Progress in Nonlinear Differential Equations
and Their Applications
Volume 65

Editor

Haim Brezis

Université Pierre et Marie Curie
Paris

and

Rutgers University

New Brunswick, N.J.

Editorial Board

Antonio Ambrosetti, Scuola Internationale Superiore di Studi Avanzati, Trieste
A. Bahri, Rutgers University, New Brunswick

Felix Browder, Rutgers University, New Brunswick

Luis Caffarelli, The University of Texas, Austin

Lawrence C. Evans, University of California, Berkeley
Mariano Giaquinta, University of Pisa

David Kinderlehrer, Carnegie-Mellon University, Pittsburgh
Sergiu Klainerman, Princeton University

Robert Kohn, New York University

P. L. Lions, University of Paris IX

Jean Mawhin, Université Catholique de Louvain

Louis Nirenberg, New York University

Lambertus Peletier, University of Leiden

Paul Rabinowitz, University of Wisconsin, Madison

John Toland, University of Bath



Dorin Bucur

Giuseppe Buttazzo

Variational Methods 1n
Shape Optimization Problems

Birkhiuser
Boston « Basel ¢ Berlin



Dorin Bucur Giuseppe Buttazzo

Université de Metz Universita di Pisa
Département de Mathématiques Dipartimento di Matematica
F-57045 Metz Cedex 01 1-56127 Pisa

France Italy

AMS Subject Classification (2000): 49-XX, 49Q10, 49145, 74P99, 74Q99

Library of Congress Cataloging-in-Publication Data
Variational methods in shape optimization problems / Dorin Bucur, Giuseppe Buttazzo.
p. cm. — (Progress in nonlinear differential equations and their applications ; v. 65)
Includes bibliographical references and index.
ISBN 0-8176-4359-1 (alk. paper)
1. Mathematical optimization. 2. Shapes. 1. Bucur, Dorin. II. Buttazzo, Giuseppe, 1954-
III. Series.

QA402.5.V365 2005
519.6-dc22 2005045239

ISBN-10 0-8176-4359-1 e-ISBN 0-8176-4403-2 Printed on acid-free paper.
ISBN-13 978-0-8176-4359-1

®
©2005 Birkhiuser Boston Birkhduser B
All rights reserved. This work may not be translated or copied in whole or in part without the writ-
ten permission of the publisher (Birkhduser Boston, c/o Springer Science+Business Media, Inc., 233
Spring Street, New York, NY 10013, USA), except for brief excerpts in connection with reviews or
scholarly analysis. Use in connection with any form of information storage and retrieval, electronic
adaptation, computer software, or by similar or dissimilar methodology now known or hereafter de-
veloped is forbidden.
The use in this publication of trade names, trademarks, service marks and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.

Printed in the United States of America.  (TXQ/EB)
987654321 SPIN 10997932

www.birkhauser.com



Contents

Preface .. ... .. e vii

1

Introduction to Shape Optimization Theory and

Some Classical Problems . ........... .. .. ... ... .. .. .. ..... 1
1.1  General formulation of a shape optimization problem ............ 3
1.2 The isoperimetric problem and some of its variants .............. 3
1.3 The Newton problem of minimal aerodynamical resistance.. . . ..... 11
1.4 Optimal interfaces between twomedia ......................... 18
1.5 The optimal shape of a thin insulating layer..................... 22
Optimization Problems over Classes of Convex Domains ........... 31
2.1 A general existence result for variational integrals ............... 31
2.2 Some necessary conditions of optimality ....................... 37
2.3 Optimization for boundary integrals ........................... 43
2.4 Problems governed by PDE of higherorder..................... 48
Optimal Control Problems: A General Scheme ................... 53
3.1 A topological framework for general optimization problems. ... ... 54
3.2 A quick survey on I'-convergence theory ....................... 56
3.3 The topology of y-convergence for control variables ............. 57
3.4 A general definition of relaxed controls ........................ 58
3.5 Optimal control problems governedby ODE . ................... 59
3.6 Examples of relaxed shape optimization problems ............... 70

Shape Optimization Problems with Dirichlet Condition

ontheFreeBoundary............. .. .. .. .. .. ... .. .. . . . ... 75
4.1 A short Survey on capaciti€S. .. .....ouvneeuneenneenneennnnn. 75
4.2 Nonexistence of optimal solutions. ............................ 78
4.3 The relaxed form of a Dirichlet problem ....................... 80
4.4 Necessary conditions of optimality ............................ 88

4.5 Boundary variation ................iii i e 94



vi Contents
4.6 Continuity under geometric constraints ........................
4.7 Continuity under topological constraints: Sverdk’s result..........
4.8 Nonlinear operators: Necessary and sufficient conditions for the
Yp=COMVEIZENCE . vttt ettt ettt eie e e
4.9 Stability in the sense of Keldysh ......... ... ... ... ... ...
4.10 Further remarks and generalizations ...........................
5 Existence of Classical Solutions . . ........... ... ... ... ... .....
5.1 Existence of optimal domains under geometrical constraints.. . .. ...
5.2 A general abstract result for monotone costs ....................
5.3 The weak y-convergence for quasi-open domains. ...............
5.4 Examples of MONOtONE COSLS . ..o vvv vt tn ettt iiaeennnn
5.5 The problem of optimal partitions .. ............. ... ...,
5.6 Optimalobstacles ............. . ... i
6  Optimization Problems for Functions of Eigenvalues...............
6.1 Stability of eigenvalues under geometric domain perturbation. . . . ..
6.2 Setting the optimization problem. ........... ... ... .. ... .. ...
6.3 A short survey on continuous Steiner symmetrization ............
6.4 The case of the first two eigenvalues of the Laplace operator . .....
6.5 Unbounded design regions .. ........cvverieeiineineenneennn.n
6.6 Some Open qUESHIONS . .. ...ttt ettt
7  Shape Optimization Problems with Neumann Condition
ontheFreeBoundary.......... ... .. .. .. ... .. . .. .. .. ... ..
7.1 Someexamples ....... ...
7.2 Boundary variation for Neumann problems .....................
7.2.1 General factsin RN ... .. ... ... .. ... ...
7.2.2  Topological constraints for shape stability................
7.3 The optimal cutting problem ........... ... ... ...,
7.4 Eigenvalues of the Neumann Laplacian ........................
Bibliography . ..... ... ... ..
Index. .. ... ...



Preface

The fascinating field of shape optimization problems has received a lot of attention
in recent years, particularly in relation to a number of applications in physics and
engineering that require a focus on shapes instead of parameters or functions. The
goal of these applications is to deform and modify the admissible shapes in order
to comply with a given cost function that needs to be optimized. In this respect the
problems are both classical (as the isoperimetric problem and the Newton problem
of the ideal aerodynamical shape show) and modern (reflecting the many results
obtained in the last few decades).

The intriguing feature is that the competing objects are shapes, i.e., domains of
R, instead of functions, as it usually occurs in problems of the calculus of vari-
ations. This constraint often produces additional difficulties that lead to a lack of
existence of a solution and to the introduction of suitable relaxed formulations of
the problem. However, in certain limited cases an optimal solution exists, due to the
special form of the cost functional and to the geometrical restrictions on the class of
competing domains.

This volume started as a collection of the lecture notes from two courses given in
the academic year 2000-2001 by the authors at the Dipartimento di Matematica Uni-
versit di Pisa and at Scuola Normale Superiore di Pisa respectively. The courses were
mainly addressed to Ph.D. students and required as background the topics in func-
tional analysis that are typically covered in undergraduate courses. Subsequently,
more material has been added to the original base of lecture notes. However, the
style of the work remains quite informal and follows, in large part, the lectures as
given.

We decided to open the volume by presenting in Chapter 1 some relevant exam-
ples of shape optimization problems: the isoperimetric problem, the Newton problem
of optimal aerodynamical profiles, the optimal distribution of two different media in
a given region, and the optimal shape of a thin insulator around a given conduc-
tor. In Chapter 2 we consider the important case where the additional constraint of
convexity is assumed on the competing domains: this situation often provides the
extra compactness necessary to prove the existence of an optimal shape. A prototype
for this class is the Newton problem, where the convexity of the competing bodies
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permits the existence of an optimal shape, together with some necessary conditions
of optimality.

Many shape optimization problems can be seen in the larger framework of op-
timal control problems: indeed an admissible shape plays the role of an admissible
control, and the corresponding state variable is usually the solution of a partial dif-
ferential equation on the control domain. This point of view is developed in large
generality in Chapter 3, together with the corresponding relaxation theory, which
provides a general way to construct relaxed solutions through I'-convergence meth-
ods. In Chapter 4 we study variational problems where the Dirichlet region is seen
as one of the unknowns, and the corresponding optimization problems are consid-
ered. It must be pointed out that, due to the nature of the problem, in general an
optimal Dirichlet region does not exist, and a relaxed formulation is needed to better
understand the behavior of minimizing sequences.

Contrarily in Chapter 5 we present some particular cases where, due to the pres-
ence of suitable geometrical constraints and the monotonicity of the cost functional,
a classical unrelaxed optimal solution does exist, admitting a solution in the family
of classical admissible domains. Some relevant examples of problems that fulfill the
required assumptions are also shown. Chapter 6 deals with the very special case of
cost functionals that depend on the eigenvalues of an elliptic operator with Dirichlet
conditions on the free boundary; we collected some classical and modern results to-
gether with several problems that are still open. Finally, we devote Chapter 7 to the
case of shape optimization problems governed by elliptic equations with Neumann
conditions on the free boundary. In this case several additional difficulties arise pre-
cluding the development of a complete theory; however, we made an effort to treat
completely at least the so called problem of optimal cutting, where the existence of
an optimal cut can be deduced in full generality.

The work also contains a substantial, yet hardly exhaustive, bibliography. The
compilation of a more complete list of references would be prohibitive due to the
rapid development of the field and the tremendous volume of associated papers that
are regularly published on the subject.

This study can serve as an excellent text for a graduate course in variational
methods for shape optimization problems, appealing to both students and instructors
alike.

Dorin Bucur and Giuseppe Buttazzo
Metz and Pisa, March 31, 2005



1

Introduction to Shape Optimization Theory and
Some Classical Problems

In this chapter we introduce a shape optimization problem in a very general way and
we discuss some of the features that will be considered in the following chapters. We
also present some classical problems like the isoperimetric problem and some of its
variants, which can be viewed in the framework of shape optimization.

A shape optimization problem is a minimization problem where the unknown
variable runs over a class of domains; then every shape optimization problem can be
written in the form

min {F(A) : A € A}

where A is the class of admissible domains and F is the cost function that one has
to minimize over A.

It must be noticed that the class A of admissible domains does not have any
linear or convex structure, so in shape optimization problems it is meaningless to
speak of convex functionals and similar notions. Moreover, even if several topologies
on families of domains are available, in general there is not an a priori choice of
a topology in order to apply the direct methods of the calculus of variations, for
obtaining the existence of at least an optimal domain.

We want to stress that, as it also happens in other kinds of optimal control prob-
lems, in several situations an optimal domain does not exist; this is mainly due to
the fact that in these cases the minimizing sequences are highly oscillating and con-
verge to a limit object only in a “relaxed” sense. Then we may have, in these cases,
only the existence of a “relaxed solution” that in general is not a domain, and whose
characterization may change from problem to problem.

We shall introduce in the next chapters a general procedure to relax optimal con-
trol problems and in particular shape optimization problems. A case which will be
considered in detail is when a Dirichlet condition is imposed on the free boundary:
we shall see that in general one should not expect the existence of an optimal so-
Iution. However, the existence of an optimal domain occurs in the following cases:
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i) when severe geometrical constraints on the class of admissible domains are im-
posed (see Section 5.1);
ii) when the cost functional fulfills some particular qualitative assumptions (see
Section 5.4);
iii) when the problem is of a very special type, involving only the eigenvalues of the
Laplace operator, where neither geometrical constraints nor monotonicity of the
cost are required (see Section 6.4).

Far from being an exhaustive classification, this is simply the state of the art at
present.

The case when Neumann conditions are considered on the free boundary is dis-
cussed in this volume only in Chapter 7. We refer the reader to books [4], [111],
[140], [176], [186] or to the many available papers (see References) for some topics
related to this subject.

In this chapter we present some problems of shape optimization that can be found
in the classical literature. In all the cases we consider here, the existence of an op-
timal domain is due to the presence either of geometrical constraints in the class of
admissible domains or of geometrical penalizations in the cost functional. The stan-
dard background of functional analysis and of function spaces (as Sobolev or BV
spaces) is assumed to be known.

Among the classical questions which can be viewed as shape optimization prob-
lems we include the isoperimetric problem which will be presented in great gener-
ality and with several variants. In order to set the problem correctly, the notion of
perimeter of a set is required; this will be introduced by means of the theory of BV
functions. The main properties of BV functions will be recalled and summarized
without entering into details; the reader interested in finer results and deeper dis-
cussions will be referred to one of the several books available in the field (see for
instance [8], [12], [108], [131]), [161].

Another classical question which can be considered as a shape optimization prob-
lem is the determination of the best aerodynamical profile for a body in a fluid stream
under some constraints on its size. The Newton model for the aerodynamical resis-
tance will be considered and various kinds of constraints on the body will be dis-
cussed.

The Newton problem of optimal aerodynamical profiles gives us the opportu-
nity to consider in the next chapter a larger class of shape optimization problems:
indeed we shall take those whose admissible domains are convex. This geometrical
constraint allows us in several cases to obtain the existence of an optimal solution.

In Section 1.4 we consider a problem of optimal interface between two given me-
dia; either a perimeter constraint on the interface, or a perimeter penalization, gives
in this case enough compactness to guarantee the existence of an optimal classical
solution. This problem gives us the opportunity to discuss some properties of I'-
convergence, which plays an important role in several shape optimization problems.

In Section 1.5 we deal with the problem of finding the optimal shape of a thin
insulating layer around a thermally conducting body. The problem will be set as an
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optimal control problem, where the thickness function of the layer will be the control
variable and the temperature will be the state variable.

1.1 General formulation of a shape optimization problem

As already said above, a shape optimization problem is a minimization problem of
the form

(1.1 min {F(A) : A € A}

where A is the class of admissible domains and F is the cost functional. We shall
see that, unless some geometrical constraints on the admissible sets are assumed or
some very special cases for cost functionals are considered, in general the existence
of an optimal domain may fail. In these situations the discussion will then be focused
on the relaxed solutions, which always exist.

We shall see that, in order to give a qualitative description of the optimal solutions
of a shape optimization problem, it is important to derive the so-called necessary
conditions of optimality. These conditions, as it usually happens in all optimization
problems, have to be derived from the comparison of the cost of an optimal solution
A to the cost of other suitable admissible choices, close enough to A. This procedure
is what is usually called a variation near the solution. The difficulty in obtaining
necessary conditions of optimality for shape optimization problems consists in the
fact that, being the unknown domain, the notion of neighbourhood is not a priori
clear; the possibility of choosing a domain variation could then be rather wide. The
same method can be applied, when no classical solution exists, to relaxed solutions,
and this will provide qualitative information about the behaviour of minimizing se-
quences of the original problem.

Finally, for some particular problems presenting special behaviours or symme-
tries, one would like to exhibit explicit solutions (balls, ellipsoids, ... ). This could
be very difficult, even for simple problems, and often, instead of having established
results, we can only give conjectures.

In general, since the explicit computations are difficult, one should develop ef-
ficient numerical schemes to produce approximated solutions; this is a challenging
field we will not enter; we refer the interested reader to some recent books and papers
(see for instance references [4], [128], [176], [185]).

1.2 The isoperimetric problem and some of its variants

The first and certainly most classical example of a shape optimization problem is the
isoperimetric problem. It can be formulated in the following way: find, among all ad-
missible domains with a given perimeter (this explains the term “isoperimetric”), the
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one whose Lebesgue measure is as large as possible. Equivalently, one could mini-
mize the perimeter of a set among all admissible domains whose Lebesgue measure
is prescribed.

The first difficulty consists in finding a definition of perimeter general enough
to be applied to nonsmooth sets and to allow us to apply the direct method of the
calculus of variations. The definition below goes back to De Giorgi (see [108]) and
is now considered classical; we assume the reader is familiar with the spaces of
functions with bounded variation and with their properties.

Given a set A C RN we denote by 14 the characteristic function of A, defined
by

(12) L) lifx € A,
. X) =
4 0 otherwise.

Definition 1.2.1 We say that a set A with finite Lebesgue measure is a set of finite
perimeter in RN if its characteristic function 14 belongs to BV (RN). This means
that the distributional gradient V1 4 is a vector-valued measure with finite total vari-
ation. The total variation |V 14| is called the perimeter of A.

The admissible domains A we consider are constrained to be contained in a given
closed subset K of RY . Instead of fixing their Lebesgue measure, more generally we

impose the constraint
/ fx)dx =c
A

where c is a given constant and f is a given function in Llloc (RM). Note that when
f is a constant function, the class of admissible domains is simply the class of all
subsets of K with a given volume.

With this notation the isoperimetric problem can be then formulated in the fol-
lowing way:

Given a closed subset K of RN and a function f € L} (RV) find the subset of K

loc
whose perimeter is minimal, among all subsets A of K whose integral | 4 fx)dxis

prescribed.

We then have a minimization problem of the form (1.1) with
F(A) = Per(A) = / [V1a4l,
A= {ACK : / f(x)dx:c}.
A

Note that all subsets of K with infinite perimeter are ruled out by the formulation
above, because the cost functional evaluated on them takes the value +oo.

Theorem 1.2.2 With the notation above, if K is bounded and if the class of admis-
sible sets is nonempty, then the minimization problem
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(1.3) min {F(A) : A€ A}
admits at least a solution.

Proof The proof follows the usual scheme of the direct methods of the calculus
of variations. Taking a minimizing sequence (A,), the perimeters Per(A,) are then
equi-bounded; since A, C K and since K is bounded, the measures of A,, are equi-
bounded as well. Therefore the sequence 14, is bounded in BV (Q) where Q is a
large ball containing K; we may then extract a subsequence (which we still denote
by the same indices) which converges weakly* to some function u € BV (Q) in the

sense that
14, — u strongly in L'(Q),

V1,4, — Vu weakly* in the sense of measures.

The function u has to be of the form 14 for some set A with finite perime-
ter. Moreover, we obtain easily that A C K (up to a set of measure zero) and
fA f(x)dx = c, which shows that A is an admissible domain. This domain A
achieves the minimum of the cost functional since (as it is well known) the perimeter
is a weakly* lower semicontinuous function on BV. u

Example 1.2.3 When K is not bounded, the existence of an optimal domain may
fail. In fact, take K = R and f(x) = |x|. It is clear that a ball By, with |xo] —
400 and r — 0, suitably chosen, may fulfill the integral constraint; on the other
hand the perimeter of such a By, , goes to zero. Then the infimum of the problem is
zero, which is clearly not attained.

Example 1.2.4 If K is unbounded, the existence of an optimal domain for problem
(1.3) may fail even if f = 1. In fact, let ¢ be the measure of the unit ball in R and

let
K = By,
nelN

where (r,) is a strictly increasing sequence of positive numbers converging to 1 (for
instance r, = 1 —1/n) and (x,,) is a sequence of points in R" such that |x, —x,,| > 2
if n % m. Then it is easy to see that the infimum of problem (1.3) is given by the
value Per (Bo,l) which is not attained, since the set K does not contain any ball of
radius 1 (see Figure 1.1 below).

The case K = RY and f = 1 is the classical isoperimetric problem. It is well
known that in this case the optimal domains are the balls of measure c, even if the
proof of this fact is not trivial. In the case N = 2 the proof can be obtained in an
elementary way by using the Steiner symmetrization method; in higher dimensions
the proof is more involved. It is not our goal to enter into this kind of detail and we
refer the interested reader to the wide literature on the subject.

A variant of the isoperimetric problem consists in counting in the cost functional
only the part of the boundary of A which is interior to K. More precisely, we consider
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Figure 1.1. The set K.

an open subset D of RV with a Lipschitz boundary and we define the perimeter
relative to D of a subset A as

Perp(A) = [VI4|(D).

In this way a set A will be of finite perimeter in D if the function 14 belongs to the
space BV (D).
Again, we have a minimization problem of the form (1.1) with

FD(A)=PerD(A)=/D|V1A|,

A:{ACD : /Af(x)dxzc}.

Theorem 1.2.5 With the notation above, if D is bounded and if the class of admis-
sible sets is nonempty, then the minimization problem

(1.4) min { Fp(A) : A € A}
admits at least a solution.

Proof The proof can be obtained by repeating step by step the proof of Theorem
1.2.2. u

Example 1.2.6 If the assumptions on the domain D are dropped, it is easy to con-
struct counterexamples to the existence result above, even if the datum f is identi-
cally equal to 1. In fact, if we define the function

¢(x)=—8x+8  ifxe]l/2 1],
p(x)=—-32x+16  ifx €]l/4,1/2],

P(x) = =22 F3x 4273 ifx g2 27,
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Figure 1.2. The constraint D.

and we take ¢ = 1 and
D={(xy eR*: x€l0, 1], y < p(x)},

an optimal domain for the constrained isoperimetric problem does not exist. To see
this fact it is enough to consider the minimizing sequence

Ap={G, ) eR* : x e 27" 0 <y <)}

All the sets A, are admissible and their Lebesgue measure is equal to 1 for all n;
however, we have Perp(A,) = 27"~! — 0, so that the infimum of the problem is
zero. No optimal domain may then exist, because for every admissible set A we have
Perp(A) > 0. A picture of the set D is in Figure 1.2 above.

The results above still hold for more general cost functionals. Instead of consid-

ering the cost given by the perimeter |V1,4], take a function j : R¥Y x RV — R
which satisfies the following properties:

i) j is lower semicontinuous on RY x R¥;
ii) for every x € R the function j(x, -) is convex;

iii) there exists a constant cg > O such that
jx.2) >colzl  V(x,2) e RN xRV,

Consider now the cost functional

F(A) = /j(x, V1) .
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The integral above must be intended in the sense of functionals over measures; more
precisely, if u is a measure and if © = u®dx + u* is the Lebesgue—Nikodym de-
composition of u into absolutely continuous and singular parts (with respect to the
Lebesgue measure), the integral [ j(x, ut) stands for

du’

fj(x,ua(x))dX+fJ'°°(x’ dl/m)d;f

where |*| is the total variation of ©*, dd\_;ljj'l is the Radon—-Nikodym derivative of u*
with respect to |*|, and j°° is the recession function of j defined by

. . Jjx,t2)
o0 = 1 T
o= lim

When p = V1,4 the expression above may be simplified; indeed, if A is a smooth
domain it is easy to see that

Vig=—vx)HN'LoA

with v being the exterior unit normal vector to A and H"~! the N — 1 dimensional
Hausdorff measure. When A is not smooth, the correct way to represent the measure
V14, is to introduce the so-called reduced boundary 3* A.

Definition 1.2.7 Let A be a set of finite perimeter; we say that x € 0*A if

i) foreveryr > 0 we have 0 < meas (A N Bx‘r) < meas (Bx,r);
ii) there exists the limit

. _VIA(B)C r)
va(x) = lim ————=
Al) r—0 |V1A|(Bx,r)

and lva(x)| = 1.

The vector va(x) is called an exterior unit normal vector to A and the set 3*A is
called the reduced boundary of A.

In this way, for every set A of finite perimeter we still have
Vig=—va()yHN 'L 9*A,

so that the cost functional above, dropping the constant term | p J(x,0)dx, can be
written as

F(A) :/ ¥, —va)dHN L
d0*A

It has to be noticed that the integrand j°°(x, z) is positively homogeneous of degree
1 with respect to z. In an analogous way we may consider the functional

Fp(A) =/ J%0x, —va)dHN L,
DNo*A
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Theorem 1.2.8 With the notation above, if the classes of admissible sets are non-
empty, then the minimization problems

min {F(A) : ACK, [, f(x)dx =c},

min {Fp(A) : ACD, [, f(x)dx =c}

both admit at least a solution, provided K is a bounded set and D is a bounded open
set.

Proof The proof in this more general framework is similar to the previous ones of
Theorem 1.2.2 and Theorem 1.2.5. In fact, thanks to assumption iii) we still have
the coercivity in the space BV, and thanks to assumptions i) and ii) the functionals
F and Fp are lower semicontinuous with respect to the weak* convergence on BV
(see for instance [62], [63]). un

The cases when K and D are unbounded can be treated by assuming that the
function f is integrable. More precisely, we can prove the following result.

Proposition 1.2.9 [fthe set K (respectively D) is unbounded, then the minimization
problems of Theorem 1.2.8 still have a solution, provided f € L'(K) (respectively
L'(D)).

Proof By the same argument of Theorem 1.2.8 we can prove that a minimizing
sequence (A,) is such that the functions 14, are bounded in BV (By g) for every
R > 0. Then by a diagonalization procedure we can extract a subsequence (still
denoted by (A;)) which converges in L }Oc (R™) to some function of the form 14. The
Lllo ~lower semicontinuity of the functional F' (respectively Fp) concludes the proof,
provided we can show that the set A is still admissible, that is f 4 f(x)dx = c. This
last fact follows by the dominated convergence theorem using the a.e. convergence
of 14, to 14 and the integrability of the function f. u

We can now see how the boundary variation method works in the isoperimetric
problem and how this allows us to obtain necessary conditions of optimality. Assume
A is a solution of the isoperimetric problem

(1.5) min { Perp(A) : A C D, meas(A) = c}

and let xo € D N dA; we assume that near xo the boundary dA is regular enough
to perform all necessary operations. Actually, the regularity of 9 A does not need to
be assumed as a hypothesis but is a consequence of some suitable conditions on the
datum f; this is a quite delicate matter which goes under the name of regularity
theory. We do not enter this field and we refer the interested reader to the various
books available in the literature (see for instance references [8], [131], [161]).

We can then assume that in a small neighbourhood of x( the boundary d A can be
written as the graph of a function u(x), where x varies in an open subset @ of RV~
The corresponding part of Perp (A) can then be written in the Cartesian form as
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/,/1+|W|2dx.
w

The boundary variation method consists in perturbing d A, hence u(x), by taking a
comparison function of the form u(x) + e¢(x), where ¢ > 0 and ¢ is a smooth
function with support in w. We also want the measure constraint to remain fulfilled,
which turns out to require that the function ¢ satisfies the equality

/ ¢(x)dx = 0.

Since A is optimal we obtain the inequality

(1.6) /,/1+|Vu+sv¢|2dxz/,/1+|vu|2dx.
w w

The integrand on the left-hand side of (1.6) gives, as ¢ — 0,

Vu -V
ViV
V1+|Vul?

Vu-V¢
———=dx >0
w\/1—|—|vu|2

\/1+|Vu+8V¢|2=\/1+|Vu|2+8 0(e)

so that (1.6) becomes

Integrating by parts we obtain

—/div (L)Mx >0,
o N1 [Vul?

and recalling that ¢ was arbitrary and with zero average in w, we finally obtain that
the function u# must satisfy the partial differential equation

. Vu .
(L.7) —div (—) = constant in w.

V14 |Vul?

The term — div (Vu /V1+ |Vu|2) represents the mean curvature of dA written in
Cartesian coordinates; therefore we have found the following necessary condition of
optimality for a regular solution A of the isoperimetric problem (1.5):

the mean curvature of D N d A is locally constant.

A more careful inspection of the proof above actually shows that the constant is
the same on all D N JA. Indeed, if x; and x, are two points with neighbourhoods w1
and w», and u(x) is a function whose graph is d A in w; U wy, the computation above
gives

Vu Vu
—div (—) =c; In wi, —div (—) =cy in wy

V1+|Vul? V1+|Vul?
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with ¢ and ¢, constants. Take as a perturbation the function u + (¢ + ¢») where
@1, ¢2 are smooth and with support in w1, w; respectively. The measure constraint
gives

(1.8) /¢1dx+ ¢>dx = 0.
w1 w)

By repeating the argument used above we obtain
Vu - V¢, Vu -V,

< ——dx + ——dx
o v/ 1+ |Vl,t|2 w1+ |Vu|2
=C1/ ¢1dx+02/ $rdx.
w1 w)

Since ¢; and ¢, are arbitrary, with the only constraint (1.8), we easily obtain that
¢1 = ¢3, and so the mean curvature of D N dA is globally a constant.

When the measure constraint is replaced by the more general constraint
/ 4 f(x)dx = c, we may easily repeat all the previous steps and we obtain the partial
differential equation

0

1.9 di vu =
(1.9) - IV<\/T—V14|2> = Af (x, u(x))

where A is a constant.
Finally, when the perimeter is replaced by the more general functional

/ J®(x, —va)dHN L
DNo*A

then the exterior unit normal vector v4, when dA is the graph of a smooth function
u, is given by

( Vu 1 )
VA = - ) 5
VI+[Vul? 1+ |VuP

so that the cost functional takes the form
- 00
/J (x, u(x), Vu(x), —=1) dx.
w

In this case the partial differential operator — div (Vu /v 1+ |Vu|2) has to be re-
placed by the new one obtained through the function j*°(x, s, z, —1) that is

—div (3,7 (x, u, Vu, =1)) + 95 (x, u, Vu, —1).

1.3 The Newton problem of minimal aerodynamical resistance

The problem of finding the shape of a body which moves in a fluid with minimal
resistance to motion is one of the first problems in the calculus of variations (see for
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instance Goldstine [134]). This can be again seen as a shape optimization problem,
once the cost functional and the class of admissible shapes are defined.

In 1685 Newton studied this problem, proposing a very simple model to describe
the resistance of a profile to the motion in an inviscid and incompressible medium.
Here are his words (from Principia Mathematica):

If in a rare medium, consisting of equal particles freely disposed at equal dis-
tances from each other, a globe and a cylinder described on equal diameter move
with equal velocities in the direction of the axis of the cylinder, (then) the resistance
of the globe will be half as great as that of the cylinder. . .. I reckon that this propo-
sition will be not without application in the building of ships.

The Newtonian pressure law states that the pressure coefficient is proportional
to sin® 0, with 6 being the inclination of the body profile with respect to the stream
direction. The deduction of this pressure law can be easily obtained from the as-
sumption that the fluid consists of many independent particles with constant speed
and velocity parallel to the stream direction, the interactions between the body and
the particles obey the usual laws governing elastic shocks, and tangential friction and
other effects are neglected (see Figure 1.3 below).

Suppose that the profile of the body is described by the graph of a nonnegative
function u defined over the body cross section D (orthogonal to the fluid stream). A
simple calculation gives that the effect due to the impact of a single particle, which
slows the body down, that is the momentum in vertical direction, is proportional to
the mass of the particle times sin® 6. Since

1 1
1 +tan2(7/2 —0) 1+ |Vu]?’

sin 6 =

the total resistance of the body turns out to be proportional to the integral

1
1.10 Fu) = ——dx.
(1.10) w0 /Dl—i-IVu|2 *
P
6
Psin@
Psin’ 0

Figure 1.3. The Newtonian pressure law.
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We may also define the relative resistance of a profile u, dividing the resistance F («)

by the measure of D:
F(u)

|D|

In particular, if the body is a half-sphere of radius R we have u(x) = /R% — |x|?
and an easy calculation gives the relative resistance

Co(u) =

F
W _os
7 R?

Co(u) =

as predicted by Newton in 1685. Other bodies with the same value of Cy are illus-
trated in Figures 1.4 and 1.5 below.

If we assume the total resistance to be our cost functional, it remains to determine
the class of admissible shapes, that is the class of admissible functions u, over which
the functional F has to be minimized.

Note that the integral functional F above is neither convex nor coercive. There-
fore, obtaining an existence theorem for minimizers via the usual direct methods of
the calculus of variations may fail.

If we do not impose any further constraint on the competing functions u, the
infimum of the functional in (1.10) turns out to be zero, as it is immediate to see by
taking for instance

u,(x) = ndist(x, D)

for every n € N and by letting n — +o0. Therefore, no function # can minimize the
functional F', because F'(u) > 0 for every function u.

One may think that the nonexistence of minimizers for F is due to the fact that
the sequence {u,} above is unbounded in the L°° norm; however, even a constraint
of the form

(1.11) O<u<M

Figure 1.4. (a) half-sphere, (b) cone.
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Figure 1.5. (c) pyramid 1, (d) pyramid 2.

does not help a lot for the existence of minimizers. Indeed, a sequence of functions
like
un(x) = M sin®(n|x|)

satisfies the constraint (1.11) but we still have

i ) =,

and by the same argument used before we may conclude that again the cost functional
F does not possess any minimizer, even in the more restricted class (1.11).

We shall take as admissible bodies only convex bounded domains, that is we
restrict our analysis to functions # which are bounded and concave on D. More
precisely, we study the minimization problem

(1.12) min{F(u) : 0<u < M, uconcave on D}.

We shall see in Chapter 2 that the concavity constraint on # is strong enough to
provide an extra compactness which implies the existence of a minimizer. On the
other hand, from the physical point of view, a motivation for this constraint is that,
thinking of the fluid as composed by many independent particles, each particle hits
the body only once. If the body is not convex, it could happen that a particle hits the
body more than once, but since F (1) was constructed to measure only the resistance
due to the first shock, it would no longer reflect the total resistance of the body.

Other kinds of constraints different from (1.11) can be imposed on the class of
nonnegative concave functions: for instance, instead of (1.11) we may consider a
bound on the surface area of the body, like

[./1+|W|2dx+/ udH" ' <,
D aD
/udxfc.
D

or on its volume, like
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For a source of applications in aerodynamics, we refer for instance to Miele’s book
[163] and to some more recent papers ([27], [142], [192]).

Other classes of functions u, even if less motivated physically, can be consid-
ered from the mathematical point of view. A possibility could be the class of quasi-
concave functions, that is of functions # whose upper level sets {x € D : u(x) > ¢t}
are all convex. Note that in the radially symmetric case a function u = u(|x|) is
quasi-concave if and only if it is decreasing as a function of |x|. Another class of
admissible functions for which the problem can be studied is the class of superhar-
monic functions. Also the class of functions u with the property that the incoming
particles hit the body only once deserves some interest. It is not the purpose of these
notes to develop all details of these cases; thus we limit ourselves to the case of
convex bodies, and we refer the interested reader to several papers where different
situations are considered (see for instance [68], [72], [77], [87], [88], [153], [154]).

The most studied case of the Newton problem of a profile with minimal resistance
is when the competing functions are supposed a priori with a radial symmetry, that is
D is a (two-dimensional) disk and the functions u only depend on the radial variable
|x|. In this case, after integration in polar coordinates, the functional F' can be written

in the form
R r
F(u) =27 / — dr
o L+ u'(r)l

so that the resistance minimization problem becomes

R
(1.13) min{f ;zdr : uconcave,OgufM].
o 1+ u'(r)]

Several facts about the radial Newton problem can be shown; we simply list them by
referring to [68], [70], [77] for all details.

e It is possible to show that the competing functions «(r) must satisfy the condi-
tions u(0) = M and u(R) = 0; moreover the infimum does not change if we
minimize over the larger class of decreasing functions. Therefore problem (1.13)
can also be written as

R r
mln{/ —/2dl" N
(1.14) o 14 |u'@)]
u decreasing, u(0) = M, u(R) = ()].

Notice that, when the function u is not absolutely continuous, the symbol u’
under the integral in (1.14) stands for the absolutely continuous part of u’.

e By using the functions v(t) = u (M =), problem (1.14) can be rewritten in
the more traditional form

M vv/3
(1.15) min{f L ar : vincreasing, v(0) = 0, v(M) = R}.
o 1+

Again, when v is a general increasing function, v’ is a nonnegative measure, and
(1.14) has to be intended in the sense of BV functions, as
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M 73
(1.16) / P 2dt+/ o/
o 1+ [0,M]

where v/, and v} are respectively the absolutely continuous and singular parts of
the measure v’ with respect to Lebesgue measure. The second integral in (1.16)
has the product vv; which may have some ambiguity in its definition: it is then
better to add and subtract vv/, so that the functional in (1.16) can be written in a

simpler way as
R? M)
- - — drt.
2 0o 1+,

e The minimization problem (1.14) admits an Euler-Lagrange equation which is,
in its integrated form,

(1.17) ru' = C(1+u?)” on {u #0)

for a suitable constant C < 0. From (1.17) the solution u can actually be explic-
itly computed. Indeed, consider the function

£ ! 7+3t4+t2 Int V> 1
=~ 5\ 7 - — In ;
1+)2\ 4" 4 =

we can easily verify that f is strictly increasing so that the following quantities
are well defined:

T=f"'(M/R),
_4RT
Ay

Then we obtain
ulry=M Vr € [0, ro]

and the solution u can be computed in the parametric form

P

r(t) = ﬁ(l +1%)?
=M ro( LR 1[) et Tl

=M—-——(-4+= —1In

" s\ 737y

Notice that |u/(r)| > 1 for all » > ry and that |u’(r(;“)| = 1; in particular, the
derivative |u’| never belongs to the interval 10, 1[.

e The optimal radial shape for M = R is shown in Figure 1.6.

e It is possible to show that the optimal radial solution is unique.

e The optimal relative resistance Cq of a radial body is then given by

2 R r

= — dr
R2 0 ]+u/2

Co




1.3 The Newton problem 17

Figure 1.6. The optimal radial shape for M = R.

where u is the optimal solution above. We have Cqy € [0, 1] and it is easy to see
that Cop depends on M /R only. Some approximate calculations give

M/R=1M/R=2M/R=3M/R=4
ro/R  0.35 0.12 0.048 0.023
Co 0.37 0.16 0.082 0.049

e Moreover we obtain the following asymptotic estimates as M /R — +o0:

ro/R~ 3 (M/R)™>  as M/R — +oo,
(1.18)
Co~ 2 (M/R)™2  as M/R — +oo.

Some more optimal radial shapes for different values of the ratio M /R are shown
in Figure 1.7 below.

e [t is interesting to notice that the optimal frustum cone, that is the frustum cone
with height M, cross section radius R, and minimal resistance, is only slightly
less performant than the optimal radial body computed above. Indeed, its top
radius 7o and its relative resistance Co can be easily computed, and we find

o 2
Co = %0 =1- (M/ZR) (V1+4M/R)72—1),

with asymptotic behaviour

Co~ (M/R)™%>  asM/R — +oo.

In the nonradial case, we shall see in the next chapter that it is still possible to
show the existence of an optimal profile, even if little is known about its qualitative
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Figure 1.7. (a) the case M = 2R, (b) the case M = R/2.

behaviour. We shall see that a necessary condition of optimality is that the optimal
profile must be flat, in the sense that det D?u identically vanishes where u is of class
C%. In particular, when D is a disk, this excludes the radial Newton solution and so
the optimal solution cannot be radial. This also shows that the solution is not unique
in general. Up to now it is not known if optimal solutions always have a flat nose and
if they always assume the value zero at the boundary.

1.4 Optimal interfaces between two media

In this section we study the problem of finding the minimal energy configuration
for a mixture of two conducting materials when a constraint (or penalization) on the
measure of the unknown interface between the two phases is added.

If D denotes a given bounded open subset of RV (the prescribed container),
denoting by « and 8 the conductivities of the two materials, the problem consists in
filling D with the two materials in the most performant way according to some given
cost functional. The volume of each material can also be prescribed. It is convenient
to denote by A the domain where the conductivity is & and by a 4 (x) the conductivity
coefficient

aa(x) =ala(x) + Blp\a(x).

In this way the state equation becomes

—div (aA(x)Vu) = fin D,
u=20 on oD,

(1.19)

where f is the (given) source density, and we denote by u 4 its unique solution.
It is well known (see for instance Kohn and Strang [148], Murat and Tartar [169])
that if we take as a cost functional an integral of the form

/ J, 1o, ua, Vug)dx
D
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in general an optimal configuration does not exist. However, the addition of a perime-
ter penalization is enough to imply the existence of classical optimizers. In other
words, if we take as a cost the functional

J(u, A) =/ j(x,14,u,Vu)dx + o Perp(A)
D

where o > 0, the problem can be written as an optimal control problem in the form
(1.20) min{](u, A) : A C D, usolves (1.19)}.

A volume constraint of the form meas(A) = m could also be present. The main in-
gredient for the proof of the existence of an optimal classical solution is the following
result.

Theorem 1.4.1 Let a,(x) be a sequence of N x N symmetric matrices with measur-
able coefficients such that the uniform ellipticity condition

(1.21) colz? <an(x)z-z<cilz>  VxeD, VzeRM

holds with 0 < cg < c1. Given f € H~Y(D) denote by u, the unique solution of the
problem

{ —div (a,, (x)Vu) = f,
(1.22)

u € H} (D).

If ay,(x) — a(x) a.e. in D then u, — u weakly in HOl (D), where u is the solution of
(1.22) with ay, replaced by a.

Proof By the uniform ellipticity condition (1.21) we have

C()/ |Vun|2dx§/ fu,dx,
D D

and by the Poincaré inequality we have that u, are bounded in HO1 (D) so that a

subsequence (still denoted by the same indices) converges weakly in HO1 (D) to some
v. All we have to show is that v = u or equivalently that

(1.23) —div (a(x)Vv) = f.
This means that for every smooth test function ¢ we have
f a(x)VoVodx = (f, $).
D

Then it is enough to show that for every smooth test function ¢ we have

lim an(x)VunV¢dx=/ a(x)VuVeodx.
n—>+o0o Jp D
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This is an immediate consequence of the fact that ¢ is smooth, Vu, — Vv weakly
in LZ(D), and a, — a a.e. in D remaining bounded.
Another way to show that (1.23) holds is to verify that v minimizes the functional

(1.24) F(w) = / a(x)VwVwdx —2(f,w)  w € Hy (D).
D

Since the function «(s, z) = sz - z, defined for z € RY and for s, a symmetric
positive definite N x N matrix that is convex in z and lower semicontinuous in s, the
functional

®a,£) =/Da(x>s Edx

is sequentially lower semicontinuous with respect to the strong L! convergence on
a and the weak L! convergence on £ (see for instance [62], [106],[143]). Therefore
we have

F(v) = ®(a, Vv) — 2(f, v) < liminf ®(a,, Vu,) — 2(f, u,) = liminf F(u,).
n—+00 n—-+00

Since u, minimizes the functional F), defined as in (1.24) with a replaced by a,,, we
also have for every w € HO1 (D),

Fo(uy) < Fy(w) = / ap(x)VwVwdx — z(f» w)
D

so that taking the limit as n — +o00 and using the convergence a, — a we obtain

n—-+00

liminf F, (u,) < / a(x)VwVwdx —2(f, w) = F(w).
D
Thus F(v) < F(w) which shows what is required. n

Remark 1.4.2 The result above can be rephrased in terms of G-convergence by
saying that for uniformly elliptic operators of the form — div (a(x)Vu), the G-
convergence is weaker than the L!-convergence of coefficients. Analogously, we
can say that the functionals

G,(w) = / a,(x)VwVwdx
D
["-converge to the functional G defined in the same way with a in the place of a;,.

Corollary 1.4.3 If A, — A in LY(D), then ua, — ua weakly in H} (D).

A more careful inspection of the proof of Theorem 1.4.1 shows that the following
stronger result holds.

Theorem 1.4.4 Under the same assumptions of Theorem 1.4.1 the convergence of
uy is actually strong in HO1 (D).
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Proof We have already seen that u,, — u weakly in H(} (D), which gives Vu, —
Vu weakly in L3(D). Denoting by ¢, (x) and c(x) the square root matrices of aj, (x)
and a(x) respectively, we have that ¢, — c a.e. in D remaining equi-bounded. Then
¢n(x)Vu, converge to c(x)Vu weakly in L%(D). Multiplying equation (1.22) by u,
and integrating by parts we obtain

/ a(x)VuVudx = (f,u) = lim (f, u,)
D

n—-+00

= lim a, (x)Vu,Vu, dx.
n——+00 D

This implies that
cn(x)Vu, — c¢(x)Vu strongly in L2(D).

Multiplying now by (c,, ()c))_l we finally obtain the strong convergence of Vu, to
Vu in L3(D). u

We are now in a position to obtain an existence result for the optimization prob-
lem (1.20). On the function j we only assume that it is nonnegative, Borel measur-
able, and such that j(x, s, z, w) is lower semicontinuous in (s, z, w) for a.e. x € D.

Theorem 1.4.5 Under the assumption above the minimum problem (1.20) admits at
least a solution.

Proof Let (A,) be a minimizing sequence; then Perp(A,) are bounded, so that, up
to extracting subsequences, we may assume (A,) is strongly convergent in the L }OC
sense to some set A C D. We claim that A is a solution of problem (1.20). Let us
denote by u, a solution of problem (1.19) associated to A,; by Theorem 1.4.4 (u,)
converges strongly in H(} (D) to some u € H(} (D). Then by the lower semicontinuity

of the perimeter and by Fatou’s lemma we have

J(u, A) < liminf J (u,, A,)
n—-+00
which proves the optimality of A. u

Remark 1.4.6 The same proof works when volume constraints of the form
meas(A) = m are present. Indeed this constraint passes to the limit when A, — A
strongly in L' (D).

The existence result above shows the existence of a classical solution for the
optimization problem (1.20). This solution is simply a set with finite perimeter and
additional assumptions have to be made in order to prove further regularity. For in-
stance in [11] Ambrosio and Buttazzo considered the similar problem

min [E(u, A) +oPerp(A) : ue HI(D), AcC D]
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where o > 0 and
E(u,A) = / [aA(X)IVuI2 + 1a(x)g1(x, u) + 1p\aga(x, u)] dx.
D

They showed that every solution A is actually an open set provided g; and g, are
Borel measurable and satisfy the inequalities

gilx,9)>yx) —kls|> i=12

where y € L (D) and k < aA1, with A being the first eigenvalue of —A on D.

1.5 The optimal shape of a thin insulating layer

In this section we study the optimization problem for a thin insulating layer around
a conducting body; we have to put a given amount of insulating material on the
boundary of a given domain in order to minimize a cost functional which describes
the total heat dispersion of the domain. We consider the framework of a stationary
heat equation, but the same model also applies to similar problems in electrostatics
or in the case of elastic membranes.

Let D be a regular bounded open subset of RY that, for simplicity, we suppose
connected and let f € L?(D) be a given function which represents the heat sources
density. We assume that the boundary d D is surrounded by a thin layer of insulator,
with thickness d (o), with o being the variable which runs over d D. The limit prob-
lem, when the thickness of the layer goes to zero and simultaneously its insulating
coefficient goes to infinity (i.e., the conductivity in the layer goes to zero too), has
been studied in [38] through a PDE approach (called reinforcement problem) and in
[1] through a I'-limit approach, and the model obtained is the following. If # denotes
the temperature of the system, then the family of approximating problems is

(1.25) min{/ |Vu|2dx+8/ |Vu|2dx—2/ fudx : ue HA(DUX,)
D R D

where ¥, is the thin layer of variable thickness d (o),
(1.26) Se={o+1v(0) : 0 €3D, 0=t <ed(o)}.

In terms of PDE the Euler-Lagrange equation associated to problem (1.25) is an
elliptic problem with a transmission condition along the interface 9 D

—Au=f in D,
—Au=0 in X,

% = saaL on 9D,
u=20 on d(DUZX,),

where u~ and u™ respectively denote the traces of u in D and in Z,.
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Notice that the conductivity coefficient in the insulating layer X, has been taken
equal to &, as well as the size of the layer thickness. Passing to the limit as ¢ — O (in
the sense of I'-convergence) in the sequences of energy functionals we obtain (see
[1]) the limit energy which is given by

(1.27) E(u,d) =/ |Vul? dx — 2/ fudx +/ u—deN*‘
D D ap d
so that the temperature u solves the minimum problem
(1.28) E(d)=min{E(u,d) : ue H'(D)}.
Equivalently, problem (1.28) can be described through its Euler—Lagrange equation

{—Au:f in D,

(1.29)
d g—l’f +u=0o0n 0D.

We denote by u, the unique solution of (1.28) or of (1.29). Equation (1.29) can be

seen as the state equation of an optimal control problem whose state variable is the

temperature of the system and whose control variable is the thickness function d (o).

