second fundamental form S. Namely, the curvature of a divergence-free flow
originates from the following part,

Ks(X,Y) = (S(X, X),S(Y,Y))r2 - [S(X, V).

Thus it is found that the restriction to the volume-preserving flows gives
rise to the additional curvature Kg.

It is useful to see that the second fundamental form is related to the
pressure gradient. In fact, we have

S(X,Y):=VxY —VxY =Q[VxY] (8.64)

from (8.15). The decomposition theorem (Appendix F) says that an arbi-
trary vector field v can be decomposed orthogonally into a divergence-free
part and a gradient part. Setting v = VxY in (F.1) of Appendix F, one
obtains immediately

QVxY] =grad G(VxY), G(v)= Fp(v)+ Hx(v).

Thus it is found that the curvature is related to the “grad” part of the
connection V xY which is orthogonal to T.D,,(M).

In particular, for n, € D, (M) and n(e) = X, we have S(X,X) =
Q[VxX] from (8.64). Using (8.50), we obtain

S(X,X) = Q[Vx X] = —gradpx, (8.65)

where py is the pressure of the velocity field X. It is found that the second

fundamental form S(X, X) is given by the pressure gradient (Fig. 8.7).
The first term of Kg is represented as (S(X,X),S(Y,Y)) =

(grad px, grad py ), a correlation of two pressure gradients, and the second

term is non-positive.
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Fig. 8.7. Pressure gradient, grad px.

Thus, the Kg part of the curvature is given by

Ks(X,Y) = (grad px, grad py) — ||grad G(VxY)|?. (8.66)

8.5.3. Instability in Lagrangian particle sense

Stability in Lagrangian particle sense is different from the stability of the
velocity field in Eulerian sense. In the stability analysis of conventional
fluid dynamics, growth or decay of velocity perturbations are of concern. A
velocity field is said to be stable in the Eulerian sense if, at fixed points x,
small perturbations in the initial velocity field do not grow exponentially
with time ¢.

Consider a steady parallel shear flow (Fig. 8.8), whose velocity field is
given by

X =(U(y),0,0), and p = const. (8.67)

This is an exact solution of the equation of motion (8.43). Since 9;X = 0
and VxX = (X - V)X = U9, X =0, Eq. (8.43) results in gradp = 0 and
hence we have p = const.

In [Mis93, Example 4.4], it is shown that the geodesic curve g; = (z +
tsiny,y,z) in D, (M) is stable in the Eulerian sense. Noting X = g, og;?,
the velocity X has the form (8.67), where

U(y) =siny for 0<y<m, (8.68)

(and —7 < z,z < 7, say). It is claimed that this flow is stable in the
Eulerian sense because the velocity profile U(y) = siny has no inflection
point within the flow domain 0 < y < w. The Rayleigh’s inflection point
theorem [DR81] requires existence of inflection points where U’(y) = 0 in
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Fig. 8.8. Parallel shear flow.

the velocity profile as a necessary condition for instability of an inviscid
fluid flow.*

However, in the Lagrangian particle sense, the above flow is regarded
as unstable, since perturbations to the diffeomorphisms of particle config-
uration grow with time. This is seen by using Eq. (8.51) for the Jacobi
field J and the sectional curvature (8.63), where K(T,J) is replaced by
K(X,J)Px. Suppose that the manifold M is the euclidean space R® char-
acterized with zero sectional curvatures, i.e. (R(J, X)X, J)™ = 0 (shown
in §8.5.1). Then, we have

R(Xa J)Du = <S(X3X)7S(Ja J)> - ”S(Xv J)H2

The above flow (8.68) is a constant-pressure flow, hence the first term on
the right vanishes because S(X, X) = 0 due to (8.65) and (8.67). Therefore
we obtain

K(X,J)P» = K(X,ey)|J|? < 0.

Then Eq. (8.52) is

2

Sl = (¥ xesl = K(X.e0) > 0. (8.69)
This equation implies that the Jacobi vector J grows exponentially at initial
times, provided that the coefficient |V ye |? — K(X,e;) takes a positive
value (i.e. not zero). Therefore, the flow (8.68) is unstable in the Lagrangian
particle sense. This is because the variation of a nearby geodesic of the
parameter « is given by «aJ for an infinitesimal «.

4In the present geometrical theory, the fluid is regarded as ideal, i.e. the viscosity v is
zero. The ideal fluid is inviscid. The velocity profile U = siny (0 < y < ) is chosen due
to mathematical simplicity and is somewhat artificial.
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The above analysis suggests that all the parallel shear flows represented
by (8.67) are unstable in the Lagrangian particle sense, because they are
constant-pressure flows. This is investigated again in §8.7 by calculating the
sectional curvatures explicitly.

8.5.4. Time evolution of Jacobi field

Jacobi field J(t) is uniquely determined by its value J(0) and the value of
VrJ at t = 0 on the geodesic g; in the neighborhood of ¢ = 0. Provided
that J(0) = 0 and

IV 2T |li=0 = [18¢T =0 := ao,

initial development of the magnitude of Jacobi field is given by Eq. (3.133)
(with t replacing s) in §3.10.2,
/1l £ 3 (R(J,T)T,J)
—=1-—=k(0)+0(t’), k(0)= ——F—— . 8.70
g =1 RO O, w0 = TR s70)
Therefore, if k(0) < 0, then ||.J||/aot > 1, and if £(0) > 0, then ||J||/apt < 1
for sufficiently small ¢. Thus, the time development of the Jacobi vector is
controlled by the curvature (R(J,T)T,J) and in particular by its sign.

8.5.5. Stretching of line-elements

Consider two nearby geodesic flows gi(z : v1) and gi(x : v2) emanating
from the identity e with two different initial velocity fields v; and vy in a
bounded domain D (hence go(z : v1) = go(x : v2) = x). An L2-distance
between the two flows at a time ¢ may be defined (Fig. 8.9) by

d(vy,vg : t) := (/D lge(z :v1) — gz : v2)|2d3m) 1/2.

V2

g,(x:vp)

Fig. 8.9. Distance between two flows.
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Evidently, one has d(vi,vs : 0) = 0. By definition, we have a Taylor expan-
sion with respect to the time t:

1 t3
gr(x :v) =z +tu(ge(x),t) + §t2vtv + E(Vt)zv +O(th), (8.71)

where V; = 0; +v -V (see (8.43)). The distance d is the mean L2-distance
between two particles starting at the same position x but evolving with
different initial velocity fields v. Let us introduce v and v’ by

172(1)14-112)/2, 61}/:(’01—1}2)/2,

with an infinitesimal constant e, then the Jacobi field is defined by J(t) =
(0/0¢)gi(x,: U+ ev')|e=0, and we have

d = 2| J||

for infinitesimally small e, and ag = ||v'||. Then, from the formula (8.69),
we have

3 A
d(vy,ve i t) = 2¢||V|| (t - %HT)HQ sin? 9K(v,1/)) + O(e%t, et?),
K(v,v') = (R, 0)v,0")/([]*[v']]* = (0,0)?),

where cos 6 = (v,v’)/||9]|||v’||. This formula was verified for two-dimensional
flows on a flat two-torus T2 by [HK94]. It is found that the sectional curva-
ture appears as a factor to the t3 term with a negative sign and determines
the departure from the linear growth of the L2-distance. This means, if
the curvature is negative, the L2-distance d grows faster than the linear
behavior, and furthermore Eq. (8.52) implies an exponential growth of the
distance d ~ 2¢|v’|J for negative K (o, v'). The variable d is also interpreted
as the mean distance between two neighboring particles in the same flow
field [HK94].

In the case of flows in a bounded domain D without mean flow, the
negative curvature implies mizing of particles. Consider a finite material
segment ¢/ connecting two neighboring particles. The segment I will be
stretched initially by the negative curvature. In due time, the segment 4l
will be folded by the boundedness of the domain. The stretching and folding
of segments are two main factors for chaotic mixing of particles. Stretching
of line segments was studied for a two-dimensional turbulence in [HK94],
and it was found that average size of §l actually grows exponentially with
t if the average value of sectional curvatures is negative initially.
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8.6. Flows on a Cubic Space (Fourier Representation)

Explicit expressions can be given for space-periodic flows in a cube of
(27)3 by Fourier representation, i.e. for flows on a flat 3-torus M = T3 =
R3/(2nZ)® [NHK92; HK94]. With € T3, we have = = {(2',22, 2%);
mod 27}. The manifold 7% is a bounded manifold without boundary
(Fig. 8.10). The elements of the Lie algebra of the volume-preserving dif-
feomorphism group D, (T?) can be thought of as real periodic vector fields
on T3 with divergence-free property. Such periodic fields are represented by
the real parts of corresponding complex Fourier forms. The Fourier bases
are denoted by e; = e'*® where k = (k;) is a wave number covector with
k; € Z (integers) and i = 1,2,3.> Now the representations are complexified
so that all the fields become linear (or multilinear) in the complex vector
space of the complexified Lie algebra. The bases of this vector space are
given by the functions e;, (k € Z3 k # 0). The velocity field u(x,t) is
represented as

u(w, t) = Z ug(t)ex,
k

where wuy(t) is the Fourier amplitude, also written as u’(k) (i = 1,2,3).
The amplitude must satisfy the two properties,

k-u,=0, u_p=muj, (8.72)
T3 = RYQ2nZ) |y

: l BC:
- ¢ y=m
1 ! u(x=7) =u(x=-mn)
E Ezz—gx’ {u(y:n):u(y:ﬂ:)

x=-n t 7 x=x | (uE=m=u@=-m)

B ---o----:---:;-0--------0——

N
.
\\
.
.
.
Na
(A TN
. In
=
=]
[ TR N
|
a

Fig. 8.10. 3-torus 7% and BC.

51n this section, the subscript k& and other roman letters in the subscript are understood
to denote three-component vectors which are written with bold faces otherwise.
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to describe the divergence-free condition and reality condition respectively,
where the asterisk denotes the complex conjugate.® It should be noted that
ur has two independent polarization components. For example, if k =
(kz,0,0), then ug = (0,u}, uf).

Let us take four tangent fields satisfying (8.72): uxex, vie;, Wimem, Znen,
and use the scalar product convention such as (u-v) = utv! +u?v? +u3v3,
Then we have the following metric, covariant derivative, commutator, etc.

The metric is defined by (8.10) with M = T3, which results in

(uper, vier) = (2m)° (wg, - v1)00 k+1,

where dp x4+ =1 (if k+1=0) and 0 (otherwise).
The covariant derivative is obtained from (8.39) with p, satisfying
(8.40). In fact, the simple connection is

V(uper) (Vier) = ex(ug, - V)vie, = i(uy, - Dviegy. (8.73)
The function p, must satisfy
Vpe = —div[V (pep) (vi€1)] = =i (up - 1) (v - (k +1))ep.

This is satisfied by

Px = (ug - (v - (k+1))egs- (8.74)

k412

The divergence-free connection is defined by
V(urer) (Vi€1) = Ve (vier) + V.

k+1 kE+1
=1 ~l7 _ . .
i(ug )\k—H\ X (’Ul X |k—|—l|> €+l (8.75)

It is seen that the amplitude vector on the right is perpendicular to k + I.
Therefore V y,c,)(vi€) is divergence-free.
The commutator is defined by (8.21), which results in

[urer, vier] = Viuge) (Vi€r) = Vige,) (urer)
=i((ur - vy — (vi - k)ug)ep
= —i(k + l) X (uk X vl)ek_H. (8.76)

The right side is also perpendicular to k + l. Hence [ujer,v;e] is
divergence-free as well.

6We obtain divu = Dotk -uger =0, and ugep +u_re_p = ugep +uje; = 2R[ugex].



Volume-Preserving Flows of an Ideal Fluid 277

The geodesic equation (8.44) reduces to

%ul(k) i Yy <61n - k;f’?) kpmu™ (p)u™(q) = 0, (8.77)
p+q=km.n
by using (8.75).
From the definition (8.17) with V replaced by the divergence-free V
and by using (8.75), the curvature tensor is found to be nonzero only for
k+1+m+n =0, and expressed as

Ritmn = (R(uger, vie)) Wmem, Znen)

=<2wﬁ><(‘(uk'nwhum'k>“”'"ﬂzn~w

|k +m]| [l +n|
(v; - m)(wp, - 1) (ug - n)(z, - k)
T m &+ n| > . (878)

and Ryjmn =0ifk+1+m+n = 0. In case when one of the denominators
vanishes, then the term originally possessing it should be excluded. In other
words, if k +m = 0 (then l + n = 0 too), the first term in the parenthesis
of (8.78) should be annihilated, but the second term is retained as far as
k+mn#0andl+m # 0. When k + m = 0, we obtain @(ukek)('wmem) =
i(ug - m)wpmep = const by using (8.39) and (8.40) with p. = const. The
vanishing of the first term is a consequence of this property.

The two-dimensional problem of flows on T2 was first studied by Arnold
[Arn66]. When two-dimensionality is imposed, the above formulas reduce
to those of [Arn66]. Because of difference of the definitions, the signs of
curvature tensors are reversed.

8.7. Lagrangian Instability of Parallel Shear Flows

8.7.1. Negative sectional curvatures

On the basis of the representations deduced in the previous section for
the flows in a cubic space with periodic boundary conditions, we again
consider sectional curvature of steady parallel shear flows of the form ¥ =
(U(y),0,0) (and p = const), where U(y) = sinky or cosky (Fig. 8.11).
Introducing a constant wave vector k and Fourier amplitude uy, as

1 1
k=(0k0), us= <%,0,0>, or up = (2,0,0), (8.79)
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y=n
U=siny
x=-n y x=m
/”
i=-T
2 x
0
1
y=-1

Fig. 8.11. Parallel shear flow Y = (siny,0,0) for k = 1.

together with the cartesian coordinate @ = (x,y, z), we have
Y = uger + u_pe_j = (sinky,0,0) or (cosky,0,0)

for —m < z,y,z <.

Let X = > ven be any velocity field, satisfying the properties (8.72).
Then, the sectional curvature (R(X,Y)Y,X) can be shown to be non-
positive for both U(y) = sinky and cos ky. Procedure of its verification
is similar and the result is also the same for both flows, which is as follows.

Substituting the above Fourier representations of X and Y and using
the property that nonzero Ry, must satisfy k+1+m +mn = 0, we obtain
the following,

(RIX,Y)Y, X) = > ((R(V€m, Uker)UkCh, U m—2k€—m—2k)

+ (R(Vm€m, Uker)U_ke_k, Vm€_m)
+ (R(vmem, u_ke_k)ukek, 'v_me_m>
+(R

(R(Vmem, U_pe_k)U_ ke g, Vi 2k€_m2k))-

Substituting (8.78) and (8.79), we obtain

_ 3 k2 m2
<‘R()(7 Y)K X> = _(27T) — Z m(vmvfm + 'Umvfmfzk;)

m(#—k)

m2
+ Z m(vmvfmivmvfwwrﬂc) )
m (k)



Volume-Preserving Flows of an Ideal Fluid 279

where ug, - m = (up),m, and vy, - k = k(vy,)y = kv, with the upper sign
for U = sin ky, the lower sign for U = cos ky. Replacing m in the second
term with m + 2k, the above is transformed to

2 2
(R(X,Y)Y, X) = —(277)3LC > _Me
4 |m + k|2
m(F—k)

X (Umvfm T UmV_m—2k = Um+2kV—m + 'Um+2krvfm72k)

et S e e (880)
= —(2m)* = L Uy, £ Ui, :
4 T Im + k2T

*

since v_p, = vy, and v_p,_of = U ok Thus, it is found

(R(X,Y)Y,X) <0. (8.81)
It is remarkable that this result is valid for both U = sin ky and U = cos ky.
This non-positive sectional curvature is a three-dimensional counterpart of
the Arnold’s two-dimensional finding [Arn66].

8.7.2. Stability of a plane Couette flow

The sinusoidal parallel flows U (y) = sin ky or cos ky considered in the previ-
ous subsection are chosen by mathematical simplicity, i.e. they are Fourier
normal modes. In the context of fluid mechanics, a simplest example is a
flow with a linear velocity profile, i.e. a plane Couette flowY = (U(y),0,0),
where

U(y) =y, p= const, (8.82)

for —m < z,y,z < 7 (Fig. 8.12). The term plane means two-dimensional,
but here, this is investigated as a flow in M = T?2. Obviously, this is
a solution of the equation of motion (8.48) since 9;Y = 0 and VyY =
(Y -V)Y =U09,Y = 0. Therefore,

VyY =Y .VY +gradp = 0. (8.83)

In the linear stability theory with respect to the wvelocity field, it is well
known that the plane Couette flow is (neutrally) stable.

In the hydrodynamic stability theory, the linear stability equation of the
plane Couette flow takes an exceptional form owing to the linear velocity
profile U(y) = y, i.e. the second derivative U”(y) vanishes. For that reason,
its linear stability is studied by a viscous theory taking account of fluid



280 Geometrical Theory of Dynamical Systems and Fluid Flows
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Fig. 8.12. Couette flow (y,0,0).

viscosity v. In the Couette flow of a visous fluid, all the disturbance modes
(eigen-solutions) of velocity field are stable, i.e. decay exponentially [DR81].
In the limit v — +0, all the modes become neutrally stable, i.e. do not decay
nor grow exponentially with time. So that, the Couette flow of an ideal fluid
is regarded as neutrally stable with respect to the velocity field.

Now we consider stability of the plane Couette flow in the Lagrangian
particle sense. Denoting any velocity field as X = Y w;e;, let us calculate

the sectional curvature K(X,Y) = (R(Y, X)X,Y) for

X=> we, Y=(U(y)0,0),
l

where U(y) = y and e; = exp[il - ] = expli(lyx + I,y + 1.2z)]. It will be
found that K(X,Y) is non-positive.
Using the definition of the curvature tensor,

R(X7Y)Z = vx(vyZ) - vy(vXZ) - v[X,Y]Zv

the sectional curvature is given by

K(X,Y) = (R(X, Y)Y, X)
= —<va, va> + <?XY7 va> — <?[X’y]Y, X), (8.84)
where the following formula has been used: Z(X,Y) = (VzX,Y) +

(X,VzY) =0 for X,Y,Z € TD,(T?) (see (3.88) of §3.7.3).” Note that
VxY,VyY € TD,(T?).

"This is valid for the right-invariant metric (X, Y’) of right-invariant fields X and Y along
the flow generated by Z.
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Because the steady tangent field Y is the solution of the geodesic equa-
tion (8.83), i.e. VyY = 0, the first term vanishes:

(VyY,VxX)=0. (8.85)

In order to obtain the second term, let us calculate VxY, which is
given by (8.39) as

VxY = (X -V)Y +gradpxy. (8.86)
The first simple covariant derivative is
(X - V)Y = ei(vi- V)(U(y),0,0) = e(v/U" (1), 0,0), (8.87)

where v} is the y-component of v;, which is a function of the wave number
1 = (Iz,1y,1.) and independent of x = (z,y,2).® The scalar function pxy
must be determined so that VxY is divergence-free. Hence,

Vipxy = —div[(X - V)Y] = —il,0/U’ (y)e; (8.88)
Since U'(y) = 1, the right side is a function of ¢; = exp[il - | with a

coefficient depending on only the wave number [. Therefore, we obtain

Ly .
Pxy = zl—zvf’U’(y) explil - z]. (8.89)

Thus, substituting (8.87) and (8.89) into (8.86), we have

le
2
Next, to obtain Vy X =Y - VX + grad py x, it is noted that

VxY = e (v/U'(y),0,0) — =0l U’ (y)ei(ly, Ly, L) (8.90)
Y - V)X =U(y)0s(emvm) = imU(y)emvmn,. (8.91)
Taking divergence, we obtain

Vipyx = —div[(Y - V) X] = —im, 0% U’ (y)em — imaU(y)em (im - v,,)

= —imwv}i@U/(y)em,

since m-v,,, = 0. The right-hand side is seen to be the same as that of (8.88),
hence we find that py x is given by (8.89) as well. Thus, we have found

Vy X = im U(y)emvm — %U%U’(y)emm. (8.92)

8In Eq. (8.87) (and below) and Eq. (8.91) (and below), the summation with respect
to the wavenumber I or m is meant implicitly, although the symbol ) is omitted for
simplicity. Only when considered to be necessary, it is written explicitly.
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Then, the second term of (8.84) is

(VxY, ¥y X)

= Z Z {zmzvl vE U (e, U(y)em) — imy iQ L vm)U (e, Uy)em)

2 l
OOl (U et em) + oo (L m) (U et )

12m?
(8.93)
In order to obtain the third term of (8.84), it is noted that
(X, Y] =X -VY -Y VX =¢(v/U'(y),0,0) — il,U(y)vie.
Then, we have
VixyY = ([X,Y]- V)Y = (e]U'(y)0: — il U(y)ervr - V)Y
= —il ! (U(y)U' (y)es, 0,0), (8.94)
since 9,Y = 0. Writing the divergence-free connection V as
Vixy]Y = Vix,y]Y + grad pp, (8.95)
the scalar function pp,) must satisfy
Vip) = —div[([X,Y]- V)Y] = ~2PUU)er.  (8.96)

A difference from Eq. (8.88) should be remarked that there is a factor
U(y) =y, a function of y, in addition to e; = explil - ] (U'(y) = 1). Due
to this factor, the function py,) satisfying the above equation is given by

12 121
PR = 5Ol UT W)er + 28] (U e (8.97)

It can be readily checked that operating V2 on the above Plx] gives the
right-hand side of (8.96). Thus, it is found that the expression (8.95) is
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written by

Iy

V[Xy]Y——Zl ”UlUU( )(61,0 O)+Zl 12
12 lgly o 9

+ l2 (U) (0,€e;,0) — 2l2l2 l(U) el. (8.98)

Then, the third term of (8.84) is

U'U(y)ell

:ZZ {—ilgvva;U’(U(y)el,e,n)—|—zl la o (L v)U(U(y)er, em)

2 2
+-2vf vy, (U')2<el,em>—2lzly Yo¥ (L-vm) (U2 e, em) | -

22!
(8.99)

Thus, it is found from (8.85), (8.93) and (8.99) that the sectional curvature
of (8.84) is given by

K(X,Y)=(VxY,VyX)— (VixyY, X)
= ZZ{ Mg + L))l U U (y)er, em)

—i(my + lm)é—mvy(l v, U (U (y)er, em)

m2 l2 l My
+ <_ ( + 12> i Ch m)> Vv (U {er, em)

2
_okly Y (1 v )v)vY, (U’)2<el,em>} (8.100)

1212
where
(e, em) = / expli(l + m) - z]d*x
T3

= (2m)30(Ly + my)d(ly + my)o(l, +m.), (8.101)

Cleren) = [ U eslit+m)-ald'e

— (2m)%5(Ly + ma)3(L, + m.) / U (y) expli(ly + my)y] dy,
(8.102)

and the function 6(l,, + m,) denotes 1 if I, +m, = 0, and 0 otherwise.
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The first two terms of (8.100) vanish owing to (8.102) since (m, + I,
(U(y)er, em) = 0. The fourth term vanishes as well since (I - v,,,) (e, em) =
—(27)3(m - v,,) = 0 by (8.72). Thus, using (8.101), we obtain

K(X,Y) = —(277)3(U’)2%922” oY 2. (8.103)

This states that the curvature K(X,Y) is non-positive in the section
spanned by the plane Couette flow U = y and any tangent field X. It will
be readily seen that this is consistent with (8.80) in §8.7.1 for U = sin ky.
Thus, the plane Couette flow is unstable in the Lagrangian particle sense,
but it is neutrally stable with respect to the wvelocity field, as noted in the
beginning.

8.7.3. Other parallel shear flows

Negative sectional curvature can be found for any parallel shear flow of the
velocity field

X = (U(y),0,0),

as already remarked in §8.5.3. Since ;X = 0 and VxX = (X - V)X =
U0, X = 0, we obtain that the pressure p is constant by the equation of
motion (8.43). Hence, we have S(X, X)) = 0. Therefore, the Jacobi equation
is given by (8.69). Thus, any parallel shear flow of the form X = (U(y),0,0)
is unstable in the Lagrangian particle sense.

A realistic velocity field (more realistic than U(y) = siny) would be the
plane Poiseuille flow (Fig. 8.13),

Uly)=1-vy>, -1<y<l,

which is established between two parallel plate walls at y = £1. This is
an exact solution of a viscous fluid flow under constant pressure gradient.

¥ 1 \ Uy)=1-)?
J

-1

Fig. 8.13. Plane Poiseuille flow U(y) = 1 — y2.
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However, in the case of an inviscid flow (the viscosity v being 0), this
is an exact solution under constant pressure likewise as above. The plane
Poiseuille flow is unstable as a viscous flow [DR81], but it tends to neutral
stability (not unstable) in the limit as the viscosity v tends to zero. In
fact, the parabolic velocity profile does not have any inflection point. It is
obvious that the plane Poiseuille flow is unstable in the Lagrangian particle
sense by the reasoning given above.
The axisymmetric Poiseuille flow in a circular pipe of unit radius,

U(?“):1—7°27 0<r<i1,

is also an exact solution of a viscous fluid flow under constant pressure
gradient in the axisymmetric frame (z,r,6) with = taken along the pipe
axis and r the radial coordinate in the circular cross-section. In the case of
an inviscid flow, this is a solution under constant pressure as well. The same
is true for this axisymmetric Poiseuille flow as for the plane flow, except
that this axisymmetric flow is linearly stable as a viscous fluid [DR81] with
respect to velocity field. The axisymmteric Poiseuille flow is unstable in the
Lagrangian particle sense.

8.8. Steady Flows and Beltrami Flows

In this section, we consider steady flows which do not depend on time.

