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Preface

Few-body systems are both technically relatively simple and physically non-
trivial enough to test theories quantitatively. For instance the He-atom played
historically an important role in verifying predictions of QED. A similar role
is contributed nowadays to the three-nucleon system as a testing ground for
nuclear dynamics and maybe in the near future to few-quark systems. They
are also often the basic building blocks for many-body systems like to some
extent nuclei, where the real many-body aspect is not the dominant feature.

The presentation of the subject given here is based on lectures held at var-
ious places in the last ten years. The selection of the topics is certainly subjec-
tive and influenced by my own research interests. The content of the book is
simply organized according to the increasing number of particles treated. Be-
cause of its conceptual simplicity single particle motion is very suitable for in-
troducing the basic elements of scattering theory. Using these elements the
two-body system is treated for the specific case of two nucleons, which is of
great importance in the study of the nuclear interaction. Great space is
devoted to the less trivial few-body system consisting of three particles. Again
physical examples are taken solely from nuclear physics. Finally the four-
particle system is discussed so as to familiarize the reader with the techniques
required for the formulations of n-bodies in general. One of the aims of the n-
body connected kernel formulations is to put conventional, intuitively
invented nuclear models and reaction theories on a firm basis. Though there
are already promising insights available, the break-through has apparently not
yet been found and the natural and desired extension of the matter developed
here is still on the “second sheet”.

In order not to overload the content of these introductory notes and par-
tially because of existing presentations certain techniques and subjects are not
dealt with. These are variational methods, the use of hyperspherical har-
monics, the elaboration of finite rank approximations of 7-operators and ker-
nels (which played and still play an important role), the very interesting prob-
lem of formulating a relativistic theory for n particles, and the whole dynam-
ical problem of nuclear forces which includes the very successul recent solu-
tion of few-body Bethe-Salpeter equations.

In the techniques and subject treated there exists a large amount of pub-
lications. We would like to apologize to those authors whose work is not
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directly or sufficiently well mentioned. There are several reviews and articles
related to our subject. Besides special monographs on few-body systems we
refer the reader also to some books which are closely related. An important
source of information are the proceedings of the international few-body con-
ferences held up to now. All these sources are cited at the end.

The book is written for students and does not require more than a basic
course in QM. It emphasizes also the practical points of view and will hopeful-
ly be profitable to some researchers working in that field as well.

This work would not have been undertaken without the continuous stimu-
lation by Professor Hélio T. Coelho. I am very thankful to him and for his
kind hospitality which he extended to me at his institute in Recife, where parts
of the notes have been written. Dr. R. Brandenburg eradicated my major
blunders in English and helped me in some parts to clarify the presentation,
for which I thank him very much. Last but not least I want to thank Mrs.
Kéchele and Mrs. Walter, for their skill and patience in transcribing success-
fully my handwriting into a legible form.

Bochum, January 1983 W. Glockle



Contents

1. Elements of Potential Scattering Theory ........................

1.1
1.2
1.3
1.4
1.5
1.6
1.7

The Moller Wave Operator ...........c.ouueeinveneennenn..
The Cross Section ......... ...ttt
Resolvent Operators and Green’s Functions .................
Asymptotic Behaviour of the Scattering Wave Function .......
The S-, T-, and K-Matrices ...........coiriiiiinnnnnn..
S-Matrix Pole Trajectories .. .........covviineunienenennns
Criteria for Divergence or Convergence of the Neumann Series .

2. Scattering Theory for the Two-Nucleon System ..................

2.1
2.2
2.3
2.4

2.5
2.6
2.7

Density Matrices for the Initial and Final State ...............
The General Spin Observable .............................
The Wolfenstein Parametrisation of the Scattering Amplitude . .
Examples for SpinObservables ............................
2.4.1 Polarisation ........... ...t
242 ASYMMELTY .. .itti ittt et
2.4.3 Depolarisation ..............cviiiiiiiannaiinann..
2.4.4 Spin Correlation Parameters ................ccu.....
Partial-Wave Decomposition ............... ...,
Standard S-Matrix Representations ........................
Numerical Methods ........... .. .. i,
2.7.1 Coordinate Space ...........viiiieneiiiiannn
2.7.2 Momentum SPace ............vieriieineiiiaaae,
273 PadéMethod .......... ... . i

3. Three Interacting Particles ...................................

3.1
3.2
3.3

34

Channels ............ it i e
The Fundamental Set of Lippmann-Schwinger Equations ... ..
Faddeev Equations and Other Coupling Schemes .............
3.3.1 FaddeevEquations ..............c.civiiiiineennn.n.
3.3.2 Faddeev Equations in Differential Form and the
Asymptotic Behaviour of the Faddeev Amplitudes ......
3.3.3 Other Coupling Schemes and Spuriosities ..............
Transition Operators .............c.covieiieiinennennnnnnn.



VIII Contents

3.4.1 AGS-Equations ............cceviieiniirinnnannnnenn. 115
3.42 Unitarity ... e 122
3.4.3 Multiple Scattering Series ..............ccciiiiin... 127
3.4.4 Identical Particles ............. ..., 131
3.5 Examples of Numerical Studies in Few-Nucleon Scattering .... 137
3.5.1 Lovelace Equations ..................cciviiiennnnnn. 137
3.5.2 Kinematical Curves .............cveeiinennnneennnn. 141
3.5.3 Selected Numerical Studies .......................... 146
3.6 The Three-Nucleon BoundState ........................... 151
3.6.1 The Faddeev Equations with a Three-Body Force ....... 152
3.6.2 Momentum Space Representation .................... 153
3.6.3 ATechnical Remark ............................... 157
3.6.4 Physical Remarks Aboutthe Triton ................... 159

3.6.5 Appendix: The Recoupling Coefficient in Momentum
SPACE vttt e 160
4. Four Interacting Particles .................................... 165
4.1 The Fundamental Set of Lippmann-Schwinger Equations ..... 165
4.2 Coupled Equations in Dummy Variables .................... 170
4.3 Yakubovsky Equations ................ .. iiiiiiiiiinn 176
4.4 AGS-Equations for Transition Operators ................... 183
4.5 Remarks on Equations of Higher Connectivity ............... 186
References ............ . i 188
Reviews, Monographies, and Conferences ......................... 193

SubjectIndex ......... ... .. i e 195



1. Elements of Potential Scattering Theory

Scattering of a particle by a potential is a simple physical picture but rich
enough to introduce such basic concepts of scattering theory as Moller wave
operators, in- and outgoing particle flux, unitarity, S-, 7- and K-matrices,
Lippmann-Schwinger equations, S-matrix pole trajectories, criteria for con-
vergence or divergence of Neumann series, etc. Therefore the first chapter is
basic and following ones use the language developed here, while enriching and
extending it according to the increase of possible physical processes for two
and more particles.

1.1 The Moller Wave Operator

Let us regard the scattering of a particle by a potential. We assume that the
potential drops towards zero outside a certain bounded domain D in space.
Initially while approaching D, the particle moves freely with a certain momen-
tum. As it crosses D it will experience a force which classically would bend the
initial straight line trajectory. Having left D the particle again moves freely
but with a final momentum which can be different from the initial one. It will
be the task of Chap. 1 to develop techniques for answering the question of
how to find the probability for the change in momentum induced by the
potential.

To describe the initial state of free motion outside D we have to localize
the particle. Let us choose a wave packet y(x, ), which obeys the time depen-
dent Schrodinger equation

. Oyolx, t
Howo, 1) = 1—"’082—) (1.1)

with the free Hamilton operator

Hy= -1 v2 a.2)

2m
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We put 4 =c=1. Then units for energy and length convenient for nuclear
physics result from zc = 197.33 MeV fm.
Clearly y(x, ¢) will be of the general form

Wolx, 1) = §dq expli(gx—E;0)] fo(q) (1.3)

(27[)3/2

which is a superposition of momentum eigenstates

1 igx
wIx) = We‘l (1.4)

with the energies E,, = g*/2m. In a scattering process the momentum distribu-
tion f,(¢) will be peaked at an initial momentum g;.
For example regard

3/4
$o@) =~ <—f£—> expl—(q—4)*/b%] . (1.52)

The quantity b measures the momentum distribution in the beam. It is a
simple exercise to evaluate in that case the integral (1.3). The result is

Wolx, t) = (2—7:)37 expli(gix — E41)]

2
‘Ii)
xX—1—
b? < m

e R Ty
x (27)"4p V2 o em ] (1.5b)
<1+——lt b2>
2m

Thus we find a plane wave with the central momentum g; in a region of space
of extension d ~ b ~!. The center of the wave packet travels along the classical
path. The spreading of the wave packet is controlled by the parameter

gz;bzzibzz% b (1.5¢)

2m 2q q

Here we introduced a typical length L between source and detector and the
average momentum q of the particle. Under ordinary conditions £ < 1 and the
spreading is negligible.

As the wave packet approaches D it will feel the potential V and its evolu-
tion in time will be governed by the time-dependent Schrodinger equation
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Hox, 1)=i22% D 1.6)
ot
with the full Hamilton operator
H=Hy+V. 1.7)

So we face the question, how is P(x, ¢) linked to wy(x, ) or in other words
how can we select out of the many solutions of (1.6) that specific one which
develops out of the initial state wy(x, £)? A first guess could be to fix ¥
through

Yix, 1) > yox,t) for t— —oo.

This requirement however is too weak, since both wave functions tend point-
wise towards zero in that limit, and one cannot distinguish between different
initial states . In the example (1.5b) y, tends towards zero pointwise like
|¢|~32. This is true in general.

Exercise: Prove that

F() = [ dg g~ f(q)
tends towards

const/|t]¥? for |t|-> o if f(0)%0.
Hint: use the method of steepest descend [1.1].

Although the wave functions spread out with time, leading to smaller and
smaller amplitudes at each point x, their norms

@)=/ §dx| P, 0 (1.8)

are time independent. Therefore, in order to enforce the equality of ¥ and y,
before the particle reaches D we might require

Jlim [#0) = po()]-0. 1.9

Then the question becomes, is (1.9) compatible with the time dependent
Schrédinger equations (1.1, 6)?
Equations (1.1, 6) tell us

lwo(t)> = exp [ —iHy(t— tp)] | wo (%o))

. (1.10)
|P(2)) =exp[—iH(t—1y)]|¥(t))



4 1. Elements of Potential Scattering Theory
and we can write (1.9) as

|2(t)— wo() | = llexp [ —1H (¢ — ty)] P(to) — exp[—iHy(t — 1)) wo(to) |
= | P(to) — exp [IH (¢ — ty)] exp [ —iH (¢ — to)] wo(to) |- (1.9a)

The second equality follows from the unitarity of exp [ —iH (f —#y)]. Thus the
requirement (1.9), together with the time evolution expressed through the
Schrodinger equation, will be

|P(t)y = Lim e 1oy (10)). (1.11)
T — 00

If that limit exists, then (1.11) is a link between | ¥) and | w,), compatible with
the Schroédinger equation. Moreover it gives us a prescription for constructing
a specific scattering state at the arbitrary time ¢ = f, which belongs to a certain
choice of initial conditions in the infinite past.

The limit in (1.11) defines the Méller wave operator [1.2]

Q) = lim (efTe~1H07) (1.12)

T —

and (1.11) reads for an arbitrary time ¢
|P(1)) = 21 |wo()). (1.13)

This relation (1.13) is the formal solution of the scattering problem to a
specific choice of initial conditions.

Let us now sketch a proof [1.3] for the existence of 2¢*). The ensemble of
wave packets w,(x, t) (¢ fixed) defines the space accessible to the particle. For
square integrable momentum distributions they span a Hilbert space. Thus we
have to show that 2(*) exists on the whole Hilbert space. Define

W(t) = elflte~Ho? (1.14)
and regard
19}
(W () — W (1) wo(0) | = ‘ tS dt% W () yo(0) ” (1.142)

The limit (1.12) exists if (1.14a) can be shown to be arbitrarily small if
1) < t, <0 and |#,]is sufficiently large. Now together with the property of W,
namely

% W(t) = ief'(H — Hy) e~ iHof = jeiHt e —iFr, (1.15)

we can estimate the rhs as



1.1 The Moller Wave Operator 5

d 2 1l d
W () wo(0) || < fdt|— W (1) wo(0) H
151 dt
n R 17}
= {dt|e®' V() | = [dt| Vo). (1.16)
1 151
Then using the bound
lwolx, )| < — 1 (1.17)
O\As x c2+ |t|3/2 .

we end up with

15 c
W ()~ WD wo©) [ < | V] fdt — < c|V]. (1.18)
3] C+ |t|
Thus provided the potential has a finite norm
IVI*= fdx Vz(x) <o (1.19)

the Moller wave operator 2(*) defined in (1.13) exists. In fact even weaker
conditions on V guarantee [1.3] the existence of Q¢*). The potential has only
to be locally square integrable and to decrease faster than the Coulomb poten-
tial at infinity.

The result achieved up to now is hardly surprising. We have only formulat-
ed and verified everyones expectation that the scattering solutions of the time
dependent Schrédinger equation can be specified by certain initial conditions
in the infinite past provided the potential is not too long range [see (1.19)]. In
addition we have found a certain operator, 2(*, which maps the unperturbed
initial state | y,) into the complete state | ¥).

The result (1.12) and (1.13) is not yet a practical one. The standard meth-
od of proceeding [1. 4] is to reformulate it by using the relation:

lim f(¢) = llms j dt e®'f(¢). 1.20)

t— — 00

We then rewrite (1.13) together with (1.12) as
0 . .
|P(0)) =lime | dreee™Ho |y (0))
=0 _
0 . )
= lims j dr e’ {dg e 7 Ea' |y D) fo(q)

—hmjdqWW/q)fo(Q) (1.21)

&0 q
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In this manner we are led to an operator central to scattering theory: the resol-
vent operator to the Hamiltonian H

G(z) = 1.22)

-

Here z should obviously not be in the spectrum of H. Indeed in (1.21)
z = E,+ie. We shall study properties of G in Sect. 1.3.

It is now tempting to apply G on a momentum eigenstate | l//q), which is of
course not in Hilbert space. We define

|P(y = lim ——5|y?) (1.23)
e0 E, + ie—-H v Va

and verify easily that | w(+)) is a solution of the stationary Schrodinger equa-

tion

(H-E,)|¥P{Vy=0. (1.24)

Since these states are not in the Hilbert space special care is needed in their
use. Thus (1.23) is the operation by which stationary states to Hy, the mo-
mentum eigenstates, are mapped into specific eigenstates of H. The way
| l//f,”) incorporates the features of the scattering process will be discussed in
Sect. 1.4.

For a specific initial momentum the state | Y’f]”) contains all the informa-
tion about the scattering process and we get the time dependent state for a
general initial momentum distribution by superposition:

|P(1)) = e 7 HP(0)y = [dq | PPy e E'fo(q) . (1.25)

1.2 The Cross Section

The main result of the last section, (1.25) together with (1.23) allows us to cal-
culate the scattering state at all times. Specifically we can determine the transi-
tion amplitude at time £ into a state

lw o £)y = e 0"y (0))
of sharp momentum ¢;:
A1) =wd @) | P()y = (wd (0)|ePle ™| P(0)). (1.26)

Since the cross section is proportional to the transition rate, (d/dt) | A |2, we
shall also need
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A (1) = —i{yl.(0) e Ve~ | @(0)) . 1.27)

Using (1.25) we find

Ay (1) = [dq exp [i(E,— EQt1wd | P57 folg) (1.28)
and
Ag(t) = ~1{dq exp[i(E,—E) 1<y |V fio(g) . (1.29)

What are the momentum components (u/gf| Y’,(]”) of the stationary scattering
state | Y’f]”), which is defined in (1.23)? If we switch off the potential the re-
solvent operator G(z) turns into

1

Go(z) = (1.30)
z—Hy
and | Y’fl”) reduces to the momentum eigenstate | a//g):
I e Y v -0
Then clearly we get
wolvpy =8*@—q), (1.32)

which inserted into (1.28) yields just the contribution to 4, (¢) from the un-
perturbed initial wave packet. How can we explicitly show that part in | S”ff))?
There is an obvious algebraic identity between the two resolvent operators
Gy(z) and G(2):

G()=Gy()+Gy(2)VG(Z). (1.33)

We use it in (1.23) to separate | Y’EI”) into a free and scattered part:

1Py =y +lim— Ly iy (1.34)
&

-0 Eq+i8'—H0

Therefore we can express the momentum components of | Y’,(]”) as

0
WOy = 6% g) + lim SYalVIFED

d (1.35)
=0 E +ig—E,

Here we encounter a central matrix element of scattering theory
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_ 0 +
Tyrg = Wa, VI¥G) (1.36)

in terms of which we get

. . T,

Ag() = folgr) + 18111(1) §dq exp[i(E,— E,)!] ﬁifo(q) (1.37)
and

Ay (t) = —i[dq expli(Ey—~E) ] Tpofo@) - (1.38)

Now we are prepared to calculate the transition rate at time ¢:
d . .
= |Aq(1) |>=2Re {— ifdg expli(E,— E)t1 T,y

X fo@) fe(gp —i lim §dg exp[i(E,—E,)1]

. T,.. ,
X Tygfolq) §dq’ exp[—i(Ey—E )t — 11— f3(q") ¢ -
E,—ie—E,

(1.39)

We have to expect that it vanishes for large times ¢. For large times | ¥(¢) ) de-
scribes the state when the particle has left the domain D and propagates again
freely. Therefore the overlap A, (¢) = (l/lgf(t) | P(z)y has to be time in-
dependent, since the two states belong to the same (free) Schrédinger equa-
tion. Indeed using the relation

—ixt
lim lim < © > = —27i6(x) (1.40)

t-® -0 \ X+1ig
we get from (1.37)

tILIgAqf(t) = fo(qs) —27i [ dq S(E4 — E,) Ty fo(q)
={dq [6°(q—q1) - 271 8(Ey— Eg) Tyegl folq)

Clearly the quantity S, is the probability amplitude for scattering from ¢ to
q¢and is called the S-matrix element. We shall say more about S in Sect. 1.5.

The probability |4, (¢) |2 therefore approaches a time independent limit for
t— oo and its time derivative has to vanish. Mathematically this can also be
seen directly from (1.39) using basic properties of Fourier transforms. Given
this fact, how does a nonzero cross section arise? The cross section is the ratio
of the transition rate to the incoming flux and we will now show that this
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ratio, as we go towards a stationary limit, will be nonzero. How do we ap-
proach the stationary situation in the initial state? The initial wave packet is
given in (1.3). Normalized to 1 it describes the motion of one particle. This is
reflected in the momentum distribution which sums up to 1:

fdalfe@l=1. (1.42)

We introduced in (1.5a) as an example a Gaussian momentum distribution. In
that example a decreasing value b will confine the momenta contained in the
wave packet more and more to the neighbourhood of ¢;. However because of
the normalization condition (1.42) f;(q) cannot tend towards a J-function.
The normalization condition for a sequence of functions defining the é-func-
tion is

§fs(@)dg=1, (1.43)

which in the Gaussian form leads to

1 1 —g—q;
fa(q)Z?Tn)Te g-g)%/b? (1.44)

Note the different powers in b occurring in (1.5a) and (1.44). We can write

folg) = b2 2n)" f5(9) (1.45)

and the particle density in the Gaussian wave packet is expressed as
wolx, 1) > = b°2n)*?|[ dg yg(x) e Fa'fo(q) (1.46)

In the limit b—0 the property f5(g) — 6°(q —g;) reduces the integral to the
plane wave state O exp(—iFEg4t) which has the constant particle density
(27) 3. The factor b°(27)*'? therefore tells us by how much the probability to
find the particle in a unit volume for a spreading wave packet is reduced in
comparison to the constant probability of a plane wave state. As a conse-
quence, the probability that the incoming particle hits the target of finite
dimension and scatters into a final momentum state, described by |4, (¢) %
has to be expected to be reduced by the same factor. Indeed this is the case be-
cause of (1.45) and the quadratic dependence of | 4 |* on f,(g). The same is
then true for the transition rate.

Now this rate, which decreases like b° for sharper and sharper energies,
has to be divided by the incoming flux. The flux however, being of the form
density x velocity, will also carry the factor b° in comparison to the constant
flux j, belonging to a plane wave state. Indeed (V =V — V)

. 1 -
=——(w§ Vwo) (1.47)
2im



10 1. Elements of Potential Scattering Theory

and for b — 0 we get

|- b3@n)*%j, with (1.48)
a1

=17 : 1.49
o= @y (1.49)

Therefore in the ratio between (d/dt) | A, (¢) |> and | j | the factor b3@2n)¥?
cancels and the stationary limit & — 0 can be carried through. Thus instead of
(d/dt) |A|* we regard b ~3(d/dt) | A |. Using (1.45) we derive from (1.39)

. 1 d 2
lim (L 94
b0 <b3(2n)3/2 ar o) >

. . 1
=2Re!) -i6*(q;-¢) T, —ilim|T, , [P — M
{ 791 L qrqi £_>0| 414l E,—ie—E,

=2Im{T,, ;.0 (gr—q) +2n0(Ey— E) | Tyeel - (1.50)

The first term results from the interference of the initial wave packet, the
beam, with the scattered part of the wave function and is present only in the
forward direction.

Let us now regard the scattering events which have a momentum different
from the initial one. This is described by the second part, which moreover ex-
hibits energy conservation, a property obviously expected in potential scatter-
ing. Now depending on the experimental set up we can calculate the number
of events occurring per unit time. In potential scattering the most detailed ob-
servable is the number of particles scattered per unit time into a solid angle d§
and into a small momentum interval Aq;. Assuming constancy of T, in
these intervals that number is [up to the factor (27)*2b3 which will be
cancelled by |/ []

dN = |quqi|2dqfdj dqeqi 2nd(Ey—Eg) = 2nm|q|| Ty, dds.  (1.51)
af

Then the differential cross section

_dNQmn)*b® _ dN

do - _ (1.52)
|7 Jo
turns out to be
do
G .53
£
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Let us summarize at this point. The most detailed observable in potential
scattering, the differential cross section, is determined by the T-matrix ele-
ment 7, defined in (1.36). Whereas in (1.36) g was not restricted, in the am-
plitude 7, .. entering into the cross section E, = E,,. One talks in this case of
the on-the-energy-shell amplitude or briefly of the on-shell amplitude, where-
as in (1.36) the quantity unrestricted in g, is called the half-on-the-energy-shell
amplitude or briefly half-shell amplitude. This quantity will occur naturally in
the Lippmann-Schwinger equation (1.127), the integral equation, with which
one calculates the amplitude T,.,. We also want to emphasize the basic
structure of the 7-matrix element, which is quite general. It is built up from
the scattering state | lI’f];’)), the final state | l//(q)f) and an interaction V. The
scattering state arises from a certain choice of initial condition and the final
state is an eigenstate of the Hamiltonian (H — V), where V is the interaction.
Finally the scattering state is defined through (1.23).

Let us now return to (1.50). The probabilities | A qf|2 have to add up to unity
if summed over all final momenta. Therefore the time rate of that sum has to
vanish. Consequently we can conclude from (1.50)

§dge2m 8(Eq—Eg) | Tyeqil* = —2 [ dg;6°(qi—q) Im (T}
— —ZIm{ qfql} (1.549)

On the lhs we recognize essentially the total cross section

do

Ot = [ dGs——= Rn)*m* [ dg¢| Ty, (1.55)
dg
and we find
A
Im S L1 WY, 1.56
{ qi4i 2 m(2 )3 [0[ ( )

This relation is known as the optical theorem and is of great importance in
evaluating dispersion relations.

1.3 Resolvent Operators and Green’s Functions

This section serves to exhibit some properties of resolvent operators or of
Green’s functions as their coordinate representations are often called. They
play an essential role in the formulation of scattering theories. From the
Hamilton operators Hyand H, which we have encountered up to now, one can
form the two resolvent operators Gy(z) and G(z) as given in (1.30) and (1.22).
They way they act can be exhibited in the following manner. Let us denote the
eigenstates and eigenvalues of H, by |¢) and E| 7> Tespectively. We have already
introduced the coordinate representation of the states |g ), namely
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gy =y = ﬁem. (1.57)

Therefore they are normalised as

q'lg>=0%q-q" (1.58)
and span the total space

fdalgr<q|=1. (1.59)
Then the spectral representation of Gy(z) is

1

Go(z) = fdqlq) (ql. (1.60)

q

We see that Gy(z) is defined for all values of z which do not lie in the spectrum
of H,, which is 0 < E, < oo. However we can approach with z towards the
spectrum of H, and due to

1 P

lim = Find(E-E (1.61)
-0 Exie-E, E-E, (E-E)
the limits
G{E(E) =1lim Gy(E +ie) (1.62)
e—-0

exist. Moreover they are different:
G{H(E) - G(E) = —2in [dq|q) S(E—Eg){q|. (1.63)

Therefore Gy(z) is defined on the complex z-plane, which is cut along the
positive real axis.

Now we can regard G(z). The Hamilton operator H has in general two
types of eigenstates, scattering states and bound states. We encountered in
Sect. (1.1) the states

gy =0W|q) (1.64)

as defined in (1.23). They are eigenstates of H to the eigenvalues 0 < E, < oo.
Their normalisation is the same as for the states |g ):

g |gy P =6%g-q). (1.65)
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Therefore they are not elements of Hilbert space and the phrase “generalized
eigenstates” should be used instead. In fact we shall encounter for instance at
the end of Sect. 3.2 nonzero surface terms which stem just from the oscillatory
behaviour at infinity of this type of “generalized eigenstates” . Nevertheless we
shall use throughout this book the phrase eigenstate. The property (1.165) can
be seen in the following manner. Let us consider the norm of the scattering
state | P(¢)). It is independent of time and because of the initial condition (1.9)
we can calculate it at £ —» — oo.

FO| POy = lim ()| #0)

= TEI}L(WO(T)WO(T» = (Wo(D) [wo(D)) . (1.66)

The equalities of the norms at 7— — o follow from (1.9) through an ele-
mentary estimate using Schwarz inequality. In the last equality we again ap-
plied the time-independence now of the norm of . Thus

PO P> = [dq|fo@). (1.67)
On the other hand according to (1.25) we have
(PO |P(t)) = [dq §dq'qlg" Y eEaE ! (q) fo(q) . (1.68)

The two forms (1.67, 68) are only compatible if (1.65) holds.

In order to familiarize ourselves with algebraic manipulations we present
another way to verify (1.65). Let us use the resolvent identity between G and
Gy now however in the form

G()=GyR)+GR)VGyz2) . (1.69)
The we can evaluate (1.23) with the result

|‘I>(+)=|¢I>+l£irréG(Eq+ia)V|q>. (1.70)

In the dual space this reads

Hg|=<q|+ lin(l)<qIVG(Eq—i£)~ (1.71)
£

Then we can proceed:
g 1gy M) = (g’ |q><+>+1in(1)<q' |VG(E,—ie)lg™)
E—

= 5%g-q")+lim— 1

q'|\Vigp™
e—»OEq+1£— q' , I

1
+lim<{qg'|V|g)*) —— =53g-q"). (1.72)
lim<g' |V i E, @-q)
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In the second equality we used (1.34) and the fact that |g »(*)is an eigenstate of
H.

The potential V, if it is strong enough, can also support a second type of
states, square integrable ones, which describe bound states | b) at discrete
negative energies Ey, <0. These two types of states span [1.5] again the total
space available to the particle

Y |by<b|+[dqlg) ) Hig|=1. (1.73)
Therefore the spectral representation of G(z) is

L (b)+ [dglgy—1_— g (1.74)

Z—Eb Z—Eq

Gz) = §|b>

Comparing with Gy(z) in (1.60) we see that G(z) is also defined on the
complex z-plane cut along the real axis, but it can also have additional poles at
z = Ey, < 0. These bound state poles of G(z) will play an important dynamical
role in approximating two body transition operators as we shall see in Chap.
3.

The property of the resolvent operators of acting as propagators for the
motion of the particle is seen in the coordinate representation. In that rep-
resentation the resolvent operators are called Green’s functions. Let us regard
the free Green’s function

Golx, x', 2) = {x|Go(z) |x"). 1.75)
Inserting the spectral representation (1.60) we find

1 jd expligx—x)] (1.76)

Gylx,x', 2) =
0 en)’ z-E,

It is a simple exercise to calculate that integral and one gets

Gotx, x', 7) = — T xpli}2mz x=x') (1.77)
2n lx—x"]

From that explicit expression we indeed see that the limits z = E+ig, ¢—0
exist and are different. Specifically we find that the cut is caused by a square
root branch point. For positive energies, G, describes the free propagation
from x' to x, as will be apparent in the context of (1.81) in the next section.
For this reason G, is often called the free propagator. One verifies easily that
Go(x, x’, z) obeys the equation

V2
<~ x —z> Golx,x',2) = — 63 (x—x"), (1.78)
2m
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which is of course nothing else than the coordinate representation of
(Ho—2)Go(z) = —1. (1.79)

The full Green’s function G (x, x', z) describes the propagation of the par-
ticle under the influence of V. Since V(x) destroys translation invariance, it
will depend on both x and x' rather than the difference x —x’. In a partial
wave decomposition useful representations of G are available, which do not
involve the integral in the spectral representation (1.74) (see for instance

[1.5]).

1.4 Asymptotic Behaviour of the Scattering Wave Function

Equipped with the coordinate representation of the free Green’s function
Go(x, x', z) we can follow the particle motion in space and time. The sta-
tionary scattering wave function

PH ) = (x|g)H (1.80)

obeys the integral equation (1.34), which is called the Lippmann-Schwinger
equation [1.6]. In coordinate representation it is

PR = wok) - %jdx' exp(w'i'fi""_x D yen wihan . 1.81)

The integrand can be thought of as describing the action of V at the position
x' followed by a free propagation to the position x. That propagation is fed by
the wave function ¥{")(x") itself. The content of (1.81) is more easily grasped
by regarding the related perturbation series, obtained by replacing Y’fl”(x ) by
the right hand side of (1.81) again and again. Then the general term in that
series describes the situation that the free wave y/g hits V at x;, propagates
freely towards x, where it hits V again and propagates towards x; and so on
until it reaches the point x.

In this section we shall be mainly concerned with the behaviour of 4" (x)
for large |x | values. This behaviour is contained in (1.81). Whereas the Schro-
dinger equation (1.24) has to be supplemented by boundary conditions to
single out specific solutions, this specification is already incorporated in the
integral equation (1.81). Obviously this has to be the case if (1.81) specifies the
solution uniquely. Assume there would be a second solution. Then the dif-
ference of the two solutions would obey the homogeneous equation related to
(1.81). We shall show below [see (1.90)] that the integral in (1.81) behaves
asymptotically like exp (i]/2mE x)/x for x — oo, which leads to a nonzero flux
through a sphere of radius x. In (1.81) the inhomogeneous term is the source
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of this flux. In the related homogeneous equation this source for the flux is
absent, and since the kernel is nonsingular there is no other source possible.
Since, moreover, the solutions of the stationary Schrédinger equation are flux
conserving, there would be a contradiction, and we conclude that the solution
must be unique. Only in the case of a bound state at £ < 0 the homogeneous
equation related to (1.81) has a nonzero solution. Then exp(i]/2mkE x)/x is
exponentially decreasing and the asymptotic flux through a sphere is zero of
course.

The uniqueness of the solution for (1.81) is not surprising. First we note by
operating with [(— V2/2m) — E] on both sides of (1.81) and using (1.78) that
every solution of (1.81) is a solution of the stationary Schrédinger equation to
the energy E > 0. However, on physical grounds there exists only one scatter-
ing state, Y’f,”(x), linked to an initial momentum g. We emphasize this point
here since we shall see in Chap. 3, that for more than two particles there are in
general different scattering states at the same energy and the Lippmann-
Schwinger equation does not specify all boundary conditions and consequent-
ly allows in general several solutions. The reason is that the corresponding
kernel of the Lippmann Schwinger equation does not have the property to
produce only outgoing waves.

The time-dependent scattering wave function is given through

Px, 1) = fdg P, 1) e Ffo(g) = o, 1)+ Wiearn X, 1) © (1.82)

Let us first regard the unperturbed initial wave packet w,(x, t) resulting from
the driving term in (1.81):

Vo, 1) = [dq - expligx ~ E,OLAo@). (1.83)

For large times ||and fixed x yq(x, ¢) decreases like |1/¢|*'? as we have already
seen in Sect. 1.1. The reason is simply the oscillatory behaviour of the in-
tegrand. The decrease will be slower if x and ¢ are correlated such that the
phase varies as little as possible. This idea of stationary phase approximation
[1.7] is included if we proceed in the following manner. We assume that f,(q)
depends on (¢ — ¢;) and is peaked at ¢;. Then we expand the exponent in (1.83)
around ¢g;, put @ = ¢ —q; and get

wo, 1) = wg(x, 1) [de expliotx—(gi/m) )] e '@ ™! fi(9) . (1.84)
The exponent in the second exponential is just of the order ¢ defined in (1.5¢),

where b is now a measure of the width of fy(¢). We shall again neglect that
spreading term and find immediately, introducing the Fourier transform f;,

Wolx, 1) = wo, (v, ) o <x— % t> : (1.85)
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In this approximation the wave packet does not change its form and its center
travels with the group velocity v = ¢;/m. Within the domain spanned by f; the
time dependent plane wave state ulgi(x, 1) propagates with the phase velocity
Uph = v/2. Furthermore the beam particle density at position x and at time ¢ is

=
m

Let us choose the z-axis along the g; direction and put the origin at the
center of V. Also we assume that the width of fy is large with respect to the size
of D so that the variation of fy(x) over D is negligible. Then the incident flux
per unit area orthogonal to the beam direction is

2

ok, 1) = (1.86)

@2n)’

=]

1 -
Fy= | dz—— z 1.87
0 j 4 (271_)3 |f0(0’ Oa Z)| ( )

- Q0

We arrive at the same conclusion of course in the standard manner using
(1.85) in calculating j, according to (1.47). Neglecting the transient contribu-
tions induced by the change of f at its borders we get

fo<0,0,z—i>
m

which integrated over all times yields (1.87).

Let us now regard the scattered part defined in (1.82). Clearly to find the
leading contribution for large times ¢ we have again to correlate x and z. Thus
the asymptotic behaviour of the stationary scattering wave function ¥4*)(x)
for |x| > oo is needed. Since we assumed that V(x) is of finite range the value
of x in (1.81) can be assumed to be large with respect to x’ and we get

. X 2
o=t 1 : (1.88)

m (n)}

|x—x’|=x—x’.f)2’+0<T1—|>. (1.89)
X
Therefore one finds
igx
Py — 51 |eiex, © , 1.90
¢ &) g 20 parCLY Y (1.90)

with

f@5,q)= —m)y2n [dx e 1V (x) LI (x) . (1.91)

We introduced the final momentum ¢ as pointing into the direction £ of ob-
servation and having the magnitude g;:
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gr=gq% . (1.92)

Now we can discuss the asymptotic form of . (x, ¢) for both |x|and |¢|being
large:
ig

f(gs.q) e Eafo(q) . (1.93)

1 €
x, t d
Wscatt( ) - (27[)3/2 5 q x

First of all for t — — oo small phases are not possible and the right hand side
vanishes. Of course this has to be the case since | ¥(¢)) has to tend towards
| wo(2)) for t —» — 0. We now evaluate (1.93) in a similar manner to (1.83). We
again expand the exponents around ¢; and get in first order

el9* g 7 1Bql = ¢l ¢ ~if4il gxp [i(q -q;) <ﬁix— 9 t>:| . (1.94)
m

We shall neglect the variations of f(g¢q) over the width of f,(¢) and thus the
explicit appearance of a time shift with respect to the potential free motion.
Then (1.93) turns into

x, )= 1 e f(q:q) e Bl f [ Gix — g t (1.935)

Wiscart (X, _W —~ q:q; ol 4i ) .

The wave packet appears now as a spherical shell whose average radius in-
creases according to the classical particle velocity v = |g;|/m. Inside that shell
we encounter a spherical wave x ! exp(igix) exp (— iE,t) which is moreover
modulated in the various directions §; by the amplitude f(g¢, g;). The form

(1.95) leads immediately to the total flux per beam particle going through a
unit area in the direction £:

F=2 1 9 1 gy arrifo,02-%
x? Qn)? Y U7 m
=% L |/PF,. (1.96)
X

In the last equality we encounter the initial flux per unit area of (1.87). Conse-
quently the number of scattering events per beam particle passing through the
surface element df = £ x2d% = £x°d{;is

dF =F df =|f(¢:9) "Fodd; (1.97)

and the differential cross section

dF -
do === |1(qr, 49 P dd. (1.98)
0
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Recalling the definitions (1.91) and (1.36) of the scattering amplitude fand the
T-matrix element, respectively, we see that the two expressions (1.98) and
(1.53) for the differential cross section agree.

As a short cut for arriving at (1.98) one uses directly the asymptotic form
(1.90) of the stationary scattering wavefunction Y"(I”(x). The plane wave
stands for the initial beam and the spherically outgoing wave (it is outgoing
due to the time factor exp(—iE,¢) for the scattered part. The radially scatter-
ed flux density is obviously g;/ m| f | and the flux density of the plane wave
g;/m. The ratio yields immediately (1.98).

Let us end this section with a remark on flux conservation calculated via
this short cut. The conservation of probability which led to (1.54) can be re-
written with the aid of (1.91) and (1.36) in terms of the on-shell quantity f as

q } dcos|f(cos)|*—2Im{f(1)} = 0. (1.99)
-1

Note that f(g;, q;) resulting from a rotationally invariant potential ¥, must al-
so be rotationally invariant. It can therefore depend only on cos ¥ = §4§;.

Now we want to show that (1.99) can also be obtained if we consider the
flux through a sphere of radius r outside D and require it to be zero. Since we
shall use the asymptotic form (1.90) we choose a radius r — co.

Up to a normalization ¥ and 8 ¥/8r have the asymptotic form

igir .
¥ - exp(ig;rcos¥) + —— f(cosd) + O <i2> (1.100)
r r
and

1q,r i
f(cos¥d)—

%z — ig;cos ¥ exp (ig;rcos¥) +ig;
r

Since we have to evaluate

F=lim | dQj,r*

r—oo

higher order terms in r ! will not contribute. One finds

=9 cos s i1 4 cosy) SPULrUA—cOsI (o)
m 2m r
+ i (14 cosyg) ERIT1IrA = COSI 1y 19)
2m r

+ 4 |f(cos®) |2i2 - L iz {exp[ig;r(1 — cos ¥)] f(cos ¥)
m r 2im r



20 1. Elements of Potential Scattering Theory
—exp[—ig;r(1—cos )] f*(cos ¥)}
: 1 . . 1
+ -9 cos v l:O <—7> exp (ig;r cos¥) + conj. compl.—| +0 <—3> .
r r

2m
(1.102)
The second term on the rhs will lead to an integral (¢ = cos )
1
I(r) El— ydt(1+t)expligir(1 -1 (2). (1.103)
r -1

For r - o the leading contribution results from the upper limit # =1 [if
f () is well behaved]. One easily finds or r —» o

I(r) = ,_22 f(1)+0<%>. (1.104)

1q;r

Therefore this second term and also the third term will contribute to the
asymptotic flux. They result from the interference between the plane wave and
the scattered part. Clearly the scattered part, the fourth term, will also contri-
bute, whereas the following ones when integrated over ¢ are of the order
O(r ~3) and will not contribute. Finally the first term, the plane wave part, is
flux conserving by itself. Thus putting F = 0 leads indeed to (1.99). We shall
recover that relation again in the next section as the unitarity relation of the S-
matrix.

