Progress in Nonlinear Differential Equations
and Their Applications

Takashi Suzuki

Free Energy and
Self-Interacting Particles

Birkhauser






Progress in Nonlinear Differential Equations
and Their Applications
Volume 62

Editor

Haim Brezis

Université Pierre et Marie Curie
Paris

and

Rutgers University

New Brunswick, N.J.

Editorial Board

Antonio Ambrosetti, Scuola Internationale Superiore di Studi Avanzati, Trieste
A. Bahri, Rutgers University, New Brunswick

Felix Browder, Rutgers University, New Brunswick

Luis Caffarelli, The University of Texas, Austin

Lawrence C. Evans, University of California, Berkeley
Mariano Giaquinta, University of Pisa

David Kinderlehrer, Carnegie-Mellon University, Pittsburgh
Sergiu Klainerman, Princeton University

Robert Kohn, New York University

P. L. Lions, University of Paris IX

Jean Mawhin, Université Catholique de Louvain

Louis Nirenberg, New York University

Lambertus Peletier, University of Leiden

Paul Rabinowitz, University of Wisconsin, Madison

John Toland, University of Bath



Takashi Suzuki

Free Energy and
Self-Interacting Particles

Birkhduser
Boston « Basel « Berlin



Takashi Suzuki

Osaka University

Graduate School of Engineering Science
Department of System Innovation
Division of Mathematical Science
Toyonaka, Osaka 560-0043

Japan

Cover illustration: A profile of self-organization—Some patterns of self-organization, sealed in the
closed system, are revealed in the activities of life, and the motion of the mean field of many particles.

AMS Subject Classifications: Primary: 35J60, 35K55, 37L.60, 53A05, 70F45, 70S15, 74H40, 80A30,
82C31, 92C17; Secondary: 35B32, 35B35, 35B40, 35J20, 35K57, 35Q72, 35Q80, 37L45, 53A10,
70K20, 70K40, 74G35, 74H35, 74H55, 80A25

Library of Congress Cataloging-in-Publication Data
Suzuki, Takashi, 1953-
Free energy and self-interacting particles / Takashi Suzuki.
p. cm. — (Progress in nonlinear differential equations and their applications ; v. 62)
Includes bibliographical references and index.
ISBN 0-8176-4302-8 (alk. paper)
1. Differential equations, Parabolic. 2. Differential equations, Partial. 3. Lattice
dynamics. 4. Geometry, Differential. 5. Biomathematics. 6. Statistical mechanics. 7.
Chemical kinetics. 1. Title.

QA377.59615 2005
515°.3534-dc22 2004062340

ISBN-10 0-8176-4302-8 Printed on acid-free paper.
ISBN-13 978-0-8176-4302-7

®
©2005 Birkhéuser Boston Birkhduser B

All rights reserved. This work may not be translated or copied in whole or in part without the writ-
ten permission of the publisher (Birkhéduser Boston, c/o Springer Science+Business Media, Inc., 233
Spring Street, New York, NY 10013, USA), except for brief excerpts in connection with reviews or
scholarly analysis. Use in connection with any form of information storage and retrieval, electronic
adaptation, computer software, or by similar or dissimilar methodology now known or hereafter de-
veloped is forbidden.

The use in this publication of trade names, trademarks, service marks and similar terms, even if they
are not identified as such, is not to be taken as an expression of opinion as to whether or not they are
subject to proprietary rights.

Printed in the United States of America.  (TXQ/SB)
987654321 SPIN 10888060

www.birkhauser.com



To Mitsu, Jun, and Ai



Contents

Preface

1

O o0 N N B W

— = e e
A W N = O

Summary

Background

Fundamental Theorem
Trudinger—Moser Inequality
The Green’s Function
Equilibrium States

Blowup Analysis for Stationary Solutions
Multiple Existence
Dynamical Equivalence
Formation of Collapses
Finiteness of Blowup Points
Concentration Lemma
Weak Solution

Hyperparabolicity

ix

25
35
59
79
105
115
147
175
207
219
247
277
293



viii Contents

15 Quantized Blowup Mechanism
16 Theory of Dual Variation

References

Index

307
323

345
361



Preface

This book examines a system of parabolic-elliptic partial differential equa-
tions proposed in mathematical biology, statistical mechanics, and chemical
kinetics.

In the context of biology, this system of equations describes the chemotactic
feature of cellular slime molds and also the capillary formation of blood vessels
in angiogenesis. There are several methods to derive this system. One is the
biased random walk of the individual, and another is the reinforced random
walk of one particle modelled on the cellular automaton.

In the context of statistical mechanics or chemical kinetics, this system of
equations describes the motion of a mean field of many particles, interacting
under the gravitational inner force or the chemical reaction, and therefore this
system is affiliated with a hierarchy of equations: Langevin, Fokker—Planck,
Liouville-Gel’fand, and the gradient flow. All of the equations are subject to
the second law of thermodynamics — the decrease of free energy. The mathe-
matical principle of this hierarchy, on the other hand, is referred to as the quan-
tized blowup mechanism; the blowup solution of our system develops delta
function singularities with the quantized mass.

The aim of this book is to prove the original result— Theorem 1.2 stated
in the first chapter — but several motivations are also described in detail, be-
cause they are quite important in creating mathematical techniques, and fur-
thermore, are obtained from statistical mechanics, field theory, nonequilibrium
thermodynamics, system biology, and so forth. We have made every effort to
keep the discussion self-contained, and any special knowledge concerning re-
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cent mathematical research is not assumed; for example, we have provided the
complete proof of our previous result, Theorem 1.1. We have also described
several mathematically open problems concerning this system.

The main result, Theorem 1.2, assures that if the solution to this system
blows up in finite time, then it develops delta function singularities with the
quantized mass, called collapses, as the measure-theoretical singular part. If
such a collapse has an envelope, the region containing the whole blowup mech-
anism in space-time, then mass and entropy are exchanged at the wedge of this
envelope.

In the context of biology, this means the birth of the quantized “clean” self,
while technical motivations result from the above-mentioned hierarchy of the
mean field of particles: the quantized blowup mechanism of the stationary state
and the existence of the weak solution of the associated kinetic equation global
in time.

Thus, this quantization of the nonstationary blowup state is a consequence
of the nonlinear quantum mechanics; more precisely, it comes from the quanti-
zation of both mass and location of the singularity that appears in the singular
limit of the stationary solution, with the stationary state realized as a nonlin-
ear elliptic eigenvalue problem with nonlocal terms, where total mass acts as
the principal parameter because it is preserved in the nonstationary state. Mass
quantization of the collapse, on the other hand, is proved if the nonstationary
solution under consideration has a post-blowup continuation, while the weak
solution always exists globally in time in the kinetic equation.

However, all of these facts are just support for the proof of Theorem 1.2, and
we have to prove it rigorously within this level of hierarchy, that is, our system.

We prove the above-mentioned quantized blowup mechanism, describing
the following: physical principles and derivation of a series of affiliated equa-
tions, biological modelling based on the random walk, mathematical study of
the stationary state via the variational structure, blowup analysis of the sta-
tionary problem using the symmetry of the Green’s function, existence and
nonexistence of the nonstationary solution globally in time, and details of the
quantized blowup mechanism of nonstationary solutions and their proofs by
several analytical tools — localization, symmetrization, and rescaling.

Chapters 1 and 2 are the summary and description of modelling, respec-
tively. The proof of Theorem 1.2 is carried out in Chapter 15, using the bound-
ary behavior of the Green’s function and the generation of the weak solution
established in Chapters 5 and 13, respectively.

Chapters 12 and 14 describe technical motivations — the quantization of the
collapse formed in infinite time and that of subcollapses formed in the scaled
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limit of the blowup solution in finite time, respectively. Thus, the reader can
skip these chapters to follow the proof. Theorem 1.1, on the other hand, is
a preparatory result of our previous work, the formation of collapses and the
estimate of their masses from below, and the proof is described in Chapter 11
for completeness.

Chapters 3-5 are devoted to the classical theory for this system. First, the
fundamental theorem, the unique existence of the solution locally in time, is
proved in Chapter 3. Then the threshold for the existence of the solution glob-
ally in time, which is eventually explained in a unified way by the quantized
blowup mechanism, is established in Chapters 4 and 5. The results described
in these three chapters are more or less known, but we adopt a general setting
and new arguments.

Chapters 6-10 are devoted to the stationary problem. We have provided them
to describe the quantized blowup mechanism of the nonstationary state. Thus,
the reader can skip these chapters, but this methodology of classifying station-
ary solutions is quite efficient in the study of nonlinear problems. We mention
also that this stationary problem arises in many areas: semiconductors, gauge
theory, turbulence, astrophysics, chemical kinetics, combustion, geometry, and
so forth.

First, we describe a survey on this stationary problem in Chapter 6. Then
we show more or less known results in Chapters 7 and 8, but here we use a
new argument, called symmetrization, motivated by the study of nonstationary
problems. Chapter 9 is original and describes the effect of these (unstable) sta-
tionary solutions to the local dynamics. Chapter 10 is the application obtained
by this study to the global dynamics. Chapters 11-15 are devoted to the proof
of Theorems 1.1 and 1.2 as we mentioned.

Finally, in Chapter 16 we develop the abstract theory of dual variation, and
the results of Chapter 6 are extended in the context of convex analysis. We
show that this stationary problem has two equivalent variational formulations,
where the cost functionals are associated with the particle density and the
field distribution. These two functionals have the duality through the Legen-
dre transformation, and furthermore, are combined with a functional, called
the Lagrange function. We also add a result concerning the stability of the sta-
tionary solution.

This story of dual variation is widely observed in mean field theories, par-
ticularly in the ones associated with the particles having self-interaction with
their creating field. This book, we hope, will provide a new point of view for
these theories.
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Recently, nonequilibrium statistical mechanics has been discussed in the
context of self-organization, particularly the formation of the cascade of cyclic
reactions against the increase of global entropy. In this system, as we have de-
scribed, the blowup mechanism is controlled by the stationary solution, and in
this sense our study is referred to as that of simple systems. However, the total
set of stationary solutions, particularly the unstable ones, is associated with this
phenomenon of quantization, and in this sense our study is strongly influenced
by the theory of complex systems.

We hope that this book provides some theoretical inspiration and technical
suggestions to researchers or Ph.D. students in mathematics and applied mathe-
matics who are interested in statistical physics, physical chemistry, mathemat-
ical biology, nonlinear partial differential equations, or variational methods.
We also hope this book helps the researcher in other fields such as physics,
chemistry, biology, engineering, and medical science, to realize the benefit and
necessity of the methods of mathematical science, analytical techniques, phys-
ical principles, and so forth, in studying their own problems.

In conclusion, we caution the reader that in spite of these wide applica-
tions, the mathematical analysis in this book is limited to a very special sys-
tem of equations. In addition, we employ numerous mathematical models us-
ing the sensitivity function, activator-inhibitor factors, cross-diffusion, and so
forth, that involve significant mathematical analysis as well. This book is far
from being a complete overview, but fortunately we can mention the survey of
Horstmann [67, 68] concerning the biologically motivated study, where several
mathematical models of chemotaxis, mathematical studies, and their relations
are discussed.

We also mention some other monographs to access related concepts in this
book. First, breaking down the construction or continuation of the solution fol-
lows from the blowup of approximated solutions in nonlinear problems. Con-
trol of its blowup mechanism can then guarantee the existence of an actual so-
lution. Several examples of this new argument are described in Evans [44]. The
quantized blowup mechanism in variational problems and their mathematical
treatments are mentioned in Struwe [159]. Physical, chemical, and biological
motivations are obtained by Risken [138], Doi and Edwards [40], and Murray
[105], respectively. Finally, many suggestions are obtained from Tanaka [170]
on system biology.

Takashi Suzuki
Osaka, Japan
October 30, 2004
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Summary

Our study is concerned with the system of elliptic-parabolic partial differential
equations arising in mathematical biology and statistical mechanics. A typical
example is

u; =V -(Vu —uVv)

in Qx(0,7T),
O0=Av—av+u
ou v
—=-—=0 on 3Q2x(0,7),
v v
ul,_o=uo(x) in Q, (1.1)

where 2 C R” is a bounded domain with smooth boundary 92, a > 0 is
a constant, and v is the outer unit vector on 9€2. This system was proposed
by Nagai [106] in the context of chemotaxis in mathematical biology. Here,
u = u(x,t)and v = v(x, t) stand for the density of cellular slime molds and
the concentration of chemical substances secreted by themselves, respectively,
at the position x € 2 and the time ¢ > 0.

In this case, the first equation is equivalent to the equality

d
—/udxz—/ j-vdS
dt w w

for any subdomain w € 2 with smooth boundary dw, where dS denotes the
surface element. Namely, it describes the conservation of mass, where the flux
of uis givenby j = —Vu +uVo.
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Figure 1.1.

The first term —Vu of j is the vector field with the direction parallel to the
one where u decreases mostly, and with the rate equal to its derivative toward
that direction, that is, u is involved by the process of diffusion.

The second term uVv of j, on the other hand, indicates that u is carried by
the vector field Vv toward the direction where v increases mostly, with the rate
equal to its derivative to that direction. In other words, this term represents the
chemotactic aggregation of slime molds with v acting as a carrier, and in this
way, the effect of diffusion —Vu and that of chemotaxis uVv are competing
for u to vary. See Figure 1.1.

Actually, this system describes the motion of cellular slime molds. They are
a kind of amoeba usually, but when foods become rare, they begin to secrete
chemical substances on their own and create a chemical gradient attracting
themselves. Eventually spores are formed by this process. The actual mech-
anism is much more complicated, involving chemical and biological actions
and reactions, and the derivation of (1.1) from the biased random walk has
been done [3, 128].

In 1970, Keller and Segel [81] proposed a system of parabolic equations to
describe such a phenomenon. If the second equation is replaced by

Tty =Av—av+u in Qx(0,T) (1.2)

in (1.1), then a closer form to that original system is obtained, where T > 0 is
a small constant. In this system, the density of the chemical substances, v, is
subject to the linear diffusion equation, provided with the dissipative term —av
and the growth term u. Thus, v diffuses and is destroyed with the rate a > 0
by itself, and is created proportionally to u.
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Writing tv; as dv/d(t~'t), we can see that the parameter T represents the
relaxation time, that is, the rate of the time scale of v relative to u. Since the
biological time scale is much slower than the chemical one, the assumption 0 <
T « 1 is reasonable. Then, putting T = 0 gives (1.1), where the initial layer
takes a role in this process of singular perturbation and the initial condition of
vislostin (1.1).

This form, system (1.1) with the second equation replaced by (1.2), is called
the full system in this book. We have two parameters, a and t, and actually,
we can regard this system as a normal form, where other possible constant
coefficients have been reduced to one by suitable transformations of variables.

In the context of statistical mechanics, the bounded domain €2 under consid-
eration is sometimes replaced by the whole space R”. In this case, boundary
conditions are replaced by the requirement that u(-, t) and v(-, ¢) are in appro-
priate function spaces, and the second equation of (1.1) takes the form

v(x, 1) = / ['(x —yu(y,t)dy, (1.3)
with
3 x| (n=1),
I'(x) = %log‘%l (n=2), (1.4)
perd (n=3),

standing for (—1) times potential driven by gravitational force. This system
of equations is concerned with the motion of a mean field of many particles,
subject to the self-interaction caused by the gravitational force of their own,
namely, while the first equation of (1.1) describes mass conservation of many
particles, the second equation replaced by (1.3) comes from the formation of
the gravitational field made by these particles. Here, the diffusion term Au of
the right-hand side of the first equation is to be noted, and it comes from the
fluctuation of particles as we shall see.

Equation (1.3) is regarded as a form of the second equation of (1.1), naturally
extended to the whole space R". In fact, the latter is equivalent to

vix,t) = / G(x, xDu(x’, t)dx’, (1.5)
Q
where G = G(x, x") denotes the Green’s function in Q of the differential
operator —A + a under the Neumann boundary condition, and it holds that

/ / C(x —x") (x" € Q),
_x 1.
G(x, x7) (X [ZF(x -x) (' €9Q), o



4 Free-Energy and Self-Interacting Particles

with K = K (x, x’) standing for the regular part of G (x, x').
Coupled with

uy=V-(Vu+uVv) in x(0,T)

and

9
M —0 on 9Qx(0.T),
v

equation (1.5) can cast the semiconductor device equation in the DD (drift-
diffusion) model, of which mathematical study has been done by several au-
thors. See [15, 76] and the references therein. In this case the system is dissi-
pative, and the long-term behavior of the solution is quite different from the
one described in this book, equation (1.1) for instance.

Other forms of the second equation to (1.1) are also proposed [38, 73]. Each
of them is written as

d
rd—l; fAv=u in LAQ) (1.7)

in an abstract manner, where A is a positive definite self-adjoint operator with
the compact resolvent and T > 0. Following the earlier terminology, we call
(1.1) with the second equation replaced by (1.7) for T > 0 the full system also.
There, similarly, the additional initial condition v|,_y = vg(x) is imposed. If
T = 0, the initial value is provided only for u as in (1.1). This case is called the
simplified system in this book. Thus, (1.1) is regarded as a simplified system of
chemotaxis.

As might be suspected from the above description, the field generated by
particles is physical in the simplified system. This means that it is formed at
once from each particle. The relaxation time t of the full system, on the other
hand, suggests that some intermediate process, such as the chemical reaction
inside the biological media, is involved when the field is created from particles.
Thinking thus that the full system describes such an intermediate process in a
very simple way, we say that (1.2) indicates the formation of the chemical in
this book.

In the other case, the second and third equations of (1.1) are replaced by the
ordinary differential equation

v i
‘L'E =u in 2x(0,7T) (1.8)
and the boundary condition
du av
— —u—=0 on 92 x(0,7), (1.9)

v av
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respectively. It is derived from the statistical model of the reinforced random
walk developed on the lattice of a cellular automaton, where the effect of trans-
missive action of control species is restricted to each cell. We call this case the
biological field in this book, although the interaction particle is restricted to
adjacent cells and the field is not formed in the classical sense. Recently, much
attention has been paid to the final form in medical science, in the context
of self-organization such as angiogenesis, especially for the growth of tumors
[34, 158, 188].

Thus, we have distinguished three kinds of fields — physical, chemical, and
biological — which make the second equation of (1.1) appear in slightly dif-
ferent forms. Although several variations of the first and second equations of
(1.1) are proposed — using the sensitivity function, activator-inhibitor factors,
cross-diffusion, and so forth [67, 68, 127] — this slight difference in the forma-
tion of the field from particles makes the solution quite different. Our study is
mostly concerned with the first case. Some results are still valid for the second
case.

The long-term behavior of the solution to (1.1), on the other hand, depends
on the space dimension 7, and most of our study of the blowup mechanism
is restricted to the case n = 2. Then the blowup solution develops a delta
function singularity with the quantized mass, while quite different profiles of
the blowup solution are obtained for n = 3 [62, 63].

We think that these features are related to the structures of the set of station-
ary solutions. In fact, this set is also sensitive to the space dimension, and only
for n = 2, is the quantized blowup mechanism observed. Furthermore, several
suggestions are obtained from this set concerning the long-term behavior of
nonstationary solutions.

Before describing this any further, we confirm that the classical solution to
(1.1) exists locally in time if the initial value is smooth. It becomes positive
if the initial value is nonnegative and not identically zero. These fundamental
theorems were established by [14, 187]. See also [152].

To control the long-term behavior, it is important to determine whether in-
variant quantities or Lyapunov functions exist or not. However, this system of
(1.1) is provided with the total mass conservation and the decrease of free en-
ergy, following physical requirements to describe the motion of the mean field
of many particles. Thus, we have one invariant and one Lyapunov function.
The total mass is given by

A= llu@®ly,

and the free energy is the total energy minus entropy so that is equal to
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F(u) :f u(logu — 1) dx —l// Gx,xYu®@udxdx’. (1.10)
Q 2J)J) axa

Here and henceforth, u ® u stands for u(x)u(x’) and the standard L? norm is
denoted by || -||, for p € [1, oo].

These facts are valid even for the full system and we can confirm them math-
ematically. In fact, first, positivity of the solution is preserved. Precisely,

up(x) >0 and up(x) £#0

imply u(x,t) > 0 for (x,1) € Q x (0, T) by the strong maximum principle.
This gives the total mass conservation,

lu@)lly = lluolly = A, (1.11)
by
d
—fudx:/u,dx:fV-(Vu—qu)dx
dt Jo Q Q
0 d
:/ A ufl)ds =o. (1.12)
aQ av av

Next, in the full and simplified systems, the Lyapunov function is provided by

|
W, v) = / (u(logu — D —uv+ Vo + %vz) dx.  (1.13)
Q

In fact, writing the first equation of (1.1) as
ur =V -uV (logu —v),
we have

/ ur logu —v) dx = —/ u |V (logu — v)I2 dx
Q Q
from the boundary condition. Here, the left-hand side is equal to

d

—/ (u(logu — 1) — uv) dx —I—/ uvy dx,

dt Q Q
and (1.2) is applicable to the second term. This gives

/ uvy dx = f (tvy — Av +av) v dx
Q Q

1d
=tllvl3+=—

2 2
S (Ivel3 +a i)
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Thus, we obtain

d
EW(u,vHrnvtn%/ u|V (logu — v)[* dx =0, (1.14)
Q

and hence W(u, v) is nonincreasing:

d

dtW(u, v) <0.

This argument is also applicable to the biological field, that is, system (1.1)

with the second and the third equations replaced by (1.8) and (1.9), respec-
tively:

d
—/ (u(logu — 1) — uv) dx + 7 ||v |3
dt Jo
+/ u|V(logu — v)|* dx = 0.
Q

In the simplified system (1.1), the Lyapunov function W(u, v) defined by
(1.13) is equal to F(u) of (1.10):

.F(u):/ (u(logu — 1)) dx—l// Gx,xYu®@udxdx'.
Q 2 QxQ

In fact, by (1.5) it holds that

/uvdx:f f G, xux)u(x"ydx dx’,
Q QJIQ

while we also have

/ (IVv|2+av2) dx=/(—Av+av)vdx=/ uvdx,
Q Q Q

and therefore from (1.13) it follows that
W(u, v) = F(u)

in this case. Thus, system (1.1) is subject to the second law of thermodynamics,
the decrease of free energy, as well as of mass conservation.

In 1981, Childress and Percus [33] tried a semianalysis of the full system of
chemotaxis, and conjectured that in the case of n = 2 there is a threshold in
the L' norm of the initial value for the blowup of the solution to occur.
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To make the description simple, let Tax € (0, +00] be the blowup time,
that is, the supremum of the existence time of the solution. Thus, the solu-
tion exists globally in time if Tipax = +00, while Thax < +00 means the
blowup of the solution. Under this notation, their conjecture is that in the case
of n = 2, |uolly < 87 implies Tyax = +00, while Tiax < 400 can happen
if ||uoll; > 8m. Their other conjecture is that such a threshold for the blowup
of the solution does not exist if the space dimension is not two. This work is
actually based on the method referred to as nonlinear quantum mechanics in
this book, of which details will be described later.

It should be noted that Childress and Percus were motivated also by Nanjun-
diah [119], who had conjectured that # will develop a delta function singularity
in finite time. This singularity was expected to explain the formation of spores
of cellular slime molds when their food become rare, and is called the (chemo-
tactic) collapse. See Figure 1.2.

Figure 1.2.

To examine this conjecture of [119], [33] first applied the dimensional anal-
ysis, under the observation that if u is concentrated in R” in a narrow area of
radius & > 0, then it holds that V ~ §~1 and the magnitude of u is O(8™")
because of the conservation of total mass (1.11). Sometimes, such § > 0 is
called the dimension.
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If we put v = O(8'~®/2)and r = 0(8'+®/2)), then the dimensions of

uy —V-wVv) — Au =20

and

vy, —u+av—Av=0 (1.15)
balance as
and

5 (80, 50, .. 5n/2—1) -0,

where the term av is neglected in (1.15). From these relations, we can observe
that according to n = 1 and n = 3, the diffusion, compared with the chemo-
taxis, dominates and is negligible for 0 < § < 1, respectively. In the former
case, collapses may not be formed, while in the latter case the concentration
will be enforced. This suggests a stronger singularity than the delta-function
in the case n = 3 and also the nonexistence of the collapse for n = 1. It also
suggests that the actual blowup of the solution is not controlled by the total
mass in the case of n = 3. Figure 1.3 illustrates such a situation, which is
an overview of the radially symmetric blowup solution of n = 3 constructed
by [62].

In this case of n = 3, there is also a self-similar blowup, distinguished from
the above profile, such as

u(r, Tmax) ~ (87 + 8)(4mr?)~!

for r | 0 [63]. In contrast with these cases of n = 1 and n = 3, the effect
of diffusion and that of chemotaxis compete in the case of n = 2, and the
formation of collapses [119] is expected only for n = 2.

Then how did [33] get the idea of a threshold total mass for the blowup in
the case of n = 2, particularly the threshold value 87 ? Actually, this is done
by the study of the stationary problem of (1.1):

V-(Vu—-uVv) =0 in £,
Av—av+u=0 in £,
du/dv =dv/dv =0 on 0%, (1.17)
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u(r,t)

(T - 1"

(}771‘)2/3
(T _ t)”3
Figure 1.3.

and we call this part of their study nonlinear quantum mechanics.
First, we introduce the equilibrium state in the following way. In fact, the
principal system to u is written as

Au=Vv-Vu+ (Av)u in £,
ou/ov=0 on 0J2Q.

Since we are interested in the nontrivial case of # > 0 and u # 0, it follows
that # > 0 on 2 from the strong maximum principle again. Now, writing the
first equation of (1.17) as

V.-uV (logu —v) =0,

we have
/ u |V (logu — v)l2 dx =0
Q

similarly to (1.14), and hence

logu — v =logo (1.18)
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follows in €2 with a constant o > 0. This unknown constant o can be pre-
scribed if we take into account the equality (1.11) valid for the nonstationary
problem (1.1). Namely, in terms of A = ||u||;, relation (1.18) implies

re?

‘= er”a’x'

Substituting this into the second equation of (1.1), we reach the elliptic eigen-
value problem with the nonlocal term,

Av + A
— AV av = ———— mn
er”dx
9
Mo on 9. (1.19)
v

Here, the parameter A = ||u||; > 0 is regarded as an eigenvalue.

The stationary problem, (1.17), admits a constant solution (u,v) =
A/ 12|, A/(a |R2|) with ||u||; = A. This trivial solution generates the branch
of (constant) solutions to (1.19),

Co={ 0.2/ @QD) | >0}

in A — v space, which bifurcates nontrivial solutions to (1.19).
Before proceeding to this bifurcation analysis, we want to mention a differ-
ent problem very close to (1.19), that is,

. rev
- Joevdx

v=20 on JQ. (1.20)

—Av in Q

This arises in the theory of combustion [51] for n = 3 and in statistical mechan-
ics for vortex points [20, 21, 82] for n = 2. Analogous problems are also found
in self-dual gauge theory [189]. For n > 3, the structure of radially symmetric
solutions is studied by [45, 51, 75, 117]. Two-dimensional radially symmetric
solutions, on the other hand, are easier to handle because they are given ex-
plicitly. These elliptic problems are related also to the complex function theory
and the theory of surfaces, and our previous monograph [166] is mostly de-
voted to these elliptic problems. There are other monographs [5, 9, 96], from
the viewpoints of geometry, combustion, and hydrodynamics. In many cases,
if the problem is involved with the exponential nonlinearity against the two-
dimensional diffusion, then we obtain the quantized blowup mechanism.
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Taking these works into account, [33] studied (1.19) as follows. First, they
applied the bifurcation analysis to the branch of trivial solutions C, by restrict-
ing the problem to the radially symmetric case, namely, €2 is put to be the unit
disc,

D:{xER2||x|<1},

and the solution v is supposed to be radially symmetric as v = v(|x|). Then,
(1.19) is reduced to the two-point boundary value problem of an ordinary dif-
ferential equation.

Note that problem (1.20) can be treated similarly. Although the constant
solution does not exist in this case, all radially symmetric solutions to this
problem are given explicitly and form a branch

Cra = { (v, v(0) [ A € (0, 87m)}

satisfying limy o vy (x) = 0 and

1
lim v, (x) =4log —, (1.21)
A8 |x|

and, moreover, any A € (0, 877) admits a unique solution v; = v, (x), and there
is no solution for A > 8. See Figure 1.4.

8

Figure 1.4.

In (1.17), on the contrary, a branch C, of radially symmetric solutions bi-
furcates from that of constant solutions, C., at some A = A, > 8m. From the
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bifurcation theory it is confirmed also that C, is in A < A, near the bifurcation
point. Then, it is natural to ask whether or not C, reaches or exceeds A = 8.

Under these conditions, [33] tried using the numerical computation to follow
C, toward the direction where A decreases. What they observed is that it does
not exist beyond A = 8, which led them to another conjecture concerning
(1.17) when € is a disc, that is, only a constant stationary solution exists if
Aisin 0 < A < 8w, while a very spiky stationary solution exists for each
Ain 0 < A — 8m « 1. See Figure 1.5. (Later, [144] showed that this extra
conjecture holds in the affirmative.)

\4

8

Figure 1.5.

Taking into account that the nonstationary solution lies in the manifold
llull; = A of function spaces, [33] arrived at the original conjecture by this
extra conjecture—that is, in (1.1), with n = 2, |lugll; < 8 will imply
Tmax = 00, while Tax < +00 can occur if ||ugl||; > 87, because the
“blowup solution should have the radially symmetric profile around the blowup
point.”

It is interesting but difficult to approach these conjectures rigorously. How-
ever, in 1992 Jager and Luckhaus [73] introduced a simplified system as the
limiting state of T ~ a | 0. There, the second equation of (1.1) is replaced by

1
—Av=u—— | udx in (1.22)
12| Jo

with the side condition

3
/vdx:O and =0 on IQ. (1.23)
Q av
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For this system [73] showed that if n = 2, then the condition ||up||; <K 1
implies Tax = +00, and Tyax < +00 occurs if ug(x) is sufficiently concen-
trated on a point in €2 and ||ug||; > 1. Then, in 1995, Nagai [106] showed that
the threshold conjecture holds exactly true for radially symmetric solutions to
(1.1). Thus, ||ug|l; = 8 is the actual threshold of the blowup of the solution
in this case. However, this was not the end of the story.

Meanwhile, several tools to treat these systems were proposed mathemat-
ically. They are summarized as the use of the Lyapunov function, the Trud-
inger—Moser inequality, and the second moment of total mass. Based on these
methods, it was proven that ||ug||; < 4w implies Tmax = +o0 in (1.1) for
the general case [14, 50, 110]. (Here, we confirm that the bounded domain
Q C R? is supposed to have the smooth boundary, consisting of a finite number
of smooth Jordan curves. In fact, if 92 has corners, then this constant 477 must
be reduced more. We shall see that the quantized blowup mechanism explains
completely what this means.)

Thus, around 1997, we were very close to a complete the proof of the con-
jecture [33], except for the discrepancy of the constant, 47 and 8. This dif-
ference is due to Moser—Onofri-type inequalities in HO1 () and H' (), but is
not technical. In fact, the structure of the set of solutions to (1.20) and (1.17)
are rather different.

Before describing this difference, we point out that the above-mentioned in-
equalities of real analysis were discovered in the study of Nirenberg’s problem
in differential geometry. Actually, these inequalities are associated with a vari-
ational functional. A key tool to approach our problem, the 47r-87 discrepancy,
called the concentration lemma, was proposed by [22, 23]. It focuses on the be-
havior of a family of functions defined on S2, and using them we can show that
if the blowup occurs in (1.1) with 47 < |lug|l; < 8m, then the solution must
concentrate on the boundary [108].

This means that we have to take into account the nonradially symmetric
stationary solution to (1.17) to understand the whole blowup mechanism of
(1.1). This is nothing but the methodology of [33], that is, the singular limit
of stationary solutions controls the blowup mechanism of nonstationary solu-
tions. However, we added a new motivation for unifying these two phenomena,
threshold and collapse, by the blowup mechanism in this book. Another new
viewpoint is the spectral equivalence of the variational structures of the equi-
librium state, induced by the free energy and the standard elliptic theory. We
call this part the theory of dual variation.
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Now we describe what is known for (1.20). First, the blowup can occur only
at quantized values of A [114, 115], namely, if

{ O, v () }

is a sequence of solutions to (1.20) with A = A and v(x) = vi(x), satisfying
A — Ag € [0,00) and ||vg|lc — 00, then it holds that Ay € 8w N. Fur-
thermore, Ao/ (87) coincides with the number of blowup points of {u;} and we
have

—Av(x)dx = Y 878y, (dx).

X0 eS

x-weakly in the sense of measures on , where S denotes the blowup set with
the location controlled by the Green’s function for — A in €2 under the Dirichlet
boundary condition. This phenomenon of concentration is already described by
(1.21) in the radially symmetric case.

To approach (1.17) in comparison with (1.20), examining the role of sym-
metry is essential. More precisely, the general theory of Gidas et al. [52] guar-
antees that any classical positive solution to a semilinear elliptic problem

—Au=f(u) in  with u=0 on 9
with 2 equal to the unit ball,
B={xeR"||x| <1},

must be radially symmetric, provided that f : R — R is Lipschitz continuous.
This theorem is applicable to (1.20), and the set of solutions for 2 = D, two-
dimensional unit ball, coincides with the branch C,; mentioned before. (Bandle
[5] gave a different proof of the radial symmetry of the solution to (1.20) on
the two-dimensional disc.)

Now, we describe how (1.17) is different from (1.20). Actually, there are
nonradially symmetric solutions to (1.17) even for 2 = D [144], and these
solutions play essential roles in the long-term behavior of the nonstationary
solution. For instance, a family of solutions to (1.17) blows up only at Ao €
47N and this A¢ is equal to 87 times the number of interior blowup points
plus 47 times that of boundary blowup points. In this connection, it is worth
mentioning that any family of solutions to (1.20) takes no boundary blowup
point at all. See Figure 1.6. Thus, the 47-87 discrepancy is a consequence of
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v
singular
limit
singular
< limit
A
4n &n
Figure 1.6.

the boundary blowup point in the equilibrium state, and this is actually the case
in the nonequilibrium state.

Here is a theorem [145] concerning the formation of collapses in the blowup
solution to (1.1). There, M(2) denotes the set of measures on Q, — the
s-weak convergence, and

8t (x0 € Q),
L(xg) = 1.24
M) =N o € 99). (1:24)

Theorem 1.1 If Tihax < +00 in (1.1), then there exists a finite set
ScQ
and a nonnegative f = f(x) € L'(©Q)NncE@ \ S) such that

u(x,t)dx — Z m(x0)dy,(dx) + f(x)dx (1.25)

X0ES
in M(Q) as t 1 Tax With

m(xg) = msy(x0) (x0 €S5). (1.26)
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We have also

lim (u(?)|o = +00 (1.27)
and S coincides with the blowup set of u, namely, xo € S if and only if there
exist xy — xg and #; 1 Tmax such that u(xg, ty) — +00. Since

lu@) s = lluolly
holds for ¢t € [0, Tmax), We thus obtain
2-8(QNS)+180RNS) < lluolly /(4m) (1.28)

by (1.25) and (1.26). This inequality is regarded as a refinement of the previous
work concerning the criterion of Tihax = +00, as it assures that ||ugll; < 47
implies S = ¢ and therefore Ty, = +00.

Each collapse

m(x0)8x,(dx)

stands for the spores made by cellular slime molds, and if the equality holds
in (1.24), then the quantized value of the mass of collapses on the boundary is
counted as half of the one in the interior.

Inequality (1.26) indicates that the mass of collapses made by the blowup
solution cannot be under the fundamental level. If this estimate is optimal, then
conjecture [33] follows with the value 87 replaced by 4. More precisely, any
A > 4m admits ug(x) > 0 such that ||ug||; = A and Tmax < +oo. This is
actually the case, and if

lluolly > 4

and uo(x) is sufficiently concentrated at a point on the boundary, then we ob-
tain Tpax < 400 [107, 146]. Thus, conjecture [33] holds in the affirmative if
the threshold value is reduced to a half of the expected one.

This sharp blowup criterion, on the contrary, means the existence of a fam-
ily of blowup solutions to (1.1), each of which has one blowup point on the
boundary of their own with the collapse mass as close as possible to 4. The
next question is the mass quantization of each collapse, m(xg) = m.(xp) in
(1.25). Actually, Herrero and Veldzquez [64] constructed a family of radially
symmetric solutions to the system studied by [73], satisfying

u(x,t)ydx — 8mdo(dx) + f(x)dx (1.29)
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ast 1 Tmax < +oo with nonnegative f = f(x) € Llog L(D), where D C R2
is the unit disc and L log L denotes the Zygmund space. Thus, the equality
holds in (1.26) in this example, and we have also the stability of this blowup
pattern [181].

What we call mass quantization of collapses in this book is the equality
m(xp) = my(xp) in (1.25). This is actually the case if the solution is continued
after the blowup time as a weak solution [147], and if the solution blows up in
infinite time [148]. In this context, we know that the Fokker—Planck equation
admits a weak solution globally in time, provided that the initial value has a
finite second moment, is bounded, and is summable [182]. This Fokker—Planck
equation is derived from the Langevin equation, and describes the kinetic mean
field of many self-interacting particles. Since system (1.1) arises as its adia-
batic limit, we can expect that (1.1) admits a weak solution globally in time,
and this implies the equality in (1.26).

Unfortunately, this question of post blowup continuation is open; maybe it
will not be true, because the Fokker—Planck equation is valid only when the dis-
tribution of particles is thin, and its physical scale is different from that of (1.1).
However, we can prove the mass quantization using the scaling argument, the
success of which may be promised by the dimensional analysis stated above;
that is, the concentration of the rescaled mass, called subcollapse, dominates
the aggregation of the residual term, excluding the possibility of the formation
of multicollapses [149].

In more detail, this question of mass quantization of collapses is related to
the control of the blowup rate of the solution. Actually, the asymptotics (1.29)
of Herrero—Veldzquez’s solution are derived from its local behavior,

- —)|V/2
X ¢—V2llog(T—)|

I _
) = () 0+ o)+ 0(— " Tuzrn)
(1.30)

ast P T = Tpax uniformly in |x| < C(T — HY2, where
F(t) = (T — )12 . e=V2/2 Moe =01 o0 (T — t)‘ilogim(T_t)_%(l +o(1))

and u(y) = 8- (1 + |y|2)72. This u(y) is nothing but the stationary solution
on the whole space RZ, but the rate r(¢) is also important.

In fact, this asymptotic behavior of the solution is quite different from the
one derived from the subcritical nonlinearity, say,

u;—Au=u’, u>0 in Qx(0,7T)
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with u|yqg =0forl < p < (n+2)/(n — 2)4, where Q C R” is a bounded
domain with smooth boundary d€2. In this case the local profile of the solution
in the parabolic region is controlled by the ODE part it = u?, and, for example,
if © is convex and xg € €2 is a blowup point, then it holds that

1
w(x,1) = (T — 1) 71 (ﬁ) " o)) (1.31)
ast + T = Tmax < 00 uniformly in |x — xo| < C (T — 1)/ [54, 55, 56].
Thus, the concentration is so slow that u(x, t) becomes flat in the parabolic
region in this case, and consequently, the total blowup mechanism is not enve-
loped there.

On the contrary, we have 0 < r(f) < R(t) = (T — t)'/? in (1.30), and
therefore the standard backward self-similar transformation

z2(y,s) = (T —tu(x,1t) (1.32)
with

y=(x—x0)/(T -1/
s = —log(T — 1), (1.33)

reproduces a collapse again, which we call the subcollapse. More precisely,
z(y,9)dy — 8mdo(dy)

holds as s — +o0o0 in the sense of measures in R, which suggests that the
nonlinearity is supercritical in the case of (1.1), and the concentration, relative
to the aggregation, is so rapid that the whole blowup mechanism is enveloped
in the parabolic region. Here, the aggregation and the concentration indicate
the growth of the local L! norm and that of the L> norm of the solution,
respectively. See Figure 1.7.

From these considerations, it is natural to classify the blowup point by the
blowup rate in accordance with the standard backward self-similar transforma-
tion [165]. Namely, we say that xo € S is type (I) if

lim sup sup R(t)zu(x, 1) < 400
t—T xe, |[x—xg|<CR()

holds for any C > 0 and it is type (1I) for the other case:

lim sup sup R(t)zu(x, 1) = +o0
t—T xe, |[x—xg|<CR()
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Figure 1.7.

with some C > 0, where
T =Tmx <400 and  R(t) = (T —1)'/2.
Then, we can show the following theorem.

Theorem 1.2 In any case, mass quantization m(xo) = my(xo) holds in (1.25)
for each blowup point xq € S. If it is type (1) and

lim sup R(t)?u(x, tp) = +00
n—>+00 ycq. |x—x0|<CR(ty)

fort, — T, then we obtain
zZ(y,sn + ) dy — my(x0)do(dy)

in Cy ((—oo, +00), M(Rz)), where s, = —log(T — t,). Here, zero extension
of 7 = z(y, ) is taken in the region where it is not defined by (1.32) and (1.33).
If xo € S is type (1), on the other hand, then it holds that

lim  Fprp)(u(t)) = 400

I— I'max

for any b > 0, where Fg(t) is the local free energy defined by
Fr(u) = / Yxo,R2RU(lOgU — 1) dx
Q

1
—5//on,R,zR(X)lﬂxo,R,zR(x/)G(x,x/)u®udxdxl
oJa

for smooth function ¥ = Yy, r2r satisfying 0 < < 1, ¥ = 1in QN
B(xo, R), ¥ = 0in @\ B(xo, 2R), and 3% = 0 on 2.
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The above theorem says that the type (II) blowup point is hyperparabolic,
which means that the whole blowup mechanism is included in an infinitely
small parabolic region called the hyperparabola, associated with the stan-
dard self-similar transformation. Obviously, Hererro—Veldzquez’s solution has
such a profile. Around this type of blowup point, a collapse with the quan-
tized mass is formed by the concentration of particles, asymptotically radially
symmetrically. However, this theorem says also that even around the type (I)
blowup point, the whole blowup mechanism is enveloped by an infinitely large
parabolic region called the parabolic envelope. If such a blowup point exists,
then it arises from the wedge of the parabolic region, not necessarily radially
symmetric, and possibly moving. Another profile of the solution around the
type (I) blowup point is that the entropy is swept away to the wedge of the
parabolic envelope, which has been shown to have a similarity of emergence
by Kauffman [78]. Although the actual existence of a type (I) blowup point
is open to discussion, even a type (II) blowup point can take such a profile
in the other space-time rescaling; for example, Herrero—Velazquez’s solution
satisfies

lim  Fppr) (u(r)) = 400
T — Tmax

for any b > 0.

This quantized blowup mechanism, however, is not extended to the system
associated with the chemical field as it is. In fact, in the full system some spiral
movements are added to the blowup mechanism because of the time lag for
the creation of the field from particles, and this may make it possible for the
blowup set to be a continuum. In this way, each hierarchy of the mean field
equations has is own mathematical principle, besides the physical principle to
derive them.

Global Existence by Blowup by
Trudinger-Moser Inequality Second Moment
Formation Nonexistence of
of Collapses Weak Solution

l Backward l

Concentration Scaling
Lemma
l Generation of
Weak Solution
Hyperparabolicity 4 ~ High Emergence of
of Type (II) Type (I) Blowup Point

Blowup Point &,  Reverse T

/V
Second Moment Forward
) Scaling
Parabolic

Envelope
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We have described that the system of self-interacting particles is subject to
the story of nonlinear quantum mechanics. First, the stationary state is realized
as a nonlinear elliptic eigenvalue problem with nonlocal terms. Next, quanti-
zation of the singular limit of the stationary state induces that of the nonequi-
librium state — its dynamics and the blowup mechanism. This hierarchy is de-
rived from the physical principle of mass conservation and the decrease of the
free energy. An important structure is the self-interaction associated with the
symmetric kernel, which is to be called compensated compactness via sym-
metrization. Finally, the equilibrium state is subject to the dual variation as-
sociated with the particle density and the field distribution being dynamically
equivalent to each other, and transformed through the Legendre transformation.

The above table indicates how the proofs of Theorems 1.1 and 1.2 are com-
pleted. In spite of several technical ingredients, it will be observed that mass
quantization is a consequence of the L! threshold in the blowup criterion.

Now, we discuss the structure of the present monograph. The book is divided
into five parts. Chapter 2 is the introduction and presents the hierarchy of the
system of equations, one of the main themes of this monograph.

Chapters 3, 4, and 5 present the classical theory for the time-dependent prob-
lem. First, Chapter 3 establishes the unique existence of the classical solution
locally in time, and also the general criterion for the blowup of the solution.
Then the existence and the nonexistence of the classical solution globally in
time are discussed in Chapters 4 and 5, respectively.

The third part— Chapters 6, 7, 8, 9, and 10 — deals with the stationary prob-
lem. Chapter 6 formulates the problem, and then Chapter 7 shows quantization
of the mass and location of the singularities of the singular limit of the solu-
tion. This phenomenon has been already treated in our previous monograph
[166], but the mathematical tool adopted here is quite different. That is, we
make use of a delicate profile of the Green’s function, rather than the complex
function theory or the theory of surfaces. This analysis is applied to show the
existence of the nontrivial stationary solution using the variational method in
Chapter 8. Then, Chapter 9 describes the second theme, unfolding the Legen-
dre duality via the Lagrange function. This spectral theory is realized as the
dynamical and the stability equivalences. Then, in Chapter 10, the quantized
blowup mechanism is suggested from observations of the stability and the in-
stability of stationary solutions.

The main theme, the quantized blowup mechanism, is proven in the fourth
part, Chapters 11, 12, 13, 14, and 15. First, we establish the formation of col-
lapses by the space localization of the method of Chapter 4 concerning the
existence of the solution globally in time (Chapter 11). This consequence is
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discretized in the time variable to study the blowup in infinite time (Chap-
ter 12). The method of Chapter 5 for the nonexistence of the solution globally
in time, on the other hand, is also localized in the space variable, and it is shown
that the mass quantization of the collapse occurs if the solution continues after
the blowup time as a weak solution (Chapter 13). In Chapter 14 it is suggested
that the actual quantization is related to the blowup rate, and finally Chapter 15
establishes the mass quantization of collapses using the parabolic envelope and
the blowup criterion of the weak solution on the whole space generated by the
limiting process for the rescaled solution. We use also the reverse second mo-
ment and the forward self-similar transformation for this purpose. It is proven
also that the type (I) blowup point shows the profile of emergence and the type
(II) blowup point is hyperparabolic using the concentration lemma.

The final part, Chapter 16, is an epilogue, where the general variational prin-
ciple for the study of the mean field equations is presented, including the un-
folding of the Legendre duality. It is an abstract theory based on the material
discussed in the third part in the context of convex analysis, and applications
to other systems are proposed.



2
Background

Nobody has ignored living things who
has thought of entropy seriously.
— H. Tanaka

This chapter is a short description of mathematical modelling of the problem.
First, we describe the physical motivation. In fact, parabolic-elliptic systems
with drift terms are found in several areas of science involved with the transport
theory; statistical mechanics, quantum mechanics, physical chemistry, and so
forth. Here, we mention two of them, the semiconductor device equation and
the vortex equation.

The first system, referred to as the DD model, is written as

ng=V.-(Vn—nVgp)
pr=V:-(Vp+pVe) ¢ in 2x(0,7),

Ap=n—p
d 0
n 3 _
av av
ad d
_P+p_P:O on 0Q2x (0,7),
av av

=0 2.1)
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where n = n(x, t) and p = p(x, t) denote the densities of the electron and the
positron, respectively, and ¢ = ¢(x, t) is the electric charge field derived from
those particles. As is described in the previous chapter, in the case of n = 0,
this system is reduced to (1.1) with the opposite sign in the second term of
the right-hand side of the first equation, if the second equation is replaced by
(1.5), where G = G(x, x’) denotes the Green’s function for —A in € under
the Dirichlet boundary condition. Here, the formation of the electric charge
field provides the self-repulsive force to the electrons. Positrons are similar,
and therefore this system is dissipative. Its physical modelling is described in
[152], and several variants are mentioned in [6].
The second system is given by

wy =V (Va) — a)Vlg[/)
—AY =w

in R?x(0,7), (2.2)

where

L_ (—9/0x2
Vo= ( 9/0x1 )
for x = (x1, x2) denotes the antigradient. It comes from the Navier—Stokes
system

u,—Au+u-Vu=VP} in R3x (0, 7),

V-u=0
where
Ul 9/0x1
u=1\ u and V =[09d/dx>
u3 9/0x3

denote the velocity and the gradient operator, respectively, and p is the pres-
sure. If we take the two-dimensional model of x = (x1, x2,0) and u3 = 0,
then it holds that

0
Vxu=1]0 for o= w(xy, x2).
w

This system is also dissipative, but some underlying chaotic profiles are
observed.
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The direction of the self-interacting force in these systems — chemotaxis,
semiconductor devices, and vortices — is different, that is, the particles create
the field to be attractive, repulsive, and perpendicular to themselves, respec-
tively. However, some common structures are noticed, and in particular, the
first two systems share the physical principle of the second law of thermody-
namics, that is, the decrease of the free energy. For instance, an equilibrium
state is stable if it is a local minimum of the free energy, while the transient
dynamics is controlled by the unstable equilibrium states.

We note that the free energy is given by the inner energy minus entropy. If
p = p(x) > 0 denotes the density of particles, then the entropy on the domain
© C R" in consideration is defined by

—/ p(logp — 1) dx.
Q

On the other hand, the inner energy is composed of the kinetic and potential
energies and therefore it is defined by

1
——/ H(x,x/)p®pdxdx/+/ pVdx, 2.3)
2 JJaxa Q

where —H (x, x") and V (x) denote the potential of the self-interaction and that
of the external force, respectively. Here, from Newton’s third law we have

Hx,x)=H(, x),

and the modulus a half of the first term of (2.3) is a consequence of self-
interaction. If the self-interaction is due to the gravitational force, then we have
H(x,x') =T(x —x') forI' = ['(x) given by (1.4). In any case, the system of
equations describing these self-interactions is required to be provided with the
property of the decrease of free energy,

1
F(p) = /,o(logp —1Ddx — —/ Hx,x)p ® pdxdx’ +/ pVdx.
Q 2 JJaxe Q

There is an approach by the inner friction and fluctuations of particles [8,
185, 186]. We shall illustrate the classical theory before following the argu-
ment. In both cases, the complete mathematical justification is hard, and here
we draw the stories only. See the above-mentioned papers and the references
therein for the actual rigorous proof.
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First, the classical theory is based on the Newton equation. Thus, if m and
N denote the mass and number of each particle, respectively, then it holds that

dx;
— =V,
dt
dvi 2
m=t =Vl —mV ) +m? Y x| 2.4)
dt —
J#
fori =1,..., N. Making N — oo with M = mN preserved, we obtain the

limiting distribution f(x, v, t) dx dv:

i (dx,dv, 1) =m Y 8,,()(dx) ® 8u,)(dv)
— f(x,v,t)dxdv.

This f(x, v, t) is subject to the kinetic model, referred to as the Jeans—Vlasov
equation. In the normal form, it is given as

ft :_Vx'(vf)+yvv‘[fvx(v_U)]’
U(x,1)
with a constant y > 0.
In the next process of (dv;)/(dt) — 0, comparable to make y — +o00, the
distribution function f(x, v, t) is replaced by the Maxwellian w(x, t)n_”/ 2,

e~V/2. This is called the adiabatic limit. If n = 2, then w(x, t) is subject to
the vorticity equation derived from the Euler equation,

—AY =w
w; = —v-(wvL W + V)).

In the stationary state of this system, @ = w(x) is associated with the elliptic
problem

—AY =g +V)

with the nonlinearity g unknown [179, 180]. If the particles are spatially con-
centrated as

N
o, 1) =Y 8y (dx), (2.5)

i=1
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on the other hand, then the concentration spots are subject to the Hamiltonian
system

dx;

L = VEH(x1, X2, ., XN) (2.6)
dt i
fori =1,2,..., N with the Hamiltonian
Hxy, xo, .., xn) = — Y V) + Y Hixi, xj).
i j<i

If the gravitational force acts as the self-interaction, then H = H(x, x') is
given by H(x,x’) = I'(x — x'). If this H(x, x’) is replaced by G (x, x’), the
Green’s function of —A provided with the Dirichlet boundary condition, then

%me

is added to the right-hand side of the Hamiltonian, where G (x, x’) and R(x)
denote the Green’s function and the Robin function, respectively; that is,
R(x) = K(x, x) with K = K (x, x) defined by

1
K(x,x)=Gx,x)+ 2—10g ‘x — x/| .
54

However, this hierarchy of the system of equations is not subject to the second
law of thermodynamics, the decrease of free energy. Actually, it is governed by
three laws of conservation; mass, momentum, and energy. As a consequence,
the solution has the profile of chaotic motion.

Contrasted with this classical theory, the other approach assumes friction
and random fluctuations of particles, and replaces the Newton equation by the
Langevin equation:

dx; = v; dt,

mdv; = V,, ( —mV(x;) +m? Z H(xj, xi)) — Budt + (ZﬂkT)l/deti.
J#
Here, k, T, and 8 are the Boltzmann constant, temperature, and friction coef-
ficient, respectively, and (W,’) denotes the white noise. Its kinetic model be-
comes the Fokker—Planck equation, in the form of

St ==V - )+ Vy - [fVe(V-=U)]+BkTVy - (vf + Vi f)
Ux,t) = /f Hx,x)f&x',v,t)dx'dv, 2.7)
QxR"
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where
p(x,t)z/ f(x,v,t)dv,
Rn

is the density and therefore

A =f p(x,1)dx
Q

stands for the total mass. Then the adiabatic limit of this kinetic model is ob-
tained by 8 — +o00;

pe =V -(pV(V =U))+ Ap.

If V = 0 and the kernel H = H(x, x’) is replaced by the Green’s function
G = G(x, x’) with — A +a under the Neumann boundary condition, the above
equation is nothing but the simplified system of chemotaxis, (1.1).

As was described in the previous chapter, the equilibrium state of this system
is given by the semilinear elliptic eigenvalue problem, (1.19), with the nonlin-
earity prescribed as the exponential function. The spatially localized solution
(2.5), on the other hand, is subject to the gradient flow with V- replaced by V
in (2.6):

dx;

I =V, H(x1, x2, ..., xN),
wherei = 1,2,..., N.If H = H(x, x') is replaced by the Green’s function
of —A + a with the Neumann boundary condition, denoted by G = G (x, x'),
then the spatially localized particles are in the interior or on the boundary ex-
clusively, and the gradient flow is defined by

X S =V (= XV )+ 00 Gln ) + E5 R,

J#

where R(x) is the Robin function and

(x)_l (x € Q),
X = 1/2 (x € 09Q).

Furthermore, location of the N blowup points of the singular limit of the sta-
tionary solution, (1.17), forms a stationary point of this ODE system [166].
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The Fokker—Planck equation (2.7), on the other hand, is provided with the
free energy,

ﬁ(f)=// fdog f —1)dxdv
QxR”
—l// Hx, x)fx,v,t) f(x", 0V, t)dx dx'dvdv,
2 Q2 xR2n

and this new hierarchy is derived from the physical principle of the second law
of thermodynamics. These two hierarchies are summarized in the following
table. We are not concerned with their mathematical justification. Our interest
is in the quantized blowup mechanism observed in the second hierarchy.

ODE Newton Langevin
Kinetic Jeans—Vlasov Fokker—Planck
PDE Euler Keller—Segel

Time-localized || Elliptic eigenvalue | Liouville-Gel’fand

Space-localized Hamiltonian Gradient
Physics || Conservation laws Free energy
Mathematics Chaos Quantization

Part of the biological background to (1.1), on the other hand, is the micro-
scopic derivation made from the biased random walk [3, 128]. Another is the
reinforced random walk [127]. The underlying structure is the movement of
many particles controlled by the other species. In this chapter we discuss the
argument for the latter. We discuss mostly the one-dimensional lattice £, but
the n-dimensional lattice £" is treated similarly. See also [152] for more de-
tails.

First, we identify £ with

Z={...,-n—=1,-n,—n+1,...,-1,0,1,....n=Ln,n+1,...}.

If p,(¢t) € [0, 1] denotes the conditional probability that the walker stayed on
site n = 0 at time t = 0, and is on site n = n at time ¢ = ¢, then we obtain the
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master equation:

0Pn
ot

=T" ot + T Pt — (T, + T, s (2.8)

where f"i denotes the transition rates that the walker staying on site n jumps
to site n &= 1 in the unit time. We consider the case that these transient rates
TjE are controlled by the other species living in the sublattice L, of which the
mesh size is half that of L. Let the density of that species be

w = ( L) w—}’l—l/27 w—}’l7 w—l’l+1/2= MR w—l/Zv
w01 w1/2, ceey wn—1/27 wn: wn+1/27 .. )

If the transition probabilities depend only on the density of the control species
at that site, then it holds that TnjE = T (wy) and hence (2.8) is written as

ap A A A
5 = T Wa-Dpa—t + T Wns0) Pt = 27 () p- 2.9)
Therefore, writing x = nh by the mesh size & of the lattice, we obtain
ap 2 Cr 4
— =h"—(T oh™). 2.10
o7 = W (Tw)p) + 0 (2.10)

If we have the scaling ¢ = Ar, then we can take f"(w) = AT (w). Under the
assumption limy, o Ah? = D > 0, it follows formally that

2

0 8
S =D (Tw)p)

ot
by putting ¢ for ¢’. Thus, the response function 7' (w) represents the micro-
scopic mechanism of the jump process. On the other hand, the variables p and
w are coupled, and w is subject to another equation involving p.
In the barrier model, the transient rate at site n is determined by the densities
of the control species at site n & 1/2. Thus, the control species which governs
the jump process makes a barrier to the particle. We have

TEw) = f(wnil/z)
and the master equation (2.9) is now reduced to

0pn
ot

= T(Wn—1/2) Pu—1 + T (Wn+1/2) Put1

— (T (Wnt12) + T (wp—172)) Pa-
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Here, the right-hand side is equal to
T (Wnt1/2) (Put1 — Pn) + T (Wa—12)(Pu—1 — Pn)
= h<f(wn+1/2) - j\w(wnfl/Z)) (g—i + 0(1))

{2 (w2 o)

and we obtain
0 0 0
9P _ D—<T(w)—p) @2.11)
X

under the same scaling limy, | o A2 =D > 0.

We note that the mean waiting time of the particle at site n is given by
(T} + Tn_)_1 in (2.9). In the case that it is independent of w and n, it holds
that

T,F(w) + T, (w) = 24,

where A > 0 is a constant. If the barrier model is adopted here, then f"ni (w) =
f"(wnil ,2) follows. These relations imply

T(wn:l:I/Z)

TFEw) =24 - — ! :
T (wnt172) + T (wp—172)

The renormalization is the procedure of introducing a new jump process by
replacing the right-hand side as

. T (wn+1,2)
T (wpt172) + T (wyp—1,2)

TE(w) =24

with some 7' (w). Writing

T (wn+1/2)

T (Wnt1/2) + T (Wn—1/2)’
T (wy—1/2)

T (Wn—1/2) + T (Wnt1/2)’

NT(Wat1/2, Wa—1/2) =

N~ (wp—1/2, Wpt1/2) =

we have

2ANT (Wyg1/2, Wn—1/2),

Ty =10"""
2ANT (Wp—1/2, Wnt1/2),
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and the master equation (2.9) is reduced to

1 dpy
2) ot

= Nt (wa—1/2, Wn—3/2) Pt + N~ (Wnt1/2, Wnt3/2) Pt
— NTWns1/2, Wa—1/2) + N~ (Wp—12, Wng1/2) } Pu. (2.12)

In this model, the sublattice is assumed to be homogeneous so that N is inde-
pendent of n. Letting N (u, v) = N (u, v), we have N~ (v, u) = 1 — N(u, v)
and

T (u)
Nu,v)= ———. (2.13)
Tu)+T(v)
Putting x = nh, we see that (2.12) has the form
1dp 5 0 (0p ow >
S0y, —(——2 Ny — N —) h?).
Nor - ax gy PN T Moo ) o)
Therefore, under the scaling limy, | o Ah? = D > 0 we obtain
ap a sop ow
Lo p (2 —2p(Ne- M) o). 2.14
or " ax\ax p(“ ”ax) (19
Here, we have
TW)T' (u) 1
Ny(w,w) = ——— = —(log T(w))/
(T(u) + T(U)) U=v=w 4

and Ny (w, w) = —N,(w, w) by (2.13) so that equation (2.14) is written as
op o (dp 0
—=D—|——p—1logT .
ot ax ( P X °8 (w))

In the n space dimensions, we have

d
a_’; =DV - (Vp— pViogT(w)).