8.8.1. Steady flows

From (8.43), the equation of a steady flow of an incompressible ideal fluid
in a bounded domain M C R? is given by

(u-V)u+Vp=0, (8.104)
where the velocity field u satisfies divau = 0,° or equivalently by
u X curlu = —VB, (8.105)

(see (8.45)), B = p+ ju?. The function B : M — R is called the Bernoulli
function.

9n arbitrary n-dimensional Riemannian manifold M™ with measure p, the same equa-
tion takes the form: V,v + Vp = 0 for a velocity field v satisfying L,p = 0.
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Bernoulli surface

Fig. 8.14. Bernoulli surface.

Equation (8.105) describes that the velocity field w as well as the vor-
ticity field w = curlu are perpendicular to the vector VB. If uw and w are
not collinear, i.e. if u X w # 0, both of them are tangent to the level surface
of the function B. This means that B = p+ %uQ is a first integral of motion
in M. Indeed, because (u-V)B =0 and (w-V)B = 0, B is constant over a
surface composed of streamlines (generated by u) and intersecting vortex-
lines (generated by w). Such an integral surface may be called a Bernoulli
surface (Fig. 8.14). See Appendix J for the condition of integrability.

It is interesting to see that steady flows with such Bernoulli surfaces
have non-negative (or positive) sectional curvatures. This is verified by not-
ing that u satisfies the geodesic equation V,u = 0, and that the steady
vorticity equation is

0=(uVw— (w-V)u=Vyw—V,u=[u,w),

(see (8.53)), since the scalar function p, is common for both V,w and V,u
from (8.40). Thus we have [u,w] = 0, i.e. the two fields w and w commute
with one another.

Noting that Vi, o = 0 for [u,w] = 0, and that Vyw = V,u, Eq. (8.84)
of the sectional curvature reduces to

K(u,w) = (Vyw, Vyu) = |[Vuw|? > 0. (8.106)

It is interesting to compare this non-negativity of the sectional cur-
vature with the following theorem. From the property that steady veloc-
ity field w commutes with w, one can deduce a topological structure of
steady flows of ideal fluids in a bounded three-dimensional domain. The
flow domain is partitioned by analytic submanifolds into a finite number
of cells. Namely, the Bernoulli surface must be a torus (invariant under
the flow), or an annnular surface (diffeomorphic to S* x R, invariant under
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Fig. 8.15. Regions of a steady flow (u X w # 0), fibered into (a) tori, and (b) annuli.

the flow) [Arn66; Arn78; AK98]. This is verified by using the Liouville’s
theorem [Arn78, §49]. Streamlines are either closed or dense on each torus,
and closed on each annulus (Fig. 8.15).

In the case where u and curl u are collinear, we may write that curlu =
((x)u at each point @. The function () is a first integral of the field w.
In fact, we have

0 = div(curlu) = div(¢u) = (u - V),

since divu = 0. The function () is constant along a streamline (as well
as a overlapping vortexline). It may so happen that the streamline fills
the entire space M. In this collinear case, we have u x curlu = 0, and
VB = 0. Therefore, B = const at all points * € M. It is interesting to
see that the condition of integrability (J.1) of Appendix J is violated in the
collinear case. In the context of magnetohydrodynamics, the field satisfying
u x curlu = 0 is called a force-free field [AK9S].

8.8.2. A Beltrama flow

A Beltrami field is defined by a velocity field u(x) satisfying
Vxu= eR, (8.107)

i.e. u is an eigenfield of the operator “curl” with a real eigenvalue A. Such

a force-free field can have a complicated structure, and flows with the

Beltrami property are characterized by negative sectional curvatures.
Consider a velocity field in M = T3{(z,y, z) | mod 27}, defined by

uP =wupe, +u_pe_,, (8.108)

with the divergence-free property p - w, = 0 and the reality u_, = u,. If
p = (0,p,0), then u, = (up,0,u;).
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Suppose that the velocity field u(x) satisfies the Beltrami condition
(8.107). Then, we have A\ = |p|?. In fact, the Beltrami condition is
(V X upe, =) ip X upe, = Aupye, and its complex conjugate. Taking cross
product with ip, we have

i*p x (p x up,) = pPu, = \ip x u, = \u,,.

Thus we obtain p?> = A2. Hence, the flow field (8.108) has the Beltrami
property V x u? = |pluB, if u, = i|p|~'p x u, is satisfied. An example

of such a velocity field is a one-mode Beltrami flow u? = (u,v,w), with
p=(0,p,0) and u, = %c(l, 0, —i), which is
u=ccospy, v=0, w=csinpy. (8.109)

It can be readily checked that this satisfies V x u” = pu®. As y (taken
vertically upward) increases, the velocity vector u? = c(cos py, 0, sinpy),
which is uniform in a horizontal (z,z)-plane, but rotates clockwise (seen
from the y axis) in the (z, x)-plane together with the vorticity vector Vxu?.
This is a directionally shearing flow (Fig. 8.16).

According to Eq. (8.105), this velocity w is regarded as a steady solution
to the equation where p + %uz is constant. Let X = " v;e; be any velocity
field satisfying (8.72). Then one can show that K(u®, X) is non-positive
[NHK92]. This is another class of flows of negative sectional curvatures
in addition to the parallel shear flows considered in the previous section.
In this Beltrami flow (directional shearing), the vorticity vector V x u® is
parallel to the flow velocity, whereas in the parallel shear flows the vorticity
is perpendicular to the flow velocity. The negative sectional curvature leads
to exponential growth of the Jacobi vector ||J|| according to (8.51), and

means that infinitesimal line-elements are stretched on the average.

y=7/2 T
/4 -
> 8 uB = (u(y), 0, w(y))
0

Fig. 8.16. One-mode Beltrami flow u?.
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8.8.3. ABC flow

Another family of Beltrami field is given by the following ABC flow vAB¢
in T3{(z,y,2) | mod 2r}:

u = tAsinz + Ccosy,
v = +Bsinxz + Acos z, A, B,CeR (8.110)
w = £C'siny + Bcos .

It is obvious that the velocity field v42¢ = (u, v, w) with the three param-
eters (A4, B, () is divergence-free, and it can be readily checked that this
satisfies V x v = £v.10 There is numerical evidence that certain trajecto-
ries are chaotic (Fig. 8.17), i.e. densely fill in a three-dimensional domain
[DFGHMSS6]. On the other hand, if one of the parameters (A4, B, C) van-
ishes, the flow is integrable.

The quantity (v, V xv),/|v|? = &1 is often called the helicity. It is obvi-
ous that the ABC flow of the helicity —1 is obtained by the transformation
(z,y,2) = (—x,—y, —z) of the ABC flow of helicity +1.

1.0

z/2m

0.8

1|1_x“l|

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8

G.0

Fig. 8.17. A Poincare map at the section y = 0 for the streamlines of an ABC flow
(A=1,B = C = 1/v?2). Each dot signifies crossing of a streamline through the section
y = 0. Each dot uniquely determines a next dot. Irregular distribution of such dots in
the part D of the diagram represents chaotic behavior of one streamline.

10The ABC flow was studied earlier by Gromeka (1881) and Beltrami (1889), and in the
present context by Arnold (1965) and Childress (1967). [AK98].
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The same ABC flow can be represented by a linear combination of three
uB-type flows, i.e. a three-mode Beltrami flow:

0P = A[(Fi,1,0)"* + (+i,1,0)e ] + B[(0,Fi, 1) + (0, i, 1)e "]
+ CO[(1,0,Fi)e™ + (1,0, +i)e ™). (8.111)

With a single mode u? flow considered in the previous subsection, the sec-
tional curvature K (u?, X) is already non-positive (for any velocity field X),
it is highly likely that K (v4¢, X) is non-positive. Even in an intgegrable
case where one of (A, B, C) vanishes, K (v45¢ X) will be negative.

Suppose that we have another ABC flow with (4, B', C") # (A, B, C). It
is straightforward to show [KNH92] that the normalized sectional curvature
is a negative constant:

(R(X,Y)Y, X) 1
K.(X,Y) = -
EY) = REYVE - (X, v~ 6

B all . .
where X = v48¢ and Y = v4 B¢, This means that, even in the case

that both (A, B,C) and (A’, B’,C") are close and the streamlines are not
chaotic, the particle motion by A B’ ABC and
not be predicted from the particle motion of v

will deviate from that of v

ABC i the course of time.

8.9. Theorem: af = —i,dal +df

In §8.2.3, associated with the vector field B = adjw € T.D,(M), a corre-
sponding 1-form o} was given by the formula (8.30),'!

af = —i,dal +df, (8.112)

where i, is the operator symbol of interior product (Appendix B.4), u,w €
T.D,(M), and df = 9; fdz". Its proof for a general Riemannian manifold
M™ is as follows [Arn66).

1To any tangent vector B, one can define a 1-form by aL[¢] = icak = (B,¢), the
scalar product with any tangent vector &, i.e. "‘}3 = gjkBkdxj. By (8.26), B is defined

by (ng) = (adj;wvg) = (w9 [U"&]) = alB[g]
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Let 7 be a Riemannian volume element on M (an n-form, n = dim M).
Then, for any tangent vector fields w, v, we have

Oéqi A (iUT) = (U,U)Ta

by definition of exterior algebras (Appendix B, (B.43)), where (u,v) is the
scalar product at a point in M. For any tangent field u,v,w € T,D,(M),
we have

w e = [ @ guor= [ abnipwr (6113

= (ad;w,v) = (B,v) :/ iy QT (8.114)
M

(see (8.21) for {u,v}). Note that we have the following definition and
identity:

TupeT = Z-1)(7;11,7-)7 (8115)
A(iupnoT) = =gy} T + 1 d(iuT) — Gyd(iyT). (8.116)

Since d(i,7) = (dive)T = 0 and d(i,7) = (divu)T = 0, Eq. (8.116) leads to
i{u,v}'r = _d(iu/\vT)~

Using this, the integration [, ol Aigy )7 is transformed to

/ O‘qlu A Z.{u,v}T = _/ azlu A [d(iunoT)]
M M
— 7/ daqlﬂ A (G T) +/ oz}u A (lunoT), (8.117)
M OM

by the Stokes theorem (Appendix B). The second integral over M vanishes
for u, v, w tangent to M, satisfying (8.6).

From (8.115) and (B.10), we have da}, A (iuaeT) = iyviy™ A dal. The
factor i, 7 A dal is equal to 0, because it is of degree n + 1. Then we have

(iyiuT) Adal, = (=1)"(iu7) A (ipdal,).

The form 7 A (i,dal,) is also of degree n + 1, hence vanishes. As a conse-
quence, we have

(iuT) A (ipdal) = —=(=1)"[7 Adyiydal] = (=1)"(iyigdal )7, (8.118)
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Collecting the formulae (8.113), (8.114), (8.117) and (8.118), we obtain

(w, [u,v]) = / oy N,y T = —/ iyiydal T = / iyQsT,
M M M
by (8.114). Therefore, we find
—iyiydal =i,(ak — df) = (v, B — grad f), (8.119)

since the field v € T. D, (M) is orthogonal to grad f: (v, grad f) = 0. Thus,
it is found that o, = —i,dal + df. This verifies the theorem given in the
beginning.



Chapter 9

Motion of Vortex Filaments

The significance and importance of vorticity for description of fluid flows
is already stated explicitly in Chapter 7 as being a gauge field and we
saw that irrotational flow fields are integrable (§7.10.4). In the last part
(§8.8) of Chapter 8, some consideration is given to the role of vorticity with
respect to the Lagrangian instability, contributing to particle mixing. In
this chapter, we consider another aspect, i.e. by contrast there are some
vortex motions which are regarded as completely integrable.

Notion of a vortex tube is useful to describe a tube-like structure in flows
where magnitudes of the vorticity w are much larger than its surrounding.
Mostly, this tube is approximately parallel to the vector w at every section
so as to satisfy divw = 0. A mathematical idealization (§9.1) is derived by
supposing the vortex tube to contract on to a curve (a line-vortex) with
the strength of the vortex tube remaining constant, equal to ~ say, and
assuming the vorticity being zero elsewhere. We then have a spatial curve,
called a vortex filament.

The dynamics of a thin vortex filament, embedded in an ideal incom-
pressible fluid, is known to be well approximated by the local induction
equation (§9.2), when the filament curvature is sufficiently small. A vor-
tex filament is assumed to be spatially periodic in the present geometrical
analysis,! and given by a time-dependent C*°-curve x(s,t) in R?® with the
arc-length parameter s € S and the time parameter ¢t.

As described in §9.3, this system is characterized with the rotation group
G = SO(3) pointwise on the S! manifold.? The group G(S') of smooth

1The derivation here for the periodic case would be generalized to a non-periodic case
by imposing appropriate conditions at infinity. See the footnote on the first page of
Chapter 5 and the description of §8.1.1 with M = R?.
2Suzuki, Ono and Kambe [SOK96]; Kambe [Kam98].

293
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mappings, g : s(€ S') — G = SO(3), equipped with the pointwise compo-
sition law,

g'(s)=4g'(s)og(s) =4g'(g(s), ¢9.9.9" €@,

is an infinite-dimensional Lie group, i.e. a loop group. The corresponding
loop algebra leads to the Landau-Lifshitz equation, which is derived as the
geodesic equation (§9.4). Furthermore, the loop-group formulation admits
a central extension® in §9.8.

Based on the Riemannian geometrical point of view, this chapter
includes a new interpretation of the local induction equation and the equa-
tion of Fukumoto and Miyazaki [FM91] by applying the theory of loop
group and its extension.

Two-dimensional analogue of a line-vortex is a point-vortex. It is well
known that a system of finite number of point-vortices is described by
a Hamiltonian function [Ons49; Bat67; Saf92]. A Riemannian geometri-
cal derivation of the Hamiltonian system is given in [Kam03b], where the
Finsler geometry [Run59; BCS00], rather than the Riemannian geometry,
is applied to the Hamiltonian system of point vortices.

9.1. A Vortex Filament

We consider the motion of a vortex filament F embedded in an ideal incom-
pressible fluid in R3. Given a velocity field u(z) (at € R3) satisfying
divu = 0, the vorticity is given by w = curlu, which vanishes at all points
except at points on F. The vortex filament F of strength =y, expressed by
a space curve, is assumed to move and change its shape (the time variable
is omitted here for the time being). The Biot-Savart law? (Fig. 9.1) can
represent the velocity w at a point « induced by an element of vorticity,
wdV = ~tds, at a point y(s) where s is an arc-length parameter along the
filament F, ds is an infinitesimal arc-length and ¢ unit tangent vector to F

3 Azcarraga and Izquierdo [AzIz95].

4 According to the Biot-Savart law in electromagnetism, an electric current element Ids
at a point y(s) induces magnetic field H at a point @. The field H(x) is given by
—(1/47)[(x—y(s)) x Ids]/|z —y(s)|>. This is equivalent to the local differential relation,
curl H = J, where JdV = Ids with dV as a volume element and ds a line element.
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Fig. 9.1. Biot—Savart law.

at y(s). Namely, the velocity u(x) is expressed as

1 [ @y xHe)

u(r) = —— 9.1
W= T - wep o)
= lcurlgj/ m, (9.2)
dm 7l —y(s)
[Bat67,§7.1; Saf92, §2.3], where curl, denotes taking curl with respect to the
variable x. In fact, using the property that f = —1/4x|x| is a fundamental

solution of the Laplace equation, i.e. V2f = §(x) with d(z) a 3D delta
function, we have
9 1

1
curl, curl,————— = -V ——— =4ni(x — y(s)).
Tyl - gl @)

Recalling vtds = wdV, we obtain curlu = w from (9.2) as expected
[Eq. (7.139)].

We consider the velocity induced in the neighborhood of a point P on
the filament F. We choose a local rectilinear frame K determined by three
mutually-orthogonal vectors (¢,m,b), where n and b are unit vectors in
the principal normal and binormal directions (and ¢ unit tangent to F),
as indicated in Fig. D1 of Appendix D. With P taken as the origin of K,
the position vector @ of a point in the plane normal to the filament F (i.e.
perpendicular to t) at P can be written as (Fig. 9.2)

x = yn + zb.

We aim at finding the form of velocity u(x) taken in the limit as & approach-
ing the origin P, i.e. r = (y? + 22)!/?

— 0.
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Y(s) = st + % Ko s2n + o(sY)

Fig. 9.2. Local representation.

Let us denote the origin P by s = 0. Then, the point y(s) on the curve
F near P is expanded in the frame K as

y(s) =y’ (0)s + %y”(())s2 +0(s%) = st + %Hoszn + O(s?), (9.3)

where y(0) = 0, and k¢ is the curvature of the curve F at s = 0 (see
Appendix D.1). After some algebra, it is found that the integrand of (9.1)
behaves like

zn —yb (+3 ys> ) 15%b + yst

A=Y 2 _ 2
(r2 + s2)372 of0 e o2 ko (% + 52)3/2 + O(kp)- (9.4)

To determine the behavior of u(x) as r — 0, we substitute (9.4) into
(9.1), and evaluate contribution to w from the above nearby portion of the
filament (—\ < s < A). Changing the variable from s to ¢ = s/r and taking
limit A\/r — oo, it is found that the Biot—Savart integral (9.1) is expressed
in the frame K as

u(x) = % (;éb - :;n> + Zﬂmo(log i)b + (b.t.), (9.5)
where (b.t.) denotes remaining bounded terms. The first term proportional
to /27 represents the circulatory motion about ¢, i.e. about the vortex
filament, anti-clockwise in the (n,b)-plane. This is the right motion as it
should be called a vortex. However, there is another term, i.e. the second
term proportional to the curvature kg which is not circulatory, but directed
towards b. These two terms are unbounded, whereas the remaining terms
are bounded, as r — 0.

The usual method to resolve the unboundedness is to use a cutoff.
Namely, every vortex filament has a vortex core of finite size a, and r
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should be bounded below at the order of a. If r is replaced by a, the second
term is

A
upy = %FLO <log a) b+ (b.t.), (9.6)

which is independent of y and z. This is interpreted such that the vortex
core moves rectilinearly with the velocity uy; in the binormal direction b.
There is additional circulatory fluid motion about the filament axis. These
are considered as main terms of u(x).

The magnitude of velocity wuy; is proportional to the local curvature kg
of the filament at P, and called the local induction. This term vanishes with
a rectilinear vortex because its curvature is zero. This is consistent with the
known property that a rectilinear vortex has no self-induced velocity and
its motion is determined solely by the velocities induced by other objects.

The same locally induced velocity uy; can be derived by the Biot—Savart
integral for the velocity at a station x = x(s,) right on the filament. How-
ever, paradoxically, the portion —ka < s—s, < ka (a — 0 and k: a constant
of O(1)) must be excluded from the integral [Saf92, §11]. This is permitted
because there is no contribution to the wy; from an infinitesimally small
rectilinear portion.

9.2. Filament Equation

When interested only in the motion of a filament (without seeing circulatory
motion about it), the velocity is given by wur(s), whose dominant term can
be expressed as

ur1(s) = ck(s)b(s) = ck(s)t(s) x n(s), (9.7)

where ¢ = (y/47) log(\/a) is a constant independent of s. Rates of change of
the unit vectors (¢,mn,b) (with respect to s) along the curve are described
by the Frenet—Serret equation (D.4) in terms of the curvature x(s) and
torsion 7(s) of the filament.

A vortex ring is a vortex in the form of a circle (of radius R, say), which
translates with a constant speed in the direction of b. The binormal vector
b is independent of the position along the circle and perpendicular to the
plane of circle (directed from the side where the vortex line looks clockwise
to the side where it looks anti-clockwise). The direction of b is the same
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as that of the fluid flowing inside the circle. This is consistent with the
expression (9.7) since k = 1/R = const.

It has been just found from above that the vortex ring in the rectilinear
translational motion (with a constant speed) depicts a cylindrical surface
of circular cross-section in a three-dimensional euclidean space R3. The
circular vortex filament coincides at every instant with a geodesic line of
the surface which is to be depicted in the space R3. This is true for gen-
eral vortex filaments in motion under the law given by Eq. (9.7), because
the tangent plane to the surface to be generated by the vortex motion is
formed by the two orthogonal tangent vectors t and wydt. Therefore the
normal IN to the surface coincides with the normal n to the curve C of the
vortex filament. This property is nothing but that C is a geodesic curve
(§2.5.3, 2.6).

Suppose we have an active space curve C: x(s,t), which moves with the
above velocity. Namely, the velocity 0;@ at a station s is given by the local
value u, = ck(s)b(s), i.e. i = ck(s)b(s) (the local induction velocity).
It can be shown that the separation of two nearby particles on the curve,
denoted by As, is unchanged by this motion. In fact,

d
—As = (Asdsu,) - t, (9.8)
dt
where dyu, = cx’(s)b + cxb'(s). From the Frenet-Serret equation (D.4), it
is readily seen that b-t = 0 and b'(s) - t = 0. Thus, it is found that

d
—As = .
328 0, (9.9)

i.e. the length element As of the curve is invariant during the motion, and
we can take s as representing the Lagrangian parameter.

Since b = t x n and in addition dsx = t and 9?x = kn (Appendix D.1),
the local relation (9.7) for the curve x(s,t) is given by

ox = O,x x d2x, (9.10)

where the time is rescaled so that the previous ct is written as t here.

This is termed the filament equation (Fig. 9.3). In fluid mechanics, the

same equation is called the local induction equation (approzimation).®

5This equation was given by Da Rios [DaR06] and has been rediscovered several times
historically [Ric91; Ham88; Saf92].
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ju 02X =xn /4

dx=xb

Fig. 9.3. Filament motion.

Some experimental evidence is shown in [KT71], where in addition, a
circular vortex ring is shown to be neutrally stable with respect to small
perturbations.

It is not difficult to see that there is a solution in the form of a rotating
helical vortex @y, to Eq. (9.10). In fact, consider a heliz x, = (z,y, 2)(s,t)
and its tangent t;, defined by

xp, = a(cosb,sin b, hks + Awt), (9.11)
tp, = ak(—siné,cos 0, h), (9.12)
(Fig. 9.4), where 8 = ks — wt, and a,k,h,w, A being constants.

The vortex is directed towards ¢, i.e. increasing s. The left-hand
side of (9.10) is aw(sin®, —cosf,\), whereas the right-hand side is
a?k3h(sin@, — cos§,1/h). Thus, Eq. (9.10) is satisfied if w = ak®h and
hA = 1. Requiring that s is an arc-length parameter, i.e. ds? = da? +
dy? + dz?, we must have a?k?(1 + h?) = 1. Hence, once the radius a and
the wave number k of the helix are given, all the other constants h,w, A
are determined. The helix translates towards positive z-axis and rotates
clockwise (seen from above), whereas the circulatory fluid motion about
the helical filament is anti-clockwise.

It is remarkable that the local induction equation can be transformed
to the cubic-nonlinear Schrodinger equation. A complex function (s, t) is
introduced by

W(s,t) = k(s) exp {z / ) T(s’)ds'}
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Fig. 9.4. Helical vortex.

(called Hasimoto transformation), where x and 7 are the curvature and
torsion of the filament. The local induction equation (9.10) is transformed to

o =i (20 -+ vy ) (9.13)

[Has72; LP91]. As is well known, this is one of the completely integrable
systems, called the nonlinear Schrédinger equation. Naturally, this equation
admits a soliton solution, which is constructed for an infinitely long vortex
filament [Has72] as

(s, t) = k(&) explitps], K = 279 sech 1€, (9.14)

where { =s—ctand 7 =79 = %c = const.

In addition, there are planar solutions which are permanent in form
in a rotating plane [Has71]. Their shapes are equivalent to those of the
elastica [KHS85; Lov27]. A thorough description of filaments of permanent
form under (9.10) is given in [Kid81].
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9.3. Basic Properties

9.3.1. Left-invariance and right-invariance

In conventional mechanics terms, the variable x(s,t) € R3 is a position
vector of a point on the filament. Speaking mathematically, (s,t) is an
element of the C*®-embeddings of S! into a three-dimensional euclidean
space R3, ie. £ : S x R — R3.

The motion of the curve x(s,t) is a map,

o1 To(8) — w(8) = @t 0 To(s) := Py(s),
or ®;:s5+— xy,
where x; = ®4(s) = x(s,t) is a position vector of the filament at a time t.
Henceforth, the unit tangent vector is denoted by Ti(s) = T(s,t) = Osa¢

instead of t. Following the motion, the tangent T;(s) to the curve is left-
translated:

Ti(s) = Oxy/0s = ¢y 0 Dxo(s)/0s = (Lg, )«To(s), (9.15)

that is, T;(s) is a left-invariant vector field (Fig. 9.5). Likewise, its derivative
is also left-invariant, i.e.

05Ty = (L, )+ (8:Tp), (9.16)

where 0,1} = Ki(s)1:(s).
The tangent vector T; can be expressed also as a function of the position
vector x; = ®4(s). Hence, the T;(s) is regarded as a right-invariant vector

x(s)

Fig. 9.5. (a) Left-invariant, and (b) right-invariant.
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field. In fact, writing T3(s) = T3 (x¢(s)) = i 0 ®4(s), we have
T, = Ty(x¢) = Ty 0 ®; = (Rg, )Tt (9.17)
(Fig. 9.5). Likewise, the curvature is expressed as
ki = Ke(re) = (R, )«ht- (9.18)

Thus, the curvature k:(s) is a right-invariant vector field as well, where
|dz¢| = |ds| by the property (9.9).

9.3.2. Landau—Lifshitz equation

Differentiating Eq. (9.10) with respect to s and setting ' = 9@, one obtains
T =T x 0°T = -T" x T, (9.19)

since " x " = 0, where a prime denotes the differentiation with respect
to s and the subscript t of T; being omitted henceforth. This is a particular
case of Landau-Lifshitz equation. In this regard, it would be useful to recall
that the vector product plays the commutator of the Lie algebra so(3) (see
§1.8.2 and 4.3).