1.5 The S-, 7T-, and K-Matrices

In a scattering process the initial and final state is accessible to a measure-
ment. Thus the probability amplitude for a transition from g; to g¢ in the case
of potential scattering is the central quantity of interest. It was determined in
Sect. 1.2, Eq. (1.41), as

Sgrqi=02@s—q;) —2ni 0(Eg— Eg) Typq; - (1.105)

Let us rederive this expression by introducing a second type of scattering
state, an auxiliary mathematical one. Instead of regarding a solution of the
time dependent Schrédinger equation which develops out of a free state in the
infinite past, as we did in Sect. 1.1, one can introduce a solution which devel-
ops backwards in time out of a specific free state in the infinite future. In ex-
actly the same manner as in Sect. 1.1 we can find the corresponding Mdéller
wave operator, now called (), which maps the free state into the new type
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of solution of the full Schrodinger equation. To distinguish the two types we
shall denote them by %(*)(¢) and they are given by

|0y = | yo(0)) - (1.106)
Clearly the new Méller wave operator is

Q) = lim eiffTe—iHot (1.107)

T+ oo

and its existence on the whole Hilbert space can be proved exactly as in Sect.
1.1. By their very definition the two states have the property

| - wo(t) [0 for t— Foo. (1.108)

As | g™ results from | g) through Q¢*), a second type of eigenstate of the
time independent Schrédinger equation can be created through Q():

gy =lim — '€

— |g). (1.109)
0 E,—ie—H 9>

It will obey the Lippmann-Schwinger equation

1

g>7=|g) +lim Vigy©), (1.110)
| | e»0 E;—ie—H, la

which has the formal solution
O =lgy+lim—Lvigy. (1.111)

e~0 E,j—ie—H
Now we are prepared to ask again for the probability amplitude for a transi-
tion from an initial free state, | y,(¢) ), to a final state, |y, (#)), where i and f

denote specific wave packets. It is given by

Ag=lim (o, () |P{P@)). (1.112)
t—+ o

Now however we can use (1.108) and get

A= lim (PO 1#V0) = W O#00). (1.113)

Again we have exploited the time-independence of the matrix elements in
(1.113). In explicit notation this reads
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A= [dq [dq'f§@)fo(g) TglgHP, (1.114)
which reveals the probability amplitude between sharp momentum states
Sgq="qlg" Y. (1.115)

We can establish the equality with (1.105) in the following straightforward
manner:

— () 1 (+)
={qlq +lim
Saa < E +ie—H >

=4{qlq >+hm——< Vg™
| -0 Eg +1£—Eq ql |q
£-0 Eq+l8—Eq:
=6%g-9)-2ind(E;~Eg) Tyq . (1.116)

The form (1.115) also tells us immediately that the S-matrix must be
unitary. Why? The completeness relation (1.73) can be equally well written
with the aid of the |q>(_) states:

T [b)<b|+ fdglg> ) Tig|=1. (1.117)

Also the |g () states are orthonormalized as the |q>(+) states and of course
are orthogonal to the bound states |»). Now using (1.73) and (1.117) we can
express |¢)*) in terms of |g){ ) states or |g )~ in terms of |g )(*) states. The
expansion coefficients are just S, , or S}, respectively, and the unitarity rela-
tions

§dqStgSyq=0°q—q")=§dqS, Sk, (1.118)

results from the orthonormality of |q)(+).

Let us now work out the connection with the flux conserving relation
(1.99), which appears in the form (1.54) when expressed in terms of the 7-
matrix elements 7,,.. We insert (1.105) into (1.118) and find easily

W(Thgi—Tyg)+2n§dg 0(E;—E;)ThgTyqn=0 (1.119)
and
(T} g —Tygug)+2nfdgq S(E;—E )Ty gThg=0. (1.120)

Note that all momentum states have the same energy: E, = E; = E,.
The appearance of two similar looking equations forces us to work out the
possible relation between T, and T, . Intuitively we expect a relation linked
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to time reversal. Let us assume that the potential is invariant under time re-
versal and let us denote the antiunitary operator for the time reversal opera-
tion [1.8] by . Then J commutes with V,

[7,V]=0 1.121)
and it will map the state |¢) into the time reversed state | —¢q):

7T lay=1-q>. : (1.122)
What are the consequences for T,,.? It is explicitly given by
1

E,+ie-H

qu,=<q|V|q’)+lirré<q|V Vig'). (1.123)
N g

Because of the antiunitary nature of .7~ we can reexpress the rhs as

1

—Vlig'*. (1.124)
E,+ie—H |

T, =(7 q|TV|q'Y*+lim(7Tq|TV
e—0

Then using (1.121) and (1.122) and recalling the on-shell nature E, = E,,. we

get

I

E,—ie-H
1

E,+ie-H

qu'=<—q|V|—q’>*+lin(1)<—q|V V|-q'y*
E£—

= (=g’ [V|-g)+lim<q' |V VI-qy=T_g _,- (1.125)
£—

Thus, as possibly expected, the T-matrix elements for time reversed processes
are equal. Later we shall see that this property in a partial wave basis leads to
the symmetry of the 7- or S-matrix.

Due to the equality (1.125) and since ¢’/ and g’ are arbitrary momenta the
second relation (1.120) follows from the first if time reversal invariance is
valid. For ¢’ = ¢’ the physical content of the unitarity relation (1.119) is ob-
vious. Comparing with (1.54) or (1.99) it is just flux conservation.

After all this formal development let us now be concerned with what is
finally needed in a practical application. The cross section is determined
through the 7-matrix (1.36). It is natural to ask for an integral equation di-
rectly for that quantity. The 7-matrix element contains |g »+) which obeys the
Lippmann-Schwinger equation (1.34). Therefore T, , can be expressed as

Teq =4q|VIg'y+1im<q |V Gy(E, +ie) V|g'y . (1.126)
e—0

This is indeed an integral equation for T, since if we recall the spectral rep-
resentation (1.60) of G, in terms of momentum eigenstates, (1.126) reads ex-
plicitely:
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. T
Ty =4q|Vlg'y+limdq"(q|V|q") ——L1L—. (1.127)
£-0 Eq,+1£—Equ

This equation is known as the Lippmann-Schwinger equation for the 7-
matrix. It connects the half-shell 7-matrix elements with each other. Once it is
solved the on-shell matrix element is also known, and one can calculate the
cross section.

For formal developments it is advisable to introduce the T-operator and to
generalize at the same time (1.127) replacing the energy E, +ie by an
arbitrary complex value z. Then (1.127) is just the momentum representation
of the operator equation

T)=V+VGy2)T({) . (1.128)

In other words
T, )=(q|T()|q">. (1.129)

Equation (1.127) for complex z or the operator version (1.128) defines the off-
shell 7-matrix. This extension will be needed in the description of systems with
more than two particles, as we shall see in Chaps. 3 and 4. Once the new in-
dependent energy variable z has been introduced, one can investigate the
analytic properties of T(z). The outcome of the following brief study will
have important consequences for the approximate treatment of the off-shell
T-operator.

Let us play with (1.128) by iterating it. The result is a series with increasing
powers of V:

TR)=V+VGyR)V+VGyZ)VGy(R)V+... . (1.130)
On the rhs we recognize the series
Go+GoVGy+GoVGyVGo+ ... (1.131)

gained in iterating the resolvent identity (1.33) for G(z). Therefore we can
sum up the infinite series in (1.130) into

TR)=V+VGQR)V. (1.132)
This is the formal solution of the Lippmann-Schwinger equation (1.128). We
also arrive at the same result of course, in a rigorous and purely algebraic

manner, using the resolvent identity (1.69) in the form

M+VG@RIN-VGyz)1=1. (1.133)
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Then
N-VGyIT)=V (1.134)

turns indeed into
T)=[1+VGR)]V. (1.135)

The expression (1.132) exhibits important analytic properties of 7(z). As we
saw in Sect. 1.3 G(z) is defined on the complex z-plane cut along 0 <z <o
due to the continuous spectrum of H and has in general poles at the discrete
bound state energies E, < 0. These properties obviously carry over directly to
T(z). Moreover the residues of 7'(z) factorise:

V|by<b|V
Z_Eb

T(z) - for z—Ey. (1.136)

The operator on the right hand side has finite rank (in this case rank 1). This is
a welcome property since it maps whatever it is applied on into a linear combi-
nation of a finite number of states (here a single state). In contrast a general
operator will have a continuous representation like the rest of G(z), G., once
the discrete spectrum is subtracted:

VG.(z)V={dg V|q>(+)%‘+)<q|V. (1.137)

q

It has become an important problem (in the context of equations describing
more than 2 particles [1.9]) to find very efficient finite rank approximations of
T(z), since these obviously lead to an algebraic simplification.

We saw in the beginning of this section that the on-shell 7-matrix obeys an
unitarity relation (1.120). Now T is defined by an integral equation. As an
exercise we verify the consistency of (1.127) and (1.120). Let us rewrite (1.128)
as

T=V+TG,V (1.138)
and take the adjoint
TY*=V*+V*GyT". (1.139)

We assume V to be hermitean and subtract the two equations (1.128) and
(1.139):

T-T*=VGy,T-VG§T* = VGy(T-T*)-V(GE-Gy)T*  (1.140)

or



26 1. Elements of Potential Scattering Theory
A=VG)T-TH=V(Gy—-GHT". (1.141)

Now according to the Lippmann-Schwinger equation (1.128) we know the in-
verse of (1 -V Gy):

1+7Gy)(1—VGy =1. (1.142)
Therefore we can solve (1.141) for T— T * and using (1.138) again get

T-T*"=(1+TG) V(Gy—GHT" =T(Gy—GH)T. (1.143)
Then for z = E +i¢ and € — 0 we end up with

T-T*"=-2niT6(E-Hy)T", (1.144)
which in momentum space representation is indeed (1.120).

We shall end this section by introducing a third matrix, the K-matrix. This
is advantageous both from a practical as well conceptual point of view as we
shall now demonstrate. T,,. is complex because of the Cauchy-type

singularity (E,+ is—Eq)‘1 occurring in the Lippmann-Schwinger equation
(1.127). Let us exhibit that manifestly by using (1.61):

P
T,oo=4q|V|g'»+Vdq'"{q|V|qg"") —— T,y
= <@lVla)+ (g @Y1 2Ty
—in{dq''<q|VIq")6(E;—E ;) Tyry - (1.145)

Then one defines the K-matrix elements through the principal value kernel
alone:
P

Keg=<qlVig'>+dq"<q|VIg") ———
a9 Vi | Vi E,—-E,

Kgrg- (1.146)

Obviously the reality of the V-matrix carries over to the K-matrix which is a
welcome property from the computational point of view. Now we can relate
the two equations (1.145) and (1.146) in the following manner. We rewrite
(1.145) in the form

I S
E,—E,:
=q|Vig'>—in[dq"(q|VIg"Y3(Eg—Ey) Tyrg (1.147)

1://

T,,—§dq"{q|V]q"") v'a

and comparing with (1.146) we recognize that the inverse of the operator act-
ing on T on the left hand side of (1.147) when applied to V just yields K.
Therefore (1.147) can be cast into the form
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Tyq=Kyg—in[dq" Kyge S(Ey—Eg) Ty - (1.148)

It we take the external momenta ¢ and ¢’ to be on shell then (1.148) is a closed
set connecting only on-shell 7- and K-matrix elements:

Tpq = Kyg—inmq {dq" Koo Tyig: (onshell). (1.149)

This equation can be solved for the on-shell T-matrix once the on-shell K-
matrix is given.

We shall encounter this important relation again in Chap. 2 in a partial
wave representation, where it is just an algebraic equation.

Once K is given, even approximately, the resulting S-matrix is unitary. To
show that let us first factor out the energy conserving d-function in (1.105) by
defining
— 5(Eq—Eq’) S‘

Sgq' = va- (1.150)
mq

Then (1.105) tells us the connection between the on-shell quantities:
S;g=0G—4")-2inmqT,,. (1.151)

Using (1.149) we can express §q g in terms of K, ... Let us go over to a matrix
notation, T = {T,,} etc. Then we find easily

S=1+irmgK) '1-inmgK), (1.152)

which is manifestly unitary, if K is hermitean.
The hermiticity of K follows trivially from (1.146) if V is hermitean.

1.6 S-Matrix Pole Trajectories

The on-shell relation (1.151) between .§q ¢ and T, tells us that the poles of N
are the same as for T. The latter ones occur, as we saw, just at the bound state
energies. What will happen if we change the strength A of the interaction, V' =
Av? Clearly the binding energies E}, will move and therefore the poles. Let us
weaken A such that one Ey-value goes to zero. For even smaller A’s it has to
disappear from the energy plane cut along 0 < E < oo. The reason is, that as
an eigenvalue of H it has always to be real, and for local potentials it cannot
be embedded in the continuous spectrum E >0 of H.

Exercise: Prove that a local potential of finite range cannot support a bound
state embedded into the continuum.

Hint: Use the square integrability condition to determine the wave function
outside the range of the potential.
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Assume now that 7(z) can be continued analytically into sheets adjacent
to the upper and lower rims of the cut 0 € z < o. Then it makes sense to ask
for the continuation of the trajectory of E} if A is decreased further. It is com-
mon usage to call the cut, energy plane the physical sheet since the bound state
poles and the physical T(z)-values determining the scattering process are
located there. Adjacent sheets are called nonphysical. Specifically, the one
connected to the upper rim of the cut is usually called the second sheet, in con-
trast to the first sheet as the physical one is also called.

What physical insight can be expected if we manage to follow the path of a
S-matrix pole onto the second sheet? If it stays close to the adjacent upper rim
of the cut of the physical sheet, we expect it to influence the physical process.
As we shall show below, this pole will produce a structure, a resonance, in the
cross section.

Let us now try to find an analytic continuation of the Lippmann-
Schwinger equation for 7(z)

Toq(R)=Vyg+§dq"Vy,

Tyrg(2) (1.153)
»

into the second sheet. We choose z=E+ig, E>0, € >0. Then clearly the
kernel of (1.153) will have a pole at ¢'' = go = |/2mE + i¢. Let us work with
spherical polar coordinates, ¢ = g§. We may ask now, can one deform the
path of integration in q’’ in the neighbourhood of g, into the lower half plane
such that E can be chosen on the real axis and even below in the second sheet?
It is possible if ¥, and T, are analytic in the required neighbourhood of
the g''-axis. Let us regard V. which is given as

Vagagr = —— [ dx e 95 V() 10", (1.154)

o@en)’

Clearly for a finite range potential the integral continues to exist for com-
plex g and/or ¢'' and it defines an analytic function in ¢’’ and q. Moreover
the right hand side of (1.153) can be considered as an integral representation
of T,,(z) in its dependence on g and because of the properties of V' it is
analytic for the required complex g-values. Therefore the deformation of the
path of integration in q'' is justified and we can move F into the second sheet
below the real axis. The formulation will be more transparent if we shift the
path of integration back to the real axis again. Clearly in doing so, we sweep
over the pole at ¢'' = gy = |/2mE and pick up a residue. The obvious result is

1

Tgq(E)=Vog+ [dq" qu”ﬁ Tg g (E)
o
~mqo2ni §d§" Vygir Taosg (E) - (1.155)
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We added a superscript II to indicate that this equation is valid in the lower
half plane of the second sheet. In comparison to the equation valid in the first
sheet we encounter an additional term. It contains a new amplitude
Tfllo,inq,(E ), for which we require the supplementary equation

1

Ta0ia ) = Voogq+ 149" Voggqr E_ Tgq(E)
»
—mqo2mi §d§" V5005 Tingg (E) - (1.156)

The two equations (1.155, 156) define the T-matrix in the second sheet. Let us
now concentrate on the poles E, of T(E). In their neighbourhood T(E) has
the form

II
T gy =R @) (1.157)

E-E,

which when inserted into (1.155, 156) yields right at the pole the homogeneous
equations

1

RII(q) - dq//V . RII( /r)
f a9 ———E—Equ q
—mqo2mi{dgG" Vg R"(qod") (1.158)
RII(q q'*)= dq// R ”;RH( //)
0 | 9" E_E,, q
—mqo2ni§dG" V5005 R " (G0q") - (1.159)

Clearly the g’'-dependence of the driving term in (1.155) and (1.156) is now
absent.

If we go back to the first sheet for the bound state poles all the g,-terms are
absent and we simply have

1 1
——  R'(g"). 1.160
. @ ( )

q

RI(‘I) = sdq”qu”

It is of great practical importance to know the types of trajectories in the
second sheet, as we shall see below. We shall now assume that Vis rotationally
invariant. Therefore the orbital angular momentum / is conserved and we can
make the ansatz

Rg)=Yn@R]'@). (1.161)

Using the well known expansion of a plane wave into orbital angular mo-
mentum states
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e =41 Y Y)(x) Yi(@)iiar) (1.162)
Im

and the definition (1.154) of V. it is a simple exercise to reduce (1.158, 159)
to

RII(q) — OOdq, IZU ' 1
I (3; q'“v/(qq") F-E,

XR}q)—mqy2miv(qqo)RI"(gp) and (1.163)
T ! / ) 1

RNgo) = [dq'q?v(q0q")
0 E— Y
XR1Ng")-mqo2miv(goqe) R1'(qo) » (1.164)

where v,(gq’) is given by
r 2T 2. . '
vlgq’) = — gdr rejlgr)vr)jiq'r) . (1.165)

Finally we can eliminate R !'(g,) to arrive at

maqy2ni
1+mqo2riv(qoqo)

Rlg) = :S:dq’q’z [vz(qq’)— v(@qo) v:(qoq’)]

1

RN g". (1.166)
E-E, 1(g")

X

We see that the eigenvalue problem in the second sheet is distinguished
from the one in the first sheet by an additional potential, which is complex,
energy-dependent, and of finite rank. Switching to an abstract notation
(1.166) reads

IRy =vGo|R)— [v(g0)> C(qo)<v(qo) |Go|R)> - (1.167)
Therefore the eigenvalue problem achieves the form

IRy = —(1-vGo)~'v(q0)) C(q0)<v(@0) |Go|R) or (1.168)

(0(g0) |Go| R [1+ C(go)] <v(go) |Go(1 — vGo) ~'v(go)> =0 . (1.169)

The nontrivial solution requires the bracket to be zero, which, again back in
an explicit notation, reads

mgqgy2ri g 2%
1+ dgq\dq'q’
1+mgqo2miv/(goqo) g g
1 - ! !
X v/(qoq) (ql(1-vGp) M"Y vi(q'ge) = 0. (1.170)

q



1.6 S-Matrix Pole Trajectories 31
If we multiply (1.170) by the denominator of the second term and note that
Go(1-vGy) ' = (E—Ho—v)"!
equation (1.170) can be written in the compact form
0=1+mgqy2mit|(go, 4o, E)
=1+mgqo2ni l:v1(CI0CI0)

+ (S)dq q° (j)dq’q’zvz(ququ(E—Ho— v)~! Iq’>v1(q’qo)] . (1amy

Here we have introduced the partial wave f-matrix ¢, [see (1.132)]. The super-
script I indicates that the resolvent operator (E — Hy— v) ! is evaluated in the
first sheet, however the off-shell momentum g, belongs to the second sheet.

It is an easy numerical excercise to determine the zeros go= |/2mE of
(1.170). Again note that Gy(E) is evaluated in the first sheet. One may start
with a bound state pole as defined by (1.163) without the second term on the
right hand side. Then weakening the potential strength A the bound state pole
will move towards and eventually reach E = 0, and then for even weaker A-
values (1.163, 164) start to hold. Typical pole trajectories for /=0, 1, 2 are
shown in Fig. 1.1a—c.

In each case the first and second sheet is shown. Whereas the s-wave tra-
jectory in the second sheet moves back on the negative real axis, the trajecto-
ries for / > 0 leave the neighbourhood of the positive real axis with increasing
real part of E. For />0, the rate at which the trajectories leave the positive
real axis decreases with increasing /. As examples we have chosen cases of
practical interest. The nucleon-nucleon interaction in the state 'S, (see Chap.
2) does not bind two nucleons but is strong enough to support a virtual state
close to E = 0. A parametrisation according to Reid [1.10] in that state Sy is

e Hr e—4,ur e—7ur
v(r)=( —10.463 —1650.6 +6484.2 MeV
ur ur ,ur
(u=0.7fm" Y. (1172

Some pole-positions for certain strength parameters A around the physical
value A =1 are shown in Fig. 1.1a. The nucleon-nucleus interaction can be
parametrised quite successfully [1.11] by an average single-particle potential
like

1

V(r)= = (Vo+iWo) ——
1+

T (1.173)

Here Vyand W, are the depth of the real and imaginary (absorptive) part and
R and a are the radius and the surface width of the nucleus, respectively.
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Fig. 1.1, (a) One S-matrix pole trajec-
tory in the state 'S, for the two-nucle-
on potential (1.172) in the first and
second sheet. The numbers denote
the strength parameters. (b) One S-
matrix pole trajectory in the p-state
for the nucleon-nucleus interaction
(1.173) in the first and second sheet.
(¢) One S-matrix pole trajectory in
the d-state for the nucleon-nucleus
interaction (1.173) in the first and
second sheet
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Figure 1.1b corresponds to a situation like n — a scattering (Vo= —40 MeV,
R=1254A"3fm, A=4, a=0.65fm, Wy=10) and shows a low energy p-
wave pole, while Fig. 1.1c describes a low-energy d-wave pole as it occurs near
%0 (Vy= —45MeV, Wy=0, R=125A4"3fm, A =16, a=0.65fm). In
reality of course a spin-orbit force has to be added, which leads to P3,,— Py,
and ds,, — ds 5 splittings, respectively. In the latter case the nucleon is bound in
the ds/, state whereas in the ds, state it only interacts resonatingly with 150,

How does such a nearby pole of T situated at E;,= E.—i//2 in the second
sheet influence the cross section? Taking the absolute square of T the cross
section will exhibit a resonance behaviour o 1/((E— E,)*>+ I'*/4), where the
width of the resonance is given by the imaginary part of the pole position.
From the above examples we see that for a given position of the resonance,
E,, the imaginary part —il7/2 decreases with increasing orbital angular mo-
mentum. The resonance gets sharper. This is intuitively expected since with
larger / the centrifugal barrier /(/+1)/r? increases and the particle at low
energy has to tunnel through a broader and broader barrier to leave the do-
main D. For an infinitely high barrier we would have a bound state at a posi-
tive energy E, and the width would be zero. For an s-state however the barrier
is absent and there is no mechanism in the case of a local potential to keep the
particle close to D for a positive energy, and the pole trajectory bends im-
mediately to negative energies on the second sheet.

As a final comment we should point out that it should appear to be sur-
prising that the pole trajectory for / >0, coming from the negative real axis
towards E = 0, bends onto the lower half plane of the second sheet, since it
could equally well move upwards onto the upper half of the unphysical sheet
connected to the lower rim of the cut 0 < E <. If we would have carried
through the analytical continuation of the Lippmann-Schwinger equation
(1.153) starting from z = E—ig, E >0, towards E-values with Im{E}>0 we
would have found just the imaginary conjugate of the set (1.158, 159). There-
fore, there are indeed pole trajectories which are just mirror images of the tra-
jectories shown in Fig. 1.1. A closer inspection [1.5] reveals that for />0 two
poles always meet at E = 0, one coming from E <0 in the first and one from
E <0 in the second sheet, respectively, and that they separate again along the
resonance and “antiresonance” trajectories, respectively. Since the physical
amplitude lives on the upper rim of the cut it is influenced by the nearby pole
in the lower half plane of the second sheet and hardly by the “antiresonance”
pole “around the corner” (the branch point E = 0). For / = 0 the trajectory
does not leave the negative real axis of the first sheet or the second sheet near
E =0. The encounter with a partner occurs only at a certain distance away
from E = 0 in the second sheet. The use of Jost functions in a partial-wave
basis is a very powerful tool to study analytic properties of that type and is
described elsewhere [1.5].
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1.7 Ciriteria for Divergence or Convergence
of the Neumann Series

Let us consider the perturbation series in V for the T-operator
TER)=V+VGR)V+ VG VGV +.... (1.174)

This series, resulting from iterating the Lippmann-Schwinger equation
(1.128), is called the Neumann series. In case it converges it is obviously a
solution to (1.128) — but does it converge? Assume V supports a bound state.
Then according to (1.136) T(z) has a pole at z = E,, <0. On the other hand the
individual terms of the Neumann series

1 % 1

V... (1.175)
E,—H, E,—H,

are all finite. The only way to create a pole is the divergence of the series for
z—E,. How does the series behave in the neighbourhood of z = E}, and at
positive energies?

The key to the answer is to regard a generalisation [1.12, 1.13] of the
bound state eigenvalue problem

|b) = Go(E, V| b) (1.176)
namely
M|y = Go(E) V|T,). (1.177)

Certainly (1.177) has the solution |I") = |b) and # = 1. Furthermore every so-
lution of (1.177) is a solution of the Schrédinger equation with the potential
V/n,. Moreover it is a bound state, since according to (1.177) (x|Gy(Ey) |x')
is exponentially decreasing. If V is attractive, then a value 5, <1 makes the
potential V/n, stronger than ¥ and at a certain value 7, another bound state
occurs at E,. Obviously this can be continued and we expect a sequence of
discrete eigenvalues

m=1,m<n, n3<n,.... (1.178)

If V has attractive and repulsive parts, like the N— N interaction or atom-
atom interactions, there will be also negative eigenvalues, which lead to bound
states from the sign reversed repulsive parts of V.

From this discussion, the occurrence of other than discrete eigenvalues
would be surprising. Indeed the mathematicians tell us that the kernel of
(1.177) at E = E,, is of the Hilbert-Schmidt type [1.14] and therefore has only
discrete eigenvalues.
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An integral kernel K is of the Hilbert-Schmidt type if its Hilbert-Schmidt
norm exists:

IK Jfs = TriKK *} < co. 1.179)
This is easily verified for K(z) = Gy(z) V and z * [0, ). Indeed

Tr{kKK*} = {dx [dx' |K(x, x', z)|* = [dx [dx'|Gy(x, x', 2) P V*(x")

1 : oyt 2
= Jdx fdx'| o [dg exi[_u;(;z; U

2
= [dx’ 13 QEm)” payn=_ € yypR. (1.180)
Qn)” Im{)/2mz} Im{)/2mz}

Furthermore the eigenvalues of a Hilbert-Schmidt kernel can accumulate only
at 7 = 0. Therefore for instance there can only be a finite number of eigen-
values located outside the unit circle. This is an important point for the con-
trol of divergence or convergence of the Neumann series, as we shall see be-
low.

We now study the property of #,(z) as a function of z. Let us start the dis-
cussion by considering negative energies z < 0. Then the eigenvalues 7,(z) are
real.

Exercise: Prove the reality of #,(z) for z<0
Hint: see [1.13].

Furthermore they increase in magnitude if z increases. This property is ob-
vious since the potential strength 1/#, has to decrease if the bound state
energy z <0 increases. Clearly for z— — oo all the #’s tend towards zero.

Now let us consider positive energies at which scattering takes place. The
eigenvalue problem defined in (1.177) for z <0 can obviously be generalized
immediately for the upper and lower half z-plane without any problem, since
|/2mz, which controls the behaviour of Gy(x, x’, z), as given in (1.77), will al-
ways have a positive imaginary part and thus will lead to a square integrable
eigenstate | I"). Therefore #,(z) is an analytic function in the z-plane, cut along
0 £ z< . The limits on the upper and lower rim of the cut are defined as

lim Go(E+ie) VII'VHE)) = 0\ (E) [TV(E)). (1.181)

According to (1.77) the eigenstates (x | I"{*)) will no longer be square inte-

grable, but purely outgoing (+) or purely incoming (—) for | x |- co. More-

over, they will be regular at the origin, and of course they are solutions to the
+

Schrodinger equation with the potential V/n (v—)(E ). For a real (hermitean) po-
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tential, however, the flux violating asymptotic behaviour exp (+i]/2mE x)/x
of (x| I'{*y is not possible. Thus the eigenvalues n{*)(E), E >0, have to be
complex.

Let us summarize. Following z along the real axis from negative to positive
values, the #,(z) are real for z <0 and increase in magnitude up to the point
z =0, where we encounter a branch point. As z increases further, #,(z) will
acquire an imaginary part. It is #7{*)(E) at the upper rim and
1 UE) = (3P (E))* at the lower rim. For E — o the trajectories traced out
by n{*)(E) have to go back into the unit circle (if they are outside at all), since
in that limit the kernel K(E) obviously decreases in magnitude. Again it is an
easy numerical exercise to calculate the trajectories 7,(z). We show in Fig.
1.2a,b a few of them belonging to the potentials of Fig. 1.1a, ¢, respectively.
The nucleon-nucleon potential (1.172) (valid in the state 'S;, see Sect. 2.6)
does not support a bound state, but it supports a virtual state near E = 0. This

a \lm?l llmn l lmTI
~16, -15. <14, ~13, Rey -40 -39 Rey, .
e - —_— —i—T —
— 1. 1 4 N
+-i 10, F-01i 0 \\ .
| 20. R 'L /
4 L \
150.
50.—> 200
-5i 100.—> 1-05i
200. —~
~i
b
| 1my 20.

Fig. 1.2. (a) The first three eigenvalues 7, largest in magnitude for the two-nucleon interaction
(1.172) in the state 1So. The numbers indicate the energies in MeV. (b) The largest eigenvalues in
the d- and s-state for the nucleon-nucleus interaction (1.173)
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is shown in Fig. 1.2a, as reflected by the fact that the largest positive eigen-
value does not reach n = 1 before leaving the real axis at E = 0. For this poten-
tial there are also strong negative eigenvalues. For negative energies (not
shown in Fig. 1.2a) they are linked to bound states in the sign reversed poten-
tial (1.172), whose magnitude is modified by |1/#7|. As can be seen in Fig.
1.2a, there are some eigenvalues, which stay outside the unit circle up to very
high energies, and the Neumann series would converge only at energies for
which that potential picture is already meaningless. In Fig. 1.2b we see that
the underlying potential supports two s-wave bound states. For energies large
with respect to the potential depth the two trajectories return into the unit
circle. The d-state is not bound since the trajectory leaves the real axis just be-
fore reaching 1. This is not visible on the scale of the Fig. 1.2b. The remaining
eigenvalues all stay within the unit circle and are not shown.

What can we conclude from this insight? Let us apply the Neumann series
(1.174) onto an eigenstate | I',). Then due to (1.177), which we assume to be
written for an arbitrary z, we get

T()|I(2)) = VI[(2))+ V)| Tyz))+ -
=VIL@YA+n,=)+ni2)+---). (1.182)

This sum diverges if | #,(z) |>1. In general the Neumann series for 7(z) is
applied to a state which has components with respect to all | I',(z)). In that
case the Neumann series will diverge whenever there is at least one eigenvalue
larger in magnitude than 1. It will converge only if all eigenvalues are inside
the unit circle. This is a necessary condition for convergence and it is sufficient
as will be shown in Sect. 2.7¢c. Now we know that the mere existence of a
bound state has the consequence that at least one eigenvalue will have a mag-
nitude larger than 1 for z > Ey,. Therefore the Neumann series applied on a
general state will diverge. Only if the energy is large enough, will that eigen-
value return into the unit circle and the kernel be weak enough to be iterated in
a convergent manner.

If we regard Fig. 1.2b for the 1d-state, we see that the eigenvalue 7, is very
close to 1 near E =0 MeV. This is the energy at which we encountered the res-
onance in the d-state according to Fig. 1.1c. The reason is, as we shall show
below, that #,(z) will become exactly 1 as it is analytically continued towards
z = E in the second sheet. If the resonance position E|, is close to the real axis
we can expect that # will stay near the value 1 at neighbouring real energies E.
This is indeed the case in the above example. We conclude that in the case of a
resonance, we encounter on the real energy axis a complex eigenvalue which is
in the neighbourhood of 1 and the Neumann series will diverge or converge ac-
cording to whether # is just inside or still outside the unit circle.

It remains to justify the analytic continuation of n(z) onto the second
sheet, especially towards the pole position of T(z). Comparing (1.160, 176)
and putting
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IRY = V|b) (1.183)

we see that they are of course equal. Therefore due to (1.177), the position of
the bound state pole of 7(z) can be defined implicitely as

nA,Ey)=1, (1.184)

where A plays again the role of the varying strength parameter of V, which we
assume to be real. Let us now continue analytically (1.177), again written for a
complex z, onto the second sheet. If we switch to the new state |R,) = V|I,)
the eigenvalue problem to be continued,

1, R ()Y = VGy(2) |R,(2)) (1.185)

is identical to the one regarded in the previous section, where however n was
kept equal to 1. Therefore #,(4, z) is defined on the second sheet for a finite
range potential, and #,(4, z) = 1 defines the position of a pole of T(z) for a
certain strength parameter A.

Summarizing we find that in interesting cases where V supports bound
states or resonances, the Neumann series will diverge, at least for low energies.
We shall see in Sect. 2.7 how that divergent series can nevertheless be summed
up to the correct solution using the Padé technique. Of course one can always
solve the integral equation (1.128) directly, as we shall discuss in some details
in Sect. 2.7.

The loss of the Hilbert-Schmidt property of the kernel for £ > 0 as expres-
sed in (1.180) can be avoided by the trick of using the kernel V2G,V'2.
Then for scattering energies E > 0 a rigorous justification for the convergence
or divergence property of the Neumann series can be formulated [1.15] within
the context of standard functional analysis.

Let us end this section with a remark on a finite rank approximation of the
kernel K = VG, of the Neumann series. This is of interest for formal develop-
ments in reaction theory and also to some extent in practice. We recognised
that the discrete structures created by the potential, bound states or reso-
nances, cause the divergence of the Neumann series in K, or in other words
make the kernel large. The parts of K linked to these structures can be extract-
ed in the following manner [1.13]. Consider the separable kernel

1

K =1, I'(z))
@ =nDILE) SVir @y

9|V (1.186)

and look for the eigenvalues of K'=K—K_:
K'|©,) = n,10,). (1.187)

The claim is that the eigenvalues and eigenvectors 7, and | @,) are identical to
n,and | I, with the exception of the eigenvalue to |@,) = |I',), which is zero.
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Therefore if 5, was a large eigenvalue for X it will be a “small” one for K.
This can be generalised by replacing K, by a finite sum of terms of this type.
Then in K’ the corresponding eigenvalues will be reduced to zero. Clearly this
can be used to collect the finite number of eigenstates of K with eigenvalues
outside the unit circle into a finite rank approximation K| of K, and to treat
the remaining kernel K’ as a perturbation. The perturbation treatment is
justified since K'is small enough to lead to a convergent Neumann series by its
very construction. One proceeds according to the following often encountered
pattern.

T=V+KT=V+K'T+K.T. (1.188)
The small part is explicitely inverted:
T=(1-K)'(V+K,T). (1.189)

In our case K has the driving term V on the left, K, = VM. Therefore (1.189)
can be written as

T=T+TM,T (1.190)
with 7' given through
T =V+K'T'. (1.191)

The driving term 7" in (1.190) is assumed to be calculable in a low order itera-
tion. Due to the finite rank nature of M, (1.190) can be solved purely algebra-
ically.

The claims following (1.187) are based on the orthogonality and complete-
ness properties of the Weinberg eigenstates. The interested reader is refered to
the very clear presentation in the original work [1.13].



2. Scattering Theory for the Two-Nucleon System

The scattering of two particles upon each other serves as the simplest example
for the methods of the previous section. Applying them to two nucleons adds
the discrete degrees of freedom of spin 1/2-particles. The inclusion of spin
enriches the system considerably. The many possibilities of flipping the spins
of the two colliding nucleons yield sensitive observables for studying the
nucleon-nucleon force [2.1]. We shall present a self-contained description in-
cluding very concrete methods of calculating the various spin observables.

2.1 Density Matrices for the Initial and Final State

The nucleon in the beam or target can live in two spin states |m), m = +1/2,
which characterise the two values of the spin-component with respect to a cer-
tain direction. Thus for the two nucleons, a complete orthonormal basis in
spin space is

| 4> = {|my)|my)}, @2.1)

where i = 1, 2, 3, 4 numerates the 4 possible states. A general pure spin state is
|ny =¥ af|Ay. (2.2
]

Whereas we have assumed up to now (and shall continue to do so) that the
momentum distribution for the particles is described by a pure state, in other
words there is only one type of wave packet, the spin states of the nucleons in
beam and target are in general in a mixed state, where the states | n) occur with
the probabilities p,,. Then according to standard rules [2.2], the expectation
value of a spin observable O is

%p,,(n |O|n) Tr

20} 2.3)
Lp.n|n) Tr{o}

In the last equality we introduced the density operator
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0= Y |nypyn|. (2.4)
n

In the basis of (2.1) Egs. (2.4, 3) read

0= Y |4)iA;|  with (2.5)
0ji=YaMp,a*  and (2.6)
n
0y = L2% S THe0} @.7)
Y 0i Tr{o}
0;i= (4;|0]4. (2.8)

The unsubscripted quantities ¢ and O denote the matrices (2.6, 8).

How do we know which density operator corresponds to a certain experi-
mental situation of beam and target? According to (2.5) § depends on 16 real
numbers, since o is a 4 dimensional hermitean matrix. They can be related to
the expectation values of 16 linearily independent hermitean matrices S¥,
u=1, ..., 16. A convenient set is built up by the complete basis of 2x2
matrices {1, o,, gy, o} chosen for both particles, where the ¢’s are the stand-
ard Pauli matrices. Let us introduce the notation g, =1 in addition to g, =
Oy, 0, = 0y, 03 = 0,, then

§4={P®cP), @p=0,1,23, 2.9)
The set (2.9) fulfills the orthogonality condition

Tr{S“S"} =46, . (2.10)

We decompose the matrix ¢ into the set (2.9) and use (2.10) to get

16
o= Y S$fA,=
u=1

I

S“Tr{oS*. (2.11)
1

B

u

In terms of the expectation values (S#) defined by (2.7) this reads

o= 1Tr{o} ¥ S¥S*). (2.12)
u

Thus the 16 expectation values in the initial state determine the initial density
matrix up to the normalisation. We shall denote it by g;. Various examples
will be given later.

In the two-nucleon collision, the interaction will in general change the spin
states and therefore the density matrix. Obviously a two-body problem, after
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eliminating the force free center of mass motion, reduces to the motion of a
ficticious particle with reduced mass u in a potential. For equal mass particles
u=Lm. If ky and k, are the individual particle momenta, the momentum
governing the relative motion is ¢ = (k; — k,)/2 and will also undergo in gener-
al a change during the collision, whereas the total momentum K = &+ k, will
be conserved. The latter one will be dropped in all that follows. The stationary
scattering state of relative motion obeys the Lippmann-Schwinger equation
(1.34). Now, however, we have to specify also the initial spin state. Since a
mixed state is an incoherent superposition of pure states which undergo
separately the scattering process, one has first to determine the scattering state
|gn)*) developing out of a pure initial spin state |#) and initial relative
momentum ¢. Thus the Lippmann-Schwinger equation is generalised to

lgmy*) = @) |ny + T1AAIGEVIgny ™. (2.13)

Note that the particle in the state|gn »(*) now lives in two spaces, the ordinary
one and the spin space, which we made explicit by inserting the unit operator
in spin space in front of G, V. The situation after scattering is determined by
the asymptotic form of the wave function. Let x be the conjugate coordinate
to g, X = X; —x,. Then according to (1.90) we get for |x|— o

. igx
<x|qn>(+)—>—(2—nl)3/7<equ|">+ LA ex fi((I’,q)> , (2.14)
where
fi@,q) = —uCn)XA|<q'|V]|gny™ (2.15)

and ¢’ = g points into the direction of observation. Since V is assumed to be
spin dependent, f; will depend in a nontrivial dynamical manner on i. The
dependence of the scattering amplitude on the intial spin state can be exhibited
explicitely by introducing the T-operator. According to (1.34) and (1.126) this
amounts to

VignyY) =T(E,)|q)|n) (2.16)
and we get

fi@'q) = ~u@n)* ¥ (AlKq'|TIg | Apaf” = L M@, @)af”, (2.17)
J J

which shows explicitely the linear dependence on the initial spin coefficients
aj(”). The 4-dimensional M-matrix in spin space contains all the dynamical in-
formation of the scattering process.

Later we shall modify the definition of M to account for identical particles
using the isospin concept.
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Due to (2.14, 17), the spin state after the scattering process is given as

/™) = T 1A4) EMy(g'9ra® = L [Ax@api” . .18)
13 J I

Consequently the density matrix for the final state is
(@nji= T @)’ pa(ap)™* = ¥ ijjk(q 'Q)al’p. M} (q'q)ai*
n n

= %{ M;y(q'9)(@)uM i (q'q) (2.19)
or in matrix notation

or=M(q@'9)oM*(q'q). (2.20)

Note that in the first line of (2.19) we summed over the pure initial states | n),
weighted according to the probability p,, of finding them in the beam. Once
the density matrix o; is known, the expectation value of an arbitrary spin
observable in the final state is

_ Tr{os0} _ Tr{MoM "' O}

(0 —
Tr{og Tr{MoM™}

(2.21)

2.2 The General Spin Observable

The simplest observation in the final state avoids the measurement of the spin
orientations. This is just the differential cross section summed over the spin
orientations in the final state:

- g

do %p,,zi:H:M,jaj

dQ T p. X e
n J

2

I=

YM; ¥y aj(")Pnagn)*M;
— ¥l n

Z Y aj(n)pnaj(n)*
J n

TriMoM™} _ Tried
Trioi} Trio;}

(2.22)

In the first line we averaged over the distribution of the pure initial spin-states
|n).