This is the form of the first equation of (1.1), and there the chemotactic sensi-
tivity function and the average particle velocity are given by

x(w) = D(log T (w))’

and
v = —DVlog p + D(log T (w)) Vw,

respectively.
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Fundamental Theorem

We study the system of chemotaxis, or the adiabatic limit of the Fokker—Planck
equation, and thus, Q2 C R” is a bounded domain with smooth boundary 9£2,
and V = log W stands for the potential of the outer force, where W = W (x) >
0 is a smooth function of x € Q.

This system is also involved with the parameter 7 > 0 and the self-adjoint
operator A > 0 in L?() with the compact resolvent, defining the relaxation
time and the field formation, respectively. Then, this system is given by

u,:V-(Vu—uV(v+logW)) in Qx(0,7),

d 0
—u—u—@w+logW)=0 on 092 x (0,7T),
av av
d
‘L'Ev—l—Av:u for te€ (0,T), 3.1

where u = u(x,t) and v = v(x, t) are unknown functions of (x,7) € Q x
[0, T'). The initial value is provided with

Ulj=o = uo(x) >0 in Q, (3.2)
and if we take the full system of t > 0, then the additional initial value
V=g = vo(x) in 3.3)

is also prescribed.
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The operator A can be —A+-a with the Neumann boundary condition, where
a > 01is a constant. It may be — A with the Neumann boundary condition under
the constraint fQ -dx = 0, that is, Av = u if and only if

1
—Av=u — — de in Q
12| Jo
v
o, on 9. /vdx=0. (3.4)
Jv Q

In the third case, it is —A with the Dirichlet boundary condition.

These cases are studied by [38, 73, 106], and are referred to as the (N), (JL),
and (D) fields, respectively, in this book. Excluding the boundary blowup of
the solution to the (D) field is open. Except for it, we do not have any essential
differences in these fields in the study of the quantized blowup mechanism of
the simplified systems.

Unique solvability of (3.1) with (3.2) and (3.3) locally in time is more or less
known [152]. In this chapter we follow the method of [150] and give a scheme
valid for the semiabstract system, (3.1)—(3.3). Because the simplified system is
easier to handle, we will concentrate on the full system.

We propose for A to be regarded as an operator in L?(2) for p € (1, 00),

satisfying
|+

with a constant A(p) > 0. Here and henceforth, W7 (2) denotes the usual
Sobolev space composed of the functions defined on 2 whose derivatives up
to mth order belong to L”(2). The identity operator is denoted by [ if it is
necessary to indicate explicitly. Putting

<A 3.5
ey = A (3.5)

Ag=A—BI
and X, = {z eC ‘ 0<largz] < a)}, we suppose the existence of 8 > 0,

w € (0,7/2),and M > 1 such that Ag is of type (w, M) in L?(2), that is to
say, C\ X, C p(Ap) holds with

etr a0

forz € C\ X, and each ¢ > 0 admits M, > M satisfying

<M
LP(Q),LP(Q)

<

-1 ‘ < Mg
LP(Q2),LP(R2)

“z(zl — Ag)
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for z € C\ X,4¢. Here and henceforth, p(Ag) = C\ o(Apg) denotes the
resolvent set of Ag, so that o (Ag) indicates its spectrum.
These operator-theoretic assumptions guarantee the generation of the ana-

Iytic semigroup
e}
t>0

in L?(£2), and the (N), (JL), and (D) fields actually satisfy them. (See Tanabe
[168, 169].) For these concrete cases, on the other hand, the method of Sobolev
and Morrey spaces has been proposed to show the unique solvability of (3.1)
locally in time [14, 187]. This method requires more real analytic profiles than
the assumed kernel G (x, x’) of A~ but reduces the assumption to initial val-
ues. Here, we use the operator-theoretic approach, because we are interested in
the classical solution mostly, and we can reduce the real analytic assumption
to A under the cost of the regularity of the initial value by this method. Thus,
we show the following theorem.

Theorem 3.1 Let (3.5) hold and Ag = A — BI be of type (v, M) in LP(Q),
where p > max{2,n}, 8 > 0, w € (0,7/2), and M > 1. Then, if the initial
value is taken as

(o, vo) € WHP(Q) x A~HLP(Q)),

system (3.1) with T > 0 admits a unique classical solution (u, v) locally
in time, that is, u = u(x,t) > 0 is continuous on Q x [0,T] and o
in @ x (0,T], v = v(-, 1) belongs to C'([0, T1, LP()) and to C([0, T],
A_I(LP(Q))) for some T > 0, and (u, v) solves (3.1) with (3.2) and (3.3).
Furthermore, u(x,t) > 0 holds for (x,t) € Q% (0,7T] ifug # 0.

Proof: We put T = 1 for simplicity. Then, by
U=u-exp(—v—IlogW),
system (3.1) is transformed into

U =AU+V@w+logW) - VU —v,-U in Qx(0,T),

oU
— =0 on 0dQx(0,7),
av
dv
— +Av=U-exp(v+1logW) for te€(0,7) (3.6)

dt

with the initial value

Ulj—o = Up(x) and v|,—g=rvo(x) in £, 3.7)
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where Ug = ug - exp (—vg — log W). If Ay denotes the differential operator A
provided with the Neumann boundary condition, then they are reduced to the
system of integral equations

t
U(t) = VU + / IRV [V (u(s) + log W) - VU (s) + v (s) - U(s)] ds
0

t
v(t) = e Ay + / e TIAU(s) - exp (v(s) + log W)] ds. (3.8)
0

Here and henceforth, {e’ AN } ;>0 and {e_’A} ;0 denote the semigroups gener-
ated by Ay and —A, respectively.

In what follows, p > max{2, n} is fixed. Then, Sobolev’s imbedding the-
orem guarantees 0 < ug € WHP(Q) c C(Q) and vy € A~ (LP(Q)) C
W2P(Q) c C'(Q). This implies 0 < Uy € Wh7(Q).

To get the solution by the contraction mapping principle, we take

B(L,T) = {(U, v) € C ([0, T, LP(Q) x LP(Q)) |

T
/ U0 3dr <% sup [Av(D)l, < L.
0 t€[0,T]

sup [UDlwrpg <L, U) = Uy,
tel0,T]

T
v(0) = vo, /uvt(r)nzczzsu’}
0

and set (U, v) = (F1(U, v), F»(U, v)), where T, L > 0 are constants and
Fi(U,v)(t) = "N U

+ /Ot UTIAN [V (u(s) +log W) - VU (s) + v (s) - U(s)] ds
Fo(U, v) (1) = e g

+ /0; e AU (s) - exp (v(s) + log W)] ds.
Then the fixed point of 7 in B(L, T) is obtained by the following lemma.
Lemma 3.1 We have L, T > 0 satisfying

F(B(L,T))C B(L,T) 3.9



3. Fundamental Theorem 39

and

1
I F Uy, v1) — FWUz, v)llxry < 3 (U1, v1) — (U2, v)llxy  (3.10)
for (Uy, vy), (Uaz, v2) € B(L, T), where

W, Vlxa)= sup IUOIlwirq+ sup [[Av@)ll,
t€[0,T7 t€[0,T]

T 1/2 T 1/p
A [ ol [ wola) .

Proof: We can show that (3.9) and (3.10) are satisfied for L > 1, arbitrarily if
T > 0 is taken to be sufficiently small. The proof of these relations is similar,
and we only show the former.

The operator-theoretic features of —A y necessary for the proof of this lem-
ma are well known. Thus, there is a constant M| > 0 such that

< My

[y + 12 esy| <
LP(R),LP(Q)

for t > 0, and furthermore,
(—Ay + D72 (L) = whr(Q)
and
”etAN H LP(Q).LP(Q) = 1
hold true. On the other hand, the relation
AT (LP(Q)) c WHP(Q) C C(Q) (3.11)

is obtained by (3.5) and the interpolation theory.
First, we note

| (ay + D2 AW O|, < ¢4 (—ay + D2 U],

t
/
0

The first and the second terms of the right-hand side are estimated from above
by

(_AN + 1)1/2 e(l‘*S)AN

. [v (U(S) _|_10g W) . VU(S) + v,(s) : U(S)] ”pds'

H (—An + 1)1/2 U()“p
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and
t
M1 [ =972V i) + log W) - VUG) + u(s) - U] s,
0

respectively.
We have constants K; > 0 (i = 1, 2) determined by €2 and p, that is,

10l = KU i
and
[ an+ D20, < Ko U]y
From the first inequality we have
Vvlleo = K1A(p) AV, .

Therefore it holds that
[V (v(s) +log W) - VU (s) + vy (s) - U(s)Hp

= [V© +1og W[ - [VUO ], + o], - [U©]

= Ki(Ap|av@) |, + [Vieg W[, + [e [ )T ]y

For (U, v) € B(L, T) this implies

[Cav+ D P A@DO] < |av+ P o]

+2TM Ky (A(p)L + [V log W) L

t
+ M1K1L/ (t —s)~ /2 lve ()l , ds.
0

Here, the last term of the right-hand side is estimated from above by

t 1 »p r=t
MK L2 (/ (t—s) 271 ds) r
0

and we end up with

I1F1(U, v)Ollwir) < K2 1Uollwirq)
+2TM Ky (A(p)L + ||V log Wll,.) L

2(p—1 1_1
+M.T2 PM1K1L2
p—2
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for t € [0, T']. Therefore, if we take L > 0 as large as

K>|Uo L/2,

”W‘J’(Q) =
and then take T > 0 as small as

2(p—1)

1 1
o T2 "M K\L*> < L/2,
p_

2TM K (A(p)L + |[ViegW|_ )L +

it holds that

sup || F1(U, u)(z)le,p(Q) <L.
te[0,T]

The function W = F1 (U, v) solves
Wi=AW+V@w+logW) - VU —v,-U in Qx(0,T),
aw
— =0 on 0 x (0,7).
av

Therefore, testing W;, we get

r 2 1 2
[ IwilBar = 1wl

T
[V @108 W) VUL, [ ULy) - (Wil

1
=

2 1T 2
[vuol3+3 [ IwilBar

N

1 (T 2 2
+§f (Iv @ -+10gw) - VU |2+ v - U]2) dr.
0
This implies
T
[ 1wilar =< vu;
T 2 2
+ [ (IV@+iogw) VU[3+ v -Ul3) dr
0
2
= [vuols+7{ swp [voo], +[Viee W],
tel0,T]

< sup VU]
t€[0,T]

) T 2/p
+ sup ||U<f>||oo-( / ||v,||§dt> ——
1e[0,7] 0
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and hence

T
[ 1w ar =< | vun;
+T (1AL + |Vieg W ) K2L? + TP/ =224

follows. Again, taking L > as large as ||VU0||% < L/2 and then T > as small
as

T(KiA(p)L + |ViegW| ) K}L? + TP/ P=DKIL* < L)2,

we have

T 2
[ Iwilar <
0

for any (U, v) € B(L, T).
We turn to the estimates for Z = F, (U, v). First, we note

[az®], = e Av]
p p

t
+ H /; Ae—(f—S)A I:U(t) . ev(t)-i—log W] ds Hp

T
[ 1A g ey W
J U@’ = U(s)e’®]  ds. (3.12)
Here, the second term of the right-hand side is equal to
[(e™* = D[w-vwe ]|,
We have
Heim HLP(Q),LP(SZ) =M,
for ¢+ > 0 with a constant M> > 0, and this term is estimated from above by
M2+ 1) - [ W], - ([Uoe™], + U@ = Toe™] ).

For the third term, we apply the smoothing property,

< Mst~! (3.13)

H Aeh HLP(Q),LP(Q) =
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for t > 0, where M3 > 0 is a constant. Then, it is estimated from above by
t
M- |W- / (=97 U0 = Us)e"™ ]| ds.
0
Now, we note
[v@e® ~v@e®], < [uw - o], e (loo].)
t
HUOl, e | swp ol )| [ ],
t€[0,T] 5
From p > 2, the first term of the right-hand side is estimated from above by
[vw —v L7 v - v -ew (vo].)

w-2/p| [ 2
= (100l + 10" | [ o lLas| exp (o]

This implies
U@ —Us)e’™]
-2 T 2
< (WOl + el )" [ o)

-|t—s|1/p-exp{ sup K1A(p)HAv(t)Hp}
t€l0,T]

1/p

+ U@ -exp {K1AGP) sup [avo],]
tel0,T]

T
AL T} e
0

and therefore for (U, v) € B(L, T), we have

U@ = U(s)e’®]
< QK L)P2/P |t — 5|7 L2 exp (K1 A(p)L)
+KiL-exp(K{A(p)L) - L -t —s|' 717

These estimates are summarized by

|[U@e’® —U)e|,
<ai L)t =) +ax L) — )77,
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where a; (L) > 01is a function of L fori =1, 2.
Returning to (3.12), we obtain

HAZ(I)HP < MzHAv()Hp + (M +1) HW . eUOUOHP
+ My + 1) [W] - fanT? + a7 7]

p
p—1

+M3HW”oo{pa1(L)Tl/p+ az(L)Tl—l/p}‘

Therefore, the condition

sup AR (U, v, < L
t€[0,T]

holds if L > 0 is as large as
MzHAvoHp + M+ 1) |W- evoUoup <L/2,
and T > 0 is as small as
My +1) W] {al(L)Tl/p + ag(L)Tl_l/p}
+ M| W] | par )T/ + %az(L)Tl_l/p} <L/2.

Finally, using

d—Z+AZ:ev+]0gWU,
dt

we obtain

T 1/p T 1/p T 1/p
{/O HZ,”ﬁdl} 5{/0 \\Azugdz} +{/0 HW-e”UHZdt}

<7V sup [AZ@], + TP W]
t€[0,T]

. ®) } . U()
o], P Olef 22 100,
<TVPL 4 TVP. |W], -exp(KiL) - KiL.
Thus, we have

T
fo |72, )| 7dr < L7

for (U, v) € B(L, T) for T > 0 sufficiently small, and the proof is complete. O
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Now we complete the following proof.

Proof of Theorem 3.1: From Lemma 3.1, we have a solution to (3.8) in (U, v)
€ B(L,T) for T > 0 sufficiently small. It becomes a classical solution to
(3.6) with (3.7) by Uy € W'P(Q), v9g € A~ (LP(RQ)), and p > n, and
consequently, the solution to (3.1) with (3.2) and (3.3) is obtained.

The positivity of u(x, ¢) follows from the strong maximum principle applied
to the first equation of (3.6). Finally, uniqueness of the solution to (3.8) is a
consequence of the proof of Lemma 3.1.

In fact, if (U, v1), (Ua, v2) € B(L, T) are fixed point of F for some L, T >
0, then (U, v1)(t) = (Ua, v2)(¢) follows for t € [0, T1] with some T €
(0, T). Now, the continuation argument gives (U1, v1)(t) = (Ua, v2)(¢) for
t € [0, T]. This implies the uniqueness of the solution to (3.1), because any
solution with the required regularity is transformed into a fixed point of F on
B(L, T) for some L, T > 0. The proof is complete. a

We proceed to the second topic of this chapter. That is, system (3.1) satisfies
the standard criterion for the blowup of the solution, and hence Tpax < +00
implies lim;47,,, l4(?)|lcc = +00. Moreover, it is shown that there is p > 1
such that if

Ju], =€
holds with a constant C > 0 independent of ¢ € [0, Tihax), then we have

Thmax = 00 and sup ||u(t)“Oo < +00.
>0

Furthermore, we show that this uniform estimate assures the compactness of
the semiorbit

O ={@®n, v},

in C2(2) x C%(2). The proof for these facts is given by [14, 50, 110] based on
Moser’s iteration scheme [2], but here we make use of the maximal regularity
theorem of Dore and Venni [41].

In fact, as a special case, this theorem assures that if the maximal accretive
operator A in L?(£2) admits constants B, > 0 and y € (0, 7/2) such that

A < Bpe’! (3.14)

LP(Q),LP(Q)
fors € R,andif u = u(¢t) € C ([0, T), LP(R2)) solves

T Au=
dt+uf
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fort € [0, T) and
u(0) =0,

then it holds that

T T T
/ Hut(z‘)Hﬁdt—i-/ |Au@ |7 dr < C(T, p)/ | r@|7dr,
0 0 0

where C(T, p) > 0 is a constant determined by 7 > 0 and p € (1, 00). (This
constant C(p, T') can be taken independently of T [57, 132], but this refined
version is not necessary in later arguments.)

We also suppose

A% (LY(Q)) = W*9(Q) (3.15)

for g € (1, 00)and o € (0, 1/4). These conditions (3.14) and (3.15) are actu-
ally satisfied for the (N), (JL), and (D) fields [61].

Henceforth, || - [|cm+6(g) denotes the standard Schauder norm, where m =
0,1,... and 8 € (0, 1). Then, we can show the following theorem.

Theorem 3.2 Assume the hypotheses of Theorem 3.1 with p > n + 2, and let
Tmax be the supremum of the existence time T > 0 of the solution to (3.1).
Suppose, furthermore, that (3.14) and (3.15) hold with p > n+2, g € (1, 00),
and a € (0, 1/4). Finally, take
(o, vo) € WHP(Q) x A~ (L7 ()
for p > max{2, n}. Then, if Tax < +00, we have
li t = .
Jim ()], = +oo

Conversely, if Tmax = +00 and lim SUP;4 400 ||u(t) ||oo < 400, then it holds
that

Sufl) { Hu(t)HC2+9(Q) + ”U(f) ” c2+9(sz)} < 400, (3.16)
[

where 0 € (0, min {% 1— %}) On the other hand, if
Jur], = C

holds with p > max{2, n} and C > 0 independent of t € [0, Tax), then we
have Tax = +00 and sup,~ Hu(t) ||OO < +400.
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Proof: We take the case T = 1 without loss of generality. We shall show that
if T < Thax,

= sup |u(®)|_. (3.17)
t€l0,T]
and § € (0, T), then there is a constant C (8, £) > 0 independent of T such that
sup {a® ] 20 + 19O oo g + 400, | = €60, 3.18)
te(o,
This implies

H u || C2+9*1+9/2(QX(8,T)) + || v || C2+9’1+9/2(Q><(8,T)) S C(S’ Z)
from the standard theory [85].
Since the blowup time of the solution assured by Theorem 3.1 is estimated
from below by [[uolly1.0(q) + [IAvoll p, inequality (3.18) implies the first asser-

tion of the theorem. In fact, taking a sequence #; 1 Tmax as that of initial times,
from the above criterion we see that Tiax < +00 cannot occur in the case of

sgp ||u(t1<)||OQ < +00.

In other words, we can exclude the possibility

lim inf ||u(t)”OO < 400 with Thax < +00.
t'TTmax

The second assertion of the theorem also follows from (3.18). In fact, if
Tinax = +00
and lim SUP; 4 400 Hu(t) HOO < 400, then inequality (3.16) follows as a conse-

quence of (3.18). The last assertion of the theorem is obtained by the proof of
(3.18). In fact, it shows that £ of (3.17) is replaced by

t
Jup uo,

for p > max{2, n} in this inequality.
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Thus, the main part of the above theorem is reduced to (3.18), which we
prove by several lemmas. For the moment, the exponent p is takenin p > n+2.
First, we show the following lemma.

Lemma 3.2 The inequality

sup v, < Co (3.19)
te[0,T]

holds with a constant Co > 0 determined by £.
Proof: The assumptions to A imply

”Al/ze—tA ”LP < Myt~ 2Pt

(Q),LP() —

with some M4 > 0 and 81 € (0, ). From the third equation of (3.1) this gives

t
HA1/2U(Z‘)HP < MZHAI/ZUOHP +M4/(; (t —s)*l/Zefﬂl(f*S) Hu(s)deS
o)
< Mp| A" w |, +M4/ s'2e Prigs Q' e,
0

and hence

sup A2, < € (3.20)
1€[0,T]

follows with a constant C; > 0 determined by £. This gives (3.19) by (3.11),
and the proof is complete. O

Inequality (3.19) implies

sup U@, <€-exp(Co+ | logW]_) (3.21)
t€l0,T]

for U = u - exp (—v — log W). Now, we show the following lemma.

Lemma 3.3 The inequality

sup [VUD], < C (3.22)
tels,T]

holds with a constant Cy > 0 determined by £ and § € (0, T).
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Proof: We may suppose T > 1 and § € (0, T — 1). Then, we shall prove that

sup [VU®)|, < C2 (3.23)

tefty,to+1]

for tg € [6, T — 1]. Here C; > 0 is a constant determined by ¢ and 4, and are
independent of 7 and 7. So are C; > 0 (i = 3, ..., 6) prescribed later, and
thus inequality (3.22) follows from (3.23).

First, we see that

t
vi (1) = / e 94y (s)ds
to—3o

satisfies

dvq 4 A
E— V1 =Uu
dr :

fort € [to—3, to+ 1] with vy (fo — &) = 0, and therefore the maximal regularity
theorem guarantees

to+1 dv; to+1
/ 1408 g, +f | Avi |7t < Cs.
to—95 dt p to—48 P
On the other hand, we have
v(t) = v1(t) + va(?)
fort € [ty — 8, Tmax), Where
V(1) = e~ T FDAY (1) — §).

Inequality (3.13) implies

| duvy
dt
fort € [t9g — §/2, T], and hence

||p = ||AU2(f)||p < M;-287" . |1QIVP Cy

to+1 to+1
/ lve |7t + / |Av|Pdr < ¢4 (3.24)
10—5/2 P t0—5/2 P

follows. This gives also

to+1
/ IVo@)|2 dr < (KiA(p)) Ca. (3.25)
to—5/2
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Let t{ =ty — 8/2. Then, from the first and the second equations of (3.6), for
t € [0,1+46/2] we have

[(—=an+0)"Pua+m)], < |(—ax+1) e U],

t
+/ ”(_AN+I)l/ze(t—s)AN[V(v(s+t1)+10gW)
0
VUG +1)+v(s+1n) UG+ tl)]”pds
<M~ 1Q1"7 - - exp (Co + | log W] )

t
—I—M1/ (t =)V s + 1) +logW) || - [VUGs + )], ds
0

t
+M1/0 =" us+n)|, ””t(H’l)”pds'

Here, by (3.25) we have

/ t =) 2|V +1)+logW) | [VUG + tl)des
0

)—8/2

to+1 1/p
AL ol el )
46

! ) . 1@-b/p
{/ (t —s5) 0 |VU(s +t1)||;;'ds}
0
= (K1APCY + 1+ 8/ [Viegw| )
t » » (p=D/p
{f (t—s)z(!’—DHVU(s—i-tl)H;;‘ds}
0

and by (3.21) and (3.24)

t
/0 (t =) 2|0t + )] Jorts + 1) s

. CI/P‘

(p=D/p
[

! )4
<t-exp(Co+ |logW]|_)- {/ (t —s) 2Dy
0
Furthermore, it holds that
o) = |VUG+ )], < Ko (=An + DU +1)] .

Therefore, fora = p/2(p — 1) € (0, 1) we obtain

t 1/Qa)
o) < cs{r—1/2+ / (z—s>—“¢<s)2°‘ds}
0
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Then, Gronwall’s lemma implies

(1) = Co (172 +1)

fort € (0, 146/2]. Restricting ¢ in [6/2, 14 8/2], we get (3.23), and the proof
is complete. O

Now, we show the following lemma.

Lemma 3.4 It holds that

sup {vO] 2o + 400 o} = € (3.26)

with a constant C7 > 0 determined by 6 € (0, min{%, — %}), L, and § €
0, 7).

Proof: Similarly to the proof of the previous lemma, we suppose 7' > 1, take
6 € (0, T — 1), and show

sup [ Av(®)] o) = C7 (3.27)

telty,to+1]

for to € [6, T — 1]. The constants C; > 0 (i = 8, ..., 13) given below are
determined similarly by £ and §, and are independent of #y and 7. Therefore,
(3.26) will follow.

First, for 6; € (0, min{%, 1 — %}) we have

vt + v }sc
T O (O] e EOT PN

by (3.20)~(3.22) with 8 replaced by 8/2. This implies

t < C
te[to—ssljlz),zoﬂ] Juc )”COI @ =+

and hence

t <C
I S |® | o4y = Cro

follows for g > 1. Fora = 61/2 € (0, 1/4) we have

sup  [|A*u®)], < Cu
telto—46/2,t0+1]



52 Free-Energy and Self-Interacting Particles
by (3.15). Therefore, writing
A+ =

t
A1+Ve—’Av(t1)+f ATtV o= =9DA p%y (5 4 1) ds  (3.28)
0

with ty = 19 — 8/2, we get

sup AT, < Cia (3.29)
1€lto,t0+1]

for any y € (0, «) because
H APe

4 L4(Q),04(Q) = Mpt™?

holds for 8 > 0 with Mg > 0.
We have

ATV (L9(R)) c W1 (Q) C CY(Q)
and
ATV (L9(R)) € WATI(Q) c €T (Q)

ifo =2y — 2’7 > 0. This condition holds for large g, and then

Sup {HAv(t)HCQ(Q) + ”v(t)Hce(Q)} = C13

telto,to+1]

follows from (3.29). The exponent 6 can be taken arbitrarily in 8 € (0, 2«),
and the proof of (3.26) is complete. O

Now, we proceed to the following lemma.

Lemma 3.5 We have

tes[gPT] HU(Z)”C’H—G(Q) S C14 (330)

foro =1— % with a constant C14 > 0 determined by £ and § € (0, T).

Proof: Similarly to the proof of the previous lemma, we suppose 7' > 1, take
6 € (0, T —1), and show

sup |U®)] coq =< Cra (3.31)

ety to+11
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forrg € [6, T — 1].
Letting w = V (v 4+ log W) - VU — v; - U, we have

1
[ Jwolar =i
10—5/2 p

by (3.26), (3.22) with § replaced by /2, (3.24), and (3.21). Similarly to (3.28),
we have

(AN + DY U@) = (=Ay + DY 2V U (1))

t
—|—/ (—AN 4+ DY "2 y(s +1)ds (3.32)
0

for 11 = t9 — §/2. The second term of the right-hand side is estimated as

t
”f (AN + 1) e(t_s)ANUJ(S—i-ll)dSHp
0

IA

t
My/(; t—s)7 ||w(s +t1)”pds

R : ) (p=D/p
M, {/ (t—s) VT ds} .cylr
0

with M. y > 0 and hence

A

sup [ (AN + DY U®], < Cis

telto,to+1]
follows for y € [0, ijl). This gives

sup [ (=An + DY UD], < Cie (3.33)
tels,T]

and then (3.30), because W27 () c C'*?(Q) holds for

_2(p—1) 1y n+2
p p p

(7] > 0. O
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Now, we complete the proof of Theorem 3.2. First, we confirm that inequal-
ity (3.18) holds. In fact, it is a consequence of

s [UO] o) = € (334)

by (3.26).
To show (3.34), we note that

IES[I;PT] Hu(t) Hcl+92(g2) S CIS

holds for 8, € (min{%, 1— ”T'fz}) by (3.26) and (3.30). This implies

C
o [0l = Co

by (3.26) and the third equation of (3.1). Therefore,

z:[‘;’pﬂ Jw®] woa(e) = €20

follows for ¢ > 1, where
w=V@w+logW) - VU — ;- U.
We have

sup [ (=Ax + DT w®)], < Ca
tels,T]

by ¢ = 6,/2 < 1/4. Then, the second term of the right-hand side of (3.33) is
estimated as

t
H / (—AN + 1Y V™92V y(s + tl)dsH
0 q
t
< My—a/ (t—s)" ds - Cy
0

with My_a > 0, and hence

sup || (=Ay + DY U@D], < C
tel8,T]

follows for y € [0, 1 + ). We have

WH4(Q) C C*H(Q)
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for 63 = 2« — 3 =0, — %. Taking large ¢, we have (3.34) for each 6 €
(0, min{3, 1 — "T?}). Thus, inequality (3.18) is proven.

To confirm the final part of Theorem 3.2, let us note that Lemma 3.4 holds
under the assumption of Theorem 3.1. Thus, the solution (u#, v) constructed in
the previous theorem is in

(@), v(r) € C*(Q) x A7 (C?()

for t € (0, Tmax). In other words, the condition p > n + 2 is only necessary to
confirm (3.14) in Theorem 3.2, and the initial values can be taken in

(o, vo) € WhP(Q) x A~ (LP(Q))
for p > max{2, n}. Furthermore, then, Lemma 3.2 holds if £ is replaced by

sup [u®], (3.35)
1€[0,T]

for p > n, and the proof of Lemma 3.3 is valid similarly for p > 2. Thus,
we get the final assertion of the theorem because the value given by (3.35) for
p > max{2, n} can take place of ¢. a

So far, we have confirmed the local well-posedness and the standard blowup
criterion for (3.1). We conclude this chapter by a note on the convergence of
the full system to the simplified system. We study this problem in an abstract
setting, which is applicable to the concrete problem, say, (3.1) for the appro-
priately regular initial value ug, vo. Thus, if —L and —H are generators of
the holomorphic semigroups on a Banach space X, denoted by {¢ "X}~ and
{e7"H},~, respectively, then this full system in the abstract form is indicated
by

MI+LM =N(M,U), M(O) = uo,
T+ Hu = u, v(0) = vy,

where T > Oand N : X x X — X is a locally Lipschitz-continuous mapping.

Letu® =u®(¢), vF =v'(¢t) € C (|0, T], X) be its solution, that is,

t
u® (1) :e_tLuo—i—f e UTILN (™ (s), v (s)) ds,
0

t
V() = =T tHy, +/ e~ T U=H =17 () g, (3.36)
0



56 Free-Energy and Self-Interacting Particles

fort € [0, T']. Let C > 0 be such that

o]} <c

max{ sup [ut(1)]. sup
1€[0,T] 1€[0,T]

for0 <t « 1,and take L > O in
N~ N ] = L (o] 4+~ v])

for u, v,u’,v" € B(0,C) C X. We also suppose the existence of M > 0 and
& > 0 such that

e <m and [ < e

fort € [0, T] and t > 0, respectively. Finally, we assume the existence of
u=ul),v=v@)eC(0,T], X)in

max{ sup ||u(t) , sup ||v(t)||}§C,
1€[0,T] 1€[0,T]

satisfying the simplified system in the sense that

t
ut) = e "Ly +/ e TILN (u(s), v(s)) ds,

0
v(t) = H'u(@). (3.37)

Then, from the first equations of (3.36) and (3.36) we have

t
|u¥(®) —u@)|| < ML /0 {u () —us)| + v (s) — vis)||} ds.

Next, the second equations of (3.36) and (3.37) are written as

—1

=l
—1
V() = e T My, +/ e HuT(t — ts) ds,
0

v(t) = /oo e “Hyt)ds.
0

Then, it holds that
. I
V() —v@t) = e T My, +/ {u™(t —vs) —u(t — )} ds
0

e}

Iy
+/ e—sH {u(t —ts) —u(t)} ds +/ e—SHu(t) ds,
0 T
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and each term of the right-hand side is estimated as follows:

frfltHvo H < Mefr*l

e

H / e H (u(t — 15) — u(r)} ds “

< M/ e u(r — Ts) — u(r)| ds,
0

—1

H fof te_SH {ur(t —15) —u(t — ‘L'S)} dsH

t
< M/ [ut(s) — u(s)|| ds,
0

o0 o0 1
H/ e_SHu(t)dsH < C/ eV ds = Cs e,
=1t =1t

Thus, we obtain
|um @) —u@)| + o7 (1) — v(®)|
<M(L+1 /Ot {u™Cs) —uts)| + [v(s) = v(s)||} ds + BT (1) (3.38)
with
BT () = Me™™ ¥ ||ug| +- 87" Cem
+ M/OTII e ut —vs) — u(®)| ds.

Here, the first two terms of BT (¢) converges to zero locally uniformly in ¢ €
(0, T], while the last term is estimated from above by

T
M/ e % sup Hu(t —T5) — u(t)Hds.
0 te[0,T]

It also converges to zero by the uniform continuity of u = u(¢) € C ([0, T'], X)
and the dominated convergence theorem.
On the other hand, (3.38) is written as

ge(t) < a/ ge(s)ds + BT(s)
0
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witha = M(L+1) and g; (1) = [u" @) —u (@) |+ |v" (1) —v(®)
Gronwall’s lemma guarantees

, and therefore

t
g (1) < a/ e~ U=D9BT(s) ds + BT (¢)
0

for t € [0, T]. We have sup, (o 71 B*(#) < C’ with a constant C" > 0 inde-
pendent of 0 < 7 < 1, on the other hand, and therefore the dominated conver-
gence theorem guarantees again

lim [u® (1) — u(®)|| = lim [[v* () —v(@®)|| =0 (3.39)
740 )0

locally uniformly in ¢ € (0, T'].

Concluding the present chapter, we note that similarly, convergence of the
generators {Ak } k=12... implies that of solutions. An interesting example is the
convergence of the (N) filed to (JL) field as a | O.



4
Trudinger—Moser Inequality

This chapter studies the existence of the solution to (3.1) globally in time:

up=V-(Vu—uV@+logW)) in Qx(0,7),

B] B
—u—u—@W+logW)=0 on IQx(0,7),
av av
d
TEU+AU =u for t € (0,7),
ul,_o=uo(x) in Q, 4.1)

where 2 C R” is a bounded domain with smooth boundary 92 and W =
W (x) > 0 is a smooth positive function defined on Q. The initial value ug =
up(x) is a nonnegative function not identically equal to O, and in the case of
T > 0, the additional initial condition v|,—g = vo(x) is imposed. Then, we
shall show that A = ”u()”] < 4 implies Tyax = 400 in the case of n = 2.

More precisely, following Theorem 3.1, we suppose sufficient regularity to
the initial value for unique existence of the classical solution locally in time.
Then, Thax > 0 denotes the blowup time, that is, the supremum of its existence
time. Also, sometimes || - || and (, ) are written in place of the L2 norm || - ||»
and the L? inner product, respectively:

12
i ={ [ 2ax] @ = [ owa
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We confirm that

lud|, = |uoll, (€10, Tmax))

/utdx:O
Q

and the positivity of the solution # = u(x,t) to (4.1), u(x,t) > 0 holds for
(x,1) € Q x (0, Tinax). Furthermore, the Lyapunov function is given as

follows from

Wu,v) = | (w(logu —1) — _ Ly g2
, V) = gu — 1) —ulogW — uv) dx+2HA UHZ'
Q

In fact, we can apply the argument of Chapter 1, and writing the first equation
of (3.1) as

=V -uV(logu —v—logW),
we obtain

%W(u,v)+fuv,|\§+/u\V(logu—v—logW) Pdx=0 (4.2
Q

for t € (0, Timax)- Thus, W (u(¢), v(¢)) is a nonincreasing function of ¢.

Based on the description of Chapter 1, we study the case n = 2 mostly.
Results stated in this chapter are valid for both simplified and full systems.
Remember that in the (D) field, A is — A with the Dirichlet boundary condition.
In this case, if ||u0||1 < 8 then

Tmax = +00 and sup Hu(t)”oO < 400 “4.3)
t>0

can be proven. On the other hand, in the (N) field, A is —A + a with the
Neumann boundary condition, where a > 0 is a constant. Then, | < 4
implies the same conclusion (4.3). This is also the case of the (JL) field, and in
the next chapter we show that these results are optimal.

We make use of several versions of the Trudinger—Moser inequality. In fact,
the result on the (N) and (JL) fields is associated with Chang—Yang’s inequal-

ity [23],
log(|g12|/e”dx) {Vv”z l/vdx—i—K (4.4)
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valid for v € H'(Q), where K is a constant determined by 2 C R?, a bounded
domain with smooth boundary. On the other hand that on the (D) field is a
consequence of the Moser—Onofri inequality [102],

log (i/ e”dx> < L vur+1 (4.5)
12 Jo ~ 16m 2 '

valid for v € H, (2). This form (4.5) holds for any bounded domain @ C R?,
and its optimality is shown by [108]. In this connection, we expect that K = 2
is optimal in (4.4). That is, (4.4) will hold with K =2 if Q C R? is bounded
with smooth boundary 9€2, and this value will not be improved. It is also worth
mentioning that the constant 87 in the right-hand side of (4.4) must be reduced
if © has corners. See [23] for more details.

Here, we shall spend a couple of pages for the background of the Trudinger—
Moser inequality. Namely, we have

L5 (Q) (1< p<n),

W,y P (Q) — ;
c'7r@) (p>n)

for each open set 2 C R", where W(} "7 () denotes the closure of Cgo (2)
in WHP(Q). The former and the latter cases are referred to as the Sobolev
and the Morrey imbeddings, respectively. In the critical case p = n, WOI’I7 (2)
is imbedded into the Orlicz space, which was shown by Pohozaev [130] and
Trudinger [177] independently. Moser [102] gave a sharp form, one of which
is stated as follows. That is, there is a constant C > 0 such that if w is a smooth
function defined on the two-dimensional unit sphere S2, then

/ wdS =0 and |Vw|, =<1
S2
imply
f AT ds < C.
S2
If v # 0O satisfies sz vdS =0, then for w = v/HVvH2 we have
/ A dS < C.
S2
Here, we have

1 2
o= Vol < 4mu? + w2
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and hence it follows that

1 2
/32 e'dS < C-exp (EHVUHD

Letting K = log (C/(4m)), we have

1og(i/ e”dS) <L||VU||2+K (4.6)
4 Js2 ~ lér 2 ’ '
As for general v € H 1($2), we take

1
v— — vdS
47T S2

for v in (4.6), and obtain that

1, 1 1

Later, the best constant of this K is obtained as K = 0 by Onofri [126] and
Hong [66], and that is the exact form of the original Moser—Onofri inequality:

L, 1 ), 1
1Og(E'/‘52€ dS) < 16—7T||VU||2+H/S2U(1S,

valid for any v € H'(5%).
Moser [103] noticed that the term ” Vv H; /(167) in the right-hand side of

(4.7) is replaced by || Vo ||§ /(327) in the projective space P2, and proved the
existence of the solution to Nirenberg’s problem in this case. This problem has
been studied extensively, and Chang—Yang’s inequality (4.4) was presented in
that context.

The term ||Vv“§ /(8) in the right-hand side of this inequality is directly
associated with the criterion, that “uo “1 < 4m implies Tpax = 400 in (1.1).
Its discrepancy to the conjecture ””0”1 < 8m of [33] for Tymax = +00 ac-
tually occurs by the concentration toward the boundary of the solution. More
precisely, this discrepancy is a consequence of the formation of the boundary
collapse, and in this context smoothness of the boundary 9€2 is essential in
(4.4). Namely, the constant 87 in the right-hand side of this inequality must
be reduced if 9S2 has corners, and so is HM()H | < 4m accordingly in (1.1) for
Tmax = +o00.

Coming back to system (4.1), now we describe how these Trudinger—Moser
inequalities are applied to its study. In fact, use of the free energy as a Lyapunov
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function in the study of the long-term behavior of the solution was adopted first
for the semiconductor device equation (2.1) by [11, 15, 49, 99]. However, since
(4.1) is not dissipative, the free energy is not always bounded from below in
(4.1). Its boundedness is actually achieved by Chang—Yang’s inequality (4.4)
and Jensen’s inequality under the constraint that

Huo“l < 4m.

This fact was the starting point of [14, 50, 110] to establish Ty, = +00 in the
case of Huo ”1 < 4. For the simplified system, we have an alternative proof
using Brezis—Merle’s inequality [18] and Young’s inequality. This method was
proposed by [108], and was adopted to the full system by [60]. In the final
chapter of this book, we shall present the third proof, based on the dual form
of the Trudinger—Moser inequality.

In this chapter, we describe the former argument for the simplified system
of the (N) field, and show the following theorem.

Theorem 4.1 If ) = |lug||1 < 47 holds in

up=V-(Vu—uV@+logW)) in Qx(0,7),
O=Av—av+u in Qx(0,T),

0 0
—u—u—@W+logW)=0 on 92 x(0,7),
av av
v
— = on 02 x(0,T),
av
Ulj—g =uo(x) in £, 4.8)

then (4.3) follows, where Q@ C R? is a bounded domain with smooth boundary
02, and W = W(x) > 0 and up = uo(x) > 0 are smooth functions defined
on 2.

For the proof to perform, we set a = 1 for simplicity. Then, it holds that
1
Wi(u, v) = / (u(logu — 1 —log W) — uv) dx + Euv{ﬁql
Q

for

[ol i = VIVo 15+ ol

k= Juoly = Ju@], (€ [0, Tax) (49)

We put
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and apply the L! estimate of Brezis and Strauss [19] to Au = v, where A
denotes —A + 1 with the Neumann boundary condition. See also Stampacchia
[156, 157] for this type of elliptic estimate. In this case of two space dimen-
sions, for each ¢ € [1, 2) we have

lv@®] e < Cq (4.10)

with a constant C; > 0 independent of 7 € [0, Tiax), Where

[ollyrs = (I90)2 + HUHZ)W.

It holds also that
W u(), v()) < W (uo, vo) 4.11)

for 0 <t < Tpax, Where vy = A‘luo.

We take
w=pu() = f eV dx
Q
with the constant b > 0 prescribed later. Using

u
/—dx:l,
QA

we apply Jensen’s inequality as

0:—10g<uI/er”dx>:—log</gg-%-%dx)
ARSI

1
= X/ (ulogu — ulogh — buv + ulog u) dx.
Q

This means
05/(ulogu—buv)dx—klog)»—i—)»logu. 4.12)
Q

On the other hand, we have (4.4) and hence it holds that

1
log 1 = log (@/er”dx) +log |9

b? 2, b
=< EHWHZJF@HUHI + K +1log|Q|

b2
= —|vol5+ 0w
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by (4.10). Combining this with (4.12), we obtain
2
0 < ;’—nHWH;-AJr/ (u(logu — 1 —log W) — buv) dx + O(1)
Q
1 2
=W(u,v)+ (1 - b)/guvdx — (5 — gk) ”VUHZ
1
=5 [vlz+ 0.

Henceforth, C; > 0 (i = 1,2, ...) denotes a sequence of constants inde-
pendent of ¢ € [0, Tiax). Then, again by (4.11) we have

1 b2 2 Ly 2
G- e )Iveli + 5ol + 6 - l)fguvdx <c.

In the case that
XE||M0H1=||M(I)H1 <d4r 0 =<1 < Tmax),

we can take b > 0 in

1 b
b>1 and - ——A>0.
2 8

Then, we have

lv@)| 1 < Ca. /Q(uv)(t) dx < C,
and
/Q(u logu)(t)dx < W(u(t),v(®)) + (1 + | log W|}oo)/\+f9(uv)(z) dx.
Hence it holds that
/Q (ulogu)(t)dx < C3 for 1€ [0, Timax). (4.13)

Writing © = Ww in (4.8), we have

w;=V-j4+b-j in Qx(0,7),
0O=Av—v+Ww in Qx(0,7),

d 0

_w:_vzo on 02 x (0,7),

av av

u|_,=uo) in @ (4.14)
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with
b=ViogW and j=Vw-—wVu.

In fact, we have

a d
—logu — —logW =0 on 02
adv av

and hence (dw)/(dv) = 0 holds on the boundary. On the other hand, the first
equation of (4.8) is equal to

Ww, =V -(Vu —uVv—wVW)
=V.(WVw — WwVv)
=WV.(Vw—-wVv)+ VW . (Vw —wVv)

and hence (4.14) follows.
We have

f(V-j)wdx:—/j-dex
Q Q

= —||Vw||2+/ wVv-Vwdx

:—”VwHi—%/sz(v—Ww)dx
2 1 2 1 3
= =[vely +3lwlslvls + 3 1Wlelwls
and
/(b-j)wdx:/ b-(wVw—wZVv)dx
Q Q
(1 2 2
:f —b-Vw* —w b-Vv)dx
o \2
_ 1, 2
——/Q<§w V-b+w b-Vv)dx

1
< w351V -2l + Il voll,).
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Now, we apply Sobolev’s imbedding W1%/5(Q) ¢ L3(Q) and the elliptic es-
timate. Then we obtain

3 3\ /3
[ollywa = (19905 +1013) = Callol s
< Cs|Wwlgs < Cs[ W] |w]es:

Therefore, multiplying w to the first equation of (4.14), we obtain

1d
2ai

We make use of the following lemma [15]. It is derived from Gagliardo—
Nirenberg’s inequality [48, 120]. In fact, we have WI1(Q) ¢ L2(Q) if Q C
R? is a bounded domain with smooth boundary d€2. From this fact, it is proven
thateach 1 < ¢ < p < 400 admits a constant Cj, ; > 0 satisfying

w(+ [Vl < Ce(||w||§+1). (4.15)

[wl, < Coqllwly™ - Jwl (4.16)

for any w € H'(Q), wherea = 1 — %. Then, inequality (4.16) implies the
following lemma.

Lemma 4.1 Any ¢ > 0 admits C, > 0 such that
Jul} < ellw Py Jwtoghut |, + €. Jul, @1
forw e HY(Q).
Proof: Wetake N > 1 and x € C*°(R) satisfying
0 dsl=N),
x()=1 2 (s|=N),
Is| (sl =2N).

By means of |x (s)| < |s|, we have

[ 1wl = xw)]” < 21’/ wi? <27 @NY? - w]),.
{lw|<2N}

On the other hand, we have | x (s)| < 2 and hence it holds that
[x@) 5 = Vx5 + [x @]
=[x @) Vw3 + x|
=[x’ @Vul; + |xwl];

2 2 2
=4[ vwly + Jwly = 4wl
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This means
[x @) = 2wl 4.
and by (4.16) we have
[x)|} = crlxa)| 5 xw,
< 22w 7 dog Ny~ [ og |

Thus, we obtain

wl? <27 { 1wl — x| + [ x]?)

= Gy {N"w]), + tog M)~ ]|} fwiog wl [}

Then, inequality (4.17) is obtained by making N large for the case of p = 3. O

We have Poincaré—Wirtinger’s inequality

2 1 2
[vul} 2 el — L [ warl? @1s)

with o > 0 being the second eigenvalue of —A in 2 under the Neumann
boundary condition. This implies

[wlly <y |Vl + 1907wl

<uy P[vwl, 1o [

By (4.13) it holds that
/Q(w logw)(t)dx < Co for t € [0, Thax).
Therefore, using (4.17), we see that any ¢ > 0 admits C, > 0 satisfying
[w]3 < e|vol; +c..

and it follows that

1d 2 2 1 2

S I3+ [vwl? < 5| vwl? + o
by (4.15). Again by (4.18) we have

d 2 2
ol +pafw]y = cn
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and hence
lw@®)|, <Cra (0=t < Thax) (4.19)

holds true.
Now, we multiply w? to the first equation of (4.14). We have

/(V-j)dexz—fj-szdx
Q Q

= —2/ wIVwI2 dx—|—2/ w>Vv - Vwdx
Q Q

3/2

and writing w1 = w>/~, we obtain

1d

8 4
34 lezdx+§/9|Vw1|2 dx = 5/91”1%'%1‘[”/9(["1)“’“-

Here, the first term of the right-hand side is treated similarly as before, and we
obtain

1
/w1Vv-Vw1dx:—/Vv-Vw12dx
Q 2 Jq

1 2 1 2
=—= [ Av-wjdx == | (Ww—v)wjdx
2 Ja 2 Ja

8/3

1 1
< Wz lwillgys + 5l 30015

1 1
< SIW @l w37 + S Jwn 51015

Similarly, for the second term we have
/ (b- Hw?dx = f b- <w2Vw — w3Vv> dx
Q Q
1
=/ b - (—Vw3 — w3Vv) dx
Q 3
1
=—/ w? (—V-b—kb'VU) dx
Q 3
5 (1
=— | wi|zV-b+b-Vv)dx
Q 3

< Jurl} (31900 + el 191,
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Then, we obtain

%%HUH”; + g“leni <Ci3 (leni + 1)

similarly to (4.15).
Here, we recall that (4.19) is established, and hence it holds that

Hw1(1)||4/3 < Ci3.

This implies
/(wl logw)(t)dx < Ci4 and |wi(®)||, < Cia,
Q

and we can argue similarly. Thus, we obtain H w1 (1) || , < Cis, or equivalently,
[w®|; < Cis for 1€ [0, Tmax). (4.20)
Now, Theorem 3.2 guarantees (4.3), that is, Tp,x = +00 and

sup Hu(t)”oo < 400,
t>0

and the proof of Theorem 4.1 is complete. O

Having proven the main result of this chapter, we mention some other tech-
nical devices. We have the following facts for the other cases than (4.8). First,
simplified system of the (JL) field is treated similarly:

ur=V-(Vu—uV@w+logW)) in Qx(0,7),
—Av:u—ﬁfgudx in Qx(0,7),
Jovdx =0 for te(0,T),
Lu—ul (+logW)=0 on 3Qx (0,7),
=0 on Qx(0,7),
ul,_g =up(x) in K. 4.21)

If ||ug ||, < 47 holds in (4.21), then it follows that

Thmax = +00 and sup Hu(t)”oo < 400,
t>0

where Q@ C R? is a bounded domain with smooth boundary 3Q and W =
W(x) > 0 is a smooth function defined on 2.



4. Trudinger—-Moser Inequality 71

On the other hand, inequality (4.5) is available for the simplified system of
the (D) field,

ur=V-(Vu —uV@w+logW)) in Qx(0,T),
—Av=u in Qx(0,T7T),
Zu—ul (v+logW)=0 on 92 x (0,T)
v=0 on 9L x(0,7),
Ulj—g =uo(x) in Q.

(4.22)
Consequently, if ” uo ”1 < 8m, then we obtain
/ (ulogu)(t)dx < Cy7 for t € [0, Tax)-
Q
In this case we have v > 01in € x (0, Tinax), and therefore it holds that
av
— <0 on 0d2Q.
v
Under the assumption
d
™ logW <0 on 0%, (4.23)
v
we obtain
L ul + |vul? = / uV (v +log W) - Vudx
2dt 2 2 Q
1
= —/ V (v +log W) - Vu?dx
2 Ja
1
< ——f A +logW)-u?dx
2 Jq
Ly w3 1 2
< 21l + 5 oz Wl
and

li”MH3+2/u|Vu|2 dx:z/ V(U+10gw)vu3dx
3dt" "3 Q 3 )

2
——/A(u+1ogW)-u3dx
3Ja

2 4 2 3
2Lt + 2| atog Wi, Jul

IA
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Then, we can argue similarly as in the (N) field. Thus, if
Juo], < 8.

then Timax = +00 and sup,~( ||u(t)||OO < +o00 hold in (4.22), where 2 C R?
is a bounded domain with smooth boundary 02 and W = W(x) > Ois a
smooth function defined on € satisfying (4.23).

The above results for a global existence of the solution are valid even to the
full system. To treat this system we make use of the parabolic L' estimate
instead of the analogous elliptic estimate. In two space dimensions, by

dv Ay — b B
IE+ v=u witl Vl;—p = Vo
and (4.9) we have
sup [v(1) |1y = Cye (47 0]l + uo]],) (4.24)
1=

for each ¢ € (1,2) and ¢ > 0. Therefore, we still have (4.10) for each g €
[1, 2) under the assumptions on the initial value stated in Theorem 3.1. Then,
we obtain (4.13) even in this case, using the Trudinger—Moser inequality and
the Lyapunov function W (u, v) similarly. On the other hand, deriving (4.20)
from energy method, we obtain

t
/0 | ()]3dt < Cis for 1 € [0, Toa).

Consequently, we obtain the same conclusion that the conditions || uo H1 <4
for the (N), (JL) fields, and H”O‘ | < 8 for the (D) field to the full system,
respectively, imply (4.3). See [14, 50, 110] to confirm details.

Other methods to show (4.3) are the following. First, we can avoid the use of
the maximal regularity theorem, or the final part of the conclusion of Theorem
3.1, to guarantee the results stated in this chapter. In other words, it is possible
to derive (4.3) only from the energy method, if we apply Moser’s iteration
scheme to our system. This argument can be localized, and then we can obtain
the first step of the proof for the formation of collapses, Theorem 1.1. This
kind of localization is efficient also for the study of the full system [109]. Next,
use of the Trudinger—Moser inequality and Jensen’s inequality to derive (4.13)
can take the place of the Brezis—Merle type inequality and Young’s inequality.
This argument was adopted by [108] for (1.1), but here we shall describe it for
(4.22), the simplified system of the the (D) field.
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Brezis—Merle’s inequality for
—Av=u in Q with v=0 in 9Q

is indicated as

4 — 8 472
f exp( id |v(x)|>dx < 7 (diam Q)2 (4.25)
Q Il 1 B

where €2 is a two-dimensional domain and § € (0, 47). On the other hand, the
Lyapunov function W = W(u, v) is reduced to the free energy,

1
J’-"(u):/u(logu—l—logW)dx——/uvdx,
Q 2 Jg

in this case, (4.22) of the simplified system. Here, Young’s inequality is appli-
cable as

1 av
auv < ulogu + —e (u,v>0),
e

where a > 0 is a constant. Namely, from F(u(t)) < F(ug) we obtain

| Lo
(a——>/uvdx§—/e dx + O(1).
27 Ja e Jo

In the case of A = ||u ||1 < 87, we have also
/ eVdx = 0(1)
Q
for0 <a — % <« 1 by (4.25) and hence it holds that
/uvdxz O(1) and /ulogudx =0().
Q Q

This means (4.13), and again we can show that HM()Hl < 8m implies (4.3)
in (4.22) with (4.23). (Let us confirm that for the (D) field the threshold of
A= ””0“1 for Thmax = +o0is 87.)

We have several other versions of (4.25) applicable to the (N) and (JL) fields.
By them, we can show similarly that if 9€2 is smooth then || uo || | < 4m implies
Tmax = 00 in simplified and full systems of the (N) and (JL) fields. Use of
the Brezis—Merle inequality is also efficient to show the concentration toward
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boundary of the solution to the simplified system of the (N) and (JL) fields in
the case of

Thmax < +o0  and 471 < H“()Hl < 8.

Inequality (4.25) also has a parabolic version and such a phenomenon, with
concentration toward the boundary, is examined even in the full system. See
[60, 108, 109].

The fact that

T =Tnx <+oo = lim |u@®)|_ =400 (4.26)
t—>T
indicated in Theorem 3.1, is also proven by the energy method. In fact, if u =

u(x, t) denotes the solution to (4.1), the standard theory [85] guarantees that
T < Tiax and

limsup [u(t)| , <400 = Thax>T. 4.27)
t—T
On the other hand, from the proof of Theorem 4.1 we see
lim sup / (ulogu)(t)dx < +oo = limsup [u(r)| < +oo.  (4.28)
Q t—T

t—T

Now, we shall show

liminff (ulogu)(t)dx < 400
t—T Q

= limsup/ (ulogu)(t)dx < +oo. 4.29)
Q

t—>T
Actually, relations (4.27)—(4.29) imply

T =Thax < +00 = lin}/ (ulogu)(t)dx = +o0, (4.30)
— Q

and (4.26) follows in particular.

First, we take the case W = 1 for (4.29) to prove. For this purpose we make
use of the following fact comparable to Lemma 4.1. It will be applied also in
the proof of the formation of collapses.

Lemma 4.2 We have a constant K = K (2) > 0 determined by the bounded
domain Q C R? with smooth boundary 9%, satisfying

2 2K*? -1 -1 2
udx < — (ulong—e )dx- u  |Vul|” dx
Q logs Jo Q

+ 2K u} + 35219 (4.31)

foranys > 1.
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Proof: We have W1(Q) < L2() and there is K = K(£2) > 0 that admits
the estimate

[wl, = & ([ Vo[ + w[7) (432)

for any w € WH1(Q). Letting w = (u — s5), we have Hw”l < Hu|

1
”wH;=/ (M—S)zdxzf (—uz—sz) dx
{u>s} {u>s} 2
1 2 1 2 2
> —u“dx — —u“dx —s°|Q|
Q2 fu<sy 2

1 3
—/uzdx——szml,
2 Ja 2

2
Hw”fg{/ |Vu|dx}
{u>s}
< / udx / ul | Vul? dx
{u>s} {u>s}

1
/(ulogu+e_1) dx-/ wV|\Vul? dx,
IOgS Q Q

where s > 1 and ulogu > —e~ ! for u > 0 are made use of. These relations
imply (4.31) and the proof is complete. O

1°

%

and

=

Dealing with the case W = 1 of (4.8), i.e., (1.1), we multiply logu to the
first equation. This implies

d
—/ ulogudx+/ ul | Vu|? dx—l—/uvdx:/ u’.
dr Jo Q Q Q

We also have v > 0in  x (0, T) in this case, and hence obtain

d 2K?
—/ ulogudx+<1— / (ulogu+e_1)dx)
dt Jo logs Jo

f w Vul? dx < 2K2|uol|’ + 352 |22
Q

by (4.31). Then, taking

s =s(t) =exp (21(2/9 (u log u —l—e_l) dx)
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and
J=J@) :/ (ulogu+e_1)dx,
Q

we have

d
d—f <2K*|uo||, + 3|2l exp (4K>J).

From this differential inequality, we can conclude that (4.29) holds true.
To treat the general case (4.1), we take w = W™ 4 and transform it to (4.14).
Then, multiplying log w to the first equation, we obtain

/w,logwdx:/ (V-j+b-j)logwdx.
Q Q

The left-hand side and the first term of the right-hand side are treated similarly,
and we obtain

d
—/ w(logw—l)dx—i—/ w | Vw|? dx—i—/ wv dx
dt Jo Q Q
=/ szdx+f(b-j)logwdx.
Q Q

The second term of the right-hand side of the above equality is equal to
/(b - logwdx = / b-(logw (Vw — wVv)) dx
Q Q
= / (b-V(w(logw — 1)) — (wlogw)b - Vv) dx
Q
= —/ (w(logw — 1)V - b+ (wlogw)b - Vv) dx, (4.33)
Q
and the first term of the right-hand side of this equality is treated similarly. For
the second term, we make use of another linear theory valid for the second
equation of (4.14). That is, if
. . av
—Av+v=f in Q with 8_:0 on 0J%2
%

holds for the two-dimensional bounded domain 2 with smooth boundary 92,
then it follows that

||Vv||2 = C[f]LlogL >
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where

_ @)
liiogs = [ 1f1og (e + )

denotes the Zygmund norm of Iwaniec and Verde [72]. We also make use of
the inequality

s = [ (irlogl 1+ ) ar e —e i
Q

proven in Chapter 9. Then, the second term of (4.33) is estimated from above
by

||u)10gw||2 . <];z w logwdx + 0(1)).
Now, we take s > 0 and put (w log ) x{w=s) for w in (4.32):
| (wlogw) xgwss |5 < KZ(H V((wlogw) xw=+)|} + | wlog w) xpuw=s) \ﬁ)-
The left-hand side is estimated from below by
/Q(wlog w)?dx — (slogs + e~ )7 |2,

while the second and the first terms of the right-hand side are estimated from
above by

f (wlogw +e™ ") dx
Q

and

2
{/ llogw + 1] [Vw| dx}
{w>s}

5/ w|1ogw+1|2./ w | Vw|? dx
{w>s}

{w>s}
1
< —/ (w(logw + 1))2 dx / w! |Vw|2 dx,
s Ja Q

respectively. Based on these estimates, we can argue similarly to the previous
case, and conclude that (4.29) holds true. Thus, we obtain (4.30) to (4.1):

T =Thax < +00 = lin}/ (ulogu)(t)dx = +oo.
r— Q
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The Green’s Function

The criterion ||uo ||1 < 47 is sharp for Tiyax = 400 in the simplified system of
the (N) field,

u,zV-(Vu—uV(v—}—logW)) in Qx(0,T),
O=Av—av+u in Qx(0,T),

B 9
—u—u—@w+logW)=0 on 092 x (0,7),
ov av
B]
0 on Qx0T
ov
ul_y=uo(x) in Q, (5.1)

and in this chapter we prove the following theorem [146].

Theorem 5.1 If Q@ C R? is a bounded domain with smooth boundary 32 and

/ uo(x)dx > 4w
QNB(xg.R)

holds for xo € 02 and R > 0 in (5.1), then there exists n > 0 determined by
A = luolly and |luoll 11 (@nB(xo, k) SUCh that

1

— Ix — xo|%uo(x)dx < n (5.2)
R* JanB(x,4R)

implies Tax < +00.
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Here and henceforth, B(xg, R) denotes the open disc with the center xy and
the radius R > O:

B(xo, R) = {x eR? | |x — x| < R},
and the requirements of the above theorem are satisfied if
= [uol, > 4

and ug(x) dx is sufficiently concentrated at xo € 9€2. Therefore, we can con-
clude that A = 45 is the threshold for the blowup of the solution to (5.1).
This is also the case of the simplified system of the (JL) field, and is proven
similarly.