Given a fixed amount m of insulating material the control variables we consider are

(measurable) thickness functions d defined on d D such that

d>0 on 9D, / ddHN ! = m.
aD

We denote by I'),, such a class of functions. Therefore, the optimization problem we
are going to consider is

(1.30) min{Ed) : d €Ty} =min{E(u,d) : u € H' (D), d € T}

Remark 1.5.1 The energy E(d) in (1.28) can be written in terms of the solution ug;
indeed, multiplying equation (1.29) by u, and integrating by parts, we obtain

(1.31) E(d) = E(uq,d) = —/ fugdx.
D

Therefore, when the heat sources are uniformly distributed, that is f is (a positive)
constant, the optimization problem (1.30) turns out to be equivalent to determining
the function d € T, for which the averaged temperature || p Ua dx is maximal. Other
criteria, different from the minimization of the energy E(d), could be also investi-
gated, as for instance obtaining a temperature as close as possible to a desired state
a(x),

min{/ |ud—a(x)|2dx : del"m}
D

or more generally
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min{/ f(x,ud)dx—}—/ g()c,d,ud)a?HN*1 : del"m}.
D aD

For further details we refer to the chapters of this volume where we consider the
general theory of shape optimization for problems with Dirichlet condition on the
free boundary.

Proposition 1.5.2 For every u € L?(d D) the minimum problem

2
(1.32) min[/ —aHN ' der,|
ap d
admits a solution. This solution is unique if u is not identically zero.

Proof If u = 0, then any function d € I';, solves the minimization problem (1.32).
Assume that u is nonzero; then we claim that the function

d, =m|u|(/BD |u|dHN_1)7l

solves the minimization problem (1.32). In fact, by Holder inequality we have, for
every d € Iy,

(/BD |u|dHN—1)2 < (/GD%ZdHN—l)(/BDddHN—l) =m/8D'§dHN—1

so that 5
1 2 u

dHN ! = — / lul dHN ! 5/ —dHN!
/D dy m< oD ) ap d

which proves the optimality of d,,. The uniqueness of the solution follows from the
strict convexity of the mapping d +— 1/d and from the fact that every solution of
(1.32) must vanish on the set {x €dD : ulx) = O}. u

Interchanging the order of the minimization in problem (1.30) we can perform
first the minimization with respect to d, so that, thanks to the result of Proposition
1.5.2, problem (1.30) reduces to

mln /qu| dx —2 /fudx

(1.33)
+Z</a u| dHN - 1) uecH (D)}

It is immediate to see that the variational problem above is convex; then it can equiv-
alently be seen in terms of its Euler—Lagrange equation which has the form

—Au:f in D,
0emd“+Hw) [, luldH"~"on 9D,
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where H (¢) denotes the multimapping

1 if t>0,
H() =1 -1 if t<0,
[=1,1]if ¢z =0.

The following Poincaré-type inequality will be useful.

Proposition 1.5.3 There exists a constant C such that for every u € H'(D),

(1.34) /Duzdx < C[fD|W|2dx+ (/w |u|dHN_l>2].

Proof If we assume by contradiction that (1.34) is false we may find a sequence
(1) in HY(D) such that

2
/uidx:l, /|Vun|2dx+</ |un|dHN71> — 0.
D D oD

Possibly passing to subsequences we may then assume that u, converge weakly in
H'(D) to some u € H'(D) with [,u?dx = 1. Since [, |Vu,|*dx — 0 the
convergence is actually strong in H'(D) and since u,, — u strongly in L?(d D) we
have that

Vu =0in D, u € Hy(D).

The proof is then concluded because this implies # = 0 which is in contradiction
with the fact that [, u?dx = 1. u

Proposition 1.5.4 For every f € L%(D) the minimization problem (1.33) admits a
unique solution.

Proof Let (u,) be a minimizing sequence of problem (1.33); by comparison with
the null function we have

1 2
/|Vun|2dx—2/ fundx—i-—(/ |un|dHN*‘) <0.
D D m 0D

Therefore, by using Holder inequality, for every ¢ > 0 we have

2 1 N—-1 2
/|wn| dx—l——(/ | dH ) 52/ | Fuun| dx
D m oD D
1
szufuLz(D)uunuLz(D)s—f |f|2dx+a/ nl? dix
& Jbp D

for every n € N. By using the Poincaré-type inequality of Proposition 1.5.3 we obtain

1 2
/qunlzdx+—</ |un|dHN_l) 5—[ £ dx
D m aD € JD

+ec[fD|vun|2dx+ n%(fw IunldHN_l>2],
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so that, by taking ¢ sufficiently small, (,) turns out to be bounded in H L(D). Pos-
sibly passing to subsequences, we may assume u, — u weakly in H'(D) for some
function u € H'(D), and the weak H'(D)-lower semicontinuity of the energy func-

tional 1 2
G(U)=/ |Vu|2dx—2/ fudx—i——(/ |M|d’HN_1)
b D m\ Jop

gives that u is a solution of problem (1.33).
In order to prove the uniqueness, assume u and u; are two different solutions of
problem (1.33); a simple computation shows that

G(Hl —l—uz) _ G(uy) + G(up) _

1
—— | |Vuy = Vun)*d
> 2 4/0' 78 uz|~dx

Moreover, the right-hand side is strictly negative whenever u; — u5 is nonconstant,
which gives in this case a contradiction to the minimality of u; and u5.

It remains to consider the case u{ — uy = ¢ with ¢ constant. If #{ and u, have a
different sign on a subset B of 3D with HV~1(B) > 0, we have

[ +uz| < |url| + luz| HN-1ae. 0on B

which again contradicts the minimality of u#; and u». If finally #; and u, have the
same sign on d D we have

(fw m +u2|dHN*1)2 _2(/31) |u1|dHN*1>2 _2(/31) |uz|dHN*1)2

2
=_(f = wal dHV) = —HY (D)
oD

which gives again a contradiction and concludes the proof. u

We are now in a position to prove an existence result for the optimization problem
(1.30).

Theorem 1.5.5 Let f € L?(D) be fixed. Then the optimization problem (1.30) ad-
mits at least one solution d,p,. Moreover, denoting by uqp, the unique solution of
(1.33), if uops does not vanish identically on 0D we have that d,p, is unique and is
given by

-1
dopi (0) = m|u0pt(a)|(/ [top: | d'HN_l) for HN"l-a.e.0 € dD.
aD

Proof The proof follows straightforwardly from Proposition 1.5.2 and Proposition
1.5.4. u
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Remark 1.5.6 It is clear that, when u,), identically vanishes on 9D, any function
d € Ty, can be taken as a solution of the optimization problem (1.30). However, this
does not occur, at least if f is a nonnegative (and not identically zero) function, as it
is easy to see by comparing the energy of the Dirichlet solution u to the energy of
the function ug + £¢ with ¢ > 0 and & > 0 small enough. Moreover, problem (1.30)
does not change if we replace the constraint [, d dHN~! = m by the constraint
fa pd dHN-! < m. Finally, all the previous analysis still holds if the heat sources

density f is taken in the dual space (H ! (D))/.

Even if u,p, cannot vanish identically on d$2 (if f > 0, f # 0) it may happen
that u,p;, and so d,p;, vanishes somewhere on 9€2. This is for instance the case when
D is the annulus

D={xeR2:r< |x| < R},

f =1, and m is small enough. In this case an explicit calculation (see [61]) gives
that the most performant choice is to use all the insulator on the internal boundary
(with a constant thickness) leaving the exterior boundary unprotected, as in Figure
1.8 below (where r = 1, R = 2)

Figure 1.8.a) m = 0.25]dD|, b)m = 0.15[3D|, c)m = 0.0379]|3D)|.

It is then interesting to study the asymptotic behaviour of the optimal thickness
dy, (o) asm — 0. We denote by ug the solution of the Dirichlet problem

—Aug= fonD,
uo=0o0n oD,
T dug i
and we assume for simplicity that D and f are regular enough to have = contin-

uous on 9D (we refer to [114] for more details). It is convenient to use the rescaled
variables

(1.35) v(x) = —2 70 §(x) = ——
m

so that the functional G can be written in the form
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Gu) = / |Vug + mVov|>dx — 2/ f(uo + mv) dx
D D

1 2
+—<f |u0+mv|dHN_1>

m\ Jap

/fuodx+2m/ VuoVvdx + m? f |Vv| dx

D

2
—Zm/ fvdx+m(/ ol dHN - 1)
oD

—/ fuodx—l—m[m/ |Vv|2dx
D

+2/8D 38Mv0 dHN! ¢ (/3D|u|dHN*1)2].

Denoting by u,, the optimal solutions of (1.33) and by d,, the optimal thickness

—1
dm=m|um(o)|(fa | dHYT)
D

we have that the rescaled solutions v,, and §,, given by (1.35) are obtained by solving
the minimum problems

0
min // V| dx+2/ auo vdHN!
(1.36) D

+(/aD |v|dHN—‘)2 v HI(D)]

and by taking
-1
50(@) = lun(@I( [t d12%)
aD

Since the functions v, are involved only through their values on 9 D, it is convenient
to denote, for every ¢ € H'Y/2(3D), by w, the harmonic function on D having ¢
as boundary datum, and to write problem (1.36) as the minimization problem of the
functional J,, defined on the space M (3 D) of signed measures on 9 D by

ou 2
m/ |Vw(p|2dx+2/ 0 aHN- 4 (/ |<p|dHN—1)

J ((p) — D aD 8V ) oD

m ifo e H/?(OD),

+o00 elsewhere.

If ¢, is @ minimum point of J,,, we have
duo N—1 N-1)?
2| a4 ([ lguldn ) =10 =0
ap OV aD
so that, setting
dug
M = max {|a—(a)| o€ aD},
v

we have
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2
([ tomtan1) <2m [ jgnan!
oD oD

which implies that
f loml dHY ! < 2M.
aD

The measures ¢, dH" ~! 9D are then bounded and converge (up to subsequences)
to a measure © on dD. It is also possible to show (see [114]) that the functional J,,
converge in the sense of the I"-convergence with respect to the weak™* topology of
M3 D) to the functional J defined on M (3 D) by

JO) = (MO D))? +2/ 0 4.
ap Vv

By the general theory of the I'-convergence (see [35], [91]) we have that the limit
measure ;1 minimizes the functional J. It is now easy to show that (see [114]) u =
ut — u~ where

e . is nonnegative and supported by K~ = {x € D : %(x) =—-M};

e .~ is nonnegative and supported by KT = {x € 9D : %(x) =+M};

e [ul(dD) = M;

o Jop Fidu=—M*

e the rescaled functions §,, (o) converge weakly* in M (D) to |u|/M.
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Optimization Problems over Classes
of Convex Domains

In this chapter we deal with optimization problems whose class of admissible do-
mains is made of convex sets. This geometrical constraint is rather strong and suffi-
cient in many cases to guarantee the existence of an optimal solution.

In Section 2.1 the cost functional will be an integral functional of the form
f D f(x,u, Vu)dx where D is fixed and u varies in a class of convex (or concave,
as in the case of the Newton problem) functions on D. We shall see that the convex-
ity conditions provide an extra compactness which gives the existence of an optimal
domain under very mild conditions on the integrand f.

In Section 2.2 we consider the case of cost functionals which are boundary inte-
grals of the form [, g f(x,v)d HN=1. Again, the convexity hypothesis on the admis-
sible domains A will enable us to obtain the existence of an optimal solution.

Section 2.3 deals with some optimization problems governed by partial differen-
tial equations of higher order; the situations considered are such that the convexity
condition is strong enough to provide the existence of a solution.

In all these cases it would be interesting to enlarge the class of convex domains
by imposing some weaker geometrical conditions but still strong enough to give the
existence of an optimal solution.

2.1 A general existence result for variational integrals

Starting from the discussion about the Newton problem of an optimal aerodynamical
profile made in Section 1.3, we consider in this section the general case of cost
functionals of the form

F(u) = / f(x,u, Vu)dx
D
where D is a given convex subset of R¥ (N = 2 in the physical case) and the
integrand f satisfies the very mild assumptions:

A1l the function f : D x R x R¥ — R is nonnegative and measurable for the
o-algebra Ly @ B® By;
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A2 for a.e. x € D the function f(x, -, -) is lower semicontinuous on R x RNV,

The case of a Newton resistance functional is described by the integrand

1

f(Z):m.

Note that no convexity assumptions on the dependence of f(x, s, z) on z are made.
This lack of convexity in the integrand does not allow us to apply the direct methods
of the calculus of variations in its usual form, with a functional defined on a Sobolev
space endowed with a weak topology (see [62], [90]).

The class of admissible functions u# we shall work with is, as in the Newton
problem, the class

CM:{uconcaveonD : OfugM}

where M > 0 is a given constant. Other kinds of classes are considered in the litera-
ture (see for instance [26], [68], [87], [88], [153], [154]).
The minimum problem we deal with is then

@2.1) min {F(u) : u € Cy}.

Note that, since every bounded concave function is locally Lipschitz continuous
in D, the functional F in (2.1) is well defined on Cj;. Moreover, as a consequence
of Fatou’s lemma, conditions A1 and A2 imply that the functional F is lower semi-
continuous with respect to the strong convergence of every Sobolev space W7 (D)

or also Wllo’f(D).
The result we want to prove is the following.

Theorem 2.1.1 Under assumptions Al and A2, for every M > 0 the minimum prob-
lem

(2.2) min {F(u) : u € Cy}

admits at least a solution.

The proof of the existence Theorem 2.1.1 relies on the following compactness
result for the class Cyy (see [160]).

Lemma 2.1.2 For every M > 0 and every p < +o00 the class Cyy is compact with
respect to the strong topology of Wllo’cp (D).

Proof Let (u,) be a sequence of elements of Cyy; since all u,, are concave, they are
locally Lipschitz continuous on D, that is

vD' cc D Vx,y € D’ [ (x) —up(y)| < Cn,D’|x -
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where C, pr is a suitable constant. Moreover, from the fact that 0 < u,, < M, the
constants C,, p can be chosen independent of n; in fact it is well known that we can
take

Cu.p =2M/dist(D’, dD).

Therefore the sequence (u,) is equi-bounded and equi-Lipschitz continuous on every
subset D’ which is relatively compact in D. Thus, by the Ascoli-Arzela theorem,
(u) is compact with respect to the uniform convergence in D’ for every D’ CC D.
By a diagonal argument we may construct a subsequence of (u,,) (that we still denote
by (u,)) such that u,, — u uniformly on all compact subsets of D, for a suitable u €
C)y. Since the gradients Vu, are equi-bounded on every D’ CC D, by the Lebesgue
dominated convergence theorem, in order to conclude the proof it is enough to show
that

(2.3) Vu,(x) - Vu(x) fora.e.x € D.

Letus fix aninteger k € [1, n] and a point x € D where all u,, and u are differentiable
(since all u,, and u are locally Lipschitz continuous, almost all points x € D are of
this kind). Now, the functions ¢ — u, (x + tex) are concave, so that we get for every
e >0,

un(x + gey) — uy(x) un(x — geg) — upy(x)

(2.4) < Viun(x) < ,
€ —&

where we denoted by e the k-th vector of the canonical orthogonal basis of RY.
Passing to the limit as n — +o00 in (2.4) we obtain for every ¢ > 0,
u(x + cex) — u(x)

< liminf Vi, (x)
(2.5) & n—+00

< limsup Viu, (x) < ux — eer) - u(x).
n——+o00 —&

Passing now to the limit as ¢ — 0 we finally have

Viu(x) < liminf Viu, (x) < limsup Viu, (x) < Viu(x),
n—+00 n—+400

that is (2.3), as required. un

Proof of Theorem 2.1.1 The existence result follows from the direct methods of the
calculus of variations. As we already noticed, thanks to assumptions A1 and A2 the
functional F is lower semicontinuous with respect to the strong convergence of the
Sobolev space Wllo’f (D). By Lemma 2.1.2 the class Cy is also compact for the same
convergence. This is enough to conclude that the minimum problem (2.2) admits at
least a solution. u

In particular, the problem of minimal Newtonian resistance

1
2.6 i ——dx : C
(2.6) mm{/D1+|Vu|2 X :ue M}



34 2 Optimization on Convex Domains

admits a solution for every M > 0.
A class larger than Cj; that could be considered is the class of superharmonic
functions

(2.7 Ey={ueH,(D): 0<u<M, Au<0inD}.

Here Au is intended in the sense of distributions; then instead of requiring, as in the
case Cyy, that the N x N matrix D?u is negative (as a measure), here we simply
require that its trace Au is negative. Nevertheless, we still have a compactness result
as the following lemma shows.

Lemma 2.1.3 Let (u,) be a sequence of functions in Ey. Then for every a > 0

there exists an open set Ay, C D with meas(Ay) < o and a subsequence (u,,) such
that Vuy, converge strongly in L? (D\ Ag).

loc
Proof For every § > 0 let us denote by Ds the set
Ds = {x € D : dist(x, dD) > §}.

Consider a smooth cut-off function ns with compact support in D and such that
2
O<mns =<1, ms=1LlonDs, [Vns|= 3
and set ¢, 5 = ng(M — uy). Since u, are superharmonic we have

0< / ity Vb s dx / [205(M — 1) Vitw Vs — 12| Viun|?] dx
D D

so that
/n§|wn|2dx 5/ 205 (M — 1) [Vt |V dx
2.8) b 1D
< -/ 02| Vun|? dx +2/ (M — up)?|Vns|*dx.
2Jp D

Hence

/ |Vu,|>dx < / 03| Vun|? dx

Dg D
(2.9) <4 / (M — 2| Vs]? dx
D
16M?2 meas(D)

Therefore (u,) is bounded in H'(Djs) and so it has a subsequence weakly conver-
gent to some u € Ej in H'(Djs). Possibly passing to subsequences, and by us-
ing a diagonal argument, we may assume that (u,) converges strongly in leo (D).
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Using Egorov’s theorem, for every o > 0 there exists an open set A, C D with
meas(Ay) < o such that (u,) converges uniformly on D \ A,.
Fix now & > 0 and define

vn = (e +u—u)";

since Au, < 0 we obtain

05[ Vun,V(niv,) dx
D

(2.10) = / (2150, Vity Vs + 03 Vi, Vv, | dx
{un—u<e}
= [2n5(e + u — un) Viun Vs — 05 Vun V (uy — u)] dx
{un—u=<e}
so that
(2.11) f N3V, V(u, —u)dx < 2/ ns(e 4+ u — up) Vi, Vns.
{up—u=<e} {un—u=<e}

Since u, —u < eon D\ A, for n large enough, we have by (2.11)

/ |Vu, — Vul?dx < / n2|Vu, — Vu|* dx
Ds\A D

< [n%VunV(un —u) — n%VuV(un — u)] dx
(2.12) {up—u<e}
<2 ns(e +u —up)|Vuy||Vns| dx

{un—u=<e}

— n%VuV(un —u)dx.

{un—u=e}

Since Vu, — Vu weakly, the second integral in the last line tends to 0 as n — +o0,
while

[ e = )V Vsl d
{uy,—u<e}

5 5 1/2 2 5 1/2
2.13) < ([ mivunlax) (|l = a1Vl dx)

2c51/2 1/2
L /|8+u—un| dx) .

Passing to the limit as n — 4-00 we get forevery § > O and o > 0

4
lim Vi, — V2 dx < —[ meas(D)C(5)]"?,
n—>+00 Jpa 4, )

and, since ¢ > 0 is arbitrary, the proof is concluded. u



36 2 Optimization on Convex Domains

The compactness result above allows us to obtain an existence result for opti-
mization problems on the class Ej;.

Theorem 2.1.4 Let f : D x R x RY — R be a bounded function which satisfies
conditions A1, A2. Then the optimization problem

(2.14) min{/ f(x,u, Vu)dx : ueEM}
D
admits a solution for every M > 0.

Proof Let (1) be a minimizing sequence for problem (2.14); by the argument used
in the first part of Lemma 2.1.3, passing to subsequences we may assume that u,, —
u weakly in H'(Ds), hence strongly in L?(Dj), for every § > 0, for a suitable
u € Ejp. Moreover, always by Lemma 2.1.3, for every @ > 0 there exists an open
set Ay C D with meas(A,) < o and a subsequence (which we still denote by (u,))
such that

Vu, - Vu ae.in D\ Aq.

Since f is bounded, possibly adding a constant we may reduce ourselves to the
case f > 0. We may now apply Fatou’s lemma to f(x, u,, Vu,) on D \ A, and we
obtain

/ f(x,u, Vu)dx
D
:/ f(x,u,Vu)dx-I—/ S, u, Vu)dx
D\Aqy Ao

(2.15)
< liminf f(x,un,Vun)dx+/ f(x,u, Vu)dx
n—+400 D\Aq Aq
< liminf/ f(x,uy, Vuy)dx + Ca.
n—400 D
Finally, by letting « — 0 we get that « is a solution of problem (2.14). u

Remark 2.1.5 A more careful inspection of the proof above shows that the result of
Theorem 2.1.4 still holds under the weaker growth assumption:

A3 there exist a constant C and a function a(x, ¢) from D x R into R, increasing in
t and with a(-, 1) € L! (D) such that

loc
0 < f(x,5,2) <a(x,|s]) + Clz|? V(x,s,z) € D x R x RV,

Indeed, by repeating the proof above we have for every § > 0 and o > O,

/ flx,u, Vu)dx < liminf/ f(x,un, Vuy) dx
Ds\Aqy Ds\Aq

n— o0

(2.16)

< liminf [ f(x,u,, Vu,)dx,
n—oo D
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(2.17) / fx,u, Vu)dx < / la(x, M) + C|Vu|*1dx.
DsNAy DsNAy

Summing (2.16) to (2.17) and passing to the limit as « — 0 we obtain

f(x,u, Vu)dx < liminf/ f(x,u, Vu)dx
Ds n—oo Jp,

and the proof is achieved by taking § — O.

Other constraints than prescribing the maximal height M of the body are possi-
ble. For instance, in the case of convex bodies, we can prescribe a bound V on the
volume of the body, so that we deal with the admissible class

Cvz{u:D—>R : u concave , u > 0, / udgi}.
D
Alternatively, we can prescribe a bound S on the side surface of the body, so that the
admissible class becomes

Cc(S) = u:D—)R:uconcave,uzO,/ 14+ |Vul?2dx < S}.
{ K )

In both cases we have an existence result similar to the one of Theorem 2.1.1. Indeed,
if u is concave its sup-norm can be estimated in terms of its integral, as it is easily
seen by comparing the body itself with the cone of equal height:

v 2/ wdx > (sup u) meas(D)
D N +1

Then the volume class C" is included in the height class Cj; where M = V(N +
1)/ meas(D) and the corresponding compactness result follows from the one of
Lemma 2.1.2.

The case of surface bound is similar: indeed, the sup-norm of a concave function
can be estimated in terms of the surface of its graph, as it is easily seen by comparing
again the body itself with the cone of equal height and by using Lemma 2.2.2:

(supu)HN~1(D)
1+ |Vul2d )
Ssz\/ +IVulPdx > d

Then the surface class C(S) is included in the height class Cyp; where M =
SN/HN~1(dD) and the corresponding compactness result again follows from the
one of Lemma 2.1.2.

2.2 Some necessary conditions of optimality

Coming back to the Newton problem of minimal resistance, it is interesting to note
that all solutions (we shall see that there is not uniqueness of the solution) of (2.6)
verify a necessary condition of optimality, given by the following result.
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Theorem 2.2.1 Let u be a solution of problem (2.6). Then for a.e. x € D we have
that |Vul(x) ¢]0, 1[.

In the proof of Theorem 2.2.1 we shall use the following lemma.

Lemma 2.2.2 Let A, B be two N-dimensional closed convex subsets of RN with
A C B. Then HN~1(3A) < HN~Y(3B) and equality holds if and only if A = B.

Proof Let P : B — 0A be the projection on the closed convex set A, which
maps every point of d B in the point of d A of least distance. It is well known (see for
instance Brezis [37], Proposition V.3) that P is Lipschitz continuous with Lipschitz
constant equal to 1. Therefore, by the general properties of Hausdorff measures (see
for instance Rogers [182], Theorem 29), we obtain the inequality

HY @A) = HV(P@®B)) < HV1(@B)

which proves the desired inequality.

In order to conclude the proof, if by contradiction HN-1®BA) = HN-1(3B) and
A # B, we can find a hyperplane S tangent to A such that, denoting by S* the half
space bounded by S and containing A, it is

B\ ST #£4.
It is easy to see that B \ S contains an open set, so that
HY @A) < HV (3B N SH))
(2.18) =HN-1OB)+HN-YBNS) —HN-1 BB\ s
< HN-1(3B)

which contradicts the assumption HV~1(3A) = H¥~!(dB) and achieves the proof.
[ ]

Proof of Theorem 2.2.1 Let u € Cjs be a solution of problem (2.6) and let v be
defined as the infimum of M and of all tangent planes to the convex set {(x, y) €
DxR :0<yc< u(x)} having slope not belonging to 0, 1[. It is easy to see that
veCy,v>uonD,|Vv|(x) ¢]0, I[ for a.e. x € D, and that on the set {v # u} it
is

[Vv] € {0,1} and |Vu| €]0, 1[.
Consider now the function f : Rt — R given by

. 1—¢t/2 f0<r<l,
(2.19) f@ = ~

I/A+t9)if t > 1

and the functional
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F(u) = / F(Vul)dx.
D

The function f is convex on R* and we have

fo =17

Therefore,

F(u) > F(u) = /

{u=v}

F(Vul) dx +/ F(AVul) dx.
{u#v}

Since Vu = Vv a.e. on the set {u = v}, we get
Faz [ Fovends+ [ Favupax
{u=v} {uzv}

(2.20) | ~ ~
— F) +/{ , [Fava = fwup]ax

Since |Vv| ¢]0, 1[ on D we have
f(Vu)) = f(Vu)  ae.onD;

moreover, since on {u # v} itis |[Vv| € {0, 1} and |Vu| €]0, 1[, we have on {u # v},

Favap=1-Y4 Fovepy =1 - Y2
2 2

Therefore,
1
Flu) = F(v) + -/ [IVo] — [Vul]dx
2.21) ? {utv)
= F(v) + -/ [IVv] = |Vul] dx.
2Jp

By the coarea formula we obtain

M
(2.22) / [IVo| = |Vu|]dx =/ [HY (v = 1) — HN ' (fu = th] dr;
Q 0
moreover, for every ¢ the sets {u > t} and {v > ¢} are convex and
{fu>t}Cc{v=>t}
Then, by Lemma 2.2.2 we get
HY =) < HY (o = 1))

so that, by (2.21) and (2.22)

F(v) = F(u)
and equality holds if and only if u = v. Therefore, |Vu| must be outside the interval
10, 1[ and the proof is achieved. u

For a problem of the form (2.2) let u be a solution; we assume that in an open set
o the function u
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i) is of class Cc?;
ii) does not attain the maximal value M,

iii) is strictly concave in the sense that its Hessian matrix is positive definite.

Moreover, we assume that the integrand f is smooth. Then it is easy to see that for
every smooth function ¢ with compact support in @ we have u + e¢p € Cy for ¢
small enough. Thus we can perform the usual first variation calculation which leads
to the Euler-Lagrange equation

—div (fz(x, u, Vu)) + fe(x,u,Vu) =0 in w.

In the case of the Newton functional this becomes

div (L) —=0in o
(1 +|Vu»)?2/) '

We can also perform the second variation; this gives for every ¢,

/ [foe (s u, V)VOV + 2 fiz (x, u, Vi)V + fis(x, u, Vu)p*] dx > 0.

In particular, for the Newton functional we obtain for every ¢,

2
2.23 —— ——(4(VuVg)* — (1 + |Vul>)|V$|*) dx > 0.
(2.23) /Q,(1+|Vu|2)3((u¢) (1 +|Vul)|V|*)dx >
Condition (2.23) gives, as a consequence, the following result.

Theorem 2.2.3 Let D be a circle. Then an optimal solution of the Newton problem

1
2.24 in{ [ ———dx : uecy)
( ) min ./D1+|VM|2 X i u M

cannot be radial.

Proof We follow the proof given in [40], assuming for simplicity N = 2. Let u
be the optimal radial solution of the Newton problem computed in Section 1.3; we
have seen that, outside a circle of radius r¢o where u = M, the function u is smooth,
strictly concave, and does not attain the maximal value M. Then, using in (2.23) a
function ¢ of the form n(r)y (6) with sptn Clrg, R[, with R being the radius of D,
we obtain

/ “rar / ) [4'“/(’)”'“)1#(0»2 I OVOR + Ine)y @)

"o o L (1+wmnp)’ (1 +1w'(r)2)?

Using v (k0) instead of v (0) the previous inequality becomes

f “rar / ) [4'”/(””'0)1#(9)? _ @Y @P + ey @)
ro 0 (1+ w)P)’ (1 + u'(r)[2)

and the contradiction follows by taking k — +o0. u

]d@zo.

]d@zo
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Remark 2.2.4 We may perform a similar computation for the integral

/Df(|Vu|)dx

and we find the second variation inequality

F(Vul) oo F(Val) (V) i
-/w [Vul Vol +( Va2 [Vul? >(VMV¢) dx > 0.

Assuming that the minimizer u is radial, the choice of ¢ as above leads to

r 2 f (|
/ /0 rf" (W' D' )y O) P + k> ——= = D gy @) drae > o,
st
with ]r1, [ being an interval where u is smooth, strictly concave, and strictly less
than M. Again, taking k — oo gives that the radial symmetry fails whenever
f'(lu'(r)]) < 0 for some r, which implies the necessary condition of optimality for
radial solutions

f'u' (D) = 0.

Remark 2.2.5 An immediate consequence of the nonradiality of the optimal New-
ton solutions is that problem (2.24) does not have a unique solution. In fact, rotating
any nonradial solution u# provides still another solution, as it is easy to verify, and
therefore the number of solutions of problem (2.24) is infinite.

A more careful inspection of the proof of Theorem 2.2.3 allows us to obtain an
additional necessary condition of optimality: all solutions of the Newton problem
(2.24) must be “flat” in the sense specified by the following result (see [153]).

Theorem 2.2.6 Let D be any convex domain and let u be a solution of the Newton
problem (2.24). Assume that in an open set o the function u is of class C* and does
not touch the upper bound M. Then

(2.25) detViu=0 in o.

Proof Letus fix a point xp € w and denote by a a unit vector orthogonal to Vu (xp).
If (2.25) does not hold, then the second variation argument gives inequality (2.23)
for every smooth function ¢ with support in a small neighbourhood of xg. Take now

¢ (x) = n(x)sin(ka - x),

where the support of 7 is in a small neighbourhood of x( and k is large enough. We
have
V¢ (x) = sin(ka - x)Vn(x) + ka cos(ka - x)n(x)

so that, passing to the limit in (2.23) as k — 400, we obtain



42 2 Optimization on Convex Domains

Figure 2.1. A “screwdriver” shape

2% (x)

; W@(a -Vu)? — (1+ |Vul?)) dx = 0

for all n. As the support of the function 7 shrinks to xo this gives a contradiction,
since a - Vu(xg) = 0. u

Remark 2.2.7 The result of Theorem 2.2.6 gives, in another way, that the solutions
of the Newton problem for the case where a disc, D, cannot be radial. Moreover, the
same argument can be repeated for functionals of the form | p J(Vu)dx. In this case
we obtain that every minimizer u has to satisfy the condition

fez (Vu(xo)) >0 whenever u is C* around xo, and ~ det V2u(x0) > 0.

Finally, the flatness of solutions can be obtained also without assuming C? regularity,
as it can be found in [153].

Remark 2.2.8 Another, more direct proof of the nonradiality of the solutions of the
Newton problem when D is a disc, has been found by P. Guasoni in [135]. In fact,
if § is the segment joining the points (—a, 0, M) and (a, 0, M), the convex hull of
S U (D x {0}) can be seen as the hypograph of a function u, » € Cpy which is
graphically represented in Figure 2.1 above.

If the number a € [0, R] is suitably chosen, the relative resistance of u, js can
be estimated and we obtain, after some calculations,

1 1
C = dx < C(M/R)™? M/R)™?
o(tta ) nRZ/BO,RHWua,MP x < CM/R)2 + o((M/R)™2)
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as M/R — +oo. The constant C can be computed and we find C < 27/32 which
shows (at least for large values of M/ R) that the radial function of Section 1.3 cannot
be a minimizer.

The optimal solutions of the Newton problem have not yet been characterized,
even if D is a disk in R?. Starting from the considerations made in Remark 2.2.8
concerning the Guasoni example shown in Figure 2.1, Lachand-Robert and Peletier
introduced in [88] the subclass Py; of Cyy made of all developable concave func-
tions on D with values in [0, M]. These can be characterized as the functions whose
hypograph coincides with the convex hull in RV*+! of the set

(K x {M}) U (D x {0})

where K varies among all closed convex subsets of D. Therefore every function
u € Py can be identified with the closed convex set

K={xeD:ulx)= M}
By the compactness of Cys in W,L’f(D) for every p < 400 (see Lemma 2.1.2) it is
easy to show that the class Py is also compact for the same topologies. Then, under
assumptions Al and A2 on the integrand f, the minimization problem

(2.26) min{/ Fe,u, Vaydx s u € PM}
D

admits a solution. In particular, if f(z) = (1 + |z|2)_l is the Newton integrand and
D is a disk in R?, problem (2.26) above provides an optimal developable function
wys which we identify with the closed convex set

Ky ={xeD:wylkx) =M}

In [88] it is proved that all the functions wy, are more performant than the Newton
radial function of the same height introduced in Section 1.3; moreover, all the sets
K s are regular polygons with n s sides and centered in the disk D, where the number
n, > 3 of sides depends on M in a nonincreasing way.

Even if some analytical proof is not yet available, there is numerical evidence
(see [152]) that the functions wj, are not optimal in the larger class Cjy.

Below in Figure 2.2 are two numerical outputs from [152] which suggest that the
optimal solutions are not in the developable class Py;.

2.3 Optimization for boundary integrals

In this section we consider shape optimization problems of the form

(2.27) min{/ flxove)dHN! A eA}
A
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Figure 2.2. Two optimal nondevelopable Newton shapes.

where f is a nonnegative continuous function, v is the normal unit vector exterior
to A, and the class A of admissible domains is made of convex subsets of RY . This
formulation allows us to consider convex bodies A which are not of Cartesian type,
that is we do not need the admissible domains A to be the hypographs of concave
functions u defined on a given convex set D.

The Newtonian resistance functional itself can be written in the form (2.27); in
fact, for a Cartesian domain A given by the hypograph of a function u# we have

—Vu 1
o= , ).
V14 Vul2 1+ |Vul?

so that

Therefore, since changing the integration on D into an integral on d A provides an
additional factor (1 + |Vu|2)_1/ 2 = py, the Newtonian resistance functional takes
the form

1 _ 3 N-1
F(A):/ —dx:/ vy (x) dHN lzf Vi) dHN T,
D 1+|V”|2 graphu N BA( N )

where the positive part in v;; (x) is due to the fact that we do not want to take into
account the lower horizontal part dA \ graphu = D x {0}, on which vy < O.
More generally, if a is the direction of the motion of the fluid stream, the Newtonian
resistance has the form (2.27) with

3
fx,v)=(@-v*).
The admissible class we consider is

(2.28) Ck,o= {A convex subset of RY : K C A C Q}
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where K and Q are two given compact subsets of RV . In the case of Newton’s
problem with prescribed height of Sections 1.3 and 2.1 we have

0 =D x [0, M], K =D x {0}.
The existence result we are going to prove is the following.

Theorem 2.3.1 Let f : RN x S¥=1 5 [0, +00] be a lower semicontinuous function
and let K and Q be two given compact subsets of RN such that the class C K,Q is
nonempty. Then the minimum problem

(2.29) min{/ flrov@)dHN! s Ae CK,Q}
dA

admits at least one solution.

We shall use several notions about measures, collected in the following defini-
tion.

Definition 2.3.2 For every Borel measure jx on RN with values in RN we define the
variation of (u as the nonnegative measure ||1| defined for every Borel subset B of
RN by
(B =sup | 3 |u(Bo)| : UnBy = B,
n

We denote by M the class of all measures p such that || (RY) < o0, and for each
uw € M we set
el = Il RY).

If w € M the symbol v, will denote the Radon—Nikodym derivative dji/d| |, which
is a p-measurable function from RN into SN=1.

Finally we say that a sequence () of measures in M converges in variation to
wif

wp — w weakly* in M and leenll = Ml

lim
n——+o00
The main tool we use in the proof of Theorem 2.3.1 is the following Reshetnyak
result (see [179]) on functionals defined on measures.

Theorem 2.3.3 Ler f : RN x S¥~! — R be a bounded continuous function. Then
the functional F : M — R defined by

230) Foo = [ reeovdiu
RN
is continuous with respect to the convergence in variation.
Corollary 2.3.4 If f : RN x SN=1 — [0, 400] is lower semicontinuous, then the

functional defined in (2.30) turns out to be lower semicontinuous with respect to the
convergence in variation.
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Proof It is enough to approximate the function f by an increasing sequence ( f;;) of
bounded continuous functions, to apply to every functional

Fn(M)=/ Ju(x,vu) dp
RN

the result of Theorem 2.3.3, and to pass to the supremum as n — 400 by using the
monotone convergence theorem. u

The following lemma will be also used.

Lemma 2.3.5 Let A,, A be bounded convex subsets of RN with A, — A in
L'(RN). Then
lim HY"1@4,) = HVN 1 (BA).

n——+00
Proof As A, converges to A in L' (RY) it follows that
Ve>0 dn, :n>n, = A, CA+ Bp,.
Therefore, by Lemma 2.2.2, we obtain for n > ng,
HY @A) < HN 1 (3(A + Boe)
so that

limsup HY~1(8A,) < limsup HY 1 (3(A + By ) = HN ' (3 A).

n—-+00 e—0t
On the other hand, by the L' lower semicontinuity of the perimeter,

liminf HV=1(9A,) = HV~1(84)

n——+00
and the proof is complete. u

Proof of Theorem 2.3.1 It is convenient to restate the problem in terms of function-
als depending on vector measures. To this aim, to every convex set A € Cg g we
associate its characteristic function 14 defined by

l1if xeA,
(2.31) IA(x)—{Oif X ¢ A

and the distributional gradient V14 which is a vector measure of the class M. It is
well known that, since A is convex, the measures |V14| and HY 1.9 A coincide,
so that the cost functional can be written in the form

/ f(x,v(x))dHN_IZ/ £ (. vy ) dlal
A o
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where we denote by 1t 4 the measure V1 4. By the Reshetnyak Theorem 2.3.3 and the
related Corollary 2.3.4 the functional above is lower semicontinuous with respect to
the convergence in variation of the measures w4, so in order to apply the direct
methods of the calculus of variations it remains to show that the class

Mgo={neM: u=Vly, AcCkyg}

is compact for the same convergence. Let (A,) be a sequence of convex domains of
Ck,o; by Lemma 2.2.2 we have

Vi, ll = HY @A, < HN 10 0)

where O denotes the convex envelope of Q. Hence the sequence (14,) is bounded in
BV, so that we may assume, up to extracting a subsequence, it converges weakly*
in BV to some function of the form 14. In particular we have A,, — A strongly in
L', which implies that A is a convex domain of Cg ¢, and by Lemma 2.3.5

lim ||Vl |l= lim HY7'0A,) =HY"10A) = |V1all,
n——+00 n—+400

which gives the required convergence in variation and concludes the proof. u

Remark 2.3.6 All the arguments above work in a similar way if instead of the class
Ck, o we work with a volume constraint and so with one of the admissible classes

AV-Q = {A convex subset of RY : A C 0, meas(A) > V},

Ak v = {A convex subset of RN : K C A, meas(A) < v}

Similarly, the optimization problem above can be considered with a surface con-
straint, in one of the admissible classes

BSQ — {A convex subset of RN : Ac 0, HN"'(4) > v},

Bkxyv = {A convex subset of RN : K c A, HV"1(A) < V}~

Another possible choice for the admissible class (see Buttazzo and Guasoni [71])
is obtained if also the section of the unknown domain A, with respect to a given
hyperplane 7, is involved in the optimization. We then have the class

Sk,om = {A convex subset of RY : K c Ac 9, HN " lAnn) > m}

for which all the previous analysis can be repeated.
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2.4 Problems governed by PDE of higher order

In this section we deal with optimization problems on classes of convex domains, of
a type different from the ones considered in Section 2.3. In particular, the class of
admissible domains will be similar to the one of Section 2.3, that is

Cn(K, Q) = {A convex subset of RV :

(2.32)
K C AC Q, meas(A) = m}

where K and Q are two given compact subsets of RV, The cost functional, how-
ever, is of a different type and may involve PDE of higher order as a state equation.
Problems of this type have been studied for instance in [191].

Let us start by introducing some useful notions about convex sets and by studying
their properties. A natural topology on the class of convex sets is given by the so-
called Hausdorff distance.

Definition 2.4.1 The Hausdorff distance between two closed sets A, B of RN is de-
fined by
d(A, B) =supd(x, B) Vsupd(x, A)

xeA x€eB

where d(x, E) =inf{|lx —y| : y € E}.

Remark 2.4.2 Itis well known that the class of all closed subsets of a given compact
set is compact with respect to the Hausdorff distance. Moreover, the convergence
A, — A induced by the Hausdorff distance is equivalent to the so-called uniform
convergence, which occurs if for every ¢ > 0 there exists n, such that

Ay, CA+ By, and AC A,+ By, Vn > ng
By, being the ball in RY centered at the origin and of radius ¢.
We summarize here below some of the properties of convex sets.

Proposition 2.4.3 The following facts hold for convex sets.

i) IfAC Bthen HN"1(0A) < HN~1(3B);

ii) If A, — A uniformly, then A, — A in L', hence meas(A,) — meas(A) and
HN=1DA,) - HV 10 A);

iii) meas(A) < pHN~1(dA) where p is the radius of the largest ball included in A.

Proof Statement i) is proved in Lemma 2.2.2. To prove statement ii) it is enough to
notice that, by the definition of uniform convergence we have for every ¢ > 0,

A\ A C(A+ Bys)\ A forall nlarge enough,
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so that meas(A, \ A) < Ce¢ for a suitable constant C. Analogously we have
meas(A \ A,) < Ce which gives the L! convergence of A, to A and the rest of
the statement follows from Lemma 2.3.5. Finally, for the proof of statement iii) we
refer to [172]. u

Proposition 2.4.4 The class C,,(K, Q) defined in (2.32) is compact for the uniform
convergence.

Proof Let (A,) be a sequence in C,, (K, Q); since all A,, are contained in the con-
vex envelope co(Q) of Q, by Proposition 2.4.3 i) we obtain

HY @4, < HN 1 (Bco(Q))

so that by Proposition 2.4.3 iii) we have that the largest ball included in A, has a
radius
pu > m/H""(Bco(Q)) .

Therefore, possibly passing to a subsequence, that we still denote by (A;), we may
assume that there exists a ball By, , with p > 0, which is contained in every A,.
Then the boundary d A, can be described in the polar form

x—xo=ra(0) x €A, 0SSV

Since By, , C A, C Q itis easy to see that the functions r, have to be equi-
Lipschitz continuous, so that by the Ascoli-Arzela theorem we may assume they
converge uniformly to some function r(#). This function describes the boundary of
the limit set A by the polar form

x —xg =r() x €dA, 6 e SN

Thus we have A, — A uniformly; moreover it is easy to see that A € C,(K, Q),
which achieves the proof. u

Theorem 2.4.5 Let J : C,, (K, Q) — [0, +00] be a cost functional which is lower
semicontinuous with respect to the uniform convergence, then the optimization prob-
lem

min {J(A) : A € Cu(K, Q)}

admits at least a solution.

Proof The proof is a straightforward consequence of Proposition 2.4.4 and of the
direct methods of the calculus of variations. u

As an application of the previous result we present here two examples taken from
[191] where the related optimization problems involve PDE of higher order.
In the first example we consider an elliptic operator L of order 2¢, of the form
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(2.33) Lu= Z (—1)*D*(aq,p(x) DPu),
lerl.[Bl=¢

where the coefficients a,, g are bounded and satisfy the ellipticity condition

oY E¥< D anpx)E*El

la|=¢ lal,1B1=¢

for every £ € RY, where ¢y is a positive constant. For every A € C,,(K, Q) we de-
note by A (A) the j-th eigenvalue of L, counted with its multiplicity, on the Sobolev
S H{(A),and by ¢; ding eigenfuncti hich satisfies th i

pace Hj(A), and by e; 4 a corresponding eigenfunction which satisfies the equation

{ Lu = 2;(A)u in A,
(2.34)

u € H{(A).

It is well known that A ; (A) admits the following variational characterization:
%j(A) = min max{(Lu,u) ued, /uzdxz 1}
HeX; A

where X; is the class of all linear subspaces of H(f (A) of dimension j. Therefore it
is easy to prove that all A ;(A) are monotone decreasing as functions of the domain
A, with respect to the set inclusion. Moreover, in terms of eigenfunctions we also
have

Aj(A)zmin{(Lu,u) L ue HL(A), /uzdle,
(2.35) A
/uei,Adx=Ofori <j}.
A

By the monotonicity of A; we have

%j(co(Q)) = 2j(A) = 2j(Bx,p)

where B, , denotes the largest ball included in A, and by Proposition 2.4.3 iii) we
have p > m/H"~1(3co(Q)). Since p is bounded from below, the previous inequal-
ity shows that for every integer j the quantity A;(A) is bounded when A varies in
Cn(K, Q).

Proposition 2.4.6 For every integer j, the mapping 1 : C,, (K, Q) — Ris contin-
uous for the uniform convergence.

Proof Fix an integer j and take a sequence (A,) in C,, (K, Q) converging to A uni-
formly. Up to extracting a subsequence, thanks to Proposition 2.4.3, we may assume
that all A, and A contain a ball of radius p centered in a point that, without loss
of generality, we may assume to be the origin. Moreover A, — A in L!. Then by
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Remark 2.4.2 and by the monotonicity of A;, for every ¢ > 0 we have for n large
enough

Aj(A) = 1j(An+ Boe) = Aj((1+ce)Ap),

Aj(An) = (A =+ Boe) = A ((1 + ce)A),

(2.36)

where the constant ¢ > 0 can be taken independent of n and ¢. It is now easy, by
repeating the arguments already seen in Section 1.4, and by using (2.35), to show that
Aj(Ay) — Xj(A) and that the corresponding eigenfunctions e; 4, — e; a strongly
. ¢ N ]
in Hy(R™).

Let us consider now a cost functional of the form
F(A) = ®(A(A))

where A(A) denotes the whole spectrum of the operator L over H(f(A). We assume
that the function ® is lower semicontinuous, in the sense that

®(A) < liminf ®(A,,) whenever A, — A,
n——+00

where the convergence A, — A is defined by
A, — A < )Lj’n—>)uj Vj:],....

In particular, if ® depends only on a finite number M of variables, then the lower
semicontinuity above reduces to the usual lower semicontinuity in R

Theorem 2.4.7 Let ® be lower semicontinuous in the sense above. Then the opti-
mization problem
min {®(A(A)) : A € Cu(K, Q)}

admits at least a solution.

Proof It is enough to apply the direct methods of the calculus of variations, taking
into account the results previously obtained in Proposition 2.4.4 and in Proposition
2.4.6. |

In the second example we consider again an operator of the form (2.33) and cost
functionals

F(A):f je ua, Vua, ..., Duy)dx
RN
where we denoted by u 4 the solution of

{Lu:f in A,

(2.37)
u € Hi(A),

f being a given function in L>(R"), or more generally in H—¢(RV).
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Theorem 2.4.8 Assume that j is a nonnegative Borel function such that j(x, -, ..., )
is lower semicontinuous. Then the optimization problem

min {F(A) : A€ Cu(K, Q)}
admits at least a solution.

Proof It is enough to repeat the arguments used in the proof of Theorem 2.4.7,
noticing that, as before, we have u4, — u4 strongly in H(f (RN) whenever A, — A
uniformly. ]



3

Optimal Control Problems: A General Scheme

Optimal control problems are minimum problems which describe the behaviour of
systems that can be modified by the action of an operator. Many problems in applied
sciences can be modeled by means of optimal control problems. Two kinds of vari-
ables (or sets of variables) are then involved: one of them describes the state of the
system and cannot be modified directly by the operator, it is called the state vari-
able; the second one, on the contrary, is under the direct control of the operator that
may choose its strategy among a given set of admissible ones, it is called the control
variable.

The operator is allowed to modify the state of the system indirectly, acting di-
rectly on control variables; only these ones may act on the system, through a link
control-state, usually called state equation. Finally, the operator, acting directly on
controls and indirectly on states through the state equation, must achieve a goal usu-
ally written as a minimization of a functional, which depends on the control that has
been chosen as well as on the corresponding state, the so-called cost functional.