The most general observable links arbitrary spin orientations for both nu-
cleons in the initial to arbitrary ones in the final state. We have the total infor-



44 2. Scattering Theory for the Two-Nucleon System

mation available, once we know the 16 expectation values (S*); with respect
to the final density matrix o;:

_Tr {orS*}

(5% Triod (2.23)
We insert (2.20) and the explicit form (2.12) for g; and get
(S#y;= TriMoM™*S*} _ iTr{gi} 5 SHTTMS™M S (2.24)
TriMoM™*} 4 TriMoM™}
or using (2.22)
(§#yI =1 ¥ (S")Tr{MS"M™* S#. (2.25)

Note this includes the case that no spin is measured in the final state. By
choosing S# = 061) ® o (2.25) obviously reduces to (2.22). Now (2.25) reads
explicitly

IKaPaPy=1 %: (6P TriMePePM* 6 Pa?}. (2.26)
o

This expression links the various spin expectation values in the initial state to all
possible spin expectation values in the final state. Clearly the total number of
possibilities including no spin measurement (choose a,) is 16 x 16 = 256. This
requires at first sight, a very large number of experiments for each scattering
angle and center-of-mass-energy. There are however invariance requirements,
as we shall see, which forbids many transitions. This is reflected in the fact
that M can be characterized by a small number of parameters, which more-
over induces strong correlations between the surviving nonzero observables.

2.3 The Wolfenstein Parametrisation of the
Scattering Amplitude

In nuclear physics the isospin concept is very useful. Though being only an ap-
proximate symmetry [2.3], broken on the level of electromagnetic interac-
tions, it adds a further classification of states and correlates otherwise unlink-
ed processes. Neuron and proton are considered to be the two magnetic states
|m,>, m;=1/2 and —1/2, respectively, of an isospin ¢= 1/2 particle, the
nucleon. Therefore for two nucleons the physical state Im,lmtz) is in general a
superposition of total isospin f=0and ¢ = 1:
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|mymyy =Y C(L1t, mymy,mp)|tm,). 2.27)
t

If the two-nucleon interaction V conserves isospin, the scattering states for
t=0 and =1 can be treated separately. In other words the M-matrix ele-
ments can be classified according to ¢, M, and the physical matrix elements
will be built up according to (2.27) by linear combinations of M*=%and M=,
For the (nn) and (pp) system, the isospin is ¢ = 1 and M'=! is already the
physical amplitude. Only for the (pn) system is relation (2.27) nontrivial:

|Pn>E|—%%)=—l/1—i(|t=0,m,=0)+|t=1,m,=0)). (2.28)
The physical amplitude is
My pn=L(M"=1+ M=) (2.29)

Adding the isospin label to the spin and position (or momentum) labels of a
nucleon, we can treat neutrons and protons as identical particles. Therefore
the two-nucleon states have to be antisymmetric under exchange of the two
particles. Clearly the exchange has to take place in all three spaces in which the
state is defined: in normal space, in spin space and isospin space. As an exer-
cise we pose the question whether isospin conservation in the two-nucleon sys-
tem leads to spin conservation assuming parity invariance. The answer is
easily found noting that the parity operation changes the relative position x =
Xy —Xx, into —x which is the same result achieved by permuting the particles.
Now in the case of parity invariance the two nucleon states can be classified
into states of good parity. Further, the isospin states for two nucleons of £ =0
and =1 are clearly antisymmetric and symmetric respectively, under ex-
change of the two particles. The same is true for the spin states of s = 0 and
s = 1. Therefore an antisymmetric two-nucleon state could be, for instance, a
state of positive parity (symmetric under exchange) and a spin-singlet combin-
ed with an isospin-triplet state. Since the symmetry of the space part cannot
change assuming parity invariance, isospin invariance clearly entails spin
conservation.
Now we can introduce the antisymmetric free state

{g>Iny|tmyl= (A =Py)|gd|nd|tmy), (2.30)

where Py, permutes the particles in all three spaces. Then the antisymmetric
scattering state defined by

lgntmyH) = (1= Py)|gntmy*) (2.31)

will obviously obey the Lippmann-Schwinger equation
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|qntm,)f,+)=|qntm,)a+lim Y |[t'may(t'my| ¥ |,1,~><,1,~|GOV|qntm,)f,+).
&0 timy i (2.32)

Consequently the scattering amplitude will be modified to

f@'9) = —u@n)? L (A|<em|<q'|T{|q)| 4> | tm,)}.ai™. (2.33)
J

Note that we explicitely assumed f-conservation. Otherwise the sum over ¢’ in
(2.32) could not be reduced just to the one term | £m,) and in general scattering
amplitudes for both ¢’ values would appear. The mvalue of course cannot
change since it measures the charge of the two nucleons. In this approxima-
tion of isospin invariance, the M-matrix for identical nucleons is therefore
given by

M ) (9'9) = — p Q)X g’ [Kmim3| Ctm, | T{|tm,) |mimy) |q)), -
.39

Now we can pose the main question of this section: how can the depen-
dence on q and ¢q', m,, m,, m{, mj be parametrised? For the orientation in
space, one introduces three unit vectors constructed out of ¢ and q’:

q9'-q)/|q'—q|
q+q')/ |qg+q’| (2.35)
N=(gxq')/|gxq’|.

K=(
P=(

K and P lie in the scattering plane to which N is the normal. They can be con-
sidered as the unit vectors for a right-handed, orthogonal coordinate system.
The dependence of M on the spin components m, m,m{mj can be exhausted
by a linear combination of the 4-dimensional matrices S# defined in (2.9).
What do we know about that linear combination? The first requirement we
shall impose is rotational invariance of V. If Vis just a local spin independent
interaction, as used in Chap. 1, (g’ |V'|g) can depend only on the scalars gg,
q'q’',and gq’. This is obvious from (1.154). If Vis spin dependent, additional
scalars built with the aid of ¢ and ¢®@ will show up. The rotational
invariance of V carries over immediately to the T-operator as is explicit in
(1.132). Therefore the M-matrix can depend only on scalars built out of ¢®
and ¢® contained in the $*’s and ¢ and ¢'. Let us make a table for all of them
(besides the trivial constant)

DK PN P i=1,2

(6 PK) (¢ ®K) (6 VE) (e PN) (e PK)(c®P) (2.36)
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(6N (a?K) (6VN)(c®N) (6"N)(a®P)

(c"P)(c?K) (VP c®N)  (cVP)(c®P).
Another possible scalar 6V¢@ is implicitely included in the above group,
since

V6@ =(6YE)(6®K)+ (6 PN)(ePN)+(c VP)(cPP). (2.37)

Now the matrix M has to be a linear combination of all terms in (2.36) with
coefficients which depend on the scalars ¢q’, gq and ¢'q’. The last two, how-
ever, are related to the center-of-mass energy E = q2/2u = q'%/2u for the on-
shell amplitude under discussion. Therefore the coefficients are functions of £
and the center-of-mass scattering angle ¢ given by

cos¥=4qg'. (2.38)
For most purposes this is still too general since the nuclear interaction is in-

variant under parity and time reversal operations, at least to a very high
accuracy [2.4]. Under a parity operation

B
=N

— -

)

P - (2.39)
NN ’

PO
The underlined terms in (2.36) do not remain invariant under this replacement
and are therefore forbidden.

The exploitation of the time reversal invariance of ¥ needs some more con-

sideration. As in Sect. 1.5 we write
(g'mim;|T|gmymy) = (T q'mim3| 7 T |gmymy)*
=T qmm,|T|Tq'm{my) . (2.40)
In the second equality we used the fact that 9 acting on T changes +i¢ into
—1iein the resolvent operator G which is converted back to +ie by applying T’
to the left. Now in the usual phase convention [2.5], the J-operation on an
angular momentum eigenstate is

T |jmy=(=)""|j—m) (2.41)

and (2.40) yields
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(q'mim3|T\gmymyy = (=)2=m* 127" — g —my—my |T| - q' = m{—m3)
(_)1/2—m1'+1/2—mé (242)
or
(_)1/2_m1+1/2_m2+1/2_mi+1/2_méM—m1—m2—mi—mé(_q’ _q/)
=Myt ot iy (@'9) - (2.43)
This is the basic relation between time reversed processes from which the
familiar detailed balance property [2.3]) of cross sections follows.

How is the left hand side of (2.43) to be interpreted in terms of the o-
matrices which we use to expand the M-matrix? As an example, instead of

& fatmy = (mi|aV)my) (2.44)
we encounter on the left hand side

(=)= 2=mi 6D | —miy = (T L my|e® | T Lmi). (2.45)

1
2
Now ¢ as a spin operator will change sign under time reversal, therefore
(T Lmy |67 Lmi)
= (T Emi| 7e® | tmiy = — (o O] miy*
= ~<(3mile®pm) = - af)) (2.46)

mymyq *

We end up with the recipe that on the left hand side of (2.43) the o-matrices
have to be replaced by their negatives:

e — g (2.47)

Finally, since ¢ > —¢' and ¢’ —» —g¢, it follows that

K-RK
N--N (2.48)
P--P.

Requiring time reversal invariance therefore eliminates the further terms in
(2.36) which are underlined by a dotted line.

Having built in invariance under rotation, parity- and time reversal trans-
formations, we find the following representation of the M-matrix [2.6]:

M=a+b(@"-aP)N+c(eV+aP)N+m(cVN)(c?N)
+(g+h)(ePPY(ePP)+ (g—- h) (e WK) (6 ®K) . (2.49)
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This is not the final form since we assumed isospin invariance, which we
saw is equivalent to s-conservation if parity is conserved. Let us now dem-
onstrate that s-conservation requires symmetry under exchange of ¢ and
6@, and, therefore, that the b-term cannot occur (for two neutrons or two
protons this is true in general, even if isospin invariance were not satisfied).
To prove the interdependence between symmetry under ¢ © ¢® exchange
and s-conservation we consider the obvious relation between the mm,- and
smgrepresentations of M:

(mim;|M|mym,) = ¥ C(11s', m{msm)C(L1s, mymymy)
ss’
X {s'mi|M|smy) . (2.50)
Now the interchange of ¢ with ¢® means the interchanges m, < m, and

m{ < mj, which can be handled through a symmetry relation of the Clebsch-
Gordon coefficient:

C Urdad, mymym) = (=Y 271 C(jojyj, mymym) . 2.51)
Therefore the amplitude with ¢ interchanged with ¢ ® will be
(mymi |M|mymy) = 5 C(Lbs', mimim)) C(+ s, mymam,)(=)***
X {s'mJ|M|smy) . (2:52)

A sufficient condition for the equality of (2.50, 52) is the conservation of s.
Incorporating isospin invariance, we finally end up with

M=a+c(cV+a)N+m(cVN)(6PN)+(g+h)(cVP)(cPP)
+(g—-h)(6VK)(c®K). (2.53)

2.4 Examples for Spin Observables

Since the determination of the polarisation of a nucleon requires a special
measurement, an experiment with an increasing total number of polarised
particles in the initial and final state will be more and more difficult to per-
form. Therefore let us order the possible experiments with respect to this num-
ber. The simplest case is either an unpolarised initial state and the measure-
ment of the polarisation of one of the outgoing particles or one polarised
particle in the initial state (which will introduce a new direction in addition to
the beam direction) and the measurement of the differential cross-section. Let
us begin with the first case.
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2.4.1 Polarisation
We assume the initial state to be unpolarised. That means
(S*;=0 (2.54)

for all S¥ besides S®=1P®1®. Therefore the density matrix in the initial
state is just proportional to the unit matrix:

0;=+Trigj1. (2.55)

The resulting spin averaged differential cross section I of (2.22) will be denot-
ed by I

Iy= 1 Tr{MM*}. (2.56)

The spin dependent nuclear force will lead to polarisations in the final state
and we want to calculate the polarisation of one of the two particles:

Py=(a);. 2.57)
From the general expression (2.26) we get
IyPy= 1 Tr{MM" q}. (2.58)

Since the particles are identical & can be either ¢ or ¢‘®. We can evaluate the
right hand side using the Wolfenstein parametrisation (2.53) of M. In doing so
we need several trace relations, which are easy to verify:

Tr{icA}=0
Tr{cAcB)=4AB 2.59)
Tr{cAecBsC}=4iAXBC.

Excercise: Prove the trace-relations (2.59), where A, B and C are arbitrary,
spin-independent vectors.

In this manner we can express the polarisation P, through the Wolfenstein
parameters:

I,Py= N2Re{c*(a+m)}. (2.60)
Later in Sect. 2.5 we shall link the Wolfenstein parameters a, b, ... to scatter-

ing phase shifts in partial wave states, which can be calculated once the two-
nucleon interaction V is given. Here we draw only the important conclusion
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that P, points in the normal direction of the scattering plane, which is the only
spin-direction compatible with parity conservation.

2.4.2 Asymmetry

Let us now assume that either the beam or target particle is polarised in the
initial state. This adds a further direction in space to the beam direction with
respect to which one can measure the cross section. The initial density matrix
is characterised now by the nonzero expectation value

P;= (o), (2.61)

and according to (2.12) is given by
3
0i=4Tr{g} EO 0,¢0p)i = ;Trigj(1 +aP;). (2.62)
o=

Choosing 1 = v =0 in the general expression (2.26), the cross section is

I=% E (o) TriMo,M*} = I+ LP,Tr{MaM™}. (2.63)

The trace can again be evaluated in much the same manner as in the previous
case:

1Tr{MaeM*} = 2NRe{c*(a+m)} (2.64)
and one finds
I=1Iy+P;N2Re{c*(a+m)}. (2.65)

We see that only the normal component of P; leads to an additional nonzero
contribution to the cross section. Again parity conservation rules out a de-
pendence of I on components of P;in the scattering plane. Assuming that P; is
transversal to the beam direction we encounter a situation as shown in Fig. 2.1.

The momenta g and ¢’ define the scattering plane. If g’ leaves to the left
of the beam direction at the angle ¢ N points upwards, N(L), whereas if ¢’
leaves to the right at the same angle ¢ N points downwards, N(R) Now having
the direction P; at our disposal, we can introduce an azimuthal angle ¢ which
for spin—dependent forces is a dynamically relevant quantity. The ¢-dependent
part of I can be isolated by a left-right measurement:

I(Y, 9)—1(Y, p+ ) _ (P;N)4Re{c*(a+m))
109, 9)+1(Y, ¢+ 7) 21,

A= (2.66)

or
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E F\] Fig. 2.1. The set-up for the left-right
i A (L) measurement of the asymmetry A

=z>

(R)

IyA = P,N2Re{c*(a+m)}. (2.67)

Comparing with the expression (2.60) for the magnitude of the polarisation P,
found in the previous section, we get

IbA = (P.N)I,P,. (2.68)
Specifically for 100% polarisation in the normal direction, PiN =1, we have
A=P,. (2.69)

This equality is an important result [2.6, 7] and makes one of the two meas-
urements superfluous. Even more interesting, it provides a means of searching
for deviations from time reversal invariance which are linear in the violating
amplitude. To demonstrate this, we keep the time reversal violating terms

t(cVP)(ePR)+(c P R)(c®P)) (2.70)

in the Wolfenstein parametrisation of M and work out 4 — P,. This simple ex-
ercise shows that

A—Pyoct. Q.71

This relation has been (and is still) or importance in testing time reversal
invariance in the two-nucleon system [2.8].

2.4.3 Depolarisation

Having considered the two cases for one polarised particle, either in the initial
or final state, we now regard the situation for two polarised particles. We be-
gin with the situation where the polarisations of one particle each of the initial
and final states are measured. In each case longitudinal or transversal polari-
sations can occur. This is conveniently described by using the unit vectors
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g, Nxgq, N 2.72)
in the initial state and
B K N (2.73)

in the final state. In the lab-system the three vectors in the final state have a
simple meaning, as we shall show now. The individual particle momenta
ky, ky and k{, k; in the initial and final state, respectively, are related to the
total momentum K and the relative momenta g and ¢’ through

ki,=K/2+q, ki=K/2+q’

2.74)
ky=K/2—q, k;=K/2—q’'.
Specifically in the lab-system, defined by k, = 0, we have
2! @.75)
g’ = 4(ki~kp) = ki~ ki,
which leads to
ki=q+q' or kij=P. (2.76)

Thus P points into the direction of the final momentum of particle 1 and can
serve to define the longitudinal polarisation of particle 1. The scattering plane
is of course common to the center-of-mass and lab-system, and therefore

N =k xk{=§x§’ (2.77)

—_

serves for both systems. Finally the transversal direction in the scattering
plane is

~ ~ -~

Nxkij=NxP=K, (2.78)

which together with N completely describes an arbitrary transversal polarisa-
tion.

It remains to establish the connection between the two sets of units vectors
(2.72, 73):

cosilf’+sin—l3

2 2

d= —sinilf’+cosiP.
2 2

<

Nx§

(2.79)

This is left as an exercise.
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Exercise: Prove (2.79) together with the relation between the lab- and center-

of-mass scattering angle:

cos % = COS Yyyp, -

With the kinematical preliminaries out of the way, it is now a straightfor-
ward exercise to calculate the polarisation of one final particle arising from an

initial state where one particle is polarised. According to (2.26) we get

I{o)t=1 Y (o) TriMo,M" a6}
)
or
I{eYs=1Tr{MM* o} + L Tr{M(P;6)M " o} .
In the first term we recognize
ILPoN = LTr{MM* a}.
The second term due to P; will be expanded completely by writing
Pi=§(GP)+Nx§g(NxGP)+NWNP)
and
c=NWNo)+KKas)+PPo).
Then the trace in (2.81) decomposes into
TriM(P;e)M* o}
=(@P)INTr{M(Go)M* N o)}

+RTr{M(@Go)M* (Re)}+PTr{M(Go)M* (P o))
+(NxGP)INTriM(N x§ a)M* (N 5)}

+KTriMN xqe)M* (R o))+ PTriM(N x§ )M ™ (Po))]

+(NP)[NTr{MN 6)M* (6 N)}
+KTrMN )M * (cR)}+ PTr{M(No)M* (c P)}] .

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

Among the various terms, the ones underlined are zero because of parity con-
servation. Since that invariance is built into M, this is of course an automatic
result in calculating the traces. The remaining ones carry the following

standard notation [2.9]:
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I,D =1 Tr{M(eN)M* (s N)}
IR =1TrM(cNx§)M* (cK))
LR' = 1Tr{M(eNx§)M* (6P)} (2.86)
IyA = 1Tr{M(c§)M* (s K)}
LA =1Tr{M(c§)M* (a P)}.

The polarisation P is then given as

I,P = I){N[Py+ DN P)] + PlA' (G P) +R'(N x4 P)]

+K[A@P)+RWINxGP)]}. (2.87)
A
. Ab A / 1>/ »/
[; R R' A
.z

Fig. 2.2. The definition of the depolarisation parameters D, R, R', A,
Al and 4’

The content of (2.87) is depicted in Fig. 2.2. Whereas R, R’, A, and A’ de-
scribe the four possible spin-nonflip and spin-flip combinations in the scatter-
ing plane, the quantity D determines the change in polarisation in the normal
direction. Again we recognize that an initial polarisation P; in the normal
direction cannot flip into the scattering plane and vice versa. Finally we have
to evaluate the traces in (2.86), and one finds [2.1]:

IoD = |al*+|m[*+2|c[*~2|g[*~2| A’

IR =sin2(lal*— |m|*—|g—h|*+ |g+h|*+cos LIm{2c(a*— m*)}

IR = cos £(|a]*~ [m|*+ |g—h|*~ |g+ h[*) —sin £ Im 2c(a*— m*)} (2.88)
IhA = —sin2(|a]*~ |m[*+ |g—h|*~ |g+ h|*) — cos £Im 2¢(a*— m*)}

LA = cos L(|al*— |m|*+ |g+h|*~ |g— h|?) —sin LIm 2c(a*— m*)}.

2.4.4 Spin Correlation Parameters

Staying with the case of two polarised particles, we choose them now to be
measured in coincidence in the final state. In the lab-system Fig. 2.3 shows the
possibilities allowed by parity invariance.
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/ﬁab el /( =
(}e\ c PP\A C\ CPK\‘
-

KP

\ Fig. 2.3. Two polarised particles in the final state. The definition of the
KK various spin correlation coefficients C

The analytic expression for the two polarisations to occur in coincidence,
starting from an unpolarised initial state, is given by

O

I<o_(1)o.(2)>f= %Tr{MM*o’“)o’(z)}. (2.89)

Again we decompose ¢ and ¢ @ into the final triple of directions and using
parity conservation we get

I<6WePy = I(C\NN N+ CppP P+ CpP R+ CypR P+ CxK K),
(2.90)

where for instance

I)Cyy=1TriMM* 6V Ne® N}

o (2.91)
IyCpx=1TriMM* ¢ WP P K}

Exercise: Determine the C-coefficients in terms of the Wolfenstein para-
meters.

It remains to consider the case that both the beam and target particles are
polarised in the initial state. Then according to (2.26) the scattering cross sec-
tion will be

I=I)+1+ Y (oPoP)TriMaPaPM™}. (2.92)
k1

By now the recipe should be clear. One decomposes ¢ and ¢ into the 3
initial directions (2.72) which will lead to spin correlation parameters A,, ex-
pressed by certain traces, where £, § can point in any of the three initial direc-
tions. To separate the individual A,, from J; and each other linear combina-
tions of cross sections in certain directions have to be taken. Further the
groups of 4,,- and C-coefficients are again related by time reversal invariance
[2.10] and deviations thereof can be used to measure violations of that
invariance.
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It is a straightforward exercise to introduce higher order spin correlation
coefficients by treating the case of a total number of three and four polarised
particles. One can expect that they explore the spin dependence of the nuclear
force in even greater detail.

2.5 Partial-Wave Decomposition

We now have to face the actual calculation of the Wolfenstein-parameters,
once the two-nucleon interaction V is given. Since V is rotationally invariant,
the scattering states can be classified into states of fixed total angular mo-
mentum, and consequently the M-matrix will decompose into parts which
each belong to a fixed total angular momentum. We shall see that each of
these partial-wave M-matrix elements can be characterized by a few phase
shift parameters. Moreover at low energies up to a few hundred MeV, the two
nucleons only feel the nuclear interaction — which is very short range — in a
relatively small number of angular momentum states, while in higher angular
momentum states they pass each other without interaction. Therefore the
partial-wave decomposition is an advantageous parametrisation of the M-
matrix and results in a small number of terms.

The strategy will be now the following one. First we invert the Wolfenstein
parametrisation (2.53) and express the parameters a, b, ... in terms of the M-
matrix elements. The M-matrix elements are taken between momentum and
spin-eigenstates, which can be decomposed into states of good angular mo-
mentum. This leads then to the desired partial-wave representation of M. On
the way we shall also encounter the partial-wave representation of the Lipp-
mann-Schwinger equation, which will be the dynamical equation one must
finally solve.

The inversion of (2.53) is easily achieved, since the individual terms are
orthogonal with respect to the trace. Thus, as a first step, we get

a=1Tr{M}
c=1TriM(cP+aP) N}
m=1Tr{M(c P N)(c?N)} (2.93)

gt+h= %Tr{Mo'(l)I3 0.(2)13}
g—h=1TriMc"KcPK}.
Let us choose a specific coordinate system such that the x—z plane

coincides with the scattering plane as depicted in Fig. 2.4.
Then the various momenta are given as
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(0 sing) . [0)] cosw2) _ [sing2
g=10} ¢g'=1| o N=1{1| K= 0 P= 0
§! cos ¥ 0 —sin ¥/2 cos /2
(2.94)
X
?;I
v
) > >
T z

Fig. 2.4. The initial and final relative momenta, g
Yy and ¢', respectively, spanning the x-z-plane

Since s is conserved, a further useful step is to rewrite the M-matrix from
the m, m,-representation into the smgrepresentation, M fn;ms- This is easily ac-
complished using (2.50) and one gets explicitely

Mi; LM LM Mi_,
. Mo S (Mt M) L(-Mo+ M) Mo
( ml’mz'm1m2)_ P = MO 4 Al L (MO 4 ML L pfd
HMo 5 ( wtMow) (Mot Mo) 5Moy
My, MLy, LM MY,

(2.95)

Inserting now the Pauli spin matrices, the explicit form for the various
momenta and (2.95) into (2.93), it is a straightforward exercise to arrive at

a = M+ M+ M+ M)

i

c = (Mlg—MY§+M_ — M o)
412
m=3(=Mi_1—M.;+Mi— M) 2.96)
g =tMi+Ml_ v+ ML ML —2M) '
h =LcosdMij+M}_{—M" y + M| —2M})

1 sind¢
+

8 12

@M+ 2M —2M_ —2M" ).

The main step is now the decomposition of M in;ms given by
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M3y = —u@u)q [<smgy [Em, |V |gsmgtm,y(H (2.97)

into partial-wave states. The states of conserved total angular momentum are
built up by orbital motion and spin as

W& = L CUsJ, mmM) Y (%) Xom, - (2.98)

mims

Because of the tensor force in the nuclear interaction, the orbital angular
momentum / itself is not conserved. The decomposition is easily performed
for the free states recalling (1.162) and using (2.98)

47

V/g(x)XsmS (2 )3/2 Z Ylml(x)l.]l(qx) Im/(q)XsmS

= ——_(2‘:[7)[3/2 I.EWC(ISJ’ M—ms, mg, M)I{]l(qx) ms(q) @[M(x)
(2.99)

The decomposition of the scattering state in (2.97) needs a more detailed dis-
cussion, since at the same time we want to achieve the partial-wave representa-
tion of the Lippmann-Schwinger equation. It is well known [2.11] that the free
Green’s function Gy(x, x', E) can be decomposed as

Golx,x',E) = [Z Yim®)G(x, x', E) Y}, (£), (2.100)
m

where the radial Green’s function is given as

G(x,x', E) = ~2ui|/2uE j(qr) h{"(qr,) (2.101)

and j,and (" are spherical Bessel functions [2.12]:

Jiz) = ‘/— Jiv12(z)
hP(z) = [/— HY @) .

We may insert a complete set of states in spin space into (2.100) and rewrite it
as

(2.102)

Gox,x, E)= T #M®R)G/x,x,E) %M #"). (2.103)

JisM

The final step is to decompose the scattering state as well

P (x) = Uz M) PM(x) . (2.104)
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Inserting now (2.99), (2.103) and (2.104) into the Lippmann-Schwinger equa-
tion and projecting onto the states % ™ we arrive immediately at

4 . PR
PM(x) = (27[’)‘3/2 CUsJ, M—my, mg, M)i' Yy (§)J(GX)
+ [ dx'x*G(xx'E) X (% {M|V| v M) ¢iM(x"y. (2.105)
0 I

This is a coupled system of integral equations for the radial scattering wave
functions ¥/ (x). Now each orbital angular momentum can initiate a scatter-
ing process. Therefore let us introduce new radial wave functions, which by
definition have an incoming wave in the state / only. The nuclear force will
then produce scattered parts in the same / as well as certain other ”s. There-
fore the new amplitudes 'I’fs, ;s Will have an additional index pair, /s, indicating
the state of the incoming wave. They are defined through

Wi 5(X) = Sujiqx) + [ dx'x*Gyxx'E) T (# ¥V # 1) ¥l 1) .
0 ! (2.106)

Obviously this notation would immediately allow for the generalisation to
transitions in the total spin s as well.

How are the radial wave functions ¥7¥(x) for the scattering state obeying
the set (2.105) related to the auxiliary ones defined in (2.106)? We multiply
both sides of (2.106) by

4 . N
(2T7)T3/2 C(isJ, M—mg, my, MY'Y3_,, (4)

and sum over /, then obviously the set (2.105) results, now for the radial wave
function

4 i A
L Gy CUST M= mam MUYy (@) P 15).

Since however (2.105) has a unique solution, the desired connection is

4 . ~
piMx)=y a T s CUsT, M~ mamM)i' Y}y (@) ®leis(x) . (2.107)

7 71')3/2

Combining (2.104) and (2.107), the antisymmetric scattering state including a
state of fixed isospin ¢ is
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lgsmgtm )\ = (1—Py,) |gsmgem,yH)

4n
= e JEWI Y tmey |

X C(UsJ, M—mmM)i' Yy (@)1 — (=) (2.108)

The antisymmetriser (1 —P;,) becomes [1 —(—)'"5*’] for each partial wave
state characterised by the quantum numbers /s¢. Therefore, only states for
which /+s+ ¢ is odd are allowed by the Pauli principle.

Let us now elaborate the information contained in the asymptotic form of
the radial scattering wave functions. This is sufficient to build up the
expressions for the observables. In order to evaluate (2.105) for x— o we note
that

in(z— 1]
j/(Z) —»M and

z

. for zoo. (2.109)
expli(z—1/n)]

Z

() -

Therefore the auxiliary, radial, scattering wave functions behave asymp-
totically as

sin(gx—1in)

P (X) > Oyp————— 27
aqx
expli(gx—1im)] .
-2uq 2 AV |V PP
qx I
1 . . '
=~ o —(expl=i(gx—4Im) oy —explilgx -3 )1 Stsis) -
1qx (2.110)

This is a superposition of a radially incoming wave in state / and radially
outgoing waves in all states /. The amplitude of the outgoing wave can be
read off from (2.110) to be

Stsis= ow—4ing ) VLG V) VP sy (2.111)

and is called the partial wave S-matrix element. We shall see below that this
notation is indeed justified.

We are now fully prepared to write down the partial wave decomposition
of the M-matrix. Inserting (2.99) and (2.108) into (2.97) we get
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Miym = —u@n)? T —2%_ C(l'sJ, M—m,mM)

M 2r)
X1 "Yipr_ (@) z Yl em, | V| @ 1o Wl |tm,)

X C(sJ, M—mmM)i' Yiy_ (@)1 - (=) ++1] #(2.112)
Y/

or in terms of the S-matrix elements:

My =225 % CU'sT, M= mimM) Yins- (@)
ig sm
X 1 (S P~ 12) CUUsT, M—mymgM) Yy m @)1= (=)"**1.
@.113)

Since we choose the z-axis to be in the §-direction,

2/+1
T

(2.114)

Y[TM—ms(qA) = 5Mms \/

and we end up with

1 1 I3 1] Al
ins'ms = Y C(sJ, my— mgmgmy) Yl’ms'vms(q )
ig Jir

X i (S Ty = 81 CUsT, 0m) Y m @I+ 1) [1- (=)' 7+ .(2.119)

This relation is the important link between M-matrix elements, which deter-
mine directly the Wolfenstein parameters and therefore the observables on the
one side, and the S-matrix elements in partial wave states on the other side. It
will be the task of the remaining sections to establish the properties of S and to
present techniques to calculate them for a given nuclear interaction V.

Since we choose ¢’ to lie in the x-z plane (Fig. 2.4), the azimuthal angle ¢
of g’ is zero and the spherical harmonics in (2.115) are real. It is then a simple
exercise to verify the properties

Mj_y= — My

Mi_ =M.y 2.116)
M= —Mj, .
Mi=M',_,.

This yields a slight simplification of the relations (2.96).
In (2.115) again the selective factor for the partial wave states allowed by
the Pauli principle is present. Since M refers to a fixed isospin # it is already the
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physical amplitude for the (pp) and (nr) systems, which are pure ¢ = 1 states.
The sums over / and /' vary therefore only over those values such that
(/+s) = even. In the case of (pn), both t = 0 and ¢ = 1 occur, and the physical
amplitude is 1/2 the sum of M'~%and M ‘= as we saw in (2.29). Therefore the
bracket (1 —(—)"**") cancels against the factor 1/2 and one sums (2.115) un-
restricted over all / and /', to get the physical (np) amplitude.

2.6 Standard S-Matrix Representations
We have established the following chain
Stsis— My —a, b, ... —>observables . (2.117)

Since the full dynamical information is contained in the S-matrix elements
S, the general properties of S7 are of great importance. Let us first
justify the notation partial-wave S-matrix element. The S-matrix elements
with respect to momentum eigenstates were defined in Sect. 1.5. Adding the
spin- and isospin space, this relation is generalized to

SAt}’sms't, gsmgt = 6ms'ms[5(qM -§)— (- )s+ ta(q” +§)]-2inuq Tq’sms't, gsmst
(2.118)

or using the connection (2.34) between the 7- and M-matrix-elements it is

Sygrsmit, gsmet = Omim 0@ =) — (=) '8 +q)1+2—"M;‘£;ms(q ).
T (2.119)

The free term is clearly <(g 'smtm,|qsmtm,), divided by 6(E,—E,)/mq.

If our expectation is correct, the terms proportional to J;, in the decom-
position (2.113) have to cancel the first term on the right hand side of (2.119).
That part of M is

2r .
- Z C(lSJ, M- ms’msM) Y[,M—ms'(q )
ig Jim
X C(lsJ, M —m;m;M) Yl;,kM—ms(qA)U _(_)l+s+t]

2” Al A
= ==Y Omim Yim-m @) Yirs_m (@)1 — (=)

ig M

27[ 4 Al a
= =g Omims £ V@) Y @) = () Yind@') Yiu(= D)

2 47 A s Ay A
—i—;’—émsrmsw(q —§)—(=)'6@’ +§)]. (2.120)
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In the first equality we used the orthogonality relation of the Clebsch-Gordon
coefficients

L CUsd, M= mim;M)C(isJ, M~ mm,M) = Syin, (2.121)

and in the third equality the completeness relation of the spherical harmonics.
Multiplying by ig/2n as required by (2.119) this expression indeed cancels the
potential free term in (2.119) and we get the partial-wave decomposition of the
S-matrix element:

~ any:—=l'+1
Sq 'smgt, gsmgt — JI’ZI:MC(I,SJ’ M- ms,msIM) Yl’M~ms'(q l)l

X 87gsCUlsT, M—mamM) Yy (§)[1 = (—)571.(2.122)

Let us first exploit the consequences of the assumption of time-reversal
invariance as expressed in (2.43). This reads in the sm-representation

(=) "M (G, —q') = My (@', 9) (2.123)
which according to (2.119) carries over immediately to
(-)” s~ msg—qs— mgt, —q's—mit = SAq’smét, gsmgt * (2.124)

Inserting the decomposition (2.122) into both sides of (2.124) it is an easy
exercise, using the orthogonality of the spherical harmonics and of the
Clebsch-Gordon coefficients, to reduce (2.124) to

STsis=Shrs- (2.125)

Thus for a time-reversal invariant potential ¥V, the partial-wave S-matrix
elements can be chosen to be symmetric.

The second property of S, is unitarity:

IZ;’ S1% S Tsis = 0. (2.126)

This relation is of course just the partial wave representation of the unitarity
relation established in Sect. 1.5 and generalized in an obvious manner
including spin and isospin to

‘;‘ 5 E” dgq ,Iﬁg”sm;’t, é’sm;tS‘d”sms”t, Gsmgt = ams'ms(a(‘i, —§)—(- )s+t5(‘il+ 4.
m 2.127)
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The factor 1/2 on the left side accounts for the missing normalisation factor in
the definition of the antisymmetrised states (2.30). Indeed, assume that the
interaction is turned off. Then the S-matrix element will be just

Sg”sm;'t, Gsmgt = <qA’,sm§,t|qsmst>a (2.128)
and (2.127) would turn into
L§dG" T (G'smit|q"smy 1y¢g " sm't|Gsmqty,
mS

= %a<q\lsms,t Iqumst>a = <q”sms,t Iqumst>a
= Omm [0 —G)— (=)0 +4"]. (2.129)

It is a worthwhile exercise to verify the unitarity relation (2.126) directly
from the radial equations (2.106). Let us first turn that coupled set of integral
equations into coupled differential equations. Consider the radial part of the
kinetic energy

Ty = - L i<x2i> LGN (2.130)
2u X

Since Gy(x, x', E) obeys (1.78), its radial part G,(x, x’, E) fulfils
(T{x)-E)G/(x, x,E)= —6(x—x")/xx". (2.131)

Let us apply [T)(x)— E] to (2.106). The result is a coupled set of differential
equations

[T (x) = E] ¥lg(x) + }Z Y Jsrs(6) Plogs(x) = 0 (2.132)
with
¥ lsis(x) =YV M. (2.133)

Now we can follow the standard procedure of establishing flux conservation.
We multiply (2.132) from the left by ¥{#..(x), sum over /' and integrate be-
tween 0 and R. Then we subtract the conjugate complex with / and /"'
interchanged. We obtain

R
) g x2dx {150 [Tp(x) — E] ¥sis(x) — Psis(X) [T(x) — E] P (x)}

2 7 J
X°dx Pidps(X) Vpspog(X) Wi s(x)

+ X
&

1

'

X2dx Wlix) V() PiAosx) = 0. (2.134)

Oty Ot by

ok
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In the limit R— o the last two terms cancel, since ¥ is assumed to be
hermitean. The differentiations in 7Tj(x) simplify through the usual trick of
putting ¥(x) = u(x)/x, and we are left with

Roo |

d2 d2
lim ¥ szdx [“mm (x)d—ulsls(x) ulsls(x)d_ulsl’s(x):l .
) * X (2.135)

Since u vanishes at the origin, integration by parts yields
Jim B (1R ufsis(R) ~ us(R)uih(R)) = 0. (2.136)

The asymptotic behaviour of ¥ or u, however, is given in (2.110) and is deter-
mined by the S-matrix elements. Therefore (2.136) imposes certain conditions
on S which are easily shown to be just (2.126).

The properties of symmetry and unitarity reduce the number of
parameters necessary to parametrise the S-matrix elements. For total angular
momentum J = 0 there are two possibilities:

I=5s=0 or [=s5s=1.

Clearly parity conservation forbids a transition from /= 0 to / = 1. Therefore
the unitarity relation reduces to

IS1RP=1, 1=0,1. (2.137)

As a consequence the complex number S . 2 can be parametrised by one real
number, the phase 7~

S1TA =expQRid)). (2.138)

This is of course always the case if a partial-wave state is uncoupled. In the
usual spectroscopic notation the partial-wave states are denoted by **/ 7.
;l“ herefore the two phases introduced in (2.138) belong to the states 1SO and
Py.

For J>0 the S-matrix is fourdimensional. / = J cannot couple to /= J+1
because of parity conservation. Therefore one has the combinations s = 0 and
s=1forl/=J,ands=1for/=J+1and/=J-1, and the S-matrix will have
the structure

S“;—]]J—ll S;—ll!+11 O 0
S7 1 Sy 0 0
SIJ’::IS= J+11J-11 J+11J+11 ; . (2_139)

0 0 0 Shn
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The uncoupled elements are again parametrised by one real phase, whereas
the unitary and symmetric 2 X 2 submatrix needs 3 parameters:

S=< cos 2&exp(2id;) ism2§exp[i(61+62)]>. (2.140)

isin2&exp[i(d;+ J,)] cos 28 exp [2i 5]

This is the “Stapp”- or “bar”-phase shift parametrisation [2.13]. Another
parametrisation has been proposed by Blatt and Biedenharn [2.14]. They
exploit the fact that S, as an unitary matrix, can be diagonalised by an unitary
transformation U:

2id_
s=uU-! <e ) ez(i)5+> U 2.141)
with
U= cosg sing (2.142)
—sing cose

This yields another 3 parameter form:

(2.143)

++sin’ee

_ [cos’ee?- +sin’ge?0+  Lsin2e(e¥d- —e%04)
cos’ee

%sinZe (eZiJ_ _ eZi5+) 2id 2id _
It is an easy exercise to work out the relation between the Blatt-Biedenharn
and Stapp-parametrisations. One finds

51 + 52 = 5‘ + 5+
sin(d; — J,) = tan2&/tan2¢ (2.144)

sin(6_—dJ,) =sin2&/sin2e.

This is as far as one can go without a dynamical calculation. Both experi-
ment and theory have to agree on these phase shift-parameters. The approach
from the experimental side is called a phase shift analysis. Since the ob-
servables are quadratic forms in the S-matrix elements, a straightforward in-
version for the phase parameters is not possible. One works by trial and error
to find a set of phases which inserted into the quadratic forms yield the experi-
mentally measured quantities. In this procedure one tries to reduce
ambiguities by assuming that the two-nucleon interaction in certain higher
partial-wave states is dominated by the one-pion-exchange, which can be cal-
culated with some confidence. We refer the reader for instance to [2.13, 2.15]
for more details. Since the “experimental phase shift parameters” are of
fundamental importance in characterising the nuclear dynamics we show a
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few of them [2.16] in the Fig. 2.5a—c. The curves are the energy dependent-
analysis phase parameters. We recognize that the important phase shifts in the
energy domain below the pion threshold, which is important for nuclear
physics, belong to the states 1So(t =1) and 3S1 —3D,(t = 0). The parameter &,
induced by the tensor force, couples the states 3S; and 3D1 and plays an im-
portant quantitative role for the binding energy of nuclei. Unfortunately, the
np observables measured up to now are not sensitive enough to pin down the
&-value, and one is left with uncomfortably large error bars. The error bars
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Fig. 2.5a— ¢. Two nucleon phase shift parameters from an energy dependent analysis [2.16]. Only
the cases ¢; and d1 py appear to be not yet settled and error bars are shown. (a) Phase parameters
for the two-nucleon states, which dominate low energy nuclear physics. (b, ¢) p- and d-wave phase
shifts
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Fig. 2.5¢. Figure caption see opposite page

for & and d1p, center around results found in a single energy phase shift
analysis. The error bars for the other phase parameters are small on the scale
of the figure and are not indicated.