9.3.3. Lie—Poisson bracket and Hamilton’s equation

Equation (9.19) can be interpreted as a Hamilton’s equation, in an analo-
gous way to the case of the Euler’s top in §4.1.3. To that end, we first verify
that the following integral,

1 1
H=1 / K2(s)ds = + / (0T, 0.T) pods (9.20)
2 Sl 2 Sl

1 1
_ _5/51 T(o) - T"(0)do, (9:21)

is an invariant under the Landau-Lifshitz equation (9.19), where
(A,B)gs = 6yA*B! = A- B.” Noting 0,T = T' = kn and k2 = (T",T'),

6 General Landau-Lifshitz equation [AK98, Ch. VI| is given by replacing the vector
product A x B by a Lie bracket [A, B]. The equation of the form 8; X = Q x X describes
“rotation” of the vector X with the angular velocity Q2. Hence, the factor —92T = —T"'(s)
in (9.19) is interpreted as the angular velocity of T'(s) at s locally.

"Henceforth the subscript R3 is omitted, and A - B will be often used in place of (A, B)
in this chapter.
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we obtain
ow? =2T" -0, =2T" - (T x T"") = 0,(2K77), (9.22)

from (9.19). The last equality can be shown by using the Frenet—Serret
equation (D.4). In fact, we have

T xT" = (k7" +2'T)n + Kb,
3 — k72, Integrating (9.22) with respect to s, we obtain
dH/dt = 0, since £?7 is a function on S*.

Suppose that the functional H of (9.21) (or (9.20)) is the Hamiltoninan
for the equation of motion:

where K = k" — k

d
1, ={T,, H}, (9.23)
dt
where T,(s,t) is the ath component of the unit vector T in the fixed
cartesian frame R3, and the bracket {-,-} is defined by the following Poisson

bracket (a kind of the Lie-Poisson bracket®):

0T, O6H
{Ta,H} = /’S1 T(CT) . <57_‘ X H) dO'7

where the Gth component of 6/07(s) is given by §/0T3(s), the functional
derivative with respect to Ts(s) at a position s (where 8 = 1,2, 3). Then,
we have

(9.24)

5Ta(8) _ oH _ "
=d(0 — s)eq, To) ~ —-T"(o),

where e,, is the unit vector in the direction of ath axis.® Then, Eq. (9.23)
leads to

%Ta — (T, H)} = /S T(0) - (5(0 — 8)ea x (—T"(c)))do

=-T(s)(€q x T"(5)) = €n - (T(s5) x T"(s)). (9.25)

This is nothing but the ath component of Eq. (9.19).

8See the footnote to §4.1.2 for its general definition [MR94; HMROS].
9% H = — [¢1 T"(0) - 6T(0)do, and T(s) = Tu(s)ea, and Ta(s) = [ Ta(o)d(c — s)do.
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9.3.4. Metric and loop algebra

According to the observation (given in the footnote in §9.3.2) that the term
—02T = —T"(s) in (9.19) is interpreted as an angular velocity of rotation of
T'(s), we may regard the vector —T"(s) as an elelment Q of the Lie algebra
so(3), i.e. Q =T"(s) € so(3) at each s.

Based on the Hamiltonian H of (9.21), the metric of the system of a
vortex filament is defined as

(Q,Q) := —/ (T,7T")ds = —/ (T,Q2)ds = / (0,T,0,T)ds = / K% ds.
51 51 st 51

(9.26)

Integration by parts has been carried out on the second line. We may write

—T = AQ by introducing an operator A = —9; 2.1 Then, the metric is
rewritten as

(Q,0Q) = /S (42,9 ds, (9.27)

(see §4.3 for comparison). The operator A = —9; 2 is often called an inertia
operator (or momentum map) of the system.
The invariance of H together with the left-invariance of 9,7 (shown in
the previous sections) suggests that the metric (Q2, Q) is left-invariant.
Thus, using the new symbol L instead of T, one may define

L" € Lg:= C>(S',s0(3)),
L(= —AL") € Lg* := C>(S*,50(3)"),

where C°°(S1,s0(3)) is the space of C°° functions of the fiber bundle on
the base manifold S! with the fiber so(3), while Lg = so(3)[S!] denotes
the loop algebra of the loop group, LG := SO(3)[S?], and C>°(S*,s0(3)*)
is the dual space.!!

9.4. Geometrical Formulation and Geodesic Equation

Now let us reformulate the above dynamical system in the following way. Let

X (5),Y(s), Z(s) € Lg =s0(3)[S'] = C(s € S*,50(3)) (9.28)

10We have AT”(s) = —T(s), under the conditions of periodicity and |T'| = 1.
H1n the sense of the pointwise locality, the group £G(S') is called a local group.
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be the vector fields. Correspondingly, we define their respective dual fields
by AX,AY,AZ € C>(S!,s0(3)*) with A = —9;2, together with Tx =
—AX, Ty = —AY and Ty = —AZ. The left-invariant metric is defined by

(X,Y):=— /S (Tx.Y)ds = — /S (T, X)ds (9.29)

- / (AX,Y)ds = / (AY, X)ds, (9.30)
St 51

where T% := X and Ty := Y. The symmetry of the metric with respect to
X and Y can be easily verified by integration by parts. The commutator is
given by

(X, Y] ®)(s) := X(s) x Y(s) (9.31)

(see (4.27)) at each s, i.e. pointwise.

In the case of the left-invariant metric (9.30), the connection satisfies
Eq. (3.30), and in terms of the operators ad and ad*, we have the expression
(3.65), which is reproduced here:

VxY = = (adxY — adyY — ad} X) (9.32)

1
2
(see also [Fre88]). By using the definition adxY = [X,Y]™ and the defi-
nition (ad% Y, Z) = (Y,adx Z), we obtain

(ad%Y,Z) = (Y, [X, 2]W)) = / (AY, X x Z)ds
Sl

:/ (AATY(AY x X), Z)ds,
S1
(see (4.35) for comparison), which leads to
adyY = ATHAY x X) = 8?[Ty, X]®), (9.33)

Using this, it is found from (3.65) that the connection V of the filament
motion is given in the following form [SOK96; Kam98]:

VxY = %(X xY —9%(Tx xY) — 93Ty x X)), (9.34)

which leads to Vx X = —0%(Tx x X).
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In the time-dependent problem, a tangent vector is expressed in the
form, X = 0; + X*0,, where X = (X%) € so(3). Then the geodesic
equation is

ViX=0,X+VxX =0, (9.35)
on the loop group LG = SO(3)[S']. This is also written as
0 X — 0%(Tx x X) =0. Applying the operator ;2 = —A and using
Tx = —AX, we get an equation of motion in the dual space,

8tTX — (TX X X) =0. (936)

Replacing X by T%, we recover the Landau-Lifshitz equation:
8tTX = TX X T)/é (937)

Furthermore, integrating with respect to s, one gets back to Eq. (9.10).

9.5. Vortex Filaments as a Bi-Invariant System

9.5.1. Circular vortex filaments

In order to get an insight into the filament motions, let us consider a class of
simple filaments for which 82T = T” = —c?T is satisfied with a constant c.
From the Frenet—Serret equations (D.4), we have T” = —k?T + r'n — k7b.
This requires 7 = 0 and ¢ = k, and we have a family of circular fila-
ments (with ¢=! denoting a radius). A family of circular vortex filaments
(a sub-family of vortex filaments) has a particular symmetry, and is worth-
while investigating separately since its metric is analogous to that of a
spherical top (§4.6.1).
Replacing Q = 7" = —c2T by —T in (9.26), the metric is defined as

(2, Q) = /S (T.7)ds = /S as, (9.38)

where (T,T) = |0x/0s|> = 1 and T = —AQ. As described in §9.3.1, this
metric is bi-invariant, i.e. both left- and right-invariant, because (T3, 7T;) =
(To, Tp) = 1 in regard to (9.15), and (T}, T;) = (T3,T;) = 1 in regard to
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(9.17) (see Fig. 9.5). The above metric induces the following inner product:

(X,)Y) = /SI(X, Y)ds. (9.39)

Suppose that X,Y,Z are C* functions taking values of the algebra
s0(3)[S]. Then the commutator is given by (9.31) as before, and the con-
nection is given by (9.32), where adxZ = X x Z. In view of (9.39),

iy z) - [

(Y, X x Z)ds = / (Y x X), Z)ds.
Sl

S1
Therefore, we obtain ad%Y =Y x X, which is consistent with (9.33) when
A is set to —I. Then, the connection formula (9.32) reduces to

1

VY (s) = %X(s) X V(s) =5

(X, Y](s), (9.40)
(omitting the superscript (L)). Then the geodesic equation, X +
VxX =0, reduces to

1
O X =0, since VxX = §X x X =0. (9.41)

Hence the covector T'x tangent to the space curve (defined by T% = —X)
is also time-independent, where Tx € C°°(S') and |Tx| = 1. This is inter-
preted as steady translational motion of a wvortexr ring, described at the
beginning of §9.2.

The Hamilton’s equation (9.23) results in (d/d¢)T,, = 0, for the Hamil-
tonian H = £ [, (T, T)ds = & [, ds, since 0H/6T = T. Starting from the
Hamilton’s equation with the Hamiltonian H = % f ds (without resorting
to the fact that it is derived under the assumption of a circular filament), the
property T, = const is understood such that the filament form is invariant
(unchanged) with the Hamiltonian of the filament length.

In §4.6.1, a finite-dimensional system (i.e. free rotation of a rigid body)
with a bi-invariant metric was considered. The metric (9.39) of a circular
filament is analogous to the metric (4.53) of a spherical top. The local
form of the connection (9.40) at s is equivalent in form to (4.55). Note
that Vx(VyZ) = 1[X,[Y, Z]] by (9.40), for example. Then, we obtain the
curvature tensor,

R(X,¥)Z = —{[[X.Y], 2],

by the Jacobi identity (1.60). This is equivalent to (4.56).
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The sectional curvature is found to be non-negative as before:

1
AMXJy:mMﬂN@D:Z/WXXYF@ZQ
S1
In this steady problem, the Jacobi equation is given by (3.127):
& |2

= >~ K(T,J).

The right-hand side vanishes because VyJ = 3T x J and K(T,J) = 1| T x
J||?, where ||J||* = (J,J). Thus, we obtain ||.J|| = const, as it should be.
This implies that a vortex ring in steady translational motion is neutrally
stable, and that the circular vortex is a Killing field, which is considered
in §9.6.2.

9.5.2. General vortex filaments

Above formulae regarding a vortex ring are analogous to those of a spherical
top in §4.6.1 and the note given pertaining to (4.62) in §4.6.2. A general
rigid body is characterized by a general symmetric inertia tensor J, which
is regarded as a Riemannian metric tensor, and its rotational motion is a
bi-invariant metric system (§4.5.2). Formulations in §4.4 and 4.6.2 describe
the extension to such general metric tensor J. It would be interesting to
recall the property of complete-integrablility of the free rotation of a rigid
body (see §4.1).

The general case of vortex filaments under the metric (9.30) is analo-
gous to the asymmetrical top of the metric (4.58). The filament motions of
general inertia operator A are governed by the filament equation (9.37) (or
(9.10)) and regarded as a system of bi-invariant metric. In this regard, it is
to be noted that this system is known to be completely integrable, i.e. there
are inifinite numbers of integral invariants [LP91]. Two invariants of lowest
orders are found as follows.

9.5.3. Integral invariants

According to the Poisson bracket (9.24), we define the Lie-Poisson
bracket as

(I,H} = /S T(0) <§; x ‘Z{) do, (9.42)
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for the Hamiltonian H of (9.20) and an integral I:

1
H= f/ k2 (s)ds, I= f(s)ds.
2 S1 S1
The Hamilton’s equation (§9.3.3) for I is written as
Yo um (9.43)
gl =14} .

If the bracket {I, H} vanishes, then the integral I is an invariant of motion.
A first simplest integral invariant is given by

I = / (T, T)ds = / ds. (9.44)
st 51
In fact, since 611 /6T (c) = 2T°(0), the bracket vanishes:

0H
{L,H} = T(o) - <2T(U) X ) do =0.
51 T
A second integral invariant I5 is given by

I = /S T X T s = /S K (s)r(s)ds, (9.45)

where T’ x T" = —k27T + K3b by the Frenet-Serret equations (D.4). Its
invariance is verified as follows. Taking functional derivatives of H and I,
we obtain dH /0T (0) = —=T"(c), and

oI
Sp =T X T+ (T T") + (T x T')" = 37" x T" + 2T x T""

Therefore,
{H, I} = —/ T- (T x 3T x T" + 2T x T"])do.
Sl

Recalling the formula of vector triple product, A x (B x C) = (A-C)B —
(A - B)C for three vectors A, B,C € R3, we obtain

TI/ % (TI X T”) — |T//|2T/ _ (T/ . T//)T//,
T// % (T X Tl//) — (T/l . T///)T _ (T . TH)T”,.

Substituting these and using |T|?> = 1, T - T" = 0, we obtain

(.12} = = [ BT/ 1) = 2T T) + 2T - T7)(T - T")ds.
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The second term can be written in the form of a derivative, 27" - T =
(d/ds)(T" - T"). Likewise, the first and third terms are written in the form
of derivatives with respect to s as follows:

3(T . T//)(T/ . T//) + 2(T . TI/)(T . T///)

1
:2(T'T”)[(T"T”)+(T'T”l)]+§(T"T’)I(T‘Tﬂ)
d 1d
=2T-T"\—(T-T" —— (T -TY=(T"-T T-T"
( )35 )t o )(=( )+ ( ))
d 1d
_ = T~T”2**f T,'T/Q
ds( ) 4d5( )
since T - T" = 0. Therefore, we have
d " 1" 2 1 ! 2
{H, I} = — (T 17— (T-T")+-(T"-T")° |ds = 0.
S1 ds 4

Thus, it is found that the integral I, is an integral invariant.

9.6. Killing Fields on Vortex Filaments

Motions of the following three vortex filaments are characterized by trans-
lation and rigid-body rotation, without change of their forms.

9.6.1. A rectilinear vortex

A rectilinear vortex filament x; in the direction of z-axis (say) is defined by
the unit tangent field dsa; = Tx, = (0,0, 1) in the cartesian (z, y, z)-frame
with the algebra element X; = T% = (0,0,0). One can immediately show
that this field is regarded as a Killing field satisfying (3.161).

In fact, from the definition (9.34) of connection, we have Vy X; =
—102(Tx, x Y). Then, using A = —9;2,

1
<VYX1,Z> :/ (AVyXl,Z)dS = 5/ (TXl X Y, Z)ds
St St

1

:7/IXIYXE®.
2 Jan

Likewise, we have (VzX;,Y) =1 [Ty, - (Z x Y)ds. Therefore, the Killing
equation (3.161),

(Vv X1, Z) +(Y,V2X;) =0, (9.46)
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is satisfied, since Y x Z+ Z x Y =0, for any Y, Z € Lg = so(3)[S!]. Thus
it is found that T, is a Killing field (§3.12.1).
The corresponding conserved quantity is given by

(X,Y) :/ (Tx,,Y)ds= [ Y.ds,
51 st

where Y, is the component of Y in the direction of Tx, = (0,0, 1).

9.6.2. A circular vortex

A circular vortex is also considered to generate a Killing field X.. The posi-
tion vector of a circular vortex of radius a is denoted by . = a(cos s, sin s, 0)
for s € [0,27] = S, where the origin of a cartesian frame is taken at the
center of the vortex and the (x,y)-plane coincides with the plane of the
circular vortex. According to Eq. (9.10), the ring radius a can be made
unity by rescaling the time ¢ to at. Then, the variable s becomes a length
parameter along the circumference of the unit circle. The tangent to the
circle is given by

Tx, = 0sx. = (—sin s, cos s,0) := t.(s), (9.47)

and X, =Ty =t = —t. (Fig. 9.6). The Landau-Lifshitz equation (9.37)
reduces to

8 Tx, = 0.

From the definition (9.34) of connection, we have

1
Vy X, = 5(Y X X — 0?[Ty x Xe+Tx, xY)), (9.48)
VA
kb
AT
\a
n y

Fig. 9.6. Circular vortex.
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since 0;T’x, = 0. Then, we have

(Vy X, Z) = —%/ Tz (Y x X, — 2Ty x X+ Tx, x Y])ds
Sl

1 1
== XC-(YXTZ—i—ZxTy)ds—kf/ Ty, - (Y x Z)ds,
25'1 251

(9.49)

for Y, Z € Lg = so(3)[S!], where integration by parts is carried out two
times except for the first term, and then T is replaced with Z. Another
term (Y, VzX.) is obtained by interchanging ¥ and Z. Then, we have

(VyXe, Z) + (Y, VzX) = | Xoo (Y xTz+ZxTy)ds,  (9.50)
Sl

where the last term of (9.49) cancels out with its counterpart.
It is required that all of Y, Z and Y + Z satisfy the Landau—Lifshitz
equation:

atTynyXY:O, athszxzio,
6t(Ty + Tz) — (Ty + Tz) X (Y + Z) =0. (951)

Hence, we have
T, xY +Ty x Z=0.
Thus, it is found the Killing equation is satisfied:
(VyXe,Z) +(Y,VzX.) =0,

for any Y, Z € Lg = so(3)[S!] under the condition that the conservation
integral of the form (9.52) makes sense. This verifies that a circular vortex
(called a vortex ring) represented by Tx, = t. = (—sins,coss,0) is a
Killing field. The corresponding conserved quantity is given by

(X,,Y) = — / (Tx,,Y)ds = — / t. Yds, (9.52)
St St

where t.-Y is the component of Y in the tangential direction of the circular
vortex. This implies that the circumferential length projected onto the circle
is invariant.
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9.6.3. A helical vortex

A similar analysis applies to a helical vortex (9.11) (with a = 1), repre-
sented by

Tx, = 0sxp =ty = k(—sin6,cos b, h), (9.53)

and X;, = —=T%, = —t; = k°t. = k*(—sinf,cos6,0), where 6 = k(s — ct)
and ¢ = w/k = hk?. Here, some modification is necessary, because the
helical vortex rotates with respect to the z-axis and translates along it
without change of form.

Introducing a pair of new variables (7,0) by 0 = s — ¢t and 7 = t where
0 = ko, the T, and X}, are functions of o only, hence 9,7}, =0, 9. X}, = 0.
The derivatives are transformed as

0s = 0y, Or=0; —cOy. (9.54)
Then, Eq. (9.19) is transformed to
0Ty, — 0o Ty, = T, x 02T,
We may call slide-Killing (according to [LP91]) if the Killing equation,
(VyXn, Z) +(Y,VzXp) =0, (9.55)

is satisfied for the variable o. Following the derivation of formulae in the
previous section, it is found that the left-hand side of (9.55) is given by

Xn- (Y xTz+ Z x Ty)do, (9.56)
Sl
which is obtained just by replacing X, and s with X, and o in (9.50).
Equations (9.51) are replaced by
atTy — C&UTY — Ty XY = 07 8tTZ — c&,TZ — TZ X Z = 07
O(Ty +Tz) —cOs(Ty +Tz) — (Ty +Tz) x (Y + Z) = 0.

From these, we immediately obtain
T; xY +Ty x Z=0.

Thus, it is found that Eq. (9.55) of slide-Killing is satisfied, and that the
helical vortex of X} with T}, is a Killing field. The corresponding conserved
quantity is given in the form (9.52) if T'x_ and t. are replaced by Tx, and ¢j,.
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9.7. Sectional Curvature and Geodesic Stability

Stability of a vortex filament is described by the Jacobi equation. In other
words, an infinitesimal variation field eJ between two neighboring geodesics
(for an infinitesimal parameter € and the Jacobi field J) is governed by the
Jacobi equation (3.127):

a’ 1
ds? 2
where X is the tangent vector to the reference geodesic.

The sectional curvature K (X, J) is defined by (3.166) in §3.12.3, which
is reproduced here:

11 = IV JII* = K (X, J), (9.57)

K(X,J) = (R(X,J)J,X)
= (Vx X,V J) + (Vs X, VxJ) + (Vixn X, J). (9.58)

9.7.1. Killing fields

In §3.12.3, it was verified that the sectional curvature K(X,.J) is positive
if the tangent vector X is a Killing field and that the right-hand side of the
Jacobi equation (9.57) vanishes.

First example is the section spanned by a straight-line vortex and an
arbitrary variation field J. The straight-line vortex is characterized by the
(cotangent) vector Tx, = (0,0,1) and the vector X; = (0,0,0). From the
connection formula (9.34), we have

1
VX = —§8§(TX1 x J).

Hence, the curvature formula (3.167) for a Killing field X; gives

K(X0,7) = [V XilP = [Vx, T = /S (T x Vs, (959)
i.e. the curvature is positive except for J’ parallel to Tx,. It is readily seen
that the right-hand side of (9.57) vanishes.

Second example is the section between a circular filament and an arbi-
trary variation field J. A circular vortex is characterized by the tangent
vector field X, = —t. of (9.47). From the curvature formula (3.167) for a
Killing field X, we find

Ke(Xe, J) = Vo Xel® = IVx. I, (9.60)
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where V;X, is given by (9.48) with Y = J. Thus, it is found that the
sectional curvature of a vortex ring with an arbitrary field J is positive.
Again, the right-hand side of (9.57) vanishes. This implies that a vortex
ring in steady translational motion is neutrally stable, which is consistent
with the perturbation analysis of [KT71].

Regarding the helical vortex X}, we have the same properties.

9.7.2. General tangent field X

Using the connection of (9.34) and the curvature formula (9.58), it is found
that the sectional curvature is given by

K(X,J) =(R(X,J)J, X) = o f(s)ds, (9.61)

for X,J € C*>(S',s0(3)), where'?
F(5) = (AX x X) - (AT x J)" — (3/4)0; (X x J))?

+ 10,(AX x T+ AT x X)P 4 SIXP(T - AJ) 4 1TP(X - AX)]
- %(X DAX - ) + (X - AT)] (9.62)

[SOK96; Kam98|.

Regarding a helical vortex, it is assumed to be stable since it is a Killing
field as far as the perturbations belong to those on S!'. However, fluid-
dynamically speaking, a physical aspect must be taken into account. If the
wavelength of the perturbation is sufficiently large and the condition of
Sl-periodic field is not satisfied, then the stability of a helical vortex is
not guaranteed [SOK96]. In addition, the local induction equation is an
approximate equation in the sense that the filament must be very thin and
in addition, its curvature must be relatively small.

9.8. Central Extension of the Algebra of Filament Motion

The loop algebra Lg = so(3)[S?] yielded the Landau-Lifshitz equa-
tion (9.19). It is possible to formulate its central extension analogously
according to the KdV problem (§5.3, 5.4 and Appendix H). The result is
the Kac-Moody algebra known in the gauge theory [AzIz95]. However, its

12The present X and J correspond to X’ and J/ in [Kam98].
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application to the motion of a vortex filament is not seen in any existing
textbook. It is remarkable to find that the resulting geodesic equation is
that obtained in [FM91] in the context of fluid dynamics.

Let us introduce extended algebra elements defined as

X,Y,Z eso(3)[S'] @R,

where X := (X,a),Y := (Y,b),Z := (Z,¢), for a,b,c € R. The extended
metric is defined as

(X,Y) = /S (AX,Y)ds + ab

where A = —9;2. The extended algebra is defined as
(X, Y] = ([X,Y]®)(s),c(X,Y)), (9.63)
where
() = [ (XY /() = (Y. X),
and the Jacobi identity is satisfied by the new commutator:
((X.Y],Z]+[[Y, 2], X] +[[Z,X],Y] = 0.

It is not difficult to show that the commutator (9.63) is equivalent to that
of the Kac-Moody algebra [AzIz95]. The extended connection is found to
be given by

N 1
VeV = (VXY, 5 (%, 8SY)ds) ,
Sl
VY i %([X, YU 4 82[AX, Y]V 4 02[AY, X]U) — 92(ad,Y + b0, X)),

Then the geodesic equation (8tf( + VXX = 0) for the extended system is
obtained as

X +02(AX x X) —ad?X =0,
815(1 =0.

The second equation follows from [, (X, d,X)ds = 0. Applying the opera-
tor A, we obtain the equation for &, = L = —AX (X = L"):

oL — (L x L") —ad>L = 0.
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Integrating this with respect to s, we return to the equation for the space
curve (s, t):

Ty = Ty X Tys + AT g5,
in R3. From the Frenet—Serret equation (D.4), we have
Toss = —K2t+ K'm — KkTh.
Denoting vs = axsss, we obtain
0sv3 = a(—3kk't + Bn + vb),
where 8 and v are certain scalar functions of s. The rate of change of an

arc-length As between two nearby points along the curve is given by (9.8):

d
dt

where k(s) is the curvature of the filament at a point s. Therefore the
new term axgss induces change of As. However this local change can
be annihilated by adding a tangential velocity vs. = (3/2)ak?x, with-
out affecting the velocity component perpendicular to £. In fact, we have
(0sv34) - t = 3kk’a. The shape of the filament is not changed by the addi-
tional term.

(As) As = (O5v3) - t = —3kK'a,

Thus, we have found a new equation of motion conserving the arc-length
parameter s:

Ty = Xy X Ty + a(Tsss + (3/2)K%xy). (9.64)

This is equivalent to the equation obtained by Fukumoto and Miyazaki
[FM91] (FM equation). This was originally derived for the motion of a
thin vortex tube with an axial flow along it (Fig. 9.7). The two equations,
(9.10) and (9.64), are known to be the first two members of the hierarchy
of completely integrable equations for the filament motion [LP91].