Driving a car is a typical example of an optimal control problem: the driver may
only act directly on controls which are in this case the accelerator, the brakes, and
the steering-wheel; the state of the car is on the contrary described by its position and
velocity which, of course, depend on the controls chosen by the driver, but are not
directly controlled by him. The state equations are the usual equations of mechanics
which, to a given choice of acceleration and steering angle, associate the position and
velocity of the car, also taking into account the specifications of the engine (techno-
logical constraints, nonlinear behaviours, . . . ). Finally, the driver wants to achieve a
goal, for instance to minimize the total fuel consumption to run along a given path.
Then we have an optimal control problem, where the driver has to choose the best
driving strategy to minimize the cost functional, which is in this case the total fuel
consumption.

According to what was said above the ingredients of an optimal control problem
are:
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i) a space of states Y;
ii) a set of controls U;

iii) a the set A of admissible pairs, that is a subset of pairs (u, y) € U x Y such that
y is linked to u through the state equation;

iv) acost functional J : U x Y — R.

The optimal control problem then takes the form of a minimization problem written
as
min{](u, y) : (u,y) € A}.

We are specially interested in the study of shape optimization problems, where the
control variable runs over classes of domains. For this reason we have to consider
a framework general enough to include cases when the control variable does not
belong to a space with a linear topological structure. On the contrary, taking the
state variable as an element of a space of functions (a Sobolev space, a space of
functions with bounded variation, ...) is the most studied case in the literature, and
covers several important situations from the applications. Notice that in the list i) —
iv) above we stressed the difference between the space Y and the set U.

The choice of a topology on Y and U is a very important matter when dealing
with the question of existence of solutions to an optimal control problem. This is
related to the use of direct methods of the calculus of variations, which require,
for the problem under consideration, suitable lower semicontinuity and compactness
assumptions.

In several cases of shape optimization problems it is known that an optimal solu-
tion does not exist; therefore minimizing sequences of domains cannot converge to
an admissible domain, in any sense which preserves the lower semicontinuity of the
cost functional. In order to study the asymptotic behaviour of minimizing sequences
we shall endow U with an ad hoc topology, mainly depending on the state equation
considered, and limits of minimizing sequences will be seen as optimal relaxed solu-
tions which then turn out to belong to a larger space. In this chapter we give a rather
general way of constructing this larger space of relaxed controls. Due to the great
generality of our framework, the relaxed controls will be characterized simply as the
elements of a Cauchy completion of a metric space; of course, when dealing with a
more specific optimization problem, a more precise characterization will be needed:
in the rest of these notes we shall see some relevant examples where this can be done.

3.1 A topological framework for general optimization problems

In this section we consider an abstract optimal control problem of the form
(3.1) min {J(u,y) : (u,y) € A}

where Y is the space of states, U is the set of controls, J : U x Y — R is the
cost functional, and A C U x Y is the set of admissible pairs, determined in the
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applications by a state equation. We assume that Y is a separable metric space, while
the controls vary in a set U with no topological structure a priori given. As already
remarked in the introduction of Chapter 3 this happens in some quite important situ-
ations like shape optimization problems where the set of controls is given by suitable
classes of admissible domains. To handle this situation it is convenient to write the
set A of admissible pairs in the form

(3.2) A={u,y)eUxY : yecargmnGu,-)}

where G : UxY — Risa given functional and where argmin G (u, -) denotes the set
of all minimum points of G (u, -). In the case G (u, -) is an integral functional of the
calculus of variations whose integrand depends on the control u, its Euler—Lagrange
equation provides the differential state equation. We shall call G the state functional.
It is worth noticing that the set .4 can be always written in the form (3.2) by choosing

0 if (u,y) €A,

(3.3) Gu,y) = xalu,y) = { :
+o00 otherwise.

Therefore, the optimal control problem (3.1) can be written in the form
34 min{J(u,y) : y € argmin G (u, -)}.
For instance, a state equation like

{—Ay:f in A,

(3.5)
y € Hj(A)

is provided by the state functional
G(A,y) = / IVyIPdx = (£, ) + xp1a)O) »
RN 0

where the states vary in the Sobolev space H!(R") and the control A varies in a
class of domains.

Let us notice that in the applications the space Y of states is usually a separable
reflexive Banach space of functions endowed with its weak topology (or the dual of
a separable Banach space, endowed with its weak* topology), which is not, unless
it is finite dimensional, metrizable. However, thanks to some growth assumptions on
the cost functional J, we may often restrict ourselves to work on a bounded subset
of Y which is, as it is well known, metrizable.

We shall endow U with a topology which is constructed by means of the func-
tional G: the natural topology on U that takes into account the convergence of min-
imizers of G is the one related to the I'-convergence of the mappings G (u, -) and
will then be denoted by y -convergence. Clearly, as soon as the convergence of con-
trols implies the convergence of the associated states, it would be enough to have
the compactness of minimizing sequences in U and the lower semicontinuity of the
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cost functional J in U x Y to obtain, always thanks to direct methods of the cal-
culus of variation, the existence of an optimal pair (u, y). The lower semicontinuity
of the cost functional J is not a very restrictive assumption: indeed in several cases
J depends only on the state y in a continuous, or even more regular, way. On the
contrary, the compactness of the set U, once endowed with the y-convergence, is a
rather severe requirement that in many cases does not occur: y-limits of minimizing
sequences may not belong to U. We will then construct a larger space of relaxed
controls which is y-compact so that the existence of an optimal relaxed solution will
follow straightforward.

3.2 A quick survey on o-convergence theory

We recall here briefly the definition and the main properties of I"-convergence. We
do not want here to enter into the details of that theory, but only to use it in order
to characterize the relaxed optimal control problem; we refer for all details to the
book by Dal Maso [91] (see also [35]). In what follows Y denotes a separable metric
space, endowed with a distance d.

Definition 3.2.1 Given a sequence (G,) of functionals from Y into R we say that
(Gp) T'-converges to a functional G if for every y € Y we have:

i) Yyn =y G(y) < liminf G, (yn);
n——+oo
ii) Ay, =y G(y) = limsup,_, o, Gu(yn).
We list here below the main properties of I'-convergence.

e Lower semicontinuity. Every I'-limit is lower semicontinuous on Y.

e Convergence of minima. If (G,,) I'-converges to G and is equi-coercive on Y, that
is for every ¢ € R there exists a compact set K; C Y such that

(G, =t} CK,; Vn € N,
then G is coercive too and so it attains its minimum on Y. We have

minG = lim [infG,,].
n—+00

e Convergence of minimizers. Let (G,) be an equi-coercive sequence of functionals
on Y which I'-converges to a functional G. If y, € argmin G,, is a sequence with
Y» — Yy in Y, then we have y € argmin G. Moreover, if G is not identically 400
and if y, € argmin G, then there exists a subsequence of (y,) which converges to
an element of argmin G. In particular, if G has a unique minimum point y on Y, then
every sequence y, € argmin G, convergesto y in Y.

It is interesting to notice (see Proposition 7.7 in [91]) that a sequence (G,) of
functionals is equi-coercive in Y if and only if there exists a lower semicontinuous
coercive function ¥ : ¥ — R such that G, >V foralln € IN.
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e Compactness. From every sequence (G,) of functionals on Y it is possible to ex-
tract a subsequence I"-converging to a functional G on Y.

e Metrizability. The I'-convergence, considered on the family S(Y) of all lower semi-
continuous functions on Y, does not come from a topology, unless the space Y is
locally compact, which never occurs in the infinite dimensional case. However, if
instead of considering the whole family S(Y), we take the smaller classes

Se(¥)={G:Y >R : Glsc., G >V}

where ¥ : ¥ — R is lower semicontinuous and coercive (and nonnegative, for
simplicity), then the I"-convergence on Sy (Y) is metrizable. More precisely, it turns
out to be equivalent to the convergence associated to the distance

dr(F,G) = Z 2717 | arctan (F;(y;)) — arctan (G (y))|
ij=1

where (y;) is a dense sequence in Y and H; denotes the Moreau—Yosida transforms
of a functional H, defined by:
H;i(y) = inf{H(x) 4+ jd(x,y) : x € Y}.

According to the compactness property seen above, the family Sy (Y) endowed with
the distance dr turns out to be a compact metric space.

3.3 The topology of v-convergence for control variables

We are now in a position to introduce a “natural” topology on the set U of control
variables appearing in the general framework considered in Section 3.1 (see [25] and
[69] for further details).

Definition 3.3.1 We say that u, — u in U if the associated state functionals
G(up, -) T'-converge to G(u,-) in Y. This convergence on U will be called y-
convergence.

We shall always assume in the following that the state functional G satisfies the
properties below:
e forevery u € U the function G (u, ) is lower semicontinuous in the space Y;

e G is equi-coercive in the sense that there exists a coercive lower semicontinuous
functional W : ¥ — R such that

Gu,y) = V¥(y) YueU, VyeY.

e the mapping ' : U — Sy (Y) defined by I'g(u) = G(u, -) is one-to-one.
Otherwise, we may always reduce the space U to a smaller space which verifies
this property.
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Remark 3.3.2 By the assumptions above we have, in particular, that for every u € U
the set argmin G (u, -) is nonempty. Moreover, according to the metrizability property
of the I"-convergence seen in Section 3.2, the y-convergence on U is metrizable, and
the mapping I'g is an isometry. However, even if Sy (Y) with the I"'-convergence is
a compact metric space, in general U with the y-convergence may be not compact.
Indeed, a sequence G (u,, -) of functionals may I"-converge to a functional F, but
this limit functional does not need to be of the form G (u, -) for some u € U. This
is why in many situations the existence of optimizers may fail and it is necessary to
enlarge by relaxation the class of admissible controls U.

3.4 A general definition of relaxed controls

In this section we give the definition of relaxed controls in a rather general frame-
work; the definition is given in the abstract scheme introduced in Section 3.1.

Definition 3.4.1 The class U is defined as the completion of the metric space U
endowed with the y -convergence. The elements of U will be called relaxed controls
and we still continue to denote by y the convergence on U.

In order to define the relaxed optimal control Aproblem associated to (3.1), (3.2)
we havs: to introduce theArelaxed cost functional J as well as the relaxed state func-
tional G. For every i1 € U we set

GG, ) =T lim G(u, -).

u—u

In other words, we define the mapping g : U — Sy (Y) as the unique isometry
which extends I'G; more precisely,

Fo@ =T lim Tg(un),
n—-+00
where (u,,) is any sequence y-converging to it. Therefore we have G:UxY—>R

defined by . A .
G, ) =Tg@) VieU

and we have

iy —04in0 < T lim G, )= Ga@,-).
n——+o00
Proposition 3.4.2 The metric space Uis compact with respect to the y -convergence.

Proof Since I'¢ is an isometry and U is _complete, Fg)isa complete subspace
of the compact space Sy (¥), so that ['(0) is compact. Hence, using again the fact

that ' is an isometry, we get that U is compact too. u
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The definition of the relaxed state functional allows us to define the relaxed state
equation, linking a relaxed control & € U to a state y € Y, which reads now

y € argmin G, ).

The relaxed cost functional J is defined in a similar way. Take a pair (i1, y) which
verifies the state equation, i.e., such that y € argmin G (i, -); then we set

J (@, y) = inf }liglilgl(un,yn) S up— 4inU, y, —> yinY,
yp € argmin G (uy, ~)}.
Therefore the relaxed optimal control problem can be written in the form
(3.6) min{J(@,y) : i €U, ye¥, ycargminG(,)}.

In several situations the cost functional J depends only on the state y and is continu-
ous on Y; in this case it is easy to see that J/ = J so that the relaxed optimal control
problem has the simpler form

(3.7) min{J(y) : €U, ye?Y, yecagminG,-))}.

By the definition of relaxed control problem and by Proposition 3.4.2 we obtain
immediately the following existence result.

Theorem 3.4.3 Under the assumptions above the relaxed problem (3.6) admits at
least a solution (i, y) € U x Y. Moreover; the infimum of the original problem given
by (3.1) and (3.2) coincides with the minimum of the relaxed problem (3.6). Finally,
if (un, yn) is a minimizing sequence for the original problem, then there exists a
subsequence converging in U x Y to a solution (u, y) of the relaxed problem.

Remark 3.4.4 On the one hand the result above gives the existence of an optimal
pair (it, y) for a problem “close” to the original one; on the other hand the solution
i belongs to a larger space and is only characterized as an element of an abstract
topological completion, hence as an equivalence class of Cauchy sequences of the
original control set U with respect to a quite involved distance function. In order to
obtain further properties about the asymptotic behaviour of minimizing sequences it
is then necessary, in concrete cases, to give a more explicit characterization of the
space of relaxed controls U.

3.5 Optimal control problems governed by ODE

In this section we consider optimal control problems where the control variable
varies in a space of functions. For simplicity we consider the case of problems where
the state and the control variables are functions of one real variable; therefore the
state equation will be an ordinary differential equation.
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Example 3.5.1 A car has to go from a point A to a point B (for simplicity assume
along a straight line) in a given time 7. Setting

y(t) : the position of the car at the time ¢,
(3.8)
u(t) : the acceleration we give to the car at the time ¢,

we have the state equation
y// —u.

In this problem the position y(¢) plays the role of state variable and the acceleration
u(t) is the control variable; in this case we can control the acceleration but not the
speed and the position: they are given indirectly by the state equation y” = u. We
can assume further constraints on the control, like |#| < 1 (1 = —1 representing the
maximum action of brakes, # = 1 the maximum acceleration).

If we take as a cost functional the total fuel consumption, we have to consider
that this consumption may depend on several variables, as for instance:
e 1 (how much we push the accelerator),
e y (if we are going up or down on a hill),
o )/ (the higher is the speed the higher is the consumption),
o ¢ (on different hours of the day the consumption may be different).

Then the optimal control problem is given by the minimization of the functional

J(u,y)=/0Tf(t,y,yCu)dt
where the function f takes into account the variables above, with conditions
lul < 1, y" =u, y(0) = A, y(T) = B, y'(0) = 0.
Remark that an optimal solution is given by a pair (u, y).

In the following we want to derive some simple conditions for the existence of a
solution.

Lemma 3.5.2 Assume that for n € N U {oo} the functions g, : [0, T] x RN — RN
are measurable in t and equi-Lipschitz continuous in s, i.e.,

3L > 0: |gu(t, 52) — gn(t, 51)| < L|sz — s1]
for every s, s € RN, re€[0,T], ne NU {oo}. Assume further that
lgn(t,0)| <M

and fix initial data &, € RN, If for all n € N U {oo} we denote by y, the unique
solution of the differential equation

Yu = &n(t, yn) in [0, T],
)’n(o) = gn»

(3.9)
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then the conditions &, — £~ and
8n(- S) = 8oo(:, 8) weakly in L' Vs € RY
imply that y, — Yoo uniformly as n — +oo.
Proof It is convenient to write the differential equations in the integral form

) =& + f()t gn(fv Yn(f)) dr,

(3.10) )
)’oo(t) = Soo + fo goo(f, yoo(f)) dr.

Take now piecewise constant functions y, such that ||y. — yeollze < €. Then we
have

t t
590 = 350(01 < 161 =&l +| [ e 3 e = [t ) a]
t
<16~ bl + [ lga(r. 3 = ga(r. 30l
t t
#] [ e 30 = g e+ [ lgoo(r 30 — gl e

t t
=< Ién—éoolJrfO Llyn—ysldr+‘/0 gn (T, ye) — goo(T, )’s)df‘
+LT [ ye _)’oot” .
<160 = bl + L [ 10 = yocldt | [ ga(r30) = gorn) ] 4
0 0

Since y, is piecewise constant we have

t
‘ / 8n(T, Ye) — 8oo(T, ¥Ve) dr‘ — 0 uniformly as n — 400
0

so that .
() = yoo (D] < L/O 9n(2) = Yoo D) d + (0, &)

where w(n, €) — Ceg as n — +00. Applying now Gronwall’s lemma we obtain

1
D (®) = yoo(D)] = (. £) exp ([ L(z)dr).
0
Thus for a suitable constant C,
[yn = Yooll = Cw(n, )
and, as ¢ was arbitrary, we get that y,, — Yoo uniformly. n

Remark 3.5.3 The result of the lemma above holds as well if the constant L depends
on f in an integrable way.
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By using Lemma 3.5.2 we will prove an existence result for optimal control prob-
lems governed by equations of the form

y =a(t,y)+ b, yu,

witha : [0, T]xRY — RN and b : [0, T] x RN — RN measurable in ¢, Lipschitz
continuous in y, and bounded at y = 0.
Let f(¢, s, z) be a Borel function such that

e =20

e fisls.cin (s, z);

e fisconvexin z.

Proposition 3.5.4 Under the assumptions above, the functional
F:L'(0, TI; R™) x WHI([0, T1; RY) — [0, +-o00]

defined as

T
F(u,y) =/0 F @y, w)de + Xiy=a(,y)+b(t,y)u, y©)=yo}

is sequentially lower semicontinuous with respect to the w— L' x w— W1 topology.

Proof Assume u, — u weakly in L' and yn — y weakly in W1 We can assume
that forn € N,

y}/’lza(tv yn)+b(tv .Yn)un ’ yn(o)zyo
Defining

gl’l(tv S) - a(tv S) + b(t, S)Mn(t)v
(3.1D)
gOO(tv S) - a(t7 S) + b(t, S)M([) ’
the assumptions of Lemma 3.5.2 are fulfilled, hence we have
Y =a@,y)+bt, yu,  y0) =yo.
Therefore

T
F(u,y)=/0 [, y,u)dt

and the lower semicontinuity follows from the general lower semicontinuity result
for integral functionals (see for instance [62]). n

It remains to show the coercivity of the functional F. For this we need to assume
that there exist a superlinear function ¢ and y € L' such that

(3.12) f.s.2) = ¢(Iz]) — v ().
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Proposition 3.5.5 Under the assumptions above the functional F is coercive with
respect to the w — L' x w — W1 topology.

Proof Let F(u,,y,) < c. By the Dunford—Pettis weak L1 compactness theorem
for a subsequence we have u, — u weakly in L! and

v, =a(t, yn) + b, y)un, yu(0) = yo.

It remains to show that y, — y weakly in W!-!, where y is the solution of

y =a(t,y)+b(t, yu, y0) =y=0.

‘We have
lynl < la(t, yo)| + |b(t, yo)llu,l

< la(t,0)| + A@)|yal| + lun|[Ib(, 0)] + B(@)|ynl]

where A(f) and B(t) are the Lipschitz constants of a(¢, -) and b(¢, -). By Gronwall’s
lemma it follows that

T T
ol = (1o +/0 (la(t, 0)] + b, 0)llus]) d exp(/0 (A® + BWluyl) dr ).

which implies that y, are bounded in L*°. From the relation y, = a(t, y,) +
b(t, yn)u, we get that y/, are equi-uniformly integrable. Therefore, by the Dunford—
Pettis theorem again it follows that y;, are weakly compact in L' and hence y, are
weakly compact in W1, u

Remark 3.5.6 Inspecting the proof of Proposition 3.5.5 we see that the growth as-
sumption (3.12) requires that a(z, 0), b(t, 0), A(t), B(¢) be bounded functions. If for
p €]1, 400l we assume the stronger growth condition

ft,s,2) = alz|’ —y@)

withae > Oand y € L! (0, T'), it is then enough to require that a(t, 0), b(¢, 0), A(t),
B(t) be only in L? (0, T). Finally, if we assume that

St,5,2) = xqz1<ry — v (@)

with R > 0and y € L'(0, T), then the proof above still works with the assumption
that a(t, 0), b(t, 0), A(t), B(t) are in L' (0, T).

As an application of the results above, consider an optimal control problem gov-
erned by an ordinary differential equation (or system), and with integral cost func-
tional, of the form

T
(3.13) min{/0 j v wde ¥ =gty 0, y(0) = ol

Here we have taken
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e the space Y of states as the space W1-1(0, T; RY) of all absolutely continuous
functions on (0, T') with values in RV ;

e the space U of controls as the space L'(0, T; R™) of all Lebesgue integrable
functions on (0, T') with values in R™;

e the set A of admissible pairs as the subset of U x Y of all pairs (u, y) which
satisfy the state equation

y =g, y,u)  y(0) = yo;

o the cost functional J as the integral functional

T
J(u,y) =f0 Jj@, y,u)dt.

In order to fulfill the conditions of Lemma 3.5.2, of Proposition 3.5.4, and of Propo-
sition 3.5.5 we make the following assumptions on the data.

On the cost integrand j:

A1 the function j : (0,7T) x RY x R™ — [0, +oc] is nonnegative and Borel
measurable (or more generally measurable for the o-algebra £ @ By ® B,,));

A2 the function j(t, -, -) is lower semicontinuous on RY x R™ fora.e.r € (0, T);
A3 the function j(z, s, -) is convex on R™ fora. e. t € (0, T) and for every s € RV;

A4 there existw € L1(0, T) and 6 : R — R, with 6 superlinear (that is, 8(r)/r —
+00 as r — 400) such that

0(z)) —a@) = jt,s,2)  V(@,s,2).
On the function g in the state equation we assume it is of the form
g(t,s,2) =a(t,s) + b, s)z,

where

AS the functiona : (0, T) x RY — R¥ is measurable in # and continuous in s, and
satisfies

la(t, s2) —a(t,s1)| < A(t)|s2 —s1]  with A € L1(0, T),

(3.14)
la(t,0)| < M(t)  with M € L' (0, T);

A6 the function b : (0, T) x RY — R™ is measurable in # and continuous in s,
and satisfies

|b(t, s2) — b(t, s1)| < Blsy — 51| with B € R,

(3.15)
Ib(t,0)] < K with K € R.

The existence result is then the following.
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Theorem 3.5.7 Under assumptions A1-A6 above the optimal control problem (3.13)
admits at least one solution.

Proof In order to apply the direct methods of the calculus of variations, we en-
dow the space U of controls with the weak L' (0, 7; R™) topology and the space
Y of states with the topology of uniform convergence, and we make the following
remarks.

e The cost functional J is sequentially lower semicontinuous on U x Y; this follows
from the De Giorgi—Ioffe lower semicontinuity theorem for integral functionals. The
first proof has been given by De Giorgi in an unpublished paper [106]; another inde-
pendent proof was given by Ioffe [143]; for a discussion about the lower semiconti-
nuity of integral functionals we refer to the book by Buttazzo [62].

e The functional J is coercive with respect to the variable u; this is a consequence of
the Dunford—Pettis weak compactness criterion.

e For every u € U the state equation

Yy =a(t,y) +b(t, y)u, y(0) = yo

has a unique solution y € Y defined on the whole interval [0, T'], thanks to the
Lipschitz assumptions made on the coefficients a(z, -) and b(z, -).

e The set A of admissible pairs is sequentially closed in U x Y as it can be easily
verified by writing the state equation in integral form

t
) = yo + /0 (aCs. y()) + bs. y(s)u(s)) ds.

By the remarks above, it remains only to prove the coercivity of J on A with respect
to y. In other words, if u, — u weakly in Ll(O, T;R™) and

Yo = alt, ya) + b, y)un ,  ya(0) = yo,

we have to prove that (y,), or a subsequence of it, converges uniformly. By Gron-
wall’s lemma we obtain that (y,) is uniformly bounded, so that by the state equations
we obtain

(3.16) Iyal < e(®) + Clun|

for suitable ¢ € L1(0, T) and C > 0. Since (u) is weakly compact in LY, T; R™),
by the Dunford—Pettis theorem again, it turns out to be equi-absolutely integrable on
(0, T), that is,

Ve>035>0: EC(0,T), |[E|]<é§ = /Iu,,|dt<8 Vn e N.
E

Therefore by (3.16), also (y;,) is equi-absolutely integrable on (0, 7), which im-
plies the weak compactness in L0, T; RN) of (y;,) and hence the compactness in
L0, T; RY) of (yn). u
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When the conditions of Theorem 3.5.7 are not fulfilled, we do not have, in gen-
eral, the existence of a solution of the optimal control problem (3.13), and in order
to study the asymptotic behaviour of minimizing sequences (u,, y,) we have to con-
sider the associated relaxed formulation.

The simplest case is when we do not have to enlarge the class U of controls,
which happens for instance when a coercivity assumption like A4 is fulfilled. In this
case it is enough to take the lower semicontinuous envelope in U x Y of the mapping

(u,y) = J(u,y) + xau, y).

In some cases, which often occur in applications to concrete problems, the lower
semicontinuous envelope above can be easily computed in terms of the envelope J
of the cost functional and of the closure A of the state equation. More precisely, the
following result can be proved.

Proposition 3.5.8 Assume that

i) [ Jw,y)—Jw,2)| <oy, z2)®®w) foreveryu € U and y, z € Y with ® locally
bounded in U and
lim w(y, z) = 0;
7=y

ii) if (u,y) € A, then for every v close to u there exists y, such that (v, y,) € A
and the mapping v \— y, is continuous.

Then the relaxed problem associated to

min {J(u, y) : (u,y) € .A}
can be written in the form

min {7(u, y) @ (u,y) € ./_4}

As an example let us consider again an optimal control problem governed by an
ordinary differential equation:

T
(3.17) ”Wy%=A j. y uydt
A={,y) eUxY : y =a(t,y) +b@, y)p u), y0) =y}

where the functions a and b satisfy conditions A5 and A6, and 8 can be nonlinear
and j nonconvex with respect to u. If the integrand j is bounded from below by

ul? —a(t) < j(t,y,u) with p > landa € L',

then we may take U = L”(0, T; R™) and ¥ = W1(0, T; R"Y) endowed with their
weak topologies. Introducing the auxiliary variable v = S(¢, u) the new control
space is U x V where V is an L9 space, provided

|B(t, u)| < Bo(t) + clulP’4 withg > 1 and By € L9,
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so that the problem can be written in an equivalent form with

T
(318) J(M,U, y) = k/ov (.](tv y’u)“f‘X{v:ﬂ(t,u)})dt,
A= {(u, v,Y)eUxVxY:y =a(,y +b, yv, y0) = yo}.
In this form, we already know that the set Ais closed, since t~he differential equation
is now linear in the control. So it remains to relax the cost J with respect to (u, v).
If we assume the continuity condition on j,
lj@ y,u) — jt, z,w)| < w(y, 2)(e(t) + ul?)

is satisfied with @ € L! and w such that

lim w(y, z) =0,
z—y
then the relaxed form of J is well known and is given by the integral functional

~ T *kk
J*"‘(u,v,y)=/O (j(t,y,$)+xm=ﬁ<r,s)}> (u,v)dt,

where the convexification J** is intended with respect to the pair (#, v), and in the
integrand with respect to the pair (£, ). Finally, eliminating the auxiliary variable v
we obtain the relaxed form of the optimal control problem:

T
min i/() ¢,y u,y)dt :ue LP, T:R™),y e W', T; RY), y(0) = yo],

where the function ¢ takes into account cost and state equation at one time, and is
defined by

ot v, w) =inf (73, € + ximpien) @v) : w=aly) +b v},

A case in which the computation can be made explicitly is the following (see Exam-
ple 5.3.7 of [62]):

1
1
_ 2 - _ 2
(3.19) Ju,y) —/0 (u + 2 + [y — Yol +h(t)u) dt,
A:{(u,y)eUxY cuy' =1, 1/c<u<c, y(O)eK}.
Here yo(¢) and /(¢) are two functions in L2(0, 1), ¢ > 1 is a constant, and K is a

closed subset of R. We obtain, after some elementary calculations, that the relaxed
problem is the minimization problem for the functional

1
/ (W? + 1y + 2wy’ — D) + |y — yo®* + h(t)u) dt
0
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with the constraints
1 , 1 1
- <y <c+-—u, - <uc<c, y(0) € K.
u c c

Consider now the case of a control problem where the control occurs on the
coefficient of a second order state equation. More precisely, given o > 0 take

(3.20) U={ueL'0,1) : u>aae on(, 1)},
. Y= HOl (0, 1) with the strong topology of L0, 1)
and consider the optimal control problem

1
(3.21) min{/o (gx,u) +dp(x,y))dx : ueU, yey, —(uy’)/:f}.

Here f € LZ(O, 1), and g, ¢ are Borel functions from (0, 1) x R into R with

B1 ¢(x, ) is continuous on R for a.e. x € (0, 1),
B2 for a suitable function w(x, ¢) integrable in x and increasing in t we have

lp(x,5)| < wl(x,I|s]) Y(x,s) €(0,1) xR.

Setting for any (u,y) e U x Y,

1
J(u, y) = / (g(x,u) + ¢ (x,y))dx,
(3.22) 0

1
G = [y =2py)an,
0
we obtain that problem (3.21) can be written in the form
min {J(u,y) : u€U, y€eY, y€argminGu,-)}.
It is well known that

1 1
L lim Gu,,)=Gu,) <+ — — — weakly*in L*°(0,1);

n—+00 Uy u

therefore, by applying the framework of Section 3.5 we obtain U=U,G=G,and

1
J(u,y) = /0 (v, w) + ¢ (x, ) dx

where y (x, s) = B**(x, 1/s) with ** being the convexification operator (with respect
to the second variable) and

g(x, 1/1) if t €10, 1/a],

+00 otherwise.

(3.23) Bx,t) = {
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For instance, if « < 1 and g(x, s) = |s — 1| we have

s—1 ifs > 1,

(3.24) y(x,s) = {

a(l—=s)/sifa<s <.

An analogous computation can be done in the case
|

U={uerl'o.n :uzo0, / ~dx =c},
o u

where ¢ > 0. In this case, in order to satisfy the coercivity assumption required by
the abstract framework, it is better to consider

Y = BV(0, 1) with the strong topology of L!(0, 1),

1
2
Gu,y) = /o (uy"™ = 2£y) dx + X(y0)=y0, y=y1} V) + Xy <<dx)(»)

where y' << dx denotes the constraint that y' is a measure absolutely continuous
with respect to the Lebesgue measure. Following Buttazzo and Freddi [69] we obtain
that U coincides with the set of positive measures w on [0, 1] such that u ([0, 1]) < ¢
and

2

N dy’
G(u,y) = ‘d— dp —2 fydx
10,1 n 10,1[

O =y | Iy —nil
" w({0}) * n({1}) + Xy <<y ()

where dy’/du is the Radon-Nikodym derivative of y’ with respect to w. It is not
difficult to see that all assumptions required by the abstract framework are fulfilled,
with

Y () =allylyy — b

for suitable positive constants a, b. It remains to compute the functional J. Assume
for simplicity that g(x, s) = g(s) and that B1 and B2 hold; then we obtain

1 1
Juy) = f B (1 () dx + f (B*)° () + f 6 (x. y) dx
0 [0,1] 0

where (1) = g(1/t), w = u* - dx + u* is the Lebesgue—Nikodym decomposition
of 1, and (ﬂ*’")oo is the recession function of **. For instance, if g(s) = |s — 1|,
the relaxed problem has the form

ué =192 ! A
min{ [ | fdx [ g0 drudo 1) < ey € argmin G .
{ue<y! M 0
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3.6 Examples of relaxed shape optimization problems

In this section we give some applications of the abstract framework for relaxed con-
trols introduced in the previous sections, and we characterize explicitly the set U of
relaxed controls as well as the form of the relaxed control problems.

Example 3.6.1 The first example deals with a class of shape optimization problems
with Dirichlet conditions on the free boundary, studied by Buttazzo and Dal Maso
(see [64], [65], [66], [67] and references therein), in which the initial set U of controls
is the class of all domains contained in a given open subset D of RY. We stress that
this class has no linear or convex structure, and the usual topologies on families of
domains are not suitable for the problems one would like to consider.

To set the problem more precisely, let D be a bounded open subset of RN (N >
2),let f € L>(D) and let j : D x R — R be a Borel function. Consider the shape
optimization problem

(3.25) min | / j( 3a@)dx 1 A e AD))
D

where A(D) is the family of all open subsets of D and where for every A € A(D)
we denoted by y4 the solution of the Dirichlet problem

—Ay=f in A,

3.26
(320 {y € Hy(A)

extended by zero to D \ A. In this way all states y belong to the Sobolev space
HO1 (D), which will be taken as the space of states. The setting of the optimal control
problem we consider is then:

e the space of states is ¥ = H(} (D) with the strong topology of L2(D);
o the set of controls is U = A(D);

o the cost functional is taken of the integral form

J(A,y) = ij(x,yu))dx ;

notice that in this case the cost does not explicitly depend on the control variable A;
o the state functional is

(3.27) G(A,y) = /D (IVyI> =2fy)dx + Xul )

which provides, via Euler—Lagrange equation, the state equation (3.26).
The shape optimization problem with Dirichlet conditions on the free boundary
can then be written as an optimal control problem, in the form

(3.28) min{J(y) : yeY, AeU, y € argminG(A, )}.
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It is easy to verify that, as a consequence of Poincaré inequality, the coercivity as-
sumption required in Definition 3.3.1 ii) turns out to be fulfilled, with

e / VyPdx — C
D

for suitable positive constants Cy and Cj.

In order to identify the relaxed problem associated with (3.28) we have first to
characterize the completion U of U with respect to the distance induced by the I'-
convergence on the functionals Q(A, -). This has been done by Dal Maso and Mosco
in [100], where it is shown that I/ coincides with the space M (D) of all nonnegative
Borel measures, possibly 0o valued, which vanish on all sets of capacity zero. The
identification of the relaxed state functional G has also been given and, for every
n € Mo(D) and y € H} (D) we have

é(u,y)=/ (IVyIZ—ny)der/ yidu.
D D

The relation y € argmin G(,u, -) can also be written, via the Euler-Lagrange equa-
tion, in the form

—Ay + = in D,
(3.29) { y+uy=f

y € Hj(D)

which has to be intended in the following weak sense: y € Hj (D) N L*(D, ) and

/VyV(pdx—l—/ ygodu:/ fodx Yo e HN(D)NL*(D, w).
D D D

On the integrand j appearing in the cost functional J we make the following as-
sumptions:

i) j(x,-) is continuous for a.e. x € D;

ii) for suitable a € L'(D) and b € R we have |j(x,s)| < a(x) + b|s|? for a.e.
x € D and for every s € R.

In this way the functional J turns out to be continuous in the strong topology of L2,
so that the assumptions of the abstract scheme apply, and the corresponding relaxed
problem can be written in the form

min{/Dj(x,y(x))dx L e Mo(D), y € Hy(D), —Ay+uy = f|.

Example 3.6.2 The second example we consider is the case of a control problem
where the control occurs on the coefficient of the state equation, which is of partial
differential type. More precisely, we consider a class of optimal control problems
for two-phase conductors which has been studied by Cabib and Dal Maso (see [75],
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[76]). As in the case seen in Section 3.5, also here the control occurs on the coeffi-
cients of the state equation which is actually an elliptic partial differential equation.
More precisely, let D be a bounded open subset of RY, let «, B be two real positive
numbers, f € L%(D). We consider the class U of controls as the set of all functions
u : D — R with the property that there exists a Borel subset A C D such that

u:alA—}—ﬁlD\A.

In this way we can identify the class U with the family of all Borel subsets of D. The
space of states will be ¥ = HO1 (D) endowed with the strong topology of L2.
Consider the optimal control problem

min {J(u,y) : —div(uVy)= finD, y=0ondD}.

The cost functional J is still of the form
J(u,y) = / g(x)dx + / p(x, y)dx,
A D

where g is a given function in L'(D), and ¢ : D x R — R is a Carathéodory
integrand which satisfies the growth condition

lo(x,2)| <c1(x) + ez forsuitable ¢ € LY (D), ¢, > 0.

The energy functional G is now given by
Gy = [ (@vyP-2p)dx
D

The completion U of U with respect to the G-convergence of the state equation or,
equivalently, the I"-convergence of the functionals G (u, -) has been characterized by
Lurie and Cherkaev [158], [159] for the two-dimensional case and by Murat and Tar-
tar [169], [189] for the general case. They proved that U is the space of all symmetric
N x N matrices a(x) = (a;;j(x)) whose eigenvalues 1 (x) < A2(x) < --- < An(x)
satisfy for a suitable ¢ € [0, 1] (depending on x) the following N + 2 inequalities:

ZN: o1 +N—1
~ )i —o v —a

i=1 ,Mt—Ol7
N 1 N—1
> < - :
B B-v B
Ve <A < Uy, i=1,..., N,

where u; and v; respectively denote the arithmetic and the harmonic mean of « and
B, namely
e =ta+ (1 =18,

(5
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1.2 1.4 1.6 1.8 2.0

Figure 3.1. The set C in dimension 2.

For instance, when N = 2, then U consists of all symmetric 2 X 2 matrices a(x)
whose eigenvalues Aj(x), A2(x) belong, for every x € D, to the following convex
domain C of R

C =101 : of . od
_{( 1, Z)G[Q,ﬂ]x[a,ﬂ].m_ 2_(x+’3_)\’_1}

The picture of the set C in dimension 2 is given in Figure 3.1 above, with « = 1 and
B =2.

The functional G can be computed and we have
G(a, y) = / [a(x)DyDy — 2fy] dx.
D

The computation of the functional J can be found in Cabib [75] where it is shown
that

Ja.y) = fD [2(x,a) + p(x, y)]dx,

with
oo P Y e <o,
(3.30) S(x,a) = p-a
B —u(a) .
glx)———— ifg(x) >0,
B—u
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and (VD +
— o
(@) =max{iy, B+ — (>
- { l—ﬂZﬁMﬂ—M)J
(N - Da+ B

f(a) = a+

l+aY (—)™



4

Shape Optimization Problems with Dirichlet
Condition on the Free Boundary

In this chapter we discuss shape optimization problems associated to elliptic opera-
tors of Dirichlet-Laplacian type. For simplicity, we concentrate our discussion on the
Laplace operator. Nevertheless, we point out the fact that from the shape optimiza-
tion view point this is the most important case. Further extensions to other operators
are not so difficult. In order to give the reader a hint on how to deal with nonlinear
problems, we discuss in Sections 4.8 and 4.9 the shape stability of the solution of
a partial differential equation associated to the p-Laplace operator (with Dirichlet
boundary conditions). Throughout all the chapter we assume that the dimension N is
at least 2; in fact, in the one-dimensional case most of the results either are trivially
true, or fail.

4.1 A short survey on capacities

Throughout the next chapters we shall often use the notion of Sobolev capacity of a
subset E of RY, defined by

cap(E) = inf{f |Vu|2 +uldx cuce ME} ,
RN

where UE is the set of all functions u of the Sobolev space H L(RN) such that u > 1
almost everywhere in a neighborhood of E.

Sometimes it is more convenient to work with a local capacity. Let D be a
bounded open set. The capacity of a subset E in D is

cap(E, D) :inf{f \Vul*dx :u €U},
D

where UE is the set of all functions u of the Sobolev space Hd (D) such that u > 1
almost everywhere in a neighborhood of E. Since the two capacities are “locally
equivalent”, there is no important difference for many of our purposes. Neverthe-
less, in order to avoid any ambiguity, in all definitions given below we consider the
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first one. The second one is used for precise estimates of the oscillations of some
harmonic functions.

If a property P(x) holds for all x € E except for the elements of aset Z C E
with cap(Z) = 0, we say that P(x) holds quasi-everywhere on E (shortly g.e. on
E). The expression almost everywhere (shortly a.e.) refers, as usual, to the Lebesgue
measure.

A subset A of RY is said to be quasi-open (resp. quasi-closed) if for every & > 0
there exists an open (resp. closed) subset A, of R", such that cap(A.AA) < &, where
A denotes the symmetric difference of sets. The class of all quasi-open subsets of D
will be denoted by .A. In fact, in the definition of a quasi-open set we can additionally
require that A C A,.

A function f: D — R is said to be quasi-continuous (resp. quasi-lower semi-
continuous) if for every ¢ > 0 there exists a continuous (resp. lower semicontinuous)
function f.: D — R such that cap({f # f:}) < ¢, where {f # f.} = {x € D :
f(x) # fe(x)}. It is well known (see, e.g., Ziemer [196]) that every function u of
the Sobolev space H'!(D) has a quasi-continuous representative, which is uniquely
defined up to a set of capacity zero. We shall always identify the function u with
its quasi-continuous representative, so that a pointwise condition can be imposed on
u(x) for quasi-every x € D. Notice that with this convention we have

cap(E, D) = min{/ |Vul*dx :u € Hy(D), u>1q.e.onE}
D

for every subset E of D.
We recall the following theorems from [3].

Theorem 4.1.1 Letu € H'(RY). Then for g.e. x € RV,

fo,e u(y)dy e

im ——— = u(x),
e—0 | By el

where Ui is a quasi-continuous representative of u.

Theorem 4.1.2 Every strongly convergent sequence in H'(RN) has a subsequence
converging q.e. in RV.

For every A € A we denote by Hé (A) the space of all functions u € Hé (D) such
that u = 0 g.e. on D \ A, with the Hilbert space structure inherited from HO1 (D).
Note that H(} (A) is a closed subspace of HOl (D) as a consequence of well-known
properties of quasi-continuous representatives of Sobolev functions (see, e.g., Ziemer
[196]). If A is open, the previous definition of HO1 (A) is equivalent to the usual one
(see Adams—Hedberg [3]). Indeed, we recall the following result.

Theorem 4.1.3 Let A € RN be an open set. A function u € H'(RN) belongs to
H(} (A) ifand only ifu = 0 g.e. on A€ (here u is supposed to be quasi-continuous).
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In the statement above, the assertion u belongs to HO1 (A) has to be understood in the
sense that u is the strong limit in H L(RN) of a sequence of C2° (RM) functions with
support in A.

Moreover, we have the following result (see [45]).

Lemma 4.1.4 If C1, Cy are two quasi-open sets with cap(C; N C2) = 0 and u €
H}(C U Cy), thenuic, € Hi(Cy) and ujc, € H} (Cy).

The fine topology on D is the coarsest topology making all super-harmonic func-
tions continuous. The relation between quasi-open sets and the fine topology is stud-
ied in [3], [126], [145]. We recall the following theorem from [145].

Theorem 4.1.5 Suppose A € RN, Then the following assertions are equivalent:

i) A is quasi-open;
ii) A is the union of a finely open set and a set of zero capacity;

iii) A = {u > 0} for some nonnegative quasi-continuous function u € H'(RV).

Since the family of quasi-open sets of RY is not a topology (only countable
unions of quasi-open sets are quasi-open) when dealing with arbitrary unions of
quasi-open sets, sometimes it is more interesting to work with the finely open sets
given by the previous theorem at point ii).

To finish, we also recall the following result.

Theorem 4.1.6 Suppose A is a quasi-open subset of R and u is a function on A.
The following assertions are equivalent:

i) uisquasi-lLs.c.;
ii) the sets {u > c} are quasi-open for all c € R;

iii) u is finely Ls.c. up to a set of zero capacity.

Remark 4.1.7 All the definitions and results presented in this section have natural
extension to the Sobolev spaces Wol’p () with 1 < p < +o00. We refer to [141]
for a review of the main definitions and properties of the p-capacity. From the shape
optimization point of view, the most interesting case is when p € (1, N], since
for p > N the p-capacity of a point is strictly positive and every W' P-function
has a continuous representative. For this reason, a property which holds p-quasi-
everywhere, with p > N, holds in fact everywhere, and this makes trivial several
results concerning shape optimization problems.
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4.2 Nonexistence of optimal solutions

In this section we give an explicit example where the existence of an optimal domain
does not occur (see also Chapter 3). The shape optimization problem we consider is
with Dirichlet conditions on the free boundary, of the form

4.1) min{J(ua) 1 —Aus = fin A, us € Hy(A)}.

Here the admissible domains A vary in the class of all open subsets of a given
bounded open subset D of RN, fe L2(D) is fixed, and the solutions u 4 are consid-
ered extended by zero on D \ A.

The cost functional we consider is the L2(D) distance from a desired state @ (x),

4.2) J(u):/ lu —u) dx.
D

In the thermostatic model the optimization problem (4.1) consists in finding an opti-
mal distribution, inside D, of the Dirichlet region D\ A in order to achieve a temper-
ature which is as close as possible to the desired temperature u, once the heat sources
f are prescribed.

For simplicity, we consider a uniformly distributed heat source, that is we take
f =1, and we take the desired temperature u constantly equal to ¢ > 0. Therefore
problem (4.1) becomes

(4.3) min{f lua —cl*dx © —Aua=1in A, us € Hj(A)}.
D

We will actually prove that for small values of the constant ¢ no regular domain A can
solve problem (4.3) above; the proof of nonexistence of any domain is slightly more
delicate and requires additional tools like the capacitary form of necessary conditions
of optimality (see for instance [64], [65], [82]).

Proposition 4.2.1 [f ¢ is small enough, then no smooth domain A can solve the
optimization problem (4.3).

Proof Assume by contradiction that a regular domain A solves the optimization
problem (4.3). Let us also assume first that A does not coincide with the whole set
D, so that we can take a point x( in D which does not belong to the closure A and
a small ball B, of radius ¢, centered at xo and disjoint form A. If u4 denotes the
solution of

—Au=1 1in A,

4.4
(44 u € Hy(A),

then the solution u 4y, , corresponding to the admissible choice AU By, can be easily
identified, and we find
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us(x) if xeA,
4.5) uaup, (x) = 1 (62 — |x — x0|>)/2N if x € B,
0 otherwise.

Therefore, we obtain

](MA)=/|UA—C|2dX+/ czdx—l—/ ctdx,
A B, D\(AUB,)

2 g2 — [x — )co|2 2 2
J(uaug,) = | lua—cl"dx + ————— —¢| dx + cdx.
A B 2N D\(AUB;)

Comparing the cost J(u4) to the cost J(uaup,) and using the minimality of A then
gives

2 _ 2 2
c? meas(B;) 5/ ’u— ‘ dx
B, 2N
— 2 2
=Neg VN —c| N lar
meas(B
=c2meas(Bg)+ ( 1)/ (8 —r )(8 r>—4NoyrVNlar

which, for a fixed ¢ > 0, turns out to be false if ¢ is small enough.

Thus all smooth domains A # D are ruled out by the argument above. We can
now exclude also the case A = D if ¢ is small, by comparing for instance the full
domain D to the empty set. This gives, taking into account that ug = 0,

J(uD)zf lup — e dx.

(4.6) D

J(ug):/ c2dx
D

so that we have J(uyg) < J(up) if c is sufficiently small. Hence all smooth subdo-
mains of D are excluded, and the proof is complete. u

Example 4.2.2 If we take into account the identification of the class of relaxed do-
mains seen in Section 3.6, then we may produce, rather simply, other examples of
nonexistence of optimal domains. Take indeed a smooth function f in (4.1) such that
f(x) > 0in D and let w be the solution of the problem

—Aw = fin D,

4.7
@D w € Hj (D).

It is well known, from the maximum principle, that w(x) > 0 in D. Take now the
desired state #(x) = w(x)/2 and the cost density j(x, s) = |s — u(x) |2 like in (4.2).
Then the optimization problem
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min{/D|uA —ﬁ|2dx . —Aup = fin A, uyg € HOI(A)}
admits the relaxed formulation
min{/D|uu —aPdx : —Au, +up=finD, u, € H(}(D)},

where the measure p varies now in the class of relaxed controls seen in Section 3.6.
It is easy to see that the relaxed problem attains its minimum value O at the measure

u=(f/w)-dx

which corresponds to the solution u;,, = w/2 of the relaxed state equation

—Auy +up = in D,
(4.8) TR lf
u, € HY (D).

On the other hand, since # > 0 in D, it is clear that there are no domains A # D
such thatus, = u in D. The case A = D has also to be excluded, because up = w >
w/2 =u.

The assumption above that f is smooth can be weakened by simply requiring
that f(x) > Ofora.e. x € D.

4.3 The relaxed form of a Dirichlet problem

As already seen in Section 3.6 the relaxed form of a shape optimization problem
with Dirichlet conditions on the free boundary involves relaxed controls which are
measures. In this section we give more details about this topic; the reader may find a
complete discussion in [65].

We know that the definition of relaxed controls only depends on the state equa-
tion, that we take for simplicity of the form

—Au= finA, u € Hi(A).

Here the control variable A runs in the class of open subsets of a given bounded
subset D of RN and f is a given function in L?(D).

As already stated in Section 3.6, in order to discuss the relaxation of Dirichlet
problems we denote by M(D) the set of all nonnegative Borel measures  on D,
possibly 400 valued, such that

i) w(B) = 0 for every Borel set B C D with cap(B) = 0,
i) w(B) = inf{u(U) : U quasi-open, B C U} for every Borel set B C D.