The theoretical calculation of the phases has been a long standing problem
and is still essentially unsolved.

2.7 Numerical Methods

Last but not least we want to present a few methods for calculating the phase
shift parameters once a potential V is given. We shall regard both coordinate-
and momentum-space techniques. The conceptually interesting Padé summa-
tion of the Neumann series, even in case it is divergent, will also be described.

2.7.1 Coordinate Space

The coupled set of differential equations is (2.132). As we saw in the previous
section, for a given J this reduces either to an uncoupled equation or at most
to two coupled equations. Since they are of second order, the number of
linearily independent solutions, which are regular at the origin, is equal to the
number of equations. Let us regard the case of two coupled equations. Then
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the physical solution can be presented as a linear combination of the two
regular solutions @) and ¢2:

Prssx) = a B (x) + B, D) . (2.145)

According to (2.110) ¥(x) behaves outside the range of ¥ as
-1
Plsi(x) = — [Onh P (gx) — Stssh i (@0, (2.146)

where the spherical Hankel functions have the asymptotic limits:

exp[+i(gx—LIn)]
qx '

hi?(gx) - (2.147)

For a given choice of initial quantum numbers /s there are four complex
unknowns, aj, B, and S7 for the two values of /. In the case of a single
equation there is only one regular solution and there are two complex un-
knowns, ¢ and S. Since ¥ obeys a second order differential equation it has to
be continuous in ¥ and ¥'. Therefore requiring continuity of the forms
(2.145) and (2.146) for ¥ and ¥’ at a radius x beyond the range of 7 provides
four equations in the case of two coupled equations and two equations in the
case of a single equation. In practice equating the two forms (2.145) and
(2.146) at two points outside the range of # provides a convenient set of equa-
tions to determine the unknowns. For instance, by eliminating & for the case
of a single equation, one easily finds

= ¢,s(xz)h$j>(qx1) - %(xohﬁj)(qxz) , (2.148)
Di(x2) 1" (qx1) = Di1) 1P (gx2)

which expresses the desired S-matrix element in terms of the numerically
determined regular solution @ and the analytically known spherical Hankel
functions 42 at two points x; and x,.

Exercise: Derive the expression corresponding to (2.148) for the two-
dimensional S-matrix.

In the case of a two-body bound state, the deuteron for instance, the wave
function has to decrease exponentially. In other words, the momentum g has
to be purely imaginary and therefore the first term (the incoming one) in
(2.146) has to be absent. Now both regular solutions qﬁf’[}, i=1, 2 have ex-
ponentially increasing and decreasing parts outside the range of 7 and for
E=(i|q])*<0:

@B aPrPi|q)x)+ bRV |q|x) . (2.149)
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Therefore the linear combination for the physical state behaves outside the
range of ¥ as

Pl(x) = (zaf) + af) P (i|q |x)
+(abl+ b hiP(ilg|x) . (2.150)

Consequently, the square integrability condition is
aaf)+ pafR) =0 @.151)

or denoting the two /’-values by /; and /, it is

(1) (2

as ajs
1 1° ] =

G 0. (2.152)
s s

Of course the coefficients a have to be determined by again matching the form
(2.149) to the numerically determined @’s at two points outside the range
of 7.

In the case of a large binding energy the numerical procedure requires less
care if one integrates the differential equation(s) from inside towards about
the middle of the range of ¥/, and also from outside inwards and matches the
two numerically determined forms. In this case, two linearily-independent
exponentially decaying solutions have to be determined numerically, out of
which the physical state is built up analogous to (2.145).

There remains the central question, how does one determine numerically
two linearily-independent solutions? A very effective way is the Numerov-
method. In order to cover both the uncoupled and coupled cases we introduce
a matrix notation

PO () = (Pl = S u®(x) . (2.153)
b
Then the set (2.132) has the form

2
;_2 4P ) = 7 )u® ), (2.154)
X z

where the matrix # contains the centrifugal and energy terms and the poten-
tial 7. In case of a bound state there is of course no incoming state and there-
fore no dependence on (/s). By expanding u(x) in a taylor series and re-
peatedly using (2.154) to eliminate second derivatives one can establish the
following recurrence relation [2.17]
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h* 5 .,
1- I—g‘() u(l) = 2+€h Z(0) | u(0)

]
1= 7= |u(-1) (2.155)

between neighbouring points separated by the distance k. Introducing the
auxiliary quantity

h2

={1-
¢ex) I: 12

§7(X)w u(x) (2.156)

one gets the more convenient form

2
1k

i+2) =12+ h2F(i+1
E3i+2) {+ :./(z+){ >

-1
_27(1'+1)—‘ }g(i+1)—§(i). 2.157)

In case one is interested in the two linearily independent solutions regular at
the origin, one can choose the following starting values

u(0) =

-(2) = 3)

For suitable #’s these starting values trivially carry over to the ones for ¢.
Note however that / = 1 is a special case [2.17].

(2.158)

2.7.2 Momentum Space

Momentum space calculations are a valuable alternative to coordinate space
treatments and provide independent, reliable tests of the numerics. Moreover,
there are cases in which a momentum space treatment is the most natural one,
for instance in using meson theoretical potentials which are originally given by
Feynman diagrams in momentum space. For treating relativistic equations it
even seems compulsory to work in momentum space.

The quantity of interest is S}, which according to (2.111) is determined by
the partial-wave projected T-matrix element

Tisis= L< YIMj V)Y Wy (2.159)
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In the same manner as in Sect. 1.5 we can use the Lippmann-Schwinger
equations (2.106) for SU,J,S i and the spectral representation of the partial-wave
projected free Green’s function

Gioor'E) = 2 Tatk 2 JHEDIKX) (2.160)
To E+ie—k“/2u
to get
2 =]
Th(@'q) = Viss(@'q) + =T [dk k*
mne (2.161)
Visirs(q'k) (E + ie — k*/2p) ™' Tl kq) .
The quantities 77, (¢'q)
Tros(@'q) = L Jaxx%i (@) ¥ Lopsl) Pliulx) (2.162)
like the ¥’s in the driving term:
Visis(a'q) = | dx X% (q'%) ¥ {s15(x) j (gx) (2.163)

are half-shell matrix elements since E=¢q*2u+q’'%/2p. In the kernel,
however, the V’s are needed for all momenta ¢’ and k.

As described in Sect. 1.5, it is advantageous to introduce the real K-matrix
through

2 [>4]
K15i(@'q) = Vis(@'q) + =¥ [dk k* Vigqk) P/(E,~ k2 ) K sis(kq).
T o (2.164)

Then the connection between 7 and K is simply
Tl(a'q) = L Klsro @9 6r1=21uq Thyi(ag)] - (2.165)

Putting g’ = g, we get the on-shell T-matrix required to calculate the S-matrix.
On-shell and in matrix notation (2.165) reads

T=K(1-2iuqT), (2.166)
which can be solved for T:

T=(1+2iugK) K. (2.167)
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Therefore the S-matrix is
S=1—4i/1qT=(1+2i/1qK)_1(1—2iﬂqK), (2.168)

which is manifestly unitary, since K is real and symmetric.
To solve (2.164) one must handle the principal-value singularity. One way
is to use the trick

SP/(Eq—kZ/Zu)a’k=0 (2.169)
0

and to modify (2.164) to read

2 @ dk
Kiss@'q) = Vig@a'q) + =% [ ———
U'sls I'sls - %:' g Eq—kz/Zﬂ

X [K2Visdak) K kq) — @ Vir(@'a)Kiisig)] . (2.170)

Since the bracket vanishes at k = g, the singularity is removed and there is no
longer any need for a principal-value prescription. Any quadrature rule, like
for instance Gauss-Legendre, can be used to discretise the integral. Choosing
g’ to correspond to the set of quadrature points, we have a system of inhomo-
geneous algebraic equations. One has as many equations as unknowns if we
add another equation for the on-shell value ¢’ = g. This method appears to be
very convenient and accurate enough for present day nuclear physics.

A more foolproof method numerically is the one proposed by Kowalski
and Noyes [2.18]. They transform the integral equation (2.164) into a
Fredholm one. Let us write (2.164) in obvious matrix notation:

2w P
K(@'q9)=V(q'q) + = {dkk*V(qg'k) ——  K(kq) . (2.171)
n <§> “ E,—k*2pu ko)
Define
q'q) = V@'9V (qq) (2.172)

and multiply (2.171) for q¢' = g by 1(q'q) from the left. Subtracting the result
from (2.171) leads to

K(q'9) = 1(@'9)K(qq) + —i—:S:dk K [V(g'k) — Vg'9 V' (aq) V(gk)]

P

X ————— K(kq) . 2.173
-k <9 (2.173)

Obviously it is now natural to define the auxiliary matrix f(q'q) through
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K(q'9) =flg'9)K(qq), (2.174)

which obeys
2 -]
f@'9) =t(q'q) + = {dk k*[V(g'k)
mTo

V@V @) V@I /(E,~k*/2p) " fkq) . (2.175)

This is the desired integral equation. Since the kernel is nonsingular, one can
drop the principal-value prescription. From (2.171) and (2.174) one gets the
on-shell K-matrix

. -1
K((M)={1—%(j;dkkzV(qk)P/(Eq—kz/Zu)f(kQ)} Vigg) (2.176)

by quadrature. The principal-value integral can be evaluated, for instance
using the trick (2.169).

A final remark concerns the direct calculation of the phase shift para-
meters from the K-matrix elements. Let us solve (2.168) for K:

2iugK=(1-8)(1+8)""'. 2.177

Then in the Blatt-Biedenharn representation (2.141)

S=U"'gU
with
2i0
B= <?) - 2215+ >
we get
A-8QA+p '=2iuqUKU'. (2.178)

From this we find by elementary manipulations

tand_ = —uq <K“ +K22+ M)

cos2e¢
tand, = —uq ( Ky + Kyy — Kn—Kn (2.179)
cos2¢e
tan2£=£.
K1 — Ky

In these formulas K; denote the elements of the 2 X 2 K-matrix, K.
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2.7.3 Padé Method

Let us consider a meromorphic function f(z) which is regular at z = 0. The
power series expansion

f@)=1+a;z+az%+--- (2.180)

converges within a circle which excludes the nearest pole to z = 0. However,
f(z) can be represented everywhere as

f2)=P)/Q®), (2.181)
where P and Q are entire functions:

P(2) =1+byz+byz°+---
(2.182)
Q@) =1+ciz+c 2%+

The set of coefficients {a} on the one side and the sets {b} and {c} on the other
side are related to each other, since they represent the same function. If the
latter group could be determined from the first, one could calculate f(z) via
(2.181), even outside the circle of convergence. The sequence of Padé approxi-
mants serves to achieve that goal. The Padé approximant of order [N, M] is
defined by [2.19]

f@) =@ o@EN*M+1y, (2.183)
M2

where Py and Q,, are polynomials of order N and M, respectively, and the
Taylor series expansion of Py(z)/Q,,(z) has to agree with that of f(z) up to

the order Q(zV*M). The ansatz (2.183) is unique, which is simply shown as
follows. Assume there would be a second ratio. Then

P)/Qir=Pn/Qpr+ O@FNTMHY (2.184)
or

POy =PnQir+ OENTMTY (2.185)
It follows that
PrnOy=PnOuy (2.186)

since the correction term is of higher order.
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Four our purposes we only need the theorem that the Padé approximants

Pn(z)

(2.187)
Om(2)

Jin (@) =

converge towards f(z) for N,M — oo, if f(z) is a meromorphic function.
Unfortunately, this holds only up to a set of points of measure zero [2.20]. In
practice, however, this does not seem to cause problems.

How can we apply this theorem to the scattering problems we have met up
to now? The Neumann series for the t-operator (1.174), if it converges, is a
solution to the Lippmann-Schwinger equation (1.128). It is of the form

tzA) =V +AK@)+12KX () +--1, (2.188)

where K(z) = Gy(z) V and A is an auxiliary strength parameter, which has to
be put equal to 1 for the real physical problem. Obviously the series (2.188)
has the formal solution

Hz, \)=V[1-1K@)] . (2.189)

We saw in Sect. 1.7 that the kernel K(z) (Im{z} + 0) for potential scattering is
of the Hilbert-Schmidt type and has a discrete spectrum of eigenvalues {r,(z)}.
Therefore £(z, 1) given in (2.189) will have poles at A, = 1/#,(z), which more-
over accumulate only at A = co. Consequently, #(z, ) is a meromorphic func-
tion of A for each fixed z, and the power series (2.188) will converge for |1 | <
min [1/7,(z) |. Again we see, that whenever an eigenvalue 7, is outside the unit
circle the Neumann series (2.188) will diverge for the physical value A =1.
Standard theorems for a Fredholm kernel, like the meromorphic property of
its resolvent, are described for instance in [2.21]. The application of the Padé
technique is now obvious. Out of the terms of the Neumann series for A = 1
one calculates the Padé approximents, which have to converge towards the
exact expression (2.189), even if the Neumann series is badly diverging. We
shall give an example below.

How does one determine the polynomials in the Padé approximants out of
the terms in the Neumann series? Let us regard the diagonal approximants,
N = M, as an example. They are defined by

14+ byz+---byz"
N

=1+a12+a2%+ - +apz¥+ 0N ). (2.190)
1+c¢z2+---cn2

This is equivalent to

(A+biz+--+byzY) = +cjz+- - +enzV)A +ajz+ - +ayz?)
+0(ZNtYy . (2.191)
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Equating equal powers in z gives two sets of algebraic equations:

CNG1TCN_1dy+ - Cray = —aNn4i
CNAyHCN_ A3+ -+ - Clln g = —dny3 (2.192)
CNANtTCN_1ONp1 T Cllyny_ 1 = —dyN
and
C1+01 = b1
02+ C3a1+az = b2 (2 193)

CN+CN_101+CN_2(12+ . 'aN= bN'

The first set determines the ¢’s, the second the b’s.
In practice it may be more convenient to determine special Padé approxi-
mants from a continued fraction expansion [2.22]. This is defined by

f@y=1+%%
1+a2Z
1+ [22Y4

14+...

(2.194)

Putting a, = 0 we get obviously a ratio of polynomials, which has to be a Padé
approximant because of its uniqueness. Therefore one faces the question of
how to determine the set {a,} from the set {a,} given in (2.180). First one
recognizes that the continued fraction expansion can be generated by the fol-
lowing recursive prescription:

J&) =f1(z)
(2.195)
fn(z) =1+ anz/frH—l(z) .
One can linearise these recurrence relations by putting
flg) = 4@ (2.196)

un+1(z) .
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This yields

u,,(Z) =1 + anzun+2(z) (2197)
ll,,+1(Z) un+1(z)
or
Un(2) = Up 4 1(2) + @p2Up,5(2) - (2.198)
Choosing
=1
#a(0) (2.199)
u,(z) =1

the recurrence relations (2.198) can be solved in the following manner:

n=1
u1(2) —uy(2) = f2) -1 = a2+ @2+ - - = zU3(2) -

It follows from the first requirement in (2.199), that

(11 =(11
a a
u;(z) =1+ 2z+32%+.--.
a, a
n=2
a a
uZ(Z) - uS(z) = - —22 _____3_z2. = 0k Uy.
a, a
In the same manner,
a
a
a a
u)=1+1z+ 4724+
a a,
n=3
a a a a
U1(z) — uy(z) = -2 _ 3 zZ+ et B} ZZ+ cee = Q3ZUs.
(11 a, a a,
Again,
a a

ay a,
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a; a,
a a
us=1 1 2 a4
a as
a, a,

etc. Obviously this algorithm lends itself to direct use in a computer program.
Once the coefficients a, of the continued fraction expansion are known, up to
a certain index, the corresponding polynomials in the Padé approximant can
be determined recursively. The Padé approximants resulting in this manner
are in turn of the orders [0,0], [1,0], [1,1], [2,1], [2,2], which we shall denote
just by

fha=p /0,, n=1,2,.... (2.200)

Note that the indices in the polynomials P,(Q,) have a different meaning as
those in (2.183). In lowest order one has

P=0Q,=1. (2.201)

Introducing in addition

PO = 1
(2.202)
Q=0
we can write the first nontrivial case with
a0, =0 as
(2.203)
fRade_q 4 g 7= P+ ayzhy
Q1+ a12Q,
and from (2.200) we have
P2=P1+alzP0=1+a1z
(2.204)

O, =01+ zQp=1.

This now leads to a recursive construction of higher order Padé approxi-
mants. Take o, + 0 but a3 = 0. Then replacing o by «;/(1 + &z) in (2.203),
and using (2.204) we have
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p+_%% p,
Fpadt _ 1+ a2 _ P+ ozP+ 2Py
oz + 01200+ 022
O+ 1 0, O 12Q0 + 02 Q4
1+ (2274
_ PBtowzp P (2.205)
O+ 4zQy Qs
We immediately identify
P3 = Pz + (ZZZP1 (2 206)

Q3=0,+ 1z0.

By induction the general expression for the Padé approximant, keeping the «’s
up to a, 0, is

P, =P, +0,2P,_,4

(2.207)

Qn+1 =Qu+ @2Qp_1,
where the starting values are (2.201) and (2.202).

As an example of this technique, we apply it to the Neumann series of the
f-matrix in the partial wave state 1S0 using the Reid potential (1.172). As we
see from Fig. 1.2a there are several eigenvalues outside the unit circle and the
series diverges badly. Once the on-shell ¢-matrix element is given one can cal-
culate the scattering phase shift through (2.111, 159) and (2.138), simplified to

Table 2.1. The nth order terms for the on-shell #-matrix of the Neumann series (2nd column) in
comparison with the Padé approximants (3rd column). The resulting phase shift is shown in the
4th column (E = 12 MeV)

2 —0.9374 x 10! — i 0.4270 x 10° —8.966 —1i0.4270 0.7983
3 0.1439 x 10° +1 0.1960 x 10? —0.1608 + i 0.02215 1.889
4 ~0.2250 x 10* —10.5262 x 103 —0.3871 — i 0.02685 2.151
5 0.3497 x 105 +10.1165 x 10° —0.2241 — i 0.04308 2.058
6 —0.5387 x 10 — i 0.2362 x 10° ~0.3356 — i 0.1066 2.227
7 0.8218 x 107 + i 0.4540 x 107 —0.1946 — i 0.2123 0.8288
8 —~0.1240 x 10° — i 0.8414 x 108 —0.1965 — i 0.2445 0.9079
9 0.1849 x 10'% + i 0.1518 x 1010 —0.1937 — i 0.2239 0.8586
10 —0.2717 x 101 — § 0.2683 x 101! —0.1932 — i 0.2248 0.8610
11 0.3928 x 1012 + i 0.4660 x 1012 —0.1932 — i 0.2246 0.8604
12 ~0.5564 x 1013 — { 0.7980 x 1013 —0.1932 — i 0.2247 0.8607
13 0.7680 x 10* + i 0.1350 x 10'° —0.1932 — i 0.2246 0.8606

14 —0.1204 x 10'6 — { 0.2257 x 1016 —-0.1932 — i 0.2247 0.8607
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the uncoupled case. In Table 2.1 we show the first few terms of the Neumann
series for the on-shell ~-matrix element together with the corresponding Padé
approximants. The through column contains the phase shifts resulting from
the Padé approximants. The direct inversion of the Lippmann-Schwinger
equation, using the same quadrature points, yields § = 0.8607 in perfect agree-
ment.



3. Three Interacting Particles

One is taught to think in terms of single particle motions. We studied some
cases in the last two chapters, where this is strictly correct. A three-particle
system involves two relative motions, which are not independent from each
other, and simpler dynamical pictures can be only approximate. We shall in-
troduce various rigorous formulations of the three-body system, which will
clarify how the increase in complexity of the motions necessarily requires an
extended mathematical apparatus. The essential new dynamical feature is the
occurrence of rearrangement channels and of the break-up channel. This re-
quires more boundary conditions to determine a scattering state than are
necessary in a two-body system. Through the techniques presented are fairly
general, the applications described refer solely to nucleons.

3.1 Channels

Three particles may interact in general by two- and three-body forces. Let us
assume that all interactions are of finite range. Then beyond a certain distance
away from the center of mass, the forces between all three particles will have
dropped to zero, although two-body forces between a pair of particles may
still be active depending on the geometrical configuration. The three particles
can obviously form various arrangements. Two particles can be in a bound
state with the third particle well separated from the pair. This is called a two-
body fragmentation channel. Since the two fragments do not interact, the type
of fragmentation cannot change any more as the fragments separate further.
In general there will be three types of two-body fragmentation channels,
which we denote in an obvious notation by

1,23; 2,31; 3,12. (3.1a)

The remaining arrangement is that no pair is bound, which is called the three-
body break-up channel:

1,2,3. (3.1b)
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In the asymptotic limit in that channel, all three particles are well separated
from each other and they move freely. There is one very interesting exception,
however, where two particles leave with equal or nearly equal momenta and
will therefore interact with each other for a very long time. One speaks in this
case of a final-state interaction in the break-up channel.

Through each of these 4 channels a scattering process can be initiated,
which may lead in general to all four possible exit channels again. For instance
one may have the following transitions:

initial channel final channels
1,23 elastic
{5 2 . 2,31 rearrangement (3.2)
3 3,12 rearrangement

1,23 break-up ,

which comprises elastic, rearrangement and break-up processes. If the pair
interaction supports various bound states the bound pairs can live in any of
them.

It is customary to designate the two-body fragmentation channel by the
the single particle. Thus channel 1 denotes the arrangements 1,23, etc. It is
also natural to introduce three sets of Jacobi coordinates

r=Xx;—X;3 r,=X3—Xq r;=Xxy— X, (3.32)

R1 =Xy — %(x2+x3) R2 =Xy — %(x3+x1) R3 =X3— %(X1 +x2)
which are convenient for describing the relative motions in channels 1, 2, and
3, respectively. (These sets refer to equal mass particles.) Obviously one pair
(x> Ry) describes completely the relative motions, and the other two pairs
(r;,R)), I =k, can be expressed linearly in terms of (ry, R;).

Let k;, i=1,2,3 be the individual momenta of the three particles and
K = Y k; the total momentum. Then the relative momenta (p,, g,), conjugate
to (r;, R)), give for the kinetic energy

ki _ K bt ai . 1=1,2,3 (3.4)

H.= -
Y, 20, 2M,

and are related to the k; by

pi= ko —k3) Py = (ks —k1) ps =3 (ki=k2) .
q1= 31k Lo+ ko)) g = 2o = 4k + k) |43 = 31Ks = S0k K]
(3.3b)
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For equal mass particles the various masses are M = 3m, u;= Lm, M;= 2m.
In the following we put m = 1. Again one pair describes completely the rela-
tive motion in momentum space. We find for instance that

Py=—3Pi—3q1  P3= 3Pt i4
2 r P17 7H1 (3.5)
9.=DP1—+q4 g3=—p1—1q;.

Remaining relations follow by cyclic permution of (3.5).
Aside from internal degrees of freedom the momentum states |k k,k3)
span the Hilbert space for the three particles:

Sdkldkzdk3|k1k2k3><k1k2k3|= 1. (3.63)
Then in accordance with (3.3b) we introduce states of relative motion by

Ckikoks|prq Ky = 0(pi—1(kj—k,)) 6(qi— 21k — Lk )+ k)]
K~k —ky—k;), (3.6b)

where (k/,,) is a cyclic permutation of (12 3), It is easily verified that these
states are again orthonormalised and complete:

PedoK' |Puq oK) = 0Pa—Po) 0@ o—q4) 5K - K) (3.7a)

and
§dp,dq,dK|p,g.K>pg.K|=1. (3.7b)

These momentum states just describe the free motions and are therefore eigen-
states to the operator of kinetic energy, H:

Hylpo9o) = 0o+ 390 |Pod o) = Hy|dpe) = Hol o) - (3.8)

Since the total momentum K is conserved, we put it to zero and shall not show
it explicitely in the following.

Pair interactions will be denoted by the same simple rule as for the
channels, thus ¥; = V,; etc. In the channel ¢, the pair interaction ¥, binds two
particles while particle ¢ is far away and does not interact. This is described by
the so called channel states

16g,> = 10190 - (3.9)

Here | ¢,) is the bound state pair wave function and | ¢,) the state of free
motion of particle @ with respect to the bound pair. Were the ¢ -dependence
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in the state | ¢,,> is unimportant, we shall use the notation | ¢,). This state
(3.9) is an eigenstate to the channel Hamiltonian

H,=H,+V,. (3.10)
Namely we have

Hy|po) = 64+ 302 |9ad = Ey |00 » 3.11)
where ¢, < 0 is the bound state energy of the state |¢,).

There are other eigenstates of H,, in which the pair is not bound but in a

scattering state. This is of course a break-up configuration with just one pair
interaction occurring. These states are obviously

10> = [P q4) (3.12)
and obey
Ho| )™ = 03+ 390 100 = Ep 4 |00 (3.13)

The total Hamilton operator results if we add to H, the interaction of particle
o with the pair:

Vi=Ve+t V,+V,, B+a+y. (3.14)

Besides the two pair interactions, a three-body force V, is included which
might be important in certain systems. Thus

H=Hy+V,+V*=H,+V*". (3.15)
It is convenient to denote the break-up channel by the index 0 and to introduce

VOEO
(3.16)
Vo=V+V,=3Y V,+V,.

Then the second equality in (3.15) can be used for all four channels o=
0,1,2,3.
3.2 The Fundamental Set of Lippmann-Schwinger Equations

The scattering process can be initiated through each of the 4 channels describ-
ed in the last section. In the two body fragmentation channels, the relative
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motion of particle & towards the bound pair can be localised by a wave packet,
exactly as we proceeded in potential scattering. Therefore the time dependent
channel state will be

|9a(0)) = §dq,|0, Yexp(—iE, 1) fo@,) , (3.17a)

where the momentum distribution f,(¢) is peaked around qg. Similarily a
state of three free particles moving towards each other will be described by
wave packets in both relative motions

|90(1)) = §d°pd>q|@,q) exp(—iE, 1) fop) fo(q) - (3.17b)

Here p and g stands for any of the pairs (p,, ¢,). Of course one can also incor-
porate immediately one pair interaction V¥, and distort the initial wave packet
for three particles as

l¢$x+)(t)> = jdpadqa|¢£1+)>exp(_iEpaqat)fO(pa)fO(qa) . (318)

Clearly the states (3.17a) and (3.18) obey

Ha |¢a(t)> :li |¢a(t)> (X=1,2939 (319)
oS (1)) ot (|oSP(1))

whereas the time dependence of | ¢(¢)) is governed only by the operator of
kinetic energy, H,. Out of the states in the four different channels develop
four different solutions | (") (¢)), @ = 0,1, 2,3 of the full Schrédinger equa-
tion

RGN

(Ho+ V)P0 = (3.20)

As in potential scattering they are linked to the initial channel states by the
requirements

lim | P5H(0) - gu(1)|= 0 (3.21)
t—+—oo
or
[PED0)) = lim ef'e ! | g (0)) . (3.22)
t—s— o0

The two equations (3.21, 22) also apply to the case that the initial-state-pair
interaction V, is already included in the break-up channel: | ¢, (¢))—

|9 (@)).
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The proof for the existence of these limits is rather close to the one
sketched in Chap. 1. We refer the reader to original papers and a lecture by
Hunziker [3.1]. We are thus led to introduce four Moller channel operators

Q) = lim eifl'e " ¢=0,1,2,3, (3.23)

t—— oo

which map the 4 types of channel states into 4 types of solutions of the full
Schrédinger equation. Note that | S”é”(t)) can be reached by applying Q§*’to
[@o(2)y or Q47 to|@L(¢)). This will be reflected later in the existence of two
types of Lippmann-Schwinger equations for the corresponding time inde-
pendent scattering state.

As in Sect. 1.1, we rewrite the time limit as an &-limit and find 4 types of
stationary scattering states to sharp initial momenta:

Pty = lim———ia 0} a=1,2,3 3.24

' 9, 8_,0Eqa+i8_H' l]a>’ » &y ( )
Py = lim ie Dpay, a=0. (3.25)
| pa s—»oqu+ia—H' pe

Clearly these 4 types of states will be solutions to the stationary Schrédinger
equation. Also they are mutually orthogonal. This can be shown as in Sect.
1.3. The time dependent scattering states have the representations

|#L9(0)) = [da| Piye Bl fy(@), a=0,1,2,3, (3.26)

where the symbol ¢ stands for g, or pgq, respectively. Since the scalar product
between the states (3.26) is time independent and because of (3.21) we get

(FO500)) = Tim <pe(t) [95(0)) (3.27)

For a =+ B the right hand side vanishes by the very definition of channels,
which asymptotically have no overlap. Thus

CPED0) [ P57(0)) = 054( 94(0) | 945(0)) (3.282)

or

§da dp' <P PED fo(e) fo(B')
= g Jdada fo(a) fo(a') 6(a—a') . (3.28b)

This can only be satisfied if

(PPEy=0 for a=p (3.29)
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and

(EPDY = 8% (g,-q2)

(3.30)
(1 =6’ w-p) 0% (g-q").
Having exhausted all possible initial channels, we assume that the set of states
(3.24, 25), together with three-particle bound states, from a complete set in
the three-particle Hilbert space. A nice presentation of the mapping properties
of the channel Méller operators and the remapping of the adjoint ones in the
Hilbert space can be found in [3.2].
Proceeding as in Sect. 1.2 and regarding the amplitude (¢ 4(r) | 4" (1)),
we are led to transition amplitudes from channel ¢ to channel g

Tpa= | VI ¥y . (3.31)

Besides a phase-space factor its absolute square determines the cross section
from channel ¢ to channel 8. Note the typlcal structure of Tj,. It contains the
final channel state @, the interaction V# between the fragments in channel B
and the scattering state of the full stationary Schrédinger equation belonging
to the initial channel.

We are now faced with the problem of setting up integral equations for
| Y’“)) and Tj,. A natural idea is to apply resolvent identities as in Chap. 1.2
and to establish Lippmann-Schwinger equations. We introduce the channel
resolvent operators

1

G, (2)= 3.32
@)= (3.32)
and the full resolvent operator

Gz)=—" (3.33)

z-H' '
which fulfill the obvious identities

GR)=G (2)+ G, (D V*G(z

ol «(2) () (3.34)
=G,2) + GR) VG (z) .
Inserting the first equality into (3.24) and (3.25) gives
|7/g,+’>=¢a+1im—1_ Velwety, «=0,1,2,3 (3.35)

e~0 E +ie—H,
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and thus four types of Lippmann-Schwinger equations for the four types of
states. Unfortunately this result is not as nice as it may look. In rewriting fo)
we have used the resolvent identity with G,. What will happen if we instead
use the one with Gg, #+ o? In that case we get
. ie . 1
Py =lim——  |py+lim—— VAP pxa.
¢e-0 Ey+1ie — Hp e-0 E, +ie— Hy (3.36)

Let us first regard the case a # 0, that is two fragments in the initial state. We
claim that
. ie
lim———————|¢) =0 (a+0,8%0). (3.37)
e-0 E,+ie— Hy

This is known as Lippmann’s identity [3.3]. Let us illuminate the mechanism
on the left hand side. To that aim we need the spectral representation of the
resolvent operator G. Clearly the eigenstates of H given in (3.9) and (3.12)
are complete in the space of relative motions and therefore in the three-
particle Hilbert space:

§dqpley,3<0q |+ [dpgdqplefs) <o) |=1. (3.38)

Therefore Ggapplied onto ¢, can be explicitely written as

. , 1
Gﬂ(Ea+ 18) |¢a> = quﬂ|¢qb>“Ea—+r——2 <¢qb|¢a>

~ 395

1
+ {{dpsday|eSily : X Pra |- (3.39)
P g e —pyi—2qyt  THe

The integrals exist in the limit £ — 0 if the overlap matrix elements are not
singular in the integral variables at the values at which the denominator
vanishes. For f+ o, §+0, and ¢ +0

(g 02> = <051<q3100) 19 (3.40)

is nonsingular in g , since the product of two bound state pair wave functions
for different pairs have a nonzero overlap only in a finite region of space, and
the Fourier transform implied by {(g;|yields a smooth nonsingular function in
qp- Thus the first term in (3.39), multiplied by i, vanishes in the limit £ — 0.
The second overlap matrix element is

X pi) Bad> = NOEIG5I00> 00> - (3.41)
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Its most singular part results from the momentum eigenstates {pz|, which is
part of the two-body scattering state (*Xp Bl

PhI<as10> 180> = Po<aL]0a> 192>
=0%q,—9)PLl0s) - (3.42)

In the first equality we used the fact that free states can be represented by
different sets of Jacobi momenta. The connection between (p 595 and
P.»q,) is given in (3.5). This connection also guarantees that

1

PR+ 1apt=pii+ 3q.? (3.43)

and that the functional determinant for transformation from (p p4p) 10 (Poq )
is unity. Thus the second integral in (3.39) for the most singular part of (3.41)
is

1
dpodq|efi)> 3@a—q)Pul0s)
§dp,dq,| Ppd s Ea+i8—P&2—%q,’12 a— 9 {Palo,
1
= fdpyloSiy (Pol0y) - (3.44)
R Eerie-3qa-pit

Now E,— %q§= €,<0 and the denominator cannot vanish. Thus the limit
€ — 0 exists and multiplication by i¢ also makes that part equal to zero in the
limit € —»0. The discussion carried through in (3.42) and (3.44) obviously
covers also the case §=0.

We arrive at the puzzling result that the scattering state | Py, a =0,
obeys in addition to the Lippmann-Schwinger equation (3.35) the homo-
geneous equations

| ity = linéGﬁ(Ea+i£) VA Py, B+a. (3.45)
E—

One concludes immediately that the Lippmann-Schwinger equation (3.35)
does not define | 'Ifff)) uniquely, since the corresponding homogeneous equa-
tion has nontrivial solutions, namely | Y’f;“), 0 + B+ a. This was one of the
main reasons for disregarding the Lippmann-Schwinger equations in #-body
scattering theory for n > 2 [3.4, 5].

It is important to recognize that this problem of nonuniqueness is present
only if one works on the real axis, that is if the limit € » 0 in the resolvent
operators has been taken. Keeping ¢ + 0, Eq. (3.35) defines the state | ¥,(¢))
uniquely:

1

P(e)) = |py + ———— V¥ (e)), a=0,1,2,3. 3.46
| P, (e)) = |9, Etis |PAe)), @ (3.46)
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Indeed for Im{z} + 0 it follows from (3.34) that

N+GRVHI -G )V =1, (3.47)
which yields the formal solution

| Po(€)) = |@g> + G(E +ie) V¥ py) (3.48)

expressed in terms of the full resolvent operator. Since the transition from
(3.24) to (3.36) is just an operator identity for € =0

i 1
1¥.(e)) = ¢ 10 + ——— VB ¥ (o)) (3.49)
Hy

E, +ie—- E,+ie—Hg

also defines | ¥,(¢)) uniquely. Therefore, if a numerically stable algorithm
could be found, one could construct the physical solution | ¥{"’) from the
sequence of states | ¥,(¢,)) with ¢, going to zero.

Let us go back to the real axis (¢ = 0), and let us insist on understanding
the various relations between the inhomogeneous and homogeneous Lipp-
mann-Schwinger equations. This will lead us to a quite transparent basis for
the formulation of scattering theory for n-particles. First we notice that the
kernel G,V “ leads necessarily to a purely outgoing wave in channel ¢. For
a % 0 this is obvious from a glance at the first part on the rhs of (3.39), which
shows the spectral decomposition of G, responsible for the behaviour in
channel . Remembering (3.9) we recognize just the free Green’s function
(1.60), now for the relative motion of particle @ with respect to the bound
pair. However, the problem is that the kernel G,V ¢ allows not only outgoing
waves but also incoming waves for channels § + «. This follows from the fact
that | Y’},*)), which contains certainly the ingoing waves in |¢ﬂ>, is an eigen-
state of G,V * according to (3.45). The mechanism for the passage of | ¢z
through G,V “is clearly that the continuum part of the spectral representation
of G, contains Gy and it is the part G, Vin G, V' * which is the slit. Namely one
has

GoVslogy = |0g). (3.50)

Therefore the Lippmann-Schwinger equation (3.35) does not specify the
boundary conditions and cannot single out one specific scattering state. That
equation has to be augmented. What do we expect as boundary conditions for
| ®$F)»? Certainly the scattered part (| ¥$")) — | @,)) should be purely out-
going in all 4 channels (if they exist and if they are open). Now |¥’¢(,+)> also
obeys the homogeneous equations (3.45) for § + a, which tells us directly (as
can be seen from the spectral decomposition of Gy as explained above) that
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indeed IY’,(,*)) is purely outgoing in the remaining two-body fragmentation
channels as well. So it appears very natural to impose the boundary conditions
in all two-body fragmentation channels by augmenting the Lippmann-
Schwinger equation (3.35) with the two homogeneous ones (3.45) (a¢f8y out of
123 and all different):

|76 = 160> + G V| () (3.51a)
|7ty = GV ¥ (3.51b)
|7y = G, V¥ . (3.51¢)

Now we claim that this set (3.51a—c) defines | ¥{")) uniquely [3.6]. It is
indeed a necessary and sufficient set to define | ¥%*’y uniquely. This can be
seen in the following manner. Obviously every solution of this set is a solution
of the Schrodinger equation. Also we assume on physical grounds that the
complete set of solutions is

121 12 12, 196, | Poound) - (3.52)

Now take the example o =1, f=2, y=3. Then (3.51a) alone would allow
arbitrary admixtures of |#{")) and |%{*)) on top of the desired solution
| w{*)). Since |5y obeys the inhomogeneous version of (3.51b) with the
driving term |g,), | #§*) is excluded if we require (3.51b) in addition to
(3.51a). In the same manner the third equation (3.51¢) excludes ]S”3(+)).
Possible three-body bound states, | Pyounq > Will obey the homogeneous equa-
tions, however for different energies, and are therefore trivially excluded. It
remains to consider | ¥§*)y which is defined by

|6y = 1eG(Epy+i8) |@pg) - (3.53)

Inserting the resolvent identity (3.34) we are led for the first term to

lim e |Pog.) = lim iz Podod
e~0 E, +ie—Hy—V, a9a 5—'°qu+i8_%qg—hg—Va a9a
. ie
= lim Pedad = 1Pa) 14 - (3.54)

e>0 p2+ig—hl-V,

In the second equality we have used the energy relation (3.13) and recognized
the Moller wave operator for the pair hamiltonian hg+ V,. Its application to
the momentum eigenstate |p,) yields the two-body scattering state | p,)* as
we have seen in Sect. 1.1. Thus | w§ty obeys the inhomogeneous Lippmann-
Schwinger equations
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967> = ¥ "1ga) + GV #), a=1,2,3 (3.55)

and can therefore not be admixed in a solution of the set (3.51a—¢).

In contrast to potential scattering, where the Lippmann-Schwinger equa-
tion was sufficient to fix the asymptotic behaviour, we need now three Lipp-
mann-Schwinger equations, two of which are homogeneous, to handle the
three two-body fragmentation channels. Since | 'P,(Z*’) is uniquely defined, its
behaviour in the break-up channel is no longer free and could be read off
from each of the equations (3.51). Instead one may use

[Py = Go(V+ V) [Py, (3.56)

which is also a valid equation [see (3.36) and Lippmann’s identity (3.37) for
B = 0]. It guarantees a purely outgoing wave in the break-up channel.

