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PREFACE

H. F. Harmuth is no newcomer to these Advances, for his early work on
Maxwell’s equations, which was highly controversial at the time, formed Supple-
ments 14 (1981) and 15 (1984) to the series; an earlier study on sequency theory
was published in 1977 as Supplement 9.

Some consequences of that work on Maxwell’s equations have led H.F. Harmuth
and B. Meffert to enquire how the discrete nature of many scientific phenomena could
be incorporated in the theory. For this, the familiar differential equations must be
replaced by difference equations; this in itself is a far from trivial task and it is not
at all easy to draw general conclusions from difference equations even though all
numerical work of course depends on them.

In this volume, the authors first introduce the basic differential equations in-
volved and then examine two very important cases in detail. Two chapters are
devoted to the pure radiation field (Maxwell’s equations), one on the differential
equations, the other on the corresponding difference equations. Two further chapters
are devoted to the differential and difference equations for the Klein-Gordon field.

These studies raise important and fundamental questions concerning some of the
basic ideas of physics: electromagnetic theory and quantum mechanics. They deserve
careful study and reflection for although the authors do not attempt to provide the
definitive answer to the questions, their work is undoubtedly a major step towards
such an answer. I am delighted that this work will be presented to the scientific
public in these Advances.

Peter Hawkes

vii
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FOREWORD

It is about 20 years since it was found that Maxwell’s equations generally cannot
have solutions that satisfy the causality law. The problem was overcome by adding a
term for magnetic dipole currents that are produced by rotating magnetic dipoles. Six
books have been published on this topic since 1986. The most recent one, “Modified
Maxwell Equations in Quantum Electrodynamics,” shows that the problem of infinite
zero-point energy and renormalization disappears if the corrected Maxwell equations
are used.

Three more changes had to be made in addition to the modification of Maxwell’s
equations: a) Dipole currents — either electric or magnetic ones — can flow in vacuum
even though monopole currents are prohibited by the conservation of charge; this is
why an electric current can flow through a capacitor whose dielectric is vacuum. b)
The quantization is applied to a wave that satisfies the causality law as well as the
conservation law of energy, rather than to a field for which the meaning of these
laws is not clear. c) Infinite space and time intervals were replaced by arbitrarily
large but finite intervals.

The last point may be seen as nothing more than a physical explanation of the
traditional box normalization. However, the elimination of infinite space and time
intervals raises the question why infinitesimal space and time intervals should not
be replaced by arbitrarily small but finite intervals. Since we can neither observe
infinite nor infinitesimal intervals it would be inconsistent to eliminate the one but
not the other.

The elimination of infinite intervals required no more than the replacement
of the Fourier integral by a Fourier series with denumerable functions orthogonal
in a finite interval and undefined outside that interval. If one wants to eliminate
infinitesimal intervals one must replace the differential calculus by the calculus of
finite differences, which is a much more demanding task. We will show for the
pure radiation field and the Klein-Gordon field that one obtains significantly but not
catastrophically different results with the calculus of finite differences. A particularly
interesting result will be that a basic difference equation of quantum electrodynamics
yields the same (energy) eigenvalues as the corresponding differential equation but
quite different eigenfunctions.

Let us consider the replacement of differentials dz by arbitrarily small but finite
differences Ax from a more general point of view. Elementary particles within the
framework of the differential calculus must be treated as point-like, since by physical
definition they should not have any spatial structure. The extension of such particles
is of the order of dx. The mathematical method is chosen first and the physical
features are matched to the mathematical requirements.

Assume now that the best available instruments for spatial measurements have
a resolution Az, which means we can distinguish something at the location z from
something at the location x + Az. A particle smaller than Az cannot be resolved,

XV
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which implies we cannot claim anything more about its spatial features than that
it is smaller than Axz. The calculus of finite differences is a mathematical method
that matches the physical situation. Since a finite interval Az can be subdivided
into nondenumerably many intervals dx we are a long way from defining elementary
particles as point-like.

What we have said about elementary particles raises the question whether
physics is a branch of mathematics or mathematics a tool for physics. This was
a serious question for the ancient Greeks. Today we recognize mathematics as a
science of the thinkable and physics as a science of the observable. The one can
never be more than a tool or a source of inspiration for the other. Physics inspired
the enormous development of the differential calculus in mathematics compared with
the calculus of finite differences. Physics is used as a tool in mathematics whenever
a few more digits of the numbers 7 or e are obtained with a computer. This book is
an example how mathematics is used as a tool and a source of inspiration in physics.

The authors want to thank Humboldt-Universitit in Berlin for providing com-
puter and library services.

X X Xk

This is the fourteenth scientific book the lead-author wrote either alone or —
after age 65 — with co-authors and it will probably be the last one. The following
observations of a lifetime of scientific publishing may help young scientists.

Scientific advancement is universally based on the concept of many small steps
or incremental science. This approach founders when one tries to introduce the
causality law into electrodynamics in many small steps. Some new ideas cannot be
advanced incrementally. They are extremely difficult to publish.

Perhaps the most important human idea ever was to climb out of the trees and
to live on the ground. It was, no doubt, strongly opposed by the leading experts of
tree-climbing who feared for their status. This principle has not changed. The peer
review for scientific publications may or may not weed out publications that are below
the level of the reviewing peers, but there is no such doubt about the elimination
of anything above that level. Bulldozing through this barrier requires good health,
long life, great tolerance for abuse, as well as a dedication to the advancement of
knowledge.

It is much easier to publish books than journal articles since book publishers
must publish to stay in business and books with new ideas are good for their rep-
utation. This is not so for journals of scientific societies financed by membership
dues. Dominant journals of large scientific societies are at the forefront of the battle
against non-incremental science and the protection of the status of the leading experts
of current activities. It would be practically impossible to publish non-incremental
science if there were not some editors who understand the limitations of the peer
review and make it their life’s goal to overcome this barrier. They are among the
few who will support ideas that contradict accepted ones. Finding such editors is
difficult and time-consuming but essential.
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From my own experience I rate the contribution of these editors as important
as that of the authors. Science that is not published is no better than science that is
not done. We have no way to estimate how much scientific progress is lost because
authors were not able to overcome the barrier of the peer review. 1 want to use this
opportunity to thank four editors who have helped me: The late Ladislaus L. Marton
(Academic Press), the late Richard B. Schulz (IEEE Transactions on Electromagnetic
Compatibility), Peter W. Hawkes (Academic Press), and Myron W. Evans (World
Scientific Publishers).

Henning F. Harmuth
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magnetic vector potential

magnetic flux density

299792 458; velocity of light (definition)
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4[(2mK)? + p3], Eq. (2.2-11)

see Eq. (3.2-31)

electric field strength

electric charge

electric current density

magnetic current density

magnetic field strength

6.626 0755 x 1034, Planck’s constant
1.0545727 x 10734

Eqgs. (4.2-44), (5.2-32)

mechanical moment of inertia, Eq.(1.4-26)
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T/7, Eq.(2.1-79)

Eq.(1.4-12)

Eq.(1.4-12)

hypothetical magnetic charge
Eq.(2.2-29)

Eq.(2.2-34)

Fig.1.1-2

magnetic conductivity

time variable

arbitrarily large but finite time interval
arbitrarily small but finite time interval
velocity

376.730 314; wave impedance of empty space
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1 Introduction

1.1 MODIFIED MAXWELL EQUATIONS

Maxwell’s equations dominated electrodynamics in the twentieth century
like Newton’s theory dominated mechanics in the eighteenth and nineteenth
centuries. Relativistic mechanics was developed when Newton’s mechanics
failed at velocities close to the velocity of light. The discovery of this fail-
ure required an improvement of experimental techniques far beyond what was
available at the time of Newton (1642-1727). No such advance in technology
was required to find a basic problem of Maxwell’s equations. Strictly theoreti-
cal studies led to the discovery that Maxwell’s equations generally did not yield
solutions that satisfied the causality law. This law was, of course, known at the
time of Maxwell. Indeed it is by far the oldest, generally recognized physical
law. The Greeks philosophized a great deal about it. The conservation laws of
physics were recognized much later, none of them being accepted before 1800.

Two scientists working independently and using different approaches re-
alized the problem of Maxwell’s equations with the causality law at about the
same time, which gave the result great credibility (Harmuth 1986a, b, c; Hillion®
1991; 1992a, b; 1993). Many attempts to derive causal solutions from Maxwell’s
equations were made from 1986 on, but did not and could not succeed.

Once the problem of Maxwell’s equations with the causality law was rec-
ognized the question arose what modification would resolve the problem. The
addition of a magnetic current density term in 1986 was a strictly pragmatic
solution based on mathematics rather than physics. Several years passed be-
fore the physical meaning of such a term was understood (Harmuth 1991).
It only permitted but did not demand the existence of magnetic monopoles.
Rotating magnetic dipoles produce magnetic dipole currents just as rotat-
ing electric dipoles produce electric dipole currents, e.g., in a material like
Barium-Titanate. Electric dipoles—either induced by an electric field strength
or inherent—were always part of Maxwell’s equations. They produce electric

IHillion obtained his results earlier than suggested by the dates of his publications, but
it was next to impossible to publish anything questioning Maxwell’s equations, particularly
in the journals of the leading physical societies. The editors Peter W.Hawkes of Advances in
Electronics and Electron Physics (Academic Press) and the late Richard B.Schulz of IEEE
Transactions on Electromagnetic Compatibility deserve the credit for upholding the freedom
of scientific publishing.



2 1 INTRODUCTION

dipole currents either by induced polarization or by orientation polarization.

A group of 15 scientists cooperating under the title “Alpha Foundation”
arrived at the same modified Maxwell equations using a quite different approach
(Anastasovski et al. 2001).

An unforeseen result of the use of the modified Maxwell equations was the
elimination of the divergencies known as infinite zero-point energy in quan-
tum field theory (Harmuth, Barrett, Meffert 2001); this problem had plagued
quantum electrodynamics since 1930 and could previously be overcome only by
renormalization, a method generally considered unsatisfactory.

Let us see how certain physical concepts enter a mathematical theory of a
physical system or process. To this end we first spell out the causality law in
the following form preferred if the transmission of information is important:

Every effect requires a sufficient cause that occurred a finite time earlier.

The words ‘a finite time earlier’ serve here two purposes. First, they mean that
the effect comes after the cause, which introduces the universally observed dis-
tinguished direction of time. Second, the use of the term ‘time’ makes clear
that we deal with a law of physics, not an axiom of mathematics, since the con-
cept of time does not exist in pure mathematics. There are no space and time
variables in pure mathematics but complex variables, real variables, random
variables, prime variables, etc.

To see how physical laws or conditions can be imposed on a physical process
that is described by a partial differential equation or a system of such equations
in a coordinate system at rest we note that in this case one must find a function
that satisfies three requirements:

1. The function satisfies the partial differential equation(s).

2. The function satisfies an initial condition that holds at a certain time tg
for all values of the spatial variable(s).

3. The function satisfies a boundary condition that holds at all times ¢ for
certain values of the spatial variable(s).

The first condition is a purely mathematical requirement. The second
and third condition permit the introduction of physical requirements. If we
use initial and boundary conditions with finite energy and momentum we can
expect results with finite energy and momentum. It has been shown with the
help of group theory that in this case Maxwell’s equations will conserve energy,
linear momentum, angular momentum, and center of energy (Fushchich and
Nikitin 1987, p. 98). Of course, if we use periodic, infinitely extended sinusoidal
functions as solutions of Maxwell’s equations we have infinite energy and the
conservation law of energy becomes meaningless.

A solution that satisfies the causality law requires that the initial condition
at the time ¢t = ¢y is independent of the boundary condition at the times t > t.
Without this requirement a cause at a time ¢ > ¢y could have an effect at the
earlier time ¢t = ¢yp. Only the initial and boundary conditions are of interest
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but not what their processing by the partial differential equation does. The
symmetries of the equations have no effect.

The causality law is of little interest for steady state solutions that describe
typically the transmission of power and energy. The opposite is true for signal
solutions that describe the transmission of information; the energy is of lesser
interest as long as it is sufficient to make the signal detectable. We define a
classical electromagnetic signal as an EM wave that is zero before a certain
time and has finite energy. Signals are usually represented by field strengths,
voltages or currents?. All produced or observed waves are of this type. This
includes standing and captive waves since they must be excited before they
can reach the steady state. Mathematically a signal is represented by a time
function that is zero before a certain time and quadratically integrable3. If a
signal is used as boundary condition we obtain signal solutions. They always
satisfy both the causality law and the conservation law of energy.

There is a class of partial differential equations that does not permit inde-
pendent initial and boundary conditions and thus do not have solutions that
satisfy the causality law. Hillion (1991; 1992a, b; 1993) showed that Maxwell’s
equations belong to this class. The other proof for the failure of Maxwell’s
equations grew out of an attempt to develop a theory of the distortions and the
propagation velocity of electromagnetic signals in seawater (Harmuth 1986a, b,
c¢). It turned out that the electric field strength due to an electric excitation
as boundary condition could be obtained but the associated magnetic field
strength could not. This explains why it took so long to recognize the problem
of Maxwell’s equations with causality. Anyone satisfied with the electric field
strength due to electric excitation never noticed that something was amiss.

We write the modified Maxwell equations in a coordinate system at rest
using international units. The old-fashioned notation curl = Vx, div = V- and
grad = V is used since this notation was used when the lack of causal solutions
was discovered; it may be that the notation curl, div and grad helps one grasp
the physics underlying the mathematical manipulations:

oD
1H=— 1
cur T + g (1)

0B
—curlE = — + g, 2
cur o +g (2)
divD = p, (3)
divB=0 or divB = pp (4)

Here E and H stand for the electric and magnetic field strength, D and B for
the electric and magnetic flux density, g. and g, for the electric and magnetic

2In the case of the Aharonov-Bohm effect the signal is represented by the magnetic
vector potential (Aharonov-Bohm 1959, 1961, 1962, 1963).

3We generally think of signals as functions of time ¢ at a fixed location x, but a signal
could also be a function of location x at a fixed time ¢t.
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current density, p. and p, for the electric and a possible magnetic charge
density. We note that g, does not have to be zero if py, is zero, since only
a monopole current requires charge densities p, or p,, while dipole and higher
order multipole currents exist for p, = 0 or py, = 0.

The modified Maxwell equations differ definitely by the term g, in Eq.(2)
from the original Maxwell equations. The condition divB = p,, in Eq.(4) is
only permitted but not required. Hence, there is no requirement that magnetic
charges must or must not exist.

Equations (1)—(4) are augmented by constitutive equations that connect
D with E, B with H, g, with E and g, with H. In the simplest case this
connection is provided by scalar constants called permittivity e, permeability g,
electric conductivity o and magnetic conductivity s. The electric and magnetic
conductivities may be monopole current conductivities as well as dipole or
higher order multipole current conductivities:

D =¢E (5)
B=uH (6)
ge = oE (7)
gm = sH (8)

In more complicated cases €, u, 0 and s may vary with location, time, and
direction, which requires tensors for their representation or the equations may
be replaced by partial differential equations.

The term gy, in Eq.(2) was originally added strictly for mathematical rea-
sons, although with its physical implications in mind (Harmuth 1986a, b, c).
From 1990 on it was understood that this term did not imply the existence
of magnetic charges or monopoles. Rotating magnetic dipoles can cause mag-
netic dipole currents just as rotating electric dipoles in a material like Barium-
Titanate can cause electric dipole currents. Hence, the term g, in Eq.(2) is now
based on the existence of rotating magnetic dipoles, which means on physics
rather than mathematics.

The electric current density term g, in Eq.(1) has always represented elec-
tric monopole currents carried by charges and dipole currents carried by in-
duced or inherent dipoles; the difference between induced and inherent dipoles
will be discussed presently. Maxwell called the dipole currents polarization
currents since today’s atomistic thinking did not exist in his time. Without a
polarization or dipole current one cannot explain how an electric current can
flow through the dielectric of a capacitor, which is an insulator for monopole
currents.

For a brief discussion of dipole currents as well as induced and inherent
dipoles consider Fig.1.1-1. On the left in Fig.1.1-1a we see a positive and a
negative charge carrier between two metal plates, one with positive the other
with negative voltage. The charge carriers move toward the plate with opposite
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a b c

M M +|

I v
FIGURE 1.1-1. Current carried by independent positive and negative charges (a). Dipole

current due to an induced dipole (b). Dipole current due to orientation polarization of
inherent dipoles (c).

polarity. An electric monopole current is flowing as long as the charge carriers
move.

An induced electric dipole is shown in Fig.1.1-1b. A neutral particle, such
as a hydrogen atom, is not pulled in any direction by voltages at the metal
plates. Instead, the positive nucleus moves toward the plate with negative
voltage and the negative electron toward the plate with positive voltage. A
restoring force, symbolized by a coil spring, will pull nucleus and electron to-
gether once the voltage at the plates is switched off. An electric dipole current
is flowing as long as the two charge carriers are moving either apart or back
together again. The lucidity of this simple model is lost if we say that the
probability density function for the location of the electron loses its spherical
symmetry and is deformed into the shape of an American football with the
nucleus off-center in the elongated direction.

An induced dipole current can become a monopole current if the field
strength between the metal plates exceeds the ionization field strength. One
cannot tell initially whether an induced dipole current will become a monopole
current or not, since this depends not only on the magnitude of the field
strength but also on its duration. As a result a term in an equation repre-
senting an electric dipole current must be so that it can change to a monopole
current. Vice versa, a term representing monopole currents must be so that it
can change to a dipole current, since two particles with charges of opposite po-
larity may get close enough to become a neutral particle. The current density
term g, in Eq.(1) satisfies this requirement.

Most molecules, from HyO to Barium-Titanate, are inherent dipoles while
their atoms are inducible dipoles. Figure 1.1-1c shows two inherent electric
dipoles represented by two electric charges with opposite polarity at the ends
of rigid rods. A positive and a negative voltage applied to the metal plates
will rotate these inherent dipoles to line up with the electric field strength.
Dipole currents 2i, in the direction of the field strength are carried by each
rotating dipole. There are also dipole currents 2i;, perpendicular to the field
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FIGURE 1.1-2. Ferromagnetic bar magnet in an homogeneous magnetic field (a) and its
representation by a thin rod with hypothetical magnetic charges +qm at its ends (b).

strength, but they compensate each other if there are counterrotating dipoles
as shown. Only the currents in the direction of the field strength will re-
main observable if there are many dipoles with random orientation. Dipole
currents due to orientation polarization exist for magnetic dipoles too. Such
dipoles range from the hydrogen atom to the magnetic compass needle and the
Earth.

Rotating magnetic dipoles behave very much like the rotating electric
dipoles of Fig.1.1-1 if the electric quantities are replaced by magnetic quan-
tities. This is made clear by Fig.1.1-2 which shows a ferromagnetic bar magnet
on the left and its idealized representation by a thin rod with hypothetical
magnetic charges on the right. There is no magnetic equivalent to the in-
duced dipole of Fig.1.1-1b unless we find magnetic charges or monopoles. This
explains why magnetic dipole currents are not part of Maxwell’s equations. Be-
fore the arrival of atomistic thinking it was not possible to distinguish induced
polarization due to induced dipoles and orientation polarization due to inher-
ent dipoles. The concept of orientation polarization of inherent dipoles was
not recognized and the lack of induced magnetic dipoles eliminated magnetic
dipole currents.

In order to include magnetic dipole current densities one must use a term
g in Eq.(2). Equation (4) may be left unchanged in the form divB = 0 of
Maxwell’s equations for dipole currents, but the zero must be replaced by p.,
if there are magnetic monopoles. The existence of magnetic monopoles has
been a matter of contention for almost 70 years. We do not have an acceptable
explanation for the quantization of electric charges without admitting magnetic
monopoles, but we do not have a direct and convincing experimental proof for
the existence of magnetic monopoles either. Fortunately, the choice divB =0
or div B = py, has no effect on the covariance of the modified Maxwell equations
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or the conservation of energy and momentum by these equations (Harmuth,
Barrett, Meffert 2001, Sections 2.4 and 2.5).

1.2 SUMMARY OF RESULTS IN CLASSICAL PHYSICS

Let us obtain the field strengths E and H of the modified Maxwell equa-
tions (1.1-1)—(1.1-8) for a planar TEM wave excited by an electric excitation
function E(0,t) at the plane y = 0 and propagating in the direction y. We must
write Egs.(1.1-1)—(1.1-8) in Cartesian coordinates, make all derivates 0/0z and
0/0z zero to obtain the planar wave and choose E, = 0, H, = 0 to obtain a
TEM wave!. With the substitutions

E:EIZEZ, H:Hx:*Hz (1)

one obtains in the end the following two equations:

OFE /0y + u0H/0t + sH =0 (2)
O0H/0y + edE /Ot +0E =0 (3)

The original Maxwell equations have g, = 0 in Eq.(1.1-2) and s = 0 in
Eq.(1.1-8). Instead of Egs.(2) and (3) one obtains:

OE /0y + uo0H/0t =0 (4)
OH/0y+ edE/0t+oE =0 (5)

The elimination of H from Egs.(2) and (3) yields the following second
order partial differential equation for E alone

O*E/0y? — ued’E/0t* — (po + es)OE /0t — soE = 0 (6)

while the elimination of H from Eqgs.(4) and (5) yields a different partial dif-
ferential equation:

O*E/0y* — ued’E[0t* — nodE /ot = 0 (7)

The term soE makes Eq.(6) significantly different from Eq.(7). Even if we
solve Eq.(6) and then take the limit s — 0 we may and actually do get a result
different from the one provided by Eq.(7). We may say that Eqgs.(1.1-1)—(1.1-8)
have a singularity for g, = 0, which prevents us from choosing g, = 0 at the
beginning rather than at the end of the calculation, or we may say the original
and the modified Maxwell equations have a different group symmetry. The
important fact is that Eqgs.(6) and (7) are significantly different.

1Harmuth 1986a, b, ¢; Harmuth and Hussain 1994; Harmuth, Boules and Hussain 1999;
Harmuth and Lukin 2000; Harmuth, Barrett and Meffert 2001.
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Let us assume the electric field strength F = E(y, t) has been derived from
Eq.(6) for certain initial and boundary conditions. We may then obtain the
associated magnetic field strength H(y,t) from either Eq.(2) or (3):

- ,l *St/u/a_E st/p —st/p
H(y,t) = Me 99 e’Ftdt + Hy(y)e (8)
OF
Hy, ) = / <€E + aE) dy + H,(t) )

The two equations must yield the same value for H(y,t). This requirement
determines the integration constants Hy(y) and Hy(t).

If we obtain E = E(y,t) for certain initial and boundary conditions from
Eq.(7), derived from the original Maxwell equations, we may substitute it either
into Eq.(4) or Eq.(5) to obtain the associated magnetic field strength H(y,t):

:——/—dt+Ht Y) (10)
Hlnt) = [ (5 + o ) dy+ 1,00 (11)

Again, the requirement that both equations must yield the same field strength
H(y,t) should determine the integration constants.

We introduce the normalized time and space variables 6 and ¢ using a time
interval At that is finite but has no other restrictions:

0=t/At, C=ylcAt, At>0 (12)

Equations (6), (8) and (9) become

O*E[0¢* — 0°E/00* — (0 + 6,)0E /90 — 6.6, E =0
e + 6, = At(uo +es), .0, = c*(At)’so

de = 0At/e, 6, =sAt/p (13)
H(¢,0) e 0n Q/aE 3u8df + Hy(¢)e on? (14)
H(C,0) = /(ae +6E>dC+H<( ) (15)

while Egs.(7), (10) and (11) assume the form
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O2E/Oc? — 62E/892 _§OE[0 =0, §.=0Al/e (16)
H(¢.0) =~ [ Gedo+ Ho(o) (7
H((,60) = /(%ﬁw E) dc + He(0) (18)

An electric force function with the time variation of a step function is
introduced as boundary condition for the solution of Eq.(13):

E0,8) = ExS(#) =0 for0 <0
=FEy for0>0 (19)

As initial condition we choose that the electric field strength shall be zero
for all locations ¢ > 0 at § = 0:

E(¢,0)=0 for (>0 (20)

For ¢ = 0 the value of F(0,0) is already defined by the boundary condition of
Eq.(19).

For the calculation we refer the reader to previous publications?. The
choice At = 2¢/o yields 6. = 2, 0, = 2se/ou and the equations are greatly
simplified. At the end of the calculation we make a further simplification by
the trasition s — 0, which implies that the magnetic dipole current g, in
Eq.(1.1-2) approaches zero. We obtain the following electric field strength for
Eq.(13):

E(,0) = Eo{l — %e_e

{f(ote-rm 2
/ <

1-
v g}

Plots of E((,0)/Ey are shown in Fig.1.2-1 for the locations ¢ = 0, 1, 2,
, 10 in the time interval 0 < 8 < 60 by the solid lines. The boundary
condition of Eq.(19) is represented by the plot for ¢ = 0.

sin

+ (cos )1/20] ;

2Harmuth 1986¢, Secs. 2.1, 2.4; Harmuth, Barrett, Meffert 2001, Secs. 1.3, 1.4, 6.1, 6.2.
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FIGURE 1.2-1. Electric field strengths E((,0)/Eop according to Eq.(21) as function of the
normalized time 6 with the normalized distance { as parameter. The solid lines represent
Eq.(21), the stars at ¢ =1, 5, 10 the solutions of Eq.(16).
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FIGURE 1.2-2. Plots of the electric field strength E((,6)/Eg according to Eq.(21) in the
vicinity of § = ¢ with a large scale for ; ( =1, 2, 4, 8.

For E((,0)/Ey close to the jumps at § = ¢ the same plots are shown for
¢ =1, 2,4, 8 with much enlarged time scale in Fig.1.2-2. We recognize decaying
oscillations for times 6 slightly larger than (.
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FIGURE 1.2-3. Normalized magnetic field strengths H((,0)Z/Ey associated with the electric
field strengths of Fig.1.2-1; 0 = t/At = ot/se; { = y/cAt = yZ/so, s — 0.

The solution of Eq.(16) yields the points indicated by stars on the plots
for ( =1, 5, 10 in Fig.1.2-1. There appears to be perfect equality between the
solutions of Egs.(13) and (16). But this is not so in the vicinity of § = ¢. The
decaying oscillations of Fig.1.2-2 are not provided by Eq.(16).

We turn to the associated magnetic field strengths of Egs.(14), (15) and
(17), (18). Equations (15) and (18) are equal but Eqgs.(14) and (17) are not.
As a result, Eq.(14) converges but Eq.(17) does not. Since Eq.(18) converges
we get a defined result for H((, ) but Eq.(17) yields an undefined result. Since
Eqgs.(17) and (18) were derived from the original Maxwell equations we must
conclude that these equations have no solution for the step function excitation
of Eq.(19) while the modified Maxwell equations have a solution. This result
has been generalized from the step excitation to the general excitation®

E(0,0) = Egd"S(0) =0 for 6 < 0
= Egb" for <0, n=0,12,... (22)

Let us emphasize that this result does not depend in any way on the
method of solution of the differential equations (13) and (16). Only the deriva-
tion of the associated magnetic field strengths H((, ) from the electric field
strength E(¢,0) in Eqgs.(14), (15) and (17), (18) is used. Nothing can be gained
by developing fancier methods for the solution of the differential equation (16).

Substitution of Eq.(21) differentiated with respect to ¢ or 6 into Egs.(14)
and (15) yields for At = 2¢/0, §, = 2s€/op, and s — 0 an equation for H((,0)
that is rather long*. Hence, we show in Fig.1.2-3 only plots for ¢ =0, 1, 2, 3 in
the time interval 0 < 6 < 25. The plots for ( = 1, 4 are shown once more close

3Harmuth and Hussain 1994, Sec. 1.1; Harmuth, Barrett, Meffert 2001, Sec. 1.4.
4Harmuth 1986¢, Sec. 2.4; Harmuth, Barrett, Meffert 2001 , Sec. 6.2.
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FIGURE 1.2-4. Magnetic field strengths as in Fig.1.2-3 for { = 1, 4 but with a much larger
time scale in the vicinity of 6§ = (.

to ¢ = 0 with a much larger time scale in Fig.1.2-4. We see again the decaying
oscillations observed in Fig.1.2-2 for the electric field strength E((,0).

The step function excitation of Eq.(19) runs sometimes into problems of
poor convergence if particles with mass are interacting with the electromagnetic
wave. There is a second distinguished excitation function that rises gradually
rather than with a discontinuity and yields better convergence. We call this
excitation function the exponential ramp function:

E(0,0) = E;S@)(1—e %) =0 for <0
—FEi(1—e%) for6>0 (23)

We obtain as solution® of the differential equation (13) for an initial condition
E((,0) =0 and At = 2¢/0, 6. = 2, §, = 2s€/op, s — 0 the function

B0 = By (1 e 2er )
1 0
4 ot sh(l n*)1/20 sm(n sin(n?—1)1/20 sm(n
- ; (1— 1/2 n dn+ (n? — )1/2 n dn
0 1 "
w? = es/po (24)

Plots of E(¢,0)/E; are shown in Fig.1.2-5 for various values of ¢ and the time
interval 0 < 6 < 10. The associated magnetic field strengths are shown in
Fig.1.2-6.

The excitation functions £(0,0) in Eqgs.(19) and (23) are extended to § —

0o. This may readily be improved by subtracting an equal function with time
delay ©:

5Harmuth 1986c, Secs. 2.3, 2.9; Harmuth, Barrett, Meffert 2001, Secs. 1.5, 6.4, 6.5.
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FIGURE 1.2-5. Electric field strengths E(¢,0)/E1 due to electric exponential ramp function

excitation according to Eq.(24) as function of the normalized time 6 and with the normalized
distance ( =0, 1, 2, 3, 4 as parameter.
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FIGURE 1.2-6. Associated magnetic field strengths H (¢, 0)Z/E; for the electric field strengths
of Fig.1.2-5 as functions of the normalized time 6 and with the normalized distance ¢ = 0,
1, 2, 3, 4 as parameter.

E(0,0) = Eo[S(0) — S(6 — ©)] (25)
E(0,8) = E, [5(9) (1—e%) — 86— 0) (1 - eL“’*@))} (26)

The resulting electric field strengths E((, 6) are obtained from Egs.(21) or (24)
by subtracting the time-delayed function E((,6 — ©).

The function of Eq.(25) has a beginning at § = 0 and an end at § = ©.
But Eq.(26) and the equations for E(¢,0 — ©) obtained from Egs.(21) or (24)
go from @ = 0 or § = ( to & — oo. This is of no more physical importance
than the infinite time required by a capacitor to discharge through a resistor.
However, it is the reason why we defined a signal as an electromagnetic wave
that is zero before a finite time and has finite energy rather than a wave that
is zero before and after two finite times.

Since Eqs.(21) and (24) would be twice as long if written for the excitation
functions of Eqgs.(25) and (26) we usually write them for the excitation functions
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of Egs.(19) and (23) only. But one should keep in mind that Eqgs.(25) and (26)
can yield unexpected results®.

1.3 BASIC RELATIONS FOR QUANTUM MECHANICS

A number of basic relations derived from the modified Maxwell equations
will be needed. They are listed here without derivation. References for their
derivation are given.

The electric and magnetic field strength in Maxwell’s equations are related
to a vector potential A, and a scalar potential ¢,:

0A L,
E= v — grad ¢ (1)
H= %curl A, (2)

For the modified Maxwell equations we have to add a vector potential A, and
a scalar potential ¢,,. Equations (1) and (2) are replaced by the following
relations’:

E = —Zccurl A, — ag—tm — grad ¢ (3)
H-= %curl A — 853;0 — grad ¢ (4)

The vector potentials are not completely specified since Eqgs.(3) and (4)
only define curl A, and curl A,,,. Two additional conditions can be chosen that
we call the extended Lorentz convention:

1 O¢e
diVAm+C_23¢; =0 (5)
. 1 06w
dlvAe—I—gw—O (6)

The potentials of Eq.(3) and (4) then satisfy the following inhomogeneous
partial differential equations:

V2A, - Ciza;ge =0A. = —igm (7)
VQAm_C%%EDAmz—ége (®)
V2¢e _ %8;23 = ¢ = —Zcpe (9)
V2 b — %8;;@“‘ =y = —%pm (10)

SHarmuth, Barrett, Meffert 2001, Sec. 4.6.
IHarmuth and Hussain 1994, Sec. 1.7; Harmuth, Berrett, Meffert 2001, Sec. 1.6.
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Particular solutions of these partial differential equations may be repre-
sented by integrals taken over the whole space. We note that the magnetic
charge density p,, may be always zero, which implies ¢, = 0:

Aupzt) = o [[[ BB e qyac
An(z,y,2,t) = %/// ge(g’”’c’t_r/"’)dgdndg (12)
bo(,y, 2, ) = ///”e 5’”’4’ — /%) 4 dn dc (13)
(2, 9, 2, 1) 47TZ///”"‘§”’“ /%) g dn dc (14)

Here r is the distance between the coordinates &, n, ¢ of the current and charge
densities and the coordinates z, y, z of the potentials:

r=l@-9?+@-n?+ (-0

If there is no magnetic charge p,,, the scalar potential ¢, drops out; if in
addition there are no magnetic dipole current densities g,,,, the vector potential
A, drops out too. Equations (3) and (4) are then reduced to the conventional
Eqgs.(1) and (2). In the text before Eq.(1.2-22) we have pointed out that H((, 0)
does not have defined values but E(¢, ) has. This implies that A, in Eq.(2)
is undefined but 0A, /0t in Eq.(1) must be defined to yield defined values for
E((,0). Hence, Egs.(1) and (2) contain a contradiction and cannot be used?.

We note that only Eqs.(1.1-1)—(1.1-4) are needed to derive Eqs.(3)—(14),
the constitutive equations (1.1-5)—(1.1-8) are not used.

The Lagrange function and the Hamilton function shall be needed of a
particle with mass m, charge e, and velocity v in an electromagnetic field.
From the Lorentz equation of motion

(15)

%(mv) =eE + %v x H (16)

one can derive for v < ¢ from the original Maxwell equations the Lagrange
function® Ly

1
Ly = 5m(a':2 + 9% 4+ %) + e(—¢o + Amzt + Amyy + Ams2) (17)

The modified Maxwell equations yield a Lagrange function represented by a
vector? L:

2For a more detailed discussion of this contradiction see Harmuth, Barrett, Meffert
2001, Sec. 3.1.

3The subscript M refers to ‘Maxwell’.

4The subscript c refers to ‘correction’.
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L=Ln+Le=Lm+ Lez)es + (Lnm + Ley)ey + (Lm + Lez)e. (18)

The term Ly is the same as in Eq.(17) while L, is defined by

Czef b . Obm |
Lew = - {(Aezy_Aeyz)x+/ |:_ < 02 y— ay >+Aezy Aeyz

DA, DA, o .0 . .
_ ( 8y — W) + < a—y + Zaz)(Aezy - Aeyz):| dl‘} (19)

The terms L., and L., are obtained from L., by the cyclical replacements
r—y—z—randr — z—>y— .

The derivatives &, ¢, # in Eq.(19) should and can be replaced by the
components of the moment p:

P = Dz€r + py€y + p:€; (20)
0L, 0Ly + Ley . Ze . .
P = 5 ( o ) =mZ + eAn, + T(Aezy — Aey?) (21)
oL . Ze . .
Dy = a—yy =my + eAmy + T(Aea:z — Ao, ) (22)
L, . A . .
P, = aaé — M+ eAm, + {(Acyx — Aewd) (23)

This is a major effort and we rewrite only the first component of L., denoted
Lez1, in this form®:

Ze Ze
Lcacl - c (Aezy Aey ) m202

(Aez(p - eAm)y - Aey(p - eAm)z

+ 22 {AulAc % (b~ Anlly — AulAc % (b~ cAul.})
x [@—mm(i‘;) A, (p - cAn)
2 A o el 1+ (Z—)A} T

mc

The Hamilton function H derived from the Lagrange function £ of Eq.(18)
is a vector too. If either the energy mc? is large compared with the energy due

5For the other components see Harmuth, Barrett, Meffert 2001, Sec. 3.2.
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to the potential A, or the magnitude of the potential A, is large compared
with the magnitude of A, we obtain the following simple equations:

H=He, +Hyey + H e, (25)
_ 1 2
H, = %(p eAn)” +ede — Lea (26)
1
H, = %(p —eAp)? +epe — Loy (27)
1 2
H, = %(p —eAn)  +epo— Le. (28)

The terms (1/2m)(p — eAn)? + ede equal the conventional one derived from
Maxwell’s original equations.

If the simplifying assumptions made for the derivation of Egs.(26)—(28)
are not satisfied one obtains the following exact but much more complicated
Hamilton function:

1

H = |:(p —eAn)t+ (ﬁ

2m me

)2{2[Ae (p— eAm)]2 + [Aex (P— eAm)]Q}

Ze\* 2 Ze\’ -2
+ <%> Az [Ae . (p — 6Am)] :| |:1 + (%) Ag:| + €¢e — LC (29)
Terms multiplied by (ZecA./mc?)? or (ZecA./mc?)* have been added to the
simplified terms of Egs.(26)—(28).

Dropping the simplifying restriction v < ¢ we obtain more complicated
expressions. In particular, the Hamilton function can be written with the
help of series expansions only®. The relativistic generalization of the Lagrange
function of Eq.(18) is:

L= -moc*(1 —v?/)Y? 4 e(—pe + A - V) + Lo (30)

In analogy to Eqs.(26)—(28) we write first an approximation for the three
components of the Hamilton function that holds if the energy due to the po-
tential A, is small compared with the energy moc?/(1 — v?/c?)*/? and the
magnitude of A, is small compared with the magnitude of A,:

H, = c[(p— eAm)? +m2c?]"? + ede — Lo (31)
f}fy = C[(p — eAm)2 + m%CQ] 1/2 + €¢e - Lcy (32)
H. =c[(p — eAm)? +m2¢%]"? + e — Lea (33)

SHarmuth, Barrett, Meffert 2001, Sec. 3.3.



18 1 INTRODUCTION

If we leave out the correcting terms L¢y, Lcy, Lo, we have the conventional
relativistic Hamilton function for a charged particle in an electromagnetic field,
written with three components rather than one. We call these equations the
zero order approximation in a, = ae(r,t) = ZecA./moc?. Let us note that a,
is a diminsion-free normalization of the magnitude of the potential A.(r,t). A
first order approximation in c, is provided by the following equations:

He = c[(p — eAm)? +m2¢%]) 2 (1 + Q) + ede — Lea (34)
Hy = C[(p —eAn)’ + m(2)62] 1/2(1 + @) + epe — Ly (35)
Hy =c[(p - eAn)? + m%cg] 1/2(1 + Q) +epe — Ly (36)
_ 1 (P —cAn)’[Ac - (P — eAw)?
Mo (14 (p — eAm)?/mic?]”” AZ (b — cAw)’
2
RN N W
moc? 2h moc e e
Ze? h

a= h ~ 7.297535 x 1072 fine structure constant, \c = —

mopcC

ae = 2.210 x 10° A, for electron, a, = 1.204 x 10%A, for proton (37)

The fine structure constant « is a universal constant of quantum physics. The
factor (h/c)Ae/mpe normalizes the magnitude A, of the potential A, by the
mass and charge of a particle interacting with the field; the factor h/c makes
o dimension-free.

The correcting terms Lcz, Loy, Lo, are defined by Eq.(19) and the text
following it. The first term L¢y1 of Lep is shown by Eq.(24). In first order
approximation in «, it becomes:

Ze . o\ - o Ae, —eAn), — Ao —eA,),
Lcml - —(Aczy — Acyz)x = 1 (p )y y(p 3 )
‘ Mo [1+(p - cAw)?/mie?]
pP—eAn),
8 ( ) iz " O(a?) (38)

[1+(p — eAn)?/mic?]

The good news about this series expansion in «, is that it provides an unlimited
number of topics for PhD theses. The bad news is the term @ of Eq.(37).



1.4 DIPOLE CURRENTS 19

1.4 DiPOLE CURRENTS

An electric charge density p. moving with the velocity v produces a mono-
pole current density ge:

e = PV (1)
If the monopoles carrying the current have no mass, the current will follow any
change of the electric field strength E instantly and we obtain Ohm’s law

g. = oE (2)
A mass mg of the monopoles will change Eq.(2) for v < ¢ to
dg
ge"’Tmpd_te:UE (3)

If E has the time variation of a step function, E = EyS(¢), we get the
same time variation for g, in Eq.(2) but g, according to Eq.(3) becomes

go(t) = oEo(1 — e /™) S(t) = 0Bo(1 — e~ /?)S(0), 0 = t/7, p = Tup/T (4)

Plots of g.(t) according to Egs.(2) and (3) are shown in Fig.1.4-1.
In addition to the step function EyS(t) we use frequently the exponential
ramp function

E(t) = Eo(1 - ¢~"/7)S(t) ()

The current density g. according to Eq.(3) becomes in this case

g. = 0Eg {1 — et/ 4 T (e*t/T‘"P — et/7>] for Tmp # T
T — Tmp
t
=oEy {1 - (1 + —et/TmP>} , for Tmp =7 (6)
Tmp

Plots of the exponential ramp function of Eq.(5) and representative current
densities according to Eq.(6) are shown in Fig.1.4-2. The difference between
the plot of the field strength E(t)/Eq and the plots for the current densities is
never as large as in Fig.1.4-1 for the step function.

Equation (3) is replaced for dipoles by the following equation?:

dg 7 Pe€T; Noe?T,
g + Tmpd_te + % gedt =0,E, o, = em;np _ momp (7)
P

IHarmuth, Boules, Hussain 1999, Secs. 1.2-1.6; Harmuth, Barrett, Meffert 2001, Secs.
2.1-2.3.
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FIGURE 1.4-1. The step function excitation E/Eg = S(0) (solid line) and the lagging current
densities ge/oEqg according to Eq.(4) due to a finite mass of the charge or current carriers
forp=1/4,1/2, 1, 2, 4.
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FIGURE 1.4-2. The exponential ramp function excitation according to Eq.(5) (solid line) and
current densities ge/0Eq according to Eq.(6) for p=1/4,1/2, 1, 2, 4.

The notation o}, rather than o is used to emphasize that it is the conductivity
of dipole currents. Excitation of the dipole current g, by a step function

E(t) %pEoS(t) (8)

with a factor 2p/q that will be explained presently yields the following current
densities for various values of the parameter p = Typ /7p:

1., 1
go = 2O'pE()q—29€ /a for p = 5 (9)
- p(efo/el _ 670/92) 1
= 20,Eg TEOE for p < 5 (10)
2pe—9/2ra 4p? — 1)1/29 1
= 20, Eg—2< 1/2sin(p . ) forp> 3 (11)
q(4p® - 1) Pq
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FIGURE 1.4-3. Time variation of dipole current densities according to Eq.(9) for p = 1/2 and
q=1/4,1/2,1, 2 4 in the interval 0 < 0 < 10.

01 = q[1+ (1 —4p")"%)/2p, 0> =q[l - (1—4p")"/%]/2p
0=t/T, ¢="Tp/T, P=Tmp/T (12)
The use of the factor 2p/q in Eq.(8) is explained by the three integrals

fe= 07949 = 1

(679/01 — efa/ez)df) =1

Ap? — 1)1/2
(4p® — 1) 0,

2p —0/2pq s
e K e S
0

The same charge will pass through a certain cross section of the path for the
current density during the time 0 < ¢ < co.

The time variations of the current densities g, according to Eqgs.(9)—(11)are
shown in Figs.1.4-3 to 1.4-5 for p = 1/2, 1/4, and 1. These are typical time
variations of dipole currents while Figs.1.4-1 and 1.4-2 show typical time varia-
tions of monopole currents. We see, however, that for ¢ = 2, 4 and small values
of the time 6 the dipole currents vary quite similarly to the monopole currents.

We replace the step function excitation of Eq.(8) by an exponential ramp
function excitation in analogy to Eq.(5)

B 21— M)s(0) = L1 - e 0/ (0)
0=t/m, q=T/Tp (14)
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FIGURE 1.4-4. Time variation of dipole current densities according to Eq.(10) for p = 1/4
and ¢ =1/4, 1/2, 1, 2, 4 in the interval 0 < 6 < 10.
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FIGURE 1.4-5. Time variation of dipole current densities according to Eq.(11) for p = 1 and
q=1/4,1/2, 1, 2, 4 in the interval 0 < 0 < 10.
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FIGURE 1.4-6. Electric exponential ramp function ¢>E/2(q — 2p)Eq according to Eq.(14) for
p = 3/8 (solid line) and dipole current densities ge/opEq according to Eq.(16) for p = 3/8,

1/4, 1/8.
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where the factor (¢ —2p)/q* will be explained presently. Substitution of E into
Eq.(7) yields a resonant solution for 7 =71 or 7 = 7o:

T1 1 21/2}

—=—1 1—-4

o 2p[+( r°)

T2 1[ 21/2] Tmp

2 li-a-4 = Tmp 15
= % (1—4p7) /7, p - (15)

We pursue only this resonant solution and restrict it further to values of p <
1/2. The current density according to Eq.(7) becomes:

1
g. = 0pEg —296_9/‘1
q

1 1 1
= — |14 (1—4p2)1/2 - — z
q 2p[+( %) ] for 7 =7, 2p<q<p
1 o0
pe / 0e %140 = 1 (16)
0

Figure 1.4-6 shows plots of ¢*?E/2(q — 2p)Eq according to Eq.(14) for p =
3/8 and ge/o,E¢ according to Eq.(16) for various values of p. A comparison
with Fig.1.4-2 shows that the dipole current densities vary quite similarly to
the monopole current densities for small times, particularly for small values
of p. For larger times all the dipole current densities drop to zero while the
monopole current densities in Fig.1.4-2 approach a constant value shown there
as 1.

For the extension of our results to velocities v that are not restricted by
the condition v < ¢ introduced with Eq.(3) we use the notation?

8 _ 9o _ Noev pev v (17)

/8 = = =
Zec Gec No@C PeC &

where g is a limiting current density of the charge p. if its velocity v ap-
proaches the velocity ¢ of light; Ny is the density of the charge carrier with
the charge e. Such a relativistic extension is evidently of interest only if the
number of charge carriers or their density is limited. Otherwise a larger current
density can be achieved by increasing the density of charge carriers rather than
their velocity. Since the current density has always the same direction as the
field strength E in Eq.(3) we may replace the vectors by their magnitudes. The
relativistic generalization of Eq.(3) becomes:

2Harmuth, Barrett, Meffert 2001, Sec. 2.3; Harmuth, Boules, Hussain 1999, Sec.1.5.
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FIGURE 1.4-7. Plots of the normalized electric monopole current density 8 = go/Npec for
E/Ey=5(0),pg =1, and v0 =1/8,1/4,1/2, 1, 2, 4, 8 according to Eq.(18).

_ 52y-1/2 1 d3 1.\ _1FE
=N ()~

B =v/c= Noev/Noec = pe/pec = ge/gec; gec = Noec = pec
Ve = 7'mp@EIO/"nOCa q= 7_p/T) b= Tmp/Tpa bq = 7'mp/Ta 0= t/T (18)

To make the connection of Eq.(18) with Eq.(3) more recognizable we
rewrite Eq.(18) for small values of g:

g 1 YeE dge
Iy o S i ——— e =0k
d0+pqﬂ 2 or T P +g o
Noe*Tm
02&7 ge:/gNOeC:NOCIU:pe/U (19)
mo

Although the square root in Eq.(18) makes its analytical solution impossi-
ble it is not difficult to produce plots of 8 as functions of time. Such plots are
shown in Fig.1.4-7 for excitation by a step function E/Ey = S(0), pg = 1, and
various values of 7,. The normalized current density 8 = go/gec never exceeds
one.

We are used to thinking of electric dipole currents as the weak currents
flowing in the capacitors of radio and television receivers, while monopole cur-
rents drive the motors, the water heaters, and the light bulbs. However, very
large dipole currents occur in capacitive phase compensators used in electric
power distribution grids to combat the phase shift between voltage and current
due to inductive loading.

We turn to Eq.(7) for dipole current densities. Here we run into an im-
portant difference between monopole and dipole currents. If there is a fixed
density Ny of charge carriers in vacuum, the monopole current can be increased
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FIGURE 1.4-8. Plots of the normalized electric dipole current density 3(6) according to
Eq.(21) for step function excitation, E = EgS(0), ¢=1,p=1/4, and v = 1/8,1/4,1/2, 1,
2,4 8.

only by increasing the velocity of the charge carriers. This is different for dipole
currents. A fixed density of hydrogen atoms seems to call for an increase of the
velocity of the electrons to increase the dipole current density. However, dipole
currents can be produced in vacuum by the creation of electric dipoles without
violating the conservation of charge. In this case a larger current density can
be achieved by the creation of more dipoles rather than by an increase of the
velocity of their positive and negative charge components. Only experimental
work can decide whether the density of electric dipoles is ever limited.

Let us introduce the normalized time § = ¢/7 into Eq.(7) and differentiate
with respect to #. The vectors g. and E are replaced by their magnitudes:

d?ge 1 dge 1 Tp dE

a2 pgdo T % T a0
p:Tmp/Tpa q:Tp/Ta pq:Tmp/Ta 0:75/7' (20)

Using the definitions of Eq.(18) we obtain the following relativistic form
of Eq.(20):

e N S S N/ W S (AR |
(1 /32) 12[152 <d6’2+pqd9 +( ﬂ2)25 +q25

%Y 1 dE
~ pq Ey df

(21)

For 2 — 0 and (3(d3/df)? — 0 the nonrelativistic limit of this equation is
obtained and Eq.(20) is regained:
#3 1d8 1, 7 1dE o, dE

ap 1 L1db_ oy dE 99
02 " paad T @ T pa B dd T Nocopg d0 (22)
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For the numerical evaluation of Eq.(21) we assume the current density is
zero for § = 0, which yields 5(0) = 0. A second initial condition is needed. We
rewrite Eq.(21) for 8 =10

@23 1d8 4. 1dE

o e - P
d6?  pqgdb pqE, do (23)
and integrate:
d,B 1
— 4+ —0=——E( 24
o= 2 E0) (2)
Since 3(0) is zero due to the first initial condition we get
ap(0) _ e 1 TmpeEo
—F = — 2

and a step function excitation E(H) = EyS(0) yields v./pq on the right side of
Eq.(25) as the second initial condition. Figure 1.4-8 shows plots of 8 = g./Noec
for ¢ = 1, p = 1/4, and various values of v.. The limitation of the current
density at 8 = 1 is conspicuous.

For—hypothetical—induced magnetic dipoles we get essentially the same
equations as for induced electric dipoles. More important are inherent magnetic
dipoles as the one shown in Fig.1.1-2. Consider this dipole or ferromagnetic bar
magnet of length 2R in a homogeneous magnetic field of strength H and flux
density B. We introduce the magnetic dipole moment my,, with dimension?
Am? and the mechanical moment of inertia .J with dimension Nms? of the bar
magnet. The equation of motion becomes:

J— = —mpBsin?d (26)

where ¥ is the angle between the field strength H and the bar magnet. The
velocity of the end points of the bar has the value

v
v(t) = -R— (27)

which suggests to introduce a velocity dependent attenuation term with the
coefficient &, into Eq.(26):

d*9 dy .
JE + ng% + mmoB sind =0 (28)

3If we write mmoB = mmopH, the term mmop has the dimension Vsm and the sym-
metry with the electric dipole moments eR [Asm] is maintained, if the electric charge +te
replaces £¢m in Fig.1.1-2. The product (eR)E [AsmXxV/m)] is then in complete analogy to
the product mmopH [VsmxA /m].
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FIGURE 1.4-9. The function vy (0)7/R according to Eq.(31) for p = 1/4, ¢ = 1, and ¢, =
nr/8 with n = 1, 2, 3, 4, 5, 6, 7, 7.8. The plot becomes zero for any finite value of 0 for
n =8.

The term sin ¢ makes an analytical solution of this differential equation gener-
ally impossible. Solutions for small angles ¥ = sin¥ were already studied by
Gauss. The computer enables us to represent solutions by plots. We rewrite
Eq.(28) in normalized form:

d219+ ! d19+ ! sind =0
do2  pgdt g2 B
t 1 J Tp J VIMmeB  Tmp

9 = — = — = = =
L iV EmRT, R ™

To =V J/MmoB, Tmp = J/EmR, P = Tip/T = J/EmRT (29)

This differential equation can be solved numerically for the initial condition
¥(0) = ndy = ¥, and d¥(0)/df = 0. The numerical values obtained for ¥(6)
and dv/df may then be used to calculate the velocities v(#) and v, () of Fig.1.1-
2:

dy R dy
vO) =R =T (30)
vy(0) = v(f)sind = —E% sin (31)
T

Plots of v, (6) are shown in Fig.1.4-9 for p = 1/2, ¢ = 1, and various values of
D

In order to connect the velocity v(t) with the current density g, (t) of a
magnetic dipole current we replace the bar magnet in Fig.1.1-2a by a thin rod
with fictitious magnetic charges +gq,, at its ends as shown in Fig.1.1-2b. The
magnetic dipole moment m,,, equals 2¢,, R. The charge ¢, must be connected
with the magnetic dipole moment by the relation
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FIGURE 1.4-10. Dumbbell model of a rotating dipole with two masses m at the ends of a
thin rod of length 2R.
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where p is the magnetic permeability, to obtain the dimension of q,. The
magnetic dipole current 2¢y,v,(t) = pmmovy (t)/R is produced by such a bar
magnet.

Just as in the case of the electric dipole we do not know whether a relativis-
tic limitation exists for magnetic dipole currents since there is no conservation
law for magnetic dipoles either. For a relativistic extension of Eq.(29) we must
specify the moment of inertia J in more detail. We assume the bar magnet can
be represented by a dumbbell shown in Fig.1.4-10 with the masses m at the
end of a thin rod of length 2R. Substitution of J = 2mR? into Eq.(28) yields:

d*9 dvy
2 a9 —
2mR yrey + §mRE + MmoBsind =0 (33)
The relativistic generalization of this equation has the following form?:
~1/2
1- 2(ﬁ>2 ;Cﬂ—%riﬁ + = sind =0
P\ a0 1—p2(d9/de)* d0*> ~ pgdf | = ¢

t R R 2my o V2mommeB  Tmp
9 = —, p = —, q = — —_— =, p - =
T cT 7V mmoB T ém o
Tmp  2Rmyg 2my 2moR
= — =, = 5 mp — 34
ba T Tém ™ MmoB Tmp ém (34)

For p?(d¥/df)> — 0 one obtains from Eq.(34) the nonrelativistic limit of
Eq.(29).

The initial conditions of Eq.(34) are ¥(0) = ndy = 9, and d¥(0)/df = 0
just as for Eq.(29). The velocities v(6) and v, (0) of Egs.(30) and (31) become:

v) RdY AV
~ T o W (35)
vyiﬁ) = —pd—z sin ¥ (36)

4Harmuth, Boules, Hussain 1999, Sec. 1.6; Harmuth, Barrett, Meffert 2001, Sec. 2.3.
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FIGURE 1.4-11. The normalized velocity vy (0)/c according to Eq.(36) for p = 1/4, ¢ = 1,
p=4,and ¥(0) =9, =nn/8withn=1,2,3,4,5,6,7, 7.8

Plots of v,(#)/c are shown in Fig.1.4-11 for p=1/4, g =1or 7 = 7, p = 4,
and various values of ¥(0) = ¢, = n7w/8. The relativistic limitation v/c < 1 is
not conspicuous but a comparison with Fig.1.4-9 shows how the peaks of the
plots for n = 5, 6, 7 have been flattened.