We stress the fact that the measures u € Mgo(D) do not need to be finite, and may
take the value +o00 even on large parts of D.
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For every measure 1 € Mo(D) we denote by A,, the “set of finiteness” of ;
more precisely A, is defined as the union of all finely open subsets A of D such that
n(A) < +o0; A, is called the regular set of the measure . By its definition, the set
A, is finely open, hence quasi-open. We also denote by S, = D \ A, the singular
set of .

For example, if N — 2 < o < N the a-dimensional Hausdorff measure H“
belongs to Mo (D) (and consequently every u is absolutely continuous with respect
to H® as well). In fact every Borel set with capacity zero has a Hausdorff dimension
which is less than or equal to N —2. Another example of measure of the class Mo (D)
is, for every S C D, the measure cog defined by

0 if cap(BNS) =0,

+00 otherwise.

(4.9) oos(B) = {

In order to write correctly the relaxed form of the state equation we introduce the
space X, (D) as the vector space of all functions u € HOl (D) such that f D ud n <
oo. Note that, since p vanishes on all sets with capacity zero and since Sobolev
functions are defined up to sets of capacity zero, the definition of X, (D) is well
posed. In other words we may think of X, (D) as HOl (D) N L%(D, p); moreover we
can endow the space X, (D) with the norm

2 2 172
lullx, D)y = ( [Vul“dx + | u du)
D D

which comes from the scalar product
(u, V) x, (D) :/ VuVvdx +/ uvdpu.
D D

It is possible to show (see [65]) that with the scalar product above the space X, (D)
becomes a Hilbert space.

Since X, (D) can be embedded into H(} (D) by the identity mapping i (1) = u,
the dual space H “1(D) of HO1 (D) can be considered as a subspace of the dual space
X/,(D). We then write for f € H~'(D),

(f-0)x,0) = (fL ) u-1(py Vv e X, (D)

and so, when f € LZ(D),
(f: v)x1, (D) =f fvdx Vv e X, (D).
D

Example 4.3.1 Take v = a(x)H" where a € L?(D) and

N/2<p <400 if N >3,

(4.10) .
l <p<+4o0 if N=2.

Then, by the Sobolev embedding theorem and Holder inequality, we have that
X,u(D) = HO1 (A) with equivalent norms.
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Example 4.3.2 Let A be a finely open subset of D and let S = D\ A; take u = ocog
as defined in (4.9). Then, by the Poincaré inequality, we have that X, (D) = H(} (A)
with equivalent norms. The same conclusion holds if 1 = ocog 4+ a(x)H" where
a € LP(D) with p satisfying the conditions of the previous example.

Consider now a measure u € Mq(D). By the Riesz representation theorem, for
every f € X ;L(D) there exists a unique u € X, (D) such that

“4.11) (u, U)XM(D) = (f, U)X;L(D) Vv e X, (D).

By the definition of scalar product in X, (D) this turns out to be equivalent to

4.12) / VuVvdx +/ uvdu = (f, U>X;1(D) Yv e X, (D)
D D

that we simply write in the form
ue X,(D), —Au+ pu = fin X;L(D).

This is the relaxed state equation of the optimal control problem we shall consider.
In other words, the resolvent operator R, : X ;L(D) — X, (D) which associates to
every f € X ;L(D) the unique solution u of (4.12) is well defined. Moreover it is easy
to see that the operator R, is linear and continuous from X ;1 (D) onto X, (D), it is
symmetric, that is

(& Ru(f)x;,p) = (fs Ru(8))x,(D) Vf.g € X, (D),

and there exists a constant ¢, which depends only on D, such that
IRe(Pllgipy < el fllgipy  ¥f € H'(D).

Example 4.3.3 If we take 1 = a(x)H" with ¢ € LP(D) and p satisfying the
assumption of Example 4.3.1,and f € H -1 (D), then, according to what we saw in
Example 4.3.1, the relaxed state equation simply becomes

u € Hy(D), —Au+au = fin H (D).
Notice that in this case we have au € H~ (D).

Example 4.3.4 If we take u = oop\a with A an open subset of D, and f €
H! (D), then, according to what we saw in Example 4.3.2, the relaxed state equa-
tion simply becomes

u € Hi(A), —Au= fLAin H '(A),
where the restriction f L A is defined by

<f|—Avv)H—|(A)=<f’v)H—l(D) VveH(}(A).
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Example 4.3.5 If we take © = cop\a + a(x)HY with a and A as in the examples
above, then the relaxed state equation takes the form

u € Hj(A), —Au+au= fLAin H'(A).

In Section 3.6 we have already stated the fact that the class Mo(D) is the
class of relaxed controls obtained through the abstract relaxation procedure intro-
duced in Section 3.5. In particular, My (D) can be endowed with the topology of y-
convergence (see Definition 3.3.1 in Chapter 3), which can be also defined through
the resolvent operators.

Definition 4.3.6 We say that a sequence (i) of measures in Mqy(D) y-converges
to a measure u € My(D) if and only if

Ry, (f) — R, (f) weakly in H)(D) — Yf e H (D).

The following compactness property follows from the abstract scheme intro-
duced in Section 3.5 and the density follows from [100].

Proposition 4.3.7 The space Mo (D), endowed with the topology of y -convergence,
is a compact metric space. Moreover, the class of measures of the form cop\ 4, with
A an open (and smooth) subset of D, is dense in M(D).

Remark 4.3.8 It is easy to see that also the class of measures of the form a(x)HN ,
where a is a nonnegative and smooth function in D, is dense in M (D).

Example 4.3.9 An explicit constructive way to approximate every Radon measure
u of Mo(D) by a sequence of measures of the form oop\ 4, is given in [99].

In the sequel we show (without proofs) how the relaxed form can be found in
a direct way. For this approach we refer to [102]. We also refer the reader to the
classical example of Cioranescu and Murat [84] which is briefly presented below.

Let f € L2(D) and let (A,) be a sequence of quasi-open subsets of the bounded
design region D. We denote by u,, the solution of the following equation on A,:

—Au, = fin A,

15 up € HY(Ap).

Suppose that w, is the solution on A,, of the same equation, but for the right hand
side f = 1. Extracting a subsequence if necessary, we may suppose that u, —~u and
w,—w weakly in H(} (D).

Let ¢ € Cgo(D). Taking as a test function wy¢ for (4.13) on A, we have the
following sequence of equalities:
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/ Swpedx = fD Vu, V(w,@)dx
D
=/ Vuanowndx—i—/ Vu,Vw,pdx
D D
:/ VunV(pwndx—/ uan,,V(pdx—(Awn,(pun)H,l(D)XHol(D)
D D
=/ VunV(pwndx—/ u,,anVgodx—i—/ uppdx.
D D

D

Letting n — oo we get

/fgowdx:f VuV(pwdx—/ quVgodx+f updx.
D D D D

Since
_/ uVwVedx :/ VuVwedx + (va”‘mﬂ—l(n)xﬂ(}([))’
D D

we formally write

(4.14) / VuV(pw)dx + / upwdp = / fowdx,
D D D
where p is the Borel measure defined by

400 if cap(BN{w =0}) > 0,

(4.15) w(B) = / Lav if cap(B 0 {w = 0) =0,
B W

Here v = Aw + 1 > 0 in D’(D) is a nonnegative Radon measure belonging to
H (D).

This formal computation needs several rigorous proofs for which we refer the
reader to [102]. We recall here the following facts:

i) u vanishes where w vanishes and u € HJ (D) N L*(D, p);
i) the set {pw : ¢ € CS°(D)} is dense in H} (D) N L*(D, p);
iii) w € K:={w e H}(D): w >0, —Aw < 1 in D};

iv) there exists a one to one mapping between C and My(D) given by w —
where p is defined by (4.15);

v) for every w € K and every ¢ > 0, there exists an open set A € D such that

lw— U)A”LZ(D) <e.

Assertions 1) and ii) give full sense to equation (4.14). Assertion v) proves that
the family of open sets is dense in the family of relaxed domains which are identified
with measures of M (D).
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Remark 4.3.10 Note that for the y-convergence of a sequence of measures, Def-
inition 4.3.6 required the convergence of the resolvent operators for every f €
H~Y(D). In fact, it is enough to have it only for f = 1 (see [102]), and this im-
plies the convergence for every f € H~!(D). We will prove this fact for the special
case of open sets in Proposition 4.5.3.

Remark 4.3.11 The same construction of relaxed domains can be performed for the
p-Laplacian in W(}’p(D) for 1 < p < N (see [102]). Given f € L9(D) and a

sequence (A,) of p-quasi-open subsets of D we denote by u, the solution of the
following equation on Aj:

—Apup, = fin Ay,
(4.16)

un € Wyl (Ay),

which has to be understood in the sense
Vo e WyP(An) f \Vitn|?~2Vu, Vodx =/ fudx.
Ay Ay

There exists a subsequence (still denoted by the same indices) of (A,), such that for

every f € L1(D), the sequence (u,) weakly converges in W(}’p (D) to the solution
of the equation

—Apu+ plulP2u = |,
(4.17) L )
u e Wy'P(D)N LL(D),

u being the Radon measure defined by

+00 if cap,(AN{w=0}) >0,
(4.18) n(A) = / dv
A

wp—l

if cap,(AN {fw=0}) =0.

Here w is the weak limit in W(}’p (D) of the solutions of (4.16) with f = 1 and
v=1+A,w.

Example 4.3.12 (Cioranescu and Murat) In this example, we construct a sequence

of open sets which are y-convergent to an element of M (D) which is not a quasi-

open set. Let D be an open set contained in the unit square of R2, § =10, 1[x]0, 1[.
We consider, for n large enough, the sequence of sets

n
Cp = U B(i/n,j/n),r,,a Ay ZD\Cna
i,j=0
where r, = e‘”’z, ¢ > 0 being a fixed positive constant. Let us denote by u, the
solution of (4.13) on A,. For a subsequence, still denoted by the same indices, we
can suppose that u,—u weakly in HO1 (S).
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Instead of working with the functions w, used for finding the general form of a
relaxed problem, in this particular case it is more convenient to introduce the follow-
ing functions z, € HL(S):

0 on C,,
Iny(x—i/m)?+ @ —j/m?+m?®
Zn = o —In(2n) on B(i/n,j/n),l/_Zn \ Cy,
1 on S\ U; j=o Bii/n.jsm.1/2n-

We notice the following facts:

o 0<z, <1

L? . .
e Vz, — Oasn — 00, hence z,, converges weakly in H 1(8) to a constant function.

Computing the limit of |, ¢ Zndx we find that this constant is equal to 1.

Let ¢ € C°(D). Then z,¢ € HO1 (Ap), thus we can take z,¢ as a test function
for equation (4.13) on A,:

/Vuanngz)dx—}—/ Vuanozndx:/ fozpdx.
D D D

The second and third terms of this equality converge to || p VuVedx and /, p fodx,
respectively. For the first term, the Green formula gives

1 0
/ Vu,Vz,pdx = Z/ Up Z"(pda—/ uyVz,Vodx.
D i=0Y0Bapmimap 0N D

The boundary term on d B/, j/n),r, does not appear since u,, vanishes on it. The last
term of this identity converges to O when n — oo.
We compute now the boundary integral. We have

1 zn & 2n
Z Up pdo = Z z—ungz)do
720 0Basmimam 0N 720 0Bjm. w120 €1 — 120

2n? 1
= —uppdo.
cn? —In(2n) n
i,j=0"Y3Bi/n,j/m),1/2n

Let us denote by u,, € H ~1(8) the distribution defined by

n
1
(s V) =15y x il (5) = Z / ;wda.
B(i/n,j/n).1)2m

i,j=0

We prove that 1, converges strongly in H~!(S) to wdx. Indeed, we introduce the
functions v, € H'(S) defined by
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Avy =4 in U Bi/n,j/m.1/2n,
v, =0 on S\ UB/n,j/n)1/2n-
Therefore

vy, 1

om " \J9Bsnjim.1j2n-

We notice that v,—>0 strongly in H'!(S), therefore Av,—>0 strongly in
H~(S). But,

n
(= A0 V) 1 syl (s) = Z/ Vv, Virdx
i,j=0 B(i/n.j/n).l/2n

n

n
1
=) f ~ydo — ) / dyrdx.
ag(i/n . n B :
,j/n),1/2n (i/n,j/n),1/2n

i,j=0 i,j=0
Passing to the limit as n — oo and using the fact that 1 B /n.j/my1/2m — 7 ls weakly
in L? we get that

HL(S)
Unp —> mdx.

Consequently, the equation satisfied by u € HO1 (S)is

o 2
Vo € C°(D) VuVedx + — | updx = | fedx,
D ¢ Jp D

that is
21
—Au+ —u=f
Cc

The following results will be extensively used throughout the next chapters. For
every quasi-open set A, we denote by wy4 the solution of (4.13) for f = 1.

Lemma 4.3.13 Let (A,,) be a sequence of quasi-open subsets of D and let w €
H(} (D) be a function such that wa, — w weakly in H(} (D). Let u, € HO1 (D)
be such that u, = 0 g.e.on D\ A, and suppose that u, — u in HO1 (D). Then
u=0 gqg.e on{w=0}

Remark 4.3.14 A proof of this result, involving I"-convergence tools, can be found
in [66]. Let us sketch here the idea of the proof.

Let f, = —Au, € H~'(D). Then f,— f := —Au weakly in H~Y(D). Con-
sequently, if v, € H(} (A,) satisfies in H(} (A,) the equation —Av, = f, then
u, — v, — 0 weakly in H(} (D), hence v, — u weakly in HO1 (D). For every ¢ > 0,
we consider fe € L®(D) such that |fe — fly-1(py < €. If we denote by vy the
solution in H& (Ap) of —AV; = f,, then we get from the maximum principle
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0< |Uz| =< |f£|oowA,,-

Consequently, any weak limit of v will vanish quasi-everywhere on {w = 0}. By a
diagonal procedure, making ¢ — 0 we get that u € HO1 {w > 0}).

The nonlinear version of this lemma also holds true. A proof can be found in
[102].

Lemma 4.3.15 Let there be given a sequence of quasi-open sets (A,) and another
quasi-open set A such that w4, —w weakly in H(} (D) and w € H(} (A). There exists
a subsequence (still denoted using the same indices) and a sequence of open sets
G, € D with A, € G,, and G, y-converges to A.

Proof Following [102] we have w < w4. For each ¢ > 0 we define the quasi-open
set A° = {wy > ¢}. For a subsequence, still denoted by the same indices, we can
suppose that

Hy (D)
wA,uAe — W

and by the comparison principle we have that w® > w4e. But w® € H(} (A). Indeed,
defining v¥ = 1 — %min{wA, e} weget0 < v® < 1andv® =0on A%, v®* =1on
D\ A. Taking u,, = min{v®, wa,uac} we getu, =0on A* U (D \ (A, U A®)), and
in particular on D \ A,. Moreover u,— min{v®, w®} weakly in H(} (D) and hence
min{v®, wf} vanishes g.e. on {w = 0}. Since v* = 1 on D \ A we get that w® = 0
g.e.on D\ A.

Using [102, Theorem 5.1], from the fact that —Awy4,uas < 1 in D we get
—Aw® < 1 and hence w® < wy. Finally wge < w® < wy, and by a diagonal
extraction procedure we get that

Hy (D)
WA, UAsn —  WA.

]
Remark 4.3.16 The nonlinear version of this lemma is also true. We refer to [42]

for the proof.

4.4 Necessary conditions of optimality

In this section we consider the shape optimization problem

4.19) min{/ Jj(x,ua)dx : A open subsetofD}
D

where we denote by u 4 the unique solution of the Dirichlet problem

—Au= finA, u € Hi(A).
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Here D is a bounded open subset of RN (N > 2), f € L?(D), and the integrand
Jj(x,s) is supposed to be a Carathéodory function such that

(4.20) 1j (x, )| < a(x) +cls?

for suitable ¢ € L' (D) and ¢ € R.
As seen in the Sections 3.5, 3.6, 4.3 the relaxed form of the shape optimization
problem above involves measures of M(D) as relaxed controls, and takes the form

421) min{/;)j(x,u#)dx : ,ue/\/lo(D)}

where we denoted by u,, the unique solution of the relaxed Dirichlet problem
ue X, (D), —Au+pu=f in X;L(D).

Remark 4.4.1 By using the Sobolev embedding theorem, it is easy to see that it is
possible to replace the growth condition (4.20) by the weaker one

(4.22) |j(x, ) < alx) +cls|?

witha € L'(D),c € R,and p < 2N/(N —2).

We have already seen examples which show that the original problem (4.19) may
have no solution; on the other hand, the relaxed optimization problem (4.21) always
admits a solution, as shown in the abstract scheme of Section 3.5. Our goal is now
to obtain some necessary conditions of optimality for the solutions w of the relaxed
optimization problem (4.21). They will be obtained by evaluating the cost functional
on a family p, of perturbations of i and by computing the limit

lim —J(MMS) EACTY .
e—07t 3

Some numerical computations for the relaxed solution can be found in [121] and
[122].

In what follows we assume for simplicity that the function j (x, -) is continuously
differentiable and that its differential verifies the growth condition

ljs(x,$)] < a1 (x) +cils|

for suitable a; € L2(D) and ¢; € R.

The first perturbation we consider is of the form u, = u + spH" where ¢ is a
nonnegative function belonging to L>° (D). If (u, ) is an optimal pair of the relaxed
optimization problem and u, = R, (f), proceeding as in [65] we obtain

dJ(ue)
de

= —/ Js(x, u) Ry (pu) dx.
e=0 D
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On the other hand, the optimality of n gives that the derivative above has to be
nonnegative, so that we obtain

f Js(r,w)Ru(pu)dx <0 Vo € L(D), ¢ = 0.
D

By the symmetry of the resolvent operator R, we can also write

/ Ru(js(x,u))pudx <0 V¢ e L®(D), ¢ >0
D

which gives, since ¢ is arbitrary,
RM(jS(x, u))u <0 ae.in D.
It is now convenient to introduce the adjoint state equation
(4.23) veX,D), —Av 4+ pv = je(x,u) in X,’i(D)
so that the optimality condition above reads
uv <0 ae.in D.

Noticing that u and v are finely continuous qg.e. in D, their product uv is still finely
continuous g.e. in D, and since nonempty finely open sets have positive Lebesgue
measure we obtain the following necessary condition of optimality.

Proposition 4.4.2 If (u, u) is an optimal pair of the relaxed optimization problem
(4.21) and if v denotes the solution of the adjoint state equation (4.23), then we have

(4.24) uv <0 gein D.

We consider now another kind of perturbation of an optimal measure p by taking
the family of measures . = (1—¢)u that, for e < 1, still belong to the class Mo (D).
Again, denoting by u, = R, (f) the optimal state related to ., proceeding as in
[65] we obtain
dJ (us)
de

The optimality of u gives that the derivative above has to be nonnegative, so that we
obtain

=/ Js(x, w) Ry (uu) dx.
e=0 D

/ JsOe w) Ry (uu)dx = 0
D
and, again by the symmetry of the resolvent operator R, we have
/ R,L(js(x, u))u du > 0.
D
On the other hand, the optimality condition obtained in Proposition 4.4.2 gives that

the product u R, (js (x, u)) is less than or equal to zero g.e. in D, hence u-a.e. in D,
which implies the following second necessary condition of optimality.
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Proposition 4.4.3 If (u, 1) is an optimal pair of the relaxed optimization problem
(4.21) and if v denotes the solution of the adjoint state equation (4.23), then we have

4.25) uv=0 p-ae in D.

In order to obtain further necessary conditions of optimality it is convenient to
introduce, for every finely open subset A of R, a boundary measure vy4, carried
by the fine boundary 3*A. If we denote by w4 the unique solution of the Dirichlet
problem

(4.26) —Awa=1inA,  wa e Hy(A),

then the following theorem gives the existence of vy4.

Theorem 4.4.4 There exists a unique nonnegative measure va belonging to H~'(RY)
and such that

4.27) —Awp 4 vg = lgea in H'RY),

where cl* A denotes the fine closure of A. Moreover, we have that v4 is carried by
I*A (i.e, va(RN \ 0*A) = 0), and

VA (0*A) = HN (cl* A).
For the proof of the theorem above we refer to [65].

Example 4.4.5 If A is a smooth domain, then 3*A = 9 A and the solution wy is
smooth up to the boundary. Using (4.27), an integration by parts gives

0
/ vdvA:—/ vﬂdHN71 VveHl(RN),
RN 9A E)n
where n is the outer unit normal vector to A. Thus
0
va = — ZPAPN=T| g4,
an

The measure v4 above allows us to give a weak definition of the normal deriva-
tive for the solution u of a relaxed state equation

(4.28) ~Au+pu=finX, (D). ueXuD),

where f € L?*(D) and w € Mo(D). We denote by A = A, the set of finiteness of
1, as defined in the previous section, and by v4 the boundary measure defined above.
The following result holds (see [65] for the proof).

Proposition 4.4.6 There exists a unique o € L>(D, v4) such that

(4.29) —Au+ pu +oavy = flegsa in HY(D).

/a2dvA§/ fzdx
D D

and o > 0 va-a.e. in D whenever f > 0 a.e. in D.

Moreover we have
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Example 4.4.7 Let A be a smooth domain and let u = a(x)HV L A, with a €
L*(A). Then equation (4.28) simply reads

—Au+tau=finH'(A)  ueH(A)

and u € H?(A), so that du/dn € L*(dA, HN~1). Using (4.29) and integrating by
parts we obtain

9
/ vadvy = —/ v aHN vy e H'RY).
D DA On

Therefore 5
ava = ——H¥ILDNJA.
on
Since by Example 4.4.5 we have vq = —%HN’I L dA, we finally deduce

u Jowy

0o=—/— HN=! ae.on DNIA.
on on

Note that by the Hopf maximum principle we have dw4/dn < 0 on 0A.

The last two necessary conditions of optimality for a solution w of the relaxed
problem (4.21) will be obtained by considering the perturbation

A DV
MS_MLA+E(Q_5H L int S—I—EvA),

where A = Ay, § = S, and ¢, ¥ are two positive and continuous functions up to
D. We give a sketch of the proof by referring to [65] for all details. We denote by u,
the corresponding solution of

ug € Xy, (D), —Aug + pgue = f in X/’LE(D).

It is possible to show that u, — u strongly in H(; (D). Moreover, by Proposition
4.4.6 there exists a unique o € L%(D, v4) such that

—Au+pu+oavy = flg=a in HY(D);
analogously, if v is the solution of the adjoint equation
v e X,u(D), —Av + uv = jg(x,u) in X;L(D)
there exists a unique 8 € L?*(D, v,) such that
—Av+ pv + Bya = js(x,u)lg=a in H-Y(D).
Then, for every g € L%(D)itis possible to compute the limit

. Ug — U
lim
e—0Jp &

gdx



4.4 Optimality conditions 93

in terms of the function «, B introduced above, and, by using the fact that ¢, Y are
arbitrary, we obtain the further necessary conditions of optimality:

(4.30)

f(x)js(x,00>0  forae. x € int*S;
af >0 va-a.e.on D.

Summarizing, the four optimality conditions we have obtained are:

uv <0 g.e.in D;
uv =0 u-a.e. in D;

4.31) .
f(x)js(x,0) >0 for a.e. x € int*S;
af >0 va-a.e.on D.

Example 4.4.8 It is interesting to rewrite the conditions above in the case when the
optimal measure p has the form

w= a(x)HNI_A + oop\a

with a € L°°(D), a(x) > 0 for a.e. x € D, and A is an open subset of D with a
smooth boundary. In this case the optimality conditions above become:

uv <0 g.e.on A;

uv =0 ae.on{x e A : a(x) > 0};

f(x)js(x,0) >0 fora.e.x € D\ A;

(Bu/dn)(@v/dn) >0  HN~l-ae on DNIA.

(4.32)

Since the boundary of A has been assumed smooth, the optimal state u and its
adjoint state v both belong to the Sobolev space H2(A); hence the last condition can
be written in the stronger form

u/dn)(@v/dn) =0  HY '-ae.on DNIA.

Indeed, using the fact that uv < 0 on A, this follows by considering the one-
dimensional functions ¢ u(x + tn(x)) and t — v(x + tn(x)) which are con-
tinuously differentiable in a neighborhood of # = 0 for HV~!-a.e. point x € DNA.

Specializing the conditions above to the particular case when a = 0, which
means that the original shape optimization problem has a classical solution, we ob-
tain:

uv <0 g.e.on A;
(4.33) f(x)js(x,0) >0 fora.e.x € D\ A;
Qu/dn)(@v/dn) =0  HN"lae.on DNIA.
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Remark 4.4.9 In general, for a shape optimization problem of the form

min J(2),
QGUad ( )

which has a classical solution Q* € U4, one can write two types of necessary opti-
mality conditions that we briefly describe below.

Using the shape derivative. For an admissible vector field V one computes the
shape derivative

47 V) — Tim J(d +1V)Q) — 1@
t

-0 t

Of course, the vector field V has to be chosen in such a way that (I1d +tV)Q* € Uygq,
or we could use a Lagrange multiplier. The optimality condition is then written

dJ(Q*; vy >0.

Usually, the computation of the shape derivative requires that Q* is smooth enough
(C? for example); the regularity of the optimum Q* is, in general, difficult to prove.
Particular attention has to be given to the case when U,; consists of convex sets,
since the convexity constraint is “unstable” to small variations of the boundary. We
refer the reader to [111], [140], [186] for detailed discussions of the shape derivative.

Using the topological derivative. For every xo € 2*, one computes the asymptotic
development

J(Q°\ Byye) = J(QF) + g(x0) f (&) + o(f (),

where f(¢) > 0 is such that lin%) f(e) = 0. The optimality condition then writes
e—

g(xg) = 0. We refer to [128], [185] for a detailed discussion of the topological
derivative and for several applications to concrete problems.

4.5 Boundary variation

In this section we study the continuity of the mapping
QL—> 17X9)
where ug is the weak variational solution of the following Dirichlet problem on 2:

_AMQ = fa

4.34
@39 ug € Hj (Q).

Here, 2 C D is an open subset of a bounded design region D of RN, with N > 2
and f € H~!(D) is a fixed distribution. Since uq € H(} (£2), extending it by zero we
can suppose that ug € HO1 (D).
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When speaking about “shape continuity” one has to endow the space of open sets
with a topology. The y-convergence is precisely the topology making continuous the
shape functional 2 — ugq. The difficulty is to relate this convergence of domains to
a geometric one, which is easier to handle!

Assuming that we endow the family of open sets with a certain topology, the
shape continuity holds if the topology is strong. A typical example is to consider
a mapping T € C!(RN,RV), to define ; = (Id + tT)(R2) and wonder if ug,
converges to ug when ¢t — 0.

Figure 4.1. Perturbation given by a smooth vector field.

Figure 4.2. Nonsmooth perturbation.

On the contrary, if the topology on the space of open sets is weak, the conti-
nuity may not hold. Nevertheless, the interest to consider a weak topology is high
when dealing with shape optimization problems. Indeed, in view of applying the di-
rect methods of the calculus of variations, one needs some compactness result for
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a minimizing sequence (£2,), and this is easier to be obtained working with weak
topologies.

Therefore one has to look for a kind of equilibrium: a topology weak enough in
order to have compactness but strong enough in order to get continuity. This pur-
pose is not easy to be attained; what we can do is to look for weak geometrical or
topological constraints which would make a class of domains compact (in the chosen
topology) and which are strong enough to give shape continuity.

The shape continuity of the solution of a PDE can be seen from two opposite
points of view. First, we may suppose that an open set 2 is given and (£2,) is a
perturbation of it. We are interested to see if the solution of the PDE on 2 is sta-
ble for this perturbation, i.e., if ug, converges to ug (see Section 4.9). Second, we
look for continuity-compactness results, i.e., a sequence (£2,,) is given and we want
to find a domain €2 such that (for a subsequence denoted using the same indices)
we have that ug, — uq. This point of view is followed in Sections 4.2 to 4.8. In
this case, one has to endow the family of open sets with a suitable topology t, and
the construction of €2 follows from compactness properties of this topology. On the
other hand, the shape continuity of the solution is deduced from the geometrical
constraints imposed on £2,,. The role of these constraints is double: on one side they
make the topological space (A, t) compact, and on the other side they provide the
y-convergence of any 7-convergent sequence (here A denotes the class of admissible
domains). Notice that the choice of the topology is completely free, provided that the
continuity-compactness occurs.

Notice that equation (4.34) is considered in a very simple case: homogeneous
Dirichlet boundary conditions for the Laplace operator. We choose this easy linear
setting only to simplify the proofs and to avoid heavy notation. At the end of the
chapter we discuss how the results can be extended to non-linear elliptic operators
and non-homogeneous boundary conditions. Roughly speaking, the shape continuity
of the solution does not depend “so much” on the operator and on the right hand side
f; on the other hand it “strongly” depends on the behaviour of the energy spaces
(here H|) on the moving domains.

How to prove shape continuity. The most abstract setting, which includes the relax-
ation, that we could consider for understanding the shape continuity, is to work into
the frame of the I"-convergence. When no relaxation occurs, then the I"-convergence
of the energy functionals can be seen through the Mosco convergence of the associ-
ated functional spaces. In the sequel, we follow this idea, with the only purpose to
give the reader a more intuitive frame.

We start by giving a general definition for the convergence of spaces. Let X be
a Banach space and (G,),cn a sequence of subsets of X. The weak upper and the
strong lower limits in the sense of Kuratowski are defined as follows:

-X
w — limsup G, = {u € X : I(np)k, Ju,, € Gy, such that u,, N u},

n—o0

.. s—X
s — liminf G,, = {u € X : u, € G, such that u, = u}.
n—oo
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If (G)nen are closed subspaces in X, it is said that G, converges in the sense of
Mosco to G if
M1) G C s — liminf G,
n—o0
M2) w —limsup G, C G.

n—od
Note that in general s — liminf, .o G, € w — limsup,_, o, G,. Therefore, if G,
converges in the sense of Mosco to G, then

s — liminf G, = G = w — limsup G,,.
n—00 n—00

Coming back to the Dirichlet problem on varying domains, let us suppose that
(2,),, 1s a sequence of quasi-open sets contained in a bounded design region D. The
sequence of spaces HOl (£2,,) converges in the sense of Mosco to the space HOl () if
the following conditions are satisfied:

M1) Forall ¢ € H(}(Q) there exists a sequence ¢, € HOl (2,) such that ¢,
converges strongly in H(} (D) to ¢.
M2) For every sequence ¢, € HO1 (£2,,;) weakly convergent in H(} (D) to a func-
tion ¢ we have ¢ € H(} (2).
For every open set 2 € D we denote by PHOI(Q) the orthogonal projection of
H} (D) onto Hy () with respect to the norm ( ), |Vu|2dx)l/2. By Rq we denote
the resolvent operator R, : L*(D) — L%(D) defined by Ro(f) =ugq,y.

Lemma 4.5.1 Let A be a quasi-open subset of D. There exists a constant M depend-
ing only on | f|y-1(py and | D| such that

HMA’f”HOl(D) <M.

Proof Take u,4, ¢ as test function in the weak formulation of the equation and apply
the Cauchy inequality together with the Poincaré inequality. u

We also give the following estimate for f = 1 which does not depend on the
design region.

Lemma 4.5.2 Let A be a quasi-open set with finite measure. There exist two con-
stants My, My which depend only on |A| such that

Lo luaillgi@yy = M.
2. ||MA’1||LOO(RN) <M.

Proof Taking u,,; as test function gives [, [Vua, |2dx = J4ua,1dx. Using the
Poincaré inequality (for which the constant 8 = B(|A|) depends only on |A|) we get

1
i B2 gy, < /32/ (Vua P dx = ﬁZ/ uadx < BIAR lua il ).
A A

For the second assertion we refer the reader to [129, Theorem 8.16]. un
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Proposition 4.5.3 Let (2;,),, and 2 be open subsets of D. The following assertions
are equivalent.

1) for every f € H~Y(D) we have uQ,, f—>uq, 5 strongly in HOI(D) (i.e., 2,
y -converges to 2);

2) for f =1 we have uq, 1—>ug,1 strongly in Hé (D);
3) HO1 (£2,,) converges in the sense of Mosco to HO1 (2);

4) G(Q,) - G(Q, ") in LAD), where G(A, -) are the associated energy func-
tionals defined in (3.27) for f = 0;

5) Foreveryu € HOI(D) the sequence (PHol(Qn)u) converges strongly in HO1 (D) to
PH(} (Q)u;

6) Rgq, converges in the operator norm of L(L%(D)) to Rq.

Proof 1) — 2) is obvious.
2) = 1) Let f € L*°(D), f > 0. By Lemma 4.5.1, for a subsequence we have

Hj (D)
”an’f — U.

From the maximum principle
0<uq, s =Ifllootga,,1.
hence passing to the limit as k — oo we obtain
0<u=<|fllocua,,
therefore u € HO1 (£2). Let us now take ¢ € D(R2); there exists & > 0 such that
0=<lgl <aug,.
We define the sequence ¢, = ¢,/ — ¢, , where
+ _ . + - _ . —_
¢, =min{p", qug, 1}, @, =min{ep, aug, 1}.

On one side we have that ¢, € H(} (£2,), and on the other side ¢, —> ¢ strongly in
Hg (D). Writing

/Vugnk,wankdx:/ Sfon,dx
D D

and passing to the limit as k — oo we get

/VuV(pdx:/ fodx.
D D
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Consequently, u = ugq_ . The convergence is strong in HO1 (D) since the norms also
converge. Moreover, we get the convergence of the whole sequence from the unique-
ness of the limitu = ugq .

By the linearity of the equation and the density of L*°(D) in H —1(D), the proof
of point 1) is achieved.

1) <= 5) Letu € HOI(D), and set f := —Au € H~'(D). Then it is easy
to see that PH0| (Qn)(”) = ugq,, f, and so the equivalence between 1) and 5) follows
straightforwardly.

5) = 4) Let u,—>u strongly in L2(D). In order to prove that G(2, u) <
liminf G(€2,,, u,) we can suppose that hmmfG(Qn, uy) < —+oo. The inequality

n—oo
would then follow as soon as u € HO(Q). For that it is enough to prove that

u= PH(;(Q)M. For every ¢ € H& (D) we have

(u’w)Hol(D)xHol(D) = lim (u"’w)Hl(D)le(D)

nlglgo(PH () Un> ‘/’)H (D)xH (D)

= nll)m (I/tn, H (2 )QD)H (D)><H (D)*

Using 5) and the pairing (weak,strong)-convergence we get

(u, ‘P)H (D)xH} (D) = = (u, PH (Q)‘P)H (D)xH} (D) = (PH U ‘/’)H (D)xH} (D)

hence u = PH(;(Q)u.
Let now u € HO1 (2). We define u,, := PHOI @i € H&(QV,) and get by 5) that
u,—>u strongly in H(} (D). Then G(2, u) = lim G(2,, uy,).
n— oo
4) = 3) Letu € HOl (€2). From the I'-convergence, there exists (#,), such
that u, € HOl (2,) with u,—>u strongly in L>(D) and G(2, u) = lim G(, uy).
n— oo
This means that u, € H} (Q2,) and u,—>u strongly in H| (D), hence the first Mosco
condition is satisfied.
For the second Mosco condition, let u,, € HO1 (£2,,) such that u,, —u weakly
in HOI(D). Hypothesis 4) gives G(£2, u) < liminf G(82,,, u,,) < +00, ie., u €
n—oQ
HH(Q).
3) = 1) Letp € HOl (€2). From the first Mosco condition there exists ¢, €
Hj () such that ¢,—>¢ strongly in Hj (D). On the other hand, for a subsequence
we have

Hy (D)
uan»f - u,

and from the second Mosco condition u € H(} (£2). Writing the following chain of
equalities we getu = ugq r:

/VuV(pdx: lim / Vug, rVoudx
D n—o0 D
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= nll)ngo(f» Wn)Hfl(D)XH(}(D) =(f, (p>H*1(D)><HO] (D)

Classical arguments now give

H}(D)
uanf MQ’f.

3) — 6) We have

IRa, — Raleqz@vy =  sup  [IRe,(f) — Ra(H)l 2

Fll 20 <1

Supposing that f, € L?(D) is such that || f, lz2(py < 1 and

1
IRq, — Ralg2myyy < 1R, (fn) — Ra(fu)llp2(py + o

we can assume for a subsequence (still denoted using the same indices) that f,— f
weakly in L?(D). For proving 6), is enough to show that Rq, (fn) converges strongly
in L2(D) to Rq(f). This is a consequence of 3) and of the compact embedding
Hl(D) — L*(D).

6) = 2) Let f = 1. Then Rq, (f) = ug,,1 and 2) follows. n

Remark 4.5.4 The y-convergence is local, i.e., 2, LN 2 if and only if there exists

8 > 0 such that for every x € D and for every r € (0, §) we have that 2, N B, , AN

QN By . This can be easily proved using the Mosco convergence and a partition of
unity.

Remark 4.5.5 The results of Proposition 4.5.3 also hold for quasi-open sets. The
only point which needs a more careful discussion is contained in the proof of the
implication 2) = 1). In that case, notice that the family D(£2) is not defined! One
can use instead the following density result (see [102] and Section 4.8):

{puq.1: ¢ € C(D)} isdensein Hj ().

We end this section by a result that will be useful in the following (see [47] for its
proof).

Proposition 4.5.6 Let us consider two sequences of quasi-open sets A, X Aand
B, > B.Then A,N B, > AN B.

4.6 Continuity under geometric constraints

Let D be a bounded open set. In this section we set

A={Q:QC D, Qopen}
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and denote by t the Hausdorff complementary topology on 4, given by the metric
due(Q1, Qo) = d(Qf, 25).
Here d is the usual Hausdorff distance introduced in Definition 2.4.1.

Proposition 4.6.1 The following properties of the Hausdorff convergence hold.
1. (A, dge) is a compact metric space.

2. Iani)Q, then for every compact set K C , there exists N € N such that
foreveryn > Ng we have K C Q.

3. The Lebesgue measure is lower semicontinuous in the HC-topology.

4. The number of connected components of the complement of an open set is lower
semicontinuous in the HC-topology.

Proof The proof of this proposition is quite simple; we refer to [140] for further
details. For the convenience of the reader we only recall that property 1 is a conse-
quence of the Ascoli—Arzela theorem. u

. o H¢
Notice that the first Mosco condition is fulfilled for every sequence 2, — .
Moreover, the space (A, t) is compact, even if it does not turn out to be y-compact.

Proposition 4.6.2 Suppose that Qni)Q and let f € H~Y(D). There exists a sub-
sequence of (2p)neN, still denoted using the same indices, such that

H}(D)
MQn,f — Uu

and
(4.35) /QVMV¢dX = (/. ¢>H*1(D)><H(} (D)
forevery ¢ € HO1 (), that is u verifies the equation —Au = f in H~1(Q).

Proof By Lemma 4.5.1 the sequence (ug,, ) is bounded in HO1 (D) so that we may
assume it converges weakly to some function u € H(} (D). It remains to prove equal-
ity (4.35). By a density argument, we may take ¢ € C2°(£2). Since the support of ¢
is compact and €2, converges in H° to 2, equality (4.35) is valid for ug, s, when n
is large enough. The proof is then achieved by passing to the limit as n — 0. u

In order to get u = ugq, s it remains to prove that u € H(} (£2). This is of course
related to the second Mosco condition, which does not hold in general for sequences
converging in H¢. The geometrical constraints play a crucial role for this case.

Indeed, the following counterexample shows that, in general, H“-convergent se-
quences are not y-convergent.
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Example 4.6.3 Let {x{, x2, ...} be an enumeration of points of rational coordinates
of the square D =]0, 1[x]0, 1[ in R2, Defining 2, = D\ {x1, x2, ..., x,} we get that

Q, 5 pand @, %> D since cap(D \ 2,) = 0.

A non-exhaustive list of classes of domains in which the y-convergence is equiv-
alent to the H¢-convergence is the following (from the strongest constraints to the
weakest ones).

o The class Aconvex < A of convex sets contained in D.

o The class Aunif cone € A of domains satisfying a uniform exterior cone property
(see Chenais [80], [81]), i.e., such that for every point xg on the boundary of every
Q € Aunif cone there is a closed cone, with uniform height and opening, and with
vertex in xg, lying in the complement of €2.

o The class Aunif fiat cone of domains satisfying a uniform flat cone condition (see

Bucur, Zolésio [56]), i.e., as above, but with the weaker requirement that the cone
may be flat, that is of dimension N — 1.

o The class Acap density S A of domains satisfying a uniform capacity density
condition (see [56]), i.e., such that there exist ¢, r > 0 such that for every 2 €
Acap density, and for every x € 92, we have

cap(Q° N Byr, Bxor)

Vvt € (0,r)
Cap(Bx,t’ Bx,2t)

where By s denotes the ball of radius s centered at x.

o The class Ayupif wiener S A of domains satisfying a uniform Wiener condition
(see [55]), i.e., domains satisfying for every Q € Aynif wiener and for every point
x € 092,

R c
cap(Q°N By, B dt
/ p( adll x’2t)— >g(r,R,x) forevery 0 <r < R <1
r cap(By,r, Bxor)

where g : (0,1) x (0,1) x D — R; is fixed, such that for every R € (0, 1)
lin}) g(r, R, x) = o0 locally uniformly on x.
r—

Another interesting class, which is only of topological type and is not contained in
any of the previous ones, was given by Sverdk [187] and consists in the following.

e For N = 2, the class of all open subsets €2 of D for which the number of con-
nected components of D \ 2 is uniformly bounded.

In fact, we shall see that this last constraint is strongly related to a capacity density
type constraint: in two dimensions, any curve has a strictly positive capacity.
Roughly speaking, the following inclusions can be established:

-Aconvex - Aunif cone & Aunif flat cone - -Acap density - -Aunif Wiener s

hence it would be enough to prove that the y-convergence is equivalent to the H°-
convergence only in A, wiener- The shape continuity under a uniform Wiener
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criterion was first observed by Frehse [125]. The proof of the continuity under the
uniform Wiener criterion is slightly more technical than the continuity under capac-
ity density condition. This is the main reason for which we prove in the sequel the
continuity result only in Acqp densiry Which is based on a uniform Holder estimate
of the solutions (for the right-hand side f = 1) on the moving domain. A uni-
form Wiener condition is in some sense the weakest reasonable constraint to obtain
a continuity result in the Hausdorff complementary topology; it is based on a local
equi-continuity-like property of the solutions on the moving domain.

The last part of this chapter is devoted to finding necessary and sufficient condi-
tions for the shape continuity. In order to introduce the reader to nonlinear equations,
the results of the last section are presented for the p-Laplacian (with 1 < p < +00).
A careful reading of Sections 4.8 and 4.9 will give the reader an idea of how to prove
shape continuity under a uniform Wiener criterion.

Definition 4.6.4 For r,c > 0 it is said that an open set Q has the (r,c) capacity
density condition if
Cap(Qc N Bx,tv Bx,ZI) -

(4.36) Vx € 0Q2,Vt € (0, r) >
cap(By ¢, Bx 2t)

The class of open subsets of D having the (r,c) capacity density condition is denoted
by Oc (D).

We recall the following result from [141] (the nonlinear version of this result will
be used in Section 4.8).

Lemma 4.6.5 Suppose that Q2 is bounded. Let 0 € H L) N C(Q) and let h be the
unique harmonic function in Q with 6 — h € H(% (). If xo € 0K, then for every
0 < r < R we have

osc(h, QN By,,,) < osc(8,0Q2N EXO,QR) ~+ osc(0, Q) exp(—cw (L2, xo, r, R))

where

(S 50,7, R) /R cap(S2° N By ¢, By,20) dt
r Cap(BxO’,, BX(),ZI) t
osc(h, Q) = |suph(x) — igfh(x)L
Q

and c depends only on the dimension of the space.

Lemma 4.6.6 Suppose that Q belongs to O, (D). If 0 € H'(Q) N C(R), and if h
is the harmonic function in Q with h — 0 € HO1 (R2), then

lim h(x) = 0(xo)
X—XQ

for any xo € 0%2.

The main continuity result can be expressed as follows:
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Theorem 4.6.7 Let (2,),eN be a sequence in O, (D), which converges in the H¢
topology to an open set Q2. Then 2, y-converges to SQ.

Proof Letusfix f = 1;itwill be sufficient to prove the continuity for a subsequence
of (2p)neN- Since f = 1, we shortly write uq instead of ug 1. From Proposition
4.6.2 there exists a subsequence of (£2,,),eN, which we still denote by (£2,,),eN, such
that ug,—u weakly in Hol(D), and u satisfies the equation —Au = 1 on Q. We
prove that u € H(} (£2), which will imply that u = ug. For that it is sufficient to
prove u = 0 g.e. on D \ € where u is a quasi-continuous representative.

From the Banach—Saks theorem there exists a sequence of averages:

Ny
‘/fn = Z (x]’(lugn
k=n

with
Ny
O<of <1, Za,’f:l
k=n
such that
H}(D)
Yn 2

From the strong convergence of v, to u in HO1 (D), we have that
Yu(x)—u(x) qe. on D

for a subsequence of (i) which we still denote by (v,).
Let G be the set of zero capacity on which ¥, (x) does not converge to u(x). Let
x € D\ (U Gy), and ¢ > 0O arbitrary. We prove that |u(x)| < ¢. Indeed, we have

()] < lu(x) = (O] + [¥n (x)].

We consider n > N, , such that

u(x) — Y ()] < g

Let us consider the solution up on a large ball B containing D. From the smooth-
ness of B and since f = 1, we have that up is continuous on B. Subtracting the
corresponding equations, we obtain

4.37) Aup —ug,) =0 in .

Consequently, up — ug, is harmonic in €2, and continuous on £2,,. We use Lemma
4.6.6 in the following way: 6 is the restriction to €2, of the function up and h, =

U —ug,. Now h, — 0 = —ug, which belongs to HO1 (£2;,). From the continuity

Qp
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of up we obtain that the continuous extension of u — ug, is equal to u g on the

B|Q,
boundary of €2, and so the extension of ug, to the| boundary of €2, is zero in the
classical sense. Using Lemma 4.6.5, one obtains (see [141]) that if 4, is Lipschitz on
0%2, then it is Holderian on all €2,,. Since u g is Lipschitz on B and is equal to /,, on
02, we have

Vx,y € 0Qy |hy(x) = hy(Y)| = lup(x) —up(y)| < Mlx —y|.

There exist two constants §; > 0 and an M given by Lemma 4.6.5 which depend
only on ¢, r, diam B and the dimension of the space N such that

I (x) — By ()] < Milx — y' Vx,y € Q.

This inequality holds obviously in B (changing the constant M| if necessary), since
h, is equal to u g outside €2,,. Therefore for every x, y € B we have

lug, (x) —uq, I = [hn(x) = hy(Y)] + lup(x) —up(y)l

< Milx =y’ + M|x — y| < Malx — y|.

Let us choose R > 0, such that MzR52 < ¢/2. From the H¢ convergence of €2, to Q2
there exists ng € N, such that for every n > ng we have (B \ ©,) N Bx g # 0. Let
us take x, € (B \ ©,) N By g. We have

1 8
lug, ()| = lug, (x) — ug, (xn)| < Ma|x — x,|? < M2R*™ <

| ™

because ug, (x,) = 0. Hence

N, Ny
e &
x)| = oltu x‘< af = = — Vn > ng.
W)l \k§_n fus, ] < 2 of5 =3 r

Finally we obtain |u(x)| < e. Since ¢ was taken arbitrarily we have u(x) = 0 q.e.
on B\ €2, which implies that # = ug. The strong convergence of ug, to ug is now
immediate, from the convergence of the norms of ug, to the norm of ugq. n

4.7 Continuity under topological constraints: Sverak’s result

Let us denote by
O(D)={QC D:iQf <}

the family of open subsets of D whose complements have at most / connected com-
ponents. By #f we denote the number of connected components.
A consequence of Theorem 4.6.7 is the following result due to Sverak [187].
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Theorem 4.7.1 Let N = 2. If Q, € O;(D) and 2, i) Q, then 2, y-converges
to Q.

Proof Let us fix f = 1. Since the solution of equation (4.34) is unique, it is suffi-
cient to prove the continuity result for a subsequence.

There exists a subsequence of (£2,),en still denoted by (£2,),cn, such that
ug,—u weakly in HO1 (D), and by Proposition 4.6.2, u satisfies the equation on 2.
To obtain that u € HOl (2) we prove that u = 0 q.e. on Q°.