On the other hand, if ||ugll;1 > 87 and uo(x) dx is sufficiently concentrated
on an interior point, then Ty < 400 follows. This blowup criterion is valid
even to the (D) field, and therefore 87 is the threshold for blowup of the solu-
tion in the simplified system of the (D) field.

We emphasize that these criteria on Tpx < +00 are established only to
the simplified system. Actually, we have a different kind of condition for the
blowup of the solution to the full system [69, 146]. This criterion is given in
terms of the value YW (ug, vg) in accordance with inf {.;E (u) } u e Sk}, where
S,. denotes the set of stationary solutions for A = |lug||1. There, the possibility
of the blowup in infinite time is included but we expect that only the blowup in
finite time occurs in this case, and also that A = 47 and A = 8m are thresholds
of the blowup of the solution in finite time even in full systems of the (N), (JL),
and (D) fields, respectively. We further expect that the blowup in infinite time
occurs only when the total mass of the initial value A = |Jugl|; is quantized,
such as A € 47N and A € 8z N for the (N), (JL) fields and the (D) field,
respectively, and the solution converges to a singular limit of the stationary
solution in infinite time.

We note that Theorem 1.1 guarantees that if

Thax < +00

occurs with A = |lug|l1 € (47, 8m) to (1.1), then exactly one blowup point of
the solution lies on d€2. This is also the case of (5.1), and in this connection,
we expect that the blowup point never arises on the boundary for the simplified
system of the (D) field, if the environment function W = W (x) satisfies (4.23).

Now, we come back to (5.1). For the proof of Theorem 5.1, we make use
of a remarkable structure of the simplified system. It may be referred to as
the compensated compactness via the symmetrization. The threshold values
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47 and 8 are technically associated with this process. On the other hand, the
left-hand side of (5.2) indicates the local second moment of u(x,t)dx. The
total moments are virial quantities, and their use in the study of the blowup
of the solution was adopted by [16, 106] for radially symmetric cases. The
Green’s function fits in naturally with that process, and in that context Biler
[13, 14] introduced the method of symmetrization mentioned above. Actually,
this technique of symmetrization for the double integral operator associated
with the Green’s function has been used in the study of the weak solution to
Euler and Navier-Stokes systems in the vorticity formulation, such as (2.2)
[37, 143]. There are several studies concerning the formation of singularities,
using the second moment [95, 141, 178].

To explain the idea, here, we describe the following argument [17], where
the system

up=V-(Vu—uVv) in Qx(0,7),

ou v
—u—u— =0 on 9 x (0,7),
av dv
ul,_o=uo(x) in Q,
with
v(x,t) = f Go(x, xu(x’, t) dx’
Q
for

1
Go(x,x)=T(x —x") = —log
2 [x — x|

is proposed to describe the motion of the mean field of many self-interacting
particles under the gravitational force. In this system, if Q C R? is star-shaped
with respect to the origin, then we have

d 2 2
— [x|“u(x,t)dx = |x|“us(x, t)dx
dt Q Q

=—/2x-(Vu—qu) dx
Q
=—/ 2(x~v)udx—|—/4ua’x+/ 2ux - Vvdx
Q Q Q
§4A+/ / 2u(x, t)x - VyGo(x, xYu(x’, t)dy dx
QJQ

1
:4A+—//,o(x,x’)u(x,t)u(x/,t)dxdx/,
2 JalJa



82 Free-Energy and Self-Interacting Particles

where A = ||lug||1 and
/ / / / 1
px,x) =2x-VyGo(x,x) +2x - Vy,Go(x,x") = ——.
T

Thus, it holds that

d 1

—I(t) <4r— —2A2

dt 2
for

1) =/ <P ux, 1)

Q

and therefore, if A = |lugll1 > 87 and Thax = 400, then I(¢) becomes
negative in a finite time. This is a contradiction and Tyx < +00 follows from
luollr > 8.

In the above case, the concentration to the origin of the initial mass is not
necessary to infer Tax < +00. Actually, this condition of concentration fits
in when the kernel has the additional regular part. Besides, we have to localize
these arguments near the blowup point in our case, and this process is justified
again by the method of symmetrization. Namely, it assures that the local L'
norm has a bounded variation in time, and the strong concentration implies a
contradiction before this concentration is broken. These arguments are valid
for the general simplified system, and for (5.1) we have the following lemma.

Lemma 5.1 Given the simplified system

up=V-(Vu—-uV@+logW)) in Qx(0,7),

0 0
—u—u—@W+logW)=0 on 9Q2x(0,7),
av av

Av=u for te€(0,T),
let A=1 be provided with the integral kernel G = G(x, x'):
(Alu)(x):/QG(x,x/)u(x/)dx/,
satisfying

//|va(x,x/)|dxdx’<+oo. (5.3)
QJIQ
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Then any C? function v defined on Q satisfying

oy _
o |50 o
admits the estimate
d A2
Efg“l/’dx = ?”P'/f ||L°°(QXQ)

+a([av] o+ [Viee W], [V¥]) G4

fort € [0, Thax), where
Py (x, x)=Vy(x) - ViG(x,x) + V(') - Ve G(x, x)) (5.5)
and ). = |luol1.
Proof: Since A is self-adjoint, the kernel G = G (x, x’) is symmetric:
G(x,x) =G, x). (5.6)

Furthermore, the second equation of (5.4) is replaced by (1.5):
vx,t) = / G(x, xHu(x’,t)dx'. (5.7)
Q

Testing ¥ € C 2 (5) with % ’ 90— 0 to the first equation of (5.1), we obtain
the weak formulation,

i/ u(x,t)l//(x)dx—/ ulx, Ay (x)dx
dt Q Q
= / ulx,)Vo(x,t) - Vir(x) dx —{—/ uVlogW - Vi dx
Q Q
= f/ [Vw(x) -ViG(x, x/)] u(x, Hu(x', t)dx dx’
QxQ
+/ uViogW - Virdx
Q
= lf/ oy (X, XNu(x, Hu(x', 1) dx dx’
2JJ) axa

+/ uVlog W - Vi dx, (5.8)
Q
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by (5.3), (5.6), and (5.7), with py (x, y) defined by (5.5). Then, (5.4) follows
from (1.11):

|lu@ |, = |luol, = *, (5.9)

and the proof is complete. O

In the standard fields of the (N), (JL), and (D), it holds that

1
G(x,x') = —log

1
K /
2 I)c—x’l+ (x, %)
with K € CIIO’CLQ (2 x Q) for 6 € (0, 1). This implies
Vi (x) = Vi (x) - (x — x')
A ( %
Py (x, x) = = 27 |x — x| T Cloc(8252).

Here, the first term of the right-hand side belongs to L>°(2 x €2), although it
is not continuous. More delicate analysis is necessary on d€2, but the estimates
proven below induce that the local L' norm of u has a bounded variation in
t € [0, Thmax)- This is also a key fact to prove the finiteness of blowup points.

Namely, we show the following lemma. Inequality (5.3) for G = G(x, x')
in consideration is assured also in the proof.

Lemma 5.2 Let @ C R? be a bounded domain with smooth boundary 9S,
and let G = G(x,x") be the Green’s function of —A + a in Q under the
Neumann boundary condition, where a > 0 is a constant. Then, the function

Py (x, x) =V (x) - ViG(x, x") + VY (x') - VoG (x, x7)
belongs to L® (Q x Q) if ¢ € C*(Q) satisfies

Wi,
W |y
and it holds that
HIOWHLOO(QxQ) KHv‘ﬁHcl(Q)’ (5.10)

where K = K (2) > 0 is a constant determined by Q and a > 0. In particular,
we have

K2
== Ilog

rlav |+ 1Viee W] [vy]y) 1

jt/ Y(x)u(x,t)dx

fort € [0, Thax)-
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Proof: Using the decomposition of the unity and the compactness of , the
assertion is reduced to the cases that supp ¥ C Q and supp ¥ C N B(xg, R)
with xg € 02 and 0 < R < 1.

To treat the first case, we take the fundamental solution eg(|x|) of —A + a:

(—A +a)ey = §p(dx).

Actually, it is given by the series

@) @) 1 | 1+ a r21 1
= , = — 109 — _— - — 109 —
ot ol d 21 gr 2 4 gr
+a a r41 1+a a a r61 1+ (5.12)
o — —_— . — a —— . —0 y .
27 416 5Fr 27 4716 36 °F
and we have
1 1 1460 R
eo(lX|)=2— gl |+Cloc( %) (5.13)

for 6 € (0, 1).
Given x € €, we define Ko = Ko(x, x) by

G(x,x") = eq (|x — x'|) + Ko(x, x').

It holds that
(A +a)Ko=0 (x' € Q)
and
0 0
B Ko = —avx,eo (}x — x/’) (x/ € 852) .

Therefore, we have Ko € C>1? (Q X m from the elliptic regularity. This,

loc

combined with (5.13), implies

1
G(x,x")=—1log

K(x,x'
o + K(x,x")

1
lx — x|
with K € Cit? (2 x Q).

We also have K € ;-7 (Q X Q) by (5.6), and hence

loc

(x = x) - (VY (x) = VY ()

2
|

P (xvx/) = -
v 2w |x — x’

+ Vi (x) - VeK (x, x) + Vi (x') - Vi K (x, x7)
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belongs to L°° (2 x ) because supp ¥ C 2 is assumed.

To treat the second case of supp ¥ C Q N B(xg, R) with xo € 9 and
0 < R « 1, first we assume that €2 is simply connected.

In this case we have a smooth conformal mapping

X:Q — R2,
satisfying
xo = 0,
X(Q) =R; = {(x1,x2) | x2 > 0},
X(ORQ) = dRY = {(x1,x2) | x2 = 0}. (5.14)

We also take a smooth extension, denoted by ¢, to the whole space R? of
c=a }X/‘z oXx~!
defined on R_i Then, for
e1(5.8) = e (|§ —&[,¢®) (5.15)
with eq(r, a) given by (5.12), we have
(—Ag +E©) e1(§, &) = 8¢ (dg")

for &, & € R2.
Now, we take the cut-off function

¢ =¢(lyl) € C(R?)

satisfying

1 B(0,1/2)),
0<clyh<1. clyh=]' (reBO1/)

1
0 (yeR*\B(,1D). 10

Then we apply the elliptic theory and take
2= (€. 6) e CP7R? x R?)
satisfying

(—Ag +2E)) ea(§,8) = (&' = &) - (66) —é(ED) er (5, 8)
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for &£, &’ € R2. In this case,
e, &) =e15,&) + (s, £
solves
(A + (D) e, ) =8:(dE) + §(6.8) (.8 eRY)
for
¢=0¢E&E)={c(&—¢]) -1} (&) —2E)e1(E, &) € COR* x R?).
Let
EE.&)=e. &) +e.£)
with &, = (&], —&j) for & = (&, &5). Then, given & € R%, we have
(—Ap +c(E)) EE, &) = 8:(dE) + D&, &) (£ eR}),

0 A / 2
g EE8) =0 (6" € 8R2),
for

=D, E) =G, &)+ (—Ag +c(E)) e, &)
=G, &)+ (—Ag +c(E) ea(t, E)
+ (c() — (€M) eo (1& — nl, 6(£0) € CP(R* x RY),

because 8¢, (d&’) = 0 holds in R%r if &€ e R%r. Here, X is conformal, and the
above relation induces

(—Ay +a) E (X(x), X(x")) = 8:(dx) + ¢(x, x) (x' e Q),
B] . )
5o E(X(), X)) =0 (x' €39),

for each x € 2, where
0= x) =X d(X(x), X)) € C*@ x Q).
Therefore,

Ki(x,x)=G(x,x)— E(X(x), X(x))
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satisfies
(—Ay +a) Ki(x,x") = o(x, x) x' e Q),
0
Ki(x,x)=0 (x' € 9Q), (5.17)
vy

for each x € €, and from the elliptic regularity K;(x, x) is extended to an
element in C?219 (Q x Q).
By (5.12), these relations,

G(x,x')=E(X(x), X(x") + K1 (x,x),

K1 € COM(Q xQ), E =e +e,er € CH2T(R? x R?), and (5.15), imply

V1 !
G = 5 8 X — x )

1
+ —1lo + Ko(x, x) (5.18)

21 B IX@) - Xl
with K, € C%!+9 (@ x Q). We also have
K>(x,x") = Ka(x', x)

by (5.6) and it follows that

KyeCtM (@ x Q) nct (@ x Q). (5.19)
In this way, we obtain

VY (x) - VKo (x, x') + Vi (x) - Vo Ka(x, x') € CO(Q x Q).
Now, we recall that ¢ € C%(Q) satisfies

9 _
W Z0 and suppy 2N Bxo, R) (5.20)
o |50

for xg € 02 and 0 < R < 1. To examine the first term of the right-hand side
of (5.18), we set

1 1
Gix.x) = —log — .
1) = o e T

Writing

1 1
W=yoX ! and g &)= > 108 E &
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we have

VY (x) - ViG1(x, X) + V¥ (y) - Vo Gi(x, x')
= c(E)VW(E) - Veg(€, &) + c(E)VW(E) - Vierg(E, £
CE—E) (c®VEE) — cVYE))
a 2 |& — &2
eEL®(QxQ).

To treat the second term of the right-hand side of (5.18),

1 1
G ’ ! = _1 ’
2 ) = o S T X

R _ . .. .
we make use of 5 | ao = 0. In fact, this condition gives

v
082

£2=0
and hence
VU () - ViGa(x, x) + VY () - Yy Galx, x)
= COVYE) - Veg(&, &) + € \VHE) - Vg€, D
[e@we,© - c@rwg@n ] @ -8
o [ — &1
fe@we© +c@rvy©®) & +8)
2 g - &

€ L®(Qx Q)
follows. These relations are summarized as

pPEL®(QxQ).

89

We now proceed to the general case of €2. In fact, it is multiply connected,
and given ¥ € C%(Q) with (5.20) for xo € 92 and 0 < R < 1, we can take
a Jordan curve y C 02 containing xo , and obtain the domain €2 satisfying

32 = y and Q C . Either €2 or R? \ & is simply connected in this case.
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Replacing €2 by this Q, we repeat the previous argument. We obtain, instead
of (5.17),

(—Ay +a)Ki(x,x") = p(x, x) (x' € Q).
9
Ki(x,x") = h(x,x) (x' € 99),
AV

with ¢ € C?(Q2 x Q) and h € C®(Q x 9Q). This & satisfies
hix,x)y=0

for (x,x’) € © x y. On the other hand, G = G(x, x’) is extended smoothly
for (x,x") € (RQUy) x (32 y) by the elliptic regularity. This is also the case
of £ (X(x), X(x/)), and we can assume

heC®((QUY)xIQ).
Therefore, from the elliptic regularity again,
K = Ki(x,x")

is extended to an element in C?-2+7 ((Q Uy) x 5), and then (5.19) is replaced
by

Ky e COM((QUy) x Q) nct (@ x (Quy)).
From this relation, the conclusion
py € L®(Q2 x Q)
follows similarly. O

From the proof the above lemma, we see that (5.10) is refined as

1
| oy HLOO(QxQ) = g”v‘ﬁ“c&l(g) +C@| VY. (5.21)

where C(£2) > 0 is a constant determined by 2. Inequality (5.21) controls the
rate of variation in time of the local mass of u(x, t) dx through (5.11), and this
provides the principal motivation for the proof of mass quantization.

In what follows, we make use of the specific cut-off function, denoted by

¢ = Oxy,R',R>
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where xg € Qand 0 < R’ < R « 1. First, if xo € €2, we assume that R > 0 is
as small as B(xg, 2R) C 2, and take ¢ € Cgo(Rz) satisfying 0 < ¢ < 1 and

1 (x € B(xo, R))

(5.22)
0 (x € B(xg, R)).

p(x) =
Given xo € 0€2, we take the conformal mapping X : €2 — R2 described in the
previous lemma. This X satisfies, similarly to (5.14),

xo — 0,
X(B(x0,2R) N Q) C R% = {(x1,x2) | x2 > 0},
X(B(x0,2R) N 3K) C 9R3 = {(x1,x2) | x2 = 0}

for 0 < R « 1. Given R’ € (0, R), we can furthermore impose

X (B(xo, R)NQ) C B(0,r),
X((B(x0,2R) N Q) \ B(xo, R)) C R*\ B(0, r),

with 0 < r < 1 and r" € (0, r) proportional to R and R’, respectively. Then,
we take &, = & (ly]) € Cg° (R?), satisfying, similarly to (5.16),

1 (yeB(,r))

0=<¢&-(IyDh =1, &y = {0 (y c R2 \ B(0, I’)) ,

and put ¢(x) = ¢, (X (x)). Then, it holds that

O rox =% viox)=0
T T

on €2 because X is conformal and ¢ is a function of |y|. Thus, we have ¢ =
®xo, R, R (x) satisfying

e

=0 (5.23)
o |50

besides (5.22) in the case of xo € 2. This ¢, g’ g satisfies
| D x.r.k | o = O((R = RHT))

uniformly in xo € Q for each multi-index «, because of

|D x| = o). (5.24)



92 Free-Energy and Self-Interacting Particles

Returning to the proof of Theorem 5.1, we recall that xg is given on 9€2.
This is because the blowup near the threshold value ||ug||; = 47 occurs on
the boundary, and the second moment to be used for the proof of this theorem
must be localized around the boundary point xp € 952.

Thus, for R > 0 sufficiently small, we take

i = Py 4i-1R2.41-1R

and set
4 X ()|
Vi =¢; and m(x) = %.
fori = 1, 2. Then, it holds that
Vil = 4y, Vil = 0(R™Hy (5.25)
We also have
m(x) = O(lx —xo*),  Vm(x) = O (Ix — xol) (5.26)

by (5.24).
Regarding m (x) as the weight function, we define the moment

) = /Q u(x, Hm )Y (x) dx

localized around xo € 9€2. Eliminating v = v(x) of the right-hand side of

dl
d_tl =fQu,mw1 dx

using the second equation of (5.1), and then making the symmetrization and
cut-off process, we can show the following lemma.

Lemma 5.3 Under the assumptions of the previous lemma, if

p(x,x') = [V(my)(x) - ViG(x,x)] ¥a(x))
+ [Vnyn) () - VoG x, XN ¥ (x), (5.27)

then it holds that

/ 2 / —1 /
P, )+ —Y1()Y2()| < CR (Ix — xol + |x" = x0)
1) P () + CR™ [ — xo| Y2 (x)V? (5.28)

with a constant C > Q.
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Proof: From the proof of Lemma 5.2, if €2 is simply connected, then relation
(5.18) holds with (5.19), where (1, n2)+ = (11, —n2). Even if it is not the
case, these relations are localized to each component of 0€2, and generally we
have

N 1
Gl x) =5 o e S X )|

L F K x) (529

log
2r 7 |X(x) = X (x)l

for x, x’ € B(xg, 16R) N Q with

K e (ce’”@ N cl+9v9) (B(xo, 16R) N x B(xo, 16R) N sz) . (5.30)

First, we take the term associated with
1
& — &'

for§ = X(x) and &’ = X (x’). Since X is conformal, it holds that

1
Gi(x,x) =g, &) = 5 108

0X\ /30X 0X
— - |\=—)=|—]" 1d.
ax ox ax
Defining
’ﬂ
c®) = 5~ and W (&) = i),
W(X0)|
we have

p1(x, x") = [Va(my)(x) - ViG1(x, x")] Y2 (x”)
+ [V myn) (') - VyGi(x, x))] Y2 (x)

= c@WENV: (I W1(©)) - Veg €. 8)

+ @ E Ve (|67 WiE©)) - Vess. &)
E-¢

am g — &1

— €68V ) + [¢ P Veri € .

{e@waE)ewi®) + 167 Ve w1 (€)
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This implies p; = —(I + II + III + IV + V) with

1
I= ;C(S)%(S)‘lfz(é/)

1= % {c@W(E)W1(§) — cENW(E) V1 (8N}
(D / 2 |2
11 = A Ve (§)c(§)¥2(8) (ISI — [¢] )
__E-&) (VeW1(§) — VW (§)) c(§)W2(§) |~§/|2
2w |&E — §/|2 ¢ :
_ -8 ViU (EN)(c(E)W(E") — c(E)W2(8)) \é/lz-
2 € — &' ! ’ ’

We have c(§) = 1 + O (]x — x¢|) and hence

1
I= p {1+0(x = xol}) Y1) P2 (x).
Similarly, we obtain

I = %{(ds) — c(ENWENWVI(5)
+c(EN W (EN (W (§) — W (§))
+ e (Wa(E)) — Wa ()W (E)
= 0 (|&|) L2 W1 (&) + O (|&']) O(R™H W)
+0 (|g']) oR™Hw, (&)
= O (|x" = x0) (Y2 (Y1 (x) + O(R™ Yo (x)
+ O(R™HY1(x)}

T8 e nE)E — 8- € +8)
Tlg—g2
= O (Ix — xol + |x" — x0|) O(R™ Ny ()22 (x)

IV =0 (|&'") 0(R™)W2() = O( |’ = xo| R )2 (x)
V=0 (¢") 0R™) |Ver w1 &)

_ 0(

[ = xo| R ) yn ()2,
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where (5.25) is used. These relations are summarized as

1
p1(x. )+ — Y1 (DY)
C / 12 /
+=2 (Ix = xol + |x" = xo|) Y1) /2 (x")
C
+ & [ = x| Yo (x)!/?

by ¥ > Y.
We turn to the term associated with

1 1
GZ(x9 y) = g*(évé/) = Elog—

€ — &
Using aalv’ ao = 0, we obtain
Wil g
962 &=0
fori = 1,2. Writing ®;(§) = ¢;(x), we also have % £=0 = 0, which
implies 5| = O(R™2&,). Using ¥; = &, we have
ov;
=0 (v'r7s) (5.31)
082

similarly to (5.25).
Now, we have
p2(x,x") = [Ve(my1)(x) - Ve Ga(x, x")] ¢ (x”)
+ [Vemy ) (x)) - Ve Ga(x, x)] 2 (x)
= (&)W (Ve (IE12W1(8)) - Veg* (&, &)
+ (€)W (E)Ver (€] W1 (8) - Verg* (€, &)
= — (VI + VII + VIII 4 IX)
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with
VI= %{c@)aws)ws@ — g V1 EN )]
(fl - 5{) 2 / N2 /
VIL= o @I 60 — @l P )00
+ /
VI = %{c@ﬁzwsm@) +eEE E)0(®) ]
+ /
= %{c@mz% W) + @Y1 EH26) |

Similarly to G (x, x), the estimate

& —&)?

m‘lﬁ(é)‘l’z(é/)

‘VI—FVIH—

< CR™'(Ix = xol + |x" = xo)¥1 () Y2 (x)) + CR™x" — xolya(x)!/?
holds. On the other hand, we have

& +&)?

VIII = wc(&)%(é)%(é/)
— %{(C(S) — c(ENW1(E)W2(E) + cEN)(W1(§) — W1 (E))
S (E) +c(EHWE) (W2 (E) - ‘112(?5))}
= %c(&)%(é)%(f’) + flz%ééi%

-0(I& = ') (W1(E) W2 (&) + O(R™HWL(E) + O(R™HW 1 (E)).

Now, estimate (5.31) gives

Uiy (§) + W15 E) = 0((&W1 O + v E) ) R™)
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and therefore from &, Sé > 0 we have

N 2w |E — %—}’/{IQ {(C(";:) c(ENNEI" W1, (§)W2(8)

+ cEN(E1* — IE' 1)W1, (B) W2 (&)
+c(ENIE TP (Wi, (§) + Wiy (BN Wa(E)

— c(ENE U1 (EN(W2(E) — wz(s))}

= M _ &l 2 ,
AL {0 (16 — &'1) 161" W15, () W28

)0 (I — 1081+ 1§'D) Ve (6) W2(&)
+e@EPO( (B9 + i) R wae)

+ cE)IE W €O (R |E — sﬂ)}

1/2

= OR™HIEPY, ()W (&) + O(RT(IE] + 1€]))

0 2EWE) + ORTD)EPY, ().

These relations are summarized as
2 )+ )]
< & (= xol 4 ¥ = x0l) Y10 )
+%|x’ — xolY(x)/2.
Finally, from (5.30), (5.25), and (5.26) we have
[Vomp) (o) - VK (&, x)]2@) + [Vompn) () - V, K (20 [y (x)

= y2() (OIx = xoly1(0) + OR™Hlx = xoly ()

+ 9200 (O = xol¥1 (&) + OR™HIY = xol2y*(x")
= 0() (¥ = xol¥1 Y2 + x = oy (1) Py (x) )

+ 0 (W = X0l (200 + ¥ = xolvn (&) 2y2() )

The proof is complete. g
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Now, we give the following proof.

Proof of Theorem 5.1: We have

0X om , 90X 0X
- -V L —02 X
ox (XO)‘ Ay, e l&] av av
X2
=2—--X>=0 on 0Q.

v

Also, we have the following estimates similar to (5.26), where xg = (xg1, X02):

m(x) = |x — xol* + O(Ix — xol*),
my, =2 (x; — xi0) + O(|x — xol*),
Myx; = 28;j + O(Ix —)C()|).

Defining

1) = / u(x, MOV (x) dx.
Q

we obtain

ill = / umyr dx = —/ (Vu — uVv) - V(my1) dx
Q Q

dt
:/ uA(mt/fl)dx—i—/ uVv - V(imyr)) dx
Q Q

—i—/guVlogW -V(imy)dx =14+ 11+ 11
from the first equation of (5.1). Since
Vil < CR7'y % and  |Ays| < CR72y, "
hold similarly to (5.25), we obtain
I= /Qu{wlAm +4Vm - V1 + mAy } dx

54/ uwldx+CR_1/ |x—x0|11111/2udx
Q Q

<4M; + CR™W212,
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where M;(t) = [ ¥i(x)u(x, t) dx. We also have
I = / M(WIVIOg W.-Vm+mViogW . Vlﬁl) dx
Q

§CR_1f Ix—xolz//ludx—i—CR_l/ |x—x0|21//11/2ua’x
Q Q

< CR™ /Q x — xol ¥ Pudx < CR™IAV21),
Now, we apply the second equation of (5.1) to II and obtain
II= /Q /Q ux, H)VyeG(x, x') - Ve(myr)(x)u(x’, t) dx dx’
= /Q /Q u(x, )Ya(x )V G(x, x') - Ve(myr)(x)u(x’, t) dx dx’

+/ / u (e, (1 = Y V2 G (x, )
QJIQ
SVe(myr)@ux’, t)dxdx' =1V + V.

// o dxdx’

QJQ

/f oo dxdx’
[x'—x0|>16R, |x—x0|<8R

and estimated from above by

// |-+ | dxdx’.
|x—x'|>8R

Therefore, it follows that

Here,

of V is reduced to

V< CR—1/ / Ix — xol Y1 () ulx, Hu(x’', 1) dx dx’
QJQ
= CR_IAf |x — xo] w1(x)1/2u(x, Hdx < CR_1A3/2111/2.
Q
On the other hand, we have

1
IV:—/ / u(x, t)p(x, xHux’, t) dx dx’
2Jala

99
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by the symmetrization, and then Lemma 5.3 implies

1
)HI n —Mle‘ 5/ / u(x, 1)
s QJIQ

Pty 21wty 1 dxdy
< CR—I/\fQ lx — xol 1 (x)u(x, 1) dx
+CR [ Iy = ol payuty. 0 dx
=CR™ ') /Q lx — xol (Y1 ()2 + Y1 (0))u(x, 1) dx
+ CR‘U»/Q |x — xol (Y2 (x) — Y1 (x))u(x,t)dx

< CR™IW1L 4 CA/ (Y2 (x) — Y1 (x))ulx, t) dx.
Q

Thus, we have

1
IV < —;Mf +CR™W? 4 cxf (Y2 (x) — Y1 ())ulx, 1) dx.
Q

These relations are summarized as

d I
IS AMy — —MP + CRT (1P WP L coMy — My) - (5.32)

for t € [0, Timax) with a constant C, > 0 independent of R > 0 sufficiently
small, say 0 < R < 1.
Here, we have

M) = Mi(1) < / Y (u(x, 1) dx

R/2<|x—xp|<8R
2
<2 / % — xol Y (Du(x, 1) dx < 202R" ()2
Q

and hence

dl M7
—r =AM = L CRT (2 2 )
g

follows. We also have

L) = L) + fg 1 — x> (Wa(x) — Y1 () u(x, 1) dx

< Ii(t) + 16R? /Q (Y2(x) — Y1 (x) u(x, t)dx
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and therefore

di M3
d_;l <4M, — —L 4 CR! (13/2_'_)‘1/2) 111/2
b/

+4Cz(k3/z+k‘/z){f (¥20) — i) e dx)
Q

is obtained.
Here, from (5.11) we deduce

and
\% fg (wz(x) — wl(x))u(x, 1) dx) < Cu(A+2*H)R72,

noting 0 < R < 1. Therefore, we obtain

1 M, (0)?
E <4M;(0) — =
1/2
+4C5 (33 +,\'/2){/ (Y2 (x) — xpl(x))uo(x)dx} /
Q

+ (W20 (R + R,

—1(43/2 1/2y 7172
+ RV A2

Finally, we have

fg (Wa(x) — 91 () o (x) dx < /B wo(x) dx

(x0,4R)\B(x0, R/2)
< 4R 1,(0).

Thus, writing

B = C,(A* +417%),
a(s) = C3(A12 +27) (s + ),

M, (t)?

J(1) = 4M; (1) — +8BR 'L\,

and I (¢) = I;(t), we obtain

di
— =IO+ a(R7'"?)+ BRI/, (5.33)
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Under the assumption of M{(0) > 4w, we can take n > 0 so small that
inequality (5.2) implies the existence of T > satisfying

JO) +a(R7'TY?) + BRT'1(0)!/* = -28 <0
and

1(0) —28T <O.
Then, the standard continuation argument guarantees that

— a

for t € [0, T'). This implies

dl

and

I(T) <1(0) —286T <O,
in turn. Then it is a contradiction and the proof is complete.

O
The case xg € Q is treated similarly, where the second moments /;(¢)
(i = 1,2) can be localized without using the conformal mapping. Namely,
we replace the weight function by

m(x) = |x — x0|2.

Then, the second term of the right-hand side of (5.29) is not involved in the
proof of the analogous fact to Lemma 5.3. Therefore, the inequality

1
p(x, x") + i ()Y2(x")

<CR7! (|x — xo| + }x/ - xo})
1)) + CR7 ' = xo| Y2 ()2

takes the place of (5.28) with p(x, y) kept in the right-hand side of (5.27).
Consequently, inequality (5.32) is replaced by

M4y M12+CR—1
dt .

(W24 A2 P Con (M — My), (5.34)
and the following theorem is obtained.
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Theorem 5.2 If Q C R? is a bounded domain with smooth boundary 9Q and

/ uo(x)dx > 8m
B(xo,R)

holds for xg € Qand 0 < R K 1in (5.1), then there exists n > 0 determined
by & = lluollt and |luoll L1 (p(xy, r) Such that

1
[ P uedr <
R* JB(xy,4R)
implies Tpax < +00.

Inequality (5.33) has a general form including the case of xg € Q2. In details,
taking

L — xo|? (x0 € Q)
X1/ |25 (x0)|  (x0 € 9K2)

and Y = (pﬁO?R’ZR, we put
IMO=/yMMMm0WMmdx
Q

MR(I)=/QM(XJ)¢'R(X)dx

2
Jr(1) = 4Mg (1) — % +8BR ' ip(n)'?
* (X0

for 0 < R <« 1. Then it holds that
dlg —1,1/2 -1 1/2
— 0 = Jr(0) +a(R''2) + BR ' IR()Y (5.35)
for ¢t € [0, Timax), Where
B = C, (3% +2172)
and
a(s) = C (A2 + %) (s> +9)

with C, > 0 determined by €.
Inequality (5.35) will provide a motivation for the proof of Theorem 1.2.
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Equilibrium States

Self-assembly is the beginning of the selfness of life.
— H. Tanaka

In this chapter, we begin the study of the stationary problem to (3.1):

uy=V-(Vu—uV@+logW)) in Qx(@O,7),

0 B
—u—u—@w+logW)=0 on 092x (0,7T),
av av
d
rzv +Av=u for te(,T7), (6.1)

where 2 C R” is a bounded domain with smooth boundary 02, W = W(x) >
0 is a smooth function of x € €, and A > 0 is a self-adjoint operator in
L?(R) with compact resolvent. This study provides several heuristic supports
Theorems 1.1 and 1.2, although it does not bring any rigorous proof or tool to
them.

In the nontrivial case ug(x) # 0 of

ull‘:o = uO(x) Z 09

we have u(x, 1) > 0 for (x,7) € Q x (0, Timax), and system (6.1) is provided
with the mass conservation

Ju®]; = Juol, 62)
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and decrease of the Lyapunov function,
_ _ _ RCNE
Wu,v) = | (ulogu —ulogW —uv) dx + > ||A v|| (6.3)
Q

satisfying (4.2):

d
EW(u,v)+r||vt||2+f u|V(logu —v—logW)|* dx =0.  (6.4)
Q

We recall that Tipax > 0 denotes the supremum of the existence time of the

solution and || - || and (, ) indicate || - ||2 and L? inner product, respectively:
12
Hv”:{/ vzdx} , (v,w):/vwdx.
Q Q
If

d
—W (), v() =0
T (u(), v(®))
holds at some t = #y € (0, Timax), then it follows that
logu — v —log W = constant in €
for u = u(ty) and v = v(ty) from the third term of the left-hand side of (6.4).

Thus, we obtain

)\‘ v
y— e (6.5)
fQ Wev dx

for A = ||ug||1. In the case of T > 0, (6.4) implies also v;(fg) = 0. Therefore,
in both cases of T > 0 and T = 0, we have

u=Av

by (6.1), and hence

AWe
vedom(A) and Av= 0" (6.6)
Jo Wevdx

follow, where dom(A) denotes the domain of A. If v = wv(x) solves (6.6)
conversely, then (i, v) with u = u(x) defined by (6.5) is a stationary solution
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to (6.1) satisfying (6.2). Thus, the stationary problem for (6.1) with |lug|; = A
is formulated as (6.6), which is equivalent to

logu — A7 — log W = constant, Hu ||1 =X 6.7)

in terms of u = u(x) > 0.

Problem (6.6) with n = 2 arises in several areas — geometry, fluid dynam-
ics, field theory, combustion theory, chemical reaction theory, and so on — and
we can use the method of complex variables, spectral analysis combined with
isoperimetric inequalities on surfaces, the bubbled Harnack principle, and so
forth [166]. Another device is the method of rescaling, often called the blowup
analysis [88].

An example of (6.6) is

AWeY

—Av=——— in Q,
Jo Wevdx

v=~0 on 0%, (6.8)

where © C R? is a bounded domain with smooth boundary 92, and W =
W(x) > 0 is a smooth function defined on . This problem is related to the
complex function theory and the theory of surfaces, but it W = 1 it arises also
in statistical mechanics as the mean field equation of many vortex points in
Onsagar’s formulation [82, 20, 21].

Another example is the prescribed Gaussian curvature equation studied by
Kazdan and Warner [80],

v
—Agv = A(W—ev ~V) on M, (6.9)
f wm Wevdvg

where (M, g) is a compact Riemannian surface, and V = V(x) and W =
W (x) are smooth functions on M satisfying W (x) > 0 somewhere and

/ Vdv, = 1.
M

This problem is relative to the stationary problem of chemotaxis associated
with the (JL) field, and here, €2 is replaced by the two-dimensional Riemannian
surface M without boundary and A and dv, indicate the Laplace—Beltrami
operator and volume element, respectively.

The constant case of V = V (x) often arises in (6.9):

WeV 1
Sy Wevdvg  vol (M)

—Agv=A< > on M. (6.10)
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In fact, the solution of Tarantello [171], describing the limiting state in the
relativistic Abelian Chern-Simons gauge theory concerning superconductivity
in high temperature, solves (6.10), where (M, g) is a flat torus, A = 4, and
W = expug with ug = ug(x) satisfying

4T N
Vg (M)

N
—Aug = —4x Zapj(dx) on M
j=l1

and

/ uodvg =0
M

for p1,..., py € M. On the other hand, Nirenberg’s problem is nothing but
(6.10) in the case of M = S2? and A = 87 [4, 22, 26, 86, 103].
Finally, we note that (6.6) in the (N) field is described as

Av+ AWev ) o
—Av+aqv=——— in ,
fQWe”dx
3
a—vzo in 9. 6.11)
V

where Q C R? is a bounded domain with smooth boundary 32, a > 0 is a
positive constant, W = W (x) > 0 is a smooth function defined on Q,and v is
the outer unit normal vector on 9€2.

Variational structures of these problems have their own real analytic profiles.
For instance, v = v(x) is a solution to (6.8) with W(x) = 1 if and only if it is
a critical point of the functional

1
J(v) = 5”Vvﬂg —Alog(/ﬂe%ix)

defined for v € H(} (£2). Then, the Trudinger—Moser inequality [102] assures its
global minimizer for A € (0, 87), and hence the solution to (6.8). If @ c R?
is simply connected and A € (0, 8x), then this problem has a unique solu-
tion [113, 162]. It is proven by the bifurcation theory, spectral analysis, and
an isoperimetric inequality on surfaces [5]. If €2 has genus g > 1, on the
contrary, then the mini-max principle is applicable, and there is a solution for
A € (8w, 167) [39]. Itis proven by the concentration behavior of blowup func-
tions associated with the Trudinger—Moser inequality. (See [25] concerning the
nontriviality of this type of solution applied to the mean field equation (6.9)
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with constants W (x) and V (x).) If W(x) is not constant in (6.8), on the other
hand, then the associated functional

1 v
J(v) = E”Vv”i —Alog(/;z W(x)e dx)

defined for v € HO1 (2) may have the minimizer for A = 8z [121].

If W = W(x) is constant, then problems (6.10) and (6.11) admit constant so-
lutions. Nonconstant solutions to these problems are obtained by the mountain
pass lemma [161, 144], where the blowup analysis is applied. In more detail,
the blowup of a family of solutions can occur only at the quantized value of
A in 87N or 47N [18, 88], and therefore, first, existence of the solution is as-
sured for almost every A by Struwe’s argument [74], and then the solution for
the nonquantized value of A is obtained by this quantization.

In general, the quantized blowup mechanism for the family of solutions
plays a fundamental role in the study of this kind of elliptic problem [155].
This quantization was observed first in (6.8) with W(x) = 1 using complex
variables [114, 115]. Then, [18, 88] introduced the method of the Green’s func-
tion and that of the blowup analysis using sup + inf inequality [140], and after
that, some refinements were done [87, 94, 190]. If the boundary condition is
not imposed, then the multiblowup points can occur to the solution sequence
[18, 32, 88]. On the contrary, extra constraints on the family such as the bound-
ary condition make any blowup point simple, and furthermore, their locations
are controlled by the Green’s function [87, 94, 115, 190].

The quantized blowup mechanism stated above induces a related, but dif-
ferent approach to (6.6) from the variational method, that is, the topological
degree [87]. The advantage of this method is its stability under rough pertur-
bations, and we shall describe this situation in more detail for the Gaussian
curvature equation (6.9). A related topic is the reverse theory of the classi-
fication of the singular limit as A — A9 € 8w N, that is, singular pertur-
bation, constructing classical solutions close to each singular limit for (6.8)
with W(x) = 1 [100, 184]. After several refinements and generalizations
[101, 163, 183], Baraket and Pacard [7] showed that the classification of [115]
is optimal; the generic singular limit of [115] generates a family of classical
solutions converging to it.

Describing the topological degree approach, we recall that the blowup of
the solution sequence occurs only at the quantized values of A, and there-
fore we have local uniform boundedness of the solution associated with A
in each connected component of R \ 87 N. In particular, the fotal degree of
the solution, denoted by d(A), is constant in each connected component of
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A € [0, 00) \ 87 N. The quantized blowup mechanism admits even continuous
perturbation of W = W(x) > 0 in the uniform norm. In more details, d (1)
does not depend on the continuous function W = W(x) > 0, nor on the
conformal deformation of M, and therefore we can take suitable representa-
tives in calculating d(}). In a serious papers, C.-C. Chen and C.-S. Lin used
this structure, and applied the methods of moving plane and moving sphere
[27, 28, 29, 89, 90, 91]. Then, using the blowup analysis, they succeeded in
calculating d (1) precisely, and the total degree d(A) is determined by the topol-
ogy of M [30, 31]. In more detail, by the study of the linearized operator using
the scaling argument, they calculated the discrepancy of d (1) at each quantized
value A € 87 \V.
Actually, for (6.10) we have

d(h) = (m _;i(M))

if A € 8mrm,8r(m + 1)) withm =0, 1, ..., where x (M) denotes the Euler
characteristics of M and

ma(my —1)---(my —my + 1)

nq (ml >O)’
o)- [P

2 1 (m; = 0).

If g denotes the genus of M, then it holds that x (M) = 2 — 2g. In particular,
X (Sz) = 2 and hence we have

_ 3y (- 0 (mz2)
dgy = W=D =D D g D, 6.12)
" 1 (m=0),

for A € (8wm, 8w (m + 1)) whenever M is homeomorphic to S2. In the case
that M is homeomorphic to the torus T2, we have x (M) = 0, and it holds
that

Aoy = 1 (6.13)

for any A € [0, o0) \ 87 N.

In the (JL) field defined by (3.4), if Q2 C R? is simply connected, then the
domain €2 is conformally equivalent to the chemisphere. Attaching two copies
of them, we obtain (6.9) on S2 by the boundary condition of (9.5). Therefore,
the latter problem is transformed into the former problem with even symmetry.
Similarly, if €2 is doubly connected, then we reach the problem on the torus.
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Therefore, if we can find W = W (x) such that any solution to (6.10) has such
a symmetry, then formula (6.12) is transformed into a form valid for this prob-
lem, that is, A replaced by 2. (So far, this argument is not justified, although
there is K = K (x) such that any solution to (6.10) for M = S? is rotation
invariant [89].)

Concerning (6.8) with 0 < W = W(x) € C!(), we have

A0 = <m+ni—g)

for A € (87m, 8w (m + 1)), where g denotes the genus of €2, and in particular,
if €2 is not simply connected, then any A ¢ 87N admits a solution [31]. Using
the quantized blowup mechanism again, this existence result is valid for all
Ag€8rNand) < W =W(kx)eC (), and in this way we have an extension
of the result of [39] concerning the existence of the solution in the case of
g>1.

In this book, problem (6.6) is regarded as a stationary state of (6.1), and the
effect that these profiles of the stationary problem suggest for the dynamics
of the nonstationary problem is studied. In fact, we call 7 > Oand v = 0
the full and simplified systems, respectively. In the simplified system, we have
v = A~ 'y, and therefore the Lyapunov function W(u, v) defined by (6.3),

L2 2
W(u, v) =/ (ulogu —ulogW —uv) dx + EHA 2",
Q

is reduced to the free energy:
F(u) = W(u, A u)
= /Q (ulogu —ulogW) dx — %(Alu, u).
Since the stationary state is regarded as a critical point of the free energy, this

F(u) induces a variational structure to (6.1), that is, in the stationary state,
u = u(x) > 01is a critical function of the functional F defined on

Py = {u : measurable | u > 0 a.e., ||u||l =1}, (6.14)

and a similar variational structure is adopted for (6.8) [20, 21].

On the other hand, problem (6.6) has a variational structure of its own; it is
not hard to see, at least formally, that v = v(x) is a solution to (6.6) if and only
if it is a critical point of the functional

_l 172,112 v
jx(v)_2||A v —klog(/QWe dx)
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defined for v € V = D(A!/?). Furthermore, the linearized operator around the
stationary solution v = v(x) is associated with the bilinear form defined on
VxV,

1 2
Ap, ¢) = HAI/%HZ—/ pwzdx+x{/ pfpdx} ,
Q Q

where

o AWe?
P= fQ Wevdx’
and the abstract theory of Friedrichs-Kato [77] concerning the self-adjoint op-
erator and associated bilinear form is applicable.
In this way we have two structures of variation to the stationary problem of
(6.1). Actually, they are equivalent to each other. Here is the key identity for
the proof:

AWev

W(fQ Wevdx’

v) — J,.(v) + Alog . (6.15)

This means that the functionals F(z) and J, (v) + A log A are nothing but the
restrictions of W (u, v) to the manifolds

M=l v |v=a"s,

Jull, = 2
and
AWe? }’

N = {w = 505

respectively. Then, we can see that the intersection of these manifolds coin-
cides with the set of stationary solutions. However, these manifolds M and N
meet transversally, and the spectral equivalence described above is never triv-
ial. Here, an algebraic property of W (u, v) takes a role and we have the vanish-
ing of W, and W, on the tangential bundles of M and N, respectively. Nev-
ertheless, this spectral equivalence is still reasonable, because F (u), W(u, v),
and J, (v) + Alog A are regarded as the free energies for (6.1) with 7 = 0,
0 < 7 < 400, and T = +00, respectively.

Actually, the Lyapunov function W(u, v) defined by (6.3) has a remarkable
structure. The first term,

/ u(logu — 1) dx,
Q



6. Equilibrium States 113

indicates physically (—1) times entropy, but is associated with the Zygmund
norm mathematically. This structure is described at the end of Chapter 4; the
Orlicz space L log L(£2) is provided with the norm

| /1
= 1 — | dx.
[f]LlogL L|f| og <€—|- Hf”1> X

We note that Llog L(£2) and exp(£2) form a duality, which is regarded as a
local version of the one between Hardy and BMO spaces valid in a two-space
dimension [135]. In this context, the third term of W(u, v),

/ uvdx,
Q

is nothing but the paring of this duality, and the fourth term,
1
St
2

is usually equivalent to the square of the H! norm. Actually, in the concrete
cases of the (N), (JL), and (D) fields, we have V = D(A'/?) for V = H!(Q),
V=HYQ)N L%(Q), and V = HO1 (R2), respectively, where

L3(Q) = {v e LX) | / vdx =0}.
Q

In the case of n = 2, furthermore, we have a fine real analytic structure of
H' ¢ BMO, which guarantees

2
Wu,v) =~ [M]LlogL + HUHV — (v, M)LlogL,exp
provided with the inclusion and the duality
V <> exp=(LlogL).

These structures are useful for the construction of the local dynamical theory
around the equilibrium point of (6.1).

Equivalence of these variations can be extended to the general system pos-
sessing the Lyapunov function. The underlying structure is nothing but the
Toland duality in a convex analysis, where the Lyapunov function acts as the
Lagrange function. This formulation covers many mathematical models pro-
posed in mean field theories, and especially their local dynamics around the
equilibrium point is described in a unified way. See the final chapter.



7

Blowup Analysis for Stationary
Solutions

This chapter studies the quantized blowup mechanism of the stationary system
of chemotaxis. Actually, Ma and Wei [94] took

_ AW (x)e?
N fQ W(x)e¥ dx
v=20 on 0J%2 (7.1)

—Av in €,

and showed the following theorem, where © C R? is a bounded domain with
smooth boundary 02, and W = W(x) > Ois a C! function of x € Q.

Theorem 7.1 If {(A, vr)} is a family of solutions to (7.1) satisfying
M — Ag € [0, 4+00) and Hvk HOO — 400,
then Ag € 8 N. Furthermore, passing through a subsequence, we have
M =81 -8

with S being the blowup set:

S = {xo eqQ | vr(xx) — 400, xp — xq for some {x;} C Q}
We have S C Q and

n(x) = Y 8w G(x, xp) (7.2)

X0ES
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locally uniformly in Q \ S, and the location of blowup points is controlled by

Vi(BTK(x,x0) + Y 87G(x, xp))|,_, + ValogW@)|,_, =0, (7.3)

xp€S\{xo}

which is valid for any xog € S. Here, G = G(x, x") denotes the Green’s func-
tion for — A under the Dirichlet boundary condition, and

1
Kx,x")=Gx,x")+ 7 log ‘x — x’|
T

is its regular part.

This theorem is a generalization of [115] for the case W(x) = 1, where
the method of complex variables is applied. The idea is roughly described as
follows [166].

First, we take

[all

z=x; +1xp and =Xx| —IX2

for x = (x1, x2) € 2, and put

1 2
S = Vg — 51} (7.4)

Z

for the solution v = v(x) to (7.1). Then, the equation

re?
A= —-——
fQ evdx
reads
a v
V7 = ——e
22 4

foro = A/ [ e" dx, and hence it follows that
57 = Vzzz — VU =0,

and therefore s = s(z) is a holomorphic function of z. On the other hand, (7.4)
is regarded as the Riccati equation of v and hence ¢ = e~?/? satisfies

¢z + %sab = 0. (7.5)
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Now, we take the fundamental system of solutions to (7.5), denoted by
{¢1, 2}, satisfying

a
¢1‘Z:Z* = 8_Z¢2‘Z:Z* =1

and
ad
a—zqsl\zzz* = ¢2|._.. =0,

where z* = x| +1x5 is obtained by the maximum point x* = (x}, x3) of v(x).
Then it holds that

e—v/2 — ﬁ(z)d)] (2) + 5(2)452 (2)

with some functions fi and f> of z. Here, we have

f1(2) = C191(2),  f2(z2) = C22(2)

C, = e—v/2|x C, = Zev/z

=x*’ 8 |X:x*’

where f1(z) = f,(z) and f>(z) = f,(z), and therefore
e V2 =Cr 11>+ Calgnl?. (7.6)

Next, given a family {(Ak, Uk (x))} satisfying
in €2, v, =0 on 0% (7.7)

and

kli?;o Ak = Ao € [0, +00), ||Uk||oo = +o0,

lim
k—o00
we apply the arguments of reflection and the boundary estimate [36, 52], and
show that {vi(x)} is uniformly bounded near the boundary up to its derivatives
of any order. Thus, we obtain S C €2, and hence the uniform boundedness
of the holomorphic functions {s;(z)} near 02. This implies ||sg|lcc = O(1)
by the maximum principle, and then Montel’s theorem assures the existence
of a subsequence, still denoted by {s;(z)}, and that of a holomorphic function
so = So(z) of z € 2 such that

sk(z) — s0(2) (7.8)
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locally uniformly in €2.

The holomorphic function s = s%(z), on the other hand, induces the analytic
functions ¢1 = ¢r1(z) and ¢ = Pr2(z) of z € 2 similarly, and the above
convergence (7.8) implies the existence of their limiting functions denoted by

¢01(2) and ¢ (z), that is,
klgglo ¢r1(z) = ¢o1(2), klgglo $r2(2) = ¢d2(2),

locally uniformly in z € Q. Then, making k — oo in (7.6) for (v, ¢1, ¢2) =
(Vk, k1. Pk2), We obtain

e/ = Cop |¢oal?

with Cgy € [0, +00], because Cx; = e I1U%l~/2 5 (. Here, vg(x) is the
limiting function of {vx(x)} in the weak topology of W14(Q) for g € (1, 2),
which is assured by the L' estimate [19]. We can show also that Ay < 400
implies Cgy < +00, and that the blowup set of {v}, denoted by S, coincides
with the set of zeros of ¢gy>. Therefore, S is discrete in Q from the theorem
of identity, because the analytic function ¢g> cannot be identically zero. This
implies the finiteness of S by & C Q2. We can show also

/evk dx — +oo (7.9)
Q

and therefore vy = vg(x) is a harmonic function of x € 2\ S. However, each
xo € S is a removable isolated singular point of

1 2
§0 = V0zz — EUOZ’

and then the residue analysis of vanishing coefficients of poles of the first and
the second orders guarantees the mass quantization in the form of

—Avg(x)dx = Y 878y, (dx),

X0ES

and also the control of the location of the blowup point (7.3), respectively.
In this argument, relation (7.9) takes an important role. In this connection,
we mention that first, the above problem was formulated by

—Av =ore’ in Q, =0 in 0%,

with o} | 0 [115]. This formulation includes the case

Akzak/ e dx — oo,
Q



7. Blowup Analysis for Stationary Solutions 119

where vg (x) — 400 occurs for any x € €2. (Radially symmetric solutions on
annulus have such a profile. See [92, 111, 116].)

To treat the general nonlinearity, [115] used the estimate of [53] derived from
Obata’s identity [122], and consequently some technical conditions about the
nonlinearity were assumed. Then, using another argument, [190] eliminated
these assumptions, and thus the asymptotic behavior of the solution presented
in Theorem 7.1 is valid for any exponentially dominated nonlinearity, homoge-
neous in space. On the other hand, [7] constructed a family of solutions for the
homogeneous case W (x) = 1 under the nondegeneracy of the blowup points.
In fact, (7.3) in this case means that (x}, ..., x,,) is a critical point of

1
Hx1xm) = 5 ) RO0) + ) G, x),
i i#]

where S = {xf e x;’;} If this critical point is nondegenerate, then there
is a family of solutions {(A, v(x))} for (7.1) satisfying (7.2) locally uniformly
on Q \ S. In this connection, we have the previous work [155, 183] on the
rectangular domain. See also [166] for their background and motivations.

To treat the inhomogeneous case of (7.1), [18] made use of a rough estimate
to derive (7.9). Later, [125] proposed the method of symmetrization stated
below. It assures mass quantization first, and then derives (7.9) as its conse-
quence. Actually, [18] proposed a real analytic argument based on the linear
theory. More precisely, we can show the following theorem, using Brezis—
Merle’s inequality (4.25), although the proof is not provided here.

Theorem 7.2 Let @ C R? be a bounded domain, and suppose that v, =
vk (x) € C*(RQ) solves

—Avg = Vie(x)e% in Q

with Vi (x) satisfying
0<Vix)<b in Q2 and / e dx = 0(),
Q

where b > 0 is a constant independent of k = 1, 2, . ... Then, passing through
a subsequence, we have the following alternatives.

1. {vr(x)} is locally uniformly bounded in <2.

2. For any compact set K C , it holds that

SUPK VU — —O0Q.
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3. There is a set of finite points {yl, ce yp} and sequences {x,’c} fori =
1, ..., pin Q satisfying

x,i — y; and Uk(x,i) — 4o00.
Furthermore, for any compact set K C Q '\ {yl, e yp} we have
SUpRUE — —OQ
and
Vie(x)e% ™ dx — ijéisyi (dx)
i=1

in M() with some ¢; > 4.

Li and Shafrir [88] then introduced the blowup analysis to this problem and
refined the above theorem as follows.

Theorem 7.3 If {Vi(x)} converges locally uniformly in 2, then in the third
alternative of the above theorem it holds that ¢; € 8z N fori =1, ..., p.

The first fundamental technique of the blowup analysis is the scaling. More
precisely, if

—Av = V(x)e’ (7.10)
holds, then #(x) = v(8x + xo) + 2log 8 with § = e~ ?(0)/2 satisfies
—AD = V(8x + xq)e’ (7.11)

and therefore any result valid for (7.10) is applicable to (7.11). The next tech-
nique is to “envelope” the blowup mechanism inside this transformation, and
to show the vanishing of the residual term other than the collapses. For this
purpose, sup + inf inequality or asymptotic symmetry is used [87, 88]. Later,
we shall follow this story for the nonstationary problem (1.1), by different tools
and structures.

As described above, generally, the multiblowup of ¢; # 87 can occur, al-
though it is not the case if the boundary condition is provided. Actually, it is
indicated in [88] that the following theorem is obtained by G. Wolansky, and
we can see the proof in [87, 118].
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Theorem 7.4  In addition to the assumptions of the previous theorem, if
{Vi(x)} are C! functions satisfying

[VVie| o, = €1
and it holds that

mlflka — mkinvk <

with the constants C1, C» independent of k, then in the third alternative of
Theorem 7.2 we have ¢; = 8 fori =1, ..., p.

Now, we return to [94]. In fact, problem (7.1) reads:

—Av=V(x)e' in Q,
v=20 on 0%,

with

AW (x)

YO = e dx

First, we show that the blowup set is contained in €2 by the argument of [52].
Namely, given xg € 92, we take B(x1, r) C Q€ such that B(x1, r)NQ2 = {xo}.
Then, using the Kelvin transformation

2 x_xl

y=r and w(y) = v(x)

lx — x1]?
we obtain

—Aw = f(y,w) in £,
w=0 on 9%,

where x € Q— y € Q' C B(0, r) and
y,w)=—V(x; +r"—)e".
Iyl* IyI?

Now, we take the outer normal derivative from €’ at

Yo = xo — x1 € 9%,
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putting y = p(xo — x1)/r with p = |y| € (0, r):
4

0 a (r r w
—f(y,w)‘ =—{—4V<x1+—(xo—x1))” re
dp p=r dplp p p=r
= {47 V) + YV u} et @12)
Here,
X1 — Xo
Vxg = .

denotes the outer unit normal vector on d<2 at xg. The right-hand side of (7.12)
is negative for 0 < r < 1 by

VlogV =VliogW

and W(xp) > 0, and therefore the moving plane method [52] is applicable.
Consequently, we have r > 0 and § € (0, 1) such that for any xo € <2 and the
unit vector & satisfying |§ . va| < 1 — 4, it holds that

d
—v(xg+ &) <0
ds

for s € (—r, 0). The L! estimate [19] guarantees

”kaW'JI(Q) =0()

for ¢ € [1,2), and therefore we can show that the blowup set S of {vi} is
contained in 2 by the method of [36]. On the other hand, we have vi(x) > 0
from the maximum principle and also ||vg]lcc — 400 from the assumption.
Therefore, the first and the second alternatives of Theorem 7.2 are excluded,
and now Theorem 7.4 implies

Vi(x)e% dx — 87 Y 8y,(dx) (7.13)

x9S

in M(L). Then, convergence (7.2) in W!4() follows from the L' estimate
for g € [1,2), and also it is locally uniform on Q \ S by the elliptic regularity.
To show (7.3), we make use of the Pohozaev-type identity [79, 80].

Lemma 7.1 If D C R? is a domain with C3 boundary 3D, and v € C3(D)
and V € CY(D) satisfy

—Av=V(x)e® in D,
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then it holds that

3 1
f VV(x)e’ dx = / (—UW — VP + V(x)e”v)do, (7.14)
D 9D 81) 2

where v denotes the outer unit normal vector on 0 D.

Proof: The proof is elementary. In fact, we have

—/ AvVvdxz/ V(x)e*Vvdx
D D

=/ V(x)e’vdo —/ VV(x)e'dx,
aD D
which means

fVV(x)e”dx:/ V(x)e”vda—l—/ AvVu.
D aD D

Here, we have
Iij=/ v,-,-vj=/ v,-v,-vjda—/ v;v;j dx
D aD D
=/ (Vivivj —vivvij)d0+/ vv,-ijdx
aD D
=f (vivivj — VjVV;j +vjvvii)do — I;j
aD

and hence

1
Ii'=_/ (vivivj—vivvij‘f‘vjvvii)do'
2 Jap

follows. This implies

1 0 d
/ AvVvdx = —/ —vVv—v—(Vv)—i-vav do
D 2 9D av av

av 1 a
= —Vvdo + = ——(@WVv) + vvAv |do
9D av 2 9D av

= f 8—vVva'o — 1/ (A(wVv) — V(vAv)) dx
9D av 2 D

9 |
:f —”vU——/V|Vu|2dx
3D3U 2 D

av 1 )
= —Vv — = |Vv|“v ) do,
oD av 2

and then (7.14) is obtained. O
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Now, we complete the following proof.

Proof of Theorem 7.1: Taking xo € S and small r > 0, we apply (7.14) for

AW (x)

Vie(x) = —fg Wret dx

and D = B(xg, r). From
—Avp = Vi(x)e¥ in D,

this implies

/ [VIog W] Vi(x)e™ dx=/ [V log Vi] Vke™ dx
D D

a
=/ VVkev"dx=/ {ﬂVvk——
D av

where the left-hand side converges to

Vvk) + Vie v}d(f

8w Vlog W(xp)

by (7.13).