1.5 INFINITESIMAL AND FINITE DIFFERENCES FOR SPACE AND TIME

The discussion of finite or infinite divisibility of space and time has been
going on for some 2500 years. Zeno of Elea (c.490 — ¢.430 B.C.) advanced
the paradoxes of the race between Achilles and the turtle or the arrow which
cannot fly that were supposed to show that infinite divisibility of space and time
was not possible. A quote from Aristotle (384 — 322 B.C.) shows that infinite
divisibility and thus the concept of the continuum was a matter of discussion
before he wrote his Physica:

Now a motion is thought to be one of those things which are contin-
uous, and it is in the continuous that the infinite first appears; and for

this reason, it often happens that those who define the continuous use the

formula of the infinite, that is, they say that the continuous is that which

is infinitely divisible [Apostle 1969, Book III (T"), 1, §2].

Aristotle argued the concept of the continuum for space, time and motion
so convincingly! that it does not seem to have been challenged until Max Planck
introduced quantum mechanics. Newton (1971) took this concept apparently
so much for granted that he did not even mention it, even though he was very
meticulous in listing and elaborating his assumptions. The differential calculus
of Leibnitz and Newton made us carry the concept of infinite divisible one step
further since we distinguish now between dividing a finite interval AX into
denumerable or non-denumerable many intervals.

1Book V(E) 3, §5 defines continuous, Book VI(Z) 1, 2 elaborates the concept of the
continuum further; Zeno of Elea is refuted in Book VI(Z) 2 and 9 (Apostle 1969, Aristotle
1930).
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A widely held view of a space-continuum is summed up in a quote by Weyl
that emphasizes that this concept came from mathematics:
From the essence of space remains in the hands of the mathemati-

cian, using such abstraction, only one truth: that it is a three-dimensional
continuum (Weyl 1921; 1968, vol.II, p. 213).

The following two quotes give a good summary of our currently accepted
thinking about space and time:

So let us conclude that space has a definite real intrinsic structure in

its metric, affinity, and topology. This means it has a shape and size in a

way I have tried at length to make clear. It shows just how much space is

a particular thing (Nehrlich 1976, p.211).

It is now generally taken for granted that public time is both infinitely
divisible, or “dense” as the mathematician terms it, and continuous; that

is, not only can we always consider any interval as made up of smaller ones,

but we are entitled to apply even irrational numbers to the measurement of

time ... Our concepts are not immune to revision; and in the case of time,

we are already prepared, in some locations, to speak of it as though it were

discrete. But to do so consistently would require a fairly radical revision

of the concept. We should have to unthink as far back as Aristotle (Lucas

1973, pp. 29, 32, 33).

We avoid all questions of how spatial and time distances can be divided
indefinitely since we never find a hint how such a division can be carried out
experimentally or can be observed. Instead we replace the differentials dx, dt by
arbitrarily small but finite differences Az, At. They can always be equal or even
smaller than the shortest observable distance. The difference between a finite
distance of 107190 m and an infinitesimal distance dz is not directly observable.
The question arises whether such small values of Az would not have to yield
the same results as differentials dz. This question was answered by Holder
(1887) who showed that difference equations and differential equations define
different classes of functions. In particular the Gamma function satisfies the
algebraic difference equation

N(X+1)=XI'(X), X=z/Az (1)

but no algebraic differential equation.

The example of the Gamma function shows that difference equations can
define continuous and differentiable functions. The use of finite differences Ax,
At does not imply that only discrete functions defined at integer multiples of
Ax and At can be obtained as solution of a partial difference equation.

Although this result may be of limited interest to the practical physicist
it contributes to the philosophy of science. Our inability to make observations
at x and x + dz or t and t + dt prevents any proof that there is a physical
space-time continuum, but it also prevents a proof that there is NO physical
space-time continuum. The question whether there is or is not a space-time
continuum is no more answerable within the confines of a science based on
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observation than the question how many angels can dance on the point of a
needle. We can use mathematics as a tool in physics, but we cannot use it as
a source of concepts that are beyond observation.

Let us take one more step in the direction of philosophy of science and
quote from Einstein and Infeld (1938, p.311):

The psychological subjective feeling of time enables us to order our
impressions, to state that one event precedes another. But to connect ev-
ery instant of time with a number, by the use of a clock, to regard time as
an one-dimensional continuum, is already an invention. So also are the con-
cepts of Euclidean and non-Euclidean geometry, and our space understood
as a three-dimensional continuum.

When we use differential calculus and then permit this mathematical
method to define physical space and space-time we make physics a special
branch of mathematics. Since mathematics is a science of the thinkable while
physics is a science of the observable, mathematics can never be more than
a tool in physics or provide inspiration. The succesful solution of a physical
problem by means of differential calculus only implies that the assumption of
a mathematical continuum can yield results that correspond with physical ob-
servation, it does not imply the existence of a physical space-time continuum.

Let us see how this principle works for finite differences. We know from
observation that we can only resolve finite space and time differences x and
xz+ Az or t and t + At. If we look what mathematical tools are available
that satisfy this requirement we find the calculus of finite differences. This
calculus does not define any physical concept of space or space-time. It works
for continuous functions, like the Gamma function, but does not suggest any
particular topology of space or space-time. We could go one step further and
require that & and ¢ are integer multiples of Ax and At: x = nAz, t = mAt. If
we did this we would introduce a cellular space or space-time into physics; we
would repeat the mistake we made with differential calculus and the space-time
continuum. There is no physical reason to do so.

The use of the calculus of finite differences reduces the concepts of space
and space-time to coordinate systems and moving coordinate systems, which
are obviously human constructs in line with the quote of Einstein and Infeld
above. This is discussed in some detail in a book by Harmuth (1989). Long
term the most important result of the use of the calculus of finite differences
may be that it removes the mathematical concepts imposed on physics by the
differential calculus. This would free our thinking to search for observations
that can be associated with physical concepts of space and time, other than
distances relative to a standard distance such as the meter and changes relative
to a standard change, such as the one produced by a clock.

We shall forgo philosophy from here on and concentrate on more practical
problems. The partial differential equations of the pure radiation field and
the Klein-Gordon field will be replaced by difference equations. Solutions will
be derived and represented by computer plots that show definite deviations of
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the results derived from the difference equations and the differential equations.
The deviations will be small, but quantum electrodynamics is known to produce
results corresponding very closely to observation. Large deviations would make
one doubt the results of the difference theory. In Section 3.6 we will see that a
basic difference equation of quantum electrodynamics yields the same (energy)
eigenvalues as the corresponding differential equation but significantly different
eigenfunctions.



2 Differential Equations for the Pure Radiation Field

2.1 PURE RADIATION FIELD

Equations (1.3-7)—(1.3-10) define the potentials by means of the current
and charge densities. We specify that there shall be neither electric nor mag-
netic charge densities p, and py,. According to Egs.(1.3-13) and (1.3-14) we
get:

o(z,y,2,t) =0, dm(z,y,2,t) =0 (1)
Only Egs.(1.3-7) and (1.3-8) remain:

1 92A 1
2 {s3
VA~ 5 5m = g8 )
1 0%A Z
2 m
ViAn - G 5p Lk ®)

Since we excluded charge densities the current densities g, and g, can refer
to dipole or higher order multipole currents only. The absence of monopole
currents and charges is a characteristic feature of a pure radiation field in
vacuum. We derived Eq.(1.4-7) for electric dipole currents due to induced
dipoles:

d n
gc + Tmp dgte + T—p/ dt = o, E (4)

We have shown in Figs.1.4-1 to 1.4-6 that for small values of § = t/7, small
values of p = 7,,/7, and large values of ¢ = 7,,/7 one may approximate the

dipole current of Eq.(4) by a monopole current defined in the simplest case by
Ohm’s law of Eq.(1.4-2):

g. = cE (5)

The situation is much worse if we want analytical results that apply to magnetic
dipole currents. Equation (1.4-29) and equations derived from it can be used
for numerical solutions, as we did in Figs.1.4-9 and 1.4-10, but the term sin ¢

33
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makes it useless for analytical solutions. In order to obtain some theoretical
understanding we have little choice but to assume induced magnetic dipoles
and look for results where the effect of magnetic dipoles is small compared
with the effect of the electric dipoles. Exact results must be left to numerical
evaluations. If we use an approximation of magnetic dipole current densities
in analogy to Eq.(5)

gn =sH (6)
we obtain from Eqs.(1.3-3) and (1.3-4) the following result:

g.=cE=—0¢ <chu1rlAe + 3?_:1) (7)
c 0A.
gn=sH=s (E curl A, — v > (8)

The current densities in Eqgs.(2) and (3) can be eliminated. Two equations
containing the vector potentials A, and A, only are obtained:

10%A s (¢ O0A
A=~ ([ ZcurlA, — —2) =
VA Tt (A - ) =0 ©)
10%°A, Z O0An
V2A,, — o Ta <chur1Ae + W) =0 (10)

The potentials A, and A,, are connected in these two equations even in
the limit s — 0, with which we may eliminate the induced magnetic dipoles at
the end of the calculation. On the other hand, the assumption that the current
densities g, and g, in Eqgs.(1.3-7) and (1.3-8) are zero leads to ¢ = s = 0 in
Egs.(9) and (10), which eliminates any connection between A, and A,,. This
would lead to separate electric and magnetic theories with features such as
independent electric and magnetic photons.

We want to derive solutions of Egs.(7) and (8) for planar waves. To this
end we write the vectors A, curl A and V2?A in Cartesian coordinates using
the unit vector ey, e, and e,:

A=Ae,+Ae,+ A€, (11)
_ [(0A. 0A, 0A, O0A, 0A, O0A,
curl A = ( Oy 0z )em—i-( 0z Oz )ey+< Or 0Oy )ez (12)
0?A, 0%*A, 0°A 0?4, 0%4, 9*A
28 _ z z @ y y y
VA_(8x2+8y2 8z2> N <8x2+8y2+822>ey

0%A, . 0%A, . 0%A,
0x2  Oy2 022 ) ¢
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These relations permit us to write Eqgs.(9) and (10) in Cartesian coordinates:

0?Acy N %Ay 0%*Acs 1 0%Acy
Ox? Oy? 022 2 Ot?
S C 8Amz 3Amy aAez _
+Z_c[§<8y B 62) 875]0 (14)
02 Aey n 0?Aey  0?Aey B l@QAey
Ox? Oy? 022 cz Ot?
s [c (0An: OAn. 0Acy |
+Z_§<8z ; 637)_ 815__0 (15)
0?A..  0*A.. N 0% A, B l(?QACz
Ox? Oy? 072 cz Ot?
s [c (0Any 0Ams 0Acz ]
+Z_E<ax - 8y)_ a |70 10
PAne  0*An.  0?Anms B i@ZAmm
Oz Oy? 022 2 Ot?
oZ 0A 0A 0A
_2%2\z ez ey mz | _ 1
c{c<8y 82>+ 8t] 0 (17)
02 Ay N P?Apmy  0%Amy 3 lazAmy
Ox? Oy? 022 2 Ot?
oZ | 0Ace  OAe. 0Any|
_7_ZC<82 a 8x>+ ot =0 (18)
0% A, N 0% A, N 0?An. 3 i(?QAmz
Ox? Oy? 022 2 Ot?
O'Z [ 8Aey 6Aex 8Amz- _
_T_ZC< oz Oy >+ a |0 (19

These equations are simplified for a planar wave propagating in the direction
of y. All derivatives with respect to x and z must be zero:

0Acs _ 0Aqy _ 0A,, _ 0Acy _ 0Aqy _ 0A., _o (20)
ox ox ox 0z 0z 0z
0Ama _ 0Amy _ 0An. _ OA . _ 0Any _ 0A,., _o (21)
ox ox ox 0z 0z 0z

Equations (14)—(19) are reduced to the following form:
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Pl 1PAu 5 (cOAn 0du) _, )
Oy? 2 Ot? Ze \Z Oy ot )
2 2
PAy 10%°Ay s 04y _o (23)
Oy 2 Ot? Zc Ot
2 2
0° A, _ la A, _ s EaAmx 0A.. -0 (24)
Oy? 2 ot? Ze \Z 0y ot
Ane. 1 0%An. o2 0As,  O0Apns
a—yz‘EW‘T@Cay o >—° (25)
2 2
PAny 1 0PAny  0Z0Amy _o (26)
Oy? ¢z Ot? c Ot
0%A,, 10%A,. oZ 0Acy O0Am.
oy: 2 o2 T(Zc oy ot )‘O 27)

A further simplification is achieved by specifying a transverse electromag-
netic (TEM) wave with the components E, and H, equal to zero. The fol-
lowing relations for the potentials A, and A, are obtained in this case from
Egs.(1.3-3) and (1.3-4) for ¢ = ¢, = 0:

0Acz  OAe. 0Any
Ey——Zc< o 6x>_ ot =0 (28)

_C 8Am:1: 8Amz 8A69 _
Hy‘?(az B 63:)_ ot " (29)

These two equations are simplified with the help of Egs.(20) and (21):

0 Amy 0Aey

ot 0 ot 0 (30)
Substitution into Eqs.(23) and (24) brings
0?Aey 1 0%Agy
—- = = 1
Oy? 2 ot? 0 (31)
2A 1 9°A
O Ay 10wy _ (32)

o2 2 o2

since the vanishing of the first partial derivatives of Eq.(30) does not mean that
the second partial derivatives with respect to time must be zero.
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The following substitution brings a further simplification; the subscript v
alludes to ‘variable’:

Aew == Aez - AeV7 Ama; - _Amz = AIIIV (33)

The four Eqgs.(22) and (24) as well as (25) and (27) are reduced to two equations
with the variables Aq, and Apy:

PAey 1 PAe s [cOAm  OAn

o2 2 o2 ZT;(E Ay ot )O (34)
PAne 1 0%Any  0Z [ OAe  OAmy

02 2 on _T<ZC oy ot )_0 (35)

Instead of using the substitutions of Eq.(33) we may make the more
general substitutions

Aez = Accosy, Aer = Aesiny
Amz = Amsiny, Am:, = Amcosy

where x is the polarization angle! measured from the positive x-axis to the
vector A. or from the negative z-axis to the vector Am, to obtain Egs.(34)
and (35). The physical meaning of Acy and Amy in Egs.(34) and (35) is
thus that of the magnitude of A. and A,,. Since the polarization angle x
is constant, the time variation of A. and A,, is the same as that of their
magnitudes Aey and Amy. Hence, we may write our equations for A. and
A, rather than for A. and A,..

Circularly polarized waves can be obtained by replacing the constant
polarization angle x by a time-variable angle y:

Aer = Accoswt, A, = Acsinwt

Apmg = Amsinwt, Am, = —Am coswt

Substitution into Egs.(22), (24) and (25), (27) yields again Eqs.(34) and
(35). In this form one emphasizes functions with sinusoidal time variation.
This restriction vanishes if one does not choose x as a linear function of
time, x = wt, but as a general function x = f(¢):

Acx = Accos[f(t)], Aez = Aesin[f(t)]
Ame = Amsin[f(t)], Amz = —Am cos[f(t)]

1Some authors distinguish between a polarization angle and a rotation angle. They
would call x a rotation angle.
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The substitution of Acz, Acz, Ame, Am= into Egs.(22), (24) and (25), (27)
produces once more Egs.(34) and (35).

The two wave equations (31) and (32) have the general d’Alembert solution
for y > 0 and t > 0, where foo, fe1, fmo, and fi1 denote arbitrary functions:

Acy(y’t) = AcOfc(y - Ct)v Yy 2 O, t Z 0 (36)
Amy(y,t) = Amofm(y — ct) (37)

These solutions hold for excitation functions or boundary conditions f.(0, )
and f,(0,¢) at the plane y = 0 for all times ¢ > 0 as well as initial conditions
fe(y,0) and fi,(y,0) for ¢ = 0 at all locations y > 0.

The variables Ao, and Ay, in Egs.(34) and (35) can be separated with
some effort. One differentiates Eq.(35) with respect to y, expresses Ay, /0y
by Eq.(34), differentiates as often as needed with respect to ¢ and y, and sub-
stitutes into the differentiated Eq.(35). Eventually one obtains the following
two equations:

Ve _ osVe =0 (38)

= Ve(y, 1) (39)

The dimension of Ae, is As/m, which is a linear electric charge density,
while the dimension of V, is As/m3, which is an electric charge density. We
note the term osV.. It becomes zero for either s = 0 or ¢ = 0 and one
obtains a different differential equation that in turn yields different solutions.
This is why it is important not to make o or s zero before the end of the
calculation. In essence, the current densities g. and g, cannot be ignored at
the beginning of a calculation even if they turn out to be zero in the end. The
term (0Z + s/Z)0Vyy, /Ot is less sensitive. It does not become zero for s = 0 or
o =0, only for s =0 and ¢ = 0.

With the substitutions Ae, <> Apy, ¢/Z <> Ze, s > o one may transform
Eq.(34) into Eq.(35) and vice versa. Equations (38) and (39) are then replaced
by:

8%V, 1 0%V, 1 s\ OV
57 mam o (07t g) B o =0 (40)
824, 1 0%A,.
= Vanly, 1) (41)

o2 2 o2
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The dimension of A,,, is Vs/m, which is a hypothetical linear magnetic
charge density, while the dimension of V;, is Vs/m3, which is a hypothetical
magnetic charge density.

At this point we switch from the time and space variables ¢ and y with
dimensions s and m to normalized variables 6 and (:

0=t/r, (=yler (42)

Equations (38) and (39) are rewritten:

Pve Ve V.
acz a0z oo
pr=cr(0Z +s/Z) = 1(ou+ se), p5 = cr20s, pi —4ps >0  (43)

p3Ve =0

0?Aey  0*Aey

52 o = c*1?V,(¢,0) (44)

Equation (44) is the inhomogeneous wave equation with one spatial vari-

able. Its solution is known?:

229 ¢+(0-6")
Au(C,0) = ”/(/ <0>d<>d9’ (45)
0

(6—0")

The variables ¢ and 6 of V,(¢,6) in Eq.(44) have to be replaced by ¢’ and ¢’
when Eq.(45) is used.

In analogy to Eqs.(43)—(45) one obtains for the variable Vj,(y, t) of Egs.(40)
and (41) the following three equations:

OV 0%V OV

— —_— _— 2 =

acz oz Mg P2Ym =0 (46)

P?Amy  PAmy 5o
8(2 - 892 - Vm(Ca 9) (47)

0 , ¢+(6-0")

027_2
Amv(Cv 0) = - T ( / Vm(Clv 0/)d</> do’ (48)
0 ¢—(0-9")

As before, the variables ¢ and 6 in Eqs.(46) and (47) must be replaced by ¢’
and 0" when Eq.(48) is used.

2Smirnov 1961, vol.II, Cha. VII, § 1, Sec. 174, Eq. 95
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One may obtain the component A, (¢, 8) of an associated potential from
either Eq.(34) or (35), if Aey (¢, 0) is found from Eq.(45). Consider first Eq.(34):

PAey  PAe 1 0Ay

Z u 1

1 (49)

Equation (35) yields a second expression for Ay, (¢, 8) if we treat this equation
as an inhomogeneous equation for A,,, with a known term dA., /0y or 0 Ac, /OC:

PAny  PAmy O Amy OAcv

_ — Po =Zps
aC2 002 """ o0 o8¢ (50)
oT A I ou 1
pU:ZTcaz—,ps=—=—,pspa=—:—2 (51)
€ set ST se  w

It is easier to integrate Eq.(49) than Eq.(50), but we cannot ignore Eq.(50).
Since Egs.(47) and (48) must yield the same result for A, (¢, 6) we generally
need the solution of Eq.(50) to determine integration constants.

Alternately, if Apy(¢,0) is found from Eq.(48) for certain boundary and
initial conditions one may obtain an associated potential Ae,((,0) from either
Eq.(34) or (35). First we get from Eq.(35):

1 Ay 0?Any OAmy
Aev((ae)_ Zpg/< 642 - 962 — Po 90 >d< (52)

The second expression for Ae((,0) is obtained from Eq.(34) by treating it as
an inhomogeneous equation for A, with a known term 0A,, /0y or 0 A, /0¢:

PAey  PAey  10Ae 1 0Awy
o¢2 002 ps 00 Zps OC

Again, one must generally obtain Ay ({, ) from both Eq.(52) and (53) in order
to determine the integration constants.

If we denote the solution of A, derived from Eq.(45) by Aeve and the
associated solution obtained from A, via Egs.(52) and (53) by Aeym We obtain
the general solution of A., as the sum

(53)

Aev(C7 9) = Aeve((a 0) + Aevm((a 0) (54)

Similarly, if we denote the solution derived for Ay, from Eq.(48) by Apym and
the associated solution obtained from Ae, via Eqgs.(49) and (50) by Apye we
obtain the general solution of A,,, as the sum
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Amv(ca 9) = Amvm(ga 0) + Amve(Ca 0) (55)

This means we can choose initial and boundary conditions independently for
Aeve and Ayym, but the associated potentials Ay and Aeyy, are always auto-
matically excited with Aeye or Apym- We can never excite Ae, without exciting
A, and vice versa.

So far we have followed closely previously published results®. From here
on we shall deviate. For a first solution of Eq.(43) we assume as boundary
condition at { = 0 a step function:

Ve(0,0) =VoS(0) =0 for 6 <0
=V ford>0 (56)

At large distances we want V4((,0) to be finite. We write { — oo for a large
distance but this notation will be made more specific later on:

Ve(o0, ) = finite (57)

The boundary condition of Eq.(56) uses a step function that is not quadrat-
ically integrable. This may cause concern that an infinite energy is introduced
but there is no such problem. The boundary condition of Eq.(56) excites an
electromagnetic wave with finite energy. Of course, one may eliminate the
concern about quadratical integrability by subtracting from V;0S(6) a delayed
step function VeSS (0 — 61) and thus replacing the step function of Eq.(56) by
a rectangular pulse®.

Let us consider the initial condition(s). As initial condition at § = 0 we
assume the relation

Ve(¢,0)=0 (58)

but observe that this condition implies V,({,6) = 0 for 8 < 0 due to Eq.(56).
Hence, the potential A, derived from A, will be zero for 8 < 0. We note that
a function of time that describes a physical process subject to the causality law
must be zero before a finite time. The term causal function is sometimes used
by mathematicians for such functions.

If Vo (¢, 0) is zero for all values ¢ > 0, its derivatives with respect to ¢ must
be zero too:

9"Ve(¢,0)/0¢" =0 (59)
With the help of Egs.(58) and (59) we obtain from Eq.(43) for 6 = 0:

3Harmuth, Barrett, Meffert 2001, Sec. 4.1
4Harmuth, Barrett, Meffert 2001, Sec. 4.6
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55 (2552 vt =0 (60)

This equation is satisfied by V.(¢,0) = 0 of Eq.(58) and the additional condi-
tion:
0Ve((,0)/00 =0 for 0=0 (61)

We assume the general solution of Eq.(43) can be written as the sum of a
steady state solution F(¢) plus a deviation w(¢,0) from it (Habermann 1987):

Vve(<7 0) = ‘/eO[F(C) + ’LU(C, 9)] (62)

Substitution of F(¢) into Eq.(43) yields a differential equation with the one
variable ¢ only:

d*F/d(? — p3F =0
F(C) = A.1067P2C =+ ‘/4116p2C (63)

The boundary condition of Eq.(57) demands A;; = 0. From Eq.(56) fol-
lows then A;; = 1:

F(Q)=e"¢ (64)

The introduction of F({) transforms the boundary condition of Eq.(56)
for V, into a homogeneous boundary condition for w, which is the reason for
using Eq.(62):

Ve(0,0) = Veo[F(0) +w(0,0)] = Voo for 6 >0 (65)
w(0,0) =0 for 6 >0 (66)

The boundary condition of Eq.(57) for great distances becomes

w(oo, §) = finite (67)
The initial conditions of Egs.(58) and (61) yield:

F(O) +w(,0)=0  w((,0)=—e "¢ (68)
ow(¢,0)/06 =0 for =0, ¢ >0 (69)

Substitution of Eq.(62) into Eq.(43) yields for w((, #) the same equation as for
Ve(C,0):
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0*w/0¢? — 0%w/00% — p1Ow /00 — piw =0 (70)

Particular solutions of this equation denoted w, (¢, ) are obtained by means
of Bernoulli’s product method for the separation of variables:

w,(C,0) = ¢(Q)p(0) (71)
19%  10%  p1 O
5ac g T pan P e/

N,>1 k=1, 2,..., (72)

We write —(27x/N,)? rather than the usual —(27k)? as separation constant
in order to obtain later on an orthogonality interval of length N, rather than
1. Two ordinary differential equations are obtained

d?¢/d¢? + (2nk /N, )% =0 (73)
d*/df? + prdyp/dO + [(27k/N-)? + il = 0 (74)

with the solutions

?(¢) = Agpsin 27\24 + Ao cos QXZC (75)
Z[J(G) = A30 exp(’ylG) + A31 exp(’m@) (76)

The coefficients v, and 5 are the roots of the equation

Y’ + p1y + [(2mk/N;)? + p3] =0

"= %[—,01 + (p2 —d®)Y?]  for d* < p?
1= 5l-m — (6]~ )]
m= %[—pl +i(d* — p)Y?]  for d? > p?
72 %[_pl —i(d® = p})"/?]

p1=cr(0Z +5/Z) = Pr(ou+ se), d* = 4[(2nx/N,)? + p3], p3 = *t%0s (77)

The boundary condition of Eq.(66) requires Ay; = 0 in Eq.(75) and the
particular solution w (¢, 8) becomes:
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we(C,0) = [Arexp(0) + A exp(126)] sin 2o

T

(78)

The solution wy, is usually generalized by making A; and As functions of k
and integrating over all values of k from zero to infinity. This would imply non-
denumerably many oscillators or photons. It is usual in quantum field theory
to reduce the non-denumerably many oscillators to denumerably many, using
box normalization to accomplish this reduction. We shall follow the spirit of
this reduction without recourse to box normalization.

To generalize wy, of Eq.(78) one may make A; and A, functions of k and
take the sum of denumerably many values of x = 1, 2, ... . The Fourier
integral is replaced by the Fourier series. In the specific case of Eq.(78) we
have only the function sin(27x(/N.). The constant term of the Fourier series
and the terms multiplied by cos(27wx{/N;)—which is shown in Eq.(75)—have
been eliminated by the boundary condition of Eq.(66). Hence, the solution w,
of Eq.(78) is generalized by a Fourier sine integral or a Fourier sine series.

A Fourier series requires a finite interval for ¢ in Eq.(78) which we must
define. The creation of a finite interval is, of course, the goal of box normal-
ization. This problem of having to define a finite interval does not occur if the
Fourier integral is used for the generalization of Eq.(78) since the interval for
the integral always runs from zero to infinity for both ¢ and k. We choose the
finite interval for ¢ to be

0<¢=y/er<T/r, T/T=N;>1 (79)

where the finite time interval T is arbitrarily large but finite. The boundary
condition of Eq.(57) should be written

Vo(T/7,0) = finite, ¢=T/r=N,>1 (80)

but there is no great difference between the usual mathematical way of writing
¢ — oo and the more physical way of writing ( — N, > 1.

It is common practice to continue a Fourier series outside its finite interval
of definition periodically to +-co. There is no need to do so. We may just as well
claim that the series is continued as zero outside the interval of definition or
simply avoid any claim about what is outside this interval. Inherently a finite
value of T and ¢T is preferable in physics since one cannot make observations
at infinite distances in space or time.

We generalize Eq.(78) by a sum of denumerably many terms of the variable
k and a finite interval for the variable (:

w(C,0) = 3" [As(r) exp(120) + As() exp(raf)] sin T

T

(81)

k=1
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Since ( is a continuous variable with non-denumerably many values but x has
only denumerably many values, the sum of Eq.(81) can represent w(¢, ) only
in the sense of a vanishing mean-square error.

The normalization constant 7 may have any value. A logical choice would
be to use for 7 an arbitrarily small but finite difference At

T=At (82)

but this will not work until we introduce difference equations in Chapter 3.
The differentials dt, dy, df and d¢ will there be replaced by finite differences
At, Ay, Af and A(. The variables t, y, 8 and ¢ remain continuous variables
with an upper limit:

<0 <N, 0< (<N, N=T/At (83)

In the following sections we shall work out the solution defined by Eq.(81).
This is mainly for the purpose of comparison. There is an inconsistency if one
solves the differential equation (43) and then replaces the differentials d¢, df by
finite differences A, Af. One should replace Eq.(43) by a difference equation
and see where this leads. The calculations from Eq.(1) to Eq.(43) are of a form
that a mathematician should be able to rewrite from differential to difference
form without reference to their physical significance.

The importance of distinguishing between differential and difference equa-
tions is due to the theorem of Holder, cited in connection with Eq.(1.5-1). It
states that differential and difference equations define different classes of func-
tions.

The use of differentials in physics has been questioned for a long time.
Zeno of Elea objected already to the notion of infinite divisibility of space and
time. Pauli (1933) as well as Landau and Peierls (1931) pointed out that the as-
sumption of arbitrarily accurate position and time measurements was probably
unjustified in relativistic quantum mechanics, since the Compton effect limits
the accuracy of the position measurement of a particle. However, Pauli con-
cluded that there was no such limitation in nonrelativistic quantum mechanics.
Today, as a result of the development of information theory, we must reject
any assumption of measurements with unlimited accuracy, since they imply
gathering and processing infinite information. In particular, non-denumerably
infinite information is implied by ‘differentially accurate’ or infinitesimally ac-
curate measurements. March (1948, 1951) postulated that the distance of two
particles could only be measured with an error that was at least equal to an ele-
mentary unit of length. Such elementary units are difficult to reconcile with the
special theory of relativity. No such difficulties arise if one assumes an arbitrar-
ily small but finite distance between adjacent marks of a ruler. Such a distance
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does not have to be 10718 m, it is still finite if it is 1071 m. Many papers have
been published on the use of finite differences in quantum physics. We list in
chronological sequence Snyder (1947a, b), Flint (1948), Schild (1949), Hellund
and Tanaka (1954), Hill (1955), Das (1960, 1966a, b, c), Yukawa (1966), Atkin-
son and Halpern (1967), Cole (1970, 1971, 1972a, b; 1973a, b), Hasebe (1972),
Welch (1976), and Harmuth (1989).

We emphasize that the use of the finite differences At, Ay used from
Chapter 3 on does not imply a quantized or cellular space-time. It strictly
replaces differential equations by difference equations. As the Gamma function
demonstrates a function defined by a difference equation can be continuous and
differentiable except at certain poles.

2.2 DIFFERENTIAL SOLUTION FOR w((,6)

Equations (2.1-68) and (2.1-69) define initial conditions for w(¢,#) and
0w((,0)/00 at = 0. The derivative Ow((,8)/00 follows from Eq.(2.1-81):

5 o .2
a_g) = ,;[AI(H)'Vl exp(710) + Az2(%)7y2 exp(720)] sin Xf’jg

0<t<T, 0<y<cT
0<t/Tr=0<T/r=N,;, 0<y/er=(<T/T=N;- (1)

With Egs.(2.1-81) and (1) we may write the initial conditions of Eqs.(2.1-68)
and (2.1-69) in the following form:

oo

w(¢,0) = Y _[A1(k) + As(x)] sin QXZC — )
awg% 0 = Z[A1(fi)71 + Ay (k)72 sin 2;;? -0 3)

k=1

In order to solve these two sets of equations for A;(k) and Ay(x) we con-
sider the Fourier series. Since only sin(27x({/N;) but not cos(2rk(/N,) occurs
in Eqs.(2) and (3) it is sufficient to use the Fourier sine series, which we write
in the following form:

P

00) = 5 [ O T £00) =D gn(wsin
0 T k=1

27K¢
N,

(4)

We note that the variable k/N. is used rather than . Figure 2.2-1 shows
that this produces one cycle of the sinusoidal function sin 27 (xk/N. )¢ for Kk =1
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FIGURE 2.2-1. Sinusoidal function sin 27(k/N7)¢ with the lowest number x = 1 of cycles in
the interval 0 < ¢ < N, = 10 and with the highest number k = N; = 10 if 7 = T/N, is the
smallest observable time resolution in the time interval of duration T'.

in the interval 0 < { < N, = 10 and N, = 10 cycles for Kk = N, = 10. There is
no inherent reason for k not to assume values larger than .. The number of
cycles of sin 27 (k/N;)¢ in the interval 0 < ¢ < N, = 10 can increase without
bound as shown by the limit co of the sum in Eq.(4).

The situation changes if we postulate that 7 is the shortest time and
ct the shortest distance that can be resolved by the available instruments of
observation. There is no need to claim a certain minimal value for 7. It may
be arbitrarily small but must be finite. A value 7 = 10705 will satisfy this
condition. It is an uncontested principle that we cannot observe differential—or
infinitesimal—space and time differences dx and dt, we can only calculate as if
we were able to observe that accurately. The introduction of arbitrarily small
but finite values of 7 works the limited practical resolution into the differential
theory using dx and dt. In Chapter 3 we will extend our results by means of the
calculus of finite differences using arbitrarily small but finite differences Az and
At. We will obtain results that differ significantly—but not excessively—f{rom
the differential theory.

If we have an interval of length 7" and if 7 is the smallest observable time we
can distinguish T'/7 = N, sinusoidal functions and N, cosinusoidal functions.
The value of k in Eq.(4) runs then from k = 1 to kK = N, rather than to infinity.
In place of Eq.(4) we get:

00) = o [ Qs T £ ng sin 270
0<¢C<N,, N, =T/r (5)

We identify gs(k) first with A; (k) + Aa(x) of Eq.(2) and obtain
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2
N,

2T ¢ (6)

e~ P2 gin

A1(k) + Ax(k) = —

o\?

Then we identify gs(x) with A;(k)y1 + A2(k)y2 in Eq.(3) to obtain

Ar(k)m1 + Az(k)y2 =0 (7)

The integral in Eq.(6) may be found in a table (Gradshtein and Ryzhik 1980,
p. 196, 2663/1):

eP?(psin gx — q cos qx)

P¥ sin gz do = 8
/e sin gz dx PR (8)
We obtain from Egs.(6) and (8):
1 (4wk/N,)(1 — e Nrp2
Aa(s) + Ao = — LTIV
N, @an/N,) + 13
. 2N:py 2p2
=— =— for N- 1
27K 27k /N, or Nrp2 <
1 4mk /N,
- _ 1 4mR/Nr for N-pa > 1 (9)

N, (2nr/N,) + 03

The parameters 7; and <y, are defined in Eq.(2.1-77). The solution of
Eqgs.(7) and (9) for A;(x) and As(k) yields:

Ay(r) = L @mn/ND(Q—e ™)
! N @re/N.)2+p2 1-m
1 (27k/N,)(1 — e Nwp2 i
__LemNyn e ><1_L1/2> for & > p?
N- (@2rnw/N.) + 03 (d —pi)
1 (2 N (1 —e VP2
_ L EmyN)0 e ><1+ﬂ_11/2) for p3 > d® (10)
m  (27k/N;)" + p3 (pi —d?)
Ag(k) = —— (4mk/No) (L —e Nrr2)
2 N @rs/N)? +p2 M-

1 (27k/N;)(1 — e Nre2 '
= N(WK“/ ) 26 5 )<1—|— 1 1/2> for d* > p?
m (2mR/N2)" + (d? = p3)
1 (27k/N;)(1 — e N-r2) P1 2 2
= > 1-— N VE for p7 > d
- @R/ 4 3 (0% — @)

p1=cr(0Z +5/2Z), p5=(cT)?0s, d> = 4](2nK/N,)*+p3] (11)
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Substitution of Aj(k), Az(x) as well as of 1, v2 from Eq.(2.1-77) into
Eq.(2.1-81) and observing the limit N, of the sum according to Eq.(5) yields
the following equation for w((,0):

e—P10/2(1 vp2) <K p?—d? 1/2¢
e i 21 e
(2 _ g2)1/2
+ <1 S — - 2) exp (o1 — &) 9] ZFK/]ZT sin 2mrg
(p? — d2)" 2 (2mk/N;)” + p3 N-

£l )

2 2
K>K 1
' —i(d? — p3)1/%0 27k /N, 2
+ (1 + S — 1/2) exp i P) ] mr/ S sin WEC}
(d2 — p?) 2 (2mK/N;)"+p3 N

K = N,(p? — 4p2)Y? Jarw = ¢TN,|(0 Z — 5/Z)| /47, p? > 4p>
d* = 4[(27k/N;)? + p3] (12)

Here < K and > K in the limits of the two sums mean the largest integer
smaller than K or the smallest integer larger than K.

With the help of hyperbolic and trigonometric functions we may simplify
the exponential terms in Eq.(12) and eliminate the imaginary terms:

<K
w(0) =~ e P21 = )| S ((alled - )0
o k=1
Lo sh[(p? d2)1/20/2]) 27k /N, sin 2mk(
(3 —a)"® ) @re/N)? g3 N

=

=3 (eosia 2072
>K

! sin[( p%)1/29/2]> 27mk/ N, sin 2mKC

(@—-p)'* ) @es/N) 4+ pp N

p1=cr(0Z+s/2Z), p2 = c*r?os, d*> = 4[(27k/N;)* + p2]
K = N, (p? — 4p2)Y? Jam = ¢ N,|(0 Z — 5/Z)| /4n (13)
The function V,(¢,0) of Eq.(2.1-45) is defined by F(¢) of Eq.(2.1-64) and

w((,0) of Eq.(13). One obtains A (¢,0) by the integrations of Eq.(2.1-45).
The variables (, 6 of F(¢) and w((, 6) are replaced by ¢’, 8’ and the integration
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is carried out over (’, #’. We integrate first over ¢’ and denote the result by
8Aev(<7 0/)/89/:
¢+(6-6")

[F(¢") +w(d,0")]ad’ (14)
¢—(6—06")

8Aev(<7 91) _ _627-2‘/230
00 2

Two integrals must be evaluated:

¢+(0-0") C+(0-0")

F(C)dc: /67p2(/d<,:_i(67p2(g+9)ep29/_6*92(§*9)6*P20’) (15)
P2
¢—(0-0") c—(6-0)

¢+(0-0")
2mk(

!
/
N, %

sin

¢—(6-0")

_ sin(2mwx(/N,) <sin 2kl 2wkl 2mkE 27m6”> (16)

p— N, cos N cos N sin N,

We obtain for 0A.,(¢,0')/06":

9Aev (¢, 0") — Voo {i(e@(cw)em@' — 67P2(C*9)67P29,)
0o’ 2 P2

4y ) & pish[(p}—d*)'/?¢'/2
+Ee 010 /2(176 sz)l:Z(Ch[(P%d2)1/20//2}+ 1 E(p; d2§1/2 /]>
r=1 L

sin(2wk(/N;) sin 27k0 cos 2mkg’ cos 2nk6 sin 2k’
27k /N, )2 + p2 N, N, N, N,
27k /N7)™ + p3
N~ : 2 2\1/2¢/
2 2\1/2/ p1sin[(d® — pf)'/20' /2]
+> (cos[(d P20 /2] + @)
K>K 141

in(2 N, 2w K0 2mKl’ 2w K0 27kl
I
T 2

N cos N cos N N

The integration of Eq.(17) over 8’ produces Aq (¢, 0):

0
Aev(C,0')
Aule.0) = [ Hettag (18)

0
The following integrals are obtained by the substitution of Eq.(17) into Eq.(18):
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0

P2
0

L11(0, I<.‘,) =

L12(0, H) =

ng(e, I"v') =

L14 ((9, I'i) =

L15(0, Ii) =

L16 (9, KZ) =

L17((9, I"v') =

ng(e, I<.‘,) =

>

e 02 s

(=)
>

e /2 sh(p?

(=}
=}

e 72 eh[(p?

(=}
B}

e P92 ch[(p?

(=}
>

e P92 gin[(d® —

(=}
=}

e P92 gin|(d? —

(=}
B}

e P92 cos|(d? —

(=}
B~

e P19/2 cos|(d? —

0

L / (cmpatc e — el emoa’) gyt

P2

_ d2)1/29//2] co

— d*)/%¢" /2] sin

— d®)'20' /2] cos

— d®)'/20' /2] sin

)20 /2] cos

p2)1/26' /2] sin

P1)'/28' /2] cos

p1)%0' /2] sin

e P2¢(1 — ch paf)

2 K0’

do’

2 kb’ &0

27 Kb’ a0

T

27 Kb’ d9'

2K’ a0

T

27 kb’ a0

T

2nkl’

T

ag’

2mK0’ a0

T

51

(19)

(26)

(27)

The integrals L11(0, k) to L1s(6, k) are either tabulated or can readily be rewrit-
ten into a tabulated form. The function Aey((,6) of Eq.(18) assumes the fol-

lowing form:

Ae(¢,0) =c¢ T2V0<

L2
N,

T

P2

Neon) {

<K

k=1

(0

— e *2¢(1 — ch ps0)

p1L11(0, K) ) <in 2mK0
/2
Ty

N,
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p1L12(0, k) ) cos 2#/19] sin(27k( /N )
(o —a)*/) " Ne [ 2mn/N) 4 08

- (Buto) +

NT

p1L15(0,5) \ . 2mk6
+ Z |:<L17(97I€)+ @ = )2 sin =~
r>K P71

B . p1L16(0, k) cos 2nk0] sin(2mk(/N;)
(Lls(e, ) + (d2_p§)1/2) N ](2M/NT)2+[)%}) (28)

All terms of the two sums in Eq.(28) contain products that represent propa-
gating sinusoidal waves:

sin

2mK0 i 2r¢ 1 cos 2rk(C—0) cos 27k(C+0)
N, CUTND T3 N N
27 k0 2 1 2 -0 2 0
;:/_’j sin ;T\fljc =3 (sin —WH‘(]\% ) + sin —ﬂn‘(]\i—&— ))
The integrals L15(¢, k) to L1s(¢, k) of Egs.(24)—(27) can be written explic-
itly with the help of two new auxiliary variables ¢; = ¢1(k) and g2 = ¢2(K):

COS

1 2TK
0= 5@ =Rt

N,

2Tk
N )

(d® - p)"/? - & —pi>0 (29)

1
7q2:§

One obtains:

L15(03 H) = L15A(H) + 67P10/2L15B(0, I-i)
— l|: q1 q2 —6_p10/2
P (YD R Y e
(p1/2)sing10 + q1cos @16 (p1/2)singa6 + go cos g26 30
% 2)2 2 2)2 2 (30)
(p1/2)? +qf (p1/2)* + g5

L16(9, H,) = L16A(I€) + 6_p10/2L16]3(9, KJ)

:l[_ﬂ< 1 B 1 >+6—p19/2
21 2 \(m/22+¢  (nm/2)?+q
(p1/2)cosq10 — qising10  (p1/2) cos q26) — g sin g2
X 2 2 - 2 2 (31)
(P1/2)* + qi (p1/2)* + ¢5

L17(97 ”) = L17A(f<5) + €_p19/2L17B(9, I<;)

212 \(m/2)2+a  (p1/2)*+ 45
(p1/2)cosq10 — g1 sing10  (p1/2) cos g2 — g2 sin go6
X T2 T3 (32)
(p1/2)* + ¢f (p1/2)* + ¢
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ng(e, H,) = ngA(KJ) + 6_p10/2L18]3(9, KJ)
_ l[ q1 _ g2 _ 102
2(p/2)*+ai  (m/2)?+ 4

(p1/2)sing10 + qicosq10  (p1/2)singa6 + go cos g2

X SR - SRR (33)
(P1/2)* + qi (p1/2)* + ¢5

For the explicit form of the integrals L11(6, ) to L14(0, k) of Eqgs.(20)—(23)

we introduce two more auxiliary variables g3 = g3(k) and g4 = g4(k):

1 1
q3 = 5[(& — ) —p], @ = 5[( T2 +p1], pI-d®>0 (34)

The integrals L11(6, k) to L14(0, k) may then be written explicitly in the fol-
lowing form:

L11(9, H) = L11A(KJ) + 67P10/2L11]3(9, /i)

= l |: — a3 _ 94 4 e r0/2
@+ (27m/NT)2 @+ (27m/NT)2

2
" (exp[(p% — d?)1/20/2] (g3 cos(2mkf/N,) + (2mk /N, ) sin(27k0 /N, )]
G+ Qrr/N, )
exp[—(p? — d?)*/20/2][qs cos(2mk0/N,) — (2wk /N, ) sin(2r k6 /N, )] )} (35)
a3 + (2mr/N;)?

+

L12(97 FL) = L12A(H) + €_p19/2L123(9, K})
1 [ 2rk/N.  27k/N: 4 emri0/2
@+ (27k/N.)° 2 + (27K/N,)?

2
" (exp[(p% — d?*)Y/20/2][g3 sin(27kO/N,) — (27k/N,) cos(2nk0 /N, )]
¢ + (2mx/N;)°
exp[—(p? — d?)1/20/2][qs sin(27k0/N,.) + (2w /N, cos(2wkf /N, )]
N 2 + @rn /N, ) )] e

L13(03 H) = L13A(H) + 67P10/2L13]3(0, I-i)

1 qs3 qda —p16/2
= - + +e "
[ q?% + (271'“/]\7‘1')2 q + (QFK/NT)2

2
" (exp[(p% — d?)1/29/2] (g3 cos(2mkf/N,) + (2mk /N, ) sin(27 k0 /N, )]
@ + (2mK/N,)?
exp[—(pf — d*)"/20/2][qs cos(27K0/N;) — (275/N;) sin(27k6 /N, )] )} (37)
¢ + (27x/N;)’
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L14(0, k) = Liga () + e P92 L1,5(0, k)
_1 [ 27k /N, 2nk /N, o—p10/2
2|27 @nn/N R T /N
" (exp[( — d*)Y260/2]gs sm(27r/<;9/N ) — (2wK/N,) cos(2mk0 /N, )]
+ (27K /N,)?
exp[—(pf — d®)'/20/2)(qa sin(27r/19/NT) + (27K /N, ) cos(2mk6 /N, )] >}
2 4 (27k/N,)°

(38)

Equation (28) may be written in the following form:

2

2 Ny po & p1Lli1a(k) \ . 27k0
+ N (1 —e N7P2) g 1 { (L13A(/1) + T d2)1/2 sin N
K= 1

Aev(¢,0) = 0272%0(%(3@((1 — ch po0)
p

- <L14A(’i) + p1La2a (%) )co 2mr6

S
2
(0} — )" N

plLllB(Q,n) Sin27‘l’l€9
(b)) N

+ 6—919/2 [<L13B(9,H) +

(L14B (0, 1) 1L123(91f-€2)) cos 271'/-@0]} sm(27m§2/NT)
—q2)" Nr |) (27k/N.)* + p2
N

2 - p1L1sa(K) . 27kO

+ —(1—e"2) {(L17A(F\‘,) + sin

N- Fg? (d2 — p2)'"? N~

L 2
— | L1sa(k) + p1lioa(x) cos 0
@) F

p1L158(0, k) Sin2ﬂ'm9
(@—pp)*) N

(ot ) ] )

+ 6*919/2 |:<L17B(0a Ii) +

We recognize that the terms L 4 (k) do not contain the variable 6 and are
connected with ¢ and 0 only via the products with sin(27x6/N..), cos(2rk0 /N, ),
and sin(27k(/N,). These terms have been quantized successfully (Harmuth,
Barrett, Meffert 2001, Cha. 4). The terms L_g(0, k) contain § and they are mul-
tiplied in addition by e P19/2  1f we succeed in eliminating 6 from L g(6, k)
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and further eliminate e ?1%/2 we can use the previously developed quantiza-
tion process. This elimination is possible by means of Fourier series expan-
sions. The calculations are straight forward but lengthy. They will be found in
Section 6.1. We recognize in Eq.(6.1-43) the last two lines of Eq.(39), and in
Eq.(6.1-60) lines 4 and 5 of Eq.(39). The whole Eq.(39) is shown in Eq.(6.1-61),
still with the factors e *1%/2 and other features that need reworking. The re-
quired changes are carried out in the calculations that lead from Eq.(6.1-61) to
(6.1-109) and its radically simplified form shown by Eq.(6.1-110). We copy this
equation without the term Aqo((,8). If we did not ignore this term we would
get terms [py 2 exp(—p2()]? and py ? exp(—pa() sin(27k¢/N;) in (DAey /dC)?
Eq.(2.3-16) in the following Section 2.3. The integrals of these terms over ¢
would be small compared with those of terms not containing exp(—p2():

ev(C 9 - C %O(Z Cen Sln + Z Cefi si 217:2(:)

Kr>K
2
=272V, Z Cor(0) sin WKC
Con(0) = Ni [Aes(m) sin 2;”9 + Aee(k) cos 20
2mv0 2mv0
+Z ( ) sin N + Bec(k,v) cos N )] (40)

We write Aey(C,0) both as two sums from k =1 to K < K and from x > K to
N, as well as a single sum from x = 1 to V.. The single sum is shorter to write
but the two sums emphasize that the function Ce,(6) is calculated differently
in the two intervals 1 < x < K and K < Kk < N,.

Let us turn to the potential A, ((,0) that is associated with Ay ((,6)
according to Eq.(2.1-49). Three integrals have to be evaluated. Here is the
first one:

02 A (C, 0 OAey(C,0
AmV1(C’9):ZpS/¢dC=ZpS (¢,0)

ag? ¢
. 2K
= C T2V:eOZpS C Z Ce/{ Sll’l TC
N
27K 2Tk
= 12V Z ps 2 TTC%(H) cos NTC (41)

The third integral in Eq.(2.1-49) yields:
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aAAev

Amvs((,0) = — a5 C
vk S =
— 227 Z aCen cosi:;%N )
2l 2 [ 3 (At con 22— tosin 22
+ g QNF_f (Bes(fﬁ, v) cos 2;;:9 — Bec(k,v) sin 2;;:9)] (42)

The second integral in Eq.(2.1-49) calls for a second differentiation of Ay,y3(¢, )
with respect to 6:

2400 (¢, 0
Az (G, 0) = —Zpe / T Ae(C,0) 4

06?
92 & cos(27r/<;C/N)
— (2,2 E: Vi
= Ve Zps 907 2 Cenl0 27k /N,

. 52 Cor(0) cos(2mk(/N;)
_ 2.2
=T VeoZpe ) g 2nr/N,

k=1
0%C.(0) 2 2k 2 . 2wkl 27K0
o =N, K N ) (Aes(li) sin N + Agc(k) cos N >
N 2
S [ 2mv . 27l 20
+D§:1 ( N ) (Bes(lﬁ?, v)sin N + Bec(k, V) cos N )] (43)

The potential Ay (¢,0) = Amve((,0) associated with A..(¢,0) of Eq.(40) is
the sum of Amvly Amvg, and Amvgi

Amv(ca 0) = mvl(( 9) + Amv2(< 9) + AmvS(Ca 9)

2mK(
N,

—CTZV;()Zg Crnr(0) cos
k=1
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_ 27mKps 1 0C(0) ps  0%Cer(0)
Cnr(0) = =5 =CexO) + 508 06— T 2rw/N, 062
2 . 2mkB 2mK0
A [ — Aec(K) sin N + Aes(k) cos -
N,
= 2 2
+ 2 <Ces(l<l, v)sin ]7;—’:9 + Cec(k, V) cos ;:9)]
2Tk ps (27v)? v
Ces(k,v) = N (1 ~ @) Bes(k,v) — 5 Bec(k,v)
_ 2TEps (27mv)? 2
Coc(k,v) = N (1 ~ e Boc(k,v) + Bes(k,v) (44)

We emphasize that the coefficients Acc(k), Aes(k), Bes(k,v) and Bec(k, V)
are calculated differently in the two intervals 1 <k < K and K < xk < N,

2.3 HAMILTON FUNCTION FOR PLANAR WAVE

The use of the Fourier series expansion in Eq.(2.2-4) permits a largest
time ¢ = T and a largest distance y = ¢T', where T is arbitrarily large but
finite. In the directions xz and z, which are perpendicular to the direction y
of propagation, we have not specified any intervals. We chose them —L/2 <
x < L/2, —-L/2 < z < L/2. For L/2 = ¢T no point on the y-axis can be
reached during the time interval 0 < ¢ < T from a point outside the area
—L/2<x<LJ/2, —L/2 <z < L/2by a wave and thus cannot affect what is
being observed along the y-axis. The energy U of the electric and magnetic field
strength within the volume 0 <y < T, —-L/2<x < L/2, —L/2<z<L/2is
defined by the integral®:

L/2 L/2 - T
1 1 Z
—L/2 -L/2 -0
An)’
E? = ( — Zccurl A, — %) (2)
2
H? = <% curl Ay, — %) (3)

Using Eqgs.(2.1-33), (2.1-36), and (2.1-37) we obtain the following values
for the components of A, and A, in Eqgs.(2) and (3):

IHarmuth, Barrett, Meffert 2001, Sec4.3
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Aex(C7 6) - Aev(<7 6) mx(C, 6) - Amv(<7 6)
Acy(C,G) = AcOfc(Cfg) my(C’e) :AmOfm(C*G)
eZ(Ca 0) = Aev(<79) mz(C,H) = —AmV(C,O) (4)

A
A

The functions Ay (¢, 0) and Ay (¢, 0) are defined by Eqgs.(2.2-40) and (2.2-44),
while f.(¢ — 0) and f, (¢ — 0) are arbitrary functions of ¢ — 6.

The next task is to write the vector components on the right sides of
Egs.(2) and (3) in terms of Aey(¢,0) and Any (¢, 0):

A\’ A A\
(— churlACa—> =272 curl? A.+2Zccurl A, - a—Jr <8_) (5)

ot ot ot
c 0AN\® &, 2¢ OA.  [0A\?
(E CU.I‘lAm — 7) = ﬁ curl A.m — 7 curl Am . W + (7) (6)

With the help of Egs.(2.1-20), (2.1-21), (2.1-30), and (2.1-33) we obtain
the following relations:

0=t/r,(=y/cr, T/T = N-

ot a=2(5) - () "
2 2 9

(%) =2(%) =3 (%) )

ot n,-o(2e) - ()
2 2 9

(%) (%) -=(%) 2

The squares E? and H? of the field strengths in Egs.(2) and (3) assume the
following form:
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2 0Au 2 Ay, OA 0A\ >
E2:_ Z2 ev 2Z ev mv mv
72[(a<>+ a ae*(fw”

2/ 9Asy  OAL )2
- _2(Z oc "o ) (13)
0 Amy 7 0Amy DAy | (Aey 2
+Z
- 7272 aC 00 00

= (5
( 6‘4‘” > (14)
(1)

The energy U of is rewrltten into the following form:

L/2ct L/2ct N,

- T T {55

—L/2ct —L/2cT 0

O0Amy 0Aey 2 T z
(e ) }‘“}d(E)d(E)
CZT L 2N 6Acv 2 aAcv 2
7(5) /{Z ( a<> 7 (W)
0

o7 ( 0Aev OAmy | OAumy OAev
o¢ 00 o¢ 00

(%) (%) I oo

For Aey(¢,0) and A,y (¢, 0) we use Eqgs.(2.2-40) and (2.2-44). Their substitution
into Eq.(15) yields the following integrals:

Aev
(88C ) dC _ (027-2‘/(30 2

N,
(';1 27'('/4} CK 0) oS 2]”:[?() C

N
N, L (27K
- Ty (5

=1

aAev 2d< _ ( 2 2V )2 77— ks 8Cen (9) . 27TI€C 2dC
90 =T Veo 90 sin NT
0

N, 2
- %(027—2%0)2 (60%(0)> (17)

O\.Z
?