In general, one cannot find ¢, » > 0 such that (2,),eny € O, (D), therefore a
direct application of Theorem 4.6.7 is not possible. Let

D\Q,=K/U---UK}

be the decomposition of D \ 2, in [ connected components, which are compact and
disjoint, possibly empty. According to Proposition 4.6.1 there exists a subsequence

1
(K}™), of (K™, such that

k' H
KI" — K.

By the same argument we can extract a subsequence of (k,ll) which we denote by
(k,zz) such that

K H
K," — K>.

Finally, continuing this procedure, we obtain a subsequence of (£2,,),cn (still denoted
using the same indices) such that

k' Lk V=1L

Obviously 2 = D\ (K U---U K;). Since the K} are connected, we have that K ;
is connected. There are now three possibilities. Either K; is the empty set, or it is
a point, or it contains at least two points; in the latter case any connected open set
which contains K ;, also contains a continuous curve which links the two points. If
K; = () we ignore K; and (K ”),, which are also empty (for n large enough). If K;
is a point, then it has zero capa01ty, so K ; can also be ignored. In that case we deﬁne
the new sets ;7 = D\ Uj; K which satlsfy Q, C Q;F. We continue this procedure
forall j=1,...,land 0bta1n that
of 25 o

Of course ug+ = ug because the difference between Q1 and Q2 has zero capacity (it
consists only of a finite number of points).

Let us prove that there exist ¢, 7 > 0 such that for n large enough (2;7),en €
O¢.r. There exists § > 0 such that diam (K;) > § for all remaining indices i €
{1, ... ,1}. For n large enough, we get that diam (Kl”) > §/2.
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Letus setr = §/4 and

_cap([0, 1] x {0}, Bo2)
c= >

— 0.
cap(Bo,1, Bo,2)

Then we show that for n large enough Q" € O, .. In order to prove that for every
x € 9Q; and 1 € (0, r) we have

Cap((Q:{)c N Bx,lv Bx,2t) -
Cap(Bx,t» Bx,2t) -

El

we simply remark that for every x € K" and r € (0, r),
CaP(K,” N Bx,h Bx,Zt) = CaP([X, vl Bx,2t)~

Here y is a point belonging on d By ;. This inequality follows straightforwardly by a
Steiner symmetrization type argument. For details, we refer to [52], [39] and Section
6.3.

Using Theorem 4.6.7 we get that

Ugr —>ugq+ strongly in Hy (D).

From the maximum principle we have Ugt = UQ, = 0, hence ug+ > u > 0,
hence u € HO1 (2). u

4.8 Nonlinear operators: Necessary and sufficient conditions
for the ~;,-convergence

In order to make the reader familiar with the nonlinear framework, in this section we
discuss the necessary and sufficient conditions for the y,-convergence in terms of
the convergence of the local capacities.

The yp-convergence is defined similarly to the case p = 2 (see Definition 4.3.6).

Definition 4.8.1 Let (2,),cn be a sequence of open subsets of a bounded smooth
design region D, and 1 < p < oo. We say that Q, yp-converges to 2 if for every

few (D)and g € Wé’p(D) the solutions ug, f,¢ of the equations

—Apuq, fo = f inQy,
(4.38) Pt fig = S IS
UQ, f,g =8 0n o2,

extended by g on D \ ,, converge weakly in W(}’p (D) to the function uq_ y,¢ of the
same equation with 2, replaced by Q.
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We consider the sequence of the associated Sobolev spaces (W(; P (22))neN as

subspaces in W&’p (D), and study the weak upper and strong lower limits in the
sense of Kuratowski (see Section 4.5 for the definitions of the Kuratowski limits)
of this sequence in terms of the behavior of the local capacity of the complements
intersected with open and closed balls. We refer the reader to [42] for further details.

Given an open set 2 C D we establish necessary and sufficient conditions for
each of the inclusions

(4.39) Wy " (@) S s — liminf Wy (2,)

and

(4.40) w — limsup W, 7 (2,) € WP (),
n—>oo

without imposing a priori any geometric convergence of 2, to Q.
Itis easy to see (see Proposition 4.5.3 for the linear case) that the y,-convergence

of ©, to 2 is equivalent to the Mosco convergence of the Sobolev spaces WOl P Q)

to Wol’p(Q), i.e., to both relations (4.39) and (4.40).
We begin by two technical results.

Lemma 4.8.2 Let A,, A C Bo,j be open sets and0 <r; <ry < 1. If
(4.41) W,'P(A) € s — liminf W, (A,),

n—0oo
then

s - .. 1, -
(442)  WyT(AU (Bo \ Bo)) 5 — liminf Wo'” (4, U (Bo,1 \ Boy).

If

(4.43) w — limsup W(;’p(An) c Wol'p(A),
n—od

then

(4.44)  w — limsup W, " (A, U (Bo.1 \ Bo.r,)) € Wy (AU (Bo.1 \ Bo,y))-

n— oo

Proof Letu,v € C°®°(Bo1),u,v > 0,u + v = 1 be a partition of unity of By 1
such thatu =1on By, andv =1o0n By \ Bo,,.

Assume (4.41) andlet ¢ € Wé’p(AU(Bo,l\Eo,rz)), ¢ > 0. Wehave ¢ = up+ve
and up € Wy’ (A N (Bo.1 \ Bo,,)). From (4.41), there exists ¢, € W, (A,) such
that ¢, — ug strongly in Wy'” (Bo 1). Then ¢ A ug € Wy’ (A, U (Bo.1 \ Bo,))
and ¢;" A ug converges strongly to ug. On the other hand, vy € W(}’p (Bo.1 \Eo,rl)
hence vo + ¢;F Augp € Wol’p(An U (Bo1 \EO,m )) and converges strongly to ¢.
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Assume now (4.43). Consider ¢,, € Wé’p(Akn U (Bo,1 \Eon)) such that ¢, — ¢
weakly in W(:’p(Bo, 1). Then g u € W(; P (Ag,), and from (4.43) any weak limit point
belongs to Wé’p(A). On the other hand, ¢,v € Wol’p(Bo,l \ Bo,;,) hence any weak
limit point belongs to Wol’p(BoJ \EOJl ). u

Lemma 4.8.3 Under the hypotheses of Lemma 4.8.2, assume that (4.41) holds. Then

(4.45) cap,(A° N Bo,r,, Bo,1) = limsupcap,, (A, N Bo,r,, Bo,1).
n—o0

If (4.43) holds, then

(4.46) cap,(A° N Bo,r,, Bo,1) < liminfcap, (A5 N Bo,r,, Bo,1).-
n—>oo

Proof Assume that (4.41) holds. Let ¢ € WOl P (Bo,1) be the function realizing
the capacity cap,(A° N Eo,rz, Bo,1). Using Lemma 4.8.2, we apply (4.41) to the
function (1 —¢)u (u being chosen as in the proof of Lemma 4.8.2) and get a sequence
U, € Wé’p(An U (Bo,1 \Eo,r1 )) which strongly converges to (1 — ¢)u. We consider
the functions 1 — (u, + (1 — ¢)v) which strongly converge to ¢ and are test functions
for the capacities cap,, (A5 N §0,r1 , Bo.1). Then (4.45) follows.

Assume that (4.43) holds, take the sequence of functions ¢, € W(}’p (Bo,1)
realizing the capacities cap,(A4;, N Eo,rz, By,1) and assume that ¢, weakly con-
verges to ¢. We apply (4.44) to the functions u(1l — ¢,) and get that u(1 — ¢) €

Wy”(A U (Bo.1 \ Bo,,)))- On the other hand v(1 — ¢) € Wy”(Bo.1 \ Bo,,) hence
¢ =1—(w(1—p)+v(l—p)) is a test function for the capacity cap, (ACﬂBo r1» Bo, 1)
and (4.46) follows.

Study of the strong lower limit. We prove the following
Theorem 4.8.4 Let (2,),eN, S2 be open subsets of D. Then

Wy P(Q) s — 1£giogfwg’ﬁ(9n)
if and only if for every x € RN and § > 0,

(4.47) cap,(°N B..s, Byos) > limsup cap, (€2, N B..s, By.os).

n—oo

Proof (=) Assume
W, P () € s — liminf W7 (2,).
n—oo
Then we also have

Wy P (N By 2s) C s — liminf Wy P (R, N By 25).
n—oo
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Indeed, consider ¢ € WO1 P(QNBy2s), 9 > 0.1f g, € WO1 "7 (R, converges strongly
to ¢, then ¢ A (pjl‘ € Wg’p(Qn N By 2s) converges also strongly to ¢.

We apply Lemmas 4.8.2 and 4.8.3 and get for ¢ > 0,

cap,(Q° N By sye, Byos) = limsupcap,(Q5 N By 5, By 2s).
n—oo

Making ¢ — 0, relation (4.47) follows.

(<) Letusconsider u € C°(2),suppu = K CC Qand ¢ = d(K, 9SQ2). There
exists a finite family of k balls centered at points of K and of radius less than ¢ such
that K C Ule By, ¢/2. We also have

Capp(QC n E)cr,£/2» er,s) =0
and thus we get from (4.47)

nliglgo Capp(Qf, N Exr,e/Z» er,s) = 0.
Hence the capacity of Q¢ N By, . 2 vanishes as n — oo and we consider for
r = 1, ...,k smooth functions ¥, € D(B, ) equal to 1 on Q¢ N By, /> and which
approximate respectively the capacity of this set, namely

— 1
17y < P (% N By 2. Buye) + -

Moreover the functions v, can be chosen such that 0 < v, < 1. Therefore, since k
is fixed, the sequence of functions defined by

k
un=u [T =y
r=1

has the property

Lp
Wy (D)
1
U, € Wo’p(Qn) and u, LR u,

so (4.39) is satisfied.
The passage from D(R2) to W(}’p(Q) is made by using the density D(2) =

WOl "P(Q) and a standard diagonal procedure for extracting a convergent sequence.
|

Remark 4.8.5 If one replaces in the previous theorem the sequence (£2;),cn of open
sets by p-quasi-open sets, the only technical point which does not work as above
deals with the necessity. The construction of the approximating sequence fails be-
cause the dense family in Wé "P(Q), which replaces D(R2) for a p-quasi-open set 2,
does not have the same properties. In fact, even for a p-quasi-open set €2, there exists
a dense family of functions having compact support in €2, but their supports cannot
be covered by balls which do not intersect the complement of 2 (see [145]).
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Study of the weak upper limit. We prove the following result.
Theorem 4.8.6 Let (2;,),¢eN, S2 be open subsets of D. Then

w — limsup W,'? (2,) € W,'? ()

n—od
if and only if for every x € RN and every § > 0

(4.48) capp(Qc N By.s, By 2s) < liminfcapp(Qfl N By.s, Bx25).
n—00

Proof (=) Assume

w — limsup W, 7 (Q,) € W, P (Q).

n—0oo

Then, it is immediate to observe (using Hedberg’s result [137]) that

w — limsup W, '” (2, N By 25) € WP (2N By 29).

n—oo

We apply Lemmas 4.8.2 and 4.8.3 and get for ¢ > 0,

cap,(Q° N Bys—¢, Br2s) < liminf cap,, (€2}, N By.s—e2. Bx.2s).

Since o
cap,($2, N By s5—e/2, Bx,25) < cap, (2, N By 5, Bx 25)

we have

cap (R N Bys—¢, By os) < liminf cap,, (€2, N Bx,5, B 2)-

Making ¢ — 0 we get (4.48).

(<) In order to reduce the study of arbitrary weak convergent sequences to
particular sequences of solutions of equation (4.38) for f = 0, we give the following
lemma. We denote in the sequel v, , = ugq, 0,4, and when no ambiguity occurs,
Up = VQ,, g-

Lemma 4.8.7 Let (2;,),,cN be a sequence of open subsets of B, and 2 an open set
such that for every g € D(D) and for every Wé’p(D)—weak limit v of a sequence
(vﬂnk,g) we have v — g € Wol’p(SZ). Then relation (4.40) holds.

Proof Remark first that if the conclusion holds for any g € D(D), then it holds
forany g € Wé’p (D). Indeed, consider some g € Wé’p (D) and (with a re-notation
of the indices) suppose that v, ;—v, weakly in WO1 "P(D). There exists a sequence

gk € D(D) such that gy— g strongly in Wol‘p(D). Following [102], one can find a
uniform bound for vg, 4,, hence there exists a constant 8 such that
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lven.g = vanglwir) = Bllg = 8klly e )

. 1,
forall k € N. Then [[v — villy1.r(py < Bllg — gk||W(§,p(D) andif vy — g € W, P(Q)

we conclude that v — g € Wol’p(Q).
For proving (4.40) we consider a sequence u, —u weakly in W(: P (D), withu,, €

Wol’p (£2,). Following [102], for a subsequence still denoted using the same indices,
2, yp-converges to @R, w), n being the measure defined by (4.18). Then we have
ue Wé’p(D) N LP(D, ). To prove that u € Wé’p(Q) it suffices to verify that

(4.49) Wy P(D) N LP(D, ) € Wy ().

Consider some g* € W(} "7 (D). For a subsequence still denoted using the same in-

dices, we have vg, o+—v weakly in WS "7 (D) and v satisfies the equation

—Apv+ plo = g¥1P2(v = g%) = 0 in Wy (D) N LP(D, ),

(4.50) |
v—g* e Wy'P(D)NLP(D, p).

Hence, on one side we obtain that v—g* € Wé’p(D)ﬂLl’(D, 1), and on the other

side the hypothesis we assumed gives v — g* € W(;’p (£2). To obtain the conclusion
it is sufficient to prove that the family of functions written in the form v — g* with

the properties above is dense in W(:’p (D) N LP(D, ). This will provide inclusion
(4.49). Set v — g* = z. We have

4.51) ~Ap(z+g") + plzlP22 =0 in Wy (D) N LP(D, ),
z€ WyP(D) N LP(D, ).

The family {pw}yep(p), Where ¢ € CX(D),and w = ua,. 1,0, with A, being
the regular set of the measure w (i.e., the union of all finely open sets of finite u-
measure), is dense in Wol‘p(D) N L?(D, u). Fix now some z = gw. For this z we
can prove the existence of some g € Wé "7 (D) such that

—Ap(z+8) +plzlP Pz =0.

Indeed, the existence of such a g is trivial if u|z|P~2z € W~14(D). This follows
immediately from the particular structure of z. Consider 6 € D(D). Then

(12?722, 0) 31 e () = / 01zl zdp

J {w=>0}
v
= f 9|Z|p_2Z 1

{w>0) wP

= (Blpl" 20, 1 + Apw)

W=L4(D)x Wy " (D)’

Since Ap,w € W—14(D) we get wlz|P~2z € W=14(D) and this concludes the
proof. u
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Proof of Theorem 4.8.6, continuation. According to Lemma 4.8.7, it suffices to
study the behavior of vg, .. Therefore, let us consider some g € D(D) and vg,, ¢—v
weakly in Wol’p(D).

It is sufficient to prove v = g p-q.e. on 2¢. In fact we use an estimation of the
oscillation of v, ¢ near the boundary. The lower semicontinuity of the capacity will
provide a uniform behavior. There exist convex combinations

Ju Wy (D)
¢n=Zakvk — v
k=n

and for a subsequence (still denoted using the same indices) it converges p-q.e. (for
p-quasi-continuous representatives). Let us denote by D \ E the set of points where
the convergence is pointwise, with cap p(E ) =0.S0,forx € D\ E, forevery ¢ > 0
we have

lv(x) = g()] = [v(x) = Pn(X)| + [¢n(x) — g(x)]

and for n large enough we also have |v(x) — ¢, (x)| < &/2. We must prove that we
have |¢, (x)| < &/2 or, even better, that |v,(x) — g(x)| < ¢/2 for n large enough.

One can apply directly Lemma 4.6.5 for 4 = vg , and 6 = g and get for a point
xp € 0, forall x,y € QN By, ,,

4.52) [va,e(x) — v, (V| < cgM(4R)* 4+ 2M exp(—cw (L2, xo, 1, R)),

where « is the Holder exponent of g. If y € 92N By, , is a regular point in the sense
of Wiener, i.e.,

1 c
cap(Q°N By ¢, By dt
(453) / p( .t ),ZI)_ = 400,
0 cap(By ¢, By 2t) t

then v 4 (y) = g(y) (see also [2], [3]) and one can derive the inequality
4.54) [vg,e(x) — g(x)] < 2ch(4R)°‘ + 2M exp(—cw(S2, xo, 1, R))

forallx € QN By, ,.

This last inequality proves that if one can handle the behavior of the sequence
(w(Q,,, X0, 1, R)), then the oscillations of vg,, , relatively to g are uniform in some
neighborhoods of xg.

‘We shall use the nonlinear version of Lemma 4.6.5 (see [141]).

Lemma 4.8.8 Suppose that Q is bounded. Let & € WP (Q)NC(Q) and let h be the
unique p-harmonic function in Q with @ — h € Wol’p(Q). If xo € 0K, then for every
0 <r < R we have

osc(h, QN By, ;) < osc(0,02N ExO,ZR) ~+ osc(0, QL) exp(—cw (L2, xo, 1, R)),

where
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w(, X0, 7, R) /R (CapP(QC N Bxy.r. on,2t)>q—ldt
9 09 9 = — N
r Capp(B)Co,l" BXQ,ZI) t

osc(h, Q) = | sup h(x) — infh(x)],
Q Q

and c depends only on the dimension of the space.

Proof of Theorem 4.8.6, continuation. We distinguish between two assertions: x €
02 and x € ext(£2). Let us first consider the case x € 9. Since the set of non-
regular points in the sense of Wiener (see (4.53) belonging to the boundary of €2 has
zero capacity, without loss of generality one can suppose that x is regular. Let us give
two lemmas.

Lemma 4.8.9 Forall x € RV, and for all 0 < r < R we have

liminf w(2,, x,r, R) > w(, x, r, R).
n—oo

Proof The proof of this lemma is immediate from the lower semicontinuity of
the local capacity, and the properties of the Lebesgue integral (Fatou’s lemma and

(4.48)).
]

Lemma 4.8.10 There exists a positive constant ¢ depending only on the dimension
of the space and p, such that for all R > r > 0 and for all x1, x> € RN with
|x1 —x2| =& < r/2we have

_ r R
U}(Q, X1, 7, R) = C'LU(Q, X2, Es 5)

Proof Wehave Q°NBy, » € Q°NBy, cifc+8 < e.Henceforany R >t >r > 2§
we have

Qc N sz,t/z g Qc N Bxl,t
since /2 4 6 < t. So we get the inclusion By, 2; € By, 4, and then we can write
Capp(QC N sz,t/Zs sz,4t) S Capp(QC N Bxl,tv BX|,2t)'

According to [141] there exists a constant £ depending only on the dimension N,
such that

& cap,(2° N By, 172, Bxy,1) < cap,(° N By, 1/2, By, 41)
< cap, (2°N By, 1, Bxy21)-

Hence

Sq_l /R (Capp(QC N sz,l/Z» sz,l))q_lﬂ
r Capp(sz,tv Bx2,2t) t
< /R (Capp(QC N B)C],la Bx1,2t))f1*1dt
- r Capp(Bxl,thxl,Zt) t
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or, making a change of variables in the first integral, and using the behavior of the
capacity on homothetic sets we get

Eq71 /R/2 (Capp(Qc N sz,ts Bx2,2t))q_1dl
2(N_2)(q_1) r/2 Capp(sz,h sz,2l) t

< fR (Capp(gc N Bxl,fv B)q,Zt))‘!*ldt
- r Capp(Bxl,ta Bx1,21) t ’

Setting (§227NV)?~! = ¢ we get
_ r R
w(Qv-xlsra R) zcw(91x29_a_)
2°2
assoon as |x; — x2| <r/2 < R/2. u

Proof of Theorem 4.8.6, conclusion. Let us consider x € 9€2 a regular point in the
sense ofﬁ.53). We shall fix later , R > 0 such that w(€2, x,r/2, R/2) > M. The
value of M will also be made precise. If |x,, — x| < r/2 we have from Lemma 4.8.10,

_ r R
w(Qns Xn, T, R) = Cw(Qn, X, = 5

).
From Lemma 4.8.9, for n large enough one can write

@nx o s L@ D &y
w n5~x5272 _2w 5x5 72

NSRE]

which implies
t
w(2y, Xp, 1, R) > T
independently of the choice of x, with |x, — x| <r/2.
If x € Q¢, then p-quasi-everywhere we have v, (x) = g(x). Let us suppose that
x € ;. Since capp(QC N By s, By 25) > 0 for any § > O (the point x being regular)
we have capp(Qz N By.s, Bx2s) > 0 for n large enough. We fix § = r/2 and consider
x € Q, , x, € Bys N3, and x, regular. The existence of such a point follows
from the fact that capp(aQn N By s, Bx25) > 0 (see [42]).
One can then write v, (x,) = g(x5), and using relation (4.52) we get

[v,(x) — g(X)| < cgM(4R)* + 2M exp(—cw (L, Xpn, 1, R)).

Now we fix r, R, M such that

1, & \le I S
R:—( ), M=—"1n—
4\dc, M

and r < R/2 such that g(2, x, r/2, R/2) > M. We have
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cgM(4R)* 4+ 2Mexp (—cc

<o
-2

o X

and for n large enough, such that g(<2,, x,,r, R) > EM/2 for |x, — x| < r/2, also
cap,, (2, N By 12, By,r) > 0. Hence |v,(x) — g(x)| < &/2 for n large enough, which
finally implies |v(x) — g(x)| < e. Since ¢ was arbitrarily chosen we get v(x) = g(x)
forg.e. x € 9Q2.

For the case x € ext(£2), the same proof works with w(<2, x, r, R) = er 1/tdt =
In(R/r). u

In Theorem 4.8.6 one can replace open sets by p-quasi-open sets. For the neces-
sity the same proof follows. For the sufficiency, if (A,),en and A are p-quasi-open
subsets of D satisfying (4.48), we construct open sets €2, such that A, € Q, and
capp(Q,, \ A;) < 1/mn, and open sets €2, such that A C Q, and capp(Qg \A) <e.
One sees that relation (4.48) still holds for €2,, and for €2,. Hence we apply Theorem
4.8.6 and get

w — limsup W, 7 (2,) € W, P ().

n—00

Since W(}’p (A,) has the same Kuratowski limits as WOl P(Q) we get

w — limsup W, (A,) € Wy'P ().

n—00

This inclusion holds for any ¢ > 0, therefore we can replace 2, by A.

Remark 4.8.11 Note that for some fixed x € R", the family of + € R, such that
the strict inequality

Capp(QC mE}c,ta Bx,2t) > CaPP(QC N B)c,t» Bx,2t)

holds, is at most countable (see [42]). Hence, we can state that €2, y,-converges to
Q if and only if for every x € RY there exists an at most countable family T, € R,
such that for all t € Ry \ Ty we have

lim Capp(QZ N Bx,l’ Bx,2t) = Capp(QC N Bx,t, Bx,ZI)'

n—o00
Remark 4.8.12 The Mosco convergence of W(}’p -spaces was studied by Dal Maso
[93], [94] and by Dal Maso-Defranceschi [95]. Using the frame of the relaxation
theory, it was proved that €2, y,-converges to €2 if and only if there exists a family

of sets A C P (D) which is rich or dense (see the exact definitions in [94]) in P (D)
such that

(4.55) capp(QC NA, D)= lim capp(Qfl N A, D) VA € A.
n—>oo

Here P (D) denotes the family of all subsets of D.
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By considering for example monotone sequences of the family P(D), in [94] it is
shown that the convergence in the sense of Mosco is still equivalent to the following
two relations which have to be satisfied for all p-quasi-open sets A € D and p-
quasi-compacts sets F € A € D:

(4.56) capp(QC N A, D) > limsup capp(QfL N F, D),
n—oo

and

(4.57) cap[,(Qc NA,D) < liminfcapp(QZ N A, D).
n—o0

In Theorem 4.8.4 and 4.8.6, we respectively proved that (4.39) is equivalent to
a simpler version of (4.56) (where capacity is calculated by intersection with closed
balls) and (4.40) is equivalent to a simpler version of (4.57) (where capacity is cal-
culated on open balls).

4.9 Stability in the sense of Keldysh

In a large class of problems, the shape stability question for the solution of the elliptic
equation

—Apug = f inQ,

(4.58) 1p
ug € Wy’ ()

has the following formulation: let (2,),eN be a perturbation of an open set Q2; the
question is whether the solution ug, of equation (4.58) on 2, converges in Wol’p (D)
foug.

Keldysh studied in [146] the so-called compact convergence (see also [139],
[140], [180]).

Definition 4.9.1 It is said that 2, compactly converges to Q2 if for every compact
KCQuU Q° there exists ng € N such that foralln > ng, K C Q, U QZ

The compact convergence implicitly contains condition (4.39). Keldysh proved
(in the linear setting) that the shape stability holds for this kind of perturbations
provided that the limit set 2 is stable. By definition, 2 is p-stable, if every function
u € WHP(RN) vanishing a.e on ° belongs to Wé "7 (Q). Using the result of Hedberg
(see [137]), this is equivalent to

Vue WHP@RY), u=0ae.onQ" = u=0 p-q.e. on Q°.

Roughly speaking, open sets with cracks are not stable. Notice that the stability of
the solution depends only on €2. No regularity assumption is made on the converging
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sequence (£2,,). This is the main reason for which it is of interest to characterize the
p-stable domains.

Using the results we obtained in Section 4.8, we are in a position to give a simple
proof of the characterization of the p-stable domains.

Proposition 4.9.2 A bounded open set Q2 is p-stable if and only if for every x €
RN, r > 0 we have

(4.59) Capp(Bx,r \ 2, Bx,Zr) = Capp(Bx,r \ﬁa Bx,Zr)-

Proof The proof is an immediate consequence of the fact that 2, = UxeqBx 1/n
compactly converges to 2. If 2 is p-stable, then 2, y,,-converges to 2. By Theorem
4.8.6 inequality (4.48) holds and we get

Capp(Bx,r \ 2, Bx,2r) =< ]iminfcapp(Bx,r \ 2, Bx,Zr)-
n—oo
The behavior of the capacity on increasing sequences gives

lim Capp(Bx,r \ Qp, Bx,Zr) = Capp(Bx,r \§7 Bx,Zr)s
n—00

hence capp(Bx,r \Q, By o) < capp(B” \5, By 2r). The equality follows from the
monotonicity of the capacity in the first argument.
Conversely, relation (4.59) yields that €2,, y,-converges to €2. Then any function

u € WHP(RVN) with u = 0 a.e. on () has the property that u W(}’p(Qn), since

u = 0 p-q.e. on Q. The y,-convergence of 2, to Q gives u € Wol’p(Q), hence 2
is p-stable. ]

4.10 Further remarks and generalizations

Remark 4.10.1 Generalization of Sverak’s result. In three or more dimensions a
curve has zero capacity, hence an analogue of Sverak’s result cannot be obtained for
the Laplace operator. In [52] a Sverik type result is proved for the p-Laplacian for
p € (N—1, N].For p > N atrivial shape continuity result holds in the H“-topology,
since a point has strictly positive p-capacity.

Remark 4.10.2 Operators in divergence form. Instead of the Laplace operator, in
equation (4.34) one could consider an elliptic operator of the form —div(A(x)Vu) +
a(x)u, where A € L®(D, RVN*N)issuchthataly < A < Blyanda € L®(D,R™).
Theorem 4.6.7 remains true with the same hypotheses; this is a consequence of the
Mosco convergence of the Sobolev spaces. Nonhomogeneous boundary conditions
can obviously be reduced to homogeneous boundary conditions by changing the
right-hand side of the equation.
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Remark 4.10.3 Nonlinear operators. The nonlinear case was treated in [52], where
monotone operators similar to the p-Laplacian, of the form — div(A(x, Vu)) are
considered. All shape continuity results of Section 4.6 hold in similar classes of
domains: convex, uniform cone, flat cone, p-capacity density condition, p-uniform
Wiener criterion. Some extensions of these results can be found in [197].

Remark 4.10.4 Stronger convergence of solutions. If we limit ourselves to con-
sider only domains €2 such that for f € L°°(D) the solutions ug r are continuous
on D, the question of studying the uniform convergence of solutions under geometric
perturbations arises. We refer the interested reader to [13] (see also [104] and [105])
where this kind of problems are discussed.

Remark 4.10.5 Systems of equations. The case of elliptic systems, such as the elas-
ticity equations, is treated in [51]; the Stokes equation is discussed in [187]. New
difficulties appear when dealing with the convergence in the sense of Mosco of free
divergence spaces, mainly because for nonsmooth open sets €2 it may happen that

{u e [H) (1Y : divu = 0} # el (e € [C(1Y : divu = 0}.

Remark 4.10.6 Evolution equations. When studying the shape continuity of evo-
lution equations, it is common to try to prove the following type of result: if shape
continuity holds for the corresponding stationary equation, prove the shape continu-
ity for the evolution equation. For the heat equation we refer to the book by Attouch
[19], while for more general (degenerate) parabolic problems we refer to [184]. Hy-
perbolic equations were discussed by Toader in [190].
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Existence of Classical Solutions

Let A be a class of admissible open (or, if specified, quasi-open) subsets of the design
region D and F : A — [0, +00] be a functional such that F is y-lower semicon-
tinuous. Our purpose is to look for the existence of a minimizer for the following
problem.

(») min{F(Q) : |Q] <m, Q € A}.

We point out that the y-convergence on the family of all open (or quasi-open)
subsets of D is not compact if the dimension N is greater than 1; indeed several
shape optimization problems of the form (g¢) do not admit any solution, and the
introduction of a relaxed formulation is needed in order to describe the behavior of
minimizing sequences.

Even if in general problem (g¢) does not admit a solution, some particular cases
of existence results are available, provided that either the cost functional F is regular
in some sense or the family of admissible domains A is smaller. This is for example
the case when the cost functional F is monotone decreasing with respect to the set
inclusion or if we search the minimizer in a class of admissible domains on which
we impose some geometrical constraints.

5.1 Existence of optimal domains under geometrical constraints

In Chapter 4 we proved the continuity in the H¢ topology of the solution of (4.34)
in several classes of domains. In order to deduce that these classes are y-compact,
it would be sufficient to prove that they are closed in the H¢-topology and that the
Lebesgue measure is lower semicontinuous in the H°-topology. These below are
easy exercises which use the geometric properties of the H¢-convergence and of the
capacity.

Proposition 5.1.1 The following classes of domains (defined in Section 4.6) are y -

compact: Aconvex: Aunif cones Aunif flat cones -Acap density> Aunif Wieners in two di-
mensions the class A;.
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Exercise 1 Prove that if (£2,) is a sequence of convex sets converging in the H°-
topology to €2, then €2 is also convex.

Exercise 2 Prove that the classes of domains satisfying a uniform exterior cone or
flat cone condition are compact in the H“-topology.

Hint: Suppose that €, ﬁﬁ Q. For every x € 0%2 there exists a subsequence of
(€2;,) (still denoted by the same indices) and x,, € 9€2, such that x, — x. The
condition in x for 2 is satisfied by the cone obtained as the Hausdorff limit of the
sequence of cones corresponding to the points x, for €2,,.

Exercise 3 Prove that the classes of domains satisfying a density capacity condition
or a uniform Wiener criterion are compact in the H“-topology.

Hint: Prove that if €, > €, then

cap(Q° N By s, By 2) > limsup cap(2, N By s, By 1),

n—0o0

for every x € RN and every t > 0 (see the necessary and sufficient conditions for
the y-convergence in Section 4.8).

Exercise 4 Prove that if (K},) is a sequence of compact connected sets converging in
the Hausdorff topology to K, then K is also connected.

The direct methods of the calculus of variations and Proposition 5.1.1 give the
following.

Theorem 5.1.2 Let j : D x R x RY — R be a Carathéodory function. Then the
shape optimization problem

min[/ j g,y Vig ) dx : R € U
Q

has at least one solution for Uyq = Aconvex -Aunif cones -Aunif flat cones »Acap density>
Aunif Wiener» Al (for N = 2), respectively.

Remark 5.1.3 Let us consider again the optimization problem (4.3)
min{/ g —clPdx : —Aup=1inA, uy € HO‘(A)}.
D

We have seen in Section 4.2 that if ¢ is sufficiently small, no regular optimal solution
exists. The proof was obtained through a comparison argument between the cost of
a smooth set A and the cost of AU B,, where B, is a ball of radius ¢ disjoint from A.

Consider now the same shape optimization problem, in the case of dimension two
and with the additional constraint that admissible domains A only vary among simply
connected open subsets of D, or more precisely in the class O1(D), By Theorem
5.1.2 an optimal solution A,,; exists, even if the comparison argument between A,
and A,p; U B, (sometimes called fopological derivative) still works. As a conclusion
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we obtain that A,,, must be dense in D and, if c is small enough, different from the
whole D.

In particular, if D is a disk in R2, it is easy to see that Agpr cannot be radially
symmetric, which gives a new and interesting example of break of symmetry.

5.2 A general abstract result for monotone costs

In this section we present a general framework in which the minimization problem
of a monotone functional can be set.

Consider an ordered space (X, <) and a functional F : X — R. Suppose that X
is endowed with two convergences denoted by y and wy, the last convergence being
weaker than the first one and sequentially compact (it will be called weak gamma
convergence). Moreover suppose that the functional F is y lower semicontinuous.
The relation we assume between y and wy is the following one:

. wy . .
Assumption (A) For every x,, — x there exists a sequence of integers {ny} and a
sequence {yp, } in X such that y,, < x,, and yy, RS

The monotonicity of F becomes an important assumption because of the follow-
ing result.

Proposition 5.2.1 If F : X — R is monotone nondecreasing and y lower semicon-
tinuous, then F is wy lower semicontinuous.

Proof Let us consider x;, A x, and let {xnk} be a subsequence such that

lim F(x,,) = liminf F(x,).

k— 00 n— 00
Using assumption (A) above there exists a subsequence (which we still denote by
{xn, }) and y,, < x,, such that y,, X x.The y lower semicontinuity of F' gives

F(x) < liminf F(y,,)
k— o0

and the monotonicity of F gives F(y,, ) < F(xy,). Therefore
F(x) = lli{rggéf Fyn) < l,ifﬂigf F(xy,) = liminf F (x,)
which concludes the proof. u
Consider now another functional ® : X — R and the minimization problem
(5.1) min{F(x) : x € X, &(x) <0}.

Theorem 5.2.2 Let F be a nondecreasing y lower semicontinuous functional and
let ® be wy lower semicontinuous. Under the assumption (A) above, problem (5.1)
admits at least one solution.
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Proof The proof follows straightforwardly by the direct methods of the calculus of
variations, taking into account Proposition 5.2.1 and the fact that wy is supposed
sequentially compact. u

The general framework introduced above, even if quite trivial, applies very well
in the case of shape optimization problems, and we shall apply it also in the case of
obstacles. The main difficulty is to “identify” the wy-convergence, and to prove that
assumption (A) is fulfilled.

5.3 The weak ~-convergence for quasi-open domains

We use the general framework introduced in Section 5.2 for monotone functionals
and introduce the weak y -convergence for quasi-open sets.
Let us consider the admissible class

A ={A C D: A is quasi-open},

where D is a bounded open set. In the following definition we use the notation given
in (4.26).

Definition 5.3.1 We say that a sequence (Ay) of A weakly y-converges to A € A
if wa, converges weakly in HO1 (D) to a function w € HO1 (D) (that we may take
quasi-continuous) such that A = {w > 0}.

We point out that, in general, the function w in Definition 5.3.1 does not coin-
cide with wy4 (this happens only if A, y-converges to A). Moreover, if A, weakly
y-converges to A, then the Sobolev space H(} (A) contains all the weak limits of se-
quences of elements of HO1 (Ap). Indeed, by [66, Lemma 3.2], if u,, € H& (A,) con-
verge to u weakly in H(} (D), then u = 0 q.e. on {w = 0}, which gives u € H(} (A).
Finally, notice that since w has been taken quasi-continuous (see Section 4.1), the
set A = {w > 0} is always quasi-open.

Lemma 5.3.2 For every A € A we have cap {AA{wA > 0}} =0.

Proof Since wy = 0 qg.e. on D \ A, the inclusion {w4 > 0} € A q.e. is obvious.
In order to show the inclusion A C {w4 > 0} g.e., by using [92, Lemma 1.5] we
may find an increasing sequence (v,) of nonnegative functions in H(} (D) such that
supv, = 14 q.e.; moreover, by [102, Proposition 5.5] for every v, there exists a
sequence (¢, x) in C2°(D) such that ¢, w4 tends to v, strongly in Hé (D) and q.e.
too. Therefore, since ¢, ywa = 0 on {wa = 0}, we also have v, = 0q.e. on {wg =
0} andso 14 = 0 g.e. on {w4 = 0}, which shows the inclusion A € {wy > 0} q.e. ®

Proposition 5.3.3 If (A,) is a sequence in A which y-converges to A, then (Ay)
also weakly y -converges to A.
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Proof It follows from the definitions of y-convergence and weak y-convergence,
by using Lemma 5.3.2 u

Proposition 5.3.4 The weak y-convergence on A is sequentially compact.

Proof If (A,) is a sequence in A, by the boundedness of D we obtain that w4,
is bounded in H& (D); hence we may extract a subsequence weakly converging in
HO1 (D) to some function w. Defining A = {w > 0} we get that a subsequence of A,
weakly y-converges to A. u

Assumption (A) for the y and the wy convergences of quasi-open sets is contained
in the following lemma.

Lemma 5.3.5 Let (A,), A, B in A be such that A, weakly y-converge to A and
A C B. Then there exists a subsequence {Ap,} of (A,) and a sequence {By} in A
such that A,, < By and By y-converge to B.

Proof This is a consequence of Lemma 4.3.15. u
Proposition 5.3.6 The Lebesgue measure is weakly y-lower semicontinuous on A.
Proof If A, — A in the weak y-sense, we have wy, — w weakly HO1 (R2), with
A = {w > 0}, and for a subsequence the convergence is pointwise a.e. If x € A is
such that wa(x) > 0 and w4, (x) = w(x), then wu,(x) > O for n large enough,
which implies that x € A, for n large enough. Therefore, by Fatou’s lemma,

|A| < liminf |A,|,
n— 400

which concludes the proof. u

5.4 Examples of monotone costs
Theorem 5.4.1 Let F : A — R be a function which is y-lower semicontinuous

and monotone decreasing with respect to the set inclusion. Then the optimization
problem

min{F(A) : |[A| =m, A € A}
admits at least a solution in A.

Proof This is a consequence of Theorem 5.2.2 and Lemma 5.3.5. u
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Example 5.4.2 (Domains with minimal kth eigenvalue) Forevery A€ Alet 1;(A)
be the k'" eigenvalue of the Dirichlet Laplacian on H(} (A), with the convention
A (A) = +oo if cap(A) = 0. It is well known that the mappings A — Ar(A)
are decreasing with respect to set inclusion (see, e.g., Courant & Hilbert [89]). They
are moreover continuous with respect to y-convergence (see Chapter 6), so that The-
orem 5.4.1 applies and for every k € Nand 0 < ¢ < |D| we obtain that the minimum

min{Ax(A) : A € A, |A| = c}
is achieved. More generally, the minimum

min{®(A(A)) : A € A, |A] =c}

. . . —N —
is achieved, where A(A) denotes the sequence (Ak(A)) and the function ®: R — R
is lower semicontinuous and nondecreasing, in the sense that

M VEeEN = o) < I}ilminfcb()\h) ,
—>00
M= YkeN = Q) < d(u).
Example 5.4.3 (Domains with minimal capacity) Since cap(FE) is nondecreasing,
the mapping A — F(A) := cap(D \ A) is decreasing with respect to the set inclu-
sion. Since F is also y-continuous, as we may easily verify, Theorem 5.4.1 applies,

so that the minimum
min{F(A): A € A, |A| =c}

is achieved. If F (D) denotes the class of all quasi-closed subsets of D, we see im-
mediately that the problem

(5.2) min{cap(E) : E € F(D), |E| =k}

admits at least a solution Ey (it is enough to take ¢ = |D| — k in the previous
problem). Let us prove that

(5.3) cap(Eo) = min{cap(E) : E € D, |E| = k}.

For every subset E of D there exists a quasi-closed set E’ such that E C E’ and
cap(E) = cap(E’) (see, e.g., Fuglede [126, Section 2], or Dal Maso [94, Proposi-
tion 1.9]). If |[E| = k, then |E’| > k, so that there exists E” € F(D) with E” C E’
and |E”| = k. By (5.2) we have

cap(Eo) < cap(E") < cap(E’) = cap(E),
which proves (5.3).

Example 5.4.4 (Domains which minimize an integral functional) Letus take f €
H_I(D), with f > 0, and let g: D x R — R be a Borel function such that
g(x, -) is lower semicontinuous and decreasing on R for a.e. x € D, and g(x, s) >
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—a(x) — Bs? for a suitable function « € L' (D) and for a suitable constant 8 € R.
Forevery A € Aletuy = Rao(f) and let

F(A):/Dg(x,uA(x))dx.

Then F is lower semicontinuous with respect to y -convergence and, since f > 0, the
maximum principle and the monotonicity properties of g imply that F' is decreasing
with respect to set inclusion. Therefore, by Theorem 5.4.1 the minimum problem

min{/ g(x,uA(x)) dx A€ A, |Al = c}
D

admits at least a solution.

5.5 The problem of optimal partitions

In this section we fix an integer k and we consider shape cost functionals F : A¢ —
[0, +o0]; the optimization problems we deal with are of the form:

(5.4) min { F(A,...,Ax) : A € A, AinNAj =0fori # j}.

In the following a family {Ay, ..., Ax} of pairwise disjoint subsets of D will be
called a partition.

We say that F is y-lower semicontinuous if for all y-convergent sequences
A;’ — A; fori =1,...,k we have

(5.5) F(Ay, ..., Ay) < liminf F(A7, ..., AD).
n——+00

Analogously, we say that F is weakly y-lower semicontinuous if (5.5) holds for all
sequences A which weakly y-converge to A; fori =1, ..., k.

It is clear that, without imposing extra assumptions on the cost functional F, we
could not expect the existence of an optimal partition. In fact, even in the case k = 1,
we have seen in Sections 4.2 and 5.2 that the existence of an optimal domain may
fail and some monotonicity assumptions (or geometric constraints) are needed in or-
der to obtain unrelaxed solutions; otherwise, only relaxed solutions in some suitable
sense (see Section 4.3) can be obtained. Something similar happens for problems of
optimal partitions of the form (5.4).

In order to characterize the expression of the relaxed problem associated to (5.4)
we consider the case in which we have k sequences {A,ll}, {A’,‘,} of pairwise
disjoint quasi-open subsets of D. If we consider the associated Dirichlet measures
,uil = Op\ai>» i =1,...,k, of the class M(D) introduced in Chapter 4, from the
sequential compactness property of My(D) we deduce that, up to a subsequence,
there exist k measures u; € Mo(D),i = 1,...,k, such that Mi, y-converge to u;
foranyi =1,...,k.
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Our goal is to characterize all k-tuples (i1, ..., x) which are the y-limits of
14, = 0Oy ai » With A}, pairwise disjoint (we may call such a k-tuple an admissible
or an attainable one). If we denote by A, the set of finiteness of the measure u;
introduced in Section 4.3 we may prove (see [73]) the following result.

Theorem 5.5.1 A k-tuple (w1, ..., k) is admissible if and only if it satisfies the
following property:

(5.6) cap(Ay, NAu) =0,  Yi,j=1,....k i#j

In particular, if the property above holds, it is possible to find k sequences of pairwise
disjoint domains {A’ } such that the correspondlng Dirichlet measures !, = Op\ 4
y-converge to (; foranyi =1, ..., k.

Remark 5.5.2 By the theorem above, the limit measures w; are not “independent”.
For example, it will not be possible to get an attainable k-tuple formed by k measures
of the Lebesgue type on D.

A particular case of problem (5.4) occurs when we consider fi, ..., fi € L>(D)
and we take an integrand j : D x R¥ — R, satisfying the following conditions:

(i) the function j (-, s) is Lebesgue-measurable in D, for every s € R¥;
(ii) the function j (x, -) is continuous in RX forae.x € D;
(iii) there exist ag € L'(D) and ¢y € R such that, for a.e. x € D and for every

s € Rk,
|G, )] < ao(x) + cols|*.
For every k-tuple (uy, ..., ux) € L%(D)* we define
5.7 J(ul,...,uk)zf j(x,ul(x),...,uk(x))dx
D

If we denote by u’A the solution of the Dirichlet problem

(5.8) u'y € HE(A), —Au'y = f; in H7'(A)
we may then consider the cost functional

(5.9) F(AL ... A =Ty, ... uY).

From Theorem 5.5.1 and from the assumptions made on the integrand j we ob-
tain the following relaxation result.

Theorem 5.5.3 The relaxed form of the optimization problem (5.4) with a cost func-
tional F given by (5.9) is
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: 1 k . .
(5.10) mln{ Sy ooesuy) o M %:/.\/lo(D), . .
cap(Ay, ﬂA/LJ.) =0Vi,j=1,...,k, i # ]}
where “L are the solutions of the Dirichlet problems
(5.11) u, € H(D)N Ly, —Aul, + pul, = fi,

and the partial differential equation is intended in the sense seen in Chapter 4.
In particular, the relaxed optimization problem (5.10) admits an optimal solution

t t
W i,

Proof The functional J turns out to be continuous in the strong topology of L?(D);
therefore, the function (w1, ..., pux) = J(uy,, ..., uy,) is continuous on ./\/lo(D)k
with respect to the y-convergence and the conclusion of the theorem follows imme-
diately from Theorem 5.5.1. The existence of relaxed optimal solutions now fol-
lows by the sequential compactness of the class Moy(D) with respect to the y-
convergence. u

Similarly to what we did in Section 4.4 for the case k = 1, some necessary
conditions of optimality for the solutions of the relaxed optimization problem (5.10)
can be obtained. The methods used to prove these conditions are quite similar to
those used in Section 4.4 for the case of only one measure x.

Let us suppose that, in addition to the conditions above, the function j : D x
R — R satisfies:

(iv) the function j (x, -) is of class C! on R¥;
(v) the functions jy, (-, s) are Lebesgue-measurable on D for every s € R¥;

(vi) there exist a; € L%(D) and ¢; € R such that, for a.e. x € D and for every
s € RK

k
D lis 9| <arx) +eilsl.

i=1

From the assumptions above it follows immediately that the map J defined by (5.7)
is differentiable on LZ(D)¥ and its differential J’ can be written as

k
('@, v) =" fD Jsi (e, wyv; dx,
i=1

for any u, v € L>(D)*. Here, (-, -) denotes the duality pairing between L?(D)* and
its dual.

The necessary conditions of optimality we obtain are similar to the ones obtained
in Section 4.4 and are described in the theorem below. We recall that if ”iu solve the
state equations
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(5.12) ul, € Hy(D)N L3 —Aul, 4 i, = f;.

then the corresponding adjoint state equations are

(5.13) vl € Hy(D)NL. .,  —Av, + vl = jo (X ... ).

Notice that, since the measures {u;} satisfy the admissibility property of Theorem
5.5.1, then “/ vanish g.e. on D\ |, ; Ay,;. We also define in a way similar to the
one of Section 4.4 the measures v Ay, and the corresponding functions ¢; and ;.

Theorem 5.5.4 Consider f € L*(D)* and an integrand j : D x RF — R sat-
isfying the conditions (i)—(vi) above. Let (1, ..., k) be a solution of the relaxed
optimization problem (5.10) and let u), and v, be the solutions of problems (5.12)
and (5.13) respectively. Then, for everyl =1,...,kwe have

(a) uM v <0 gqg.e on Dy

(b) ul,, —0 wi-a.e. on D;

(c) f,(x)]sl.(x, 0,...,0) >0 forae x cint"(D\ Ay,);

(d) aifi =0 wva, -ae ond Ay \ (U 0*Ay;).

Remark 5.5.5 Assume that the original optimization problem (5.4) admits a solu-
tion (A1, ..., Ag) with A; of class C2. Then we have Wi = oop\4; and the condi-
tions (a)—(d) of Theorem 5.5.4 take the form

(@) ufé‘i vi‘i <0 g.e.onD;

(c/)fi(x)jyl(x 0,...,00>0 forae.xe D\ A;

i

u'y v
@) 5t - =0 H¥lae.ondA; \ (U 04));

while condition (b) is trivially satisfied in this case.