To treat the right-hand side, we make use of convergence (7.2), which holds
locally uniformly in €2\ S, and the elliptic regularity. We also apply (7.13) for
the third term, and in this way we see that the right-hand side converges to

dvg
(—Vvo - = |Vv0| v)da
av

where vo(x) = 87 Zx(/) cs G(x, x()). Then, letting

vi(x) =87 G(x, x0)

and
v (x) =8 Z G(x, x0),
xp€8\{x0}
we obtain
. dvo .
lim <—Vv0 — — |V v) o = lim (I + II)
rl0 av rl0
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with

31)1 1 2
I= (—Vm — = |V v)da
9D av 2

and

dvy vy
II = (—sz + —Vuvy — Vo - szv) do.
oD av av

Furthermore, we have
v (x) = v11(x) + vi2(x)

with

1 1
v11(x) =8 - — log
21 |x — xo|

and
vi2(x) = K(x, xo),

and hence it follows that

9 3
HmII = lim (ﬂwz + 2290, — Yy - szv) do.

rl0 {0 Jop av v

Here, we have

lim 88_\)( ! log ! )f(x) doy = —f(x0),

2

ri0 Jap |x — xo]

1
lim V(—lo ) do, =0,
rl0 Jop 2 glx—xol f(x) ox

1
li V(—l ) do, =0,
M, Y g g gy ) v don

for continuous f(x) and j(x). Thus, we obtain

d
IimII = lim ﬂszdo* = —8mVuvy(xp)
rl0 40 Jap av

=—64r> > V.G(x0.x)).

x,€S\{xo}

125
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On the other hand, we have

lim 7 = lim (III + TV)
rl0 rl0

9 |
111:/ M vy = = Vo P v ) do
oD av 2

dvry vy
IV = ——Vuvpp + —=Vvi; — Vv - Vupv | do.
ap \ OV av

Similarly to the case of II, we obtain

with

and

limIV = —647 2V K(x0, X0)-
rl0

Finally, we have

3 1
/ — log |x — xo| Vlog|x — xo| — = |V log |x — xo||> vdo
oD av 2

/ ( 1 X — Xo 1 x—xp )
= . — = 5 do
ap \|x —xol [x —xol 2 |x — x|
1 —
= —f AT x02 do — 0
2 Jap Ix — xol
as r | 0. Then, (7.3) follows and the proof is complete. O

Problem (7.1) is the stationary state for the (D) field. For the (N) and (JL)
fields, there arise boundary blowup points, which are hard to control by the
above-stated methods. However, the method of symmetrization is efficient even
for this problem, and the following theorem is a special case of [124]. Thus,
several techniques are available for this kind of problem: Brezis—Merle’s in-
equality, blowup analysis, sup + inf inequality, Kazdan—Warner’s inequality,
complex variables, symmetrization, and so forth.

The rest of this chapter is devoted to the following theorem [124, 125].

Theorem 7.5 Let Q@ C R? be a bou@ed domain with smooth boundary 02,
W=W(x)>0beaC! function on 2, and the C 2 function vy = vr(x) solve
(6.11) for . =,y > 0:

MW Uk
fQ W(x)eY dx

oV
— =0 on 0%. (7.15)
av
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Suppose Ay — Ao € [0, +00) and set
AW (x)eVk

i (dx) = W.

Since {ux(dx)} is bounded in M(Q), we may assume without loss of gen-
erality that
pi(dx) — p(dx) (7.16)

in M(Q) for some u(dx) € M(K). Then the following alternatives hold:

1. There exist smooth v = v(x) and further subsequences of {vi}, still
denoted by the same symbol, such that vy — v uniformly on Q and

AW (x)e?
pu(dx) = 7——————dx
fQ W(x)e¥ dx
We note that this v(x) is always a solution for (7.15).
2. We have Ay € 4N and there is a nonempty S C Q satisfying
2.8 ENQ)+8(SNIN) = ro/(dm).
For this S, it holds that

u(dx) = ) m(x0)8x (dx)

xX0ES

with my(xg) defined by (1.24):

8r  (xp € 2,)

ms(x0) = {47r (xo € 09).

Furthermore, we have

Ve(m oK a0+ Y mpGxap))|

X=X
x4€8\ (o}

+ V. log W(x)

=0 (7.17)

X=X(0

for each xg € S, where G (x, y) denotes the Green’s function of —A +a
under the Neumann boundary condition and

1
s-loglx —y| (v € ),
2
K(x,y)=Gx,y) + l U
zloglx —y| (y €0Q).

In (7.17), V takes only the tangential derivative in the case of xo € 0S2.
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Let us note that only tangential derivatives are taken for the boundary blowup
point to control, and system (7.17) is well-posed under this agreement.

For the proof, we employ the argument of symmetrization, introducinguy (x)
by ux(x) dx = pur(dx). Then it holds that

. vk
—Avy +avy =u; in  Q, 8_=0 on JdQ
v
and
Aur =V - (urV (vy +logW)) in Q
with
d ad
—up —ug— (g +logW) =0 on 0%2Q.
v av

Testing ¥ € C 2(Q) with %—'5 = 0 on 9€2, we obtain the weak formulation

1
—/ AV (x)p(dx) = 5// oy (x, Xk @ pr(dx dx’)
Q QxQ
+/ ViegW(x) - V¥ (x)ur(dx) (7.18)
Q
with
py(x, x") =Vi(x) - ViG(x,x") + VY (x) - Vo G(x, x').

First, we show that the limit measure ©(dx) is a finite sum of delta functions.

Then, we take the second moment of wy(dx) to control their masses and loca-

tions. These processes are called the rough and fine estimates, respectively.
First, rough estimate is a consequence of the following lemma.

Lemma 7.2 [f the first case does not occur in the previous theorem, then the
second case holds with m(xg) replaced by m(xg) in m(xg) > my(xg)/2.

For the proof, we take wy = wvx + aABlvk with —Ap being the Laplace
operator in €2 under the Dirichlet boundary condition. Then, it holds that

—Awg = Vi(x)e"  in Q (7.19)
for

. AkW(x)e_“ABlvk

Vi) = Jo Wx)edx
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At this moment, direct application of [88] has an obstruction for the boundary
blowup point, and we adopt a different approach based on Brezis—Merle’s in-
equality. This argument is valid for rougher cases than the ones that [88] treats,
such as the lack of uniform convergence of {Vi(x)}. Actually, Corollary 4 of
[18] is stated as follows.

Lemma 7.3 Let {wy} be a sequence of solutions to (7.19), and suppose the
existence of C1, Cy, and &g independent of k such that

“Vk||p§c1’ ||wk+“15C2’

and
/ [Vile® dx < ey < 4m/p’,
Q

where p € (1, 00], and (1/p)+(1/p") = 1. Then {wy4.} is bounded in Ly, (S2).
Here and henceforth, w4 = max{0, w}.

Now, we give the following proof.

Proof of Lemma 7.2: Given {(Ag, vr)} as in Theorem 7.5, we apply the L!
estimate of [19] to (7.15). This implies

[ ve ”WUZ(Q) =0
for each g € [1, 2), and especially
Jve], = 0D (7.20)

follows for each p € [1, 0o) by Sobolev’s embedding theorem.
The maximum principle guarantees v (x) > 0, and hence it follows that

/W(x)evk dxi/ W(x)dx. (7.21)
Q Q

The right-hand side of the first equation of (7.15) is represented as Vi (x)e”lz,
where

Vi(x) = 0 W (x)

and

i (x) = vp(x) — log </Q W (x)e¥ dx) .
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Under this notation, we have
1
—Av,i +avy = Vi(x)e% in ,

1
avk

=0 on 0%, (7.22)
av

with
[ Vel , = 0D (7.23)

for each p € [1, 00). Actually, (7.23) is valid even for p = +00. Now, we
claim the following lemma.

Lemma 7.4 If

lim sup / Vi(x)e% dx < 4 (7.24)
B(x0,2R)

k— 00

holds with B(xg, 2R) C K, then it follows that

||UI§+ HLOO(B(x(),R)) = O(D).

Lemma 7.5 For each xo € 92 and each sufficiently small R > 0, there exists
o € (0, 2) satisfying the following properties: if

lim sup/ Vk(x)e“k1 dx < 2,
B(x0.2R)

k— 00

then it holds that

Hv,&r ”LOO(B(X(),UR)) = 0().

Proof of Lemma 7.4: We take v,% by
—Av,% 4+avy =0 in B(xg,2R)
v,% =0 on 0JB(xgp,2R).
Then || v,%ll W22 (B(xo.2R)) = O(1) follows from (7.20). Especially, we obtain

HUI%HLOO(B(XO,ZR)) =0(D). (7.25)

Regarding
1 2 v2 yl—y2
—A(v, —vy) = Vik(x)eke sk,
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we shall apply Lemma 7.3 to wy = v,l — v,% with Vi (x) replaced by Vke"lg .
In fact, first, the relation

| Vie® =0()

2
k HLP(B(XO,ZR))

holds for every p € [1, co) by (7.23) and (7.25). Next, we have
v,i = v — log (/ W (x)e% dx)
Q
< vx — log (/ Wi(x) dx)
Q
by (7.21), and hence

| wi+ ”LI(B(xo,zR)) <| v/l-i—”Ll(B(xo,ZR)) + HUI%HLI(B(XO,ZR))
= 0(1)

follows from (7.20) and (7.25). Finally, from the assumption (7.24) there are
p € (1, 00) and gy > 0 such that

2
/ ‘Vkevk
B(x0,2R)

1
et dx = / Vie dx
B(x0,2R)

4
<0 < — <d4m.
p
Therefore, the desired conclusion follows from Lemma 7.3. O

Proof of Lemma 7.5: We make use of the argument of Chapter 5 and extend
v,l outside €2 by reflection. More precisely, we take the conformal mapping

X : B(x0,2R) N Q2 — R?
satisfying the following properties:

X(B(x0,2R) N Q) C R% := {(X1, X2)| X2 > 0},

X(B(xo,2R) N3R) C 3RZ,

X(B(x0,2R) N Q) D B(0, 1) NR?,

X(B(xo,0R)NQ) C B(0,1/2) NRZ, (7.26)

where o € (0, 2).
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Henceforth, we will write f* = f o X~ ! for each function f defined on
B(xg, 2R) N 2. Then we obtain

—Axvi*+a |g’|2 S |g/|2 Vk*evfl* in B(0,1)NRZ,
1
v

=0 on B(0,1)N3JR2,
0X»o

where g’ is the derivative of g as a function of the complex variable X +
i X>. Furthermore, f denotes the even extension of a function f defined on
B(0,1) N 0RZ:

. X1, X X € B(0,1)NR2),
Xy Xy) = f(X1,X2) (X € B( )ﬂz+)
f(X1,—X2) (X € BO,1)\R%).

To simplify the writing, we abbreviate f * to f . From the Neumann condition
of v,l* on B(0,1)N 9R2 , we see that ﬁ,i satisfies

~Ax i} +alg'oe = 1g/PVe® in B, D).

Here we have |§Tz € L*®(B(0, 1)), and therefore similarly to Lemma 7.4 the
condition

lim sup / 18/ 2 Vel dX < 4
B(0,1)

k—00
implies
I =0
kIl L>*(B(0,1/2)) )
This means
lim supf Vkevll dx <2m
k—o0 J B(x9,2R)
implies
I =0
kI Loo(B(xg,0 R))
and the proof is complete. O

Now, we give the following proof.
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Proof of Lemma 7.2: Recalling

MW (x)eP

1
_— d — V Uk d N d
fQ (et dx X r(x)e dx u(dx)

pi(dx) =

in M(), we put
S ={x0 € Q| n{xo}) = 4w} U{xo € 9Q | u({xo}) = 27}.

We have S < oo by w(Q) = Ay < co. Now, we divide the proof into the
following two steps:

1. If S = @, then the first case of Theorem 7.5 holds.

2. If § # @, then the second case of Theorem 7.5 holds with m, (xg) re-
placed by m(xg) > my(x0)/2.

Moreover, we divide the second step into the following two substeps:
1. The case when S N Q2 # .

2. The case when S N Q2 = (.

Step 1. (S = ): In this case we have ||v]1+||LOO(Q) = O(1) by Lemmas 7.4
and 7.5. Especially it holds that

[Vi@oe |, < Ve | = 01)

for each p € (1, 0c0) from (7.23). Combining this estimate, (7.20), and the
standard elliptic estimate to (7.22), we obtain

HkaWZ,p(Q) = 0.

Thus, we obtain the first case of Theorem 7.5 by Morrey’s theorem.

Step 2. (S # ¥): In this case, we have Ag > 2. This step is reduced to the
proof of

/ W(x)e" dx — +o0. (7.27)
Q

In fact, similarly to the case S = (J, we have from Lemmas 7.4 and 7.5 that

[l oy = OD) (7.28)
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for each subdomain w in @ C Q \ S. Taking smaller w, denoted by the same
symbol, we obtain

I “k”Lw(w) =0
from (7.20) and the local elliptic estimate to (7.22). Therefore, if (7.27) holds,
then (7.23) gives

MW (x)eP* Vi (x)e
= —
fQ W(x)eV dx fQ W(x)e¥ dx

(7.29)

in Lf (Q\ S) for every p € (1, 00). This implies supp u = S and then the

conclusion of Lemma 7.2 follows.
For (7.27) to prove, we distinguish two cases.

Step 2.1. (5N Q # ¥): In this case, we take xo € SN Qand R > 0
satisfying B(xg, 2R) C 2 and B(xg,2R) NS = {x0}. Given ¢ € (0, 2R), we
set

we = B(x0,2R) \ B(xo, ¢).
Let v,? be the solution to
—Av,? +av, = Vk(x)ev/l in o
v,? =0 on Jdwg.
Then, v,l — v,f is harmonic:
—A (v,l — vi) =0 in ws.
On the other hand, from Lemma 7.4, Lemma 7.5, (7.28), and (7.23), we have
1 1
[Vi)e |, o = [ Vi (xyeve | Lrey = O
for each p € (1, 00). Therefore, by (7.20) we have
3
Jvil w2 = O,
and hence it follows that

102 ] L o,y = O (D (7.30)

Combining this estimate with (7.28), we see that

ot i)
is a sequence of harmonic functions uniformly bounded from above. Therefore,
the classical Harnack principle guarantees either
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(a) v,l — —oo locally uniformly in w, as n — o0, or

(b) there exists a subsequence of {v,i} that is locally uniformly bounded in
a)g.

The case (a) implies (7.27) and we finish the proof of Lemma 7.2. Indeed, in
this case we have

v (x) = g (x) — log ( /Q K (x)e™ dx)

> —10g</QK(x)e”" dx) — —00

for any x € we by vg(x) > 0. On the other hand, if (b) holds for any ¢ €
(0, 2R), then we obtain a contradiction. In fact, if this is the case, each subdo-
main w in w C B(xg, 2R) \ {xo} admits a subsequence of { v,l }, denoted by the
same symbol, such that ||v,1 | Loy = O(1). We now apply the interior elliptic
estimate to (7.22) similarly to Step 1, and obtain for smaller w, denoted by the
same symbol,

[ lw2p = OO

for each p € (1, 00). The standard diagonal argument now guarantees the
existence of v, € C(B(xg,2R) \ {x0}) and that of a subsequence of {v,l},
denoted by the same symbol, satisfying

vl = v (7.31)

locally uniformly in B(xg, 2R) \ {xo}. In particular, we have

vi > —C4 on 3B(xp, R) (7.32)
with a constant C4 independent of k.
Let
] 1 Ul( ,)
Ni(x) = — log Vi(y)e'sYdy.
B(xo,R/2) 270 lx — yl

Then, there exists a constant Cs such that
v} =Ny = —Cs in B(xo, R). (7.33)

In fact, we have

1 2 Ul( )
Ne(o) = 5 (log %) V(e dy = 0(1)
27 R/ JB(xo.R/2)
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for every x € dB(xg, R), and it holds that

—A(v} — Ny) +ave = 0 in  B(xo, R),
v} =Ny > —C¢ on 3B(xp, R)

with a constant C¢. If N kl denotes the solution to
—AN} +av; =0 in B(xo, R),
Nl =—Cs on 3B(xo, R),
then we have
—~A(} =Ny —N!)>0 in B(xp, R),
v} =Ny =Nl >0 on 3B(xo, R). (7.34)

Since

| Ve o)

H L(B(x0,R)) —
follows from (7.20), we obtain (7.33) from the maximum principle for (7.34).
Taking nonnegative ¢ € C(2) in ¢(xg) = 1, we have

v} (x) = Np(x) — Cs

. 1 1 Ul( )
> min {tso(y), — log }Vk(y)e «Wdy — Cs
B(x,R/2) 27

lx — yl

for any x € B(xg, R/2) and ¢t > 0. Since

— 1 1
yeQ +— min {t(p(y), — log }
2r 7 |x —yl

is continuous, from (7.31) we get

1
v1(x) > 47 - min {t(p(xo), 7 log } —Cs
s

lx — xol
for any x € B(xg, R) \ {xo}. Making t — 00, we obtain

—Cs
e
evl (x) Z

(7.35)

x — xol*
On the other hand, we have

Vi(x) = W(x) = AoW(x)
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in L'(Q) (actually uniformly), and therefore it holds that
Ak > / Vk(x)e”/l dx — A K (x)e'! dx
B(xo, R)\B(xp,¢) B(xo, R)\B(x0,¢)

for each ¢ € (0, R). Since Ag > 2 and (7.35) holds for any x € B(xg, R) \
{xo}, this implies

. -1 —_C dx
{ min W(x)} >e —.
xeQ B(x,R)\B(x0.) |x — X0

However, this gives a contradiction when ¢ |, 0.
In this way, (a) holds with some ¢ € (0, 2R), and we have (7.27) in the case
of SNQ £

Step 2.2. (S # W and SN Q = P): We take xo € S C 92 and apply the
reflection argument as in the proof of Lemma 7.5. Thus, we have

—Axd} +alg'Poe = lg/PVie in B, 1).
Similarly to Step 2.1, relation (7.27) is proven if we get a contradiction, as-
suming a subsequence of {f),i }, denoted by the same symbol, locally uniformly
bounded in B(0, 1) \ B(0, ¢) for every ¢ € (0, 1). As we did in Step 2.1, if
this is the case, we may assume furthermore that there is 0 € C(B(0, 1) \ {0})
satisfying
ﬁ]i — ﬁl

locally uniformly in B(0, 1) \ {0}. This implies

0} = —C7 on 93B(0,1/2) (7.36)

with a constant C7.
This time, we have

g/ PVie™ dX — 2m(x0)80(dX)

in M(B(0, 1)), and hence it holds that

-C

S0 o €

—IxP
for any X € B(0, 1/2) \ {0}. This implies a contradiction similarly to Step 2.1,
and the proof is complete. g
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Now, we give the following proof.

Proof of Theorem 7.5: We divide the proof into two cases:
1. x0e SN,
2. xp e SNOQ.

Casel. (xo € SN): For

MW (x)el
Up = TR
fQ W(x)e dx

we have proven

e (x) dx = Y m(x0)8y,(dx)

x0€S
in M(S2) with m(xo) > m.(xo)/2. We have proven also
up, — 0
inL?

loc
locally uniform because W (x) is continuous.

The left-hand side of (7.15) is denoted by u; and hence we have

vk(x)zf G(x, xDur(x) dx’
Q

(7.37)

(7.38)

(7.39)

(Q\ S) for every p € [1, 00). See (7.29). Actually, this convergence is

with G = G(x, x’) being the Green’s function of —A + a in  with Neumann

boundary condition. From (7.37) we have
Vur = ur (Vg + Viog W),
and hence it follows that
Aug =V - (ugVug) + V- (upViog W).

Testing ¥ € C2(Q2) with %—'f = 0 on 0€2, we have

—fukAtpdxzfukVIOgW-dex
Q Q

(7.40)

—1—//VxG(x,x’)-Vl//(x)uk(x)uk(x/)dxdx'. (7.41)
alJa



7. Blowup Analysis for Stationary Solutions 139

Now, we take the limit &k — o0 in this equality. For this purpose, we take a
small R > 0 satisfying B(xg, 2R) C € and B(xg, 2R) NS = {x¢} and always
assume that the test function i satisfies

supp ¥ C B(xo, R).

First, from (7.38) we have
| weawdx > mzo) v,
Q

/ urVlog W - Vyrdx — m(xg)Vlog W(xg) - Vi (xp),
Q

ask — oco.Leté € C 2(Q) be a cut-off function around xg satisfying 0 <
E(x) <1,&(x) = 1in B(xg, R), and supp £ C B(xo, 2R). Then it holds that

Yy =§y and Vy =§Vy.
We also have

up dx = E(0)ug(x)dx — m(x0)8y,(dx),
(I —E@ue(x)dx = Y~ m(xp)8y (dx),

x4€8\ (o}

in M(Q), and
/Qfﬂvxc;(x,x/) VY ()ug (ug (x') dx dx’
:/Q/vac;(x,x’).w(x)ug(x)uk(x/)dxdx’
:/Q/vac;(x,x’)-vw(x)ug(x)u,‘z(x/)dxdx/,

+/ / ViG(x, x') - VY () () (1 — (" )ug (x') dx dx'
aJe
=I+1I (7.42)

Here, we have

- m(xo) Y m(xp)Vi(xo) - VxG(x0, X)) (7.43)
xpeS\{x0}

because G (x, x") is smooth on supp ¥ x supp (1 — &).
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In Chapter 5, we have proven

1 1
Gx,x)=—log— + K(x,x)
21 |x — x/|

with K (x, y) € C'T9(Q x Q) for every 6 € (0, 1). This implies

I—f/ —log lx/|)-VW(x)ug(x)ug(x/)dxdx’
+/ / VXK(x,x’)-Vg//(x)ug(x)ug(x/)dxdx’
QJQ
=h+Dh (7.44)
with
I — m(x0)*V (x0) - Vi K (X0, X0). (7.45)

To treat 11, we apply the symmetrization technique developed in Chapter 5.
Thus, we have

1
11:—//pg(x,x/)ug(x)ug(x/)dxdx/
2 JalJa

with

I \Y%
: _x,|) VY ()

4V /(Llog ;) VY ()
2 |x — x|
(V@ - VYD) - (-

2 |x—x’|2

0 (x, x') = vx(L log
v 27

It is easy to see that pf/)/ (x, x") is continuous in Q x Q\{x = x'} and ,03 =
,og, (x,x") € L™ (2 x Q). For general ¥, we do not know what (1) converges,
but taking appropriate ¢ makes it possible.

Namely, we take

Y (x) = p(x) |x —al®

fora € R> and ¢ € CS(Q), satisfying supp ¢ C B(xg, R) and ¢ = 1 on
B(xg, R/2). Then it holds that

Vi (x) =2(x —a)

AY(x) =4 } in - B(xo, R/2), (7.46)
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and hence
1

pylex) =~ (7.47)
T
follows for (x, x') € B(xg, R/2) x B(xo, R/2). Here, we have
1
I = D) /Q/QPg(x,X/)fp(x)ug(x)cp(x/)ug(x’) dx dx’'
1
+ E L /;2 p‘(/)/('x’ X/)(l - QD(X))ug(x)(p(x/)ug(x/) dx dx/

1
+ 5/ / ,ogl(x, x/)u,(()(x)(l — go(x’))u,?(x') dx dx’
QJQ
=L+ Lo+ 13 (7.48)
First, from (7.47) we obtain
1 2
I — ——m(xp)”".
2
Next, we have
0 0
}11,2 + IL3| = Mk pr// “LOO(QXQ) H(l - (p)ukHLl(Q)
0
= Ak H,Ol/, ”Loo(SZxQ) H”kHLI(B(xo,zR)\B(xo,R/Z) — 0
by (7.39). Consequently, it holds that
1
I - ——m(xp)>. (7.49)
2
Combining (7.41)—(7.46) and (7.49), we get

1
0 = 4m(xp) — gmm)z + 2m(x0) (xo — @)

(ME) VK G0 x0) + Y. m)VaGlxo, 1))
x, €8\ (x0}

+ 2m(xp) (xo — a) - V, log W (x0)

for every a € R2.
First, letting a = xo, we have

m(xg) = 87
because Lemma 7.2 assures m(xg) > 0. Then, taking

a=x0—mx)ViK (@, x0)+ »_  m(xp)ViG(xo. xp) + Vi log W(xo),

x,€S\{xo}

we get (7.17).
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Case 2. (xp € SN0K2): We apply the reflection argument near x as in the proof
of Lemma 7.5. First, we take R > 0 sufficiently small so that B(xg, R/2)NS =
{xo} and the conformal mapping X satisfies (7.26). Letting

Nig =X '(BODNRY) and fi =wilyy 0.

we have
L T T MWe
—Aka+a|g'|2vk=|g/|2m in B0, 1),
ok = fr on 9B(0, 1),

under the notation of the proof of Lemma 7.5.
Using the Neumann boundary condition of vg, we get

=0()

W B P @BO.1))

fi

for each p € (1, o0) from (7.20), (7.29), the local elliptic estimate, and the
trace theorem of Sobolev functions. If Fj denotes the solution of

~AxFy+alg'’F,=0 in B(,1),
Fe=fi on 3B(O, D),

then we obtain

A

Fi =0(1)

W2.P(B(0,1))

for each p € (1, co) from the elliptic estimate. We also have
Fu(X1, X2) = Fe(X1, — X))

for every X = (X1, X») € B(0, 1) from the uniqueness of ﬁk. We also have

. A — A g P Wel
—Ax Ok — Fo) +alg’ POk — F) = B(0, 1),
f W eVk
Q
e — Fr =0 on 9B(0,1).

Letting

— 17 0k
i = g Pt
fQ Wevk dx
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we have
U (X)dX — 2m(x0)8p(dX)
in M(B(0, 1)) and
ir— 0 in LY (B0, 1)\ {0}
for every p € (1, oo) from the proof of Lemma 7.2. We also have
U = (—Ax + al@)ﬁlﬁk + F,

where (—Ax + a|g/|2)51 is the inverse operator of —A + a|g’|? under the
Dirichlet boundary condition on d B(0, 1). Without loss of generality, we may
assume

Fr — F weaklyin W>?(B(0, 1)

as k — oo for some F € W?2P(B(0, 1)). This implies
Fr— F in C'(B(,1)).

We have -
Vil = 4V (ﬁk + 1og(|g/|21<)> .

Similarly to Case 1, we obtain
- / ﬁkv(ﬁk + 1og(|§/T21€)) VY dX = / WcAxy dX
B(0,1) B(0,1)

+ / / VxGp(X. X') - VY (X)ir(X)ig(X') dX dX’
B(0,1) JB(0,1)

for each test function i € Cg(B (0, 1)), where Gg(X, X’) denotes the Green’s

function for —A + alg’ |2 in B(0, 1) under the Dirichlet boundary condition.
Here, we have

1 1
Gp(X,X') = Ebgm + Kp(X, X",

with Kp(X,X) e CY9(B(0,1) x B(0, 1) for every 6 € (0,1). If
f € WhP (B(0, 1) N R%), then it holds that f € W'? (B(0, 1)) and
28f _ af
00X o 90X’
af 3X2(X1, X2) (X2 >0),
0Xy |35 (X1 —X2) (X2 <0),
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as distributions. Thus, for every test function y € Cg (B(0, 1)), we have

f Vv - Vydx
B(0,1)

af B
= T (X, Xp) + — (X1, —X
/B(o,l)mRz+ |:3X1{3X1(1 2)+8 X 2)}

af | 3y By
A I’XZ)‘a_;Q(Xl"XZ)”"X

Consequently, if f € C! (B(O, HnN R%r), we obtain
af oy
uka VydX — 2m(x0)—(0) —(0)
B(0,1) 0X1

as k — oo.
Using these calculations and a similar argument to Case 1, we obtain the
limiting equation

d ad 0
—2m(x0) - 2=a) - {500 + 5 log g COP + 51— log WOO ][

1
=4. 2m(x0)—ﬂ{2m(x0)} +2m(xo) - 2(—a) - Vx{2m(x0)Kp(X, 0)}|,_,

foreverya = (a1, az) € R%. Here we have K (X1, —X2; Y)=Kp(X1, X2; Y),
and hence

follows. This implies m(xg) = 47 and

3% —{F(X) +log|g'(X)I* + log W(X) + 2m(x0) K 5 (X, 0}ly_o =0

We have

v = mx)G( x0) + Y mpG(, x))

x€S\{xo}
=Fo1+ Fop

in W>?(w) for every subdomain w in @ C Q \ S with Fp1 = Fp1(x) and
Fo2 = Fpa(x) satisfying

—AxFo1 +alg'*Fo.1 = 2m(x0)80(dX)
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as distributions in B(0, 1) and

—AxFor+alg'*Fo2 =0 in B(,1), (7.50)
Fo1+ Foo=F on 98B0, 1). (7.51)

Here, we have
A 1 A
Fo.1(X) = mxo)(— log IX| ™' + K (X.0))

with K (-, -) € C'(B(0, 1) x B(0, 1)) satisfying
K (X1, —X2;0) = K(X1, X2; 0)
and hence it follows that
F(X) = Fo.1(X) — 2m(x0)G (X, 0) + Fy2(X)
= —2m(x0)Kp(X,0) + m(x))K (X, 00+ Y m(x)G(X, xp),

348\ {xo)

where G (X(x), x/) = G(x, x). This means

5
[m(xo)K(X(x) 0+ Y m)Gx,xp)

xo eS\{xp}

+log‘X/(x)‘_2+log W(x)]) =0,
X=X
where T denotes the unit tangential vector on 0£2.
We have

1
1X ()]

. 1
K(X(x),0) = G(x, x) — _log
1 1

og
|x —xol [ X (x)]

1
= K(x, x0) + — log
T

and

1 1 1
—— —1lo ] =-Vlo
v oe (i o s = 3 S X0 lr=x
Since m(xg) = 47, we obtain

X=XxQ

e

i (m(xo)K (.x0) + ) m(xp)G(x, xo))‘ =10 aix

XOGS\{xo}

Relation (7.17) holds with V, replaced by 0/01y for xg € 92, and the proof is
complete. O



8
Multiple Existence

In this chapter we study the existence of the solution for

Av + L
—Av+av=——— in ,
er”dx
ov
— =0 on 0%, (8.1)
ov

where @ C R? is a bounded domain with smooth boundary 9. It is the sta-
tionary problem of (3.1), that is, (7.15) with W(x) = 1, and we will obtain
several suggestions to the nonstationary problem. In this special case of W (x),
problem (8.1) admits a constant solution, and this trivial solution generates
nontrivial ones.

As is described in Chapter 1, [33] studied radially symmetric solutions to
(8.1) for

Q:Bz{xeR2||x|<1},
and obtained the conjecture that problem (1.1) will admit the solution global in
time if n = 2 and ||ug||1 < 8m. More precisely, from the branch of the constant

solution to (8.1) denoted by

Ce={, A/@am)) |0 <A < +00},
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another branch of nonconstant radially symmetric solutions, denoted by C,,
bifurcates from C, in A — v space. Then, it was suspected from the numer-
ical computation that C, is absorbed into the hyperplane A = 8. This fact
was proven later by [144] using a lemma of [162]. On the other hand, the
discrepancy of the threshold value for Tyax = 400 in (1.1) between that of
the conjecture, |lugll; = 8m, and that actually proven, |ug|l; = 4, led us
to recognize the role of the boundary blowup point [108]. More precisely, the
boundary blowup is observed even in the stationary problem, and the structure
of the set of solutions to (8.1) on disc has more varieties than the one suspected
by [33].

The following theorem is concerned with the (multiple) existence of the
solution, where { Mj‘ }jil denotes the set of eigenvalues of —A on €2 under the
Neumann boundary condition. Here, we recall that the isoperimetric inequality
of Poly4, Szegd, and Weinberger is indicated as

Qs < .

where £ denotes the first zero point of J{, with J, being the Bessel function
of the first kind [5]. We have £ = 1.841... and hence A < 4m holds for
0 < a <« 1, where

=19l (a+u3).

On the other hand, it is obvious that A; > 47 holds fora > 1.

Theorem 8.1 If 2 C R? is a bounded domain with smooth boundary, then the
following facts hold for (8.1).

1. If0 < A K 1, then any nonconstant solution does not exist.
2. If M1 < 4w, then any A € (A1, 41) admits a nonconstant solution.

3. If A1 > 4w, then any A € (4w, M)\ 4w N admits a nonconstant solution.

The next theorem deals with the case 0 < a < 1.

Theorem 8.2 If @ C R? is a simply connected bounded domain with smooth
boundary, then there exists a constant 5 > 0 with the following property.
Namely, given A € (4, 4m + §), any solution to (8.1) is linearized unstable,
ifa > 0is small.
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In spite of the nonlocal term, the linearized operator around the stationary
solution to (8.1) is realized as a self-adjoint operator in L>($2). The linearized
instability mentioned above indicates the negativity of its first eigenvalue. It
will be shown that this means the dynamical instability as a stationary solution
to (1.1). Therefore, Theorem 8.2 suggests that when 0 < A — 47 < 1 and 0 <
a < 1, the set of solutions to (1.1) is very simple or otherwise the dynamics
of (1.11), including the possible blowup of the solution, is rather complicated.

In this connection, the result on topological degree described in Chapter 6
is worth remembering. In fact, the (JL) field is realized as the limit case a = 0
of the (N) field, and the quantized blowup mechanism is kept for all a > O.
Therefore, the (total) topological degree to these systems is constant in each
component of [0, +00)\47 N . If what we expected in Chapter 6 is correct, then
the total degree d()) of the solution to (8.1) will be equal to —1 if L € (4, 87)
and €2 is simply connected. Our new conjecture is that A € (4, 87) admits
only constant solutions if €2 is simply connected and

ae (0,4 —Hr).

Namely, in this case, we expect that the dynamics of (1.1) is quite simple and
the solutions blow up generically in finite time with one blowup point on the
boundary, and that the other exceptional solutions exist globally in time and
converge to the constant stationary solution.

Beginning the proof of the above theorems, first, we confirm the following
fundamental facts.

Lemma 8.1 A function v = v(x) is a solution to (8.1) if and only if it is a
critical point of Jy, defined on H'(Q) given by

1 2 a 2
J(v) = 5”VUHZ + EHUHZ — Mlog (/Qe” dx),
which means that v € H' () satisfies
(T (), ¢) = in(v + sq))‘ =0
A ’ ds s=0

for any ¢ € H' (), where {, ) denotes the pairing between V' and V =
HY(Q).
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Lemma 8.2 The linearized operator around a solution v = v(x) to (8.1) is
given as

Lo = —Ad +ad

e’ e’
—A — Yodx ), in Q
(er”dx¢ (fgevdx)zfﬂe ¢ x) "

0 on 9Q. (8.2)

g

v
This means that if v is a critical function of J, in H' (), then the self-adjoint
operator L defined above in L*(2) is associated with the bilinear form

d2
Alp, 9) = WJA(U +59) 0

defined for ¢ € H'(Q) through the relation

(Lo, ¥) = Alp, ¥)

for ¢ € dom(L) C HY(Q) and (/S H' (), where (, ) denotes the L* inner
product.

In particular, if (A, v(x)) = (0, 0), then L is —A + a in 2 under the Neu-
mann boundary condition by Lemma 8.2, where this operator is invertible.
Now, we show the following proof.

Proof of Theorem 8.1 for the first case: By Theorem 7.5, we have the follow-
ing fact:

Any ¢ € (0, 47r) admits a constant C, > 0 such that for any solution v =
v(x) of (8.1) with 0 < A < 47 — ¢ it holds that ||v| s < Cs.

On the other hand the linearized operator is invertible around v(x) = 0 for
A = 0. Therefore, the implicit function theorem assures local uniqueness of
the solution near from (1, v(x)) = (0, 0) in R x C(Q). Then the assertion fol-
lows from the standard argument. More precisely, there is a branch of constant
solutions denoted by C. in A — v space starting from (A, v(x)) = (0, 0). If
0 < A < 1 then no other solutions exist near C.. Suppose that there is a family
of solutions denoted by S = {(Ax, vg(x))}, satisfying (Ag, vr(x)) € C. and
Ak 4 0. Then, the above L™ estimate applied to {v(x)} gives compactness of
S = {(Mk, vr(x))} in A — v space from the standard elliptic estimate.

Since v(x) = 0 is the only solution for (8.1) with A = 0, vx(x) converges
uniformly to 0. Therefore, (Ax, vg(x)) becomes close to C. and this contra-
dicts to the property of the solution on C, with 0 < A < 1, that is, its local
uniqueness. a
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The above proof guarantees again that
d) =1

for A € (0, 4r), where d(X) denotes the total degree of the solution for (8.1).
Now, given the solution v(x) for (8.1), we study the linearized operator in more
details. In fact, putting
. rev
P= fQ evdx’

we see that the linearized operator around v(x) is given by L = L, + a, where

L*¢=—A¢—p¢+£/p¢dx in
A Ja

d¢
— =0 on 0%. (8.3)
av
Provided with the domain
2 99
dom(L,) = {¢ c HX(Q) ‘ S2=0 on agz}, (8.4)
v

this L, is realized as a self-adjoint operator in L2(). Tt is associated with the
bilinear form A, in H'(Q) x H'() defined by

1 2
A )= [ (1998 = pod)ax+ ([ poax). 69
Q Q

Here, we note that 0 is always the eigenvalue of L, corresponding to the con-
stant eigenfunction.

Bifurcation of nonconstant solutions and their stability from the branch of
constant solutions, especially when the space dimension is one, are studied by
Schaff [142] including the other cases of the nonlinearity. Here, we can confirm
that the following facts are valid for this problem, where { /Lj‘. }jozl denotes the
set of eigenvalues of —A in €2 under the Neumann boundary condition.

1. Each A > 0 admits a unique constant solution for (1.1) denoted by v =
s = M/a||.
2. For this s, the linearized operator L is given by L = L, + a with
1
Li¢p =—-Ap—po +P—/ ¢dx,
12| Je

where p = A/|€2].
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3. If ¢* denotes the L? normalized eigenfunction of —A in  under the
Neumann boundary condition corresponding to the eigenvalue M’;, then
we have

Li¢} = (15— p)¢; in Q
with

¢*
=0 on dNQ
8v

for j > 2, where p = A/|2|.

4. We have L.¢] = 0, on the other hand, and therefore {qﬁ;“}jil forms a
complete system of eigenfunctions of L.

Consequently, we have the following lemma.

Lemma 8.3 The set of eigenvalues of the linearized operator L around the
constant solution v = s (= A/a|2|) is given by

a+{0, 5 —n/1Q1|j =2}

The eigenfunction corresponding to a + ,u’; —A/IQ| for j = 2is qb;‘-‘, and that
to ais ¢7.

This lemma is applicable to examine the linearized stability of the constant
stationary solution. In fact, for p = A/|Q2| and ¢ € H 1(€) we have

d\2
(55) B +59)| _ = Lo, 9) +allgl
= [ (voP = ped) + ([ ¢d0 +alo]
1 2 2
/| ¢| |Q/Q |Q| |Q|1/2/ ) +a”¢”2‘

o= (¢.¢7)0

=1

Writing

with the standard L? inner product (, ), we have

jx(s+s¢) S (15— 2 4 a) (@ 6)F + a6 6D 8.6)
~ s]

Thus, we obtain the following lemma.
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Lemma 84 If L < A = || (a + M;), then the constant solution v = s is
a strict local minimum. On the other hand, if A > M\ then it is not a local
minimum of [J), on HY(Q).

Now, we show the following proof.
Proof of Theorem 8.1 for the second case: We recall that if 0 < a < 1 then
A =19l (a+ p3) <4

holds. Therefore, this case actually arises. Since  C R? has smooth boundary,
Chang—Yang’s inequality (4.4) holds true:

1 1 1
10g<—/€wdx)§—/ |Vw|2dx+—/wdx+l<» (8.7)
1| Jqo 87 Ja 12 Je

where K is a constant determined by ©, and w € H'!(Q) is arbitrary. Using

1 |wll,
'@fgwc{x‘ = Q2

we have a constant C > 0 satisfying

1 A
5w = (5= e IVl +alol3} - € (8.8)

for any v € H'(). Actually, we can take

2
c :,\(—+K+1og|sz|).
a |2

This means that 7, is bounded from below on H 1(Q) in the case of A €
(0, 4r), and we can take the minimizing sequence {vy} C H 1(Q) as

() — jr= inf J(v) > —C.
veH(Q)

Furthermore, this {vy} is bounded in H'(2) again by (8.8).
Namely, passing through a subsequence (denoted by the same symbol), we
have the weak convergence

Vg — VU

in H1(2). If it is shown that 7, is weakly lower semicontinuous, then the stan-
dard argument guarantees the existence of a global minimum of 7, on H'(Q)
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for & € (0, 4m). Actually, if this is the case, v attains the global minimum of
Ji in H' (%) by

Jo = liminf 7, () = Ji(v) > ji.
k——+00

Furthermore, this v = v(x) is not a constant if A € (A1, 47), because the
constant solution is not any local minimum in this case.

Now, to prove the weak lower semicontinuity of 75 on H'(£2), we have only
to confirm that

fe”" dx — /e“dx (8.9)
Q Q

follows from vy — v in HI(Q). In fact, if v; — v in HI(Q), then,
[Vu, <2 and o, <C

holds for k = 0, 1, 2, ... with some constants L > 0 and C > 0. Therefore,
we have

1
’/ evkdx_/ é’vdx‘ — ‘// eskar(lfs)v(vk_v)dsdx’
& Q o Jo
172 ! 1/2
= {f(vk—v)zdx} {f ds/ ezsvk+2(1—s)vdx}
Q 0 o

L> C K 1og|sz|>

w2 2

< o= vl e (

using (8.7). This implies (8.9) because vy — v in L?(Q) holds by Rellich’s
theorem, and the proof is complete. a

From the above result, if A € (A1, 477), then there is a nonconstant solution.
More precisely, 7; is bounded from below on H'(2) for A < 4, and the
constant solution v = s is not a local minimum for A > A;. This nonconstant
solution, denoted by v = v(x), is a global minimum of J, on H 1(€), and
therefore another local minimum of 7, can be expected.

In fact, the total degree d(A) is equal to +1 for A € (0, 47r), while the local
degree of s is —1 between the first and the second degeneracies of L, that is,
for A € (A1, min{4m, A,}), where

ho = 19 (a + u3).
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On the other hand, an abstract theorem of Rabinowitz [133] says that the local
degree of local minimum is +1 if it is isolated, and therefore we have at least
three solutions (including s and v) in the case of A € (A1, min{4sm, X>}). If
A2 > 4m holds furthermore, then it is expected that these two nonconstant
stationary solutions blow up, developing singular points on 02 as A 1 4.
Furthermore, their blowup points will be the maximum and minimum of the
Robin function R(x) = K (x, x) restricted to x € 92, respectively. In this way,
we can expect, more generally, that generic converses of Theorems 7.5 and 7.1
are true.

We have discussed the case 0 < @ < 1 suchthat A} < 4. If a > 0 becomes
as large as A1 > 4, then the structure of the bifurcation from C. changes
drastically, while the quantized blowup mechanism of the family of stationary
solutions is kept. What we have examined in this case is the following. First,
if A > 47, then 7, is not bounded from below on H' (€2) any more. Next, if
A < A1, then the constant solution v = s is a local minimum. Thus, we can
expect the mountain pass type critical point for A € (4m, A1). Furthermore, if
Q2 is simply connected and what we expected is correct, then the total degree
will still be equal to +1 for A € (4m, 87). If this is the case, then a theorem
of Hoffer [65] concerning the mountain pass critical point can take place of
that of [133] on the local minimum. Namely, the local degree of the mountain
pass critical point is —1 if it is isolated, and therefore we can expect at least
two nonconstant solutions for A € (47w, A1) in this case: A; > 4 and simply
connected 2. We expect also that these solutions blow up as A | 4w with the
blowup points equal to the maximum and the minimum of the Robin function
restricted to d€2, respectively.

We begin with the following lemma for this case of A > 4.

Lemma 8.5 If A > 4, then there is vo € H'(Q) satisfying

Ji.(vo) < Ji(s). (8.10)

Proof: We note that the Moser—Onofri inequality (4.5),

1og(i/ ' dx) = L2 41
12 Jo ~ 16m 2

is sharp, and the functional

1 2 v
Jh() = EHVUHZ—Mog(/Qe dx)
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defined for v € HO1 (€2) does not attain the minimum if A = 8. Since it is
attained for A € (0, 8), the singular limit

1
4log —
|x|
of radially symmetric solutions to (7.1) as A 1 87w, will generate an unbounded
sequence to the above 7, for A > 8m. Here we are taking the functional asso-
ciated with Chang—Yang’s inequality, and therefore this singular limit, shifted
to the boundary, will play the same role.
More precisely, taking xo € 92 and u > 0, we put

1+
w,(x) = 2log (—)
! lx — x> + 1t
and show
li = — 8.11
lim 7, (wy.) = —o0 @.11)

for A > 4. In fact, we have

T (wﬂ)=%/Q!Vwﬂ‘zdx—)»log(/ﬂew“dx)+0(l)
ST

.|,
2 Janp, x — xo +

1+ u 2 >
—Alo — ) dx )|+ 0(Q),
g(Lm%Qx—mP+u> (

where Dg = {x € R? | [x — xg| < 8} for § > 0. We take a cone with vertex xq
and angle 7 (1 — 2¢) for ¢ € (0, ), denoted by K, satisfying K C €. Then,
the first term of the right-hand side is estimated from above by

1 ) m(l1+¢) 2
—/ |un| / / 2rdrd9
2 JkenDs M+’”2)

1

=4m (1 4+ 2¢)log — + O(1).
n

V2log (

Taking similar cone K* satisfying Ds N K* C €2, we can estimate the second
term from below as

1 w(l—e) ) 1 2
Alog( / ew“)zklog(/ / ( 2+M) rdrd9>
|€2] K*ND; e 0o \retu

1
= xlog — 4+ O(1).
“m
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This means
T (wy) < Gr(1+28) — A) log% + 0(1)
as u | 0. Hence (8.11) holds for A > 4. O
In the case of

dr < A < Aq,

we put

r={yec@on H'®@)|r®=s y1)=u)
and
Jn = inf max 7, (8.12)
yel v

where vg = vg(x) is the function given by Lemma 8.5. Since s is a strict local
minimum and (8.10) is satisfied, it holds that j > 7, (s). Then, Ekeland’s
variational principle [42] assures the existence of a Palais—Smale sequence,
denoted by {v}, satisfying jk’(vk) — Oand J (vg) — J.

The problem arising here is its H' boundedness. If this is the case, then
{w} ¢ HY(Q) is precompact, because vy — v implies (8.9). (Details are
described below in the proof of the third case of Theorem 8.1.) One of the
motivations of [124] is to examine the quantized blowup mechanism for the
Palais—Smale sequence relative to J; defined on H'(2). We have a general-
ization of Theorem 7.5 in this direction, which, however, is not sufficient to
control the general Palais—Smale sequence. Here, we take the different argu-
ment of Struwe [160, 161], which guarantees the boundedness of the Palais—
Smale sequence obtained by the mini-max variational formulation for almost
every A. Then, we apply the quantized blowup mechanism for the family of
solutions to extend the existence to any nonquantized value of A.

The former part of the above argument has a sophisticated abstract version.
In fact, we have

J= A, —AB

with
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and it holds that 75, € C! (H L@, R). Here and henceforth, we set

[oll = (19013 +alo]3) "
for simplicity. Now, we confirm the following lemma.
Lemma 8.6 If {(Ax, vi)} € HY(Q) x (47, 1) satisfies
AP ho € (4, ), Ty(w) =C, and J,(vi) = —C,

then we have the following, where C > 0 is a constant independent of k =
1,2,....

1. In the case of ||vk|| g1 — 00, it holds that B(vi) — +00.
2. If{||vk||H1 } is bounded, then we have

liminf B(vg) > —o0.
k—400

3. Thereis L > 0 such that
Ay (i) — Ay (vp) < L (Ao — Ak)

for any k.

Proof: We have

1y 2 1,
EHWHHI=¢Axw>+xdhg(ﬁapéekdx)+kgmﬂ}

i
< C+ilog (@f el a’x) + g log ||
Q

and this implies the first assertion. The second assertion is obtained by
" L2
Ao log ( e dx) = —Tno (i) + 5” Uk ”Hl
Q
2
= €+ 3 fvf

The third assertion is obvious, because Av = %H v ||fq1 is independent of A. O
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Now, we can apply an abstract theorem [74] stated as follows. Henceforth,
X denotes a Banach space over R, and (, ) and || - ||+ are the pairing between
X’ and X and the dual norm in X', respectively.

Theorem 8.3 Let X and I be a Banach space over R and a nonempty interval,
respectively. Suppose that J,, € C'(X, R) is given for each A € I, satisfying
the assumptions of Lemma 8.6 for

I = Ay — LB,

and provided with the mountain pass geometry, which means that there exist
v, V1 € X such that

Jn = inf max J, > max {J3(vo), Ji(v1)}
vel v

forany A € I, where
I'={y eCq0,1,X)|y©0) =vo, y(1)=wv1}.

Then, for almost every Lo € 1, Jy, has a bounded Palais—Smale sequence {vy}
of level j,, which means that {vy} C X is bounded,

j)\o(vk) g j)\o and Hj)io(vk)H* — 0.

Actually, using the above theorem we can show the following proof.

Proof of Theorem 8.1 for the third case: We note that vy in Lemma 8.5 can be
taken locally uniformly in A € (47, A1). Therefore, by Lemma 8.6, Theorem
8.3 is applicable. Consequently, we have, for almost every A € (4w, A1), a
bounded Palais—Smale sequence {vy} C H 1(Q) = X of level Jja. This means
that there is {wi} C H'(Q) satisfying

AeVk

—A(vg — wg) +a(vg —wg) = m in €,
Q

i(vk—wk)=0 on 0JL2,
av
and
|wicl[ 1 — O

Since {vy} is bounded in H'(2), Chang—Yang’s inequality (8.7) guarantees the
uniform boundedness of )\e“k/fQ e’ dx in LP(R2) for each p € (1, 00) and
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hence {vy — wi} has a subsequence, denoted by the same symbol, converging
weakly in W27 (), with the limit denoted by v € W>? (). This implies the
strong convergence vy — v in H'(2), and then that of

Lek rev
9
fQ evk dx fQ evdx

in L?(R2) is proven similarly to (8.9). In particular, v is a solution to (8.1) with
J.(v) = jn > Ji(s), and hence we have a nonconstant solution for almost
every A € (4, Ap).

On the other hand, any A € (47, A1) \ 47N admits a sequence Ay 1 A
provided with a nonconstant solution v = v to (8.1) for A = XA satisfying

T (i) = Jiy
for each k. Since
A€ @A) =
is nonincreasing, it holds that
I (W) = .

If A & 47 NV, then {||vk|lco} is bounded by Theorem 7.5. Therefore, from the
elliptic estimate we have

Vy, — VU
in C?(Q), passing through a subsequence. Then
() = jo. > Tils)

follows, and v = v(x) is a nonconstant solution to (8.1). The proof is com-
plete. O

To prove Theorem 8.3, first, we show the following lemma.

Lemma 8.7 Let X and I be a Banach space over R and a nonempty interval,
respectively. Suppose that J,, € C'(X, R) is given for each A € I, satisfying
the assumption of Lemma 8.6 with

Jrn = Ay — AB. (8.13)
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Then, if {(Ag, vi)} C I x X satisfies
At A el, T (i) < K, T (k) < K,

and

jkk(vk) - j)»()(vk) <K
A0 — Ak -

with a constant K independent of k, this {vr} C X is bounded, and any ¢ > 0
admits N such that

Toik) < Ty (vp) + €
forany k > N.

Proof: From (8.13) we have

T i) — T (i) = Ap (V) — Ak B(vr) — Ang (i) + Ao B(vk)

> —C(ho — Ak) + (Ao — Ax) B(wg). (8.14)
This implies
T W) — Ty (Vi)
>—-C+B
— > + B(vk)
and hence

lim sup B(vg) < 400
k—+00

follows. In particular, {vt} is bounded in X from the first assumption of Lemma
8.6, and we have

B(v) > —M

with a constant M independent of k from the second assumption. Now, in-
equality (8.14) implies

To (k) — T (k) < C(ho — Ap) + (Ao — Ap) - M,

and hence the conclusion. O
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We shall make use of the theorem of Denjoy—Young—Sacks to show the fol-
lowing lemma. This theorem is concerned with four Dini derivatives of each
real-valued function defined on an interval:

e+ —f

AT =1lim sup

+h{0 h
A% = fiming LM = F)
+h]0 h

We say that two of these numbers are associated if they take the same side such
as AT and AT, and opposed for the other case such as A and A ™. Then, except
for x in a set of measure zero, f = f(x) admits the following properties:

1. Two associated derivatives are either equal and finite or unequal with at
least one infinite.

2. Two opposed derivatives are either finite and equal or infinite and un-
equal with the one of higher index, A, equal to oo and the other, A, equal
to —o0.

See Riesz and Nagy [137] for the proof of the above fact.

Lemma 8.8 For almost every Ay € 1, there is Ay 1 Ao and M (hg) < 400
such that

_ j)»o — Jh

o — < M(Xo). (8.15)

Proof: Condition (8.15) is violated if and only if the left Dini derivative of
Jo i1s —o0 at Ag. It cannot occur except for a set of measure zero of Ly by the
theorem of Denjoy—Young—Sacks. O

Lemma 8.9 Under the assumptions of Theorem 8.3, suppose that Ao € 1 sat-
isfies (8.15). Then, we have a family {y;} € I" and a constant K = K (Ag) > 0
provided with the following properties.

L If
Tro k(@) = jag — o — M), (8.16)
then
lw@®| < K
holds for t € [0, 1].
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2. Any € > 0 admits N such that
rr;ax Tho < g T ¢
3

foreveryn > N.

Proof: By the definition, we have {y;} C I" such that
max o, < ja, + (o = o). (8.17)

First, if (8.16) holds, then we have

T V(@) — Toy (Vi (1)) - Ju T (Ao — Ak) — Jag + (Ao — Ax)
A0 — Ak N A) — Ak
< M( o) + 2.

Next, { T, (v (1))} is bounded from below by (8.16). Finally, {7, (v (1))} is
bounded from above by (8.17) and (8.15). Therefore, {yx(¢)} is bounded by
Lemma 8.7. This shows the first case of the assertion.

To prove the second case, we take vy € ¢ ([0, 1]) satisfying

n};zlx jko = j)»()(vk) (Z j)»()) .
Then, it holds that

Tho(Vk) = max Ty > —0
k

and
T (Vi) = max T < e + (o — Ap)
< Jrw T MRo)+ 1) (Mo — Ag) < +00
by (8.17) and (8.15). These inequalities also imply

jkk (Uk) - j)\.()(vk)
Ao — Ak

< M(ho) + 1
and hence Lemma 8.7 is applicable. Given ¢ > 0, we have

dr = Ty (i) — Toy (vp) < %
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for any kK > N. Furthermore, we have
max Tro = Tng (i) = Ty (vk) + die

< II}/an)Lk +di < ja + (Ao — A) +dk
k

by (8.17). Then, (8.15) gives

; . €
—_— < —_—
D — Iro 3
for k sufficiently large, and the proof is complete. O

Lemma 8.10 For K in Lemma 8.9, we put
Fo={veX||v| <k +1, |T®) —ji| <a},
where a > 0. Then, we have
inf {7, | v € £} = 0
if0<a < L.

Proof: 1If this is not the case, we have
. /
vlen;a HJ)\O(U) H* za
and
1.
a € (0. 5 [ = max {Fy (). Too1)}] ) (8.18)

for 0 < a < 1. Then, the deformation theory [134] guarantees the existence
of a € (0, a) and a homeomorphism 1 : X — X such that

nw)=v if |Jy@) — jiay| = a, (8.19)
Jwon<T, on X, (8.20)

and
Tro M) < Joy — (8.21)

forve Xin|v|| < K and J,,(v) < j, + .



8. Multiple Existence 165
We take the family {yx} C I" of Lemma 8.9. Then, for £ > 1, it holds that
max Jno < Jno T (8.22)
and
o> Ao — A (8.23)
Here, we have n o y; € I by (8.18). Let v € y¢ ([0, 1]). Then, in the case of
Ty (W) < Jjag — (Ao — Ak)
we have
T @) = jrg — (o — Ae)
by (8.20). In the other case of
Tno > Jng — (Ao — Ax)

we have ||v|| < K by Lemma 8.9. We can apply (8.21) by (8.22) and hence it
follows that

\7)»0(7-]) = j)\_() —o = j}»() - ()\'O - )\'k)
from (8.23). In any case, we have
max \7)\.0 E j)»() - ()\'0 - )"k)v
oYk
a contradiction, and the proof is complete. O

Now, we give the following proof.

Proof of Theorem 8.3: Suppose (8.15) at Ag € I, and apply Lemma 8.10 for
a=1/k(k=1,2,...). Then, there is vy € X such that

Joe]| < K+1, Ty = Jigs
and
j;io(vk) — 0.

The proof is complete. g
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In the rest of this chapter we prove Theorem 8.2, supposing 0 < a < 1.
First, we show that the (JL) field is regarded as the limit case of the (N) field
of a | 0 including their linearized operators.

Lemma 8.11 Let A & 4N be fixed, and {v,} be a family of solutions to (1.1)
with a | 0. Then, passing through a subsequence we have

B reva
Pa = fQ eVadx

—>  po (8.24)

in C%(Q) with a positive function po(x) defined on Q.

Proof: We write v = v, and p = p, for simplicity. First, (8.1) implies
alvl, =2

because v > 0in €2, and hence

[v]l, = +o0

follows as a | 0. We take

1
w=v—— [ vdx.
12 Jo
It satisfies
eU
—Aw =—av+i—— in Q,
v av+ fQ eVdx
1
—/ wdx =0,
12 Jo
0
=0 on 99 (8.25)
av
with
H 4 H <.
—av+ —— .
fQ evdxllt —
Therefore, the L' estimate guarantees
HwHWUI(Q) =C, (8.26)

where C > 0 denotes a constant independent of a.
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Since the first equality of (8.25) is written as

A re”

—_— 4 —, 8.27
|2] + erwdx ( )

—Aw = —aw —

we have

A
—Aw4+w=>((1—-a)w—— in £,

|€2]
0
a—w ~0 on 9%.
v
Here, (8.26) implies
1 —)L <
“( BT le.q =

for 1 < g < 2. Then, the elliptic regularity, Morrey’s inequality, and the
comparison theorem assure

w(x) > —-C

uniformly. In particular, the blowup set S of any subsequence {w/} C {w,}
coincides with

S = {xo eQ | there exist ¢y — 0 and x; — x¢ satisfying w;k (xp) — +oo}.

Now, we can argue similarly as in the previous chapter using (8.26) and
(8.27). Thus, {w} is uniformly bounded by A ¢ 47 . Passing through a sub-
sequence, we have

’
w, —> wo

in C2(€2) with some wo(x) from the elliptic regularity. Therefore, (8.24) holds
for
AeVa Leto

=———— and =
Pa fQ eVa dx po fQ ewo dx

and the proof is complete. g
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If A = 4x£ and the blowup actually occurs to {w,}, we have

(=28(QNS)+1(SNIN),
(—Aw) +aw)) dx = Y m.(x0)8x,(dx).

X()GS

Vi[meoK a0+ Y mpGap] =0

X=xq
x,€8\{x0}

for each xg € S, where only the tangential derivative is taken in the last relation
if xg € 92, and G = G(x, x’) denotes the Green’s function to the (JL) field:

—AG(x,x) =8u(dx) (x € Q),

/ G(x,xYdx =0,
Q

0G
dVy

xedQ

This is proven similarly as in the proof of Theorem 7.5.

We proceed to the spectral analysis of the linearized operator L defined by
(8.2). This operator is defined for any positive continuous function p = p(x)
on Q by (8.3) and

L=L,+a.

Let { W }jiz be the set of eigenvalues for L, of which eigenfunctions are dif-

ferent from the constant, and let { Pj }jil be the set of all eigenvalues of

9
—A—p wih .| =0,

v ‘asz
We set X = H' () for the moment.

Lemma 8.12 The values 11}, pj, and o j—1 have the same sign for each j > 2,
where

oj = sup inf{/|V¢|2dx‘¢€Xj_1,/p¢2dx:1,/p¢dx:0}.
Xj_1CcX Q Q Q
codim(X;_1)=j—2

(8.28)
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Proof: We recall that the bilinear form A, associated with L, is defined on
X x X and is given by (8.5). This means

A, 9) =By (¥, ¥)

with
By, W)=/Q(|VW|2—plﬁ2)dx
and
V=¢- X /Q podx.
Here,

Q:¢peX — veX
is a projection with the range and the kernel given by
ran(Q) = Xg and ker(Q) = {constant functions},

respectively, where

Xo={¢ex\/gpwdx=0}.