O\.Z

x

O\F




60 2 DIFFERENTIAL EQUATION FOR THE PURE RADIATION FIELD

N, N, N

0Acy OAmy ., 5 o 5 121k 0Cmix(0) 5 2mKC
[ Zae Tggac=ervarz [ N, GO g )
0 0 k=
_&( 2 2V )2Z Ak 27”/"0 (0)80111’4(0) (18)
) C T Veo < N ek 90
04, 04 N 0Cer(0) . 5 27KC
mv ev /22 2 _ﬂ ek . 9 4TK
/ T d¢=(P1%Ve)?*Z (Zl NTcm(e) G0 s >d<
0 0o r=
_7&( 2 2V )2Z ak 27”4"0 (0)80@5(9) (19)
- D) C' T Veo o N‘r mk 89
N. 2 N N, 2
/ (E%almv) d¢ = (Pr2Vy 2)? / ( 2T (@) sin 2”“) dc
C NT T
0 o n=1
N 2\ 2
— Seraz? Y (5) cauo) (20)
k=1 T
N, N,
A \® oo o [ {2 0Cme(0)  27kC\
/(80>dC—(CTV;0Z)/< 50 cos NT>dC
0 o n=1
N 2
_Nrog oo 2 [(0Cms(0)
= (c*1*Veo Z) 2 <—89 (21)

Substitution of Egs.(16) to (21) into Eq.(15) yields the energy U of the
planar wave as sum of the energy of the components Cq(0) and C,,(0):
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No function of 6 in Eq.(22) has a physical dimension. All dimensions are
contained in the factor ZV.2L?T3¢*, which has the dimension VAs as required
for an electromagnetic energy. The text following Eq.(2.1-39) gives the dimen-
sion of V, as As/m3; the constant Vo has the same dimension according to
Eq.(2.1-62).

Equation (22) can be rewritten into the form of a sum of two quadratic
expressions:

N> 2
U= 12V2 L2T3¢ 4 [(27”‘3 ) + 8Cmm(9))
2 n:l 00
27K 0Ce(0)\”

In order to derive the Hamilton function for U we must work out the time
variation of Cex(0) and Cp.(0) explicitly. The functions Ce,(6) and Ch,,(9)
are shown in Eq.(2.2-40) and (2.2-44). Their substitution into the two terms
with large parentheses in Eq.(23) yields:

21K 0Chk(0) 2 I [/ 2mk 2y . 2mvb
bl Tmel7) 2 2B _ 2
N Cex(0) + 20 N 321 N, Des (k,v) N Coc(k,v) | sin 2

26

T

+

(27mBCC(/£, v)+ @CCS(H, I/)) cos

N N ] (24)

2k 0Ceu(0) 2 N[ (27 27k 2l
Cr(0) — 50 7VT; TTBCC(H,I/)JrTTCCS(H,I/) sin N

2y 27K 270
_ (TTBeS(F\Z,U) — TTCeC(KU, 1/)) cos N ] (25)

The sum of the squares of these two expressions yields a very long formula
that must be broken into parts to become printable:

<2N”—7’_‘””cen(e) 4 M>2 4 (2”—’*Cm(9) - 805—';(9))2

= Ucn(k) + Usn(k,0) (26)

The energy U of Eq.(23) consists of the sum of a constant part U.y (k)
and a time-variable part U,y (k, ) with time-average zero:



62 2 DIFFERENTIAL EQUATION FOR THE PURE RADIATION FIELD

N
1
U=32ViLT e Z ) + Usn (,0)] (27)

Considerable effort is required to work out U.n(x) and Uyn(k,6) from
Egs.(24) to (26):

2(271'/1)2

“NT [U& (%) + Uee (k)] (28)

Uen (k) =

We replace the variable U.n(k) by a new variable U, which makes the
results very similar to previously derived ones? except that N, is now finite
rather than infinite and 7 is finite rather than infinitesimal:

Uor (k) = N7Uen(r) = 2(2m5)*[U& () + UZ(5)] (29)

The functions U2 (k) and U2, (k) may be written with the help of Bec, Bes, Cec,
and C, as follows:

::: [(Bec (k,V)+— Ces(n,u))Z—&- (Bes(K/7 V)_%CeC(Ha V)) 2} (30)
Re [(E (5 )+ Co (5, y))2+<§365(m V)~ Ceelr, v)ﬂ (31)

v=1

In analogy to Eq.(29) we replace the variable Usn(k,0) in Eq.(27) by a new
variable Uy (&, 6):

N,

470
Uy (k,0) = N} Uy (k,0) = Z Uy1(k, V) cos i
v=1 U
N, N,
0 2\ 2m0 27\
;Z( v2 (K, ) sin XZ sin ;—T+Uv3(l<o,l/,)\) cos XZ cos XTT )
V#EN
N, N,
0 2wl
Z::Z va(k, v, ) sin ]7:/,1; cos ]7:;; (32)

The four functions Uy (k,v) to Uys(k,v, A) also may be written in terms of
Bec, Bes, Cec, and Ceg:

2Harmuth, Barrett, Meffert 2001, Eqs.4.3-28 to 4.3-46.
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lkﬂmV)—2@W@2<Bi0uWBinO+CﬁAmV)CiO@W

V2
HIB ) ~ B + Ch(sr) — Chln)]) (39

Uvo(k, v, \) = 4(21K)? <Bes(n, V)Bes(k, A) + Cos (K, V) Cos (K, A)

+% [Bee(, N)Cas (5, 1) — Bus (i, ) Cic (5, )]

+% [Beo(#5, ) Cls (5, \) — Bes (K, ) Coc(k, N)]

+:_2\ [Bec(li, V)Bec(’@ >‘) + Cec(ﬂ’ V)CGC(R, AM) (34)

Uys(k,v,\) = 4(27k)? (Bec(fi, V)Bee(Ky A) + Coc (K, V) Coc (K, N)

+% [Bee (1, ) Cls (K, A) — Bua (1, \)Coc (5, 1)

+% [Bec (K, A)Cos (5, ) — Bes (K, ) Cog (5, A)]
VA

—i—?[Bes (K, V) Bes(ky A) + Cos(k, V) Cos(k, A)}) (35)

Uoa(k, v, \) = 4(27k)? <Bec(f€, A)Bes (K, V) + Cos (K, V) Coc (K, N)

+% [Bea(i, ) Coa (s \) — Bea(i5, \)Cos (1, )]

v

—|—; [Bec (K, V) Coc(Ky A) — Bec(Ky A)Coc(k,y V)]

Bl ) B V) + Cucls V)i V) (36)

The term U (k) in Eq.(29) does not depend on the time 6. It represents
what we usually call the energy U of the wave in the volume L?cT defined by
Eq.(15). The term Uy, (k,0) of Eq.(32) varies with time but its time average
is zero. If we write Uy, (k,t)/T instead of Uy (k,6) we have a time variable
power with average power or energy equal to zero. No widely accepted inter-
pretation of this result exists yet, but it cannot be dismissed easily since it
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is a generally encountered result of the theory. For a physical interpretation
consider two plates of a capacitor with vacuum between them. An electric
field strength drives an electric dipole current through this vacuum. It could
be that the dipoles are created by the field strength. But it is also possible
that the dipoles are constantly created and annihilated even in the absence
of a field strength. The random orientation of the dipoles would prevent any
macroscopic effect. An applied electric field strength would orient the dipoles
and produce a macroscopic effect in the form of a dipole current. From this
point of view an electromagnetic wave propagating in vacuum has an energy
due to its excitation, but a fluctuating power with time average zero is created
by its interaction with the continuously created and annihilated electric and
magnetic dipoles.
We denote the time-independent component of U in Eq.(27) by Uxe:

Une = —ZV2 LT3 — ZUcN
T k=1
27K
:ZV2L2T34N2Z( ) (k) + U2 (k)] (37)

In analogy to Eq.(29) we introduce then a new variable U, in order to eliminate
N2 from Eq.(37):
Uc = N:-IUNC

= ZV3L2T? 42 (27k)? )+ U2 (r)] (38)

The new function U, equals the previously derived function U, in Eq.(4.3-33) of
the reference of footnote 2, except that the sum runs from x = 1 to N, rather
than to co. Hence, we may follow the procedure used there for the derivation
of the Hamilton function and the quantization. First we normalize the energy
U, of Eq.(38):

H="U. /ZV;%LQT3 4

= Zﬂf Z (2m5)*[U&() + U&(w)] (39)

It is shown in Section 6.1, Eq.(6.1-136), that 3, decreases proportionate to
1/k? for k> 1:
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H, = (276)2[UZ (k) + UL (k)] o< 1/(27K)* for k> 1 (40)

This decrease implies that the sum of Eq.(39) is absolutely convergent if N is
permitted to go to infinity.

For the fluctuating power we see from Eqgs.(6.1-143) and (6.1-144) that
the slowest decreasing terms are Uy (s, v) and Uys(k, v, \), which decrease pro-
portionate to 1/(27k)%. Hence, Uy, (0) of Eq.(32) decreases proportionate to
1/(2mk)?

Uvr(k,0) o< 1/(2mk)?  for k> 1 (41)

and the sum of Eq.(27) over xk would be absolutely convergent for any value of
0 and unbounded values of N..

The concept of absolute convergence is a carryover from the differential
theory with infinite time or space intervals and infinitesimal resolution in time
or space. In a theory with finite intervals T" or ¢T" and finite resolution 7 or cr
the concept of convergence is of little meaning. In such a theory every term
of a sum is either defined as well as finite and the sum exists or at least one
term is infinite or undetermined and the sum does not exist. The computer
plots in Section 2.5 will show immediately that everything is defined and finite.
Of course, writing the program for the computer plots is as much trouble as
analyzing convergence.

Having satisfied ourselves that everything is indeed finite for unbounded
values of N we may derive the Hamilton formulas in the usual way. We rewrite
H,. as follows:

Ho=(2mr)? { [UL(K) + U2 (x)] sin® 27k6 + [UZ (k) + UZ (k)] cos® 2mk6 }
(27k)? [Ues(k) + iUcc (k)] (sin 271K60 — i cos 2mk0)

X [Ues(k) — iUcc (k)] (sin 27k + i cos 2mk6)
=—2mirp.(0)q.(0) (42)

For p,.(0) and ¢,.(0) we get:

pe(0) = (2miK) Y2 [Uss (k) + iUcc (k)] (sin 27k6 — i cos 2mk6)

= (27ik) YV [Uee (k) — iUes ()] €™ (43)
b = 8]959(9) _ (27Til€)3/2[UCC(I€) - iUCS(n)]e%rine (44)

4x(0) = (2mik) Y2 [Ues (k) — iUcc (k)] (sin 2wk + i cos 2mk6)
= (27ri"€)1/2[UCC(FL) + Z‘UCS(K})]eizﬂ—i’ie (45)
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. 0q.(0)
U= —pg— =

—(2miK)3 2 [Use (k) + iUes()] e~ 270 (46)

The derivatives 0H, /g, and OH,/Op, equal:

0F(,

e = —2mikpe(0) = —(2miK)> 2 [Uee (k) — iU ()] €20 (47)
0K ; - \3/2 . —2mik0
oo —2mikge(0) = —(2mik)> ?[Uec (k) + tUcs(K)]e (48)

The comparison of Eqs.(47) and (48) with Eqs.(44) and (46) yields the
proper relations for the components H, of the Hamilton function:

0. . M,
8q,.€ = —DPsx, 6—pn =4k (49)

Equation (42) may be rewritten as done previously® by means of the defi-
nitions

af = [Uee(r) + iU (k)] e~ 2mR0 (50)
to yield:
I Y ok
=—i Z 2K = Z(27rf<;)2ana2 = Z hbbr = Z H,
k=1 k=1
9T\ 1/2 9T\ 1/2
bH=< = > ax, bz=( — ) a (51)

We shall want the relative frequency r(x) or the probability of the energy
Uc (k) of Eq.(29). Tt is defined by the fraction

N>
T(H) = U?C(lﬁ)v Scl = Z Ucre(li) (52)
7“(/'{) - Uzi{H)’ Sux = Z—: UCH("{/)7 K = Nr(pf _ 4/7%)1/2/47'(' (53)

r>K

3Harmuth, Barrett, Meffert 2001, Eq.(4.4-44)
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We note that the term probability rather than probability density must be used
due to the finite value of terms with the variable kK, 1 < kK < N, or K < k < N,.

2.4 QUANTIZATION OF THE DIFFERENTIAL SOLUTION

Equation (2.3-51) is written in a form that permits us to follow the stan-
dard ways of quantization. It works both for the Heisenberg and the Schrodinger
approach. Consider the Heisenberg approach first. The complex terms b, and
b¥ are replaced by operators b, and b/ :

b:ab::%@(—éa%), bn—>b,$:i<a4+l£> (1)

Alternately one may interchange b’ and b,:

The two ways of quantization are a well known ambiguity of the theory (Becker
1963, 1964, vol. 2, § 52; Heitler 1954, p.57). We use first Eq.(1) and obtain for
H,. of Eq.(2.3-51):

H.T E.T
2nkh  2mkh
Equation (1) applied to a function ® yields:

b by = (3)

1 10 1 10 E.T
7 (“4 *aa?) [% (“4 aa—c) ‘I’] = 2ewh

1/ 4, 1 8 1. ET
5(” o ) 23" o ® )

If we use Eq.(2) rather than Eq.(1) we obtain the following equations
instead of Egs.(3) and (4):
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Becker (1964, vol.II, §15) shows in some detail that the energy eigenvalues

2nkh 1
E.=Eun= I =0,1, 2,...,N;,
T (n+2> n=0 (7)

are obtained from Eq.(4) by means of Heisenberg’s matrix method while Eq.(6)
yields

2mkh 1
- - ~0,1,2,... N,
S (n-g) m=0 12 ®

We turn to the Schrodinger approach. The products by, bl or bfb, are
applied to a function ®:

En = Enn

1 1 42 E.T
v — =22 Lo Bl o
(b b0)P = 5 < ¢ 2dC2> P 27mhq) AP
E.T
" orkh 9)

We are going to use the Schrodinger approach here since we know how to
rewrite a differential equation into a difference equation and we know how to
solve the obtained difference equation. The substitution

§=oaC (10)

produces a standard form of the differential equation of the parabolic cylinder
functions

02d

— + (2, — £2)® = 11
S+ A — €2 =0 (1)
The further substitution

® = e E/2x(¢) (12)
leads to the differential equation of the Hermite polynomials® for x:

2
X g

ox
a2~ e

9¢
We show in a few steps the solution of Eq.(13) since we will need it for

comparison with the corresponding difference equation in Section 3.6. One
starts with a power series

(A —1)x =0 (13)

1Becker 1964, vol.II, §15; Landau and Lifschitz 1966, vol.III, §23; Abramowitz and
Stegun 1964; Smirnov 1961, Part II1,2, § 3/156.
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1 2 3 N,
— 1 1 b — o — — — [ N———
o 1 2 3 N.—1 N,

F1G.2.4-1. With N; + 1 points one can define N, intervals.

x(§) =Y o (14)

with the two choosable coefficients ag and a;. Substitution of Eq.(14) into
Eq.(13) brings

(4 +2)(J + Daji2 — 2ja; + (2A —1)a; =0
2 — (2 — 1)

RSTE TR "

A polynomial solution with the highest power j = n is obtained for
1
2] =2n =2\, — 1, )\H:n+§,n:0, 1, 2,... (16)

If n is even one chooses ag # 0, a; = 0. For odd values of n one chooses ag = 0,
a1 # 0. The first three Hermite polynomials obtained from Egs.(15) and (16)
are:

Ho(§) =1, Hy(§) = 2¢, Ha(§) =4¢” -2 (17)
The energy eigenvalues E,, = E,,, of Eq.(9) follow from Eq.(16):
2wkh 1
E, = E., = ”T“ (n+§>, n=0,1,2,..., N, (18)

The variable x in Eq.(18) runs from 1 to N, as discussed in the text
following Eq.(2.2-4). We introduced for ¢ an arbitrarily large but finite interval
0<{<T/r= N;in Eq.(2.2-4). The transformation £ = a( of Eq.(10) does
not change the number N, of units of the intervals of ¢ or £&. Hence, there are
N, unit intervals for the variable £ and N, + 1 points for £ as explained by
Fig.2.4-1. The N, +1 points permit us to define N, 4+ 1 orthogonal functions—
parabolic cylinder functions in our case—and n in Eq.(18) can run from 0 to
N,.

We obtain only one solution for the energy eigenvalues instead of the two
solutions of Eqgs.(7) and (8). This is a known problem that will not be discussed
here.

The period number k = 1, 2, 3, ..., N, assumes all positive integer
values up to N,. The restriction to integers is due to the postulate that in an
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experimental science all distances in space or time must be finite, even though
they can be arbitrarily large or small. Without the requirement for finite large
or small distances, the period number x would be a real, positive number. The
number x denotes the number of periods in the time interval T. If we replaced
k/T by a frequency f we would immediately face the problem that a frequency
is defined strictly for an infinitely extended periodic sinusoidal function. If we
use only a finite number of periods of such a function we get a sinusoidal pulse
that may be represented by a superposition of non-denumerably many infinitely
extended, periodic sinusoidal functions with frequencies in the whole interval
0 < f < 00. One would have to explain which of these many frequencies should
be used, a problem not encountered with the period number x. The restriction
of k to values k < N, = T/7 is due to the introduction of the finite resolution
T or ¢t of any measurement. Waves with periods too short to be observable
are excluded.

A second deviation from the conventional theory is caused by the increase
of the energy E,,, in Eq.(18) proportionately to . This is so even for n = 0 and
we get the famous or rather infamous infinite zero-point energy that in the past
could be overcome only by renormalization. We have pointed out in Eq.(2.3-39)
that the component H,; of the Hamilton function used in Eq.(9) decreases with
k like 1/x2. If the energy of one photon increases proportionately to k in
Eq.(18), the number of photons must decrease like 1/x3. In classical physics
that would mean that there is no photon with more than a certain finite energy.
In quantum physics we must modify this statement to say that the probability
of observing a photon with infinite energy is zero. The introduction of the
finite resolution 7 or c¢7 yields a second limit on the possible values of x, since
k cannot exceed the arbitrarily large but finite number N...

So far we have emphasized that we deviate from the conventional theory
by using (a) a modification of Maxwell’s equations that generally permits so-
lutions that satisfy the causality law, (b) arbitrarily large but finite distances
in space or time, and (c) finite resolution in space and time. But there is
a fourth difference. The solution Aey((,60) of Eq.(2.2-28) of the inhomoge-
neous wave equation of Eq.(2.1-45) is represented by a sum of sinusoidal pulses
sin(27k0/N;) sin(2rk(/N,). The individual pulses as well as their sum have
a finite energy. We replace this representation of a wave by a superposition
of sinusoidal pulses by a superposition of differential operators representing
photons. The energy of the photons must equal the energy of the individual
pulses with period number x as well as the energy of all the pulses or the wave.
Hence, there is nothing surprising if no infinite energy is encountered. If there
are N, (N, + 1) finite energies E,;,, their sum must be finite too. The possi-
bility of infinitely many finite energies yielding an infinite sum never arises.
The conventional quantization refers to a field rather than to a superposition
of pulses representing a wave. It is not obvious how the conservation law of
energy applies to a field.

A comprehensive historical review of the infinities of quantum field theory
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is provided by Weinberg (1995, pp. 31-48). The renowned book by Berestezki,
Lifschitz, and Pitajewski (1970, 1982; § 3. Photons, second paragraph) has the
following to say about the infinite zero point energy of the conventional theory:
But already in this state each oscillator has the ‘zero-point energy’ 2mwfh/2,
which differs from zero. The summation over the infinitely many oscillators
vields an infinite result. We meet here one of the ‘divergencies’ that the existing
theory contains because it is not complete and not logically consistent.

At another location in the same book we find the following statement
(§ 1. Uncertainty Relations in the Relativistic Theory, second paragraph from
the end): The lack of complete logical consistency shows in this theory by the
existence of divergent expressions when the mathematical methods are directly
applied; however, there are unambiguous methods for the removal of these
divergencies. Nevertheless, these methods have largely the character of semi-
empirical recipes and our belief in the correctness of the result obtained in this
way is based in the end on their excellent agreement with experiment, but not
on the inner consistency and the logic lucidity of the basic principles of the
theory.

Becker writes the following (Becker 1964, vol.II, §52): The ground state
represented by [n=0] corresponds to vacuum; it still contains zero-point vibra-
tions, however, as in the case of the linear oscillator. Since we are dealing with
an infinite number of oscillators the mean-square values of the field strengths
E2, H2, must also be infinitely great. A completely satisfactory treatment
of this anomaly does not yet exist (footnote p.311). The anomaly is directly
associated with divergent integrals. This divergence has for long been an insu-
perable difficulty of quantum theory; it has not yet been completely overcome,
but has been ingeniously circumvented through the concept of the mass renor-
malization of the electron (Kramer, 1945) (small print following Eq. 53.9).

2.5 COMPUTER PLOTS FOR THE DIFFERENTIAL THEORY

The energy U, (k) is represented in Eq.(2.3-29) by a function of the period
number k. The function is defined for all integer values of k in the interval
1 < k < N,. We want to produce plots of U, (k). This requires 34 core
equations for the interval 1 < k < K and equally many equations for the
interval K < k < N,. The value of K will turn out to be 1.19366 so that the
interval 1 < k < K contains only the one value k = 1. We shall ignore this one
value and plot U, (k) only in the interval 2 < x < N, which covers upward of
99% of all values of x. In addition to the 34 core equations one needs additional
equations for checking the program and plotting the final result. We explain
in some detail how the computer program is written to facilitate checking by
readers.

As a compromise between precision and computing time we choose N, =
100. The further choice p; = 1/4 yields according to Eq.(2.1-43):
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or(1—5/0Z%) =p1/cZ =1/4x3-10% x 377 =2.2-107'2 [As/Vm] (1)
The second choice p; = 1/10 < p;1/2 yields according to Eq.(2.1-43):

V05 = pajc=1/10 x 3-10% = 3.3- 107 [s/m] (2)
For ps we get from Eq.(2.1-49) two values:

Ps1 = 20; Ps2 = ) (3)

The choice p; = 1/4 and ps = 1/10 is made primarily to obtain simple
numbers for ps and to avoid very small or very large numbers that might in-
crease the computing time. Whether the choice is physically reasonable cannot
be discussed until we have some values for the electric and magnetic dipole
conductivities o and s.

Following the text of the last paragraph of Section 2.3 we are going to plot
r(k) = Uek(k)/Sck according to Eq.(2.3-53). Table 2.5-1 gives step by step
instructions for the writing of the computer program. First we write d = d(k)
according to Eq.(6.1-1), then ¢; = ¢1(k) according to Eq.(6.1-2), and so on
until r(x) is written according to Eq.(2.3-53). These are our 34 core equations.

All entries in Table 2.5-1 except for S.x are functions of k or k and v.
To check the program one must make in principle 33 plots for d to r(x), since
Sck is only one number. The computation of the 29 plots from d to Cec(k, V)
requires seconds or fractions of seconds.

The equations with the one variable x are plotted by the following instruc-
tions written in the programming language Mathematica:

k=%, x =2 for As7(k) to Fgs(k), x =N, otherwise
f1:=If[k <2, True, #]

pl:= Plot[f1,{k,0,x},PlotRange—> All] (4)
The terms d, qi, ..., Fgs(k) in their computer language representation d[k],
qllk], ..., £68[k] must be substituted for #.
The equations with two variables k, v are displayed by a three-dimensional
plot:
k=k, v=nu, N;=n
f1:=If[k < 2, True, #]
pl:= Plot3D[f1,{k,1,n},{nu, 1,n},PlotRange—> All] (5)
The terms Iy(k,v), I10(k,v), ..., Cec(k,v) in their computer language repre-

sentation i9[k,nul, i10[k,nul, ... cec[k,nu] must be substituted for #.
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TABLE 2.5-1
THE 34 CORE EQUATIONS REQUIRED FOR A COMPUTER PROGRAM THAT PRO-
DUCES A PLOT OF r(k) ACCORDING TO EQ.(2.3-53).

d Eq.(6.1-1) q1 Eq.(6.1-2) g2 Eq.(6.1-3)
A57(KZ) Eq.(6.1-16) Beg(lﬂ?) Eq.(6.1-31) 057(5) Eq.(6.1-18)
Cﬁg(fi) Eq(61-32) D57(K,) Eq(61-19) DSS(K,) Eq(61-33)
E57(K) Eq.(6.l-39) Eﬁg(K Eq.6.l-40) F57(K) Eq.(6.1-41)
Fss(k)  Eq.(6.1-42) Iy(k,v) Eq.(6.1-91) Lio(k,v) Eq.(6.1-92)
Lii(k,v) Eq.(6.1-93) Iix(k,v) Eq.(6.1-94) ILis(k,v) Eq.(6.1-97)
Ii4(k,v) Eq.(6.1-98) Iis(k,v) Eq.(6.1-99) Iis(k,v) Eq.(6.1-100)
Li7(k,v) Eq.(6.1-103) Lis(k,v) Eq.(6.1-104) Lio(k,v) Eq.(6.1-105)
Izo(k,v) Eq.(6.1-106) Bes(k,v) Eq.(6.1-107) Bec(k,v) Eq.(6.1-107)
Ces(k,v) Eq.(2.2-44) Cec(k,v) Eq.(2.2-44) U (k) Eq.(2.3-30)
U2(k) Eq.(2.2-31) Uew(k)  Eq.(2.3-29) Sex Eq.(2.3-53)
r(k) Eq.(2.3-53)

The final plot of (k) is produced by two more equations:

k=k, r(k)=r[k], K=k0, Scx = scK
£01[k] := I£[0 <=k < k0, 0.81, uck[k]/scK]
01 := Table[{k, f01[k]}, {k, 0, 100}]
p01 := ListPlot[t01,Prolog— > AbsolutePointSize[5],
PlotRange—> All, AxesOrigin—> {0,0}] (6)

Figure 2.5-1 shows a plot of r(k) for p; = 1/4, p2 = 1/10 ps = 20, and
K = 1.19366 according to Eq.(2.3-53) in the interval 2 < x < 100 = N..
Practically all energy is concentrated below x = 6. The function drops so fast
with increasing values of k that it appears to be negligible compared with r(2)
almost everywhere. One cannot see whether 7(k) drops proportionate to 1/x>
as demanded by Eq.(2.3-40), but the finite number of values kK =2, 3, ..., N,
makes it possible to use a numerical plot as proof that (k) is defined and finite
for every value of k. This would be, of course, not possible for denumerable or
non-denumerable values of k.

The range 2 < k < 10 of Fig.2.5-1 is shown expanded in Fig.2.5-2. The
rapid drop of (k) makes only the points for kK = 2, 3, 4, 5 visible above zero.
The semilogarithmic plot of Fig.2.5-3 improves the presentation drastically. We
note that the amplitude of r(x) drops essentially from 1 to 1078. The drop is

not as fast as that of an exponential function e™*.
We had obtained the two values ps; = 20 and pss = 5 in Eq.(3). Figures

2.5-1 to 2.5-3 hold for p; = 20. In Figs.2.5-4 to 2.5-6 we show the corresponding
plots for ps = 5. The plots of Figs.2.5-4 to 2.5-6 look identical to those of
Figs.2.5-1 to 2.5-3.
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FIGURE 2.5-1. Point-plot of 7(k) according to Eq.(2.3-53) for p1 = 1/4, p2 = 1/10, ps = 20,
N; =100, and K = 1.19366 for k = 2, 3, ..., 100; Scx = 4.78874 x 1012,

2 4 6 8 10

FIGURE 2.5-2. Point-plot of r(k) according to Eq.(2.3-53) for N = 100, p1 = 1/4, p2 = 1/10,

ps =20 and K = 1.19366 for k = 2, 3, ..., 10; Scx = 4.78874 x 1012,
1 .
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FIGURE 2.5-3. Semilogarithmic point-plot of 7(x) according to Fig.2.5-1 or Eq.(2.3-53) for
p1 = 1/4, po = 1/10, ps = 20, N = 100 and K = 1.19366 for k = 2, 3, ..., 100;

Scr = 4.78874 x 1012,
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FIGURE 2.5-4. Point-plot of r(x) according to Eq.(2.3-53) for N = 100, p1 = 1/4, p2 = 1/10,
ps =5 and K =1.19366 for k =2, 3, ..., 100; Scx = 2.99773 x 1011,
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FIGURE 2.5-5. Point-plot of 7(k) according to Eq.(2.3-53) for N = 100, p1 = 1/4, p2 = 1/10,
ps =5and K =1.19366 for k = 2, 3, ..., 10; Scx = 2.99773 x 1011,
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FIGURE 2.5-6. Semilogarithmic point-plot of 7(x) according to Fig.2.5-4 or Eq.(2.3-53) for
p1 = 1/4, po = 1/10, ps = 5, N = 100 and K = 1.19366 for xk = 2, 3, ..., 100; Scx =

2.99773 x 1011,
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FIGURE 2.5-7. Semilogarithmic point-plot of r(x) according to Eq.(2.3-53) for p1 = 1/8,
p2 = 1/20, ps = 40, N; = 200 and K = 1.19366 for k = 2, 3, ..., 100; Scx = 9.06075 x 1015.

A further semilogarithmic plot for N, = 200, p; = 1/8, p2 = 1/20, ps
40, K = 1.19366 is shown in Fig.2.5-7. The different scale for r(x) shows a

difference compared with Figs.2.5-3 and 2.5-6 that would not show up in a

linear plot.



3 Difference Equations for the Pure Radiation Field

3.1 BASIC DIFFERENCE EQUATIONS

In order to derive a difference equation we rewrite the differential equation
(2.1-43)

PVe 9V, Ve

ocz 902 o0
C=ylcAt, 0 =t/At, 0<O<N, 0<( <N, N=T/At

p1 = cAt(oZ + s/Z) = 2 At(op + se€), ps = (cAt)%os (1)

—p3Ve=0

replacing 7 by At. The symmetric difference quotient with respect to time is
used to replace the first order differentiall:

av:a(Cve) _ A%(<76) ‘/6(470 + AG) - V:s(Cae - Ae)

= = 2
00 Af 2A0 @)
To simplify writing it is usual to choose Af = 1:
Ve (¢, 0 1
lCl) | Lvic0+ 1) - velc.0 - 1) Q

The choice A8 = 1 does not reduce the generality of the calculation since one
may define a new variable 8’ = §/A# and then leave out the prime.

The second order difference quotient is practically always used in the sym-
metric form. The simplified notation A2/(Af)? = A2/A? and A2?/(A()? =
A?/A¢? is introduced:

1See Harmuth 1989, Sec. 12.4 why the symmetric difference quotient is chosen over the
right or left difference quotient. Note that an italic Delta with tilde A is used for operators
like AVL(¢,0)/ A0 but a roman Delta A for a difference 6 + A#.

7
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— — = — =
96> T (A0 Ae? (A9)?
:‘/e(Caa—i_l)_2%(C79)+%(Ca9_1) for A0 =1

82‘/:: s A~2V:: o A~2V; _ %(C#’AC,H) — 2%(€70) +‘/c(< — AC»Q)
o (AQr A¢ (AQ)?
= Ve((+1,0) — 2Ve(C,0) + Ve(¢ — 1,0)  for AC =1 (4)

Equation (1) assumes the following form as difference equation:

[Ve(¢+1,0) = 2Ve((,0) + Ve(¢ — 1,6)]

5V 0+ 1) = VelG,6 - 1)] - AV =0 ()

We look for a solution excited by a step function as boundary condition
as in Eq.(2.1-56):

Ve(0,0) =V S(0) =0  for 6 <0
=V forf>0 (6)

The boundary condition of Eq.(2.1-57) and the initial condition of Egs.(2.1-58)
become:

Vo(N,0) = finite for ¢ — N > 1 (7)
Ve(¢,0) =0 (8)

Equations (2.1-59) to (2.1-61) show that in the differential case the initial
condition V4(¢,0) = 0 leads to a second initial condition dV,({,0)/06 = 0. The
derivation of the equivalent condition for the difference equation (5) for § =0
proceeds as follows:

1. The three terms of the difference quotient of second order with respect to
¢ in the first line of Eq.(5) are all equal to zero for § = 0 due to Eq.(8).
2. The difference quotient of second order with respect to 6 in the second line
does not exist for § = 0 since the functional value V;(¢, —1) does not exist.
A difference quotient of second order exists only for 6 > 1.
The last term p3V, (¢, 0) in the third line is zero due to Eq.(8).
4. What remains of Eq.(5) for § = 0 is the first order difference quotient

bt
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1
5[%(47 ]-) - ‘/e(Cv _1)] =0
This difference quotient does not exist either but it can be replaced by the
non-symmetric difference quotient
Vve(Cve—’—l)_‘/e(Cve):O for =0 (9)

Let us observe that the differential quotient 0V.((,0)/00 for 6§ = 0 in
Eq.(2.1-61) is derived from the non-symmetric difference quotient

. 1
Alégo E[V;(C’ 0+ AG) - V:s(gv 6)] for 0 =0

while for # > 0 it may be derived from any one of the following three difference
quotients:

Alm m[‘fe(Ca 0+ A0) — Vo((,0 — A9)]
1
Alérgo A_a[%(ga 0+ Ae) - Vve(Cv 0)]

. 1
Alé§0 E[V;(C’ 9) - ‘/e(Cv 0 — Ae)]

The method of obtaining a general solution of a partial differential equation
as the sum of a steady state solution F({) plus a deviation w((, ) used in
Eq.(2.1-62) is extended to partial difference equations:

Ve(€,0) = Veo [F(C) + w(¢, 0)] (10)
Substitution of F({) into Eq.(5) yields:

[F(¢+1) = 2F(¢) + F(C = 1)] = p3F(¢) =0 (11)
The usual method of solution of Eq.(11) is by means of the ansatz
F)=ApS, F((+1)=An™, F(-1)=Ap! (12)

which yields an equation for v:

1
v2=1+§p§—pz(1+ p
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The solution v, grows beyond all bounds for large values of ¢ and is discarded.
From Eq.(6) then follows A; = 1 and we obtain a result that approaches for
p2 < 1 that of Eq.(2.1-64):

g ¢Inwsy - e—pg(

Invs = In

1+ P2 ( >1/2] =In(l—p2)=—p>  (14)

The substitution of F({) into Eq.(10) transforms the boundary condition
of Eq.(6) for V, into a homogeneous boundary condition for w, which is the
purpose of Eq.(10):

Veo[l + w(0,0)] = Voo for 8 >0 (15)
w(0,0) =0 for >0 (16)

The boundary condition of Eq.(7) becomes:

w(N, 0) = finite for ( - N > 1 (17)
The initial conditions of Egs.(8) and (9) yield:

F(¢) +w(¢,0) =0, w((,0) = —v§ = —e ¢ (18)
w(¢,0+1) —w(¢,0) =0 for =0 (19)

Substitution of w((,0) into Eq.(5) yields the same equation with V, replaced
by w:

[w(C + 17 0) - QM(C, 0) + w(C - 1)9)]
— [w(¢, 0 +1) = 2w((, 0) + w((,0 — 1)]

— 5A(G6+ 1) —w(G,6 1)) - u((,0) =0 (20)

Particular solutions wy (¢, 0) of this equation can be obtained by the extension
of Bernoulli’s product method for the separation of variables from differential
to difference equations:

w,(C,0) = ¢(C)1(0) (21)
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Substitution of Eq.(21) into Eq.(20) yields:

[¢(C +1)9(0) — 26(C)¥(0) + ¢(¢ — 1)3(0)]
—[¢ (C)¢(9 +1) = 20(Q)9(0) + ()6 — 1))
- —p1 [ (0 +1) = d()1p(0 — 1)] = p36(C)1p(0) =0 (22)

Multiplication with 1/¢(¢)¥(0) and separation of the variables yields in analogy
to the procedure used for differential equations the following equation:

ﬁ[qﬁ(c +1) —2¢(¢) + ¢(¢ — 1)]
— ﬁ{[w(a +1) —2¢(0) +v(0 —1)] + %pl (0 +1) — (6 — 1)]}
+p3 = —(27mpe/N)*  (23)

We have written a constant —(27p,/N)? at the end of the equation since a
function of ¢ can be equal to a function of § for any ¢ and 6 only if they are
equal to a constant. The constant IV will permit the use of an orthogonality
interval of length N rather than 1 later on, in analogy to the use of N, in
Eq.(2.1-72). Two ordinary difference equations are obtained from Eq.(23):

[6(¢ +1) = 2¢(C) + d(¢ = 1)] + (27p/N)?$(¢) = 0 (24)
[0+ 1) — 26(6) + (6 — D] + 5 [6(6 +1) — 40— 1)

+[(2mpe/N)? + p3]0(0) = 0 (25)
For the solution of Eq.(24) we proceed in analogy to Eq.(12) by making
the following substitutions

B(C) = A0S, $(C+1) = Aot $(¢ —1) = Ao’} (26)

and obtaining an equation for v:

v2 —[2— (27pe /N v +1=0 (27)
We shall need the solution for (27p,/N)? < 4 only:

for (2mp./N)? < 4

b1 (2@&)2 | 2impe (1 ) <2wpK/N>2>” ’ 28)

N 4

(27rp,$>2  2imps (1 _ MY/Q (29)
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For small values of 27p, /N we may use the following approximations:

for p,/N <« 1

L L(2mp\? | 2imp. (2mpx/N)?
v3—1—2<N> + = (1— - (30)
. L (2mpy ? 2T ps (2mp./N)?
=1-= - 1- 1
v :z< N ) N ( 8 (31

Using the exact Egs.(28) and (29) we observe the relation

1T () e

which permits us to write vg and v§ as follows:

272 2 2
S = 171 2mps + 2T Py 1— (2mpu/N)? ¢ RIS
8 2\ N N 4
= €"¢ = 08 . + isin,C (33)
= 70 = cos ¢ — isin P, (34)

(27 p,/N)[1 — (27p,/N)2 /4]1/2
1— (2mps/N)? /2

vj

P = arctg (35)

The angle ¢, in Eq.(35) will be of interest and we develop three approximations:

O _ 1 prge 2 CoslNIL = Crpn /N4
T 71' 1— (2mp/N)* /2

O . 2ps [1_ (27rp~/N)2} [1+ (%pn/zv)?} - 20 (1 | 3@mps/N)? ) (37)

(36)

T N 8 2 N 8

Pr . 2Pk

Pr . 2Pk 38
—=— (38)

The real term cos¢,( and the imaginary term isin ¢ in Eqgs.(33) and
(34) are both solutions. We obtain for ¢({) the general solution

$(C) = Az0 cos @ + Az1 sin @i (39)

with ¢, defined by Eq.(35). Since we will use Eq.(39) for a Fourier series we
must choose ¢, = ¢.(ps) so that we get an orthogonal system of sine and
cosine functions with a maximum of N periods; the variable ( varies from 0
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FIGURE 3.1-1. Plots of ¢, /7 according to Eq.(43) (solid line 1), Eq.(36) (dashed line 2),
Eq.(37) (dotted line 3), and Eq.(38) (dashed-dotted line 4) in the interval —2 < 2mp,. /N < 2
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to N = T/At. For an orthogonal system of functions one must choose ¢, as
follows:

N
@xN =0, £1.2m, +2.2m, ..., £ 2
@K:%%, k=0, £1, £2, ..., £N/2
0<¢<N=T/At (40)

We get N + 1 values of ¢,. There are N orthogonal sine and N orthogonal
cosine functions. For k = 0 we get sin ¢, = 0 and cos ¢, = 1, which is the
constant in a Fourier series that is orthogonal to all sine and cosine functions
with k # 0. The function ¢(¢) = constant is evidently a solution of Eq.(24) for
©r = 27mp /N = 0.

In order to obtain the eigenvalues (2mp, /N)? associated with the angles
¢, we must solve Eq.(35) for (2mp,/N)2. Observing the relation

1
1+tg? pn = —
cos? ¢y,
we readily obtain two solutions:
27 2
<%> =2(1+cos g, ) = 4cos? % (41)
=2(1 — cosp,) = 4sin? % (42)

In order to see which solution to use we take the inverse of Eq.(42) and
write ¢,/ instead of @,:
Pr 2 27Tp,i/N
—_— 43
: (43)

—— = —arcsin
™ T
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FIGURE 3.1-2. Exact plot of 2mp. /N according to Eq.(44) (solid line) and its approximation
by ¢« (dashed line) in the interval —2 < ¢, /7 < 2.

A plot of Eq.(43) is shown by the solid line in Fig.3.1-1. In essence this equation
is the same as Eq.(35) but the multiple values of inverse trigonometric functions
make Eq.(43) produce a simpler plot than Eq.(35). The approximations of
Eqgs.(36)—(38) are also shown in Fig.3.1-1. The simplest function provided by
Eq.(38) yields the best approximation in the interval —2 < 27p, /N < 2.

Since ¢y, is defined by Eq.(40) we are more interested in 27p,, /N as func-
tion of ¢, than in ¢, as function of 27p,/N. Using Eq.(42) and making a
series expansion for small values of ¢, yields:

2
27py .
(75) =2(1—cosp,) =2(1—1+¢2/2 ...)=¢2

27ps . P
7;\? :251n('07:<p,§ (44)

The same value is obtained for ¢, /7 as in Eq.(38). Hence, we shall use
Eq.(44).

Plots of Eq.(44) for the exact values of 2mp, and their approximation
by ¢, are shown in Fig.3.1-2. For small values of ¢, /7 the exact plot and
its approximation 27p,./N = ¢, match well. But for ¢, /m = 1 we obtain
27p /N = 2sin7/2 = 2 for the exact plot and 27p, /N = 7 for the approxima-
tion. Hence, there is a significant difference between the result obtained from
the difference equation and the differential equation in Section 2.1. Whether
this difference leads to an improvement of the theory remains to be shown.

3.2 TIME DEPENDENT SOLUTION OF V((,0)

We turn to the time dependent difference equation of ¢ (6) shown by
Eq.(3.1-25) and the value of (27p,/N)?, which is defined by Eqs.(3.1-41) and
(3.1-42):
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PO +1) = 20(6) + 90— 1) + 3190 +1) ~ (6 — 1)

+[(2mpe/N)? + p3]1p(0) = 0
2 2 N N
( 7;5H> —4sin? B8, g =2m 2 k=0, &1, ...,i?pﬁz?sm% W

Using the ansatz 1(0) = Azv? yields an equation for v:

2 2= Qrpo/N)*—p3  1—p/2
1+ p1/2 1+p1/2

1 L L(2mp. 1,
V= —m— — = I
1+p1/2 2\ N 22
2 4
1 27 P 27 P 1/2
3 -oe-m(T) —a-dae () ) e

We neglect p3 compared with 2 or 4. Furthermore, 1/(1 + ps/2) is replaced by
1-— p1/21

2 4 2 1/2
_ (1 Pt 1 27p, Li(2mpe\ ™ (27ps\" , 2, 2
”*(1 2){1 2<N>i2[<N W) et )

The relation

—4p3 +pi >0 (5)
follows from Eq.(3.1-1):

(cAt)*(—40s + 02 Z? 4 205 + 52/ Z%) = (cAt)* (0 Z — s/Z)* > 0 (6)

Hence, we get from Eq.(4) a complex solution

for 4(2mp/N)? > (2mp./N)* — 4p3 + pi

2 . 2 2 2 A1/2
p1 1/ 27py 27104 1/ 27mpy 4p5 — pi
=(l-—=)K1-—= + 1—-
v5,6 ( 2){ 2( N) N [ I\N ) T1er N Q

and a real solution:
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for 4(2mp./N)? < (2mp./N)* — 493 + pi

o (-3 (55 (50 O - ) | ©

The conditions that make either Eq.(7) or Eq.(8) apply are rewritten as an
equation:

(Qan/N)4 - 4(27TpH/N)2 - 4p§ + p% =0
(2mpe/N)? =24 2(1 + p5 — pi/4)/% = 4 — (—p3 + p1/4) for +
= —p5 +pi/4 for —  (9)
Hence, if (27p,/N)? is in the interval

—p5 +P1/A < (2mpn /N)? < 4= (=p3 + pi/4) (10)
the complex solution of Eq.(7) will apply while Eq.(8) applies for smaller or
larger values of (2mp,/N)?. The solutions for (27p,/N)? > 4 have been elimi-
nated by Eq.(3.1-27) and the text following Eq.(3.1-44). But the case

0 < (2mpx/N)? < —p3 + pi/4 (11)

is important and will be investigated presently. First we turn to Eqs.(7) and
(10).

We assign the positive sign of 27wip,. /N in Eq.(7) to vs and the negative
sign to vg. One may then write vy as follows for p; > p3, p3:

for — py + p3/4 < (2mp/N)? < 4 — (—p5 + p1/4)

292
,01) 1/ 27p,
w=(-gh[a(5)]
+ _27rp’i ’ ]_ — (27TpK/N)2 + 4pg B p% 1/26%09,.i
N & 1@mp. /NP
= <1 _ %) elvor — 6—01/267;4pgh. (12)

2 2 2 1/2 2
2Py 1/ 2mp, 4p5 — pi 1/ 2mp,
tg o = —— |1 — —( ) + 1-- 13
BTN l N 4 np/NP s\ )] @
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FIGURE 3.2-1. Plot of ¢g,; according to Eq.(21) (solid line) and according to Eq.(22) (dashed
line).

For v one must replace exp(ipg,) by exp(—ipg,). We obtain for v¢:
vg = e P10/2¢i%0x0 (14)
Using the relations

L2
Sin .
tg” pon = P T Z‘ZH , cos? g =1 —sin® g, 1> p2 p?
K

we obtain the formula

12 _ 27rpm 2 1 27"[)»@ :
siteon =\ ) 11T

1/2
K . K 1
gr, = arcsin [4 (1 — sin? %) sin2 25 4 P2 — —pf]

v =21k/N, k=0, £1, £2, ..., £N/2, 27p,,/N = 2sin(p,/2) (15)

Let us emphasize that the terms p3 — p?/4 in this equation and the following
Eqs.(16)—(18) should only be used when 4[1 —sin? (¢, /2)] sin® (¢, /2) is close to
zero, which means for ¢,; close to 0 or 27. For small values of ¢, we get the
approximations

R
Oor = {4 (1 ~ sin? %) sin? % +pd - Zpﬂ L pe<1l  (16)

2 Pr 9 1, 12

. 1 1/2 2\ 2 BREL
= <¢i+p§—1p§) = K N > +p§—1p3] (18)




88 3 DIFFERENCE EQUATIONS FOR THE PURE RADIATION FIELD

(1095,/7 —
o
(@]
(@]

-0.1 0.05 0.1

Pr/T —

-0.05

FIGURE 3.2-2. Plots according to Eq.(15) in the neighborhood of ¢ /m = 0 for p2 — p2/4 =
—0.01.

For a comparison with the results of the differential theory we return to
Eq.(2.1-76) and write exp(y16) in more detail:

en? — e*ﬂl9/261'(‘12*/)%)1/2‘9/2 _ e*ﬁlg/QeitPsn@ (19)
1/2
1 1 ok 2
Yo = §(d2 — P2 = 3 {4 l( N ) + 93 P:f}
9 1/2
2TK 1
= [( N > +p3 - ZP%} (20)

Equations (20) and (18) are equal for N, = N if one uses p, = k for the
differential theory.

If ¢, in Eq.(15) is in the order of 27r/N we cannot ignore p3 and p?, but
for ¢, larger than 0.01 we can. Hence, we plot ¢y, in Fig.3.2-1 according to
the formula

1/2
g, = arcsin [4 (1 — sin® g%) sin? g%} (21)

which turns out to consist of two triangles. The approximation according to
Eq.(18)

Por = ¢ for @2 > p3 — pi/4 (22)

is plotted too. Equation (22) also represents Eq.(20) of the differential theory
for p, = k and p3 — p3/4 < (2mk)%. There is a perfect fit between Eqgs.(21)
and (22) in the interval —7/2 < ¢, < 7/2 but a significant deviation outside
this interval.

If p3 — p? /4 is not zero we get in Fig.3.2-1 deviations near ¢, /7 = 0 and
¢ /m = 1. We note Eq.(5) that shows p2 — p?/4 is never larger than zero.
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FIGURE 3.2-3. Plots according to Eq.(15) for p2 — p2/4 = —0.01 in the neighborhood of
pr/m=—1 (a) and px/m = +1 (b).

Figures 3.2-2 and 3.2-3 show plots of Eq.(15) for p3 — p3/4 = —0.01 and ¢,
close to 0 or £1.

We turn to Eqgs.(11) and (8) to obtain the solutions v and vg for the real
values of the square root in Eq.(3) for v:

for 4(2mp,/N)? < (21p, /N)* — 4p3 + pi
2 4 2 1/2
P1 1/ 27mp, 1{/2mp, 2mpy 2, 2
=(1—— 1—— —— = —4 —4 2
vy ( 2){ 2( N>—|-2K N N pa+p1 (23)
1
2

w3 () 5[5 - (50) -]}

Figures 3.2-4 and 3.2-5 show plots of v7/(1—p1/2) and vs/(1—p1/2) for various
values of —p3 + p? /4 as function of ¢, /m. The functions for —p3 + p?/4 = 0.01
fit into the interval —(—p3 + p?/4)'/2 = —0.1/7 = —0.0318 < ¢,./7 < +0.0318
in Fig.3.2-2. All values of v7/(1 — p1/2) are larger than 1 and all values of
vg/(1 — p1/2) are smaller than 1.

We are more interested whether v; and vg are larger or smaller than 1
rather than v7/(1—p1/2) and vs/(1— p1/2). Since the largest values of v7/(1—
p1/2) occur for ¢, /m = 0 we investigate Eq.(23) for ¢, /m = 0:

vr = (1—p1/2)[1+ (—p3 + p3 /)Y <1
1+ (—p3 +p1/4) 2 S 1+ p1/2 (25)

We may subtract 1 from both sides and compare the squares of the remaining
terms:
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FIGURE 3.2-5. The function vsg/(1— p1/2) according to Eq.(24) for —p3 -+ p? /4 = 0.002 (solid
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—p3 + p1/4 < pi/4

(26)
Since p?/4 is always larger than p? /4 — p2 we conclude that v; is always smaller

than 1. Hence, both solutions v7 and vg can be used without violating the
conservation law of energy. We get:

1

v) =eP19/2 {1 -3

(

N

21\ % 1
) -l
N 2

2mps

)

for 4(2mp,/N)? < (2mps/N)* — 4p3 + pi

2mpy

2 1/2+ 6
es) —agest] b n
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_ 1/ 27mps S| 2T Py * 2mp,, 2 120
vi=e P19/2{1§< N ) 5{( N ) —4 = —4p3+p3 (28)

In order to be able to write the general solution of (#) in a form that
resembles Eq.(2.1-76) of the differential theory we may use the definitions

1

V= T5p + ipox (29)
1 .
V6 = 5P T Wos (30)

The function g, of Eq.(15) can then be rewritten as follows:
1
o = arcsin L6 — 1)
dd =4 [4(1-sin? £ sin? £5 4 2] > 3
=4 [(271%/]\7)2 + p%} for 92 = (2rk/N)? < 1 (31)

Using this notation one obtains for 5 and g the following relations:

1T 1 ]
T 5 —p1 + 24 arcsin 3 (d2A - P%) v for d2A = p%
17 , 1/2 _
=5 e i - )], -t <
1T 1 ]
Y%=5|-m - 2i arcsin 3 (d2A - P%) v
2| _
2

[ . 1/2
—pl—Z(dZ—pf)/}, dA —pf <1

p1=cAt(cZ +s/Z)=cT(cZ+s/Z)/N
p2 = (cAt)%0s = (cT'/N)?os (32)
The relations for v5 and 7 should be compared with those for v; and ~s in
Eq.(2.1-77) for the differential theory.

From Egs.(7) and (8) we obtain for the time-variable part ¢ (8) of our
solution:

¥(0) = Asvl + Agvg + Arvl + Asvl
As = Ag =0 for 4(21p,./N)? < (21p./N)* — p2 + p? /4
A7 =Ag =0 for 4(2mp./N)? > (27mp./N)* — p3 + p7/4 (33)
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FIGURE 3.2-6. Continuous function f(z) in the interval 0 < z < N/2 (a) and the correspond-
ing step function with k =0, 1, 2, ..., N/2 — 1 having N/2 steps of width 1 (b).

The solution w({,0) according to Eq.(3.1-21) is the product of Egs.(3.1-39)
and (33). The boundary condition of Eq.(3.1-16) demands the coefficient Aoy =
0 in Eq.(3.1-39):

we(C,0) = (Asvd + Agvl + A7vd + Agvl) sin 27;\7C

— —P10/2 |:A5 exp(ipgrd) + Ag exp(—ipgs)
1 (2mp, 2 2 p 4 2 2 Yy o 1/2y 6
el () 4 {(55) () e
1/ 2mp, 2 1 2mpy, * 27py ? 1/2
easfi=3 (5) 3 [(550) o () o
C

X SlIl

(34)

The generalization of Eq.(34) in analogy to Eq.(2.1-81) is achieved by mak-
ing As to Ag functions of x and summing over the values of x defined by
Eqgs.(3.1-40) or (15) and permitted by Eq.(33). To determine the summa-
tion limit for small values of kK we use the approximation 2mp,/N = ¢, of
Eq.(3.1-44):

¢r = 27pe /N =27K/N, px =K, pa=p1N, pp =paN

—p3 + p1/4 < (2mpe/N)? = (27K /N)?

12 N NcAt
P2 —4pd)' % = = (o —4p})V/? =

1
HZK()Z— 1
7/

47r(

‘ z- 2 ‘ (35)



3.2 TIME DEPENDENT SOLUTION OF V,(¢,0) 93

_N/2 -N/2+1 0 1 2 N/2—1 N/2

FIGURE 3.2-7. Symmetric generalization of Fig.3.2-6b from the interval 0 < k < N/2 to the
interval —N/2 < k < N/2.

Hence, Eq.(34) has to be summed with a change of variable at kK = £Ky. We
still have to decide what lower and upper limit should be used for the sum.
If we used the Fourier integral rather than the sum in Eq.(2.1-81) we would
calculate the area of a function f(z) as shown in Fig.3.2-6a in the interval
0 <z < N/2. A sum replaces this continuous function by a step function as
shown in Fig.3.2-6b. The area of this step function is represented by the sum of
the functional value f(x) forx =0, 1,2, ..., k, ... N/2 —1 multiplied by the
width Az =1 of the steps. Since the area of the step x4+ 1 is given by the step
in the interval k < z < k+1 we must sum « from 0 to N/2—1 rather than from
0 to N/2. This appears to be a trivial distinction. However, we shall encounter
results that are convergent in the half open interval 0 < x < N/2 or k = 0,
1,2,..., N/2—1 but not at + = k = N/2. The generalization of Fig.3.2-6
from the interval 0 < x < N/2 to the interval —N/2 < x < N/2 is shown
in Fig.3.2-7. This generalization makes x = 0 count twice. The contribution
of a particular interval is of little interest for large values of N as long as no
convergence problem is introduced. Using Fig.3.2-7, Eq.(34) has to be summed
from k = —N/2 4 1 to N/2 — 1 with a change of variable at kK = £Kj, if Ky
is an integer. Non-integer values of K and other refinements will be discussed
later on in this section. Here we write

N/2-1
w0 = Y w((0)
k=—N/2+1
As; =Ag=0 for — Ky <k < Ky
A7 =Ag=0 for —N/2< k< —Ky, Kog<k<N/2 (36)

The main difference between Egs.(2.1-81) and (36) is that x has no longer
denumerably many values; instead it has an arbitrarily large but finite number
of values that is smaller than N. Hence, the time interval T, the space interval
cT, and k can be arbitrarily large but finite while the time interval At and the
space interval cAt can be arbitrarily small but finite.