In Chapter 5, the KdV equation is derived as a geodesic equation on
the diffeomorphism group of a circle S' with a central extension. Here,

Fig. 9.7. Thin vortex tube with an axial flow.
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it is verified that the motion of a vortex filament governed by Eq. (9.10)
is a geodesic on the loop group LG = SO(3)[S!], with SO(3)-valued and
pointwise multiplication. Furthermore, the infinite-dimensional loop alge-
bra L£g has a non-trivial central extension equivalent to the Kac-Moody
algebra. This is a new formulation verifying that the extended system leads
to another geodesic equation with an additional third derivative term, which
was derived earlier [FM91] and shown to be a completely integrable sys-
tem. It is remarkable that there is a similarity in the forms between the
KdV equation and FM equation. These are two integrable systems defined
over the S' manifold: one is a geodesic equation over the extended dif-
feomorphism group 15(5 1) and the other is over the extended loop group
S0(3)[S1].



Part IV

Geometry of Integrable Systems
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It is well known that some soliton equations admit certain geometric inter-
pretation. An oldest example is the sine-Gordon equation on a pseudo-
spherical surface in R? [Eis47]. The Gauss and Mainardi-Codazzi equations
(§2.4) of the differential geometry of surfaces in R? yield the sine-Gordon
equation when the Gaussian curvature is constant with a negative value.
On the basis of the surface geometry, the Backlund transformation can be
explained as a transformation from one surface to another in R3®. Namely,
the relation between the new and old surfaces is nothing else than the so-
called Bécklund transformation. Both were already known before modern
soliton theory. This will be described in Chapter 10.

In order to understand a certain background of the Lax representation in
the soliton theory, modern approaches of group-theoretic and differential-
geometric theories were developed on the integrable systems [LR76;
Herm?76; Cra78; Lun78|, which later led to theories of soliton surfaces.
Among them, two kinds of approaches have been recognized. One is based
on the structure equations which express integrability conditions for sur-
faces, which was proposed by [Sas79] and developed by [CheT86]. Second is
an immersion problem of an integration surface in an envelop space, which
was initiated by [Sym82], and later systematically developed by [Bob94;
FG96; CFG00]. This is an approach by defining surfaces on Lie groups and
Lie algebras. Both are described in Chapter 11. Firstly, we start to consider
a historical geometrical problem to derive the sine-Gordon (SG) equation
on a surface of constant Gaussian curvature.



Chapter 10

Geometric Interpretations
of Sine—Gordon Equation

This Chapter 10, §11.3.4 and §11.5 are regarded as some
applications of the formulation of Chapter 2 for surfaces
in R3.

10.1. Pseudosphere: A Geometric Derivation of SG

We consider surfaces of constant Gaussian curvature K. As K is positive or
negative, the surface is called spherical or pseudospherical. On the basis of
the theory of surfaces in R® (Chapter 2, §3.5.2, Appendix K), we consider
the coordinate curves that are defined by the lines of curvature! on the
surfaces of constant K in R3, and hence, the coordinate curves constitute
an orthogonal coordinate net (u!,u?), and a line-element ds is defined by
ds? = g11(dut)? + goo(du?)?. We assume that K is equal to £/a?, where ¢
is +1 or —1 according as K is positive or negative with a being a positive
constant. Such a surface can be covered by a conjugate net. According
to the representation (K.7), the second fundamental tensors (Appendix K
and §2.2) are given by

°[§

b = » b2 =0, bap = 6?» (10~1)

where g = det gog = g11922.

1A line of curvature is defined by the property that its tangent coincides at each point
with one of two principal directions which are orthogonal to each other. The lines of
curvature intersecting orthogonally satisfy the condition of conjugate directions, and are
hence called self-conjugate [Appendix K].

321
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principal directions

Fig. 10.1. An orthogonal coordinate net.

By the properties g12 = 0 and b1 = 0, the coordinate curves are ortho-
gonal and coincide with the lines of curvature (see (K.5)). On such a coordi-
nate system as given by the lines of curvature, the tangent to the coordinate
curve at each point coincides with one of the principal directions (Fig. 10.1).

Now, the Mainardi—-Codazzi equation derived in §2.4 is useful to deter-
mine the surface. Taking v = « in Eq. (2.49), we have

aﬁbaa - aabaﬁ - Fgﬁbl/a + ngocb’/ﬁ = 07

where a # (3. Setting (v, ) = (1,2), one obtains daby1 — 15011 +1% bag = 0,
since b1z = 0. Substituting the above expressions of b,3 and using the
definition (2.40) of I'g,, o with g1 = 0, this reduces to

g11

2a./q

where g = g11922. Another pair (a,5) = (2,1) gives the equation:
(922/2a,/g) 01(g22 — €911) = 0. Thus, we obtain

82(922 - 6911) =0,

0 0
w(gm —eg11) =0, w(gm —egn) =0,

since g11 7# 0 and goo # 0. These lead to the solution,

g22 — €g11 = const.
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For the case of the pseudospherical surface (¢ = —1), this equation is
satisfied by

g11 = a®cos® ¢, g22 = a®sin® ¢, (g12 =0), (10.2)

1

with an appropriate scaling of u! and u? where a is a positive constant.

Then, the line-element length ds is given by
ds?(¢) = a®cos® ¢ (du')? + a®sin® ¢ (du?)?.

Therefore, we have ds(0) = a|du!| and ds(7/2) = a|du?|. Hence, the coordi-
nate curves divide the surfaces into small infinitesimal squares. In this sense,
the coordinate net is called an isometric orthogonal net. From (10.1), we
have by; = —bas = asin ¢ cos ¢. (Likewise, the case of the spherical surface
€ =1 can be solved.)

Substituting the above expressions (10.2) of gos in the representation
of the Gaussian curvature (2.63), and using K = —1/a?, one obtains finally

2 2
<80u1> ¢ — (881ﬂ) ¢ = sin ¢ cos ¢ (10.3)

[Eis47, §49]. For each solution ¢(ul,u?) of (10.3), the metric tensors (10.2)
together with the values of b, determine a pseudospherical surface with
the coordinate net of lines of curvtures. Introducing the variable ® = 2¢,
the above equation becomes

9\ 9\’ ,

The first and second fundamental forms are

I = a?cos?(®/2)(dut)? + a?sin?(®/2)(du?)?, (10.5)
II= % sin ®(du')? — gsin ®(du?)?. (10.6)

Performing the coordinate transformation defined by = = (u! + u?)/2 and
y = (u! —u?)/2, Eq. (10.4) is also written as

——® =sin d. (10.7)

Equation (10.7), or (10.4), is called the sine-Gordon equation (SG) in the
soliton theory.

Each solution ®(u!,u?) gives an explicit representation of the tensor
fields gag(ut, u?) and bas(ul, u?) of the first and second fundamental forms,
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which can determine a pseudospherical surface in R?, uniquely within a rigid
motion (§2.11).

10.2. Bianchi—Lie Transformation

Geometric interpretation of the Backlund transformation is illustrated by
the Bianchi-Lie transformation [AnIb79]. The outline of the Bianchi’s geo-
metrical construction [Bial879] is as follows. Consider a surface ¥ of con-
stant negative curvature —1/a? in the euclidean space R3. Another surface
Y/ is related to X in the following way. To each point p € X, there corre-
sponds a point p’ € ¥, such that

i) :lpp'| =a, (ii) : pp’ € T,%,
(iii) : pp’ € Ty Y, (iv) : T,X L T, %,

where |pp'| is the length of the line segment pp/, and T3, T}y ¥’ are tangent
planes to X, %/ at p,p’ respectively (Fig. 10.2). It was shown by Bianchi
[Bia1879] that the surface ¥’ thus constructed is also a surface of the same
constant curvature —1/a?.

Fig. 10.2. Sketch of Bianchi’s transformation.
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An analytical interpretation equivalent to the above transformation was
given by Lie [Liel1880]. Any surface z = f(z,y) in R®(z,y,2) of constant

curvature K = —1/a? satisfies the following second order partial differential
equation:
1 2
Farfu = P = =5 (1 (1) + (7,)?) (108)

(see (D.10)). At a point k& = (z,y,2) on such a surface ¥, the normal
vector N to the tangent plane (T,X) is given by N = (p,¢, —1) where
p = fz,q = fy, since pdx + qdy — dz = 0. Therefore, a surface element
of ¥ is defined by the set (z,y, z,p, ¢), satisfying the following consistency
condition:

N
oy Oydx Oz

(Fig. 10.3). The corresponding surface element of the transformed sur-
face ¥’ (represented by Z = F(X,Y),P = Fx,Q = Fy) is denoted by
(X,Y, Z, P,Q). Then the above Bianchi’s conditions (i) ~ (iv) are expressed
in the following way:

() @=XP+y-Y)?+(z-2)=d,
(i) : ple—X)+qly-Y)—(2—-2)=0, )
(i) : Pz —X)+Qy—Y)— (2 —Z) =0,
(iv) : pP+qQ+1=0.

Fig. 10.3. Surface element (z,y, z,p, q).
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It is observed that, given any surface element (z,v, z,p, q), the equations
(LT) give four relationships between the five quantities X,Y, Z, P, Q. There-
fore there is a one-fold infinity of surface elements (X,Y, Z, P, Q) satisfying
(LT), that is, not unique but multi-valued. Next, we quote Lie’s lemma and
theorem without proof [AnIb79; Lie1880].

Lemma. Suppose that a surface element (x,y,z,p,q) of a surface ¥ is
given together with the relations (LT). If (X,Y, Z, P, Q) is a surface element,
that is, if the integrability condition OP/OY = 0Q/0X 1is satisfied on X,
then X is a surface of constant negative curvature, i.e. X satisfies Eq. (10.8).

A statement dual to the above Lemma holds for the symmetry between
the surface elements of ¥ and ¥’. As a consequence,

Theorem. The partial differential equation (10.8) is invariant under the
transformation (LT) in the following sense. Suppose that ¥ is a surface
of constant curvature —1/a? and X' is an image of ¥ under the action of
(LT), then ¥/ is also a surface of constant curvature —1/a?.

Accordingly, one can construct a family of surfaces of constant negative
curvature starting from a given initial surface. This is recognized as a pos-
sibility that the transformation (LT) converts a solution of Eq. (10.8) into
a family of solutions of the same equation. It also gives us a geometrical
hint to the Béacklund transformation to be considered in the next section.
It is well known that the sine-Gordon equation equivalent to Eq. (10.8) is
one of the soliton equations.

10.3. Béacklund Transformation of SG Equation

Bicklund [Bac1880] generalized the Bianchi’s construction of surfaces ¥
and ¥, by replacing the orthogonality condition of the two tangent planes
T = T,¥ and 7' = T, ¥ with the condition that the angle between 7°
and 7' is fixed and not necessarily at right angles. Namely, the Bianchi’s
condition (iv) is replaced by (iv’) Z(7,7") = const. Although Bécklund’s
construction generalized Bianchi’s construction geometrically, it turned out
that it is analytically only a simple extension up to a one-parameter group
of dilatations [AnIb79].

Heuristically, it is as follows. Suppose that a surface z = z(z,y) in
(z,y, z)-space is specified pointwise by the values of z and its derivatives
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D,q, 7,8, t, ... at (x,y). The Backlund transformation is represented by the
four conditions:

’ (10.9)

Suppose that a surface z = h(x,y) is given, and that this is substituted
into the third and fourth equation of (10.9), the two relationships represent
an overdetermined system of two first order partial differential equations in
one unknown function Z(X,Y). A consistency condition dP/9Y = 9Q/0X
must be satisfied. If z(x,y) satisfies this condition, then the system (10.9)
is regarded as a transformation from a surface z = z(z,y) into a surface
7 = Z(X,Y), and considered as an integrable system.

Suppose that the function z(x,y) satisfies the sine-Gordon equation
(10.7). In addition, consider a particular transformation of four relation-
ships represented by X = z,Y =y and,

1
p—P:2asin§(z—|—Z), (10.10)
2 1
q—&—Q:fsmg(z—Z), (10.11)
a

where P = Zx,Q = Zy. Recall that p = 2z,,9 = 2, and py, = g = 24y =
sin z by (10.7). Differentiation of (10.10) with respect to y leads to

1 1
py — Py = 2a cos §(z+Z)§(Q+Q)

1 1
= 2cos 5(2 + Z)sin 5(’2 —Z)=sinz —sinZ.
Likewise, differentiation of (10.11) with respect to z results in ¢, + Q@x =
sin z + sin Z. Sine p, = ¢, = sin z, we obtain

OP

8—Y:sinZ, and g—?{:sinZ,

respectively. Thus the consistency condition OP/0Y = 0Q/0X = Zxy is
satisfied, and we find that Z(X,Y") satisfies the sine-Gordon equation:

ZXY =sin Z. (1012)



328 Geometrical Theory of Dynamical Systems and Fluid Flows

The pair of transformations (10.10) and (10.11) is usually called the
(self-) Backlund transformation for the sine-Gordon equation. A systematic
derivation of the Backlund transformation will be considered later in §11.4.



Chapter 11

Integrable Surfaces: Riemannian
Geometry and Group Theory

11.1. Basic Ideas

Soliton theory concerns solvable systems of nonlinear partial differential
equations such as the sine-Gordon equation, nonlinear Schrédinger equa-
tion, KAV equation, modified KdV (mKdV) equation and so on. The
inverse scattering transform is one of the methods to solve them [ASS81;
AKNS73]. In this framework, a pair of linear systems are introduced:

where 1 is an n-dimensional vector wave function of variables x and ¢,
and X, T are traceless n X n matrices, called the Laz pair, including a cer-
tain spectral parameter ¢ and functions u(x,t), -+ (n = 2 in the following
examples). A solvability condition is obtained by the cross-differentiation
of (11.1) with respect to z and ¢, and equating t,; with ,:

X, — T, +[X,T] =0, (11.2)

where [X,T] = XT — TX (the commutator of X and T'). According to
the scenario of the method, given a matrix operator X, there is a simple
deductive procedure to find 7" such that the system (11.2) yields nonlinear
evolution equations for wu(z,t),.... In order for Eq. (11.2) to be useful,
the operator X should have an eigenvalue parameter ¢ which is time-
independent, 0;¢ = 0. This problem is solved by the inverse scattering
transform, called the AKNS method coined after the authors of the semi-
nal work [AKNS73].

A geometric aspect, pointed out by Lund and Regge [LR76], was why a
particular linear problem like (11.1) is helpful in solving a certain nonlin-
ear equation. Later, geometrical interpretations for the inverse scattering

329
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problem were developed: some integrable equations describe pseudospheri-
cal surfaces [Sas79; CheT86], and some other integrable equations describe
spherical surfaces [AN84; Kak91]. In addition, a theory of immersion of
a two-dimensional surface described by integrable equations into a three-
dimensional euclidean space has been developed by [Sym82; Bob90; Bob94;
FG96]. Recently, it has been shown that integrable systems are mapped to
the surface of a sphere [CFG00]. We will consider these problems one by
one below.

11.2. Pseudospherical Surfaces: SG, KdV, mKdV, ShG

Let M? be a two-dimensional differentiable manifold with coordinates (z, t).
The two equations in (11.1) are combined into the following form,

A=, = @;) , (11.3)

where dy = ¢, dx + ¢ dt is a vector-valued 1-form, and 2 = Xdz 4 T'dt is
a traceless real 2 x 2 matrix with 1-form entry,! and expressed as

1 —0? ol —w
Q== 11.4
(0 7T (11.4)
where {o!,02%, @} are three 1-forms on R? = (z,t), depending on the

function w(z,t) and its partial derivatives, including a certain spectral
parameter (.

Equation (11.3), d¢p — Q¢ = 0, is read as vanishing of the covariant
derivative of a vector ¢ (see Eqs. (3.41) and (3.27)), describing parallel
transport of v, and the matrix € is the connection 1-form (§3.5.1). This
observation is the motivation for the following formulation. The key step is
to find appropriate 1-forms {o!, 02, @} for a nonlinear partial differential
equation which is completely integrable.

Integrability condition for the Pfaffian system (11.3) is described by
d(dy)) = (et — Per)dt A dz = 0 (footnote to §1.5, §2.7, §3.5):

d(dep) = dQp — QA dep = (A2 — QA Q)ep = 0.

LA system of 1-form equations like (11.3) is often called as a Pfaffian system.



Integrable Surfaces: Riemannian Geometry and Group Theory 331

This requires vanishing of the 2-form,
dQ—-—QAQ =0, (11.5)

which is equivalent to the solvability condition (11.2).2 Writing with com-
ponents, Eq. (11.5) reduces to

do! = 0% A w, (11.6)
do? = w Ao, (11.7)
dw = —o' A o?. (11.8)

Comparing this® with (3.52) of §3.5.2, the first two equations correspond
to the structure equations describing the first integrability condition, and
the third equation, written as

dw = Ko* A o? (11.9)

in (3.52), is the second integrability condition. This requires the Gaussian
curvature K to be —1. In the formulation of §3.5, the two-dimensional man-
ifold M? is structured with 1-forms o' and o2 in the orthonomal directions
e, and e, respectively, and the first fundamental form on M? is given by
I = olo! + 0202, It is said that the manifold M? is a pseudospherical
surface, if K = —1 (or a negative constant).

Given the three 1-forms {o',02,w} appropriately dependent on the
function wu(z,t) and its partial derivatives (including a certain spectral
parameter (), the integrability conditions (11.6)—(11.8) require that a cer-
tain evolution equation must be satisfied. This determines a differential
equation which describes a pseudospherical surface.

Explicit representations of €2 of (11.4) are now given for four soli-
ton equations. According to [Sas79; CheT86], the connection 1-form
matrix ) is for

(a) sine-Gordon (SG) equation:

1 (¢dz+ ¢ Hecosu)dt  —uydz + (T (sinw)dt
s = 2 (uxdx + ¢ Y(sinu)dt  —¢dx — (" Y(cos u)dt) ’ (11.10)

where the real parameter ¢ plays the role of the eigenvalue in the scattering
problem of (11.3).

2This is known as the Maurer—Cartan equation.
30ur @ corresponds to —w of [Sas79]. Our (o!,02,w) correspond to (w1, —wsa,ws) of
[CheT86].
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Comparing with (11.4), we have
ol = ¢ Ysinuw)dt, o= —(dz— (1(cosu)dt,}

w = uzdr.

(11.11)

Using these, both Egs. (11.6) and (11.7) are found to be identity equa-
tions, hence yielding no new relation, whereas the structure equation (11.9)
reduces to u,y = —K sinu. When K = —1, this becomes the sine-Gordon
equation (10.12):

Uy = sinu. (11.12)
Thus, the sine-Gordon equation describes a pseudospherical surface. Note

that this is obtained from the integrability condition d®i = 0, equivalent
t0 Yyt = Yyy. See §11.3.2 for the case K = 1.

(b) KdV equation is described by
Q ~(Cdx — (4¢3 + 2Cu 4 up)dt udz — (ugy + 2Cuy 4+ 4¢C%u + 2u?)dE
RV —dz + (4¢2 + 2u)dt —Cda + (4¢3 + 2Cu + uy )dt
(11.13)

Comparing with (11.4), we have
ol = (u—1)dz + (—uge — 2Cu, — 4¢C%u — 2u? + 2u + 4¢)dt,
0? = —2¢dx + 2(uy + 2Cu + 4¢3)dt,
w = —(u+ 1)dz + (uze + 2Cuz + 4C%u + 2u? 4 2u + 4¢?)dt.
Using these, both of Egs. (11.6) and (11.8) reduce to
[us + 6uty + Uy |dz A dt =0,

whereas (11.7) reduces to an identity such as [0]dx A d¢ = 0. Thus, we find
that the only nontrivial equation to be satisfied is the KdV equation:

up + 6uty + Uprr = 0.

This is a differential equation which defines M? to be a pseudospherical
surface. Likewise, we have

(¢) Modified KdV (mKdV) equation,

QmKav
¢dx — (4¢3 + 2¢u?)dt udz — (ugz + 2Cug + 4¢%u + 2u3)dt
—udz + (uzy — 2Cugy + 4¢%u + 2u3)dt —Cdx + (4¢3 + 2¢u?)dt

)
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(d) sinh—Gordon (ShG) equation,

1 ( ¢dx + %(cosh wydt  tuydw — %(sinh w)dt
Qshg = = 1/ . 1 . (11.14)
2 \ugdz + ¢(sinhu)dt  —(dz — ¢(coshu)dt

From (c) and (d), we obtain corresponding nonlinear differential equations:

mKdV equation : us + 6u?uy + tges = 0, (11.15)
ShG equation : u,; —sinhu = 0, (11.16)
respectively for K = —1. If these equations are satisfied, we obtain a pseu-

dospherical surface.

11.3. Spherical Surfaces: NLS, SG, NSM

Integrable equations are mapped to the surface of a sphere [CFG00]. This
may sound puzzling after learning that some integable equations describe
pseudospherical surfaces. However, it can be shown that there exists another
integrable system whose underlying surfaces have Gaussian curvature equal
to +1. Here, we consider such systems. The immersion problem of integrable
surfaces will be considered in §11.5 and 6.

11.3.1. Nonlinear Schrédinger equation

According to the formulation in the previous section, the AKNS linear
problem of the inverse scattering method for the nonlinear Schrédinger
(NLS) equation (9.13) of §9.2 may be written as d¢ = Qnis ¢ for a two-
component wave function ¢ = (¢1, #2)”, where the connection 1-form Qnrg
is defined as

—i(dx — iAdt x,t)dx + Bdt
Onis = ( ‘ a@) ) . (11.17)

—q¢*(z,t)de — B*dt  i(dx +iAd¢

Here, a complex function g(x,t) = ¢(") + g (equivalent to 9 of (9.13)) is
defined with two real functions ¢(") and ¢(¥) independent of a real spectral
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parameter ¢, and

A=2C—|qf*, B=2q+iq, (B*=2(q"—iq), (11.18)
(A is a real function).

The complex matrix Qg is found to be an element of su(2), i.e. skew
hermitian matrices (with trace 0). The Lie algebra su(2) is regarded as a
three-dimensional vector space over real coefficients with the orthonomal
basis (e1, es, e3) defined by

1/0 —i 1/0 -1 1 /=i 0
61_2(1' 0)’ e2_2(1 0)’ 63_2(0 z) (11.19)

which are related to the Pauli matrices (7.23) by o) = 2iey, and satisfy the
commutation relations,

[ej, ex] = €jmer, (11.20)

which is consistent with (7.24).
Let us define three real 1-forms on R? = (z,t) by

ot =2(¢Wdax + BYDdt),
o? = 2(¢dx + Adt), (11.21)
—2(¢'"dx + BMadt),

w

where B(™ and B® are the real and imaginary parts of B. Then, we have

1/ —io? iocl-w 1 9
Onis = > <i01 g io? > = —0"e; +wey + oe3. (11.22)

Suppose that the three 1-forms satisfy
do! = 6% A w,
do? = w Ao, (11.23)
dw =o' Ao

Comparing with (11.9), this describes the underlying surface M? that has
the Gaussian curvature +1. The manifold M? (structured with 1-forms

4The formulation of [AS81, §1.2] includes the case where ¢ and A are replaced by +q
and 2¢2 F |q|?, respectively. Soliton solutions are found with the upper signs.
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o' and o2 in the orthonormal directions e; and es, §3.5.2) might be said

to be spherical. The first fundamental form of M? is given by
[ = (dz,dz) = o'o’ + 0%0?, (11.24)

where dz = ole; + o2es.
Using (11.21), the first and third equations of (11.23) reduce to

a” = a0 +2laPq", (11.25)
0 = gl 2ql2g . (11.26)

The second of (11.23) reduces to an identity such as [0] dz A dt = 0. Multi-
plying (11.25) by ¢ and summing up with (11.26) result in

qt :i(Qmm +2Q‘Q|2)v (11'27)

i.e. the nonlinear Schrédinger equation equivalent to (9.13) with ¢ = 1¢.
This is a differential equation which defines M? to be a spherical surface,
with the metric defined by (11.24).

Remark. If the problem under investigation is periodic, then there may
be no problem. However, some problems of motion of vortex filaments may
include an unbounded domain z € R!. The vortex soliton (9.14) of §9.2
is such an example. In this regard, it is to be noted that the 1-form o!
and the connection form w include linearly the real functions ¢(™ and ¢(*)
(since B = 2{q + iq,), without nonhomogeneous terms. In a problem for
z € RY, if |¢()| and |¢(?)| decay more rapidly than z~! as |z| — 400, then
the distance in the e; direction will be bounded as |z| — +oo. In fact, the
function ¢ of (9.14) decays as e~I70%l In addition, the inverse scattering
problem with the potential ¢ of a vortex soliton (9.14) will be characterized
with a negative value of the spectral parameter ¢, say 2¢ = —c (¢ > 0).
Then as |z| — +00, 0% — 2((dx — cdt) since |g| — 0. It might be reasonable
that the solution ¢ is regarded as a limiting form of a periodic function of
& = x — ct with its periodicity length tending to infinity.

11.3.2. Sine—Gordon equation revisited

It may be puzzling to find that the sine-Gordon equation has a underlying
surface of Gaussian curvature +1 as well. This can be verified according
to the formulation in the previous section. Instead of (11.21), we introduce
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the three real 1-forms on R? = (u,v) by
ol = d,du,
0% = —(du + ¢! cos ®dw, (11.28)
w = (" sin ®dw.

In this case, the connection 1-form matrix Q¢ is defined by the same form
as (11.22):

1 —ioc?  dol —w
Qe == =—0o! %es. 11.2
se =5 (ial g io? ) o el +wey +oes (11.29)

The first of the structure equation (11.23) leads to the sine-Gordon
equation:

®,, =sin P,

whereas the remaining two equations results in identities, yielding no new
relation. Thus, it is found that the sine-Gordon equation defines a spherical
surface (just like the nonlinear Schrédinger equation does).

The problem of spherical and pseudospherical surfaces M? will be con-
sidered in the next subsection again by presenting particular solutions
explicitly and also by viewing from the enveloping space R?, i.e. trans-
forming the surfaces M? to surfaces of revolution in R3.