The bilinear form B), defined on X x X is associated with a self-adjoint
operator in L%(Q). If its eigenvalues are denoted by {,ll j }j>2, then /i; and
have the same sign. Furthermore, the mini-max principle guarantees

Aj= sup inf{/ (|V1ﬁ|2—p1ﬁ2) dx
Xj-1CX Q
codim(X;_1)=j-2

|W€Xj_1,/9pwdx=0,/gw2dx=l}

and hence /i; and o; — 1 have the same sign. Consequently, 4; and o; — 1
have the same sign.
To examine the relation between p; and o, we take

5= sup inf{/ Vo2 dx | ¢ € X, f p¢2dx:1}
X;cX Q Q
codim(X j)=j—1
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for j =1,2,....Itis the j-th eigenvalue of
—Ap=6pp in L,
¢
I

so that 5; — 1 and p; have the same sign for j > 1. On the other hand we have
01 = 0 with the constant eigenfunction and hence o; = o; for j > 2. Thus,
pj and o; — 1 have the same sign for j > 2. 0

0 on 0%,

We have arrived at the eigenvalue problem

0
—Ap=6pp in Q, 8—¢=0 on 99
v
for
. re?
p_er”dx’

with v = v(x) satisfying (8.1). If it holds that
—Alogp<p in Q,

then Bandle’s theory [5] on isoperimetric inequality of eigenvalues is applica-
ble. Consequently, we obtain the following lemma.

Lemma 8.13 If Q C R_2 is a simply connected domain and p = p(x) is a
positive C? function on Q satisfying

—Alogp<p in Q and AE/ pdx < 8m, (8.29)
Q

then there is § > O such that for ). € (0, 4w + §) it holds that

4
0y < R (8.30)

The above lemma is concerned with the Neumann boundary condition, and
the method of conformal plantation is adopted for the proof. However, more
essentially, the isoperimetric inequality on surfaces, referred to as the Alexan-
droff-Bol inequality, is applied for the proof. Therefore, it is regarded as a
variant of Poly4-Szegt-Weinberger’s inequality developed on the round sphere
$? in R3. The associated Legendre equation arises in this context as the polar
decomposition of —A defined on R>, or equivalently, the Laplace—Beltrami
operator defined on S2. This geometric account of Bandle’s theory is devel-
oped in [162], and the following fact is proven from that point of view.
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Lemma 8.14 If Q C R? is a simply connected bounded domain with smooth
boundary and q = q(x) > 0 is a smooth function on 2 satisfying

—Alogg <q in Q and /qu < 8m,
Q
then it holds that

inf{”VrpH;‘weHCI(Q), /qtﬁdx=0, /qw%zx=1}>1.
Q Q

As we have illustrated, these lemmas are involved with the theory of non-
linear partial differential equations, the isoperimetric inequality on surfaces
associated with Gaussian curvature, complex function theory, spectral analysis
of the linearized operator, spectral geometry on the Laplace—Beltrami opera-
tor defined on surfaces, nonlinear functional analysis including the theory of
bifurcation, the theory of special functions, particularly that on the associated
Legendre equation, and so forth. We refer to [166] for the proof of Lemma
8.14, and now we give the following proof.

Proof of Lemma 8.13: 'We have only to examine [5] and therefore just sketch
the outline of the proof. Note that 6; = o; holds for j > 2. First, each
A € (0,8m) determines R = R(A) € (—1, 1) and the eigenvalue problems
in consideration are associated with this value R as

[(1-8)Pe], +2c@=0 (-1 <&<R (8.31)

with
|®(—1)| < 400 and ®'(R) =0 (8.32)

and
[(1 _52)%]5 -7 iz +2vd =0 (-1 <& <R (8.33)

with
®(—1)=0 and P'(R)=0. (8.34)

Here, A +— R(A) is monotone increasing and A = 0, 4, 87 correspond to
R = —1,0, 41, respectively.

If the second eigenvalue of (8.31) with (8.32) is denoted by 1>, and the first
one of (8.33) with (8.34) by vy, then the conclusion of Lemma 3.3.10 of [5]
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holds as far as tp > vy is preserved. On the other hand, in the proof of Lemma
3.3.10 of [5] it is shown that 7o > v is satisfied in the case of R < O, or
equivalently, A < 4m. From the continuity, 7o > v holds true for 0 < A —
4w < 1. Namely, the conclusion of Lemma 3.3.10 of [5] holds even if 0 <
A —4mr < 1. Next we examine Lemma 3.3.12 of [5]. Let us suppose that e(¢)
is nonincreasing only in (a, b,) with some b, < b. Even so, the proof exposed
there is valid if b — b, > 0 is sufficiently small so that the conclusion of this
lemma holds even in this case.

Thanks to these facts, we can reproduce the argument in the proof of Corol-
lary 3.3.10 of [5] even for A € (0, 47 +§) with § > O sufficiently small. Then,
we obtain

>
oy o3 2w

and in particular (8.30) follows. O
We complete the following proof.

Proof of Theorem 8.2: Wetake§ > 0 of Lemma8.13 and fix A € (4, 4w +9).
Suppose that there exists a family of solutions (8.1) with a = a; | 0, denoted
by {vi}, of which the first eigenvalues of linearized operators are nonnegative.
We write a = ag, v, = Vg, and

B reva
Pa= fQ eVa dx

for simplicity. By Lemma 8.11, we have a subsequence (denoted by the same
symbol) satisfying

Pa = PO (8.35)

in C%(Q) with a positive function pg(x) defined on Q. We note that this pg
satisfies (8.29).
If ¢, attains

o (a) = inf{/ V| dx
Q

¢ e, /paqsdx:o,/pacfdx:l},
Q Q
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then {¢,} is compact in H'(). It is obvious that {o2(a)} is bounded, and
hence we have

Qg — ¢ In HI(Q) and or(a) — 020,

. . 0 .
passing through a subsequence. This o, attains

ozozinf{/ V| dx
Q
ven'@, [ podx=o. [ potax=1}.
Q Q

and therefore Lemma 8.13 assures

4

020§T<1

for A € (4w, 47 + §). This implies M(z) < 0 by Lemma 8.12.
On the other hand, the set of eigenvalues of the linearized operator around
v (x) is given by

a+{0+uj@)|j=2}.
Then, (8.35) implies
0
w2 (a) - M3,

with the second eigenvalue ,ug introduced before Lemma 8.12 for p = pg. See
Kato [77] for this convergence of eigenvalues. Then,

lim (u2(@) +a) = 3 < 0

follows and hence us>(a) + a < 0 holds for a > 0 sufficiently small. This
contradicts the assumption and the proof is complete. a

From the proof of Theorem 8.2, we see that there is a constant § > 0 such
that for any §; € (0, §) there exists a; > O such thatif4mwr +8; < A <4m +§
and 0 < a < ay then any solution of (8.1) is linearized unstable, provided that
Q C R? is a simply connected bounded domain with smooth boundary.
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Dynamical Equivalence

This chapter returns to the general W (x) and describes the fact that the varia-
tional structure F defined on P and that of 7, on V = dom(A!/?) stated in
Chapter 6 are equivalent up to Morse indices. This fact was known concerning
the stability in the case that A is equal to —A with the Dirichlet boundary con-
dition, but actually general theory holds true. This structure is not restricted to
the Keller—Segel system,; it is valid for several mean field theories.

We recall that 2 C R” is a bounded domain with smooth boundary 9€2,
W = W(x) > 0 is a smooth function of x € €, and A > 0 is a self-adjoint
operator in L?($2) with compact resolvent. We set

W(u, v) =/ (ulogu —ulogW —uv) dx + %HAI/ZUHZ
Q

foru € P, N C(Q) and v € dom(AY/?), where A > Ois a given constant and
‘P,. is the set defined by (6.14):

Py = {u : measurable | u > 0 ae., |luf, =1}.
Putting
Fu) =W, A~ u)
= /Q (ulogu — ulog W) dx — %(A_lu, uw),
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wesay thatu = u(x) > 0(x € Q) is a critical function of F on Py, if it belongs
to Py N C(£2) and satisfies

d _ _
a]—"(u + 59) = 0

for any ¢ € C(Q) in fQ ¢ dx = 0. Here, we note that the relation
i+sp e PNC(R)

is valid for |s| < 1. In this case, the bilinear form

d2
/] = _ Y T
Frle. ol = -5 F @ +s<p)‘szo

defined for ¢ € C(Q) in fQ ¢ dx = 0 is shown to be bounded in L3(2), and
hence is closable in L%(Q), where

L2(Q) = {go c L2(Q) ‘ f odx = 0}.
Q
We call the maximum integer k satisfying

, { F' ), ¢]
inf{y sup ——=—

e | L@ amy =k} <o
pe

the Morse index of u = u(x).
Next, we take

AWev
fQ Wevdx’
= l“Al/zv”2 —klog(/ We? dx)

2 Q

defined for v € C(2) N dom(A!/?). We say that such v = v(x) is a critical
function of 75 on dom(A'/?) if

JA(U)=W< v) — Alog

d _
T+ sw)’szo —0

holds for any w € C(2) N dom(A'/?). Then, similarly we can show that the
bilinear form

d2
Ty () [w, w] = T3+ sw)

s=0
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defined for w € C() N dom(A'/?) is semi-bounded in L%(L2). Under the
assumption

5@ = 12 @), ©.1)

[C(£2) Ndom(A'/?)
this bilinear form is closable in L2(2), where [ ] denotes the closure. Then it
is associated with a self-adjoint operator in L?(2) provided with the standard
norm. It is denoted by M and the number of negative eigenvalues of M is called
the Morse index of v = v(x).

We impose the following condition:

Y€ L%(Q), A*I(p =constant = ¢ =0. 9.2)

In the cases of the (JL) and (D) fields, 1 ¢ dom(A) and this condition is au-
tomatically satisfied. In the (N) field, we have 1 € dom(A), but if A ¢ is
a constant, then so is ¢. This implies ¢ = 0 because fQ ¢ = 0 holds for
Qe L(Z)(Q). Thus, (9.2) is valid for the (N), (JL), and (D) fields.

Under these notations, we can show the following theorem.

Theorem 9.1 A positive function u = u(x) € Py NC(Q) is a critical function
of F defined on Py, if and only if it solves (6.7), and this is equivalent to that
v = A~ is a solution to (6.6):

AWev

€ dom(A), Av= ———.
v om(4) v fQWevdx

9.3)

Conversely, v = v(x) € C(Q) N dom(A'?) is a critical function of J) on
dom(A1/?) if and only if it solves (9.3), and this is equivalent to thatu = f; (v)
solves (6.7):

-1

logu — A™'u — log W = constant, ||u“1 =, 9.4)
where
AWev
frv) = —fg W dr

Finally, the Morse indices of these u and v are equal under the assumptions
(9.1) and (9.2).

Proof: We can confirm the following identities, where u € P, N C (Q)isa
positive function on 2, v € C(2) N dom(A1/?), ¢ € C(R2) satisfies
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Jq9dx =0,and w € dom(A!/?):
d
Wi, v)lg] = - W + 59, v)]
ds s=0

:/ ¢ (logu —log W — v) dx
Q

d2
Wi, v)lp. 9] = S5 W +sp.v)|
=f u_1<p2dx
Q
2
Wi (u, ,w] = W ;
o (u, V)@, w] 35195, (u + 5190, v+ 52W) 15 (0.0)
= —f owdx
Q
d
Wy (u, v)[w] = —W(u, v + sw)
dS §=

= —f uwdx—i—(Al/zv,Al/zw)
Q

2

d
Wy (u, v)[w, w] = —W(u, v + sw)
ds

= |4

§=

First, we examine the variational structure of F on P;. Givenu € P, NC(Q)
and ¢ € C(Q) satisfying u(x) > 0 for x € Q and fQ ¢ dx = 0, respectively,
we set

u(s) =u+sg
for |s| < 1. Then, from
F(u(s)) = W(us), A u(s))
it follows that
C;isf(u(s)) = W (u(s), A7 u()) (@] + Wy (u(s), A u(s))[A™ o]
Here, we have

W (u(s), A~ u(s))[A™ g]
= —(u(s), A'9) + (A2 A Nu(s), A2 A7) =0
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and hence
%f(ﬁ—l—sq)) =Wu(u +sp, A i+ sA™ ) [p] 9.5)
follows. This implies

F@el = Wu(u, A~"u)lg]
= ((p, logu — log W — A_lﬁ)

and therefore u = u(x) is a critical function of F on P, if and only if (9.4)
holds. This means that v = A~1% is a solution to (9.3). In this case, for u(s) =
u + s we have

d2
F'@lp. o] = 5 F )|

— iWu (u(S), A_lu(s)) [(p])szo

ds
= W@, D)@, 91 + Wi @, D)@, A” 9]
= / up?dx — (9, A ) (9.6)
Q

by (9.5). If we provide L%(Q) with the norm || - ||.-1 by

HQDHE*I = (¢, 90);/_21 and (g, W)ﬁfl = Lﬁ_lw ~Yrdx,

then the bounded symmetric bilinear form
Lo = [T gy dr— (47p A712y) ©.7)
Q

defined for ¢, ¥ € L%(Q) is associated with
L=1-PuA™!
with respect to ” . HTI’ through the relation
L(p, ¥) = (Lo, ¥z

for ¢, ¢ € L%(Q). Here, u is identified with the multiplication by itself, and
P:L%(Q) > L(Z)(Q) is the orthogonal projection with respect to || - [|-1, that
18,

Pv:v—E/ vdx. (9.8)
rJa
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The operator T = PuA~! restricted to L%(Q) is compact. From Riesz—
Schauder’s theory, o (L) C 0,(L) U {1}, 0,(L) is discrete and can accumulate
only at 1, and each eigenvalue of L except for 1 has finite multiplicity. Here
and henceforth, o (L) and 0,,(L) C o (L) denote the spectrum and the point
spectrum of L, respectively.

Furthermore, L is self-adjoint in L(Z)(Q) with respect to the norm || - ||.-1 and
has the spectral decomposition denoted by L = f * AdE(}). Since
o(L)\ {0} € R\ [-6, §] holds with some § > 0, we have the orthogonal
decomposition

L3(Q)=X_® X0 X4,

where Xy = ker(L), X_ = E((—oo, —8)) (L(Z)(SZ)), and

Xi = E((8, +0)) (L%(Q)) :
We have
X+ \ {0} € {v e L{(Q) | £L©, v) > 0},

and +£(-, -) provides an inner product, equivalent to ( , );-1, on X+. See
[77, 152, 191] for the operator theory used here.

We have dim X_ < 400, and X_ coincides with the maximum linear space
Y C L2 5(€2) satisfying L£(v, v) < O for any v € Y \ {0}, namely, dim X_
equal to the maximum integer k satisfying

L(v,v .
op = min{ - > )y C L3(Q), dimY = k} <0 9.9)
ve\o) vl
by the mini-max principle. Since || - ||;-1 is equivalent to || - ||, this maximum

integer k is equal to the Morse index of u. Furthermore, from (9.7) it follows
that

vl
=1—1m'n{m — 'y c 12(Q). di Y—k}
Ok /mi vey\o} e 1/2v||2| 0(€2), dim

In other words, the Morse index of u is equal to the maximum integer k satis-

fying

. vl ’ .
=miny max ———— | Y CL;(Q),dmY =k} < 1.
H {veY\w} A n | ¥ C L@
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This value iy is associated with the eigenvalue problem of finding ¢ € L%(Q)
such that

Q

for any ¢ € L%(Q). Actually, the operator-theoretic form of this eigenvalue
problem takes

To=u""e  (¢peLi) ©.11)

for T = PuA~".

Since T is compact and self-adjoint in L(Q)(Q), the normalized eigenfunctions
of (9.10) form a complete orthonormal system of ran(7) = ker(T)* [152,
154]. Here and henceforth, ran(7") and ker(7) denote the range and the kernel
of T, respectively. Here, the eigenvalue p of (9.10) is always positive, and the
normalization and the orthogonality are taken with respect to the norm || - [|;,-1.
Ifpe L%(Q) satisfies

To =PuA"'9 =0,

then it holds that

alo=1 [ A 1pa
(p—kgu- Ydax

by (9.8). This means that A~'¢ is a constant, and hence ¢ = 0 follows from
(9.2). Thus, we have

ker(T) = {0}

and those normalized eigenfunctions {¢; } form a complete orthonormal system
in L%(Q), and therefore the Morse index of u, that is, the maximum integer k in
o < 0, is equal to the number of eigenvalues of (9.11) in u < 1, where oy is
the value defined by (9.9). In terms of w = A~ !¢, problem (9.11) is equivalent
to finding w € dom(A) such that

Aw = ,Uﬁ(w — %/ Tw dx). 9.12)
Q

Thus, dim X _, the Morse index of u, is equal to the number of eigenvalues of

(9.12) in © < 1. Now we shall show that this number is also equal to that of

negative eigenvalues of M defined above in terms of v = A~ 7.
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For this purpose, first, we examine the variational structure of . In fact,
given v € C(Q) N dom(A'/?), we have

J(v) =W (fr(v),v) —Alogi

for fu(v) = AWe'/ [ WeV dx by (6.15). In terms of
0 . _
¢s = — H(0+sw)
as
this implies

d
%JA(5+ sw) =W, (f,(0+sw), v+ sw) [gs]
+ W, (i 4+ sw), v+ sw) [w].

By means of [, f1(U + sw) dx = A, it holds that

/(psdsz.
Q

Wu(fs@ +sw) , U+ sw)[g;]

Z/ 7 {logfk(i—i-sw) —logW — (i+sw)}dx
Q

=/¢s-{10g)»—10g</ We“swdx)}dx:o
Q Q

This implies

and hence
%JA(E+ sw) =W, (fi(v 4+ sw), v+ sw) [w] (9.13)

holds true. In particular, we have

d
F@Iw) = T @ +sw)|

=Wy (/o.(0),v) [w]
= — (@), w) + (A7, A2w).

Using assumption (9.1), we conclude that

7 € C(Q) Ndom(A'/?)
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is a critical function of 7, if and only if it satisfies (9.3). This means that the
positive function u = f; (v) is a solution to (9.4).
Let us compute the Morse index of v = v(x). In fact, putting

9 .
Y= (ps‘s:() = af)\.(v +Sw)L:O,

we have

d2
T @) [w, w] = ﬁjx(i +sw)|

= Wi, V)@, w] + Wyy(u, v)[w, w]
= HAl/zu)“2 — (p, w)

by (9.13). On the other hand, from u = f; (v) we have

a . _
= afx(v + sw) 0

B { Welw Wev fQ WePw dx }
fsz Wev dx (fQ Wevdx)2

:ﬁ(w— %/;Zﬁwdx).

Therefore, we have

1
w:ﬁ_lgo—i-—fﬁwdx
Ao
and hence

1 2
((p,u))z/ﬁI(pzdx=/ﬁ<w——/ﬁwdx) dx
Q Q o)

follows from [, ¢ dx = 0. We obtain

2
T @) [w, w] = HAl/szZ—/ ﬁ<w—%/ ﬁwdx) dx  (9.14)
Q

Q

and the linearized operator M stated above is realized as

1
Mw=Aw—ﬂ<w——/ﬁwdx)
A Ja
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with w € dom(M) = dom(A), that is,

T Wlw, ¥1 = (Mw, )

for w € dom(M) C dom(A!/?) and ¥ € dom(A'/?).

Here, we apply the theory of perturbation [77], which assures that M is a
self-adjoint operator with respect to the standard L? norm, and that its normal-
ized eigenfunctions form a complete orthonormal system of L?(£2). Further-
more, there is a maximum linear space ¥ C V = dom(A!/?), denoted by Y_,
satisfying

T @[w, w] <0 (9.15)

for any w € Y \ {0}. Its dimension is equal to the number of negative eigen-
values of M, that is, the Morse index of v, and is finite. Thus, we have only to
show that the number of negative eigenvalues of M defined above is equal
to that of eigenvalues in © < 1 of (9.12) for the given positive function
i =1u(x) € P, € C(Q). Here,

b(v,w):/gﬁ(v—%/éﬁvdx)-(w—%/gﬁwdx)dx

is a nonnegative bounded bilinear form of v, w € L%(2),and V = dom(A'/?)
is a Hilbert space provided with the inner product

a(v, w) = (Al/zv, Al/zw)

defined for v, w € V. Problem (9.12) is equivalent to finding w € V =
dom(A'/?) such that

a(w,v) = ub(w, v)

foranyv € V.
Since A~! : L2(Q) — L%(Q) is compact, Riesz’s representation theorem
induces the compact operator S : LZ(Q) — Lz(Q) through the relation

a(Sv,w) =b(v, w),

where v € L*(Q), Sv € dom(A'/?), and w € dom(A!/?). Then, problem
(9.12) is written as

Sv:u_lv
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with v € L?(), which is equivalent to finding
v eV =dom(A?)
such that
Sv=p"lv. (9.16)
This S is reformulated as a compact operator on
V =dom(A'/?),

because v € dom(A'/2) implies Sv € dom(A). It is symmetric with respect
to a( , ), and therefore its normalized eigenfunctions, denoted by {v;}, form
a complete orthogonal system of ran(S) = ker(S)L in V = dom(A!/?).
Here, normalization and orthogonalization are taken with respect to the norm
JAYZ. .

Given v € L%*(2), we have b(v,v) = 0 if and only if it is a constant.
Conversely, we have

b(1,v) =0 9.17)

for any v € L?(2). Therefore, in the case of 1 gV = dom(A!/?), we have
ker(S) = {0} and the maximum linear space ¥ C V satisfying (9.15), de-
noted by Y_, coincides with the linear space generated by the eigenfunctions
of (9.12) with u < 1. Hence the Morse index of u is equal to the number of
negative eigenvalues of M, that is, the Morse index of v. In the other case of
1 € V = dom(A!/?), it holds that ker(S) = {1}. However,

Lﬁ(v—%/ﬂﬁvdx)dx:O

holds for any v € L?(2), which implies
a(l,v) =(1, Av) =0

for any eigenfunction v of (9.16) by (9.12). If V denotes the linear space gen-
erated by eigenfunctions of S defined on V = dom(A'/?), this means V L {1}
with respect to a(, ), where {1} denotes the linear space generated by 1. Hence

Ve’ =v

follows.

Using (9.17), we obtain again that Y_, the maximum linear space ¥ C
dom (A'/?) satisfying (9.15), coincides with the linear space generated by
eigenfunctions of (9.12) with © < 1. We have the same conclusion in this
case also, and the proof is complete. a
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From the proof of the above theorem, we have also
dim ker(L) = dim Xo = dim ker (J;' (V) .

We call dim X_ 4dim X the augmented Morse index of u or v. Now, we show
that the stationary solution to the (N) and (JL) fields takes unstable and center
manifolds with the dimensions equal to Morse and augmented Morse indices,
respectively, in the simplified system (3.1):
uy=V-(Vu—uV@+logW)) in Qx(0,7),
0 ad

—u—u—@w+logW)=0 on 92 x (0,7),
av av

Av=u for te€(0,7). (9.18)

We shall show that the Morse index represents the stability of the equilibrium
state faithfully even in the full system of n = 2. Furthermore, this result is
extended to more general systems.

For the moment, we develop a formal argument to take the structure of the
problem. Namely, if ' (u) is identified with

logu —ulogW — A7y
through usual L? inner product, then the simplified system is written as
u; =V- (uV}'/(u))
and its stationary problem is given as (6.7):

—1

logu — A™'u — log W = constant, Hu”l =A. (9.19)

Since the stationary solution u is characterized by
F'@w) =0,
the linearized system is given by
¢ =V - (@VF' @),
or equivalently,
o =V-@va'ep—A"lg) in Qx(0,7),
a

5(ﬁ‘%p-A‘kp):O on 9 x (0, 7),

/ ¢dx =0 for te(0,7). (9.20)
Q
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In what follows, these operators S, T and families {v;}, {u;} are differently
denoted from these defined above. On the other hand, the bounded self-adjoint
operator L on L%(Q) continues to indicate the one associated with the bilinear
form

£<<p,w>=fﬁ—‘wwdx—(A“/zw,A—”zvf)
Q

and the norm || - ||;-1 in such a way as

Lp, ¥) = (Lo, Vu,

where ¢, ¥ € L%(Q). Namely, S denotes the self-adjoint operator in L?()
associated with the bilinear form

S, w) = / uVv-Vwdx
Q

defined for v, w € H'(€2) and usual L% norm || - | in such a way as
S, w) = (Sv, w),
where v € dom(S) c H'(Q) and w € H' (). This implies
dom(S) = {v e HX(Q) | g—: —0 on asz}
and
Sv=-V.(@Vv)
for v € dom(S) under the assumption of u € CY(Q).Let H = Su~'L with
dom(H) = {(p e L2(Q) |u 'Ly € dom(S)}.

Then, (9.20) is realized as the evolution equation in L(Z)(Q),

de
L 4+ Hp=0. 9.21
o + Ho 9.21)

If we have # € C2(2) furthermore, and

HA_l HLZ(Q),H2(Q) < A(2) (9.22)
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holds with a constant A(2) > 0, then

dom(H) = {¢ € HX@ N L} | ;—v(ﬁ_lw — A7) =0om a0} ©.23)
is a closed subspace of H2(Q)N L%(Q) and

Hp=-V - @vVa'o— A7) (9.24)

holds for ¢ € dom(H). Then, the well-posedness of (9.21) is assured by the
following theorem.

Theorem 9.2 Let u = u(x) be a stationary solution to (9.18) inu € C*(Q)
and suppose that (9.22) holds. Then, the operator —H defined by (9.23) and
(9.24) generates a holomorphic semigroup

{e_tH }rzO

in Lg(Q). Furthermore, 0 (H) = 0,(H) C R and the numbers of negative
and nonpositive eigenvalues of H are equal to the Morse and the augmented
Morse indices of u = u(x), respectively.

Proof: We study the spectrum of H first, and take the eigenvalue problem of
finding ¢ € dom(H) such that

Hp = no. (9.25)

We note that the inverse operator of S in L2(£2) is realized by ! : L%(Q) —
L2(RQ) for

LAQ) = {v e L*(Q) | (v, uw) =0},
where S~!w = v if and only if
—V-@Vv)=w in £,
ov

— =0 on 092, /ﬁvdx:O.
v Q

On the other hand, relation (9.25) means
Su 'Ly = pg € L§(RQ)
with 7! Ly € L%(Q), and hence it is equivalent to

u 'L =pSs g,
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or finding ¢ € L%(Q) such that

Lo, ¥) = u(S g, ¥) (9.26)

for any ¢ € L(Z)(Q).
Now we introduce T : L(Z)(Q) — L(z)(Q) by Tw = v if and only if
—V-@Vv)=w in &,
v

— =0 on 0%, /vdx:O.
av Q

Then (9.26) is equivalent to finding ¢ € L(Z)(Q) such that
L, ¥)=uTo,¥) 9.27)

for any ¢ € L%(Q). Here, T : L%(Q) — L%(Q) is a compact positive self-
adjoint operator satisfying

ran(T'/?) = H'(Q) N LE().

Taking v = T'/?¢ and w = T'/?y, we see that (9.27) is equivalent to finding
ve H(Q) N L%(Q) such that

LT V20, T712w) = pu(v, w) (9.28)

forany w € H'(Q) N L§(K).
The bilinear form

L, w) = LTV, T712w)

defined for v, w € H'(Q) N L3(R) splits in

L=Ly— Ly,
where
Lo, w) = (@ 217120, a 12171 2w)
and
£1(v,w) = (A~ 12TV, A=12T-1/2y).
Here,

ﬁo(v, V) & ||T_1/2v||2



190 Free-Energy and Self-Interacting Particles

forve HY(Q) N L2 o(€2)and A~ 172 12(Q) — HY(Q) is bounded because of
(9.22) and the 1nterpolat10n theory. Also, we have

for w € D(AY?) with AY2w € L%(Q), and hence each ¢ > 0 admits C; > 0
such that

lwl < e|AY2w| + CL| T2 AY 2w
for any w € A~1/? (L%(Q)). Therefore, we have C, > 0 satisfying

0<Li(v,v) <elo,v) + Ce HU”2

for any v € HY(Q) N L2 0(€2).

On the other hand, the self-adjoint operator in L2 0(€2), associated with the
bilinear form ﬁo on H'(Q)N L2 0(§2) x H'(Q)NL? (€2) and usual L? norm, is
givenby Go = T~/ u T 1/2.

Lo, w) = (Gov, w),
where v € dom(Gg) C H! (Q)ﬁL () andw e H! (Q)DL (€2). This implies
dom(Go) = H*(22) N L3(Q) N L2(RQ)
with
worn(e - L)

and also that Gy U= rl2gri/2is compact in L2 0(§2). Then, the perturbation

[77] guarantees that L is associated with a self-adjoint operator with com-
pact resolvent in L2 5(€2). Consequently, problem (9 28) provides a complete
orthonormal system of L? (€2), denoted by {v;} C HY(Q) N L2 0(€2). We have
L2(Q HY(Q
[ =@,  [wi]"® =H'®@nLi®,
and (v,-, vj) = 5,‘j.
Here, we recall the decomposition

L) =X_® Xo® X4 (9.29)
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Since T-Y2 : HY(Q) N L%(Q) — L%(Q) is an isomorphism, the numbers
of negative and zero eigenvalues of (9.28) are equal to dim X_ and dim Xy,
respectively. The system of eigenfunctions of (9.25) is given by {¢;} for ¢; =
712y € L(Z)(Q). It satisfies

L2(Q
1" =13 and Ligi, 9)) = widij

[ (i}
by (9.27). This decomposition (9.29) is orthogonal with respect to the norm
Il - ll;-1. However, these subspaces are eigenspaces of L are orthogonal also
with respect to L(, ). Thatis, L(¢, ) = 0 if ¢ and i belong to the different
spaces of X_, Xo, and X . Furthermore, £ is equivalent to (, );-1 on X4,
respectively. Therefore, we can introduce an equivalent inner productto (, ),
on L3(Q) = X_ & Xo ® X+ by

+L(d.Y) (9, ¥ € Xy)

CP= N6 wpexo
and
@, V) = G ¥) g + (Y0, $0)z + 1 Vi) g
for
p=¢-+¢do+ P € X_ D XoD Xy
and

V=Y_+vYo+vreX_ D Xo® Xy.

Putting n = dim X_ and m = dim X, we arrange o (H) = 0,(H) = {u;}
as

1 < Sy < 0= ppy1 = = Untm+1 < Uimtntl < - --
A i . +
We take ¢; = \/iTu according to +u; > 0 and retake {(pi};":n’ﬂrl to be an
orthonormal basis of X with respect to || - ||. In this way, we obtain a com-

plete orthonormal system {gﬁl} in L%(Q) with respect to (, )., composed of
eigenfunctions of H. Then, it holds that

[{(ﬁi}?:l

L2(Q)

LZ(Q) A yn+m+1
] =X, [{¢i}i=n+1 ] = Xo,
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and

L2(Q)
[ = x.

A o0
[{% }i:n+m+l
and therefore —H generates the holomorphic semigroup
—tH
{e ' }tzO

in L3(S2) defined by

o0
Z m’ v §0z bi
i=1
where the right-hand side converges strongly in L2 5(€2) because of
dim X_ < 400

and the proof is complete. O

Returning to (9.18), we define the perturbation from the stationary solution,
taking the stationary solution u = u(x), put u = u + ¢, which is a system of ¢:

o=V -@va'eo—A"p) -V (pVAly) in Qx(0,7),
0 9
i (i —ATlg) =g —ATlp on 99 x (0, T),
/ pdx =0. (9.30)
Q

Henceforth, X = L%(Q) is provided with the standard L? norm. If
5 av
dom(4) c fv e HAQ) | S-=0 on 0e}, 9.31)
%
then the quadratic term vanishes in the boundary condition of (9.30), and
D = dom(H) = {(p e HX(Q) N L3(S) | —(ﬁ_lgo)‘ - 0} (9.32)

is a closed subspace of H?(£2). We show that the nonlinear mapping N : D —
X = L§(R) is well defined by

N(p) = =V - (pVA~'p)
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in the case of n < 8. Then, (9.30) is reduced to the evolution equation

do _ . 2
E+H¢_N¢ in X = Ly(), (9.33)

This fact is justified by the next lemma, because it assures
N(D) C L§(R)

by (9.31) and the generalized Green’s formula [59]:

9
/ Nedx = —<1, <p—A—1<p> —0,
Q av

where (, ) denotes the pairing between
H'Y?203Q) and H'Y?0Q).

Now, we show the following lemma.
Lemma 9.1 Under the assumption of (9.31), the continuous bilinear form

(@, v)eDxD  V-(pVA~ly) e L}(Q) (9.34)
is well defined forn < 8.
Proof: We recall the constant A(p) > 0 introduced in (3.5):

HA_l HLP(Q),W2vP(Q) = A(p) 9.35)
and the relation
V- (pVAT'Y) =Ve - VAT Y +oAA Y.

In fact, taking r, p € (1, 00) in % + % = %, we have
lo-aa=v] = lel, - a@)- v,
Here, by Sobolev’s imbedding theorem we obtain
lel, = Kslel, and v, < Kslel
=

here K3 > 0 is a constant determined by €2.

’

A SI=

w
, that is, n < 8, we have such r, p and then

lo-aav] = &5 A@) - [elplv

follows.
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Similarly, we have

[Vv - va=ly | =< |Vel, - [va~lv],

forr, p € (1, 00) in %4— % = 1 Using Sobolev’s imbedding theorem, we have

[Vel, < Kalel

for % — % < % and
[Va=lv |, < Ks- A@) - ¥,
forg € (1, 00) in% = é — % and%} = % — %, where K4 > 0 is a constant
determined by €2. We have such r, p, g € (1, o0) if <% — %) + (% — %) < %,
or n < 8 again, and then
|V -vaTly| < ki -A@ - el v ],
follows. The proof is complete. O

Condition (9.31) is satisfied for the (N) and (JL) fields. If this is not the case,
we need the fundamental solution to treat the inhomogeneous boundary con-
dition of (9.30). From this technical difficulty, local dynamical theory around
the stationary solution has not been clarified for the (D) field. From now on,
we shall concentrate on the case (9.31).

Let O : X — X_ be the projection defined by

n
QU = Z (U, (ﬁi)[:@i,
i=1
and XJ’_ = (I —Q)D C D. Given a time interval / and an exponent o € (0, 1),
we put

lwlice,py = llwllLe, py + [wlcer, py »

lwll L. py = sup [w®)| p,
tel

lw(t) —w(s)lp
[wlce,py = sup o
t,sel,t#s |t - Sl

’

lwllcgo.11.0) = llwllzeeo,1,0) + [*WO)] cago.1. 0y -

The sets G¢ and Gy, stated there, are to be called local unstable and stable
manifolds of u = u(x), respectively. Thus, we have the unstable manifold
with the dimension equal to the Morse index, in the case that the stationary
solution is not degenerate.
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Theorem 9.3 Ifu = u(x) € C*(Q) is a stationary solution to (9.18) satisfy-
ing (9.19), Xo = {0}, n <8, (9.35), and (9.31), then we have a neighborhood
B of ¢ = 0in D defined by (9.32), and the Lipschitz-continuous mappings

®:BNX_ - X4
and
\D:Bﬂ)?Jr—)X_

differentiable at ¢ = 0, satisfying ®(0) = 0, ®'(0) = 0, ¥(0) = 0, and
W' (0) = 0. Furthermore, given wg € D, we have the following items, where
a € (0, 1) and Ry > 0 is a small constant.

1. Thiswgisin Gy = {(go, D(p)) | ¢ e BN X_} if and only if Qwg € B
and there exists w € C* ((—o0, 0], D) satisfying

dw
Z—i—Hw:Nu} (—o0 <t <0),
lwllce((=00,01,0) < Ro,

w(0) = wo,

Jim_[wo], =0.

2. This wo is in Gy = { (¢, ¥(9) | ¢ € BN Xy} if and only if
(I — Q)wgy € B and there exists w € Cg((O, 11, D)NC(0,1], X) N
C*([1, +00), D) satisfying

dw
$+Hw=Nw 0 <t < +4+00),
lwllce(o.11.0) + llwllce((1,400).0) < Ro,
w(0) = wo,
i Ju], =0,

Proof: Since the results are obtained by the general theory [93], we have only
to show that N € C!(D, X) and its derivative N is locally Lipschitz continu-
ous in D. In fact, we have

N@y ==V (eva~'y) - V- (yva~ly)

and the right-hand side is regarded as a continuous bilinear mapping from D x
D into L(Q)(Q) by Lemma 9.1. All requirements are verified and the proof is
complete. a
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We recall that the first eigenvalue of H is denoted by oq. Then, for a €
(—00, 01) we have

Dij =dom ((H —a)'/?) c H'(Q)
from the interpolation theory. This implies that
(0, ¥)eDxD  V-(pVA~'y) e Dip

is a continuous mapping if n < 6. The following theorem is obtained similarly,
where

n+m

Qov = Z (v, @), @i

i=1
)2+ = — Qo)(D),and p : X_ & X9 — R s a smooth mapping such that

L (el = 1/2),

0< <1 d =
<p(@ =<1 and p(p) 0 (ol = 1),

There,
M={(p.Tp) | ¢ € X_® Xo, llol <r/2}

is to be called the local center unstable manifold of # = u(x). Thus, we have a
center unstable manifold with dimensions equal to the augmented Morse index.

Theorem 9.4 Under the assumptions of the previous theorem except for Xo =
{0}, if n < 6 we have r > O sufficiently small and the bounded Lipschitz-
continuous mapping I' : X_ ® Xo — X4 such that if yro = T o, then there
existp = @(t) € X_ ® Xogand ¥ = ¥ (t) € X4 such that

de
- THe = QoN(p(/r)e +¥),
dy

o T HY = (= QN (p(p/r)p + V)

fort € (=00, +00), ¢| = g0, and Yli—o = Vo.

In the full system, on the other hand, the spectral properties of the linearized
system around the stationary solution are disturbed by 7. Consequently, the
analogous result to Theorem 9.2 will not hold, because this field provides
streaming movement to particles.



9. Dynamical Equivalence 197

To confirm these facts, we take the (N) field with W = 1:
u; =V-(Vu—uVv) in Qx(0,7T),
Ty =Av—av+u in Qx(0,7),
du  dv
v v
In this case, A is equal to —A 4 a with the Neumann boundary condition
with a constant a > 0, and system (3.1) takes the stationary constant solution
(u,v) = (A/|R2|, A/ (a]|2])) for each A = |ug|l;, which forms the branch
of trivial solutions, denoted by C. in & — v space. In this case, the linearized
system around this (u, v) is given as
or = Ap —ulAy in Qx(0,T7T),
=AY —ay+¢ in Qx(0,7T),

=0 on 02 x (0,T).

0 d
o9 _3 _ on 9% x (0, T),
av v
/wdxzo for 1€(0,7),
Q

and the corresponding eigenvalue problem takes the form of
Ap —ulAy +n¢ =0 in £,
o+ A—a) Y+ =0 in Q,

0 0
_<ﬂ:_1/f20 on 0%,
av ov
/godsz. (9.36)
Q

Defining the eigenvalues of —A in 2 under the Neumann boundary condition
by
mo=0<puy <pp <---,

and expanding ¢ and y using the associated eigenfunctions, we see that 7 is
an eigenvalue to (9.36) if and only if it is either that of

Y —U L
T\t e (i +a)

for i > 1 or that of Ay with the eigenvector (0, 1). This means that n =

v~ !a > 0 fori = 0 and 5 is a root of

772 — [(1 + r_l)m + r_la]n + M,"E_l (wi+a—u)=0 9.37)
fori > 1[142].
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These eigenvalues of the constant stationary solution are actually involved
with 7, but we can show that any eigenvalue 5 is shown to be real, although
it is not known that this is always the case even for the nonconstant stationary
solution. On the other hand, the lowest eigenvalue is taken from either t~'a or
(9.37) with i = 1 in this case, and therefore (u, v) is linearized stable if and
only if

_ A

a>u—ﬂ1=@—ﬂ«1,

regardless of the value t. Actually, the dynamical stability in the full system of
any stationary solution is controlled by its Morse index.
More precisely, if

(@, v) € P, NC(Q) x C(R) Ndom(A'/?)
is a stationary solution to (3.1):

up=V-(Vu—uV@+logW)) in Qx(0,7),

ad 0
—u—u—@w+logW)=0 on QL x (0,7T),
av av
d
TEU +Av=u for te(0,7T), (9.38)

then these u and v are critical functions of F on P, and J,, respectively, and
it holds thatv = A 'wand u = fo.(v). We say that (i, v) is linearized stable
if the augmented Morse index of u, and hence that of v, is 0, and linearized
unstable if the Morse index of u, and hence that of v, is not 0.

Remembering that L log L(2) denotes the Zygmund space on €2 and its
norm is provided by

VN g

= 1
Pliige = [ 171og (e+ 0

we can show the following theorem.

Theorem 9.5 Ifn < 2, the assumptions of Theorem 3.2 hold, the initial values
are in

(o, vo) € WHP(Q) x A™! (LP())

with p > 2, the supremum of the existence time T > 0 of the solution to
the full system (9.38) is denoted by Typax > 0, CZt0(Q) N A~V (LP(RQ)) is
compact in A~V (LP(R)) for @ € (0, 1) and p > 1, and (u, ) is a stationary
solution to (9.38) satisfying |[i||; = A and @ = u(x) € C*(Q), then we have
the following:
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1. If (u, ) is linearized stable, then there is ey > 0 such that

||u0||1 = A [uo_ﬁ]LlogL < €0,
|AY2 (wo —v) || < &0 (9.39)

implies Tmax = +00 and

Jlim. {uw) =], + v -3] ) =0. (9.40)

2. If (u, ) is linearized unstable, then any ¢ > 0 admits an initial value
(ug, vo) such that

Juoll, =2, Juo =7 +[vo -7, <e. (941)
and

Jiminf {lu@® =] g, + 142 00O =D |} > 0. ©42)

Here, (9.31) is not necessary to assume.
Proof: First, if
(@, ) € P, N C(Q) x C(R) Ndom(A!/?)
is a stationary solution to (9.38), then we have
v=A"'@) e AT (LP(Q) c WHP(Q)
and
= f,(v) e WhP(Q).

Thus, (i, v) belongs to the function space where the well-posedness of (9.38)
is assured.
Next, the inequalities

If|+|gl>

|£1og| 1~ gloglgl = (f = )log|f — gl| <21/ — gllog (e +
lf — el

L U1+g 11+ gl
/|f— g (e 50 ) dx < 1 — gl log (e 4+ 11 L)
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are known [72], and therefore using

| If—glloglf—gldx‘

lf — gl lf — gl
d
~el [l e e

+||f—g||1-\lognf—gn1\
<l sl f (e ) e (e =)

+lf el - [log | — el
:[f_g]LlogL+Hf_g|‘1(e_1+e_l‘9|+‘log Hf—gH1|>,

we obtain

|| f1ogis1 - gloglglax
Q

|1, + lells
[ -l )

+ 17 =gl (e + e |2l +|10g £ =gl |) + [f = 8], 0g

<27 — g, tog (e +

This implies the continuity of
feLlogl(2) ffloglfl dx.
Q
On the other hand,

(u,v) € Llog L(2) x EXP(2) + f uvdx
Q

is a continuous bilinear form [135]. Furthermore, H'!(€2) ¢ EXP(2) holds if
n < 2 by the Trudinger—Moser inequality [164]. Therefore, we have a constant

L > 0 determined by €2 such that
‘/ wvdx| < Lluliogr | A0 (9.43)
Q

for (u, v) € Llog L(2) x dom(A'/?). In particular,

(u,v) € Llog L4 (Q) x dom(A'?) +— W(u,v) eR (9.44)
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18 continuous, where
LlogL{(Q) ={u e LlogL(Q)|u >0 (a.e)}.

Now, we show the second part of the theorem. In fact, any eigenfunction
of L = I — PuA~! with the eigenvalue not equal to 1 belongs to H>($2) by
e C3(Q) and u(x) > 0 for x € Q. Since u is linearized unstable, we have
@1 € H*(Q) C C(RQ) satisfying

/ p1dx =0 and F'@)[e1, p1] =28 < 0.
Q

Here, we have
F'wu(s)ler, g1] = / u(s) ot dx — (o1, A" 1)
Q

for u(s) = u + s¢; with |s| <« 1 similarly to (9.6). Therefore, there exists
s1 > 0 such that

Fl'w(s)lpr, ¢1]1 < =81
for |s| < s1. By means of ¢» = 5191 € HQ(Q) and 6, = 81s12 > 0, this implies
F'(u + sg2)@2, 921 < —82

for |s| < 1. Therefore, we obtain

1 1
Fu+spp) —Fu) = 5/ (1 =02 F (@ + stga)[sp2, sgal dt
0

2
5§87
<= 9.45
= (9.45)
for |s| < 1.
Given ¢ > 0, we take s in 0 < |s| < 1 such that (9.41) holds for

up=u-+sgy and vg= Ailuo.
Then, we obtain
(o, vo) € WhP(Q) x A™! (LP())

and

W (u(), v(1)) = W (uo, vo) = F(uo)

28 25
< F@) - =2 = W@ o) -~
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for t € [0, Thmax), and therefore relation (9.42) follows from the continuity of
(9.44). Thus, we obtain the second part.

The first part is proven by the method of [164]. In fact, if v = v(x) is
linearized stable, then we have §3 > 0 satisfying

T @)w. w] = |4 Pw|* - f a(w- 1/ Tw dx)zdx
Q Ao
> 283 AV 2w ||
for w € dom(A'/2). On the other hand, for

v, w € dom(A?) c H(Q)

we have

i = |4 [ (o=t [

2
uw dx) dx
Q

similarly to (9.14), where u = f; (v). Therefore, there is ¢; > 0 such that
T @+ Olw, w] > 84w (9.46)

for w, ¢ € dom(A'/?) in HAI/ZQ‘ H < &1. This implies
1 1
FT+0 =@ =5 [ =P T+ 50l c1ds
8
> a2’

for ¢ € dom(A!/?) in ||A1/2§ || < e1. Now, we use of the following lemma.

Lemma 9.2 If (u, v) is linearized stable, then we have
— 33 1/2 — 12
W(u,v) = W3, v) > g||A w-v) " (9.47)

for (u,v) € Llog L1 (2) x dom(A'/2) satisfying u € P)_and

|AY2 (0 =) | <er.
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Proof: We have ||u||; = A. Putting

AWev

= [ We'd d =,
H ,/Q ¢'dx and ¥ fQWevdx

we obtain

0:—10g(/9%dx>:—10g( Q%-%d}C)ﬁ/g(—log%)-%dx

by Jensen’s inequality. This means

/ (logu —logy) -udx >0,
Q
or equivalently,

AWev

W o =W e

v>=/ (ulogu —ulogW —uv) dx
Q
+Alog</ We”dx)—klogAZO.
Q

We now recall (6.15):

AWe?
W(m, U) = j}‘(v) + )LlOg)\
Q
Actually, this implies
AWe? ) ( AWev _)
-,V ) — ———,V
fQ Wev dx fQ Wev dx
= J(v) = Jr(v),

and therefore (9.47) holds for |A'/? (v — D) || < &1. The proof is complete. O

Wmm-W@sz(

To continue proving the first part of the theorem, we put £ = minf{e;,1/L},
where L is the constant in (9.43). Then we take §4 > 0 satisfying

_ 885
W(u,v) —W(u,v) < EYS (9.48)

for any (u, v) € Llog L4 (2) X dom(A'/2) such that
[u—lpogr <8 and [|AYZ (v —7) | < &4,

and put &g = min{d4, £2/2}.
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If (ug, vo) € WHP(Q) x A~ (LP(Q)) satisfies (9.39), then we have
W(u(t), v(t)) — W(u, v) < Wluo, vo) — W(u, v)

538%
-2 9.49
24 ©.49)
fort € [0, Tmax). Att = 0, we have
|AY2 (u(t) = v) | < e2/2. (9.50)

Even if
A2 @) =) | = e2/2

holds for some #; € (0, Tmax), inequality (9.47) still holds for (u,v) =
(u(tl), v(tl)). Therefore,

8 8362
éHAl/Z W) - | < %
follows from (9.49) with t = ¢, but this means
|AY2 it —v) | < e2/2,

a contradiction. Therefore, inequality (9.50) keeps to hold for ¢ € [0, Tiax). In
particular, we have

\/Qum () = ) dx| = L]0z |42 00 =) |

1
=3 [ (t)]L10g L 9.51)
for t € [0, Thmax) by (9.43). Here, we use the following lemma.
Lemma 9.3 We have

[flriogr = /Q |fllog|fl dx +el fliv- 2] = I fll1logll fll1 (9.52)
for f € Llog L(£2).
Proof: Writing

it A g (o s M
[f]LlogL =flh o Il flh log (€+ ||f||1>dx’

we apply sup;. g log(# =1:

log(1 -1
slog(e+s)—slogs=e-M <e,

-1
es
where s = | f| /|| f|l1. Then (9.52) follows. O
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We continue the proof of the theorem. By means of (9.51) and (9.52), we
obtain

/(uv)(t) dx = / u(t) (v(t) —v) dx +/ u(t) -vdx
Q Q Q
1
= S ®OlLiogr + 2 V]
< 1{/ (ulogu) (1) dx + e |Q| — Mogx} + |7l .
21 Jg o0
On the other hand, we have
/ (ulogu —uv) () dx — Alog |V < W (u(), v(1))
Q
< W(uo, vo).

These inequalities imply

/ (ulogu) (t)ydx < C (9.53)
Q

with a constant C > 0 independent of # € [0, Tihax). Then, the argument of
Chapter 4 guarantees that Tinax = +00 and

sup Hu(t)Hoo < 400.
t€[0,00)

This implies the compactness of the semiorbit
O = {w®), v)},., € W (Q) x A~ (L7 ()

by Theorem 3.2, and then, theory of the infinite-dimensional dynamical system

[61] is applicable. Thus, the w-limit set of O, denoted by w (), is contained in

the set of stationary solutions. Therefore, (uy, vy) € @ (QO) implies j)i(v*) =0.
On the other hand,

|AY? (e =) | < 82/2

follows from (9.50). This implies v, = v by (9.46), and hence u, = u. This
means w (0) = {(u, v)} and (9.42). The proof is complete. O
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Formation of Collapses

In this chapter, we conclude the study of stationary solutions and describe sev-
eral suggestions obtained by this for the dynamics of (3.1),

u,:V-(Vu—uV(v+logW)) in Qx(0,7),

d 0
—u—u—@w+logW)=0 on 092 x (0,7T),
av av
d
‘L'Ev—l—Av:u for te (0,T), (10.1)

in particular, the formation of collapses of the blowup solution. Thus, we take
the case n = 2, regarding the conjecture [33] and mathematical work [14,
50, 107, 106, 110, 146]. Therefore, stability of the stationary solution (u, v) is
controlled by its Morse index, and this Morse index is equal to the number of
eigenvalues in < 1 in the eigenvalue problem (9.12):

Aw = ,uﬁ(w _ %/Qﬁw dx). (10.2)

First, we study the (D) field, where A is equal to —A provided with the
Dirichlet boundary condition. In this case, (10.2) is equivalent to finding w €
Hg () such that

(Vw, Vi) = u (Hw, HY)z (10.3)
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for any ¢ € HO1 (£2), where
L[ _
Hw=w——f uwdx. (10.4)
A Ja

Here, we have (Hw, 1); = 0, and furthermore, if w € H(} (€2) is a nonzero
solution to (10.3), then

w=Huw
is a nonconstant function belonging to
H(Q) = {1// e H'(Q) | ¥ = constant on asz} .
Given 1} € HCI(Q), we have
V=9 — V|, € Hy(Q)
and hence
(Vd, Vi) = (Vw, V) = u (Hw, H{)y
follows. Furthermore, we have
(Hw, HY)g = (Hw, )z = (Hw, Y)z = (@, V)7

by (Hw, 1); = 0. Thus, we obtain a nonconstant w € HE1 (2) from this
nonzero w € HO1 (€2) satisfying

(Vd, Vi) = (b, ¥)z (10.5)

for any 1/A/ € HC1 (2).
Conversely, if w € HC1 (£2) is a nonconstant function satisfying (10.5) for

any ¥ € H!(Q), then

w=—|,, € Hy(Q)
is a nonzero function. Furthermore, given ¥ € H(} (£2) we have

¥ =Hy € H (Q)

and hence

(Vw, V§) = (Vid, ViF) = u(d, V)i
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follows. Here, we have
(D, )z = (Hw, ¥)z = (Hw, HY);

by (1, xﬁ)g = 0, which implies (10.3). Therefore, the eigenvalue problem
(10.5) is equivalent to finding ¢ such that

—A¢p = puug in
¢ = constant on 0J%2

0
/ % 46 =0,
IQ 81)

The first eigenvalue of the above problem is u = 0, which is associated with
the eigenfunction ¢ = 1. Therefore, the following lemma is obtained by the
mini-max principle.

Lemma 10.1 If A is equal to — A provided with the Dirichlet boundary con-
dition, then the Morse index of the stationary solution (u, v) to (10.1) is equal
to the number of eigenvalues of (10.5) in u < 1 minus 1. In particular, it is
linearized stable (resp. unstable) if and only if uy > 1 (resp. uo < 1), where

y =inf{ |V 3 | v e H (@), fmpdxzo, /wzdle}.
Q Q

The above lemma is valid even in the case of n # 2. It was found by
[162, 185] independently, where the Morse indices are defined in terms of u
and v, respectively. Thus, Theorem 9.1 was first proven in this special case
without being recognized explicitly, while a generalized abstract theory for
this equivalence is described in the last chapter.

We hereby apply the isoperimetric inequality, Lemma 8.14, for

_ AWeV
= U =———————=,
1 Jo Wevdx
where v is a solution to (7.1):
_ AWe? .
—Av=——— in Q,
fQ WeVdx
v=0 on 0. (10.6)

In more details, if A = ||EH1 € (0,87), 2 C R%is simply connected, and

—AlogW <0 in €, (10.7)
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then any stationary solution to (10.1) is linearized stable, where A is —A with
the Dirichlet boundary condition.

Theorem 7.1 says, on the other hand, that any family of solutions to (10.6)
can blowup only at the quantized value of A in 87 N. In particular, any ¢ > 0
admits C, > 0 such that any solution {v} to (10.6) with A € (0, 87 — ¢) takes
the estimate

[ = €

In particular,r the argument developed for the proof of Theorem 8.1 assures
the unique existence of the solution for 0 < A < 1, which is extended to
A € (0, 87) by Lemma 8.14 and the standard argument of continuation [166].
In other words, similarly to the first case of Theorem 8.1, the set of stationary
solutions

{Ov ) |4 € (0,8m)}

forms a branch in A — v space, and any other solution is not admitted for
A € (0, 8m). This implies, in particular, the unique existence of the stationary
solution (u, v) to (10.7), satisfying ||u||; = A € (0, 8x).

As is described in Chapter 4, on the other hand, nonstationary problem
(10.1) admits the solution u = u(-, t) globally in time if ||ug|l; < 8w satis-

fying

sup ||u(t)“oo < +00.
t>0

Therefore, the following theorem is obtained by the theory of an infinite-
dimensional dynamical system, similarly to Theorem 9.5.

Theorem 10.1 IfQ C R? is a simply connected bounded domain with smooth
boundary 02, A is equal to — A provided with the Dirichlet boundary condi-
tion, and W (x) > 0 is a smooth function of x € Q satisfying (10.7), then each
A € (0, 8m) admits a unique stationary solution (u,, v,) to (10.1) such that
lu, It = A, and if |luolly = A, then Tmax = +00 and

im0+ 00 — ;] o f =0,

where (u(t), v(t)) denotes the nonstationary solution such that ugy = ul;—,
both to the simplified and full systems of (10.1).

Problem (10.6) admits the solutions for A > 87 even if W = 1 and  C R?
is convex. This is actually the case when 2 is thin [20, 21, 24, 98, 167], and
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then the branch {(A, v,) ‘ A € (0, 871)} of stationary solutions to (10.1) does
not blow up as A 1 8x. In any case, if €2 is simply connected, then we have an
upper bound A < +o0 of A for the existence of the solution. (This is not the
case of multiply connected €2 [92, 112, 116, 166].

If W = 1 and  is close to a ball, then A = 87 and v, (x) of Theorem 10.1
takes the singular limit

lim v, (x) = 87 G(x, xp) (10.8)
A8

in Wh4(Q) for ¢ € [1, 2), with xo € Q satisfying
VR(x9) =0,
where G = G(x, x’) and

1
R(x) = [G(x, x') + . log |x — x/|]x/:)C

denote the Green’s and the Robin functions to —A provided with the Dirichlet
boundary condition, respectively [98, 166, 167].

If €2 is such a domain, then the limit as # 1 +oo of the nonstationary solution
u(-, t) such that

ul,_o=uo(x) for r=|uol, € (0,8n),

denoted by (u, , v,), becomes spiky as A 1 8. More precisely, it holds that
uy, (x)dx — 8mdy,(dx)

as A 1 8x. Then, we can expect that the blowup in finite time occurs for u(-, t)
if |lugll;1 = X holds with 0 < A — 87 <« 1, because the branch of station-
ary solutions formed by u, (x) does not exceed across A = 8m. Since this
branch leaves the singular limit 87 §0(dx) at A = 87, the above nonstationary
solution may make a collapse in €2 with the quantized mass. This is nothing
but a detailed observation of [33] concerning the threshold of A = |lugl|; for
Tmax < 400, regarding the formation of collapses of the blowing-up solution.

The above observed blowup mechanism of the nonstationary solution to
(10.1) will not be different from the other cases. In fact, in the (JL) field, the
operator A is defined by (3.4); Av = u if and only if

1
—Av=u — — udx in <,
12| Jo

9
A on 9. f vdx = 0. (10.9)
v Q
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Therefore, the stationary problem is formulated as

A A( We? 1 )
—Av = _— s
fQWe”dx |2]
3
P _0 on 9%, /vdx:O (10.10)
v Q

in terms of v, and the linearized problem (10.2) is equivalent to finding
we HY(Q) NLi(Q)
such that
Vw, V) = u (Hw, HY)g (10.11)

for any ¢ € H'(Q)nN L%(Q), where H is the operator defined by (10.4):
1 _
Hw:w——/ uwdx.
Ao

Ifwe  H(Q)N L(Z)(Q) is a nonzero solution to this linearized problem, and
take Y € H'(Q), then

== [ s
belongs to HY(Q)Nn L(Z)(SZ), and W = Hw € HY(Q) satisfies
(Vib, Vi) = (Vw, Vi) = p (Hw, HY);.
Here, we have
(Hw, HY)z = (@, ¥z
by (Hw, 1)z = 0, and therefore € H'(f) is a nonconstant solution to
(Vid, V) = p(d. ¥)z (10.12)

for any 1} e HY(Q).
If W € H'(R) is a nonconstant solution to (10.12), conversely, then
1

w—— | wdx e HY(Q)
12| Jo

w
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is a nonconstant solution to (10.11). Here, the eigenvalue problem (10.12) is
equivalent to finding ¢ such that

—A$ = pii¢ in K,

d
—d):O on 09Q.
av

This problem has ;= 0 as the first eigenvalue, and the associated eigenfunc-
tion is ¢ = w = 1. Thus we obtain the following lemma.

Lemma 10.2 If (10.1) is associated with the (JL) field, that is, if
Av=u

is equivalent to (10.9), then the Morse index of the stationary solution (u, v)
is equal to the number of negative eigenvalues of —A — u under the Neu-
mann boundary condition minus 1. In particular, it is linearized stable (resp.
unstable) if and only if up > 1 (resp. ur < 1), where

oy =inf | [V | v e H'@. /dexzo, /szdx:1}.

Because the stationary solution v satisfies (10.10), this lemma can be com-
bined with the following lemma obtained in the proof of Theorem 8.2.

Lemma 10.3 There exists 8 > 0 such that if @ C R? is a simply connected
bounded domain with smooth boundary 92 and q = q(x) > 0 is a smooth
function of x € Q satisfying

—Alogg <q in Q and f gdx € (4,4 4 9),
Q
then it holds that

inf{HwH; | weHl(Q),/ql//dx:O, /qz/fzdle} <1
Q Q

Consequently, we obtain the following theorem.

Theorem 10.2 [f 2 C R? is a simply connected bounded domain with smooth
boundary 3R, W = W(x) > 0 is a smooth function defined on Q, A is the
(JL) field, that is, u = Av if and only if (3.4), and condition (10.7) holds
for W = W(x), then any stationary solution (u,v) to (10.1) satisfying A =
lull1 € (4w, 4 + 8) is not asymptotically stable (even if it exits).
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We shall study the (N) field in comparison with the (JL) field. This time A is
equal to — A +a provided with the Neumann boundary condition, where a > 0
is a constant. Then, from Chapter 4, the condition ||ug||; = A < 4m implies
Tmax = +00 and sup,~¢ [[u(?)[lcc < +00.