For the determination of As(x) and Ag(x) we have the two initial condi-
tions of Egs.(3.1-18) and (3.1-19). We note that Eq.(3.1-18) equals Eq.(2.1-68)



94 3 DIFFERENCE EQUATIONS FOR THE PURE RADIATION FIELD

but the differential equation (2.1-69) is replaced by the difference equation
(3.1-19). For Eq.(3.1-18) we obtain:

N/2-1

GO = D [As(s) + Aol) + Ar(w) + As()]sin T = e (37)
=—N/2+1

Equation (3.1-19) yields:

N/2—-1
WG w0 = Y l&(m)(e%—1>+A6<n><e%—1>

=—N/241

1/2mp0\°
—p1/2) L [27Pr
+A7(n)(e {1 2( )+
1 /27, 2 {1/9 . 4 97, 2 1/2
+A8(/~c)(e—m/2{1—§<ﬂ) —§K ”p> —4< ”p) —4p§+pﬂ }—1

For small values of 75 and ¢ we obtain the approximations

B—l=75€"—1=7% (39)

and Eq.(38) assumes the form of Eq.(2.2-3) plus the additional terms with
Az(k) and Ag(k).

The Fourier series of Eq.(2.2-4) is rewritten in the following form for 7 —
Atand T/t - T/At=N

N/2-1

N
2 . 27k(
= N/ fs(¢Q) = Z gs(k) sin
0 =—N/2+1
0<t<T,0<y<cT
0<t/At=0<T/At=N, 0<y/cAt=(<N (40)

In analogy to Egs.(2.2-6) and (2.2-7) we obtain from Eqgs.(37) and (36):

N

As(k) + Ag (k) + Az (k) + Ag(r /m d( (41)
0
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=0 (42)
With the help of Eq.(2.2-8) we get:
T —peC g 1 (47k/N)(1 — e~ Nr2)
NO/ o= - N N Eag o = eVes
:fiﬂ for Npa > 1 (43)

N (2nx/N) + 3

It seems that Eqs.(41) and (42) are two equations with four unknowns A5 (k) to
As(k), but this is not so. According to Eq.(36) either A5(k) and Ag(k) are zero
or A;(k) and Ag(k) are zero, depending on the value of k. Hence, Egs.(41) and
(42) can be rewritten as two systems of two equations, each with two variables:

for — Ko <k < K

1 47k /N
Az (k) + As(k) = _Nm

for — N/2 < k< —Ky, Ko <k<N/2

As(k) + Ag(k) = —%%

As (k) (€7 —1) + Ag(r)(e™ —1) =0 (47)
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We solve first Eqgs.(46) and (47). The exponents 75 and 7 are defined by
Eq.(32):

1 (4ms/N)( - e Ne2) g1 1

= 2 2
A5(H) - N (27TI<:/N)2 I pg 7 — e dA > p
_ 1 (@mr/N)A - e Np2)
N Qun/NY 4 12
< 1 2.1 — e~ 71/2 cos{arcsin[(d% — p?)'/?/2]}
—2i
emn/2 (@ - p)'?
.1 (27k/N)(1 — e Nr2) io1
B _N (27TI€/N)2—|— 2 1- 2 on1/2 |’ |75‘7 |’Y6| <1 (48)
P2 (di — p7)
— e~ Np2 V5 _
Ag(r) = 1 (4ms/N)(1—e ) e 1 2>

N (271';1/N)2 + p2 Y5 — s
1 (2nx/N)(1 — e~ Ne2)
= N (27”4:/]\7)2 + P%
% (1 n 2i1 —eP1/2 cos{arcsin[(d% — p%)1/2/2]}>
e=ri/2 (d% — p3)'?
oL (@ne/N)A -7 <1+ ip1
N /N + 7% ;

di — p3

The solution of Egs.(44) and (45) yields A7(k) and Ag(k):

)1/2> s sl vl <1 (49)

1 2k /N
Ar(r) = N (27k/N)2 + p2
o (1 1 — [2sin(mr/N)|? — p1/2 1/2>
{[2sin(7r/N)]* — 4[2sin(mr/N)]2 — 4p2 + p?}
. 1 2mk/N B 1— (27k/N)? — p1/2
N (2m5/N)? + p3 (1 (2K /N)A—4(2mk /N2 — dp3+ p2]"/ 2) (50)
1 27k /N
As(r) = "N (27k/N)? + p2
" <1+ ‘ 1-— [23111(71'./%/N)]2 —p1/2 1/2>
{[Zsin(mr/N)Jt — 42 sin(mr/N)J2 — 43 + 77}
. 1 2mk/N 1— (27k/N)? — p1/2
N (2nK/N)*+p3 (1 [(2m/N)4—4(2m/N)2—4p§+p%]1/2> (51)
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We must revisit the question for which values of k one must use As(k),
Ag(r) and for which A7(k), Ag(k). From Eq.(9) or the definition of d% in
Eq.(31) we obtain for d3 — p? = 0 the following equation:

12 1 2
Zp2+1_6dA_0

1/241/2
K . 1
sin(p?:sm7T = [§:I: ( > ]

1/241/2
——pl) | rorax =t o2

4 Pr 2Pk
7

N
k = K = +£— arcsin { + =
T

The positive sign +N /7 holds for k > 0 or ¢, /7 = 2k/N according to Eq.(15)
and Fig.3.2-1 while —N/m holds for k < 0. We may use the series expansion
arcsinz = x for the negative sign —1/2 in Eq.(52):

N 1 1 1 1/291/2
K=Ky==+— in|-—-1(1 2 _p?
0 - arcsin [2 2( + p3 4p1) }

N 1
= (= 49D = £ (] — 4p))"?

47
NA
:i—’Z— ‘_ cAt

‘ Z——‘ (53)

These two values of K correspond to the values in Eq.(2.2-12) and (35). But
we get a second value for K by using the positive sign +1/2 in Eq.(52):

N 11 1 1/211/2
K=Ky = j:? arcsin {5 + 3 (1 + p3 — Zp%) } (54)

It is evident that K equals about N/2. The more detailed calculation with
series expansions yields for even values of N:

N 1 N
Kyjp == <5 - E(Pz - 4P%)1/2) = i(? — Ko)

(A Eprg) A (g

There is no equivalent in the differential theory. The deviation is due to the
decrease of the plot shown with a solid line in Fig.3.2-1 for ¢, /7 > 0.5, which
makes g, /7 zero for both ¢, /7 =0 and ¢, /7 = £1.

Using the limits —Ky/, and Ky/, we modify Eq.(36) as follows:
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N/2-1
w0 = Y w((0), N=even
k=—N/2+1
As=A=0 for —N/2<I<&<—KN/2, —Ko<k< Ky, KN/2</{<N/2
A7=Ag=0 for — Kyn/2<k<—Kpy, Ko<r<Kn/2 (56)

The values of Ky and Ky, in Egs.(53) and (55) would not deviate from
0 or N/2 in the case

0Z—s8/Z=0 or ¢/o—p/s=0 (57)

A corresponding relation

CR-LG=0 (58)

is known from the telegrapher’s equation, where C', L, R, G are capacitance,
inductance, resistance and (trans)conductance per unit length of a transmission
line. A transmission line satisfying Eq.(58) is called distortion-free. In the
design of transmission lines one can control the parameters C, R, L, G to
satisfy Eq.(58), practically by increasing L. We have no such control over the
wave impedance Z or the electric and magnetic dipole conductivities o and s
of vacuum.

We adopt the following notation for the sum of Eq.(56) to avoid repeated
writing of the terms of the sum:

<—Kny2 <-Ko <Ko <Kns2 Nj/2-1

2ot D X D )

k=—N/241 k>—Kysp2 k>—Ko r>Ko k>Kny2

N/2-1
<Ko <Kny2 N/2—1 <Kny2
<—Kny2 <—Ko —Kny2,Ko <—Ko
- Y o+ Y = Y + 3 e
k=—N/2+1 K>—KnN/2 k=—N/2+1 K>—KnN/2
r>—Kjp r>Ky 7K0,KN/2 r>Ko
K/>KN/2

The notation <—Kjp, < Ko, <—Kny2, < Kny2 and >—Kp, > Ko, > Kny2,
> Ky /2 means the largest integer smaller than —Ko, Ko, —Kn/2, Kn/2 and
the smallest integer larger than —Ky, Ko, —Kn/2, Kn/2-

Substitution of s, v¢ from Eq.(32), w((,0) from Eq.(34), as well as of
As(k), Ag(k), A7(k), and Ag(k) from Eqgs.(48) to (51) into Eq.(36) yields the
following equation for w((,6):
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K K
—pi6/2 [ TR 2rK/N . 2mkC
0=
w3 menran
—Ko,Kny2
. 6
x Kl _1= MSIH}E?::Z\;}; - p1/2> (1 — 2[sin(rk/N)]% + %h(wn/N))

- (1 T 4[Smf§?:£3]; - p1/2) (1 — 2[sin(mr/N))* - %h(m/zv)ﬂ

<Kn/s
<—Kpo
—2(1 — e NV/r2) Z 27r/<;/£\f > sin 2mhG
n>—KN/2 (27TH/N) + p2 N
k>Kop

2(1 —e—r1/2
X (cos A0 + ( ¢ cos )1\?2) sin )\a0>
e~ /2 (d} - p7)
h(rk/N) = {16[sin(7x/N)]* — 16[sin(7x/N)]* — 4p3 + p%}l/2
1/2

1
Aa = g, = arcsin §(d2A —p?)
d% see Eq.(31), g, see Eq.(15) (60)
This equation looks quite different from Eq.(2.2-13) but we may show the
similarity by rewriting it. With the definitions
1 — 4[sin(mx/N)]? — p1/2
h(rx/N)

Aar = In <v(m/N) + %h(ms/N)) ,Aaz—In (v(m/N) _ %h(m/zv)) (61)

u(rk/N) = , v(mk/N) =1 — 2[sin(rx/N)]>

we may write the kernel of the first sum of Eq.(60) in the following form:

_ Aa16 Aa2f 27TI$/N . 27T/€<
{[1 — uw(r/N)]e [1+ u(rk/N)]er*2?} /N 1 2 sin —
_ [e’\Ale — 20y /N (M0 4 e’\A29)] 2k /N “in 2K (62)

@me/NY+p3 N

For small values of mx/N we obtain:
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v(rk/N) =1, h(rx/N) <1

1 1
N)+ - N) =
vlmr/N) + Shime /N ) = Ny —h(rn ) 2
Aa2 = —Aa1 (63)
and the right side of Eq.(62) assumes the form:
sh a6 ) 2k /N . 2mKC
—2u(mk/N) [ chAa10 — sin 64
( / ) ( Al u(?TK)/N) (27TI€/N)2 + pg N ( )

The kernel of the second sum in Eq.(60) may be rewritten with the following
approximations

B=R ey p

Ao = ;
2 2
2(1 — e /2 cos \,) B P1 (65)
172 ~ 172
e/ (@ =) (@ -p)”
into the form
— 27 P10/2(1 — ¢ Np2) (cos[(di —p)Y20/2)
Lo sin[(d3 — p%)l/zﬂ/Q]) 2k /N sin 21k (66)
(d% — )" (mr/N)’ +p3 N
and Eq.(60) becomes for Nps > 1:
N/2-1
—Kny2,Ko
2 Sh)\Ale
w(¢,0) = ——e P9/2 u(mk/N) (ch)\Alﬂ - —)
N n:—%}&-l u(mk/N)
—Ko,Kn/2
2k /N 2
« — 2R/ N g 2T
(2mk/N)*+p3 N
<Kn2
<—Kpo
s % (ol - )2
r>—Kny2
k>Ko
LA sin[(d& — p§)1/29/2]> 21K /N “in 2mKC (67)
(@& — p2)? (2mr/N)* +p3 N
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The oscillating terms in Eq.(67) are quite similar to the oscillating terms of
Eq.(2.2-13). The non-oscillating terms differ more, but a study of the limits of
the two sums of Eq.(67) shows that w(¢, ) consists mainly of oscillating terms.

3.3 SOLUTION FOR Ay (¢, 0)

In the differential theory we can obtain A, ((,0) from V(¢,0) by solving
the inhomogeneous wave equation defined by Eq.(2.1-44). Smirnov gave us the
very simple and elegant solution of Eq.(2.1-45). Nothing comparable exists
for the calculus of finite differences. Hence, we must develop the generaliza-
tion of the required mathematical methods from the inhomogeneous differential
wave equation to the inhomogeneous difference wave equation. This is done in
Section 6.2.

We start with V,(¢,0) of Eq.(3.1-10). The function F({) is defined in
Eq.(3.1-14) and w(¢,#) is defined in Eq.(3.2-67):

VYe(Cﬂ 9) = Veo [F(C) + w<C70)] (1)

If we write Eq.(6.2-1) with the indices ev, e, and the constant ¢>72 we obtain
Eq.(6.2-23) in the form

A2A,,  A2A,
A2 Ap?2

At this point the solution for finite differences A{, Af begins to deviate
decisively from the solution for differentials d(, df. Let us compare the solution
Vo(¢,0) of Eq.(2.1-62) for differentials with that of Eq.(1) for finite differences.
For Eq.(2.1-62) the components F'(¢) and w(¢,6) were derived in Eqgs.(2.1-64)
and (2.2-13). Their derivation is quite similar to the derivation of F(¢) in
Eq.(3.1-14) and of w(¢, 8) in Eq.(3.2-60). The next step is to obtain A, from
Eq.(2.1-44) as done by Eq.(2.1-45) for the differential theory. This solution by
Smirnov depends on several results of the differential theory that we cannot
expect to derive here for finite differences. A less demanding solution of Eq.(2.1-
44) than Eq.(2.1-45) is derived in Section 6.3. But it is still too demanding for
an easy rewrite in terms of finite differences. The reason is that the variables ¢
and 0 in Eq.(6.3-1) are first replaced by the variables n =+ 6 and £ =( — 0
from Eq.(6.3-2) on. The integration of Eq.(6.3-7) is done with £ and 7, but
Eqgs.(6.3-38) to (6.3-40) return to the original variables ¢ and 6. No doubt this
transformation of integration variables can be rewritten for the summation
variables of Eq.(6.2-47), but this is a task for authors who want to advance the
calculus of finite differences for its own sake. The calculus of finite differences
is in a state of development that is well below the state of differential calculus
and this fact will only be changed through applications in physics that are of
comparable importance. We shall use an approach that requires a minimum
of mathematical refinement for the calculus of finite differences. Equation (1)

= c*1Ve (¢, 0) (2)
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is rewritten for the variables n = ( + 0 and £ = { — 6, the whole calculation—
including two summations—is done in terms of 1 and £, and only at the very
end do we return from 7, £ to ¢, 6:

Ve(n,8) = VeoF(n,€) +w(n, )] (3)

We want to use Eq.(6.2-47). To do so we observe that a = ¢7 becomes
a = cAt since T was replaced by At in Eq.(3.1-1). Furthermore, we simplify
Eq.(6.2-47) by leaving out the constants ¢; and ¢y. This simplification will be
explained presently:

AABV (7]7 5)

e icQ(At)Q é Ve(n, & +1)A¢

9
= TVac (a2 § PO + D +uine +jAE @)

n
Acs(1,) = TVeo(eAD)? S( g Pl +1,6 +1)
+w(n' + 1,6 + 1)}A§’> An' (5)
N=CH0, E=C—0, (=3t O=30-8 ()

The functions F'(¢) of Eq.(3.1-14) and w((,0) of Eq.(3.2-60) must be
rewritten as functions F(n, &) and w(n, £):

F(Q) £ e = Flg, ) = e Pi3e-osel ¢
The factor 1 — e~ V?2 in Eq.(3.2-60) is left out due to the relation Npy =

Tc/\/os > 1:

1
w(¢,0) =w(n,§) = Ne_pln/4ep1£/4

N/2—-1
—Kny2,Ko ( +£)
_ — . TR
( > DoWIDURGT V2 (r) = Dy(k)GE 2 ()] sin TEET

k=—N/2+1
—Ko,Kny2

<KN/2

<—Kjy

—2 3 { Do) cosra(n—€)/2)
K>7KN/2

k>Ko
+Dy(r)sinfAa(y — €)/2]} sin W) ©
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B 2nk/N
Pl = GNP 7% Y
B 1 — 4[sin(mk/N)]? — p1/2
Di(rk)=1— e - (10)
G1(k) = 1 — 2[sin(mr/N))* + %h(ﬂ'lﬂ?/N) (11)
B 1 — 4[sin(mk/N)]? — p1/2
Dy(k) =1+ Hir ) : (12)
Ga(k) = 1 — 2[sin(mr/N)J — %h(me/N) (13)

h(mk/N) = {16[sin(rx/N)]* — 16[sin(wr/N)]* — 4p3 + p?}1/? (14)
2(1 — e /2 cos A
Dy(x) = 2L 2O %) () (15)
e=r1/2(d} — p})
N, p1, p3 see Eq.(3.1-1); d& see Eq.(3.2-31); ), see Eq.(3.2-60)
Ko, K2 see Eqs.(3.2-53)~(3.2-55), e V7> =1

The function w(n, ) must be written in a form that separates n and &:

N/2—-1
—Kny2,Ko
wm Q)= D e et Do) [ Di(r) G ()G (k)
k=—N/2+1
_KUVKN/2
_ Dz(m)GZﬂ(H)G;fM(E)} (sin ”—]’f;’ cos ”T”g + cos ”—]'\?’ sin %“)
<Kny2
2 <—Ko )\a )\a
-5 3 e (ifon (G 5o (R 5)6
KR=—KN/2

k>Ko

|
I P
+ cos [(”—A’; -3
- Dg(m){ cos K% + %) n] cos
g -l el
o3 3l=((2)}) o
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For the evaluation of the sum of F(n,£¢' + 1) in Eq.(4) we need the sum of
exp(—p2£/2) in Eq.(7). We obtain it with the help of ?® in Table 6.2-1. The
constants ¢ used in Table 6.2-1 are left out for two reasons. First, according
to Eq.(2.3-15) only the derivatives of Ao, and Ay, are of interest and any
summation constant will be eliminated. Second, if the summation of Eq.(4)
yields a constant a it will become a function a(n — ¢ — 1) according to Table
6.3-1. The product a(c+1) is a constant and may be ignored. The product an =
a(¢+0) is a solution of the homogeneous difference wave equation according to
Eq.(6.2-52). Since the general solution of the homogeneous equation has to be
added to the solution of the inhomogeneous equation by Eq.(5) we may ignore
an in the inhomogeneous solution. Hence, we get:

e—P28/2

" STNE) 1

For the summation of w(n,& + 1) in Eq.(4) we introduce the following
notation for the terms Gi(k) and Ga(x) of the first sum of Eq.(16):

a1 =InGi(k) =In <1 — 2[sin(7k/N)]? + %h(ﬂ'lﬁ?/N))

Az =InGa(k) =1n (1 — 2[sin(rk/N)]? — %h(m{/N))
Gi(r) = M, Ga(r) = M2, Gr¥/2 = ee/2 G2 — et (1)

The first sum in Eq.(16) requires the summation of the following four terms:

exp[(p1/2 — Aa1)§/2] cos( )
xp[(p1/2 = An1)€/2] sin(mrE/N)
exp[(p1/2 — Aa2)€/2] cos(wrE/N)
exp[(p1/2 — Aa2)¢/2] sin(mrE /N)

@

Such summations have also been worked out in Table 6.2-1. Here is a list of
all summations needed for Eq.(16). Four are obtained from the first sum in
Eq.(16):

¢
Soy = S (P /2-2a0) (€ 41)/2 o W(é;'VJr 1)A§’

e(pP1/2=2Aa1)€/2 <

TR . TKE
[(p1/2 — Aa1)/2]2 + (7K /N)2 Ao1 €0S — -+ 71 sin T) (19)

N
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&
5’02 — S e(Pl/Q—AAl)(£/+1)/2 sin WK(&]/V"" 1) Aé./

e(P1/2-Aa1)E/2
< N N

. wKE TRE
T e (s R - mes ) @0
_2{{(p1/2—Aa1)/2]*+ (7K/N)?} sh[(p1/2— Aa1) /2] cos(mr/N)

cos(2mk/N) — ch(p1/2 — Aa1)
2{[(p1/2—Aa1) /2 + (7 /N)?} ch(p1/2—Aa1) /2] sin(7r/N)
cos(2mk/N) — ch(p1/2 — Aa1)

Aol =

Yo1 =+

9
Sos = S o(P1/2-282)(€'41)/2 (g m(fj'\;r D ag

e(P1/2-Aa2)E/2
( N N

TRE . TKE
— e 2
[(P1/2 _ >‘A2)/2}2 + (WH/N)Q Ag3 €Os + o3 sin ) ( 3)
5 !
Sos = S e(P1/2=2a2)(€'+1)/2 iy WR(S‘N—"— 1) A¢/

e(p1/2—Xa2)€/2

= sin ﬂ-—Hg — cos 71'_/{5
= 0172 —ma) 2E T (/N2 (Aos N Y03 N ) (24)

 2{[(p1/2= Ana)/2+ (r/N)} shl(p1/2— Aa) /2) cos(mr/N)
cos(2mk/N) — ch(p1/2 — Aa2)

_ 2(p1/2=Aa2) 2P+ (i /N)?} ch(p1 /2= Ana) /2] sin(rr/N)

03 cos(2mk/N) — ch(p1/2 — Aa2)

(25)

Aoz =

(26)

The second sum in Eq.(16) requires four summations that all follow the pattern
of 501 to S04Z

, A
Sos = ge"l(5 /4 cos [(% — 7) €+ 1)} A¢

= /AT (wg;zv ~ 2P {“5 K% - %A)é]

al(3 )
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3

= Qeneian (T8 XYy plag

= (/AR = <w§//N ESWEE {A“ i K% - %)5]

33 e

2[(p1/4)* + (K/N = Xa/2)?|sh(p1/4) cos(mr/N — Xa/2)
cos(2mk/N — Aa) — ch(p1/2)

+2[(p1/4)2 + (mk/N — Xa/2)?] ch(p1/4) sin(rk/N — Xa/2)

cos(2mk/N — X,) — ch(p1/2)

Aos = —

Yos =

9
Sor = S P (4D /4 og {(w_]\,‘; + %) €+ 1)} A¢

= /AT <7r§//N ESWOE {A‘" K_ ?) ]

el (505))
¢

Sos = S P (4D /4 gin {(ﬂ—]\? + %) (€ + 1)} A

= /AT <7r://N ISWOE {A“ s K% y %)5]

wel(F 3} @

Aw — _2[(/)1/4)2 + (mk/N + Xa/2)?] sh(p1/4) cos(mk/N + Xa/2)
0T cos(2mk/N + Aa) — ch(p1/2)

2[(p1/4)? + (7k/N + Xa/2)?] ch(p1/4) sin(mk/N + Xa/2)
cos(2mk/N + A,) — ch(p1/2)

(33)

Yo7 = + (34)
Before we rewrite Eq.(4) with the help of the summations of Eqgs.(19) to

(34) we show some intermediate steps since few readers will be well versed with

the calculus of finite differences. First we obtain from Eqgs.(4), (7), and (17):
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§ F(n,f' + 1)A§' — e P2n/2 é e*p2(£/+1)/2A§/ — 500679277/2 (35)

Then we write the kernel of the first sum in Eq.(16) with the help of Eq.(19):

1 _ 2 ~—€/2 2 ~—€/2
e pn/Aené/Ap, (D, GG — DG GL )

o (i T o THE T R
Sin N COs N COS N S N

DO —(p1/2—Aa1)n/2 (p1/2—Xa1)€/2 TRE
=~ (D e sm N e cos — N
TR TR

£ Dye(P1/2=Xa0n/2 oo TR = M o(p1/2-2a1)€/2 i) N€

Dy or/2 /2 gy %e@uz Aa2)€/2 gog THE

KN ™
—Dae=(P1/27Aa2)n/2 ooq — 1 ~ 1 e(p1/2=Xa2)€/2 iy N€> (36)

For the summation over £ one must replace £ by £+ 1. Doing so in the last four
lines of Eq.(36) produces the kernels of the summations Sp; to Sps in Eqgs.(19)
0 (26). The kernel of the second sum of Eq.(16) can be rewritten in analogy
to Eq.(36) but we get twice as many terms. We write only the first one:

2 " A TR A
_ 2 e—pin/4 i My e p1€/4 2
N Dy sin [( + 2)77:|€ cos [( 2)5}

The relation with Sos in Eq.(27) is evident.
After these preliminaries we may return Eq.(4) and rewrite it into the
following form:

AAe\i(Thg) _ l eO(CAt)2< éF(n,i' + 1)A§, + gw(n,& + 1)A§,)
An 4

= i‘/:ao(CAty (Sooe_an/2

N/2
TR TKN KN

+ — Z DO |:D16(p1/2>\A1)n/2 (501 sin — + 502 [¢0)S] —)
N =, N N

—Ko,Kn/2
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— Doe(P1/27Xa2)n/2 <503 sin % + Sloa cos %)]

<—KN/2
<—K,
2 0

S D _ —p1n/4 AL Aa
N {( 0505 D3506 6 sin <N 2

K>_KN/2
w3)

k>Ko
(D()S()7 — Dgs()g 6 —p1n/4 sin |: 7TI€ ) :|

+ (DoSos + D3Sor)e P cos [(7;” - %)n} }) (37)

To obtain Aey(n), §) from A A, (n,€)/An we must sum each term in Eq.(37)
that contains the variable . This means in essence a repetition of Eqgs.(17)
and (19) to (34):

2|§

(D()SOG - D3505 6 —p1n/4 (¢0)] |:<

—p2n/2
S = —p2(n +1)/2A — e
0 é ENPNE) (3)

The first sum in Eq.(37) requires four summations Sy to Si4:

n
—(p1/4=2AA1/2)
€ . TR TR
= A — —
(p1/4 — Aa1/2)% + (mk/N)? ( 11 8ln N Y11 €COS N > (39)

Si2 = é e~ (P1/4=2a1/2)('+1) g —m{(nl +1) Ay
N

e—(p1/4=Xa1/2)n TR KN
— — in — 4
/T a2 T (R V) (* N T N) 40)

2[(p1/4—Aa1/2)* +(mk/N)? sh(p1 /4—Aa1/2) cos(mr/N)
cos(2mk/N) — ch(p1/2 — Aa1)

2[(p1/4—Aa1/2)%+(mk/N)?] ch(p1 /4—Aa1/2) sin(rr/N)
cos(2mk/N) — ch(p1/2 — Aa1)

A=+

Y11=+
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5o ge—<p1/4—m/z)(n’+1) i T D)
N

—(p1/4=Aa2/2)n
e . KN TR
_ Aps sin 0 T 43
(p1/4—)\A2/2)2+(7rf<;/N)2< 13 810 7T T 1 €08 T ) (43)

S1a = g e~ (PL/4= 22/ (41 o el +1) An
N

e—(p1/4=Xa2/2)n

N (p1/4— Aa2/2)? + (7 /N

TK . TR
E <)\13 coS Tn + 713 8in Tn> (44)

(14— Ana/2) + (/N sh(pr/4 — Ana/2) cos(n/N)
cos(2mk/N) — ch(p1/2 — Aa2)

s = +2[(p1/4 —Aa2/2)? + (7k/N)?| ch(p1 /4 — Aa2/2) sin(rk/N)
cos(2mk/N) — ch(p1/2 — Aa2)

)\13:+

The second sum in Eq.(37) requires four more summations:

i
/ Aa
Si5 = S e—Pr(n'+1)/4 g [(% + 7) 0 + 1)] Arf

~ (/47 :(W:%; T Aa/2)? {A“ s K_ 73)”

l(F2)])

S16 = é e P11/ cog [(% + %) (n' + 1)] Ay

= /A :(W:;x S WEIE {Aw [(WW " %M
e[ 5)])
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2[(p1/4)? + (mk/N + Xa/2)?] sh(p1/4) cos(mr/N + Xa/2)
cos(2mk/N + A,) — ch(p1/2)

= —Xor (49)

(o1 /4 + (/N + Da/2)* oy /4) sin(mr/N + Aa/2)
cos(2mk/N + Xa) — ch(p1/2)

= +%o7 (50)

/\15:+

Y15 = +

e g T K% B %) (' + 1)] Anf
e—pin/4 s I
(P /4)? + (7R/N — )\a/g)z{ 17sin [(W - 7)4

(&) w

’ TR )\a
Sig = é e~ P/ cog [(W - W) (n" + 1)] Arf

= (/e +€<:;;§ ESWIIE {A K% - Aa)”}

2[(p1/4)? + (7k/N — X2 /2)?] sh(p1 /4) cos(mk/N — X\, /2)
cos(2mk/N — Xa) — ch(p1/2)

= —Aos5 (53)

2[(p1/4)? + (7k/N — Xa/2)?] ch(py/4) sin(mk/N — Xa/2)
cos(2mk/N — A,) — ch(p1/2)

= +705 (54)

A7 =+

Y17 =+

With the help of Egs.(37) to (54) we may write Aey (1, ) of Eq.(5) in the
following form:
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1
Aev(n,§) = ZVeo(CAt)2 (Sooslo

N/2-1
—Kny2,Ko

+ N Z Dy (k) {D1 (K)(S01511 + S02512) — D2(k)(So3S13 + So04S14)
k=—N/2+1
—Ko,Kny/2
<Kny2

2 <—Kpo

N
r=—Kn/2
r>Ko

+ [D()(KJ)SO7 — D3(I€)Sog}517 + [D()(Ii)S()g + D3(H)So7]513}> (55)

{[DO(R)S% — D3(k)S06|S15 + [Do(K)Sos — D3(k)So5]S16

We have succeeded in eliminating the summation signs of finite difference
mathematics from Eq.(4). What remains to be done is to write Eq.(55) in terms
of functions of  and &, and to substitute ¢ and n for n and £. Furthermore, we
want to write in analogy to Eq.(2.2-40) all functions of 6 in terms of sinusoidal
functions, which is possible by means of Fourier expansions. The calculations
are carried out in Section 6.4 and the following representation of A.(n,&) =
Aev(C,0) is obtained in Eq.(6.4-83):

e—r2€

Aev(C,0) = (A1) Voo [m

N/2—1,#0 SC
+ Z <CCC(/-£, 0) cos ~ + Cos(k, 0) sin
k=—N/2+1

27k

+C2 (K, 0) cos \aC + CZ (K, 0) sin )\aC>] (56)

The coefficients Coc(k, ) to C%(k, 6) are shown in Egs.(6.4-84) and (6.4-85).

3.4 MAGNETIC POTENTIAL Ay, (¢, 0)

In Section 3.1 we obtained a difference equation (3.1-5) for V. by rewriting
the differential equation (2.1-43) as a difference equation. After solving it for V,
we obtained the electric potential Ae,(n,&) by means of Eq.(3.3-5), which is a
finite difference substitute for Eq.(2.1-45). The electric potential was eventually
brought into the form of Eq.(3.3-56).

To obtain a difference equation for the magnetic potential A, ((,0) we
rewrite the differential equation (2.1-34) as a difference equation and treat the
electric potential Aey((,0) as known according to Eq.(3.3-56).
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Equation (2.1-34) is rewritten in normalized form and the terms are rear-
ranged:

¢ 002 ),

OAw _, (A P 1 0Aw
~Ps\Tace T a2 5. 00

t y Z 1 1 2 2\1/2
= — (=—"o = S e —4 1
A ST A P T seA T sAL 22 [ (o1 = 4p2) 7] (1)

Using Eqgs.(3.1-2) to (3.1-4) we obtain from Eq.(1) the following difference
equation:

Mmj;é(ae) = Zps (Aev(c +1,0) = 246v((,0) + Aev(¢ — 1,0)
- [Aev(<7 0+ 1) - 2Aev(<7 6) + Aev(<7 0 — 1)]

- QLps[Acv(Ca 0+ 1) - Acv(Ca 0 — 1)]) (2)

Summation of AA,((,0)/A( with respect to ¢ produces Ay (¢, 0) just as the

integration of 9 A,y /0¢ with respect to ¢ in Eq.(2.1-49) produced the differen-

tial magnetic potential Ay, (C,6). We obtain the first order difference quotient

from the second order difference quotient by comparing Eqs.(3.1.2) and (3.1-4):
Amv(Ca 6) :Amvl (Ca 6) + Amv2 (Cv 6) + Amv3(<7 6)

:%Zps[Aev(C + 1>0) - AeV(C B 1’ 0)}

¢
— Zp, S [Aer(C,0+ 1) — 2400(C,0) + Aen(C, 0 — 1)]AC

v | N

CC
S Aer(C,0+ 1) — Auy(C,0 — DA (3)

In Eq.(2.1-49) we had ignored an integration constant since only derivatives
of A,y (¢, 0) are used in Eq.(2.3-15). Equation (3) still contains the summation
constant ¢ but we simplify the calculation by leaving it out from here on.

Since Ay (¢, 6) will be integrated later on with respect to ¢ we must write
the first two terms Ae, (¢ £ 1,6) in some detail using Eq.(3.3-56). This is done
in Section 6.5. Equation (6.5-1) shows Aey(¢ & 1,60) while Eq.(6.5-2) shows
Aev(c + 1,9) - Aev(( - 179)

The summations in Eq.(3) are obtained by evaluating the summation of
Aev(¢,0) and substituting 6 + 1 for 6 to obtain the summations of Ae, (¢, 0+ 1)
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and Aeyv(¢,0 —1). According to Eq.(3.3-56) we need five summations that can
all be obtained with the help of Table 6.2-1:

§e g = -5 M, ps >0 (@)
é cos AoCAC = sinXag Ao <7 (5)
a S a
gsmxam“““f Mol <7 (6)
a S, a
: 27m§ sin(2mkC /N) N
S o8 - sin(2rx/N)’ Il < 2 @
§ 271'/{(A _cos(2nk(/N | < N (8)
sin(2rk/N)’ 2

Substitution of Egs.(4) to (8) into Eq.(3.3-56) yields the summation of
Aev (¢, 0) with respect to (. We see from Egs.(7) and (8) that the exclusion
of the limits kK = —N/2 and kK = +N/2 in Eqgs.(3.3-55) and (3.3-56) avoids
a problem of divergence and that Eqgs.(5), (6) may require further exclusions.
More details may be found in the text before Eq.(3.2-36). We obtain the
following formula from Eq.(3.3-56):

¢ e—P2€ N/2=1,#0
Aev 70 A = At 2‘/;3 |:_ RSN

8 (GO)AC = (cAt) Ve 4sh*(p2/2) sh p ! n:—%:/wrl

sin(2wk(/N) cos(2mk(/N)

(Cec(/i, e)m - Ces(fﬁa Q)W

+%mme%mmeﬂ<w

sin A, sin A,

The summations of Aey(¢,0 + 1) and Aev(¢,0 — 1) in Eq.(3) are ob-
tained from this formula by substituting 8 = 1 for #. This is done in Sec-
tion 6.5. Equation (6.5-14) shows A, (¢, 0) in the following relatively compact
form:
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sh py e—P2€
Am(€,0) = Z(eAt)Vig [ _ shpgemit
152 (52 2)
N/2-1,0
27K¢ . 27K
+ Z (Cmc(lﬂ'/, 6) cos ~ + Chs(k, ) sin N
k=—N/2+1

+ C2 (K, 0) cos \aC + C: (K, 0) sin )\aC>] (10)

The functions Cp,c(k,0) to C2.(k,0) are listed in Egs.(6.5-15) and (6.5-16).

3.5 HAMILTON FUNCTION FOR FINITE DIFFERENCES

With Aey (¢, 0) of Eq.(3.3-56) and Ay (¢, 0) of Eq.(3.4-10) in a form com-
parable to Aey (¢, 0) and Ay (¢, 0) of Egs.(2.2-40) and (2.2-44) derived by in-
finitesimal mathematics we may follow the procedure of Section 2.3 to obtain a
Hamilton function. One question arises immediately: Should we use integrals
as in Eq.(2.3-1) or should we use summations instead? The advantage of the
integrals is the simpler calculation but the finite differences used by summa-
tions are better in the representation of physical observability. In the end one
has no choice but to try both methods. If the difference between the results
obtained by integration or by summation is significant, one knows that summa-
tion has to be used—if one wants to use the mathematics of finite differences
at all. Unfortunately, the reverse is not true. An insignificant difference in one
example does not prove there will never be another example with significant
difference.

We choose integration. Since our functions Aey(¢,0) and Any(¢,6) of
Eqgs.(3.3-56) and (3.4-10) are differentiable with respect to ¢ and 6 it is consis-
tent to use differentiation as well as integration. Hence, we may use Eq.(2.3-1)
as our starting point:

L/2 L/2 2
2 2 r dz
_L//2 L//2 L/( E? + H)dy}dd (1)

In Egs.(2.3-7) to (2.3-12) we used 7 = T//N,. Now we use 7 = T/N = At
and the normalizations § = t/At and ¢ = y/cAt instead of § = t/7 and
¢ =y/er:

T=At 0 =t/At, ( =y/cAt, T/At =N

20 o(0AL\ 2 [0AL\?
curl A 2( ay > m(a_c> (2)
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0AL, 0Aev 0Any 2 0A, 0Any

1A, - —2 -
eur at dy ot c(At)? ¢ 09 ®)
M_m ’ — 6Am" ? _ 2 aAmv 2 (4)
ot S\ ot (A2 \ 09
OAmy \’ 2 (0Am\’
2 o mv _ mv
curl“ A, = <—8y ) —(cAt)2 <—8§ > (5)
OAc  0Awm 0Ae 2 OAw 0Aw
A 5 =2 T o~ olAD? ¢ 90 ©)

2 2 2
0A:\" _ 5 0Aev ™ _ 2 (0Ae )
ot ot (At)2\ 00
The squares of the field strengths E and H in Egs.(2.3-2) and (2.3-3) have
the following values:

o 2 [ af044)" OAey OAmy [ 0Amy\”
E=mr | \7ac ) %% a0 T\ ae

2 0Aey  0AL\2
= e (Z ac * a0 ) ®)

s 2 Ay \” Ay OAey o[ 0Acy\”
B =z |\Tac ) T2 a0 T4\ Toe

2 OAme  0Ax\’
_Z2(At)2< ac 7 a0 > ©)

The energy U of Eq.(1) is rewritten as follows:

L/2cAt L/2cAt

P L L)

—L/2cAt —L/2cAt
O0Amy 0Aey T z
+( ¢ " “ 8 ) }“}d(@)d(ﬁ
2 N 2
At L / aAeV YRLE:
Tz cAt 00
0

27 8Aev 8Amv aAmv aA-ev
o¢ 00 ¢ 06

OAme \°  [(0Amy\’
(7)) + ()

AAt)Z = *T/ZN. LjcAt = LN/cT (10)
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In order to evaluate Eq.(10) we need 0Aey/0C, OAey /00, 0Any /O, and
0A /00 from Eqs.(3.3-56) and (3.4-10):

04 (¢,0)

— (eAD)?Vy | — P2 —p2¢
ac (cAt) Vo[ e

PERIPEY
N/2—-1,0 Snc
+ Z (Cgs(m, 0) cos N + CS.(k,0) sin
k=—N/2+1

2mkK(
N
+C28 (K, 0) cos \ul + O (k, 0) sin Aag>] (11)

Cgs(”) 9) = %Tﬂces("@ 0)

O, 0) = ~ 22 O (,0)
K, 0

Cit (5,0) = AaCii (5, 0)
Caé(k,0) = —XaCic(r,0) (12)

N/2—1,0
0Aev (¢, 0) — (eAH)Vig Z (8C’CC(/$,0) cos 27TI€C+8CCS(I€, 0) . 2wk(

90 90 N 90 NN

| 0CE(r.0)
06

0C% (k,0)

Aa
cos \.C + 20

sin Aag> (13)

8AIHV(C) 0)

TmvAs ) 2 P2 —p¢
aC Z(cAt) Vco[ e

4sh?(pa/2) sh py
N/2-1,#0 SiC
+ Z (C’gs(n, 0) cos — CS,.(k,0) sin
k=—N/2+1

27K¢

—&—C’f;fs (k,0) cos \aC + Cf;fc(n, 0) sin Ag)} (14)

2
CS. (k,0) = %Cms(n,e)

2
(k,0) = —%Cmc(nﬁ)

Oi(k,0) = 2aChi(k,0)
Chie (£, 0) = =XaChie (K, 0) (15)

S

mec
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aAmV(€70)_ 2
Pt — Z(eAtfVeo
N/2-1,0
0Cnc(k, 0) 2rk( | OCms(K,0) . 2mK(
X Z ( 20 CcoS N + 20 sin N
=—N/2+1
0C3 . (k,0) 0C2 . (k,0) .
+ = sl + 5~ sinda( ) (16)

The square of A, /I¢ in Eq.(11) is required for the first term in Eq.(10).
Since 0Aq,/OC¢ has 5 terms, its square has 15 terms. A simplification is
needed. We ignore the terms exp(—p2() in Eqgs.(11) and (14), just as we did
in Egs.(2.2-40) and (2.2-44) of the differential theory?!.

N/2-1,#0

N
L2Z [ (0Ax\ NP 2 o2 27C
Ul—Tt/( aC)dg_Lc(At) VA Z /[C (5, 0) cos® =

—N/2+17

+C, (Ii 6) sin® 7;\1;4 + CaC (k,0) cos®XaC + C§§2(/<;, 0) sin® A\, ¢

+ 202%(k, 0) cos )\aC< (k, 0) cos Q;C + CS.(k, 0) sin 27;:C>

27 2
+ 202 (1, 0) sin A€ (C’C (k,0) cos NC + CS.(k, ) sin 7;\?4)

2mkC sin 21k
N

+ ZCSSC (k, H)CSCC(R, 0) sin \,¢ cos )\aC] a¢ (17)

+ 2C5,(k, 0)CS.(k, 0) cos

We have now 9 terms rather than 15, which is more manageable. The remaining
5 terms in Eq.(10) are written with the same approximation:

N N/2—1,#0
L’z 9Aev ’ 2 4 37172
Uth/<89)d(Lc(At)ZVe0 >
0 k=—N/2+1

N

/ BCeC (k,0) 5 2mK( N 0Ces(k, 0) 2 5 2mkKC
cos” — 50 sin” —==

0

IFrom Eq.(17) to (36) we have to write some very long equations. On first reading one
may want to read the text but glance over the equations.
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a 2 a 2
+ (accc(/i70)> C082 >\aC+ <8Ccs(ﬂ70)> sin2 >\a<

00 00
n 30*18(9;-; ,0) cos )\ac<8C'eca(:, 0) cos 27;\/;@ N 806(59(:,0) sin 27;\/:()
n 26033(:, 0) sin )\ac<8CeCa(0fi, 6) cos 27;\/;( N 8063(0/@, 6) sin 27;\/:@)
4o 3063(05 ,0) 60656(; ,0) cos 27;\/;( sin 27;\/;(
8Ca ' (k,0) 0C%(k,0)

00 00

The following expressions for Us and Uy are very long:

sin A, cos )\aC] d¢ (18)

N N/2—1,#0

212 [ OAcy OAmy o 4r A 8o ’

Us = =<~ 5 o0 d¢ =2L%cH (AL ZVe Y
0 k=—N/2+1

N
OC (K, 0) 2mk( OCms(k,0) . 5 2mKC
< 2 < 2
/[C’ K,0) 50 cos” — + Cs.(k,0) 50 sin” —
0

+C (K, ) (g ) cos? AaC + C2(k, 9)—8035(0"’9) sin? A\aC
+ C*%(k, 0) cos A (( me (K 0) 27;\’;( n 801115(;,9) i m;\,;g)
+ C*(k, 0) sin ,\ag< me (+, 0) 27;\’;4 + acmgé”ve) sin 27;\";C>

acaa(a D cos al (CC (,0) cos £l NC + CS.(k, 8) sin 27;\*;4 )

+ ‘90315—2"’9) sinAac<c< (5,0) cos QNC + C%(r,0)sin 2;4)
+ (Cecs(/@ 9)80%25’9) + CS(k,0) 60“15((;’ 8)> cos 27;”( sin 27;\’;4

+ (ng(n, 9)60&5—(&6) + C:f(/ﬁ, 9)%&0—(&@) cos A\, sin )\ag] ¢ (19)

00 00
N N/2-1,#0
202 [ 0Any OAey

0 w=—N/2+1
T OCuc(k,0) 5 27RC OC.s(r, 0) ¢

¢ ec\R, 9 4TR ¢ es| K, . 9 2Tk
/|:Cms(’€70) 90 Ccos N +Cmc(K’a 0) 20 S N
0
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80:0(579) 2 a 8Ceas(l<‘77 9) a2
—pp  Cos Aol + C2 (K, Q)T sin® \,¢

0Ccc(k, 0) 2rk¢  OCes(k,0) . 2mwk(
a¢
+ C%.(k, 0) cos )\aC< 50 cos — + 50 SNy

. 0Cec (K, 0) 2rk¢  OCes(k,0) . 2mwk(
al 9 9
+ Cpsin )\a§< 20 €08 —= + 20 sin —

0C2 (k,0) ¢ 2k¢ ¢ . 27KC
+ —ap  C0s Aal (Cms(n, 0) cos I + Cf (K, 0) sin ~

" 2 2
+ 9C&(x, 0) sin A, ¢ (Cﬁls(fi, 0) cos WTKC + CS..(k, 0) sin 7;\7C>

o0
0Ces(k, 0) OCec (K, 0) 2rk¢ . 2mKC
¢ ) ¢
+(Cms(/<;,0) 50 + Ce (K, 0) 50 cos ~ sin

n <C;g(n,9)wesa—(:’9) n C;g(ﬂ,e)w%(;’@)) c08 Aa( sin ,\ag] ¢ (20)

+ C2 (K, 0)

The expressions for Us and Uy are no longer than for U; and Us:

N N/2-1,#0
L’ O Amy 2 40 A3 712
5Z_At/( )dCLC(At)ZVeo E
0 n:—N/2+l

27m( 2 27m{
¢ g2 ¢ 2
/ |:CIIIS(K/? 0) Cco N + CmC(K’ 0) N

+ C;Csz(’fa 0) cos® \aC + C’aLC (k,0) sin® A\o¢

27
+ 2C% (K, 0) cos /\aC< s(k,0) cos NC + CS,.(k,0) sin 7;\’;4)

2w 2
+2C% (k, ) sin A (( (K, 0) cos —= ~G + CS,.(k,0) sin 7m§>
N N
2mK( - 2mK(
N TN
+ 202 (k, 0)C? (K, 0) cos XaC sin )\ag] d¢ (21)

+ 2C5,.(k, 0)CS,. (, 0) cos

N 94 N/2-1,£0
/ ( mV> d¢ = LA 2V >
0 k=—N/2+1

N

me (K, 0) 5 2mK( OCms(k,0)\ > . o 2mKC
/[( ) CcOs N +( 20 sin N
0
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9C2 (k,0)\* 9Ca (k,0)\* . 5
+ <T> cos“ \.C + o sin® A,¢

3Ca (K, 0) OSAaC(@CmC(n, 0) o 27kC n 0Cms(k,0) . 27m§>

M a0 PN a0 "N
603 <(k,0) . 0Ce (K, 0) 2nk¢  OCms(k,0) . 2mk(
+2 50 1n)\aC( 50 cos — + 50 sin—
5C'mc(n 0) 0Cns(k, 0) 2wkl . 2mkC
+2 90 20 cos N sin N
8C’a (k,0)0C2 (k.0

+

50 50 ,9) cos A\, sin )\ag] a¢  (22)

The following 10 integrals are required for Eqs.(17) to (22):

N N N
2 2 N 2 2
/ 2 ”Cdg / 52 ””Cdg =2 /sin 7;\’;4 co mcdg =0 (23)
0 0 0
N

N
N sin2NA N sin2NA
.2 a 2 _ a
/sm AaCdC = > + . /cos AaCd¢ = 5 T

0 0
¥ 1 2N
/sin AaCcos N\, d¢ = — e (24)
4,
0
N miC N (N, — 27K) (NXa + 27K)
. . 27K Sin(NAy —27k)  sin(N A, 4 27K

/sm)\aCsm d¢ = — < NX\, — 275 N, + 27k )
0
T 27 (. sin’(NXa/2 — k) | sin*(NAa/2 + k)
/smx\a(COS ¢ = 4 ( NX./2 — 7k NXa/2+ 75 )
0
T C o N (sin®(NA/2— k) sin®(NAo/2+ 7r)

. 27K sin a/2—TK) sin a2+ TR
/COS)\a<SHl ¢ = 4< NX)/2 -7k  NM\J2+7k >
0
N Smic N (sin(NX, — 27k) | sin(N, + 27k)

- sin a— 27K sin a1+ 2TK
_N 2

/COSAaCCOS N %« 2( N 275 Now 1 27n ) 25)
0

The energy U of Eq.(10) is the sum of the energies U; to Us of Egs.(17)
0 (22). Since the variable ¢ has been eliminated we may drop the argument
(k,0) in the following formula in order to shorten it.
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6 1 1 N/2—-1,#0
So- e S
i=1 k=—N/2+1

2 2
22 (90 | (0Ca)® | ¢ OCme . ¢ OCums
HC@S et ( o0 ) "\ a0 ) TCTap T

aC, aC, 2 2 [(0Cwmc\>  ([OC
C ec < es < < mc ms
T Cnsgg e +Cms+0m°+< a0 ) +< 30 )]

N (1 B s1n2N)\a) [C§§2 N <8Cec> stcac c

2N )\, 00 00
Lo 2 (G 2
al ec al mc
o e 1 ong <—ae )]

sin 2N A 2 1505 oC
oo e ag ——es al
+(1+ N >{Cec +< 80) + i g

a 2
e 905 | pacz <0Cms>]

+ acvms Cg Cac aC’os aCCC 8CmC 3Cms]

08 ¢ ™96 06 00
202 a
_(sin (N)\a/2—7m)+sm (N/\a/2+7m Co ot 4 oC2, (9Cec 1
NX./2 — 7wk NX./2 + 7k 00 80

C’C

+ CiCne +

mc 80 mc 89

5 sin(NAa —27k)  sin(NA, + 27k) Ao 0C& 0Cec +1 cat OCme

NX, — 27k NX, + 27k 08 00 2 0

oC: oC BCa 0C3,. 9C,
mc ( al ec ec (¢ al ¢ mc mc
T a0 et Omg G ) GG+ 55" g ]

B sin2(N)\a/2—7r/$) sin?(N A /2+7TI<L ol 9C¢. 0Ces | 1 oa 0Cms

NX./2 — 7k N)\a/2+7m Cos Cect 06 06 <0

ocC
al mc
CEC 86

aca oC, 8Ca aca 60
ms ( al ec es C al ¢ ms mc
T g Ces t COme=gg- T g Oms | + OmeCms + =55 55 ]
sin(NX, — 27k)  sin(NA, + 27k) ac e, 00 8C’es 1 ac OCms
+2< N, — 27k N, + 27k Cec Cec 90 00 T3 Cec 00
oce, oC, BCa oce oC
ms g al es es ¢ al ¢ ms ms
T g Cee T Cmegg T 5 On ) T CmeCme T 55" "5 ]
N 1—cos2NA, e oC2 d9C2, 1 (CaC aC CaCB

N, e e 00 89 2 s 89 ee 80

o R o, U Yo 0 o
rons e o T ) v onsons + 22 L ao)

In analogy to Section 2.3 from Eq.(2.3-23) on we must work out the time
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variation of the functions C:! = C'(k,0) in Eq.(26). Consider first the terms
with subscript es or ec in Eq.(26). We obtain with the help of Egs.(12), (6.4-84),

and (6.4-85):
for — Ko <k < Ko, k#0or |k| > Ky/o

O = Cle(,0) = = (2K /N)Cec (1, 0)

N/2—-1
. Y c . 2mvl c 2mvf
- N IN [L (k,0) + Uz:l (Lsﬁ(n,y) sin — + L¢,. (K, v) cos N )]
Cs, = C&(k,0) = (2mr/N)Ces (1, 0)
N/2—-1
2k 1 Is 2mvf s 2mvf
-5 4N[ ) + Uz::l ( ) sin ~ + L;,.(k,v) cos N )]
Ceacc = C:cg(/ﬁa) = —AaC(k,v) =0
Ot = O (k,0) = XaCi(5,0) = 0 (27)

for Ko < |k| < Kxy/2

Cte=Cé(k,0) = —(21K/N)Cec(k, 0)

N/2-1
271'/-@ 1 27l 2710
== 2N{ (k,0) + E < ) sin I + Lec(k,v) cos N )]
Cgszcgs(’ivg) (27TH/N) eS(Ii 9)
N/2-1
27m 1 2760 270
= 2N[LOS/<O + E < ) sin ~ + Les(k,v) cos I )]
Cas =Ci (k,0) = —AaCSC(Fé,@)
N/2-1
Aa | ra a . 2mvl a 2w
=—3N |:LOC(KJ 0) + VEZI <LSC(/<;,1/) sin — + L%.(k,v) cos N )}

Ot =0 (k,0) = XaCi(k,0)

N/2-1

Aa 2100 2716

=N |:LSS(I€ 0) + E <La K, V) sin 7;\1/,/ + L2 (k,v) cos 7;\1; )}
v=1

(28)

for — Ko <k < Ko, k#0or || > Ky

N/2-1
0Cec  0Ccc(k,0) 1 27TV< © (1) cos 2m0 IS (k,v)sin 27TVO>

0 90 AN &~ N N N
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N/2—1

0Ces aces(n 0) 1 2y 2l  2mwb
o0 90 AN Z ( v) 008 = = Ly, (k, v) sin = )
6030 _ 60:(:(1%, 0) _ 0

00 00

8025 8035 570

5 a(a L—o (29)

for K() < |I<&| < KN/2

N/2-1
0Cec  0Ccc(,0) 1 2mv 20 . 27l
50 50 =N ; T(LSC(H,I/) cos T*LCC(KJ,I/) sin —
N/2-1
0Ces  0Ces(k,0) 1 2mv vl 2m10
50 = 50 =oN 1;1 T(LSS(KZ,I/) cos Les(k,v)sin

00 00 2N

a a 1 2 2 2
90 — 9C¢(r,0) = Vz:: ﬂ(L:C(n,V) cos ZO—L"‘ (k,v)sin 7;\1;0>
20 — 80 2 N )

0Cy  0C%(k,0) 1 7r1/<L (5, 27l . 2wl

Next come the terms with subscript ms or mc in Eq.(26). Using Eqgs.(15)
and (6.5-17) to (6.5-22) we obtain the following relations:

for — Ko <k < Ko, k# 0 or k] > Ky/2

Crcnc = Crcnc(liv 9) = _(27”<‘7/N)Cmc("<"’7 6)

N/2-1
2k 1 . 2wl 2wl
:_TW{LOO(” 0)+ 1/2::1 (L01(’<’V)Sm N + Loz(k, v) cos N ﬂ
Oy = CSoa(0,0) = (27/N) Cin 1, 0)
N/2 1
_ 2nk 1 . 2wl 270
=5 4N[ 2 <L04(/<;,1/)sm I +Los(k, v) cos N )}
CaS, = C3% (K, 0) = —XaChc(5,0) = 0

Ot = Cik(k,0) = XaCii(k,0) = 0 (31)
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for K() < |/<&| < KN/Z

Chie = Chic(k,0) = —(215/N)Crnc (k, 0)

27k 1 N/21 210 90
=5 m[LOO(HyO)‘i‘ ; <L01(f~c,l/)sin ~ + Loz (K, v) cos N )]
Ogls:cr(ns("iv ) (QWH/N) ms(fi 9)
N/2-1
CLL . 2wl 2710
= W[Loz’,(m 0)+ Z <L04(fi,u)sm N + Los(k, v) cos 7 >]

v=1
C’rarblgc = Crartfc(’fa 0) = 7)\3021(:(/{,0)
N/2-1
Aa [ra 2mvf 2mvf
=35 [Loo(’f 0)+ Vzl <L01(/1 v)sin ——— N +L§,(k,v) cos ~ ﬂ
OranCS = Crartfs("ive) = Aaogqs(’fa 0)
N/2-1

Aa [ra a . 2ml 2
=on {1;03(“ 0)+ Z (L04(H,V) sin T—i—Los(m, V) cos N )] (32)

v=1

for — Ko <k < Ko, &# 0or |k] > Ky/2

N/2-1

OCme _ OCme(£,0) _ 1 2y 2716 . 2wl
09 o0 T AN Z (L01("f V) cos N — Loz (k,v) sin N >
N/2 1
ms _ OCmalr,8) _ 1 2y 2mvb . 2wl
00 90 4N Z <L04(/€ V) cos N —Los(k,v) sin ~ )
8Craﬂc _ 8031C(K’a ) _ 0
900 — 90
80‘?15 80!?15 K/)H
0 aé Lo (33)

for Ko < |k| < Kny/2

1

0Cime  OCme(r,0)

1 N/2—

060 00 T 2N Z
/

N 2

2716 2mvl
V<L01(n V) cos 7;\1; — L2 (k, V) sin 7;\1; )

2
27r

0Cns 8C'ms (k,0) 1
06 o

2mvl 2mvl
V<L04 K, V) COS 7;\1; —Los(k,v) sin 7;\]; )
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N/2-1
ocs, 0C%.(k,0 1 2rv (. 2mvf . 2mvl
R aé ):W Z T(Lm(n,y) cos T—LO2(I€,I/) sin )

v=1

N/2-1

OChs _ 0Chs(k,0) 1 2mv( 20, 2l
00 06 2 <N <L04(’<0aV)COS N — L5(k,v)sin N >
(34)

In order to bring Eq.(26) into a more lucid form we rewrite the first term
Cgf = Cgf (K, 6) with the help of Eq.(27) and (28):

for — Ko <k < Ko, k#0or |k > Ky/o

2 o \2/ 1 \? 1 N2 1
¢ Y eletdd - s2 - E Ls Ls
Ces (K’79) < N ) <4N> {LO (K’7O)+ 2 — [ (H U)+ ( )}
Nzt 4l

— 37 L8k, v) — Lin(k, )] cos
v=1

N/2—1 - -
+2L5(k,0) ,; (LG(/@,y) sin 7;\] + L¢,.(k,v) cos 7JTV )
N/2—1,7v N/2—1

2m(v—w)d 2m(v+w)f
+ Z Z [ "i w)(cos —Cos N
+ 2L, (k,v)L:, (K,w) (Sin 27T(VN w) 4 sin W(U];f[— w) )
L2 ) L) cos T o 2T |

=U, (k) + Vi (s, 0)

for K() < |I€| < KN/2

N/2—1

2 2
o (25 (LY L1 o)+ L S 102 ) 12
cgw0=(5) (3) {700+ 5 X 1200 + 200
N2l 476

- Z [LZ (k,v) — L2 (k,v)] cos

N/2—1

. 2wl 27l
+ 2Los(k,0) ; (Lss(n,u)sm N + Les(k, v) cos N )
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N/2—1,#v N/2—1

N N
+ Les(k, V) Les (K, w) (cos W + cos WT—HU)OH }
=U(k) + Vi(k, 0) (36)

2 —w)f 2 0
+2LSS(H,I/)LCS<HL,W)<Sin v —w) + sin (v +w) >

Let us return to Eq.(26). The energy Up; of the sum over the first term

Cgf(n, 6) consists of the sum of the constant part Uy (k) and the time-variable

part Vi (k,0):

1 1 N/2—1,7#0
Un = 5ZVQ LT = Y [Ui(k) + Va(s,0)] (37)

N2
k=—N/2+1

The equations corresponding to Egs.(35) and (36) for the terms Cgf,

(0Ce/00)?, ..., (0Cms/00)? in Eq.(26) are all listed in Section 6.6. They
yield energies of the form Uj;(k) + V;(k,0) as in Egs.(35) and (36):

N/2—1,£0

1 1
Uoj = §ZV§)L2T3C4F > [Ui(k) + Vi(k,0)]
k=—N/2+1
j=1,2, ..., 12 (38)

There are 52 more terms stcz to (0C2./00)(0C2,/08) in Eq.(26) that are
multliplied by functions of A, and may be written in the form of Eq.(36) too.
We show only the first example:

< sin 2N A,

SN ) 0352 = Uy3(k) + Vis(k, 6) (39)

With this notation we may expand Eq.(38) from 12 to 64 terms:

. | N1
Uoj = §ZV§)L2T3C4F > [Ui(k) + Vi(k,0)]
k=—N/2+1
j=1,2, ..., 64 (40)

The total energy U of Eq.(26) may then be written in the following concentrated
form:
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N/2—1,#0
1
U = Unc + Unv(9) = 5ZV,30L2T3c4m Y [Uen(k) + Un(k,0)]
ffN/2+1
64
Uen(k) = ZUj(K)), Uvn(k,0) ZV K, 0) (41)
j=1

The constant normalized energy Uqn(r) is worked out in detail in Section 6.6.
The normalized variable energy Uyn(k, ) with time-average zero is not elab-
orated since it is not needed; in case of need one may obtain it in analogy to
Egs.(35) and (36). Following Eq.(2.3-28) we write U.n(k) in the form

2(2mk)?