11.3.3. Nonlinear sigma model and SG equation

A nonlinear sigma model (NSM) is obtained from a relativistic conformal
field theory in one time and one space dimension, which is described by
an O(3)-invariant Lagrangian for a real field variable m [Poh76; ANS4].
The variable n(u, v) is represented as a three-dimensional vector n(u,v) =
(nt,n%,n?) depending on two real parameters (u,v) and its magnitude is

constrained to be unity:
(n,n) = (n')? + (n)* + (n*) = 1.

The vector n describes a unit sphere S? in R3, and (u,v) are regarded as
parameters on it. The tangent vectors n, and n, are normalized such that

<nu7nu> = 17 <nv7nv> = 17
and satisfy the following conditions:

<nu7n> =0, <nvan> =0, -1< <nuanv> <1
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The equation of motion of the sigma model is described by
TNy + (Mg, ) = 0. (11.30)
It is useful to introduce the angle variable ® between the two tangents by
cos ® = (n,, n,). (11.31)
In order to investigate the integrability of the sigma model, we introduce a
pair of (original physical) variables (¢, z) by

uz%(az—kt), UZ%(I—t), 0y0p = —0;0; + 0,0,,

and define two basis 1-forms o',0? and connection 1-form w on

(t,x) € R? by
ol = cos(®/2)dt,
0'2 = 51n(<1>/2)da:, . (1132)
1
w = 75(8x‘1>dt + 0;®dx)
Using (11.32), the structure equations (11.6) and (11.7) are satisfied iden-

tically, yielding no new relation, whereas Eq. (11.9) becomes ®,, — &4 =
K sin ®. When K = 1, this is written as

D, — Dy = sin P, (Do = sin @), (11.33)

the sine-Gordon equation (11.12) [AN84; Kak91].
It should be noted that the equation of the case K = —1,

Dpp — Oy = —sin®, (D, = —sin ), (11.34)

is another sine-Gordon equation. Obviously, the difference is only the inter-
change of roles of z and ¢. In other words, the variable v is replaced with —v.
This is illustrated by considering the following two particular solutions
to (11.33):

tan(®/4) = exp[Cu + ¢ 0], (11.35)
tan(®2/4) = /(1 — w?)/w? sinwt sechv/ 1 — w2z, (11.36)

where ¢ and w are real constants. The first one ®(u,v) is called the kink
solution, while the second ®,(t,x) is called the breather solution [ASSI,
§1.4]. Tt is straightforward to see that ®;(u,v) satisfies (11.33), and that
Eq. (11.34) is satisfied by @ (u,v) as well if v is replaced with —v. Similarly,
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Dy (t, x) satisfies (11.33), and if ¢ and x are interchanged, it satisfies (11.34).
Kakuhata [Kak91] considered a dual transformation to the spherical surface
of the sigma model, and found that the transformed system is characterized
with negative curvatures.

11.3.4. Spherical and pseudospherical surfaces

On a surface ¥2(ul,u?) in R®, geodesic curves are described by (2.65),
which is reproduced here for v = 2:

d*u? o, du® duf
P + -
ds? B ds ds

Suppose that the coordinate curves u? = const are geodesics, then we

must have I'?; = 0. When the coordinate curves form an orthogonal net
(Appendix K), this reduces to

=0. (11.37)

0
I = 0, hence g1 = gi(u'), (11.38)

by the definition of the Christoffel symbols (2.39) and (2.40). Using this
property, let us rescale du' as gi1(u') (du!)? — (dul)?.

Therefore, when the surface X2 (u!, u?) is referred to a family of geodesics

u? = const and their orthogonal coordinate u!, the line-element can be

written in the form,
ds? = (du')? + goo(du?)?. (11.39)

In view of g11 = 1 and g12 = 0, the formula (2.63) for the Gaussian curva-
ture K reduces to

9 \?2
(6’&1) Vg2 = —K«/gzg. (1140)
In the case of sperical surfaces of K = 1/a?, this gives

V22 = p(u?) cos(u' /a) + 1 (u?) sin(u' /a).

Choosing 9 (u?) = 0, and rescaling u? suitably this time, we may write the
line-element

ds? = (du!)? + ¢® cos? (ul /a)(du?)?. (11.41)
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Although all spherical surfaces have the same intrinsic properties, there is
a distinction among them, when viewed from the envelope space R3. The
same applies to pseudospherical surfaces of K = —1/a? as well.

This is seen when we consider surfaces of revolution in R? corresponding
to spherical or pseudospherical surfaces. Taking the z3-axis for the axis of
revolution, the transformation is defined by

z' = ucosw, z? = usinv, 3 = p(u), (11.42)

[Eis47, §49], where the line-element in this case is given by
ds® = (14 ¢'(u)?)(du)? + u?(dv)?,

and the function ¢(u) is determined by equating this metric with (11.41).
By Eq. (11.38), the curve v = const is a geodesic. Hence the contour z3 =
@(x!) is a geodesic since it is given by v = 0. (Appendix K)

In this transformation, generic cases are represented by periodic
sequence of a zonal surface of revolution along the z3-axis in both cases of a
spherical (Fig.11.1(a), an elliptic type) and a pseudospherical (Fig.11.2(a),
a hyperbolic type) surface [Eis47, §49], where the contours z3 = p(a!)

represent geodesic curves.

(b)

Fig. 11.1. Spherical surfaces of revolution (drawn by Mathematica): (a) An elliptic type,
where u = ccos(u'/a) and p(u) = [[1 — (c/a)?sin®(u' /a)]'/2du’; (b) a sphere.
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Fig. 11.2. Pseudospherical surfaces of revolution (drawn by Mathematica): (a) A hyper-
bolic type where u = ccos(u'/a) and ¢(u) = [[1 — (¢/a)?sinh?(u!/a)]*/2du’; (b) a
parabolic type, where u = csin 6 and ¢(0) = a[cos § —log(sin~! §+4cot #)] with a = ¢ = 1.

A particular case in the spherical surface is a sphere (Fig.11.1(b)),
while another particular case in the pseudospherical surface is a surface
of parabolic type extending to infinity along zs-axis (Fig.11.2(b)).

11.4. Backlund Transformations Revisited

11.4.1. A Bdacklund transformation

The geometrical properties of a pseudospherical surface provide a systematic
method to obtain Bécklund transformations [CheT86]. Let M2 be a surface
endowed with a Riemannian metric. Consider a local frame field (ey, e2) and
its dual co-frame (0!, o) with @ as the connection form. Then the structure

equations are given by (11.6), (11.7) and (11.9) with K = —1.

Theorem. Suppose that we have Fgs. (11.6), (11.7) and (11.9) with
K = —1, i.e. the structure equations describe a pseudospherical surface.
Then, the following 1-form equation,

dw = w + o' sinw — o cos w, (11.43)

is integrable, i.e. d*w = 0. [Propositions 4.2, 4.3 of [CheT86]].
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Proof. Taking the external differential, we have

2 .
d*w = dw + sinwdo! — cosw da?

+ coswdw A o' + sinw dw A o2.

Substituting (11.6), (11.7), (11.9) and (11.43) to eliminate do*, do?, dew and
dw, we obtain

d*w = (K + cos?w + sin?w)o! No? =0, if K=-1. (11.44)

O

Corollary. Suppose that we have Eqgs. (11.6), (11.7) and (11.9) with K =
1, i.e. the structure equations describe a spherical surface. Then, the fol-
lowing 1-form equation,

dw = @ +io' sinw — io? cosw, (11.45)
is integrable, i.e. d*w = 0.

In this case, Eq. (11.44) is replaced by

2

d*w = (K — cos®> w — sin? w)o! A o? =0,

if K=1.

O
Example. Sine-Gordon equation (11.12) with K = —1. O

The corresponding 1-forms are given by (11.11). Then, Eq. (11.43)
reduces to

dw = wydz + wdt

= [ty + C cosw]dz + ¢ cos(u — w)dt. (11.46)
This is equivalent to
Wy — Uy = ( COSW,
» (11.47)
wy = ¢ cos(u — w)

Taking differential of (11.46) and using (11.47), we obtain

d*w = [ty — sinu]dt A da.
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Thus, if the sine-Gordon equation,
Uyy = Sinu, (11.48)

is satisfied, then dw is integrable. In fact, from (11.47), we obtain

Wyt = coswy/1 — (Cwy)?, (11.49)

u=w + cos(Cwy). (11.50)

The system of equations (11.47) is interpreted as a Backlund transformation
beween a function u(z, t) satisfying the sine-Gordon equation (11.48) and a
function w(x, t) satisfying its associated equation (11.49). Given a solution
u of the sine-Gordon equation (11.48), then the system of equations (11.47)
is integrable and w is a solution of (11.49) for each constant ¢. Conversely, if
w is a solution of (11.49) for a constant ¢, then u of (11.50) satisfies (11.48).

11.4.2. Self-Bdcklund transformation

A Bécklund transformation which relates solutions of the same equa-
tion is called a self-Bdcklund transformation. For the sine-Gordon equa-
tion, we observe that Eq. (11.49) is invariant under the transformation:
(w,¢) — (m—w, —¢). If uis a solution of (11.48) and (w, ¢) satisfies (11.47),
then (11.50) holds and w is a solution of (11.49). From the preceding con-
siderations together with transformation invariance of (11.49), it follows
that U defined by

U=m—w+cos ' (Cw,) (11.51)

is another solution of (11.48). Eliminating cos™!({w;) between (11.50) and
(11.51), we find

1
wzi(u—U—i—ﬂ).

Substituting this into (11.47), we obtain

(u+U), = 2§sin1(u -U),
2 (11.52)
(u—U)y = 2¢ *sin i(u—l— U),

where U satisfies U,; = sin U. This is the self-Backlund transformation for
the sine-Gordon equation (11.48), and equivalent to (10.10) and (10.11) by
the replacement, ({,u,U) — (a,z, —Z).
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This formulation of Bécklund transformation can be applied to other
integrable equations describing pseudospherical surfaces such as the KdV
equation, mKdV equation, or sinh—Gordon equation considered in §11.2
[CheT86].

11.5. Immersion of Integrable Surfaces on Lie Groups

This section and the next section are concerned with another geometrical
problem of integrable systems where integration surfaces are to be con-
structed in an envelope space, i.e. an immersion problem.

11.5.1. A surface X% in R3

As an introduction to the present problem, we consider a smooth surface
%2 in R3 according to Chapter 2, i.e. immersion of a domain D? C R? into
a three-dimensional euclidean space,

F(u,v) = (Fy, Fy, F3) : D* — R3,

for (u,v) € D?. The euclidean metric of R? induces a certain metric g,5 on
¥2. Noting that dF = F,du + F,dv, the first fundamental form defined by
I=(dF,dF) is written as

I= guu(du)2 + 29uvdUdU + 9vv (dl})Q.
Correspondingly, the second fundamental form is denoted by
I = by (du)? + 2by,dudv + by, (dv)?.

The surface X2 is uniquely defined within rigid motions by the first and
second fundamental forms (§2.11).

Let N (u,v) be the normal vector field defined at each point on ¥2. Then
the triplet (F,, F,, N) defines a basis of a moving frame on X2. According
to Chapter 2, the motion of this basis on X2 is characterized by the Gauss—
Weingaten equations. The compatibility of these equations are the Gauss—
Mainardi-Codazzi equations (2.48) and (2.49), which are coupled nonlinear
differential equations for g,g and b,g. In terms of differential forms, this
was formulated by structure equations in §2.7 and 3.5, and some relation
to integrable equations has been investigated in this chapter.
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11.5.2. Surfaces on Lie groups and Lie algebras

Regarding integrable equations, an immersion problem of a two-dimensional
surface into an envelope space was investigated by Sym [Sym82] first, and
later developed systematically by [Bob94; FG96; CFG00]. This has been
accomplished by defining surfaces on Lie groups and surfaces on Lie algebras
of finite dimensions in general.

As an example of the general formulation [FG96; CFG00], we consider
the case that the group is SU(2). We define an SU(2)-valued function
U (u,v,() satisfying the Lax pair equations:

U, =U¥, U,=VU, (11.53)

where U(u,v), V(u,v) € su(2), and ( is a spectral parameter. In addition,
we introduce an su(2)-valued function F(u,v,(),

F,=U"1A7, F,=0"'BU, (11.54)

where A(u,v), B(u,v) € su(2). The functions U,V, A, B are all differen-
tiable functions of u,v in some neighborhood of R?, and ¢ € C. This may
be interpreted as follows. The ¥,, and ¥, are tangent vectors at a point
¥ € SU(2), while F,, and F,, are vectors in the tangent space at the identity
of SU(2), i.e. the Lie algebra. The tangents F, and F;, are vectors pulled
back from the tangents A¥ and BV (at a point ¥) respectively.

The compatibility condition for (11.53), i.e. 9,¥,, = U,, = 9V,
results in

U, — Vi + U, V] =0. (11.55)

where [U,V] = UV — VU. Equations (11.53) and (11.55) are equivalent to
the Lax pair and its solvability (11.1) and (11.2) respectively, and define
a two-dimensional surface ¥(u,v) € SU(2). The compatibility condition of
(11.54) reduces to

A, — B, +[A, V] +[U,B] =0, (11.56)

since VO(U~1) = —(00)¥~! from U1 =T.
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Then, for each ¢, the su(2)-valued function F(u,v,() defines a two-
dimensional surface z(u,v) in R3:

x(u,v) = (F', F? F?), (11.57)
F = Fley + F?ey + Fies, (11.58)
where (e1,eq,e3) is an orthonormal basis defined by (11.19), which are

related to the Pauli matrices (7.23) by o) = 2ieg, and satisfy the commu-
tation relations,

[ej, ex] = €jmer (11.59)
We define the inner product by
(A,B) = -2 Tr(AB), A, B € su(2). (11.60)

Then we have the orthonomal property, (e, e;) = 0.
The first and second fundamental forms of the surface a(u,v) are
given by

I= (A, A)(du)? + 2(A, B)dudv + (B, B)(dv)?, (11.61)
II = (A, + [A, U], C)(du)? + 2(A, + [A, V], C)dudv

+ (B, + [B,V],C)(dv)?, (11.62)
C=[AB/IA B, Al =(4,4" (11.63)

[FG96]. In fact, the first fundamental form (11.61) is obtained by noting that
I = (dx,dz), de = F,du + F,dv

(§2.1), and using (11.54), (11.57), (11.58) and (11.60). According to §2.2,
the coefficient b, of the second fundamental form is given by (2.23): bog =
(xap, N), where, e.g. for o = § = u,

Ty = 0y (VT1AD) = U1 (A, + [4,U])T,
[Fu, Fy) U-1[A, B]¥

N = = (11.64)
1[Fus Fo]l I[A, B]||
A moving frame on this surface x(u,v) is
U 1AY(= F,), UBY(= F,), U0 (= N).
The Gauss curvature K is given by
det(bag) (11.65)

— det(gap)
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In terms of U and V satisfying (11.55), the functions A, B and the immer-
sion function F are given explicitly [FG96] as:

A:H5§U+ [Ra U] +au(fU) + 9.V + g0, U, (1166)
B = pd:V 4+ [R, V] 4 0,(gV) + f,U + fO.V, (11.67)
F =9 ud: + R+ fU + gV]¥, (11.68)

where pu, f(u,v), g(u,v) are scalar functions depending on ¢, and R is a
constant su(2)-valued matrix. A, B, F are augmented with an additional
term associated with a symmetry of the integrable system [CFG00]. The
first two terms are illustrated below in §11.5.3 and 11.6, term by term.

11.5.3. Nonlinear Schrédinger surfaces

We consider one example of such surfaces described by the nonlinear
Schrodinger equation (NLS). The connection 1-form of NLS is given by
Onws of (11.17). The su(2) functions U and V of (11.53) are defined by the
relation, Qnps = U dx + V dt, where u = x and ¢ = v. Thus, we have

U (_q—zC Q(x,t)> _ _2gDe; — 2¢Mey + 2es,

“(x,t) ¢
—A B .
V = (_ZB* ’LA> = —23(1)61 — 2B(T)€2 + 2/163

where ¢(z,t) is a complex function to be determined, and A(x,t), B(x,t) are
defined by (11.18), with ¢ as a real parameter. The integrability condition
(11.55) results in the NLS equation:

¢ = i(qea + 2q|q|?). (11.69)

Next, let A and B be defined by the first terms of (11.66) and (11.67):

10U 1 (—=i 0
A= 5#& = 5/1 < 0 z) = pes, (11.70)
1 0V 1 [(—4iC 2
B = —ly— = —
2" ac ~ 2 <—2q* 4¢g)
= —2uqWe; — 2uq ey + duces = pU + 2uces. (11.71)

The integrability condition (11.56) reduces to a form obtained by differen-
tiation of (11.55) with respect to . Therefore, (11.56) is satisfied. Thus, we
have a integration surface x(z,t).
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The first and second fundamental forms of the surface x(zx,t) are
given by

I =% [(dz +4¢dt)? + 4]q*(dt)?], (11.72)
1T = 2u)q|[dz + (2 — 2¢)dt]* — 2u|q|s2dt®

where, setting ¢ = |g| exp[i¢], |¢| and ¢ must satisfy

lglor = ldlee — |alé2 +2la1>, gl = —|g|dwa — 2lqlade,  (11.73)

by Eq. (11.69).
The definition (11.65) of the Gaussian curvature K leads to

det(bap) 19| 2o 1 2 2
det(gag) 12|q| u2( la v = 9) ( )

from the above expressions [CFG00]. It is seen that K can take both positive
and negative values.
The immersion function F' is given by

F= %qu*l(aq//ag).

This is obtained since
1 _ _
F, = 5“[(‘11 1)96\1/( + v 1(698‘11)4}

1 1
= iﬂ[—\rlU\If( + U UW)] = 5MxlrlU(\I/ =V tAY,

where (071), = —U=19, U~ = ¥~ and similarly (¥~1), = — 01V,
Let us consider a particular case of the surface x(z,t). When the param-
eter ( = 0, we have

= p*[(de)? + 4]q|*(dt)?],

from the first fundamental form (11.72) of the surface x(xz,t). In the case
when ¢ = —ct (c: a positive constant), the amplitude |g| is a function of z
only: |q| = f(x), and satisfies f”(x) = —2f3 — cf by (11.73). According to
§11.3.4, it is therefore seen that the curves of ¢ = const are geodesic, and
we obtain

K = (2f*+c¢)/u* (>0)

from (11.74), i.e. positive Gaussian curvature.
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This case is analogous to the surface of revolution considered in §11.3.4,
and the variable ¢ = —¢/c in the present problem corresponds to v there.
The corresponding surface z(x,t) (obtained by [CFG00, Fig.1]) looks sim-
ilar to the spherical surface of Fig.11.1(a). This is based on the similarity
between the transformation (11.42) and the definitions of tangent vectors
A and B by (11.70) and (11.71), the latter being

B = —2p|q|(sing)er — 2pulg|(cos p)ea, A = pes.

By Eq. (11.38), the curve ¢ = const (equivalently ¢ = const) is a geodesic.
Hence the contours in the plane (ey, e3) defined by ¢ = 7/2 and 37/2 are
geodesics.

11.6. Mapping of Integrable Systems to Spherical Surfaces

Remarkably, every integrable equation having a Lax pair induces a map to
the surface of a sphere [CFG00]. We consider this problem according to the
formulation of the previous section. An SU(2)-valued function ¥(u,v) and
an su(2)-valued function F'(u,v) are defined by (11.53) and (11.54):

U, =0V, VU,=V7,; F,=VU"'AV, F,=VU"'By,

where U and V correspond to the Lax pair in the integrable system. We
assume that the integrability condition (11.55) is satisfied:

U, — Vi +[U,V]=0. (11.75)

This determines a differential equation which is claimed to be as above,
according to the general theory studied in this chapter.

Now, let us take a constant su(2) matrix R, and assume that the su(2)-
valued functions U and A, and V and B, are connected by

A=[RU, B=[RV] (11.76)

which correspond to the second terms of (11.66) and (11.67). This is under-
stood as an su(2)-rotation by R. These transformations satisfy the compat-
ibility condition (11.56). In fact, one can immediately show the following
equalities:

A, - B, = [R7 Uv] - [R7 Vu] = _[ a[Uv VH
[Av V] + [U7 B} = [[Rv U]v V] + [U’ [Rv V]] = [Rv [U’ V]]
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where (11.75) is used in the first equation, wheras in the second equation
the Jacobi identity of the triplet {R, U, V'} is used as the second equality.
Thus, it is seen that the condition (11.56) is satisfied. So that, one can
expect an integration surface x(u, v) in the three-dimensional su(2)-space.

Let us represent the matrix functions R,U,V with reference to the
orthonormal basis (e, es, e3) defined by (11.19) as

R=Rie;, U=Ule;, V=V,

where R/ are constants, and U7, V7 are scalar functions (j = 1,2,3). Corre-
sponding 3-vectors in R3 are written as R = (R?), U = (U?) and V = (V7).
Furthermore, writing A = A’e; and B = BJe;, Egs. (11.76) are rewritten as

A=RxU, B=RxV,

on account of the commutation relation (11.59).° This means that the 3-
vectors A = (A7) and B= (BY) are determined from U and V by a rotation
with the constant vector R.

A two-dimensional surface @(u,v) is defined in the three-dimensional
su(2)-manifold. The tangent space spanned by the tangents F, and F,
(associated with A and B) is characterized by the first and second funda-
mental tensors defined by (11.61) and (11.62). Its Gaussian curvature K is

given by

1

K= (11.77)

where ||R||> = (R, R) = R- R is a constant. Namely, the surface is regarded
as a spherical surface. This is verified as follows.
Using the above relations, it is readily shown that

[A,B]=kR, k=R-(UxV). (11.78)
The su(2) matrix C defined by (11.63) is given by

[A, B] R k
C=1" e e=_— =4l
1A, B]l IR k|

It can be shown that A,, A, and B, are orthogonal to R. Hence,

(A, C) =0, (A, C) =0, (By,C) =0.

5The symbols x and - are the external and inner products of 3-vectors, respectively.
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Using these relations, the second fundamental form of (11.62) is
Il = ([A UJ,C)(du)® + 2([A, V], C)dudv + ([B, V], C)(dv)?

IIRII [([A, U], R)(du)? + 2([A, V], R)dudv + ([B, V], R)(dv)?]

= by (du)? + 2bypdudv + by, (dv)?
where byg = —(¢/||R||)gags, and the first fundamental tensors are
Guu = <A, [R, U]>
Guv = <A [R V]>
goo = (B, [R,V])

from (11.76) and (11.61).
Thus, the definition (11.65) of the Gauss curvature K leads to

_det(bag) (5)2 det(gag) 1
det(gag)  \IR[/ det(gap) IR|*

This verifies (11.77).
Furthermore, the immersion surface is given by

(U-U)R* —(U-R)(U - R),
(U - V)R = (U-R)(V - R),
(V- V)R = (V- R)(V - R)

F=U0"'RU. (11.79)
In fact, we have
F,=V'AV =V Y (RU - UR)¥ = U 'RV, + (V1) RV = (V" 'RYT),,

since (v°1), = — 0=, ¢! = U, and R, = 0. Similarly, F, =
(U='RW),. Thus, we have (11.79).

The above result implies the following. Variations of the parameters u
and v are associated with the evolution of an integrable system. The point
U in the SU(2) space translates according to the variations. The tangent
space Ty SU(2) at ¥ is pulled back to the tangent space TiqSU(2) at the
identity, i.e. the Lie algebra su(2) which is three-dimensional. According
to the motion of u and v, the function F(u,v) describes a surface in the
space su(2). If the map is characterized by a constant su(2)-rotation R, the
surface F(u,v) is a spherical surface of Gaussian curvature 1/||R||?.

Thus, it has been found that the evolution of an integrable system
describes a spherical surface. This is a most impressive characterization
of an integrable system.



Appendix A

Topological Space and Mappings

Some basic mathematical notions and definitions of topology
and mappings are presented to help the main text.

(Ref. §1.2)

A.1. Topology

A manifold is a topological space. A topological space is a set M with a
collection of subsets called open sets. An example of open sets is a ball in
the euclidean space R™ defined by

Bu(e) ={z e R"| ||z —a| <e,a € R", € (> 0) € R},

where || - || is the euclidean norm. As a generalization of balls, the open sets
are defined to satisfy the following:

(i) If U and V are open, so is their intersection U NV
(ii) The union of any collection of open sets (possibly infinite in number)
is open.
(iii) The empty set is open.
(iv) The topological space M is open, that is a generalization of the entire
R™ which is open.

Just as the topology of R™ is said to be induced by the euclidean norm || - ||,
the topology of M is defined by the open subsets. A subset of M is said to
be closed if its complement is open.

A.2. Mappings

A map F from a space U to a space V, F': U — V, is a rule by which, for
every element x of U, a unique element y of V' is associated with y = F'(x),
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that is, F' : z — y. For example, a real-valued function f of n real variables
is represented as f : R™ — R. Note that, for every y = F(x) € V, z is not
necessarily unique, and such a map is called many-to-one. For any subset
U, in U, the elements F(x) in V mapped from = € U, form a set V, called
the image of U, under F. The image is denoted by F(U,). Conversely, the
set U, is called the inverse image of Vi, denoted by F~1(V,). If the map is
many-to-one in the sense given above, the correspondence F~! from V to
U is not called a map since every map is defined to have a unique image.

If every point in F(U,) has a unique inverse image in U,, then the
map F' is said to be one-to-one, or simply 1-1. In this case, two different
preimages 1, o € U have two different images F(x1) # F(x2) in V. Then
the operation F~! is another 1-1 map, called the inverse map of F. The
one-to-one map is also called an injection. If a map F' : U — V has the
property V = F(U), then F is said to be an onto-mapping or a surjection.
A map which is both 1-1 and onto is called a bijection.