If W(x) = 1, we have the constant stationary solution

(u,0) = A/ |Q[, 1/ (a|L2])

and its Morse index is calculated in Chapter 8. In particular, it is linearized
stable (resp. unstable) if and only if A < Aj (resp. A > Ajp), where A| =
|2 (a + ,uj) with u3 being the second eigenvalue of —A under the Neumann
boundary condition. Here, from the isoperimetric inequality of Polyd—Szego—
Weinberger, we have A1 < 4 for a > 0O sufficiently small, because the first
zero of the Bessel function is less than 47 [5]. If A1 < 47 and A € (A1, 47),
then 7 admits a global minimum in H!($2) with the minimizer denoted by
v. Then by Theorem 9.5, the stationary solution u = f(v) is asymptotically
stable if it is nondegenerate. By Theorem 8.1, on the other hand, any stationary
solution (u, v) is constant if 0 < A = |[u|l; < 1, and therefore if ||ug|l; =
A < 1 the constant stationary solution is a global attractor of the dynamical
system induced by (10.1).

In the (JL) field with W(x) = 1, we have the trivial solution v = 0 to
(10.10). This situation is quite similar to the (N) field with 0 < a <« 1. In
particular, the generation of nonradially symmetric solutions occurs to (10.1)
with € equal to the unit disc

Q=D={reR|lxl <1},

Studying the (N) field with W(x) = 1 and 2 = B in more detail [144], we
recall that {,u;‘ }c;o:l denotes the set of eigenvalues of

bl
—A with —- =0.
a

o e
Then, Lemma 8.3 clarifies how {uj}j>2 is committed to the spectrum of a
linearized operator around the constant solution to (8.1):

re?

—Av V= ————
ta Joevdx

in €,

ov
— =0 on 0%, (10.13)
ov
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that is, in this case of 2 = B, a complete system of eigenfunctions is ob-
tained by the separation of variables. If n denotes the number of zeros in radial
direction of the eigenfunction, and m its period with respect to the argument
mode, then there are double eigenvalues and 3 = w3, u; = us, and pg are
associated with the eigenfunctions with (n, m) = (0, 1), (n, m) = (0, 2), and
(n,m) = (1, 0), respectively, and ¢ is simple. Furthermore, we have uj < 4
and py > 8 [5].

The set of solutions to (10.13) on 2 = B is now illustrated as follows. First,
a branch of radial solutions to (8.1), denoted by C., bifurcates from that of
constant solutions, denoted by C,4, at A = A3 = |€2] (a + MZ) in A — v space
(Chapter 1). From the local theory of bifurcation, this C, is transversal to C,.
Then, the following theorem suggests that C,; is absorbed into A = 8.

Theorem 10.3 We have the following facts for (10.13) with 2 = B and v =
v (lx):

1. If A € (0, 81), then only constant solutions are admitted.

2. If . € (8w, A3), then there exists a nonconstant solution, where A3 =
12 (a + uf).

The first assertion justifies the numerical computation [33]. Then, the second
assertion assures the family of radial solutions

= {(A,vx)|8n <k<k3}

absorbed into the hyperplane A = 87 with the radial singular limit of Theorem
7.5. Thus, the functions on C, make one point blow up at the originas A | 8.

Now, we restrict ourselves to the case of 0 < a < 1. Then the first bifurca-
tion point A = Ay = || (a + M;) of the branch of constant solutions C, is less
than 4. At this point of A = A1, the linearized operator takes 0 as an eigen-
value, and the corresponding eigenfunction has the argument mode 1. Since
S! acts on B = , this bifurcated object forms a two-dimensional manifold in
A — v space, denoted by C;.

Regarding the second case of Theorem 8.1, we can expect that C; is com-
posed of the global minima of 7, (v) defined on H L(B) with A € (A1, 47), and
this branch continues up to A = 4m. Therefore, based on Theorem 8.2, we sus-
pect that C; does not exceed across A = 4, and C; is connected with a family
of singular limits denoted by Q1. Here, each element of O has a singular point
of its own on the boundary. This O; will be located on A = 47 in A — v space
and will form an object homeomorphic to S! because of the S! action to B.
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A similar profile is expected to the other two-dimensional manifold in A — v
space, denoted by Cy, bifurcating from C. at A = Ay = Q| (a + u}) > 87.
In more details, this C; will be connected with a S! families of singular limits
denoted by O, on the hyperplane A = 87, of which members have two singu-
lar points of their own on the boundary. The bifurcation diagram of C; will be
drastically changed in a >> 1, and then it bifurcates from C. at A = A1 > 4.
However, the ultimate state will be similar, absorbed into O as A |, 4.

If Q is slightly perturbed from B, then these C; and C, will be reduced to
curves making pitchfork bifurcations from C,, and similarly, both O; and O,
will be reduced to two singular limits of their own, but the other structures will
be kept (Figure 1.6). After such a profile is obtained for the set of stationary
solutions, then the dynamics of (10.1) with W(x) = 1, the (N) field, and 0 <
a < 1, is suspected as follows.

First, if

= Juof, € .20,

then any solution is global in time and converges to the constant stationary
solution uniformly in infinite time. Even if

A= Juo|, € (1. 47),

again any solution to (10.1) is global in time (Chapter 4), but now the constant
stationary solution located on C, is linearized unstable, while the nonconstant
stationary solution on Cj is the global minimum of 7 (v). Therefore, generic
solutions to (10.1) with |lugl|1 € (A1, 4) will have an w limit set contained in
Cy, because the linearized stability implies the dynamical stability (Chapter 9).
This means that they have a tendency to concentrate on the boundary with one
peak. One can expect that this tendency is kept even in

A= |uol|, € (4r, 8m).

However, only an unstable constant solution will exist as the stationary solu-
tion, and therefore except for the initial values on a thin set of stable mani-
folds of the constant stationary solution, the solution to (10.1) with |jug|; €
(47, 8m) will blow up in a finite time, concentrating on the boundary with one
peak. This profile is quite similar to the case of the (D) field described ear-
lier, but this time the (N) field, the boundary blowup point, is involved in the
threshold phenomenon of the blowup.

So far, we have obtained several suggestions for the dynamics of the non-
stationary solution from the study of stationary solutions. Now, we give the
following proof.
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Proof of Theorem 10.3 for the first case: We can apply Lemma 8.14 for 2 = B
and

HY(B) = {v eH'(B)|v= v(|x|)},

because it holds that H,1 (B) C HCl (B). Then, we obtain

inf{/ |Vv|2dx ‘ v E H,I(B),/ qv2dx =1, / qudx =0} > 1
B B B
(10.14)

for ¢ € C*(B), satisfying
—Alogg <qg in B and /qu < 8m.
B

Given a solution v = v (Jx|) to (10.13) on 2 = B, we put

re’

1= ervdx'

Then, the linearized operator is given as L = Lg + a, for Ly defined by (8.3).
Let Lg, be the radial part of Lg. Then, any eigenvalue of L, corresponding to
the nonconstant eigenfunction is positive by (10.14) and the proof of Lemma
8.12. Therefore, if A € (0,8m) and v = v (|x]|) is a solution of (10.13) on
2 = B, then Lq, + a is invertible.

On the other hand, any compact set

A C [0, +00) \ {87}

admits a constant C > 0 such that any solution v (Jx|) of (10.13) on Q = B
with A € A satisfies

lv]=cC (10.15)

by Theorem 7.5, and therefore the proof of Theorem 8.1 guarantees the unique-
ness of the radial solution for (10.13) for A € (0, 8). The proof is complete. O

Proof of Theorem 10.3 for the second case: We recall that ¢ is the second
eigenvalue in (8.6), associated with a radially symmetric eigenfunction of —A
under the Neumann boundary condition. Therefore, if A € (0, A3), then the
constant solution

s = 1/alQ
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is a strict local minimum of 7 (v) on H,1 (B), where
A3 =19l (a+ ug).
On the other hand, there exists vg € H ,1 (B) such that

Ta(vo) < Jr.(s)

if A > 8m. In fact, we have only to take xg = O in the proof of Lemma 8.5.
Now, we reproduce the proof of Theorem 8.1 for the third case, replacing

the underlying space H'!($2) by Hr1 (B). Then we obtain the conclusion, using

(10.15) for A € A. O

In the case of W (x) # 1, the calculation of the Morse indices of the station-
ary solution of the (N) field is not reduced for simpler problems as in the (D)
or (JL) field. However, the following theorem is obtained similarly to Theorem
8.2.

Theorem 10.4 If A is the (N) field: — A 4 a with the Neumann boundary con-
dition, and the positive smooth function W (x) satisfies (10.7) in (10.1), then
we have 6 > 0 such that any A € (4w, 4w +6) admits ag such that ifa € (0, ag)
then any stationary solution (u,v) in ||\ul|1 = A is not asymptotically stable
(even if it exists). Furthermore, this ag is locally uniform in A € (4, 4w +6).

We have observed that in the simplified system, the Morse index of the sta-
tionary solution is reflected faithfully in the dynamics of the nonstationary so-
lution near them, while the stability of the stationary solution is still kept in the
full system. If we have a stationary solution of which the linearized system as
the full system possesses a nonreal eigenvalue, then some spiral movement is
suggested for the nonstationary solution. This problem is open mathematically.
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Finiteness of Blowup Points

Similarly to life, thermodynamical circuitry enables
the organic activity against entropy, by a circular
reaction within the gradient of nonequilibrium.

— H. Tanaka

In this chapter we discuss the blowup mechanism of the nonstationary sim-
plified system of chemotaxis. This chapter is devoted to the proof of Theo-
rem 1.1.

The first process is to introduce the localized version of Theorem 4.1. Here,
Moser’s iteration scheme is applied and the blowup point of the solution is
characterized by the blowup of the local Zygmund norm around it. Then,
Gagliardo—Nirenberg’s inequality provides a universal constant &g > 0 sat-
isfying

lim sup || u(t) || [

t max

(Br(xo)nQ) = €0 (11.1)

for any blowup point xo € € and R > 0. The next process is to provide the
global profile of this localization by the method of symmetrization described
in Chapter 5. More precisely, the function

1 € [0, Tmax) +> ||u(t)HL1(B(x0,R)ﬂQ)
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has a uniform bounded variation, and consequently (11.1) is improved by

I}g;gf u@) HLI(BR(xo)mQ) = €0

This inequality implies the finiteness of blowup points by || u(t) || | = || uo || , for

t € [0, Tax), and therefore each blowup point is isolated, which induces the

chemotactic collapse with a sharp estimate of the collapse mass from below,

and hence an inequality estimating the number of blowup points from above.
Henceforth, we study the simplified system (3.1), provided with the (N) field

and W (x) = 1 for the sake of simplicity, that is,

ur =V -(Vu —uVv)

O0=Av—av+u } i §x0,1),

ou v

—=—=0 on 3Qx(0,7),

v v

ul,_o=uo(x) on , (11.2)

where Q@ C R? is a bounded domain with smooth boundary 92, @ > 0 is a con-
stant, v denotes the outer unit normal vector, and uy = ug(x) is a smooth non-
negative function not identically 0 on Q. As before, Tax € (0, +00] denotes
the supremum of existence time of the solution, and therefore Tiax < 400
means the blowup of the solution in finite time. Thus, we show that

u(x,t)ydx — Z m(x0)dy,(dx) + f(x)dx (11.3)

X()GS

holds in M() in the case of Tynax < +00, where 0 < f = f(x) € L'Y(2)N
C(Q\S), m(xg) = my(xo) with my(xg) = 87 and m,(xo) = 47 according to
x0 € NS and xg € 92 N S, respectively, and S denotes the blowup set of
u(-, 1) ast 1 Tmax. We confirm that the Dirac measure §y,(dx) € M(S) acts
as

(n(x), 8x(d)) = n(x0) (%0 € Q)

for n € C(S), and consequently, the finiteness of blowup points follows as
(1.28):

2 - fi(interior blowup points) + f(boundary blowup points) < Huo H ] /4w, (11.4)

In particular, if 47w < ||ug|l1 < 87 and Tmax < +00, then u(x, t) dx concen-
trates to a point on the boundary as ¢ 1 Tyax. An interesting open question is
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whether one can prescribe the numbers of interior and boundary blowup points
independently, that is, whether the quantization in space implies synchroniza-
tion in time or not. It is open also to exclude the equality of (11.4).

Some results proven for (11.2) are shown to be valid even for the full system,
for example, |lugll1 < 4w implies Tmax < 400 and there are chemotactic
collapses (11.3) for the radially symmetric case [108]. In fact, any xg € S and
R > 0 admit (11.1) even in this case. An important open question is whether
any blowup point is isolated in the full system, which we do not think to be
true (Chapter 1).

We show the result proven in this chapter more precisely. First, if Thhax <
o0 then

Jim lu)|,, =+o0 (11.5)

holds (Theorem 3.2), and we define the blowup set S of u (Chapter 1):
S = {xo eQ ‘ there exist #; P Thmax and xx — Xxg
such that wu(xg, ) > +o00 as k — oo}

Each xg € § is called the blowup point. The condition Tipax < +00 implies
S # @by (11.5). Then we have the finiteness of blowup points, (11.4), and the
formation of chemotactic collapse (11.3) as follows.

Theorem 11.1 If Tpax < +00, then we have (11.3) in M(Q) ast 1 Tpax with
m(xo) > my(xo) and

0<f=f(x)eC®\S)NL(Q), (11.6)
where
87 (x0 € Q),
my(xp) = 4
T (xo € 9R).

Henceforth, we put a = 1 for simplicity, using the Gagliardo—Nirenberg
inequality in two-dimensional space indicated as (4.32):

lwl3 < K*(IVwlif + llwl}). (11.7)

It is valid for any w € W1 1(Q), where K > 0 is a constant determined by .
We recall the notation

B(xg, R) = {x e R? | [x — xg| < R}.
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Given xg € €, now we take the cut-off function ¢ = @x, k', R defined for
0 < R" < R « 1 introduced in Chapter 5. It satisfies 0 < ¢ < 1 in ,
@(x) = 1forx € B(xg, RN, p(x) =0forx € B(xg, R)NK, | D*¢|loo =
O((R — R")~1!) for any multi-index o, and supp ¢ C Q and g—f =0ondQin
the cases of xo € Q2 and x¢ € 9€2, respectively. Then, ¥ = (¢, r, r)0 satisfies

_J1(x e Bx.R) € Q)
vx) = {O(x € @\ B(xo, R))

9
0O<y <1 in Q, 8—’”:0 on 90
v
VY| < Ay/6 _—
apl< gy [ "

where A > 0 and B > 0 are constants determined by 0 < R’ < R < 1. We
have, more precisely,

A=O0(R-R)"") and B=((R-R)?),

but these rates are not used in this chapter.
First, we prove some variants of (4.31):

2 2K? 1 o2
u“dx < (ulogu+e )dx- u  |Vul|” dx
Q Q

Q

+ 2K u} + 352191

Lemma 11.1 The following inequalities hold for any s > 1, where C > 0 is
a constant determined by A and K :

/uzwdx 521{2/ udx/ u |\ Vul> ¢ dx
Q B(xo, R)NS2 Q

AZ
+ K (5 + 1) ul (11.8)
72K?
/u31//dx < / (ulogu—i—e_])dx/ |Vu|21//dx
Q logs Jp, R)na Q

+Cllull} 1 gy ryngy T+ 101921 5°. (11.9)
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Proof: Putting w = uy'/2, we have

{/Q|Vw| dx}252{/9|vu|wl/zdx}2+2{/gu|vw‘/2|dx}2

2
52{f |W|w1/2dx}2+A—||u||f
o 2

-1 2 A%
<2 udx - | u " |Vul" ¢ dx + —|ully.
B(xo, R)NQ Q 2

Hence (11.8) follows from (11.7) and ”w”1 < ”qu To prove (11.9), we apply
(11.7) for
3/2
w=(u—s)y2

First, we get

2 _ 3 13 3
ali= [ w-otvar [ (G =s)pas

1 3 53
>— [ wydx —-s5"|Q|.
4 Jo 4

Next, we have

3 2 1 3/2
IVl < Z( — 5 Vul ' + S A — 5)2 2yl

and hence it holds that

9 2
[vwl; < 5{/{m}<u = )2 |Vul ' dx
2

A 2
+ —{/ (u —s)3/21p1/3dx} .
2 {u>s}

Here, we have

{/{ (u—s)1/2|Vu|1[f1/2dx}2§ {f ”1/2|Vu|1ﬁ1/2dx}2

>s} {u>s}

5/ udx-/ |Vul® ¢ dx
B(xg,R)N{u>s} {u>s}

/ (ulogu—l—e_l)dx-/ IVulzwdx
B Q

(x0, R)NS2

=<

log s
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and

{/{ }(M_S)S/Zl//lmdx}zf {/

{u>s}

2/3
= {/52”3de} Hu”Ll(B(xO,R)ﬂQ)|Q|1/3

<e¢ u3l//dx+l<£)2|9| ||u||3 (11.10)
—Ja 3\3¢ LY(B(x0, R)NQ) .

ul//1/3u1/2dx}2

4
27

9
/ (ulogu+e_1)dx/ |Vu|21ﬁdx
21ogs JB(x, R)NQ Q

A2 [, A? 3
e ) v dx S Ce IRl g, m)ng)-

2

for ¢ > 0. Therefore, writing C. = 55&~ , we have

2
IVwllf <

Finally, from (11.10) and ¥ !/? < y!/3 it follows that

”w[ﬁ =¢ /Q Wi dx + C€|Q”|“”3LI(B(x0,R)nQ)'

These relations, combined with (11.7), imply

1 5 (A2 3
(Z—K (7+1)5)f9u ¥ dx
9K?2

< — (u logu +e_1)dx / |Vu|21ﬁdx
logs JB(xo, R)NQ Q

A? 3 5
+ K2C. |9 (7 + D)3 om0y + 251l

Taking ¢ > 0 as

1 KZ(AZ +1) 1
JE—— _ & = -,
4 2 8

we obtain (11.9) and the proof is complete. O

We are discretizing in space the argument of Chapter 4. We assume T x <
400 and take the blowup set S of u = u(-, ) as t + Tnax. Generic positive
constants are denoted as Cq, Cy, ..., successively. In case that their depen-
dence on the parameter, say «, 8, ..., must be referred to explicitly, we write
them as Cy, Cy g, - . ., and so forth.
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In the previous argument, we showed that the first equation of (11.2), pro-
vided with the boundary condition, implies

d/ (x,t)dx =0
7 qu, x =0,

and hence (1.11) follows from u > 01in Q x (0, Timax):

lu)|, = |uo, = - (11.11)
Then, from the L' estimate to the second equation of (11.2), we obtain
L5 IOl + v, | < +o0 (11.12)

forg € [1,2) and p € [1, c0). Here, we remember that W49 (2) denotes the
usual Sobolev space; the set of g-integrable functions up to the m-th order of
differentiation.

The global version of the following lemma is shown in the proof of Theorem
4.1 by the maximal regularity theorem (Chapter 4). Here, we apply Moser’s
iteration scheme for the proof.

Lemma 11.2 A point xo € Q is a blowup point of u if and only if

lim sup/ (ulogu)(x,t)dx = 400
M Tmax ¥ B(xg, R)NSQ

holds for any small R > 0.
Proof: The “if” part is obvious, because xo € S implies

sup
0<t<Tmax

H u(t) H L®(B(xo.R)NQ) = too

for 0 < R « 1 by the definition. To prove the “only if” part, we suppose

sup / (ulogu)(x,t)dx < +o0 (11.13)
0<t<Tmax ¥ B(xo,R)NQ
for some 0 < R « 1. Then, localizing the estimates [14, 50, 110], we shall
show xg € S.

For this purpose, first, we take R" € (0, R) and ¥/ = (¢y,, r’, ®)%. Multiplying
ur to the first equation of (11.2), we obtain

1d

—— uzxpdx+/ IVulzwdx—i—/uVu-ledx
2 dt Q Q Q

:/ u(Vu-Vu)wdx+fu2vU-vwdx. (11.14)
Q Q
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Here, the first term of the right-hand side of (11.14) is treated by the second
equation of (11.2) as

/u(Vv-Vu)tﬁdle/ (VM2~VU)1//dX
Q 2 Ja

1 2 1 2
=—= [ WAYYdx — = | u"Vv-Vydx
2 Q 2 Q

1 3 1 2 1 2
=— | wiydx —= | uvydx——= | u"Vv-Vipdx
2 Ja 2 Ja 2 Ja
1 1
—/u3wdx——/u2Vv-V1pdx.
2 Jq 2 Ja

Therefore, the right-hand side of (11.14) is estimated from above by

IA

1 3 1 e
— [ wydx+ = | u"VuoVydx
2 Ja 2 Ja

1 1 1
=—/ u31/fdx——f vVuZ-dex——/ usztpdx,
2 Jg 2 Ja 2 Ja

and we have

1d

2 2
—— d \Y d
VT Quw x+/Q| ul“ydx

1
5—/u31ﬁdx—/uVu-V1ﬁdx
2 Ja Q

1 1
——/ vVuz-Vllfdx——/uszwdx. (11.15)
2 Ja 2

Q

Now, Young’s inequality is applied to each term of the right-hand side except
for the first one:

‘/ uVu-dex‘ gA/ w3 \Vul 2 dx
Q Q

5A|Q|l/6{/9”31pdx}l/3{/;z|VM|21/fdx}]/2

1 5 1 3 4A°|Q
<-— | |\Vul*v¥dx+ - | uwidx+ ,
4 Jo 3 Jq 3
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1
—‘/ vVuz-thdx‘ §A/ v-uy B Vul 2 dx
21 )q Q

EAHUH6{/Qu3wdx}l/3{/Q|Vu|2wdx}l/2

1 5 1 [ , 4A8 |8
<— | Vul"¢¥dx+ = | wydx +—5—7,
4 Ja 3Ja 3

and

[A

B
—/v-u2¢2/3dx
2 Ja

B 3 2/3
ol [ v a)
1 [ 5 B3||vi3

1 2
—’ u vAwdx‘
2l Jq

A

IA

Therefore, from (11.12) we obtain

d
—/u2¢dx+/ |Vu|2wdx§/u3wdx+cl.
dt Jo Q Q

Here, we apply (11.9) and (11.13) to the right-hand side of this inequality.
Making s > 1, we have

d 2w d +1/|v Pydx <C
—_— u X — u X .
dt Jo 2 Jo =2

This implies

sup /u(-,t)zw dx < +00. (11.16)
Q

0<t<Tmax

We proceed to the second step, multiplying u?1 to the first equation of
(11.2). In this case, we obtain

1d
—— u31ﬂdx+2f

sar |, QMIVulzlpdx—F/quu-dex

Q

:2/ uz(Vv-Vu)llldx—{—/ Vo - Vi dx.
Q Q
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3/2

For w = u”/~, this means

Ld 2 d +8/|V 1>y d +2/ Vw -V d
—— w X — w X - wvuw - X
3dt Jgo 9 Jo 3Ja

=f/ w(Vv-Vw)wdx—i-/ w?Vov - Vrdx., (11.17)
3 Q Q

Here, using the second equation of (11.2), we have

/ w(Vv-Vw)lﬁdx = %/ (Vv‘sz)wdx
Q

Q

A

1 2 1 2
— | uwydx — - | wVv-Vipdx
2 Ja 2

Q
1 1
=—/ w8/31pdx——/ w>Vv - Vi dx.
2 Ja 2 Ja

Therefore, the right-hand side of (11.17) is estimated from above by

2 1
—/ w8/3wdx+—/ w>Vv - Vi dx
3 /g 3 /g

2 8/9 1
< —{/ w31ﬂdx} |Q|1/9——/ vaz-dex
30 Jq 3

Q

1 2

— = | wvAYdx

3Ja

2 3 1 2
<-[ wvydx——= | vWVw" - Vydx
3Ja 3Ja

1 ) 2 /8\8 Q|
‘5/5””“*5'@) R

Thus, we obtain

1d ) 8 ) 2/
—— d — \% d = Vw - Vi d
30 wa x+9/§2| w|“ Y x+3 Qw w - Virdx

2 1 1
55/ w31/fdx—§/ vaZ-Vt//dx—gf wszl//dx
Q Q Q
2 /8\8 Q]
3 () o

which has a similar form of (11.15).
Here, inequality (11.16) means

sup /w4/3(x,t)1/fdx < 400
Q

0<t<Tmax
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and hence we have

sup / (wlogw)(x,t)dx < 400
0<t<Tmax v B(xg,R")N

and

su w(t) , < 4o00.
0§t<¥max ” HLI(B(xO,R NS
Therefore, taking R” € (0, R"), we can repeat the above argument, with u, R,
and ¥ = ((pr,R/’R)é, replaced by w, R’, and ¢| = ((pr,R//,R/)6, respectively.
Then, similarly to (11.16) it follows that

2/3
sup "w(t) HL/Z(B(xo,r)ﬁQ) = O<tsu? Hu(t)” L3(B(x,r)NK) <+

0<t<Tmax max

for any r € (0, R), because R’ € (0, R) and R” € (0, R’) are arbitrary.
From the second equation of (11.2) this implies

23 Ol prmne) < +00

for r’ € (0, r) by the local L3 estimate, and hence it holds that

sup

0<t <Tmax

||U(t)||CI(B(X(),r)ﬂQ) < +OO (1118)

for any r € (0, R). On the other hand, repeating the above argument once
more, we obtain

sup [ u(®) || 4 gy rngy < OO (11.19)

0<t <Tmax

These estimates, (11.18) and (11.19), are sufficient to set up the iteration
scheme by putting Y = ((pr’r/,r)6 for r’ € (0, r). This v (x) is different from
the previous one, as the support is reduced, but there will arise no confusion.

Thus, for p > 1, we multiply u?y?*! by the first equation of (11.2) and
obtain

d 1

- [7+1d
T Jy s

= —/ V(upwp+1)-Vudx+/ uV PPty . Vodx
Q Q

=—-I1+41L
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Here, we have

I=/ (pup_lprVu—l-uleﬂpH)-Vudx
Q

=4—p2/ Weale"as dx—i—;/ vy Pt vt dx
(p+D? Je p+1Jg

p+1)2/| Tyt / ¥EvE
4 2
-upTﬂvaTdez P___ / ‘Vu = } wPH dx
(p+1D2 p+1

/|V(mp)| dx — —— uP“\v:p 2 dx

p+1

and the right-hand side is estimated from below by

p+1/ |V(ulﬁ)7‘ dx p'zkl/;zup+lwpl{vw‘2dx

pH/lV(mm\ dax A(”“)f(wf’w%dx

A (p+1)

)7} dx u 0H1

p +1
3 2
{ f ()37 ax )
Q
On the other hand, estimate (11.18) means

L= sup va(t)HL"O(B(on)ﬂQ) < Foo

0<t<Tmax
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and hence we obtain

Il < Lf |V (uP Pt dx
Q
:L/ ‘LV(W//)P+1 +up+11ﬁpV1/f‘dx
olp+1

p—i-l/ \V(uw)ﬁ+1|dx+L(p+1)/uf’“w\w\dx

sp+1/<uw> IV ()T \

L LA(p + 1)/(W)P+§uédx
Q

—/ ‘V(uw)”?l)de+4L2(p+1)/ )P dx
IJg Q

5
5

+LA(p+l)nuonf{/(m/,)lﬂpdx} .

These relations are summarized, for u; = uyr, as

d

A P+1dx<_/}w12 | dx—l—C3(p+1)/ Wl dx

3p+2

+Cg(p+1)2{fgu12 dx

2
3

6p+5 5
p+ 2

+C3(p+1)2{/9u15 dx} (11.20)

with a constant C3 > 0 independent of p > 1. Therefore, now we can argue as
in Alikakos [2].

For this purpose, we make use of Gagliardo—Nirenberg’s inequality in the
form of

1-(1/g) 1
Iwiizae) < K(IVwlTag + Iwljag) * lwliy, (11.21)

where K > 1 is a constant independent of ¢ € [1, gqo] if go > 1 is prescribed
in advance. This K is again different from the previous one, but there will arise
no confusion.
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1)/2 2
§p+ )/ 3P+ [5 3)

First, we apply (11.21) forw = u 31 €

and g =
2
3

Ciy(p+1) {/Qul dx} = C3(p + D*|w]
(g=1)/3

%
[l

< Ca(p+ 12K (|Vuls + [wl;)

pHl 12 +1 e
= C3(p + 12K 5 {f‘wz dx—i—/ P dx}‘ :
Q

6p+4

313 < 2 and 32—

By means of
above by

p

16
+_.C§K6.(p+1)6{/u12 dx+1}
Q

EPH)/Z and ¢ = 122410 [£, 1?2) This

Next, we apply (11.21) for w = u 515 5

time, we have

6p+5 5/6
c3(p+1>2{/9u1p5 dx| " = Cs(p+ 1w

5(g—1)/12
< C(p+ DK (|Tul3+ Jwl3) ™ Juf°

Tp+5
1 12p+12
dx + / Pt dx} 2
Q

/ PT 5/6

L
—C3K5’7/6(p+1) /)w 2
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and the right-hand side is estimated from above by

7
2 p+l 2 v
C3K2(p+1)2{5<f Vu,? dx+/ p+1dx+1>}
Q
7\ 7/10 ptl 5/6 1 prl 2
{(5) /u12 dx} 58/ (Vulz + f“)dx
Q Q

1 5 TN\7/5 pFl 2
bk (2> C312/5K24/5(p+1)24/5{/ u,? dx+1}

Q
1 p+1
< - /‘Vu
6
T\7/5 ptl 2
+ = ( ) C12/5K24/5(p+1)6{/ Mlz dx—l—l} )
12 \2 Q

Finally, we apply (11.21) for w = uEPH)/Z and g = 2 and obtain

dx+up+ldx+1}

Ci(p + 1)2f WP dx < K (p + 1)
Q

1
p+l 2 2 p+1
{ (/‘Vulz dx—i—/ p“dx)} -31/2/u12 dx
Q
1 P12
58{/)%42 dx—l—/ p+ldx+1}

312 p
+—-C32K4(p+1)4{/u12 dx+1}
Q

2
2 p+1
dx + dx-i—l}

A

31/2 ) pil
+5 G+ {/ulz dx+1}
Q

In this way, from (11.20) we can deduce

d ptl
R p+1d + / ‘Vl/l 2
dt

2
dx

1 prl 2
5—/u{’+1dx+c4(p+1)6{/u12 dx+ 1}
2Jq Q

However, again by (11.21) for ¢ = 2, we have

Jwl, = K2(||Vw||2+ [l ) [l

=3 (1wl + o) + & Jul}
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and hence we obtain

Pl
Juy |5 < —HVW h+2 Hu1 7

Thus, we have
L
p+1dx+ / ‘Vu 2

ptl 2 ptl 2

6 2 2 2 2

=G+ [ u* dx+1 + 3K [ [ ax],
Q Q

dx

di

and therefore it holds that

d il 2
— p+1dx+/ 1dx§C5(p+1)6{fu12 dx—l—l}
dt Q Q

fort € [0, Tmax).
From this differential inequality, we can conclude

sup {/ p+1dx+1}
0<t<Tmax Q

Pl
§C5max{(p+1)6 sup {/ulz dx+1}
Q

0<t<Tmax

, |uo||g’o“|sz|+1}

for any p > 1. Therefore,

& = sup /u%kdx—l-l
Q

0<t<Tmax

satisfies
i1 = Cymax [26H0 02, (121 + 1) (Juo |, + 1) ]
= 2% max [0, (ol + 1)
fork = 1,2,.... This implies

k—1_ k k—t k—1 k+1
O < C52 L oY i 604D {cpg . d? }

fork =2,3,...,whered = Huo”oo + 1, and hence we obtain
- k1 1
+1 k1
sup / u? clx}2 <<I>,§++1
0<t<Tmax Q

k=14
k+1 o j2d 1/4
< 0= max [@)/, d).
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Making k — 400, we have

4 1/4
sup Hul(t)Hoo§C5max{<O sup Hul(t)H4+1) ,d}.

0<t<Tmax =<t <Tmax

Using (11.19), we obtain

wp i = sup [uw], <+

0<t<Tmax <t <Imax

and hence it holds that

lim sup ||u(t) HLOQ(B(XOJ,)HQ) < +00.

t max

This means xo € S and the proof is complete. a

Localizing the argument of [73], now we show the following lemma.

Lemma 11.3 It holds that
d 1 —1 2 2
— | (uloguw)ydx+ - | u  |Vul"vdx <2 | u"yvdx+ Ce (11.22)
dr Jg 4 Ja Q

fort € (0, Thax).

Proof: From the first equation of (11.2), we have
d
—/ (ulogu) v dx =/ us(logu + D)y dx
dr Jg Q
= —/ Vu -V ((logu + 1)) dx
Q

+/ uVv -V ((logu + 1) v) dx
Q
=—I+1L

Here, the second equation of (11.2) applies and it holds that
1I =f AR Vudx—l—f u(logu +1) Vv - Vi dx
Q Q
= —/ uV - (Vo) dx—l—f u(logu + 1) Vv - Vi dx
Q Q

:/ulﬁ(u—v)dx—l—/ulogqu-Vl//dx.
Q Q
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‘We also have
1:/ u_IIVMIZde—}—/ (logu + 1) Vu - Vi dx
Q Q
and hence

d
— /(ulogu)xﬁdx+/ u_1|Vu|21ﬁdx+/ uvy dx
dt Jo Q Q
=f uzx//dx—/ (logu + 1) Vu - Vi dx
Q Q
+/(u logu)Vuv - Vyrdx. (11.23)
Q
Now, we use an elementary inequality valid fora > 0and 0 < 8 < 2:
(logul +1)*u? <u*+Cop  (u>0).

Then, the second term of the right-hand side of (11.23) is estimated from above
by

‘/(logu—Fl)Vu-Vde‘ §A/ (llogul + 1)u'/?y!/3
Q Q
13
V2V w2 dx < A|Q|1/6{/ (llogul + 1)3u3/21//dx}
Q
1,2
{/ u_1|Vu|21pdx} < A|Q|/621/2
Q

2 173 (1 1 ) 1/2
{ u ll'dx+C3,3/2|Q|} -{— u” " |Vul wdx}
Q 2Jq

4A%1Q| . C3,32 19|
3 3 '

1 -1 2 1 2

< u " |Vul“y dx + u“yrdx +
4 Jo 3Ja

The third term of the right-hand side of (11.23) is equal to

—/ vV - (uloguVy) dx = —/ v(logu + 1)Vu - Vi dx
Q Q

— / (vulogu) Ayrdx,
Q
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where each term of the right-hand side is estimated from above as follows:

‘/ v(logu + 1)Vu - Vi dx‘
Q

< A/ veoul”Z (logul + Dy w21 Vu| w2 dx < Alv|62'/?
Q

{/ u3/2(|10gu|+1)31ﬁdx}1/3-{l/ u_1|Vu|21pdx}l/2
Q Q

2
lvlle =~ C3,3/21€2]
3 + 3 ’

1 e 1 ) 4A°
<—f u |\Vul"vdx+ = | u"ydx+
4 Jq 3Jq

‘/(vulogu)Awdx‘ SA/ Ululogu|¢2/3dx
Q Q

2 1 32 2/3
< Alvls23 {3 [ lutogu?y dx}
Q

4A3 VI3 Capapn €
3 + 3 '

1 / 2
<= || uydx+
3Ja
Inequality (11.22) follows from (11.12) and the proof is complete. a

We are ready to prove the key lemma.
Lemma 11.4 The blowup set S of u is finite.

Proof: First, we show that there is &g > O such thatany xgp € Sand0 < R <« 1
admit the estimate

lim sup/ u(-,1)dx > g. (11.24)
1 Tmax ¥ B(xo, R)NQ

For this purpose, we take R’ € (0, R) and ¢ = ((pXO,R/,R)é. Then, from (11.22)
and (11.8), it follows that

d 1
E/Q(ulogu)l/fdx—{—z(l—MI(z/ ua’x) -/Qu_1|Vu|21/fdx§C7.

B(xo, R)NS

Therefore, if

1
limsup/ u(-,)dx < gy = ,
1 Tmax ¥ B(xo, R)NS 16K2



238 Free-Energy and Self-Interacting Particles

then it holds that

lim sup/ (ulogu)(-,t)dx < lim sup/ (ulogu)(-, )y dx < +o0.
11 Tiax B(xp,R")NQ2 11 Tmax Q

This implies xg ¢ S by Lemma 11.2, a contradiction. Thus, we have proven
(11.24) foreachxg € Sand0 < R <« 1.
Now, we apply (5.11), or equivalently,

d 1
‘E/Q”(" ”Mx‘ < Bluol, + 310w | ey luoll; - (11.25)
with
Py (x, ) = Vir(x) - ViG(x, y) + VY () - VyG(x, y).

Actually, it is a consequence of the method of symmetrization, because the first
equation of (11.2) implies

d
— m//dx:/u,wdx:/qu//dx—l—/qu-dex
Q Q

de Q

oy _
by 5y \89 = 0.
Here, it is obvious that

]’

‘fgzu(-,t)Awdx) < Buo|

while we have

1
/ uVv - Vi = —/ / Py (x, yu(x, Hu(y, t) dxdy
Q 2JalJa
with
py € LT (2 x Q).

Thus, it holds that

[ [ oty s, dvdy| < 1ol ey ool

and inequality (11.25) follows.
This fact confirms that the value

Tinax d
lim u(-,t)l//dt:/ uo(x)wdx+/ (—/ u(-,t)wdx)dt
0 Q

1 Tmax JQ Q dt
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exists for ¢ = ((pr,R/,R)ﬁ. Since 0 < R < 1 is arbitrary in (11.24), it is
improved as

liminf/ u(-,t)dx > lim u(-, )y dx
B

11 Timax (x0, R)N M Tmax JQ
> limsup/ u(-,t)dx > gg.
11 Tmax 7 B(xo,R)NQ

This inequality holds for any xp € & and 0 < R <« 1, and therefore from
(11.11) it follows that

18 = o] /20 < +oo.
This indicates the finiteness of blowup points and the proof is complete. a

After the finiteness of blowup points is proven, formation of the chemotactic
collapse (6.5) is a consequence of the localization of the argument of Chapter 4.
Here, we apply Brezis—Merle’s type of inequality instead of the Trudinger—
Moser inequality.

In fact, putting

S = UxoeSB(XOa €)
for 0 < ¢ « 1, we obtain

sup < 400

0=t <tmax

u() ”Lw(sz\sg)
and therefore the relation

sup ||V”(t)||LOO(Q\328) <+too

0<t <Tmax

follows from the second equation of (11.2) and the elliptic regularity. Then,
the first and the second equations of (11.2) assure

H u ”CHG’HG/Z(Q\‘%@X[O,Tmax)) < +00 (11.26)

and

”U”C2+9"+9/2(§\S4sX[O,Tmax)) < 400 11.27)

for 6 € (0, 1) by the parabolic and elliptic regularities [58, 85]. In particular, it
holds that

sup H”t(t)”c(§\33s) < o0

0<t<Tmax
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and

Tmax
fx) =u(x,0)+/ u; (x, t)dt
0

= lim u(x,1) >0 (11.28)
tTTmax

exists for any x € Q\ S. Convergence (11.28) is locally uniform on Q\ S, and
relation (11.6) follows from (11.11) and Fatou’s lemma.
The family

{u(x, t)dx | 0<t< Tmax} c M(Q)

is bounded, and therefore is sequentially precompact x-weakly as ¢ 1 Tpax.
Now, we shall show the following lemma.

Lemma 11.5 It holds that

liminf/ u(x,t)dx = my(xp) (11.29)
M Tmax J B(x, R)NQ

foreach xo € S and 0 < R K 1, where

8t (x0 € Q),

M (X0) = [4n (xo € 99) .

This lemma implies Theorem 11.1 as follows. First, any sequence #; 1 Tyax
admits a subsequence {t,é} and a measure pu(dx) € M(L2) such that

w* — lim u(x, ;) dx = p(dx).
k— 00

Since u(dx)— f(x)dx € M(S) has the support on the finite set S and (11.29)
holds, we have m’ : S — [47, +00) satisfying m sho > 8m and

pidx) = Y m'(x0)8y(dx) + f(x) dx.

XQES

However, from the proof of Lemma 11.4 we have the existence of

lim u(x, )e(x)dx
ITTmax Q
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forany ¢ € C 2(Q) in % = 0 on %2, and the value m'(xo) is independent of
the choice of {#;} or { t,g} This implies (6.5).

To prove Lemma 11.5 we take xg € S and 0 < R’ < R < 1. Then, letting
¢ = @x,, R, R» W€ introduce the localized Lyapunov function

1
Wy () = / {ulogu —uv+ 3 (|Vv|2 + v2) }gadx
Q
and show the following lemma.

Lemma 11.6 Ir holds that

d d
—W(p(t)—i-/ u}V(logu—v)|2<pdx=—/ ug dx + Ry (u, v, ¢)
dt Q dt Jg

(11.30)

with

Ri(u,v, @) = f [(1 —v)Vu — (ulogu —uv + vt)Vv] -Vedx
Q

+ f (ulogu)Apdx.
Q

Proof: Multiplying (log u — v)¢ by the first equation of (11.2), we have
Lut(logu —v)pdx = fQ [V-(Vu—uVv)](logu —v)pdx
=— /Q ulV(ogu — v)|>pdx
— /Q(logu —v)(Vu —uVv) - Vodx. (11.31)
Here, it holds that
/Qu,(logu —v)pdx = %/Q(u logu —uv)pdx

d
——/ u(de—%—f uvip dx (11.32)
dt Jg Q
and
/ (logu)Vu - Vodx = —/ uV - (loguVe)dx
Q Q
= —/ {(ulogu)Ap + Vu - Vo} dx (11.33)
Q
by g—f

|asz =0.
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Using the second equation of (11.2), we have

/ uvip dx = / (—Av 4+ v)vpdx
Q Q

_1d

T 2dt Jg
This, together with (11.31)—(11.33), implies

(|Vv|2 + vz)(p dx + / v, Vv - Vedx.
Q

d
—W, +/ u|V(ogu —v)|* pdx
dt Q

d
:—/ ugodx—l—/(ulogu)A(pdx
dt Q Q
+/ [(1 —v)Vu — (ulogu — uv + v))Vv] - Vo dx
Q

and the proof is complete. O

Now, we show the following lemma.

Lemma 11.7 Ifxo € S and ¢ = ¢y, g,g for0 < R’ < R K 1, then

W*= sup W,(t) < +oo (11.34)
0<t <Tmax
and
limsup/ |Vv|? pdx = 400. (11.35)
1 Tmax 72

Proof: We recall (11.30) and put

t
F(t) = Wy(1) —/ Ri(u, v, ¢)ds —/ updx.
0 Q

Then, from (11.11), (11.26), and (11.27) we obtain

| [ wodx| < ol
Q

and

sup |Ri(u, v, )| < +o0.

0<t<Tmnax

Also, by Lemma 11.6, F is monotone decreasing in ¢ € [0, Tiax) and therefore
(11.34) follows.
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Now, we have

f(u logu)pdx < W* +/ uvgdx,
Q Q

and therefore Lemma 11.2 guarantees

limsup/ uvp dx = +00.
tTTmax Q

Then, using Young’s inequality, we have

1
a/ uvgodxf/ (ulogu)godx-i——/e“”(pdx
Q Q eJQ

1
< W, +/ uve dx + —/ e’ dx
Q € JQ
1
< W* —i—/ uve dx + —/ epdx,
Q € Jq
and hence it follows that
1 av *
(a—1 | uvpdx < — [ e“pdx + W7,
Q e Jq
where a is a constant. Therefore, we have

lim sup/ eVodx = 400
11 Tinax Q

for a > 1, and (11.35) follows from the following lemma.

243

O

Lemma 11.8 Ifa > 0 and ¢ = ¢y, g/ g forxo € Sand0 < R’ < R < 1,

then the inequality

2
/e“”wdx < Cgexp (a—/ |Vv|2<pdx)
Q 87 Jo

holds for t € [0, Tmax). If X0 € R, then this inequality is improved as

2
/e“vcpdx §C96Xp(a—/ |Vv|2<pdx>.
Q 167 Q

(11.36)

(11.37)
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Proof: We apply the inequalities [23, 102] in Chapter 4 valid for w € X:

‘)< Lpoulie L
log(/ge dx)fzn*|ww||2+|9| dex—FK,

where

. |4 (x=HY(Q),
T =
87 (X = Hj(Q).

In fact, it holds that

sup
0<t<Tmax

Hv(t)}‘cl(m\za(xo,m) < +eo

by (11.27), so that for the case of xg € S N IQ2 we have

/ epdx < / e"Vdx +/ eV dx
Q B(xo,R)NQ B(x0, R)NQ\ B(x0, R')

2
K a 2 alvlly
< [ emvar+cn = e (Ve i+ 4 gt

2
+ Cro < (€XT9C1 + Cyp) exp (a—/ Vo2 dx)
81 Q

by (11.12). This shows (11.36). Inequality (11.37) for xg € S N Q is shown
similarly, and the proof is complete. g

Now, we localize an inequality used in Chapter 4.

Lemma 11.9 We have

fuvgodx < / (ulogu)pdx + My log <f ev(pdx> — MylogM, (11.38)
Q Q Q

for My = [qupdx.

Proof: Since — log s is convex, Jensen’s inequality applies as
log (— / Yod I / CU
—og(— 20 x):—og( ——0 x)
M(/, Q Qu M(p
1
< [ (o) o)
__/;2{ g ue M, 4 R

u
2

i J Lo (D)ol

= —— ulo — X.
M¢Q g M(p

This means (11.38). O
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We are ready to complete the proof of Theorem 11.1.

Proof of Lemma 11.5: Having proven that lim;4 7,

up H | €Xists, we suppose

z%irﬁx M, (t) = tTliTr;lax lug|, < m. (11.39)

and derive a contradiction.
In fact, in the case that xg € 2 we have (11.37), and therefore

1
—/ (|Vv|2+v2)<p:W(/,—/(ulogu—uv)wdx
2 Ja Q

§W¢+M¢log</

e’y dx) — Mylog M,
Q

M Co
<W*+ =2 | Vv?odx + M,log —
< +167‘[/Q| [ pdx + waM(p

by (11.34) and (11.38). This means

1 M Co
—1——*">/v2d<W*M1—<C,
2 (1= §) | IVoPods < Wt Mylog 32 < Cia

and therefore

limsup/ IVu|? g dx < 400
11 Tinax Q

by (11.39) and m, = 8w, a contradiction. The case xo € 9€2 is treated simi-
larly, and the proof is complete. O



12

Concentration Lemma

In this chapter we show that the mass quantization of collapse occurs if the
solution blows up in infinite time [148]. It is uncertain whether such a solution
exists or not. Actually, it is suspected that the blowup in infinite time occurs
only when the solution converges to a singular stationary solution, and there-
fore, in that case, the total mass A = |jug||; must be quantized as A € 47 N.
This question is open, but an important tool is exploited, which we call the
concentration lemma. (This is different from the lemma given by [23].)
Similarly to the case dealt with in the previous chapter, the mass quantization
of collapse of the solution blowing-up in infinite time is valid for other systems,
provided they also have the properties of positivity and total mass preserving
of the solution, decrease of the free energy, and the physical field associated
with a kernel uniformly bounded under the symmetrization process. But we
concentrate on (11.2) for simplicity:
uy=V-(Vu—uVv) in Qx(0,T),
O0=Av—av+u in Qx(0,7),
a—u:a—vzo on 02 x (0,T),
av  dv
ul,_o = uo on €, (12.1)
Here, ug = uo(x) > 0 is a smooth function, ¢ > 0 is a constant, @ C R?
is a bounded domain with smooth boundary d€2, and v denotes the outer unit
normal vector. Furthermore, we puta = 1.
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Under these assumptions, we can show that if u = u(x, t) is a solution
global in time, then any 7, 1 +o0 admits {z,} C {t,} and 0 < f = f(x) €
LY(Q) N C(Q\ B{t)}) such that

w(x, t)ydx = Y ma(x0)8x(dx) + f(x) dx (12.2)
0Bt}

in M(S), where B({t)}) denotes the set of exhausted blowup points so that
xo € S belongs to B({,}) if and only if there is {x/,} C € such that u(x}, #/
— 400, and

8w (xg € ),
My (x0) =
4 (x0 € 092).
It should be noted that the number of exhausted blowup points is not prescribed
in (12.2), and the case B({t;}) = ¢ is admitted.
Here, we confirm the notation used in this chapter. First,

B({t,h

denotes the blowup set of {u(t,)}, so that xo € B({z,}) if and only if there exist
{t"} C {t,} and {x,} C Q satisfying ¢/ 1 400, x, — x0, and u(x,,t’) —
+00. We say that x is exhausted as a blowup point of {u (1)}, if #; = 1} holds
in the above relation. By definition, the blowup set B({z,}) is exhausted, if its
any element is so. Next, we say that the solution blows up in infinite time if

Tmax = +oo  and  limsup ||u(t)]|co = +00
t——+o0

hold. In this case, we have B ({t,}) # @ if lim,— o [lu(ty)]loc = +00, but the
possibility of the oscillating formation of collapses is still kept in (12.2).

We proceed to the concentration lemma. This is a criterion for a sequence of
solutions to have a converging subsequence using the concentration function.
This type of result is obtained when €2 is a flat torus [152], and the proof is
done along a similar line.

Theorem 12.1 If{ug}
on Q satisfying

1 is a family of smooth nonnegative functions defined

sup Hu’é”l = A < 400,
n>1
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n

u" = u"(x,t) denotes the solution to (12.1) whose initial value is ug, the

supremum of the existence time of u" is denoted by T" = T, > 0, and
timsup g | 1 g0 myngy < M(*0) (12.3)
n—oo

for xo € Q and R > 0, then there exist T > 0, r > 0, and {u”/} c {u"}
satisfying

n/
Su,p ”” ”Cz”’f'*9/2(B(xo,r)ﬂﬂx[r,min(T,Trg;X))) < +00 (12.4)
n

Jorany t € (0,T), where 8 € (0,1). If R > 0in (12.3) is independent of

X0 € 2, then we have T, = liminf, T}, > 0. Furthermore, in this case, {u"}

has a subsequence converging in CZ1(Q x (0, T1) for some T € (0, Ty).
Here and henceforth, we take the agreement that the term

/
[

C2H+0.146/2(B(x0,r)NQx [7,min(T, T%,)))

in (12.4) has the meaning only when 7 < Trg,ax‘
We use several facts obtained in the previous chapters for the proof. First,
we use (11.7), a form of the Gagliardo—Nirenberg inequality, specifying the

constant K; > 0 determined by Q C RZ:
ol < &2 (7wl + ul?).

which is Valigl for all w € WH1(2). We use also (5.11) valid for Y =vYkx)e
C2(Q) with 2% = 0 on 8<, that i,

d K22
‘E Ql//(x)u(x,t)dx‘ = Vg + AV, (25
for A = lluoll1, where Ko > 0 is a constant determined again by 2. Given

xp € £2, we take the cut-off function ¢ = @y, g/ g for 0 < R <R« 1
defined in Chapter 5, and put

¥ = (@xo.rR)°
This smooth ¢ = ¥, g/ g satisfies 0 < ¢ < 1'in £,

1 (x € B(xo, R)) N Q),

=4, (x € 2\ B(xo, R)),
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9 — 0on 092, and

v

|D*y| < AR — R)Y 'S (ol = 1),
|DYy| < B(R—R)2y*?  (la| =2),

with the absolute constants A > 0 and B > 0. In this chapter, we use the order
on (R — R’) in these inequalities. Finally, | D| denotes the area of measurable
set D C R%.

In the following lemma, u = u(x, t) denotes the solution to (12.1) with the
smooth initial value ug = ug(x) > 0, and the supremum of its existence time
is denoted by T = Tpax > 0. This lemma, in contrast with Theorem 12.1,
describes a uniform estimate depending only on A > |jug||{. More precisely,
the constants 71 and C| stated here are explicitly determined by K1, K2, A, Ry
and K1, K2, A, Ry, 7, respectively. The proof is done by examining the proof
of Theorem 11.1 carefully.

Lemma 12.1 There exists Ti > 0 determined by Ry > 0 such that if

HMOHLI(B(XO"},RI)QQ) < 1/(64K12), (12.6)

then each t € (0, T1) admits C| > 0 satisfying

””Hc2+9-'+9/2(3(x0,R,)r@x[z,min(r,,Tmax))) =G

for xg € Q.

Proof: To make the description simple, we write K, R, T, and A for K1, Ry,
Ty, and A, respectively. Given R > 0 and xo € 2, we take ¥ = vy, 5r/2,3R
and apply (12.5):

d KZA‘Z
‘E/Q“‘Mx‘f S A4 A TN

Thus, if 77 € (0, Thax) is taken as

(KQAZ

IVl A )T = 17664,

then, from (12.6) it follows that

sup <1/(32K?). (12.7)

e[0T le®l 11 @i 57/2)
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Next, we take ¥r| = ¥y 2r,5r/2- Then, for R € (0, 1), inequalities (11.8) and
(11.22) of the previous chapter are written as

/ u21/11 dx§2K2f udx-/ u_IIVulzwl dx
Q QNB(x0,5R/2) JQ
n K2( A2 + 1),\2 (12.8)
8R2 ’
and
d 1 -1 2
— | (wlogu)yidx+ - | u” " |Vul|"¢1dx
dt Q 4 Q
< 2/ >y dx + LR, (12.9)
Q

respectively, where L > 0 is a constant determined by [€2| and A. Henceforth,
C; (i =2,3,...)denote positive constants determined by €2, A, and R. Then,
(12.8) and (12.9) imply

d 1
—/ (ulogu)wldx+—<l—l6K2/ udx>
dt Jo 4 B(x0,5R/2)
/ u Vul? Y dx < G,
Q

for ¢t € [0, Tiax). Therefore, from (12.7) we have

d 1
—/ (ulogu) ¥y dx+—/ u N\ Vul? Y dx < G, (12.10)
dt Jo 8 Jao

fort € [0, T1].
In what follows, the time variable ¢ is restricted in ¢t € [0, 71]. Then, from
(12.8) it follows that

2 -1 2 2 2
u 1# dx < — V dx + K (——i—l))», 12.11
f 1 =16 u— |Vul Y1 SR2 ( )

and hence
d 2
— (ulogu)y1dx +2 | u"y1dx <Cz
dt Q Q

holds true. In terms of

J(t)E/ (ulogu+e_1)1//1dx20,
Q
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this implies

dJ
— 4372 <3 - 2[ ul Y dx
dt Q

+ 3/ (ulogu + e Y Py dx - 1912, (12.12)
Q
Since the elementary inequality

ulogu < 4udl4

is valid in u# > 0, the right-hand side of (12.12) is estimated from above by

c4<1 +/ 'S8y, dx) —2/ Wy dx < Cs.
Q Q
Therefore, it holds that
d 3/2
EJ(r)+3J(t} < Cs

fort € [0, T1].
We also have

i—z —2\3/2 _ -3
ol +3(7) =1,

and the function F(J) = Ji/ s continuously differentiable in J € R. The
standard comparison theorem is applicable, and if T € (0, T1) is so taken as in
T3Cs < 1, then, for t € (0, T) it holds that t =3 > Cs. This implies that the
inequality
J(t) = / (ulogu+e )yrdx <172 (12.13)
Q
holds in ¢ € (0, T']. Then, by (12.10), inequality (12.13) gives
1 [n
§/ K(s)ds <t~ 2+ C,T (12.14)
t

forO <t <t <T,where

K (1) :/ u |\ vu)? Yirdx.
Q
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Now we repeat the proof of Lemma 11.2 based on (12.13), taking t = t/2
as the initial time for given t € (0, T'). Henceforth, C; (i = 6,7, 8, ...) denote
positive constants determined by t besides €2, A, and R. Its first step assures

d 1
— | W’yrdx+ —/ IVu|?> Y dx < Cs (12.15)
dt Jo 2 Jo

fort € [t/2, T], where ¥, = ¥y 3r/2,2r- Here, we have

4 3r/4

—/ K(s)ds < Cq

T Jry2
by (12.14), and therefore there exists 7| € (t/2, 3t/4) satisfying K (r1) < C7.
This implies

f u?y dx < Cyg
Q

att = 11 by (12.11), and inequality (12.15) now guarantees

1 t
/ uyry dx + —f Ki(s)ds < Cy (12.16)
Q 2 T

fort € [ty, T], where K () = / |Vu|2 Yo dx. In particular,
Q

7t/8 )
/3 A ”V”(S)”L2(m3(x0,31e/2))ds <2C

T/
follows, and we have 1 € (37/4, 7t/8) satisfying
”V”(Q)||L2(ssz(x0,3R/2)) =Cuo (12.17)
similarly. This implies
lu(T) Il Lr@nBxo,3R/2) = O(1)

for any p € [1, oo) fixed, by Sobolev’s inequality.

Based on this fact, we can perform the second step of Lemma 11.2, taking
t = 71y as the initial value. We set Ry = (3R)/2 for the moment, and take
R> € (R, Ry). Then, given p € [1, 00), we can prescribe C > 0 satisfying

sup lu(®)llLr@nBxy,Ry)) < C.
te[n,T]
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The second equation of (12.1) now gives

<’

sup H v(?) ” W2P(QNB(xo,R3)) —

t€[7t/8,T]

with the prescribed C’ > 0, where R3 € (R, R;) is fixed arbitrarily. Thus, we
obtain

tel7t/8,T] H ”CHQ(QQB(XOJQ))

by taking p > 2, where 6 € (0, 1).
Now, we take R4 € (R, R3) and set Y3 = Yy, R, Ry- Multiplying —V -
(¥3Vu) to the first equation of (12.1), we have
i | ivulvadn [ 1auP yaa
—— u X u X
2dt Jgo 3 Q 3
= / [V-mVv)]V - W3Vu) dx — f (Au) Vi3 - Vudx
Q Q
= / [V - (uVv)] (Au) y3dx
Q
+/ [V (uVv) — AulVu - Virzdx
Q
= / (Vu Vv —u® + uv) (Au) Y3 dx
Q
— / (Au) Vu - Vi3 dx
Q
+ f (w Vo —u? 4 uv) (Vi - Vi3) dx,
Q

where we make use of the second equation of (12.1). By means of (12.18), the
right-hand side is estimated from above by

1 2 4 2.2
— | |Aul"y3dx + | u™y3dx+ | u"v-y3dx
2 Ja Q Q

+c12/ Vul? (1Vo]? + 1)y3" dx
Q

1
<5 [ 1P vaar + Ca( [ 1VuPvadr+1),
2 Ja Q
and hence it follows that

d
[t vsdr+ [ 1suPys <200 [ 1Vl vada 1)
dt Jo Q Q
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for t € [77/8, T']. This implies

16 [157/16

2
T Jrss ”A“(S)HLZ(mB(xO,RmdS5C14

by (12.16) and (12.17), and therefore there is
73 € (7t/8,15t/16)
such that
HA”(B)H;(mB(m,R@) < Cia.
Then, we have

|4 Lo@npg. 7y = C15 (12.19)

by Morrey’s inequality and sup,co 7, ) |u(t) H | <A
Based on (12.19), we can perform the final part of the proof of Lemma 11.2.
First, the iteration scheme gives

sup Cie

<
te[r3,T] ” “0) ” L®(QNB(xo,R5)) —

for Rs € (R, R4). Then the standard elliptic and parabolic estimates guarantee
Ju C2+0.1+0/2(B(xo. R)x[2.T]) = €

with the prescribed constant C > 0, and the proof is complete. O

Gglen {ug}n=1 of Theorem 12.1, we choose {ug/} C {up} and po(dx) €
M(R2) satistying

ug (x)dx — po(dx)

in M(Q) as n’ — oo. We write n for n’ for simplicity. The constants 77, 73,
..., R, R3, ..., and Cs, Cs3, ... prescribed below are different from those in
the proof of Lemma 12.1.