N4
without actually working out U2 (k) and U2 (k). The non-fluctuating part U,
of U in Eq.(41) becomes:

Uen(k) = N Uk (k) = [UZ(K) + UZ.(r)] (42)

N/2—1,70

1
Une = _ZV L*T3¢ 4N2 > Ue(r)
=—N/2+1
1 N/2=1.#0 2\ 2
= ZV2 LT3 el > (T) U&(k) +Us(r)]  (43)
=—N/2+1

The normalized energy U. = N 4UNC is the Hamilton function J:

H=U./ZVEL*T3c*, N =N,

N/2—-1,#0 N/2—-1,%£0

= Y He= > (@er)[UL(k) + UL(K) (44)
=—N/2+1 k=—N/2+1

Hy = (21k)*[U% (%) + Uge(r)] = N*Uen(5)/2 = Ucx(x) /2 (45)

Equations (44) and (45) are equal to Eq.(2.3-39). Our next task is to
rewrite the Hamiltonian formalism of Egs.(2.3-42) to (2.3-49) with finite dif-
ferences rather than differentials. We start with Eq.(2.3-42), which remains
unchanged. The following derivation is done in some detail due to its basic
significance:

(k) + UZ (k)] sin® 2mk0 + [UZ (k) + UZ(] cos® 2mk6 }
( )2 [Ues(k) + iU, (n)} (sm 27kl — i cos 2mkb)
Ues(k) — tUce (k)] (sin 2mk0 + i cos 2mk0)

= —2TiKpy (O)Qrc (0) (46)
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Using difference rather than differential operators we obtain for p,,(6) and g, (6):

pe(0) = (21iK)Y? [Ues (k) + iUce (k)] sin(27k6 — i cos 2mk0)

= (27ik) Y2 [Uce(r) — iUcs(r)]>m0 (47)
_ Apn(e) — pn<0 + Aa) - pn<0 B Aa)
Pr="3p N
1 . ,
— - \1/2 . - 2mik(0+A0) _  2mik(6—A0)
(27ik) " “[Uec (k) — iUcs(K)] N (e e )
; sin 2Tk A .
= W(Qm’m)lﬂ[&c(m) — iUes (k)] 2RO
= (2mik)% [Uece(r) — iU (k)]0 AB < 1 (48)
4x(0) = (2miK) Y2 [Us (k) — iUcc(k)] (sin 27k0 + i cos 276
= (27ik) 2 [Uce (k) + iUcs(r)] e~ 270 (49)
s AQR(H) — QK(O + AO) - QR(H _ Ag)
== "3y YN
1 . )
— (QWiE)l/Q[UCC(K) + ich(fi)]m (6—27T’LK,(9+A9) _ e—27rm(9—A0))
 sin 2rKA 4
B _zs1nA7;/1 0 (2iR) 2 [Une () + iUes()] e 27%0
= —(2miK)> 2 [Uee (k) + iUus(k)]e727 0 Af < 1 (50)

The finite derivatives AH,, / Ag,. and AK,, / Ap,. equal:

A:fH _ A[—Qﬂijﬁpn(a)qn(a)} - A~q,$(0)
Aqg, Ag,(0) T Agu(0)
g O B0 010)~ 20, 0)
= —2mikpy (0) = — (2mik) " [Uee (k) — iUcs(k)]e>™ (51)
AH,, _ A~[—27rmp,i(9)q,€(0)] — omingu(6) A:p,i(t?)

Apﬁ Apm (9) Apn(9>
= —2mikgu (0) = —(2mik)> 2 [Uee (k) + iUus(k)]e 270 (52)
The comparison of Egs.(51) and (52) with Egs.(48) and (50) yields the following

relations for the components H, of the Hamilton function in terms of the
calculus of finite differences:
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AH,, Ap,. .

—t = =, (53)
A Ab
AH,, A~q,.i .

= 2 = 4 54
T, 0 q (54)

The calculus of finite differences yields the same result for A§ < 1 as the
differential calculus.

Equation (46) may be rewritten in analogy to Egs.(2.3-50) and (2.3-51).
Since these equations contain no differentials we obtain no change for Eq.
(2.3-50) for the calculus of finite differences:

-ch (I’i)} 62771'/{0

'ch(fi)}e_%me (55)

SRS
& &
[
S
aQ Q
S5
R
+
. S

Equation (2.3-51) is only modified by the change of N, to N and the different
summation limits:

N/2-1,#0 N/2-1,#0 N/2-1,#0
H= Z H, = —1 Z 2TKPk G = Z (27r/<;)2a,.€a:
k=—N/2+1 k=—N/2+1 k=—N/2+1
N/2-1,#0 9k
7r *
= > =5 ibb
K=—N/2+1
2mkT\ . 2mkT\ M/ .
bﬁ< - > ay, bn< - ) ay, (56)

3.6 QUANTIZATION OF THE DIFFERENCE SOLUTION

Equation (3.5-56) permits us to follow the standard way of quantization
of Eq.(2.3-51) in Section 2.4 following the Schrédinger approach that led to
Eq.(2.4-9). We start by writing difference operators for the differential oper-
ators of Eq.(2.4-1). An italic Delta with tilde A is used for operators and a
roman Delta A for differences:

e 1 _1A> —_L( 1A>
bn—>bﬁ—\/§<ac “ ) bn—>bn—\/§ ag+aA~< (1)

The operator A/A( applied to a function V. (¢, 6) follows from Eq.(3.1-2)
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AC 2A( @
and can be simplified like Eq.(3.1-3) by choosing A{ = 1:
AVe(¢,0) 1 _
TC_§“/€(C+170>_‘/€(<_170)]’ AC—l (3)

The second order difference quotient of V,((,0) is defined by Eq.(3.1-4).
The product b, b} according to Eq.(1) becomes

1 1 A?
-+ _ = 2,2 L 4
bnb/{ - 2 (Oé C 012 A~C2> (4)

and yields an equation similar to Eq.(2.4-9):

a2 A¢2 ~ 27kh
E.T
K — 5
2wkh 5)
The substitution
1 A2 , A2
= ag, = —q, —_— = = 6
f=al (=06 Fg=a"Tg (6)
produces a difference equation similar to the differential equation (2.4-11):
A% + (20 —€)2 =0 (7)
Ag2 ;
We can again use the substitution of Eq.(2.4-12):
= () (8)

The derivation of A2®/Ag? for Aé < 1 is shown in detail:
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3—;’ — a6+ AG%/2x(E + AO) — 2exp(—€/2)x(8
+exp[—(€ — AE)?/2]x(€ — A¢)}
_ e (Alg)z (exp { — [26A¢ + (A)2)/2hx(€ + A¢) — 2x(€)
+exp { — [~26A8 + (A)?)/2}x(€ — A9))
— e (1- eae - 5802 + geraer xte + 40

-2+ (14686 - 5807 + 3807 e - A9)

_ € <X(£+A§)—2x(§)+x(£—A€) E(E+AE) —x(E-A¢)
a (A€)? A¢

— 5= ) + AL + x(€ - Afﬂ)

—£

. 6752/ A~2X(f) _ AX(&) _
S G s S RAGENG) ©)
Equation (7) becomes:
22x©) ., AxE© _
A~§2 - 2§ A'"é_ + (2/\H - I)X(f) =0 (10)

Written explicitly this equation assumes the form

X(§ + AE) — 2x(§) + x(§ — Af)
(Ag)?

X+ AE — x(§ — A
2AE

+2x = Dx(§) =0 (11)

and the substitution

v=¢/AE AE—1 (12)
brings:

x(z+1) =2x(z)+x(z—1)—z[x(z+1) —x(z—1)]+(2A = 1)x(£) =0 (13)

For the solution of a differential equation with variable coefficients, like
Eq.(2.4-13), one starts with a power series (2.4-14) and develops a recursion
formula (2.4-15) for the coefficients of the power series. A similar approach ex-
ists for difference equations but the power series is replaced by a factorial series
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(of the second kind). Assume that x(z) can be represented by the following
series:

x(@) =bo+b1x;1+b2(x_1)2(!x_2)+ b, (x_l)(x_j!>“'(x_j)+...
:b0+blgl(x)+bggg(m)+~-+bjgj(x)+... (14)

Each term g;(z) must satisfy Eq.(13) independently. In order to obtain Eq.(13)
for the particular solution x(x) = g,(x) we write g;(z), g;(z+1) and g;(z—1):

6;(2) = =z — D)z —2)...(z - )

-1
=%<x—2><x—3>...<x—j>[x—<j+1>+j]
=%«x—z)...[x—ml)}+j<x—2>...<x—j>} (15)

gz +1) = %m—n (-1 = %@_1) = G- D) @—j+4)

:%{(:ﬁ—1)...(:1:—j)+j(33—1)...[x—(j—l)}}

:ji!{(x_z)...(x—j)[x—(j+1)+j]
Hie=2). o= (=Dl —j+G - )}
—Hz=2. = G+ D+ 2@ =2z - )

G -D=-2)... -G -D}}  (16)

gj<x—1>=%(ac—zxx—s)...[m—(ju)] (17)

Next we write zg;(z+1) and zg;(z—1) for the fourth and fifth term in Eq.(13):

xgj(l‘—l—l):%{x(x—2)...[m—(j+1)}+2j:c(x—2)...(x—j)
+( - Dalz—2)...[x - (G - D]}
=%{<x—2>...[m—<j+1>][w—<j+2)+<j+2>]

+2j(x-2)... (- lle -G+ + G+ 1)
TG+ =2). e -G - Dz -7 +4)}
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:%{(x—?)...[z—(j—|—2)]—|—(3j—|—2)(:z:—2)...[:1:—(j+1)]

+3j0+ (e —=2)...(z - j)
+720+ D=2 =G -1} (18)

zgj(z —1) = %m(m—2)...[m—(j+1)}
— (=2 o= G+ Dl = G+2)+ (+2)
= %{(93—2) =G+ 42)(2=2) =G0 (19)
From Eqgs.(15)—(17) we get the second order difference quotient in Eq.(13) for
g;j(z) rather than x(z):

e +1)~20,(@) + 9@~ ) = =g =2) e - (G-D] @0

The first order difference quotient multiplied by = in Eq.(13) becomes with the
help of Egs.(18) and (19) for g;(z):

2lg;(z+1) — iz — 1)] = ﬁ{w —9) e (1))

+30+)(x—-2)...(z—5)+jGi+1)(z—2)...[z—(F - 1)} (21)

The whole difference equation (13) written for b;g;(z) becomes:

bi{gi(z +1) = 29;(2) + g;(x — 1) — z[gj(z + 1) — g;(z — V)] + (2Ax = V)g;(2)}
b; . .
= =i+ D@ =2). o~ (G- 1)
+i2A —1-3G+D](z-2)...(x—j)
F @A —1-2)(z—2)... [z~ G+ 1]} (22)
We still need to write this equation for bj;19;41(z) and bjy2g;42(x). This
requires replacement of j by j+ 1 and j + 2 in Eq.(22):

biri{gjr1(z +1) = 2g511() + gjp1(z — 1) — z[gj1(x + 1) — gjra(x — 1)]
+ (2As = 1)gj+1(z)}
= (= GG+ 1P+ 1)@ =2) o)
+G+D2A-1-3(+2)(xz—2)...[x—(F+1)]
+2M\ —1-20+D)(z—-2)...[x — (j+2)]} (23)
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bjra{gjra(r +1) — 2gj42(z) + gjr2(x — 1) — z[gjr2(x + 1) — gjp2(z — 1)]
+ (2As — 1)gj2(x)}
- - GG+ 2+ =2 (D)
+G+2)2A—1-3G+3)[(z—2)...[z— (F+2)]
+22%—-1-2G+2))(x—2)...[z— (G +3)]} (24)

Consider line 4 in Eq.(22), line 4 in Eq.(23) and line 3 in Eq.(24). They all
show terms multiplied by (x —2)...[z — (j+1)]. If the sum of these three lines
vanishes, each term g;(z — 1) = g;(z) in Eq.(14) will vanish and the factorial
series of Eq.(14) will be a solution of the difference equation (13):

1 , i+ 1 .
(2~ 1= 20)b; + hmn 130+ 2))bj 1
j+2
G +2)![(J +2)2 4+ 1]bj12=0
Jj+1 . )
bjv2 = m{(”\n —1=2j)bj + 20 =1 =30 +2)]bj1}  (25)

Let us see whether there are polynomial solutions corresponding to the
Hermite polynomials that satisfy Eq.(2.4-13). Let b, for 2j = 2n = 2\, — 1 be
the last coefficient of the polynomial that is unequal to zero:

n—1
n = n2—+1{[2)\,§ —1-2(n—2)]bp—2+ (2\c =1+ 3n)bp_1} (26)
If we succeed in making b, 1 and b, 2 equal to zero the recursion formula of
Eq.(25) will make b, 43, byt4, ... zero too:
n
(27)
boo = — L N = 1= 20)by + 20 — 1 — 3(n + 2)Jbpia} = 0
n+2 — (n+2)2 +1 K n K n+1f5 — (28)

Equation (28) is satisfied for

Mm=2\,—1, n=0,1,2,... (29)
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since bp41 is zero due to Eq.(27). To see whether Eq.(27) can be satisfied we
observe that the recursion formula of Eq.(25) is a difference equation of second
order. If we solve such an equation by the series of Eq.(14) we can choose two
coefficients. First we choose by without specifying its value to leave by available
as a normalization constant. The second choice is b,+1 = 0, which is Eq.(27).
Let us show by example how this works. For a reason soon to be evident we
write by, ; rather than b;. First we choose n = 0 and obtain:

n =20, byo =000, bp,1 =bo,1 =0

1
bngzbogz—{(2)\5—1—0)()004—(2)\&—1—6)()01}:0 for 2\, —1=0
) ) 5 ’ ) (30)

This first example is not quite representative. We add a second and third

example:

n=1, byo, bi2=0
2
b173 = 1_0{(2>\k —-1- 2)1)171 + (2)\K —1- 9)()1,2} =0 for 2)\,{ —1=2 (31)

The missing constant by ; follows from Eq.(25) for j = 0 and n = 1:

bio=0= 0 (2-0)b1o+(2—6)b11}
1
b1,1 = §b1’0 for 2/\n —1=2 (32)
The third example shows how the coefficients b, 1, b, 2, ... , by, are obtained

in the general case:

n=2, by, boz3 =0

3
b2,4

a= T @A~ 1o+ (20— 1-12)b25} =0 for 2), ~1=4  (33)

The two missing constants bg ;1 and by 5 follow from Eq.(25) for j =0, j =1
and 2\, — 1 =4:

1 2
b2’2 = 5{(4—0)(2270—1-(4—6)172’1}, b273 =0= 1—0{(4—2)172,1 +(4—9)b272}

2
ba1 = b, boo = 352,0 (34)
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N W > U011 o

(Y

FIGURE 3.6-1. Plots of the functions gn () of Eq.(37). The constants by, o are chosen equal
to 1.

For n = 3 and 4 we only state the result:

n =23, bgo, b34 =0

7 6 2
b3 = 353,0, b3 = 353,0, b33 = 553,0 (35)
n=4; by, bas =0,

269 177 126 36
by1 = 15454 05 ba2 = - —5bao, baz = = —-ba0, baa= 77b (36)

The resulting polynomials are written with the help of Eq.(14):

n=0, go(z)/boo=1
lx—1
n:]., gl(l’)/bLQ 1+§T
1 2(z—1)(x—2
n=2, 92(x)/bz,0=1+$ +_(x Je=2)

1! 5 2!
n=3, gs()/bso— H_%xl'l g(33—1)2(!:17—2)+§($—1)(m52)(x—3)
269z—-1 177 (z—1)(z—2) 126 (z—1)(z—2)(=z—3
=4 ga(@)/bao=1t o W( )2(' : F( ! 3! —
+%($—1)($—231(!x—3)(1‘—4) (37)

Figure 3.6-1 shows plots of the functions g, (z) of Eq.(37). The system of
functions {exp(—x2/2)g, ()} is not orthogonal. But the polynomials g, () are
linearly independent. The solution of 10 linear equations with 10 variables will
orthogonalize the first five functions of the system {exp(—z?2/2)gn(x)}. There
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is also the question of uniqueness for the solutions of Eq.(37). We can only
hope that mathematicians will address these problems. The calculus of finite
differences is very poorly developed due to the lack of a use that would motivate
mathematicians to elaborate it. The success of the calculus of finite differences
in quantum electrodynamics would provide such a motivation®.

The substitution of Eq.(29) into Eq.(5) yields energy eigenvalues equal to
those of the differential theory in Eq.(2.4-18):

2wkh 1
E.=E., = T (n+§), n=0,1,2, ..., N (38)

The comparison of the results obtained in this section with those of Section
2.4 shows the following:

1. The eigenvalues A, = n + 1/2 are the same in Eqs.(2.4-16) and (29).
2. The recursion formula (25) has three terms while the recursion formula of
Eq.(2.4-15) for the Hermite polynomials has only two terms.

3. The polynomials of Eq.(37) are significantly different from those of Eq.
(2.4-17).

What we have learned is that a difference equation obtained by rewriting
a differential equation can yield some results that are equal and others that
are completely different. This is in line with Holder’s theorem published in the
late 19th century (Holder 1887).

3.7 COMPUTER PLOTS FOR THE DIFFERENCE THEORY

The variable Ucn(k) in Eq.(3.5-41) represents energy as function of the
period number x. Its components U;(k) are listed for j =1 to 32 and j = 49
to 56 in Egs.(6.6-11)—(6.6-15). The terms with other values of j have been
eliminated by the approximation of Eq.(6.6-9). Our goal is to produce plots
of Uen(k) according to Eq.(6.6-17) in the form of r(k) of Eq.(6.6-18) which
is normalized to yield the probability fo Usn(k). We explain in some detail
how the computer program is written since it requires more than 100 equa-
tions.

The parameters N, p; and ps have to be specified. As a compromise
between precision and computing time we choose N = 100 for the beginning.
The choice p; = 1/4 yields according to Egs.(2.5-1) or (3.1-1) for 7 = At:

oAt(1—s/0Z) =p1/cZ =1/(4 x3-10% x 377) =2.2-10"'2 [As/Vm] (1)

1Only seven books seem to have been published on the calculus of finite differences dur-
ing the whole 20th century: Noérlund (1924, 1929), Milne-Thomson (1951), Gelfond (1958),
Levy and Lessmann (1961), Smith (1982), Spiegel (1994). Originally one had to be able to
read heavy mathematics in English, French, German and Russian, but Gelfond’s book was
translated into French and German which eliminated the Russian language requirement.
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TABLE 3.7-1
THE 108 CORE EQUATIONS REQUIRED FOR A COMPUTER PROGRAM THAT PRO-
DUCES A PLOT OF Ucn(k) ACCORDING TO EQ.(6.6-17) FOR THE INTERVAL Ky <
|Fu| S KN/Q.

Ko Eq (3.2-53) Ky 2 Eq (3.2-55) da(r) Eq (6.4-4) Aa(k) Eq(3.2-60)
Do(k) Eq.(3.3-9) Ds(k) Eq.(3.3-15) Aos(k) Eq.(3.3-29) 70s(k) Eq.(3.3-30)
Aoz (k) Eq (3.3-33) ~or(k) Eq (3.3-34) Ais5(k) Eq (3.3-49) v5(k) Eq.(3.3-50)
A7(k) Eq.(3.3-53) 717(k) Eq.(3.3-54) Ris(k) Eq.(6.4-15) Aso(k) Eq.(6.4-16)
A51(I€) Eq (6 4- 16) A52(I€) Eq (6 4—16) A53 (I{) Eq (6 4- 16) A'm(li) Eq (6 4- 21)
A71 (ﬁ) Eq.(6.4-21) A72(f€) Eq.(6.4-21) A73 (Ii) Eq (6 4—21) G()l(K) Eq (6 4- 48)
Goz2(k) Eq.(6.4-48) Gos(k) Eq.(6.4-48) Gos(k) Eq.(6.4-48) Ji1(k,v) Eq.(6.4-66)
Ji2(k,v) Eq.(6.4-67)  Jis(k,v) Eq.(6.4-68) Jia(k,v) Eq.(6.4-69) J15(k,v) Eq.(6.4-70)
Jis(k,v) Eq.(6.4-71)  Ji7(k,v) Eq.(6.4-72) Jis(k,v) Eq.(6.4-73) Jio(k,v) Eq.(6.4-74)
Jao(k,v) Eq.(6-4-75)  Ja1(k,v) Eq.(6.4-76) J22(k,v) Eq.(6.4-77) L§.(k) Eq.(6.4-79)
L% (x,v) Eq.(6.4-79) LZ.(k,v) Eq.(6.4-79) L§,(k) Eq.(6.4-80) L3 (k,v) Eq.(6.4-80)
L% (k,v) Eq.(6.4-80) Loc(k) Eq.(6.4-81) Lgc(k,v) Eq.(6.4-81) Lec(k,v) Eq.(6.4-81)
Los(k) Eq.(6.4-82) Lgs(k,v) Eq.(6.4-82) Les(k,v) Eq.(6.4-82) L§y(k) Eq.(6.5-21)

01k, v)Eq.(6.5-21) L§,(k,v) Eq.(6.5-21) Lz(k) Eq.(6.5-22) L,(k,v)Eq.(6.5-22)

05k, v) Eq.(6.5-22) Lgo(k) Eq.(6.5-19) Loi(x,v)Eq.(6.5-19) Lo2(k,v)Eq.(6.5-19)
Los(k) Eq.(6.5-20) Los(k,v) Eq.(6.5-20) Los(,v)Eq.(6.5-20) Ui(k) Eq.(6.6-11)
Us(k) Eq.(6.6-11) Us(k) Eq.(6.6-11) Ui(k) Eq.(6.6-11) Us(k) Eq.(6.6-11)
Us(k) Bq.(6.6-11) Ur(k) Eq.(6.6-11) Us(x) Eq.(6.6-11) Uo(r) Eq.(6.6-11)
U10(I€) (6 6- 11) U11(K) Eq.(6.6-11) U12(I{) (6 6- 11) U13(l€) Eq.(6.6-12)
Uia(k) Eq (6.6-12) Uis(k) Eq.(6.6-12) Uigs(k) Eq (6.6-12) Ui7r(k) Eq.(6.6-12)
U18(Ii) Eq.(6.6-12) U19(KZ) Eq.(6.6-13) Ugo(li) Eq.(6.6-13) U21(I€) Eq.(6.6-13)
U22 (Ii) Eq.(6.6-13) UQg(H) Eq.(6.6—13) U24(Ii) Eq.(6.6-13) U25 (Ii) Eq.(6.6-14)
Uza(lﬁ) Eq (6 6- 14) U27(I€) Eq.(6.6-14) UQS(K) Eq (6 6- 14) UQQ(K) Eq.(6.6-14)
U30(/€) Eq(66—14) U31 (Ii) Eq(66—14) U32(/€) Eq(66—14) U49(/€) Eq(66—15)
Uso(k) Eq.(6.6-15) Usi(k) BEq.(6.6-15) Usa(k) Eq.(6.6-15) Uss(x) Eq.(6.6-15)
Usa(k) Eq.(6.6-15) Uss(k) Eq.(6.6-15) Use(k) Eq.(6.6-15) Ucn(k) Eq.(6.6-17)
Ueni (k) Eq.(6.6-17) Ucnz2(k) Eq.(6.6-17) r1(x) Eq.(6.6-18) 7r2(k) Eq.(6.6-18)

The further choice p; = 1/10 < p1/2 yields according to Egs.(2.5-2) or (3.1-1):

At\/os = py/c=1/(10 x 3-10%) = 3.3-107° [s/m] (2)
For ps we get from Eqgs.(2.1-49) or (3.4-1):

Ps1 = 205 Ps2 = ) (3)

Whether the choices of Eqgs.(1)—(3) are physically reasonable or not cannot

be discussed until we have some values for the electric and magnetic dipole

conductivities o and s. At this time the choice of p; = 1/4 and py = 1/10 is

primarily motivated by the desire to use numbers that reduce computing times.
We have used consistently the two intervals
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Ko < |k| < Knj2, 6 #0or |6] > Knj2, kSO
For N = 100, p; = 1/4, p2 = 1/10 we obtain from Eqs.(3.2-53) and (3.2-55)
the limits Ko = 1.19366 and Ky/, = 48.80633. Since |x| is in the interval
1 < |k| £ N/2 =1 = 49 the interval —Ky < [s| < Ky covers the fraction
47/49 or 96% of the total interval 1 < |x| < 49. This is the important interval
and we compute the functions U (k) for this interval.

Table 3.7-1 gives step by step instructions for the writing of a computer
program. First we write Ky according to Eq.(3.2-53), then Ky, according to
Eq.(3.2-55), and so on until Usg(x) is written according to Eq.(6.6-15). Then
comes the equation for U.n (k) according to Eq.(6.6-17) and r(k) of Eq.(6.6-18).
These are our 108 core equations.

Except for the constants Ko, Kn/2, Sck1, Scke and Sck all entries in Table
3.7-1 are functions of k or k and v. To check the program we must in principle
make 103 plots from da (k) to Uen(k). Actually, four less are required due
to the relations /\15(/{) = —)\07(1’6), ’}/15(143) = —’}/07(%3), )\17(/’6) = —)\05(143), and
Y17(K) = Y05 (k).

The equations with the one variable x are plotted by the following instruc-
tions shown in the programming language Mathematica:

H:k, K():ko, KN/QZkN

fl:=Which[-kN<k<—kO, #[k], —k0<=k<=kO0, True,kO<k<kN, #[k|]

pl:=Plot[f1, {k, —kN,kN}, PlotRange—> All] (4)
The terms da, Aa, ..., Usg in their computer representation must be substi-
tuted for #.

The equations with two variables k, v are displayed by a three-dimensional
plot:

v=nu, N =n
f1:=Which[—kN<k < —kO0, #[k, nu|,—k0 <k <kO, True, k0 <k <kN, #[k, nu]
pl:=Plot3D[f1, {k, —n/2+1,n/2—1},{nu,1,n/2—1},PlotRange—>All] (5)

Two equations produce the sums Ucni(k) and Ucnz(x) representing the
two sums of Eq.(6.6-17):

Uj(k) =ujk], UCN1(/1) = ucN1[k], Uen2(k) = ucN2[K]
ucNi[k | :=ulk] + u2[k] + - - - + u32[k] + u49[k| + - - - 4 ub6[k]
ul[—k| + u2[— ]+-~+u32[—k]+u49[—k]+--~+u56[—k]
ucN2[k_| :=ul[k] + u2[k] + - - - + u24[x]
+ul[—k] +u2[— ]+ +u24[—K] (6)

A plot of r(k) = Ucn(k)/Sck according to Eq.(6.6-18) is produced by two
more equations:



140 3 DIFFERENCE EQUATIONS FOR THE PURE RADIATION FIELD

P . " . " " i . " '

10 20 30 40 50

K —

FIGURE 3.7-1. Point-plot of r(k) according to Eq.(6.6-18) for N = 100, p1 = 1/4, p2 = 1/10,
ps = 20, and Ko = 1.19366 for k= 2, 3, ... , 48; Scx = 59516.8.
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FIGURE 3.7-2. Point-plot of r(k) according to Eq.(6.6-18) for N = 100, p1 = 1/4, p2=1/10,
ps =20, and Ko =1.19366 for k=2, 3, ..., 10; Sex = 59516.8.
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FIGURE 3.7-3. Semilogarithmic plot of r(k) according to Fig.3.7-1 and Eq.(6.6-18) for N =
100, py = 1/4, pa = 1/10, ps = 20, Ko = 1.19366 for £ = 2, 3, ... , 50; Scx = 59516.8. The

dashed line representsthe plot of Fig.2.5-3 for k =2, 3, ... , 48.
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FIGURE 3.7-4. Point-plot of r(k) according to Eq.(6.6-18) for N = 100, p1 = 1/4, p2 = 1/10,
ps = b, and Ko = 1.19366 for k =2, 3, ..., 48; Scx = 3732.64.
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FIGURE 3.7-5. Point-plot of r(k) according to Eq.(6.6-18) for N = 100, p1 = 1/4, p2 = 1/10,
ps = 5, and Ko = 1.19366 for k = 2, 3, ... , 10; Sex = 3732.64.
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FIGURE 3.7-6. Semilogarithmic plot of (k) according to Fig.3.7-4 and Eq.(6.6-18) for p; =
1/4, p2 = 1/10, ps = 5, N = 100 and Ko = 1.19366 for k = 2, 3, ... , 48; Sex = 59516.8

The dashed line represents the plot of Fig.2.5-6 for k =2, 3, ..., 50.
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FIGURE 3.7-7. Semilogarithmic plot of r(k) according to Eq.(6.6-18) for N = 200, p1 = 1/8,
p2 = 1/20, ps = 40, Ko = 1.19366 for k = 2, 3, ..., 50; Sck = 7.50154 x 108. The dashed
line represents the plot of Fig.2.5-7 for k = 2, 3, ..., 50.

£01:=Which[0 <=k < kO, True, k0 <=k <=n/4,r1[k],n/4 < k <= KN,
r2]k], kN < k <=n/2, True]
t01 :=Table[{k, f01[k]}, {k, 0,50}]
p12 :=ListPlot[t01,Prolog—> AbsolutePointSize[5],
AxesOrigin—> {0,0}] (7)

Figure 3.7-1 shows the plot for r(k) with N = 100, p; = 1/4, p2 = 1/10,
ps = 20. There is a very fast drop close to x = 2 and the function is essentially
zero for k > 5. This is quite similar to Fig.2.5-1.

The range 2 < k < 10 of Fig.3.7-1 is shown expanded in Fig.3.7-2 for the
range kK = 2, 3, ..., 10. The drop from k = 2 to kK = 3 and 4 is much faster
than in Fig.2.5-2. The semilogarithmic plot of Fig.3.7-3 gives a much better
representation than Figs.3.7-1 and 3.7-2.

We had obtained the two values ps; = 20 and ps2 = 5 in Eq.(3). Figures
3.7-1 to 3.7-3 hold for ps = 20. In Figs.3.7-4 to 3.7-6 we show the corresponding
plots for ps = 5. The plots look identical to those in Figs.3.7-1 to 3.7-3.

The three semilogarithmic plots of Figs.3.7-3, 3.7-6 and 3.7-7 show that the
dotted plots of the theory of finite differences drop significantly faster than the
dashed plots of the differential theory for small values of k. But the dotted plots
show strange peaks at kK = N/4 and k = N/2. We note that the largest value
r(2) in Fig.3.7-1 has the approximate value 0.92 while the peak at K = N/4 = 25
in Fig.3.7-3 is somewhat larger than 10~°, which is more than four orders of
magnitude less than 0.92. Our computation is based on Eq.(6.6-9) which has 40
summands and is specifically called “shorter form” of Eq.(3.5-26) which has 64
summands. This simplification was done with the goal of keeping computation
errors to less than the linewidth of a plot with linear scale. The plots of
Figs.3.7-1 and 3.7-4 show that this goal was indeed achieved. The much more
demanding semilogarithmic plots of Figs.3.7-3, 3.7-6 and 3.7-7 show the error
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introduced by using the approximation of Eq.(6.6-9) instead of Eq.(3.5-26).
The 108 equations of Table 3.7-1 exceeded the capabilities of the program
Mathematica 2.2 that was originally used and could only be processed by going
to Mathematica 4.1. The use of Eq.(3.5-26) instead of Eq.(6.6-9) would increase
the number of core equations in Table 3.7-1 to more than 175. We did not want
to face this task.

Figures 3.7-8 to 3.7-12 on the following five pages display 40 plots of
Ui(k) = ullk] to Use(k) = ub6[k] of Table 3.7-1 to show the relative im-
portance of these terms and also to help anyone who wants to write a program
according to Table 3.7-1 with the tracking of errors in the program.
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FIGURE 3.7-8. Plots of U; (k) = ul[k] to Us(x) = u8[k] according to Eq.(6.6-11) for N = 100,
p1 = 1/4, p2 = 1/10, ps = 20, and Ko = 1.19366 in the intervals —48 < k < —2 and
2 < k<48
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FIGURE 3.7-9. Plots of Ug(k) = u9[Kk] to Uis(k) = ul6[k| according to Egs.(6.6-11) and
(6.6-12) for N = 100, p1 = 1/4, p2 = 1/10, ps = 20, and Ko = 1.19366 in the intervals
—48 < k< —2 and 2 < k < 48.
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FIGURE 3.7-10. Plots of Uy7(k) = ul7[K] to Uaz4(k) = u24[k] according to Egs.(6.6-12) and
(6.6-13) for N = 100, p1 = 1/4, p2 = 1/10, ps = 20, and Ko = 1.19366 in the intervals
—48 < k< —2 and 2 < k < 48.
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FIGURE 3.7-11. Plots of Uas(k) = u25[k] to Usz(k) = u32[Kk] according to Eq.(6.6-14) for
N =100, p1 = 1/4, p2 = 1/10, ps = 20, and Ko = 1.19366 in the intervals —48 < k < —2

and 2 < k < 48.
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FIGURE 3.7-12. Plots of Usg(k) = u49[k] to Use(k) = ub6[k] according to Eq.(6.6-15) for
N =100, p1 = 1/4, p2 = 1/10, ps = 20, and Ko = 1.19366 in the intervals —48 < k < —2
and 2 < k < 48.



4 Differential Equation for the Klein-Gordon Field

4.1 KLEIN-GORDON EQUATION WITH MAGNETIC CURRENT DENSITY

We begin with a summary of the derivation of the Klein-Gordon equation
using Maxwell’s equations with a term for magnetic (dipole) currents added. A
detailed derivation may be found in Section 5.1 of a book by Harmuth, Barrett
and Meffert (2001). From Eq.(18) on we shall deviate from the old text.

The usual Klein-Gordon equation without allowance for magnetic dipole
currents can be derived from the following Hamilton function:

H=c[p-— eAn)? + 771302]1/2 + epe (1)

This equation is rewritten into the following form:

(p—eApn)* — 0—12(9{ —epe)? = —m(z)c2

1
(pm - 6Amm)2 + (py - 614my)2 + (pz - 6Iélmz)2 - g(g{ - e¢e)2 = 7m(2)02 (2)

The following substitutions are made:

_)ha _)hc') _>h6 ST h 0 3)
Pe = 500 Py 7 Toy P2 Yo i ot
Equation (2) assumes the form of the usual Klein-Gordon equation if these
operators are substituted and applied to a function ¥:

3 2 2
h 0 1(ho _ 22
> (o) ~ (g res) Jr=mice @

J=1

In order to allow for magnetic dipole currents we must generalize Eq.(1)
by the introduction of a Hamilton function with three components H,, H,,
H,. A first order approximation in . of this Hamilton function is given by
Eqgs.(1.3-34) to (1.3-36). We write the component H, once more:

149
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Ha = c[(p — eAm)? + M2 2 (1 4+ @eQ) + edpe — Locy (5)
(Ha — e + Lea)® = [(p — €Am)? + mic?)(1 + 2 Q)? (6)

The terms a, and @ are defined in Eq.(1.3-37), the term L, in Eq.(1.3-19),
and the potentials Ao, Ay, de, dm in Eqgs.(1.3-7) to (1.3-14).

Since Egs.(5) and (6) hold only in first order of a, we write (1+0.Q)? = 1+
20,.Q. Furthermore, we leave out the term L2, since it is multiplied according

to Eq.(1.3-19) by
(2)-a()

Equation (6) becomes in first order of a.:

(p— eAn)? Ciz(ﬂ{ —eho)? + ae{2[(p — eAw)? + m2Q

1 Low Lo
-2 [(J{w — epo) O:'e + O:'e (H, — e¢e)] } = —mac?
ZecA Ze A
0 = 255 . _Zede _y Mcde (8)
mocC cC Mo e

In order to obtain a solution as an expansion in powers of a, we replace
the function ¥ in Eq.(4) by the function ¥,:

\Ila: = \IJXO + ae\IJxl (9)

Equation (8) assumes the following form when applied to the function ¥,:

{<p —eAw)? - S (06— 00 + o [2[<p ~cAn) +m2)Q

- 2 (00—

C

LC‘/E + LC‘/E
Qe Qe

(J_Cz - e¢e)>:| }(\IIXO + ae‘I’xl)
= -—m2 (Vo + aTy) (10)
Since L, in Eq.(1.3-19) is in essence multiplied by «, according to Eq.(7) we

may separate Eq.(10) into one equation of order O(1) and a second one of order
O(ae):

<(p —eAn)? - C%(?—CE —epe)? + m%cQ) Up=0 (11)
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((p —cAw) (0 — g’ + m§c2) Uy = — {2[(;) — A+ micQ

1 Lo Lew
-5 ((J—fm —edo) o +

(H, — eqﬁe))} U (12)
e
Equation (11) is the usual Klein-Gordon equation of Eq.(4) while Eq.(12) is
the same equation with an added inhomogeneous term.

The factor @ in Eq.(12) contains a term [1+(p—eA,,)?/m3c?]~3/2 accord-
ing to Eq.(1.3-37). If we want to replace the momentum p by the differential
operators of Eq.(3) we must explain what the resulting operators mean. One
may multiply Eq.(12) with [1 + (p — eA,)%/m3c?]?/2, accumulate all terms
multiplied with a square root on one side and square both sides of the equation
to resolve the problem. This approach is made more complicated by the terms
L. as will soon be seen. A simplification is possible if we restrict the calcula-
tion to sufficiently small values of (p — eA,,)?/mic? < 1 and use the following
series expansion; the factor k is written instead of —3/2 since the same series
expansion will be needed later on for k = —1/2:

1+ (p—eAn)?/mic)F =1+ k(p — eAn)?/mac? (13)
We still have to explain or eliminate the factor
[Ac - (p— eAn))?
AZ(p —eAp)?

of @ in Eq.(1.3-37). This is possible by replacing the vectors A, and (p—eA,)
in Eq.(14) by matrices of rank 3 whose components are vectors:

Qo2 = (14)

Agzen 0 0
A, = 0 Aeyey 0 (15)
0 0 A e,
(pm - eAmx)ex O 0
p—eA, = 0 (py — €Amy)ey 0 (16)
0 0 (Pz - eAmz)ez

Substitution of Egs.(15) and (16) into Eq.(14) yields Qg2 = 1.
With Qo2 = 1 the term @Q of Eq.(1.3-37) is reduced to

1 (p—eAn)?
Q = 2 92 2 3/2 (17)
THC™ 1+ (p — eAm)?/mic?]
Using Eq.(13) we may eliminate the denominator and bring @ into a form that
permits the substitution of the operators of Eq.(3). A new problem arises.
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Shall we write (p — eA,,)? as the first factor or shall we write 1 + k(p —
eA,,)?/m3c? as the first factor? This is the perennial problem when one wants
to replace commuting factors by non-commuting operators. There is no actual
problem with Eq.(17) since (p — eA,,)? only has to commute with a constant
or with itself. However, the problem will occur again in a non-trivial form. We
must introduce an assumption or a postulate to make the replacement of two
commuting factors by non-commuting factors unique. Any new theory requires
a new assumption. If the assumption is successful it becomes eventually a law
of nature. We shall replace a commuting product ab by

1
ab — i(ab + ba) (18)

to make the transition from a commuting product ab to a non-commuting one
unique. Equation (18) has the features of symmetry and simplicity.

From Eqgs.(13) and (17) we obtain a unique form for @ if p — eA,, is
replaced by an operator:

Q= (p - eAn)? (mic* - 50— cAn)?) (19

The potential A, that comes from the magnetic current density term g,
in the modified Maxwell equations, Eq.(1.1-2), has disappeared from Eq.(19)
due to the relation Qg2 = 1. But its influence has not disappeared because
p — eA,, is now the matrix of Eq.(16) that was forced on us by A, in order to
obtain a usable form of Q.

A further term needing explanation is L., of Eqgs.(12) and (1.3-19). We
break it into five components. In order to avoid a long calculation we must
refer to previously derived equations’.

1 UL . o\ e
a—eﬁaca:l - A—e(Aer — Aeyz)m
= 1 [Aez(p _ eAm)y _ Aey(p _2€Am)z](p - eAm)m n O(Olz)
Aemo 1+ (p— cAn)” /m3c?
. 1
= Ao |:[Aez(p — eAm)y - Aey(p — eAm)z](p — eAm)x

y (1 (piAmV) N (1 (p—eAm)2>

2 2.2
mgc mgc

% [Aex(D — eAm)y — Acy(P — eAm):](p — eAm»] (20)

!Harmuth, Barrett, Meffert (2001), Egs.(3.3-53) to (3.3-57).
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1
Lch
Q

€

1
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€

o mo / a¢m . % . dl‘
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(1255 T) e
S Cn YhAt
() - (- )
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(23)



154 4 DIFFERENTIAL EQUATION FOR THE KLEIN-GORDON FIELD

oo (1 CoeAeR)] 2

2m3c? dy

o i)

x [(1 = ;me‘tz An)y — Aey(p — cAn):]

AP — cAn)y — Aoy (P — €An)-] (1 - M)} dx (24)

2
2méc

We substitute the four operators of Eq.(3) into Eq.(11) but write matrices
according to Eq.(16):

2
<§% - eAmw) 0 0
ho 2
’ (55 =) "
hoo 2
- a_ Amz
I 0 0 (z 9, € )
ho 2
(?E —+ e(be) 0 0
ho 2
2 0 <?§ + ¢e> 0
ho 2
0 0 (;a + €¢e>
100 Uor O 0
+mdc2 |0 1 0 0 Ty, 0 [=0 (25
0 0 1 0 0 \IIXOZ

This is essentially three times Eq.(4) without the summation sign but with the
index j retaining the values j =1, 2, 3:

h O 2 1 /hoO 2 2 92
(Fam; )~ (Fg5 0 o) +mie]mon =0 9
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Using the notation of Eq.(26) we may write Eq.(12) with the help of Eq.(19)

for Q. There is no problem of commutability of () with the factor in front of it
in Eq.(12) and we get for that part of Eq.(12) the following result:

2~ cAn)? 4 m3cl(p — cAw)? (i - S - cAn) )

= 2(p— eAn)? (M2 + (p — cA)?] <m302 - eAm)2> (27)

Equation (12) becomes:

h oo > 1(hd 2,
|:<;a_xj_€Am1:j) _C_2<;§+e¢e> +m00:|\11x1:vj
hoo T 55 (h 0 2
((Fam o) [+ (G, oo |

2
X {mé& - _(73833 —eAmwj> ]
J

1[/ho
+ = [(?_ + €¢e) (Lex1j + Lex2j + Lexsj + Loxaj + Lexsy)

ho
+ (Lox1j + Loxaj + Loxaj + Loxaj + 2cx5j)< B + €¢e)] } x0z; (28)

The operators £cx1; t0 Lexs; follow from Egs.(20)—(24) with the help of Eq.(3)
and the substitution

1
a_ﬁ’cxkj *>£cxkja k= 1» 2» 37 47 5 (29)

Note that L uses the font Euler Script medium while £ uses Euler Fraktur
medium. The matrix £cx; has the terms £cy; along its main diagonal and
zeroes everywhere else:

1 h O h O
Scxlj = m{ |:A < a eAmy> - Aey (;a - eAmz)]
ho 1 (k9 2
. (za B eAm> {1 T2\ i0a; 6“‘%) ]
1 /h O 2 )

|1 (g e ) |2 (555 -

h O h O
Aoz et )| (5~ en )|

i=1,2,3 x1=2, 33 =Y, T3 =2 (30)
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For clarification of the notation we observe that the terms

2
(Ei - eArn:t~)
i Oz !

are the terms of a matrix with rank 3 like the first matrix in Eq.(25) with the
terms along the main diagonal varying according to j = 1, 2, 3. On the other
hand, the terms

h o ho h o
Ac (78_211 - eAmy)7 Aey (7& - eAmz)a (?% - EAmm)

form matrices of rank 3 with equal values for all elements in the main diagonal
like the second and third matrix in Eq.(25).

! ¢ (h O ¢ (D
Loxj = 24, /{[ Oy (z 0z eAmz> 0z (z 0y eAmy)]
1 [/h O 2 1 [(h 0 2
. [l‘—amaa (732‘“%) F [l‘—amaa (7%‘@‘%) }

O¢m (h O O¢m (h 0
(o) -2 (et 0

| S [
()b ) )
S I
)

2
o mocC BAey 8Aez
ECX4J - Ae < Oz ay dx (33)
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Equations (30) to (34) make all terms in Eq.(28) defined for known values
of the potentials Ay, Ae, ¢m, P and the rest mass mg of a charged particle. A
similar but not unique result has been derived previously (Harmuth, Barrett,
Meffert 2001, Eqgs.5.1-37 to 5.1-43). We have now a unique result provided we
accept Eq.(18) as necessary. Only success of the derived equations can prove the
necessity of Eq.(18). At this time it is perfectly possible that another relation
than Eq.(18) yields unique and better results. The complexity of Egs.(30) to
(34) strongly suggests not to replace Eq.(18) by a more complex relation.

Equation (26) can be solved for certain initial and boundary conditions
just like partial differential equations for the field strengths E and H or the
potentials Ay, Ae, ¢m, ¢ derived from the modified Maxwell equations can be
solved. We note that a vector with three components that are scalars is formally
similar to a matrix of rank 3 with three components in the main diagonal that
are vectors. If the solution is done by Fourier’s method of standing waves we
are led to a quantization procedure as in Section 2.4 for the pure radiation
field.

The solution of Eq.(28) requires a particular solution of the inhomogeneous
equation since the homogeneous equation is the same as in Eq.(26).
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4.2 STEP FUNCTION EXCITATION

For the pure radiation field we developed Eqs.(2.1-38) and (2.1-39) as so-
lutions for electric excitation while Egs.(2.1-40) and (2.1-41) hold for magnetic
excitation. The associated potentials were derived for the normalized variables
¢ and 6 in Egs.(2.1-49) and (2.1-52). Here we have to develop solutions for
Eqgs.(4.1-26) and (4.1-28). To simplify the notation we write

Ty =Y, \IIXOI]' = \IIXOy =" (1)
The two terms in the squared parentheses in Eq.(4.1-26) are expanded:

hd 2 0> oV dA
A = 222 ginedn, 2 2AZ, +i LT (2
<z 99 —e my) I 72 + 2ihe A,y 3y + (e my T ihe By ) (2)
h o B 25‘2\11 ) ov 2 .9 Ope
( g +e¢c) U =—h Tl — 2ihepo—— 5 ( o — ihe 5 g (3)

Substitution of these two equations into Eq.(4.1-26) yields:

0?1 9%V e or 1, 0v
2 9ii(A,,— e
oy? 2 ot? Zh( Y 0y * 2¢ )

e2 0AL 1 0¢e m2c?
R G- R = LR

The component A, of the vector potential and the scalar potential ¢, are gen-
erally functions of location and time. This means Eq.(4) is a partial differential
equation of ¥ with variable coeflicients. The differential equation (2.1-43) was
rewritten in Egs.(3.1-1) to (3.1-5) into a difference equation. We want to do
the same eventually with Eq.(4). Equation (3.1-5) has constant coefficients but
its solution was quite a challenge. The mathematics of difference calculus will
need a good deal of further development before we can hope to solve a partial
difference equation with variable coefficients corresponding to Eq.(4). At this
time we have little choice but to assume that A, and ¢, can be represented
by a series expansion. We have used the constant «, of Eq.(1.3-37) for series
expansions in Egs.(1.3-34) to (1.3-36) and again in Eq.(4.1-5). Hence, we shall
use it here too in order to make Eq.(4) an equation with constant coeflicients:

Am = AmO + aeAml (I‘, t)a Ama:j = Am();rj + aeAmle (13]', t)
¢e = <l5e0 + ae¢el(xj7t)a T; =1, Y, 2 \I’x = \I}xO + Oée\]:jxl (5)

With the approximations of first order in o,
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(P—eAn)?=(P—eAmo)’ —ce[Am1-(P—€Amo)+(P—€Amo) - Ami] (6)
( _e(be) :( T 6¢60)2 - O486[¢el (:H:w - e¢eO) + (g{:z: - e¢60)¢el] (7>

we obtain the following equation instead of Eq.(4.1-10):

{0 cno)? - 500t - 0+ ac[2(p -~ eAm)? + 10

- %((:}Cm _e¢eO) L;CQ: + i;:w (g{x—ed)eO)) _e[Aml : (P—eAm0)+(p—€Am0) 'Aml}
+ C%[¢e1 (iH:z - e¢e0) + (iH:z - e¢60)¢e1}:| }(\IJXO + ae\lel)
—mgCQ(\leo + W) (8)

The separation of this equation into two equations of order O(1) and O(a.) as
in the case of Eqgs.(4.1-11) and (4.1-12) yields:

((p —eAno)? — C%(ﬂ{x — epeo)? + m3c2>x1/ 0=0 (9)

<(p_eAmO)2 - CLQ(:H:m _6¢80) +m302> ‘I’xl = _[2[(P—€Am0)2+m(%02]Q

1

L Lex
- — ((J‘fz — 6¢e0) o +

Qe

@%6%®>4AM‘®€AM)

+ (p - e1Am0) : Aml} + %[(ﬁel(j{m - 6¢e0) + (:H:t - e¢e0)¢e1] %) (10)

Equation (9) equals Eq.(4.1-11) if A, and ¢, are replaced by A0 and @ep.
Equation (4) may be simplified with the approximations of Eq.(5):

?V  10°0 e ov 1 9V
2 2o 22% (Am()ya_ + —2¢e0—>

62 2C2
—ﬁ<Amoy 2¢ )q/:o, V=T, (11)

From Eq.(10) we obtain a modification of Eq.(4.1-28):
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hoo 2 ho 2,
|:<7(9_£L‘J - eAmOa:j> - ( 8t + €¢e0> + myc :|q/x1xj
hoo T ., (B0 ?
=2 et ) [+ (S~ cton) |

T
3(h 8 ?
2 2
— 2 == — eAmoa,
x[moc 2<i8xj € mOmJ)]

h 0
+—= |:< 3t + 6¢60)( cxlyj + ch2j + ch3j + ch4j + chSj)

h o0
+ (chlj + ch2j + chSj + L’cx4j + chSj) ( 8t + 6¢60>:|

—€ |:Am1:cj (Ei - eAmO:cj) + (Ei - eAmOmj>Am1:cj:|
i 0z i 0z

|:¢e1 <h 0 + e¢e0> <haat + eQZ)eO) ¢e1:| } x0x ; (12)

The homogeneous part of Eq.(12) is the same as that of Eq.(4.1-28) if Ap,
and ¢, are replaced by Ano.; and ¢eo. Hence, this part is again represented
by Eq.(11). The inhomogeneous part has four terms added to Eq.(4.1-28). We
observe that Ay, must be replaced by Amo. in Egs.(4.1-30) to (4.1-34) for Lex;
to chg,j.