Since the handling of Lippmann-Schwinger equations on the real axis
(¢ = 0) lends itself very easily to pitfalls [3.7—9] we would like to add an
example to demonstrate the necessity of being very careful on leaving the safe
domain ¢ > 0. One may ask whether the homogeneous equations (3.51b, ¢) are
consistent with the inhomogeneous one (3.51a). Take as an example an
arbitrary solution of the homogeneous equation with the kernel G, V%

1Py = G,V |y | (3.57a)
=G, V|¥) + (G,~ Gy) V2 |®) (3.57b)
26,1219 + G, (- V) G2 |#) (3.579
26, V2|9 + Gy (V- 7)) (3.57d)
=G V'|P). (3.57¢)

This is obviously inconsistent with the first equation (3.51a)
|y =|g1) + G V|®). (3.58)

Where are the traps? The first equality marked with a question mark uses the
resolvent identity

G2~ G =G (V- )Gy, (3.59)

which introduces an additional integration. One has a sequence of operations;
in coordinate space a sequence of integrations, the order of which is not
specified in this notation. In arriving at the following equality one uses (3.57a)
which makes an explicit choice for the order of integration. That is the trap.
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It was Gerjuoy [3.10] who discussed these type of questions at great length.
Thus let us be more careful and put

|¥) = GV |y + {Gi(- V)G V2|9
=G V| + Gi(Va— V) {G, V2 |w))
+{G1(Va— V) G} V2| Y — Gi(V,— V) {G,VE |9y, (3.60)

where the curly brackets mean that integration should be carried out first
inside the brackets. Now using the first equation in (3.57) in the form

(E-H)|¥)=V?|P) (3.61)
we get

|¥) = GV ¥ + {Gy(Va— V) GLHE— H)) | P) — G (Va— V1) |®)
= G V') + {Gy\(Va— V1) G (E - Hy+ Hy— Hy) | )
- G(K-V)|Py. (3.62)

The arrows on H, indicate that the differential operators act either to the left
or to the right. Now on the real axis,

GyE-H,) =1 (3.63a)
is still valid of course, whereas

Gy(E-H,) +1 (3.63b)
in general. Only if the left hand side is applied onto a state which vanishes suf-
ficiently fast at infinity, does a partial integration connect (3.62) with (3.61)

without occurrence of surface or correction terms. Thus using (3.59) again, we
are left with

|®) = G,V | ¥y + (G~ G Hy |9y, (3.64)
where ﬁz = ﬁz—ﬁz = ﬁo—ﬁo = ﬁo. Now

GoH,| ¥y = Gy(Hy—E+E— ) |9 = |®) — GyV?|®y = 0 (3.65)
and we finally get

|®y = GV |Py + G H,|P) . (3.66)
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Clearly the second term is a surface integral in the six-dimensional space of
relative motions, and it can be easily evaluated [3.7] with the aid of the asymp-
totic behaviour of G; and | ). As a short-cut let us regard

GyHol¢))y = Gi(Hy—E+E—H)) |1 = |¢1) . (3.67)

It turns out, that for | %) = | ¥, ), only the incoming part which belongs to| ¢, )
contributes to the surface integral and one gets

G Hy|#)) = |¢1) . (3.682)

Thus for |¥) = | ¥;), (3.57a) and (3.58) are indeed compatible. However, the
discussion above told us that (3.57a) alone allows the general solution

|P) = a|?) + BI¥s) . (3.69)
Therefore the surface integral has to be studied for | ¥;) as well, which yields
G H,|¥3) =0 (3.68b)

and (3.57a, 58) are generally compatible. In addition, we see again that
(3.57a) and (3.58) do not define | ¥) uniquely, since | ¥3) may be still admixed.
It is exactly the second homogeneous equation in (3.51) which has to be added
to exclude | ;).

The considerations of this section can be easily generalised to four and
more particles [3.11, 12]. We shall discuss the case of four particles in
Chap. 4. For four particles, the number of two-body fragmentation channels
is seven, and correspondingly seven Lippmann-Schwinger equations are
required to specify the scattering state uniquely.

3.3 Faddeev Equations and Other Coupling Schemes

3.3.1 Faddeev Equations

The set (3.51a— c) defines the scattering state | 'I’ff)) uniquely (¢ =1, 2, or 3).
Similarily in the case of a =0, the set of three equations (3.55) is necessary
and sufficient to define | %§"y uniquely. In each case the same state has to
fulfill three different equations. Through these sets do not provide directly a
practical algorithm it is a small step from that basis to achieve coupled
equations. To simplify matters let us first neglect the possible presence of the
three-body force V,. Then the form (3.56) suggests a decomposition of the
total state into 3 parts:
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3 3
| Py = ziaoVﬂlaﬂ;b = zi|wa,,,>, (3.70)
u= H=
where
|Wau) = GoV, | L . (3.70a)

Operate now by GyV,, GV and G,V, from the left on (3.51a—c), respec-
tively. Equation (3.51a) for instance turns into

(Wa,ad = GoVal @) + GoVoG oVt V) | P . (3.71)

Since GyV,G,= G,V,Gy, the components | y, ) and |y, ,> show up again
on the right hand side. Furthermore the driving term is just | ¢,) as we pointed
out in (3.50). Therefore we get altogether

|Wa,a> = |¢a> + GaVa(lvla,ﬂ) + |l//a,y>)
|l//a,ﬁ> = G,BVﬂ(l V/a,y> + IWa,a)) (3.72)
|V/a,y> = GyVy(l'//a,a> + |V/a,ﬁ>) .

This is a set of three coupled equations for the amplitudes |y, ), €¢=1,2,3,
which according to (3.70) sum up to the total state |S”f,+)). They are the
Faddeev equations [3.5].

The importance of this set and an additional insight into the structure of
few body equations, justify that we present two further derivations.

To simplify the notation, let us drop for the present the index ¢ indicating
the initial channel. The decomposition (3.70) tells us that the components
obey the following set of three coupled equations:

|Wa>§GOVa|W>=GOVa%|l//ﬂ>- (3.73)

Let us iterate this set once:

lwe> = GOVa% GoVp XL v, . (3.74)
y

We recognize that, if we would continue to iterate, there would result dif-
ferent types of operator sequences. One of them is singled out in that only V,
acts between free propagators G,. In all other sequences at least one other
additional pair interaction is present. In this special sequence, GoV,GoV,,. . .,
the particle ¢ does not feel an interaction, and one faces only a two-body
problem which can be solved formally. To that end we separate the term =
on the rhs of (3.73) and shift it to the lhs:
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(1~GoV) lWad = GoV T |wp - (3.75)
f*+a
Using now the operator (1 + G,V,) we can solve for | y,):
0
|Wa> = |V/a> +A+G,Vy) GOVaﬁE |Wﬂ> . (3.76)
*a

This is the general solution of (3.75) including the driving term, which is a
solution of the lhs alone. We saw in the step from (3.71) to (3.72) that this is
the channel state | ¢ ). Furthermore, because of the resolvent identity between
G, and G, the kernel simplifies and we end up with

|Wad) = |9a> + GaVaﬂE |V/ﬂ> a,f=1,2,3. (3.77)
*a

This set of three coupled equations must have now the property that iterations
cannot yield an operator sequence with only ¥, acting. This is obviously the
case.

The general solution (3.77), however, is not the physical one, which is
defined through the set (3.72). In (3.77) there are nonzero driving terms in all
three equations. This is not surprising since we started from the homogeneous
Lippmann-Schwinger equation (3.70), where the boundary conditions are not
specified, while (3.72) was derived from the set (3.51), which had the physical
boundary conditions built in. We shall see in the next section that the second
terms on the right hand side of (3.77) are asymptotically purely outgoing.
Consequently |¢,) can be kept as a driving term in (3.77) only in the initial
channel, and we are back at (3.72).

The third derivation emphasizes the insight into connected and discon-
nected structures. It is close to the one presented by Faddeev in his classic
paper [3.5]. Let us regard the resolvent identity

G=Go+ Gy L V,G, (3.78)
u

which is an integral equation for the full resolvent operator G. The kernel,
Gy Y V,, consists of three parts, in each of which only one pair interacts.

u
Therefore in momentum representation <k{k; k3| Gy ¥ V,|k1k,k3), the non-

interacting particle cannot undergo a momentum chgnge and we encounter
three different J-functions in the sum. Because of that, the kernel cannot be of
the Fredholm or Hilbert-Schmidt type, which would allow standard approxi-
mations in numerical approaches. Can one rewrite this integral equation in
another form which belongs to the Fredholm family? One can get insight into
the mechanism of (3.78) by expanding the rhs into its Neumann series

G=Go+Gy% V,Go+ GyX V,Go X V,Go+ -+ . (3.79)
u U v
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It is very useful to present this series graphically. We introduce

Go & —
(3.80)
Ve
Then (3.79) is
iG}— = + 2 + S + 3:
(3.81)

e e

Clearly there are three infinite subseries of diagrams like

S S 5 5 S

where one particle does not interact. These are called disconnected diagrams
and are responsible for the J-functions in momentum space mentioned above.
In the remaining diagrams all particles interact and they are called connected.
Each of the infinite subseries of disconnected diagrams is known to us.
Together with G, it is just the channel resolvent operator. For instance

1 1 1
—@D— _ 2 p2o—— T ., (3.82)
3 3 3

Therefore we can reorder (3.81) as

& - = (& -=)

Qa=1

a
+a¢zp . .SB *

Note that the third term collects all diagrams of the type
? s + 4& r + & + o 0o 0
=R

(3.83)
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Through the use of the channel resolvent operator G, one sums up all the

infinite subseries where only two particles interact. The next step is to
decompose G into three parts according to the leftmost interaction:

—CG)— + Z with (3.84)

. . \ Sa .
Obviously the structures following G,V, = to the right all have

either Vg or V, as the leftmost interaction. Therefore they are the parts G

and G of G. Thus we end up with
)+ L))
+ +

(Of course «, B, and y are all different).

This is a set of three coupled equations linking the three sets of diagrams
(3.85). Starting from the definition (3.84) the set (3.86) can easily be deter-
mined algebraically as well.

(3.85)

(3.86)

What are the consequences now for the scattering states | #{") which are
defined by (3.24, 25). According to the decomposition (3.84) and dropping
again the index a, we have

|ty = lin(l)isco|¢,,0> + lin(l)is LG\g,,) . (3.87)
E— £— o

The first term vanishes for oy =+ 0 according to (3.37) and the second one
defines the three amplitudes

|,y = lirr(l)isG(“)|¢a0> . (3.88)
E—
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Using now the coupled set (3.86) we find immediately

lwe) = |¢a0> éaa0+ ) GaVa|Wﬂ> . (3.89)
B+a

Faddeev [3.13) proved that this set of equations has a unique solution. We
shall use the direct link to the unique set of Lippmann-Schwinger equations,
which we regarded in the beginning of this section, to proof the uniqueness of
the set (3.89). Assume two sets of amplitudes would solve the set (3.89). Then
the difference, | x,) would obey the homogeneous set

X =GoVo T |xp) - (3.90)
B+a
This can be rewritten as

%2> = GoVo(1 +GaVa)ﬂE x> » (3.91)
Fa

which defines an auxiliary amplitude | §,):
%> = GoVolb,) - (3.92)
However | 6,) does not depend on « because
10 =(1+G,V) ¥ lxp>= T lxp) + |xad
B*a B+a

=Ylx)=10). (3.93)
Y

Therefore (3.91) is equivalent to

GoV, [|@> —(1+G, V) ¥ GOVﬂ|@>—‘ =0 (3.94)
P*a
or 7
GoV,[10) — G, V@) =0; a=1,2,3. (3.95)

We conclude that the curly bracket should vanish, so that |@) satisfies the
unique set of homogeneous Lippmann-Schwinger equations. The only non-
trivial solutions to this set are three-body bound states. Thus for energies
accessible to scattering | x,) = 0 and the Faddeev set (3.89) is unique.

In solving equations of this type, one has to decide which representation is
most convenient. We shall consider the representation in configuration space
in the next section. One possibility in momentum space is clearly the set of
eigenstates (3.9, 12) to H, which naturally shows up in the spectral represen-
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tation of G,. This has been proposed and developed in [3.14] and applied in
[3.15]. Another possibility is to work with momentum eigenstates, where it is
customary to introduce the two-body #-matrices via

GV, =Gol,. (3.96)

Using the resolvent identity, we see indeed that 7, obeys the familiar Lipp-
mann-Schwinger equation for the two-body f-matrix

ta= Vot V,Gol,. (3.97)

Note, however, that ¢, is defined now in the three-body space. Thus (3.97)
reads explicitely

Poote@)Peqed = PoalValPoGa)
" X 1 1 1
+§dp;, dqy (Pg.\Valpy gy ) TERREyTY
Z=Po — 74a

XAPyqy 1t Pegsyy - (3.98)

Since V, does not act on the spectator motion we get

Pellolto@) |Podl) = 0(q0— L) Poltlz— 2a2) Py (3.99)

with the genuine two-body #-matrix fa taken at the shifted energy z — %qi
Thus two-body #-matrices enter into the Faddeev equations as off-shell quan-
tities, as was mentioned in Sect. 1.5. In terms of ¢7,, the Faddeev equation
(3.89) take the standard form

| w1y | 91) 0 4 ¢ | w1)
lwa) | = 0 +Gy| b 0 1 w2y | - (3.100)
lws) 0 ty 13 0 | ws)

This set defines |%{")). It should be clear how the driving term is modified for
the other scattering states.

Have we now arrived in the safe harbour of the Fredholm family of
integral equations? Certainly each element in the Faddeev matrix kernel, K,
occurring in (3.100) is still disconnected and Ky as a whole is not of the
Hilbert-Schmidt type, since KpKj still contains squares of J-functions.
However in contrast to kernels of Lippmann-Schwinger equations the once
iterated Faddeev kernel, K2, is connected. This is obvious because of the zeros
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in the main diagonal. It is not too difficult to see [3.16, 17] that K % is of the Hil-
bert-Schmidt type for Im{z} + 0 and for well behaved potentials, for instance
finite range potentials. So we can answer the above question positively.

3.3.2 Faddeev Equations in Differential Form and the Asymptotic Behaviour
of the Faddeev Amplitudes

The asymptotic behaviour of a three-body wave function in coordinate space
is richer in structure than for two-particle potential scattering. Since the
Faddeev equations have a unique solution, they have to provide that informa-
tion. A quick glance at (3.72) tells us that the extraction of this information
cannot be as straightforward as in (1.81) for potential scattering, where the
integration variables x’ are confined for instance by an interaction of finite
range and therefore the asymptotic limit |x | —» oo can be easily taken. For
three particles there occur two relative vectors, r’ and R’, as integration
variables, and clearly the pair interaction in (3.72) cannot confine both. Thus
the Faddeev components, the unknown’s themselves, have to take over part of
the job of making the integral convergent. It is this conspiracy of the pair
interaction ¥V, in the Faddeev kernel together with the Faddeev components
| Wg), B+ a which is interesting enough to justify the following, rather
detailed, discussion.

To avoid all inessential burdens we consider three identical spinless bosons
interacting by pure s-wave interactions in the state of total angular momen-
tum L = 0. Before embarking let us make a few general remarks. The three
sets of Jacobi coordinates (3.3 a) are linearily related to each other. We define
coordinate states

[riR )1 = [raR3), = [r3R3);, (3.101)

where for instance the subscript 1 on the ket symbol tells us that r, is the rela-
tive distance vector between particles 2 and 3 and R, the relative distance
vector between particle 1 and the center-of-mass of particles 2 and 3, as de-
scribed in (3.3 a). That same spatial configuration can also be described by the
other two types of coordinate states with subscripts 2 and 3. The coordinate
representation of the state | %) can therefore be defined through

Y’(r1R1) = 1(r1R1 | Y’) = 2(r2R2| T) = 3("3R3| Y’) . (3.1023)

Now for three bosons |¥) must be symmetric under all permutations of the
particles. Therefore the wave function has the property

P(riRy) = (r1Ry|¥) = (r{Ry|P, P3| ¥P)
= 3<"1R1|W> = 1("3R3|¥’> = T(r3R3) (3.102b)
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and similarily using Py3 P,

YR = ¥(r,R,). (3.102¢)
Remembering now the definition of the Faddeev components

[we) = GV, | ) (3.103)

we find immediately the result that

Y2 (raR;) = LR, |yr) = ARy |Pp Poys|yy)
= (R, |1y = yi(r;Ry) (3.104a)

and similarily
w3(r3R3) = w1 (r3R;) (3.104b)

In other words, the three Faddeev components have the same functional form
if expressed in the “natural” Jacobi coordinates. The three Faddeev equations
then reduce to one:

w1(riRy) = ¢1(r\Ry) + [dr{dR{(riR||G|r{R{)
X Vir{))w1(r; R3) + wi(riR3)] . (3.105)

Let us introduce the simplifications. We consider the state of total angular
momentum L = 0 and assume that V] acts only in the s-wave, where it sup-
ports one bound state ¢,(r;). The partial-wave decomposition of w(ry,R;)
therefore reduces to s-waves in both relative motions, and thus to a depend-
ence on the magnitudes r; and R, only. As a consequence, the unknown
amplitudes under the integral depend only on

1y
2

3ri+ 1R |
1 2

ri+R{|
~ $R{|

(3.106)
r

= = |
= | = |

&w N|»—~

1
2

—_

[see (3.3a)] which involve only the single angle between the vectors r; and Rj.
It should be obvious that (3.105) reduces to

u(ry, Ry) = uy(r) sinqoRy + [dr{ [dR{
9 0

X <r1R1

1

— Ir{R{V(r riR{). 3.107)
E+i0_H,—V, 1 1> (r)) Q(riR{) (
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We defined u(ryR1) = riRyw(r1R,), up(ry) = ri9(r;) and the source term

1
Q(rRy) = |dx IR L(rRy) . (3.108)
-1 r 2R 2

Now we see explicitely, as remarked above, that the pair interaction V(r{) in
the kernel confines only one variable so that the convergence in R{ has to be
provided by the source term itself. What do we have to know about the
unknown Q7 Let us assume again an interaction of finite range, ry. Thus we
need to know the behaviour of Q for r; < ry, Ry — o in order to prove the con-
vergence of the integral in (3.107). Because of (3.106), however, this is equi-
valent to r, and R, going to infinity. The behaviour of # in this limit is
elementary and we can deduce it directly from the differential form of the
Faddeev equations. Operating with (E — H,) onto (3.105), one gets

(E-Hy) yi(riRy) = = Vi(r) [y1(r2, Ry) + wy(r3, R3)] (3.109a)

or in our simplified case

d> 3 d?

[_ 7 T dRe + Vi(ry) — E] u(riRy) = = V(r) Q(riRy) .

1 1 (3.109b)

This is a partial integrodifferential equation, which is an important practical

tool for solving the three body problem as we shall point out below. Now we

use it just to extract the behaviour of u for r; - o and R, — . In this limit,
(3.109b) reduces to

d> 3 4
- - - __—Elu(rn,R)=0. 3.110
< dr? 4 dR}? >(”) ( )

It is convenient to introduce polar coordinates

r, =pcos e
R1=]/§psin(p.

Then one easily finds two linearily independent solutions of (3.110) in the
limit p — oo:

(3.111)

e tiVEp
u(p,p)— 7 A(p) . (3.112)

What is needed is only the p~!/2 dependence. We conclude that for r, fixed
and R; — o the source term behaves as
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Q(r1R1)_.o<éﬁ> i (3.113)

This behaviour is the essential key and guarantees absolute convergence of the
integral over R{ in (3.107). It is based on purely geometrical aspects: the
asymptotic form (3.112) in two dimensions and the distance behaviour of
Jacobi coordinates for rearrangement channels. Of course these geometrical
properties can be effective in this manner only due to the basic structure of the
Faddeev equations, which link only rearrangement channels.

We can now proceed and regard the spectral representation of the Green’s
function in (3.107). The completeness relation, restricted to s-states only,
reads

29 . . |
— (5) dqsin(gRy) sin(gR{)uy(ry) up(ri)

2
AN . . o
+ <7> (!)dp(i)dqsm(qRosm(qR{)u}, Y(ry) ul(r)*

=d(ry—r{)6(R,—Ry), (3.114)
where two-body s-wave scattering states are normalised as

ulH(ry — e *°Psin [pr+ o(p)] . (3.115)

r—oo

This leads to the Green’s function

<r1R1 r1’R1’>

2 ® singR, singR/
= up(ry) = [dg T2

uy(r})
E+i0—g—3q2 "'

1
E+i0—H,- V,

200 ® R (=) . , (=)*( ot
+ i Sdpjdq Sln(qR1)up .(rl) SIH(qu)up (ri) . (3.116)
n/ o o E+i0—p*— %qz

The integral in g defines a free Green’s function and can be carried through

using elementary function theory. We obtain

4 . in goR
(riRy|Gilr{ RY) = up(ry) <— ?e‘%’%&‘;"—i) uy(rf)
0

+i§dpu;,—)(rl) _ 4 igr, SMGpR < uS’r), (3.117)
o 3 qp
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where the wave numbers are

(E~e) (3.118)
(E

)

2 4
40= 3
qi=4(E
4p=3
and R, = min(Ry,R{), R,=max(Ry,Rj{).

What asymptotic behaviour of # do we expect? The driving term in (3.107)
provides an ingoing and outgoing unperturbed radial wave for particle 1 with
respect to the bound pair. The interaction should lead to scattered outgoing
waves in all 4 channels. Applying the first term on the rhs of (3.117) to VQ
yields

Ry
4 . , singoR
- —3——elqu1ub(r1) (s) de—q‘)— 5arr1 uy(r)) Vi(r{) Q(r{ Ry")

0 (3.119)

4 ] o i ,®
_ 4 SnGoRy () AR} 190 [ dr{uy(r}) Vi(r) QU RY)
0 0

3 q

In the limit R, — oo this tends towards

— Suy(ry)e' R T, (3.120)
with
T,= (dR Jdr 329R y vy 0rR) . (3.121)
o 0 o

As expected we find an outgoing scattered wave in channel 1 and the
amplitude T; has the correct form (3.31). Indeed, inserting the definition
(3.103) of the Faddeev amplitudes, we get

Ty = (@1 | Vi |wat+ w3) = (91 [V Go(Va+ V3) | P
= [Va+ V3| P (3.122)

In (3.122) we have switched back to a three-dimensional notation and used in
the last equality (3.50). Thus we find as the first result, that the asymptotic
behaviour of the wave function in channel 1 its contained completely in the
Faddeev component | y, ), that of channel 2 in | y,) and that of channel 3 in
| w3). It remains to pin down the asymptotic form in the break-up channel.
Since asymptotically the three particles cannot interact anymore, the two
energies of relative motion have to add up to the total energy E. Therefore to
the asymptotic flux, only part of the second term in (3.117) can contribute,
and we find
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p
~4 2 SEdP ui (r) e'%* T (p) (3.123)
3 7o
with
T() = 5 dR Td SR () V() QUR). (3.124)
dp

This is discussed in [3.18] and the remaining terms are shown to be correction
terms of the asymptotic form of u, which may be interesting for a numerical
analysis, but do not contribute to the asymptotic flux of particles. The expres-
sion (3.123) however is not yet the final form, since the integrand oscillates in
the asymptotic limits of r; and R, and the leading term for the integral has to
be extracted. This can be done by the method of steepest descent [3.19] and is
described in [3.18]. What do we expect? The energy can be partitioned
continuously among the two relative motions. Corresponding to every
situation there is a certain ratio r;/R,, which in polar coordinates fixes the
angle ¢. This should be reflected in the argument of T in the asymptotic form.
One finds

u(rR 1)——»: ieW“E1/“eil/75/’/p1/2 sinp T(/Ecos ) . (3.125)
pooo n

Again we can rewrite T(p) back in a three-dimensional notation as

T
—-1-)(‘2= A LA 27 (3.126)

Since the state <¢’1(>_) |can be represented as
(857 1=<pql|+ PqIV;G, (3.127)

the amplitude T'(p)/p is

T
T®) _ P Vilva+wsy + pq|ViG Vi(wy+ w3))

=<Pq (w2 +w3)) + pq|Vi|(wi— 1))
=g V1|¥P> - pq|Vi|ey) . (3.128)

The second term in the last line vanishes on shell (the infinitely strong surface
oscillations resulting from partial integration do not contribute to the cross
section, which includes an integration over at least a small momentum
interval). The first term however is part of the break-up amplitude as given in
(3.31) for g=0.
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The total break-up behaviour adds up coherently from the three Faddeev
components. Let us consider a definite break-up configuration described by
ry, R, and therefore also by related r,R, and r;R ;. The lengths ry, R; are equi-
valent to a certain choice of p and ¢, . Similarily the angles ¢, and ¢, are linked
to r,R, and ryR3, respectively. Thus defining p; = I/E cos @; and using (3.70),
(3.104) and (3.125) we get

— 3/2
17 ein/ 1/_2_ <i> E3/4eil/ép/p5/2

ri—»o T 3

Ri» >

y [T(m) L TeD T(pa)] (3.129)
Py P2 P

Note that the six-dimensional volume element in polar coordinates is propor-
tional to p° and therefore the p~>2 behaviour in the wave function is neces-
sary to guarantee constant flux through various shells of hyperradius p.

We remark that a second form of G, can also be used to study the asymp-
totic behaviour of u (see [3.18]).

The asymptotic form of the Faddeev amplitudes and the total state have
been discussed also in [3.20]. The Grenoble group pioneered very successfully
the direct solution of the partial differential equations of the type (3.109) for
bound [3.21] and scattering states [3.20].

More recent work on that line can be found in a continuing sequence of
papers by the Los Alamos group [3.22].

3.3.3 Other Coupling Schemes and Spuriosities

The fundamental set of Lippmann-Schwinger equations can be turned into a
coupled set of equations in other manners besides the Faddeev one. Consider
for instance the first equation for the state | ¥y = |#{")):

1P =0+ Gi(V,| ¥) + V3| P)) . (3.130)

In nuclear physics, the pair interactions are of short range and it is a good
approximation to assume that they act only in a certain number of low partial
waves. To implement that concept it is necessary to develop | %) into angular
momentum states % ,L,lM (FR) for the two relative motions. Here / and A are the
orbital angular momenta related to # and R, respectively, and L is the total
orbital angular momentum. Obviously we need all three types of Jacobi
coordinates to deal with Vy, V;, and V;. Thus |¥) in ¥V, |¥) should be
expanded with respect to /,, 4, and |¥) in V3 |¥) in terms of /5, A;. Let us
introduce the projection operators onto a certain number of low partial-wave
states:
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finite " .
P,= l)% YiNFER) VIR - (3.131)

Then (3.130) is approximated by
[Py = |@) + G VaP, |y + G V3P| Py . (3.132)

Of course for model interactions, which act by definition only in a finite
number of partial waves and which are very common for few body nuclear
models, (3.132) is exact. In the two homogeneous Lippmann-Schwinger equa-
tions P, |¥) shows up in addition. Therefore we get a closed set if we project
the three equations onto P, respectively. This results in the coupled set [3.6]

Py |¥) = P|¢) + PG V,P,|¥) + PG V35| )

P|¥) = PG V3P| ) + PG, Vi Py | ) (3.133)

P3|Y’>z P3G3V1P1|S”)+P3G3V2P2|Y’).
This set has an interesting property, namely that each kernel P,G,Vj, B+ @, is
already of the Hilbert-Schmidt type [3.23]. The reason is of purely kinemat-
ical origin. The truncated, partial-wave projection makes the two body forces
appear like three-body ones in the Hilbert-Schmidt norm. Consider as an
example V(r) = 16(a—r) and let P project onto s-waves in both relative
orbital momenta. Then calculating the norm for P, G, ¥, one encounters

PVi(Ir)) = PVi(Iiri—- R )Py

1

R,

(3.139)
6(a — |1ri—Ry|){Imin(a, Lr, +R)*- (%H—RDZ}’

o

which vanishes not only when r, — oo but also if 7, remains small and R, — co.
Finite rank approximations based on this Hilbert-Schmidt property have been
proposed in a couple of papers and applied to a three-body bound state model
[3.24].

The coupled set (3.133) may tempt us to introduce in (3.51) three unknown
functions |#(®) analogous to P,|¥) and to rewrite it as

170> = |9) + G| #D) + G 13| ¥9)
| @) = eRAL 2SR AR 200 (3.135)
| PPy = G3Vi| P Dy + G315 9@y .

This form has been proposed for identical particles also in [3.6] (see Sect.
3.4.4) and in another context in [3.25]. From our point of view, the super-
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scripts appear only as dummy variables, since they are meant to define the
coupling scheme but not to distinguish three different states. One expects of
course that for all a |®@) = |¥) is the physical solution. Indeed one can
prove this in the following manner [3.11]. We operate on the first equation
with (1 — G,V}) from the left. Then we get

3
|Yj(1)> — Z GOVHYI(#)) . (3.136)
u=1

In the same manner, the second and third equations yield |¥’(2)) and |‘I’(3)> to
be equal to the same expression as found for I‘I’“)) after operating from the
left by (1 — GoV,) and (1 — G,V4), respectively. Therefore | ¥y is indeed inde-
pendent of the dummy index i. Note that the quantities |Y’(i)> are not parts of
the total wave function as are the Faddeev amplitudes, but stand for the total
wave function. It should also be emphasized that the set (3.135) defines a
kernel whose square is already connected. This was the main motivation in
proposing this system [3.25].

Another coupling scheme was introduced in [3.25] as well. It relies again
on dummy variables and we present the following example:

|1PDy = ¢+ G, V| PPy
PPy = G,1?|¥®) (3.137)
POy = GV PW)y.

Introducing the column vector P7= (|¢W), |¥@), |¥3), the diagonal

matrices (:G),j=5ijGi and ([/)ij=5ijVj and the so called channel array
coupling matrix i

010
W=1001/|, (3.138)
1 00
the set (3.137) reads in matrix notation
Y=¢0+GVWY. (3.139)

Why such a coupling scheme? One starts from individual kernels G; V¥ which
are not connected. A first iteration of (3.139) yields kernels G,;V'G j Vi(i +j)
which still contain disconnected parts. However, after iterating a second time,
the kernel becomes fully connected.

Again one has to ask whether this set has only the physical solution
|#Dy = |¥)? Since both sets (3.135) and (3.137) have the solution | ) =
| ¥y one can expect the connection
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1 -GVt o0 1 -GV, -GV,

0 1 -GV | =M| -GV, 1 -G, V;

-GV 0 1 -GV, —-GyV, 1
(3.140)

Indeed, it is a relatively easy exercise to work out M [3.26]:

1 -GV3GoG;' GV3GoGy'!
M= G.ViGoGr! 1 —G,V1GG5'!
—GiKhGGr' GGGy 1

Obviously the homogeneous system associated with the set (1.137) has not
only the desired physical solution | ¥y = | ¥, ..q) as a result of the second
factor on the rhs of (3.140), but may have also solutions caused by M:

Me=0. (3.141)

Those solutions related to @, if they exist, are non-physical and are called
spurious. If we put

|©;) G1Vslx1)
@) | = | GoVi|x) (3.142)
|©5) Gy Valx3)

(3.141) turns into the simple set

1 GV -G, |x1)
-Gols 1 GoV, lx2) | =0. (3.143)
GoVs -Gyl 1 |x3>

Nontrivial solutions to that set have been proved to exist in a special case by
Federbush [3.27].

We note that the kernel of (3.143) is connected after one iteration. There-
fore its spectrum is discrete (see the discussion in Sect. 3.4.3) and the eigen-
values 1, required by (3.143), can occur only at discrete energies. They will in
general be complex. If they occur in the neighbourhood of real energies which
are of physical interest, their existence may require special numerical care.
Regarding the example (3.143) where pair interactions occur with different
signs, one can expect that the spurious energies are more sensitive to varia-
tions in the approximation scheme and potential parameters than the physical
quantities, which may help to identify them.

Nevertheless, this example demonstrates that hunting just for connected
kernels can lead to formulations which are no longer strictly equivalent to the
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underlying Schrédinger equation. They allow for additional, nonphysical,
spurious solutions of the associated homogeneous problem.

We conclude this section with another example: the Weinberg equation
[3.28] for the scattering state. Let us regard the resolvent identity

G=Go+GyY V4G. (3.144)
We want to separate in a systematic manner, the disconnected parts on the

right hand side. The subseries in G containing only Vs can be collected
through

G=Gy+ GyVPG (3.145)
and we get
G=Go+ Gy X VsGp+ Gy X V3GyVPG. (3.146)

The three terms are obviously of increasing connectivity ending with a com-
pletely connected one. We use this decomposition of G in (3.24) and get an
integral equation for the scattering state [3.28]:

[Py = |@ad + Go X VsGgVP ¥y . (3.147)
;

It has a connected kernel but is not in unique correspondence to the underly-
ing Schrodinger equation. Indeed, one has the factorization property [3.29]

(1-Go X VsG4VP) =1+ £ GyV)(1—Go X V), (3.148)

which demonstrates explicitely that the homogeneous equation associated
with (3.147) has not only bound state solutions corresponding to the Schro-
dinger equation

(1-GoyIV,)|®y=0 (3.149)

but also spurious ones occurring through

<1 + ZGpVﬂ>|@)=0. (3.150)
B

Equipped with the Faddeev technique, we can apply it to the spurious problem
(3.150) as well. Thus we introduce components | 65> through

1@y = — ¥ GyVp|O) = - ¥ |6p) (3.151)



114 3. Three Interacting Particles

or

1859 = —Gots ¥ |6,) - (3.152)

Then we remove the disconnected parts through

(1+GOtﬁ)|0ﬂ>= —GOtﬂ E |9a> (3153)
a*f
and inversion to get

105 = —GoVs T 6, (3.154)
a+pf

These are “spurious” Faddeev equations which are to be contrasted with the
physical homogeneous ones

lwpy = Gotp T |wa) - (3.155)
a*f

Clearly this spurious problem is closely related to (3.143) which showed up
within the channel array coupling scheme.

Equivalent to the cluster decomposition (3.146) is the insertion of Lipp-
mann-Schwinger equations into each other. In addition it reveals at the same
time the spurious multiplier. The state |¥,(e)) =ieG(E+i€)|¢,), €+0,
obeys the Lippmann-Schwinger equations

|Po(€)) — Go L V| Po(e)) = ieGoloyd (3.156)
u

|Po(e)) — G, V¥ | P, (e)) = ieG |0, . (3.157)
Inserting (3.157) into (3.156) yields

|Po()) — Go X V,G,VE|Po(e)) = (1+ £ G,V,)ieGo|dg) - (3.158)
u

In the limit £ — 0 the rhs reduces to | ¢,) and we get the Weinberg equation
(3.147). Comparing the rhs of (3.156) and (3.158) we can read off directly the
factorization property (3.148). Though the insertion of valid equations into
each other looks harmless at first sight, it introduces additional spurious solu-
tions.

Further aspects and many more example of spurious solutions can be
found in [3.26, 30].
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3.4 Transition Operators

3.4.1 AGS-Equations

In a scattering problem, not the wavefunction, but the transition amplitudes
(3.31)

(Dp|Upaldad = gl VAP (3.159)

are of central interest. The introduction of transition operators Up, obviously
parallels what is done in potential scattering:

p'ltlpy =<p'|VI|p)*). (3.160)

The amplitudes in (3.159) cover all possible types of processes: 2 -2 (a, f =
1,2,3), 2-3(¢=1,2,3;8=0), 3-2(a=0,8=1,2,3), and 3-3
(a = B =0). The corresponding channel states are defined in (3.8, 9).

As in the two-body problem one would like to work directly with integral
equations for the transition operators. They are established very easily using
the fundamental set of Lippmann-Schwinger equations which we reproduce
for the sake of clarity. Specifically choose channel 1 as the initial channel and
explicitely include the three-body force for our later convenience. Then | '1’1(”)
is defined by

[Py = 61+ Gy (Vo Va+ V) | 1)

P = G+ Vi+ V)P (3.161)

Py = G+ V)P
On the rhs, we recognize immediately the transition operators Ugy, #= 1,2, 3,
we are looking for. Let us first ignore the three-body force V,. Then we can
read off, very naturally, three coupled equations for Uy;:

Usy|91) = (Va+ V) | 1D = VG Uy |61 + V3G3Usy |61)

Uy |d1) = (+ ) |1 = V3G3Ust |91 + Vil91) + 1Gy Uni [ 61)

Usi |91y = (Vi+ W) [P = V191> + ViG Uy |91 + VaGoUny |61

(3.162)

It is usual to drop |¢;), and to keep in mind that the operators should be
applied on the corresponding channel state. Moreover, one may put

Vilgy = Go''lon) (3.163)
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which will be convenient in the context of the multiple scattering series and the

Lovelace equations (see Sect. 3.4.3 and Sect. 3.6). Then the coupled set
(3.162) achieves its standard form, known as the AGS-equations [3.31]:

Ugy=8,4Go ' + §5yﬂVyGyUy,,. (3.164)

We use the very convenient notation

Sop=1—84p. (3.165)

The AGS-equations follow quite naturally from the fundamental set of Lipp-
mann-Schwinger equations. They connect the operators for elastic, U,,, and
rearrangement processes, U,,, y*a, (,y=1,2,3). The operation V,G,
however requires U,, in the full Hilbert space and not only the matrix
elements in the subspace of channel states for two-body fragmentations. As a
consequence, the set (3.164) incorporates the break-up processes, t0o. The
break-up amplitude (a process 2 — 3) is given as

(@0l Uoq|9ad = <ol T V;| ¥ - (3.166)
v

We use again the fundamental set (3.161) and express the rhs as

{Po|Uoaldad = <¢o|<z V(19,00 + GyUy,,|¢a>> : (3.167)
Y

The first term vanishes on-shell and we define the break-up operator as

Upa= X V,G,Uyq. (3.168)
=

Thus, indeed, the information stored in the three operators U,,, y=1,2,3 is
sufficient to calculate the break-up process.

We can look closer and find yet another form for the break-up operator,
which occurs directly within (3.164). Unfolding J_yﬁ (3.164) can be rewritten as

1+ V3Gp Upy= 844G '+ T V,G,U,q. (3.169)
Y

Again considering only the on-shell break-up amplitude, we find the form

Uoa= (1+ V;Gp) Ug,. (3.170)
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Consequently, the amplitude can also be written as
(Bo|Usa|®e> = @ol(1+ V3Gp) Ugy|pyd
=05 |Upal 00 - (3.171)

In the last form the state | ¢,(3+)) =|pp* g > of (3.12) and (3.54) describes
the motion of three unbound particles where the pair interaction Vg, however,
is included. Let us call them distorted channel states. Since the spectral
representation of G, includes both channel states |¢y> and these types of
scattering states |@{*)), we see that in the midst of (3.164) the break-up
operators are already present.

For later use we derive equations for operators describing the processes of
the type 3 52. According to (3.159) the transition amplitudes are

(Da|Ugl @) = (oo VI PEH) . (3.172)

Here we use the fundamental set of Lippmann-Schwinger equations (3.55) for
|#6:

767y =165 + G,V |y, y=1,2,3 (3.173)
and derive in the same manner as for (3.162)

Ugo = %%tﬁ %6_ﬁaVﬁGﬂUﬂ0- (3.174)

Note that, in contrast to (3.164), each equation has its driving term, which
arises through

V05 = 1,]¢0) - (3.175)

Let us conclude this first part and introduce the two-body transition
operators. Equivalent to (3.96) one has

V,G,=1,G, (3.176)

and (3.164) reads

Ui _ 0 6 &4 Ui,
U | = | 86,6Ge' | + | 11 0 15| Gy | Usg | - (3.177)
Us, ty & 0 Ui,

Comparing the kernels in (3.100) and (3.177) we note that they are just trans-
posed to each other. This will be the decisive key to understanding the con-
vergence or divergence properties of the multiple scattering series in Sect.
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3.4.3. Clearly the kernel in (3.177) also has the property of becoming
connected after one iteration.

Let us now reintroduce the three-body force.

One can think of many possible ways to incorporate ¥,. We may write for
instance

N+ Vit Vi= (Va+ 1V + (V3 + 1 Va) (3.178)

and proceed as above. In this manner the first equation in (3.162) would be
replaced by
(Va+ Va+ V) | 95Dy = Uy @) = (W + VDG Uy |91
+ (Va+ 1V2) Gy Uz | 91) (3.179)

Another possibility which we shall use for the bound state is to split ¥, into
three terms:

V,= Y V. (3.180)

1

I P

1

For certain three-body force models this is very natural (see Sect. 3.4.4). Then
one would group

Vot Vst Va= (N + V) + (VP + V) + VP (3.181)
and (3.162) would be replaced by

(Kt Va+ V) |1y = Un|gn) = (Va+ VD) G Uy | ¢1)
+ (V3+ Vi) Gy Uy |91 + Vi |91 + ViV G, Uyy |9 - (3.182)

In each case we end up again with 3 coupled equations for Ug,.