Similarly to what we have seen in the case k = 1 of shape optimization problems,
also in the case of optimal partitions problems a monotonicity assumption on the cost
functional leads to the existence of unrelaxed solutions in the original class AX.

Definition 5.5.6 We say that F : Ak - [0, +o00] is monotonically decreasing (in
the sense of the set inclusion) if for all (A, ..., Ay), (By,..., By) € AX such that
A; C Bjfori =1,...,kin the sense of capacity, i.e., cap(A; \ B;) = 0, then

F(Bi,...,By) < F(A1, ..., Ap).

We may formulate now our existence result for optimal partitions problems (see
[46]).

Theorem 5.5.7 Let F : AKX — [0, +00] be a weak y-lower semicontinuous shape
functional. Then the following optimization problem admits a solution:

(5.14) min{F(Al,...,Ak) : A€ A, cap(A;NAj) = o}.
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Proof Consider a minimizing sequence (A7, ..., A}),eN. Since the weak y-con-
vergence is sequentially compact, there exists a subsequence (still denoted with the
same indices) such that

Al — A; (i=1,...,k in the weak y-sense.

Since F' is weakly y-lower semicontinuous we have

F(Aq, ..., Ay) < liminf F(AY, ..., A}).
n——+00
It remains only to prove that (Aq, ..., Ay) satisfies the constraint, that is cap(A; N

Aj) = Ofori # j. We have that war - war = 0 a.e. on D and Wan —> W

strongly in LZ?. Therefore, w; - w; = 0 ae. on D. Since w; and w; are quasi-
continuous functions, their product w; - w; is quasi-continuous too. Following [137]
a quasi-continuous function which vanishes almost everywhere on an open set van-
ishes quasi-everywhere. So w; - w; = 0 q.e. on D and so cap(A; N Aj) = 0. u

Corollary 5.5.8 If F : AX — [0, +00] is monotonically decreasing and y-lower
semicontinuous, then the original optimization problem (5.14) admits a solution.

As an example, we may consider a cost functional J of the form
J(A1, o A = ¢(hj (A, - A (AD)

where A ;(A) are the eigenvalues of the Laplace operator —A on HOl (A), j1,- s Jk
are given positive integers, and ¢ (1, ..., tx) is lower semicontinuous and nonde-
creasing in each variable. Then J fulfills all the assumptions of Corollary 5.5.8, so
that the minimization problem

min [J(Al, L AD  Are A cap(A;NAj) = 0]
has a solution. For instance this is the case of problem

min{)q(m) FA(A2) : Ay As € A, cap(A; N Ay) = 0}.

Using the wy-ls.c. of the Lebesgue measure, we obtain existence results for
shape optimization problems like

min {J(4) + 4] : A e A}
with J : A — [0, +00] weakly y-semicontinuous, or more generally for
min[J(A, A]) : Ae A}

with J : A x R — [0, +00] lower semicontinuous with respect to the {weak y} x
{Euclidean}-convergence and nondecreasing in the second variable.
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5.6 Optimal obstacles

Only to simplify the comprehension of the topic, we discuss the obstacle problem in
the linear setting. Nevertheless, we point out the fact that all results we present here
hold for obstacle problems associated to p-Laplacian operators (see [47]).

We consider a bounded open set D of RN (for N > 2), a function ¢ € HO1 (D),
the family of admissible obstacles

Xy(D)={g:D— R:g <, g quasiupper semicontinuous},

and a cost functional F : Xy (D) — R which is monotone nondecreasing, i.e., for
all g1, 82 € Xy (D) with g1 < g» we have F(g1) < F(g2). Suppose that F is
lower semicontinuous for the I'-convergence of obstacle energy functionals (see the
definition of the energy in relation (5.16) below).

The result we are going to prove is the following (see [47], for the nonlinear
version of this theorem).

Theorem 5.6.1 Under the assumptions above, for any constant ¢ € R, the problem

(5.15) min{F(g) : g € Xy (D), / gdx = c}
D

admits a solution.

In order to prove Theorem 5.6.1, we use the general framework of monotone
functionals introduced in Section 5.2. Consequently we have to specify the y and
wy-convergences and study their properties.

For a quasi-upper semicontinuous function g : D — R we define the set

Ke={ueHy(D):u>g qe.)}

so that, for every & € L?(D) the solution of the obstacle problem associated to 4 and
g is given by minimizing the associated energy

1
(5.16) min{/ —|Vu|2dx—f hudx :u € K.
D2 D

The choice of obstacles as quasi-upper semicontinuous functions is natural, since
one can replace an arbitrary obstacle by a suitable upper quasi semicontinuous one
(see [22], [93]) such that the solution of problem (5.15) does not change.

For some fixed 4 the study of the solution of problem (5.16) when the obstacle
g varies is done by the classical tool of the I'-convergence related to the energy
functional (see [22], [98]).

If (g,) is a sequence of admissible obstacles and if {K,} converges in the sense
of Mosco to K in HO1 (D), then it easy to see that the solutions u,, of problem (5.16)
associated to g, converge weakly in H(} (D) to the solution of (5.16) corresponding
to g. It is also well known that the Mosco convergence of the convex sets K, to K,
is equivalent to the I"-convergence of the energy functionals associated to g, and g.
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Definition 5.6.2 It is said that a sequence (g,) of obstacles y,-converges to an ob-
stacle g if the sequence of convex sets (Kg,) converges to the convex set K, in the
sense of Mosco.

In order to use the abstract framework of Section 5.2 we have to introduce a
second convergence wy, on the class of admissible obstacles, and to prove that as-
sumption (A) is fulfilled. The definition of the wy,-convergence for the obstacles will
be given by means of the wy-convergence of the level sets introduced in Definition
5.3.1.

Definition 5.6.3 We say that a sequence of obstacles (g,),eN weak y,-converges to

. wy, . .
g (and we write g, — g) if there exists a dense set T C R such that

wy
{gn <t} —~{g<t} VteT.

The relation between the y,-limit and the wy,-one, is not so simple to establish. Nev-
ertheless, the y,-convergence of obstacles is stronger than the wy,-convergence (see
Proposition 5.6.7 below), and the wy,-convergence is sequentially compact. More-
over, assumption (A) of the general framework is satisfied for the pair of topologies
(Y0, W¥o) and the classical order relation between functions in Xy (D). Indeed, we
split the proof into the following steps.

Step 1. Sequential compactness of the w~,-convergence. For every sequence
(gn)nen of elements of Xy (D) there exist a subsequence {g,,} and an obstacle

g € Xy (D) such that g, e g.

Step 2. Assumption (A) for obstacles. Consider a sequence of obstacles (g,),eN €
Xy (D) such that g, e g. There exist a subsequence (g, )« and a sequence (f)k
with f; < gn, such that f,, 2% g.

Step 3. Lower semicontinuity of the constraint. Let g,, ¢ € Xy (D), such that

WYo

gn — g.Then

/ gdx > limsup/ gndx.
D n— oo D

Assuming Steps 1,2 and 3 we can give the proof of the main result.

Proof of Theorem 5.6.1. Consider a minimizing sequence (g,),cN of admissible
obstacles. According to Step 1. we may extract a subsequence (still denoted for sim-
plicity by the same indices) which wy,-converges to some obstacle g in the sense of
Definition 5.6.3. Since assumption (A) is fulfilled, by Proposition 5.2.1 we deduce

F(g) < liminf F(gy),
n— 00
and by Step 3 on the upper semicontinuity of the constraint, we have | p&dx > c.

If [, p &dx = c, then the obstacle g is admissible and gives the minimum we are
looking for. If || p &dx > c, then the new obstacle g defined by
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- 1
F) = g(x) — H(/ngdy —o)

is admissible (i.e., § € Xy (D) and [, gdx = ¢) and using the monotonicity of F
we get F(g) < F(g), which shows that g is optimal. u

In order to prove Steps 1, 2 and 3 we begin by the following result which is a very
useful characterization of the y,-convergence of a sequence of obstacles in terms of
the behavior of the level sets.

Lemma 5.6.4 Let g,, g € Xy (D). Then g, ¥ g if and only if there exists a family
T C R such that R\ T is at most countable and

len <t} D {g <t} VieT.

Proof Following [93], if g, and g are quasi-upper semicontinuous functions from
D into R, a necessary and sufficient condition for having

K, #0 and gnﬁig

is that the following assertions hold:

1. there exists T C]0, +oo[ with 0 € T such that for everyt eT,
lim cap({g, > t}) = cap({g > t});
n—oo

2. there exist a dense set 7 € R and a family B of subsets of D such that for every
t € T,and every B € 15,

lim cap({g, >t} N B) = cap({g > t} N B);
n— oo

the family B can be chosen dense in the sense of [94];

+00
3. lim limsup/ cap({gn > s})(s —t)ds = 0;
t

t—00 n— 00

t
4. lim limsup/ cap({gn > s})sds = 0.
0

t—-0 p—oo

Following this result, if g, ¥ g, there exists a dense set T C R with R \ T at most
countable, and a countable dense family 5 of subsets of D such that

lim cap((g, > 1} N B) = cap((g > 1} N B)

forevery t € T and every B € B.
At this point, we observe that for every B C D and for every function g quasi-
upper semicontinuous there exists an at most countable set 7' (B) in R such that

cap({g >t} N B) =cap({g =t} N B) Vt e R\ T(B).
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Indeed, set for all t € R,
U={g>t}nB, U ={g>t}nB.
We have U; C (7,, from which it follows that

(5.17) cap(Uy) < cap(U;) Vi e R.

The function ¢ +— cap(f],) is decreasing in ¢, so it is continuous on N = R \ 7(B),
with T (B) C R at most countable. Let us fix T € N. Foreach ¢ € R such that 7 < t,
we have cap(U;) > cap(U;). Making t — t we have

(5.18) cap(U;) > cap(U;)  Vr € N.

Now from (5.17) and (5.18) we deduce cap(U,) = Cap(l?r).
Using this fact, for any By € I3 and for any n € N the family of # € R such that

cap({gn > t} N By) # cap({gn = £} N By)

is at most countable. Therefore, eliminating all + € T for all k, n € N such that the
previous relation holds, one can find a set 7’ such that R \ 7’ is at most countable
and such that

Jim cap({gn = 7} N B) = cap({g = 1} N B)

for every r € T’ and every B € B. Using relation (4.55) we have that for all t € T’
{gn <1} RA {g < 1}. Since T" is dense in R we conclude the proof of the necessity.

Suppose now that for a dense family 7 C R we have {g, < t} RA {g < t}. We
prove that conditions 1), 2), 3), 4) above are satisfied. From the fact that g,,, g < ¥
conditions 3) and 4) are satisfied. Following relation (4.55) condition 2) is also
satisfied, by eliminating again an at most countable family of t+ € R such that
cap({gn > t} N By) # cap({g, > t} N Bg). It remains to prove 1).

Let us fix some ¢ > 0 and set K; = {¢ > t} which is a quasi-closed subset of D.
Since g, < ¥ we get

Cap({gn >tNKy) = Cap({gn > 1.

The ideais to find a set B € B “between” K; and D; this is not immediately possible
since K/ is not closed but only quasi-closed. Nevertheless, for any ¢ > 0 there exists
aclosed set K, € K; such that cap(K; \ K;) < . Then

|cap({gn > t} N K;) —cap({gn > t} N K¢)| < cap(K; \ K¢) < &.
Choosing a set B € B such that K, € B C D and for which

cap({g, > t} N B) — cap({g > t} N B),



136 5 Existence of Classical Solutions

we have
|cap({g > r}) — cap({gn > t})|

= |cap({g > t} N K;) — cap({gn > 1} N K}

< |cap({g > t} N K;) — cap({g > t} N B)|
+|cap({g > t} N B) —cap({gx > t} N B)|
+|cap({gn > 1t} N K;) — cap({gx > t} N B)|.

The first and the last term of the right-hand side are less than ¢ by the choice of B,
and the middle term vanishes as n — oo. Hence we get

lim cap({g, > 1} = cap({g > 1}).
n——+o00
Therefore, condition 1) of the lemma also holds, and so the proof is concluded. ®

Remark 5.6.5 The family 7 in Lemma 5.6.4 can be simply replaced by a a dense set

in R. Indeed, let g,,, g € Xy (D). Then g, R4 g if and only if there exists a countable
dense family 7y C R such that

(5.19) (gn <t} D> {g <t} VteT.

The necessity is like in the first step of Lemma 5.6.4. Conversely, suppose that (5.19)
holds for a set 7y € R countable and dense. We prove that (5.19) holds fort € T

where R \ T is at most countable (which implies, by Lemma 5.6.4, that g, REY 2).
For every 1 € R, possibly passing to subsequences, we have wyg, <} — U

weakly in HOI(D) for a suitable function u;. It will be enough to prove that u; =
W(g<s) UP to an at most countable set. By assumption, 7y is dense in R and so we can
find 11, 1 € 7y with#; <t < tr. Then

(5.20) Wig<t} < Ur < Wig<p)-
Let us define
A,:{g<t} forany €7y, t<t,
B,:{g<r} forany v €7y, tv>t.

The sets A; and B; are quasi-open and we have that {Af}r Tor<t is nondecreas-

ing and {Br }T Tt is decreasing with respect to the set inclusion. Now, from the
theory of the y—con;/ergence (see [94], [145]), we have
(5.21) AcS | Ac=4A as T

€Ty, t<t

and

(5.22) W(g<s} = SUP {w{g<r} el < t}.
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One has to pay attention to the fact that an arbitrary union of quasi-open sets is
not generally quasi-open. In this case, the monotonicity plays an essential role. In
fact any nondecreasing sequence of quasi-open sets is y-convergent to their union.
Moreover

(5.23) lg<t}cB:. Vel t=>1,
so that
(5.24) Wig<t} = Wg<r} Vel t>t,

from which it follows that

(5.25) Wig<r} < inf{w{gq} rtedy, T> t}.
Now from (5.20), ... ,(5.25) we have

(5.26) Wig<t) = sup {wig<ry: T € T, T < 1}

<u; < inf{wgery it €T, T =1}

Let us consider the mapping ¢ + [|w(g<s} |l 12(py Which is nondecreasing, and hence
it has an at most countable set of points of discontinuity. If ¢ is a point where this
mapping is continuous we have

sup{w{gq} tedy, T< t} = inf{w{gq} rtedy, 1> t}
and so from (5.26) we have u; = w(g), which concludes the proof.

Proposition 5.6.6 Let g, g € Xy (D). The following conditions are equivalent:

(i) there exists a dense family T € R such that {g, < t} ¢ {g <t}forallt € T;

(ii) there exists an at most countable family N € R such that {g, < t} o {g <1}
forallt e R\ N.

Proof If (ii) is true, obviously (i) follows. Conversely, let us suppose that (i) is true.
For all s € 7 we have w(g, <;; — w, weakly in HO1 (D), {ws > 0} = {g < s} and,
from the upper semicontinuity of g, for all € R,

g<n= J tg<sh

seT ,s<t

We define for any t € R w, := sup ws. From the monotonicity of the mapping
se€T ,s<t
s — w;y the definition above is consistent and we have

w>0= J tws>0= [J lg<st=1lg <1}

seT ,s<t seT ,s<t
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From the boundedness of wy,, <}, possibly passing to a subsequence still denoted by
the same indices, we have
w{gn <t} — U

It is sufficient to prove that there exists an at most countable set N such that u;(x) =
w;(x) g.e. forr € R\ N. We observe that, by monotonicity, for every s € 7 with
s <t we have

(5.27) Wigy<s} = Wigy<t}>

so passing to the limit in (5.27) as n — 400 we obtain
wy < Uy VseT,s <t,

from which

(5.28) Uy > Sup ws = wy.
seT ,s<t

On the other hand, again by the monotonicity, we also have

u; < wy VseT, s>t,
from which
(5.29) u; < inf  wy.
seT s>t

Now, denoting by w; the right-hand side of (5.29), for t € R\ N, with N at most
countable, we have w, = w, since the mapping 7 - [|w; || ;2(p) is monotone nonde-
creasing and it only has at most countable points of discontinuity. So we obtain from
(5.28) and (5.29) that u; = w, for every t € R\ N which ends the proof. u

Proposition 5.6.7 Suppose that g, REY g. Then g, 2 g

Proof Itis an immediate consequence of Lemma 5.6.4 and Definition 5.6.3. u

Proof of Step 1. Consider an enumeration {r{, 2, ...} of the set Q of rational num-
bers. For the level r| there exists a subsequence of (g;,),cN (still denoted by the
same indices) such that wyg, <;}—w,, weakly in HO1 (D). For the level r, there ex-
ists a subsequence of the previous one such that wyg, <y,)—w,, weakly in Hol(D).
In such a way for any rx € QQ one can extract a subsequence (of the sequence estab-
lished for r;_1) such that wyg, <.} —wy, weakly in H(} (D). By a diagonal procedure
we can choose an element of the first sequence such that

lwig, <r) — wrllz2py < 1,

then a second element of the second sequence such that
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1

1
||w{g,,2<r1} — Wy, ||L2(D) < 5 and ||w{g,,2<r2} - wr2||L2(D) < 57

and continuing this procedure, one constructs a subsequence (g, ); such that

LX(D
Vk e N Wig,. <re} P wy, as I — oo.

This means exactly that for all r € Q,

wy
{gn; <t} = {w; >0} for i — oo.
We define then the limit obstacle through its level sets
(5.30) {g <t} ={w; >0} forall teQ.

If t1,p € Q with t; < 1, then obviously {g < 1} C {g < £2}. The function g is
defined by

gx)=inf{re Q:x e {g <1t}}.
Hence for every t € R\ Q we have
(5.31) g<n= U tg=s
seQ,s<t
One can see that:
(1) g is correctly defined.

(i1) g is quasi-upper semicontinuous, because its level sets {g < ¢} are quasi-open,
being by definition, countable unions of quasi-open sets (see (5.30) and (5.31)).

(ili)g € Xy (D), because {yy <t} D {g < t} forevery ¢ € R. Indeed, let us consider
first the case t € Q. By assumption we have g,, < v, for all i, hence

(¥ <t} D {gn <1} Vi e N,

from which
Wig,, <t} = Wiy <r}-

Passing to the limit as i — +o00, we get

Wy < Wy <t}

so that
{w{¢<,} > O} ={y <t} D {w; >0} ={g <t}.
Fix now r € R\ Q. We have
g<tt= |J te<sic | w<sictyw<n
s<t,s€Q s<t,5€Q

which shows that g € Xy (D).
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. wy, . .
It remains to prove that g, — g, or equivalently, that there exists a dense set 7 C R
such that

Wi, <ty = wr, {w >0} ={g <1}, VieT.
If t € Q the above facts are true by the definition of g, which concludes the proof. ®

In order to prove assumption (A) for the wy, and y,-convergences, we give a
technical result for domains, necessary for the construction of the y,-convergent se-
quence deriving from the wy,-convergent one.

Proof of Step 2. This will be obtained in two steps. We first consider the particular
case of obstacles whose ranges are in a finite set. Let us consider the numbers

—o=h<h<--<l
and the special family of obstacles
Ally, ... 1 ={ge Xy(D) : gx) efly,.... I}

‘We construct the sets

A1(@) ={g <h}, Ag={g<B}, ..., A 1(® =1{g <y}

which are quasi-open and such that Ay € Ay € --- € A,_1. Consider now a
sequence (g,)nen € All1, ..., 1;] which weakly y,-converges to a function g. To
every function g, we associate as before the sets A1(gy), ..., Ag—1(gs) and, using
the compactness of the weak y-convergence for sets, we can write (for a subsequence
still denoted by the same indices)

wy .
Ai(gn) — A; Vi=1,...,qg—1.
By the definition of the weak y,-convergence we have
g=10 on Ay, g=Il on A\ Ay, ..., g=Il; on D\(A;U---UA,;_1).

Moreover, g is quasi-upper semicontinuous and g < . For this last inequality it is
sufficient to prove for any i = 2, ..., g that {g < [;} € {¢ < [;}. This follows from
the fact that {g, < /;} € {¢ < [;} and from the properties of the weak y -convergence
of sets.

We construct now the sequence f;, of admissible obstacles such that f;, R4 g with
fn < gn. Using Lemma 4.3.15 for subsequences (still denoted by the same indices)

there exist sets G? 2 A;(gn) such that G} S A;. For fixed n, the sets G'l', ol GZ_I
are not ordered. Therefore one applies Proposition 4.5.6 and considers

G =G'1’ﬂG’§ﬂ--~ﬂGZ_l,
Gy =GyNGEN---NGy_y,

~n _(n
Gr_ =GI_,.
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Then C:"l' C ég c... C GZ—I and G:’ RA A;. Moreover, él” D A;(gn). We define

now the obstacle f,, by means of G", ..., GZ_I in the following way: f,, = [ on
é'l‘, fn=Dhon ég \G", ..., fn= I;on D\ Gg_l. We get that f, is quasi-upper

semicontinuous, f, < g, and f;, 2 g
In a second step of the proof, a general obstacle is approached by obstacles with
a finite range. We define for any k € N the family of levels

Ri={l1,...,kx} U—00

where (I;)x is a dense set in R with the property that the weak y-convergence holds
on levels ;. We have Ry, € Ry, if k1 < ky. Setnow R = UkeN Ri.

For some obstacle g € Xy (D) we define the truncation on Ry of g in the fol-
lowing way:

Ti(g)(x) = sup{l € Ry : g(x) = I}.

Obviously Tx(g) € A[Rx] and Ti(g) < g. Moreover, if [ € Ry, then for all ¥’ > k
we have

{Tv(®) <} ={g <1}.

As in the first step, for k = 1 there exists a subsequence, still denoted by the same
indices, such that

wy()
T1(gn) — T1(g);

Yo

we consider a subsequence and a sequence fn1 < Ti(gn) with fnl — Ti(g). For
k = 2 there exists (as in step one) a subsequence such that

WYo
Tr(gn) — Ta(9),

and again, we consider a subsequence and a sequence fn2 < T»(gy) with fn2 R4
T>(g). We continue this procedure for any k € N and we choose a diagonal sequence
( f,fk)k with the property that d,, ( f,f‘k, Ti(g)) < 1/k. Here by d, one denotes the
distance which generates the same topology of the y,-convergence (see [91] for the
metrizability of the y,-convergence). On the other hand, using Lemma 5.6.4 we have
Tv(g) % g and therefore we have found a subsequence ( f,f‘k)k which satisfies the
desired properties. u

Since assumption (A) is fulfilled, the general framework presented in Section
5.2 and in particular Theorem 5.2.2 could be applied. Nevertheless, in the case of
obstacles the integral constraint plays a very important role.

Proof of Step 3. Let g,, g € Xy (D), with g, e g. Then

(5.32) g(x) > limsup g,(x) fora.e. x € D.

n—0o0
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Indeed, consider some x € D and / € R with g(x) < [. From the weak y,-
convergence, there exists some !’ between g(x) and [, such that

wy
{gn <1} > {g <!l

then 1, .y < liminf 1, _;;y, where we denote by 1¢ the function such that 1¢ (x) =
n—o0

1if x € C and and 1¢(x) = O otherwise. In particular, this means that g,(x) < I’
for n large enough, that is

limsup g, (x) < /.
n— o0

Since [ was arbitrary, and g(x) < [’ <[ we get (5.32).
The conclusion now follows by Fatou’s lemma. u

Remark 5.6.8 The nonlinear frame. All the results of Section 5.6 hold in the non-
linear frame, i.e., for energy functionals associated to the p-Laplacian, into Wé P
spaces. In this case, the yy and wy, convergences are defined with the help of the
¥p-convergence of p-quasi open sets. We refer to [47] for a detailed description of
the problem.

Remark 5.6.9 Bilateral obstacles. By analogy, the previous results can be extended
to the bilateral obstacle problem. In order to consider bilateral problems, we define
the family

Xy(D)={g: D — R: g quasi-ls.c. g > ¥}
with ¢ fixed in WOl P (D); the associated convex sets are
- 1.
Ke={ueWy"(D):u<g pqel.

In this case, the y,-convergence, respectively wy,-convergence, are defined as in
Definitions 5.6.2 and 5.6.3 (naturally extended in Wol‘p ) by using the upper level
sets: {g > t}. We denote them by y,, respectively wy,.
Then a nonlinear version of Theorem 5.6.1 can be formulated, under the assump-

tions:

1. F is lower semicontinuous with respect to the y,-convergence;

2. F is monotone decreasing with respect to the usual order of functions.
We can now consider the case of bilateral problems. Fix first a function ¥ €
WO1 P (D); the admissible set is now

Yy(D) ={(g1.82) 1 g1 : D > R.i = 1,2,
g1 p-quasi-u.s.c., g2 p-quasi-l.s.c., g1 < ¥ < g»}.

We define
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L,
Kgigo ={uecW, P(D):g1 <u<g pqel}
and consider a functional F : Yy (D) — R. Then Theorem 5.6.1 still holds under
the assumptions:

1. F(-, ) is lower semicontinuous with respect to the (y,, y,)-convergence;
2. F (-, -) is monotone nondecreasing with respect to the first variable and decreas-
ing with respect to the second one.

In this case, the constraint is of the form

/gldx:c, /ggdx:é,
D D

Remark 5.6.10 Nonlinear shape optimization problems. The shape optimization
problem solved in Section 5.3 for p = 2 can be deduced as a particular case of the
result mentioned in Remark 5.6.9. It follows by considering the family of obstacles
that

with, of course, ¢ < ¢.

OD) ={(g1,82): g1 =—00-1a, g2 =+00-14, AC D, A p-quasi-open].

It is sufficient to see that the family O(D) is closed with respect to the p-(wy,, wy,)-
convergence. In fact, a bilateral obstacle (—oo - 14, 400 - 14) is identified with the
quasi-open set A. In this case, the bilateral obstacle problem becomes a Dirichlet
problem with homogeneous boundary condition associated to the p-Laplacian on
the quasi-open set A.
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Optimization Problems for Functions of Eigenvalues

6.1 Stability of eigenvalues under geometric domain perturbation

For the convenience of the reader, we start by recalling some basic facts about eigen-
values of operators in Hilbert spaces. For simplicity, we limit ourselves to consider a
Hilbert space H and a linear operator

R:H—H

which is compact, self-adjoint and nonnegative. Further details, as well as the analy-
sis of more general situations, can be found in [112].

Under the previous hypotheses, the spectrum of R consists only of eigenvalues,
which can be ordered (counting their multiplicities) as

0<- =App1(R) = Ap(R) =--- = A (R).
For every integer n > 0, the eigenvalue A, 11(R) is given by the formula

An41(R) = min max R
" ) ¢1 ----- ¢nEH 1l =1 | ¢|s
@9 == 9. 0m) =0

where | - | is the norm and (-, -) the scalar product of H.

Theorem 6.1.1 (Courant-Fischer) For every n > 1 the following equality holds:

Ay(R) = max min |R¢|,
EeS, ¢€E,|¢p|=1

where S, denotes the family of all subspaces of H of dimension n.

Theorem 6.1.2 (Rayleigh min-max formula) For everyn > 0 the following equal-
ity holds:
R )
Ap+1(R) = min (R¢ ¢).

max | |2
nneH 6l =1
P1rtn @ ) == dn) =0 ¢
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We recall the following general results from [112, Corollaries XI.9.3 and X1.9.4].

Theorem 6.1.3 Let Ry, Ry be compact, self-adjoint and nonnegative operators on
H. For every m,n > 1 we have

L. Apin—1(R1 + R2) < Ap(R1) + Ap(R2),

2. Am+n71(R1R2) < An(R)A(Rp),

3. [An(R1) — Ap(R2)| = |R1 — Raloemy-

In Theorem 6.1.3, by |R|z(z) we denoted the usual operator norm

|R|z(Hy = sup{|Re| : |¢] < 1}.

We are interested in the study of optimization problems for functions of eigenval-
ues of some elliptic operators. Consider a measure 1 belonging to the space Mo (R")
introduced in Chapter 4, and assume that the Lebesgue measure of its regular set A,
(i.e., the union of all finely open sets of finite p-measure, see Section 4.3) is finite.
We define the resolvent operator associated to p in the following way:

Ry : L*RY) — L*RY), R, (f)=u

where u is the solution of

: —Au+ pu = f,
6.1)

ue H'®RY)NLLRY)

in the sense defined in Chapter 4.

Since |A,| < +o00, then HO1 (A,) is compactly embedded in LZ(AM) (see [194]).
Consequently, R, is well defined, compact, nonnegative and self-adjoint. Notice that
we implicitly identify Ry, with Pr2(4,) 0 Ry © Ppaa,), Where Ppagy )0 L2(RY) —
L*(A ) is the orthogonal projector.

We define the eigenvalues A; associated to the measure w as the eigenvalues of
the elliptic operator —A + w1 (in the sense of equation (6.1)), by setting

Ak(u) = ARy’

and we obtain the following sequence (as soon as R, # 0)
0<ari(u) = =) < A1) < -+ - —> +o00.
For every n > 1 there exists u € H'®RY)n L;24 RM) \ {0} such that
—Au+ pu = Ay (u,

in the sense defined in Chapter 4. Moreover, the Rayleigh formula can be used, and
we obtain
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/ |V¢|2dx+/ ¢*du
RN RN

M) = max min
G1.u—1€L2(AL) b eL?(Ap)\ (0} 2
foree ] M b = =y =0 ¢-dx
RN
2 2
/ Vo] dx+/ ¢*du
. N N
— min max & R .

EeS, ¢eE\{0} ¢2dx
RN

Here (-, -) is the scalar product in L>(RV) and S,, denotes the family of subspaces of

H!®RM) N Lﬁ(RN ), of dimension 7.

Remark 6.1.4 If A is an open (or quasi-open) set of finite Lebesgue measure in RY,
considering the measure = oogw\ 4, we have

An(p) = An(A),

where A, (A) is the usual n-th eigenvalue (counted with its multiplicity) of the
Dirichlet-Laplacian on A.

Proposition 6.1.5 Let j11, uo € Mo(R") with |[A,, ], 1A, | < +oo. If p < uo in
the usual sense of measures, then for everyn > 1, A, (1) < Ay (u2).

Proof It is a direct consequence of the Rayleigh formula. u

Corollary 6.1.6 Let Aj, Ay be two open (or quasi-open) sets of finite Lebesgue mea-
sure. If Ay C Ay, then for everyn > 1, 1,(A1) < A, (A2).

Proof It follows from Proposition 6.1.5 by noticing thatif A; € Ay, then cogny 4, <
OORN \As- ]

Notice, that in Corollary 6.1.6, it is enough that the inclusion A € A holds up
to a set of zero capacity.
Let us now fix a bounded open design region D € RV,

Proposition 6.1.7 Let u, € Mo(D), and u, AN . Then

IRy, — RM'L(LZ(D)) — 0.

Proof Let
IRy, — RM'E(LZ(D)) = Ry, fn — Rufn|L2(D)’
where | fulp2(py = 1.

By weak compactness, we get that f, — f weakly in L?(D). It is clear
that R, f, — R, f weakly in HS(D), since R, is continuous on L%*(D) and
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IRy ful HL(D) < C, where the constant C depends only on the measure of D. Conse-
quently, R,, f, — R, f strongly in L*(D).

On the other hand, note that R, f, — R, f weakly in HO1 (D). It is enough
to observe that R, f, — R, f weakly in L?(D); this is a consequence of the y-

convergence and the fact that R, and R, are self-adjoint. Indeed, for every ¢ €
L?(D), we have

(Run fn» ¢)L2(D) = (fn» R;L,,(P)LZ(D) - (f’ RM¢)L2(D) = (Rufv ¢)L2(D)-
Therefore R, f, — R, f strongly in L?(D) and we get that

IRy, fn — Rufulz2pyy = 0

as required. ]

Corollary 6.1.8 Let u, € Moy(D), and [y AN u. Then, for every k > 1,
M (n) = Ak () and the following uniform estimate holds:

1 1
—— — —— | <Ry, — Rulz2(py-
M) Ar(g) Hn T THILELADY)

Proof We apply Theorem 6.1.3 and Proposition 6.1.7 to R, and R,,. u

Remark 6.1.9 Let A, be a sequence of uniformly bounded open sets such that

An i) A. If all A, belong to one of the classes introduced in Section 4.5, i.e.,
Aconvex Aunif cones Aunif flat cone> Acap density> Aunif Wiener OF, in two dimensions
of space, the number of connected components of R\ A,, is uniformly bounded, then
for every k > 1 we have A(A,) — Ax(A) and the uniform estimate of Corollary
6.1.8 holds. Indeed, in these cases the measures j1, = OOgn\ 4, ¥-converge to the
measure (L = OORN\ 4, as seen in Chapter 4.

Remark 6.1.10 Let A, be a sequence of uniformly bounded open (or quasi-open)
sets and A another open (or quasi-open) set.
If the first Mosco condition M1 holds (see the definition in Chapter 4), then for
every k > 1,
limsup Ak (Ay) < Ax(A).

n—o0

If the second Mosco condition M2 holds, then for every k > 1,

liminf Ax (Ay) > Ak(A).
n—>oo

For open sets, if A, i& A, then the first Mosco condition holds without any
further assumption on the sequence (A;),. In other words, the eigenvalues Ag(-)
are upper semicontinuous with respect to the Hausdorff complementary conver-
gence HC.



6.2 Setting the optimization problem 149

Remark 6.1.11 If the design region D is unbounded, for example D = R", Propo-
sition 6.1.7 fails to be true. The y-convergence of measures implies only pointwise
convergence of the resolvent operators and, in general, no convergence of eigenval-
ues. For example, take the sequence of open sets A,, = B(xy, 1) where |x;,| — +o00.
Then R4, converges pointwise to 0, while the eigenvalues of A, do not change
with n. We refer to Section 6.5 of this chapter for a detailed discussion of the case
D =RN.

Remark 6.1.12 To conclude this section, we recall that finer behavior of the eigen-
values can be observed as soon as the variation of the domain is more particular. For
example, if A is smooth and A; is the deformation of A by a smooth vector field V,
ie., A; = (Id +tV)A, one gets even differentiability of the mapping ¢ — Ax(A;),
provided that A, (A) is simple. We refer the reader to [85], [140], [186].

Moreover, the asymptotic behaviour of A;(A.) as ¢ — 0 can be obtained in the
case A, = A\§(x0, ), provided that A (A) is simple, and xg € A (see [174], [175]).

6.2 Setting the optimization problem

Minimization problems for eigenvalues are not new in the literature; since the first
result by Krahn [150], [151] and Faber [119] concerning the minimality of a disk
in R? for the first eigenvalue of the Laplace operator —A with Dirichlet boundary
conditions, among domains with equal area, many other results have been obtained.

Denoting by B; the ball of measure ¢, and by B; the union of two disjoint balls of
measure c/2, for every bounded open set 2 of measure ¢ the following inequalities
hold:

A1(2) > X1(B1) (proved by Faber [119] and Krahn [150], [151]);
M (2) = Xo(By) = A1(B2)  (werefer to Krahn [151]; see also [177] for a proof
by P. Szego);

e A(By)/A1(B1) = A2(R2)/A1(R2) = 1  (proved by Ashbaugh and Benguria
[17D);

Notice that by density arguments and y-continuity properties, in the previous
inequalities the set €2 can be replaced by an arbitrary (not necessarily bounded) quasi-
open set of measure less than or equal to c.

We are concerned with problems of the form

(6.2) min{®(A(Q)) : Q| <c, Qe A}

where A(£2) denotes the sequence (X ;(£2)) ; of all eigenvalues of the Laplace operator
with Dirichlet boundary conditions on 92, ® : RN — [0, +o0] is a given function,
¢ > 0is given and A is the class of admissible domains. A choice we can make is to
take A = {2 C D} where the domain D (the so-called “design region”) is either a
given, bounded open subset of RN, or D = RY. We shall see that the two cases are
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quite different, and most of the results obtained for the first cannot be easily extended
to the second.

Following Theorem 5.4.1, a general existence result can be adapted for function-
als depending on eigenvalues. Let us note that the first assumption of Theorem 5.4.1
is verified for a large number of situations; for instance, by Proposition 6.1.7 and
Corollary 6.1.8 we have (see also Buttazzo and Dal Maso [66])

Q-5 = 1j(Q)—>A;(Q) forall jeN.
Therefore the cost functions
F(Q) = (A ()

are y-lower semicontinuous as soon as the function & : RN — [0, +00] is lower
semicontinuous, in the sense that

(6.3) z’j’- —z; foralljeN = ®&(z) < limioréfQD(z").
n—

The monotonicity assumption is, on the contrary, much more restrictive. However, in
the case of problems involving eigenvalues, of the form (6.2), Theorem 5.4.1 includes
the case of functions ® which are monotone increasing, that is

(6.4) z}- < z; forall jeN = ®(!) < d?).

This relies on the well-known fact that all the eigenvalues of an elliptic operator with
Dirichlet boundary conditions are decreasing functions of the domain (see Proposi-
tion 6.1.5 and Corollary 6.1.6). Therefore, summarizing, from Theorem 5.4.1 we can
deduce the following result.

Corollary 6.2.1 Let & : RN — [0, +00] be a function which is lower semicontinu-
ous in the sense of (6.3), and monotone increasing in the sense of (6.4). Assume also
that the design region D is bounded and take A = {Q2 € D, Q2 quasi-open}. Then
the optimization problem

min{®(A(Q)) : || =c, Qe A}
admits at least a solution in A.

In this chapter, we discuss two directions in which we weaken the hypotheses
of the previous corollary. We consider non-monotone functionals ® and unbounded
design regions.

6.3 A short survey on continuous Steiner symmetrization

An important tool often used in shape optimization is the continuous Steiner sym-
metrization, often denoted by CSS (see Brock [39]).
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For N > 1 denote by M(R") the class of Lebesgue measurable subsets of RY.
Let us begin by the one-dimensional case. A family of mappings

E;: M(R) > M(R), 0 <7 < o0,

is called a continuous symmetrization if it satisfies:

1. m(E:(M)) = m(M);

2. If M C N, then E;(M) C E;(N);

3. E/(Es(M)) = Esyt(M);

4. If I = [a, b] is a closed interval, then E;(I) = [a’, b'] where

1
al = E(a —b+e(a+b)),

1
b = E(b —a+e(a+Db)).

In [39] the existence of such a family is proved. In the sequel, we will denote by

M' = E,;(M), the continuous symmetrization of a set M. If M is a finite union of

intervals, M = (a1, b1) U (a2, bp) U ---U (ag, by) suchthata; < by < ap < by <
- < ai < by, then for ¢ “small” we have

M' = (al, b)) U (@, b5y U --- U (af, b)),

where a’, b are defined by the rule 4) above. There exists a first moment #g > 0 such
that two intervals meet, i.e., b = ag]. In this case, we define the set

N =@, b)U (@, by)U---U @0, b ) U, b

as union of k — 1 intervals. For ¢ > 0 the set M is defined as N’ up to the mo-
ment when two intervals of N* meet. Then, the same procedure is continued. Since
at each step the number of intervals diminishes by one, at some moment we get only
one interval, and from this time on, the set M’ can be defined by the rule 4) above.
An arbitrary open set is decomposed in a countable union of intervals, and the sym-
metrization is defined by interior approximation. Every measurable set is approached
by open sets, the symmetrization being defined by exterior approximation.

For N > 2, the CSS is defined with respect to a hyperplane. For example, let
us suppose that 7 is the hyperplane defined by H = {xy = 0}.If M € RV is a
polyhedron with all its faces parallel to the coordinate hyperplanes, then by definition

M = {U(M N l(x/’o))t cx' e RN_l} .

Here x = (x/, 0) and [, denotes the line orthogonal to H passing through the point x;
the set (M N1y’ o))" is the one-dimensional continuous symmetrization of M N )
introduced above. For an open set, the CSS is defined by interior approximation with
a sequence of polyhedra and for a measurable set the CSS is defined by exterior
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approximation with open sets. It is possible to see that the symmetrized sets A’ are
open whenever the set A is open.

For a bounded quasi-open set A, the previous construction only provides a mea-
surable set defined up to a set of zero Lebesgue measure. On the contrary, for our
purposes we need that the symmetrized sets be still quasi-open and defined quasi-
everywhere. For this reason it is convenient, for a bounded quasi-open set A, to
define (by an abuse of notation) the symmetrized set A’ in the following way: con-
sider a decreasing sequence of bounded open sets (A;),cy With cap(4, \ A) — 0
and A C A,,. For any 7 € [0, 1] the set A, is well defined, and by monotonicity we
define A}, D Al . Then (A}),cN is y-convergent and we define

A=y — lim Al.
n—0o0
In this way, the set A’ is quasi-open and we do not know if it is independent of the
sequence A, and if the Lebesgue measure is preserved. However, for our purposes
this definition of A’ is convenient, as we shall see in Section 6.4.
For any positive measurable function # we define the continuous Steiner sym-
metrization of # by symmetrizing its level sets:

Vs >0 {u >s}:={u>s).
In [39] the following is proved.

Theorem 6.3.1 Letu € H'(RN), u > 0. Then u' € H'RY), ull2 = |lu'|;2
and ||lull g1 > ||u’|| y1. Moreover, if Q is an open set and u € H(} (), u > 0, then
u' € H}(Q).

For other properties concerning the continuous Steiner symmetrization we refer
to [39].

We recall from [50] some useful results (without proofs). Consider a measurable
set A and a hyperplane H € RY . Fort € [0, 1] denote by A’ the Steiner symmetriza-
tion of A at time ¢ in the orthogonal direction to H.

Proposition 6.3.2 For every bounded quasi-open set A € RN and every positive
integer i, the mapping t — A;(A"), is lower semicontinuous on the left and upper
semicontinuous on the right.

For a compact set K € R" the existence is known of a sequence of hyperplanes
(Hn)nen such that denoting Ko = K and K, the symmetrization of K,_| with
respect to H, we have that m(K, AK #) — 0, where by C # we denote the closed
ball of measure m(C) (see [36]). If the convergence in measure is replaced by the
Hausdorff convergence, a similar type of result can be found in the book of Federer
[120].

For quasi-open sets we can formulate the following.
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Proposition 6.3.3 Let A be a bounded quasi-open set of RN . There exists a sequence
of Steiner symmetrizations of A, denoted by (Ap)pen, such that m(A, \ A*) — 0as
n — oo.

Proof This result appears to be weaker than the similar one for compact sets, but
nevertheless it is still sufficient for our forthcoming purposes.

Suppose first that A is open. Consider K1 CC A such that m(A \ K1) < &1/2.
We perform a finite number of Steiner symmetrizations given by the result of [36]
for K; such that

m((KomaKY) = 5.
Then, by monotonicity,
# €1 €1
m(An1 \ A ) =S+5=e

Choosing now another set K, CC A, with m(A,, \ K3) < &/2 we continue the
process and obtain

&2
m((K2y \ Kf) = 3
and so on. Choosing a sequence &, — 0 we conclude the proof in the case of open

sets.
If A is quasi-open, consider a sequence of bounded open sets (C;), <y such that

A - Cr+1 - Cr
and cap(C, \ A) — 0, and we apply the previous result to C,. We make a finite
number of symmetrizations to C; such that

m((Com \ CF) <.

Then m(Ap, \ Cf) < ¢1. Making now a finite number of symmetrizations for C»
we get m((C2)n, \ Cg) < &3, and so on. Finally we get m(A, \ A*) — 0, since
m(C*¥AA%) — 0. u

Corollary 6.3.4 For every bounded quasi-open set A C RN there exists a sequence
(An)neN of successive Steiner symmetrizations of A such that any weak y -limit point
of (Ap)nen is contained in A®.

Proof Indeed, from the previous proposition we have m (A, \ A*) — 0.If U is the
weak y-limit of {A,, }, then w,, — w weakly in HO1 (B) and U = {w > 0}. Since
m(A, \ A*) — 0, and w,, — w in L?>(B) we get w = 0 a.e. on RV \ A* hence
w e H(} (A#), which means U C A*. n

Corollary 6.3.5 For the sequence (A,),eN given by Corollary 6.3.4 we have
A (A®) < liminf Az (A,).
n—oQ
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6.4 The case of the first two eigenvalues of the Laplace operator

Let B € RY be a fixed ball and let ¢ > 0 be a positive number. We denote by
Ac(B)={A S B : A quasi-open, m(A) < c}

the family of all quasi-open subsets of B having Lebesgue measure less than or equal
to ¢ and by s : A.(B) — R? the spot function defined by

s(A) = (11(A), 22(A)),

where A1(A), A2(A) are the first two eigenvalues (counted with their multiplicity) of
the Laplace operator —A on the Sobolev space H(} (A).

The purpose of this section is to prove that the range of s is closed in R?, if for a
given c, the ball B is large enough (for more details see [45]). This will immediately
imply the existence of a solution for problems of the form

min [@(Al(A), Mm(A): Aec AC(B)]

for a large class of cost functions @ (in particular no monotonicity will be required).

Let us denote by £ = s(A.(B)) the image of s in R2. The set E is conical with
respect to the origin, that is (fx, try) € E whenever (x,y) € E and ¢t > 1. This is
easily seen by considering the homothetical sets A, = A/+/t, where A is such that
s(A) = (x, ¥). Moreover, following the results of Faber and Krahn, and of Ashbaugh
and Benguria, recalled at the beginning of Section 6.2, one has already an idea where
the set E lies. Indeed, we have for all (x, y) € E,

e x > A1(B.) with B, being the ball of measure c;
e y > A1(Bc/2) with B, being the ball of measure c¢/2;
o 1 =<y/x <i(Bc)/r1(B.).

For a numerical study of the set E in the case N = 2 we refer the interested
reader to the paper by Wolf and Keller [195] where the following picture for E is
obtained.

Unfortunately, we are not able to prove the convexity of the set E, which Fig-
ure 6.1 seems to show; this would imply the closure result quite straightforward.
However, we can prove that

e E is convex horizontally, that is for every (x, y) € E we have ((1 —t)x+ty, y) €
E forevery t € [0, 1],

e FE is convex vertically, that is for every (x,y) € E we have (x, (1 -1ty +
txA2(Be)/M(Be)) € E forevery t € [0, 1],

and this is enough to imply that the set E is closed.
Let ¢ > 0 be given and let B € R¥ be a ball large enough to contain two disjoint
balls of mass c¢/2. We shall prove the following result.
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Figure 6.1. The set E for N =2 and ¢ = 1.

Theorem 6.4.1 The set E is closed in R2.

The proof of the theorem above is based on the following lemma.

Lemma 6.4.2 If the set E is convex on the vertical and horizontal directions, then
E is closed in R>.

Proof Consider (x,y) € E. There exists a sequence of sets (A;),eny € Ac(B)
such that s(A,) — (x,y). From the weak y-compactness of the set A.(B), for a
subsequence still denoted by the same indices we can write A,, — A in the weak
y-sense. Then A € A.(B) and since the eigenvalues of the Laplacian are weakly
y-lower semicontinuous we get

A(A) < liminfA1(A,) =x and A2(A) < liminfA2(A,) = y.
n—o00 n—o0o

From the vertical convexity of E, the vertical segment joining s(A) with the half
line {ts(By) : t > 1} is contained in E. If y < Ap(By) we can find the point
(A1(A), y) on this segment and using now the horizontal convexity, the segment
joining (A1(A), y) to {ts(B,) : t > 1} is in E. But this segment contains the point
(x, y) since A1(A) < x.

If y > X2(By), then the horizontal convexity gives directly (x, y) € E. n

Following Lemma 6.4.2 it suffices to prove the convexity of E on vertical and
horizontal directions. For this purpose, we split the proof in two steps:
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Step 1 E is convex on horizontal lines, namely if A € A.(B), then the segment
joining (A1(A), X2(A)) to (A2(A), A2(A)) is contained in E.
Step 2 E is convex on vertical lines, namely if A € A.(B), then the segment joining

(A1(A), 22(A)) to (A1(A), 258 21(A)) is contained in E.

In the proof of Step 2, the idea is to make a sequence of CSS to transform a
given quasi-open set A € A.(B) into a ball. Here, one can see that the choice of B
is important since if A € A.(B) for any hyperplane H we still have A" € A.(B).

We proceed now with the proofs of Steps 1 and 2. It is convenient to indicate by
dj the half line {¢rs(B1) : t > 1} and by d> the halfline {ts(By) : t > 1} = {(x,x) €
R?: x > A1(By)).

We give first a general result which establishes the existence of a y-continuous
and decreasing homotopy between two quasi-open sets A; C Ag.