Let us define two maps as F' : U — V, and G : V — W. The result
of the two successive maps is a composition map, denoted by G o F, that
is, Go F : U — W. This is understood as follows. For a point x € U, we
obtain F'(z) € V, from which we obtain a point G(F(x)) = Go F(z) in W.

Suppose that we have a map F : U — V for two topological spaces
U and V. The function F' : ¢ — F(z) is said to be continuous at z if
any open set of V' containing F(z) contains the image of an open set of U
containing .

A homeomorphism F takes an open set M into an open set N in the
following sense. Namely, F' : M — N is one-to-one and onto (thus the
inverse map F~! : N — M exists). In addition, both F and F~! are
continuous.



Appendix B

Exterior Forms, Products
and Differentials

In physics and engineering, we always encounter integrals
along a line, over an area, or over a volume. Usually, the
integrands are represented in exterior differential forms (see
(B.28), (B.30), (B.33)). Here is a brief account of the exte-
rior algebra. See [Arn78; Fra97] for more details.

(Ref. §1.5, 1.6, 2.2, 2.7.1, 7.6.3, 7.11.3, 8.2.3)

B.1. Exterior Forms

Another name of a covector w! is a 1-form. The 1-form w! is a linear function
wl(v) of a vector v € E =R", i.e. w! : R® — R, such that

Wl (e1v1 + cava) = crwt (v1) + cow! (v2), (B.1)

where c1,co € R and vy, v € R™. The collection of all 1-forms on £ = R"
constitutes an n-dimensional vector space dual to the vector space E and
called the dual space E*.

Similarly, a 2-form w? is defined as a function on pairs of vectors
w?(vy,v2) : E x E — R, which is bilinear and skew-symmetric with respect
to two vectors v; and wvs:

W (10 + cavl,ve) = 1w (v], v2) 4+ cow? (VY v2),
w2(vl,vg) = —w2(v2,vl),

where v}, v] € R™. From the second property, w?(v,v) = 0.

Consider a uniform fluid flow of a constant velocity, U = (U, U?,U3) =
Ule, +U?ey+U3es, in a three-dimensional euclidean space with the carte-
sian bases e, ea, e3. An example of 2-form is the flux F? of the fluid through
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an area S?(v,w) = v X w of a parallelogram spanned by v = (v!,v?,v3) and
w = (wh, w?,w?). In fact, using the vector analysis in the euclidean space,

the flux F? is given by
F?=U-S*=U'S3, + U*S%, + U35}, (B.2)

where S?(v,w) = (833,53, 57,) with S7; defined by (B.8) below, and S?
is an area 2-form. The flux F%(v,w) is bilinear and skew-symmetric with
respect to v and w, as easily confirmed.

The collection of all 2-forms on F X E becomes a vector space if laws of
addition and multiplication (by a scalar) are introduced appropriately. The
space is denoted by E*(2) = E* A E*, whose dimension is dim(E*(2)) =
(3) = 2n(n —1) (see (B.6)). For n = 3, the dimension is 3.

A 0O-form w°, is specially defined as a scalar. The set of all O-forms is
real numbers R, whose dimension is one. A O-form field on a manifold M™,
[f:x € M™ — R] is a differentiable function f(z).

An exterior form of degree k, i.e. k-form, is a function of k£ vectors
WF(vy,...,v5) + E x -+ x E (k-product) — R. The k-form w” is k-linear
and skew-symmetric:

WP (ev] + v vg, .. op) = 1wt (V] va, . . vk) + W (V] va, . k),
(B.3)
W (g, va,) = (=1)7WF (v, .. ), (B.4)
where o = 0 if the permutation (ay,...,ax) with respect to (1,...,k) is

even, and o = 1 if it is odd, and
Ve =0v20;, j=[1,...,n]; a=1,... k. (B.5)

If the same vector appears in two different entries, the value of w* is zero.
Therefore, w* = 0 if k > n.

The set of all k-forms becomes a vector space if addition and multipli-
cation (by a scalar) are defined as

where v = {v1,...,vt}. Using (B.5) and the two laws (B.3) and (B.4),
we have
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where j; < --- < 0j,. The number of distinct k-combinations such as
(J1,--+ ,Jk) from (1,---,n) gives the dimension of the vector space of all
k-forms, E*(k) = E* A--- A E* (k-product), which is

dim(E*(k)) = (Z) = k,(n”lk)l (B.6)

B.2. Exterior Products (Multiplications)

We now introduce an exterior product of two 1-forms, which associates
to every pair (w,,wp) of 1-forms on E a 2-form on E x E. The exterior
multiplication w! A wé is defined by

wl A wé(va, vp) = wé(va)wé(vb) - wé(va)wi(vb) (B.7)
L (v4) is a linear function of v,, etc. The right-hand side is obviously
bilinear with respect to v, and v, and skew-symmetric. For example, if w}
and wé are differential 1-forms, defined by wl, = dz' and wé = dz7, then
we have

where w

da' A da? (v, w) = da’(v)da? (w) — da? (v)dz' (w)

=viw! —viw' = | | = SZ, (B.8)
Y J

since da’(v) = o', etc. (see (1.23)). This S, is a projected area of the
parallelogram spanned by two vectors v and w in the space R™ onto the
(2%, z7)-plane.

A general differential k-form on E X --- x E (k-product) can be written
in the form,

Wk = E @iy gy AV Ao AdER ) iy, ig € 1.0, ).
i< <ip

If the set vy, ..., v, is a k-tuple vector, then
da' Ao Adaf (v, o) = det[da(v))] = det[v;]. (B.9)

Definition of exterior multiplication: The exterior multiplication of an arbi-
trary k-form w* by an arbitrary I-form w! is a (k +1)-form, and satisfies the
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following properties:

skew-commutative: W Aw! = (=1)Fw! A WP, (B.10)
associative: (W A Aw™ = WP A (W AW™), (B.11)
distributive: (c1wf + cowh) Nl = b AWl + b AWl (B.12)

Example (i): An exterior product of two 1-forms o' and 31,
at = aydz 4 asdy + asdz, B! = bidx + bady + bsdz,
(in the space (z,y, 2)), is a 2-form:

a' A B = (agbs — azby)dy A dz + (agby — aibs)dz A dx
+ (albz - agbl)dl‘ A dy, (B13)

which represents the cross product. From (B.10), we obtain
drAde =0, deAdy=-dyAdz=0, etc.

Example (ii): An exterior product of three 1-forms o', 3! and y' (where
! = c1dx + cody + c3dz) is a 3-form:

al A BYAAY = (agbs — asby)crdy A dz Adx + (agby — arbs)cadz Adaz A dy
+ (a1b2 - a2b1)03dx ANdy Adz
= deta, b, c|dz A dy A dz (B.14)

where a = (a17a2,a3)T, b= (bl,bg,b3)T, and ¢ = (61,62,63)T.

Example (iii): An exterior product of n 1-forms af,...,al is
aj A Aap =detai,...,a,])dz A Aday, (B.15)
where ai = agdr; and ar = (ag1,...,ak,)T. This can be verified by the

inductive method.

Example (iv): As an application of (iii), suppose that local transformation
of coordinates from x = (z1,...,z,) to a = (ai,...,a,) in n-dimensional
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space is represented as

dak = % diL’l

Then the n-form o™ = F(a)da; A - -+ A da, is transformed as

F(a)day A--- ANday, = gEi;F(a(m‘))dxl A ANday, (B.16)
where 0(a)/0(x) is the Jacobian of the transformation, and F(a) is
a 0-form.

B.3. Exterior Differentiations

Here, we define a differential operator d that takes exterior k-form fields
into exterior (k + 1)-form fields. A scalar function f is a O-form, then its
differential df = (9;f)dx® is a 1-form (see (1.27)). The w! = a;(x)dz’ is
a 1-form field, then its differential dw' is a 2-form. The operator d of the
exterior differentiation is defined to have the following properties:

(i) da® = 9;a’da?,

(i) d(a -+ 6) = da+ 4,

(iii) d(a* A BY) =dak A B+ (—1)*ak A dS,
) d*a = d(da) := 0, for all forms,

(iv

where a form « without upper index denotes any degree. The property (i)
is defined in Sec. 1.5.1 of the main text. Properties (ii) and (iii) are taken
as definitions.

To see (iv), consider a scalar function f(z). Then, d®f is defined as

d?f = d((8;f)dz?) == d(d; f) A da’.

The first factor is d(8; f) = (8;0; f)dz? by (i). Substituting this,
82 f , ,
d=f % Ej 507 0 dz’ Adx' =0,

since 9;0; f = 0;0; f and dz*Ada? = —da’ Adz?, where (B.10) and (B.12) are
used. Next, for any two scalar functions f and g, we obtain d(df Adg) =0
by (iii) and the above equation. By induction, one can verify that d*a = 0
for any form a.
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B.4. Interior Products and Cartan’s Formula

If X is a vector and wP is a p-form, their interior product (a p — 1 form)
is defined by

ixw’ =0 for 0-form, (B.17)
ixw! = w(X) for 1-form, (B.18)
(ixwP)(Xa,..., Xp) =wP(X, Xo,...,X,) for p-form. (B.19)

The Lie derivative Lx is defined by the Cartan’s formula,
Lx =ixod+doix, (B.20)

where ixw? (for example) is an interior product acting on a p-form w?,
yielding a (p — 1)-form. This formula (B.20) can be verified by the method
of induction. Operating Lx on a function f, we obtain

Lxf=ixdf =df(X)=X[,

by using (B.17) and (B.18). This is equivalent to Eq. (1.68). Operating on
a differential df, we obtain

Lxdf =[ixd+dix]df = dix(df) =d[ix(df)] =d[X f] =dLx f,
since ddf = 0. The commutability
Lxd=dLx

can be shown from the definition of the Lie derivative [Fra97, §4.2; AMT78,
§2.4]. Furthermore, assuming that the equality (B.20) holds for p-forms, the
formula can be verified for p + 1 forms [Fra97; AMT78].

B.5. Vector Analysis in R3

Let (x,y,2) be a cartesian coordinate frame in R3, and let 3-vectors in R?
be given by

a = (axaayvaz)a b= (bxabyabz)a Cc= (C$7Cyvcz)'

The inner product of @ and b is defined by (a,b) (§1.4.2). Using the
euclidean metric (1.30) of R3, the inner product is expressed as

(a,b) = (a,b) s = agby + ayby + a;b,. (B.21)
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The right-hand side is also written simply as

azby + ayb, +azb, :=a-b. (B.22)
The magnitude of the vector a is defined by ||a|| = (a,b)!/?. The angle 0
between two vectors a and b is defined by

(a,b)
lalllblI

cosf =

(B.23)

If (a,b) = a-b =0, the vector a is perpendicular to b.
The vector product (cross product) a x b in R? is defined such that

(a x b,c) :=V?[a,b,c]=(axb)-c, (B.24)

[Fra97], where V? is the volume form in R? defined by (B.35) below and we
have

V?’[a, b,c] = (ayb, — a.by)cy + (a.by — azb.)cy + (azby — ayby)c..

It can be readily shown that V*[a, b, c] = V?[b, ¢,a] = V*[c,a, b]. In com-
ponents, we have

a x b= (ayb, —asby,aby — azb,,aby, —ay,by). (B.25)

From the definition (B.24) and the definition below, it is readily verified
that @ x b is perpendicular to both a and b, i.e. (a X b) -a = 0 and
(@axb)-b=0.

In order to represent the cross product in component form, it is useful
to introduce a third order skew-symmetric tensor €jjk, defined by

—_

, for (1,2,3) — (i,7,k) : even permutation
gijk = —1, for (1,2,3) — (4,4, k) : odd one . (B.26)

0, otherwise: (for repeated indices)

Using the notation of vectors as a = (a1, a2,a3) and b = (by,be, b3), the
vector product is written compactly as

(a x b); = €ijka;ibr, (i=1,2,3). (B.27)

Let us introduce a position vector & = (z,y,2) and its infinitesimal
variation de = (dz,dy,dz). Owing to the eucledian metric structure and
the inner product, differential forms are rephrased with inner products of
vectors in R? as follows.
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(a) Exterior differential of a O-form f is a 1-form df:

df = (0 f)dz + (0, f)dy + (0. f)dz = V f - dax. (B.28)
(b) Definition of “curl”: Let o' be a 1-form given by

ol = a,(z)dr + ay(z)dy + a.(z)dz = a - dz.

Exterior differential of a! is a 2-form da!:

dat =da; ANdr +day Ady +da, Adz
= (Oya, — 0,ay)dy Adz + (0,a, — Oza.)dz Adx
+ (0zay — Oya,)dz A dy. (B.29)

This is rewritten in a vectorial form as
do' =d(a-dz) = (curla) - s?, s? = (dy Adz,dz Adz,dz Ady) (B.30)

2

where s* is an oriented surface 2-form. Equations (B.29) and (B.30) define

the curla:
curla = (Oya, — 0.ay, 0,ay — 030,00y — Oyay). (B.31)
(c) Definition of “div”: Let 32 be a 2-form given by
B = by(z)dy Adz + by(x)dz Adz + b, (x)dz Ady = b - s>
The exterior differential of 32 is

dp? = db, Ady Adz +dby Adz Adz + b, Adz Ady
= (Opby + Oyby + 0.b,)dx A dy A dz. (B.32)

This is rewritten in a vectorial form as
d(b- s?) = (divb)V?, (B.33)

where V* = dz A dy A dz is a volume 3-form. Equations (B.32) and (B.33)
define div b:

divb = 0,b; + 0yby + 0.b,. (B.34)
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B.6. Volume Form and Its Lie Derivative

Let us consider a volume form. Let (x!, 22, 23) be a local cartesian coordi-

nate of the three-dimensional space M = R3. Then the volume form V? is
a 3-form:

V3(x) := da' Ada? A da. (B.35)

Let y = f(x) = y(x) be a coordinate transformation and z = F(y) = z(y)
be its inverse transformation between x = (2!, 22%,23) and y = (y',32,v%)
in a neighborhood of the point # € M. Transformation of a differential

1-form is represented by

ox’

dz' = 3y P dy*,

(B.36)
which is regarded as the pull-back transformation F' from z to y (see (1.50)
with = and y interchanged). Next, the first fundamental form is defined as

oz Ozt

I:=da'dz’ = Dy OyF Y

k= gjkdyjdyk, (B.37)

where the metric tensor gj; and its determinant g(y) are

gik = g;;g;,i’ 9(y) = det(g;) = ([ggg])g? (B.38)

where [9(z)/0(y)] is the Jacobian determinant of the coordinate transfor-
mation, which is now represented as

5(33)}
aSa?) [ : > 0). B.39
58] = +vat. >0 (B.39)
Using (B.36), the volume form (B.35) is transformed (pull-back to the
y-frame) to

V3(y) = F*[V3(x)] (B.40)
= sgn(y)@dyl A dy2 A dy3, ( 1)

where sgn(y) = £1 is an orientation factor of the local frame y = (y!, y?,3?)
and chosen according to the sign of the Jacobian determinant [0(x)/9(y)],
namely, sgn(y) = 1 if the (y', y?, y3)-frame has the same orientation as the
(2!, 22, 23)-frame (assumed to be right-handed usually), and sgn(y) = —1

otherwise.
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Next, we consider the Lie derivative £ of a volume form V3. If X =
(X1 X2, X3) is a vector field on M3, the divergence of X, a scalar denoted
by div X, is defined by the formula,

d

(div X)V? := Lx V3 = n

V3(Y1, Ya, Y3). (B.42)

The Lie derivative £xV? is defined by the time derivative of V* as one
moves along the flow ¢; generated by X, while V3 is given by the value
on three vector fields Y7, Y5, Y3 that are invariant under the flow ¢, i.e.
Yi(¢rx) = ¢7Yi(x). Equation (B.42) defines the div X as the relative change
of the volume element V? along the flow generated by X.

When operating Lx on the volume form V¥ = dz! A dz? A dz?, the
Cartan’s formula (B.20) is useful. Applying the formula (B.20) to V3, and
noting that dV* = 0 and

ixV? =ix[dz! Ada® Ada®] = (ixda!) Ada? A da?
—dz' A (ideQ) Adz? + dat Adz? A (ix d:cg)
= X'dz? Ada® — X3dat Ade® + XPdat A da?, (B.43)
we obtain
LxV? =doixV?=d[X'd2? Ada® — X2da! Ada® + X3dat A da?)

i

= (Z aaXi ) dz' A da® A da® = (div X)V?, (B.44)
- X

which is consistent with (B.34) and (B.42), and

, axt  9x?  9xs3
divX = 9 + 922 + IR (B.45)

B.7. Integration of Forms

B.7.1. Stokes’s theorem

For a continuously differentiable k-form w* on a manifold M", the Stokes’s

/dwkz/ w”, (B.46)
\%4 oV

where V = VF+1 ¢ M"™ is a compact oriented submanifold with boundary
(OV)* in M™. This formula suggests that (integral of ) the exterior derivative

Theorem reads
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dw* on a manifold V is defined by an integral of the k-form w* over a

boundary of V.

Examples
(a) k = 0: Integration of (B.28) along a smooth curve [ (= V1) from a point
x1 to an end point x5 (= (9V)?) :

/lVf ~dae = f(x2) — f(x1). (B.47)

(b) k = 1: Integration of (B.30) over an oriented compact smooth surface
S$? = V2 with a circumferential curve I! = (9V):

/S ] (curla) - 82 = ]l{ a-dx. (B.48)

(c) k = 2: Integration of (B.33) over an oriented compact 3-volume V = V3
with a smooth closed 2-surface S? = (9V)?:

/Vg(divb)vg = fi b-s?. (B.49)

O

B.7.2. Integral and pull-back

Let f be a differentiable map of an orientation-preserving diffeomorphism,
f:M™ — V" from an interior subset ¢ of M™ onto an interior subset f(o)
of V". Then, for any differential k-form w* on V", the following general
formula of pull-back integration holds:

/f . Wk = /U frwP, (B.50)

which is a generalization of the integral formula (1.51) for 1-form. The

k

integral of a k-form w® over the image f(o) is equal to the integral of the

pull-back f*w* over the original subset o.
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Appendix C

Lie Groups and Rotation Groups

Most dynamical systems are characterized by some invari-
ance property with respect to a certain group of transforma-
tions, i.e. a Lie group. Rotation groups are typical symmetry
groups with which some familiar dynamical systems are rep-
resented. This appendiz is a brief summary of Lie groups,
one-parameter subgroup and a particular Lie group SO(n),
complementing §1.7, 1.8, 8.8, 7.7 and 11.8, 11.4.

C.1. Various Lie Groups

The set of all rotations of a rigid body in the three-dimensional space R? is
a differentiable manifold, since it is parametrized continuously and differ-
entiably by the three Eulerian angles [LL76]. It is a Lie group, SO(3), its
dimension being accidentally 3.

Let M be one of n-dimensional manifolds including R™. The structure
group of T'M is the set of all real n x n matrices with nonzero determinant,
which is a Lie group GL(n,R) called general linear group. Topologically,
GL(n,R) is an open subset of euclidean space of n?-dimensions.

The special linear group SL(n,R) is a set of all real n x n matrices
g € SL(n) with detg = 1, a subgroup of GL(n,R), and has dimension
n? —1.

The orthogonal group O(n) is a set of all real nxn matrices w € O(n) sat-
isfying ww? = I (the orthogonality condition), where T denotes transpose,
i.e. (wT)ij = wj;. The matrix satisfying ww? = I is said to be orthogonal.
The O(n) is a subgroup of GL(n,R) of dimension $n(n — 1). Since the

T

matrix product ww’, is a symmetric n X n matrix, the matrix equation
1

ww! =T gives (14 ---+n) = 3n(n + 1) restricting conditions. Therefore
the dimension of the group O(n) is n? — in(n 4+ 1) = in(n — 1). From

2 2
wwT = I, we obtain (detw)? = 1.

365
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Thus the orthogonal group O(n) consists of a subgroup SO(n), the rota-
tion group (the special orthogonal group), where detw = 1, and a disjoint
submanifold where detw = —1. The latter does not include the identity
matrix I. The dimensions of SO(2), SO(3) and SO(n) are 1, 3 and $n(n—1)
respectively.

The simplest rotation group is SO(2), which describes rotations of a
plane. Matrix representation of its element R € SO(2) is

cosf) —sinf

R(G)[ ] 6 € [0,27].

sinf)  cos®

To a rotation of a plane through an angle 6, we associate a point on the
unit circle S at angle 6. This is also represented by the point of ¥ in
the complex plane. Two successive rotations are represented by the multi-
plication e’ = ¢'(9+9) e, given by addition of angles. Thus, SO(2) is
abelian (commutable), whereas other rotation groups SO(n) for n > 3 are
non-commutable (non-abelian). The rotation €% is also an element of the
unitary group U(1).

General linear group GL(n,C) is composed of all n x n matrices of
complex numbers (€ C) with nonzero determinant, whose dimension is 2n?.

Unitary group U(n) consists of all complex n x n matrices z € U(n)
satisfying 2z = I, where 2t = 27 = 27! (the overbar denotes complex con-
jugate, the dagger ' denotes hermitian adjoint and 7 the transpose). U(n)
is a submanifold of complex n2-space or real 2n?-space. Since the matrix
product zz' is a hermitian n x n complex matrix, the matrix equation
2z = I gives (14 -+ + (n—1)) = 1(n — 1)n complex conditions and
n real (diagonal) conditions. Therefore the dimension of the group U(n) is
2n? — (24(n — 1)n+n) = n%. From zz' = I, we obtain |det z|? = 1.

SU(n) is the special unitary group with detz = 1 for ¥z € SU(n), and
has dimension n? — 1 because of the extra condition det z = 1, since in
general, det z is of the form e? for ¢ € R. See [Fra97; Sch80] for more

details.

C.2. One-Parameter Subgroup and Lie Algebra

One-parameter subgroup of a group G is defined by a trajectory, t € R —
g(t) € G (with g(0) = e), satisfying the rule,

g(s+1t)=g(s)g(t) = g(t)g(s),
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i.e. a homomorphism (preserving products) of the additive group of R (real
numbers) to the multiplicative group of G. Differentiating g(s+t) = g(t)g(s)
with respect to s and putting s = 0,

g'(t) =g(t)Xe(=g.Xe), Xe=4g'(0) (C.1)

This indicates that the tangent vector X, at the identity e = ¢(0) is left-
translated along g(t). In other words, the one-parameter subgroup g(t) is
an integral curve through e resulting from left-translation of the tangent
vector X, at e over G. The vector X, is called the infinitesimal generator
of the one-parameter subgroup g(¢).

Consider a matrix group G,, with A = g/,,(0) a constant matrix. Then
Eq. (C.1), g/,(t) = gm(t)A, can be integrated to give

gm(t) = gm(0) exp[tA] = exp[tA] (C.2)
2 o0 k
exp[tA]:=e +tA + (t;) +--=e+ ; (t;j') , (C.3)

where e = I (unit matrix).
Analogously, for any Lie group G, a one-parameter subgroup with the
tangent vector X at e is denoted by

g(t) == exp[tX] =X =e +tX +O(t?), X e€T.G (C4)

The tangent space T.G = g at e of a Lie group G is called the Lie algebra.
The algebra g is equipped with the Lie bracket [X,Y,] for XY € T.G

(51.7).

C.3. Rotation Group SO(n)

Let us consider the rotation group SO(n). An element g € SO(n) is repre-
sented by an n x n orthogonal matrix (gg?7 = I) satisfying det g = 1. Let
&(t) be a curve (on SO(n)) issuing from the identity e(= I) with a tangent
vector a at e. Then one has £(t) = e+ta+O(t?) for an infinitesimal param-
eter t. The vector a = ¢’(0) is an element of the tangent space T.SO(n),
i.e. the Lie algebra so(n) (using lower case letters of bold face).
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The orthogonality condition &(¢)¢T (t) = e requires a = (a;;) € so(n) to
be skew-symmetric. In fact, we obtain

(e+tat---)et+tal +---)=e, .. a=-a’, ie aj=—aj.

(C.5)

C.4. so(3)

The dimension of the vector space of Lie algebra so(3) is 3, represented by

the following (skew-symmetric) basis (E1, Eo, F3):
0 0 0 0 0 1 0 -1 0
Ei=10 0 —1|, Ea=| 0 0 0|, Es=|1 0 0|. (C6)
0 1 0 -1 0 0 0 0 0

Their commutation relations are given by
[Er, Es] = E3,  [Eo, B3] = E1, [E3, E1] = Ea, (C.7)

where [E;, Ey] = E;Ey, — EE;. In addition, we have the following proper-
ties, —%tr(EkEl) = 0y, since

tr(ElEl) = tI'(EQEQ) = tI‘(EgEg) = 72, (Cg)
tI‘(ElEg) = tI‘(EQEg) = tI‘(E3E1) = 07 (09)

where tr denotes taking trace of the matrix that follows.
For a,b € so(3), we have the following representations,

a=a1F +asFEs+as3F3, ay,a2,a3 €R, (ClO)

and a similar expression for b, which are obviously skew-symmetric. Their
scalar product is defined by

1 1
(a, b>so(3) = —itr(ab) = 750,]6[)1 tI‘(EkEl) = akbk. (Cl].)
Their commutation is given by
ab —ba = (a2b3 — a3b2)E1 + (a3b1 — CL1b3)E2 + (albg - agbl)Eg,. (012)

Let us define a skew-symmetric matrix ¢ and an associated column
vector ¢ by

c=c1E + By +c3B3 :=ab—ba, ¢é=(c',c2 7. (C.13)
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Similarly, we define the vectors a and b associated with the matrices a and
b. The representation of ab — ba in the form of (C.12) is equivalent to
a x b in the form of (B.25). Thus, we can represent the Eq. (C.13) by the
following cross-product,

¢=axb. (C.14)
Given a point r = (r!,r% r3) € M3, an infinitesimal transformation of r
by &(t) = e + ta+ O(t?) is (up to the O(t) term)
r—r =(t)r=r+tar =71 +t(a1 B + asFy + as3E3)r =r +ta x r.
(C.15)

Thus, the infinitesimal transformation £(¢) represents a rotational transfor-
mation of angular velocity a.
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Appendix D

A Curve and a Surface in R3

(Ref. §2.1, 2.5.8, 2.5.4, 2.7.1, 2.8, 9.1)

D.1. Frenet—Serret Formulas for a Space Curve

Let a space curve C be defined by x(s) in R® with s as the arc-length
parameter. Then, the unit tangent vector is given by

dz 1
t=—, |t|=(¢t)/?=1.
. ltl= .t
Differentiating the equation (¢,) = 1 with respect to s, we have

(¢, (dt/ds)) = 0. Hence, dt/ds is orthogonal to ¢t and is so to the curve
C, and the vector dt/ds defines a unique direction (if d¢/ds # 0) in a plane
normal to C at @ called the direction of principal normal, represented by

it  d’z

=S = kem(s), Il = (n,m)' 2 =1, (D.1)

where n is the vector of unit principal normal and x(s) is the curvature.
Then, we can define the unit binormal vector b by the equation, b =t x n,
which is normal to the osculating plane spanned by ¢ and n. Thus we have
a local right-handed orthonormal frame (¢, 7, b) at each point  (Fig. D.1).