Equation (11) as well as the homogeneous part of Eq.(12) are now partial
differential equations with constant coefficients. Only the inhomogeneous part
of Eq.(12) contains variable components of the potentials Ay, Ae, ¢ and @e.

We make the transition from the non-normalized variables y, t to the
variables normalized by 7 as in Eq.(2.1-42):

0=t/r, (=y/cr (13)
Substitution into Eq.(11) yields:

RT 92T o . Ov )
6C2 892 2Z>\1<6C+A3 >)\2\I/—0
eCTAmO ¢e0 T
A= Yoy = N, ==
! o 7? cAmoy’ T

2_2 20 mgc® \ _ 7 2,2 | 22
A =\] 1_02A20 +€2A20 == — (mict —e2 ¢, +ec Amoy)
mO0y mOy

2
.
A2\ = 7 —(mact — e2¢Z)) > 0 for moc® > edeo

2,24
T mgc
242 4 \2 _ 2 42 0
A3+ A = mact —|—ecAm0y 2

.
T ) NN A3 N = (1
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Equation (14) is similar to Egs.(2.1-43) and (2.1-46). This suggests ob-
taining a solution of Eq.(14) by means of Fourier’s method of standing waves
that satisfies the causality law and the conservation law of energy. In analogy
to Eq.(2.1-56) we try the ansatz

U(0,0) =¥,S(0) =0 ford<0
=Wy for >0 (15)

As in the case of Eq.(2.1-57) there is a problem with a boundary condition
¥(00,6) that has to be resolved later on. The comments following Eq.(2.1-57)

apply again.
For the initial condition at the time § = 0 we follow Eq.(2.1-58) and
observe the comments made there:

\I/(C’O) =0 (16)

If W(¢,0) is zero for all values ¢ > 0, all its derivatives with respect to ¢
will be zero too:

9"¥(¢,0)/0¢" =0 (17)

Equation (14) yields with the help of Egs.(16) and (17) for § = 0 another
initial condition:

9 (9%(¢,9)
%( 0

- mg@(g,&)) =0 (18)
6=0

This equation is satisfied by Eq.(16) and the additional condition

OW(C,0)/00 =0 for =0 (19)

We assume the general solution of Eq.(14) can be written as the sum of a
steady state solution F(¢) plus a deviation w(¢,#) from it (Habermann 1987):

U(¢,0) = Wo[F(C) + w((, 0)] (20)

Substitution of F(¢) into Eq.(14) yields an ordinary differential equation with
the variable (:

d?F/d¢? — 2i\dF/d( — N3F =0 (21)

Its general solution is:

F(¢) = A exp{[(A3 — A)"2 +iM]C} + Anexp{[~(A3 = AD)Y? +iM]¢} (22)
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According to Eq.(14) the difference A\3 — \? will be positive except for extremely
large values of ¢Z,. We restrict ourselves to the case A3 —A? > 0. Furthermore,
we want F'(0) to be 1. This can be achieved by choosing Aj; =1 and A;g = 0.
Hence we obtain for F'(():

A§—>\%>0, F(O):l, Al():O, A1 =1
F(C) = exp[= (A3 = AD)!/2(Je™¢ (23)

Substitution of Eq.(20) into the boundary condition of Eq.(15) yields the
boundary condition for w(0,6):

U(0,0) = ¥o[F(0) + w(0,0)] =Ty for >0
w(0,0) =0 for 0 >0 (24)

We have achieved the homogeneous boundary condition w(0, ) = 0. The choice
of Ajp and A;; in Eq.(23) is justified. There are other choices for Ajg and Aj;
that also yield w(0,0) = 0 but this would simply mean that both F(¢) and
w((, 0) in Eq.(20) are modified so that their sum remains unchanged. Only the
sum is of interest.

Let us turn to the initial conditions of Eqs.(16) and (19). We obtain an
equation for w((,0):

F(Q) +w(¢,0)=0, w((0)=-F(() (25)
ow((,0)/00 =0 for0=0, (>0 (26)

Substitution of Eq.(20) into Eq.(14) yields for w(¢,#) the same equation
as for ¥, but we have now the homogeneous boundary condition of Eq.(24) for

w((,0):
Pw 82 Bw ow 9

Separation of the variables yields particular solutions of this equation which
we denote w,(¢,0):

we(C,0) = H(C)(0) (28)
2 2
%(g_(f —2iM g?) " (?9015 +2iA1 A3 ?;g) + A3 = —(27k/N-)* + A

N,>1, k=12, ... (29)
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As in Eq.(2.1-72) we write —(2mk/N;)? rather than the usual —(27k)? as sep-
aration constant in order to obtain later on an orthogonality interval of length
N, rather than 1. The reason for the additional constant A? will be seen
presently. Two ordinary differential equations are obtained:

d*¢/d(? — 2iMidg/dC + [(2mr/N;)* — AT] = 0 (30)
d*/d6? + 2iA Asdep/dO + [(2mk/N;)? — AT+ M3 =0 (31)

The solutions are:

d)(C) — ei)q((142(_)6271'imC/NT + A216727rif$C/NT) (32)

Y(0) = Azge A As 760 4 Ao o= (A1 —7x)0
e = [ /N,)? + A20% + A% — A2]?
= [(27k/N;)? + mc't? /n?] Y2  real (33)

The boundary condition w(0,6) = 0 in Eq.(24) requires in Eq.(32) the
relation

A = —Ay
#(¢) = 2iAgpe™1¢ sin(27k( /N,) (34)

and the particular solution w,((,8) assumes the following form:

wg(¢,0) = {A1 exp[—i(A1As + vx)0] + Az exp[—i(A1 A3z — ’Yn)9]}
x eMCsin(2rk¢/Ny)  (35)

The usual way to generalize Eq.(35) is to make A; and Ay functions of
k and integrate over all values of k. We deviate and follow the text between
Eqgs.(2.1-78) and (2.1-79) in Section 2.1. Our finite time and space intervals
are chosen to be 0 <t < T and 0 < y < ¢T', where T is arbitrarily large but
finite. The variables 6 and ( cover the intervals

0<0=t/T<T/r, 0<¢=y/ler <T/, T/T=N.>1 (36)

Instead of the Fourier sum of Eq.(2.1-81) we get the following sum if the upper
summation limit k — oo is replaced by x = N, according to Eq.(2.2-5):
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N,
(€:0) =Y {Au(r) exp[~i(AiAg +7.)0] + Aa(r) exp[—i(AiAs — )0}
x eMCsin(2rk¢/Ny)  (37)

The derivative of w((, 6) with respect to  will be needed:

.

83_2) = —i{Al(fi)()\l)\g + Vi) exp[—i(A1 Az + 7:)0]

+ As(kK) (M3 — k) exp[—i(A1 Az — ’)/,.C)H]}ei’\1< sin(2rx(/N;) (38)

With the help of Eqgs.(25) and (26) we get from Eqgs.(37) and (38) two equations

for the determination of A;(x) and As(k):

w(6,0) = S [As(s) + As(W)]eNC sin(@rrC/N,) = ~F(C)  (39)

k=1

2

.

—i[A1 (k) (A1 As + ) + A2(k) (A1 Az — i)
1
x eMCsin(2rk¢/N,) =0 (40)

dw((,0)
a0

K

In analogy to the solution of Eqgs.(2.2-2) and (2.2-3) we use the Fourier
series expansion of Eq.(2.2-4). The factors —i and ¢**1¢ can be moved in front

of the summation sign since they do not contain x:

ZT[Al(/i) + Ay (k)] sin(27k¢/N-)
(e = —epl-(§ XM (41

N,
Z[Al(n)(/\l)\g +7x) + Ao (k) (A1 A3 — vx)] sin(27k(/N;) =0 (42)

k=1

Multiplication of Eqgs.(41) and (42) with sin 27j(/N, followed by integration
over the orthogonality interval 0 < { < N, yields:
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N,
Aq(r) + Aa(k) = 2z /F(C)e‘“‘1C sin 2;TV—HCdC = —Ir(k/N;) (43)
0
N,
Fr(s/N) = 5= [ expl=(0 = X120 sin g
0
2 (2mw/No) {1 - expl-( ~ X))V, ]} "
A A2 — A2 + (2nk/N; )2 (44)
A1<HJ)(/\1/\3 + ’Y,.@) + AQ(K;)()\1>\3 — ’Y,{) =0 (45)
Equation (43) and (45) are solved for A;(x) and As(k):
A(w) = +In(/N) 2 (46)
Aal) = ~In(/N) 222 (47)

Substitution of A;(x) and As(k) brings Eq.(37) into the following form:

< It(k NT —q i3
w(¢,0) = E —T(27/ ) [(/\1/\3 —70)e” 0 — (A A3 + . e 7‘0]
k=1 K
el . 27k(
’L>\1(< )\39) 4
X € sin —— (48)

T

4.3 EXPONENTIAL RAMP FUNCTION EXCITATION

The step function excitation of Eq.(4.2-15) is replaced by an exponential
ramp function excitation in order to produce a linear variation of the excitation
at 0 =0:

T(0,0) =T, 8@)(1—e?)=0 for <0
=V (1—e*) ford>0 (1)

The initial conditions are the same as in Eqgs.(4.2-16), (4.2-17) and (4.2-19):
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¥(¢,0) =0 (2)
Ov(¢,0)/0¢ =0 3)
0%((,0)/006 =0 for0=0,¢>0 (4)
Instead of Eq.(4.2-20) we use the following ansatz to solve Eq.(4.2-14):
T(C,0) = Ta[(1 —e ") F(¢) +u((,0)] ()

Substitution of ¥ (1 — e~*?)F(¢) into Eq.(4.2-14) yields the following result:

0*F OF
—.0 —.0 . —0 —u0
(1—6 )8_42+L26 F —2i\ (1—6 )8—<+)\3L€ F

~N(1—-e"YF=0 (6)

This equation will vanish if the terms with different functions of 6 vanish sepa-
rately. We obtain one ordinary differential equation and one algebraic equation:

d?F/d¢? — 2i\dF/d — NiF =0 (7)
12— 2iMA3 =0 (8)

Equation (8) has a non-trivial solution:

L= 2i/\1)\3 (9)
Equation (7) equals Eq.(4.2-21). We use again the solution of Eq.(4.2-23):
F(C) = exp[~(A] = A1) /2Je™€ (10)
Equation (5) must satisfy the boundary condition of Eq.(1). Since Eq.(10)
yields F'(0) = 1 we get:

Tl —e 4+ u(0,0)) =¥, (1-e*%), >0
u(0,0) =0 (11)
We have again a homogeneous boundary condition for w(0,6). The initial

conditions of Egs.(2) and (4) yield with F(0) = 1:

e PF(C) + 0u/00 =0, 0Ou/dd = —1F() for6=0,¢>0 (13)
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The calculation of u(¢, #) proceeds like that of w(¢, ) in Section 4.2 until
Eqgs.(4.2-37) and (4.2-38) are reached. We replace w((,8) by u(¢,0) in these
two equations:

N,
w(¢,0) = 3 { A1 () exp[—i(0uds +7,)8] + Aa () exp[—i(Aadg — 7)6)] |
x eMCsin(2rkC/N,)  (14)
N,
=3 =i A1) As + ) exp[=i (s +7,)0]
k=1

+ Aa(K) (A = %) expl—i(MAg — 70)6] e sin(2mrC/Ny) - (15)

The substitution of u(¢,0) and du/d8 of Egs.(12) and (13) yields equations for
the determination of A;(x) and Az(k). The factor €**1¢ in Eq.(15) is moved to
the right side since it does not depend on x:

N,

u(¢,0) = Y [Ai(k) + As(r)] sin(2mr( /N;) = 0 (16)
N,

(C 0 = Z k) (AMA3 + Vi) + A2(k) (M A3 — i)] sin(27k¢ /N )
k=1

= —1F(()e ™™ = —2iM X3 F(C)e™™1¢ (17)

Using once more the Fourier series expansion we obtain from Eqs.(16) and (17):

A1(K) + Az(k) =0 (18)

40 A 2
AL (K) A3 + ) + Ao (K) A ds — 7i) = —= 3/F Jeih g ”“Cdg

= 2)\1)\3_[T(I€/Nq-) (19)
Equations (18) and (19) are solved for A; (k) and A2(k):

)\1)\3[T(I€/N7—)
Tx
Substitution of A; (k) and As(k) brings Eq.(14) into the following form:

Ay(r) = —As(k) = (20)
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N,
u(¢,0) = —2i Z M3 It (k/N;)sin 7y, BT Pr1 A3 giraC sin(2wk(/N;) (21)

k=1 K

Substitution of Egs.(21) and (10) into Eq.(5) brings the result:

B(G.0) = 3 (1 = I el (3 - A2

N.
S ALA i i
—2iy = 3IT(n/NT)sin%Ge"M*SQe“lCSin(%’fC/Nf)) (22)

k=1 k

In order to see how ¥((, ) rises at 6 = 0 we use the approximations

e~ 2MAal = 1 9\ Ag0, e M0 = 1 — iA1 N30, sinv,.0 = 7.0 (23)

and obtain in first order of 6:

(¢, 0) = 20T\ AghetMis (exp[—(A§ — A2

N
=Y In(k/N;) sin(27m(/NT)> (24)

k=1
Hence, ¥((, 0) rises proportionate to 6 from § = 0. The imaginary unit ¢ is of
no consequence since the factor ¥y can still be chosen.
4.4 HAMILTON FUNCTION AND QUANTIZATION

The Klein-Gordon equation defines a wave. Its energy density is given by
the term Tpo of the energy-impulse tensor':

1 0T* 9¥ . mac? _,

The dimension of Ty is J/m? and the dimension of ¥*¥ must thus be J/m or
VAs/m in electromagnetic units for the energy. In the case of Eq.(4.2-4) for a
planar wave propagating in the direction y we have V = 9/0y.

The Fourier series expansion of Eq.(4.2-37) permits an arbitrarily large
but finite time 7" and a corresponding spatial distance ¢I' in the direction of
y, using the intervals 0 < ¢t < T and 0 < y < ¢T. In the directions x and z

IBerestezki, Lifschitz, Pitajewski 1970, 1982; § 10, Eq.10.13.
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we have not specified any intervals. We shall follow Eq.(2.3-1) and make them

—L/2<x<L/2,—L/2<z<L/2 with L =¢T. The Klein-Gordon wave has
the energy U in this interval:

L/2 L/2 T

- Lo oy 0w ov  mid
U= / / /<§Wﬁ+a_y3_y+ 72 ‘I"I’)dy dedz  (2)

—L/2 —Lj2 LO

Since the dimension of ¥*¥ is VAs/m one obtains for U the dimension VAs.
We turn to the normalized variables according to Eq.(4.2-13)

t—t/tr=0, y—yler=_( x—xjer, z— z/cT (3)

and rewrite U in the form of Eq.(2.3-15):

L/2ct L/2ct

N,
ov* ov 8\11* ov  micir?
= U*Jy
Us=er / / /(aa 0 T acac T T )dc
0

—L/2ct —L/2ct

N,
12 / (aqf* oT  OU* OV micir?
CT

WWJra—Ca—ng ) U \I/>dC (4)

We use ¥(¢,0) of Eqgs.(4.3-5) and (4.3-22) to produce the product ¥*W. The
constant ¥? has the dimension VAs/m:

T = 0F [(1 - M) FH(Q) +ut((,0)] [(1— e PMN)F() + u((, 0)]
=202 [(1 — €08 2A\1 \36) exp[—2(\3 — A§)1/2C]

— 2(1 — COS 2)\1)\30))\1/\3 sin )\1)\30

N
< Ip(
Lolr/Nv) sm%O exp[—(A2 — A\H)Y2(]sin(27k¢ /N;)
k=1
S MAsIr(r/N;) 2k 2
134T T) . .
+2(;Ts1n7K051n N ) }
AL A2, As Eq.(4.2-14), v, Eq.(4.2-33), Ir(x/N,) Eq.(4.2-44) (5)

Differentiation of ¥((,0) of Eq.(4.3-22) with respect to 6 or ¢ yields:
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ov , iy i Ou

%9 = U, <21)\1>\36 2MA0 61N oxp[— (A2 — AV + %>
N,

ou — 9 (C—230) Z MAslr(k/N;)

o0

k=1 G
2
X (A1 A3 sin .0 + i, cosv,.0) sin ;\?C (6)
oy ; —2i i
ac 0 ([(A% = ADY2 4 iA](1 — e 2l )eihC
x expl—( — A3)/2(] + 22
2~ A1 ¢
N
Ju AL (C— “ MAsIt(k/N;) .
-7 :261A1(< A30) 134T T Sln'y,ﬁ
a¢ F; Vi
. 2wk( 2mikK 2mk(
X ()\1 sin NN cos N ) (7)

The first term in Eq.(4) becomes:

ov* v

. i —i ou*
0 o0~ U ( — 2iA Age? MmN exp (A — A% + —>

00
. —2iA1 230 i\ C 2 2\1/2 Ou
X | 2iA1Aze e"™MC exp[—(A5 — A1)V + 20

AN [exp[—2<A§ BPONER

N,
-2 Z It(k/N;) ( cos Y, 0 cos Ay A36
k=1

1 2
+ — sin~y,0sin )\1)\30> exp[—(A2—A$)1/2(]sin 2mre
Ve N;
S MAsIr(r/N,) 2k 2
+ (ZLsin’y,ﬁSin )
1 Ve T

N (i Ix(k/N, ) cos y0sin 2]7;“)2} (8)

k=1

For the second term in Eq.(4) we obtain:
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ov* ov

_ 32 2 yn\1/2 C2iAAs0y —iAiC
T 5t = B (108 - b2 - ina - sty

< expl-(08 - X)) + 57 )

(1208 = M2 i1 = 2
expl-(0F - 22+ 5

=202 [A§(1 — cos 21 As0) exp[—2(A2 — A2)1/2(]

N.
- It(k/N;
— 4sin A Agf exp[—(A3—AD)12(] D :AIA‘"’ & “/ ) sin 7,0
k=1
. 2mrC 2mk(A3 —)\2)1/2 27kC
2 _ 2=M
X ()\1 sin N N cos N
Jr M2 XsIr(r/N,) 2kl \ 2
+2<'§=11Tsinfy,ﬁsin N >
I 2k AT (k/N:) 2mr¢\”
1Azl )
+2(,§_1 N sin .0 cos N )} ©))

Equations (8), (9), and (5) have to be substituted into Eq.(4). The inte-
gration with respect to ( is straight forward but lengthy. The calculations may
be found in Section 6.7. The energy U of Eq.(4) is separated into a constant
part U, and a time-variable part U, () that depends on sinusoidal functions of
0 and has the time-average zero:

U =U.+ U, (0) (10)

For U, we copy the three components of Eqgs.(6.7-16), (6.7-20), and (6.7-12).
The factor ¥% has the dimension J/m=VAs/m:

Uc = UCQ + Uc3 + Ucl

L gan { (axeaz 4z 4 mBET) Lo expl=205 — AN
T 173 2 h2 (Ag B )\%)1/2 NT

N 2
~ I2(k/N, 27K mactr?
+AIA3D —T(é )[1+A§A§+>€+( ,) + 052 ]}
k=1 K T
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. L
cT

I3 (fi/N )

2
—U2N, )\2)\§Z e
k=1 K

2 24,2
2
x {73+A§A§+A§+<Nm> +m07;T ] for N > 1

IT(k/N;) Eq.(4.2-44); A1, A2, A3 Eq.(4.2-14); ~, Egs.(4.2-33) (11)
For the time-variable energy U, (f) we obtain from Egs.(6.7-17), (6.7-21) and
(6.7-13) a very complicated expression that is greatly simplified for N > 1.
We write it only for this case:

U’U (9) = Uv2 (9) + Uv3(9) + le (9)

L2 3= I2(k/N,)
= —UINAATAD Y
cr 1 173 ; ’Y,%

2 24,2
2
X [’Yﬁ — A2 -7 - (%) moﬁ#} cos2vy.0, for N>>1 (12)

For the derivation of the Hamilton function H we need the constant energy
U, only since the average of the variable energy U () is zero. We normalize
U, in Eq.(11):

ctU.  cI'tU. cTU, 1 H

= = < = 13
I29?N,  L*WTN, L202NZ N2 (13)
N 2
cT'U, saax=IA(E/N)T 5 aa 1o 27K m3ctr?
272 :}C:NTAIA:}RZ:I’Y_’% Ve TAIAZ+AT+ N, T3

N, N,
}(:Z:IJ{K :Zlcﬁ

I N, 2 2 2.4,.271/2
(k) = N, A 2 )[wZ+A%A§+A%+( m) + }
7 (14)

p N h?

The component H,, of the sum is rewritten as in Eq.(2.3-42):

H,. = (27K)? ? (sin 2wK6 — i cos 2mwkb) @ (sin 27k + i cos 2mKH)
K R

= —2TiKpPy (O)QK(H) (15)
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d .

pr(0) = V2mix %62”“‘0 (16)
) Opy; . 3/2d(K) o .
— 225 _ (9 /2 2\ 2mike

P =g (27ik) 5 € 2mikp, () (17)

d 4
4x(0) = V2mik %6_2W1H0 (18)

. 8‘]:—@ _ - \3/2 d(’i) —2mikO __ .

e =55 = (2mik) S = —2mikg,(0) (19)

The derivatives of H, with respect to ¢, and p. produce the proper relations
for the components 3, of the Hamilton function of Eq.(15):

0X,,

94 = —2MIKP = —Pr (20)
OH
ap: = —2Tikq, = +qx (21)

Equation (14) may be rewritten into the form of Eq.(2.3-51) by means of
the following definitions that replace Egs.(2.3-50)

_ d(ﬁ) e27ri/<9’ a: — d(n) 67271'1‘59 (22)
27K 2TK
and we obtain:
N, N, Ne oo N.
H=—1 2mkp,. (0)q,.(0) = 2K Qa,.Ca,*g = ——hbb;, = H. (23
; P (0)4:(0) ;( ) ; T Z::l (23)
1/2
by = (27;’;T> ae, b= <27T7:T)a:, T =N,r (24)

For the quantization we follow Section 2.4 and the conventional procedure
for quantization. Using the Schrédinger approach we obtain in analogy to
Egs.(2.4-9) and (2.4-18):

(bibo)® =

2
<a2<2 1d)¢ Ty ET. g

1
2 B ?d_@ -~ 27mkh 2mkh

2nkh 1
EK::EK?TL: 5 /> =Y 17 27 LERE NT 2
T (n+2> n=>0 (25)
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The upper limit N, for n was discussed in connection with Eq.(2.4-18). Again,
there is no need for renormalization.

The energies E;, in Eqgs.(2.4-18) and (25) are the same since the photons
of a pure EM wave are the same as that of an EM wave interacting with bosons.
What differs is the fraction of photons with a certain energy U, (%) in Section
2.3 or with energy U (k) derived from Eq.(11):

L%

Uer(K) cT

I2(k/N. 21k > micir?
NfA%Ag—T( é ) Y2+ M+ AT+ ( ) + = } (26)
’Yrc NT h

The term m3c*/h? shows that one must get results different from those of the
pure radiation field since a mass mq does not occur in the equations of a pure

radiation field.

4.5 PLOTS FOR THE DIFFERENTIAL THEORY

The energy U, (k) as function of the period number « is defined by Eq.
(4.4-26) with ~, from Eq.(4.2-33), It(k/N,) from Eq.(4.2-44) and A%, A3, A3
from Eq.(4.2-14):

%

Uty = 23 (5/N,)

12
NfA%A%TT V2NN 4N+ <

K

2k macir?

)
2 2 4.2 /4211/2

Ve = (27K /N:)? + mictr? /h?]

2 (2mk/No){1 — exp[—(A — A)V2N, ]}

N, 22— X+ (27r/N,)?

Iv(k/N-) =

2 2 2/ 24 2,2 2 42 _ 2.2 242 2
Ay — AT =T (mgc” — e“¢5g) /7, A\ = e Tt AL,/

NA2 = 1292 /W, N, =T/t (1)

From Eq.(4.4-25) we get the energy of a photon with period number x and a
certain value of n:

Em:%;ih(nj%), n=0... N, (2)
The average value of E,, for all N, 4+ 1 values of n becomes:
aeh 1 1\ 1 2rkh . 1 2wkh
Er= = NT+1HZ_O(n+§>:§(NT+1) 7 = 5N (3)

For a specific value of n the energy U, () requires the number Ug(k)/Ep of
photons:
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A

FIGURE 4.5-1. Plot of p(k) according to Eq.(14) for N, = 100. The variable k is treated as
a continuous variable.
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If photons with various values of n are equally frequent we obtain the following
relation instead of Eq.(4):

St = Curte
2L2W2 N, \2)\2
Cr _ ICh 173 (5)

The total number of photons is the sum over « of Egs.(4) or (5):

Uen () ik
Srn = E.. =Cn Z T(H> (6)
k=1 k=1
N, N,
s, = ch(/i) _ Cr T(H) (7)
k=1 r k=1

The probability p() of a photon with period number & is the same for Eqgs.(4)
and (5) since the constants Cy, and C; drop out:



176 4 DIFFERENTIAL EQUATION FOR THE KLEIN-GORDON FIELD

0 10 20 30 40 50

K —

FIGURE 4.5-3. Plot of p(k) for k = 5, 6, ..., 50 according to Eq.(14) for N. = 100. The
vertical scale is enlarged by almost a factor of 100 compared with Figs.4.5-1 and 4.5-2. The
points for k =1, 2, 3, 4 are outside the plotting range.
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FIGURE 4.5-4. Plot of p(x) for k = 10, 11, ..., 50 according to Eq.(14) for N; = 100. The

vertical scale is enlarged by a factor of 10 compared with Fig.4.5-3. The points for k = 1, 2,
..., 9 are outside the plotting range.
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K —

FIGURE 4.5-5. Plot of p(k) for k =1, 2, 3, 4, 5 according to Eq.(14) for N, = 50. The plot
differs from Fig.4.5-2 but the difference is not visible without magnification.
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FIGURE 4.5-6. Plot of p(k) for k = 5, 6, ..., 49 according to Eq.(14) for N = 50. The

vertical scale is enlarged by almost a factor of 100 compared with Fig.4.5-5. The values of
p(k) for k =1, 2, 3, 4 are outside the plotting range.
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FIGURE 4.5-7. Plot of p(k) for k = 10, 11, ..., 49 according to Eq.(14) for N, = 50. The
vertical scale is enlarged by a factor of 10 compared with Fig.4.5-6 and the points for Kk = 1,
2, ..., 9 are outside the plotting range.
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r(x)
p(:‘i) - =N,
ch:l T(Ii)
Various simplifications can be made for the computation of 7(x) and p(k).
We develop a few approximations for x > 1:

(®)

2rk  h < h
N, mpc?2 ~ mgpc?
(A2 — /\2)1/2N N,7(mac* 62¢§0)1/2/h >1
h 1 h

for T = — 10
T e ey e

9)

Fr(s/N) = — (1)

(s) = (%) (12)

N. 3

i 1 1.20205

- ) = =——, N.>1 1
Z() W?,Z,@s - N> (13)

k=1
3 3
1 s 1
_ _ 14
p(r) <7m> 1.20205  1.20205° (14)

We note that Eq.(9) states that 7 can be arbitrarily small but finite while
Eq.(10) states that T' can be arbitrarily large but finite. These are two assump-
tions introduced in Section 2.1 from Eqs.(2.1-79) to (2.1-83). The Compton
period h/mgc? equals 2.96241 x 10723 s for the pions 7+ and 7.

The results of Chapter 4 may now be represented by a number of plots.
Figure 4.5-1 shows p(x) according to Eq.(14) for N, = 100. This plot treats &
as a continuous variable.

A better representation is used in Fig.4.5-2 that shows p(k) only for k = 1,
2, 3, 4, 5 but not for continuous values of « in the same range.

Figure 4.5-3 extends the discrete representation of p(x) to the range k = 5,
6, ..., 50. The vertical scale is enlarged by almost a factor 100 compared with
Figs.4.5-1 and 4.5-2. This larger scale puts p(1) to p(4) outside the plotting
range.

A further enlargement of the vertical scale by a factor 10 is shown in
Fig.4.5-4. The probabilities p(1) to p(9) are now outside the plotting range.
The need for the enlargements of the vertical scale in Figs.4.5-3 and 4.5-4 will
be explained in Section 5.5.

Figures 4.5-5, 4.5-6 and 4.5-7 are almost a repetition of Figs.4.5-2, 4.5-3
and 4.5-4, but the parameter N, = 100 has been replaced by N, = 50 and only
the probabilities p(k) for kK = 1, 2, ..., 49 are plotted. There is a difference
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between Figs.4.5-2 to 4.5-4 and Figs.4.5-5 to 4.5-7, but it is too small to be
recognizable without magnification. The main reason for showing the plots for
N, = 50 will be explained in Section 5.5. Here, we only note that the finer
resolution of the plots with V. = 100 compared with the plots for N, = 50 has
a minimal effect.



5 Difference Equation for the Klein-Gordon Field

5.1 KLEIN-GORDON DIFFERENCE EQUATION

For the derivation of the Klein-Gordon difference equation we start from
Eq.(4.1-2):

(p-— eAm)2 — 6—12(9{ — e¢e)2 = —mgc2

1
(pm - 6Amm)2 + (py - 614my)2 + (pz - 6Iélmz)2 - g(g{ - e¢e)2 = 7m(2)02 (1)

Instead of the differential operators of Eq.(4.1-3) we use difference operators.
Since the transition from first to second order difference operators is not as sim-
ple as in the case of differential operators we must define them both according
to Egs.(3.1-2) to (3.1-4):

h AV hU(z; + Az;) — U(z; — Az;j)

j{q}ﬁif_.i£:7§\ll(t+At)—\Il(t—At) 3)
i At 7 2At
AT U(x; + Axj) — 29 (z;) + ¥(x; — Ax;j)
2 \IJ N _52 _ — _h2 J J J J J 4
pm] AIL‘? (Al‘j)Z ( )
A2Q U(t+ At) — 20 U(t— A
2 (At)?
For the normalized variables
0 = t/At, Cj = $j/CAt, N = T/At (6)

we follow the simplified notation of Egs.(3.1-3) and (3.1-4):

180
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hAU R
ol %G +1) = 2(G = 1) (7)
h AU h
_;E:_Z[\P(e—kl)—\ﬂ(@—l)] (8)
A2
2 if = CR2W(G +1) — 20(¢) + U(G — 1)) 9)
43% = R0 +1) —20(0) + T( —1)] (10)

These definitions suffice to rewrite all equations in Section 4.1 from Eq.(4.1-
3) to Eq.(4.1-20). From Eq.(4.1-21) on we encounter integrations in addition
to differentiations. To remain consistent we have no choice but to substitute
summations for integrations as shown in Table 6.2-1:

/ o(z)dz = / o(v)dv — g o(v+1)Av (1)

There are now enough substitutions to be able to rewrite all of Section 4.1 in
terms of the calculus of finite differences. We may write the matrix equation
(4.1-25) by substituting A/Az for /0x to A/At for 9/dt, but must observe
that the squares A%/ Axz? to A2/ At? are replaced according to Eqs.(4) and (5).
Instead of doing this rewriting we go directly to Section 4.2 and reduce the
number of spatial variables to one as in Eq.(4.2-1):

r; =Y, \IIXOCtj = \IIxOy =V (12)

Next we rewrite Eq.(4.2-2) for finite differences Ay and At. To simplify the
notation we do not write a variable that is not being changed, e.g, we write
U(y + Ay) — ¥(y — Ay) rather than ¥(y + Ay, t) — U(y — Ay, t):

2 x 2
(Ei _ eAmy> N (Zé - eAmy) v
i Oy i Ay

A2y AU AA
= —h*—=— + 2iheApny —— + <e2Afny + ihe f“y)q/
Ay? Ay Ay
U(y+Ay)—2¥(y)+¥(y—Ay) . U(y+Ay) -V (y—Ay)
—— 2iheA,,
(Ay)? ey 20y
Ay (y + Ay) — Ay (y — Ay)
2 12 Y Yy
+ (e A2 +ih Ay T (13)

Equation (4.2-3) is also rewritten:
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ho 2 hA 2

A2Q AT Ao
=—h iz — 2ihegpe yr + <e ¢ — ihe = )\II
U(t+AL) -2V () +T(t—At) . U(t+At)—U(t—At)
_ 32 _
=-h (A1)2 2ihede 27t
b2 Gult+ AN gt — A
+ (e ¢s — ihe SA; v (14)

Substitution of these two equations into Eq.(4.1-26) yields a difference
equation instead of the differential equation (4.2-4). We write here both vari-
ables y and ¢ of ¥, A, and ¢e:

(Ay)?
1 W(y,t+ At) —2VU(y,t) + U(y, t — At)
c? (At)?
e Uy + Ay, 1) — U(y — Ay, t)
- 27fﬁ <Arny(y7 t) 2Ay

1 Uy, t + At) — T(y,t — At)
+ C2 ¢e(y?t) 2At

el e 1, i Ay (y + Ay, ) — Amy (y — Ay, )
- ﬁ [Amy(yat) - c_2¢e(y7t) + ZZ( 2Ay

i i2¢c(y’t + At) - ¢c(y7t — At)) + mch]\P(y,t) -0 (15)

c 2At e?

Equation (15) is a partial difference equation of ¥ with variable coefficients
since ¢ and Ay, are generally functions of location and time. A great deal
of effort went into the solution of this and related difference equations. A
number of interesting results were obtained but the calculations could never be
carried through to the end because of mathematical difficulties (Harmuth 1977,
436-482; 1989, 269-328 [Russian edition], 230-296 [English edition]). We follow
the text after Eq.(4.2-4) and restrict ourselves to potentials Ay, and ¢. that
depend on location and time only in first or higher order of the dimension-free
constant a. of Eq.(1.3-37). We may again use Eqgs.(4.2-5) to (4.2-10) since
they are written with operators that may explicitly contain either differentials
or finite differences. If we use again the representation of A, and ¢, as the
sum of a constant and a variable term multiplied by . as in Eq.(4.2-5) we get:
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A = Ao + acAn(r,t), Am:cj = Am()mj =+ aeAmlmj (‘Tja t)
¢e = ¢e0 + ae¢e1($j7t)a Tj; =T, Y, 2 \I/x = \leo + ae\I/xl (16)

With the help of Egs.(4.2-6) to (4.2-8) we obtain again Eqs.(4.2-9) and (4.2-10):

((p —eAno)? — ClQ(&cm —epeo)? + m3c2>xpxo =0 (17)

<(p - eAm0)2 - C%(g{w - €¢eO) + m202> \I}xl = - |:2[(p - eAm0)2 + m%CQ]Q

1

ch ch
Y iH::v - el
2 <( edeo) e +

Qe

(}Cz - 6¢60)> - e[Aml - (p—eAno)

+ (p - e1Am0) : Aml} + %[¢e1(j{m - 6¢e0) + (:H:t - e¢e0)¢e1]:| %) (18)

We only need to rewrite the differential equations (4.2-11) and (4.2-12) as
difference equations to obtain Eqgs.(17) and (18) expressed as difference equa-
tions:

U(y 4 Ay,t) — 2W(y,t) + U(y — Ay, 1)

(Ay)?
1 V(y,t+ At) —2U(y,t) + U(y, t — Al)
c? (At)?
€ U(y + Ay, t) = ¥U(y — Ay, t)
21 3 (AmOy 2Ay

1 U(y,t+ At) — U(y,t — At
+ %60 (y ) — Uy )>

2At

e? mo 2c?

- ﬁ <Am0y 2 ¢e0

>\Il(y>t) =0, U=V (19)

The difference equation representing Eq.(18) is written in a more compact
form corresponding to Eq.(4.2-12) by means of the definitions of Egs.(3.1-2)
and (3.1-4):
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h A  1(hA 2
|:<—~— — eAmOx]) iy (;Zt + eqbeo) + mgcz] WUy

A 2 A 2
= —{2<E~— — eAm()wj> [m%cQ + (7z~— — eAmOJ;j) :|
? A:L‘j ? AJIJ’

3/h A 2
2 2

e B
x[moc Z(iij ¢ 0]>]

1[/hA
+ C_2 [(;Zt + e(beO) (chlj + ch2j + chBj + ch4j + chSj)

v At

A A
—e€ Amlw- E..— — eAmow, + E.,— — eAmow. Amlw-
J 1 A.’EJ J 1 Al’] J J

~ [ (F 5 esa) + (35 oo Jou o @0

If we substitute Eqgs.(13) and (14) in the first line of Eq.(20) and write z; =y,
Aoy for Amy, ¢eo for ¢, and ¥y for ¥ = ¥, we obtain again Eq.(19). Hence,
both the general solution of W,y and the homogeneous solution of Wy; are
represented by the same partial difference equation with constant coefficients.
We need only a particular solution of the inhomogeneous equation with variable
coefficients represented by Eq.(20).

We make the transition from the non-normalized variables y, ¢t to the
variables normalized by At rather than 7 as in Eq.(4.2-13):

h A
+ (Lex1j + Lexaj + Loxsj + Lexaj + Lexsj) <—T + €¢e0)]

0 =t/At, ( =y/cAt (21)

This rewriting is most easily done by starting from Eq.(4.2-14), using Eqs.(3.1-
3), (3.1-4) and the modification

Ve
a¢

of Eq.(3.1-3). The following normalized partial difference equation is obtained:

5 SIVelC+1,6) ~ Val¢ ~ 1,0) (22)

—i/\l{[\IJ(C+1a 0)—\II(<_1, 9)]"'/\3[\1]((’ 0+1)_\I/(<7 0_1)]} _/\3\1/(47 0) =0
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€CAtAm0 ¢e0 T
M=—>-—2 3= N=—
! R Y W At
2 2.2 At)?
A2=)2(1- %0 mpc :( 204 _ o202 1 020242
2 1( CQAIQnOy +62A?nOy hg (mOc € ¢00+e c mOy)

A2 — A\ = (At/R?)*(mic* — e?p2y) > 0 for moc® > edeo
M2 = (At/h) 2 (mic* +e2 P A2,,), NINZ+AE -\ = (mocAt/h)?

mOy

)\f)\g — )\3 = —(At/h)Z(m%c4 — 262¢20 + eZCQAIQHOy) (23)

We look for a solution excited by a step function as boundary condition
as in Eqgs.(4.2-15) or (3.1-6):

U(0,0) =9,S5(0)=0 ford<0
=V, for >0 (24)

The boundary condition of Eq.(3.1-7) is not needed if N is finite. Any value of
¥(¢,0) must be finite, not only ¥(N, §). The initial condition of Eq.(3.1-8) is
needed:

‘IJ(C’ 0) =0 (25)

In order to obtain a second initial condition we proceed according to the text
following Eq.(3.1-8):

1. The three terms ¥ ({ +1,60), ¥(¢, ), ¥(¢ — 1,0) of the difference quotient
of second order with respect to ¢ in Eq.(23) must be zero for § = 0 due to
Eq.(25).

2. The difference quotient of second order with respect to 6 in Eq.(23) does
not exist for § = 0 since the functional value ¥({, —1) does not exist. A
difference quotient of second order exists only for 6 > 1.

3. The terms ¥(¢+1,0) and ¥(¢ — 1,0) of the first order difference quotient
with respect to ¢ in Eq.(23) are zero for § = 0 due to Eq.(25).

4. The last term ¥(¢,0) in Eq.(23) is also zero for § = 0 because of Eq.(25).

5. What remains of Eq.(23) for 8§ = 0 is the first order difference quotient
with respect to 6:

S +1) — (¢, ~1)] = 0

This difference quotient does not exist either but it can be replaced by the
non-symmetric difference quotient

U(C,0+1)—T(C,0)=0 for0=0, (>0 (26)
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The two non-symmetric difference quotients of first order have been discussed
in the text following Eq.(3.1-9).

We use again the ansatz of Eq.(3.1-10) to find a general solution from a
steady state solution F'(¢) plus a deviation w(¢,6) from F(():

V(C,0) = Wo[F(C) + w(C,0)] (27)

Substitution of F(¢) into Eq.(23) yields an ordinary difference equation with
the variable (:

[F(C+1) = 2F(Q) + F(C = 1] —iM[F(¢C+1) = F(( = 1] = X F(¢) =0 (28)
Following Eq.(3.1-12) we use again the ansatz

F(() =ApS, F(C+1)= A0, F(¢C—1) = At !t (29)

and obtain an equations for v:

(1—id)v> = (2+A)v+14+iX =0

_ 1+i\ 2 2 2 411/2
V12 = 0+ X2 {2 + A5 £[4(A3 = AT) + A) }
= (1+i)) {u[()\g —)\%)1/2}, A2, A< 1 (30)

We get two complex solutions:
v =1— (2= 2)V2 44x [1 2 A%)W]

(
[
(
o2

= exp - 1/2} (31)

1+ (A2 A2)1/2+m[ (Agfxf)l/ﬂ

= exp )\2 1/2} (32)

Following Eqs.(4.2-22) and (4.2-23) we choose again the values of Eq.
(4.2-23) and obtain:

F(¢) = Ayov; + Asovs
F(O):A10+A11:1, )\ng%>0

F(() = exp [~(3f — X}) /2| ¢ (33)
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The substitution of F({) into Eq.(27) transforms the boundary condition
of Eq.(24) for ¥ into a homogeneous boundary condition for w, which is the
purpose of Eq.(27):

Wo[l +w(0,0)] = ¥y for 6 >0
w(0,0) =0 for 6 >0 (34)

The initial conditions of Eqgs.(25) and (26) yield:

w(¢,0+1) —w(¢,0) =0 for 6 =0 (36)

Substitution of w(({,0) into Eq.(23) yields the same equation with ¥ re-
placed by w:

_ZAl{[w(€+1’ 9)—111((—1, 9)]+)‘3 [w(C’ 9+1>—’LU(C, 0_1)}}_)‘3’&)(@ 0) =0 (37)

Particular solutions wy (¢, @) of this equation can be obtained by the exten-
sion of Bernoulli’s product method for the separation of variables from partial
differential equations to partial difference equations:

w, (¢, 0) = p(C)(6) (38)
Substitution of w,(¢,0) for w(¢, ) in Eq.(37) yields:

[¢(C +1)9(0) = 26(C)p(0) + ¢(¢ — 1)3(0)]
— [¢(Q)9(0 + 1) = 26(C)(0) + () (6 — 1)]

= i {[0(C + D(8) — 9 — (6] + Aalo(Qw(0 + 1) — H(Q)w(0 — 1)}
~ Xo(O)p(0) =0 (39)

Multiplication with 1/¢(¢)1(0) and separation of the variables yields in analogy
to the procedure used for partial differential equations the following equation:

S [0¢+1) =200+ 6(¢ = 1] = i [o(¢ + 1) ~ 9(¢ - 1)
N ﬁ{[ww 1) = 20(60) + ¥(0 — D] + i As(0 + 1) — (0 — D]} + 3

= —(2mp/N)*  (40)
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We have written a constant —(27p,/N)? at the end of the equation since a
function of ¢ can be equal to a function of 6 for any ¢ and 6 only if they are
equal to a constant. The division by N will permit the use of an orthogonality
interval of length N rather than 1 later on, in analogy to the use of N, in
Eq.(4.2-29). We obtain two ordinary difference equations from Eq.(40):

[¢(C+1) =26(C) + (¢ — )] —iM[¢(C +1) — (¢ — 1)]
+(2mp /N)?$(¢) =0 (41)

[1h(0 +1) = 2¢(0) + (0 — 1)] + id As[po(0 + 1) — ¥ (0 — 1)]
+[(2mpe/N)? + A3J0(0) =0 (42)
For the solution of Eq.(41) we proceed in analogy to the ansatz for F(¢)
in Eq.(29)

B(C) = Av°, $(¢C+1) = Apv* T, $(¢ — 1) = A} (43)

and obtain an equation for v:

(1 —ix)v? — [2 — 27pe/N) v +1+iX =0

s — 144X\ 9 _ 2P 2
YT R(1+ 2 N

2T Py 1/ 2mpy 2 A2 1/2
+2 1—--= 44
e -105) ~mar) @

This equation equals Eq.(3.1-27) for A; = 0. We obtain the following solutions
of Eq.(44) in first order of A¢. As in Eqgs.(3.1-28) and (3.1-29) only the range
(27mp,/N)? < 4 is of interest. The term containing A? is of order O(At)? and
thus of no consequence:

2 ax

for (27p./N) <4+W

v %(2%»1)2 A27rpﬁ(1 (27rpZ/N)2>”2
“[2755% 27rpn/N2)1/2 ( 2pr/N> )}MW (45)

e e e
() - o
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With the help of Eqgs.(44), (45) and (46), which ignore only terms of order
O(At)?, we may write v§ and v as follows:

4X3
(27 /N)?

2 211/2
_ . 1/ 2mp, 2Pk 1/ 2mp,
i (Y iz L ()Y

17210, V1% /270N 1/ 27mp,. V1) ¢2
¢ _ ¢ _2 Pr Pr _Z Pr i
= [ ()] + () () )

= (140A) {1172 £900C = (1 40X ()ei¥rC = eilentAi)e

for (2mp,./N)? < 4+

= cos(pr + A1)¢ + isin(p, + A1) (48)
0§ = (14 iAp)Se i#nC = gmilen—A)C
= cos(px — M)¢ — isin(px — A)¢ (49)
_ (ZWPH/N)[l - (27T,05/N)2/4]1/2 B ecAmOyAt
Yy = arctg 1= 2rpn/N)Z/2 , A= . (50)

We write ¢(¢) in complex form as the sum of Egs.(48) and (49), with ¢,

and A; defined by Eq.(50):
¢(C) = A30’U§ + Aglvg = flz),()ei((‘D"‘-i_kl)C + 14316_1-(90"_)\1)C (51)
The boundary condition w(0,60) = 0 in Eq.(34) requires in Eq.(51) the relation

A31 = 7A30
$(¢) = Aso (e“%“ﬂ@‘ - e*i%**lﬁ) = 2iA30e™ sing ¢ (52)

Equation (3.1-39) contains only ¢, but not ;. Equations (4.2-32) and
(52) become equal if N, is replaced by N as will be seen presently.

Since Eqs.(51) and (52) will be used for a Fourier series we must choose
©r = ©x(px) so that we get an orthogonal system of sine and cosine functions
in an interval 0 < { < N = T/At with a maximum of N periods. One must
choose ,; as follows:

N
fr =0, £1-2m, £2-2m, ..., Eo 21

0o =2mk/N, k=0, 1, 2, ..., £N/2
0<(¢<N=T/At (53)
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There are N + 1 values of ¢,; which yield N orthogonal sine functions and
N orthogonal cosine functions. For k = 0 one gets sin ¢, = 0 and cos ¢,.( = 1,
which is the constant in a Fourier series. The function ¢(¢) = constant is a
solution of Eq.(41) for ¢, = 2mp,./N = 0.

In order to obtain the eigenvalues (27 p, /N )? associated with the angles ¢,
we must solve Eq.(50) for (27p,/N)2. This was already done for Eq.(3.1-35).
The results of Egs.(3.1-41) to (3.1-44) as well as Figs.3.1-1 and 3.1-2 apply
again. We only copy Eq.(3.1-44) in a modified form:

N . p. . N
k = —SIN—/— = —Px
p T ° 2 27T<p
pr =21k/N, k=0, £1, £2, ..., £N/2 (54)

5.2 TIME DEPENDENT SOLUTION OF ¥((,0)

We turn to the time dependent difference equation of (#) shown by
Eq.(5.1-42) and the value of (2mp,/N)? defined by Eq.(5.1-54):

PO+ 1) = 29(0) + (0 — 1) + iMAs[p(0 + 1) — ¢ (0 — 1)]

27K N

K= Txr =0, £1, £2, , =

%) N k=0 5

2

2 K K N K

() < = Y »
Substitution of

v(0) = o* 2

into Eq.(1) yields the following equation for v that equals Eq.(3.2-2) for i\ A5 =
p1/2 and A3 = pi:

(1+iMA3)v? — [2 — (27p /N)? = X2Jo+1 —iMA3 =0 (3)

It has the solutions:

1—iXAs 1]/ 2mp:\° o,

=2 1-= A

Us.6 1+A§A§( QKN A2
2
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We do not make the simplifications that led from Eq.(3.2-3) to (3.2-4). The
square root is imaginary if the condition

4[(2mp /N)? + A2] + 4AN2X2 > [(27mpw /N)2 + A2J? (5)

is satisfied. If the sign > is replaced by = we may work out the following
quadratic equation

2mwp 2 2 2mwp 2
[(—N”> +>\§] —4[( N”) +A§]—4A§>\2:0 (6)

with the solutions

(27p/N)? =2 = A2 £2(1+ XA)Y2 =2 - A2+ (2 +A20D)
=4 - A3+ MN; for +
= X2 \2A2 for — (7)

Hence, the square root in Eq.(4) is imaginary if the following two conditions,
derived with the help of Eq.(5.1-23), are satisfied
4— 23+ 2NN2 > (27p, /N)? = 4sin®(p,./2)
At\?
4 — (—) (mc* — 2e¢?, + eQCQAany) > (27p,. /N)?

h
2 )\2_)\2)\2 1/2
Pr = %ﬁ < 2arcsin (1 = A)

4
2 y23y2\ 1/2
K< Ko = N arcsin (1 - M) (8)
7r 4
_A% - /\%)‘g < (QWPH/N)2 = 4Sin2(90n/2)
At 2.4 .22 2
-7 (mgc™ + e“c*Amoy) < (2mp/N) (9)

The condition of Eq.(9) is always satisfied since the range of interest of
(2mp./N)? = 4sin?(p,/2) is defined by
~N/2< k< N/2, —1<g./m<+1, 0<d4sin’(pe/2)<4  (10)

but the condition of Eq.(8) may or may not be satisfied. We must investigate
both the real and the imaginary root of vs g. Consider the imaginary root first.
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1= iMAs 11/ 2mp:\2 ] [/21p\2 ]2
V5,6 1+ )\%)\:23 ( D) |:< N + 2 1 N + 2

1{ [/ 2mpy 2 9 A2)\2 1/2
1— - A —_— 11
{ 4K iy ) * 2}+(2ﬂpn/N)2+A% 1

Using the relation

17 2mp:\* 0] 21px \° | 1o
{1_2[(N) +A2}}+ 0}
1 27 Py 2 2 /\%/\:23 242
1-= A N | 12
{ 4[( N ) “2]+<2m/zv>2+A% T (12)

we may write

1— i\

U6 = T oD TR (14 M2AD)et P = (1 —iA A3)eT s = emMraeFiBe (13)

[(2mpy /N)*H N3] 2 {1 — [(27pic [N )*+ A3) / 4+ AEAZ/[(2mpw [N )+ N3]}/

tg B = 1—[(2mpx/N)? + A3]/2

(14)

This equation should be compared with Eq.(3.2-13). We recognize that (3,
follows from Eq.(3.2-13) by the substitutions

(2mpe/N)? = (2mpe /[N)? + A3, p3 — pi/4 — AIAS (15)
The range of interest of 27p,;/N is defined by Eq.(10).
Equation (14) for (3, can be simplified by substituting it into the following
identity
1
cos? 3,

and solving for 1/ cos? B.. Substituting 27p,. /N from Eq.(1) and calculating
for a while one obtains:

1 +tg2 Br = (16)

Be

s

1-A2/2— zsinﬂ’(%/z)]?)l/?

1 [
= ; arcsin (1 — I )\%)\g

(17)

For small values of A? and A3 we get again Eq.(3.2-21) written here in a modified
form and with 3, replacing @.g:



5.2 TIME DEPENDENT SOLUTION OF ¥((,6) 193

T 0.4
S
< 0.2
Ral
-1 -0.5 0.5 1
r-0.2 or/m —
—0.4[

FIGURE 5.2-1. Plot of B, /7 according to Eq.(18).

971/2
& = l arcsin [1 — (1 — 2sin? gﬁ> ] (18)
s T ™

Equation (18) is plotted in Fig.5.2-1. In this approximation the plot is equal
to the plot shown with solid line in Fig.3.2-1.

The plot of Fig.5.2-1 assumes that A3/2 can be ignored compared with
2sin(p,/2). Hence, the plot needs to be analyzed in more detail in the neigh-
borhood of ¢,,/m =0, 1, —1. Consider ¢, /m close to zero first. From Eq.(17)
we get:

 12/9)2\ 2
& = l arcsin | 1 — —(1 A3/2)
T o7 1+ A2\2

=0.0225 for A3 = 0.005, M\2 = (19)
A plot of B,/ for A3 = 0.005, A2)\3 = 0 is shown for the interval —0.04 <
¢vr < 0.04 according to Eq.(17) in Fig.5.2-2. This plot should be compared

with the one of Fig.3.2-2. The important feature of Fig.5.2-2 is that (. /7 does
not become zero for ¢, /m = 0 but assumes a value defined by Eq.(19):

(1-3)?
1+ A2A3
For the neighborhood of ¢, /m =1 we obtain from Eq.(8)

Be

™

1/2 1 / Ao
=—(A+AN)P== (20
- ) ﬂ_( 5+ A1A3) - (20)

1

> — arcsin (1 —
K . 1

2sin ‘% < (A= A2 A2N2)Y2 29 [1 - Afxg)}

. 1

% < arcsin 2 [1 - g()\g - )\%/\Z‘;)}

P 2 resin? |1 - 1(A2 —AA3)| =0.9775

T T 8 2 173

for A3 =0.005, \2A\3 =0  (21)
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10.04/

-0.04 -0.02 0.02 0.04

PrlT —

FIGURE 5.2-2. Plot of 8. /7 according to Eq.(17) in the neighborhood of ¢, /7 = 0 for
A2 =0.005, A2X2 = 0.

0.08
-0.02
0.06
-0.04
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-0.08
0
-1 -0.98 -0.96 -0.94 -0.92 0.92 0.94 0.96 0.98 1
Pr/m — Pr/m —
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FIGURE 5.2-3. Plots of 8./ according to Eq.(17) in the neighborhood of ¢, /m = —1 (a)
and ¢, /m = —+1 (b) for A3 = 0.005, A3)3 = 0.

Plots of Eq.(17) for ¢, /7 close to £1 are shown in Figs.5.2-3a and b. They
should be compared with those of Fig.3.2-3.

The function v¢ 4 according to Eq.(13) may be written as follows if the
conditions of Egs.(8) and (9) are satisfied:

vl = e i +Bi)0 (22)
vg = ¢ (M1As =)0 (23)

The solution of Eq.(1) becomes:

P(0) = Agovl + Asivl = Agoe " PaRatB)0 1 4, e Mra=Bi)0 (24)

The particular solution w,, (¢, #) of Eq.(5.1-38) assumes the following form with
the help of Egs.(5.1-52), (22) and (23):
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we(C,0)= {Al exp|— (A1 Ag + B8]+ As exp[—i( M A3 — ﬂ,i)@]}ei)‘lq sin (. (25)

The usual way to generalize Eq.(25) is to make A; and Ay functions of
k and integrate over all values of k. As before we deviate and follow the text
between Eqs.(2.1-78) and (2.1-79) in Section 2.1. Our finite time and space
intervals are chosen to be 0 < ¢t < T and 0 < y < T, where T is arbitrarily
large but finite. The variables § and { cover the intervals

0<0=t/At<T/At, 0<(=y/cAt <T/At, T/At=N>>1  (26)

Instead of the Fourier sum of Eq.(4.2-37) we obtain for N, — N and the
definition of k¢ in Eq.(8) the following sum from Eq.(25), where x > —kg
means the smallest integer larger than —ky and x < kg the largest integer
smaller than xg:

<Ko

w((,0) = Y { A1) exp[=i(has + B.)0] + As (k) expl-i(A)s — 5:)0] |

K>—Ko

x eMCsing. ¢ (27)

We note that the summation is symmetric over negative and positive values of
k just like in Eq.(3.2-60). The differential theory always yielded non-symmetric
sums over positive values of k, e.g., in Egs.(2.1-81) and (4.2-37).