Proposition 6.4.3 Let A1 C Ag be two quasi-open sets. There exists a y -continuous
mapping h : [0, 1] = ARN) such that for t; < t2, h(t;) 2 h(t2) and h(0) = Ay,
h(l) = Ay.

Proof Denote by K a closed cube containing Ag. We shall divide the cube in 2V
equal closed cubes Ky, ..., Kov_1; each cube K; is analogously divided in 2N
closed cubes Kjo, ..., K;ov_y, and so on. Then to each real number ¢ € [0, 1] writ-
ten in the 2V -basis by 0.cjrz . .. we associate the set

A= (Ap\ Fr) U AL,

where

Fr= U2, U Koy i
Remark first that A; is quasi-open since F; is quasi-closed. Indeed, let’s denote by

Fik = Uy Uy Koo
the closed set consisting of the first k-blocks of F;. Set also

Ark = (Ao \ Frk) U A
which is obviously quasi-open, and remark that
Ni=10A¢k = Ay

Since cap(A;x \ A;) — 0 for k — oo we get that A; is quasi-open. Moreover,
the mapping t — A; is continuous in capacity. Indeed, fix # € [0, 1] and consider
t, — t. We have to distinguish two situations: either ¢ has an infinite number of
digits and is not finishing by aa...aa ..., or ¢ has a finite number of digits or it
finishes by aa . ..aa ... (by a it is denoted the greatest digit in the basis 2V, namely
a=2N— 1). In the first case, if , — ¢, then for every k € N there exists ny € N
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such that for every n > ny the numbers #, and ¢ have the same first k digits. In this
case

Cap(AtAAln) < cap(Kg,..qx)

and we derive the continuity in capacity.
If ¢ has a finite number of digits, that is # = 0.« .. . o, then the number ¢
written as

t =0.xj02...a;,0000...
is identified with
' =0.a102 ... (ax — Daaaa . ..

The difference between A’ and A” is a point, hence of zero capacity. Consider ¢, —
t. If t, > t, the first k digits of #, and ¢ coincide for n > ny. If #,, < t, then the first k
digits of #, and ¢’ coincide for n > n; and the conclusion follows.

Since the mapping ¢ > A; is obviously decreasing and y -continuous, taking

h(t) = Ay
achieves the proof. ]

Proof of Step 1. Let A € A.(B). If there exists a subset A* of A, such that 1| (A*) =
A2 (A*) = Xy(A), then one can apply directly Proposition 6.4.3, and Step 1 is
proved since there exists a decreasing and y-continuous homotopy from A to A*.
Since A2 (A) = A2(A™), then by monotonicity Ap(A;) = A2(A). Since the first eigen-
value is y-continuous, for each @ € [A1(A), A2(A)] there exists some 7, such that
h(Ag,) =a.

Let’s prove now the existence of the set A*. Denote by ¢1, ¢, a first and second
eigenfunctions, respectively. If A1(A) = A2(A), there is nothing to prove. Hence we
suppose L1 (A) < X2(A). We give then the following lemma.

Lemma 6.4.4 Let A be a quasi-open set such that A (A) < A2(A). Then the fine
interior of A1 is finely connected and there are two possibilities: either Ay C A1 or
cap(A1 N Ay) = 0 for a convenient second eigenfunction ¢;.

Proof If A is open the result is immediate. If A is quasi-open, the proof is similar
and based on Lemma 4.1.4 and the following assertion (see [126]): any nonnegative
superharmonic function on a finely open and connected set is either strictly positive
or equal to zero. In particular, this will be the case of the first eigenfunction.

Indeed, if A1 is not finely connected (we denoted here by A its fine interior) then
it can be decomposed in a union of disjoint finely connected components (C;);c; and
since ¢jc; € H(} (= HO1 (A) we have that

Je, \Vouc; 1> dx

Viel
Je, levc,1* dx

= A(A) .
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So, if I contains at least two indices this would mean that A (A) is at least double,
since we have two independent eigenfunctions (defined by the restriction of ¢; on
each set). Therefore A has only one finely connected component.

Suppose now that cap(A1NA3) # 0. Decomposing Ay = U;¢;C], C; being finely
connected, then for any component for which cap(A; N C l’ ) # 0 we have C l/ C A
indeed, otherwise le U A1 would be finely connected and #; could not vanish on
C!\ Ajy. So the finely connected components of A are of two types: C; € Aj or

, - .
cap(Cj N A1) = 0. In this case we can see that (pz‘ uc! and uz}uc_’/ are both orthogonal

to ¢ and they are still second eigenfunctions. Then A; can be chosen as UC; or UC}.
|

Proof of Theorem 6.4.1 (continuation). From Lemma 6.4.4, we have two possi-
bilities: either Ay = {¢2» # 0} C {¢; > 0} = A and in this case A* = A, or
cap(A; N Az) = 0 and denoting by P; the open half space

Pr={(x1,...,xy) e RV 11 < x1}
there exists some #yp € R such that 11 (A1 N P;)) = A»(A). Choosing
A*=(A1NPy)UA;

the conclusion follows. u

Proof of Step 2. Let’s consider A € A.(B) and denote by A* the closed ball of
measure m(A). The idea to prove the convexity in the vertical direction is to make a
sequence of continuous Steiner symmetrizations transforming A, such that m (A, \
A*) = 0, and to use the horizontal convexity. If Ax(A) > AZ(A#), then the segment

A2(By)
/\1(31)]]

{oa )+ v e Do) m

is contained in E. This follows immediately from the convexity on the horizontal
lines since all the half line supported by d; and having B; as extreme point is in E.

So let’s suppose A2(A) < A2(A%), and choose o €]r2(A), A2(A*)[. We intend
to prove that (A1(A),«) € E. We use Corollary 6.3.4 and we find a sequence of
continuous Steiner symmetrizations (A,),cN such that

liminf A2(A,) > A2(A™).
n—0oo

In order to underline the evolution of the set A “toward” the ball, we say that the
CSS from A, to A, is parametrized by ¢ € [n, n 4 1], by simple translation of the
interval [0, 1]. In this way we can define the set A’ for every t > 0, and the set A,
can also be written as A”.

On the other hand, A;(A;) < A;1(A). There exists some ng € N such that
A2 (Apy) > o and denote

1* = sup {t €l0,n0] : (Al < a}.
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From the upper semicontinuity on the right we have 12(A"”") > « and from the lower
semicontinuity on the left we get 12(A’") < o which give A, (A’ ) =a.

Using now the convexity on the horizontal lines, the segment joining (A1 (A’ *), o)
with (&, @) € d» is contained in E. But since Aj(A”") < A1(A) the point (A1(A), @)
belongs to E. u

We remark that the previous result can be applied to prove the existence of so-
lutions for some classes of shape optimization problems, for which the shape func-
tional is not monotone with respect to the set inclusion (see [66]). We can consider
problems of the form

(6.5) min {@(Al(A), Mm(A): Aec AC(B)}

where ® : E — R is lower semi-continuous and goes to +oc at infinity. This is the
case for instance of

D(x,y) =@ —a)+ (- B)?

where (a, ) is any element in R2. Therefore by Theorem 6.4.1 the minimization
problem (6.5) admits at least a solution.

A typical example of functional ® for which problem (6.5) does not have a solu-
tionis ®(x, y) = x — y.

Remark 6.4.5 Actually, the minimization problem (6.5) admits a solution under the
sole assumption that ® : E — [0, +o0] is lower semicontinuous. Indeed, take a
minimizing sequence (x,, y,) in E, and assume that it is bounded; then the direct
methods of the calculus of variations give the existence of an optimal domain, thanks
to Theorem 6.4.1. Otherwise, one sequence between (x,) and (y,) goes to +oo.
Then, due to the shape of the set E, both (x,) and (y,) go to +oc. In this case, it
is easy to see that taking as A the empty set we obtain an element of A.(B) which
solves the optimization problem (6.5).

Remark 6.4.6 An interesting question is to study the boundary of the set E. We can
provide only some information on it. For a set A € A.(B) we denote by Rir(A) the
rectangle

Rint(A) = {(x,y) € R? : x < A1(A), y < *a(A)}.

For every A € A.(B), there exists a set A € A.(B) which is either finely connected
or coincides with two balls, such that s(A) € Rint(A).

Indeed, let us fix A € A (B) and set Ay = {¢; > 0} and Ay = {¢o # 0}. If
A1 (A) = Ap(A) the assertion is obvious since s(A) € dp. If A{(A) < A2(A) there
are two possibilities. If Ap € Ay, then A is finely connected and s(A1) € Rinf(A).
If cap(A2 N A1) = 0 we make the Schwarz rearrangements of A; and A, into the
disjoint balls C; and C;, and we get s(C; U C3) € Rinf(A) and Cy U C, € A (B).

The argument above gives that any A whose s(A) ison dE \ (d; U dy) is either
finely connected or two balls. An open question is to study if these sets are simply
connected and regular.
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6.5 Unbounded design regions

The aim of this section is to give a variational method for proving global existence
results for shape optimization problems depending on eigenvalues, if the design re-
gion is the entire space RV. In order to develop the method presented in Sections
6.2 and 6.4 to unbounded design regions, one has to relate the y-convergence to the
concentration-compactness principle, since the injection H!(RY) < L2(RV) fails
to be compact, and the y-convergence (which is still compact) does not yield the
convergence of the eigenvalues. A detailed description of this subject can be found
in [43]. To begin, let us give an example of a typical behavior in unbounded design
regions.

Example 6.5.1 Let us consider the problem of minimizing A{(£2) among all open
subsets of R of measure c. Of course, the ball B(0, R) is a solution (for the suitable
value of R), but from a variational point of view one might search a minimizing
sequence. An example of such minimizing sequence is

Qn = B(-xﬂ? R)a

where |x,| — 4o00. Note that this sequence can not lead to a direct construction
by means of geometric convergence of the optimal set, unless it is subject to some
transformations (see also Remark 6.1.11).

For functions, this kind of behavior is understood via the concentration-com-
pactness principle which describes the behavior in L?(R") of a bounded sequence
(up)peny of H L(RN) (see [156]). More precisely, three situations may occur for a
subsequence: compactness (possibly making some translations), vanishing or di-
chotomy.

Given a sequence of open (or quasi-open) sets (A,),en of RY, with uniformly
bounded measure (|A,| < c, for all n € N), a natural question is to see whether
all bounded sequences (un),eN of H L@RN)Y, such that u, belongs to H(} (A,) for
every n € N, have the same behavior in L2(RY) with respect to the concentration-
compactness principle. This is particularly important from the point of view of shape
optimization problems. It is of interest to know whether for a suitable sequence
(Yn)nen S RY the injection

(6.6) U Ho Gn + An) > L*RY)
neN

is compact, i.e., a bounded subset of |, . H(} (yn + A,) for the H'(RV)-norm is
relatively compact in L2(RV) (by y, + A,, one denotes the translation of A, by
the vector y,). Notice that if A is a quasi-open set of finite measure, then H(} (A)is
compactly embedded in L2(A) (see [194]).

Let (A,),en be a sequence of open (or quasi-open) subsets of RV . It is said that
(An)neN v-converges to a measure u if for any bounded open set €2, the sequence of
functionals
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Fn(u,Q):/ IVul® dx + X1 (4, ne @)
RN o

["-converges to
— 2 2
F(u, Q) = /IRN |Vul|“dx + /RN u-dpu + XH(}(Q)(M)
in L2(RV). We will denote

2
F,(u) ZAN [Vul dx"'XH(}(A”)(M)

and

F(u):/ |Vu|2dx+/ uzdu.
RN RN

Following [24], [100] the y-convergence is sequentially compact in RY. Al-
though several results are valid without any further assumption, in all this section
we will work only with quasi-open sets with finite Lebesgue measure and with mea-
sures u for which the regular set A, has finite Lebesgue measure.

Using our previous notation and denoting by R4, the resolvent operator of the
Laplace equation with homogeneous Dirichlet boundary conditions and respectively
by R, the resolvent operator associated to the measure p (which are well defined
since |A;|, |Ay| < +00), a consequence of the y-convergence is the following point-
wise convergence of the resolvent operators:

©.7) Vi e LP®Y)  Ra () S R

If the design region is RV, the y-convergence does not involve the convergence of the
resolvent operators in the operator norm; in bounded design regions the convergence
in the operator norm is a consequence of the compact embedding HO1 (D) < L%*(D)
(see Proposition 6.1.7). We prove that the injection (6.6) is compact, if and only
if the convergence (6.7) is uniform in the unit ball of L2(R"). Consequently, the
convergence of the resolvent operators will hold in the operator norm.

Proposition 6.5.2 Let us suppose that (A,),cN is a sequence of quasi-open sets of
uniformly bounded measure which y -converges to . Then F, T'-converges to F both
in the L2(RN )-strong convergence and in the L2(RNY-weak convergence.

Proof First, one has to prove that for every sequence u, —u weakly in L>(RY) we
have F(u) < liminf F,, (u,). Without loss of generality we assume liminf F, (u,) <
n—o0 n—0o0

+o00. From the structure of the functionals we get that u, € HO1 (A;) and
Sy |Vuy|>dx < M. Moreover, we have u,—~u weakly in H'(R").

Take a function pr € Cgo(]RN), with pg = 1 on By g and pr = Oon RY \ Bo2R-
Then pgru,—pgru weakly in H'(RV), the convergence being strong in L*(RM)
(from the compact injection Hé (Bo,2R) — L2(RM)).
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From the I'-convergence we get

liminf / IV (orun) 2 dx = / IV (prie) P dx + / orul? dp
n—oo RN RN RN
so that

liminf f |Vun)?p% dx
RN

n—oo

n—o0

= liminf | [IV(pgun)|> = 20runV prVitn — uz |V p|*] dx
RN
= [ IVGror st [ ol
RN RN

-2 PrRUVprVudx —
RN R

=/ |W|2p§dx+f prul?dp.
RN RN

We get for R — +o0,

liminf/ |Vun|2dx2/ |Vu|2dx+/ u*dp.
n—oo RN RN RN

Second, for every u € L?(RN) such that F(u) < +oo, there exists a sequence
up € L2 RN) strongly convergent in L2(RN) to u such that F,, (u,) — F(u).

Indeed, let us consider u € L?*(RM) with F(u) < +oo. The sequence pru
converges in L2(RM) to u for R — +00. Moreover F(pgu) — F(u) since

u?|Vog|*dx
N

F(pRu>=f |V(pRu>|2dx+/ lorul
RN RN
zf |Vu|2p§dx+2/ VuVprupg dx
RN RN

+/ |VpR|2u2dx+/ lprul*dp.
RN RN

Making R — 400, from the Lebesgue dominated convergence theorem, we have

/ |Vu|2p§dx—>/ |Vu|?dx and / |,0Ru|2d/1,—>/ uldu.
RN RN RN RN

The functions pg can be chosen such that ||V pg | o gnvy — O (for example pg(x) =
p1(x/R)). Then

/ VuVpgruprdx — 0 and / |V,oR|2u2dx—>0 for R — +4o0.
RN RN

But, for all R > 0 there exists a sequence uR— pru strongly in L2(R") such

that F, u®) = F,wX, Boar) — F(pru, Boar) = F(pru). Then by a diagonal
construction we find a sequence (u,),cN such that u, —> u strongly in L2(RY) and
Fo(un) —> F(u). =
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Proposition 6.5.3 Assume that (A,),cN is a sequence of quasi-open sets of uni-
Sformly bounded measure which y -converges to i and w 5, — w strongly in L2(RN).
Setting A = {w > 0}, the sequence of functionals

G, (u) :/ |VM|2dx+XH'(A )(u)—2/ udx
RV o

An

I'-converges in L*(RN) to

G(“)=/ |VM|2dX+/ uzdu—Z/ udx.
RN RN A

Moreover, w is a minimizer for G.

Proof Let u, € Hj(A,) such that u,—>u strongly in L*>(R"). It is enough to
prove that [, u,dx — [, udx.

First, one gets that u € H(} (A) and then

‘/ undx—/udx‘ 5/ lu, — uldx
n A A UA

1/2
<A, U A|1/2<f |ty — u|2dx) 0.
AyUA
Since w4, —> w strongly in L2(RV), w is the minimizer of G as the limit of the
minimizers, hence it satisfies the equation
—Aw+puw=1 in H'®RY) N LI RY),
and the proof is achieved. u

As usual, we denote in the sequel R4, (1) = wa,,.

Theorem 6.5.4 Let (A,),eN be a sequence of open (or quasi-open) sets with uni-
Sformly bounded measure. If wa,—>w strongly in L2RN), then for any sequence
(Un)neN Such that u, € Hé (Ap) and u,—u weakly in HYRYY we have u,—>u

strongly in L>(RN), i.e., injection (6.6) is compact.
Proof Let us suppose u, € HO1 (A,) and u,—u weakly in H'(RV). We prove that

lun — ull2@yy = 0, as n — oo. Performing the Fourier transform, we have for
every R > 0,

lttn = ull}> vy = /R | Nun(y) —u()I* dy
=f|| IR 5P () () P dy
y|>
+ / lun () — () dy
[y[<R

< ——|luy — + - dy.
< Tl = ulin g /yl<R|un(y> u(y)dy
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Let us fix ¢ > 0. Since the sequence (u,),cN is bounded in H'(RN), there exists

R > 0, such that #||un — u||%11(RN) < ¢/2 for any n € N. With a fixed R, it

remains to prove the existence of n = n(R, ¢) € N such that for all n > n(R, €) we
have

— e
/ () — w0 Py < 2.
[y|<R

In fact, it is sufficient to prove that f‘y|<R lun (m(y)|2dy — 0, for which we
use the Lebesgue dominated convergence theorem. Fix y € By p and consider the
function gy(x) = 2™} Since u, € HOI(An) and |A,| < c¢ we have u,gy, €
Hj (Ay). By definition, we have

ﬁn(y)=/A un(x)gy(x)dx
and
ﬁ(y)zfAu(x)gy(x)dx.

Therefore |it, (y) — t(y)| — 0, if we prove that
(6.8) / up(x)gy(x)dx — / u(x)gy(x)dx.
An A

On the other hand, we have u,g,—ug, weakly in H L(RM). This does not imply
relation (6.8) immediately, since gy ¢ L*(RM), but it is a consequence of Lemma
6.5.5 below. Hence applying the Lebesgue dominated convergence theorem in By g
we conclude the proof. u

Lemma 6.5.5 Let (A,),eN be a sequence of quasi-open sets with uniformly bounded

measure which y-converges to a measure (i, and suppose that w4, — W in L>([RM).
Then for any sequence v, € H(} (Ap) such that v,—v weakly in H'(RN) we have

/ vpdx — vdx.
RN RN

Proof Let us denote by A the quasi-open set {w > 0}. Then

/VwAanndx:/ vpdx
Ay An

/Vu)AVvdx—i—/wvd/L:/vdx.
A A A

and

We have the estimate
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’/ VwAan,,dx—/ VwAVvdx—i—/ wvd,u‘
RN A A

< ‘/ (Vwa, — V&)An)andx‘
RN

—|—‘f VG)A”andx—/ VwAVvdx—f wvdu‘
RN A A

where w4, denotes the solution of

—Awa, = 14,04,
(6.9)

Wa, € HY(Ay).

Usual I'-convergence arguments give that w4, converges weakly in H LRY) to w.
But

‘/ VJ)Aanndx—/ VwAVvdx—/ wvdu‘
RN A A
= ‘/ lAnmAvndx—/ lAvdx‘
RN RN

:‘/ lAv,,dx—/ lAvdx‘—>0.
RN RN

On the other side

2
( (VwAn—Vﬁ)An)andx‘ 5([ |Vv,,|2dx)(/ IVwa, — Viba, [ dx).
RN RN RN

Since the first term of the product in the right hand side is bounded, it remains to
prove that [y |[Vwa, — Viba,|?dx — 0. But

/ |Vwa, — Viba,|*dx

RN

(6.10) =/ |VwAn|2dx—2/ VwAanI)Andx—i—/ |Viba,|2dx
RN RN RN

= wAndx—2 lI)Andx-I— LT)AnlAdx.
RN RN RN

Since w4, converges strongly in L%>(R™) to w and since w 4A,, are uniformly bounded
(from Lemma 4.5.2), we get fRN wa,dx — fRN wdx. Of course, we used the fact
that |A,]|, |A| < c. If we prove that w4, converges strongly in L2(RN) to w, we get
that the expression in (6.10) goes to zero.

In order to prove the strong L?-convergence of A, to w, let us denote by ﬁ)gn
the weak solution of the problem

—Aw) = 14,nanBy,

(6.11) N 1
', € HY (A, 0 Bo,).
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The maximum principle yields w4, > li)gn. But

/RN |1D2”|2dx — /RN lw” |2dx,

where by w, we denoted the solution of

—Aw" 4+ pw” = lans,, .
(6.12) ’

w" € H}(Bo,) N L2(Bo,).

Hence

liminff |zI)An|2dxz/ |w”|%dx.
n—>oo RN ]RN

Making r — 400 and using the fact that w” — w strongly in L>(RY) we get

limsup/ |1I)An|2dx2/ w2dx.
n—oo JRN RN

On the other side wa, > w4, > 0, and w4, —> w strongly in L2(RY), hence

lim [Wa, [*dx = / w?dx,
RN RN

n—oo
which gives w4, —> w strongly in L2@RM). u

The following theorem is a sort of “uniform” concentration-compactness result,
which is described in terms of the resolvent operators.

Theorem 6.5.6 Let (A,),eN be a sequence of open (or quasi-open) sets with uni-
formly bounded measure. Then there exists a subsequence (still denoted by the same
indices) such that one of the following situations occurs.

Compactness: there exists a sequence of vectors (yu)nen € RN and a positive
Borel measure |1, vanishing on sets of zero capacity, such that y,, + A, y-converges
to the measure |1 and Ry, 1 o, converges in the uniform operator topology of L2RN)
to Ry,. Let us denote further by ||R||, the operator norm of R.

Dichotomy: there exists a sequence of subsets A,  A,, such that
IRa, = Ri Il, >0, and A, = Alu a2
with d(A}, A2) — 400 and liminf |A! | > 0 fori =1,2.
n—oo

For the convenience of the reader, we also recall the concentration-compactness
principle. (See [115], [144], [156].)
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The concentration-compactness principle. Let (¢,),cN be a bounded sequence in
H'(RM) with fRN u%dx — A > 0. There exists a subsequence (ny)ieN satisfying
one of the following three possibilities:

i) (compactness) there exists y; € RN such that

(6.13) Ve > 0, 3R < +o0, up dx > 1 — e
Yi+Bo,r

ii) (vanishing)

(6.14) lim sup f u> dx =0, forall R < +o00;
y+Bo,r

— Mk
oo yeRN

iiil) (dichotomy) there exist o € (0, 1), ko > 1, u}, u? bounded in H'(R") satis-
fying for k > ko:

”unk - (ullc + ”l%)”ﬂ(RN) < 8(8) — 0 for & — 0+,

}dx—a| e and ‘/ W2 dx — (A —a)| <e,
RN

(6.15) RN )
dist (supp Uy, suppuk) — 400 as k — 0o,

—>00

lli(minf/ [Vt 1* = |Vup* — |Vui|*] dx > 0.
]RN

Notice that the vanishing situation does not appear in Theorem 6.5.6. Vanish-
ing is, roughly speaking, covered by compactness, since if vanishing occurs for the
sequence (R4, (1)) we prove that R4, —0 in the norm operator of L(L*(RN)).

Proof of Theorem 6.5.6. Let (A,),en be a sequence of open (or quasi-open and
not necessarily bounded) sets in RY of uniformly bounded measure (say |A,| < c¢).
We apply the concentration-compactness principle to the sequence (wa,),eny Which
from Lemma 4.5.2 is bounded in H'(R"). Without loss of generality, we can sup-
pose that fRN win dx — A > 0. We study separately each situation. The com-
pactness and the vanishing cases will give uniform convergence for the sequence of
operators (R4, )neN. while dichotomy of (w4, ),eN Will give a dichotomy behavior
for (R4, )neN-

Compactness Let us suppose that for a subsequence (still denoted by the same
indices) and some translations (again we re-note y, + A, by A,) we have the L2-
strong convergence of the sequence (w4, ),eN. Following y-convergence arguments,
if wa, —>w in L2(RV), then A, y-converges to a measure x and w = w),. In order
to conclude the compactness case, we give the following version of Proposition 6.1.7.

Lemma 6.5.7 Let (Ay),eN be a sequence of quasi-open sets of uniformly bounded
measure and suppose that wa,— w in L2(RN). Then R A, converges in L(L*RNY)
to R,.
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Proof We have to prove that

lim [ sup  [[Ra,(f) — Ru(f)I|L2(RN)] =0.

TR fll 2@, <1
This is equivalent to
Jim 1R, (f) = RuCfi)ll2any = O,

where || f, |l 2®y) < 1. It is enough to consider a subsequence which weakly con-
verges in L*(RM) to f. Hence

limsup ”RA,, (fn) — R;/,(fn)”LZ(RN)

= limsup ”RA,, (fn) - R//.(f) + Ru(f) - Ru(fn)”Lz(RN)
< limsup [|Ra, (fn) — Ru()llL2@wNy

+limsup | R, (f) — Ry full L2y
n—oo

We have Ry, (fu)— R, (f) weakly in H I(RN), hence applying Theorem 6.5.4, this
convergence is strong in LZ(RV). On the other side, R, (fn)—R,(f) weakly in
H'(RM). Denoting again by A the regular set of the measure ;& (we have |A| < ¢),
the compact injection H(} (A) = L?*(A) proves that this convergence is also strong
in LZ(RY). u

Proof of Theorem 6.5.6 (continuation).
Vanishing Let us suppose that (w4, ),eN is in the vanishing case, i.e., forall R > 0,

(6.16) lim sup / w} dx =0.
By,R "

n—00
yeRN

Assume that 11(A,) — +o0. The inequality [lu,|l;2(4,) < mHVun lL2¢4, M)
yields that every H'!(R")-bounded sequence of elements u, € HO1 (A,) converges
strongly in L2(R") to 0. In particular this will be the case of w 4, and, following
Lemma 6.5.7, R4, converges to 0 in L(LE(RN)).

In order to prove that A1 (A,) — 400, we use a result of Lieb from [155], namely
that for any ¢ > 0, there exists some R > 0 and y, € RY such that

(6.17) A1(Ap N By, r) < A1(Ap) + €.

The maximum principle yields wa, > wa,ns,, , = 0, hence relation (6.16) gives

lim w2 dx =0
AnNBy, g .
n=>00 J A,NBy, r o
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Translating A, by the vector —y,, we can suppose (possibly extracting a subse-
quence, still denoted by the same indices), that the sequence of sets (—y,+A,)NBy r
y-converges to the empty set, which implies

A1((=yn + Ay) N By, gr) — +00.

Hence, relation (6.17) gives that A1(A;) — 400 (see for example [66]). Then
wys, —>0in L?(R"N) and from Lemma 6.5.7 we get Ry,—0in L(L2(RN)Y).

Dichotomy Supposing that (w4, ),en is in the dichotomy case, by a diagonal pro-
cedure we find a subsequence (still denoted by the same indices) such that there
exists @ > Oand u}, u2 € H'(RY) with

(6.18) lwa, — (uy +up)ll2@ny — O,

(6.19) f ul)?dx — o and / W)?dx — 1 —a,
RN RN

(6.20) dist(supp u,ll, supp u,%) — +00,

6.21) liminff [IVwa,|? — IVull* = [VuZ*] dx > 0.
n—>o RN

It is easy to see that u ,1” u,% can be chosen positive, and belonging to HO1 (Ap) (see the
construction of u), u2 in [156]). We define

A, =AlUA2 where Al ={ul >0} and A2 ={u2 >0},
which is a quasi-open set contained in A,. Let us assume that
(6.22) lwa, —wz llg1@yy = 0.

In order to conclude, one can use [43, Lemma 3.6] and the fact that there exist two
constants K, o depending only on the measure of A, and the dimension of the space,
such that

(623) ”RA,, - RAn ”2 =< K”wAn - wA~n ”(zZ(RN)'

The proof of this inequality is trivial in 2 and 3 dimensions, and needs an interpola-
tion argument related to the Riesz—Thorin theorem for N > 4.
In order to prove (6.22) notice that w i = Py () WA where Py, () denotes

the orthogonal projection from HO1 (A,,) onto HO1 (An). Then
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/ IVwa, — Vw; |*dx 5/ |Vwa, — Vul — Vu2|* dx
RV " RN
=/ |VwAn|2dx—2/ Vwa, V(u) +u?) dx
RN RN
+f V@l +u?)* dx
RN

:/ wAndx—Z/ (up +ul)dx
RN RN

+f V! 412y dx
RN

— _ 1 2
_2(/RN wa, dx fRN(un—i—un)dx)

+/ |V(u,11+ui)|2dx—/ |Vwa, | dx.
RN RN

But
0 < lim ’/ wAndx—/ (u,ll—i—ui)dx‘
n—0oo ]RN RN
< lim A2 wa, = Gy +up)l20a,) = 0
n—oo
and
. 1 ) 2
llmsup[/ IV (u, +u;)|"dx —/ [Vway, | dx] <0,
n— 00 RN RN
hence relation (6.22) follows by the Poincaré inequality. u

Example 6.5.8 The first two eigenvalues of the Dirichlet Laplacian.

Let us consider, as in Section 6.4, the problem of minimizing functionals depending
on the first and the second eigenvalues, taking as the design region the entire space
RY . We define the set

(6.24) E = {(M(A), }2(A)) : A € A.RY)} € R?,

where A.(RY) is the family of all quasi-open sets of RV of measure less than
or equal to c. Using the same arguments as in Section 6.4 and the concentration-
compactness principle for the y-convergence, we prove the following result.

Theorem 6.5.9 The set E is closed in R>.

Proof Let (x, y) € R? be such that

x = lim Aj(A,), y= lim A2(A,), with (Ay),eny € AcRY).
n—oo n—o0
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In order to prove the closedness of the set E, we have to prove the existence of a set
A € A (RN) such that x = A1 (A), y = X2(A). Using Lemma 6.5.6 we distinguish
between two situations. We begin with the dichotomy.

There exists a sequence A, = A,ll UA% given by Lemma 6.5.6, which in particular
satisfies A1 (A,i U Aﬁ) — x and Ay (A,ll U A%) — y. There are two possibilities (up to
a re-notation of the indices).

1. 2 (A — xand 22 (A)) — y;
2. M(A)) — xand 11 (A2) — y.
If the first situation occurs, there exists ¢ > 0 such that for every n > n,, we have
|A,11| < ¢ — ¢. For every § > 0, there exists ng € N such that for every n > ns we
have |)L](A,11) — x|+ |A2(A,Il) — y| < 8. For every 8’ > 0, there exists r > 0 large
enough such that
A(A) N By) = Ai(A)) <6,
M(Ay N By — Mo (A)) <6,
AN\ (AyN By <6

Choosing § > 0 and &’ > 0 such that

(c—8+8/>2/" y
_— <
c y+28

c 1/n
c—8+8/)

find a bounded quasi-open set A* = (#H,)l/"(A,ﬁ N B,) such that |A*| < ¢ and
A1(A*) < x, A (A¥) < y.

If the second situation occurs, we replace A}l by the ball of mass |A}l| denoted B,ll
and A2 by the ball of mass |A2| denoted B2. For a subsequence (still denoted by the
same indices) we find two balls By, B;, such that | B{|+ |Bz| < c, and the y-limits of
(B,%),,EN, (B,%),,EN are respectively By and By. Then A1 (B1UB2) < x, A2(B1UB)) <
y and the same arguments as in the bounded case can be applied.

If compactness occurs when applying Lemma 6.5.6, there are two possibilities:
either A, is quasi-connected, or not. If A, is not quasi-connected, then we write
A, = A U A3 and repeat the same arguments as in the dichotomy situation. If A,
is quasi-connected, two more possibilities may occur.

L A(A) = 21 ().
2. M(Aw) < ().

If the first situation occurs, we get u = OORN\A,, - Indeed, let us denote by u,, a first

we make a homothety of ratio ( of A,ll N B, for some n > max{n,, ns} and

eigenvector associated to A1 (). Since u,, € HOl (A,) we get

S IVup | dx + [y ul du S (Va2 dx

A(p) = =
! Jrw uidx I ui dx

= A1(Ap).
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Consequently, fRN ui dp = 0 and u, is a first eigenvector for A,. Since A, is

quasi-connected, we get that u,, (x) > 0 for g.e. x € A,. Then from [py ui du =0
we get w(A,) = 0, hence u = OORN\4,, - Thus, A1(Ay) = x, A2(Ay) = .

If the second situation occurs, there are still two possibilities: either A2(A,) < y,
or A2(A,) = y. If Ap(A,) < y we can consider a ball B, large enough such that
AM(ALNB) < x, A2 (A,NB,) < y and follow the same arguments as in the bounded
case.

If A2(A,) = v, let us denote by u> an eigenvector associated to the second
eigenvalue, and A n = {u # 0}. It follows, as in the bounded case, that

MA) = r(A) = y.
There exists a mapping, as in the bounded case (see Section 6.4)
[0, +00] > t > A(r) € A(R")

with the properties A(0) = A, A(+o0) = AM, for every t; < 1, cap(A(f2) \
A(t1)) = 0, the mapping t — A1(A(?)) is continuous and increasing, and the map-
ping t — X2(A(?)) is constant. The idea to prove this assertion is to “delete” con-
tinuously in capacity the nodal line of u>. We do not give the proof here, since the
passage from bounded to unbounded sets can be done by classical arguments.

Then, there exists some ¢ € (0, +00) such that A1 (A(?)) = x, A2(A(t)) =y and
At) € A.(RM).

Example 6.5.10 The buckling load of a clamped plate.

Let @ € R? be an open set (bounded or unbounded) with |2| < 4o00. The
buckling load of the clamped plate €2 is defined as:

) Jo |1 Aul?dx
(6.25) A1(R2) = min =
ueW22(Q),u0 Jo |Vul?dx

It is an open question to prove that the disk minimizes the buckling load among all
open sets of given measure. Willms and Weinberger proved that the conjecture could
be solved provided there exists a smooth bounded simply connected open set 2 of
class C? which minimizes A; among all open domains of measure equal to ¢ in
RR? (see [18] for a detailed description of the problem). Concentration-compactness
arguments, similar to the one presented into this chapter, were used in [18] to prove
the existence of a simply connected minimizer. Up to our knowledge, the conjecture
is still open, since the regularity of the minimizer was not yet proved.

6.6 Some open questions

e Concerning Theorem 6.4.1, there are many other questions which can be raised.
Is the set E convex? Is E still closed if the pair (A1, A2) is replaced by (4;, ),
or more generally if we consider the set



6.6 Some open questions 173
Ex = {0i(A)iex s A€ AB))

where K is a given subset of positive integers? Are the sets A on the boundary
of E smooth? When are they convex? If the design region is an open set D, is
the set s(A.(D)) still closed? Or if the Laplace operator is replaced by another
elliptic operator of the form

L = —0;(a;jd;) +b;id; +c ?
e In [49] it was proved that the problem
(6.26) min{Ax () : Q C RV, |Q| = ¢}

has a solution for k = 3. In two dimensions, the disk is suspected to be the
solution (see [16]); up to now, as far as we know, this is still a conjecture. The
existence for (6.26) in the case k > 4 is not solved. Roughly speaking, if one

proves the existence of bounded minimizers for A3, ..., Ay (under the volume
constraint) then the existence of a minimizer (bounded or unbounded) for A
follows.

e An important question deals with the regularity of the optimal shape. Is there a
smooth solution for Problem (6.26) (even for k = 3)? For the first eigenvalue
only, it was proved by variational methods that the minimizer among all quasi-
open subsets A C D of prescribed measure is in fact an open set (see [136]).
We refer the reader to [44] for a C'-regularity result for functionals depending
on eigenvalues, provided that the class of admissible domains consists only of
open convex sets.

e Forevery k > 2, prove that if A* is a solution of
minfar(A) : A SRY, |A] < ¢},

then Ax(A*) = Ar_1(A%), i.e., on the optimal set, the k-th eigenvalue is not
simple, and equals the one of lower order. This happens for k = 2 and in view
of the conjectured optimum for A3, this should also hold for k = 3. Moreover,
the numerical computations of Oudet [173] for several values of k support the
conjecture.

For a more detailed list of open problems related to eigenvalues we refer the
reader to [16].
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Shape Optimization Problems with Neumann
Condition on the Free Boundary

In this chapter we are concerned with shape optimization problems with Neumann
boundary conditions on the unknown part of the boundary. We will consider only
the case of homogeneous boundary conditions: on the one hand, this is the situa-
tion which is very often encountered in different physical models (cracks, free parts
of structures, image segmentation, etc.); on the other hand, nonhomogeneous Neu-
mann boundary conditions are unnatural on free boundaries and not well defined on
irregular boundaries (even not in a weak sense).

In order to study the existence question for shape optimization problems with
Neumann conditions on the free boundary, the first step is to understand the stability
of the solution of a partial differential equation for nonsmooth perturbations of the
geometric domain.

As for the Dirichlet problem, it is quite clear that the stability of the solution is
strictly related to the convergence in the sense of Mosco of the corresponding vari-
ational spaces. The choice of the differential operator and the fact that the problem
is scalar or vectorial is also of interest, since, via the Mosco convergence, a lot of
problems may be reduced to the scalar case and to the Laplace operator. There are
two spaces which are of interest for the scalar problems: the usual Sobolev space
H () and the Dirichlet space L12(Q) (see the precise definition below). For other
problems, e.g., arising in elasticity, the variational spaces are related to the previous
ones.

As for the Dirichlet problem, the difficult part of the question is to exhibit sit-
uations when the Mosco convergence holds; to precisely answer this question, we
restrict ourselves to the case of dimension 2, even if most of the general results are
presented in N dimensions, N > 2. For N > 3, up to our knowledge, all shape
stability results in the literature involve (too) strong geometrical constraints. Either
one assumes a certain regularity of the boundary (uniform Lipschitz condition [80]
or equicontinuity [157]) or the boundaries are allowed to move into a fixed manifold
and satisfy a capacity condition [57].

It is worth noticing that for Neumann boundary conditions, the general form of a
relaxed problem is not known. By relaxed problem we mean the problem solved by
a weak limit of a sequence of solutions on arbitrarily varying domains.
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7.1 Some examples

Example 7.1.1 Optimal cutting in a membrane. This can be seen as the scalar
version of the well-known cantilever problem. In a simplified form, the question is
to find one or more “optimal cuts or holes” in a membrane which leave it as strong as
possible (see [48]). Typical constraints are that the cut connects two or more points,
or that the holes have a minimal measure.

' : o
r ®
} o

B C
B Q Q

Figure 7.1. Three admissible cuts I" in the membrane D.

Let D be a two-dimensional bounded open set with a smooth boundary (say the
rectangle in Figure 7.1), up € H (D), K a compact subset of D. An admissible
cut in D will simply be a compact subset I' of D containing K and satisfying some
connectedness assumptions. We denote by {4 the class of admissible cuts, that is

Upg = {F CD:KCT, T iscompact, il <1, |T'| > C},

where gI" denotes the number of connected components of I', and |I'| is the Lebesgue
measure of I'. In Figure 7.1 we took K1 = {A, B}, 1 = 1,¢c1 =0, K> = {A, B, C},
lh=1,¢c=0,K3=0,13 =3, c3 = 10%, respectively.

For every I" € U4 the energy £(I') associated to I" will be

M) =min[-/D\r|Vu|2dx T ue HZIOC(D\F), u=ugy on 8D\F},

so that the optimization problem we deal with can be written as
(7.1 max {E(T) : T € Ugal.

For fixed I" € Ugq, the function ur € Hllo (D \ T') minimizing the energy of the
membrane is the weak variational solution of the problem

{—mw=0mD\n
(7.2)

‘1;‘—;:0 on o', ur =ug on aD\T.
We prove the existence of a solution to problem (7.1) in Section 7.3.

In Figure 7.1 there are some examples of admissible cuts or holes. Notice that, in
general, even if ¢ = 0 admissible cuts I do not need to be curves; for instance if we
want to connect three points we have to expect the optimal cut has a triple junction
shape.
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Example 7.1.2 The image segmentation problem. A similar situation occurs in the
so-called image segmentation problem, where the question is to transform an image
g by introducing a family of suitable contours I'. Given a function g € L?(D), the
energy of a segmentation I' is

6(F)=min{/D\r|Vu|2dx+/D\r(u—g)zdx U eHl(D\r)}.

The optimal segmentation of the image g is then obtained by minimizing the
Mumford—Shah functional, i.e., by solving the optimization problem

(7.3) min {E() + H' (D) : T € Uyq)

where U,y is the family of compact sets contained in D and H‘(F) is the one-
dimensional Hausdorff measure of I". For a given I', the minimizer ur of the energy
satisfies the equation

—Aur +ur =gin D\ T,

(7.4)
Eg‘—nr =0onT UJD.

Let us observe that problems (7.1) and (7.3) are somehow similar, in the sense
that for a given I the minimizer of the energy solves an elliptic equation with homo-
geneous Neumann boundary conditions on I,

Problems (7.1) and (7.3) are nevertheless deeply different. First of all, in problem
(7.1) one has to maximize the energy, while in problem (7.3) one has to minimize it.
This is the main reason for which problem (7.3) can be seen as a minimum problem
in the space SBV (see [7], [21]), the “crack” I" being seen as the “jump set” of the
SBYV function u.

A second difference is that the elliptic equation (7.4) has a zero order term, there-
fore the solution belongs to the Sobolev space H'(D \ T'). The solution of problem
(7.2) belongs only to the Dirichlet space (see [141]) L'>(D \ T'). By definition, for
every open set A C RV,

(7.5) L"2(A) = {u € L},.(A) : Vu e L*(A,RY)},

which coincides with H!(A) only if A is smooth enough, for instance if dA is Lips-
chitz continuous (see [130]).

Another main difference between problems (7.1) and (7.3) is the presence of the
penalty term given by the Hausdorff measure. Without this term the minimizer of the
Mumford—Shah functional would not exist in general, the infimum being equal to
zero. The presence of this term in functional (7.1) is not necessary for the existence
of a solution. From an intuitive point of view, since one looks for the strongest mem-
brane, the length of the crack should be not “too big,” hence the constraint on the
Hausdorff measure is somehow redundant. One could add in problem (7.1) a penalty
term given by the Hausdorff measure, by considering

(7.6) max{ET) — aH (T) : T € Upg),
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where £(T") is the energy appearing in (7.1) and ¢ > 0 is fixed. In this case, the
existence of an optimal crack could be derived as a consequence of the result of
Chambolle and Doveri [79].

Example 7.1.3 The quasi-static growth of brittle fracture. An approach by dual-
ity, close to the one we will present below, was followed by Dal Maso and Toader
in [103], where they studied a model for the quasi-static growth of a brittle fracture
proposed by Francfort and Marigo [123]. Given a crack I'g in an open set D, at the
next time step when a new condition u#( on the boundary 9 D is imposed, they deal
with an optimization problem of the form

min min [/ |Vu|2dx +oeH1(F) cue H (D \ D),
D\T

I &lyg, o loc

u:uoonaD\F},

for which they proved the existence of an optimum. It is clear that the minimizer
u is the solution of an elliptic equation and, on the unknown crack I', the natural
conditions are of homogeneous Neumann type.

Example 7.1.4 The cantilever problem. A celebrated and very classical shape op-
timization problem arising in elasticity is the so-called cantilever problem (see [5],
[6], [28] and [78]). This is similar to the optimal cutting problem but it is formulated
within the elasticity framework.

S b
O

Ooo W

Q

u *f

Figure 7.2. The Cantilever problem.

Let D be a rectangle and let the rectangles U and V be as in Figure 7.3. The force
f is supposed supported by V. The admissible cantilevers are

Ua={QCS D : UUV CQ, Qisopen, 1Q° <1, |Q] <c}.

For every Q2 € U4 the energy £(£2) associated to €2 is
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E(Q)zinf[%/;zs(u):8(u)dx—/vfudx :

ue L}, (@R, u=0onU},
where the strain tensor &(u) is defined as the symmetrized gradient ('Vu + Vu)/2.
The optimization problem we deal with can be written as

7.7) max{E(Q) 1 Q el/lad}.

The proof of the existence result relies on the first condition of the Mosco conver-
gence for the “natural” elasticity spaces

(7.8) {uell (2R : eu) e L*(Q,RY).

Chambolle proved in [78] that LY2(Q, R?) is dense into the elasticity space (7.8) for
every 2 € U,y and consequently the proof is reduced to the first condition of the
Mosco convergence for the scalar Dirichlet spaces L'2(©2, R) (which is discussed
in Section 7.2 below).

Remark 7.1.5 The admissibility condition §Q2¢ < [ is crucial in the formulation
above. Indeed, this assumption provides the necessary compactness property to ob-
tain the existence of an optimal solution in Problem (7.7).

On the other hand, removing this admissibility condition would lead to non-
existence phenomena and some suitable relaxed formulation would be necessary to
have a well posed minimization problem. We refer to the pioneering works by Mu-
rat and Tartar [168], [169] where the homogenization method to shape optimization
has been applied, and to the book by Allaire [4, Section 4.1]. We do not enter into
this very interesting field, also important for many industrial applications, and refer
the reader further reading to one of the several books available on the subject [4],
[29], [83].

In Figure 7.3 there is a numerical solution for a the Cantilever problem with
f = —1land ¢ = |D|/2 (see Bendsge and Sigmund [29], and also Allaire [4] for
other numerical computations of optimal shapes). The figure has been obtained by
using the TOPOPT source code available at ht t p: / / www. t opopt . dt u. dk (see
also the paper [183]).

Figure 7.3. Numerical solution to the Cantilever problem.
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7.2 Boundary variation for Neumann problems

The purpose of this section is to give a quite general method, based on duality, for
the study of the shape stability of the weak solution of a linear elliptic problem with
homogeneous Neumann boundary conditions in two dimensions of the space. Shape
stability is influenced by the presence of the zero order term (compare equations
(7.2) and (7.4)). For example, equation (7.4) is related to the Mosco convergence of
H'-spaces, while equation (7.2) is related to the Mosco convergence of L'-2-spaces.

We concentrate our discussion only on purely homogeneous boundary conditions
(over all the boundary), but we keep in mind that shape stability for mixed boundary
conditions or non-homogeneous Neumann boundary conditions on a fixed part of the
boundary (like d€2 in equation (7.2)) is a straightforward consequence of the results
we present here.

Let us fix a bounded open set D € RY, and h € L?(D). For every open set
Q C D, we consider the problem

—Augp+ugr=~hinQ,

8Lé%=00n8$2.

(7.9)

We study the stability of the solution ug j for perturbations of the geometric
domain €2 inside D, i.e., the “continuity” of the mapping 2 — ugq ;. The family of
domains is endowed as in Chapter 4 with the Hausdorff complementary topology. In
order to compare two solutions on two different domains we extend ugq , and Vug j
by zero on D \ 2. More precisely, we embed Ll*z(Q) and H1 () into two fixed
space as follows:

(7.10) L"2(Q) — L*(D,RVM),

(7.11) H'(Q) — L*(D) x L*(D,R")
respectively, by means of the mappings

(7.12) ur 1lgVu,

(7.13) u > (lqu, 1oVu).

According to these conventions and to the definition of the Mosco conver-
gence (see Section 4.5), the Mosco convergence of H 1—spaces is seen in L2(D) x
L%(D, RYM) while the Mosco convergence of Ll’z-spaces is seen in LZ(D, RM).

Roughly speaking, shape stability for Neumann problems can be split in two
situations. The easy case is when the “limit” domain €2 is smooth enough such that
C™(Q) is dense in H!(2). The difficult case is when the “limit” domain 2 is not
smooth, and this density property fails. In this case, as far as we know, the only
available results are those of [53], [54], [79] which hold in two dimensions of the
space and require a uniformly finite number of holes for the perturbation. Recently,



7.2 Boundary variation for Neumann problems 181

the results of [54] were extended in [96] to nonlinear operators of p-Laplacian type
(still in two dimensions of the space).

Concerning equation (7.9), we recall the result obtained in [80], where continuity
is obtained under geometric constraints on the variable domains (uniform Lipschitz
boundary), which in particular imply the existence of uniformly bounded extension
operators from H'(Q) to H 1(R?%); the existence of extension operators across the
boundary is the key result for the shape continuity. In [171] the shape continuity is
established for the same equation in a class of domains satisfying weaker geometrical
constraints which still provide the existence of a dense set of functions for which the
extension property holds (hence the first Mosco condition).