Analogously to dt/ds L t, the vector dn/ds is orthogonal to n. Hence,
it may be written as n’ = at — 7b, where the prime denotes d/ds, and
a, 7 € R. Differentiating b, we obtain

db
= txn' +t' xn=—-1txb=r71(s)n(s), (D.2)
s
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X (s)

b=txn

Fig. D.1. A space curve.

where (D.1) is used, and 7 is the torsion of the curve C at s. Since n = bx ¢,
we have

d
d—n:bxt’—l—b’xt:—f@'t—Tb, (D.3)
S

where (D.1) and (D.2) are used.
Collecting the three equations (D.1)—(D.3), we obtain a set of differential
equations for (¢(s),n(s),b(s)):

d t 0 k O t
Ll =" 0 —7|[n]. (D.4)
*\b o 7 0/ \b

This is called the Frenet-Serret equations for a space curve.

D.2. A Plane Curve in R? and Gauss Map

A plane curve Cp, : p(s) in the plane R? is a particular case of the space
curve considered in the previous section D.1. The unit tangent £(s) and unit
principal normal n(s) are defined in the same way. However, the binormal
b defined by t x n is always perpendicular to the plane R2. Hence b is a
constant unit vector, and db/ds = 0, resulting in the vanishing torsion,
7 = 0. Thus, Eq. (D.4) reduces to

S0 00 ®3)

As an interpretation of the curvature s (which can be generalized to
the surface case), let us consider the Gauss map G. The map G is defined
by G : p(s) — n(s), where the unit vector n(s) is plotted as a vector
extending from the common origin O of a plane. Therefore, the end point
of n(s) will draw an arc over a unit circle S} (Gauss circle) as the point
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1 . 3
£(s+As) S L)
n(s) " S £(s)
. SA0
£(s) An k
p(s+As)
An=-xAp At=xAsn
=A0n

Fig. D.2.  Gauss map.

p(s) moves along the curve C,, (Fig. D.2). Corresponding to an infinitesimal
translation of the point p(s) along C,, by the length As, where the vectorial
displacement is Ap = (As)t, the displacement of n(s) along the unit circle
is given by An = —xAst. Thus the curvature & is given by the ratio of the
two lengths ||An||/||Ap||. More precisely, we have An = —xAp.

In order to define the basis (¢,n) in the same sense of the right-handed
(z,y)-frame, it is convenient to introduce both positive and negative values
for the curvature . Then the first equation At = knAs of (D.5) is under-
stood as At being clockwise or anti-clockwise with respect to t according
as the x is negative or positive. Since ¢ is a unit vector, the infinitesimal
change At is given by (Af)n, where A6 is the rotation angle of the vector ¢
(Fig. D.2). Thus the equation At = knAs reduces to another interpretation
of the curvature:

de

K=o (D.6)

D.3. A Surface Defined by z = f(x,y) in R3

Suppose that a surface is defined by z = f(x,y) in the three-dimensional
cartesian space (z,y,2). One may take u! = x,u?® = y and = =
(ul,u?, f(ul,u?)) in the formulation in §2.1. The line-element is dx =

(dz,dy,df), where df = pdz + ¢dy and

_of _of

=50 q:fyfay, (D.7)

p:fac
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Then we have
ds® = (dz,dz) = (dz)? + (dy)* + (pdz + qdy)®
= (1+ p*)(du)? + 2pgdutdu® + (1 + ¢)(du?)?.
Hence the metric tensors are given by

g =1+0% g12=pq¢ goo=1+¢.

The angle ¢ of the coordinate curves is given by
pq
T+p)1+e?)
according to (2.16) in §2.1. The second fundamental form and its tensors
bap are defined by (2.20) and (2.21), where the unit normal IV is given by

cosp =

where W = 1+ p? + ¢2. Then we have

(D.8)

N, =0,N, Ny =0yN,
x1 = 0,x = (1,0,p), x> =0,x=(0,1,q).
Using the notations of the second derivatives defined by

o2 f o2 f o2 f
wa S—fxy—m7 t—fyy—()fyw

we obtain the tensor b,g as

= fox = (D.9)

<

b1 = —<3’317N1> =

=

big = —(x1, No) =

bao = —<3’327N2> =

33

Finally, we obtain the Gaussian curvature,

_det(bag) 1t — s

= Tty = W (D.10)




Appendix E

Curvature Transformation

(Ref. §3.8.1)

Suppose that we have a vector field Z € T M. We consider parallel transla-
tion of a tangent vector Z € T,,M at p along a small curvilinear (deformed)
parallelogram II.. The sides are constructed by using two arcs &, = e°X and
n. = €Y emanating from p, where X,Y € Tp,M and ¢ is an infinitesimal
parameter. As considered in §1.7.3, there is a gap between 7. o0&, and &, o7,
and the gap is given by 7.& — £n. = £2[X,Y] in the leading order (see
(1.75)). Hence the circuit is actually five-sided.

The parallel translation of Z is carried out as follows. We make a circuit
II. in the sense O from p along the side 7. first and back to p along the side
& (Fig. E.1). The starting point p is denoted by 4 (where Z, = Z4) and
the end of 7. is 3 (where Z = Z3), and then the end of & o 7. is denoted
as 2 (where Zy/). The gap is denoted by an arc from 2’ to 2 (where Z3).
After passing through the point 1 (where Z;), we trace back to p denoted
by 0 (where Zy = Zy).

1 p2 p2'p3
PyPy P3P,

p0 f :
0pl 2 p2'p3
POPLPLPYIP]

Fig. E.1. Parallel translation.
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By the definition of covariant derivative (3.84), the parallel translation
of X; at v back to 7 is represented by

1
P)X, = Xo+t(V7X)o + 5152(VTVTX)0 +O(t%) (E.1)

where P} is the operator of a parallel translation from 7o to 7;. In the
present case, the parallel translation of Zy from 0 to 1 is

P} Zy =71 —e(Vx2Z) + 5 2(VxVxZ) + 0. (E.2)
Similarly, for the parallel translation of Z; from 4 to 3, we have
P}Zy =75 —e(VyZ)s + %62(VyVyZ)3 +0(). (E.3)
Subsequent translation from 3 to 2’ is
(P¥ P37y = (ZQ, —e(VxZ)y + g 2VxVxZ), )
—e((VyZ)y —e(Vx(VyZ))y) + 5 2(VyVyZ2)y, (E.4)

up to O(g?). Performing the next translation from 2’ to 2 which is of the
order €2 distance, we obtain

(P3PY P})Zy = Zy — e((VxZ)2 + (VyZ)2) — e2(Vix, Y]Z)
<(Vx(VyZ))2+ (vaxz)z—l- (VyVyZ) )
(E.5)

up to O(g2). It is instructive to obtain the consecutive parallel translation
of Zy from 0 to 1 (given by (E.2)) and from 1 to 2, which is given by

(PEPy)Z0 = Za —e((VxZ)2+ (Vy Z)2)
((Vy(VXZ))Q-i- (vaxz)g—l- (VyVyZ) )
(E.6)

In view of this form, it is finally found that the consecutive parallel trans-
lation of (P2 P# P})Z, from 2 to 1 and from 1 to 0 is given by

(PYPy PPy P})Zy = Zo — e (Vix,v1Z)o
E((Vx(VyZ))o — (Vy(VxZ))o). (E.7)
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Now, the transformation operator ¢g.(X,Y") of the parallel translation (3.94)
is given by (PP} P P2 P}). Thus it is found that
9:(X,Y) =e+eR(X,Y)
where R(X,Y) is the operator of the curvature transformation:

R(X,Y) =VxVy —VyVx — V[X,y]. (ES)
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Appendix F

Function Spaces L,, H° and
Orthogonal Decomposition

(Ref. §3.12, 8.1, footnote to Chapter 5)

The totality of functions, which are differentiable up to the gth order with
all the derivatives being continuous over the manifold M", is denoted by
C9(M). A special case is C”, a class of continuous functions, and another is
C™ which is a class of infinitely differentiable functions, i.e. all the deriva-
tives exist and are continuous.

A function f(x) is said to belong to the function space L, (M) if the
integral [, |f(x)[” du(x) exists (du is a volume form). The Ly(M) denotes
the functions which are square-integrable over the manifold M™.

The Sobolev space W;(M) denotes the totality of the functions f(z) €
L, (M) which have the property D®f(z) € L,(M), where x = (x1,...,Z,)
and D?®f denotes a generalized sth derivative (in the sense of the theory
of generalized functions) including the ordinary sth derivative defined by
ot -0 f with s =51+ -+ + 55,

The space W3 (M) is written as H*(M). If s > n/2, then H* C C?(M)
by the Sobolev’s imbedding theorem, where q = [s — n/2] is the maximum
integer not larger than s — n/2. Therefore, if s > n/2+ 1, then ¢ > 1, and
a function g € H? is continuously differentiable at least once.

An arbitrary vector field v on M can be decomposed orthogonally into
divergence-free and gradient parts. In fact, an H® vector field v € T, M is
written as

U:Pe(v)+Qe(U)v (Fl)
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where
Q.(v) = grad Fp + grad Hy := grad f,
Pe(v) =v— QB(U)
(f € H®'1). The scalar functions Fp and Hy are the solutions of the
following Dirichlet problem and Neumann problem, respectively,
AFp(v) =dive, where suppFp C M,
AHx(v) =0, and (VHy,n)= (v—VFp,n),
(hence (P.(v),n) = 0) where n is the unit normal on the boundary oM.
There is orthogonality, (grad Fp, grad Hy) = 0. Then, it can be shown that
div P.(v) =0,
(Pe(v),Qe(v)) = 0.
This orthogonal decomposition into the divergence-free part P.(v) and

gradient part Q.(v) is called the Helmholtz decomposition or Hodge
decomposition or Weyl decomposition [Mis93).



Appendix G

Derivation of KdV Equation
for a Shallow Water Wave

(Ref. §5.1)

G.1. Basic Equations and Boundary Conditions

We consider a surface wave of water of depth h. Suppose that water is
incompressible and inviscid, and waves are excited on water otherwise at
rest. Then the water motion is irrotational, and the velocity field v is
represented by a velocity potential ®: v = grad . We consider the two-
dimensional problem of waves in the (z,y)-plane with the horizontal coor-
dinate x and the vertical coordinate y, and denote the velocity as

v = (u,v) = (P, D),

where ®, = 9,9, etc. The undisturbed horizontal free surface is specified
by y = 0. Let the water surface be described by

y = z(x,t). (G.1)

Incompressible irrotational motion in the (z,y)-plane must satisfy
Uy + vy = 0, which reduces to the following Laplace equation:

AP =P, +P,, =0, for —h<y<z(z,t). (G.2)
The boundary condition at the horizontal bottom at y = —h is
v=>0, =0, at y=—h. (G.3)

The surface deforms freely subject to the following two boundary condi-
tions. The first is the pressure condition, that is, the pressure p must be
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equal to the atmospheric pressure py over the surface. This is represented by
Lo o
D, + §|v| +g92=0, at y=z(z1) (G.4)

[Ach90, §3.2], where g is the acceleration of gravity.

The second is the kinematic condition, that is, the fluid particle on the
free surface y = z(x,t) must move with the surface and remain on the
surface. This is represented by

zt tuze =v, at y=z(x,t). (G.5)

G.2. Long Waves in Shallow Water

There exist three length scales in the problem of long waves in a shallow
water channel: water depth h, wave amplitude a and a horizontal scale of
the wave A. In order to derive an equation expressing the balance of the

finiteness of wave amplitude and wave dispersion, it is supposed that the
following two dimensionless parameters are small,

and, in addition, their orders of magnitude are as follows:
axf (k). (G.7)

The governing equation and the boundary conditions given in the previous
section can be normalized by using the following dimensionless variables:

. a 1/2w—c*t - CL3 1/zcit
\p A A\ B A7

oo () el
- /B ga>\7 _a’ ’rl_h7
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where ¢, = +/gh. Using these dimensionless variables, the set of equa-
tions (G.2)—(G.5) are transformed to

(1) dyn + agee =0 (-l<n<al)
(i) ¢, =0 (n=-1)
(iil) ¢ — ¢¢ + adr + (¢727 + 0@?) =0 (n=a()
(iv) ¢y + a(Ce — aGr — agele) = (n=aq).

It is not difficult to see that the following function ¢(&,n, 7) satisfies both

(i) and (ii):

o(€m7) n+1W”Qi>%f@J) (G3)

=0

Let us expand f(€, 7') and (&, 7) in the power series of « as

F&T) = fol& ) +afi(€ ) + a6 m) + -+, (G.9)
(&) = Col&,7) + aGi(&,7) + G, m) + - (G.10)

Substituting (G.9) in (G.8), we have
1 1 1
¢=fota (fl - 2Y23§f0> +a? <f2 - §Y2552f1 + 24Y48§f0> +0(a?),

where Y = 1 + 5. Using this and (G.10) and setting Y = 1 4 «(, the
boundary conditions (iii) and (iv) are expanded with respect to « as

(i)’ (o — Oefo+a <g1 Def1+ agfo + 07 fo+ = (agfo) ) O(a?) =0,

wﬁ%ﬁ+&@+a(@%m%ﬁ+6%m
+&@—&@—&@&m)+ow%:0

Vanishing of O(a®) terms of (iii)’ and (iv)! leads to ¢o — dcfo = 0 and

0¢(Co — O¢fo) = 0, respectively. Thus, we obtain the first compatibility
relation,

Co = 0 fo, (G.11)

stating that the zeroth order elevation (j is equal to the zeroth order hori-
zontal velocity O fo.
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Next, vanishing of O(a!) terms of (iii)’ and (iv)’ leads to
1 1
G —0efr=—0-fo— 5((0)2 - 55?(07 (G.12)

06(Gy — D) = o + 20060 — 026, (G.13)

respectively, where O¢fo = (o is used. Compatibility of both equations
requires that the right-hand side of (G.13) should be equal to J¢ of (G.12).
Thus, we finally obtain the following KdV equation for v = (y:

1.
20, u + 3udeu + gagu =0. (G.14)



Appendix H

Two-Cocycle, Central Extension
and Bott Cocycle

(Ref. §5.3, 5.4 and 9.8)

H.1. Two-Cocycle and Central Extension

The elements of the group D(S!) describe diffeomorphisms of a circle S*,
g:z€ St g(z) € S1. We may write z = ¢ and consider the map,
x +— g(x) such that g(z+27) = g(x)+ 27 (in the main text the variable x is
written as ¢ here), with the composition law, ¢’ (x) = (¢'og)(z) = ¢'(g(x)),
where g,¢’,g"” € D(S'). Writing e'* =: F,(z), we can consider the following
transformation by the mapping 2’ = g(x):

Fy(2') := explin(g)] explig(z)] = exp[iA(g, x)|Fe(x)
= exp[i(A(g, z) + )], (H.1)

i.e. there is a phase shift n(g) : D(S') — R in the transformed function F,,
where

A(g,z) = g(z) —z +n(g)- (H.2)

We are going to show that Fj is a function on D(Sl), whereas €9(*) ig
a function on D(S'). The above transformation allows us to define the
composition law for two successive transformations as follows. For z// =
gz’ = ¢ g(x), we may write

Fyrg(2") = expliA(g'g, )| Fe(). (H.3)
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The composition is written as

Fy Fy(2") = explil(g’, 2")|Fy(2")
=exp[iA(g’,z) + iA(g, x)|Fo(z). (H.4)

Thus, eliminating F,(z) between (H.3) and (H.4), we obtain

FyFy=w(g'9)Fyy, w(dg',g)=expliO(d,9)], (H.5)
@(g/,g) = A(glaxl) + A(g,l’) - A(g/gvx)a (HG)

where O(g’, g) is called the local exponent. The transformation (H.5) is
called the projective representation. Requiring that associativity (associa-
tive property) holds for Fj;, we obtain the following two-cocycle condition:

w(g”, 9" \w(g"g’,9) = w(g", g'g)w(d’, 9)- (H.7)
In fact, we have [FynFy|Fy = w(9”,9 )w(g"g’,9)Fyr g and Fyr[Fy Fy] =
w(g”,9'9)w(g’,9)Fgrgg. The w(g’,g) satisfying (H.7) is called the two-
cocycle. In terms of the exponents ©(¢g’, g), the two-cocycle condition reads

O(g",9") +©(g"g",9) = ©(g", g'9) + O(g', 9). (H.8)
Substituting (H.2) into (H.6), we find

o(g',9) =n(g") +nlg) —n(g'g) : Dx D — R,
w(g',9) =YgV Vyy = Weab(g',9),  Where 7, = explin(g)].

With this form, the cocycle condition (H.7) is identically satisfied. In gen-
eral, two two-cocycles w and ) are said to be equivalent, if there exists a
factor weop such that w(g’, 9) = Q(g’, 9)weon(g'5 9)-F The weop(g', g) itself is
a two-cocycle corresponding to 2 = 1 and is called a trivial two-cocycle, or
two-coboundary. The present problem is such a case.

Let us now consider briefly the problem of projective (or ray) represen-
tations in order to define the central extension. The ray operators F' satisfy
the relation:

Fg/Fg = FQ/QV g,gl eD, (Hg)
where the bar indicates the class of equivalent operators which differ in a
phase § € R, ie. F,F' € F < F' = vF, where v = ¢ (said to be an
element of the group U(1)). If a representative class Fj is selected in the

IThe classes of inequivalent two-cocycles define the second cohomology group
H2(G,U(1)) for a group G.
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class F,, (H.9) will be written as F, F, = w(g¢’,g)F,, like (H.5). Next,
inside the class Fg, let us take other operators in the form, eng with a
new variable 6. Then

i’ 0 _ _i(6'+6) iO(g’,9) T
e’ FpeFg=e e Fgg:=e" Fyr.

Suppose that, associated with a group D, we are given a local exponent
©: D x D — R. Then, we can define a new group D consisting of elements
g = (g,0) together with the group operation:

gog=1(g,0)0(g9,0)=(g 09,0 +0+0(d.9)). (H.10)

In summary, the extended group D is such that: (1) it contains U(1) as an
invariant subgroup and D/U(1) = D. In fact, the invariant subgroup U(1)
is a center i.e. the element (id,#) commutes with any element (g,0") € D.
Namely, D is a central eztension of D by U(1); (2) D is not a subgroup
of D.

H.2. Bott Cocycle

It can be verified that the following [Bott77] satisfies the two-cocycle con-
dition (H.8) for the local exponent B(¢’,g) in place of ©(¢’, g):

B(d',g9) = 1/ In9,(¢ o g)dInd,g. (H.11)
Sl

2
In fact, noting that 0, (¢’ o g)(z) = 9.(¢'(9(z)) = ¢..ga, its right-hand side is
1
Bo'.0)+ Blo"g'9) = 5 [ Inlha)dInla.) + In(ge,o.)d (ol

_ ;/s [In(g},)d In(g.) + In(g;)d[In(g}) + In(ga)]],

since In(g.g,) = In(g,) +1n(g,) and fSl (9.)d1n(gz) fsl (In(g))?/2 =
0. Similarly, the left-hand side is

1
Bl6"g) + Blg"s" ) = 5 [ Ia(al)dIn(el) + e, no ).

Thus, it is found that the two-cocycle condition B(g',g) + B(g”,¢'g) =
B(g",9') + B(g"q, g) is satisfied.
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H.3. Gelfand—Fuchs Cocycle: An Extended Algebra

Here is a note given about the relation between the group cocycle B(g, f)
and the algebra cocycle ¢(u,v) defined in §5.4. On the extended space

D(SY), we consider two flows & and 7j, generated by @ = (udy, ) and
© = (v0,, ) respectively, defined by

. N d
t & where & =(c,0), =

dt —o t = U,

. . d A

s+ 15 where 7jp = (e,0), I s = 0
s=0

(see §1.7.3). Lie bracket of the two tangent vectors @ and ¢ is defined by
(@, 0](f) = a8 (f)e.0) = 2(a(f))le.0)-

According to Eq. (1.71), we have
[, 8] = (8:0si)s © & — 0s0uE1 ©11s)|(c.0)-

Denoting only the extended component of the product 7 o é of (5.19) (or
(H.10)) as Ext{f)s o &}, we have

Ext{f; 0 &} = ay + bs + B(ns, &),
where suffices s and t are parameters. Therefore,
00, Ext{ils 0 &} = 010.B (15, &),
and
Ext{[a, 0]} = 0,0sB(ns,&t) — 0s0:B(&45 1) (e,0)-

Carrying out the calculation, we have

am(v o ns o gt)
890(775 © ft)

Since the Taylor expansion of & is & = e + tu(z) + O(¢?), its z-derivative
is 0,&; = 1+ td,u + O(t?). Hence, we obtain

0,B(ns. &) = , / 100, (s 0 &)d In 0,8, — / dind,&..
S1 S1

In0,& = In(1 + tdyu + O(t?)) = td,u + O(t?)
dlnd,& = (tug,)de
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and furthermore,

ns o0& = (x+sv(x) +---)o(x+tu(z)+---)
=x + tu(z) + sv(z + tu(z) +---) + - -
=2+ tu(x) + sv(x) + O(s?, st, %)
Or(ns 0 &) = 1+ tuy + svy + O(s%, st, 7).

Therefore we obtain

0.8 = [

Differentiating with respect to t and setting ¢ = 0 and s = 0,

8tasB(7757 ft)|s:0,t:0 = /

S

9zv(x + O(s, 1))
1 1+ tu, + su, + O(s2, st, t?)

Vyplgedr.
1
Thus finally we find

o(u,v) = Ext{[i, 6]} = /

vg;umdx—/ Ug Vg dx
st st

= 2/ UprUpde = —c(v, u).
Sl

(tugy )d.

389

This verifies the expression (5.22) of §5.4. This form of ¢(u, v) is called the
Gelfand—Fuchs cocycle [GF68]. The anti-symmetry of ¢(u,v) can be shown

by performing integration by parts and using the periodicity.
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Appendix I

Additional Comment on the Gauge
Theory of §7.3

By the replacement of 0, with V,, = 0,, —igA,(x) defined by (7.20) in the
quantum electrodynamics of §7.3 (i), the Lagrangian density Ag.ee of (7.16)
is transformed to A(y, A,). A new term thus introduced is an interaction
term —A,J" between the gauge field A, and the electromagnetic current
density (matter field) J* = —qipyHap.

To arrive at the complete Lagrangian, it remains to add an electro-
magnetic field term Ap = —ﬁFMVFW to the Lagrangian, where F},, =
0uA, — 0,A,, and F* = g“O‘Faggﬁ” with the metric tensor gaﬁ =
diag(—1,1,1,1). Assembling all the pieces, we have the total Lagrangian
for quantum electrodynamics,

Agea = A, Ay) + Ar. (I.1)

Thus, variation with respect to A, yields the equations for the gauge field
Ay,
A with respect to 1 yields the equation of quantum electrodynamics, i.e.

i.e. the Maxwell’s equations in electromagnetism, whereas variation of

the Dirac equation with electromagnetic field.
Using the notations B = Vx A and E = —V¢—c 10, A of the magnetic
3-vector B and electric 3-vector E, we obtain

0 —-Ey —-Ey —Ij
Fr 0 Bg —B,
FEy, —Bj 0 B,
Es By -B; 0

F,=0,4,-0,A4,=

In the Yang-Mills’s system of §7.3(ii), the gauge-covariant derivative is
defined by V,, = 0, — igo - A,(x), where o = (01,02,03) are the three-
components Pauri matrices given in the main text. In addition, the fol-
lowing three gauge fields (colors) are defined: A¥ = (Ak, A%, Ak AE) with
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k =1,2,3. The new fields A', A%, A® are the Yang Mills gauge fields. The
connection igo - A, leads to the interaction term, that couples the gauge
field with quark current, corresponding to the middle term of (I.1). Finally,
a gauge field term (called a kinetic term, corresponding to the third term
of (I.1)) should be added to complete the Yang-Mills action functional.
[Fra97, Chap. 20]



Appendix J

Frobenius Integration Theorem and
Pfaffian System

(Ref. §1.5.1, 8.8.1 and 11.2)

We make a local consideration in a neighborhood U of the origin 0 in R™.
Let x = (z1,...,2") € U and let w(x) = ayda! + -+ + a,da™ = a;da’ be
a 1-form which does not vanish at 0. We look for an integrating factor for
the first order differential equation w(z) = 0, called a Pfaffian equation.
In other words, we find the conditions for which functions f and g satisfy
w = fdg. If w = fdg, then f does not vanish in a neighborhood of 0, hence

dw=df Adg=df A flw=0Aw,
where § = f~1df = dln|f|. So that,
wAdw =wAdAw=0.
For a 1-form w = Pdx + Qdy + Rdz in R3, this condition leads to
X curl X = P(R, — Q.) + Q(P. — ) + (R(Qu — P,) =0, (1.1)

where X = (P,Q, R). Thus, if w = fdg, then the equation w = 0 and
dg = 0 are the same, and hence the solutions or the integral surfaces are
given by the hypersurfaces g = constant. This corresponds to the existence
of the Bernoulli surface (§8.8.1).