By means of uo(ﬁ) < A, we have 1S < 64K12A < 400, where

S = {xo e Q| o ({xoh) = 1/(641(12)} . (12.20)
Each xg € Q \ & admits Ry > 0 and N1 > 1 such that

” ug ” LY(B(x0,3R)NQ) = 1/(641(12)



256 Free-Energy and Self-Interacting Particles

for n > Njp. Then, Lemma 12.1 guarantees the existence of 77 > 0 such that
each T € (0, T1) admits C; > 0 satisfying

n
HM ”C2+9,1+9/2(B(XO,Rl)ﬂﬁx[r,min(ﬂ,Trﬁax))) = Cl

for n > Nj. These Ry, Ny, T1, and C; depend on x¢. But if we set
Sy = {x € Q| dist(x, S) < s}

for s > 0, then the standard argument of covering guarantees the existence
of T, = T>(s) > 0 such that each t € (0, 72) admits C; = Ca(s,t) > 0,
satisfying

H”n ”c2+9,1+9/2(§\3sX[f,min(Tz,Tn ) < (12.21)

max))

for n > 1. Then, the following lemma is obtained.

Lemma 12.2 Under the assumptions of Theorem 12.1, given xg € S N Q, we
define Ry > 0 and &1 > 0, satisfying B(xg, 4R>) C €,

B(xp,4R2) NS = {xo},
and

HMSHLI(B(xO,3R2)) <8 — 25

for n sufficiently large, where S denotes the set defined by (12.20). Then, there
is T3 > 0 such that each T € (0, T3) admits C3 > 0 satisfying
”un”C2+9’1+9/2(B(x0,R2)x[f,min(Tg,T,ﬁax))) < Cs.
It is obvious that this lemma is a consequence of the following lemma.

Lemma 12.3 Ifu = u(x, t) is the classical solution to (12.1) with the smooth
initial value ug = uo(x) > 0and T = Thax € (0, +00] denotes the supremum

of its existence time, then there are 0 < T < T < Tmax determined by § > 0
and R > 0 such that if B(xg,4R) C €2,

||“0||L1(B(xo,3R)) < 8w —25

and t € (0, T), then we have C > 0 determined by

E = H u H C2+6’1+9/2(B(x0,4R)\B(x0,R/4)><[f/4,f])’ (12.22)

T, and R, such that

Hu”C2+9’1+6/2(B(XQ,R)X[‘[,T]) = é’ (1223)

where 6 € (0, 1).
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In the radially symmetric case, this lemma can be proven by the method
of Biler [14], and therefore we apply the rearrangement technique to treat the
general case.

Thus, given a nonnegative measurable function f, we put

o) =|{xe Q| fx)> o}
and
f*(s) =inf{o > 0| u(o) < s}

fors € [0, |2[], so that f*(s) denotes the monotone decreasing rearrangement
of f(x).Let us confirm

p = f*(n(p)).

The following are fundamental propositions of this type of rearrangement, and
are obtained by Mossino and Rakotoson [104], where 1 < p < oo.

Proposition 12.2 [f f € WO1 "P(Q) is a nonnegative function and § € (0, ||),
then f* e WhP ((8,|K2])) holds.

Proposition 12.3 If f = f(t) € H' (0, T; LP(R)) is a nonnegative function,
then it holds that

f*=f®*eH(0,T; L7 ((0, |20)))
and

|| atf*(t)||L17(((),|Q|)) = ||3’f(l)||LP(Q)
fora.e. t € [0, T]. Furthermore, the function
F(s, 1) = /S (o, t)do
0
isin
F e L=((0,120) x (0, T)) N H' (0, T; WP((0, |12])))
() L2(0. T: w>P (8. 121))

§>0

and satisfies
[ @ndx=ardu=sion
{u>s}

fora.e. (s,t) € (0, |R2) x (0, T).
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Beginning the proof of Lemma 12.3, we take the agreement that a positive
constant determined by £ besides t, possibly changing from line to line, is
henceforth denoted by C,.

First, the second equation of (12.1) implies

”UH CZH0.146/2(B(x0,3R)\ B(x0, R/3) x[1/2,T])) = Ce.

Now, we take ¢ = ¢y, g 2r. Given s € [0, [B(xo,3R)|) and t € [0, Tiyax), we
define

u(s, 1) = |{x € B(xo,3R) | (up)(x, 1) > s}|
and
(up)*(s,t) =inf{o > 0| (o, 1) <s}.

Then the function
)
k(s,t) = / we)*(s', t)ds'
0

is Lipschitz continuous in (s, t) with kg, and it holds that
0 ok
/ 2 wgpydx = 2% (uis. 0.0 (12.24)
{(x€B(x0,3R)|(ug) (x,1)>s) OF at
for a.e. (s, t) € (0, |B(x0, 3R)|) x (0, Tinax) by Proposition 12.3. We have also
k(u(s.0). 1) = f ug dx.
{xeB(x0,3R)|(uep)(x,t)>s}
Now, we use the following lemma [38].

Lemma 12.4 Under the assumptions of the previous lemma, there is a con-
stant L > 0 determined by £ and R such that

ok 4 0% (k+ L )8k Ls <0 (12.25)
— —4ms— — s)— — Ls )
ot ds2 as -

fora.e. (s,t) € (0, |B(xg,2R)|) x (v/2,T). Furthermore, we have

ok
=0 and — 0 (12.26)

k e
‘ as ls=|B(x0,2R)|

s=0

fort e [t/2,T].
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Proof: Equalities of (12.26) are obtained immediately. To show (12.25), we
take t € (5, T). Given p € (0, (ug)*(0,¢)) and & > 0, we set

0 (s < p),
Ton(s)=3s—p (p<s=<p+h),
h (s > p—+h).

Then it holds that 7,,, (ug)(-, 1)) € Wol’Oo (B(x0,2R)).
Using the first equation of (12.1), we have

fg%(mp).Tph(u<p) dx =/Qu,<p-Tph(u<p)dx
=— /Q Vi - (VT (ug) + Ton(up) Vo) dx
+/9qu (@VTon(ug) + Ton(up) Vo) dx
- _/QV(W)-VTM(W) dx+/9(u¢)w.vrph(mp)dx
+/QTph(u<p) (=V - uVe) —Vu-Vo+uVv-Vg) dx. (12.27)

Since the supports of |[Vg| and |Ag| are contained in

B(xo, 2R) \ B(xo, R),
the function g = —V - uVe) — Vu - Vo +uVv - Vo satisfies
Hg”LOO(QX[r/Z,T]) = Ce.

Therefore, the last term of the right-hand side of (12.27) is treated by

i [ Tmrgax

1
=|—{/ hgdx+/ (ugo—p)gdxH
B Jiwe)>p+h) {o<(ug)<p+h)

< |lg] oo Hwe) > p + 1} + | g o Ho < (wg) < p+ ).

This implies

_ 1
hrf,lf(;lp EfQTph(ufp)gdx) < gm0, 0.



260 Free-Energy and Self-Interacting Particles
Next, the first term of the right-hand side of (12.27) is treated by

1
lim— | V VT d
hl?(l) A (ugp) oh(up) dx

=liml{/ |V(ug0)|2a’x—/ |V(u(p)|2dx}
(« («

hl0 h ug)>p} ug)>p+h}

d
=—7 IV (up)* dx.
O J{(up)>p}

Finally, in terms of

o

(s < p),
(s2=p%) (p<s=<p+h),

S d
Son(s) =/O s—Top(s)ds =
(0+5) (G>p+h),

ds

S Nl—

we have

f (wp)Vvu - VT, (up)dx = / Vv - VS, (up)dx
Q Q

= / (u —v)Spn(ue) dx
Q
from the second equation of (12.1).
The second term of the right-hand side of (12.27) is treated by
1

LIF(])Z fg(ugo)Vv VT (ug)dx

=lim—/ (u—v){(ugo)z—,oz}dx
{0

<(ug)<p+h}

h
+ lim (u—v)(p—l——) dx
10 J{(ug)>p+h) 2

— 0 W—@WSP/ wdx = (ug)* (u(p, 1), 1)
{(up)>p} {(up)>p}

{/ ugodx—l—/ u(l—go)dx}
{(up)>p} {(up)>p}N(B(x0,2R)\B(x0,R))

ok
= a (/_,L(,O, t)’ t) {k (/"L(IO’ t)’ t) + EM(P, t)} .

On the other hand, relation (12.24) is applicable to the left-hand side of (12.27).
We have

1 ] 0 ak
lim = [ —(ug) - Tpn(u )dx:/ —up)dx = — (u(p,1),1).
o h Joot ¢ PRULY {(ug)>p} Of ¢ ot
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Those relations are summarized as

ok 9 )
— (u(p, 1), 1) — — IV(up)|” dx
at 30 Jiwe)>p)

dk
Sggme%0@Mmﬂ+kwa%m+L%wJ)

fora.e. (p,t) € (0, |B(xp, 2R)|) x (t/2, T) with a constant L" > 0 determined
by £.
From this stage we can argue similarly to the proof of Lemma 4 of [38]. In
fact, the co-area formula and isoperimetric inequality imply
T e Vup)? dx
p 3 Jiug)>p)

and hence

dun-1 1 4 ok aky 1,0k
(-35) = (- +k)+ (65 + 1)
a0 471 ot as 4w \ 0ds

follows for a.e. (p, t). This implies

A(ug)* 3%k
- 1) = ——=(s,1
a5 (s, 1) 552 (s, 1)
! < Ok 5.0+ ks, 02K z))+ ! (k(s. 1) + L)
—\ — =, S, — 5, - s,
“ dms ot as 47
for a.e. (s, r). Now, setting L = max{¢, L'}, we get the conclusion. O

We are ready to give the following proof.
Proof of Lemma 12.3: We take T € (0, Tmax) as small as
T7%|B(x,2R)| = 1
and

sup |ut®) ”L'(B(xO,ZR)) < 8r 3.
1€[0,T]
Actually, the latter relation is obtained by (12.5). Then, we take £ by (12.22)
and L according to Lemma 12.4. Furthermore, letting
2m

8
=8t —- and op=— —1, 12.28
m T 5 an (o)) s ( )
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we take T € (0, YA”) as small as

2

moy 3 2
5 T(1+00){LT +2+T°(1+09)°} > 0. (12.29)

Given t € (0,T), we take T = t/2. Then, we rescale (s, t) to (y, ) by
y=s(t— 7)72. We see that the function j(y,t) =k(s,t) solves

Jo = Ayt — B 2y — [+ Lt — D2y + 20t — Dy}t — 2y
<L(t— %)%

forae. (y,1) € (0, (t — T)"%|B(x0, 2R)|) x (7, T). It holds also that
J(IBGo, 2R (t = ©) 72, 1) = k(|B(x0, 2R)| . 1) < 87 —§

fort € [0, T].
Here, we take the function

and apply the comparison theorem. First, we have J (1) = 8w —§. Then, putting

LU)=J, —dry(t —T) 2 Ty
—(J+ L@ =Dy +2(t—D)y)t — )2y — Lt — T)%y,

we obtain

L) =@=D72-(I+oo) -y

: {Smaoz/2 ——DA+o0y)  (Lt—H+2+ 0 — DA+ croy)z)}.
by (12.28). Therefore, we have

L]I>0>Lj
for a.e. (s, t) by (12.29) and
JO ) =lmk(( = )%y, 1) =k©.0) =0 = J(¥)

for y € (0, 1]. We have also

J( 0 =k((t — ), 1) < k(IB(xo, 2R)|, 1) < 87 — 8 = J(1)
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fort € [0, T]1by T~2|B(xo, 2R)| > 1 and
J(0)=0=j(0,1).
Then, the inequality
Jy,t) < J ()

follows for (y, t) € (0, 1] x [, T'] similarly to Proposition A.1 of [38].
This implies
JjCh,ty . J(h)

p < lim = = Jy(0) = moy

ke(0,1)(t — )% = jy(0,1) = lim
hl0

for ¢t € [T, T], and hence
-2
H”(’)HLOO(B(xO,zR)x[r,T]) < 4t “moay

holds true. We have obtained (12.23), and the proof is complete. a

The case xo € QNS is treated by the same idea. First, we take R3 € (0, R)
as

B(xg,4R3) NS = {xp}.

Without loss of generality, we assume xo = 0 and v = (0, —1) at xg. We have
a conformal mapping

X = (X1, X2): QN B(0,4R3) — R

satisfying
2 X .
X (02N B(0,4R3)) C Ry and 8_(0) = id,
X

where R%L = {(X1, X2) | X2 > 0}. We assume also
B(0,2R3) C X(B(0,3R3))
and
X (B(0, R3/2)) C B(0, R3).
As in Chapter 5, we take a smooth function ¢ satisfying 0 < ¢1 <1,

1 (x € B(O, R3/2)),

P=V0 (o ¢ BO.3Ry).,
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and (d¢1)/(dv) = 0 on 0€2. Making R3 > 0 smaller, we assume
X ) 1
e = sup ‘—(x)—ld‘ < -,
xeB(0,3R;)NQ | 0X 5

furthermore. We put 7y = T3(R3/2) and {1 = C3(R3/2,t) in (12.21) for
T € (0, Ty). This means

” u” H C2+0,140/2 (§\$R3/2><[r,min(T4,Tmax))) =t (12.30)

The following lemma is a modification of Lemma 12.4, where

P"(s,t) = /s(u”(pl)*(e, 1)deo.
0

Lemma 12.5 There is L > 0 satisfying
9 P" — 27 (1 — 5¢)s92P" — (P" + Ls) 3P" — Ls <0 (12.31)
fora.e. (s, 1) € (0, |R]) x (tr, min{Ty, T;,,}) and n > 1. It also holds that
P"|

=0 and 9P"[_ o =0

s=0
fort € (v, min{Ty, T2, }).
Proof: We drop the index n and put

Ts = min(7y, Tmax)-
Let

ug1E, ) =u(X"' @), 1) o1 (X7'(®))

and

0g1E, D =v(X1E), 1) - o1 (X71®)).

The even extensions of 2@ and 0¢] with respect to (’JR%r are denoted by ugy
and vgy, respectively. Then, we see that (u¢1)* is locally absolutely continuous
on (0, |€2|] by Lemma 12.2.

Taking T € (0, T5). For t € (, T5), p € (0, |[u(t)¢1lloo), and & > 0, we put
that

0 (s <p),

Ton(s)=9s—p (p<s=<p+h),
h (s>p+h).
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Then it holds that
Tp.n(gi(, 1)) € WH™ (B(0, 2R3))
and
Tpn (u(-, )g1) € WH(Q).

Using the first equation of (12.1), we obtain
/Q (1), Tp n(ugpr) dx = /Qutngp,h(u(m)dx
= /Q V-(Vu—uVv) - Ty p(ugr)dx
== [ ) VT pp) dx

+/Q(M<P1)Vv-VTp,h(Wl)dx—/QTp,h(Wl)'gdx
— I+ —II (12.32)
with
g=V-wVe)+Vu-Vo; —uVuv - V.

Then, we estimate each term of the right-hand side as follows.
First, for the third term we have

supp Vo1l N B(0, R3/2) = 0,
and hence from (12.30) it follows that
HgHLOO(QX[r,Tg]) <Ly,

where L1 > 0 is a constant. This implies

11T 1
lim sup ‘—‘ = limsup —f Top (u(x,)e1(x)) g(x, 1) dx
no 1 h no hJg

1
§L11imsup—/ h < Liu(p,t),
h0 {u(.t)p1>p}

where

np,t) = |{x e Q| ulx,np1(x) > p}|.
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To estimate the first term of the right-hand side of (12.32), we use the fact
that X is conformal. This implies

2 _ 12 _l —2
[ s dX—/X(E){Vf\ dt = 2fX(E)\Vf| ds

forany f € CI(B(O, 3R3) N Q) and any measurable set E C B(0, 3R3) N €2,
where X (E) denotes the even extension of X (E). Therefore, it holds that

1 1
lim — = lim — \% - VT, d
hli‘[(} - hlir(% A (uer) p.h (@) dx

1
:hm—{/ IV ()2 dx—/ VGl dx)
h0 b US> ) {upr>p+h}

1 1 2
= ~lim — Ve (ugpr)|” d§
2 hl0 b Jiph>iigr>p) Ve |

10 2
=——-— Ve (uer) | dé.
29p {uTn>p}| : |

Here, applying the co-area formula and the isoperimetric inequality, we obtain

3’”)’1 <2 Ve @[> ds
- > -7 1
dp 3p Jiagr>p) :

47'rm<—
for a.e. p, where
m=m(s,1) = |{& € supp g1 | u@r (€, 1) > s}|.

‘We have also

0X 0X; 90X, 0X; 090X
o () 2 s,

ox 9xq ' ax2 dxy  0x1

>(1—e)?—e?2=1-2¢
and
det(a—>§(l+s) +e2 <143
X

by € € (0, 1/2). Therefore, it holds that

1 X 1—2e¢
m(p,t) = d§ = = det(—) dx > wu(p, 1)
{wgr>p) 2 Jiug>p) dx 2
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and

M ot = lim = (m(p, 1) — m(p + h, 1))
N ) = lm — ) - )
ap P 10 h e e

1 143 1
— lim — ag < -+ glim—/ dx
hi0 h Jipth>ugr>p) 2 mOh Jipthzup >p)
14 3¢ au

These relations are summarized as

o ()

NIN

lim
h{0

or equivalently,

by 1 | —2¢
1 — — —_— —_— . . —
0 ( )1 = 5 -4n > 27 - (1 — 5¢)

hoh 143 —
for a.e. p.
To handle with the second term of the right-hand side of (12.32), we put
N d
So.n(s) = /0 IETp,h(r)dt
0 (s <p),

=1:6> =0 (o<s<p+h),
hp+4%) (>p+h).

Then, we have

II= f Vv - VS, p(upr)dx = f (u —v)Sy n(upy) dx
Q Q

from the second equation of (12.1). This implies

I
lim— =1 Vv VT, d
hl?(}h ;%h/(u(pl) V- o.h(upr) dx

=1imi/ (u—v){(u¢1)2—p2}dx
0

1m0 2k Jipthzug>p)

h
—|—1im/ (u—v)(p—l——)dx:,o (u —v)dx
140 J{ugy > p-+h) 2 {ug1>p)

S,O/ mpldx+p/ u(l — 1) dx.
{up>p} {up>p}
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Here, we have

f u(l —g1)dx < tiu(p,t)
{up1>p}

by (12.30) and supp (1 — ¢1) N B(0, R3/2) = @. Also, we have

wu(p,t)
/ uprdx = [ (up1)*dd = P(u(p,1),1)
{up1>p} 0

and

Thus, we obtain
|

On the other hand, the left-hand side of (12.32) is treated by Lemma 12.3.
We have

‘{u(pl = p}| =0 for ae. p

and hence it follows that

1
lim — / W) Tpn(up)dx = | (ue1);dx = P (u(p,1),1)
hl0 h Q {up>p}

for any ¢ € (0, Ts). Therefore, equality (12.32) implies

21— 5e) = ™' - 2—’;){ — Pi(u(p, 1))

+ (P(a(p,1).0) + L1120, D) Py((p, 1), 1) + Lisa(p, 0)].

Then, integrating this inequality in p € (o1, p2) C [0, |2]), we get

27 (1 —5¢) (p2 — p1)

u(p1,1)
< / sil{ —P,(s,t)—i—(P(s,t)+€1S)Ps(s,t)+Lls}ds.
wu(p2,t)

Here, we have

102 - 101 - (MQDI)* (IU‘(IOZv t)v t) - (Mgol)>l< (M(pla t)7 t) )
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and it holds that

0 < —27(1 —58)d2P(s, 1)
= =27 (1 — 2¢) [0s(ue1)*] (s, 1)
<s ' (=P + (P+li5)Ps + Lis).

Finally, we have P > 0; hence inequality (12.31) holds with L = max(£{, Ly).
The latter part of the lemma is immediate and the proof is complete. a

Here, we use the following lemma, where
L(h) = 9;h — Bsd*h — (h + Ds)dsh — Ds

is a second-order parabolic differential operator with the inhomogeneous term
—Ds,and B > 0 and D > 0 are constants.

Lemma 12.6 Let A = A(r) € C'([0,T)) be a positive function, and f =
f(s,t)and g = g(s,t) be measurable functions defined on

Or={(s,1)|0<t<T, 0<s <A@},

satisfying the following conditions for any § > 0:

(i) f & fi> & fsr & € LZ(Q7).

(i) Supo<; <7 {”f(t)” w25, A T ”g(t)”Wll(a,A(r))} < +oo.

(iii) L(f) < L(g) a.e. in Or.

(iv) 0= f(0,1) < g(0,¢) and f(A(t),t) < g(A@),t) fort € [0, T].

(v) f(s,0) <g(s,0) fors €[0,A)] and g = 0in Q7.
Then, the inequality f < g holds on Q.
Proof: Let

w=f—g and w4 = max{w,0}.
By means of g > 0 and f (0, r) = 0, we have
wi(s, 1) < f(s, 1) <cis (12.33)

in Or, where ¢1 = || fs|lL> (o). In particular,

w4 /s € L™(Q7)

holds true.
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We have also
wy — Bswgy — Dsws — (f - fy —8-8) =0

a.e. in Q7. Multiplying wy /s, we integrate it in s € [§, A(t)] for § €
(0, miny (o, 7] A(t)). Then, we get

s=A(t)
s=4

1d (A0 | A D, ,
—— s wids < Bwgwids + —|w
2 dt s + - /{; ss Y4 + 2 [ +]

A(r)
+/ (f - fs —g-8g)s 'wpds =T+ 4111,
B
where ¢ € [0, T']. Here, we have
A(t)
[ = —Bws(8, w4 (8, 1) — B/ (was)*ds
B
and
D 2
II= ) (w+(6,)" <0

by w4 (A(¢), t) = 0. Furthermore,
A(t) A()
I = / s_lwigsds +/ s_1w+wsfds
8 B

A(t) w2 A(t)
< 62/ —tds+ci / wy |woglds
8 s $

holds by w = f — g and (12.33), where ¢2 = || gsllL>(01)-
Therefore, using

A1) B [A® 5
clf Wq |wyslds < —/ (w4s)“ds
5 2 Js

2 A1)

i ||A||C([O,T])/ 1.2

4+ —-— = s w dS,
2B ) +

we obtain

1d (A0 B [AD )
EE j s w+ds+§/(; (w+5) ds

2 A(t)

cillAllco,ry / 12
<|c e S w dS
= ( 2 + 7B s +

+ B lwy (8, w4 (8, 1)] .
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This implies

1r [A® =t
—[/ s_lw%rds] ’
2L Js t=t

21l A t A1)
< (Cz + —Cl H !;([O,T])) / 2dt /(; s_lw%-ds
1

5]
+ B/ dt - |ws (8, Hw4 (8, 1)|

1

for0 < t; < t» < T. Here, wy(s,0) = 0 holds, and we have

19}
li S,t 5,t)|dt =0.
;$A|w(>wm )

Therefore,
Ld (A0 ot ”AHC([O )\ [ 1o
—— s w+ds§ )+ —= f s w+a’s
2dt Jo 2B 0

follows for ¢ € [0, T']. This implies fOA(t) s 'wy (s, 1)?ds = 0 and the proof is
complete. a

Now, we show the following lemma.

Lemma 12.7 Suppose xo € S N Q2 in Theorem 12.1, and let us take Rz €
(0, R) and &, > 0 satisfying B(xo, 4R3) NS = {xo} and

Hu8||L'(B(x0,4R3)ﬁQ) < 4w — 268

forn > 1. Then, there is Tg > 0 such that each T € (0, Tg) admits C4 > 0
satisfying

””n ” C2H0.140/2( B (xp, R3)NQx [T, min(Ts, T2,,))) = Cy.
Proof: We omit the index 7, and put xo = 0 without loss of generality. Making
R3 > 0 smaller, we assume that ¢ in (12.31) satisfies 62 /(167) > 2e.

Next, we take ¢ = ¢o in (5.11), where 0 < ¢ < 1,

1 (x € B(0,3R3)),

P2=10 (x ¢ BO,4Ry)).,
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and (d¢2)/(0v) = 0 on 9L2:

K2

d
& [ v nax| = 229y + 180

This provides 77 > 0 determined by A, €2, and R3 such that
2T772 |QNsupp ¢1] > 1

and

y)

sup ||u(t) <dg— 22 (1234
1€[0,74] H ||L1(B(0,3R3)mgz) 3

We take 71 € (0, Tiax) and set
J(&, 1) = P(s,1)

for¢ =s(t — 71) 72 Putting

M) =0j —2m (1 - 1(2—1”) c(t— 1) et
—iHLe -+ - mef - - Lo - )%,
we obtain
M(j) =0
for a.e. t € (t1, min(T7, Tmax)) and ¢ € (0, (t — 11) 72 |R2|) by
82/(16m) > Se, Jee =0,

and (12.31).
Putting

moog
14 09¢

withm = 4w — (62/2) and o9 = (2m/57) — 1, we have

J(@¢) =

5 5
Jy =20 200y 2 _up s,
T+o0 2 2

and

P(I2],t) <4m — 26,
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by (12.34). Hence it holds that

j(,m) =P((t — ) 1)

< P(9l,1) 5471—3—;32:1(1)—%2 (12.35)
fort € [0, T7].
Next, we have
¢ — )21 4 000> M)
= {471(1 — i)ma2 — m202} — (@t —1)(1 4+ 000)
167 0 0
: {Lmoo(t — 1) +moo+ Lt — 1)3(1 + Gog“)z}
5 2
> Z'Z% — (t — T)(1 + 002)

: {Lmao(l — 1) +mog+ Lt —11)>(1 + 605)2} .
Therefore, taking Tg € (71, T7] in

2
dymoy

— Ty(1 + 00) { Lmo Ty + mog + LT (1 + 002} = 0,
we obtain

M(J) = 0= M(j) (12.36)
for (¢, 1) € (0, 1] x [t1, T3]. Finally, we have

j(¢ Ty = lim P((t 11)%¢, 1)
71
=P, 71)=0< J(©) (12.37)

for ¢ € (0, 1]. Using

Je @) =t — ) (up)*((t — 1)%¢, 1)

<@t —m)*u®|
and

Je (£) = (mop) (1 4 09) 72,
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we can find 7 in 0 < 70 — 71 K 1 satisfying

Jj(&, ) < J(©) (12.38)

for ¢ € [0, 1].
Now, we apply Lemma 12.6 for

f0=Pen, gsn=J(se—m™D), A0)=-n)
and

Or ={(s,0) |2 <t <To, s €(0, A1)},

where Tg € (12, min{Tg, Thax}) is arbitrary. In fact, conditions (i) and (ii)
are obvious, while conditions (iii), (iv), and (v) follow from (12.36), (12.37),
(12.35), P(0,t) = J(0) = 0, and (12.38). Thus, we obtain

P(s,t) < J(s(t — 1) 7?)

for any ¢ € [12, To] and s € [0, (r — 71)].
Since Ty is arbitrary, this means

for t € [1o, min(Tg, Thax)) and s € [0, (r — ‘51)2]. Finally, 15 and 17 are also
arbitrary, and hence

moos

P(s,t) < ——
( )_t2+0’0S

follows for ¢ € (0, min(73, Tmax)) and s € (0, 72].
Combining this with P (0, ) = 0, we obtain

W) (0, 1) = Py(0, 1) < as( oo )

12 + ops

s=0

= (mop)t 2,

or Hu(t)gol || L@ = maoot ~2. Then, the standard bootstrap argument guaran-
tees the conclusion. The proof is complete. O

We conclude this section with the following proof.
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Proof of Theorem 12.1: Inequality (12.4) is a consequence of (12.21) and
Lemmas 12.2 and 12.7.
To prove

T, = lllrg io%f o >0

in the latter case, we take {n'} C {n} such that

T, = lim T"

; max*
n’'— o0

Then, we have {u”//} C {u”/} and jo(dx) € M(Q), satistying

" = po(dx)
in M () and the finite set S as above. The constants T3, Ty, C3, and Cy4 are
taken to be uniform in xo € S in Lemmas 12.2 and 12.7.
Combining this with (12.21), we have
T, = lim ™ 0.

n—oo Max

Furthermore, there exists 7 € (0, Ty) such that any t € (0, T') admits C > 0
satisfying

"
n
i

C2+9,1+9/2(§x[r,T]) =C

Therefore, {u"'} € C>!' (2 x (0, T1) has a converging subsequence. Then,
repeating the above argument, we obtain T, > 0, and the proof is complete. O
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Weak Solution

Our concern is focused on the problem of mass quantization,

. _ 8T (xg € ),
m(xp) = my(xp) = b (€ 99),
in (11.3):
u(x,t)dx — Z m(x0)8y,(dx) + f(x)dx, (13.1)

xoGS

which arises as # 1 Tmax < +00 in M(S). Here, u = u(x, t) denotes the
classical solution to (11.2):

ur =V -(Vu —uVv)

O=Av—av-+u } i £x0,1),

ou v

—=—=0 on IRx(0,7),

v v

ul,_o=uo(x) on Q, (13.2)

where Q@ C R? is a bounded domain with smooth boundary 92, and a > 0 is
a constant.

To solve this problem we define the weak solution and study its blowup cri-
terion as in Theorem 5.1. More precisely, formulation (5.8) to (13.2) makes it



278 Free-Energy and Self-Interacting Particles

possible to introduce a measure-valued solution, and then the argument devel-
oped for the proof of Theorem 5.1 is applicable. If the initial measure contains
a collapse

m(x0)8x,(dx)

with m(xg) > my(xo), then the solution does not exist even locally in time.
This means that if a weak solution is constructed after the blowup time, then
the collapses formed at the blowup time must have the quantized mass. In
other words, mass quantization of collapses of the classical blowup solution is
reduced to its post-blowup continuation. This principle was noticed by [147],
and the present chapter is devoted to its proof. It is extended also to the case of
a blowup in infinite time as described in the previous chapter.

In 1991, Victory [182] showed that a weak solution for the Fokker—Planck
equation exists globally in time, provided that the initial distribution is regular.
However, this is not the case in (13.2). In fact, although this system is the
adiabatic limit of the Fokker—Planck equation, the status of particles treated in
these systems is different. Thus, the mean field associated with (13.2) is thicker
than the one for the Fokker—Planck equation, and consequently the strategy of
constructing a weak solution globally in time to show the mass quantization
of a collapse in the Keller—Segel system has not been successful. However, if
we combine the weak solution with the backward self-similar transformation,
then we can achieve our purpose; that is, we obtain the mass quantization of
a collapse by the parabolic envelope and the blowup criterion of the rescaled
system in Chapter 15.

The weak formulation of the classical solution to (13.1) has already been
introduced as (5.8), in terms of the Green’s function G = G(x, x’) of —A +a
in € under the Neumann boundary condition, that is,

d
—f ulx, Hyx)dx — / ulx, HAY(x)dx
dt Q Q
1
== // Py (x, y)u(x, Hux’',t)dxdx" (13.3)
2J)J axa
with py = py (x, x") defined by
py (X, x") = Vi (x) - VoG (x, x") + Vi (x) - Ve G(x, x), (13.4)
where ¥ = ¥ (x) is a C? function defined on € satisfying % = 0 on 0Q. In-

troducing the notion of a weak solution, we take into account that the classical
solution satisfies ||u(¢)]|1 = ||lugll1 for t € [0, Tmax). Therefore it is natural to
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put the weak solution into the space of measures. We recall also that conver-
gence (13.1) holds in M(2) = C(2)’, the set of measures on 2, where —
denotes the x-weak convergence. Henceforth, we shall write

/Qn(X)u(dX) = We@m@ (13.5)

forn € C(Q) and u € M(Q) = C(Q)'.
In Chapter 5, we have shown that py, € L°°(2 x ) holds, but the argument
provides more precise profiles. To describe this, we put

_ 2oy [ Y
X = {w cC’@| ‘BQ _o}, (13.6)
and € =& + C (R x Q) C L™(Q x Q) for

Eo={py | ¥ € X},
and take Q¢ CC €2, the covering
m
Q\ Qo c | B, n)
k=1

with x; € 0Q2 and r > 0, and the conformal mapping Xy : B(xg, ry) — R?
satisfying Xy (xx) = 0, X (B(xx, rx) N Q) C RZ, and

Xt (B(xx, i) N9RQ) C IR

We define
Gi(x,x") = 1 log + —log !
2 7 Xe(x) = Xk (D] 27 7 [ X (x) — X (X«
and
Golr.x') = = log ——.
2 |x — x|

where X, = (X1, —X») for X = (X, X»). Also, putting Uy = Q¢ and Uy, =
B(xg,ri) for k = 1,2,..., m, we take the partition of unity associated with
the covering {Ux )}, of €2, denoted by {¢y};"_,. Then, given ¢ € X, we define

m

Py (x,x) =Y (Vi(x) - VaGi(x, x) + Vi (x') - Vo G (x, 1))
k=0

for Y = ¥ - ¢x.
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Setting
500={/03,|1/f€X},
we have
E=En+C(QxQ).

If Y € X satisfies py € C(Q x Q), then

i (VY (x+h)—Vyx)-h D2y (x)[h, h]
im = lim ——
h—0 |h|? h—0 |h|?

exists for any x € Q, where D1 denotes the Hess matrix of 1. Diagonalizing
DQW(x), we see that this is the case that DZW(x) = a(x)E holds, where
E denotes the unit matrix and a(x) is a scalar continuous function. Then, it
follows that

1//(x):a|x|2+b~x+c

with some a, ¢ € Rand b € R2, where @ = 0 and b = 0 follow from

oy
— =Q2ax+b)-v=0
av

on 9. This means Ey N C (2 x ) = {0}, and hence we obtain
5=500€BC(§X§).

If p € &y satisfies p = py,; = py, for Y1, Y2 € X, on the other hand, then it
follows that py, = 0 € C(Q x Q) for ¥ = | — ¥r2. This implies that v (x) is
a constant as we have seen, and therefore the mapping

[v]e X/R ,03 € &

is an isomorphism. Thus, £yp = X /R holds true, provided with the norm

il = > 10Vl

lo|=1,2

for given [¥] € X/R.
From this isomorphism, £ is a separable Banach space, with the norm pro-
vided from L*°(Q2 x ), and hence

L'0,T; &) ZLX0,T; &)
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follows from Strassen’s theorem [70, 97]. Here, T > 0 is arbitrary and
L2°(0, T; &) denotes the set of £'-valued, x-weakly measurable, and essen-
tially bounded functions on (0, 7). We note that £’ is not separable, and the
theorem of Pettis concerning the strong measurability does not work [191].

With these preparations, now we can introduce the notion of a weak solution

to (13.2). We say that u = u(dx, t) is aweak solution to (13.2) if the following
conditions are satisfied, using the notations (13.6) and (13.5):

1. It belongs to Cy ([0, T), M(R)), that is,
u(dx,1) € M(Q) = C'(Q)

holds for ¢ € [0, T') and the mapping
tel0,T) /n(x),u(dx, t) (13.7)
Q

is continuous for each n € C(Q).
2. It is nonnegative and satisfies u(dx, 0) = po(dx).

3. There exists v = v(t) > 0 belonging to L (0, 7"; ') forany T" < T
such that

V()| e @xm = 1 ® n(dxdx', 1) (13.8)
fora.e.t € (0, 7).

4. The mapping defined by (13.7) is absolutely continuous if n = ¢ € X,
and then the relation

d 1
- /Q Yuldx, 1) = /Q Ay R, 1)+ 5 (o v(O)g o (139)

holds for a.e. t € (0, T) for py, € £ defined by (13.4).

Any classical solution # = u(x,t) is regarded as a weak solution by
uldx,t) =u(x,t)dx. If u(dx,t) is a weak solution, then we have

|00l iy = [ v = [ wodo = ol e, (1310
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for t € [0, T). This is obtained by putting v = 1 in (13.9) because pu =
u(dx, t) is nonnegative. Furthermore, we have

[v(®)ller = sup {(;0’ v(i)hee |llpllLe@xa) =1, p € 8}
> sup {(n, v))er ¢ | InllLe@xa) =1, n € C(Q x )}

2
— 1Oy = | [ motan)

fora.e. t € (0,T) by (13.8) and 1 € C(2 x Q). On the other hand, we have
lpllco — p = 0in & for any p € &, and hence it follows that (|| pllco — 0, V(2))
> 0. This implies

2
(w00 = olle| [ ot}

fora.e. t € (0, T'). Similarly, we have

2
—{pv(®) < oo {/Quo(dX)} ,

and hence the relation

holds for a.e. € (0, T'). In particular, we have v € L°(0, T’ E.Fory € X,
on the other hand, equality (13.11) implies

d 1 2
=5 [vutaxn] < vl ol e + 5 100 ol
fora.e. t € (0, T). Combined with (13.10), this gives the existence of

li d =nu(dx, T
tlTrgu( x,t) =pu(dx,T)

s-weakly in M(Q), and therefore the continuation after t = T is examined
by the existence of the weak solution locally in time with this w(dx, T) as
the initial measure. Thus, we study the existence and nonexistence of the weak
solution to (13.2) locally in time, given the initial measure g = po(dx).

If

po(dx) = pd(dx) + f(x) dx (13.12)

denotes the Lebesgue—Radon—Nikodym decomposition of po(dx), then
/,L(S)(dx) (L dx) is singular and f(x)dx = Mg,c.(dx) is absolutely continu-
ous with the nonnegative density function f = f(x) € L'(€). In this case, we
have the following theorem.
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Theorem 13.1 If M? ({x}) < my(x) holds for any x € Q, then there is a weak
solution to (13.2) locally in time, denoted by u = u(dx,t) € C*([O, T),
M(ﬁ)). This @ = u(dx,t) satisfies u(dx,t) = u(x,t)dx for0 <t KL 1
with a smooth u = u(x, t) > 0, and therefore we have the smoothing effect to
the solution in this case.

Theorem 13.2 If there is xo € Q satisfying

1 (xo}) > ma(xo),
then system (13.2) admits no weak solution.

As a consequence of Theorem 13.2, if
u=p(dx, 1) € Cy ([0, T), M(R)

is a weak solution of (13.2), u(dx,t) = us(dx,t) + f(x,t)dx is its Le-
besgue—Radon-Nikodym decomposition, and S;(¢#) denotes the set of isolated
points of supp us(dx, t), then it holds that

N(@)
s (dx. D5 = 3 mi(0)85,) (@) (13.13)
k=1

with N(t) < A = ol p)s X6 () € Q, and my(t) < my(xx(z)). Coming
back to the classical solution, the case T}},, > Tmax, referred to as the post-
blowup continuation, can occur only when m(xg) = m4(xg) is satisfied for
any xo € S in (13.1), where T};,, denotes the supremum of existence time of
= u(dx,t) as a weak solution.

On the other hand, the first part of Theorem 13.1 is a consequence of the fol-
lowing principle concerning the construction of the weak solution. To prove the
second part, we make use of the concentration lemma of the previous chapter.

First, we show the following.

Theorem 13.3  Let {u" (x, t)} be a family of classical solutions of (13.2),
where eachu" = u" (x, t) possesses the smooth initial value u" (-, 0) = uy > 0

satisfying
ug(x)dx — po(dx)
in M(S2) with some measure 1y = po(dx) defined on Q. Suppose that

T =liminf 7%, > 0
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holds, where T"

max
u = u"(x,t) as the classical solution. Then, there is {u",} C {u"} satisfying

€ (0, +oc] denotes the supremum of the existence time of

W (x,t)dx — p(dx,t)

in Cy ([0, T), M(ﬁ)), where u = u(dx,t) is a weak solution of (13.2) with
the initial measure (Lo = pLo(dx) = 0.

Proof: From the assumption, we have A = sup,, [[ug|l1 < +00. Putting

w'(dx, 1) =u"(x,1)dx >0, up(dx) = " (dx, 0),

and
Vi(dxdx',t) = u" (x,Hu" (x', t)dx dx' > 0,
we have
| © = [ x0 = ], <
u"(t)\c(ﬁ@ =u' @ u' (dxdx', 1)
[V @] = [ ®]] = A%,
and

/ YO (dx, 1) — f Pl ()
Q Q

t . 1 r! "
= [Vas [ aveonrcax o+ 5 [ v o) ds

for large n, where ¢ € X and ¢t € [0, T). Then, we can take {,u”/} C {u"}
satisfying

W (dx, 1) — fi(dx,1) =0
in L2 (0, T; M(Q)) = L' (0, T; C(RQ)) and
v (dxdx',t) — v(t) >0
andin L (0, T; ') = L' (0, T; €)', respectively. This implies
[AC D[ =& O] = A%

and
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vO|c@m = A® Aldrdx'. )

for a.e. t € (0, T). Furthermore, it holds that
[ vecaxn - [ @
Q Q

t t
=/ ds/Aw(x)[L(dx,s)—i—l/ (g v($))e ords  (13.14)
0 Q 2 Jo :

forae.t € (0, T), where { € X.

Since X is separable, we have dense Xo C X and measure zero Iy C (0, T)
such that (13.14) holds for any ¢ € Xpandt € (0, T)\ Ip. Here, the right-hand
side is continuous in ¢ € [0, T'), and therefore we have h = hy, (t) € C([0, T))
such that

/Qw(xm(dx, 1) = hy (1)
fort € [0, T) \ Io. This implies

sup [y ()] < Ay
1€[0,T)
and there is (dx, 1) € M(Q) satisfying

hy (1) = /meu(dx, 1)
forany ¢ € [0, T) and ¥ € Xp. Then, it holds that

pa(dx,t) = pu(dx,t)

in M(Q) fort € [0, T) \ Iy. Furthermore, this t = w(dx, t) satisfies
u(r)\c@ﬁ) =u®u(dxdx', 1) (13.15)

fora.e.r € [0, T), and (13.14) for any ¢y € X¢ and ¢ € [0, T) with i(dx, )
replaced by u(dx, t):

/w(X)M(dx,t)—/l//(X)Mo(dX)
Q Q

t t
=/ ds/Aw(x)u(dx,s)—i-l/ {0y, v(®)e ords. (13.16)
0 Q 2 Jo :
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We can extend this equality of ¢ € [0, T) to any ¥ € X with the (Lipschitz)
continuity of

tel0,T) /w(X)M(dx, 1)
Q
in terms of the right-hand side of (13.16). We have also

sup (|G D) | gy < A
s 00l
and therefore . = pu(dx, 1) € Cy ([0, T), M(Q)) follows from the left-hand

side, because X C C(Q) is dense and the continuity is preserved under the
uniform convergence. We have also (13.15) fora.e.r € (0, T).If € X, the

mapping
rel0.n) o [ ywudnn
Q

is absolutely continuous by (13.16), and relation (13.9) holds fora.e.r € (0, T)
with u(dx, 0) = puo(dx). It holdialso (13.8) for a.e. t € (0, T), and therefore
n=u(dx, 1) € Cy ([0, T), M(Q)) is a weak solution to (13.2). O

Now we give the following.

Proof of Theorem 13.1: We take ® € C3° (R?>) with0 < & < 1, supp & C
B(0, 1), and fRZ ®(x)dx = 1. Then, we put H(x, s) = s_2d>(x/s) fors > 0
and

ug(x) = /H(x —y,n Huoldy) for n=1,2,....
Q

This ug = ug(x) is a nonnegative smooth function satisfying
ug(x)dx — po(dx)

in M(Q).

Let u" = u"(x,t) be the classical solution to (13.2) with the initial value
uo = uy(x), and T, € (0, +00] be the supremum of its existence time. If
Tr.x < +oo, we have a blowup point, denoted by x, € Q. Then, we have

(13.1) with m(xg) > m(xp), and hence it holds that

liminf || u" ()|,

11 Thax

(QNB(x,,R)) = M (Xn) (13.17)
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for any R > 0. Let a subsequence {x,} of {x,} converge to xo € . In the case
of xo € R, we may assume m (x,/) = 8 for any n’:

timinf " (0)] > 8.

max

(QNB(x,,R))

Otherwise, we have m,(xg) = 4. In any case we can replace (13.17) by

hinmf " (t)||L,(mB(x Ry = M (X0). (13.18)
I "

max

From the assumption to po(dx) and its outer regularity, we have R > 0 and
8 > 0 satisfying

o (5 N B(xp, 3R)) < my(xg) — 6.

Now, we recall (5.11) valid for ¢ € X:

)dt/ Y u" (x, t)dx‘ < —||V¢||W.w(9)+A||Azp|| (13.19)

Here, K > 0 is a constant determined by 2. Taking ¢ = ®x,/.R,2R, WE get

‘dt/ Y (ou™ (x, t)dx‘ <CA+A)RT'+R?

with a constant C > 0, which implies that

Hu"/(t) HLl(QﬂB(xn/,R)) = ‘ (2NB(x,/.2R))

" d /
—/ Yvx)u" (x,s)dx|ds
ds Q

< ug ||L1(QDB(xn/,2R)) +1C(A+ AHRT +RT?)

for ¢ € [0, max)
Here, we have

lir/n sup | ”3/ “Ll(mB(x /2R)) = hm SuP H“O ”Ll
n—o0

(2NB(x0,5R/2))
< o (_ﬂ B(x0,3R)) < my(xg) — 8
and therefore for n’ sufficiently large it holds that

[0 Ol L1 @b, gy < Me(0) =8 +1C0OA AR + R,
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Making ¢ 4 Trﬁ/ we obtain

ax?

— 8
M= CA+A)(R2+ R

by (13.18). This implies

T= lim T".. >0

nW—oo M
and Theorem 13.3 is applicable. Thus, we get a weak solution
p=p(dx, 1) € Cu([0, T), M(Q))

to (13.2) with the given initial measure po = po(dx).

To prove the latter part, we use the concentration lemma, Theorem 12.1. In
fact, from the assumption and the outer regularity, each x € Q admits r > 0
satisfying

po (B(x,r)) < my(x).

Then, we have a constant § > 0 and a covering { B (xg, rk)},'Z:1 of  such that

o (B(xg, ri)) < my(xg) — 6

for k = 1,2,...,n, and therefore there exists R > 0 such that any x € Q
admits k satisfying B(x, R) C B(xg, ri). This implies

mo (B(x, R)) < my(x) — 8
for any x € Q, which guarantees assumption (12.3) of Theorem 12.1:

lim sup |[ug ||L1(B(x0,R)nsz) < mx(xo)
n— oo
with u = wug(x) > 0, denoting the regularization of o = wo(dx) defined
above.
Therefore, we have T € (0, T], a subsequence {u"ﬁ} C {u"/}, and u €

c>! (§ x (0, T]) with the classical solution u"" (x, t) with the initial value
ug// = u’g// (x) converging to u(x, t) locally uniformly in (x,¢) €  x (0, T].
This gives

w(dx, t) =u(x,t)dx

for t € (0, T], and the proof is complete. a
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Now we turn to the proof of Theorem 13.2. Let © = wn(dx,t) be a weak
solution of (13.2) with the supremum of its existence time, denoted by 7}, .
Given an open set w C R? with o N Q # (), we say that u = u(dx,1t)
is extended in w N Q after T*,_, if the following conditions are satisfied for

max?
*
T>Tk,.

1. It has an extension to Cy ([O, T), M(ﬁ)), denoted by the same symbol,
satisfying u(dx, t) > 0 and

sup [l a < 0] g

s 10l = [0l v

2. It admits an extension of v(¢), denoted by the same symbol, as in 0 <
v=v() e LP(0,T; &) forany T' < T, satisfying (13.8) and (13.9)

for a.e. t € (0, T), where ¥ is an arbitrary function in Cg(a)) satisfying
%—'f =0 on 9%2.

The supremum of such T is denoted by
T (o).

Similarly to (13.11), the inequality

[v)

e = |ro ”3\4(5) (13.20)

is proven for a.e. t € (0, T}, (w)). However, equality (13.9) is involved by the
Green’s function G = G(x, y) on the whole domain and the above notion does
not mean the time extension of . = wu(dx, t) on w N K as a solution to (13.2).

Using the cut-off function ¢ = ¢, g/, g(x) introduced in Chapter 5, we now
shall show the following.

Theorem 13.4 If there exists xo € Q satisfying
po ({xo0}) > m(xo)
and
[t =508 g1 ran o) = o)
as R | 0O, then
Trax (B(xo, R)) = o(R?)

follows.
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Proof: The proof is similar to that of the blowup criterion using the second
moment. First, the derivation of inequality (5.35) is valid for the weak solution,
and therefore we have

%f(z) < JR(O) +a(R7') + BR ' Ir()'/?,
where
Ix(t) = /Q m)YR(Ou(dx. 1)

Mr(t) = /Q YrGO(dx, 1)

AMg(1)?

+8BR ' Iir(n)'/?
m*(xO)

Jr(t) =4Mp(t) —
for0 < R < 1, ¥r = ¢} pop:

) = lx — xol? (x0 € Q),
X012/ |2 xo)|  (x0 € 09),

and

B = C, (A3 4212,
a(s) = C. (A2 +2%) (s> +9)
A= po(Q)

with a constant C,. > 0 determined by €2.
From this inequality, if Jg(0) < —A < 0,

1 12(0) ( A )2 d 1x00) R2 _1<A>2
_ < (—— an < — bl BB
R2°R 24B K 6"
then it holds that
T=a'(A/4)?-R?> > T, (B(xo, R))

from the proof of Theorem 14.1. Then, letting R | 0, we can make A | 0 from
the assumption, and the proof is complete. O

Now we give the following.
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Proof of Theorem 13.2: The measure

00(dx) = po(dx) — 1o ({xo}) dxy(dx)

is nonnegative and satisfies og ({xo}) = 0. Hence it holds that

1
=7 /Ix — x01% @up. R 2R (¥)* 0 (dx)
Q
_ 1 o2 4
= —5 | |x = x0l” ¢xo.r.2r(x) 00(dX)
R* Jg
<40y (2N B(xo,2R)) = o(1)
as R | 0. From this relation, combined with the assumption
ws (txo)) > mi(xo).
we see that Theorem 13.4 is applicable. Then we obtain 7}, = 0 by
Tnﬁax = Tr:;ax (B(x0, R)) .

The proof is complete. O



14
Hyperparabolicity

We are concerned with the classical solution u = u(x, t) to (11.2):

uy =V -(Vu —uVvo .
6:Av(—av+u )} in - £x(0,7),
0 0
a—”:g—vzo on 9Q x (0, T),
v v
ut=0=uo(x) on £, (14.1)

and study the problem of mass quantization,

m(xp) = my(x0) (14.2)
in (11.3):
u(x,1)ydx — Y m(x0)dy,(dx) + f(x)dx (14.3)
X0ES

ast 1 Thax. Here, Q2 C R? is a bounded domain with smooth boundary 9€2,
a > 0 is a constant, and

(o) 8t (xg € ),
m 4 (X =
VTV (€ 09).
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In this chapter, we show that the mass quantization (14.2) occurs to (14.3) if
the blowup point xg € S is hyperparabolic. This means

ZT1im MpR (1), (1) = m(xo) (14.4)

max

for any b > 0, where R(t) = (T —1)!/?,

My (1) = /Q Wrosg (O, 1) dx,

T = Tmax, and Yg x, = @x,,R,2R» and the existence of the limit in the left-
hand side of (14.4) is also assumed. This suggests the necessity of the backward
self-similar transformation for the proof of Theorem 1.2.

First, we note that relation (14.3) implies

lim lim M 1) = .

Wm fim R,xo (1) = m(xo)
Next, y = (x — xg)/R(¢) is the standard backward self-similar variable, and it
always holds that

lim sup MpR(s),x, (1) < m(xo),
11 Tmax

and the hyperparabolicity of xo € S means

%)lﬁ)l ltl%nT n11r1f MpR(t),x, (1) = m(xo).

Thus, at the hyperparabolic blowup point, the process of the formation of col-
lapses, (14.3), is reduced to the infinitely small parabolic region, which we
call the hyperparabola, which is associated with the backward self-similar
transformation. This is not the case with subcritical nonlinearity (Chapter 1),
and motivated by this we next study the rescaled solution. We show that if
it develops the singularity, then it is a sum of delta functions, which we call
subcollapses. Their masses are quantized similarly to the case formed by the
blowup in infinite time of the solution to the prescaled system. In the next
chapter we show that the total mass of the collapse in consideration of the
prescaled solution, denoted by m(xg), is preserved under the transformation
b = (x — x0)/b(T — 1)'/2 if we make b — +o0. Therefore, if the residual
term of the limit measure of that rescaled solution vanishes, then the collapse
mass m (xg) satisfies m(xg)/m4(xo) € N. This virtual infinitely wide parabolic
region is called the parabolic envelope.
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If the rescaled solution develops the singularity, then the blowup point is
called type (II). Its blowup mechanism is simple, and in the next chapter we
will show that the limit measure described above is composed of one subcol-
lapse located on the origin. This means limg_, oo MpRr(1),x, (tk) = m(xp) for
any b > 0if tp — Tpax satisfies

lim sup R(t)u(x, tr) = 400
k=00 yeQ, |x—xo|<CR (%)

for some C > 0, namely, the type (II) blowup point is regarded as hyper-
parabolic along the above time sequence f; — Tmax-

The following theorem motivates us to introduce the method of rescaling in
the study of mass quantization, where it is shown that the hyperparabolicity
implies the mass quantization. It is a weak version of Theorem 1.2, and the
proof is not hard.

Theorem 14.1 If xg € S is hyperparabolic, then m(xg) = m.(xo).

Proof: Similarly to the proof of Theorem 13.4, we start with inequality (5.35):
%IRO) < JrO) +a(R7"t"2) + BR™'Ip(1)',
where
1) = [ meoue,0vrGe) dv

Mr(0) = /Q u(x, YR () dx

AMg(1)?
Tr() = aMa(t) — RO | g p17,0 ()12
M« (X0)
with0 < R < 1, YR = ¢ gops
lx — xo/? (xo € ),
m(x) = 2 10X
X ()17 /|35 (x0)|  (x0 € 9),

and

Bz = C.(A3* +217%),
a(s) = C (M2 +23)(s? +9),

with constant C, > 0 determined by €.
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First, we take the case that
JrR(0O)=—-A <0 (14.5)
and
T =a""(A/4)?* R* < Tpax. (14.6)
Then, fort € [0, T'] we have
a(R™V?) <a(RT'TV?) = A/4,
and hence
dIg A 12

2 < T 4 BRI
dr — 4+ R

holds true. If

1z (0) <( A )2

R2 24B
and
o <. & —1(A>2
<—-T=—a -,
R 6 6 4
then we have
dIg A
dt =0~ 6’

and therefore the inequalities

O ()

R2 24B
and
dlg A
- <
dt — 6

are preserved in ¢ € [0, T']. This implies

A
Ir(T) < Ig(0) — i T <0,
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a contradiction. In other words,

IRO) _ . qa'(A/4)? A \2
R? 6 24B
holds in this case of (14.5) and (14.6).

Otherwise, we have either Jg(0) > O or Jr(0) < O and T > Tpax, and the
latter case is written simply as

—JR(0) > 4-a(Tuh/R). (14.7)

Thus, all possibilities are classified into either (14.7) or

0 i1 i (0242, 0 22 .

Therefore, since system (14.1) is autonomous in ¢, the following alternatives
hold for each R € (0, 1] and ¢ € [0, Tihax):

L. —Jr(t) = 4-a((Tmax — ?/R)

2. % > min {%a‘l(min (O, —%)), min (0, _1211(1;))2}‘

Now we show the following lemma using
R(1) = (Tmax - t)l/z .
Lemma 14.1 Ifxo € S is hyperparabolic, then we have

Ipriny(t)

148
ATom R(1)2 (14.8)

foreach b > 0.

Proof: By the assumption it holds that

lim {Mpr@y(t) — Mery (1)} =0

t max
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for each ¢ € (0, b). Here, we have

hro() 1
Rt)?  R(@)?

1
= R0? /Qm(x) (VbR (*) — Yere (X)) ulx, 1) dx

/Qm(X)l/be(z)(x)u(x,t)dx

1
+ oz /Q M) ey (e, 1) dx
1

- Ry /{X€Q||x—xo<2bR(t)} e (wbR(t)(X) B ng(’)(x))

~u(x,t)dx + ﬁ/ﬂm(x)wgle(,)(x)u(x, t)dx

IA

Cbz/g (VR (%) = Ver@y () ulx, 1) dx + Ce?A
— CL? [MRi (1) — Megy()} + C&*A

with a constant C > 0 determined by 2. Therefore, making ¢ 1 Tiyax and then
e | 0, we obtain (14.8) and the proof is complete. O

Returning to the proof of Theorem 14.1, first we use

AMpr( (1)* RN
Jor(t) (1) = AMpR( (1) — ZTPRW L 8BLTR() Mapray ()2
My (xp)
4 2
S dm(xg) — Fm0)
m..(xp)

ast — Tmax by (14.4) and Lemma 14.1. Applying the alternatives (i) and (ii)
with R = bR(¢t) for each t € [0, Tax), We get

am(xo)? | = —4a™h

4m(xp) — e Cro) or (14.9)

again by Lemma 14.1.
Here, the first alternative is impossible if » > 0is small because lim a(s) =

§—>—+00

00 holds true. Then the second alternative implies

m(xp) < my(xo)

by m(xo) > 0, and the proof is complete. O
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Two alternatives in (14.9) correspond almost to the types (I) and (II) of xg €
S, respectively, and here, we can emphasize the importance of the rescaled
system in accordance with the standard backward self-similar transformation.
In the latter part of this chapter, we show the formation of subcollapses in the
rescaled solution, supposing T = Tax < +00in (14.1) and xg € S. Thus, we
define the transformation

z2(y,8) = (T —Hu(x,t) and w(y,s) =v(x,t) (14.10)
with
y=x—x0)/(T —0H"? and s=—log(T —1).

Then it follows that

zs =V - (Vz—zVw — yz/2)1) o
O0=Aw+z—ae w ’
dz/ov =0w/ov =0 on T,

2\ jgr =20 in Oy, (14.11)

where O = CUPs>—log 705 x {s}, T = Us>710gTFs x {s}, and zo(y) =
Tug(xo + T'/%y) with Oy =e*/2(Q — {xo}) and Ty =9 O0; =e*/2(32 — {x0}).

Since this (z, w) is regarded as a solution to (14.11) globally in time, a re-
lation similar to (12.2) is proven. Henceforth, if xo € 02, then H denotes the
half-space in R? containing 0 € d H, with d H parallel to the tangential line of
d€2 at x = xq. Furthermore, we put

B (o€,
IR (€ Q).

The following theorem describes the mass quantization of subcollapses
[149, 151].

Theorem 14.2 Any s, — +00 admits a subsequence {s)} C {s,} such that

2. spdy = Y ma(30)8y (dy) + g(y)dy (14.12)
YoeB

in M(R?) as n — oo, where g =gy € LY(L) isa nonnegative function
and B C L denotes the set of exhausted blowup points of {z(-, s;l)}, namely,
yo € B if and only if there exists {y,} C R? such that z(y,, s)) — 400 as
n — 0o, where zero extension of z = z(y, §) is taken where it is not defined.
The case B = ¥ is also admitted.
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Before starting the proof, we confirm several fundamental properties of
(z, w) regarded as a solution to (14.11). Henceforth, C; ¢ = 1,2,...) de-
note generic positive constants. First, the L' estimate of the prescaled system
guarantees

wp {Ivol, + o} =
t€[0,Tmax)

ifg € [1,2) and p € [1, 00). In what follows, we shall argue the case xg € 02
mostly, because the other is easier to treat. Thus, we have L = H, and take
R1 > 0 and the conformal mapping

X : B(xo,4R)) N Q2 — R?
such that
X (x0) =0,

X (B(x0,4R) N Q) C RZ,

X (B(xp,4R)) N 9S2) C IRZ,
X

E(XO) =1d.

Then, for x, x’ € B(xp, R1) N  we obtain

1 1
—log— 1]
27 BIX) — X0 27 B TX ) — X ()l

G(x,x) = + K (x, x"),

where

K e c%H0n 0o (B(xo, Ri) N &2 x Blxo, R1) N Q) ’

G = G(x, x’) denotes the Green’s function for —A +a in  under the Neu-
mann boundary condition, 6 € (0, 1), and X, = (x1, —x2) for X = (x1, x2).
This implies

V.G, x| = & +1) (14.13)

lx — x|
for x and x’ € Q with x # x’. Defining

G(y,y',s) =G *?y 4+ xp, e /%y + x0)
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for y, y' € B(xg, e5/2R1) N O(s), we have also

1 1
G(y,y',s) = —log
2w 1Y (y,s) =Y, )l

1
+—1lo + K@,y s) +s/2m),

2 BY (. s) — Y (.9l

where Y (y, s) = e*/2X (e™*/?y + x¢) and

K(.os) =K,y s) =Ky + x0, ey + x0)
e C1H N M99 (B(xg, e5/2R)) N Q2 x B(xo, e5/2R1) N Q).

This G = G(+, -, s) is nothing but the Green’s function —A + ae™* in O(s)
under the Neumann boundary condition on dO(s).