Here are the main results (see Bucur and Varchon [53], [54]), where we denote
by O;(D) the class of all open subsets €2 of D with Q¢ < [. We prefer to express the
main results in terms of Mosco convergence, which can be easily adapted to every
concrete example in which shape stability is investigated.

Theorem 7.2.1 Let N = 2 and {Q2,},en € O1(D) be such that 2, L Q. Then
H'(2,) converges in the sense of Mosco to HY(Q) if and only if |2, — ||

In particular, the Mosco convergence holds if the number of the connected com-
ponents and the Hausdorff measure of 92, are uniformly bounded (Chambolle and
Doveri [79]).

As an example of direct application of Theorem 7.2.1, we give a shape stability
result for the solutions of (7.9).

Proposition 7.2.2 Let N = 2 and {Qn},en € O1(D) be such that @, > Q. For
every h € L2(D) we have that 1, uq, n converges to lqug j in LZ(D) if and only
if 12| —182].

The shape stability of the solution of equations with zero right-hand side, like
(7.2), is related to the following result which does not require, as Theorem 7.2.1,
the stability of the Lebesgue measure. More details will be given in the next para-
graph, but for a full comprehension of the role played by the stability of the Lebesgue
measure, we refer the reader to [54].

Theorem 7.2.3 Let N = 2 and {Q2,},en € O1(D) be such that 2, iC) Q. Then the
first Mosco condition holds for {Ll*z(Qn)},, and Ll'z(Q).

7.2.1 General facts in RV

Proposition 7.2.4 Let D be a bounded design region in RN and let Q,, Q2 € D.
Suppose that H'(2,,) converges in the sense of Mosco to H'(S2). Then, for every
h e L*(D),

L?(D)x L%(D,R?)
—

(Iq,uq, n 1o, Vug, n) (Iqug p, 1@Vug ).
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Proof Itis clear that (1g,uq, 4, 1o, Vug,.r) is bounded in L2(D) x L*(D, RN) by
121l .2(py- For a subsequence, still denoted using the same indices, we can write

L2(D)xL%(D,R?)

(Ig,uq,.n 1o, Vug, n) (U, uy,...,un).

From the second Mosco condition we get u = u; = --- = uy = 0 a.e. on Q€ and
Vu = (u1, ..., un) in the sense of distributions on 2. In this way, u|q € HY(Q). To
prove that u|o = ugq ,, we have to prove for every ¢ € H! (),

/Vqubdx—i—/ uqbdx:/ hodx.
Q Q Q

From the first Mosco condition, there exists ¢, € H 1(€2,) such that

L2(D)xL*(D,RY)
(a,¢n. 10, V) — " (lag, 1aVe).

We conclude by passing to the limit the equality
f lg,Vug, nVéudx + / lo,uq, nla,¢pndx = / hlg, dndx,
D D D

and observing that the L%(D) x L*(D, RN)-norms of ug, n also converge.
Since the solution of (7.9) is unique, the whole sequence (ug, ), converges
strongly to uq 5 (in the sense of extensions). n

Corollary 7.2.5 If H L) converges in the sense of Mosco to H L(Q), then g,
converges in L' to 1q.

Proof Take 4 = 1 and apply Proposition 7.2.4. u

Corollary 7.2.6 Let 2, A, Q. Then H' () converges in the sense of Mosco to
HY(Q), if and only if. for every h € L*(D),

L%(D)xL%*(D,R?
—

)
(Io,uq, n 1o, Vug, n) (qug.n, 1oVug p).

Proof The necessity follows by Proposition 7.2.4. Let us prove now the sufficiency.
Condition M3 follows from Corollary 7.2.5 and the properties of the Hausdorff con-
vergence (see Proposition 4.6.1). For proving M1, it is enough to observe that

Y ={ugs:heLl*(D)} S H(Q)

is dense in H' (). Indeed, suppose by contradiction that u € H'() is orthogonal
toY,ie.,

Yh € L*(D) / VuVug p + uug pdx = 0.
Q
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f uhdx =0,
Q

hence, u = 0. n

Consequently

Theorem 7.2.7 Let D be a bounded design region in RN and assume that Q,, Q C

HC
D satisfy a uniform cone condition. If 2, —> €, then H'(Q,,) converges in the
sense of Mosco to HY(Q).

Proof First, as all 2, satisfy a uniform cone condition, if €2, i) Q2 we also have
that 1g, converges in L'to 1g (see [140]). The first Mosco condition follows by
taking u, = (Eu)|q,, where Eu € H'(D) is an extension of u on D \ . The
second Mosco condition follows using the properties of the H“-convergence and the
convergence of the characteristic functions. u

For technical purposes, we introduce the equation

(7.14)

Mee — 0 on 9.

{—Aug,gzg in Q,

Here, g € L?(2) has a compact support in €2 and /. ¢ &dx = 0 for every connected

component C of 2. The solution ug_, then belongs to L'2($) and is obtained by
the minimization of the functional

1,2 1 2
L>“(Q>ur> - | |Vul"dx — | ugdx.
2 Ja Q

One of the main ideas introduced in [54] is to consider a second equation which
is easier to study from the point of view of the shape stability, but which carries most
of the information concerning the shape stability of (7.9). Let B = B(0, r) be such
that B(0,r +8) € 2 C D for some § > 0 and let y € H'/2(3B) be such that
f 9B ydo = 0. Note that, under this last assumption, y is also an element of the dual
of H'/2(3 B)/R. We consider the equation

—Avg,y =0 in Q\ B,
(7.15) Moy —0 on 9,
gy

5.- =Y on 0B.

Equation (7.15) has a unique variational solution in L'?($2\ B) obtained by the
minimization of the energy functional

_ 1
(7.16) L'"2(Q\B)sv F(v) = —/ |Vv|?dx —/ yvdo.
2 Jo\B 9B
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This is a consequence of the Lax—Milgram theorem. Note that in L12(Q \ B) we
implicitly assumed the equivalence relation u = v if Vu = Vv ae.

The main interest to relate the shape stability of the solution of problem (7.9) to
the shape stability of the solution of problem (7.15) relies on the fact that all solu-
tions of problem (7.15) (even in open sets with non-smooth boundaries) have, in two
dimensions of the space, harmonic conjugates which satisfy Dirichlet boundary con-
ditions (which are easier to handle on varying domains using the results of Chapter
4). Observe that a new difficulty (of different type) appears, since the traces of the
conjugate functions on the boundary are locally constant, but, globally, the constants
may vary. Nevertheless, in concrete examples, this seems easier to handle, rather than
investigating directly the stability of the original problem.

We give first a result which relates the shape stability of (7.14) to the shape
stability of (7.15). We recall that for a bounded open set D, we denote by O(D)

the family of all open subsets of D. Given a sequence €2, A, 2, we say that g is
admissible, if supp g is contained in a ball B, such that B € 2 and fB gdx = 0.
This implies for n large enough that supp g € ;.

Proposition 7.2.8 Let Q2,, @ € O(D) such that L, LC) Q. The following asser-
tions are equivalent:
1. (Behavior of the solutions of (7.14)). For every admissible g, we have
2 RN
1o, Vitg, ¢ - 25 10Vug.,.

2. (Behavior of the solutions of (7.15)). For every ball B such that B C Q and for
everyy € H'/2(dB) with faB ydo = 0we have 1q,\pVvg, ,—>1o\pVva,y
strongly in L2(D, RN),

3. (The first Mosco condition for the spaces LV2(2,)). We have

L"2(Q) C s — liminf L"2($2,,).
n—>oo

In assertion 3 above, we used the notation introduced in Section 4.5. Using embed-
ding (7.10), this condition reads: for every u € L12(Q) there exists u, € L12(2,)
such that 1g, Vu,— 1o Vu strongly in L%(D,RN).

Proof /.= 3.Letus set

2 RZ
Y = {¢ € L'2(Q) : Iy, € L12(Q,) such that 1o, Vi = 25 19V y).

It is sufficient to prove that Y is dense in L'2(2); then 3 follows straightforwardly
by an usual diagonal procedure. Let ¥ € L2() such that

\I’ J_LLZ(Q) Y,

ie., fQ VW Vudx = 0 for all v € Y, and fix one of its representatives in LY2(Q).
According to Proposition 4.6.1 on the Hausdorff convergence, the equivalence class
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generated by C§°(£2) in L12(Q) is contained in Y. Hence, for all v € Coo(2) we
have fQ VW¥Vudx = 0, therefore —AW¥ = 0 in D'(R2). Let now B be a ball such
that B C Q. For every g € L?(D), with supp g C B and fB gdx = 0 we have, by
assertion 1/, f B gWdx = 0, so W is constant in B, hence V¥ = 0 in the connected
component of €2 which contains B. Applying this argument to every connected com-
ponent of €2, we deduce that V¥ = 0in Qi.e., ¥ =0in Ll'z(SZ).

3= I.Let g € L*(Q) admissible. Taking ugq, , as test function in (7.14) and
applying the Poincaré inequality in H!(B), we obtain that the sequence
1@, Vug, ¢l 2(p gy is bounded. Up to a subsequence denoted by the same in-
dices we have 1g, Vug, (—w weakly in L%(D). From the H¢-convergence, we get
that for every g € C°(Q, RV), divg =0,

(w|S2a C_I)Hfl(Q’RN)XH(} (Q,RV) =0.

Applying successively De Rham’s theorem [130, Theorem 2.3] on an increasing se-
quence of smooth sets covering €2, there exists u € LIZUC(SZ) such that w|g = Vu
in the distributional sense in 2. Moreover, from the compact injection H!(B) —
L?(B) we have uQ, ¢ —u strongly in L2(U). By assertion 3, for every v € L“2(Q)

we have

/Vqudx =/(w, 1gVv)dx = lim 1o, Vu,lg, Vv,dx
Q

D n—oo D

= lim gupdx =/ gudx.
Q Q

n—oo

Hence u|q = ug ¢ and moreover

. 2 .
lim 1q,Vug, |"dx = lim [ guq, .dx
n—oo [p n—oo

:/ gug’gdx:/ |19Vug,g|2dx.
U D

By the uniqueness of the solution of (7.14), the whole sequence 1q, Vug, , con-
verges to 1oVug ¢ in L2(D,RY).

2 = 3. Let C be a connected component of 2 and denote by Y the subspace of
L'“2(C \ B) given by

(7.17)

Y = {w e L"2(C\ B) : 3y, € L'2(Q, \ B) such that

L%2(D,RM)
1o, Vi 28 1C\§vw}.

Let W € L'2(C\ B),¥ 1 Yie, fc\§ VWVudx = Oforallv € Y;letus fix a

representative of W in L2 (C \ B). Using Proposition 4.6.1, we deduce, as above,
that —AW = 0in D’(C \ B). Since every solution vq,, belongs to Y, writing the
orthogonality property we get
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0:/ V\IJVvQ,ydx:/ yWdo.
C\B 9B

This relation holds for every y € H'/2(3 B) such that faB ydo = 0. Since H'/2(3 B)
is dense in L2(d B) we get that W is constant on d B. Let now W e L12(C) such that

W = WinC\Band ¥ = ¢ ae. on B. Since Q, LN Q, for every function
Qe C(‘)’O(C ) the restriction (p| o\B belongs to Y, hence we have

/ VUVedx = 0.
Q

Therefore the extension of W by the same constant on B gives a harmonic function,
constant on a set of strictly p_ositive measure, hence V& = 0 on Q \ B. We conclude
that Y is dense in L12(C \ B).

To prove that for every u € L'2(C) there exists u, € L“2(R,) such that
1, Vu,— 1cVu strongly in L%(D,RY), we use an argument based on the partition
of unity of D. Letp € C3°(C) suchthatg = 1on B. Letu, = lcugo+(1—go)19\§vn
where v, € L"?(Q \ B) and lg\5Vn—>1¢5Vu strongly in L*(D,RM). So
up € L"3(Qy) and 1g, Vu,— 1o Vu strongly L2(D, RV).

Let now (C;);en be the family of all connected components of 2. Since the set

{ue LI’Z(Q) such that Vi = 0 on C; except for a finite number of i}

is dense in L"2(2) assertion 3 follows.
3 = 2. The proof follows the same arguments as in the implication 3 => /. with
the remark that every function of L12(Q\ B) has an extension on L"2(Q). u

Corollary 7.2.9 Let D be a bounded design region of RN and let {Q,},en be a
sequence of open subsets of D converging in the Hausdor{f complementary topology
to Q. Then assertions A) and B) below are equivalent.
A) H'(2,) converges in the sense of Mosco to H'(S2).
B) The following three conditions hold:

B.1. s — liminf L1%(Q,) € L'2(Q);

n— oo
B.2. for everyu € H' () such that Vu = 0 there exist u, € H'(Q,) such that

L2(D)xL%(D,RN
(gyttn: 1o, View) =~ PP HD (1qu, 0);

B3.Q| = lim |Q,l.

Proof A) = B) For proving B.1 take u € L'?(Q) and define for every M > 0,
wp = W A MYV (= M),

where u* is a representative of u in LI'Z(Q). Then uy; converges in L1'2(S2) to
u when M — 400 and moreover uys belongs to H 1(Q), hence from A) uy €
s — liminf H'(2,,).

n—o0
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B.2 is a direct consequence of A).
In order to prove B.3 take u,, = lg,.
B) = A) It is enough to prove that the set

Y ={¢pec H(Q):3¢, € H'(Q,) such that

(719 (g, 19, Vén) — (1ag, 1V9) in LX(D) x L*(D, RV))

is dense in H1(Q).

By linearity and a truncation argument, we can fix ¢ € H 1(Q) such that ¢ €
L*>®(Q2) and ¢ = 0on Q\ C, where C is a connected component of Q. According to
B.1 there exists u, € L12(,) such that

2 RN
Lo, Vi, 25 1vg.
Let us fix a ball B such that B € C and choose the representative of u,, in LI’Z(Q,,)

by adding a suitable constant, so that we can assume that | g Undx = /, g Pdx. Let M
be a positive constant such that ||¢||c < M and define

ul = (uy, A M)V (=M).
We notice that u™ € H'(RQ,) and

L>(D,RN
1anu;}y (—> ) 1oVe.
Moreover, since {lg, ufl” }n is uniformly bounded in L*°(D), we can write (for a
subsequence)

lg uM P

ny Nk v,

where Vv = V¢ on Q2 and v = ¢ on C. Using the Poincaré inequality on smooth
open subsets compactly contained in C we have that the convergence above is actu-
ally strong in LZZOC(C).

According to B.2, there exists v,, € H 1 (£2,,) such that

L2(D)xL*(D,RN)
—

(1e,, Vny. 12, VUn,) (Igv — 106, 0).

It is obvious that v,, can be chosen such that ||v,, oo < 2M. Let us define ¢,, =
ub — v, € H'(Qy,). We have

L*(D,RN)
lo, Vo, —>  1aVe.

Let us prove that fD(Ian bn, — la¢)>dx — 0. First, we have

| 15,60~ 109%dx — 0
Q
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since on every compact set @ € 2 the sequence lo, &n — oo weakly converges

to 0 in L?(w), the gradients converge to zero strongly and the sequence is uniformly
bounded in L°°(D). Second,

| g, 6n ~ 1002 <ans® [ g, ax
D\Q D\Q
the last term converging to zero from B.3.

Notice that we found a subsequence {¢,, } and not a sequence converging to ¢.
Suppose by contradiction that a sequence {¢,} strongly converging to ¢ does not
exist. For a subsequence, we would have that the distance in LZ(D) X L2(D, RM)
from ¢ to H 1(Q,,k) would be bounded below by a positive number. This cannot
occur, since using the same arguments as above, we would find a sub-subsequence
which gives the contradiction. u

7.2.2 Topological constraints for shape stability

The main result of this section consists in proving that the solution of equation (7.15)
is stable in the H“-topology, provided that the number of the connected components
of Q€ is uniformly bounded. In this section we assume that the dimension N of the
space is 2. For a bounded design region D € R? and for / € N, we denote as in
Chapter 4,

O1(D) = {2 < D : Qopen, §Q° <I}.

Relying on the results of the previous section, we begin with the proof of Theo-
rem 7.2.3.

Proof of Theorem 7.2.3. According to Proposition 7.2.8, it is enough to prove that
for every ball B such that B C Q and for every y € H'/?(3B) with faB ydo =0
we have 1g,\ Vg, ,— la\s Vg, strongly in L2(D, RV).

We use a duality argument to transform the Neumann problem into a Dirichlet
problem, then use a Sverak type result, and then return to the Neumann problem,
again by duality.

Let Q € O;(D) such that B C , and denote by Kji, ..., K; the connected
components of ©¢. Consider problem (7.15) on Q \ B. If Q is not connected, in
every connected component which does not contain B, the solution is set to be 0.

For the existence of a conjugate function of vg , into a smooth domain with
a finite number of (smooth) holes we refer to [130, Theorem 3.1]. By approaching
the non-smooth holes with smooth ones and applying [130, Theorem 3.1], in [54] is
proved the following result.

Lemma 7.2.10 There exists a function ¢ € H(} (D) and constants cy,...,c; € R
such that Vvg , = curl ¢ in Q \ B and

—A¢p=0in Q\ B,
(7.19) ¢=ciqe. on K; i=1,...,1,
¢ =G on 9B,
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where G € H3?(dB) is such that G' = y in the sense of distributions on 3 B with
respect to the arc length parametrization.

The equality ¢ = ¢; g.e. on K; means that the usual restriction of a quasi-continuous
representative of ¢ in HOl (D) is equal to ¢; on K;.

We recall two technical lemmas. The first one is an immediate consequence of
[41], [56] while the second one can be proved using circular rearrangements (see
[86]) and noticing that in one dimension the step functions are not in H 1/2(R) (see
[54] for more details).

nected sets in D and {c,},eN be a sequence of constants such that ¢,(x) = ¢, g.e.

Lemma 7.2.11 Let {¢,},en © H(} (D), {Kn}nen be a sequence of compact con-

on K. If K, N and ¢p—¢ weakly in HO1 (D), there exists a constant ¢ € R
such that ¢, — c and ¢ (x) = c g.e. on K.

Lemma 7.2.12 Let ¢ € HO1 (D) and K1, K5 two compact connected sets in D with
positive diameter. If there exist two constants c1, ¢y € R such that ¢ (x) = c1 g.e. on
Ky and ¢(x) = ¢y g.e. on Ko, then K1 N Ky = @.

Let us assume that {€2,},,eN is a sequence satisfying the hypotheses of Theorem
7.2.3. As in the previous step, we denote by ¢,,, ¢ the corresponding functions found
by Lemma 7.2.10 applied to vgq,,, on £, and vq , on €2, respectively. We denote
the connected components of D \ €, by K s, K}, some of them being possibly
empty.

Lemma 7.2.13 There exists a subsequence {¢n, }reN such that ¢p,—¢ weakly in
HOI(D), and a function v € LLY2(Q \ B) such that curl¢p = Vv in Q\ B.

Proof Since the extension by constants of ¢, does not increase the norm of
the gradient and since we have fsz,,\E IV, |2dx = an\E |Vu,|>dx, we get that
{IQn \§V¢n }nen is bounded in L?(D, R?). Hence for a subsequence we have ¢, ¢
weakly in HOl (D). From the Hausdorff convergence we get —A¢ = 0in Q \ B.

Without loss of generality, we can suppose that for a subsequence (still denoted
by the same indices) and for alli = 1, ...,/ we have K;”‘ L K;. Using Lemma
7.2.11 we also get ¢, ; — ¢; and ¢ = ¢; g.e. on K;. If there exists two compact sets
with positive diameter K;, and K;, and nonempty intersection, then from Lemma
7.2.12 we get that ¢;, = c;,.

Since D\ Q = Uf.le,' we get that ¢ is constant g.e. on every connected com-
ponent of D \ . From the H¢-convergence, there exists v € L2(Q) such that
LoV, y—(v1, v2) weakly in L?(D,R?) and Vv = (v, v2) in 2. The relation
Vvg,,, = curl¢, in Q, \ B gives that Vv = curl ¢ in Q \ B. u

The result above asserts that the weak limit ¢ is such that —A¢ = 0 in 2 \ B and
¢ is g.e. constant on each connected component of D \ Q. In the sequel we prove
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that ¢ is exactly the function obtained by applying Lemma 7.2.10 to vg,,, on \ B.
We also recall from [54] the following result without proof.

Lemma 7.2.14 Let O be a smooth open connected set and K a compact connected
subset of O not reduced to a point. Let us denote by 0 the capacitary potential of K
in O, i.e., the function 0 € HOI(O) such that
—A6=0in O\ K,
(7.20) 6 =0on 90,
0 =1gq.e.on 0K.

Then, for every function &€ € L'?(0 \ K) we have curl§ # VE.

Lemma 7.2.15 Let Q € O;(D) such that B C Q2. Suppose that there exists a func-
tion ¢ € H} (D) and a function u € L">(Q\ B) such that Vu = curl¢ in Q \ B
and
—A¢p =0 in Q\ B,
(7.21) ¢=c qeon K, i=1,...,1],
¢=G+c on 0B.

Then u is the weak solution of (7.15) on Q \ B.

Proof Since u € L'?(Q2\ B) it suffices to prove that for any £ € L12(Q\ B) we
have

/ VuVde:/ yédo.
Q\B dB

Considering smooth neighbourhoods O; of K;, by an argument of partition of unity,
it suffices to prove that for any function £ € H'(0; \ K;) vanishing g.e. on 3 0; we
have

/ VuVédx = 0.
Oi\K;

It suffices actually to prove that u solves the following problem on O; \ K;:
—Au =0 in O;\ K;,
(7.22) % — (0 on 0K,

on
du _ 3¢ )
o = 3 on 30;.

To the solution u™ of this equation we associate the function ¢* given by Lemma
7.2.10. We have that —A¢* = 0in O; \ K;, ¢* = ¢ on 30;, ¢* = ¢* on K;.
Denoting 0 = ¢ — ¢*, we get that VO = curl (u — u*), — A0 =0in O; \ K;,0 =0
on 30;,0 = ¢ —c* on K;. According to Lemma 7.2.14, since diam(K;) > 0, we get
¢ = c*, hence u = u*. L
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Proof of Theorem 7.2.8 (conclusion). According to Lemma 7.2.15 the conjugate
function of ¢ obtained in Lemma 7.2.13 is the solution of equation (7.15) on 2 \ B,
hence
L%(D,R?)
loVva,.y —  lggVva,y.

The strong convergence is a consequence of the convergence of the L2-norms of the
gradients, which follows as usual by taking vg,,, as test function in the equation and
passing to the limit as n — oo. u

Remark 7.2.16 Let 2, € O;(D) such that 2,, ﬁ; 2. Then in general L12(Q,) does

not converge in the sense of Mosco to L2(2). For example, consider a situation

when |Q2| < liminf |Q2,| and take u, (x, y) = x. The second Mosco condition is not
n—o0

satisfied in general. By Proposition 7.2.8 the first Mosco condition is automatically
satisfied.

As a consequence of Theorem 7.2.3 and Corollary 7.2.9 we can prove now Propo-
sition 7.2.2.

Proof of Proposition 7.2.2

Necessity By Corollary 7.2.9 condition B.3 holds.

Sufficiency Let us prove that B.1, B.2 and B.3 hold. Condition B.1 is a conse-
quence of Theorem 7.2.3 and condition B.3 is assumed by hypothesis. One has only
to verify condition B.2 of Corollary 7.2.9. If Q is connected, this is trivial, since
every function with zero gradient in €2 is constant, say c1g. Therefore, the sequence
clq, solves B.2. If Q2 is not connected, then condition B.2 is a consequence of the
more involved geometric argument relating the Hausdorff convergence to the capac-
ity. We recall this result from [53].

Lemma 7.2.17 If{Q2,},.eN is a sequence of simply connected open sets in a bounded

c

H
design region D C R2 such thar Q, —> Q4 U Qp, where Q, N Q= @, then
there exists a subsequence (still denoted by the same indices) of (2,),, and two
sequences of simply connected open sets {Q20},¢cN, {QZ JneN, such that Q4N QZ =0,

QI UQL C Q cap(Q \ (22 UQE) — 0and ¢ 55 q, o0 5 q,

Using this lemma, condition B.2 can be proved using a partition of the unity and
localizing around the boundary of 9€2, as in [79]. u

Proof of Theorem 7.2.1 For the necessity, use Corollary 7.2.5. For the sufficiency,
use Proposition 7.2.2 together with Corollary 7.2.9 to obtain the first Mosco con-
dition (relation (7.18) in the proof of Corollary 7.2.9). To prove the second Mosco
condition, we observe that if ¢, € H'(£2,) is such that

L*(D)x L%(D,R?)
(1o, én, 10, Vén) - (@, ¢1, ¢2),

we have directly from the H¢-convergence and the convergence of the Lebesgue
measures that ¢ = ¢; = ¢ = 0 ae. on Q°. To prove that on Q2 we have
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V¢ = (¢1, ¢2) in the sense of distributions, we simply use Proposition 4.6.1 on
the Hausdorff convergence. u

Remark 7.2.18 We observe the following facts.

e For other operators in divergence form (e.g., u +— —div(A(x)Vu)) the result
of Proposition 7.2.2 holds true. As well, those results can be directly adapted
to vector problems, where the variational spaces are of the form H 1 (22, Rd) or
L'2(Q, RY).

e For the Cantilever problem, the natural space is

{(ue Ll (2,R?:em) e L*(Q,RY),
endowed with the norm |e(u)|;2; in concrete examples, Dirichlet boundary con-
ditions can be imposed on some regions. When dealing with shape stability or
existence of optimal shapes, the difficult condition to prove is the first Mosco

condition for the spaces defined above. According to Theorem 7.2.3, if 2, L
is such that the number of connected components of Q¢ is uniformly bounded,
the first Mosco condition holds true for functions belonging to

{uell (Q,R?Y):VueL*(Q,RY).

Chambolle proved in [78] that this set is dense in the elasticity space, hence the
first Mosco condition holds for the elasticity problem, as well.

e Nonlinear problems in R? were discussed in [96]. The main idea is to adapt the
duality argument of Proposition 7.2.8 into a nonlinear setting. For operators of
p-Laplacian type, with 1 < p < 2, the result of Proposition 7.2.2 is true.

7.3 The optimal cutting problem

In this section we treat the optimal cutting problem in detail, and show how the
continuity results presented in the previous section can be adapted in order to prove
existence of solutions for the shape optimization problem.

Let D be a two-dimensional bounded open connected set. For simplicity, we
suppose that the boundary of D is Lipschitz (see [118]). Consequently the number
of connected components of D¢ is finite.

Fori = 1,...,1 let K; be [ compact sets contained in Dand K C Dbea
compact set such that UleK,- C K.Let f € L*(D) such that supp f N K = 0.

Remark 7.3.1 The assumption that supp f N K = # is made for technical reasons
that will be clear in the proof of Theorem 7.3.2. However, we want to stress the fact
that the most interesting case is when f = 0, so that the only datum of the problem
is the boundary condition u.
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We also notice that, when the datum K is regular enough (for instance a set with
a Lipschitz boundary), then, thanks to the equality L12(D \ K) = H'(D \ K), the
assumption supp f N K = @ can be relaxed into the weaker one f = 0 a.e. on K.

Remark also that the optimization criterion (7.1) rules out the admissible I with
E(I") = —oo. This automatically implies that the optimization (7.1) is performed on
the class of cuts I such that the integral of f vanishes on every connected component
of I which does not touch the boundary d D on a set of positive capacity.

In the sequel, we denote by U4 the following admissible class of “cuts” which
is supposed to be nonempty. Let ¢ > 0,7 € N, and Ky, ..., K; pairwise disjoint
compact subsets of D. We set

Uq=1{I' : T=U_ T,

Vi=1,...,1 K; CT' C K, I'" compact connected, |I'| > c},
and for every I' € U4 we consider the energy
(7.23) EM) =min{Ew,T) : ue H, (D\T), u=uyg on 3D}
where

E(u,F):%/;)\F(AVM-VM)dx—/Dfudx.

Here ug € H'(D) is a given function and A € L% (D, R*) is a given symmetric
matrix satisfying for some o > 0 the ellipticity condition

(AE.£) > a|E|*> forevery £ € R2.

Ifue HIIOC(D \ I'), the trace of u on d D does not exist in general, even if 9D
is smooth. Nevertheless, in our case Vu € L2(D \T, R2), hence u belongs to the
Dirichlet space L'>(D \ I'). In that case, the trace of u on 3D \ T is well defined,
since d D is supposed to be Lipschitz continuous. A second equivalent way to give a
meaning to the equality u = ug on 9D \ T is as follows. Let us fix an extension u
of ug outside D, say in D* \ D, where D* is a Lipschitz bounded open set such that
D C D*. The trace of u is equal to ug on 3D \ T if and only if the function

. {u(x) if xeD\T,
u =

(7.24) )
ug(x) if x € D*\(DUT)

belongs to L12(D* \ I).

For every fixed I' € U,y problem (7.23) has a solution. This is an immediate
consequence of the fact that the support of f is compactly embedded in D \ K and
that, thanks to Remark 7.3.1, the integral of f vanishes on the connected sets of B\K
not touching d D on a set of positive capacity. In fact, if a connected component of
D\ T contains a part of the support of f and does not touch 3D on a set of positive
capacity, in this region the solution is defined up to a constant, the gradient being
fixed. With this remark, the solution is unique (more precisely its gradient is unique)
and belongs to the Dirichlet space L'2(D \ T).

The main result of this section is contained in the following theorem.
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Theorem 7.3.2 The optimization problem
(7.25) max {E(T) : T € Uua}
has at least one solution.

Proof In order to prove the existence of a solution for problem (7.25), we follow
the direct methods of the calculus of variations. Let {I',}, € U,4 be a maximizing
sequence for (7.25). Without loss of generality, we can suppose that for every i =
L....1,

ri 2o
the convergence being understood in the Hausdorff metric (see for instance [79],
[187]). We denote I = Uﬁz lFi, the Hausdorff limit of I';,. Our purpose is to prove
that T is a solution for problem (7.25). Notice that for every i = 1, ...,/ the set I'!
is compact, connected, K; € I'; € K and |[I'| > ¢, hence I' € Uy4.

It remains to prove that for every u € L'“2(D \ T') with u = up on D there
exists a sequence {ut,}, such that u,, € L"2(D \ T',) with u, = ugon 3D \ I, and

(7.26) ET, u) = limsup E(T,,, up).

n—oo
The construction of the sequence {u, }, is strongly related to the Mosco convergence
of the spaces LY2(D \TI,). We observe that if u ¢ LY2(D \T), then E(u, ') = +o00
and inequality (7.26) holds trivially. For u € L?(D \ ') we construct a sequence
up € LY2(D \ T,,) with u = ug on D \ T, such that

(7.27) Vu, - Vu stronglyin L*(D)

/Dunfdxe/Dufdx.

In relation (7.27) we denoted by %un = 1p\r, Vu, the extensioany zero of Vu, on
Iy, since Vu,, is only defined on D\ I';,. Of course, the function Vu, is not anymore
a gradient on D.

In order to construct the sequence {u,}, we rely on condition 3. of Proposition
7.2.8 and Theorem 7.2.3.

and

Proposition 7.3.3 Let 'y, I’ € Uyq be such that T, i I". Then for every u €
LI'Z(D \ I') such that u|aD\F = uy there exists a sequence u, € L1’2(D \ I'y) such
that %un — Vu strongly in L*(D) and u,, |BD\F = uy.

Proof Let us denote by u* the extension of u by uj on D* \ D. Then we apply

condition 3 of Proposition 7.2.8 to D* \ G, and D* \ I" and we find a sequence
uy e LY“2(D*\ T,)) such that Vu — Vu* strongly in LZ(D*).
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For every n € N, let us denote by u,, the solution of the minimization problem

(7.28) min{f IVép — Vui|>dx : ¢ € LY*(D*\ Ty), ¢ = uf on D* \ D).
DA\I',

Since u, — u* € LY2(D* \ I';) and since D* \ D is Lipschitz, we get that
u,—u;, € H L(D* \ D). Moreover, there exists a bounded continuous linear extension
operator T from H'(D* \ D) to H'(D*). Taking as a test function in (7.28) the
function ¢ = u) + T (u, — uj;) we get

min{ Vo — Vui*dx : ¢ € LY*(D*\ Ty), ¢ = uf on D* \ D}
D\,

< f VT (u, — u¥)|?dx.
DA\T,

Using the Poincaré inequality on the space {u € H (D*) : fa p+ udx = 0} and the
boundedness of the extension operator T we get

/ VT (Gt — )0\ p) P < c/
D*\I', *\

= c/ IV (g — ul)dx.
D*\D

|V (u, — u2)|2dx
D

This last term converges to zero.
Taking the restrictions of u, to D \ 'y, all the requirements are satisfied and the
proof is concluded. u

Proof of Theorem 7.3.2 (continuation). Back to the proof of Theorem 7.3.2, we
observe that the sequence {u,}, defined in Proposition 7.3.3 satisfies relation (7.26).
Indeed, the gradients extended by zero converge strongly in L? by construction,
hence using the boundedness of A we have

/(A%u,,,%u,,)dx—)/(A%u,%u)dx.
D D

It remains to prove that

/Dunfdxﬁ/Dufdx.

Fix a connected component U of D \ K containing a part of the support of f. Two
possibilities may occur.

Suppose first that cap(U N dD) > 0. Since d D is Lipschitz and I is closed, the
set aD \ T is relatively open, hence there exists an open Lipschitz set V such that
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supp f SV € U and cap(V N D) > 0. Then, the Poincaré inequality holds true in
H'((D*\ D) U V), so that u, —> u strongly in L2(V), which implies

/Vu,,fdx—>/vufdx.

Suppose now that cap(U N d D) = 0. In this case there exists an open Lipschitz
set V such that supp f € V € U and V N dD = . By hypothesis, we have that
/; v fdx = 0, hence the Poincaré inequality holds in H 1(V)/R. Consequently

/‘/unfdx%/;/ufdx.

The support of f being compactly contained in D \ K, the proof is concluded. ™

If K does not touch d D, one could drop the hypothesis on the regularity of D, by
simply imposing a constraint of the type (u—ug)¢ € H(} (D\T'), where ¢ € C®°(R?)
is a fixed function such that ¢ = 0 on I" and use a partition of unity.

Remark 7.3.4 The uniqueness of the optimal cut does not hold in general. Trivially,
letup=0, f =0,K; ={A,B}, K = 5, ¢ = 0. Then any compact connected set
containing A and B solves problem (7.25).

In some particular situations one can make explicit at least one solution of the
problem. In a symmetric setting, there exists an optimal cut which is also symmetric.
Indeed, let f = 0 and D be a rectangle; let d be a symmetry line of the rectangle.
Suppose that K1 = {A, B} are two points on d and that u( is also symmetric with
respect to d. It can be easily seen that a solution of problem (7.25) (with K = D) is
the segment AB.

7.4 Eigenvalues of the Neumann Laplacian

Contrary to the case of Dirichlet boundary conditions, the behavior of the eigenvalues
of the Neumann Laplacian for nonsmooth variations of the boundary of the geometric
domain is (almost) uncontrollable. Several facts can explain this phenomenon, like
the following ones.

e For a nonsmooth domain €2, the injection H!(2) — L?(£2) may not be compact,
hence the spectrum of the Neumann—Laplacian is not necessarily discrete, and
may not consist only on eigenvalues. This means that a small geometric pertur-
bation of a smooth boundary may produce essential spectrum. Figure 7.4 shows
an example of a set for which the injection H 1(Q) = L%(Q) is not compact.

Due to the lack of compactness of the resolvent operators, in the Neumann
case the framework introduced in Chapter 6 has to be made precise with more
details.
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Figure 7.4. A rectangle with an infinite number of cracks collapsing on the right edge.

e The resolvent operators Rg, may converge pointwise, where Rq, : L*(D) —
L?(D) is naturally defined by Rg, (f) = lg,ugq,. s (see Proposition 7.2.2). Here
ugQ,, r is the weak solution in H 1(Q,) of the equation

—Au+u= fin Q,,

(7.29)
g—z =0on 02,.

This convergence is (contrary to the Dirichlet Laplacian), in general not in
the operator norm, hence there is no a priori convergence of eigenvalues even if
all 2, and Q are smooth (see Example 7.4.3 and Figure 7.5).

e A “small” geometric perturbation of the boundary may produce low eigenvalues
which highly perturb the spectrum (Example 7.4.3 and Figure 7.5). In a similar
situation, for the Dirichlet—Laplacian the “new” eigenvalues produced by small
perturbations are large and do not perturb the low part of the spectrum.

e Except particular cases (like monotone cracks, for example), there is no mono-
tonicity of eigenvalues with respect to the domain inclusion.

Let  be a bounded Lipschitz domain. The injection H'!(Q2) < L?(Q) is then
compact, and the spectrum of the Neumann—Laplacian consists only on eigenvalues:

0=p1(R) < p2(2) <+ < () < -+ = +o0.
For every k € N, there exists uy € H () \ {0} such that, in the usual weak sense,

{ — Aup = ug(RQ)ug in Q,

ug __
I =0on 89,

(7.30)

i.e., for every ¢ € H'(Q),

/ VurVeodx =,uk(52)f updx.
Q Q

Let us observe that the resolvent operator Rg, is positive, self-adjoint and compact.
Denoting by A () its k-th eigenvalue, we have Ay (Q2) = (1 4+ ()~
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In view of the result of Chapter 6, if €2, is a perturbation of €2, in order to get
the convergence of the spectrum one can try to prove the norm-convergence of the
resolvent operators. The Mosco convergence of H!-spaces gives straightforwardly
the pointwise convergence of the resolvent operators (via extensions by zero outside
Q,). As Example 7.4.3 shows, in general this convergence is not in the operator
norm. We have the following.

Theorem 7.4.1 Let H! (2,,) converge in the sense of Mosco to H L) A sufficient
condition for

is that the following injection is compact:
(7.32) UpenH (Qp) < L*(D).

In (7.32), HY(Q,) is supposed embedded in L3(D) by the composition of the pro-
jection mapping P : L>(D) x L*(D,RY) > L?(D) with mapping (7.13).

Also note that (7.32) implies that the injection H!($2,) — L?*(2,) is compact
for every n € N.

Proof Let|Rq, — Ralz2py < I(Re, — RQ) ful(12py + 1/n, where | ful 1 2(p) <
1. We can assume f, — f weakly in LZ(D). Then Rq,f — Rqf strongly in
L?(D), from Proposition 7.2.4. The sequence Rg, (f, — f) is bounded in L*(D) x
L%(D,RY) and converges weakly to 0 in L2(D). Indeed, for every ¢ € LZ(D), we
have

(Re, (fn — ) ®)r2py = (fn — [ R, @) 12(py — 0.

Using the compact injection (7.32), we get that Rq, (f, — f) converges strongly to
zero in L2(D). n

Corollary 7.4.2 Let D be a bounded design region in RN and Q,, 2 C D satisfy a

uniform cone condition. If 2, LN 2, then pui(S2,) — pk (€2).

Proof The pointwise convergence of the resolvent operators follows from Theorem
7.2.7. To prove that the convergence is in norm, one uses Theorem 7.4.1 relying on
the existence of uniformly bounded extension operators E, : H Q) — HY(D). =

If ©,,, @ are Lipschitz (but not uniformly Lipschitz) such that €2, E) 2, then
the convergence of the spectrum does not hold in general. Either particular cases
of domains linked by channels or pieces of domain disconnecting from a fixed do-
main were considered in [14], or particular situations where the uniform Lipschitz
constraint is weakened, were discussed in [60] (see also [15]).

In fact, in [138] it is proved that a small geometric perturbation of a smooth set
may produce “a wild perturbation” of the spectrum. More precisely (see [138]), for
every closed set S € [0, +00) and for every ¢ > 0, there exists an open connected
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set 2 € B(0, ) such that the essential spectrum (i.e., the part of the spectrum which
does not consist of eigenvalues of finite multiplicity) of the Laplacian coincides with
the set S.

From the shape optimization point of view, when €2 is not smooth it is very con-
venient to introduce the relaxed values which coincide with the usual eigenvalues
as soon as 2 is smooth, and inherit some properties of the eigenvalues. A typical
example of such relaxed values may be the singular values defined in [112].

Several choices can be made for the definition of the relaxed values. For our
purpose, it is more suitable to consider the following, which consists in the relaxation
of the Rayleigh formula. We set for a bounded open set €2,

/ Vo Pdx
(7.33) we(Q) = inf  sup B

EE€SK(Q) peE\(0} $>dx
RN

where S; () is the family of all linear spaces of H!(2) of dimension k.
The scheme of a shape optimization problem for eigenvalues would then be the
following:

1. consider the initial problem of eigenvalues on smooth domains;

2. relax the problem for non-smooth domains and replace the eigenvalues by the
relaxed values;

3. prove the existence of the optimal shape (which is a priori nonsmooth);

4. prove the regularity of an optimal shape, and recover true eigenvalues at the
optimum.

In general, this last step is the most difficult one. We will not be able to afford it here,
but we will give below an example supporting the introduction of the relaxed values.

Example 7.4.3 The example of Courant-Hilbert [89]. Let 2 be a fixed rectangle as
in Figure 7.5. By a thin channel of fixed length / and thickness €, we join to €2 another
rectangle of size v. If we take ¢ = v> and make ¢ — 0, one can readily observe by
taking test functions which are constant on each rectangle and affine on the channel,
that the second eigenvalue of €2, converges to zero. Since the second eigenvalue of
Q2 is not vanishing, we have an example of non-convergence of eigenvalues, despite
the pointwise convergence of resolvents.

Example 7.4.4 Examples of shape optimization problems for the eigenvalues of the
Neumann Laplacian.
We refer to Weinberger [193] and Szeg6 [188] for the following results:

1. The ball is the unique solution of

max{ua(R2) : @ CRY, Q smooth , |Q| = c}.
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Figure 7.5. The example of Courant and Hilbert [89]: / is fixed and ¢ = V3.

2. The ball is the unique solution of

1
@ e

We refer to [16] for a list of open problems involving the eigenvalues of the
Neumann-Laplacian.

min{ CQCR* Q simply connected and smooth , |Q2| = c}.

Remark 7.4.5 We note that in the first example, the smoothness assumption can be
eliminated, simply replacing for a bounded open set €2 the eigenvalue by the relaxed
value introduced in relation (7.33). We still have that the maximizer is the ball. In
order to apply the Weinberger idea, one has only to check that for a nonsmooth €2,
we have that
, Jo IVul?dx
w2 () = inf =
ueH (Q), [qudx=0 [o u’dx

This fact supports the idea of replacing the true eigenvalues by the relaxed val-
ues introduced in (7.33) for more general shape optimization problems (see Remark
7.4.10).

Following Remark 6.1.10, for the Dirichlet boundary conditions the Mosco conver-
gence of the Hol-spaces implies the convergence of the full spectrum. For Neumann
boundary conditions this is not anymore true; we can only establish the following
result.

Theorem 7.4.6 Let D be a bounded design region in RY and let Q,, 2 C D such
that H (2, converges in the sense of Mosco to H L(Q) (in the sense of extensions
in L*(D) x L*(D,RM)).

Then, for every k € N*, we have

(7.34) i (§2) = limsup 1y (€2,).

n—oo
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Proof Lete > 0 and let S; be a space of dimension k in H () such that

Jo |Vul?dx
(7.35) () = sup S — — ¢
uesSy Q u-dx
Letuy, ..., ux € S be a basis of the space Si, such that fQ uiujdx = §jj.
From the first Mosco condition, there exist sequences
U - U
such that u!, € H'(2,) foreveryi =1,...,kandn € N and

uln —> u; strongly in LZ(D) X L2(D, ]RN).
For n large enough, the vectors u ,1,, e, uﬁ are independent in Lz(Qn). Indeed, sup-
pose by contradiction that (up to a subsequence)

i = aful ool
Dividing by o, = max{|a,i|, e |a£‘l_l |, 1} and passing to the limit for a subse-
quence, we get that uq, ..., u; are linearly dependent, which contradicts our as-
sumption.

We correct the sequences (u,ll),,, cee (u',j),, and transform them into an orthonor-
mal basis of k-dimensional spaces in L%(2,,). We take, as usual

il =ul,
u2
2=’ i) an ndx
U, =u, — 5
fQ Tul2dx’
a uk ~k—1, k
ko k 1f€2 ndx N
Uy, = U, — ST T Ty e
fQ Tul2dx an luy ™" |2dx
We normalize all these functions in L2(Qn), and by abuse of notation we still call
them u,ll o, uﬁ
Let us denote by Sk, the space of dimension k generated by u,lz, »”If; in

L?(2,). There exists a function u,, € Sk.n With an u,%dx = 1 such that

Ja, IVunl?dx Ja, IVul?dx
3 = max —.
/Q dx uESk n fQ x
Writing u, = alul +- - +akuk, we get le‘ |at |? :.1. Therefore, for a subsequence
we have forevery i = 1, ..., k thata), — a;, Z/f la’|? = 1 and

Uy —alu' + .. 4k ::ueHl(Q),
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the convergence being strong in the sense of extensions in L%*(D) x L*(D,RM).
Hence

fo|VulPdx  [o |VuulPdx Jo, |VoI7dx
= lim ————— = lim sup

Joudx oo [ updx "X ges, o, 07X

. . Jo, IVPdx
> limsup inf sup —aa
n—00 SES) pes  [q Prdx

According to (7.35) we get
Wi (§2) + & = limsup ik (€2,).

n—oo

Taking ¢ — 0 we conclude the proof. u

A somehow similar, but much weaker result than the one for Dirichlet problems
in Corollary 6.2.1, is given below.

Theorem 7.4.7 Let D C R? be a bounded design region, c, 1, M positive constants,
and let us denote

Uy = (QC D :Qopen, |2 =c, 1Q° <1, HL(OQ) < M).

Let F : Rﬁ — R be an upper semicontinuous function which is nondecreasing
in each variable. Then, the problem

max F(ui(82),..., ux(2))
Qeldyy
has at least one solution.

Proof Note that if Q¢ < [, this does not imply that §9<2 is finite. Nevertheless,
if the number of the connected components of €2 is less than or equal to k, then
the number of the connected components of 92 is less than or equal to k +/ — 1.
Note that, unless the functional F is trivial, it is enough to search the maximum only
among domains €2 which have less than k connected components. Indeed, if 2 = &,
then w1 (2) = --- = ur(2) = 0, hence F is minimal on such a set.

We use the direct methods of the calculus of variations and consider a max-
imizing sequence for F, say (£2,),. Up to a subsequence we can assume that

Q i) Q. Since #(0€2,;) < k + 1 — 1 we get that H'(3Q) < M. The prop-
erties of the H°-convergence for sets with uniformly bounded perimeter give (see
[59]) Q@ € U,q. Theorem 7.4.6 together with Proposition 7.2.2 give that p; (2) >
limsup,,_, o, 1;(£2,). The upper semicontinuity and the monotonicity of F give that
€2 is a maximizer. u

Remark 7.4.8 A way to replace the Hausdorff measure in shape optimization prob-
lems involving Neumann boundary conditions is to use the density perimeter intro-
duced in [58] and developed in [59]. The reason to replace the Hausdorff measure is
related to its bad continuity properties for the Hausdorff convergence.
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Let H : [0,00) — R be a given continuous function with H(0) = 0 (this is a
“corrector” of the perimeter) and y > 0 a fixed number (which plays the role of a
scale in the problem).

Definition 7.4.9 Let y > 0. The (v, H)-density perimeter of the set A is

m(A¥%)
(736) P = swp [T+ HE)
ecOy) - 28
where A* = UycaB(x, €).
The family
(7.37) {QC D:Q open, P, y(02) <k}

c 1
is compact in the H¢-topology, and if QnLQ, then 1g, L, lg and P, g (0R2) <
liminf P, g (02,).
n—oo
It is worth noticing that in two-dimensional space, for every compact set A with at

most / connected components and for a suitable function H (e.g., H(x) = —Ilnx/2)
we have P y(A) = H'(A).

Remark 7.4.10 We end this section by pointing out an open problem. Given a
bounded open set D, and indicating by px(€2) the k-th relaxed value on an open
subset 2 C D, prove, or disprove, the existence of a solution for the maximization
problem

max{ui(2) : |2] =c, Q C D}.
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