We shall consider now in some detail another possibility [3.32], in which
we introduce a fourth transition operator

Unlo) = i+ Vot 13) |91 (3.183)
together with a fourth equation for ¥{*:

|#17) = G+ Vot 13) | 917y (3.184)
The Green’s operator

Gy=(E+i0—-Hy—V,) ! (3.185)
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obeys the resolvent identity

G =G+ Gy(Vi+ L+ V5)G. (3.186)
Since

limieGy9,=0, (3.187)

-0

which should be obvious remembering the discussion in Sect. 3.2, the use of
(3.186) in (3.24) yields immediately (3.184). With the extension (3.183) and
(3.184), we can easily generalise the derivation of the set (3.164) in the follow-
ing manner. We build up U, | ¢,) as

(Va+ Va+ V) |30y = Uy |9y = VaG, Uy |91)
+ V3G3Us |91) + V4G, Uy |01 (3.188)

and correspondingly the expressions for U, | ¢1) and Us, | ¢4). The fourth
operator Uy | ¢1) can be expressed through Uy, Uy, and Uy, as

U |¢1) = V101> + ViG Uy |91) + VaGa Uy |¢1) + V3G3 Usy |91
(3.189)

Altogether we get

Ugy=0p,Go '+ % 0,5V, G, U,y + V4GyUy,
U= Go '+ L V,G,U,,.
?

(3.190)

The additional operators U,, are not only auxiliary quantities, but have
physical meaning. They all produce physical transition amplitudes, as we shall
explain now. We have already encountered one case, (3.171), where a break-
up operator could be presented in two forms, depending on whether undis-
torted or distorted channel states are used. In the same spirit we can introduce
into the description of a break-up configuration scattering states

|94y = limie G4(E + ig) |¢y) . (3.191)
-0
They obey the equations

|65y = |dod + GEHVy | do) (3.192)

9550 = |@o) + GEEV, |94y . (3.193)
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Equipped with these distorted break-up states we can rewrite the break-up
amplitude:

(ol VO Iy = (90| Upy| 90
= (3§ | Usgl o) = (Pol(1 + VaGa) Usg| g - (3.194)

Indeed, according to (3.190),
(14 VaGy) Us|90) = (Go ' + £ V,G,Uya+ VaGaUsa) |9
¥
= (L Vy+ V)PP = Ugqloa) - (3.195)

One arrives at the same conclusion by regarding the homogeneous Lipp-
mann-Schwinger equation (3.184) for the scattering state |¥’1(+)). The spectral
decomposition of G, in terms of the eigenstates ¢$*) of H, can be used to
evaluate the asymptotic form of | {*)y in the break-up channel. The resulting
amplitude of the outgoing wave is {¢$ )| Uy, | 9,). We leave that study for the
reader. There is another interesting point, however, connected to the homo-
geneous equation (3.184). The three-body force ¥, may alone support bound
states, | ¢4, at energies E,. They show up as poles in the resolvent operator G4
and yield a term

1
E-E,

|@4) (@4|Vi+ Vot V3| 1) (3.196)

on the rhs of (3.184). Clearly the scattering state |Y’,(+)(E)) does not have a
pole at E = E, and therefore

(Bl Vit o+ V3| 1) |pog,= 0. (3.197)
In other words the transition operators U,, have the property
(04|Usgl@ad =0 at E=E,. (3.198)

Let us now regard the transitions initiated by 3 particles. The amplitudes
are

(D VT =<0y Upltgy, @=0,1,2,3. (3.199)
Introducing ¥, distortions to the initial state we have
(PalUnol®0) = (Pl Unsl 947>, @=1,2,3 (3.200)

and for ¢ = 0, with V, distortions also in the final state,
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(@0l Unolpo> = <0§7|Usa| 0§y . (3.201)

Instead of a straightforward argument, let us amuse ourselves by guessing the
form which the equations for these operators will take. Regarding (3.190), it is
tempting to supplement that set by a fourth column of operators defined by

Ugs = 654Go '+ ¥ 0,,V,G, U+ V4G4 Uy
y (3.202)
Uy= L V,G,U,.
y

It is now time to introduce a better notation. We introduce indices a, b, c,
which run over g =1, 2, 3 and the value 4. Then a more compact notation for
(3.202) is

Ups = 6,4Gg '+ ¥ 004t cGoU,, (3.203)
C
where
tCGOZ I/CGC’ c= 1a2’ 3)4' (3.2033)

Let us iterate (3.202). One finds

Ua4 = 6_a4G0_1+ E 5_0atcgc4 + E 5catCGOgclctcl 5-C14+ et (3.204)

(SS9

Thus U,4 contains all operators which start with ¢. & ¢, on the right and end
with f. =+ #,. Therefore we guess that the matrix element <¢, | U, | 95
describes the processes initiated by 3 particles and ending in two fragment
channels. Before consolidating that claim we point to another interesting
mechanism. The operator (1 + Gy¢,) adds the missing ¢, to the right in each
term of the perturbation series

(-]a4(1 + GOI4) = 6_a4G0_1+ E 6_actc+ EgacthOIC1+ Tt (3205)
c

€y

Following the same line of reasoning this product of operators should be
applied to a free state and the matrix element (¢, | U(1 + Gyty) | ¢) should
represent the same physical processes as the matrix element (¢, | Ugs | o).
That the two matrix elements are equal follows directly from (3.192).

Let us now finally establish the link to our general notation. The processes
initiated by three particles are described by the amplitudes

(Dol VEIHTY ={0a|Usl0), @=0,1,2,3. (3.206)
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Again we supplement the set of three Lippmann-Schwinger equations (3.173)
for the state | 'I’(()*)) by a fourth equation, which is now inhomogenous

|97 = 04"+ Gy V| ¥ . (3.207)
Thus we can quite simply generalize (3.174) as

Up= ¥ Ol ¥ 0set:GoUc. (3.208)

In order to establish (3.200) and (3.201), we have to compare the coupled
sets (3.203) for U,, and (3.208) for U,,. Comparison of the matrix element
(90| Ugo | 90) With (¢, | Uga(1 + Gots) | o) suggests the connection

Uy = U1 +Goty) — 6,4Gy . (3.209)

This can be easily proven by direct substitution of (3.203) into (3.209). This
verifies the on-shell relations (3.200) and (3.201).
In compact notation (3.190) and (3.203) read

Uw = d_abGO_1 +X 5_achGcUcb . (3.210)

A set of equations of this type has been proposed in [3.33], however with dif-
ferent driving terms, corresponding to two different choices of off-shell
transition operators. Related to that form is the one given in [3.34], where the
V, interaction is not summed up beforehand and therefore ¢, = V, occurs in
the kernel.

In a usual experiment the initial channel contains only two fragments, and
one is interested only in the U, Also the operator Uy, f=1,2,3 may be
trivially eliminated and (3.210) appears again as a set of three equations

Unp= 8o+ 14Go) Gg '+ L 8,4+ 14Go) V,G, U 5. (3.211)
4

The break-up operator can then be calculated according to (3.195) and (3.210)
as

UOﬂz t4+(1+t4Go) Et},G()Uyﬂ (3212)
or i’

U0ﬂ= (1+taGo) Uaﬂ' (3.213)

3.4.2 Unitarity

The scattering process initiated in a channel « will lead in general to various
final channels . We expect that the probabilities for scattering into all open
final channels will sum up to 1. We shall prove this in two ways.
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As in Sect. 1.5, we shall introduce another type of solutions to the time
dependent Schrodinger equation, states |'I’¢§')). They are defined to coincide
with channel states in the infinite future:

lim | P57 (1) — go(1) | =0 (3.214)
t— o0
or
|70 = lim e'e 7! |9, (0)) = Q57 [9,(0)) . (3.215)
=+

Then we can express the probability amplitude for the transition from channel
a to channel f as in potential scattering by

Ape= lim (op(0)|¥67(0))

Lim (P§(0) | PEI@))
1>+ oo

(P00 | PL(0)) . (3.216)

Since the channel Moller wave operators 2*) map the channel states ¢, into
|¥5*)) we can interpret A 5, as matrix elements of the set of S-operators

Spa= 25" QD (3.217)
or
Ape= 0|8 el 0ad = Spq - (3.218)

The set of states {| Py, @=0,1,2,3} and {|¥{), a=0,1,2,3} span the
same space, namely the part of the total three body Hilbert space, which is
orthogonal to the three-body bound state. Therefore we can expand | Z{") in
terms of all the states |#{™’y and vice versa:
P67y = $195 (o0 9ty
’ (3.219)
=§1#)S,,.
14

Since the states |¥S{*)) and |%{”) are orthogonal among themselves [see
(3.29, 30) in the case of |¥{"))] it follows that

PP 1Py = 0(a' — @) = £ |1)S86S,4

vy (3.220)
= $55,5,,.
Y
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Expansion in the reversed order yields
$55 S5 =0(8-8"). (3.221)
¥

These are the unitarity relations for the S-matrix elements. Specifically
choosing « = ¢' in (3.220), we see that the transition probabilities from
channel ¢ into all channels y indeed sum up to 1.

How are the S-matrix elements Sg, related to the transition amplitudes
(@p|Upy| 9,57 We shall recover the same structural link as in potential
scattering. Let us first regard transitions between two-body fragmentation
channels and let us replace the schematic notation by an explicit one:

Sqra,=<¥e, 19, (3.222)

It is now convenient to use the relation between |¥"§:)) and |Y"§;)>. The two
stationary states obey

|25y = |@g,) + (Eg = 10— H) "'V g, ). (3.223)
Therefore we deduce that

|95, — |95y = 2in6(E, —H) V®|,,> (3.224)
and we can rewrite Sg 588

Susa,= CHET 1P = 21 0(Eg= Eq ) <@y, | Vo1 ¥4
= 04p0°@5—4p) — 21n8(Eq,~ Eq ) (g, Uppleg,) - (3.225)

The first term results from the orthogonality relations (3.29, 30) of the states
|#(*)y and corresponds to the free motion of the two initial fragments. The
second term incorporates the transitions and exhibits energy conservation.
Clearly the same steps go through for ¢ = 0, the break-up channel.

The unitarity relations for Sgz, now impose certain restrictions on the
physical on-the-energy-shell transition amplitudes (@, | U,z | ¢4). We insert
(3.225) into (3.220) and find the on-shell relations:

5(Eq,’z_ Eqa) I:i <¢q,’,| Ua’a|¢qa> —1i <¢qa| Ugor |¢q"z>*
=21 ¥ [dq,0(E; ~Eg){@q |Usal0g,*<0q,|Uycl@g,>  (3.226)

y=1,2,3
—2nfdpdq d(Epy—E,; ) (Pq|Uow|0g,Y* P4 | Uo,,,|¢,,a>} =0.
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It is also an instructive exercise to derive the unitarity relations directly
from the AGS-equations, which after all define them. Let us write the spectral
decomposition of the resolvent operator G, in symbolic manner as

G.= §|c>1e_<c|. (3.227)

c

This exhibits the cut structure of the kernel in (3.210):

Uasldpd = 645G 0> + ¥ 55a0<¢a|n|c>ei<clucﬂ|¢,s> : (3.228)

If we would choose an energy E — i0, instead of E+i0 as in (3.228), different
amplitudes would be defined. We distinguish them by explicitely inserting the
energy arguments. The amplitudes defined on the lower rims of the con-
tinuum cuts satisfy the equations

L (c|UlE-10)|9p .
2 (3.229)

Uap(E—10) [@p) = 3,5G5 ' |@p) + T §ucVele)

We can convince ourselves that U,z = U,4(E+i0) and U,z(E —i0) are really
different by subtracting (3.228) from (3.229):

Ugp(E—10)|@g) — Ugp(E +10) |95

= £ Suef Vele e(1_) (c|UHE—i0)|@p)

_y sacjn|c>ei<c|uc,,(E+10)|¢ﬂ>

c

= I [8ucHele) 5 (e [UeplE=i0) [ 9) = (e U E+0) |g9)

1
el

+ zséacmw( —ei><c|Ucﬂ<E+i0)|¢,g>. (3.230)

We get a nonvanishing contribution in the second term of the last equation for
intermediate energies, E., which contribute to

oA v Y insE-Ey. (3.231)
el?) e E-i0-E. E.+i0-E,

In order words the intermediate energies have to be on-shell. Equation (3.230)
can be considered as integral equations for the difference

X, = Ugg(E—10) |9y — Upp(E+i0) |45 - (3.232)
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We put it in a form which suggests its solution:
r3 3 3 . .
Xo— X 5achG£‘_)Xc = 21 55ayVy|¢y>27“ 5(E—Ey) <¢y| Uyﬂ(E+ i0) |¢p>
c p=

+ 004Vy|94) 2 M1 S(E — Eg) { @4 | Usp(E +10) |9
+ ¥ §3acVe | 08271 S(E—E) @87 |UpE+i0) ) - (3.233)

First we note that the on-the-energy-shell transition into the three-body bound
state | ¢4) is zero as pointed out in (3.198). Secondly the integral equation
(3.233) has the same kernel as in (3.229) or in (3.208) with E+i0— E—1i0.
Only the driving term consists of several contributions. The first term is a
linear combination of driving terms present in (3.229). The third term is more
tricky. We remember (3.171) and (3.213):

(P |Up(E+10) [05) = (Bo| Upp(E+10) |95 - (3.2333)

Note that neither the free state (¢, |nor its energy E,, depend on the channel
index c. Further, using (3.175), we can give the third term on the rhs of (3.233)
the form

) 3act 1002 i O(E — Epg) { 0| Upg(E +10) | @) . (3.234)

This is obviously proportional to the driving term of the set (3.208) written for
the operators U o(E —1i0).

Altogether we conclude that the solution of (3.233) must be a linear com-
bination of the solutions of (3.208) and (3.229). Thus we end up with

(Dol UgE~i0) | @59 — (9| Upg(E+i0) |9
3
= 3 [(0ul U (E~10)|9) 21 SE~E,) 9, |UyglE+10) )
y=
+ §(Pal Ung(E—10) [0 2 w1 S(E~ Epg) (B0l UpplE+i0) | @) . (3.235)

One would like to have an equation involving only the operators on the
upper rim of the cuts. This is easily accomplished. All the matrix elements in
(3.235) are on shell and are defined in (3.159) as

(Do Upg(E+10) @) = (@, | V| PF) . (3.236)
We insert the definition of ¥§*), (3.223), and get
(Do Ug(E—10) 95> = 04| VoA + G VF)|9p)
= (| V@) + (Pl VEG D V| 3%
= (| VO VP g 3* + @y VEI PO ¥
= (Pl Vs— Vol 02 + (05| Upo(E+10) |95)* .

(3.237)
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The first term is zero up to oscillating surface terms in the case g =0, which
can be dropped. Therefore we find

(@l Upa(E+10) |§o)* — (9| Ugg(E+10) |95
3
= z1§<¢y|U,Q(E+i0)|¢,,,>*2nia(E—Ey)<¢y|Uyﬂ(E+10)|¢ﬂ>
y=
+ §{ o | Ug(E+10) |9 Y*2 i 6(E - Ep,g) (9| Uop(E+10) |95 , (3.238)

which coincides with (3.226).

Clearly for a= f and q,= g, the lhs yields the imaginary part of the
forward scattering amplitude, whereas the rhs sums up all transition probabil-
ities initiated from channel « which is proportional to the total cross section.
This is the content of the optical theorem.

3.4.3 Multiple Scattering Series

Scattering a neutron from a deuteron at high energies, we expect that the
neutron hits one constituent of the deuteron just once and leaves. For lower
energies the probability for two, three, or more collisions increases. In general
we expect a sequence of multiple scattering events. Indeed the transition
operator decomposes quite naturally into such a sequence of multiple collision
processes as is seen by iterating the AGS-equations (3.210):

Uﬁa= 5/}(160—1 + Zc: gcﬁtcgca+ E gcﬁthO LZ gclctq gc1a
¢ 1

+ ; Scﬁtho)C: O, cte,Go ¥ Ocye, teyOciat +++ - (3.239)
1 )

The structure of the multiple scattering series is very transparent. Let us first
regard transitions between two fragment channels 8 and a. Clearly the first
two-body interaction to the right in each term has to take place between a pair
of particles which is different from the “pair ¢”. This restriction does not
apply of course to the three-body interaction, which can act right away. Since
the 7.’s sum up all consecutive interactions ¥, to all orders, two t-matrices with
equal indices cannot follow each other. Finally the last interaction to the left
cannot take place between the “pair §”. These simple rules are obviously
obeyed by the first few terms shown in (3.239). The first term in (3.239) is
special and shows up only in the two rearrangement processes. We present
graphically a few low order processes in Fig. 3.1, which may help to visualize
the sequence of interactions and free intermediate propagations.

The first process in the series for the break-up amplitude, the first order
term in ¢, is called the impulse approximation. Clearly in that approximation,
one particle is unaffected and its momentum distribution in the final state is
the same as in the bound pair-wave function of the initial state. For applica-
tions in the case of the deuteron see [3.35].
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elastic channel:

rearrangement channel:

break -up channel :

Fig. 3.1. The first few terms in the multiple scattering series (3.239) for elastic, -rearrangement,
and -break-up processes

How can we get insight into the convergence or divergence property of the
multiple scattering series? The philosophy will be identical to the one we used
for potential scattering in Sect. 1.7. There the physical reason for a divergence
was the existence of bound states or resonances in the potential or the sign
reversed potential. We shall find the same cause in the case of three particles.

Let us consider the eigenvalue problem

0 # ¢ ¥y 2
Go| , 0 1, V| =0 | v, (3.240)
h t3 0 V3 Z

which generalizes the equation for the bound state (see Sect. 3.7). We have
simplified the notation and dropped V.

What are the relevant energies? The lowest energy where scattering can
take place occurs at the smallest ¢,, with the relative motion between the two
fragments having zero kinetic energy. If the binding energies ¢, for the three
pairs do not coincide, we have different thresholds ¢,, ¢ =1, 2, 3 for the three
two-body fragmentation channels. Finally at £ =0 the two fragments can
break up into 3 particles. This basic structure of continua is shown in Fig. 3.2.
The discrete value E;, stands for a possible three-body bound state energy,
which has to lie below the lowest threshold for scattering of the particles.

For energies E below the thresholds, the kernel in (3.240) and the eigen-
values 7 are real. At E = E, there exists certainly the eigenvalue 7 =1 and
| w1), | w2, | w3) are the Faddeev components of the bound state. In general
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X t } + t 7E
Eb Eu EB Ey E =0

Fig. 3.2. Relevant energies for the three-body system: a discrete three-body binding energy Ey,
two-body binding energies ¢, €p &y which can be different in general, and the threshold for
three-body break-up E =0

there exists an infinity of discrete eigenvalues. Why discrete? The reason is
that the iterated kernel, K2(E), is of the Hilbert-Schmidt type for E below the
thresholds. We have already mentioned that fact, which is based on the con-
nected structure of K2, in Sect. 3.3. Because K ? has a discrete spectrum, K has
one too. For energies below the thresholds, the Faddeev components in
(3.240) decrease exponentially and are therefore square integrable. However,
because of the nonlinear relation between 7, and V,, the square integrable
components do not sum up to a three body bound state of modified inter-
actions V,/n. Still if n becomes smaller the kernel gets stronger and one has to
expect additional solutions of (3.240). Also we can expect that if ¥, has attrac-
tive and repulsive parts as in nuclear physics, this freedom in sign can be felt
on the level of the t-matrices and eigenvalues of both signs should occur. This
is indeed the case as is known from numerical examples. Also the monotonic
property of the p-values found in Sect. 1.7 carries over to three particles. If we
increase the energy then the kernel has to get weaker or 7 larger in magnitude.
Above the thresholds the components | ;) in (3.240) will have outgoing oscil-
latory parts and will therefore be complex, together with 7. Again the mere
existence of a three-body bound state guarantees that at least one eigenvalue
will be outside the unit circle for energie which are not too high. Consequently
the Neumann series in the kernel K will diverge. Because of the energy
denominators in the kernel, the eigenvalues will return into the unit circle, if
the energy is high enough, and a perturbative treatment of the Neumann series
will be justified.

Now the kernel responsible for the multiple scattering series (3.239) is a bit
different from the one in (3.240). According to (3.177) the analogous eigen-
value problem would read

0 6 t3) | 61> |6:)
tl 0 t3 G() | 02) = é |02> . (3241)
tt 1, 0 | 63> | 65>

However, it is easy to relate the two problems. With the ansatz | 8,) =
G ' (lwp> + | w,)) we get
Goty(lw3) + [w1d) + Gots(Jw) + |wad) = E(Jwad + |w3d)
Got1(|y2) + |w3d) + Gots(lw) + |w2)) = E(Jwad + |wy)) (3.242)
Got1 (|w2) + [w3d) + Gota(lwa) + |w1d) = E(Jw) + |w2)) .
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By obvious subtractions and additions of the three equations we get back
(3.240). Thus ¢£=#n and the convergence or divergence criteria for the
Neumann series in K carry over directly to the multiple scattering series.

One can say that in most interesting cases, the multiple scattering series
will diverge because of the presence of discrete structures at neighbouring
energies. Nevertheless one can extract all the necessary information as we shall
outline now.

Let us first regard a method which has been made popular in few body
nuclear physics by Malfliet and Tjon [3.36]. It allows us to calculate the
bound state properties from the Neumann series in the kernel K of (3.240).
The n’th oder term (in matrix notation) is

U,=K"U,. (3.243)

If we think of a decomposition of an arbitrary U, into components along the
various eigenstates of K, then K" produces factors #”. As a consequence

lim Yntt _p (3.244)

— 0o
n n

where 7. is the eigenvalue largest in magnitude. Now assume that at
E = E\, max = 1 then the recipe is obvious. One applies the kernel K n-times to
an arbitrary state U, and stabilises the ratio in (3.244) to the desired precision.
This is repeated for different energies until the ratio in (3.244) tends towards
1. At the same time, U, will be the column vector of Faddeev components to
the bound state.

In nuclear physics it can happen, that the repulsive core in a model for
two-nucleon forces provides a #,,,, which is negative at E = E,. An example in
the case of the triton is discussed in [3.37]. Then (3.244) cannot be used as it
stands and has to be modified. We can assume the decomposition

U0= Qoo+t 04X+ -, (3245)

where x, is the eigenstate of K with the negative eigenvalue 7y = 7., and x; is
the eigenstate corresponding to the bound state, which we are looking for. Let
us apply K once:

KUy= aonoxo+ oymxs +---. (3.246)

Assume that the iteration procedure (3.244) has been carried through already
and we know #, approximately n#§P*". Then we can subtract:

N Ug— KUy = ao(m§™™ — 110) Xo+ a1 (MG — 1) x4 + -+ - - (3.247)
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Taking the right hand side as the new state U, we can regard that subtraction
k-times which makes the coefficient of y,as small we like: oo (75 — 7)%. The
resulting U, can then be used in the Malfliet-Tjon method.

It is advantageous to combine this subtraction technique with the Padé
method, which can deliver the energy E, relatively “cheap”. Consider the in-
homogeneous equation

U)=Uy(z) + AK(z) U(z) (3.248)

with the kernel K defined in (3.240). Then as we saw in Sect. 2.7.3, the
resolvent operator

F(A2)=[1-AK@)] ! (3.249)

has poles at A = 1/n. Note that the poles =1/, and A = 1/5; from the
example above are different, and at z = E}, the actual strength parameter A =1
coincides with the pole 1,. The Padé ratio provides an approximation to the
resolvent operator. Therefore one has simply to determine the energy at which
the inverse of the Padé ratio goes to zero. That energy is E,. The Padé ratio
itself is the desired physical eigenstate of K (up to a large normalisation
factor). This is indeed a means of determining the eigenstate itself [3.38, 39]
which requires, however, the calculation of the Padé ratio for a// momentum
variables, whereas the energy search can be done just for an arbitrary and
fixed choice of momentum variables. Therefore an alternative and maybe
“cheaper” method is to use the modified Malfliet-Tjon technique once E}, is
determined.

Let us finally return to the scattering problem which is the subject of this
chapter. We can be very brief. The multiple scattering series can be used
directly as the input for the Padé method. A very enlightning study on the
multiple scattering series for a nuclear three-body model and its Padé summa-
tion has been presented in [3.40]. We shall regard examples in Sect. 3.5.3.

3.4.4 Identical Particles

In nuclear physics, one can treat neutrons and protons as identical particles by
adding the isospin quantum numbers. This leads to a formal simplification.
We shall regard the AGS-equations (3.211) for the transition operators, the
expressions (3.212) and (3.213) for the break-up operator, and the unitarity
relations (3.238).

The states have to be symmetrized in the case of bosons and antisym-
metrized in the case of fermions. In the following we shall simply talk of sym-
metrizations and mean both types of statistics. Let us regard a state with two
fragments in the initial channel. The channel state |¢,) = | ,) |g,) can be
assumed to be already symmetrized in the two body subsystem ¢. In other
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words, | ¢,y is supposed to have that property. Then the symmetrized
scattering state is

|¥,y =¥ limieG|gp,) (3.250)
e—~0
with
,7=1+P12P23+P13P2351+P. (3.251)

Since ¥ commutes with the symmetric operator G, ¥ acts directly on | ¢;),
and we get

T @1y = @)+ |92) + |#3) - (3.252)

Note that | ¢,) and | ¢;) carry the same quantum numbers (momenta, spins
etc.) as | @), but refer to different particles. A simple inspection reveals that
the rhs of (3.252) is totally antisymmetric or symmetric, depending on the
types of particles. Inserting (3.252) into (3.250) yields the symmetrized state

|¥y) = [P+ [Py + [ . (3.253)

Obviously the three initial two-fragment configurations are treated completely
democratically, and are not distinguishable any more. Of course the same
|¥, ) would have resulted if | ¢,) or | ¢3) would have been chosen in (3.250).

What will the elastic scattering amplitude be now? We consider the situa-
tion in the final state that one particle is far away from a bound pair of the
other two. Let us call it particle 1. Then the outgoing flux carries the
amplitude

(@1 |V ¥y) = (@1 |PpP PPy V| ¥,
=P V2|¥,) = (5| V3 ¥ . (3.254)

In the second equality we applied the cyclical permutation to the left and right
and used the invariance of |, ). The last equality follows upon insertion of
Py P3Pi3P,;. Thus the outgoing fluxes carry of course the same amplitudes,
whether particle 1 is far away from (2 3) or 2 from (31) or 3 from (1 2). Note
that the quantum numbers of the channel states in (3.245) are all the same; the
indices suggest only three different choices of integration variables. We can
now introduce the single transition operator U by

3 3
(o [VHEY = T Ao [VIHEDY = T (1|Usel 00 =<1 |U| 1)
a=1 a=1 (3.255)
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Simply related to U |¢,) is V?|¥,) and V3|¥, ). Namely

Vi, = Za: Uzel@a) = PiyPy V' |¥,)

= PPy Y Uyl 9g) = PaPuU|¢y) (3.256)
and

V30¥,) = ¥ Usyldg) = PisPpU|gy) . (3.257)
o

Now we are prepared to derive the integral equation for U. Let us first regard
(3.164) for instance for 8= 1. We sum over ¢ and get

Y Usal®gy = £ 81,65 0. + L HGoL Uyel®ad - (3.258)
a a y¥ o

According to (3.255, 256) and (3.257) this can be fully expressed in terms of
the U-operator:

Ulgyy = PGg'|¢1) + PtiGoU| ¢y, (3.259)

where P is defined in (3.251). Though we end up with one equation instead of
three, the full complexity is still present, namely the recoupling requirement
contained now in the permutation operators. Of course one can drop the
index 1 which only reminds us of a specific choice of variables.

If we include the three-body force, we can use for instance (3.211) and
repeating the steps find

Ulg1) = PGy o) + (1 + P) 1] 1)
+ PtiGoU|¢1) + (1 + P)1,GotyGoU | ) - (3.260)
According to present day insight, the three-nucleon force appears to be

weak in comparison to two-nucleon forces and a perturbative treatment may
be justified. As an example we shall regard the lowest order approximation:

=V, (3.261)
Moreover we write the three-body force as a sum over three cyclical terms

Va= VIO + VP + VO = VO 4 PPy VO Py Pyt Py Py ViV Py, Py .
(3.262)

This force is totally symmetric, as it should be if V{ is symmetric under
exchange of particles 2 and 3. A popular model for a three-nucleon force
[3.41, 42] leads to this decomposition quite naturally. It is the force resulting
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Fig. 3.3. The two-pion-exchange
--- -- --- three-nucleon force

from a two-pion exchange between three nucleons as shwon in Fig. 3.3. The
blob represents the general n-N off-shell scattering amplitude, where the inter-
mediate nucleon state (the so called forward propagating Born term) is sub-
tracted out. That intermediate nucleon state clearly generates the free nucleon
propagator G, and the diagrams would just describe the action of pair forces
and not a three-nucleon force. For instance, the first diagram in Fig. 3.3 with
an intermediate nucleon state would be V3] Gy V{5+ V(3G V3 , where Vis the
one-pion exchange potential between two nucleons, and is part of the two-
nucleon force. This iteration of pair interactions is included automatically if
one solves the Schrodinger equation with pair interactions.

The three diagrams in Fig. 3.3 each singles out one of particle 1, 2, or 3 but
are otherwise identical, and turn into each other through cyclical permuta-
tions. Also crossing symmetry for the n-N amplitude generates the required
symmetry between particles 2 and 3 in the first diagram of Fig. 3.3 for
instance.

Now we can use the property (3.262) to find

A+P)V,=(1+P)VV(U+P) (3.263)
and (3.260), with the approximation (3.261), turns into

U=PGi'+ (1 +P)V{P(1+P) + PtGyU + (1+P)V{P(1 + P)Gyt U.
(3.264)

We tacitly assumed that both sides should be applied to ¢ and P should create
the two cyclical permutations of the arrangement defined by ¢.

We now regard the break-up operator. According to (3.212) the break-up
amplitude is

Y <@ Ul @ad = (@olta(l + P) |@1) + {@o|(1 + 1,Go) (1 + P)tGoU| 1)

= (¢o|Uol 91> (3.265)
or

Up=(1+P)ty+ (1 +P)1 +1,Gp)tG,oU . (3.266)

From a numerical point of view it may be advantageous to evaluate U, in a
form suggested by (3.266):

Up=(1+P) U = UN+ UP+ UP . (3.267)
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Here the terms U§? and U§ have the same functional form as U§" but depend
on cyclically permuted variables.
Finally comparing (3.266) with (3.260) on-shell, reveals the form

Up=(1+1tGy) U, (3.268)

which also follows of course from (3.213) after symmetrization.

We conclude this section by regarding the unitarity relation obeyed by U
and U,. We call the two-channel states ¢, and ¢z, which are different in
general, ¢ and ¢'. Let us then sum (3.238) over e and 8. The procedure will be
clear through the following example:

3
/;E— (PalUop(E+10) [ppy= L (p,|U|@'y=3<p|U|p"> . (3.269)

. 1

It follows that

(¢'|UlpY*~(@|U|p"y = [dq(g,|U|py*2ni (E—E,){9,|U|p">
+ Lidpdg @y |Uol¢y*2mi 6(E—E,) (@3 |Uole'> . (3.270)

Here we have introduced the free state
e _ 1
|¢0 = 75“(1 i1323) |¢0> )

which is symmetrized in the pair (2 3). For|¢) = | ¢’ ) one recovers the optical
theorem. In that case, the second term on the rhs is the total break-up cross
section and the factor 1/6 removes the 6-fold overcounting caused by the p-¢-
integration.

Supplement. It is interesting to regard the set of Lippmann-Schwinger equa-
tion (3.51a—c¢) in the case of identical particles. According to (3.253) the sym-
metrized state is

|7y = | + | ¥ + | Ps) . (8.1)
Let us now indicate explicitely the dependence on the variables of the three
particles. As a short hand notation for states, where space-, spin-, isospin-,

and possibles further variables for the three particles have fixed values, we
introduce

[123)=1231),=]312),. (5.2)
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In each case particles 1, 2, and 3 are at the “positions 1, 2, and 3”, respec-
tively. Then a representation is defined as

P(123)= (123 = 231| ) = (312| %) (S.3)

For identical particles clearly the state |¥,) initiated through channel 2 is
identical to the state | ¥,), if particles are suitably permuted. Namely one has

|#2) = P12 Py | ¥1) S.4
and similarily

|#3) = P3Py |¥) . (8.5
This reads in our representation (S.2)

Y,(123) =(123|¥,)
=1{123|PyyPy3|¥y)

and
v.(123)= ¥,312). .7

In other words, for a certain choice of quantum numbers in the initial state,
there is only one state

P(123) =limieGE+ie)9(123) (S.8)
e—0

and the symmetrized state is
P7(123)=PA23)+ PR3+ ¥(B12). (8.9)

What are the Lippmann-Schwinger equations which determine ¥ 7 (12 3)
uniquely? The answer is obvious. One needs the following set

v7(123)=9(123)+ G, Vw7 123)
v7(123) =931+ G, Vw7 (123) (S.10)
P7123)=9(312) + G,V w7 (123).

The first equation alone would allow the solution ¥(123) + c,¥(231) +

¢;%¥(3 12), where ¢, and ¢ are arbitrary. The constants are fixed to unity by
requiring the two additional equations in (S.10).
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One can go one step further. In [3.6] we proposed one equation which
defines | ¥ 7'y, namely

Pr123)=9(123)+ G KLY QR3DN+G VP (312). (S.11)

Interestingly enough this is just the coupling scheme rediscovered later and
called the Faddeev-Lovelace choice, that we described in Sect. 3.3.3. We may
take over the proof of that section to demonstrate that the only solution of
(S.11) is just (S8.9). We operate by (1 — G, V;) from the left and get

P7(123)=GoViP7(123)+ Gy VL Q231D+ Gy V3% 7(312). (S.12)

The rhs is totally symmetrized, which implies the following property of every
solution of (S.11)

P7123)=¥7231)=¥7(312) (S.13)

Consequently (S.11) reverts back to the three equations (S.10). The problem
formulated in (S.11) has been solved approximately in a simple three-body
model [3.24]. The solution exhibits the symmetry property (S.13) automatical-
ly as it should, of course.

3.5 Examples of Numerical Studies in Few-Nucleon Scattering

Much work has been devoted to solving the Faddeev equations in the
scattering region. We shall indicate a few approaches and mention a few
numerical studies. This is a very subjective selection and we have to apologize
to the authors, whose work is not directly mentioned. We emphasize this
point, since every honest solution of this problem requires very hard work.
One faces a problem with two vector variables and in addition spin- and
isospin degrees of freedom. Present day standard numerical techniques have
to be pushed to their very limits to achieve converged solutions.

3.5.1 Lovelace Equations

We remember from Sect. 1.5 that the two-body z-matrix has a pole at a bound
state energy and the residue factorizes:

i(z) — V|¢b>(¢b|V'
ZEp Z—¢&

(3.271)
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In other words 7 is a finite rank operator. A closer inspection shows that this is
also true for z at resonance energies on the second sheet. This leads to an
essential technical simplification and an important insight into the physical
mechanism of a three-body scattering process. This step has been pioneered
by Lovelace [3.16].

To present the basic structure, let us first assume that the #-operator in the
two-body space has the form

1(z) = |g>1(z) (g (3.272)

not only in the immediate neighbourhood of the poles but everywhere. We
shall comment later on how systematic corrections can be included to this type
of approximation.

Of course (3.272) is not an approximation if the underlying two-body
potential is already separable:

V=124|g)¢g|. (3.273)

Then the Lippmann-Schwinger equation (1.128) for #(z) can obviously be
solved algebraically with a result of the form (3.272).

In case the so called form factor|g) in (3.273) depends on z, it has to have the
limiting property

19> > V]gy) for z—é. (3.274)
In the three-body space (3.272) reads
P'q'1t@)Ipg> =9°@-q")p’'|iz - 3¢ p>
=5%g-9")9" )1z~ 399 ). (3.275)
This separable structure in p and p’ allows us to reduce the two-vector-
variable integral equations to one variable ones. Let us insert into the AGS-

equations (3.164)

Ugs=005Go '+ T 1,GoU (3.276)

yEa

the separable form (3.272):

Ugs=00sGo '+ T 19,2 7,49,|GoU,p. (3.277)
7*(1



3.5 Examples of Numerical Studies in Few Nucleon Scattering 139

Note that the second term on the right hand side already factorizes the p- and
g-dependence:

T (Plg,» 1,z — 2g%)<q|{g,|GoU,p. (3.278)

y*a

Regarding the right hand side, the unknown operators occur only in the form
{9,|GoU,p, which leads us necessarily to create that term also on the lhs:

(GalGoUgp= 3,p¢94|GoGo '+ T (94|Gol9,) T,4g,|GoU,p. (3.279)

y+a

Now all the operators will be applied to the channel state | ¢4), which obeys
Go(E) Vsl op> = 0> (3.280)

for E=¢gp+ %q% (on shell). This can also be written, due to (3.274), as

|¢ﬂ> = GOlgﬁ> |qﬂ> |0n shell - (3281)

Therefore it is clear that we should apply (3.279) onto Gy|g), and one gets the
nice symmetric form
GalGoUsGoldgpd = 605¢galGoldpd
+ ¥ {944lGolg,>1,49,|GoU,5Golgp - (3.282)

y¥a

The individual terms are still operators in the space of relative momentum
states |g ;). Let us call them X,5and Z 4. Then (3.282) reads

(G| Xoplq > = QalZplag)
+ X quy<qa|Zay|qy>ry(z—%Q§)<qy|Xyﬁ|qﬂ>, (3.283)

y¥a

which has the structure of multichannel, two-body, Lippmann-Schwinger
equations.

The quantity 7 plays the role of the free propagator of particle y with
respect to the pair “y”. Indeed 7, has a pole at the two-body binding energy:

1(z — 3¢ = (z— 3¢3—¢,) "' near the pole . (3.284)

Further, {(¢,|Z,,|q,) acts as a transition potential between different channels.
For on shell momenta this is very apparent:

00p{q al <94lGolgp) 19 5) = Sopl Dl Val 0 - (3.285)
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The potential Z is nonlocal, which is not surprising for composite particle
scattering. Finally, the physical transition amplitudes are given through the
on-shell values

<qa| <gaIGOUaﬂGO|gﬂ> |qﬂ> ’on shell = <¢a| Uaﬂ|¢ﬂ> . (3-286)

In this approximation, the break-up process also achieves a simple picture.
According to (3.168), and using (3.272), one gets

(pq | U0a|¢a> = E <py|gy> Ty(Z - %Q?;)(q” <gy|GOUyaGO|ga> lqa> .
’ (3.287)

Thus the break-up occurs via a scattering into all two fragment channels, and
only then the break-up of the pairs follows.

This appealing picture, proposed by Lovelace, provoked of course the
question of to what extent a general t~-matrix for local (nonseparable) forces
can be approximated by finite rank operators. We mentioned one possibility
in Sect. 1.7, which is based on a finite rank approximation of the kernel in the
Lippmann-Schwinger equation for 7. At the same time one would like a
solution which satisfies unitarity. A very successful and popular approxima-
tion that achieves this is called the unitary pole approximation, UPA [3.43].
Another one, which is similar in quality (if not better), is the Adhikari-Sloan
expansion [3.44]. We refer the interested reader to the original literature for
more information.

Once a good approximation of finite rank, 7, (in general several terms), for
f is found, it remains to incorporate the rest 7' in a systematic manner. This
has been worked out in a very transparent way for the AGS-equations [3.31].
The technique is essentially the same as described in Sect. 1.7. Presenting 7 as a
sum over 7, plus 7’ the AGS-equation (3.276) read

Ugs=045Go '+ T 6,GoU,p+ ¥ 8,,Gg ' Got3GoU,p. (3.288)

y¥a 4

One defines solutions Uy, based on ¢, alone:

Ups= 044Go '+ T 1,GoUjp. (3.289)
yEa

Since #; is assumed to be small, this system can be solved by iteration. In other
words, the lowest orders should be sufficient. Then (3.288) can obviously be
rewritten as

Uap= Uag+ T Uiy Golg 749, 1GoUy. (3.290)
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As an example we have inserted t; as a one-term separable form. We recognize
the same structure as in (3.277) and repeating the steps leading to (3.283) we
arrive at

Xup=Zig+ L ZityXop (3.291)
with
o= {9alGoUgsGolgp) - (3.292)

The lowest order approximation of U, gives back the potential Z,z based on
a purely separable f-matrix.

3.5.2 Kinematical Curves [3.45]

In the break-up configuration, the energy can be continuously distributed
over the two relative motions. Besides energy conservation, momentum con-
servation imposes constraints on the accessible break-up states. Let us first
work in the center-of-mass system where the total three momentum is zero.
Then the conservation laws read

Yki. =0~ (3.293)
i

k2
Y 22 =YEf=Eqy. (3.294)
i 2m; i

Inserting k; . from (3.293) into (3.294) yields immediately

c c
ES( +my/ms) + ES( +my/my) + 2V EIEYMM2 (o ge g
ms (3.295)

Here 9, is the angle between k, . and k, .. Equation (3.295) describes an
ellipse in the variables m, ]/E_§ The kinematically allowed events have to
lie on that curve. An example for ¥{, = 60°, Ecym = 33.33 MeV and equal mass
particles is shown in Fig. 3.4a,b for the variables ]/E? and E¢, respectively.
Note that only part of the closed curves are accessible as real events.