Given yo € H and 0 < R’ < R « 1, we introduce the cut-off function
o = d>‘;0,R/’R defined for s > 1, modifying ¢ = ¢y, r’,g of Chapter 5.
Thus, we take ® = ¢ in the case of yo € H. If yo € 0H, then we take
® = ¢, 0 Y(-,s) instead of ¢ = ¢, o X. Then this smooth ® = CIJ;O’R/’R
satisfies 0 < ® < 1, ® = 1 in B(yg, R) N O, ® = 0in Oy \ B(yo, R), and
92 = 00n30(s).

First, we use

v _ 1

10X

X —S/2 _ X _ —S/2

55 = 7 (X (e™%y + x0) (x0)) X (e7y +x0)y
lroX _ ). G
= 5[5(96 2y + x0) — 5(6 5/2 —{—xo)]y

for 8 € (0, 1), which implies

aY _
5-009| = 021y,

On the other hand, we have % = V;,/,,% and therefore r’ < |Y(y,s)| <r

holds if this term does not vanish. Writing
e %y = X(e_s/zy + xo),

we see that this implies |y| = O(1). In this way, the s-dependence of & is
mild, and we have

0 —s/2
Haq);o,R’,RHoo = Cae v
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Defining W (y, s) = ® R(y)6, we have

N
Yo, R
IVW| < A(R — R))~1w/6

and | D*V¥| < B(R—R’)_zl//z/3 for || = 2, where A, B are positive constants.
In the estimates exposed below, the dependence in R > 0 or R’ > 0 is not
essential, and is not indicated explicitly. The following lemma is proven by the
previous arguments, and we omit the proof.

Lemma 14.2 It holds that || 2| L~ 0@s)x0(s)) < Ca for s > 1, where

E=Euy(,Y,s)
= VyW(y,s) - VyG(y, ¥, 8) + VW (y',5) - VrG(y, v, 5).
We can also show the following lemma.
Lemma 14.3 It holds that

d

—/ zWdy| < Cs
ds O(s)

fors > 1.
Proof: Writing ¢(x,t) = ¥ (y, s), we have

0 0

= (25 + Vy - (y2/2) ¥ + 2 (Vs + y - V¥/2)
=z(Ws+y-V¥/2)+ (V- (Vz—zVw)) ¥

and therefore it follows that

d 0
— Wdy = (T —t)— dx = T —1)— d
e R )dz/gz”“’ x /Q( ) () d

=/ {z(Ws+y-VU/2)+ (V- (Vz—zVw)) ¥}dy
O(s)

=/ Z(\I’s—i-y-VlIJ/Z)dy—i-/ zAVdy
O(s) O(s)

—I—f zVw - VWdy =14+ 1T+ 111 (14.14)
O(s)

Here, we have

I + 1] < CeA,
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where A = |lugl/1. On the other hand, from the method of symmetrization we

have

I = // 2y, VYW (y, ) - VoG, v, )2y, s)dy dy’
O(s)xO(s)
1

=3 f / Zu (v, ¥, )20y, )20, )dy dy'.
O(s)xO(s)

Then Lemma 14.2 guarantees
| < Lop
-2
and the proof is complete. O

We also use the following lemma.

Lemma 14.4 Given yg € H,0<R<«I, and q € [1, 2), we have

“V'U” L9(B(yp,R)NO(s)) <Gy (14.15)

fors > 1.

Proof: In fact, by (14.13) we have

[VyG .y 9)| = |€_s/2VxG(e_s/2y + xg, e 512y + x0)|

1
sz( /+1)
ly =l

for s > 1. Then, it follows that

q 1/q
{ {Vyw(y,s)’ dy}
B(y0, R)NO(s)

=</ / VyG(y, ¥, )z, $)dy
B(yo.RINOGs) ' JO(s)

< CS{/ z2(y', s)dy'
O(s)

, 1 . , 14
{ Z(y,5)< . +1) dydy} :
B(yo, )NO(s) JO(s) ly — 'l

This implies (14.15) by [|z(s)[I 1o,y < A and the proof is complete. O

q>1/q

}(q—l)/q
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Fundamental structures of the concentration lemma in Chapter 12 are space
localization and time discretization. In spite of the linear term yz/2, estimates
given above are enough to guarantee them for (14.11). Thus, we have the fol-
lowing lemma [149].

Lemma 14.5 If

lim sup | z(s,) < my(yo)
nsup [26m 1 a0, R0 <m0

holds for yy € L R >0, and sp — 00, then there exist t > 0, R’ € (0, R),
and {s},} C {sn} such that

Sln'lp ||Z|| C2+9’1+9/2(B(y(),R/)QO(S))X[S’Qf‘[,S;l+T] < 400 (1416)

for0 € (0, 1).
From the elliptic regularity, we have

sup ||Vw || +00
n

- <
C1+9~9/2(B(y0,R/)ﬂO(s)) x[s,—7/2.5,+1/2]

by (14.16). The counterpart of the above lemma is the rescaled version of the
local blowup criterion discussed in Chapter 5. We continue to take the case
xo € 02, and also yo € dH. Then, we have m,(yp) = 4m and put that
Wi(h8) = WS gy andm(y,s) =Y (y.s) =Y (o, s)]? for0 < R < 1,

s > 1,and i = 1, 2. Recalling the requirement %—f(xo) = id in Lemma 5.3,
we obtain the following lemma similarly to the prescaled system [149].

Lemma 14.6 It holds that

- 2
B, 9) + W1 )WY, 9|

< CoR™ (Iy = yol + [y = yo|) W1 (3, )2 W2 (5", )
+ CoR™ |y — yo| Wa(y, /2,

where

E(0, Y, s) = [ViP) (0, s) - VyG(y, ¥, )] W20y, 5)
+ [V () - VyG(y, v, )] W2y, 5).
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Now we can argue similarly to the prescaled system. First, as in (14.14) we
have

d
— zmW¥dy = / V. (Vz —zVw)(zmW¥)dy
ds Jos) O(s)

1
+ / ((m‘lfl)s + —V(ym‘lll))zdy =IV+V.
O(s) 2

Here, we have

Img| + |Vm| < Ciom!/?

and
W] + VW | < CroW)’°,

and hence it follows that
12 1/2
VI < Cha {/ mz‘llldy} .
O(s)

On the other hand, Lemma 14.6 and the method of symmetrization guarantees

1
IV <My — — M7 + CoR ™21 4 Ciok (My = M)

where

M; = zW;dy and [; :/ mzW;dy
O(s) O(s)

fori = 1, 2. Hence it follows that

d 1
N b

+ Ci32 (M — M),
and the following lemma is obtained including the case yp € H [149].

Lemma 14.7 If
[ aosdy = maton
O(s0)NB(yo, R)
holds for yg € H, so > 1, and 0 < R K 1, then there exists n > 0 determined
by & = |lug||1 and f(’)(s)ﬂB(yo,R) z(y, s0)dy > m.(yg) such that
1 2

=5 ly = yol” z(y, so)dy < n

R= Jo(so)nB(yo.4R)
then 7 = z(-, s) must blow up in finite time, which is not the case.

Lemmas 14.5 and 14.7 are enough to provide the following proof.
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Proof of Theorem 14.2: Taking the zero extension of z(-, s) to R? \ O;, we
obtain ||z(s) [l 1r2y = A, and therefore Lemma 14.5 guarantees the existence
of {s),} C {s,} such that

2y, sp)dy = Y m(y0)8y,(dy) + g(y)dy
yoeB

in M(R?), where B C L denotes the set of exhausted blowup points of
{z(-, s,/l)}, m(yg) = my(yp),and g = g(y) € LI(RZ) is a nonnegative function
with the support contained in L.

If m(yg) > m4(yg) holds for some yg € B, then there are § > 0, ng, and
Ro > 0 such that

/ 2Oy, s0)dy > ma(y0) + 8
(/)(S};)QB(yo,R)

holds for any n > ng and R € (0, Ro]. Then, we can take n > 0 of Lemma
14.7 subject to A and § with the relation that

1
— ly = yol* 2y, s;)dy <
R JoGs;)nB(yo.R)
for some n > ng and R € (0, Rp]. This is impossible and we obtain m(yy) =
my(yo). The proof is complete. O



15

Quantized Blowup Mechanism

Motivated by Theorem 14.1, we introduced the standard backward self-similar
transformation in the previous chapter. Supposing T = Tax < +00 and xp €
S, wedefine R(t) = (T—1)'/2, y = (x—x¢)/R(t), and s = —log(T —1). Then
z(y,s) = (T — t)u(x,t) satisfies (14.11), which is a similar system to (14.1),
and this {z(-, s)} is regarded as its global semiorbit. Similarly to the collapse
formed in infinite time in the prescaled system, quantized subcollapses are
formed in infinite time in this rescaled system, stated as Theorem 14.2. Thus,
any s, — 00 admits a subsequence {s,} C {s,} satisfying (14.12) in M(R?):

2(y, s,)dy — po(dy), (15.1)
where supp p1o(dy) C L,
po(dy) =Y mu(y0)8y,(dy) + g(y)dy, (15.2)
Yo€B

0<geL'(L)YnC(L\B),and

L R? (x0 € Q),
|H (x€09).

Here, H denotes the half-space in R* with d H containing the origin and par-
allel to the tangent line of <2 at xq, B is the set of exhausted blowup points of
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{z(-, sh) }, which may be empty, and the zero extension of z = z(y, s) is taken
where it is not defined. We noticed also that if the residual term g vanishes in
(15.2), then m(xg)/m4(xg) € N follows from the parabolic envelope described
below.

We can show, more strongly, that m(xg) = m(xp) always holds, using the
forward self-similar transformation applied to the backward rescaled system
limit. If xq is a type (II) blowup point, furthermore, then the limit measure
no(dy) of (15.1) is always equal to m..(xg)do(dy). If it is type (I), then we
have a profile of emergence, and the local free energy of the parabolic region
diverges to 4+oo. Thus, this chapter completes the proof of Theorem 1.2. New
devices are the parabolic envelope, reverse second moment, and forward self-
similar transformation.

We begin with the introduction of the parabolic envelope indicating the in-
finitely wide parabolic region. It is a virtual notion, and what we actually show
is the following lemma.

Lemma 15.1 We have

m(x0) = po(L) = > mu(y0) + /L g(y)dy (15.3)

Yo€B

in (15.2), where m(xq) denotes the collapse mass at xy € S defined by (14.3),

which arises in the classical solutionu = u(x,t) to (14.1)ast 1+ T = Tmax <
+00:
u(x,t)ydx — > m(x0)d(dx) + f(x)dx. (15.4)
X0ES

Proof: Given xg € S, we take ¢ = (pjo RAOR for0 < R’ < R « 1 and set

Mg(1) = f Y (x)u(x,t)dx
Q
Relation (15.4) implies

lim lim Mg(¢) =
Rlir(l)tgl} r(t) = m(xop),

while in Chapter 5 it is proven that

\%MRO)( <CA*+M(RZ+RY (15.5)
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fort € (0, T') with a constant C > 0 determined by 2. Hence we obtain
IMR(T) = Mg()] < COZ + )R+ R™)(T —1)

for

Mi(T) = lim Me() = 3 mG)btso) + [ 40 f s

x0€S
Taking b > 0 arbitrarily, we put
R =bR(t) = (T —1)'/?
in (15.5). Then, we obtain
|Mprt)(T) — Mpraoy()| < CA2+ 002 +b671(T —)'/?),  (15.6)
and therefore for

mp(xo) = limsup MpR()(t)
t—T

and
my,(xo) = ligi;lthR(z) (1),
it holds that
m(x0) — C(? + )b ™2 < my,(xo) < Mp(x0) < m(xo) + C(A2+1)b~>
by m(xo) = lim;—7 Mpr)(T). This implies
p(x0) — COZ + Vb2 < m(x0) < my(xo) + COZ+M)b2 (15.7)

Here, we have

f ulx,t)dx < Mgr(t) < / u(x,t)dx
B B

(x0, R)NS2 (x0,2R)NQ

and hence it follows that

/ 20, $)dy < My (1) < / 2(y, 5)dy.
B(0,b) B(0,2b)

This implies
mo (B0, b — 1)) < my,(x0) < mp(xo0) < po (B(O,20+ 1)),

Then, (15.3) holds by (15.7). O
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Each x¢ € 9€2 admits the conformal mapping X : B(xp, R) N Q2 — R%r for
0 < R « 1, with the properties described in the previous chapter. If xg € €,
on the other hand, we put simply X = id, the identity operator. In any case,
we take ¢ € C&(Z) with p(xg) # O satisfying g—f = 0on dL, and set ® =
@ o Y(-,s) fors > 1, where Y (y,s) = /X (e™*/?y + xq). Then, similarly
to (14.14) we obtain

d
< Z<I>dy=/ z(CDs—l-y-V(D/Z)dy—I-/ ZAddy
ds Jos) O(s) O(s)
1
+s / / Zo (¥ )20, 200 )dydy',  (15.8)
O(s)xO(s)

where
Eo(y, Y, 5) = Vy@(y,5) - VyG(y, y's) + V@ (Y, 5) - VG (3, ¥, 5)
and
G(y.y'.5) = G(e ™y +x0. ey + x0).

Here, we can regard Y = Y (y, s) as the transformation y € O(s) — Y €
H, and in this case it follows that

/ z®Pdy = / ozdY
O(s) H

for ®(Y) = ®(y) and

Z2(Y,s) = ’det(%)‘z(y, s).

We have y = y(Y,s) — Y as s — 400 uniformly in Y in the neighbor-
hood of O € H up to its second and first derivatives with respect to ¥ and s,
respectively. If xo € €, first, we have

N
Gy, ¥, 5) = Goy ) + = + K (e 2y +x0.e 7%y 4 x0)

for s > 1, where K € C%1*9 N Cc19.9 (B(xy, R) x B(xo, R)),0 < R < 1,
6 €(0,1),and

1
Go(y,y') = 5—log Tt
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and therefore it follows that
Vy (G, ', s) = Go(y,y)) — 0 (15.9)

locally uniformly in (y,y) € R> x R? as s — 4o00. If xg € 92, on the
contrary, we have

g()” y/,s) = GO(yv y/)

1 y—y 1 y— i
+_10g ‘ | / +_10g | *‘/
2m Y(y,s) =Y/, s) 2w Y (y,5) =Y, 8)l

+ K<e_s/2y + x0, %y + XO) +
2

for s > 1, where Y, denotes the reflection of ¥ with respect to 0 H,

1 1
Go(y,y) = —log + —log ——+
2w ly—=y1 2= ly =¥,

’

K € COM0 N 99 (B(xo, YN x B(xg, R)NQ),0 < R < 1,and 6 €
(0, 1). Therefore, relation (15.9) holds as s — +o00 even in this case, uniformly
in (Y, Y’) in a neighborhood of 0 € H x H through the transformation y €
O@s)— Y € H.

These relations are sufficient to guarantee the generation of the weak so-
lution from the family {z(- 4 s,)}, when the zero extension is taken to z =
z(y, s) where it is not defined. Thus, any s, — +o00 admits {s),} C {s,} and
w=uldy,s) € M (R?) defined for all s € R such that

supp pu(dy,s) C L
and
2(y, -+ spdy = p(dy, )
in Cy ((—oo, +00), M(Rz)), and this u(dy, s) becomes a weak solution for
zs=V-(Vz—2zVp), in L x (—00,00)

9
a—z =0 on AL x (—o0, 00), (15.10)
V

Vyw(y,S)zfVyGo(y,y’)z(y/,S)dy,
L
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and

27 log 5 (x0 € Q),

Go(y,y) =
%logﬁ+%log (xp € 39).

1
=]
More precisely, if CZ, (L) denotes the closure of C(’)” (L) in W™°(L), and
Lo indicates the one-point compactification of R?, usually denoted by R? U
{00} in the case of L = R, and its portion cut by dH in the other case of
L = H,thenthereis 0 <v =v(s) € LY (—oo, +00; 5/) such that
V(s)|CO(Z)@Rch(Z)e9R =@ u(dydy',s)

for almost every s € (—o0, 00),
seoaco) [ gty
L
is locally absolutely continuous for each ¢ € X°, and

j—S/me(dy,w = /L(A<p+y-v<p/2)u(dy,s)+%(pS,V(s))&g/
for almost every s € (—o0, 00), where
E=E ®C(Loo X Log) C L¥(L x L)
Eo=1{py | ¢ eX’)

po(y.¥) = Vo) - VyGo(y. ¥) + Vo) - VyGo(y, )

= foecd| ], =o]

If u(dy,s) = us(dy,s) + pac.(dy,s) indicates the Lebesgue - Radon -
Nikodym decomposition, then it holds that

ﬂa.c.(dya S) = F()’, S)dy
with0 < F(-, s) = F(y,s) € L'(L),

is(dy,s) = > ma(y0)8y,(dy) (15.11)
YoEB;

for a finite set By C L, and ,u(z, s) = m(xg) by Theorem 14.2, and therefore
we obtain

87 -8 (LN By) +4m -4 (AL N By) + pac. (L, s) = m(xo) = n(L, s)

by Lemma 15.1.
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The set
D=|J(L\B) x {s}

seR

is relatively open in L x R, because
s € (=00, +00) — u(dy,s) € M(L)

is continuous and we have the classification (15.11) of the singular part of
u(dy, s). Then Lemma 14.5 guarantees the smoothness of F = F(y,s) > 0
in D, and there we have

F, =V .(VF — FVp) (15.12)

with a smooth function p = p(y, s).

Thanks to the parabolic envelope, the proof of mass quantization, m(xg) =
my(x0), has been thus reduced to the study of the weak solution u = u(dy, s)
to the limiting backward rescaled system (15.10). We next show that p({0},0) >
m(xp) implies its blowup, and hence is a contradiction. This fact is proven by
the study of (15.10), and therefore we can assume L = RZ, using an even
extension of the solution in the other case of L = H.

Here, we apply the method of the (reverse) second moment. In more detail,
if p(y) = A(ly|*) € C3(R?), then we have

(Vo) — Vo)) - (y — y)
=2(A WPy - AWYPY) - 6 =)
=24 (IyP)ly =¥ +2(A Uy = AUy P)yY - (6 =¥
=[A P+ APy =P
(AU = AWY') - (172 = 1y'P)
because the left-hand side is symmetric with respect to (y, y’), and therefore it
holds that

0 1
<,o(p, U<s)>5,5’ =5 (I, v(s))e g

! / 2 / /2 /
—2—// [A(yP) + A (Y1) © n(dydy', s)
T R2xR?2
for
ATy = AY'P) - (P = 1y'P)
ly =y

I=I(y,y/)=(
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This implies

d
5 [ APy = [ {aanayP e +4ayP)
S JR2 R2

1
FP AP~ APy, ) — - U ves
T 4

Taking R > 1 here, we specify A = A(s) as follows:

0<A(s)<1 (s=0),
—~R2<A(s) <0 (s >0),

s—R* (0<s<R?4),
A(s) = 5
0 (s = 4R?).

In this case, we have Cy > 0 such that
4A"(1yP) Iy P+ IyP A"y < Co(AUyID) + R?)
for all y € R?. We have also
1, Y| = {xBopxr2 (Vs Y) + XR2x By 0 ¥}

AP =AY [P = 1P
ly =12
and divide the first term of the right-hand side by

’

XBoex B2 (Vs ¥) = XBopxBag (V5 V) + XBox B, (Vs V).
First, we apply the mean value theorem and obtain
AUy =AY P - 1yl = 1y
ly —y'1?
< A/,||oo|y + V' P XBapxBar (V5 Y)
<2||A”|| (9P X3, xr2 05 ) + 1Y P XR2 w3 5 V). (15.13)

XBog xB4g (yv y/)

Here, we have C; > 0 such that
lyI* < Ci(AUyP) + R?)

for all y € By4g, and therefore the right-hand side of (15.13) is estimated from
above by 2C ||A”||Oo times

[A(y?) + R*} + {AQY'1H) + R?}.
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Next, we have
A (y1») = AUy P - [Iy> = 1y
ly —y'I1?
12— Iyl?
ly—y'I?

XByrxBip (v, y/)

= XBarxs, (0> YA () -

Y +y
= XBQRXBXR(y’ y,) y, _ ‘ =< CZXszBiR(yv y,)
by 0 < A’ < 1, where
"+
Cy = sup - y’ < 400
(v,Y)eBarx By p y =y

We have A(|y'|?) + R> = R? > 1fory € By, and therefore this term is
estimated from above by

C2(AMY') + RY).
Since I (y, y’) is symmetric, the other terms are treated similarly. Putting
2C ,, Cr
C3 = Co+ ——m(x)| A", + 5-m(x0),
we obtain

i 2 2 _ﬁ/ 2
s /R2 (A(y1?) + R*)u(dy, s) = 75 RZA(|y| yu(dy, s)

m(xo)
2

by v(s) > 0 and V(S)|C(R2u[oo}xR2u{oo}) =pu @ uldydy',s)
Here, we use § > 0 satisfying

A(s) + RZ+ Al(s) > §

=G [ (AP + R)utdyos + 4= "0 [ APty
R? R2

for all s > 0. Then we obtain

f A'(lyPHdy, s) = m(xg) — f (A(y») + R n(dy, 5),
R2 R2

and therefore

d
5 [ aad + .

m(xo) }

<G [ (AP + )ty ) + oo [4 -
R2 21

for almost all s € R in case m(xg) > 87m.
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From this inequality, we see that if m(xg) > 8w + ¢ holds with ¢ > 0, then
there is n > 0 such that if

| (45 + R)ucdy. 0 <
then

LAMM%+#MMxn<O

for s > 1, a contradiction by A(s) + R? > 0 for s > 0. In other words, we
have

fR2 (AUy1») + R*)z(y, 0)dy > 1 (15.14)

in case m(xg) > 8w + ¢; that is, the concentration, indicated by

/Rz (Aly®) + R?)z(y, 0)dy < n

implies the nearly mass quantization, m(xg) < 8w + €.

However, we can remove this concentration condition using the forward
self-similar transformation. This argument, due to Kurokiba and Ogawa [84]
concerning the prescaled system on the whole domain R?, established that
llugll1 > 8m implies the blowup in finite time of the solution. In more detail,
in the problem on the whole (or a half) plane, such a concentration condition
in terms of the second moment can be hidden behind the forward self-similar
transformation, and ||ug||; < 87 must be always satisfied for the classical so-
lution to exist globally in time.

To apply this argument, we note that the first equation of (15.10) is written
as

2=V (I sH =V (V= ZVu) (15.15)
by y = e %/2y and s’ = —e ™, where (¥, s') = z(y,s) and w'(y’,s") =
w(y, s). This form is easier to find the forward self-similar transformation
to this rescaled system. In fact, (15.15) is invariant under the transformation
of 7,(y'7') = n2z (uy', u?s’) and w, (.8 = w'(wy', w?s’). Using this
structure, we can show the mass quantization, m(xg) = m4(xgp), or m(xg) =
87 under the above reduction to L = R? by the even extension, as follows.
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First, if m(xg) > 8m + ¢, then we have (15.14). Next, system (15.10) is
invariant under the s-translation, and therefore it must hold that

/Rz (AUy1») + R (dy, s) > 1

for all s € R. However, system (15.10) is invariant also under the forward
self-similar transformation,

2y, s) = AZe_“z()»e_s/zy, —2%2e7™)

wh(y, s) = we 7y, —1%e™%),
and therefore we have

fR2 (A(y[>) + R?)dp*dy, s) = n
for any s € Rand A > 0, where

uh(dy, s) = A2 ure ™ 2dy, —22e™).

Using j = e /%y, § = A%¢~*, this means

|, (4GP + Rz, =) = .
that is,

| (4G 1P+ Rty =) =
forall 5§ > 0.

Again, we use the translation invariance of this system. Applying the above
inequality for u;(dy, s) = u(dy, s + 5), we obtain

| AG P + R)ustay,~91dy = [ (AG 1)+ R)u(dy, 00dy =

but this implies a contradiction by making 5 | 0, because 0 < A(S | y|2) +
R? < R? and A |y|*) + R — 0 for any y € R? and therefore the left-
hand side converges 0 by the dominated convergence theorem. This means
m(xp) < 8w + &, and therefore m(xg) < 8w because ¢ > 0 is arbitrary. Thus,
we have proven the following theorem.
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Theorem 15.1 Mass quantization m(xg) = my(xg) holds in (15.4).

If xg € S is of type (I), then it holds that F (y, 0) = 0, where g (dy, s) =
F(y, s)dy. Then, the strong maximum principle or the unique continuation
theorem applied to (15.12) assures 4. (dy,s) = 0 forany s € R2, and there-
fore we have

u(dy, s) = my(x0)dy(s)(dy)

with s € R — y(s) € L locally absolutely continuous by Theorem 15.1.
To study this case in more detail, for the moment, we assume xg € 2 and
examine

o(») = (R* — [y1H)4.

In fact, the other case of xo € 92 is reduced to the study of this case by the
even extension of u(dy, s).
First, this function ¢ = ¢(y) satisfies

Ap(Y) +y-Vo()/2=p() — (R +4)

and
1
0 A
pw(y,y)—n

in the regions where ¢(y) > 0 and ¢(y), ¢(y') > 0, respectively, that is,
Br = B(0, R) and Bgr x Bp. Therefore, as far as y(s) € Bg, we have

d
4 f (R — |yP)sp(dy. s)
dS R2
2 2 2 1 2
=/ (R® = |yP)an(dy, ) — (R? + Hu(B, 5) + — (B, 5)
R2 27
or, equivalently,
d
o ly(s)> = |y(s)[*.
S

Therefore, we see that

1y ()] = |y(0)] &/

holds for any s € R, by making R large.
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Now, we show that only y(0) = 0 is admitted by the parabolic envelope, and
we have always

po(dy) = my(x0)8o(dy).

For this purpose, we fix s € R, and define t,, € (0, T) by s, +s = — log(T —1,,).
Then, putting t = ¢, in (15.6), we obtain

| MR, (tn) — Mpr(,)(T)] < COZ + 1) (b2 + R(t)b "),

where R(¢) = (T — t)!/2. Here, we have

My, (th) = Un(M)z(y, s +s,)dy
O(s)

for
Vn(y) = insbR(tn)yZbR(tn) (x0 + R(tn)y)

and this function converges to some &5,(y) € Co(R?) uniformly in y € R? as
n — 00, where it holds that

L (vl <b),

Er(y) = [0 (] > 2b).

Thus, we obtain

nlggo MpRt,) (tn) = fLéb(y)M(dy, §) = my(x0)p(y(s))
and therefore

|m.(x0)Ep (¥ (5)) — ma(x0)| < CR2+1)b™2.

Here, s € Rand b > 0 are arbitrary, and if y(0) # 0, then we obtain m (xg) =
0 by making s — +o00 and then b — +o0. This is a contradiction, and we
have y(0) = 0.

If xo € S satisfies, more strongly,

lim sup R(1)u(x,t) = 400, (15.16)
=T xeQ, |x—xo|<CR()

then we have

2(y, $)dy — my(x0)do(dy)
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as s — —+o0. In this it holds that

lim MbR(t),xO = m*(xo) = m(xo) (15.17)
t—T

for any b > 0, and therefore this xq is hyperparabolic. Thus, we have proven
the following theorem.

Theorem 15.2 If xg € S is of type (II) and

lim sup R(ty)*u(x, ty) = +00 (15.18)

N=>+00 4 Q. |x—xo|<CR(tn)
for some t, - T = Tyax and C > 0O, then we have
2(y, sn +)dy — my(x0)do(dy) (15.19)
in Cy ((—oo, +00), M(Rz))for s, — 400 defined by
sp = —log(T — t).

Here, the zero extension it taken to z = z(y, s) in the region where it is not
defined and z(y,s) = (T — tyu(x,t) fory = (x — x9)/(T — Y2 and T =
Tmax < +oo. If (15.16) holds for some C > 0, more strongly, then xg € S is
hyperparabolic and we have (15.17) for any b > O.

Actual existence of the type (I) blowup point, on the other hand, is open. If
xo € § is such a point, then we obtain a classical solution to (15.10) as we
have seen. Formally, this solution is subject to the Lyapunov function

1 =202z 1= 2)as L [ Gotv 25,920, vy
L 4 2 ’ ’ ’ ’

LxL

and it holds that
d 2
—H(z)+ | zIVdogz — p)|“dy =0.
ds L

This formula is actually justified if z = z(y, s) decays sufficiently fastas |y| —
400, and then there should be a stationary solution contained in the - or o-
limit set of {iu(d€&, s)}. Here, the stationary problem is given by logz — p =
constant, or

reP

AW = —
v fLede

in L,

ow

— = on 0L (15.20)
v
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with p = w + ﬂ’ but no bounded radially symmetric solution to (15.20)
exists for any A [63]. This suggests that if there is a type (I) blowup point,
then the collapse is formed from the wedge of the parabolic envelope without
asymptotical symmetry or boundedness. Such a mechanism may be interesting
from the biological point of view, but may not exist mathematically.

We can confirm also that the local free energy diverges to +o0o around this
type of blowup point. More precisely,

lim Fo by (D)) = +00 (15.21)

holds for any b > 0, where T = Tpax < 400, R(t) = (T — t)'/?, and
Fro, (M) = / u(logu — Dy, r(x)dx
Q

1
- 5// G(x, xu(x, Du(x’, )Yy, R () Vxg,r(x") dx dx’

QxQ

for ¥ryo,r = gojc‘o r g+ In fact, if xo € S is of type (I), then any s, — +00
admits {s;,} C {s,} and a smooth z = z(y) > 0 satisfying fL z(y)dy = my(x0)
and

2y, s)) —z(y) = 0

locally uniformly in ¥ € L, and therefore
Foey (e = [ z(0gz = Disdy
L

1
T2 / / | (G003 + K 0. %0)) 20208 (16 (5)dy '

) 2
+ol) ~log R() - [2 /L ztody = = ( /L dy) +o(D)]

ast — T by

GO(-x’ -x/) = GO()% y/) -

4 log R(t)
my(xo) ¢ .

The right-hand side diverges to +00 by

/ 2Epdy < my(x0),
L

and hence (15.21) follows.
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We can summarize that if the type (I) blowup point exists, then the local
entropy is swept away to the wedge of parabolic envelope, while the quantized
concentration mass comes from this wedge, and the proof of Theorem 1.2 is
complete.



16
Theory of Dual Variation

The expanding cosmos is the origin of nonequilibrium.
It creates order, induces complexity, and brings life.
— H. Tanaka

This chapter is the epilogue. We summarize the argument and give a new for-
mulation applicable to other theories.

So far, we have discovered the quantized blowup mechanism of the mean
field of many self-interacting particles, subject to the total mass conservation,
decrease of the free energy, compensated compactness via the symmetrization
of potential kernels, and certain scaling invariance. We studied

uy =V -(Vu —uVv)

O=Av—av+u } i 2x0,1),

ou Ov

—=—=0 on IRx(0,7),

dv v

ul,_o=uo(x) on , (16.1)

as a typical example, where Q C R? is a bounded domain with smooth bound-
ary d€2, a > 0 is a constant, and v is the unit outer normal vector on 9€2. It
is the simplified system of chemotaxis in mathematical biology, describing the
chemotactic feature of cellular slime molds, but it is also the description of the
nonequilibrium mean field of self-attractive particles subject to the second law
of thermodynamics in the theory of statistical mechanics.
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The unique existence of the classical solution locally in time is proven, and
the solution becomes positive and regular for ¢t > 0 if ug # 0. The supremum
of its existence time is denoted by Tmax € (0, +oc], and Thax < 400 is
referred to as the blowup of the solution in finite time. In this case, it holds that

u(x,t)dx = Y m(x0)dx,(dx) + f(x) dx (16.2)

X0 eS
ast 1 Tax in M () with

_ _ 87 (xg € ),
m(xp) = my(xp) = it (xo € 99). (16.3)

where M () denotes the set of measures on €2, — the x-weak convergence
there. Actually, S in (16.2) is the blowup set of u(-, t), and x¢ € S if and only
if there are x;y — xo and #x 1 Tmax in X € Q satisfying u(xg, ty) — +o0o. We
have

im ()], = +os

and hence S # ¢ holds in the case of Tyax < —00. Therefore, (16.2) with
(16.3) implies the sharp estimate of the number of blowup points,

FOQNS) +2-2(QNS) < |uof,/@n).

The equality m(xg) = m.(xp) in (16.2) is referred to as the mass quantiza-
tion of collapses. It has been suspected from the hierarchy of systems in statisti-
cal mechanics, that is, the global existence of the weak solution of the Fokker—
Planck equation and mass and location quantization of the blowup family of
solutions to the Liouville-Gel’fand equation, which describe the kinetic and
the equilibrium states of the mean field, respectively. The actual proof is as-
sociated with the backward self-similar transformation, and the blowup point
xo € § is classified into two types, namely, it is of type (I) if

lim sup sup R(t)zu(x, t) < 400
11 Tinax xeQ,
[x—xo| <CR(t)

for any C > 0 and of type (II) for the other case that

lim sup sup R(t)zu(x, t) = +00
11 Tinax xeQ2,
|x—x0|<CR(?)
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for some C > 0, where R(t) = (Tmax —)'/?. The important notion introduced
here is the parabolic envelope, the infinitely wide parabolic region as b 1 +00
of

{(x,1) € @ x [0, Tiax | Ix — x0l < bR},

that is, the whole blowup mechanism is enveloped there and it holds that

lim lim sup
b—>+00 ZTTmax

/Qllfxo,bze(t)(X)u(x, t)ydx —m(xp)| =0,

where ¥ = vy, r(x) is the cut-off function around x¢ with the support radius
2R > Oand 4% = 0 on 9.
If xg € Sis of type (II) and #; 1 Tiax satisfies

lim sup  R(t)’u(x, y) = +o0
k—o00 xeQ,
|x—xo|<CR(1)

for some C > 0, then it holds that

z2(y, si)dy — my(x0)do(dy)

in M(R?) as k — oo. Here, z(y, s) = R(t)*u(x, ) with the zero extension
taken where it is not defined, y = (x — x9)/R(¢), and s = s is defined from
t =t by s = —1og(Tmax —t)- Thus, the type (II) blowup point is fixed at first.
Then, it attracts particles asymptotically radially symmetric and creates a mass
quantization collapse. Concentration, compared with aggregation, is strong,
and the rescaled z = z(y, s) develops delta singularity m. (xg)do(dz), called
the subcollapse, at the origin. While actual existence of the type (I) blowup
point is open to question, if it exists then it takes a profile of emergence in the
sense of Kauffman as

lim Fyy pre) (u(t)) = +00
tTTmaX

holds for any b > 0, where Fy, r(u) denotes the local free energy defined by

Fop ) = /Q Yreo R O (logut — 1) (x) dx

1
) f/ Vo, R Vg R(XNG(x, XY u @ u(x, x") dx dx’.

QxQ
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Here, G = G(x, x’) denotes the Green’s function for —A + a under the Neu-
mann boundary condition. In this connection, we note that the global free en-
ergy F (u(t)) always decreases as the requirement of the second law of ther-
modynamics, where

Fu) = / u(logu — 1)(x)dx — 1 f/ Gx,xYu@u(x,x")ydxdx'.
Q 2JJ axa

On the other hand, formation of collapses around this type of blowup point
may be nonradially symmetric or may not decay rapidly at the infinite point
in the rescaled variable, because the rescaled system is formally provided with
the Lyapunov function. We conclude that around the type (I) blowup point, if
it exists, mass and free energy are exchanged at the wedge of the parabolic
envelope, with a clean “self” of mass quantized collapse being created.

The quantized blowup mechanism of the nonstationary state described above
comes from that of the stationary state, and this story is called the nonlinear
quantum mechanics. In fact, the stationary state of (16.1) is realized as the
nonlinear eigenvalue problem

v
—Av—i-av:L in £, 8_11:0 on 0% (16.4)
Joevdx v
with A = |jug||1, and the quantized blowup mechanism at this level arises in
the blowup family of solutions, namely, if

{Oes v 2

is a family of solutions for (16.4) for A = A and v = vy, satisfying Ay — Ao €
[0, 00) and ||vk|lcc = +00, then the blowup set of {vg}, denoted by S C Q is
finite, and passing through a subsequence, it holds that

up(x)dx — Z M (x0) 3y, (dx)

X()ES

in M () as k — oo, where

Aielk
Uy = ———.
fQ evk dx

In particular, Ag € 4w\, and furthermore, we have

Ve(m oK@ xo) + Y mpGixxp)
x5€8\{x0)

-0 (16.5)

X=x0
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for each xg € S, where only tangential derivative is taken in (16.5) if xg € 9€2,
and

1 /

5—log |x — x (x € Q),
K(x,x)=Glx,x)+ 177 =
Liog|x —x'|  (x €9Q)

represents the regular part of the Green’s function G = G (x, x’).
This kind of quantization was first observed by [114, 115] for the Gel’fand
problem

re?

A= ———
v er”dx

in €, v=0 on 0%, (16.6)

and [7] proved the converse, that is, the singular perturbation. Calculation of
the topological degree was done based on these facts [30, 31, 87]. On the other
hand, [113, 162] established the uniqueness of the solution to (16.6) for simply
connected Q2 and A € (0, 87). There, the Morse index of the stationary solution
v = v(x) is shown to be equal to the number of eigenvalues in © < 1 minus
one of the eigenvalue problem

—A¢p = pugp in  Q,

¢ = constant on 02,

a—(ﬁds =0, (16.7)
aQ dv
where
Ae?

This Morse index is induced from the variational structure of (16.6), associated
with the functional

|
T (v) = EHW\@ —Mog(/ge”dx) te (16.9)

defined for v € HO1 (£2). Using c prescribed later, we can treat this system by
the general theory.
Independently, [185] showed the same fact for u = u(x) > 0 satisfying

(—AD)_1 u = logu + constant in 2, lull1 = 1. (16.10)
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In more precision, this problem was introduced by the stationary state of the
similar system to (16.1),

u,:V-(w—uW)} i Qx0.7).

O0=Av+u
u Bv_O
IR T } on AR x (0, 7). (16.11)
vV =

It is subject to the decrease of the free energy defined by

1
f(u):/ u(logu—l)dx—E// G, xu®@udxdx’,
Q

QxQ

where G = G(x, x’) denotes the Green’s function for —A under the Dirichlet
boundary condition. Problem (16.10) is nothing but the Euler equation for the
variational problem 8 F (1) = 0 under the constraint ||u||; = A, and the Morse
index of the solution is defined by the maximal dimension of the linear sub-
spaces in which the associated quadratic form is negative. Thus, what [185]
showed is that this index is equal to the number of eigenvalues in i < 1 minus
1 for (16.7). On the other hand, these problems (16.7) are equivalent through
(16.8) and

v=(=Ap) u, (16.12)

and in this way, these two variational structures concerning v and u are equiv-
alent up to the Morse indices. This is important to us, because the structure
of elliptic problem (16.6) is known in detail and the Morse index is easier
to calculate, while the dynamics of (16.11) are subject to the decrease of the
free energy and the local dynamics around the stationary solution is controlled
by its Morse index. Actually, this observation, combined with the global bi-
furcation diagram of the equilibrium state, led us to the mass quantization of
collapses of the nonstationary solution (Chapter 15) and the relation between
the dynamical and linearized stabilities (Chapter 9).

However, the dynamical equivalence of these variations is proven also by the
general theory, called dual variation in this book. Since the Lyapunov function
for the full system takes a role in developing this theory, we describe the situ-
ation for

I Sl

5_“5:0} on A x (0, 7). (16.13)
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In fact, defining WV by
1
Wu, v) = / u(logu — 1) dx + EHW\\; — (v, u),
Q

we have

d
W (@), v(0) + v +/Qu}v (logu —v) [, 1)dx =0,
(16.14)

where u = u(-,t), v = v(-, 1) is the classical solution to (16.13) and (, )
denotes the duality:

(v, u) =/ uvdx.
Q

In the simplified system we have (16.12), and this W is reduced to the free
energy:

W Capytu = F- (16.15)
‘We have, furthermore,
Are?
U=———"
fQ evdx
in the stationary state, because in this case
logu — v = constant and Hu”l =A

follow from (16.14). If we take ¢ = Alog A — X in (16.9), that is,
1
T (v) = §||Vv||§ — Alog (/ e”dx) + AlogA — A
Q

for v € Hy (), then it holds that
Whizsersfevax = T2 (16.16)

We call these relations, (16.15) and (16.16), the unfolding Legendre transfor-
mation, because the stationary states given by u# and v, (16.10) and (16.6),
respectively, are realized by § F(u) = 0 on |u|l; = A and §J,(v) = 0 on
HO1 (R2), respectively. On the other hand, we have the minimality,

W(u, v) > max {F ), J,(v)}, (16.17)
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where |lu|l; = A. In fact, the first inequality is a direct consequence of
Schwarz’s inequality, while the second inequality is proven by Jensen’s in-
equality. These inequalities are applicable to derive the global existence of the
solution to (16.11) or (16.13) in the case of A = ||ug|l1 < 87. However, we
can show them by the general theory.

The theory of dual variation guarantees the splitting of the stationary state
into each component, indicating the particle density and field distribution, to-
gether with their variational and dynamical equivalence. The above unfolding
and minimality, on the other hand, are enough to establish its stability. Some
systems describing the mean field are provided with only semi-unfolding and
semi-minimality, from which we can derive the stability of one component.

We are ready to begin the abstract theory. Let X be a Banach space over R.
Its dual space and the paring are denoted by X* and (, ) = (, )x x*, respec-
tively. Given F' : X — [—o00, +00], we define its Legendre transformation
by

F*(p) = sup {{(x, p) — F(x)} (p € X").

xeX
Then, Fenchel-Moreau’s theorem says that if
F:X — (—00, +00]

is proper, convex, lower semicontinuous, then so is F* : X* — (—o0, 4+00],
and the second Legendre transformation defined by

F™(x) = sup {{x,p) = F'(p)}  (xeX)
peX*

is equal to F(x) [43].
Given proper, convex, lower semicontinuous F, G : X — (—o00, +00], we
put

Q(x,y) =Fx+y —GHx).
and define the effective domains of F, G by

D(F) = {x € X | F(x) < 400},
D(G)={x € X | G(x) < 400} .

Each x € D(G) induces a proper, convex, lower semicontinuous mapping

ye Xt ®d(x,y) € (—oo, +o0]
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and its Legendre transformation is given by

W(x,p)=su§{(y,p>—<l>(x,y)} (p € X¥)
ye

and thus
Wx, ) : X* — (=00, +00]
is proper, convex, lower semicontinuous. Sometimes

L(x7 P) = —W(X, p)

is referred to as the Lagrange function. Then, for (x, p) € D(G) x X* we have

W(x, p) = sup {y+x,p)—Fx+y)+Gx) —(x,p)}
ye

= F*(p) + G(x) — (x, p). (16.18)

Putting W (x, p) = +oo for x ¢ D(G), we obtain (16.18) for any (x, p) €
X x X*.
Next, given p € X™*, we put

F*(p) —G*(p) (p € D(FY),

J* = 16.19
(P) +00 (otherwise) ( )

and obtain

Inf W(x, p) = F*(p) — sup {(x.p) — G)}

xeX
= F*(p) — G*(p) = J*(p)
for p € D(F*). Itis valid even for p € D(F™*) by (16.18) and (16.19). Simi-

larly, for x € X we set

J(x) = Gx)—F(x) (x¢e€ D(.G)), (16.20)
400 (otherwise)

and obtain

inf W(x, p) =G(x)— sup {(x,p) — F*(p)}
peX peX®

=Gx)— F™(x)=Jx)
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for x € D(G), which is valid even for x ¢ D(G) by (16.18) and (16.20). Thus,
we have

D(J) ={xeX|J(x) #+oo} =D(G)ND(F)
D(J*) = {p € X* | J*(p) # oo} = D(G*) N D(F*)
and
inf W(x, p) = J*(p) (p e X*)

in}f Wkx,p)=Jx)(x € X). (16.21)
peX*

Relation (16.21) implies

inf  W(x, p) = inf J*(p) = inf J(x), (16.22)
(x,p)eX xX* peX* xeX

which is called the Toland duality [173], [174].

The above global theory can be localized by the subdifferential. In fact, given
F:X — [-00,400],x € X,and p € X*, wesay p € dF(x),x € dF*(p)
if

F(y) > F(x) +(y —x,p) (foranyy € X),
F*(q) = F*(p) + (x,q — p) (forany g € X™),

respectively. It is obvious that 9 F'(x) # ¢ implies x € D(F), butif F : X —
(—o00, +00] is proper, convex, and lower semicontinuous, then

xX€IF*(p) & pedF(x), (16.23)
and Fenchel-Moreau’s identity
F(x) + F*(p) = (x, p) (16.24)

holds [43].
With these preparations, we can show the first part of the theory of dual
variation, the variational equivalence.

Theorem 16.1 Let F, G : X — (—00, +00] be proper, convex, lower semi-
continuous, and W = W (x, p) be defined by (16.18). Given x € X, p € X*,
we take the set of minimizers of p € X*, x € X in

J(X) = inf W(X, p), J*(p) = inf W(x, p),
peX* xeX
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denoted by A*(X) and A(p), respectively. We say that x € X and p € X* are
critical points of J and J* if 0G(X) N dF(X) # @, 0G*(p) N IF*(p) # 0,
respectively, and that (X, p) is a critical point of W if 0 € 9, W(x, p), 0 €
0, W (X, p) holds true. Then, we have

A*(x) = dF (x), A(p) = 0G*(p) (16.25)
foreach (x, p) € X x X* and furthermore, the following items are equivalent:
1. (x, p) € X x X* is a critical point of W.
2. X € X is a critical point of J and it holds that p € 3G (x) N F (X).
3. p € X" is acritical point of J* and it holds that x € 9 F*(p) NdG™*(p).
Finally, we have
W&, p) = J(X) = J"(P) (16.26)
in this case.

Proof: In fact, from (16.18) and (16.23) we have

0ed,Wkx,p)=0 < peaGx) & x € 9G¥ (p),
0€d,Wx,p)=0 <& xecdF"(p) & pedF(), (16.27)

for each (x, p) € X x X*. Given x € X, we take p € A*(x), which attains
J(x) = inf W(x, p),
peX*
or equivalently, 0 € 9,W(x, p). Thus, A*(x) = dF(x) holds by (16.27).
Relation A(p) = 9G*(p) follows similarly, and the first part, (16.25), is

proven. The second part, the equivalence of those three items is obtained also
by (16.27), because (X, p) € X x X* is a critical point of

W=W(x, p)=F"(p)+Gx) — (x,p)

if and only if p € dG(X) and X € dF*(p). Finally, (16.26) follows from
(16.25), p € 9G(R), and £ € dF*(p):

W, p) = F*(p) + GR) — (%, p)
= F*(p) — G*(p)
=G&x) — F().

The proof is complete. g
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We have the equivalence of
peIGEX)NIF(X) <& Xe€dF (p)NIG*(p),

and therefore each critical point of J, J* produces that of J*, J, respectively.
We call This correspondence the Legendre transformation of critical points,
or their duality. The principle of dual variation means the production of these
critical points of J and J* from this duality, or equivalently, that the critical
point (X, p) € X x X* of W = W(x, p) is characterized as for each element
X, p to be a critical point of J, J*, respectively. We can prove the equivalence
of these critical points up to their Morse indices under reasonable assumptions,
as in the special case of (16.1). If a (local) dynamical system

1€[0,T) = (x(1), p(1))

is given and W = W (x, p) acts as a Lyapunov function, then we call critical
points of W the stationary state.

The structures (16.15), (16.16), and (16.17) of the unfolding and minimality
are the second part of the abstract theory.

Theorem 16.2 Given proper, convex, lower semicontinuous functionals F,G :
X — (—o00,400], we take W = W(x, p), J = J(x), and J* = J*(p) by
(16.18), (16.20), and (16.19), respectively. Then, it holds that

w| J, w| J*, (16.28)

pEIF(x) — x€dG*(p) —
and

W(x, p) = max {J(x), J*(p)}, (16.29)
foreach (x, p) € X x X*.

Proof: To prove the unfolding (16.28), we note that p € d F (x) implies

F*(p) — {x, p) = —F(x)

from Fenchel-Moreau’s identity (16.24). This implies the first equality of
(16.28), and the second equality is proven similarly. On the other hand, the
minimality (16.29) is a direct consequence of (16.21). O

Unfolding and minimality imply the stability of the stationary state as fol-
lows.
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Theorem 16.3 Let a proper, convex, and lower semicontinuous functional F :
X — (—o0, +ox] be given with J : X — [—00, +o0]and W : X x X* —
[—o0, +oc] satisfying

W|p63F(x) =J and W(x,p) = J(x)

forany (x, p) € X x X*. Let (X, p) € D(W) C X x X* bein
pEIF(X)NY, and x €Y,

where Yy is a closed subset of a Banach space Y continuously imbedded in X,

and Y, is a Banach space continuously embedded in X*. Suppose that X is a

linearized stable local minimizer of J|y, in the sense that for some gy > 0,

any ¢ € (0, e9/4] admits 5 > 0 such that

xeYy, |x—%|, <e, Jx)—-J®F <3
= |x—z|, <e (16.30)

Suppose, finally, that W |y, .y, is continuous at (X, p). Then, if
[ (@), P} geyg C Yo x Vs
is givenwitht € [0, T) — x(t) € Yy continuous and
tel0, T) +— W(x(@),p®) (16.31)
nonincreasing, then any € € (0, eo/4] admits § > 0 such that

|x©) — % <34 (16.32)

y <8 and Hp(O)—ﬁY*

imply
x@) —%|, <& O0<rt<T). (16.33)

Similarly, if G : X — (—00, 400] is proper, convex, lower semicontinuous,
J* 1 X* - [—00, +00] satisfies that

W‘xEBG*(p) =J* and W(x,p) = J*(x)

forany (x,p) € X x X, (&, p) € D(W) isin

X €9dG*(p) and p € You,
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respectively, where Yo, is a closed set in Yy, p is a linearized stable local

minimizer of J* | Yo in the sense that any ¢ € (0, eo] admits § > 0 such that
%

peYo, |p=ply, <o JP)—I(P) <8
= |p-5

ly. <&

t €0, T) — p(t) € Yo is continuous with (16.31) decreasing, X € dG*(p),

and W|ny0* is continuous at (x, p), then any ¢ € (0, &9/4] admits § > 0

such that (16.32) implies
|p(t) —ﬁHy* <e¢ O<t<T).
Proof: We show the former part. In fact, given ¢ € (0, g9/4], we take § = 61 >

0 in (16.30). Since W‘Yoxy is continuous at (x, p), there exists § € (0, g9/2]
such that

|x© =&, <& and |p©) —p[, <3 (16.34)
imply
W (x(0), p(0)) = W(x, p) < é1. (16.35)
On the other hand, we have
Wx, p) = J(x) = J(&) = W(X, p)

for any (x, p) € Yy x X* with | x — X ||y < &g from the assumption. Therefore,
as far as

|lx@®) =%, <o (16.36)
we have

0<J@x®)—J&E) =W x®, p@) —J (&)
< W (x(0), p(0)) — W(&, p) < é1. (16.37)

Now, we have
|x©) — %[, <8 <eo/2.

Then, if there is 79 € (0, T) satisfying ||x (o) — X|ly = &0/2, then we have
(16.36) and hence (16.37) for t = ty. This implies from (16.30) (with § = &1)
that

lx() —Xlly <& <e&o/4, (16.38)
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a contradiction. Therefore, since t € [0, T) +— x(¢) € Yy C Y is continuous,
the relation

|x@) — £, < €0/2

keeps to hold for ¢ € [0, T'), and hence (16.36) in particular. Again this implies
(16.37) and (16.38) for any ¢ € [0, T'), and the proof is complete. O

To infer (16.32), the continuity of W at (x, p = (X, p) can be replaced
by the first case of (16.34) and (16.35) for the initial value (x(0), p(0)). By
Damlamian [35], Toland duality was observed in the free boundary problem
for plasma confinement, between the formulations of Berestycki and Brezis
[10] and Temam [172]. In the Penrose—Fife system [129], on the other hand,
exact duality cannot be observed, while semi-unfolding and semi-minimality
are valid, which provide stability for the field component. We have several ex-
amples of a dual variation or semi-dual variation in mean field theories. Here,
we show how the abstract theory is realized in the system of chemotaxis, par-
ticularly in (16.11), where 2 C R" is a bounded domain with smooth boundary
a92.

For this problem, we take X = HO1 (2) with the Gel’fand triple X —
L?*(Q) < X*. Then, the dual entropy functional F : X — (—o0, +00] is
defined by

F(v) = Alog </ e”dx) —Alogh + A,
Q
which is proper, convex, and lower semicontinuous. We have
D(F) = {v eX | / e’ dx < +oo},
Q

dF(v) # ¢ for any v € D(F), and
e
B er”dx'

The entropy functional is defined by its Legendre transformation,

uedkFw) < u

/u(logu—l)dx (e X*NLYQ), u=0, |u], =1),
Q

F*(u) =
+00 (otherwise).
It holds that

D(F*)y={ueX*|u>0, ueLlogL(Q), luli =1},
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v € dF*(u) if and only if u € D(F*) and
v = logu + constant € X,
where L log L(£2) denotes the Zygmund space. On the other hand, putting

1 2
G(v) = E“V” 5

we obtain a proper, convex, and lower semicontinuous mapping
G:X — (—00, +00).
The operator —A p induces the isomorphism A:X > X * and we have
G*(u) = l<A71u, u>
2
for u € X*. Then, the Lyapunov function of this system is realized as
W, u) = F*(u) + G(v) — (v, u)
and the equilibrium is described by
0ed,W,u), 0e€o,W(,u
or equivalently,
i=A"'"v, TeIF®@m.

From Theorem 9.1, this relation is transformed into the conditions on u# and
v, separately, that is, to be critical points of

J) =GW) — F(v)
1 ) ’
= EHVUHZ—Alog</Qe dx) + Alogh — A
defined for v € X and
J*w) = F*(u) — G*(u)

= /Qu(logu —1)dx — %(A_lu, u>
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defined for u € X* N LY (Q), u > 0, |Jull; = A, respectively. These conditions
are equivalent to

v e X, / e’ dx < 400,
Q

rel

AA_:—,
v ervdxG

X* (16.39)

and
ueXNLlogL(Q), u>0, |u], =2
A 'u = logu + constant € X, (16.40)

respectively. The exact correspondence of the Morse indices is known, but here
we only make use of the equivalence of the linearized stability of those u and
v, applying Theorem 16.3 for

Y:D(J):D(G)mD(F)z{veX\/e”dx<+oo}
Q

and

Yoo =D(J*) ={u e X*|ueLlogL(Q), u=>0,
CY.=X"NLlogL().

Jully =2}

Thus, there is &g > O such thatif u = u(-, ), v = v(-, t) is a solution to (16.11)
fort € [0, T), then any ¢ € (0, g9/4] admits 6 > 0 such that

||U(" 0) _EHX <4, ||M(" 0) — ﬁ“X*ﬂLlogL <9,
Juc. 0]y =2 = [,
implies

|}u(;)—v]|x <e, luc, 1) —ul

x*nLlogL =€

for any ¢ € [0, T). This result is valid for any space dimension and also to the
full system

ut:V-(Vu—qu)} in Qx.7)

Ty, =Av+u
u av_o
o YT on 9Q x (0, T).
v=20

with T > 0.
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Next, we apply the theory of unfolding of minimality to study the behavior
of the solution globally in time for (16.1). In fact, first, from the Trudinger—
Moser inequality, we have

inf J(v) > —o0 (16.41)
veX

in the case of n = 2 and A = 8x. Next, Theorem 9.1 guarantees the equiva-
lence of the boundedness from below of J on X and that J* on X*, and hence
it follows that

inf J*(u) > —o0
ueX*NLlog L, u>0, |lulj=Ar

in this case. Furthermore, the Trudinger—Moser inequality again guarantees the
imbedding L log L(2) — X* for n = 2, and hence it holds that

1
inf{/ u(logu—l)dx——f/ G, xYu@udxdx'|u >0, ||lu| =87'r}
Q 2JJ) axe

> —00, (16.42)

where G = G(x, x’) denotes the Green’s function. Inequality (16.42), valid for
n = 2, is regarded as the dual form of the Trudinger—Moser—Onofri inequality.
From (16.41), each A < 87 admits a constant C; such that

1 2
J(v) = 5||Vv||2—xlog(/ " dx) + Alogh — 1
Q

> (1= 2wl - ¢
2 /4
for any v € X. Therefore, if HM()HI = A < 8 in (16.11), then we have

sup “Vv(-, t)”2 <(C
t€[0,T)

with a constant C > 0 determined by A, because of (16.29), and

sup W (v(#), u(?)) = W (u(0), v(0)).
tel0,T)

Similarly, from (16.42) we have

A
J*(w) > (1 - g)/ ulogudx — Cx
Q
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forany u € Llog L(2) inu > 0 and ||u|| = A < 8=, and this implies that

sup f(u logu)(x,t)dx < Cy. (16.43)
tel0,T) JQ

Then, from Moser’s iteration scheme or the maximal regularity we can derive
Tmax = +00 and the uniform boundedness of u(-, t):

sup Hu(-,t)Hoo < Cs.
te[0,T)

Inequality (16.43) is also derived from the Trudinger—Moser inequality and

f (ulogu — uv) dx + Alog (/ e“dx) —Alogr >0 (16.44)
Q Q

which is valid for u € Llog L(€2), u > 0, |lu]l1 = A [14, 50, 110]. Inequality
(16.44) follows from Jensen’s inequality, but it is also a consequence of the
minimality

W, u) > JW).
In the simplified system, we have
W, u) = F(u)
and hence from the minimality it follows that
F (u(t)) = J (v(1)) (0=t < Tmax) -

On the other hand, from the quantization of the blowup mechanism of the
stationary state we have

Jro=inf{J(W) | v e E}>—00

for A € [0, 00) \ NV, where E; denotes the set of critical points of J on X.
Furthermore, we have

d
E,/ ulogudx < 2K + 4 Q2] exp (4[(2/ ulogudx +4K2%e7! IQl)
Q Q
with a constant K > 0 determined by €2, and if Tiy,x = +00 and

lim ulogu(x,t)dx < 400,
t——+00 Q
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then we have t; — +00,8 > 0, and C > 0 such that
/(ulogu)(x,t)dx <C (t € [tx, tx + 8] .
Q
This implies the nonempty form of the w-limit set of (u(¢), v(¢)), and therefore
W(vo, ug) = lim W (v(#), u(t)) = ji
t—+00
holds true. Since

lim (ulogu)(x,t)dx = +o0

tT Tinax Q

follows in the case of Tyx < +00, we obtain the criterion of [69], that is,

W(vg, uo) < j,. = lim (ulogu)(x,t)dx = +o0. (16.45)
t—=>Tmax JQ
Nonlinear quantum mechanics is just an episode of the mathematical theory
of statistical mechanics. It asserts the control of the total set of stationary states
on the global dynamics of nonstationary states. This story, we are convinced,
is valid for each theory of mean fields, where the self-interaction is caused in
terms of the field created by particles. The principle of dual variation arises
in this context, that is, the study on the stationary states of nonlinear systems,
where interaction is described in terms of the field created by particles. It as-
sures that the stationary state in these hierarchies splits into the problems on
fields and particles, each of which is provided with the variational structure,
dynamically equivalent to each other. We have unified such a structure in the
Toland duality for the system of chemotaxis and also for the free boundary
problem in plasma confinement. In both cases, concentration of the particle
density is observed. On the other hand, the Penrose—Fife system has the prop-
erty of unfolding-minimality in the field component, and the same is true for
the Euler-Poisson equation describing the evolution of gaseous stars. Conse-
quently, we can discuss the stability of the equilibrium field in these systems
by introducing variational structure for the field component. On the other hand,
we have the other systems controlled by a different form of the dual variation,
where the stable stationary state is realized as a saddle point of the Lagrange
function. Actually, it is associated with the Kuhn—Tucker duality, and espe-
cially the dynamics surrounding the degenerate stable equilibrium are interest-
ing. The study of these theories of dual variation is still in progress and will be
clarified in the future.
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In the context of the theory of self-organization, the type (I) blowup point
is interesting. It assures emergence coming from the wedge of the parabolic
envelope, where entropy and mass are exchanged to create a clean self with
the quantized mass, which reminds us of the principle asserted in system bi-
ology that the expanding cosmos is the origin of life. This remarkable fact is
suggested in the story of nonlinear quantum mechanics, where the theory of
dual variation takes on a role to control the set of stationary states as well as
the local dynamics around them. Finally, even the type (II) blowup point can
take on the profile of emergence in the other scaling of space-time, that is,
the emergence is a corollary of the collapse mass quantization and the blowup
envelope.
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