For the initial condition of Eq.(5.1-35) we obtain from Eq.(27) the following
relation for § = 0:

<Ko

w(C,0) = > [A1(k) + Az (k)] sin . = —F(C) (28)

K>—K0o

The second initial condition of Eq.(5.1-36) yields with 6 = 0:

<Ko

W€ = w€.0) = 3 i) (e 1)

K>—Ko
+ Az (k) (eii()‘l)‘rﬁ") - 1) ]e”‘lg sinp,( =0 (29)
We use again the Fourier series of Eq.(3.2-40) to obtain A; (k) and As(k) from

Eqgs.(28) and (29). The factor e**1¢ in Egs.(28) and (29) can be taken in front
of the summation sign and cancelled:
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0.1

-0.05
-0.1

-0.4 -0.2 0 0.2 0.4
Kk/N —

FIGURE 5.2-4. Plot of IT(x/N) according to Eq.(32) for N =100, A? = 0 and A2 = 0.005 in
the interval —0.5 < /N < 0.5.

N

A9+ Asl) =~ % [ FOe ™ BEac = (30)
0

Al(li) (efi(Al)\erﬁn) _ 1) + A2(H) <efi(>\1)\37ﬁm) _ 1) =0 (31)

Equation (5.1-33) defines the function F'({). We obtain for the integral I
the following expression:

N N
Tr(s/N)= %/F(C)eiim sin %dg: %/exp[—(/\g—ﬁ)md sin %dg
0 0

_ 2 (2me/N){1 = expl=(3 — X)/2N]} .
N A2 — A2 4 (27k/N)?

A plot of It(k/N) for N = 100, A2 = 0 and A% = 0.005 is shown in Fig.5.2-
4 in the interval —0.5 < k/N < 0.5. The same plot is shown expanded in the
interval —0.05 < k/N < 0.05 in Fig.5.2-5.

From Egs.(30) and (31) one obtains the two complex variables A; (k) and

As(kK):

; oiBr _ iMAs
Ai(k) = §IT(H/N)W

)sin,@,{ —sin A\; Az — i(cos B, — cos A1 A3)

sin G

_ —%IT(/f/N (33)
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-0.04 -0.02 0 0.02 0.04
kN —

FIGURE 5.2-5. Plot of IT(x/N) according to Eq.(32) for N =100, A? = 0 and A2 = 0.005 in
the interval —0.05 < /N < 0.05.

,L‘ 671‘5,@ _ ei>\1)\3
As(r) = 5 n s/ N) —5—

sin By + sin A\; Az + é(cos B, — cos A1 A3)

sin B,

= 5 Tx(s/N) (34)

Substitution into Eq.(27) yields after summing the real and the imaginary
parts:

for 0 < 4sin®(p,/2) < 4 — A2+ A2\2

1 & Ix(s/N)
U)(C, 0) - _5 H;Q Sin/@,@

X {[Sin By + cos B, — (sin A; Az + cos A1 A3
+[sin B — cos B — (
+[sin B, — cos B + (sin Ay Az + cos A1 A3
+[sin B,; + cos By + (

Jsin[Ar¢ — (A1 As + Bx)0]
sin A\; A3 — cos A1 A3)] cos[A1¢ — (A1 A3 + Bk )6
Isin[A1¢ — (A1 A3 — Bx)0)
s~ w3 = 1)

2mK¢
N

e e e

sin A1 A3 — cos A1 A3

X sin

(35)

We observe that the term 1/sin 8, does not become infinite at ¢, /7 =0
according to Fig.5.2-2. The situation is more critical close to £, /m = @, /7.
For Kk = +K¢ we would get sin 3, = 0 but k is an integer either larger than
—ko or smaller than +kg. If Ky happens to be an integer the square root in
Eq.(4) would become zero for || = ko. Hence, the largest value of |«| yielding
an imaginary root would be |k| = ko — 1. Since all terms of the sum w((,9)
are finite and there is a finite number of close to 2x¢ + 1 terms the whole
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-0.94
-0.95
-0.96
-0.97
-0.98
-0.99

0.98 0.985 0.99 0.995 1
Pr/m—
FIGURE 5.2-6. The function V7(¢x) of Eq.(37) for A2 = 0 and A2 = 0.005 in the interval
(2/m) arcsin(l — A2 + A2A2)V/2 < g, /m < 1.

sum w(¢, #) must be finite for any value of ¢ and #. Note that the concept of
convergence does not enter due to the finite value of N.

We turn to the case 4sin?(p,/2) > 4—A3+A3\2 of Eq.(8). A new solution
is required to close the gaps

—N/2 < k < —Ko, ko < k < N/2
N o A

Ko = — arcsin (1 — %) (36)
T

in Fig.5.2-3. We write v7 g in Eq.(4) if the square root is real and obtain the
following two solutions:

vy = Vi(pw)(1 — i A3) = V7(g0,i)e*i>‘1>‘3, )\%)\g <1

Vi(pe) =1— %K%)z + A%]

1 2\ 2 2 2\ 2 1/2
+§{[<—N ) +)\§] _4[< )] - g

(2mp/N)? = 45in* (i /2) (37)

1 2 2 2 2 2 1/2
5{[( N*‘) +A§} 4[( N“) +>\§}4>\§>\§} (38)
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FIGURE 5.2-7. The function Vz(¢x) of Eq.(38) for A2 = 0 and AZ = 0.005 in the interval
(2/m) arcsin(l — A2 + A2A2)V/2 < g, /m < 1.

Plots of V() and Vg(p,) are shown in Figs.5.2-6 and 5.2-7 for A\? = 0
and A% = 0.005. The negative values of both V7(y,) and Vs(p,) suggest to use
the notation

V(o) = [Val)le’™,  vr = |Va(pp)[e!mA120) (39)
Va(r) = [Valn)le™,  vs = |Va(pn)[e'mA120) (40)

Hence, U? represents a damped oscillation and vg an amplified oscillation:
Gei(ﬁ7>\1>\3)9 (41)
Gei(ﬁ7>\1>\3)9 (42)

0D N

= [V (k)]
= [Va(px)l

The solution of Eq.(2) for the interval kg < k < N/2 becomes

v Pk
v Pk

Y(0) = Ar|Va ()|t T A123)0 1 Ag | Vi (k)]0 ef(T— A1 20
Vi(k) = Valew), Vs(k) = Va(o) (43)

and the particular solution w, (¢, ) of Eq.(5.1-38) assumes the following form
with the help of Eqgs.(5.1-52), (37) and (38):

wi((,60) = [Ar|Va(w)|” + As|Va(w) "]/ " 220 sin(2mm¢ /N) - (44)

The generalization by means of a Fourier series yields:
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<]\£/3° , , 2k
w(¢,0)= Y [Ar(r)[Vr(r)|"+ As (k)| Vs(r)|"]e! " A2 sin === (45)
k=—N/2
>Ko
The first initial condition of Eq.(5.1-35) demands
N/2
<Ko A s 27_”{(
w(¢,0) =D [Ar(k) + As(k)]e™ ¢ sin —= = —F(() (46)
k=—N/2
>Ko
and the second initial condition of Eq.(5.1-36) demands:
N/2
<—Ko )
W) —w(¢,0) = Y {[Ar(w)|Va(r)] + As(r) [Va(w) e
k=—N/2
>Ko
— [A7(k) + Ag(:‘i)]}e gin——= =0 (47)

Multiplication with sin(27x(/N) and integration over ¢ from 0 to N brings
Eqgs.(46) and (47) into the following form:

N

Ax() + As(r) =~ [ FQe ™ Csin e = ~Iae/N) (19)

0
A7(R)[[Va (k)] "N — 1] 4 Ag(w)[|[Va () e T2 — 1] =
Ar(9)[Va(r)e™ ™12 — 1] + Ag(k)[Va(k)e™ ™ — 1] = 0
(49)

One obtains for A7(k) and Ag(x) if A1 A3 is small compared with 1:

Aa(r) =+ () vy o TrNWRG) 0] g

 Va(k) — Vs(k) Vz(k) — Va(k
As(x) = _V7(I’;f)("3/]‘2(ﬂ) (Vi) — el = _IT(;/(JZ)) W7‘Z(>H_ - (51)

Substitution of A7(k) and Ag(x) into Eq.(45) yields a function with a largest
term of magnitude Ag(x)|Vz(x)|Y for # = N. This is of no concern since Eq.(36)
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shows that small values of A2 —A?)2 produce kg = N/2 or N/2—1 < kg < N/2.
Small values of A3 — A2A% can be achieved by choosing At sufficiently small
according to Eq.(5.1-23). Hence, only one arbitrarily large term |Vg(x)|™ can
occur in the sum of Eq.(45). We have discussed with the help of Fig.3.2-7 that
the sum from —N/2 to N/2 only adds the areas from —N/2 + 1 to N/2 — 1.
Hencxe, Eq.(45) is never needed and we may change the summation limits in
Eq.(27) to kK = —=N/2+ 1 and kK = N/2 — 1. The value £ = 0 is excluded.

5.3 EXPONENTIAL RAMP FUNCTION AS BOUNDARY CONDITION

In Section 5.2 we used the step function excitation of Eq.(5.1-24). A less
sudden excitation is desirable when dealing with a particle of finite mass my.
We use again the exponential ramp function excitation of Eq.(4.3-1):

T(0,0) =T;S@)(1—e?)=0 for <0
=V (1-e*) ford>0 (1)

The initial conditions of Eqs.(5.1-25) and (5.1-26) are used again:

¥(¢,0)=0 (2)
U(C,0+1)—T(C,0) =0 for§=0, (>0 (3)

Equation (5.1-27) is modified according to Eq.(4.3-5) and the following
ansatz is used:

T(C,0) = Ta[(1 —e ") F(¢) +ul(,0)] (4)

Substitution of ¥ (1 — e~*?)F(¢) into Eq.(5.1-23) produces the following rela-
tions:

(¢, 0) = (1—e)F(Q), T((¢,0+1) = (1—eFD)F(()
V(C+1L,0)=(1-e"")F(+1)
(1—e ) [F(C+1) = 2F(Q) + F(C ~ D] +e (™ — 2+ )F(()
—in{( = e NP+ 1) = FC- D] = Ase (e = e)F(Q)
(11— )F(Q) =0 (5)

A sufficiently general solution is obtained if we let the terms multiplied
with 1 — e~*? and e~*? vanish separately:
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F(C+1) =2F(Q) + F(( — 1) —iM[F(C+1) = F(( - 1)] = AMF() =0 (6)
et —2+4e +idAz(eT =€) =0 (7)
Equation (6) equals Eq.(5.1-28). We get again F({) according to Eq.(5.1-33):
F(¢) = exp[—(A3 — AD)/2(Jee (8)
Equation (7) yields a quadratic equation for e*
(1 —idAz)e® — 2" +1+id\A3 =0 (9)
with the solution

. (1 + i)\l)\3>(1 + i)\1)\3) . .
et = g )\%)\g =1+ ’L()\l)\g, + )\1)\3) (10)

As in the case of Eq.(4.3-8) we obtain a trivial solution e = 1, : = 0 and a
non-trivial solution

e' =14 2iA1 A3, ©=2iA)3 (11)

Equation (4) must satisfy the boundary condition of Eq.(1). Since Eq.(8)
yields F(0) = 1 we get

Tl —e 4+ u(0,0)) =¥, (1—e*9), >0
u(0,0) =0 (12)

The boundary condition for «(0,6) is once more homogeneous. The initial
conditions of Egs.(2) and (3) yield with F'(0) = 1:

¥(¢,0) = ¥1u(,0) =0, ¢=0 (13)

T[(1 - e)F(C) +u(, 1)) — Tru(C,0) = 0
’U,(C, 1) - u((a 0) = _(1 - e_L)F(C)v C >0 (14)

The calculation of u(¢, ) proceeds like the one of w((,8) in Sections 5.1
and 5.2 from Eq.(5.1-37) on until Eq.(5.2-27) is reached. We replace w((, ) by
u(¢, 8) in this equation:
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<Ko

w((,0) = Y {Ai(8)exp[—i(h s + B,)6] + Aa(x) expl-i(Aids — 5,)0] |

K>—KQ

x eMCsing,. ¢ (15)

With the help of Egs.(5.2-28) and (5.2-29) we obtain for the initial conditions
of Egs.(13) and (14) the following relations:

u(¢,0) = §f [A1 (k) + As (k)] sinp, ¢ =0 (16)
u(¢,1) —u(¢,0) = § [A1(I<é) (67i(A1A3+ﬁ“)—1)+A2(H) (e*i(/\MS*ﬂN)_l)}

x eMCsinp, ¢ = —(1 — e 2N F(0) = —2iM A3 F(¢)  (17)
Once more we use the Fourier series of Eq.(3.2-40) to obtain A; (k) and Ay (k)
from Eqs.(16) and (17). The factor e**1¢ can be taken in front of the summation

sign. With ¢, = 27k/N we get:

Al(ﬂ) + AQ(H) =0 (18)

Al(/i) (e—i()\1A3+ﬁn) _ 1) + Az(li) (6—i(>\1)\3—5N) _ 1)

N
_ _dind / F(C)e=™C sin 28 4¢ — _9inAsIn(k/N)  (19)
N N
0

The function It = It(k/N) is defined by Eq.(5.2-32). One obtains for
Ay (k) and As(k):

_ _ AAsIr(6/N) i,
Al(li) = AQ(K/) = W@ (20)
Substitution of A;(x) and As(k) into Eq.(15) yields:
<Ko .
— 9 iA1As id1(C—A30) sin 8.0 . 2wk(
u(¢,0) 2iA1\se e >Z It(k/N) S, sin (21)
K>—KgQ

Substitution of F'(¢) of Eq.(8) into Eq.(4) brings Eq.(4) into the following
form:
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for 0 < 4sin®(p./2) <4 — X2+ X2\2
V(G 0) = Wi [(1 = e MO F(Q) +u((,0)]
0y [(1 - e [ (3 - X2l

X sin 8.0 . 2mk(
— 2id Ageir1As it (C—As0) (k/N E_ sin
' K>Z:K/O / ) nﬁ;{ N
N 23— A3\ 2
Ko = — arcsin (1 - %) (22)

To see how ¥((,0) rises at § = 0 we use the following approximations:

e~ 2NNl = 1 94X \g0), M (CAs0) = PN X \30), sin 5.0 = 5.0 (23)

and obtain in first order of 6:

T(C,0) = 2iA \30T ( exp[— (A2 — A2)1/2¢)etMac

<Ko
It(k/N)Bx g 27TI€C>
_ 7,)\1)\3 ’L)\lc T (24)
H>ZHO sin G N

Hence, the real as well as the imaginary part of ¥((, 0) rise proportionate to 6
from 6 = 0.

For the gaps —N/2 < k < —kg and kg < k < N/2 we need again the real
solutions V7(¢x) and Vg(¢x) of Egs.(5.2-37) and (5.2-38). Equation (5.2-41)
for w((,0) is obtained but w((, #) is replaced by u(¢, ). The initial conditions
of Eqs.(5.2-46) and (5.2-47) must be modified according to Eqgs.(16) and (17):

NJ2
u(C0) = Y [A7(k)+ As(r)]e™ ¢ sin

=—N/2
>Ko

EULI (25)

N/2
u(¢,1) = u(¢,0) = Z {A7(5)[[V2 (k)| — 1] + As(x)[|[Va(x)| — 1]}
—N/2

. 2 .
x eMCgin —= = —(1 — e 2MA)F(¢)  (26)
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In analogy to Egs.(5.2-48) and (5.2-49) we get:

Ar(k) + Ag(r) = 0 (27)

A7(r)[[Va (k)| = 1] + As(r)[|Vs(k)| - 1] = —%(1 S

X /F(C)e‘i’\lgsin %d( = —(1 — e 222 [ (k/N) (28)

0

If we use A1 from Eq.(5.1-23) we get A7(k) = —Ag(k) = O(At), which is much
smaller than A7(x) and Ag(k) of Egs.(5.2-50) and (5.2-51). The comments
following Eq.(5.2-51) apply again. Hence, we may replace the summation limits
in Egs.(15), (21), (22) and (24) by Kk = —N/2+ 1, k = N/2 — 1 and ignore
V7(I"v'), Vg(lﬁl).

5.4 HAMILTON FUNCTION FOR DIFFERENCE EQUATION

Our goal is to derive the Hamilton function for Eq.(5.3-22) and quantize it
in analogy to what was done in Section 4.3 with Eq.(4.3-22) of the differential
theory. Equations (4.4-1) and (4.4-2) continue to apply. But in Eq.(4.4-3) we
replace 7 by At:

t—=t/At=0, y— y/cAt =(, x = x/cAt, z = z/cAt
N, - N=T/At (1)

Equation (4.4-4) becomes:

L/2cAt  L/2cAt

N
- OV OU OV OV mich(An?
U= cht / / [/( R A ‘I’)dc]
0

z
x d (cAt) d (@)
I2 [ (000U 0T 0T  mic(Ab)?
cAt/( 50 90 " ¢ oC E ‘I’>d< 2)

—L/2cAt —L/2cAt

Equation (4.4-5) is replaced by an equation derived from Eq.(5.3-22):
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VU = T[(1 = 2NN FH(O) +u (G 0))[(1 — e F(C) + u(S, 0)]

1
= 4?2 5 (1= cos 221 As0) exp[—2(A2 — A3)1/2(]

— 2X1 A3 €08 A Az sin Ap Azf exp[— (A2 — A2)1/2(]

<Ko

It(k/N) 2
X H} 3 TSngN sin (3,0 sin 7;\’;4
+ A2)2 <;0 Ir(x/N) sin 3,.0 si 2mrg ] (3)
———gin in
173 P sin G, " N

This equation should be compared with Eq.(4.4-5).

Differentiation of ¥((, ) of the first line of Eq.(5.3-22) with respect to 6
or ¢ produces with the help of Egs.(5.3-8) and (5.3-21) the following results

ov . o ; ou
a0 =‘P1(2w3e PN NG exp[— (A — X)V/2] + 89>
ou —i —1) i
% — 72)\1)\36 )\1)\3(0 1)6 )\1C

<Ko

2
) (At A sin B + i3, cos B.0) sin 2728
P sin ﬁ,i N

(4)

aa_? -, ((1 — e PO (0F - AD)Y2 i)

ou
X exp|[— (A2 — A2)/2¢]eMC 4 8()
Ou —ixAs(0—1) LiAiC X It (k/N) .

o 2X1\ze e g Sin g, sin 3,0

K>—KQ

. 2Tk 2miK 2Tk
X ()\1 sin NC — - cos NC> (5)
The first term in Eq.(2) becomes:

ov* OV , ; L du*
TR @§<2M1A362 MXsl =M oxpl (A3 — AD)Y2(] + = )

» <2i/\1)\36—2i>\1>\396m1< exp[—()\ )\2)1/24} Z;)
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AN [exp[—zua BPONER

X Ir(k/N)

—2exp[—(A3-AD)Y2() > [A1 s sin A As(0+1) sin 3,0

P sin B,
2
+ B cos Ay A3(6 + 1) cos (3,.0] sin ULS
<Ko 2
It(k/N)A\As . . 27K
+< Z %smﬁ,ﬁsm NC>

KR>—K0

<Ko 2
—I—( Z %Cosﬂkﬂﬂn%) } (6)

K>—KQ

For the second term in Eq.(2) we get:

o OU i Cin :
A 3 ((1 — 20y eI MC (A3 — AD)2 — i

xam4£—ﬁwm+%§)

x <(1 — e M AN (A — AD)V/2 4 i

mm[%ﬁWM+%)<n

The evaluation of this equation is a challenge. In the end one obtains the
following result:

%g—\f = \I/%{Q)\%(l — 08 22 A30) exp[—2(A\2 — A2)1/2(]

<Ko
. It (k/N
— 8\1 A sin A Agf exp[— (A3 — AD)V/2¢] Y Tsfn—,/@)

K>—KQ
2mK¢ 21k( N3 — A2)1/2 cos 27k(
N N N

sin G0

X [cos A3 ()\% sin

+sin A\ A3 (Al()\§ — A3/ 25in

<Ko 2
MIt(k/N) . . 27kC
242 T
+4)\1)\3[< E sin 3,.0 sin ~

2mkC n 2TKA1 2mkC
N NS

P sin B,
<Ko okl N 2 2
+ ( Z %Z/ﬁ) sin 3,6 cos %ﬁC) } } (8)

K>—Ko
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Equations (6), (8) and (3) have to be substituted into Eq.(2). The integra-
tion with respect to ( is straightforward but lengthy. The reader will find the
calculations in Section 6.8. The energy U of Eq.(2) is separated into a constant
part U, and a time variable part U, (6) that depends on sinusoidal functions of
0 and has the time-average zero:

U =U.+Uy(9) (9)
We copy for U, the three components of Eqgs.(6.8-10), (6.8-14) and (6.8-6):

N/2-1
Uc = Uc2 + UCS + Ucl = Z UCI{(H)
k=—N/2+1
L 5o s (In(k/N) ’ 2 \212 2, [ 27K ° m3ct(At)?
= VIV Z ~Snd BN+ =

KR>—Ko
A1, Ao, A3 Bq.(5.1-23), Ip(k/N) Eq.(5.2-32), B. Eq.(5.2-17) (10)

For the derivation of the Hamilton function H{ we need only the constant
energy U, since the average of the variable energy U, () is zero. We normalize
U in Eq.(10):

cAtU, cT'AtU, cTU, H

I202N ~ IL2WTN  L2WN? N2 (11)
cTU. =X =
1 K>—KQ K>—Ko

Ip(k/N) [ oo 24,2 2 ALAN mgct(At)® e
= N———= — —_— 12
d(k) = A1A sin G, B+ AIA3 + AT + N ) " 52 (12)

The component H,; of the sum is rewritten as in Eq.(3.5-46):
H,. = (2#/{)2M(sin 27k6 — i cos 2mk0) d(r) (sin 2mkf + i cos 2mwkKH)
27K 21K
= —2miKp, (e)qn(e) (13)
Pe(8) = VEmin ) aring (14)
" 21K

Pr = AAf;"” = (27rm)3/2—‘;52 >0 — 21ikp,.(6) (15)
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d 4
0:(6) = ViR S g=amin© (16)
) Ag,. . d(k )
Gy = A~q€ = —(2#2&)3/2% = —2mikg(0) (17)

As in Section 3.5 from Eq.(3.5-51) on we get again the proper relations for the
finite derivatives AKX, /Aq, and AH,./Ap,:

AK,, Ap,, .

—t = =, (18)
Aq. Ab

AH,.  Ag. .

A e L 19
T, 0 q (19)

Equation (13) may be rewritten into the form of Eq.(3.5-56) by means of the
following definitions that replace Eqgs.(3.5-55)

d(K) orine d(K) _onire
— TLR * — TIR 2
T Sk D (20)
and we obtain
N N N oo

H=—i Z 2MKPR Qs = Z(27rfi)2a,ia: = Z ——hb b = Zﬂ-( (21)

k=0 k=0 k=0

7\ /2 o\ 12
b = (2”7’; > a, b= ( W; > at, T=NAt (22)

For the quantization we follow the finite difference Schrédinger approach
worked out in Section 3.6. We obtain in analogy to Egs.(3.6-5) and (3.6-38):

A2
l(a%?_ié_)@:ﬂ@ ETq) AP

2 a? A¢? 2wkh 2wkh
oKk 1
E, = FE., = 71; <n+§), n=01,2 ..., N (23)

The upper limit N, for n in Eq.(4.4-25) is replaced by N. There is no need for
renormalization.
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The energies E, in Eq.(3.6-38) and (23) are equal since the photons of a
pure EM wave are the same as of an EM wave interacting with bosons. What
differs is the fraction of photons with a certain energy U, (k) according to
Eq.(3.5-45) and one term of Eq.(10):

LZ‘II% N2A2A2 I%(R/N)

21K\ ma3ct(At)?

Pﬁ+A%ﬁ+A%+<37 = ] (24)

The term mgc*/h? shows as at the end of Section 4.4 that one must get results
different from those of the pure radiation field since a mass mg does not occur
in the equation for a pure radiation field.

5.5 PLOTS FOR THE DIFFERENCE THEORY

The energy U, () of the difference theory as function of the period number
k is defined by Eq.(5.4-24) with §,; from Eq.(5.2-17), IT(x/N) from Eq.(5.2-32),
A1, A2, Az from Eq.(5.1-23) and kg from Eq.(5.2-8):

L2U2N2X2X2 I2(k/N) [ 5 oo o (276Y  [(moc?AtY
Uer (k) = cT sin? O [ﬂ A )\ AT+ (T) +( h >]

B = ancsin (1 L2202 2sin? (/N >”2

14 A3)3
25, =1 [1—A2/2 — 2sin*(7k/N))?
" 1+ A2
2 (2rk/N){1 — exp[—(A\2 — \2)1/2N
IT(K/N):_( / ){2_ : [—(A\3 21) I}
N A5 — A + (27K /N)
A= AT = (AD2(mc! — 202)) /B, AT = (A2 AL, /1
N 22— A2a2)\ /2
AIA2 = (At @23 /R?, 0< kK < ko= — arcsin (1 — %)

A3 — ATA3 = (At)?(mic* — 2¢°¢2, + € ALy, ) /P?, N =T/At (1)

The energy of a photon with period number x and a certain value of n is defined
like in the differential theory by Eq.(5.4-23):

2wk 1
S 7;’:” <n+—>, n=01,..., N (2)

The average value of E,,, for all N + 1 values of n is the same as in Eq.(4.5-3)
but N, must be replaced by N:
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N
2nkh 1 1 1 2nkh . 1 2nwkh
E,= "—"F—— —|=Z(N+1 =_-N 3

T N+1§)<n+2> s W= =35N=7 ®)

For a specific value of n the energy U, (k) requires the number U, (k)/Expnof
photons:

Ucx
= Durate)
I3(k/N) 1 2 212 | )2 27k ) ? migct (At)?
S S PEICIIDY il LA i
rax) sin? B, 27k Fet MM+ N+ ) F— &
L2U2N2)\2)\2 1\
D,, — =21V AN L 4
" ch <n+ 2> )

If photons with various values of n are equally frequent we obtain the following
relation in place of Eq.(4):

Uer
2 = Dira ()
2L2 V2N AZNZ
b= 9

The total number of photons equals the sum over « in Egs.(4) or (5):

&3 el SR, (6)
m Ecn — rn . A
k=0 K=
<Ko <Ko
Uer (k)
2 =5 Yl _p S G
k=0 K k=0

The probability pa (k) of a photon with period number & is the same for Egs.(4)
and (5) since the constants D,, and D, drop out:

ra(k)

palR) = ==

Slhralk)

For the computation of ra (k) and pa (k) one can make several simplifica-
tions in Eqgs.(4) and (8). First we deal with the special case kK = 0. We see

(®)
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10 20 30 40 50

kK —

FIGURE 5.5-1. Plot of pa (k) according to Eq.(15) for N = 100 or N/2—1 = 49. The variable
K is treated as a continuous variable. Note the slight increase of the function at x = 49.

from Fig.5.2-2 that (3, and thus sin §, is not zero at ¢,, = 2rx/N =0 or k = 0.
The function I2(k/N) decreases like x?, the factor 1/2mk increases like 1/k,
and the terms in brackets become constant. Hence, 7A(0) and pa (0) approach
zero. For discrete values of k we get It(k/N)?/2nk = 02/0 for k = 0, which
makes 74 (0) and pa(0) undefined. We leave out the terms £ = 0 in Egs.(6)
to (8). This was alredy pointed out in the last sentence of Section 5.2. The
following approximations hold for 1 < k < kq:

A%—A%A%)”Q _Nz_N

N . (
Ko = —arcsin | 1 — —
s 4

T2 2
1<k<N/2—-1<ke for AN2—XNA2 <1 (9)
A3 — M <1 for At < h/mgc? (10)

(A2 — X2)V2N = NAt(m3ct — e2¢%)Y2 /> 1, for T > h/moc? (11)

o= () mrmwfr (7)) o

A2 =2mg/N, 0<g<l1 (13)
N/2-1
> ra(k) =98.743 for N =100, ¢ =0.1 (14)
k=1
pa(k) = ra(k)/98.743 (15)

Equation (10) states that A¢ can be arbitrarily small but finite while Eq.(11)
states that T' can be arbitrarily large but finite. This is in line with our as-
sumptions. We have the numerical value h/mgc? = 2.95241 x 10~23 s for pions
7T and 7.
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FIGURE 5.5-3. Plot of pa(k) for k = 5, 6, ..., 49 according to Eq.(15) for N = 100. The
vertical scale is enlarged by almost a factor of 100 compared with Figs.5.5-1 and 5.5-2. The
points for kK = 1, 2, 3, 4 are outside the plotting range.

0.001

0.0008
T 0.0006 . .
B .
4 0.0004 . .
S .

0.0002

0 10 20 30 40 50
K e
FIGURE 5.5-4. Plot of pa (k) for k = 10, 11, ..., 49 according to Eq.(15) for N = 100. The

vertical scale is enlarged by a factor of 10 compared with Fig.5.5-3. The points for k = 1, 2,
..., 9 are outside the plotting range.
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FIGURE 5.5-5. Plots of pa(k) for k = 10, 11, ..., 99 according to Eq.(8) for N = 200,
A2 =5 x 1073, A1 A3 = 0.1\2 for the plot range 0 < pa (k) < 0.001.
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FIGURE 5.5-6. Plot of pa(k) for k = 10, 11, ..., 249 according to Eq.(8) for N = 500,

A2 =2 x 1072, A1 A3 = 0.1\2 for the plot range 0 < pa (k) < 0.001.
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FIGURE 5.5-7. Plot of pa(k) for k = 10, 11, ..., 499 according to Eq.(8) for N = 1000,

A2 = 107% A1A3 = 0.1)3 for the plot range 0 < pa(x) < 0.001.
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Figure 5.5-1 shows pa (%) according to Eq.(15) for N =100 or N/2 —1 =
49 plotted as function of a continuous variable k. We note the similarity to
Fig.4.5-1; the only recognizable difference is the slight increase of the function
in Fig.5.5-1 at the extreme right.

A discrete representation of pa(x) for kK = 1, 2, 3, 4, 5 is shown in Fig.
5.5-2. The extension of the discrete representation of pa (x) to the range k = 5,
6, ..., 49 is shown in Fig.5.5-3. The vertical scale in Fig.5.5-3 is enlarged by
almost a factor 100 compared with Figs.5.5-1 or 5.5-2. The larger scale puts
pa(1) to pa(5) outside the plotting range.

A further enlargement of the vertical scale by a factor 10 is shown for pa (k)
in Fig.5.5-4. The probabilities pa(1) to pa(9) are now outside the plotting
range.

Let us compare the computer plots of Section 4.5 with the ones obtained
here. In the difference theory the summation is symmetric, —xyo < Kk < Ko,
as in Eq.(5.2-27), but the plotting is non-symmetric, 0 < k < xg. Hence, for
N = 100 we sum 98 values from k = —N/2+1 > —kg to k = N/2 — 1 < ko,
but we plot 49 values from k = 1 to Kk = N/2 — 1 < Kkg. In the differential
theory the summation is non-symmetric, 1 < x < N, as in Eq.(4.2-37) and
the plotting is also non-symmetric, 1 < x < N,. This difference turns out
to be unimportant but in order to demonstrate this result we show plots for
N, =100 in the range 1 < k < 50 in Figs.4.5-3 and 4.5-4, but plots for N, = 50
in the range 1 < x <49 in Figs.4.5-6 and 4.5-7; the upper limit 49 rather than
50 was chosen to increase the similarity with the plots of Figs.5.5-3 and 5.5-4.

The plots of Figs.4.5-1 and 5.5-1 are practically equal. Only a very keen
observer will note the increase of pa(x) at K = 49 in Fig.5.5-1 that does not
exist close to kK = 100 in Fig.4.5-1. The enlarged vertical scale in Figs.4.5-3,
4.5-4 or 4.5-6, 4.5-7 and 5.5-3, 5.5-4 makes the deviation between the plots
of the differential theory and the difference theory visible. We note that the
largest value of p(k) in Figs.4.5-2 and 4.5-5 is about 0.8, just as in Fig.5.5-2 for
pa(k). On the other hand, the smallest value of p(x) in Figs.4.5-4 and 4.5-7 is
essentially zero while it is about pa(33) = 0.0001 in Fig.5.5-4.

The question arises which features of Figs.5.5-2 to 5.5-4 are true results of
the calculus of finite differences and which are only due to the choice N = 100.
We show in Figs.5.5-5 to 5.5-7 plots like the one in Fig.5.5-4 but for larger
values of N. We see that the center section of the plots becomes quite flat for
increasing values of N. On the other hand, the increase of pa(k) in the range
40 < k <49 in Fig.5.5-4 becomes an increase with about the same amplitudes
but in the reduced range 490 < x < 499 in Fig.5.5-7. This appears more likely
to be a true result of the use of finite differences.

To make this point more evident we show in Fig.5.5-8 the plot of Fig.5.5-7
but with the plot range reduced to 1/10. The idea is that an increase of N
from 100 in Fig.5.5-4 to 1000 in Fig.5.5-8 should decrease the values of pa (k)
by essentially a factor 1/10. Figure 5.5-8 shows a very flat center section and
an increase of pa (k) restricted to about the interval 480 < x < 499.
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FIGURE 5.5-8. Plot of pa(k) for k = 19, 20, ..., 499 according to Eq.(8) for N = 1000,

A2 = 1073, A1 A3 = 0.1\ for the plot range 0 < pa (k) < 0.0001.



6 Appendix

6.1 CALCULATIONS FOR SECTION 2.2

The auxiliary variables d2, q1, ¢2, g3 and g4 are used extensively. Here are

some relations that simplify their use:

& = 4[(2m/N. ) + 3]
1
0= 45 (@ — )+ 2w Ny, >}

1
g2 = +5(d* = p)'/? = 27/N-, - d® > pf

1 1

g3 = +§(P% - d)? - 5P &* < pi
1 1

qs = +§<P% — )2+ 5P d? < p}

@2 =q1 —47K/N7, qu=q3+p1

qu = 21k/N; + (27w /N7)? + 3 — p1/4]'/2

g2 = —2mk/Nr + [(2mk/N:) + 5 — o1 /4)Y/?
(&~ )2 =2(g) — 208 /N,) = 2as + 278/N,), @2 > 43
(P%_d2)1/2:2% + p1 =2q4 — p1, d? < p?

2 2 2 2 1/2
2 ﬂ)2:2 21k 29 21k 1 p3—pi/4 B> 2
q1+( 2 ( N, ) TRt tom/N2) TR

2 2 2 2 1/2
2 ﬁ)2:2 21k 2_o 21K 1 p3—pi/4 B> o2
a+ (5 ( N ) A\ w ) Temz) 4 on

We start with the second sum holding for ¥ > K in Eq.(2.2-28). Later we
shall extend the investigation to the whole of Eq.(2.2-28). Equation (2.2-28) is
shown once more in Eq.(2.2-39) with the terms L15(6, k) to L1g(f, x) broken
up into Lisa(k), L15B(0,K), ..., L1ss(6, k). We denote part of the first and

second term of the second sum of Eq.(2.2-39) by Aes(k) and Aec(k):

217
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S oy Prlsa(k)
Aealr) = (27 /N7)* + p3 (LNA( " (d? — p%)“)

P1 1
(2nk/N,)? + p2 2(q1 — 27K/N>)

" (ql —mk/N; . q2 + 7K /N, ) (13)

@+ (p1/2)?° @+ (p1/2)

I ) 4 Prloa(r)
Aec(r) = @rr/N) 1 2 <L18A( )+ (@2 _p%)1/2>

1 1
(27k/N,)* + p3 2(q1 — 2mk/Ny)

y <Q1(Q1 —2mk/N;) = pi/4  qa(g2 + 27K /N;) — p?/4>

a3 + (p1/2)* a3 + (p1/2)*
k> K = N-(p] — 4p3)"/? 4z
=c¢rN,|(6Z — s/Z)|/4x if used for Eq.(2.2-28) (14)

For the third term of the second sum in Eq.(2.2-39) we obtain with Egs.
(2.2-30)(2.2-33):

(d?—p})Y2L17p(0, k) +p1L1sp(0, k) 1

(@ = p)'/* (27w /N2)? + 3] 2 (2q1~2mk/N;) [ (2ms/N7)? + 73]
o ([Pl(fh —21K/Ny) + p1ga] cos ¢10 — [2q1(q1 — 27k /Ny) — pi/2]sin g:6
2 (g + (p1/2)°]
[01(q1 — 27K /Ny) + p1go] cos gob — [2g2(q1 — 27k/N;) — pi /2] sin q29)
2 (a3 + (p1/2)°]
= As7(k) cos q10 + Bs7(k) sin q10 + Cy7(k) cos g2 + Ds7(k) sing26  (15)

+

p1(2q1 — 27k /N;)
4qr - 2mk/N) [(2mw/N7) + 3] [a} + (p1/2)7]
2¢1(q1 — 27k/N;) — p3/2
4(q — 2mk/Ny) [ (2mw/N2) + 3] [a} + (p1/2)%]

Asr(k) = —

B57(I€) =+
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pr(q1 + g2 — 2wk /N7)

Cs7(k) = — . 7 (18)
4(q1 — 21K /N7) | 2m /N )+ 03] |03 + (p1/2)°

Ds7(k) = + 2(‘11 _ 27”‘/]\;7) - ’f%/_Q — (19)
4(q — 2w /N-) | (275/N7)" + p3| a3 + (p1/2)7]

The third term of the second sum in Eq.(2.2-39) may now be written as follows:

<L17B(9 K) + p1L15B(07H)> sin(2mk0/N,)
| (

(@ — p2)'/* ) (2mr/N.)* + P}
270
+ Bsr(k) sin ¢ sin ]717/1

T

2Kl
= As7(k) cos ¢ sin ;Z

2mK0
N

+ Ds7(x) sin ¢20 sin

2
+ C57(k) cos g20 sin ]7:?9 (20)

Using the changed wavenumbers 27k/N, + ¢; and 27k/N, + g2

2/ N, — g = /Ny — (2R3N + g — 3 4)12 (21)
276/ Ny + qu = 37/ N, + (7262 /N2 + p3 — p?/4)1/? (22)
215/ Ny — g3 = B /Ny — (262 N2 + & — /1) (23)
25/ Ny + g = T/ Ne (2R3N + g — 3 4)12 (24)

we obtain for the products of sine and cosine functions in Eq.(20):

sin(2rk0/N,) cos 16 = é[sin(%m/NT —q1)0 +sin(2nk /N, + q1)0] (25)
sin(2wk6/N,)sinq 6 = %[cos(?wn/NT —q1)0 — cos(2nk /N, + q1)0] (26)
sin(2mk0 /N, ) cos g20 = L [sm(27m/N —q2)0 +sin(27k/N: + ¢2)0) (27)
sin(27k0 /N, ) sin go6 = %[COS(Z?TH/NT — ¢2)0 — cos(2mk /N + ¢2)0] (28)

We turn to the fourth term of the second sum in Eq.(2.2-39). Instead of
Eqgs.(15)—(19) one obtains:
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(d>—p2)/2L1sp(0, k) +p1Liea(0,5) 1
(@ = )" [@rn/NoY + 03] 2(@—2m/N,) [2mn/No )+
" ([pl(ql —27k/N;) + p1ga] sin 10 + [2q1(q1 — 2wk /N,) — p? /2] cos q1 0
2[4 + (p1/2)°]
_lpilgr — 27K /N:) — p1go] sin 26 + [2¢2(q1 — 27k/N7) + 03 /2] cos q29)
2 (a3 + (p1/2)°]
= Ags (k) sin 160 + Bes(k) cos q10 + Ceg (k) sin gaf + Deg (k) cos g (29)

Ags(r)=+ il 2N+ i = Asi()  (30)
4@ =2mk/Ny) | (2mw/ N7 48] a3 +(p1/2)%]

2¢1(q1 — 27K/N;) — p3/2

4(q1—2mk/Ny) [ @m/ NP+ 3] a2+ (p1/2)°]
pi(q —ZWH/N ) — P12

4(q = 27k/Ny) [ (2mw/N2) + 3] a3 + (p1/2)°]
2¢>(q1 — 275/N7) + p3/2

4(qr — 2k /Ny) [ /N2) + 3] a3 + (1/2)°]

The fourth term of the second sum in Eq.(2.2-39) may be written as follows:

Bgs(k)=+

=+Bs7(k) (31)

Ces(r)=—

D68 (K,) = —

(33)

_ <L18B(9,Ii) i 01L16}3(9,/<:)> (cos(27mt9/NT)

(a2 — p)'"* /) (278/N2)* + 3
27K0
+ Bgs(k) cos q10 cos ]71\-[/4

T

27k0
= Ags(k)sin g1 6 cos ;ﬂ

2mK0 2mK0
+ Cgs(k) sin g2 cos Xf + Dgs(k) cos g6 cos ;::

Using the changed wavenumbers of Egs.(21)—(24) we obtain for the products
of sine and cosine functions in Eq.(34):

(34)

1
cos(2mkb/N; ) sin 10 = —[— sin(2rk/N; — q1)0 + sin(27k /N, + q1)0] (35)
cos(2wk0 /N ) cos g10 = [+ cos(2mk /N, — q1)0 + cos(2nk /N, + q1)0]  (36)
1
cos(2mk0 /N, ) sin g2 = 5[— sin(27k/N; — g2)0 + sin(27k/N- + q2)0) (37)

cos(2m0 /N cos gof) —— S cos(2m /N, — )0 + cos(2m/Ne + a2)6]  (389)
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We introduce four more auxiliary variables:

Bi1(x) = 3(Cs1(x) — Cos()]

_ P11 (39)
4(qr = 2mk/Ny) [ @ /N2) + 3] a3 + (1/2)°]

FEes(k) = %[057(@ + Ces ()]
p1(2q1 — 27k /N-)

- (40)
4(qr = 2mw/N) [(2mr/N.) + 3] a3 + (1/2)%]
Fia(s) = 5[Dsr(s) + Dos(x)]
p1/2
= (41)
4(q - 2mk/N;) [(2mw/N7) + 3] a3 + (1/2)%]
Fos(s) = ~5[Ds7(x) ~ Do ()]
_ 2¢2(q1 — 27k /N;) (42)

4(q — 2mk/N) [(2mw/N7) + 3] (a3 + (1/2)%]

The third and fourth terms of the second sum of Eq.(2.2-39) become:

<L17B(9, K) + piLise(, 'f)) (sin(27m9/NT)

(d? — p%)l/Q 27k /N, ) + p2

- <L18B(9, K) + plLHB(g;Z)) COS(2WK02/NT)
@ — ) ) Can/N +
= Asr(k)sin(27k/N; — q1)0 4+ Bes(k) cos(2rk /N — q1)0
+ Es7(k) sin(2mk /Ny — q2)0 + Egs(k) sin(2nk /N, + ¢2)0
+ F57(k) cos(2mk /Ny — q2)0 + Fs(k) cos(2mk /Ny + g2)0 (43)

We turn to the first sum in Eq.(2.2-28) that contains more complicated
terms. With the help of Egs.(2.2-35)—(2.2-38) we obtain:

(p? — d*)Y2Liza (k) + p1L11a (k)
(0% — a)'* |2mn/N,)? + g3

Aes(k) =

_ 4344 1 _ 1 m
(2q3—|—p1)[(27r/<;/N,-)2+p§} <(2m/NT)2+q§ (2vm/NT)2+qZ> ()
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(p} — d*)Y?L1ya (k) + p1Li2a (k)
(o} — a)'/* (27w /N;)? + 3]
= _ 27k /Ny < q4 I q3 >
(205 + p1) [ (27w /N)” + 3] (2mk/N,)* + g (2mk/N.)? + 63

A (k) = —

k< K = N.(p? —4p2)'/? Jax
=crN,|(6Z — s/Z)|/4n if used for Eq.(3.2-28) (45)

The terms with the subscript B rather than A are more complicated:

(p2—d?)' /2 Ly3p(0, k) +p1L11B (0, k) 1

(0% — @) [ (27K /N,)* + 03 (2a3+p1) [ (27k/N7)+03]
" <Q4e(2q3+”1)9/2 q3 cos(2mk0/N;) — (2K /N, ) sin(2mk0 /N,)
(27K /N, )? + g2
—(2gs+p1)0/2 qacos(2mkb/N:) — (27K /Ny ) sin(27m€/NT)>
(27K /N;)? + ¢2
2 2
— (2a3+p1)0/2 (Alg(li) coS X/_KO + Bijs(k) sin ;1\':&9)

T T

— gse€

2 2
+ e~ (2a3+p1)60/2 (Cls(ﬁ) cos ]7:7&9 + Dj3(x) sin ]7;&9) (46)

T T

A13(KJ)Z+ = 4394 — (47)
(205 + p1) |2 /N2) + 3] [ (2 /N) + 3]

Buy(s) = - /N ) : (48)
(205 + p1) [(2mw/N:)” + p3] [(2e/N)? + 3]

Chs(k) = — : A — (49)
(205 + p1) [(2m8/N,)” + p3] [(2e/N2)? + 3]

Dus(k) = + _ @me/Nos )
(205 + p1) [(2m8/N,)” + p3] [(2e/N2)? + 3]

We still need the terms with subscripts 14B and 12B:
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(p1—d*)"/?Liap(9, 8)+p1L12s(0,K) 1
(0 — @) [nn/ N + 03] Qastpn) [@nk/No) 463
" <Q4e(2q3+”1)9/2 gs sin(2rk0/N;) — (27m2/NT) cos(2mk0/N,)
(27K /N:)" + ¢3
qasin(2mk8/N;) + (2rk/N,) cos(2mk8/N;)
(2mx/N.)* + 6 )

_ Q367(2q3 +p1)0/2

2 2
— o(2a3+p1)0/2 <A24<,€) sin w6 + Bsy(k) cos wm&)

N, N,

2mK0

27k0
+ ¢~ (2a3+p1)6/2 <C'24(/<;) sin + Doy (k) cos ;H ) (51)

T T

q3q4

A24(KJ) = — r 5 T 2 7 (52)
(2¢3 + p1) _(27W/NT) + P%_ _(27”‘5/]\77) + q§_

Boy(k) = + - (27TIZ/NT)(.14. > = (53)
(2g3 + p1) _(27”€/Nr) + P%_ _(27T’f/NT) + (192,_

024(143) =+ r 304 T (54)
(25 + p1) [(27k/N,)* + 3] [ @ /N) + ]

Doy (k) =+ : (QWZ/NT)?‘%. > (55)
(2as + pr) [(2mw/N,)* + 03] [(2me/N2)? + ]

The comparison of Egs.(52) to (55) with Egs.(47) to (50) provides the following

relations:

Asza(k) = —Ass(k) (56)
Boy(k) = —Bi3(k) (57)
C2(k) = +C13(k) (58)
Doy (k) = +D13(k) (59)

The sum of Eq.(46) multiplied by sin(27x0/N) and of Eq.(51) multiplied
by cos(2mk8/N,) yields:



224 6 APPENDIX

<L13B(97 K) + p1L118(0, KJ)) (sin(27m9/NT

(p2 —d2)'/* ) (2mk/N-)? + p3

- <L14B(0’ k) +

4Kl

T

p1L123(0,R)> cos(2mk0 /N, )
(02 — d2)"* ) (2mk/N;)? + p3

_ _6(2qs+p1)9/2313(ﬁ) cos

+ e~ (2a3+p1)0/2 <C13(I€) sin 4]7;#;9

T

+ DlS(“)) (60)

Substitution of Eqs.(13), (14), (43)—(45), and (60) into Eq.(2.2-28) yields:

Aev(C,0) = A1V ie pZC(lichp20)+i(1767 ~p2)
p2 NT

<K
2 2 2
X{Z (Aesm) sin J”V’je + Awe(r) co jv’j")sm jv’f

k=1

+6—P19/2

T

X 4 k0
" [Z e 0/2 By () cos 27

k=1

27K

+ Do) sn 2

T

X 47 k0
+ Z e (2a3+p1)0/2 <013 (K}) sin ~

k=1 T
2mk0 2mK0 2
+’;{< ) sin X;j + Aec (k) cos ;:/,’j )sin X/,’jc
+6—P19/2

N
~ 2
" ( . . 2nkC

Z [As7(k)sin(27k/N; — q1)0 + Bes(x) cos(2mk /N, — g1)0] sin N
K>K T

. 27K
+ Z [Es7(k) sin(2mk /N, — q2)0 + Fs7(k) cos(2mx /N — ¢2)6] sin N ¢

r>K T

. 27K
+ Z [Egs(k) sin(2mk /N, + q2)0 + Fgs(k) cos(2mx /N + ¢2)6] sin ]7; C)})
K>K T

k=12, ....<K, >K, ...,N; (61)

The term e(293+,1)9/2 may cause concern but it is multiplied with e=*10/2,
The exponent of the product equals:
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FIGURE 6.1-1. Three-dimensional plot of the function exp(—p2¢)(1 — ch p20) for ( — 6 > 0
in the interval 0 < pa¢ < 8, 0 < p26 < 8.

(205 + p1) — pr16/2 = (0} — &) = p1]0)/2
— {02 — 4(2mr/N)? — 4032 — pi}o/2 (62)

The relation

(o — d*)V/? = [p} — 4(27k/N;)? — 403]'/% > 0

implies

(0T — 4(27k/N;)? — 4p3] — p1 <0 (63)

and the terms in Eq.(61) multiplied with e~*1/2¢(243+,1)0/2 hecome very small
for large values of 6.

Consider the very first term in Eq.(61). To recognize what values it may
assume we rewrite it as follows:

%) P%

1
= _ﬁe*”“*e) for ¢, 0 >1 (64)
2

1 1 1 1
_26*P2C(1 _ Chp29) — (epo _ 5e*Pz(C*é’) _ §eP2(C+9)>

The constraint ¢ — 6 > 0 ensures that this term will vary only in the interval
from 0 to —1/2p3. Figure 6.1-1 shows this variation in detail.

Equation (61) contains functions like e=#19/2 and e(2%+r1)0/2 that rep-
resent attenuation due to losses. Such terms have no meaning in quantum
mechanics since photons are never attenuated. To eliminate these attenuation
terms, as well as the phase shifted arguments 27x/N, — q; and 27k/N, & g5 of
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some of the sine and cosine functions we resort to the Fourier series. Following
Fig.2.2-1 and Eq.(2.2-5) we replace ¢ by v8 and write as follows:

fu(0) = go + Z (gs,{(z/) sin 2]7;—1:9 + gew (V) cos 2771/6’)

We apply this series expansion to the second sum in Eq.(61):

4Kl

fr1(0) = €% Bi3(k) cos (66)
2 f dvkf . 2mul
kO . 2w
gsw1(V) = FT/eq39B13(/-z) cos N sin N de (67)
0
b 0 0
2 4Tk 2my
ger1 (V) = FT/e‘”@Blg(/i) cos N Ccos N de (68)
0
90 =10 (69)
The following integrals are required to evaluate gs.1(v) and gep1(v):
¥ drkf . 2mf
Ii(k,v) =2 / e cos . gin 77 49 — Is1(k,v) + Is2(k,v) (70)
N, N,
0
i drkf  2mvf
I(k,v) =2 / €% cos —— cos - df = L1 (K, v) + L2 (k, V) (71)
N, N,
0
T o g 270K ) 0 2l(2 4+ 1) /N1~ M)
+v (2K + vV —e'Td
I = [ enfsin 2T g = . 2
31(k,v) /e sin —— & 1 27(2r + )N, 2 (72)
0
[0 2705 =) ) 2x{(2 — 1) /NLJ(1 = o)
— — — 743
I — qse'ud(g:_ﬂ R—V T € 73
32(’437 V) /e sin NT q§ + [27'['(2:“& — V)/NT]2 ( )
0
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NT
27(2K + v) q3(1 — eNVras)
_ q30 — _
Iy (K, V) /e cos N N.do Z 272k T 0N (74)
0
T i o, 225 =) (1)
_ 436 s nfz/d0:7 g3(l — e 43
Iys(k,v) /e cos N Z T 2r@r 1) /N (75)
0
We obtain for gs.1(v), gex1(v), and fie1(6):
gsr1 (V) = Biz(k)[Is1(k, v) + Isz(r, V)] (76)
gcnl(l/) = (’f I41(/<‘77 l/) + 142( )] (77)
. 2wl
f,ﬁl 2313 <131 R,V —|—I32(K, l/)] Sin NT
2716
+ [aa(s,v) + Lok, )] cos = ) (78)
The second sum in Eq.(61) becomes:
<K
4kl . 27K
,; —e®9B3(k) cos N sin NTC
<K N
= . 27l 20\ . 27wk
=— ;;Blg(n) <Il(/$, v) sin N + I(k,v) cos o ) sin N (79)
2r(2k +v)/N; 2r(2k — v)/N; )
I = (1 — lNras _
() = () T~ e B P )

— (1 — ¢Nras a3 q3
) = 1= ) e e o) -

We turn to the third sum in Eq.(61):

T

Fral6) = 02 Cas(o) sin T2 + Do) (52)

Following the steps from Eq.(66) to (77) we get:
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<K
4dmk0 2
Z e~ (as+p1)0 <013(Ii) sin ;ﬁ + D13(5)> sin ;\?C

T T
k=1

3 |:<013(H)I5(H, V) + Dis(k)Io(k, y)) sin 2;”0

T

r=1v=1

(83)

T

+ <013(I<U)I7(/$, v) + Di3(k)Is(k, 1/)) cos 2]7:/_”9] sin 2]7;k<

The four integrals I5(k,v) to Is(k,v) are defined as follows:

N,

Iy(k,v) = e—(as+pD)0 Gy dmrf . 2mvf

Sin
T T

d0=—(g3+p1) (1—€’N*(q3+p1))

(=)

X ( 2 . 3 2 . 2> (84)
(g3 +p1)" + 2026 +v)/N:]" (g3 +p1)” + [27(26 — v) /N, ]

NT
2
Ig(k,v) =2 / e~ (a0 i 270 4
0 T
=2 (1 — 67N7(43+P1)) Q;TV/NT 5 (85)
(63 +p1)” + (27v/N;)
N 0 0
I;(k,v) =2 / e~ (a3tpP)0gip dmrb cos 2mv dg = (1 - e_NT(qsﬂn))
4 T T
27 (26 + V) /N, 27 (2k — V) /N,
X 3 2 2 5 ) (86)
(g3 +p1)” + 2726 +v)/N;]" (g3 + p1)” + [27(26 — v) /N/]
¥ 21l
Is(k,v) = 2/8_(q3+p1)0 cos ==~ df
0 T
_ + p1
— 2 (1—e Nrlasten) % (87)
( ) (g3 + p1)* + (27v/N,)?

The first three sums in Eq.(61) may now be combined:
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2 2
[Aes(m) sin mr Aec(k) cos mr
k=1 T T
4drkl
— e®YBy3(k) cos N
. 4mk0 . 27K
+e(‘J3+’)1)9<C13(/€)sm ]7;7 +D13('€))] sin ;TC
<K
2mK0 2mK0
= {Aes(n)sm i + Aeo(K) cos i
k=1 T T
s 276 2710 2mkK(
+,,:1 (Bes(/i,l/)sin N + Bec(k, V) cos N )] sin N
Bes(k,v) = Bis(k)I1(k,v) + Ci3(k)I5(k,v) + D13(k)Is(k, V)
Bee(k,v) = Bis(k)La(k, v) + Ci3(k)I7(k, v) + Dis(k)Is(r, v) (88)

We turn to the last three sums in Eq.(61). They are all multiplied by

e~*19/2 and they all have a shift —q; or £¢» in the arguments of the sine and
cosine functions. Following Eq.(82) we write:

fr3(0) = e P192[Agy (k) sin(2mk /N, — q1)0 + Bes(k) cos(2mk /Ny — q1)6] (89)

Following the steps from Eq.(66) to (77) we get:

T

o= P10/2 Ak 21K 21K . 2mK(Q
E ) sin N @ 0 + Bes(k) cos N @ 0| sin N
> T T

N X 2l
Z Z < A57 Ig K, l/) + B68( )Il()(li, l/)] sin N
SKu—1 T

+ [A57(K,)111(I€, I/) + B(jg<l"v')112(/€, I/)] COS 2]7;_1/0) sin 2]7TV,HC (90)

T

The integrals Iy(k,v) to I12(k,v) are more complicated than the previous in-
tegrals I (k,v) to Ig(k,v):
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.