If one studies final state interactions between pairs of particles, one likes
to know the points on the kinematical curve which belong to a fixed relative
energy within that pair. In nuclear physics for instance, the #-matrix in the 'S¢
state is enhanced near zero energy because of the anti-bound state pole (see
Sect. 1.6). Therefore one has to expect, that the final-state interaction in that
state is especially strong if the relative energy for that pair goes to zero. A
famous example is the determination of the low energy parameters in the two-
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Fig. 3.4. (a) An example for a kinematical curve in the center-of-mass system in the variables
Ef. (b) The same curve as in (a) in the variables Ef. Curves for constant relative pair energies are
indicated by dotted lines

neutron system, scattering length and effective range, through their final-state

interaction in the reaction n+d — n+ n+ p [3.46] at low relative energies.
We know from Sect. 3.1 that the total energy Ecy is the sum of the two

energies of relative motion. Generalizing to arbitrary masses (3.4) reads

2 2
Ecy=-21 4+ 4 (3.296)
2uxn 2My
with
_1_ = L + _1_ (3.297)
M3 My My
1, 1 (3.298)
My my my+m;
Since ¢4 = k4 . in the center-of-mass system we get
ECM = E23 + Ef e = E23 + E?m . (3.299)
23 my+m;

Thus, fixing the value E is equivalent to specifying the relative energy in the
pair (2 3). Specifically, the kinematically allowed, minimal value of E,; occurs
on the curve where E{ is maximal. Similarily the conditions for constant
relative energies in the pairs (1 3) and (1 2) are given by
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m1+m2+ ms

Ecy=Eg; + ES (3.300)

msy+my

my+m,+my

Ecm=Ep+ (Ecy—E{—-E%) (3.301)

m1+m2

The three straight lines (3.299, 300) and (3.301) are indicated in Fig. 3.4b as
dotted lines.

The kinematically allowed curves in the laboratory system are equally easy
to achieve. Let P be the projectile momentum and E f, its energy. By definition
of the laboratory system the target (¢) is rest. Therefore the conservation laws
read

Y ki,l =P (3.302)
k2
E#E EE{=E;,+Q (3.303)
2m;
with
Q: mt+mp—m1—m2—m3. (3‘304)

In our examples, Q = € <0 is the bound state energy of the pair in the initial
state. Again eliminating k; ; one finds

LBl (my+ my) + El(my+ my)

ms
- 2|/m,mE,E{ cos ¥{ — 2]/ m,m,EE} cos ¥}
+ 2]/ mymyE{E} cos 93] = Q+EL(1 —m,/m3)
(3.305)
with
cos ¥;=k; P (3.306)
and
cos W, =kk,. (3.307)

This is again an ellipse in the variables VE_{ and ]/E An example is shown
in the variables \/E?and Elin Fig. 3.5a,b.

Now where are the lines of constant relative energies E;? Since, for
example, a constant E5; is equivalent to a constant E{ as we saw in (3.299), we
need the connection between E< and E!. This requires a short remark. In a
transition from a two fragment channel to a break-up three-body channel one
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Fig. 3.5. (a) An example for a kinematical curve in the laboratory system in the variables |/E }
(b) The same curve as in Fig. 3.5(a) in the variables £ } Curves for constant relative pair energies
are indicated by dotted lines

has to pay some attention to the nonrelativistic form of the center-of-mass
velocity. Its general form is

v="L_, (3.308)
PO,I

where P is the total three momentum and P, , the total energy in the labora-
tory system. Because of four momentum conservation, V clearly remains the
same for the initial and final channel. The total laboratory energy is

Poy=my+|/m2+P? = |/mi+k%, + |/ mi+k3, + |/mi+k},. (3.309)
In a nonrelativistic reduction, this yields
Py,;=m+m,+EL=Y m+ Y E!, (3.310)

where the kinetic energies F j have the standard nonrelativistic form. There-
fore one may write ¥ as .

va P o v P (3.311)

’

which are only equal if the binding energy Q can be neglected with respect to
the rest masses. To the accuracy required by nuclear physics this is usually
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the case. Let us take the second form. Then the Galilean transformation to the
system where V or P is zero is simply

M p. (3.312)

rm;

ki,c'_‘ ki,l_

This leads immediately to the connection between lab- and center-of-mass
energies:

E¢=()/E!- a;cos ¥})*+ a?sin® ! (3.313)
with
i
a;= 2)/mim,E}, (3.314)
rm;
and
cosi=P, P. (3.315)

We recognize that, in general, there are two laboratory energies E ! which lead
to the same E§ or Ej;. This is indicated by dotted lines in Fig. 3.5a,b. To draw
the curves for fixed E§ on the figure spanned by E and E, one expresses E§
in terms of E{ and Ef and gets

E$=Ecy—E$—ES= Ecy—a?sin® V)
— a3sin®¥,— (J/E{ - a; cos 195)2— (/E%— aycos ¥5)’. (3.316)

This is a circle in ]/E, l/ﬂ space and intersects the ellipse (3.305) at most
4 times.

We want to illustrate a kinematical situation where the three final
momenta lie in a plane containing the initial beam. Also we choose three equal
masses, E},= 50MeV and Q=4MeV. The Fig. 3.5a,b correspond to
¥, =170°, ¥4 = —70° and ¥¥;, = 140°. Specifically the intersections generated
by the right dotted vertical line (E{ = 5 MeV) in Fig. 3.5a, b belong to the two
cases shown in Fig. 3.6. Inserted are also the center-of-mass momenta k,; .and
k,, . as given through (3.312).

Note that a kinematical curve for the center-of-mass system, as shown in
Fig. 3.4a,b belongs to a fixed angle between k, .and k, .. Therefore the lab-
and center-of-mass curves are not mapped onto each other. Changing the
length of k; ;and k, , but keeping their directions fixed maps the lab-curve but
changes ¥{, as is obvious from the two cases shown in Fig. 3.6.

The second possibility for E/ allowed by (3.313) is shown in Fig. 3.7. This
corresponds to the left dotted vertical line in Fig. 3.5a,b. Though the 4 cases,
indicated in Fig. 3.5a by circles, yield the same value of Ef and consequently
the same relative energies E,3, they are dynamically quite different.
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K ch Fig. 3.6 Fig. 3.7

Fig. 3.6. The laboratory momenta of particles 1 and 2 corresponding to the intersections of the
right dotted vertical line with the kinematical curve in Fig. 3.5a,b. Shown are also the center-of-
mass momenta

Fig. 3.7. The same as in Fig. 3.6 for the left dotted vertical line in Fig. 3.5a,b

3.5.3 Selected Numerical Studies

Let us first regard the multiple scattering series in a simple nuclear model.
Low energy, two-nucleon phase shifts can be reproduced fairly well by a
separable two-nucleon interaction of the form

Vip,p')=219)g9’) (3.317)

as was proposed a longtime ago by Yamaguchi [3.47]. The so called form
factors are simply given by

1
= 3.318
9() B (3.318)
For pure s-wave interactions there are two channels, 'S, and 3S,. For each
channel there are two parameters available, A and 8, to fit the low energy two-
nucleon observables, namely the scattering length and effective range. Since
the interactions are attractive, A <0, the resulting theoretical phase shifts stay
positive and will therefore necessarily deviate from the experimental ones at
higher energies (see Sect. 2.6). This separable force will therefore be too
strong. Nevertheless, qualitatively they are useful to explain many features in
the three-nucleon system.
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Exercise: Use the two-body ¢ matrix for the force (3.317) and relate the two
parameters A and f to scattering length and effective range parameters. Can
one reproduce at the same time the deuteron pole and antibound state pole in
the states 3S; and 1S,?

The equations to be solved are the one by Lovelace, (3.283). Before a
numerical analysis can be started further steps are to be carried through: sym-
metrization, partial-wave decomposition and the introduction of a device to
treat the “moving singularities” of the transition potential {q,|Z,4|q ). Since
we shall describe symmetrization and partial-wave decomposition in detail in
Sect. 3.7 in the context of the bound state problem, we shall skip it here. The
third point is described in the lectures by Schmidt and Ziegelman [3.48] and in
the original articles cited below.

In the partial-wave decomposition and for this simple force, Lovelace’s
equations reduce to a set of two coupled equations for the state of total spin
S = 1/2 (doublet) and one equation for the state of total spin S = 3/2 (quartet)
for each total orbital angular momentum L. The multiple scattering series
results by iterating these two sets of integral equations, as we saw in Sect.
3.4.3. Some terms of the Neumann series for one of the two amplitudes in the
doublet case, the on-shell, physical, elastic scattering amplitude, are shown in
Table 3.1 for L =0, 1 and 2 [3.49]. We have chosen three energies E'® =
14.4 MeV, 30 MeV and 100 MeV. Whereas the Neumann series converges for
L =2 and L =1, the series diverges strongly in the case L = 0, and only at
E =100 MeV is convergence weakly indicated. This divergence is of course to
be expected, since the three-nucleon bound state sits in the state L =0,
S = 1/2. In Table 3.2 we show the related Padé ratios, which exhibit a nice con-
vergence in all cases. Needless to say, the direct inversion of the one-dimen-
sional integral equation reproduces the numbers found by the Padé method.

In the quartet case, Table 3.3 shows the Neumann series together with the
Padé approximants for L =0 and E = 14.4 MeV. Table 3.1 clearly exhibits
that a low order calculation, like in an impulse approximation, would be
meaningless in that model for the energies considered. This is further com-
mented on in [3.40]. Since the divergence is caused by the mere existence of
the three-nucleon bound state, the series will also diverge for more realistic
two-nucleon forces.

It was Amado [3.50] who first derived one-dimensional coupled integral
equations of the type (3.283) for a model field theory. Besides Aaron and
Amado [3.51] it was Phillips [3.51] who showed that solutions of (3.283)
based on simple two-nucleon forces are already capable of reproducing fairly
well the experimental three-nucleon data [3.52]. We show in Fig. 3.8 an
example of a theoretical break-up spectrum [3.52] in comparison to experi-
mental data. More sophisticated calculations in the framework of separable
forces including spin observables have been carried through by Doleshall
[3.53]. For a review see [3.54].
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Table 3.1. Some terms in the Neumann series for the n—d doublet scattering amplitude in the
states L =0, 1, and 2 at E = 14.4 MeV, 50 MeV and 100 MeV

E=14.4MeV

n L=0 L=1 L=2
0 -1.665 0.5956 —-0.2070
1 -7.017 —i  6.061 —0.8840 —i0.7788 —0.1055 —i 0.1055
2 6.36 —i 10.35 —0.2458 +10.2779 0.0100 —i 0.0021
3 19.88 -i 1.05 0.1353 —-10.0398 0.0006 —1i 0.0001
4 1591 +i 21.61 -0.0544 -i0.0134 0.0000 —i 0.0000
5 —-11.71 +i 38.90 0.0191 +i0.0178
6 —55.43 +i 18.83 —0.0033 -i0.0112
7 -70.94 —i 49.59 —0.0013 +i 0.0053
8 -21 -i126.4 0.0017 —i 0.0017
9 148.3 —i112.0 —0.0011 +i 0.0003

10 260.5 +i 79.3

11 1309 +i377.6

12 -3349 +i481.0

E =50 MeV
0 —0.3594 0.1825 —0.0822
1 —-1.682 —i 1.405 —0.4626 —i 0.4021 —-0.1141 —i 0.1059
2 1.814 —i 1.327 —0.1688 +i 0.0554 0.0081 +i 0.0027
3 1.879 +i 1.681 0.0495 +10.0369 0.0008 +i 0.0005
4 —1.082 +i 2.042 0.0003 —i 0.0212 0.0000 +i 0.0001
5 -2.327 —i 0.479 —0.0068 +i0.0046 0.0000 +i 0.0000
6 -0.156 —-i 2.314 0.0028 +i 0.0010
7 2.186 —i 0.788 —0.003 —i0.0011
8 1.337 +i 1.870
9 —-1.426 +i 1.788

10 -2.093 -i 0.879

E =100 MeV
0 —0.1203 0.0714 —0.0368
1 —0.6156 —i 0.3840 —0.2402 —i 0.1536 —0.0836 —i 0.0545
2 0.5268 —i 0.3200 —0.0754 +i0.0133 0.0051 +i0.0018
3 0.2579 +i 0.4589 0.0107 +i 0.0202 0.0003 +i 0.0005
4 —0.3141 +i 0.1852 0.0043 —i 0.0048 -0.0000 +i 0.0000
5 —0.1557 —i 0.2331 —0.0019 —i 0.0008
6 0.1650 —i 0.1221 —0.0000 +i 0.0006
7 0.0981 +i 0.1187 0.0002 —i 0.0000
8 —0.0842 +i 0.0771
9 —0.0607 —i 0.0597

10 0.0420 —i 0.0474
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Table 3.2. The Padé summations related to the series of Table 3.1

E=14.4MeV

n L=0 L=1 L=2
0 —-1.665 0.5956 0.2070
1 —8.682 —i 6.061 —0.2883 —i 0.7788 —0.3124 -i0.1055
2 —0.665 —16.038 —0.4324 —10.4554 —0.3027 —i0.1070
3 -0.792 —i1.751 —0.4387 —i 0.5457 -0.3018 —i0.1078
4 3.238 —i2.230 —0.4400 —i 0.5446 —0.3017 —i 0.1078
5 1.006 —i 1.143 —0.4390 —1i0.5449 —-0.3017 —-i0.1078
6 0.631 —i 1.523 —0.4378 —1i0.5440
7 0.598 —i1.634 —0.4377 —10.5438
8 0.603 —i1.645 —0.4377 —10.5438
9 0.602 —i1.642 —0.4377 —10.5438

10 0.603 —i1.641

11 0.603 —i 1.641

12 0.603 —i1.641

E =50MeV
0 —0.3594 0.1825 —0.0822
1 —2.041 —1i1.405 —0.2801 —i 0.4021 —0.1963 —i 0.1059
2 —0.633 —i1.346 —0.4452 —1i 0.2888 —0.1886 —i 0.1032
3 —0.452 -i0.863 —0.4029 —10.3269 —-0.1873 —i0.1026
4 0.002 -i0.413 —0.4030 —i 0.3266 —-0.1873 —i0.1025
5 -0.279 —i 0.728 —0.4030 —1i 0.3271 —0.1873 —-i0.1025
6 -0.293 —i 0.756 —0.4035 —1i0.3262
7 -0.292 —i 0.761 —0.4035 —i0.3262
8 -0.291 —-i0.761
9 -0.292 -1 0.761

10 —0.292 —i 0.761

E=100MeV
0 -0.1203 0.0714 —0.0368
1 —~0.7359 —10.3840 —0.1688 —i0.1536 —0.1203 —i 0.0545
2 —0.3454 -1 0.4012 —0.2546 —10.1175 —-0.1155 -1 0.0527
3 —0.2797 —-i0.3166 —0.2305 —10.1253 —0.1149 —i 0.0521
4 —0.2579 —-i0.2322 —0.2308 —i 0.1251 —-0.1150 —i0.0521
5 —0.2512 —i 0.2850 —-0.2310 —i 0.1252 —-0.1150 -1 0.0521
6 —0.2517 —10.2884 —-0.2310 -1 0.1251
7 ~0.2515 —10.2887 —0.2310 -1 0.1251
8 —0.2515 —-10.2887

Kloet and Tjon [3.55] first handled directly local forces without separable
approximations by summing the multiple scattering series using the Padé
technique. This study for s-wave spin-dependent forces was carried through
for the elastic and break-up channel.

Separable approximations to local forces of the UPA type, mentioned in
Sect. 3.6.1, work very well. This is exemplified in [3.56] and shown in Fig. 3.9.
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Table 3.3. Some terms in the Neumann series for the n—d quartet scattering amplitude in the
state L = 0 at E = 14.4 MeV together with its Padé summation

E =14.4 MeV
n L=0 Padé
0 3.330 3.330
1 —1.588 —i5.956 1.742 —i5.956
2 -6.073 +i 2.605 1.344 —i 2.112
3 4.379 +i 3.987 —-0.695 —i2.607
4 1.267 —i5.332 —-0.856 —i2.495
5 —4.927 +i1.431 -0.837 —i2.520
6 3.457 +i3.353 —0.838 —i2.521
7 1.128 —i 4.381 —0.838 —i 2.521
8 —4,100 +i1.118 -0.838 —1i2.521
9 2.820 +i 2.826 —0.838 —i2.521
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Fig. 3.8. Theoretical and experimental break-up spectrum. The two protons (called 3 and 4) are
detected in coincidence. S is the arc length of the kinematic line. The outer peaks are final-state
interaction peaks; the middle peak is a spectator peak

Fig. 3.9. Experimental and theoretical differential cross section for n—d scattering at 5.5, 9.0,
14.1 MeV. The full line is the exact result of [3.55]. The dashed line is the result for a Yamaguchi
potential. The UPA result is shown by open circles
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An interesting study [3.57] explores systematically all kinematical regions
in the break-up channel, some of which show high sensitivity to the types of
two-nucleon forces used and some very low sensitivity. The last case may be
especially interesting in the search for effects of three-nucleon forces.

First calculations with local, two-nucleon forces, which are considered to
be more realistic, were done in configuration space [3.20] and in a perturba-
tional scheme in momentum space [3.58]. Certainly one can expect in the near
future calculations for scattering processes of the same high standard as for
the three-nucleon bound state (see Sect. 3.7). Only then will a conclusive test
about the present day description of low energy nuclear dynamics be avail-
able. Since the three-nucleon bound state seems to require a three-nucleon
force, it may be expected that its effect will also show up in the scattering
observables.

One can think of many examples for quasi three-body problems in nuclear
physics, some of which have been studied. We mention the system (d+ ),
where the o-particle is assumed to be elementary. Both °Li bound states as,
well as (d — ) elastic scattering observables (angular distribution, vector and
tensor polarisations), were calculated [3.59] with the assumption of separable
approximations for the nucleon-nucleon and nucleon-alpha interactions.
Though certain features are reproduced noticeable discrepancies are present,
for instance in the absolute values of the level spectrum.

3.6 The Three-Nucleon Bound State

We shall illustrate in some detail in this example the techniques required to
handle the complexity of a three-nucleon system. On top of the geometrical
difficulty of a three-body problem, one faces spin- and isospin degrees of free-
dom and the violent variation of the nuclear force at short distances which in-
duces high momentum components into the wave function. Various pro-
cedures have been developed and are being used: the Ritz-variational treat-
ment [3.60—62]; expansion of the wave function into hyperspherical har-
monics [3.63] which converts the Schrodinger equation into an infinite set of
second order differential equations in one variable, the hyperradius; and the
use of the Faddeev equations both in a momentum [3.64 — 66, 3.39, 37] and
coordinate space [3.21, 22] representation. We shall present only the momen-
tum space treatment of the Faddeev equations without claiming that the other
procedures are or could not be equally powerful enough to handle the
problem. The momentum space, however, is the natural one if one uses field
theoretical potentials like the OBEP (one-boson-exchange potential) [3.67].
The momentum space representation appears to be unavoidable if one likes to
treat relativistic equations [3.68, 38], where expressions like |/ m?+p? occur.



152 3, Three Interacting Particles
3.6.1 The Faddeev Equations with a Three-Body Force

In order to describe the general situation we shall include a three-body force,
V,. Then the Schrodinger equation for the bound state reads in integral form

1 3
) = Vit Vi) 1) . 3.319
| F A, <1§1 4>| ) (3.319)

As we saw in Sect. 3.4.4 it is natural for certain three-nucleon force models to
decompose V; into three parts

V,=

]

1230 (3.320)
1

I e

Here V{7 is supposed to be symmetric under exchange of particles 2 and 3 and
v and ¥ result from cyclical permutations of V). Therefore the sum in
(3.320) will be totally symmetric, an obvious requirement for three identical
particles. The decomposition (3.320), inserted into (3.319), suggests grouping
together a pair interaction ¥; = Vj, and the part V{" of V,, which like ¥;is sym-
metric under exchange of particles j and k. Therefore we write

3 .
¥y = Go ¥ (Vi+ V) |®) (3.321)
i=1

and define the Faddeev components as
lwiy = Go(Vi+ VD) |¥)y . (3.322)

Obviously they sum up to | P):

3
P> = _Ellt//,-> : (3.323)

I=
In this manner one avoids the alternative of introducing a fourth Faddeev

component linked to V. One now inserts the decomposition (3.323) for | %)
into the rhs of (3.322) and solves for |y;):

lwid> = GoT, ¥ |y . (3.324)

JFi
The operators 7; obey the integral equations

Ti=(Vi+ Vi) + (Vi+ V) Go T, (3.325)
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Dropping V{" the operators T becomes the two-body operators #; and (3.324)
the usual set of homogeneous, bound state, Faddeev equations.

Because of the presence of V{”, Eq. (3.325) are no longer two-body prob-
lems. However, according to the present day insight, three-nucleon forces
seem to be a correction to two-nucleon forces and the equivalent form

Ti=t;+ 1 +1,Gy) V(1 + G, T) (3.326)

is more adequate. It lends itself to a perturbative treatment of V{” which
simplifies matters. Thus to first order in V§", one gets

Ti=t;+ 1 +1,Go) VP (1 + Gyt) . (3.327)

Let us now consider that the particles are identical. The three-nucleon state
|¥) is totally antisymmetric and therefore the components (3.322) have the
obvious properties

lw2) = PyaPylyy) (3.328)
lw3) = P13 Pys|yy) (3.329)

Thus the functional form of only one Faddeev component is needed, say |y, ),
which obeys

lw1) = GoT;(P12Py+ P13 Py) |wy )y . (3.330)

The other two equations are identical. Though we end up with one Faddeev
equation, the geometrical complexity of the three-body problem is of course
still present in the from of the permutation operators

PEP12P23+P13P23. (3.331)
Once |y, ) is determined, the total state is given by

1> = A+P)|yy) . (3.332)

3.6.2 Momentum Space Representation

We defined in (3.6b) the states | p,q, ), which describe the free relative motions
of three particles with the help of the Jacobi momenta (3.3b). An equivalent
description is to use the quantum numbers for the relative orbital angular
momenta / and 4 within the pair (2 3) and between particle 1 and the pair (2 3),
respectively, together with the magnitudes of p and ¢ (we drop the index 1).
Moreover, we couple I and 2 to the total orbital angular momentum L and
define the partial-wave states through
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5 ! 5 ! . ,
(p'q'|pqA)LM) = w f’) (g f’) YEMPB'q') . (3.333)
pp qq

Here % 1L11};1 is the simultaneous eigenfunction of /3, /3, L? and L, [3.69].
We proceed similarily in the spin space. The spin s of the (2 3) subsystem is
coupled with the spin 1/2 of particle 1 to the total spin S accompanied by Mj:

(s $)SMsy = ¥ C(s4S8, uv M) x5, (2 3) x1/2,(1) - (3.334)
uv

The state of total isospin quantum numbers TM is constructed in complete
analogy: |(¢1) TMr). Finally L and S are coupled to the total angular momen-
tum J of the three-nucleon bound state. Thus we get the basis states

lpqUA)L(s1)S(LS)IM(t5)TMr)

= ¥ CULSI,M MM)|pq(A)LM,)|(s3)SMs) |(t5) TM 7).
M Mg (3.335)

Instead of working in LS-coupling, one can combine / and s to the total
subsystem angular momentum j, and 4 and s to the total spectator angular
momentum I, which finally combine to J. The two coupling schemes are con-
nected in the following well known manner [3.70]:

I s j
lpqUs)jADIGHI Ty = YL/ JILS {i 4 I}
LS L S J

X [pqUA)L(st)S(LS)YJ )Ty . (3.336)
We introduced the convenient abbreviation

I=21+1. (3.337)

It remains to guarantee the antisymmetry of |¥) as given in (3.332). The
Faddeev component |, ), as defined in (3.322) has only a definite symmetry
with regard to the pair (23). It is antisymmetric under the exchange of
particles (2 3). The subsystem states |/m;), |sm,), |t m,) have the well known
exchange properties (—)’, (—)**!, and (—)’*!, respectively. Therefore the
basis states allowed for |, ) are selected through the requirement

(—)Fs*i=—1. (3.338)

Once |w,) is chosen antisymmetric in the pair (23), the form (3.332)
guarantees antisymmetry for | ) in all pairs. Henceforth we shall represent all
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the discrete quantum numbers in the basis of jI-coupling by ¢ and shall denote
the basis states obeying the restriction (3.338) briefly by |pga).

We face now the problem of representing the single Faddeev equation
(3.330) in the basis | pg a). The operator G, is diagonal and is simply:

-1

) 6 -p' 5 —-q’ 2 3 2
Pqa|Golp'q' @’y = 6,, 2L 044D (p_p” 3 4
pp aq m 4 m
(3.339)
Thus the first little step yields
Pt 3 ¢\
pqalyyy = (E—-—~—- (pqa|TiPy;) . (3.340)
m 4 m

Now T; and P are both symmetric in (2 3). Therefore since the state |pga) in
(3.340) is chosen antisymmetric in (2 3), only the antisymmetric states in the
completeness relation, when inserted between 7; and P and between P and
|w;), will give a non zero contribution:

2 2\ 1
3
(pqa|w1)=< —p_—_q_> Ejdp/pIZqurQIZ
m 4 m a

% E j‘dp//pNZqunquZ(pqalTi|plq1a/>
o
X<p'q'a' |Plp"q" a")p"q" a" |y . (3.341)

According to (3.326) 7] has a simple part, the two-body ¢-operator ¢;, whose
matrix elements have to be diagonal in the quantum numbers of the spectator
particle 1:

ro og—q’
(pqe|t(E)|p'q' @ >=(q—,q)5u'511'

o 3 g? ;
<p(15)_]t|t1 <E _T —q’;l—> |p'(l'S)_]t)5”r5ttr5mr . (3.342)

In addition to the total subsystem angular momentum j, we have also assumed
that s and ¢ are conserved. This is a good approximation and is broken only on
the level of the electromagnetic interaction.

The second part of 7, is essentially determined by V" [see (3.327)] and will
be in general a full matrix without zeros [3.37, 42].

We are left with the proper three-body problem which is of a geometrical
nature; namely the linking of the three different arrangements of the three
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particles. Let us indicate explicitely by a subscript to which pair and spectator
particle the quantum numbers refer. Thus | pqg ) should be denoted by

lpge) =|pga), (3.343)
and we get

Kpqa|PyuPy+PyuPylp'q o'y = (pgalp'q o'+ (Kpgalp'q'a’);.
(3.344)

Note that all the states in (3.341) are of the type (3.343). The meaning of the
overlap matrix elements in (3.344) should be obvious. For instance, the first
term is the probability amplitude of finding the relative momenta p and g and
the discrete quantum numbers ¢ referring to the arrangement 1, 2 3 in the state
in which particles (3 1) and 2 with respect to (3 1) have relative momenta p’
and q’, respectively, and sit in the discrete states a'.

Evaluating the right hand side of (3.344) we first note that the two overlaps
are equal. We use

P3Py = Py Py Py3 Py (3.345)

and apply the outer P,y’s to the right and to the left in the following manner:

Kpqa|Py3Pylp'q' o' )
=(__)I+s+t(_)I'+s’+t’1<pqalplzpza|p/q/a/>1
Kpqa|PyuPylp'q' o'y =Kpqalp'q'a’),. (3.346)

Kpqal|p'q' a'y;

The phases collapsed to 1 due to the symmetry property (3.338) of our basis
states.
The next step is to decouple spin-, isospin- and momentum-space:

Kpqalp'q'a'y,= Y Y VJILS|/JTIL'S
LSL'S

I s j s

X< A LT AL (3.347)
L SJ)L § J

X «pqUALIp'q (' AL Y {5 S|(s" PSP T ) Ty

The spin and isospin matrix elements are recoupling coefficients between three
spin 1/2 particles and are easily shown to be [3.70]

1
1<(s;—)S|(s'%)S'>2=(sss'(—)s']/ss*'i : j} (3.348)

[SENIE
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An analogous expression holds for the isospin. The real work lies in the
momentum part. Though its calculation is at the very root of the three-body
problem, it is tedious and we defer it to the Appendix 3.65. We present here
the result:

Kpqalp'q'a’'y+ (pqgalp'q’ a’'y;
1 _ r_
= {ax op—m) o' —m)

, G, (qq'x) (3.349)
2 pl+? p'+2 ae (4

with
= ]/q’2+ %q2+ qq’'x (3.350)
m=q*+1q*+qq'x (3.351)

and
Gar(qq'X)= LP(x) ¥ L gqhtightligkhblils, (3.352)

k h+h=1 L+b="r

The quantity gX4%2%% is purely geometrical and is given in the Appendix.

We are now in a position to write down the partial-wave representation of
the Faddeev equation in momentum space. Using two J-functions from
(3.349) the Faddeev components

v.(pq) =<{pqaly) (3.353)

obey the infinite set of coupled equations

2 2\ 1
p 3 I ! ’ < 4 n
wa(pq)=<E—-——"—> T [dg'q'*{dq"q"?
m 4 m aa'l 0

1 [ 12
x | dx (pqa|T Ipmq 2 Gou(g'q"x) Wa,,(_m%l, (3.354)
-1 41 Ty
The geometrical recoupling reflects itself in the skew arguments 7, and 7, in
the matrix element of 7; and the unknown Faddeev components .
Angular momentum reductions of the Faddeev equations have been given
in many papers [3.71].

3.6.3 A Technical Remark

In order to solve the set of integral equations (3.354) one has to approximate
the three integrals. This is achieved by choosing appropriate quadrature
points in q’, x, and g"’. With respect to the g-variable one gets immediately a
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closed set of unknowns. This entails however a very high number of n,-values
according to (3.351), which cannot be handled numerically. Therefore an in-
terpolation in the p-variable seems obligatory. For that purpose, an interpola-
tion algorithm of the form

Sx) = L Si(x)f(x) (3-355)

appears to be very convenient. Here S;(x) are known functions and f(x;) are
the (known or unknown) function values at an appropriately choosen set of
grid points. We developed such a procedure [3.72] using Spline functions.
Thus the unknown Faddeev components under the integral in (3.354) are
approximated by

Yo (m2q"') = % Si(72) Yo (Drq"") - (3.356)

Now the skew argument 7, occurs in known Spline functions. The set of py-
values has to be chosen sufficiently dense to guarantee the desired quality of
interpolation.

Denoting by w; the weights according to some quadrature rule (for
instance Gauss-Legendre), the approximate discretised representation of
(3.354) will be [3.37]

2 3 2\ 7!
wa(p,-qj)=<E—”—'——i )
a' k1

m 4 m

o I s

X <E Y wgiwrqi T wlpigie|Ti|mg) o'
X Ga'a”(ql’qlxs)sk(n2)> Vo (Dr4)) - (3.357)

This is a homogeneous algebraic set of equations for the unknowns y,(p;q;).
Note that the x-integration involves only known functions and can be carried
out immediately.

It turns out that the Faddeev component drops relatively fast in the g-
variable (typically one needs ¢ in the interval up to g, ~ 4 —6 fm ~'). This is
not the case in the p-variable, since the two-body zmatrix induces high
momentum components. However, according to (3.351) n, is bounded by 3/2
@ max- Thus in solving (3.357) one has to know y, only in a relatively short
interval in p, which helps to keep the number of mesh points small.

The system (3.357) can be solved as described in Sect. 3.4.3.
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3.6.4 Physical Remarks About the Triton

Let us come back to physics. Up to now we still face a problem in an infinite
number of partial wave states ¢. If we regard the dominant contribution to 73,
namely the two-body f-matrix as given in (3.342), then the importance of the
Faddeev components i, is controlled by the strength of the two-nucleon force
in the partial-wave states a. Regarding the two-nucleon phase shifts in Sect.
2.6 we recognize that the NN force is strongest in the states 'Sy and 3S,—D;.
As a first approximation one may therefore set the force equal to zero in the
remaining states. Because of the definite spin J=1/2 of the triton, this
restricts the allowed a-values to a small finite number. We show the allowed
quantum numbers in Table 3.4. Depending on whether one keeps only the
spectator angular momentum A = 0 or A = 0 and A = 2, one ends up with 3 or
5 coupled integral equations.

It is important to recognize that this small number refers to the Faddeev
component and not to the total state |¥). According to (3.332), the permuta-
tion operator P induces a very large number of states a. In a charge form
factor calculation for instance around 40 states are required [3.65] to exhaust
|¥). As a sideremark we mention that the form factor can be calculated
directly from the Faddeev components [3.37]. The small number of partial-
wave states is the geometrical advantage of decomposing |¥) into Faddeev
components.

The inclusion of the three-nucleon force may change how many partial-
wave states are important for the Faddeev component. This is presently being
studied by various groups for special models of three-nucleon forces. A con-
clusive answer, however, cannot yet be given at the moment. Calculations in
coordinate space [3.73] and in momentum space [3.37] demonstrate the feas-
ibility of solving the Faddeev equations including a three-nucleon force.
Though in both cases approximations were involved, they can be expected to
be overcome in the very near future.

We show in Table 3.5 the theoretical triton binding energies achieved by
different methods for various two-nucleon forces, which fit the two-nucleon
data about equally well. We see a nice agreement between different techniques

Table 3.4. The discrete quantum numbers for the
dominant partial-wave states of the Faddeev com-
ponent in the triton

! s J t A 1
1 0 0 0 1 0 1/2
2 0 1 1 0 0 1/2
3 2 1 1 0 0 1/2
4 0 1 1 0 2 3/2
5 2 1 1 0 2 372
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Table 3.5. Theoretical triton binding energies

NN force Method E3H [MeV]
Reid [3.76] Faddeev equation (momentum space) —6.98 [3.64]
(5 channels) —-7.02 [3.65, 39, 37]
Faddeev equation (coordinate space) —-7.0 [3.21]
(5 channels) —7.02 [3.22]
Faddeev equation (momentum space) -17.23 [3.39]
(NN forces up to j<2)
Variational method —-7.75+0.5 [3.60]
—-7.3+0.2 [3.61, 62]
OBEP [3.67] Faddeev equation (momentum space) -17.5 [3.77]
(5 channels)
Paris Faddeev equation (momentum space) —7.30 [3.39]
potential [3.75] (5 channels)
Faddeev equation (momentum space) —7.38 [3.39]

(NN forces up to j<2)

in the 5 channel calculations. The inclusion of NN forces in higher partial
wave states gives a small, though not negligible, contribution of about
AE = —200keV in the case of the Reid potential.

An important difference between the Reid potential and the one-boson-
exchange potentials (OBEP) of [3.67] is that they yield different d-state prob-
abilities for the deuteron, P;= 6.47% and P,;= 5.75%, respectively. Clearly
the smaller d-state probability is associated with a stronger central force,
which is more effective in the more tightly bound triton, and thus produces a
larger binding energy [3.74]. The situation is similar for the Paris potential
[3.75], which has P;=5.77%. In addition, small variations in E3y can be
traced back to different fits to the 'S, phase shift.

The first results based on special models for the three-nucleon force are
still too controversial at the moment to be quoted. It is an important test of
our understanding of the nuclear dynamics to reproduce the experimental
value of E3y = —8.48 MeV.

3.6.5 Appendix: The Recoupling Coefficient in Momentum Space
In Sect. 3.6.2 we encountered the matrix element
Xip=«pqUA)L|p'q"(I'A")L'),
= pqUA)L|PyPylp'q'(I'A")L")y. (A.1)

We shall present a straightforward evaluation, which uses only elementary
techniques as presented for instance in [3.37]. In the first step we exploit the
definition of the partial-wave states (3.333):
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Xpp= Sdp1d¢I1§dP1' dq{ {pqUA)LM|p,q;1 %1 {P191|P12P23|P{q1{ )
X 1<Pi‘11'|p’q’(l’/1’)L’M’)1
' , * A olp— g —
= {dp,dq, {dp; dgq; W[LAM @141 w-py) d@—qy)
2 2
p q
''a! ‘M (a1 At o(p1—q' ogi—q’
x 1P1411PPuIpigin ¥ 1 B141) (p;yzq i (q;fzq ) .

(A.2)

The matrix element in (A.2), with respect to the three-momentum states
(3.6D), is easily evaluated in the following manner:
KP191|P12Px3|P141>1 = 1{P1411P141)2
= «p1g1| - 1pi +3qi,—pi —1qi). (A3)

In the second equality, the state determined by Jacobi momenta of the type 2
is rewritten as a state expressed in Jacobi momenta of the type 1. The linear
relation used is of the type (3.5). Then (3.7a) yields
KP141|p191),= 0Py +3p1 —~$41) 3(q:+Ppi + +41)
=0(P1—391—91) o1 + q1+34q1) . (A.4)

That choice of the d-functions which singles out p; and p{ is obviously only
one out of several possibilities, but appears to be the most suitable one in the
context of the Faddeev equation (3.330).

With (A.4) we get

o, N
X2 = {dq,{dq] ¥ ™' (1q:1+41,41)
X5(P—|%¢I1+q1'|) dg—qy) o' —lg:+1qi]) d(q' —qi)
2

P /\ q2 p12 q12
X ¥EM(-q,-191,4))
AP A~ , . O0p—m) o -7
= [d4[dq' o M(1¢7g,g) 2@ 2@ 1)
PN i i
X ¥EM(-qg-19',4", (A.5)
where
n=|iq+q’'| and
(A.6)
n’=|q+%q’|.

The angular integrations cannot be evaluated directly because of the argu-
ments
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(A.7)

in the spherical harmonics. It is however an easy exercise to verify the follow-
ing useful relation:

Il
Ya+by= 5 40 V @D @by, a9

w+h=1 la+b|' ) QL+ QL+1)!

Exercise: Verify (A.8). Hint: Decompose exp [ix(a + b)] = exp(ixa) exp(ixb)
into partial waves and regard the limits |a | >0, |6 | — 0.

Equipped with (A.8) we can proceed:
G)lq'”

Wih=1]|1g+q’|

4721+ 1! » v
Y Y, A.9
g 1/ QL+ D! QL+1)! {71,@3" @™ A9)

AN
v iMiq+q',§) =

The bracket on the rhs of (A.9) indicates that the angular momenta / and 4 are
coupled to LM. We recognize that the §-dependence occurs twice, and can be
reduced through another useful relation:

1112

2%

2(dé) = C(11 1,1,00)Y,,,(4), (A.10)

where F=2/+1.

In order to use (A.10) we have to bring together the §-dependence in (A.9),
which amounts to a recoupling of the three angular momenta /;, /,, and A.
This is achieved through 6j-symbols:

{1, V@

= _NI+A-L i"‘ 12 11 l A f (A AVUIM
L(-) W{a L (@) va)

- )f;(_)'”-L]/l‘ili Vi_ﬁ 2 J’t}cuizf,m) Y M@G'§) .
T

(A.11)
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In the last step we used (A.10). Thus altogether, (A.9) can be rewritten as
AN, .
7 M14+q.9)

CuiT=r g+ | QLD QL+

L ) a
C(,Af,00) ! A.12
x;{“f}(f),z(qq) (A.12)

In exactly the same manner we find

(g~ —41’ g’

(o) x (Lq)iq" @r+nt 7
g+g=r lg+ig'|" || Q@i+0D1QL+1)!

Z!