For example, let w = yzdx +xzdy+dz, so that dw = ydz Adx —axdyAdz
and X = (yz,zz,1), and let us consider the integral surfaces obtained
from the Pfaffian equation w = 0. Since we have X - curl X = (yz,22,1) -
(—z,9,0) = 0, we can expect to obtain the expression, dw = 6 A w. In fact,
0 = —ydx — xzdy will do. This suggests the representation, w = fdg. In fact,
it can be easily checked that the two functions, f = e, g = ze™, yield
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fdg = e ¥ (2(ydx + zdy) + dz)e® = w. Thus, the integral surfaces are
found to be ze*¥ = constant.

Theorem (Euler’s integrability condition). Let w = f;dz* be a 1-form
which does not vanish at 0. Suppose there is a 1-form 6 satisfying dw =
0 Aw. Then there are functions f and g in a sufficiently small neighborhood
of 0 which satisfy w = fdg.

Here, we only refer to textbooks (e.g. [Fla63; Fra97; AMT78]) for its proof.

We now pass to the general problem. Let w! ...,wF be

1-forms in n(= k + m)-dimensional space, linearly independent at 0. Set
Q=w'A--- AwF. The system w! = 0,...,wF = 0 is called the Pfaffian
system. The system is called completely integrable if it satisfies any of the
conditions of the following lemma.

Lemma. The following three conditions are equivalent:

(i) There exist 1-forms 9;- satisfying
dw® = ZG} Al (i=1,...,k).
j=1

(i) dw' AQ=0(i=1,....k).
(iii) There exists a 1-form A satisfying

dQ2 = AA0.

Theorem (Frobenius Integration Theorem). Let w!, ... w* be 1-
forms in R™(n = k+m) linearly independent at 0. Suppose there are 1-forms
9; satisfying

k
dw® = 203 A (i=1,...,k).
j=1
Then there are functions fJ’ and ¢’ satisfying
k
W'=Y fidg (i=1,....k)
j=1

See Flanders [Fla63] for the proof of the Lemma and Theorem.



Appendix K

Orthogonal Coordinate Net
and Lines of Curvature

(Ref. §10.1)

The principal directions T? corresponding to the extremum of the nor-
mal curvature sy of a surface $? are determined by (2.61) of §2.5.4:

(bap = Agap)T” =0, (@, 8=1,2). (K.1)

The equation |bas — Agas| = 0 is necessary and sufficient for the non-trivial
solution. This is a quadratic equation for the eigenvalue (principal value)
A. The discriminant D of the quadratic equation reduces to

D = (by1gaz — bazgi1)? + 4(b12g11 — b11912)(b12g22 — b22gi2).

I = const and u? = const, form an

Suppose that the coordinate curves, u
orthogonal net, then we have g;2 = 0 from (2.16). For such a system, we
have D = (b11922 — b22g11)2 + 4b%2911922, which is non—negative, since g11
and go9 are positive (§2.1). Hence the principal values are real.!

In the case of two distinct real eigenvalues, we denote the larger one
(the maximum ky) by k1 and the smaller one (the minimum ky) by ko,

and the corresponding vectors by T7* and Ts*, respectively. Thus we have
(bag = £19ap)TY =0, (bas — K2gap)Ty = 0.

We multiply these equations by T3* and T} respectively, sum-up with
respect to a in each equation, and subtract the resulting equations. Then,

I They are distinct unless b12 = 0 and bag = cgag- Satisfying these two conditions results
in A = ¢ and the principal direction is not determined (c is a real constant). When this
holds at every point, the surface is either a plane or sphere.
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we get
(K2 — 1) gapTPTY = 0. (K.2)

Since k1 # ko, we find ga/ng‘Tf = (T1,T3) = 0. It follows that the two
principal directions 7T} and 75 are orthogonal.

Thus, the two vectors 77 and T3 are the tangents to the curves of orthog-
onal net on the surface. In order to obtain the differential equation for the
curves, we replace 7% by du” in (K.1) for = 1,2. Eliminating ), one
obtains the following equation,

(b1adu®)(g2adu®) — (baadu®)(g1odu®) =0 (K.3)

which defines the lines of curvature.
Suppose that the coordinate curves are the lines of curvature. Setting
(dul,du?) = (Ayut,0) or (0, Agu?), we obtain the following equations:

b11912 — b12g11 = 0,  b12g22 — baagr12 = 0. (K.4)

This states that, unless g12 = b1z = 0, the two fundamental forms g, and
bas are proportional, which is the case only when the surface is a plane or
sphere.

Since we are considering general surfaces, we have the following. A nec-
essary and sufficient condition that the coordinate curves are orthogonal
and coincide with the lines of curvature is,

gi12 = 0 and b12 =0. (K5)

However, on a plane or a sphere, these conditions are satisfied by any orthog-
onal net.

Thus, the lines of curvature form an orthogonal coordinate net when
g2 = 0 and b1, = 0. In addition, we ask what condition is necessary if

! = const is a geodesic,

the coordinate curves are geodesics. If the curve u
we have du'/ds = 0 along the curve. Then the geodesic equation (2.65) of
Chapter 2 gives 'y, = 0. Likewise, if the curve u? = const is a geodesic, we
have I'?; = 0. From the definition (2.40), we obtain
1 g220g22 1 0gao
Ly =—5— =- ;
2g Oul 2911 Oul

1

since g = g11922. Therefore, if the coordinate curves u* = const are geodesic,

2

we must have 0goo/0u! = 0. Likewise, the coordinate curves u? = const

are geodesic, if Og11/0u® = 0. These are also adequate. Thus, the necessary
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and sufficient condition that the curves u® = const be geodesics is that ggg
(where 3 # «) be a function of u” alone.

2 = const are geodesics. Then we have g1; =

Suppose that the curves u
g11(ut), and a coordinate u can be chosen so that du = gi1(u!)du!, and

the line-element is
I=ds? = (du)? + go2(v)(dv)?, (K.6)

where v is used instead of u2.

Suppose that we have an orthogonal conjugate coordinate net.? In math-
ematical terms, two conjugate directions denoted by two tangents 77 and Ts
must satisfy the following: B = baﬁTf‘“TzB = 0. In fact, writing the tangents
as T1 = (T},0) and Ty = (0,T2) for the two lines of curvature intersecting
orthogonally at a point, it is satisfied, since

B = b T}T) + bioT T2 4 by TETy + booTETS = b1y T T3 =0

by (K.5). Obviously, the conjugacy of directions is reciprocal, and the prin-
cipal directions 77 and T5 are self-conjugate.

For a surface of nonzero Gaussian curvature (K # 0), we have
b =det(bas) # 0 by the definition (2.62). In such a case, the second funda-

mental form can be expressed as
IT = A((du')? + e(du?)?),

by an appropriate transformation [Eis47, §42|, where ¢ is 4+1 or —1 accord-
ing as K is positive or negative. Such coordinate curves are said to form an
(isometric- )conjugate net. In this coordinate system, bay = £bq1. For a sur-
face of constant K # 0, one may write K = £/a?. Then the definition (2.62)
leads to the equation, (b11)? = g/a?, where g = det(gag) > 0. Thus, we
have

g g
b11 = %, (322 = 8%, b12 =0. (K?)

2Through each point of a curve C on a surface, there passes a generator of a developable
surface which is formed by the envelope of a one-parameter family of tangent planes to
the surface at points of the curve. The directions of the generator and the tangent are
said to have conjugate directions. Suppose that two families of curves form a net, such
that a curve of each family passes through a point of the surface and at the point their
directions are conjugate. Such a net is called a conjugate net.
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1-1, 352
0-form, 354
1-form, 353
1-form A%, 247
1-form V*, 243
2-form, 353
2-form B2, 249

ABC flow, 289
abelian, 206
action principle, 218
ad-invariance, 140
ad-operator, 159
adiabatical, 219, 236
adjoint
action, 261
group, 28
operator, 92
transformation, 28
aeroacoustic phenomena, 251
affine
connection, 81
frame, 81
AKNS method, 329
angle, 48
angular
momentum, 128, 134
velocity, 128, 369
annular surface, 286
annulus, 188
anti-symmetry, 105
arc length, 100

Index

arc-length parameter, 371

area, 49

asymmetrical top, 144, 150
atlas, 6

axial flow, 317

axisymmetric Poiseuille flow, 285

Bécklund transformation, 324, 327,
340
background field, 199, 203
ball, 351
base manifold, 14
basis, 12, 207
covector, 19
Beltrami field, 287, 289
Bernoulli
function, 285
surface, 286
bi-invariance, 141
bi-invariant
metric, 139
system, 143, 306
Bianchi’s conditions, 325
Bianchi-Lie transformation, 324
bijection, 352
binormal, 295
vector, 371
Biot—Savart law, 232, 235, 294, 297
body frame, 132
boundary surface (conditions), 220
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bracket
[a,b]™) 30
operation, 27
breather solution, 337
Brower degree, 72

c°, 379
ci(M), 379
Cartan’s formula, 215, 248, 358
Cartan’s second structure equation,
67

Cartan’s structural equation, 87
Cauchy’s solution, 35, 268
center, 161
central

charge, 162

extension, 161, 315, 386
chaos, 177
chaotic, 289
characteristic curves, 154
chart, 6
Christoffel symbol, 41, 52, 54, 80, 83
circle, 35
circle S*, 366, 385
circular vortex, 311

filaments, 306
classical field theory, 251
closed, 351
cnoidal wave, 158
coadjoint

action, 261

operator, 92
Codazzi equation, 56
collinear, 287
commutative, 206
commutator, 28, 136, 162, 260
compact, 140
compatibility condition, 344
compatibility with metric, 82
completely integrable, 130, 308, 394
composition, 352

law, 35
compressible, 268

fluid, 248
condition of fixed mass, 236
configuration space, 4, 14

conjugate

coordinate net, 397

directions, 321, 397

net, 321, 397

points, 167
connected space, 6
connection, 80, 199

1-form, 41, 53, 86, 87, 331

form, 86
conservation law

of total angular momentum, 241

of total momentum, 239
conservation of (X, T, 119
conserved quantity, 312
constant

Gaussian curvature, 321

negative curvature, 324
constant-pressure flow, 272
constraints for variations, 220
continuous, 352
contravariant

tensor, 43

vector, 19
coordinate

bases, 12, 33

map, 6

patch, 6

transformation, 24
cotangent

bundle, 19

space, 19
covariant

derivative, 40, 53, 80, 83, 98,

175, 203, 227, 232, 276
tensor, 38, 116

vector, 19
covector, 19, 36
cover, 6

critical point, 184
cross-product, 30, 369
cross-section, 36
cube, 275

curl, 360



curvature, 296, 300, 371, 373
2-form, 87, 103
form, 88
tensor, 103, 142, 259, 269, 277
transformation, 102, 375

D*f, 379
decomposition theorem, 270
degenerate state, 223
degrees of freedom, 4
diffeomorphic flow, 158
diffeomorphism, 7, 25, 30, 32, 35
differentiable manifold, 25
differential, 18

k-form, 355

1-forms, 355

map ¢, 21

operator, 11
differentiation of tensors, 114
Dirichlet problem, 380
disk, 188
dispersion relation, 157
distinguishable particles, 223
div, 360
divu, 215
divergence, 215, 362
divergence-free, 256

connection, 261
double-fold cover, 36
dual space, 353
dynamical

system, 3

trajectory, 15

edges, 73
Eisenhart metric, 172
electromagnetic

current, 391

field, 391
ellipsoid, 130
elliptic

function, 157

type, 339
embedded, 49
energy conservation, 240
enlarged Riemannian manifold, 172

Index
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enthalpy, 223
equation
of continuity, 216, 219, 238
of motion in a-space, 242
euclidean, 4
metric, 20
norm, 5, 351
Euler characteristic, 73, 185
Euler’s
equations, 128
equation of motion, 237, 265
integrability condition, 394
top, 127
Euler-Lagrange equation, 198
Eulerian
coordinates, 213
representation, 256
sense, 271
spatial representation, 196
evolution of an integrable system, 350
extended
algebra, 316
connection, 316
group, 161
exterior
angles, 70
differentiation, 357
form of degree k, 354
forms, 19, 353
multiplication, 355
products, 355

faces, 73
fiber bundle, 14
field theory of mass flow, 191
filament equation, 298
finite-time breakdown, 156
first
fundamental form, 47, 65, 78, 85,
345
integrability equations, 65
structure equation, 66
variation, 101
first order phase transition, 185
fisherman, 31
flat, 269
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flow, 9, 10, 213, 255
fluid, 203
mechanics, 191
FM equation, 317
force-free field, 287
Fourier bases, 275
FPU § model, 180
frame-independent, 11, 136
free rotation, 127
Frenet—Serret equation, 64, 297, 372
Frobenius integration theorem, 393,
394
frozen, 101
field, 34, 110, 266, 267
functional derivative, 303

galilei

invariance, 194

transformation, 193, 194
gauge

covariance, 234

field, 199, 201, 391

field A, 209

field Lagrangian L4, 216

field Lagrangian Lg, 229

field operator, 228

groups, 253

potential, 231

principle, 228, 258
gauge-covariant derivative, 391
Gauss

equation, 56

map, 372

spherical map, 69

surface equations, 52
Gauss—Bonnet theorem, 71, 72
Gauss—Codazzi equation, 259, 269
Gauss—Mainardi-Codazzi equation,

54, 343

Gauss—Weingaten equations, 343
Gaussian

curvature, 58, 69, 88, 331, 347,

374

random process, 179

general linear group, 365

generalized
coordinates, 13
momentum, 16
velocities, 13
generator, 27, 367
genus, 72
geodesic
curvature, 59
curve, 63, 91, 94
di-angle, 71
equation, 63, 68, 91, 92, 137,
160, 173, 264, 277, 306, 316,
396
n-polygon, 71
stability, 314
triangle, 70, 71
geometrical origin of the chaos, 180
geometry, 78
GL(n,C), 366
GL(n,R), 365
global, 198
gauge transformation, 202
grad, 21
group, 25
D(SY) of diffeomorphisms, 35
group-theoretic representation, 92

H*(M), 379
Hamilton’s equation, 17, 131, 302,
307, 309
Hamilton’s principle, 196
for an ideal fluid, 233
for potential flows, 218
Hamiltonian, 13, 309
chaos, 171
dynamical system, 171
function, 131
Hasimoto transformation, 300
Hénon—Heiles system, 175
helical vortex, 299, 313, 315
helicity, 289
Helmholtz decomposition, 121, 380
Hessian matrix, 185
Hodge decomposition, 380
homentropic, 197, 238



homeomorphism, 5, 352
hyperbolic type, 339

ideal fluid, 219, 234, 253
identity, 25
image, 352
curve, 21
imbed, 5, 23
immersion
function, 346
problem, 343
incompressible, 254
irrotational motion, 381
index k of the critical point, 185
induced
connection, 53, 121
covariant derivative, 53
inertia
operator, 304
tensor, 129
infinite dimension, 10
infinitesimal
gauge transformation, 200
rotation, 225
transformations, 225
injection, 23, 352
inner
geometry, 77
product, 20, 78, 358
instability, 271
integrability, 55, 89
condition, 54, 56, 330
integrable, 223, 340
equations, 330
integral
angle, 71
invariant, 164, 310
of a form, 24
of motion, 130
surface, 75
integrating factor, 393
integration of forms, 362
interior product, 358
internal energy, 218
intrinsic, 78
geometry, 49, 58, 85

Index

invariance of the inner product, 38
invariant, 34, 286
metric, 84
of motion, 309
inverse, 51
image, 352
map, 352
scattering transform, 329
inviscid, 219
irrotational, 208, 381
fields, 210
isentropic, 219, 234, 235
equation, 238
isometric, 49, 224, 258
orthogonal net, 323
conjugate net, 397
isometry, 29, 118
group, 163
isotropic manifold, 107, 114

Jacobi
equation, 110, 173, 266, 314
field, 145, 266, 273
identity, 27
metric tensor, 79
vector, 267
Jacobian, 7
John Scott Russel, 156

k-form, 354
k-trigonometric model, 183
Kac—Moody algebra, 315

KdV equation, 157, 162, 318, 332, 384

Kelvin’s
circulation theorem, 248

theorem of minimum energy, 223

Killing
covector, 181

equation, 117, 163, 182, 310, 312
field, 117, 163, 308, 310, 311, 314

tensor field, 120
tensors, 183
vector, 146

kinematic condition, 234, 382

kinematical constraint, 215, 216, 219

kinetic energy, 129, 136
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kink solution, 337
Korteweg and de Vries, 156

L2 distance, 274
L*-metric, 257
Ly(M), 379
L,(M), 379
Lagrange
derivative, 215
equation, 197
Lagrangian, 13, 197
Lp, 250
derivative, 31, 34
description, 255, 268, 271, 284
equation, 15
instability parallel shear flows,
277
particle, 212, 271, 284
particle representation, 196
representation, 8
Landau-Lifshitz equation, 302
Laplace equation, 381
largest Lyapunov exponent, 180
Lax pair, 329
left-invariance, 133
left-invariant, 99, 134
dynamics, 137
field, 26
metric, 80
vector field, 301
left-translation, 26
Legendre transformation, 16
Levi—Civita connection, 82
Lie
algebra, 27, 367
bracket, 28, 32, 36, 367
bracket (commutator), 159
derivative, 31, 215, 358, 362
derivative of a vector, 32
group, 25, 365
Lie’s lemma, 326
Lie-Poisson bracket, 131, 303, 308
Lin’s constraint, 238
line element, 48
lines of curvature, 321, 396
Liouville’s theorem, 181

Liouville-Beltrami formula, 62
local, 199
coordinate, 6, 91
galilei transformation, 208
gauge transformation, 200, 202,
226
group, 304
symmetries in a-space, 242
local induction, 297
approximation, 298
equation, 298
long waves, 154
loop
algebra, 304
group, 294, 304
Lorentz
invariant, 193
transformation, 193
lowering, 20
Lyapunov exponent, 179

magnetization, 186
Mainardi—-Codazzi equation,
56, 322
manifold, 4, 351
manifold S*, 35
manifold 7%, 275
map, 351
map ¢, 21
mapping of integrable systems, 348
mass
coordinates, 214
tensor, 172
material
derivative, 210, 232
irrotational, 219
variation, 235
matrix group, 367
mean curvature, 61
mean-field k-trigonometric model, 184
metric, 137, 162, 175, 304
tensor, 20, 46, 78
tensor g%, 172
minimal surface, 62
Minkowski metric, 193
mixed tensor, 39
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mixing, 274 orientation-preserving, 35
Mébius band, 36 oriented surface 2-form, 360
modified KAV (mKdV) equation, 332 orthogonal, 270
moment of inertia, 128 coordinate net, 396
momentum group, 365
conservation equation, 239 matrix, 29, 367
map, 304 net, 396
Morse transformation, 224
function, 184
index, 185 parabolic type, 340
theory, 184 parallel

displacement, 84

shear flow, 271, 284

N degrees of freedom, 172 translation, 54, 84, 91, 96, 375
parallelogram, 49

parameterized curve, 83

multilinear, 38

negative curvature, 90, 274
negative Gaussian curvature, 61 .
Neumann problem, 380 particle .
neutral stability, 167 coordmat'e, 255
NLS, 333 .permu.tatlon, 235, 244
Noether’s theorem, 238 Pauli matrices, 200

for rotations, 202, 240 permanent form, 300
non-abelian, 201, 229 Piaff form, 19

. Pfaffian
non-commutative, 207 .
. equation, 393
non-commutativity, 33, 201
system, 330
nondegenerate, 20, 79
phase

nonl?near effec.t.7 .154 shift, 161, 162

nonlinear Schrédinger
equation, 299, 300, 333
surfaces, 346

nonquantum fluid, 212

space, 17
transition, 183
velocity, 157

plane
normal Couette flow, 279
curvature, 60 curve, 372
to %2, 50 Poiseuille flow, 284
Poincaré
O(n), 365 metric, 89
one-form (1-form), 19 section, 177
one-parameter surface, 89, 93
family, 8 Poiseuille flow, 285
group of isometry, 164 Poisson bracket, 33, 131, 303
subgroup, 27, 366 positive curvature, 118
one-sphere, 6 potential flow, 210, 223
one-to-one, 352 pressure
onto-mapping, 352 condition, 381
open sets, 351 gradient, 270

orientation factor, 361 term, 269
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principal

curvatures, 61

directions, 322

frame, 129

normal, 295, 371

values, 60
projection

map, 8, 14

operator, 257

representation, 386
proper variations, 219
pseudo-Riemannian, 78
pseudosphere, 90
pseudospherical, 321, 339

surface, 323, 330, 331, 340
pull-back ¢*, 23
pull-back integration, 363
push-forward, 21, 35

QED, 235

raising, 21
ray representations, 386
Rayleigh, 156
Rayleigh’s inflection point theorem,
271
rectilinear vortex, 310
regular precession, 147
relative displacement, 207
reshuffling, 249
Ricci tensor, 107, 174
Riemann tensor, 42, 56
Riemann—Christoffel curvature
tensors, 55
Riemannian
connection, 82, 261
curvature, 268
curvature tensor, 87, 104
manifold, 78
metric, 78
metric tensor, 115
right-invariance, 133
right-invariant, 26, 99, 256, 257
connection, 259
dynamics, 138
field, 26

metric, 79, 159, 258

vector field, 302
right-translation, 26
rigid body, 127
rigid-motion, 75
rotation group, 29, 192, 366, 367
rotational, 226

transformation, 206, 224, 369

scalar, 193
curvature, 107, 174
product, 20
second, 345
fundamental form, 51, 65, 270
integrability equation, 67
structure equation, 66
second order phase transition, 185
sectional
curvature, 106, 143, 165, 176,
266, 277, 280, 290, 308, 314,
315
curvatures on D(S'), 160
curvatures on KdV System, 168
self-Béacklund transformation, 342
self-conjugate, 321, 397
shallow water, 154
wave, 381
simple diffeomorphic flow, 160
sinh—Gordon (ShG) equation, 323,
332, 333, 335, 342
skew-symmetric, 87
slide-Killing, 313
SO(2), 366
SO(3), 192, 206, 224
SO(n), 366, 367
so(3), 207, 368
so(n), 367
Sobolev
imbedding theorem, 379
space, 379
solitary wave, 156, 157
soliton, 156
equation, 56, 331
solvability condition, 329, 331
solvable systems, 329
space curve, 317, 371



space-periodic flows, 275
special
linear group SL(n,R), 365
orthogonal group, 366
unitary group, 366
spherical, 321, 339
image, 69
surface, 330, 333, 349, 350
top, 142, 143
stability, 279
of geodesic curves, 168
of Killing field, 119
of regular precession, 147
of the geodesic, 145
steady flow, 8, 285
stochastic oscillator, 179
Stokes’s theorem, 362
stream line, 9, 286
stretching, 273
structure
constants, 202
equation, 66, 67, 85, 87, 340
group, 365
SU(2), 200, 344
SU(2)-valued function, 344
su(2), 201
su(2)-rotation, 348
su(2)-valued function, 344
submanifold, 22
superfluid, 212
surface, 373
¥2 45
in R3, 371
equation, 122
forms, 247
wave, 153, 381
surjection, 352
symmetrical top, 146
symmetries of flow fields, 205
symmetry, 191, 198

tangent
bundle, 14, 35, 78
dynamics, 174
field, 35
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space, 12
space T,X2, 45
vector, 11, 21, 77, 133, 256, 367,
371
tensor product, 39, 43
Theorema Egregium, 62
thermodynamic state, 218
time dependent, 12, 81, 92, 112

topological
invariant, 185
space, 5, 351

topology, 351
change, 183

torsion, 300, 372
free, 82, 261

torus, 286

torus X%, 47

total

curvature, 72

Lagrangian, 231
transformation

group, 26

law, 11

matrix, 39

vectors, 36
transformation law of the gauge field,

228

translational transformation, 206
triangle-simplexes, 73
triangulation, 73
trivial bundle, 14
two-cocycle condition, 386
two-degrees-of-freedom system, 175
two-dimensional

Riemannian surface, 113

surface, 88
two-form Q2. 246

U(1), 366

U(n), 366
uniqueness, 74
unitary group, 366
unsteady, 12
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vector, 11
bundle, 14
field, 11, 12

potential, 232
product, 359
vector-valued
1-form, 47, 53, 78
one-form, 40
velocity, 8
vertices, 73
Virasoro algebra, 161
viscosity, 280
volume form, 215, 359, 361
volume-preserving
diffeomorphisms, 254
map, 255
vortex
filament, 293, 296
ring, 297, 307
vortex-lines, 286

vorticity, 232

vorticity equation, 248, 267
in the a-space, 246
in the z-space, 246

W5 (M), 379
W, (M), 379
water waves, 154
wave
dispersion, 157
propagation, 157
Weingarten equation, 50

Weyl’s principle gauge invariance, 199

Witt algebra, 36
XY model, 180, 186

Yang—Mills gauge fields, 201
Yang—Mills’s system, 391