—_—

oo e
XE{ , 1,f,}c(11'1’f',00) Y5MG'g) . (A.13)

The remaining angular dependence is due to the dependence on 7 and n':

6 -7 5 /_n,/ - .
(pm ) (p,m ) - T 2nl/k(—)g, ¥ RG'G) (A.14)
P D k
with
1 s(p-)/1a’+q'*+qq'x) o 1q9'*+q°+qq'x
= s S0V A ) /S e
) P p (A.15)

We are left with triple products of spherical harmonics. A convenient step is
therefore to reduce first a product of two spherical harmonics to one with the
aid of (A.10). We have

YRG'D VGG

k kK O
= SVE'AF {f’ I L’}{ (g4 ¥ @Gan- M

fil2 St L L

( )f1+lz+k+L f2 f1 Ll}
L'}
AGREL I/W{f I’

kKl ' n
/1,00) 1/ " } Ckl3 £5,00) % £ (G'4)

yap

X

i
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__]/kfl ( )f+12+L f2 fl L’
f1 (S bk
x C(kf'f1,00) C(kl3£5,00) #7727 (§'§) . (A.16)
Now we can do the angular integrations:

§dadq' 2 7°@ D XG5 @D

__]/kf’l’( )f+’z+L{f, ’f L}C(kf’lz,OO)C(kléf,OO)JLLfJMMf.
fh (A7)

Collecting finally all the intermediate steps we end up with
KpqUALM|p'q'(I' A'YL'M' ),

=5LL’5MM’§gk ) Y githgrhthi(—)”

h+h=l j+h=1

o |/ @i+ @'+ 1! z{” : ’}C(IZM,OO)
euren |oemrent w4 LS

X[lz’ 4 ”}cu' 7, 00){; ! i}C(kllf’,OO)C(kléf,OO)a

ir 7 E(L)[2+lll+1

AL I (A.18)

where g, is given in (A.15).
The forms (3.349) and (3.352) arise if we include the recoupling (3.347)

and the spin- and isospin matrix elements of the type (3.348).
The final result is:
t
tl

I E(%)12+[1,
J

Lo I
C(,Af,00
ALf} (122, 00)

A fef """" PSS A 3

glég,lzhlzzl/ls]t AIUS'j't i (_){ f

2

2/+1)!

et en)!
{A

I}C(I{A’f’,OO){f, j{ i}C(kllf’,OO)C(klz’,}‘,OO).
Jh (A.19)
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4. Four Interacting Particles

The “generalization” of the Faddeev equations to four and more particles is
not trivial. It was Yakubowsky [4.1] who discovered a way to set up a system
of coupled integral equations, which is in unique correspondence to the
Schrodinger equation and has a kernel which gets connected after a certain
finite number of iterations. An equivalent coupling scheme was given
originally [4.2] by Grassberger and Sandhas, who applied the quasi-particle
method during the derivation and later by A/f et al. [4.3], who performed first
the operator algebra and afterwards the pole approximations underlying the
quasi particle method. This chapter serves to introduce some of these basic
ideas, which are necessary to formulate the N-body version and which are
already present for four particles.

4.1 The Fundamental Set of Lippmann-Schwinger Equations

Whereas for three particles the number of pair interactions, the number of
two-fragment channels, the number of Lippmann-Schwinger equations neces-
sary and sufficient for a unique definition of the scattering states, the number
of Faddeev equations etc. are all three, corresponding simple coincidences for
four (and more particles) no longer hold. There are six pair interactions. Then
there are seven two-fragment channels, which occur now in two types i, (jk/)
and (if), (k). We show them explicitely:

12,3 4
1234 = 1324

TTT—— 1,423
2341

2341 = 2431
T 2,1,34
3,412

3412 = 3142

T 3,241 4.1)
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4123
4123 = 4213

T 43,12

1234 — 12,34
P = 1234

1,3,24
—— sy
1324 —— 1324

1423 — 1423
23— {4h3. @.1)

The groupings into two clusters can be further split into three-cluster fragmen-
tations, as worked out above. We recognize that each case of three-fragments
occurs three times. For instance 1,2,3 4 can be gained out of 1,2 3 4; 2,3 4 1;
and 1 2,3 4. In such a case we say that the three-fragment channel is contained
in the two-fragment channel. Since three fragments are characterized by a
pair, there are six different channels of that type. Finally one has of course
one four-body channel: 1,2,3,4. Experimentally the two-body fragmentation
channels are singled out as entrance channels.

It is convenient to introduce the following notation. Two- and three-frag-
ment channels will be denoted by a,, b, ... and a3, bs,. .., respectively. Then
a; C a, means that the pair characterized by a; occurs within a cluster of a,.
(In the above example ;=34 and a,=1,234; 2,34 1; 12,34). Corre-
spondingly a; ¢ a, denotes a situation like a, =12, a,=1 3 4,2.

As for three particles we again introduce channel hamiltonians. Among
them, the ones for two-body fragmentations are especially important:

H, =Hy+V, 4.2)
with
V= T Vi 4.3)
a, Ca,

For example

Vi,234= Vas+ Vag+ Vay

4.9
Vi23a=Via+ Vis.
There are now two types of two-fragment channel states
|¢a2> — |Xa2>|qa2> , (4.5)
|9a, 05, |92, -
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Here | Xa,) is a three-body bound state and |q,,2) the momentum eigenstate of
relative motion between the two fragments.

In the second case | ¢q,> and | gy, ) are two-body bound states of the pairs a;
and b; which make up a,, and |q;2) is again the momentum eigenstate of
relative motion of the two fragments. Clearly we have

H02|¢a2> =E|¢a2> (46)
with
E= Ea2 + constq,z,2

= E,, + E,, + const' ¢, 7, 4.7

where E,, E,, are bound state energies and the constants depend on the
normalization of the Jacobi momenta.

Finally the intercluster interaction or channel interaction, V%, completes
the total hamiltonian

H=H, + V. “.8)
In the above examples

V2=Vt Vst Vi “9)
VI234= Vi3 + Vig+ Vas+ Vay.

Each of the 7+ 6+ 1 = 14 channels can be the initial channel for a scattering
process, as well as being the final channel if the energy is sufficiently high.
Therefore, there will be 14 different types of scattering states.

Let us first focus on the seven states initiated by the various two-body
fragmentations. They are defined by

|7y = limieG(E+ie)|g,,) (4.10)
£—0

with G(z) being the full resolvent operator. Inserting the resolvent identity
between G and the channel resolvent operator

1
G, (z)=—— 4.11)
by < H,,

namely

G =Gy, + G, VG 4.12)
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we get

95" = lim e Gy (E+ie) |0y, + o,V 2 |947) - @.13)

In very much the same manner as in Sect. 3.2 one may show that

lsin(l)iGGb2|¢a2> = 6a2b2|¢a2> . 4.14)

A mathematically rigorous study of (4.14) can be found in Ref. [4.4],
which also contains references to previous studies of this problem.

Therefore the scattering states IY’,,(Z")) obey the set of seven Lippmann-
Schwinger equations out of which six are homogeneous:

|P8Y = 1@a,) 60,0, + Gy, VP2 PLD) (4.15)
This set is again necessary and sufficient for a unique definition of IY",(;)).
The proof follows the one for three particles [4.5]. First every solution of
(4.15) has to be a solution of the Schrodinger equation. Obviously we can
exclude the six states |S”C(2+)), ¢, * a,, since they would require a different
driving term. As remaining candidates we are left with the seven scattering

states which are initiated through three- or four-fragmentation channels. The
four-body bound states are of course excluded on energy considerations. Let

|a,> = 102,185 192> = 102,> 195> 145> (4.16)
be a three-fragment channel state. The momentum states describe the two

relative motions, which can be either one of the two types shown in Fig. 4.1.
The resulting four-body scattering state is

|Y’a(3+))=lin(1)isG(E+ia)|¢,,3). 4.17)
£

Using again (4.12), we have to evaluate ig sz | Pay) in the limit € » 0. We can
distinguish between a3 C b, and a3 ¢ b, and find easily as a first step

lin'(l)iﬁGb2|¢aa) =0 for aj ¢ b2. (418)
E—
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Fig. 4.1. The two types of natural choices of Jacobi variables in the four-body system

The second step is on known ground. For b, = i, (k) and a; C b, we find
lim i Gy, |ga,> 194> 192 = 1ty 00 95> = 106,05 » (4.19)

where | X(+)9)> is a three-body scattering state for the particles (jk/) at the

energy E-const (g (21))2 This is a simple consequence of the fact that for H by
the fourth particle, described by its relative motion q(? is a spectator. Once
this is accounted for in G,_, one is left with a three-body scattering problem
initiated through the channel state |g,,) [g%)). In case b, = (ij)(k/) and
a3 C by, we find

lim ie Gy, [0a,> 195, 15 = |90, |06 | = 9630, - (4.20)

Here we used the fact that H,,_is a sum of two pair Hamiltonians (a5, by C b,)
and the free one of relative motion of the pairs linked to the momentum q},za)
Therefore once the eigenvalues E,, and const(q (2))2 are inserted into the
denominator of Gb , one is left W1th a two-body scattermg problem, which
yields @),

Altogether we come to the conclusion, that the four-body scattering states
initiated by the six three-body fragmentation channels obey three inhomo-
geneous and four homogeneous equations

[PLDY = |95 6(as Cby) + Gy, V2 Py @.21)

byay
The driving terms are given in (4.19, 20) and the Kronecker-type symbol is due

to (4.18). These six states therefore do not satisfy the set (4.15).
It remains to consider the scattering states

|P§H)y = limie G(E+i¢g)|@o) , 4.22)
-0
where

60> = 1Pa,> 1905192 = |pa,> 1a5)> 19 (4.23)
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describes four free particles, and the relative motions are described in the two
manners shown in Fig. 4.1. Obviously in this case we find

lim ie Gy, |go) = lp§*)>
E—

_ (I 1aS for by=i(kl)
057 logiih 1a8)> for by = (i) kD) . (4.29)

Here | ")y is a three-particle scattering state initiated by three free particles,
whereas the |¢*)) are two-body scattering states. As a consequence, |#§*)
always obeys inhomogeneous equations:

P56y = [9§+)) + Gy, V22 )y . (4.25)

A very transparent discussion of various Lippmann-Schwinger equations for
four particles has been given by Sandhas [4.6].

4.2 Coupled Equations in Dummy Variables

In Sect. 3.3.3 we considered three different partial wave decompositions of
the three-body wave function, which were directly linked to the three choices
of Jacobi coordinates and which guided us to turn the three uncoupled Lipp-
mann-Schwinger equations (3.51a— ¢) into the coupled set (3.133). A further
decisive step was to then introduce dummy variables and write it in the form
(3.135).

Though it formally appears as a system for three unknown functions, that
set automatically guarantees that the new indices are only dummy variables
and the unique solution is the physical one: |y = |¥@) = |PO) = |y,
We reproduce that system (3.135) in matrix notation

Po=@at %7 ¥y (4.26)

The new quantities are

Go,uv= Gy 4.27)

Vi =8V, (4.28)

¥i = 1D 199 (4-29)
and

02> = 0ualded - (4.30)
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Let us now regard the system of seven Lippmann-Schwinger equations
(4.15), based on the seven two-fragmentation channels (4.1). The natural
Jacobi variables for a fragmentation of the type i(jk/) are the three different
choices of Jacobi variables in the three-body cluster (ijk), supplemented by
the relative coordinate of particle i with respect to the center-of-mass of the
three-body cluster. This is shown in Fig. 4.1 and corresponds to the splittings
worked out in (4.1). This yields 4 x 3 = 12 different sets of Jacobi variables.
For a two-body fragmentation of the type (ij) (k/), the natural variables are
different ones as shown in Fig. 4.1. In the same spirit as in Sect. 3.3.3, we may
think of a corresponding number of different types of partial-wave states
linked to the different types of Jacobi variables.

Now the rhs of (4.15) are

Gy, X V., |¥P).
e3¢ b,

In contrast to the three-body system, the pair ¢; does not suggest a unique
choice of Jacobi variables. As seen from (4.1), each pair c; can occur in three
different clusters of two-body fragmentation, and therefore the product V.
|y alone would not give a unique handle for chosing the set of Jacobi
variables in | ). But the kernel contains additional information through sz.
Clearly the eigenstates to H b, required to represent Gy, will be expressed in
the natural variables of b,, which are not unique but are distinguished by
choosing a certain pair b; C b,. This now provides an argument for selecting
the set of Jacobi variables in |¥) for V,, |¥). The pair b;, together with the
pair ¢3, determines uniquely a two-fragmentation channel ¢, such that b5 C ¢,
and c¢; C ¢,. Certainly from a practical point of view, overlaps in Gy,V,, | P>
will be most easily calculated in such a manner. Guided by this pragmatic
point of view, one chooses a by C b,, which together with c3, fixes ¢, (D b3, ¢3)
and introduces dummy variables in the following manner

G, Ve, | P> = Gy, Ve, | P23y . (4.31)
Thus we get for instance

Gi234(N2+ Vis+ Vi) |V
= GO (Vi |P173%12) 1 1, @1 23413y 4 1, |@ 192384y (4.32)

In this example the pair b; = (2 3) has been selected out of b,. The other two
choices would have led to different chains of dummy indices for |¥). What
will be the natural choice of dummy variables for |#) on the left hand side?
This is again obvious from a practical point of view. One will choose that set
of Jacobi coordinates, which is used in the resolvent operator Gy,. Thus the
example above would determine | 1,23423y Finally we recognize that on the
right hand side of (4.32), the unknowns | ¥ 2%) for ¢, =12 3,4 occur for two
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choices of ¢; C ¢,. Thus all the different choices of pairs b; selected out of b,
are really necessary to get a closed set in the unknowns. How many unknowns
do we have? Obviously 4 x3+3 x2 = 18, which counts the number of pos-
sibilities of selecting an internal pair in the two-fragment clusters. Thus we
end up with 18 coupled equations.

The coupling scheme introduced above, and expressed in the example
(4.32), can be rephrased in the following equality

Z I/C3= E 6_02b2 Z gcsbchs forallb3Cb2. (433)

c3q by c;D by c3Ccy

This is a specific example of distribution properties of generalized residual
interactions [4.7]. We may now insert (4.33) into the set of Lippmann-
Schwinger equations (4.15) to get

18> = 106,50asp,+ G, T Obye, T Ocyp, Ve, P - (4.34)
¢;0b, c3C6y
(b3Cby)

Then we introduce the dummy variables as described above

P20 = (9225 + Go, T Bpye, T Ocyp,Vey W2 - (4.35)
¢;0b, c3CCy
(b3 < b))

The driving term is defined as prescribed in (4.34):

¢

This is a set of eighteen coupled equations which is equivalent to the original
one (4.15) if the only solution is |?’f22b3) = |Y’a(2+)), independent of the
artificially introduced cluster indices. We shall give an argument below which
strongly weakens this hope. Of course the physical state is a solution of this
set.

It was Sandhas [4.8] who showed how to rewrite the system (4.35) as one
which has this desirable property. In (4.27, 28) we introduced the matrices %,
and ¥ referring to a three-body subsystem, say b,. Like the resolvent identity
in a two-body system involving G, G, and V, one may introduce a resolvent
identity

|¢fzzb3) = (1,5" 117;2)|¢a2> . (4.36)
3-"2

G = go"l‘ go V’g, (437)
which defines a matrix operator %. It follows from this equation that

q%bz Dpyc,= G, - (4.38)
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The proof is simple. In explicit notation (4.37) leads to

L Unse,= G, G, T, GanVis T, Y- (4.39)

c3Chy

This is indeed the resolvent identity for G, if the sum over c; is independent of
by as claimed in (4.38). To show that, we operate on (4.39) with (1 -G, Vbs)
from the left and get

(1=GoVs) T %e,=Go+Go ¥ Sap.Va, L e, (4.40)
or c3Cb,y dyCbh, c3Ch,
Z gb3c3 - GO+ GO E Vd E £d3c3 (4-41)
c3Cby dyCb, c;Chy

The rhs indeed shows no dependence on b;. It is easy to verify that

%303 = 61,303 Go+ sz I/CS Go (442)
fulfills both (4.37) and (4.38).

Now let us come back to the set (4.35). The resolvent operator acts on an

expression which does not depend on b; if the physical solution |¥;2%) =
|V, (”) is inserted. Therefore we may replace Gb by (4.38) and get

P2 = 08+ T 9B T e B 6d3c;Vd3l¥'a?"’3>

Cb, L‘ZCC3 d
= |ph2%y + z Gh, L Onye, T V80| P25 . (4.43)
c3Cb,y 003 dyCcy

We have added obvious superscripts b, to % and c,to 7. Also we have used
the fact that the relations (4.37, 38), and (4.42) remain valid for the motion of
two, uncoupled, interacting pairs (the second type of two-body fragmenta-
tion). The eighteen coupled equations (4.43) now have all the desired
properties.

As in the three-body case we may give them the form of multi-channel
Lippmann-Schwinger equations

P22y = oty + £ L 9§52, v aB|PaS) (4.44)
Cdy cydy
with
b.
Y oht, = 0p e @ ,5’3263 (4.45)
and

4 53253 602,,2 4 C‘?ds (if ¢; C ¢y, zero otherwise) . (4.46)
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The structure emboddied in (4.44 —46) is very important and allows the
systematic extension to N particles in an inductive manner. Equations (4.45,
46) become the new ¥ gand 7, respectively, and can be used to define through
a resolvent identity a new %, which will be related to the four-body resolvent
operator in a manner analogous to (4.38). We shall not follow this develop-
ment further, but refer the interested readers to the very clear presentation
[4.8, 6] by Sandhas.

We shall now demonstrate [4.8, 6] that the new set (4.44) of eighteen
coupled equations has exactly one solution, namely the physical state. Again it
is very important to recognize the formal structure of (4.44), which we write in
obvious matrix notation with respect to the pair indices:

Phr=ght g2y rapae, (4.47)

c*by

Now we can proceed as for the set (4.26) and operate by (1— %, ¥ b2) from
the left:

(1- G v Pha= (1 %, v 22) 902+ (1- 9y v 72) 92 ¥ vapa.
2%b) (4.48)

The first term on the rhs is zero, since it is the homogeneous bound state
formulation for the cluster(s) in the two-fragment channels. The kernel part
simplifies according to (4.37). Thus we arrive at

Ph= g,y vy, (4.49)

€

which shows explicitly the independence of ¥ on b,. Dropping therefore the
b,, ¢, indices, we are left with

by _ S c
Sya; - Gb3 )X )X 5(‘3 by Vc3 'Pc;
€©2b3 ¢3Cc,

=Gy, T V., 3. (4.50)

c3¥by
The final step is obvious. We operate by (1 — G Vb,) from the left and get

123y = Gy X V,, |2y, (4.51)
]

which shows the independence of |Y’abz3) on the three-fragment index b;.
However, if there is no dependence on the auxiliary indices the system (4.43) is
identical to the underlying set of Lippmann-Schwinger equations (4.15),
which define the physical state IS’",(2+)) uniquely.

We have now found two systems of eighteen coupled equations, (4.35) and
(4.43). Whereas (4.43) has only one solution, |'I’f22b3) = |S”a(2+)>, this desirable
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property has not been shown to be true for the other set. In fact, it is not true
in general. Though the set (4.35) appears to be simpler, since the subsystem
resolvent operators Gp show up directly, which immediately allow an
approximation in the case that tightly bound clusters exist, the set is not in
unique correspondence to the underlying Lippmann-Schwinger equations.
This can be seen in a simplified four particle system where only V;,=+0,
V53 #0, and V34 =+ 0. In this case the set of eighteen coupled equations (4.35)
splits into two groups of three coupled equations for altogether six unknowns
|¥ b283y and the remaining unknowns are determined by quadrature. On the
other hand, for the system (4.43) the same six unknowns are coupled with
each other (again the remaining ones are determined by quadrature). From the
above proof, we know that the six coupled equations have the unique solution
|P babyy = |Y’a(2+)>. It would be surprising if, in the other formulation, two un-
coupled systems of three equations would also yield exactly only one type of
solution, |@%2%) = |¥’,,(2+)>. One can show [4.9] that the two formulations
are related by a nontrivial matrix multiplier, which in general allows for addi-
tional spurious solutions in the case (4.35).

Exercise: Work out the reduced number of coupled equations, mentioned
above, and verify the existence of the matrix multiplier. This is very helpful to
grasp the structure of the coupling scheme.

As for all formulations which are linked by a multiplier to a formulation
which is in unique correspondence to the Schrédinger equation, the question
whether additional nonphysical solutions may invalidate numerical outputs
can only be safely answered through thorough numerical studies, which have
not yet been comprehensively undertaken.

Once one has accepted the necessity of living with eighteen equations for
four particles, one would like to know at least that the formulation is con-
nected after a finite number of iterations. This is the case as we shall now
demonstrate. First of all we recognize that the kernel in (4.35) or (4.43) is only
two-body connected. The most weakly connected part has the form

Go9b,c,00,c, Ve, (4.52)
with the index structure
b3 C bz, b3,C3 C Cy, b3=t=C3, b2=f=02. (453)

In order to get connectivity for four particles, that is a sequence of three dif-
ferent pair interactions, at least two iterations are required. For two iterations
we encounter the following sequence of indices

pavavd (4.54)
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The lines indicate the C relations (b3 Cc,, €3 Ccy c3Cdy,...). The claim is
that ey+c; which leads to a sequence of three different pair interactions

Ve,GoVa,GoVe,. This is the case, since the pairs ¢; and d; (c;+d;) belong to a
umque ¢ and can therefore not belong to another d,+c,.

For scattering problems the transition operators are of central interest and
not the wave function. In the two-body system, the equation for the ¢
operator defined by ¢ |¢) =V |#")) follows directly from the Lippmann-
Schwinger equation:

1> = Vg + VGot|o) . 4.55)

Now in the four-body system, the set (4.44) has the same Lippmann-
Schwinger type structure and one may define in a matrix notation “transition
operators” J:

T Q0= ¥, (4.56)

First we note that the matrix elements 7 yield the physical transition
amplitudes:

(05,17 19a) = (97,1 ¥ |¥a) = T T (p2"%s| ¥ fop|Piby . 4.57)

kyks bl

The upper indices for |¢) and | ¥) are purely artificial and using the definition
of 7 we get indeed

(05,17 10,) = (95, | V2| PLD) . (4.58)

Secondly, as in the two-body case, the set (4.44) provides immediately the
matrix Lippmann-Schwinger equations for the “transition operators”

bocy _ bye byd, d,e. [2%%
Tha=vha+ PRSI X (4.59)
2 2
diey

This formulation and its generalisation to N particles has been presented in
[4.8, 6].

Exercise: Establish in the same manner Lippmann-Schwinger matrix equa-
tions for J~operators in the three-body system based on (4.26). How are they
related to the AGS-equations (3.164)?

4.3 Yakubovsky Equations

For three particles, Faddeev’s equations couple components of the wave func-
tion. Is there a corresponding decomposition of the four-body wave function?
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The answer is yes as Yakubovsky [4.1] showed even for an arbitrary number
of particles. We follow the derivation presented in [4.10]. The scattering state
|y = |Y’,7(2+)) for instance, obeys

¥y =Gy T V,, |9, (4.60)
a3
which follows from (4.10) and the obvious Lippmann identity
limieGoy(E+ie) ¢z, =0.
e—0

As in the three-body system, this suggests a decomposition of ¥, now into six
parts:

P> = T |wa,) (4.61)
a3
with
Way) = Go Ve, |9 . (4.62)

Let us go back for a moment to the three-body system. In that case the itera-
tion of (4.60) yields connected and disconnected diagrams, where in the latter
type only one pair interaction operates consecutively. They are clearly gener-
ated by the term ||//a3> in the decomposition of |¥) on the rhs of (4.62). That
subset of disconnected diagrams was summed up in the following manner:

U= GoVi)lWa) = GoViy T 1w (4.63)
by*ay
or
0
Way) = Gota, T W) + Vo)) - (4.64)
by¥ay

Thereby the use of the two-body #-operator allowed us to invert (4.63) through
(1+Goly)(1-GoV,) = 1. (4.65)

The free term |1(/)/a3) is a solution of the lhs alone and its presence or absence
depends on the chosen boundary conditions. For three particles, the first
iteration of (4.64) yields necessarily connected diagrams, since the interactions
within two-body clusters are already summed. It is plausible that this first step
also has to be done for four particles and we take (4.64) as the starting point.
Since for four particles, in the case that the initial channel is of the two-frag-

ment type, there is no ||(/)/a3> which could contribute to the incoming flux, the
free term is absent. Now any number of iterations of (4.64) will produce not
only connected diagrams, but also the types of disconnected diagrams shown
in Fig. 4.2. In the first case there is a noninteracting spectator particle and in
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O O O O Fig. 4.2. The two types of discon-
nected diagrams in a four-body
O system once two-body ¢-matrices

O have been introduced

the second case the two pairs do not interact. This leads to J-functions for
conserved relative momenta and prohibits that any power of the kernel will be
of the Fredholm type.

Exactly as in the three-body system we have to group together on the rhs of
(4.64), those terms which are responsible for the occurrence of the discon-
nected diagrams. Since |y/b3) is proportional to ¢, , we select those pairs b,
which are internal to the noninteracting subcluster of the four-body system.
Together with a4 this determines uniquely the two-body fragmentation, as we
saw in the previous chapter. Let us regard an example.

lw12) = Goti2(lw13) + [wiad + |wasd + |waad + |w3a))
= Got12([w24) + w1 4)) + Goti12(Jw13) + |w23)) + Goty2|wsa)
= |Wi24312) + 1234120 + [W123412) - (4.66)

Therefore in general we can decompose the rhs of (4.64) as

|‘//a3> = X |‘//a2a3> (4.67)
a;Day
with
Wae,) = Gola, T W) (4.68)
by¥ay
or by Ca,
Wayar) = Gola, T GoVa|¥). (4.69)
+
bica

In this manner |¥) is split into eighteen components (4.69), the Yakubovsky
components:

)= 10> =L L Wap) =L I |Wap,) - (4.70)
a3

34300y a,ayCa,

Now we follow the strategy learned in the three-body system and collect the
parts belonging to the subclusters a,:

Wayay? = Gota, T |Wo,)=Golsy, T T |Wpp,)

by*a; byxay byDby
byCa, byCa

= Gota, T Wapd+Gola, T T |Wpp,) (4.71)
by*ay by*ay byDby

byCa, byCay, by*a,
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or
|'//a2a3> - GOta3 )X |Wa2b3> = GOta3 X )X |‘//b2b3> . (4.72)
byFay byxay byDdb;
byCa, byCay by+a,

In order to understand the necessary inversion it is very helpful {4.11] to
consider an example. Let us choose a, = 12 3,4, to which belonga; =12,13,
and 2 3. Then we get explicitly:

|Way 12> = Got12(|Wap13) + [Wa,230) = Gotiz £ L 0,0, |Wp,0,0
by#12 by b,
b3C02

Way13) = Got13([Way12) + [Wa,230) = Gotia £ L Oba,|Ws,0,
by#13 by by
byCay

Way23) = Gota3([Wap12) + Way13) = Gotas T T Opya, [Wiyn,)
by#23 by2by

byCa, (4.73)
or in matrix notation
|Way 12 0 4, 1 |Way,12)
Wa,13> | =Go | t13 0 f13 |Way13)
|Way23) a3 3 O |Way,23)
Y Obya Wby 12)
0 t12 t12 b2312_2 2 2
=Go | 13 0 143 L by, |Wp,13) | - (4.74)
lyy 1y 0 b, D13

Y Oba|Wb,23)
by523 2207

The lhs is the now familiar Faddeev form of the three-body problem. For
a,=12,34 we would encounter on the lhs a problem of interacting pairs 12
and 3 4 but without interpair interaction.

In obvious matrix notation (4.74) reads

(1-GoD yo,= GotR . 4.75)
Analogously to (4.65) we introduce an inverse operator through

(1+GoK) (1= Got) =1 4.76)
and get

0
ylazz y/a2+ (1]+G()1:<)Gol;8 . (4'77)
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Equation (4.76) is equivalent to
K= é_,_{gcoé’ (4.78)

which allows us to simplify the rhs of (4.77) to

We,= Ya, + GoKR . 4.79)
The driving term is a solution to the lhs alone:

(1-GoD) Y, = 0. (4.80)

In the above example, particle 4 is a spectator and therefore é)/az is a product of
the momentum eigenstate | g, ) of that particle and a part depending on the
remaining particles 1, 2, ané 3. That last piece obviously consists of the
Faddeev components | Xa,» of a three-body bound state. Thus the three com-
ponents

0
Waya,) = Xay? 194, (4.81)
sum up to the channel state
0
00, = T |Wapa, - (4.82)
ajCay

For a, =1 2,3 4 the homogeneous problem (4.80) is explicitly

0 0
Way,12) — Got12|Way34> =0

0 0 (4.83)
Wa, 34> — Got34|Wa, 12> =0,

which is solved by
0
|Way 12> = GoVialo12) 034> 19D (4.84)
0
|Way34> = GoVaaloi2) 034> 19> - (4.85)

The |@)’s are two-body bound states and |¢) the momentum eigenstate of
relative motion of the two, bound pairs 12 and 3 4. Again the two com-
ponents sum up to a channel state:

0 0
Way12) + [Way34) = Go(Viz2+ V3a) 012) 034> 10D
=1012) 934> 19> = ¢4, - (4.86)

The total state |¥) contains |@,,) only in the initial channel. Therefore the

driving term §1a2 shows up only if a, is the initial two-fragment channel index
a,. In explicit notation (4.79) reads
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0 —
Wayay) = Waya,) Oz, + L GoKaZp, L 0b,0)|Wiyp,) - (4.87)
byCa,y by Dby

This is the set of eighteen coupled Yakubovsky equations.

Just as the three-body Faddeev equations contained two-body #-operators
in the kernel, the four-body equations (4.87) contain now three-body
operators. Since K % sums up the pair interactions within the clusters of a,, the
kernel has to get connected after iterating. Now X, as given in (4.78), contains
a part which is only two-body connected, and therefore exactly two iterations
are necessary. Comparing with (4.35) or (4.44), we recognize the same type of
coupling scheme which reconfirms the connectivity after two iterations.

One may ask for the link between the Yakubovsky equations and the set of
seven Lippmann-Schwinger equations. The Yakubovsky components are
defined in (4.69). The operation which reduces |¥) to a component can be
applied from the left onto all seven equations:

|Wa2a3> = GO ta3b E 5173“3 GO Vb3 |¢62> 5a262+ GO ta3 E 5_b3 o GO Vb3 Ga2 V%lg/)
3 Cay byCa, (488)

The driving term is easy to handle. For a, = @, we get
Gola, T 65,0GoV,|0a,) = L 05,0,Ga,Va,GoVi,|0z,)
byCa, byCa,

=Gy Va3 Z_ Ga3 Vb3 gb3a3 |¢&2>
byCa,
0
= Go Vo, |00,) = [Waa,) - (4.89)
Thus, as expected, we get the Faddeev components of the subcluster which are
the driving terms in (4.87).

The important point is that now the second term on the rhs of (4.87) can be
rewritten in terms of Yakubovsky components:

Co ta3b32C:a 5_b3”3 GoVp,Ga, vale
2

=Golay, ¥ 0b,0,GoVo, T (GO, + G, V., Go) VP>
byCay c3Cay 3 LIRS
= Gols, T 0p,0,Go L (Vo,0p,c, V5,Ga,Ve,) GoV2IP) . (4.90)
byCay g Cay
The expression in the bracket refers either to a three-body problem or two,
uncorrelated, two-body problems. It is easy to verify that

Mg32c3 = Vb35b3t‘3+ Vb3602 Vc3 (4~91)
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obeys the Faddeev equations

My = 10,0030, éa lg,GoM 2, = ta36a3c3+béc Mgz, Gole, - (4.92)
b:ca; biCa;

Therefore the rhs of (4.90) can be written as

E 5baGO Z Mb C3GOVa2|SU>

b3 a

=Gp ¥ X 5b3c3 a25,Gole,Go V2| ¥)

c3Cay byCay

=Gy ¥ Mazb3 E 5c3b3Gotc3Go E Va, )

byCay dyQa,
_GO ) Mab Z 6c3b3G0tc3GO )} 502a2 ) Vd3|ql>
b3Ca2 CyJCy d3C6‘2
dyFcy
_GO E Ma 13 Z 6c3b3 Z aczazll//czq (493)
byCay c3Ca,

We used (4.33) and (4.69) in the last two steps and end up with

|Wa2a3 |Wa2a3>aa2a2+ E GOMa3b3 E ac3b3 Z 6cza2|l//czc3 . (494)

byCa, c3Cay

These are eighteen coupled equations for the Yakubovsky components and
are identical to the set (4.87), as follows from the connection

KLZZL‘}_ b ZC: 6_1)3(33Maa32b3 . (4.95)

@

This is a simple consequence of (4.78) and (4.92).

Finally we regard the case of identical particles. According to the two types
of two-body fragmentations, the Yakubovsky components split into two
groups. There are twelve of the type i(jk/) and six of the type (ij)(k!). It is
obvious from their definition (4.69) that the twelve and six are identical
among each other after suitable particle permutations. Therefore, there
remain only two unknown functions and the eighteen equations reduce to
two. Note, however, that the full complexity of the coupling scheme is still
present in the permutation operators.
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4.4 AGS-Equations for Transition Operators

In the three-body problem, the set of three Lippmann-Schwinger equations
lends itself very naturally to the derivation of three coupled equations for the
transition operators U,;. The set of seven Lippmann-Schwinger equations for
four particles appears at first sight to be equally suited to deriving seven
coupled equations for the transition operators U%% between two-fragment
channels. They are defined by

UP4|g,y = Vi Py = . §,, Vi, |55y (4.96)
3 2

However, we encounter immediately an ambiguity in setting up the coupling
scheme. Which of the Lippmann-Schwinger equations should be used to
represent Vj, |‘Pa(2+))? In order to be quite general we shall write

byay _ a
U= b3§b2Vb36"2b2+b3% Vo, L Wy, G, Uen. (4.97)

by Cy* by

The rectangular matrix W is supposed to consist of elements which are either 0
or 1 and which define the coupling scheme. Up to now, the ansatz (4.97)
exhibits explicitely only the requirement that U?% does not couple to itself.
Further we would like to have the properties that (4.97) is a closed set for the
seven transition operators and that it should be connected after a finite
number of iterations. After one iteration we encounter

X Vo, ¥ Wp,Ge, L Voy ¥ Wey,Ga,- (4.98)

b3qby Toyby afe “dio

In order to approach connectivity c; should be different from b;. Let us
regard an example: b, =123,4, by=14. If the external interaction for ¢,
should exclude V; 4 the allowed ¢,’s are: ¢; =(124)3, (134)2, and (14)(23).
The corresponding external interactions are: V=V 3+ Vo34 Viy, V2=
Via+ Vas+ Vau, and V2=V, + V3 + Vo4 + V34 Thus all pair interactions
except V; 4 occur. Consequently after another iteration, V; 4 occurs again and
one can never achieve connectivity. Now one may require a more severe selec-
tion of allowed ¢,’s by dropping (1 2 4)3 or (1 3 4)2. One cannot drop both or
(14)(23) if one wants to keep a closed set of seven equations. This does not
remedy the fact that all pair interactions V =+ V; 4 still occur. Therefore there
exists no choice of W which leads to a kernel which becomes connected after a
certain number of iterations. One is therefore forced to extend the coupling
scheme and we shall link the derivation [4.6, 8] to the results already gained
for the wave function. As a first step, let us replace the subsystem operators K
in the set (4.87) by transition operators. Putting

K23, =1,,GoUs, (4.99)
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in (4.78) we get

2b GO 15a3b3+ o E a c3GOtc35_c3b3 . (4.100)

by

For b,=i(jk/) these are the AGS-equations for the physical transition
operators in the three-body subsystems. Note however that, they are
embedded in a four-particle space and are therefore off-shell. The new
operators U, for b, = (ij)(k!), obey two coupled equations. In terms of U, the
Yakubovsky equations (4.87) read

_ 0 - _
|!//522a3> = |‘//a2a3>5a2172+ b3zc:azGOta3GO U;§b3b §b35b2a2||//l‘7122b3> . (4-101)
2

This set can be cast into the structure of a matrix Lippmann-Schwinger
equation
~ 0 - _
pi= Y=+ GVy?, (4.102)
where new matrix operators
@"zbz Gota,GoUg%,Goly,GoOgyp, (4.103)
and
VP22= (Goty, Go) ™ Opye,Op,c, (4.104)
have been introduced. The dependence on the initial channel has now been
indicated explicitly by a new subscript. The door is now open to introduce a
matrix T-operator
0
Vy=Ty, (4.105)
which obviously obeys the equation
T=V+VGEG,T. (4.106)

This reads in an explicit notation

aby _ by ayCyry Cody daby
Tba V”s 3+Z z:V"3C3(EcaVT
Cody €ydy

= (Gol4,Go) ™' 04,0,00,, + Cza‘% Ug2,Got,GoTS2 4.107)
2

These are again eighteen coupled equations for each fixed pair of indices b,,
b;. Are these 18 x 18 operators T:32£32 of any use for calculating the physical
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transition amplitudes? The answer is yes, and we again rely heavily on formal
analogies by regarding the candidate for the physical transition amplitude:

WETIP?y = ¥ T <wl, |Tak vl
@by a3by
=T L a VERlul) . (4.108)
ayby ayby

In the second step we have used the definition (4.105) of T. Now we insert the
explicit form of the Yakubovsky components and the definition (4.104) of V:

<y9‘72|1r|g0/52>— Y X <‘//a2a3|(GOt03G0) ”zbz

a,by ayb,

X 5a3b3G0ta3 E 5030360 Vc3 |'II5(2+)>

L L <Wa2a3 |5a2b25a3b3 Vb3|

@by a3by
= T W& T Spa T 6b3a3Vb3|Wb”> (4.109)
a3 Ca, byDay by C

The double sum in the operator is the external interaction for b, as we saw in
(4.33). Thus

WOUTIY™ = 5 RV wE). 4.110)
a3 Ca,

Finally we sum over a;, which yields the channel state according to (4.82) and
(4.86), and end up with

Yo ) = Cpg | V2|5, 4.111)

which is the physical transition amplitude.

The set of equations (4.107) is a very convenient starting point for

introducing separable approximations for subsystem transition operators
[4.6, 8].
Exercise: The Faddeev equations for the three-body wave function
components can be cast into the form of a matrix Lippmann-Schwinger
equation analogous to (4.102). If one defines a matrix 7-operator as in (4.105)
which equations result?
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4.5 Remarks on Equations of Higher Connectivity

The Faddeev-Yakubovsky type kernels, considered up to now, are only two-
body connected. It is natural to ask for kernels of higher connectivity with at
the same time a lower number of coupled equations. For four particles, the
number of pair interactions, six or the number of two-fragment channels,
seven, suggest themselves. Indeed sets of six coupled equations [4.12] and
seven coupled equations [4.13] have been derived. Both can be found easily by
inserting two types of Lippmann-Schwinger equations into each other. (This is
closely related to the method of cluster decomposition [4.14]). The scattering
state | Y’f,;”) obeys the two types of Lippmann-Schwinger equations

1Py -Gy, T Vi |¥’(+)>—hm180b3|¢a2 (4.112)
by 3 by
and
[Py -Gy, Vb2|¥’(+))—hm1£Gb2|¢a2 (4.113)

In (4.112) we used the easily verified identity

L Vo= L (Vy=Vp)= zb V. (4.114)

ey by szb3 by J by
We insert (4.113) into (4.112) and get

[P =Gy, T VEG, V2P

b, by

= lim (1 +b Y Gb 14 g)lsGb3|¢a2 =0(b; C a3)|9,,)- (4.115)

-0

In the last step we used by now familiar Lippmann identities. Let us now
introduce four-body T-operators by

Ty, |00,> =V, | P> (4.116)

Obviously they can be determined through (4.115) by multiplying from the
left by V,:

b
Ty,194,> = V5,Go, b2§b3 Vb;Gb2c2>¢:bz T.|9.,)
=d(by Cay) Vb3|¢,,2>. 4.117)
These are six coupled equations of the type derived in [4.12]. The kernel is

three-body connected and obviously becomes fully connected after one itera-
tion. Clearly the operators (4.116) obey another set of six coupled equations,
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too, which follow from (4.112) by multiplication by ¥, from the left. Though
that set has a noncompact kernel, its solution is in unique correspondence to
the Schrodinger equation. One can show [4.15, 16] that the two sets are linked
by spurious multipliers, which implies, that the homogeneous system of
(4.117) allows for nonphysical solutions at a set of discrete (in general com-
plex) energies. The trap in the derivation of (4.117) was the insertion of Lipp-
mann-Schwinger equations into each other.

A set of seven equations for the physical transition operators

Un%|gy= T Vy|PiN = T Ty le.) (4.118)

by ¢h b3¢b,

2

results trivially from (4.117):

Ub2%2— zb V5, G, zb VaG, U =3y, (E-Hy~V,p).  (4.119)

b3 ¢ by ¢ 2 by

The rhs is due to

E 6(b3 C az) Vb3l¢{l2> = 51’2“2 (E—HO_ Vazbz) |¢a2> (4.120)

by ¢ b,

where V, , is the sum of pair interactions common to a, and b,. The set
(4.119) are the Sloan equations [4.13], which have been generalized by Bencze
and Redish [4.17] to N particles. Knowing spurious solutions to the homo-
geneous system related to (4.117), one can obviously construct, through linear
combinations of the type (4.118), spurious solutions to the homogeneous
system related to Sloan’s set. Whether this spuriosity defect requires special
caution in numerical studies appears to still be an open question.
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