2 2
Iy(k,v) = 2/@‘p19/2 sin ( ;Fb - q1>0 sin ]7;1/0019

T T

0
_ e N7r1/2{(p,/2) cos 1 N, + [27(k + v) /N, — q1]singi N, } — p1/2
(p1/2)" + 2m(5 + v) /N- — ]
e N /2{(py/2) cos uN- + 27 (5 — v) /Ny — qi] singi N-} — py /2
(p1/2)" + 27(r = v) /N> — @1]?

(91)

N,
2 2
Lip(k,v) = 2/6_"19/2 cos ( ‘;K — q1>9 sin X;’Hde
0

T T

e Nvr1/2{(p1/2) sin g1 Ny — 27 (k+v) /Ny —q1] cos g N- } 27 (k+v) /N —qn
(p1/2)* + [27(k + v) /N, — q1]?

B e N-r1/2{(p /2) sin ¢ N, — [27(k—v) /N, —q1] cos ¢ N, }4+-27(k—v) /Ny — 1
(p1/2)* + [27(k = v) /N — @1

(92)

T T

2 2w
Li(k,v) = 2/e*p16/2 sin ( ;H — q1)0 cos ;;/ do
0

e~ N-11/2{(py /2) sin g, N, = 2 (k+v) /N, — 1] cos qu Ny } + 2m(n+v) /Ny —qy
(p1/2)° + 27(x + 1) /N, — i)
e~ NeP1/2{(py /2) sin gy Ny — [27(5—2) /Ny —qu] cos a1 Ny} + 2 (h—v) /N, — a1

+ 2 2
(p1/2)" + [27(k — v)/Nr — q1]
(93)
N, )
27K 2y
Iis(k,v) = 2/6_’319/2 cos ( N — q1>0 cos N df
0
e N 2{(p /) cos i N, + [2m(x 4+ v)/N, — il singi Ny} — p1/2
(p1/2)° + [27(k + v) /Ny — 1]
_ e—N7p1/2{(p1/2) CoS QINT + [27(("7 — V)/NT - ql] SinglN‘r} - p1/2 (94)

(p1/2)* + 27 (s — v) /Ny — 1]

The second sum from the end in Eq.(61) is written in analogy to Eq.(82)
as follows:

21K

— ql)ﬂ + F57(k) cos ( N

T

Fual8) = e Bz sin (5 ~n)o] o)

T
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Again we follow the steps from Eq.(66) to (77) and obtain:

N 27K
e r10/2 {Em sin ( N

2 2
_ q2>0 + F57(k) cos ( ™ _ q2>0} sin ;"EC
r>K T

N, T

N, N,
2wl

< E57 _[13 K) l/) + F57( )_[14(,"13, Z/)} sin

r>Krv=1 T

+ [Es7(k)15(k, V) + F57(k)I16(k, V)] cos

27r1/6) sin 27k (96)

N,

The integrals I15(k, V) to I1g(k, V) can be written with the help of the integrals
Iy(k,v) to I1a(k,v):

N,

2 2
113(/'6, V) =2 / €_P19/2 sin < wa - QQ)Q sin ]77\[7/0d0
0

T

= Iy(k,v) with ¢; replaced by go (97)
N,

2 2wl
Liy(r,v) = 2/e’p16/2 cos ( Nmi - q2>¢9 sin ]7:;/ do
0

T T

= o(k,v) with ¢; replaced by g2 (98)

2 26
Lis(k,v) = 2/67“9/2 sin < ;H — q2)9 cos Xfy do
0

T T

I11(k,v) with ¢; replaced by g2 (99)
N,

TK 270
Lig(k,v —2/6 p19/2c05<NT —q2>9 cos N df
0

= [12(k,v) with ¢ replaced by g (100)

We turn to the last sum in Eq.(61). In analogy to Eq.(82) we write it in
the following form:
>9] (101)

27K 2TK
— ,—p10/2 ;
frs(0) =e {Ees(fi) sin ( N >9 + Fes (k) cos ( N

Following the steps from Eq.(66) to (77) a final time we obtain:
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K 2rk . 27K
—|—q2)9+F68(/<;) cos ( ~ —l—q2>0} sin NC

T T T

r>K
N, N
AL . 27l
— Z Z < Egs(k)[17(k,v) + Fgs(k)I18(k, V)] sin N
r>Kv=1 o

+ [Ees(k)I19(k, V) + Fos(k)I20(k, V)] cos

27r1/9) sin 27KC (102)

N, N,

The integrals I17(k,v) to Iz (k,v) can be written with the help of the integrals
Iy(k,v) to I1a(k,v):

N,
Li7(k,v) =2 / e P19/2 gin <2Nm€ + q2>0 sin 2]7:;/0d9
= Igin, v) with ¢; replaced by —g2 (103)
N,
Lig(k,v) =2 / e P19/2 cos <2]$K >9 sin 2]7;V6d9
= Ilz(n, v) with g; replaced by —g¢ (104)
N,
Lig(k,v) =2 / e~ P10/2gin <2§H + qz>9 cos 2]717”0(19
= Ili (k,v) with ¢ replaced by —go (105)
N

T

Ix(k,v) =2

o

2Tk
7[)19/2
e cos ( N

T

2wl
+q2>9 cos Xfy de

T

= I12(k,v) with ¢; replaced by —g¢o (106)

The sums 4 to 7 of Eq.(61) may be combined:

N.
- 2 2
Z {Aes (k) sin mrb + Acc(k) cos 6

N, N,
r>K
+ 67p19/2 A57(K‘,) sin 2mk —q1 0+ B(;s(li) COS 2mr —q1 0
N, N,
. 2TK 2TK
+ E57(I$) sin ( NT — QQ)9 + F57(I€) [¢0)5] < N.,- — QQ)H
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2 2
+ q2> 0 + Fgs(k) cos ( ]SH + q2>0] } sin ]717/@{

T T

2
+ Egs(k) sin ( NWKU

T

N.
~ . 2mkO 2w K0
= Z |:ACS(’<“/) sin N + Acc(k) cos N

r>K T T

N,
+ ; (Bes(n, V) sin 2]7(59 | B (s, ) cos 2;59” o 27\2 ¢
Bes(k,v) = Asz(k)Io(k,v) + Bes(r)I10(k,v) + Es7(k)13(k,v)
+ Fs7(k)14(k,v) + Ees (k) [17(k, v) + Fos(k)I1s(k, v)

Boo(k,v) = As7(k)111(k,v) + Bgs(k)[12(k,v) + Es7(k)I15(k, V)
+ F57(I‘€)116(I€, I/) + E68(I€)Ilg(li, I/) + F68(I~€)IQ()(I€, I/) (107)

The very first term e~*2¢(1 — ch p26) in Eq.(61) can be represented by a
product of Fourier series with ( and 6 as the transformed variables. We shall
not do so now in order to preserve the compactness and clarity of the notation
e P2¢(1 — ch paf) compared with its Fourier representation. Equation (61) is
written in the following form with the help of Egs.(88) and (107):

Aev(C)e) = 627—2‘/:30(%6/)24(1 - ChpQG) + Ni(l - e*Nsz)
p

2 T

<K
2 2
X { [Aes(/-e) sin mrb + Acc(k) cos b

k=1 NT NT
ks 2l 276 2mkK(
+ ; (Bes(m,u) sin N + Beoc(k, V) cos N >} sin N
3 2mk0 2wkl
+ Z [Aes(m) sin N + Aec(k) cos N
r>K
s 2mv0 2710 2mk(
+ 2 (Bes(/f,y) sin N + Bec(k, V) cos N )} sin N }) (108)

A radical simplification of the writing of this equation is necessary to make it
usable:

Aev(ga 9) :(327—2‘/60 (Ae()(g: 0)

XK 0)si 2mk( Yy o) si 27k
+ 3 Ce(0) sin ot D" Cex(6) sin N
k=1

K>K
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N,

. 27k(
_ 2.2
=7 Veo< 0(¢,0) +’;Cen(9) sin N >
AeO(C7H) - %efng(l —ch pQG)
P2
2 2mK0 2mK0
Cor(0) = F(1 — e Nre2) [Aes(n) sin X: + Acc(k) cos ;ﬁ

N 27l 2710
+ Z (Bes(m, v) sin N + Beoc(k, V) cos N >}
K = N, (p? — 4p3)'/2 /47 = ¢t N, |(0 Z — 5/ 2)| (109)

We may make two simplifications that hold generally by using the relation
N, py = cT\/os > 10f Eq.(2.2-9). First the factor 1—exp(—Np2) is essentially
equal to 1. Second, the absolute value of Aeo((, ) is less than 0.5/p3 according
to Fig.6.1-1. Hence, we write:

JrZC' g 27TI€C>

T

Acv(C,0) *C 72 (ZC’BH sm

r>K
N
. . 27k
=%V, ’;1 Cor(0) sin NTC
2 2 2
Cor(0) = A {Aes (k) sin ]7;%0 + Acc(k) cos 6
2 2
+ Z ( ) sin ]71;50 + Bec(K, V) cos XZH)} (110)

We want approximations for large values of k. Since the largest value of
k equals N, we could write x — N, rather than k — oco. It seems better to
generally use the notation x 3> 1, which means that x becomes arbitrarily large
but finite, since x actually can equal N, but can only approach co. Those who
are not satisfied with the approximations derived from here to the end of Section
6.1 are referred to Section 2.5 that shows computer plots of the energy density
Ucr (k) and makes the approximation of H in Eq.(136) below unnecessary.

for d* = 4[(27k/N,)? + p3] > p7 and k> 1

d® ~4(27k/N-)?, PR, ph < (27)° (111)
4Tk 2 —pi/4 2—p3/4
@~ Pz —P1/ 4 ~ Pz —P1/ (112)

N, k[N, ’ Ak /N,
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(d® — p})'/? ~ 4k /N (113)
a4 + (%)2%4<2§f>2+2p§— ip? (114)
@+ (2) ~ g0t (115

Starting with Aes(k) of Eq.(13) we follow the listing and obtain for the limit

k 3> 1 the following results:

Acs(k) & m

As7(k) = *W

Cs7(K) ~ —m

Ass (k) ~ 16(23&% ~ —As7(k)
Cos(k) ~ —m

Es7(k) ~ —m

Fsr(k) = _Z(QTI/NT)?’

Aucl) % s (1- 2—2) (118)
B (k) ~ m (119)
Dy (k) ~ —m <1—§—Z§> (120)
Bes(k) ~ m ~ Bsr(x)  (121)
Des(x) ~ —% (122)
Ees(k) ~ —m (123)

2
Fes(k) ~ —4(2M1/NT)3 (1 - 4%) (124)

The integrals I (k,v) to Is(k,v) are not needed for the limits k 3> 1, but

the integrals Ig(k, V) to Iog(k, v are:

4p1V/NT
Iy(k,v) ~ T 2rR/NL )P
2
L, v) = " 2nk/N;
2nv /N,
Li3(k,v) = 2P1W
2

I15(K/, V) =~ m

To(k, 1) ~ —% (125)
sk, v) ~ @JW (126)
Ta(s, v) ~ —% (127)
Lig(k,v) ~ Mmi)w (128)
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2nv /N, 27v /N,

I17(K/, V) ~ 2p1W Ilg(h}, V) =~ —W (129)
2 P1
Lig(k,v) = S N, Iy (k,v) = 32w N, (130)

We may now produce the functions Bes(k,v) and Bec(k,v) of Eq.(107).
Since we do not want to evaluate the sums over v we cannot write ~ (approx-
imately) but must write o< (proportionate):

1 1
(2mk)5 Bec(r,v) (27k)3

Bes(’ivl/) X (131)

The functions Ces(k,v) and Cec(k,v) of Eq.(2.2-44) vary for k >> 1 as
follows:

27K Ps 21y 1
es\vy ~ Bes ’ - _Bec ’ o N4 132
Ces(K,v) N (k,v) S (K,v) x )t (132)
2T K Ps 21y
ec\lvy ~ Bec ’ _Bes ) o N9 1
Coc(k, V) N (k,v) + 5 (k,v) x e (133)
For U2 (k) and U2 (k) in Egs.(2.3-30) and (2.3-31) we get:
y 2 2
U200 o (Bucle) 4 2Cto) )+ (Buslisr) = Zuclir) )
K
1
134
> ) (134)
v 2 v 2
U20) o (£Bucl) 4 Culi) )+ (2Bisli) = ol
K K
: (135)
> 2rr)t

The normalized energy of the component of the wave represented by the
sinusoidal pulse with x cycles in the interval 0 < y < ¢T" or by all the photons
with the period number k varies for k > 1 as follows:

1

Ho = ()W) + U2 )] ¢ s

for k> 1 (136)

The following products are needed to determine the decrease of Uy, () of
Eq.(2.3-32) for k> 1:
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(27k)? B2, (k, V) G (27mk)? B2 (K, V) o L (137)
2,42 L 2,2 L

(27k)*CL (K, V) x G)? (27k)*C (R, V) L (138)

27K Bec (K, V) Ces (K, A) (27;)6 27K Bes (K, V) Coc (K, A) (27;)6 (139)

27K Boc (K, V) Coc (K, A) (27;)4 27K Bes (K, V) Cos (K, A) (27;)8 (140)
9 1

(27K)* Bes (K, V) Boc(Ky A) o (D (141)
9 1

(27K)*Ces(ky V) Cec (K, A) )i (142)

One obtains for Uyi(k,v) to Uys(k,v,A) of Eqgs.(2.3-32) to (2.3-36) the
following relations for x > 1:

1 1
Uvi(k,v) @rn)? Uv2(K, v, A) rr) (143)
1 1
Uys(k,v, \) @rn Uva(K, v, A) L (144)

6.2 INHOMOGENEOUS DIFFERENCE WAVE EQUATION

The inhomogeneous differential wave equation (2.1-44) has Smirnov’s sim-
ple and elegant solution of Eq.(2.1-45). No comparable solution has been de-
rived for the corresponding difference equation. In order to find a solution we
first develop a solution for the differential equation (2.1-44) that will serve as
a guide. We write Eq.(2.1-44) in simplified form:

A A _
acz 962

Following d’Alembert we introduce new variables 1 and ¢

a®V((,0), A=Ay, V=V, da®=c7? (1)

=46, E=C—0,C=3(n+8), 0=3(1- &)

and obtain:
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DA dAon
¢ 9 aC
DA dA o
90 an 96

A second differentiation yields:

24004, 24)on, 9 (24, 04
acz _ ap\ay " ac)ac T oe\an " e

_ AL 0P A

o> Onog - 0¢?
9?A 9 (0A 0A\On 9 (DA DA
W‘a?(a?‘a?)? 3_€<3_77_5_§

P4 _0A 0°4

o2  “onoe " o@

Substitution into Eq.(1)
2
b = V()

DADE DA DA
XS
DADE DA DA
EB0 o€

and integration with respect to n yields:

A further integration with respect to £ provides a solution for Eq.(1):

0A 1

%= 1“2 [/ V(n, €)dn + 01(6)]

)
)

23

¢

o

00

A9 =10 [ | [vongan+aue) e+ c:

)

The integration constants Cy(§) and Cs can still be chosen and a solution of
the homogeneous Eq.(7) can be added.
We want to rewrite these calculations for finite differences. This requires
some definitions of difference operators that go beyond Egs.(3.1-2) to (3.1-4).
A first order symmetric difference operator

AV _VE+AQ-V(C—AQ

A 2A¢
= SV )~ V(D) for AC=1

(10)
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and a second order difference operator

Av) _ A (A”V~<<)> _ VE+AQ =2V () + V(¢ — AQ)
Az Ac\ A (AQ)?
=V(¢+1)—2V()+V(¢C—1) for AC=1 (11)

are defined. The choice A{ = 1 simplifies the relations without reducing the
generality since we may define a new variable ¢’ = (/A and then leave out
the prime.

The second order difference quotient does not formally follow from using
twice the first order symmetric difference quotient:

A(Z‘V@) #3 {3+ D -vOI- 5O - vic -1}

A\ AC 202
= JIV(C+2)  2V(Q) + V(¢ - 2)] (12)

One may get around this difficulty by defining a right and a left first order
difference operator

AV

T = VD -V

AV o

G =@ Ve (13)

and then the second order difference operator

A, <A1V<<>) _ A (Arwo)

AN Ac ) A\ AC
A e A _
= SO -VE-1]= ZVE+1) - V()
=[V(C+1) — V(O] - [V(O) - V(¢ - 1)]
=V({(+1)-2V(()+V((—-1) (14)

Mathematicians are usually satisfied with the right difference quotient. But
its use in physics introduces an unsymmetry that is strictly due to mathemat-
ics and which may lead to divergencies avoided by the symmetric difference
quotient!. Hence, we use the definitions of Egs.(10) and (11) for the first and
second order difference quotient.

IHarmuth 1989, Sec. 8.2
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The formulas for the derivatives in Eq.(1) are replaced by the following
formulas for finite differences:

%:%["(CH
% S+ 1
% %[S(CH
%—%[s(eﬂ

Instead of Egs.(3) and (4) we obtain:

1
A 5[ ¢+
1

5[14(774‘
AA 1

1

§[A(77+

)=~ D] = 5140 (¢~ 140)] =
)6~ D] =3[ +6+1-(C+6-1)]=1
)~ &) =5l +1-0- (¢~ 1-6)]=1
)= &6~ 1] =5~ (B+1) [~ (- 1)) = -1
AAAn  AAA¢  AA | AA
R IR v b R
1,6) = Ay —1,6)] + 3[40 €+ 1) — Aly,€ — 1)
- A@p-1) = Addn, Adde A4 A4
An A9 Ac A0 An  Ac
1.E) — Aln — 1,)] - 5[A@m,E+1) — Aly, €~ 1)

The second order difference quotient becomes:

AZA
A¢?

A2A
A02

:A~—17

A (AA N AA) An N A (AA AA) A¢
Ay Ag)A¢ Ag A ) A¢
A%AA2A 0 A%4
A TApAs - Ag
A(AA AA)An A(ﬂ_ﬂ)g
An\An  A¢ A¢ A¢
A A*A A4
A TAnAe T Ag

We write Eq.(1) as difference equation and substitute Egs.(21), (22):

A2 A2
A A4 =a*V((,0)
A¢? AG?
A2
124 2y

AnA¢

(15)
(16)
(17)

(18)

(19)

(23)

(24)



6.2 INHOMOGENEOUS DIFFERENCE WAVE EQAUATION 241

A(ﬂJrl»f—l) A(TZ+1,§+1)
7)+1—A\ ) ZL_
v/
\\ y
\\ //
N Y
AN //
\\ //
N /
v \\ s B—
n
—ﬁ /A\\
s N\
// \\
// \\\
/ N
/ \\
1 d \\
n—
Al -1LE-1) 1 TA(n - 1.6+ 1)
£-1 ¢ £+1

FIGURE 6.2-1. The difference of the averages of A taken at the points n 4+ 1,£ + 1 and
n—1,6—1aswellasat n+ 1,6 — 1 and n — 1,£ + 1 divided by 2 yields AZA/AnA¢.

This is the equivalent of Eq.(7) for finite differences An, A{. Since Eq.(11) only
defines the operator A%/A(? we still have to explain the operator A%/AnA(:

A24 A [ AA 1A
m = ATW(E) = §A~_77[A(n,€+ 1) — A(n, € - 1)]

zibun+L§+1y—AW—1£+l)

—[An+1,6-1) - A(n— 1, - 1]}

{310+ 1€+ 1)+ 40~ 1.6~ 1)

N =

- gl Le- D an- et} @9

In the last two lines of Eq.(25) we have the averages 0.5[A(n+1,£+1)+ A(n—
1,6 — 1) and 0.5[A(n+1,£ — 1) + A(n — 1,£ 4+ 1)]. Their first order difference
yields A2A / Anﬂé . Figure 6.2-1 shows the geometric meaning of this difference
of two averages.

Equation (24) looks very similar to Eq.(7) and we will expect that a solu-
tion similar to Eq.(9) can be found. To obtain this solution we follow closely
Noérlund and Milne-Thomson?. They use the notation

Aulz) = u(z + w) — u(x)

e w

= »(z) (26)

2Nérlund 1924, Ch. 3; Milne-Thomson 1951, Ch. VIII
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for an inhomogeneous difference equation of first order, where w stands for A¢
in Eq.(10) and the symmetric difference quotient A / A~§ is replaced by the right
difference quotient A,/A¢ of Eq.(13). To connect Eq.(26) with our notation
we can choose w = 2

[u(z +2) —u(z)] = p(z), w=2 (27)

| =

and substitute x = 2’/ — 1:

Au(2') = %[u(m' +1) —u@ —1)])=p@ -1), 2/=z+1 (28)

Consider the function

f(z) = Co—wle(x) + oz +w) + o(x + 2w) +...]

=Cp—w Z oz + sw) (29)

s=0

and the shifted function f(z + w):

fle+w)=Co—w) [plx+w)+o(@+2w)+...] (30)
s=0

Substitution of f(x) for u(z) in Eq.(26) satisfies that equation and we have
found a formal solution of Eq.(26). The constant Cy may be replaced by a
definite integral

o0

Co = / o(v)dv (31)

c

and the Hauptlosung or principal solution of Eq.(26)—also called the sum of
the function ¢(x)—may be written in the form

o0

F(z|w) = /(p(y)du —w Z o(z + sw) (32)

i s=0

The integral is introduced for the constant Cy because a divergency of
this integral may compensate a divergency of the sum, which a constant Cj
in Eq.(29) could not do. The principal solution of Eq.(26) is thus obtained by
summing the function ¢(x). In analogy to the notation of integral calculus
Norlund introduced the notation
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F(z|w) = Sgo(u)éy = /(p(V)dV — “’Z oz + sw) (33)

The function F(z|w) is obtained by summing ¢(z) from ¢ to x. The inte-
gral in Eq.(33) represents an ‘integration’ or ‘summing’ constant like the ¢ in
[7 f(z')da’ if it and the sum converge. In this case one may write a constant
Cy for the integral rather than evaluate Eq.(31).
Let us mention that Norlund’s definition of the sum of a function is
more general than Eq.(32):

F(a: | w) = }}I}% </(P(V)€_H/\(V)dl/ _ WZ@(CE + Sw)@—ﬂz\(w-ksw))
s=0

This more general definition is required here only to obtain the sum of the
constant a in Table 6.2-1 (Milne-Thomson 1952, p. 203).

We rewrite F'(x |w) for the symmetric difference quotient on the left side
of Eq,(28) with the substitutions z = 2’ — 1 and w = 2:

z'—1 oo 0
F(z'—1]2) = S o(V)Av = /(p(ll)dl/— 22(,0(3:’ —142s)
c c 5=0

x oo

G(z) =F(z|2) = S o(v)Av = /gp(y)du -2 Zcp(:z: +2s)
c ¢ s=0
Av=Av forw=2 (34)

As an example let ¢(z) in Eq.(26) be the exponential function e~ and let
w as well as x be real and positive:

x o -
U(ﬂf) = F({l? | w) = SQ*V%V — /e*VdV —w Zef(ersw)
c c s=0
—c we "
DR p— 35
T (35)

In order to see what the symmetric difference quotient and the choice
w = 2 do to this result we consider the difference equation

/

Av(z") = (@' +1) —v(@' —1)] =€ =), u(@)=uv)e

[u(@ +1) —u(@ —1)]=e @D =@ —1) (36)

N = DN =
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The equation for v(z’) equals Eq.(28). We get with the help of Eq.(34) and
=xz+1:

z’ oo

o0
v(z') :eflu(x'):eilG(x'):Sef(”H)Auze*l /eﬂ’du—2z e~ (#'+29)
c c 5=0
2 2 : 2 /
— 1 —e_ " | —(e+1)_ 24—z — _
e (e 1_62> e e P (C—e™™) (37)

The integral [ exp(—z')dz’ yields C' — e~*". BEquation (37) differs by a factor
2/(e —e™1) = 0.85092 from this result.

It has been shown? that Eq.(35) not only holds for the exponential function
o(x) = e ® in Eq.(26) but generally for the exponential function e?® in the
complex plane as long as the condition |w| < 27/|y| is satisfied:

T
eve wer”® 2T
SewéV =T Tioew Mg
&
ZL‘I /
eY(c+1) 2e7E
S A — — o hl<n (38)

[

This relation makes it possible to solve Eq.(26) for ¢(x) = sinyz:

1 : 1 YT —iyx
;[u(x—&—w)—u(x)] =sinyz = (e — ™)

xr
u(x) = 2% 8 (e”” - e*”") Av

w
(&

1 ei'yc wei'ya) efi'yc wefi'yw
T2 ( iy 1—ew | —iy * 1—6—"7‘”)
cosyc w cosy(x —w/2 21
_gosne weosrmwE) o, 2n (39)
v 2 sin(yw/2) vl

We need the corresponding result for Eq.(36). Intermediate steps are given to
help with verification:

Av(z') = %[v(w' +1) —v(z’ —1)] =sinvyz’ = % (eiw, — e_”””l) (40)

3Nérlund 1924, p. 81; Milne-Thomson 1951, p. 231
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1 1 . .
5[111 (@' +1)—vi(2 —1)] = Ze”x , ur(z') = 2ie vy (2)
1 o
L@+ 1) — (e’ — 1) = 7D = (a! — 1) (41)
1 / / 1 —iya’ / . iy ’
5[1}2(13 +1) —wa(a’ —1)] =€ , ug(z') = —2ieva(x”)
1 o
§[u2(x’ +1) —ug(z —1)] = e @D = oz’ — 1) (42)

v(@') = vi(2') +va(z’) = %e”ul(x’) — Ee_”uz(:c’)

’ / /

X X X
1 . . 1 . X
= S siny(v + 1)Av = —e* Se””Al/ — —e SeﬂwAy
21 21

C C c
1 ev(etl)  9oiv(@'+1)  p—iv(etl)  9o—iv(a’+1)

T2 ( iy 1—e? * —iy 1—e 2 >
cos[y(c+1)] cosvya'

—cxbler s s (43)

The integral [ sin~yz’dz’ yields —(cosyz’)/v+ C. Equation (43) has the factor
1/sin+y rather than 1/+.

We shall need a few more results like Eqgs.(37) and (43). Since there is
no table of sums corresponding to the tables of integrals, except for the few
examples provided by Norlund, one must calculate these sums. Table 6.2-1
shows a collection of sums needed in this book. Except for the last two sums
they are all due to Norlund.

We have developed sufficient mathematical tools and return to Eq.(24).
Let us use the notation

AA(n,E) _
to obtain from Eq.(24) the relation
Av(n,&) _ 1 _a
e Sl E+1) —v(n &~ 1)) = V(5,8 (45)

With the help of Eq.(33) we obtain a solution for v(n, £):
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TABLE 6.2-1
SuMs v(z') = v(z) OF CERTAIN FUNCTIONS ¢(2') = ¢(z) ACCORDING TO EQ.(36)
FOR w = 2. THE INTEGRALS OF ¢(z) ARE SHOWN FOR COMPARISON.

T

o@) ol =S e+ nar / o)z
(&
a alr —c—1) ar +C
—x __SL__ —(c+1) Lz
¢ sh1 te et tce
v y(c+1) YT
e <~ +<—+cC
shy Y
~ complex, || <7
sinnz _cosyz cos[y(c+ 1)]’ | <7 _SOsYT o
siny 5
cosyz sinyz sin[vy(c + 1)}7 | < b L
siny vy
eAz 6Az
e sin v PR (Ao sinyx — o cosyx) + Co m()\ sinyx — ycosvyz) + C
Ao — _2()\2 ++?)sh Acos~y
o= cos 2y — ch 2\
2(\? 4 ¥?) ch Asiny
~ cos2y —ch2)\
/\(c+1)
Co = e {)\ sin[y(c+ 1)]
—vcos[y(c+ 1)}
CAZ Az
e cos v m()\o cos vz + Yo sinyz) + Cy m()\ cosyx + ysinyz) + C
Ao and 7o are shown above
A(cﬁfl)
Cy = SV {)\ cos[y(c+ 1)]
—7ysin[y(c+1)]}
5 £
a
o0 € =zgvm+1 Ag (46)
Next we write
A@g 1 i
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2

£
=%va+1 A¢
S é Vi + 1,6 + 1A | Ay (47)

This is a particular solution of Eq.(24). To obtain the general solution we must
add the general solution of the homogeneous equation

AAm8) _ (48)
AnA¢
We rewrite this equation
A [AA\ 1 [AAm+1)  AA(n-1) o (49)
An\ Ag ) 2 A¢ A¢ B

This equation implies that AA/ Af does not vary with n and thus must be a
function of £ only:

If we sum over £ according to Eq.(34) we get

A= gfo(ﬁ)Aﬁ + fa(n) (50)

C

where fy(n) is an arbitrary function of i for which holds Afy(n)/A¢ = 0. The
first term on the right of Eq.(50) represents an arbitrary function of £ plus a
constant. We denote the arbitrary function with f;(¢) and the constant with

C:

A= fi(§) + foln)+C (51)
Substitution of £ and 6 from Eq.(2) yields:

A(G0) = L([C=0)+ fa(C+0)+C (52)

Hence, d’Alembert’s general solution of the differential wave equation also ap-
plies to the difference wave equation. Let us find its solution for the usual two
initial conditions. First we have for 8 =0

A(¢,0)lo=0 = ¥1(¢) (53)
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0 1 2 3
60—
FIGURE 6.2-2. The average slope [A(2)—A(0)]/2 defined by the symmetric difference quotient
of first order for § =1 starts at 6 = 0.

The condition for the first derivative at 8 = 0 is replaced by

AA 1
Ao 2
We have to take this condition for § = 1 rather than for § = 0 to avoid a value
0 — 1 smaller than 0. This is strictly a notational problem since the average
slope [A(2) — A(0)]/2 at 8 = 1 begins at § = 0 according to Fig.6.2-2.

We take the symmetric first order difference quotient of Eq.(52) and use
partial differenciation* according to Eq.(20):

[A(C, 0+ 1) — A(C, 0 — 1)]p=1 = ¥2(¢) (54)

AA  ARC—0)AlC—0)  AfC+0) AC+0)

— = — = = — (55)
Af A(C—6) Ab A(C+90) Af
With
Ac-6) 1 _
D o) - 0D = -1
A(C+0) 1 _
T 5[(0 +1)—(0-1)]=+1 (56)
we obtain
A4 A6  AbC+) (57)
Ab A(C—0) A(C+06
Equations (52) and (53) yield
fiQ) + f2(Q) +C = ¢1(¢) for =0 (58)

while Egs.(54) and (57) produce:

4The word differenciation is used for finite differences, the word differentiation for in-
finitesimal differences.
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ARC-0) | ARC+0)
A(C—0) A(C+0)
Summation of Eq.(59) and multiplication with —1 brings:

¢
£O) — fol0) = — Smc’ + 1AL (60)

[

From Eqgs.(58) and (60) we obtain f1(¢) and f2(():

= 2(¢) for =0 (59)

MO =301~ 3 §¢2(C’ FDAC - 50 (61)
1 1 ) ,1
F2(0) = 501(0) + 5 é%(@ +DAC -0 (62)

C

Substitution of f1(¢) and f2(¢) into Eq.(52) brings:

AG6) = 501(C~ 6) —%Smcﬂ

1 ¢+6
+ 5%(4 +0) + 3 w2 (¢ +1)AC (63)

C
Using a notation analogous to that used for integrals we may rewrite Eq.(63):

C+6
1
AGO) = 3l =0+ or1C+ 0 +5 S eaC +DAC (69
=t
This is the difference equivalent to the “classical solution” of the differential
wave equation.

6.3 DIFFERENTIAL DERIVATION OF Ay (¢, 0)

The derivation of Aey(¢,60) in Eq.(2.2-40) used Eqs.(2.2-14) and (2.2-18)
which come from the double integral of Eq.(2.1-45). This very elegant solu-
tion of the inhomogeneous wave equation (2.1-44) was derived by Smirnow
(1961, Vol. 11, VII, §1, 175). The derivation of Smirnow’s solution uses Pois-
son’s formula (Smirnow, Vol.II, VII, §1, 171). An extension of this formula
from differential to difference mathematics does not seem to exist. We must
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either develop this extension or find a new solution of the inhomogeneous wave
equation that is easier to extend to the mathematics of finite differences. The
new solution is chosen here. Certain intermediate steps will be shown that one
would usually leave out but these steps will help with the extension to finite
differences.

We start with the inhomogeneous differential equation (2.1-44) for the
potential Ay (¢, 0) but write it in simplified notation:

PA A _
a2 02

Following the general solution of the wave equation by d’Alembert we introduce
new variables 1 and ¢

(C 0), A=Ay, V=V, a?® = 2712 (1)

=46, E=C—0,C=3(n+8), 0=3(1- &)
on/oC =1, 9n/d6 = 1, ag/ac: 1, 96/06 = —1 2)

and obtain:

04 9ADn  9ADE DA DA -
ac  onoc  9EAC  on | o
04 _9Aty  9ADE 94 94

= === 4
20 ono0  oto6 oy 0% )

A second differentiation yields:

0%2A 0 (0A 0A\Jdn 0 (0A 0A\ ¢
0_42:6_n<<9—n+3£> ac " s( a_g)a_c
_ 0%2A n 8%2A n 9%A 5)
o " “onoc " o2
9%A 0 (0A 0A\Jdn 0 (0A 0A\ 0
W%(a?a?)a_ 8_5(8_178_5)_
2 2 2
0°A 28A+8A (©)

TP Tomog T 9e
Substitution of Egs.(5) and (6) into Eq.(1) yields:

0%A a2
TnOE ZV(TL £) (7)

Integration with respect to n brings:
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n
0A  a? , ,
_— = F’
AR AR AG) ®
A further integration with respect to & provides a general solution of Eq.(7):
n
[ vt + Fye) )ae + ¢,
n

T4

The integration constants F; (§) and C, must still be determined. To this end
we substitute n = ( + 6 and £ = ¢ — 0 in Eq.(9):

v<n',s’>dn') dé' 1 F(€) +cn] ©)

C+o

(49—%[/(/ . )a + By - 0) +.C,| (10

It is evident from Eq.(1) that the addition of a constant C), to A leaves the
equation unchanged. Since A((,6) represents a potential we always use its
derivatives either with respect to ¢ or to 6 and the constant C, disappears.
Hence, there is no need to determine C),.

The function F,) (¢ — 0) added to Eq.(1) also makes no difference since it
is one half of d’Alembert’s general solution of the homogeneous wave equation.
If we want the other half we may integrate Eq.(7) first with respect to £ and
then with respect to n:

=([rocuecmm) w
A= % { / ( 7 VGl €)de + Fg(m)dn’ ¥ Og]
- { / ( i VOl )y + Fi) + C (12)

The substitutions n = { + 6 and £ = { — 0 bring:

¢+ (-6

aco=5] [ ([ voreug)ar+ricroe] ay
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A comparison with Eq.(10) shows that the double integral is the same since
the sequence of integrations can be interchanged. Equation (13) contains the
second half F¢(¢ + 0) of d’Alembert’s general solution of the homogeneous
wave equation. Equation (10) describes waves that propagate in the direction
of increasing values of the spatial variable ¢ while Eq.(13) applies to waves
propagating in the direction of decreasing values of (. The sum of Egs.(10)
and (13) is also a solution of Eq.(1) and permits solutions of the homogeneous
equation of the form F,(¢ —0) + F¢(¢ +0):

5 ¢+6 (-0

“—{2 / < / V(n’,g’)dg’)dn’+F5(C+9)+Fn(49) (14)

AC0) = %

A constant (C,, + C¢)a?/4 has been chosen to be zero in Eq.(14) in accordance
with the text following Eq.(10).

We denote the double integral of Eq.(14) as a particular inhomogeneous
solution A;(¢,0) of Eq.(1)

9 ¢+0 (-0 ) ¢+0 (-0
aco) =% [ [vorcrae)ar =5 [ ([ voga)an as
and
2
An(C,0) = SF(C+0) + Fy(C — 6)] (16)
as the general homogeneous solution:

For the determination of the functions F¢y and F, we need two initial
conditions. We choose them to be:

A(G,0) =0, DA(G0)/00| = A(G,0)] _ =A(0)=0  (18)
Ah(Ca 0) = 7Ai(<a 0) (19)
An(¢,0) = —4i(¢,0) (20)

Equation (15) and (19) yield Ay(¢,0) as function of the inhomogeneous

term V(n,§):
A44(¢,0) = ~4i(¢,0) = —%/C (/ (1.€)d¢ ) (2)
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In order to write Aj, of Eq.(20) as function of V(n, () we must differentiate
Eq.(16) with respect to 8. From Eq.(2) we obtain the differential relations
oc/on=1/2, 06/om=1/2, 0OC/O¢=1/2, 00/0¢&=—1/2 (22)
and Eq.(15) yields:

ot~ 9C a¢ aeag_ ¢ 00

0A  OAOC DAB8  1[0A  9A
2\o¢ o6

A,
e aa_ /Vng‘ 0)d (23)

In order to be able to separate 9 A4;/9¢ and 0A; /00 we differentiate Eq.(15)
with respect to n:

0A _040¢ D400 _1(04; 04
on  0C On 00 on ¢

)
8Ai 8141 - a2
ety =5 [ Ve (24)

Subtraction of Eq.(23) from Eq.(24) yields A;:
¢+0

A —%A = (/VC+0§d§ /Vn,( H)dn) (25)

In addition to Eq.(21) we have now a second initial condition for the homoge-
neous Eq.(16):

&mm:—mmmz—ﬁ(jvm@%—jvmo@) (20)

Let us return to the homogeneous solution Ay (¢, ) of Eq.(16) and differ-
entiate it with respect to 0:

a2
An(¢,0) = 7 Fe(C+0) = F (¢~ 0)] (27)

For 6§ = 0 we use Eqs.(16) and (26) as initial conditions:

2/< </<V(n,§)d§>d77 (28)
(

Fe(Q) + Fy(Q) = ——

(€.0)
8 ¢
FQ) - F(Q) = 5 A¢.0) = ~2( [ V(¢ eae /Vncm) (29)
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Equation (27) is integrated with respect to (:

¢ ¢
Fe(O) = FfO) =~ [ A(¢.00d¢ + 01 = 25 [ Au(c' o)’ + €

_ _2/C <7V(<’,§)d§—7V(n,c’)dn>dé'+01 (30)

The sum and difference of Egs.(28) and (30) yield:

I
1

<7V(C’,§)d£—/V(n,gf)dn>d</] +% 31)

F,(Q)=—- 4 (AI(C,O /A ¢’,0)d¢’ —Cl)

[ (one oo
/(/Vc £)dé /Vn(dn>dg] G ()

The homogeneous solution of Eq.(16) becomes:

C+0 (0 ¢-0
LR (CH0)+ F (0)] = —[/(/ (n,€ )dn+/(/ d§>dn
(e [rucm)u] o

Equation (14) may be rewritten as follows:
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¢+6 £—6

/ /V(mf)dﬁ)dn
(/ (n, £)dg — / (n,€ dé)dn
/</ (€0~ / (1.in)c'| 34

Substitution of A = Aey, V = V,, and a® = ¢?>7% according to Eq.(1) brings
Eq.(34) into the following form:

027'2 o o
¢—0 ¢—0

+<7%@@%—7%W@@ﬁ4 (35)

Let us use the function V, = Voo F(¢) = Vepe 26 of Egs.(2.1-62) and (2.1-
64). For simplification we choose c272V,o = 1. We get from Eq.(2) for the last
two terms:

p2l = p2(E+n)/2=p2(¢"+€)/2 for (' =1
=p2(¢ +1m)/2 for (' =¢

/efpz(C’Jrs)/Zdﬁ — /efpz(C’Jrn)/Zdn =0 (36)

The first term in Eq.(35) yields:

¢+ ¢+0

Aey(C,0) = —= ( e—pz(n+£)/2d§> dn
JU

2
= —?e*”zc sh?(p20/2) (37)
2

This worked quite well. However, if we use the function w((, §) of Egs.(2.1-62)
and(2.2-13) we realize that the substitutions n = { + 6 and £ = { — 6 lead to
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FIGURE 6.3-1. a) Integration limits for the variables £ and 7 in the first integral of Eq.(35).
b) Transformation of the integration limits from the coordinates £, n to the coordinates (',
0" in Egs.(38) and (40).

more complicated integrals. This suggests to replace n and ¢ in Eq.(35) by ¢
and 6 or rather by ¢’ and ’. For the first term we obtain with £ = ' — 6’ and
n=¢+0"

C+0 (40
J (C/ev;mg) e)an— [ ( [vic.orpac)as

:2/( Vecedg>d0’ (38)

_|ogjoc og/on| _[1 1| _
D“an/ac an/ae‘_‘1 1‘_2 (39)

The interval (—0 < & < (+60, (—0 <n < (+6 is shown in Fig.6.3-1a. The
function Ve (n, £) is defined for every pair of points 7, £ in this interval. Hence,
the left side of Eq.(38) represents the volume of V. (7, ) over the area defined
by the integration limits. The transformation £ = ¢’ — @', n = ('’ + 6’ rotates
the coordinate system &, n by /4 relative to the coordinate system (', 0', as
shown in Fig.6.3-1b. The volume of the function V;(n,£) on the left in Eq.(38)
becomes the volume of the function Vo(¢’,0")D = 2V (¢’,0’) on the right. To
obtain the same volume on both sides we must contract the coordinates ¢’ and
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0’ by a factor 1/ V2. The reduced lengths are used in Fig.6.3-1b. We obtain
the following integration limits in Eq.(38) on the right:

2/ </Ve((’,9’)dg">d9’
0 ¢H(6+0) ¢C+(0—0")

[ (] e j( [ wcancw]

—0 (—(6496")

Consider the example of Eq.(37):

1 ¢+0 (40
Aer(C,0) = -3 / / epz(n+€)/2d§> dn
c—6 (¢—6
0 ¢+(646") 0 C+(6-0")
= —1 |:/( / ePZ(dcl) d0/+/< / ePZC/dCI) del:|

=0 ¢~ (8+0") 0 ¢—(o-0)

2
= fp—2@*P2< sh?(p260/2) (41)
2

Alternately to Eqgs.(37) and (41) we may use Eq.(2.1-45):

6 ¢+(0-0")
Aev(C,0) :—% / < / eﬂ2<’d<’)d(9’— f%e*pzcshQ(Pﬁ/?) (42)
0 -0 ’

Equations (42) and (2.1-45) are much more desirable than Eqgs.(37) and
(41)—which require that the last two terms of Eq.(35) vanish as shown by
Eq.(36)—but extending Eqgs.(37) and (41) from differential calculus to the cal-
culus of finite differences appears to be a great deal easier than the correspond-
ing extensions of Egs.(2.1-45) and (42).

6.4 CALCULATIONS FOR SECTION 3.3

We start with a collection of auxiliary variables that will be used exten-
sively. From Egs.(3.1-1), (3.2-15), (3.2-31), (3.2-61), and (3.2-60) we get:
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N =T/At, p32 = (cAt)’c (1)
p1=cAt(0Z +5/Z) = c2At(0u + s6) (2)
o =2mk/N, k=0, £1, £2,..., £N/2 (3)

(4)

& = 4{4(1 — sin? %) n? 28 +p2}
Aap =In (1 — 2[sin(7x/N)]? + %h(m/N)>
Aas = In (1 — ofsin(mr/N)J2 — %h(wm/N))

Ao = arcsin - (d2 p2)L/? (5)

Xiks Viks Siks Di(k), h(mk/N) see Section 3.3

Equation (3.3-55) must be written so that the functions of 1 and & are
clearly shown. We note that Dg(x) to D3(k) are not functions of 1 or £, but
the products SpgS10 to SpgSis contain these variables. We postpone rewriting
the product Syg.S19, since it is done in a way different from the rest, and start
with Sp1.511. Equations (3.3-19), (3.3-39) and (3.3-20), (3.3-40) yield:

5 g e(P1/2—=2a1)€/2 e~ (p1/2=Aa1)n/2
ST (01/2 = A1) /2P + (s /N)? [(p1/2 = Aax) /22 + (w5 /)2
(701)\11 sin 7%5 sin me] — Ao17Y11 COS 7%5 cos ﬂ‘:fn
— Yo17Y11 Sin %ﬁg cos % + Ao1A11 cos 7%{ sin W;”)
2w K0 2
= Ryje(P1/2-2a1)0 (Alo cos ™ Aq1 cos mRG
0 2
— Ajosin Ul + A3 sin 7m§> (7)
e(p1/2=2a1)€/2 e—(pP1/2=2Xa1)n/2
So2512 =

[(p1/2 = Aa1)/2? + (wr/N)? [(p1/2 = Aa1)/2)? + (7k/N)?

X ()\01711 sin 7%6 sin %m] — Yo1A11 COS 7%5 cos %m

. TKE TR Tk . KN
Ao1 A — cos — — — sin —
+ Ag1A11 SIn N cos N 701711 COS N sin N)
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2 2
= Ryje(P1/2-2a1)0 ( — Ajg cos mrf — Ay cos LS
2mK0 2
+ A12 sin i + A13 sin WHC) (8)
1
Ry = _ — 9)
{[(p1/2 — Aa1)/2]% + (7k/N)?}
1 1
Ao = 5(701)\11 —Xo1711), A= 5(701)\11 + Ao1711)
1 1
Aip = 5()\01)\11 +v171), Az = 5()\01>\11 — Yo1711) (10)

Furthermore, we get from Eqgs.(3.3-23), (3.3-43) and (3.3-24), (3.3-44):

27 K0 2
K Mgy cos Tr(

S03S13 = Ryze”(P1/27Aa2)? (Aso cos

. 2wkl . 2K
—A32 sin N +A33 sin NC> (11)

2mK0 A 2mk(
31 COS N

S04S14 = Ryze=(P1/27Aa2)0 ( — A3q cos

. 2wkl . 2K
+ A32 sin N + A33 sSin NC> (12)

1
Ryi3 = 2 2 (13)
{[(p1/2 = Aa2)/2]? + (7k/N)?}
1 1
Azo = 5(’703)\13 —Xo3m3), Az = 5(703/\13 + Xo03713)
1 1
Agp = 5()\03)\13 +Y03713), Asz = §(>\03)\13 — 703713) (14)

The terms in the second sum of Eq.(3.3-55) are more complicated and
there are eight of them rather than four. With the following five auxiliary
variables

1 1
Ris = 15
R Py e e Wyl Py ey W) R
1 1
Aso = 5(705)\15 — XosY15),  As1 = 5(705>\15 + Aos715)
1 1
As2 = = (705715 + AosAis),  Ass = = (V05715 — AosAis) (16)

2 2
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we obtain expressions for Sp5S15, S06515, So05516, So6S516 With 6 and ¢ shown

explicitly:
er1é/a e—P1n/4
S05515 = 5 2 2
(p1/4)% + (TK/N = Xa/2)? (p1/4)* + (18/N — Xa/2)
X A15 sin 7mi/\a 13 sin_ 7m+)\ _
Yo5A15 AW 2 )% A B) 77_
(7 A\ ] D VA
—>\05715cos_<N — 2>§_ cos <N+ 2)77_
_ i | (75 da)] T e ]
Yo5715 S \~ B) ] cos N B 77_
(7 X\ . TR Aa
+ AogsA15 COS (F — 7)5 sin [(W + 7)17] }
TKO 2mK0
= Ryze 79/2 [Ag,o (cos cos A\,¢ — sin Ul sin A, >
— Asy (cos cos A\, 0 — sin sin /\30>
2
+ Aso (sm cos A\, ¢ + cos b sin )\a§>
. 2rk( .
— Ass (sm cos A\,0 + cos sin )\a9> } (17)
2wkl 2mK0
So6S15 = R15e_p19/2 [A52 (cos 7;\’; cos A\, — sin Ul sin )\ag“>
2 2
+ Ass (cos LS cos A\,0 — sin i sin )\aQ)
— Axg (sin 2mrf cos Az + cos 2mrf sin )\a§>
— Asp (Sin 27;\/;C cos A\,0 + cos 2mrg sin )\36’) ] (18)
0 2mK0
So5516 = Rise %% | Ass ( cos i cos Ax( — sin ™ sin A,¢
N N
— As3 (cos 2mAG cos \,0 — sin 27;\7C sin )\a9>
— Axo (sin 2K cos \,¢ + cos 2mrf sin ,\ag)
2 2
+ A5y (sin 7;\/;4 cos A\,0 + cos LIS sin /\aﬂ) ] (19)
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21K
cos Aa( — sin

0
So6S16 = R156p10/2[ 50 sin AaC)

sm)\ 0

)
)

sin Aaeﬂ (20)

cos A0 — sin

+ Aso

sin cos A+ cos

(=5
+ As1 <cos
(55

27 2m
+ Ass (Sin HC cos \,0 + cos HC

For the products 807317, 5085177 Sogslg, 507S18 we may again use the

auxiliary variable Ry5 of Eq.(15) but the auxiliary variables of Eq.(16) must be
replaced:

1 1
Arg = 5(707)\17 —Xorm7), A= 5(’}’07)\17 + Aory17)

1
=(Yor717 — AorA17) (21)

1
A7y = 5(707717 + AorAi7), Az = 2(

The following four products are obtained from Eq.(3.3-55):

ePr1€/4 e—P1n/4
(p1/4)? + (mk/N + A /2)2 (p1/4)? + (M/N Xa/2)?

() [ 3)1
(3+5)q[(%-3)r
531l 3

1. 71' a
&| sin (N 5

SorS17 =

— o717 €OS

+ Ao7A17 COS

s1n)\ ()

2
= R156_p19/2 |:A70 (COS mrif

— A7y (cos LS cos A0 + sm sm )\a9>
+ Aro (sm 2K cos A\, ¢ — cos s1n A C)
2
— Arg (sm m-e( 0s A\, 0 — cos s1n)\ 9) ] (22)
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SosS17 = Ryze r10/2 [Am (cos 2mr0 cos A\,C + sin 2mr0 sin /\a(j>
+ A7 (cos 2mr cos \.0 + sin sm )\ae)
— Arg (sin 2mrb cos A\x( — cos sm A C)
—An (sin 0S Apf0 — cos sm)\ 9) ] (23)

27K
€os A\y¢ + sin Ul

2w K0
So7818 = RyseP10/2 [An (COS 7;\’;

Tk

sin )\aC>

— A3 (cos cos A\, 0 + sin sm )\ae)
.27
— Aqg (sm cos A\x( — cos sm A C)
+An (Sin 0S Aa0 — cos sm)\ 6’) ] (24)
SogS1g = —R15e_p19/2 [ 70 (cos cos A\ + s1n sm Aag“)
+ Anq (cos cos A0 + sm sm A 9)
+ A7o <sm cos A\, — cos sm )\aC>
21
+ Aqs (sm cos A0 — cos HC sin /\a0> } (25)

We turn to the term Spp.S10 in Eq.(3.3-55). Equations (3.3-17) and (3.3-38)
yield:
e—P28/2  o—p2n/2 e—P2(
S00S10 = = 26
P70 sh(p1/2) sh(pa/2)  sh?(ps/2) 20)
The term for k = 0 of the first sum in Eq.(3.3-55) might still have to be added
t0 S0S10- We obtain from Eq.(3.2-15):

v =21k/N =0 for k=0 (27)
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From Eq.(3.3-14) we get

h(0) = (—4p5 + p1)'/%, —4p3 +p} 2 0 (28)
and Eq.(3.3-18) yields:

Aa1 = In[1+ (—4p§ + p%)lm] = (_410% 4 p%)l/Q
Az = In[l — (—4p3 + p}) '] = —(—4p3 + p})'/? (29)

Further, we obtain from Egs.(3.3-9), (3.3-10), (3.3-12), (3.3-19)—(3.3-26), and
(3.3-39)(3.3-46) for & = 0:

Do(0) =0 (30)
D= o
Dy(0) = 14 —L—P1/2 (32)

(—4p3 + p)"/*

e(P1/2=2a1)€/2 ) o

[(p1/2 = Aa1)/2)”

_2((p1/2 — Aa1)/2]* sh[(p1/2 — Aa1) /2]

01 =

Aot = 1 —ch(p1/2 — Ma1) (33)
e(p1/2=2Xa1)€/2
Soz2 = — 7012) Yo1 =0 (34)
[(p1/2 — Aa1)/2]
_ (3(P1/2*>\A2)€/2)\03
03 =
[(p1/2 — Aaz)/2)
_2[(p1/2 — Aa2)/2]*sh[(p1/2 — Ma2) /2]
Aoz = — (35)
1-— Ch(p1/2 - >\A2)
e(P1/2=Xa2)€/2
04 = — 70327 Y03 =0 (36)
[(p1/2 — Aa2)/2]
—(p1/4=2Aa1/2)n
1= - 7211, y11 =0 (37)
(p1/4— Aa1/2)
Sip = e*(P1/4*>\A1/2)77)\11

(p1/4 = Aa1/2)*
_ 2(p1/4 = Aa1/2)%sh(p1/4 — Aa1/2)
A1 = (38)
1 —ch(p1/2 — Aa1)
—(p1/4=Aa2/2)n
€ 713 y1z =0 (39)

(p1/4— Aaz/2)"

S13 = —
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e—(P1/4—>\A2/2)77)\13

(p1/4— Xa2/2)?
_ 2(p1/4 — Aa2/2)?sh(p1/4 — Aa2/2)
M3 = 1—ch(p1/2 — Aa2) = (40)

We obtain for x = 0:

S01511 =0,  S02512 =0, 803513 =0, 504514 =0 (41)

With D;(0) and D2(0) finite in all cases except the distortion-free case men-
tioned after Eq.(3.2-58) we obtain zero for the term x = 0 in the first sum of
Eq.(3.3-55).

Using So0S10 of Eq.(26) wew may rewrite the first line of Eq.(3.3-55) into
the following form

L (cA)2S00510 — Vi (et =T = Vgt L e
4 e0 00°10 = 4 eO Sh2 (p2/2) e0 ﬂ2
p2 = (cAt)y/os < 1 (42)
which differs from the first line of Eq.(2.2-39):
1
L, = %0(07)2F67P2C(1 — ch p20) (43)
2

One may add the general solution of the homogeneous difference wave equation
of Eq.(6.2-52) to Eq.(42). If one chooses

FC—0)+ fo(C+6) = _%ﬁtﬁ (e,pz(u)) n e*pz(<+9>>
2

= —Vio(cAt)? ie P2 ch pof (44)
3

and adds Eq.(44) to Eq.(42) one obtains Eq.(43) for - = At. There is no
incentive to do so. This term of the differential theory was ignored according to
Eq.(6.1-64) and Fig.6.1-1 in order to save a Fourier series expansion of 1—ch ps6.
We are glad this term does not occur in Eq.(42) of the finite difference theory.
With the help of Egs.(7)—(14) we may combine the terms of the first sum

in Eq.(3.3-55):

Do[D1(S01511 + S02512) — D2(S03S13 + S04514)]
— ,6*P10/2 (GHE)\AIB cos 27;\’;4 - G12e>\A19 sin %

2 2
+G13e™42% cos 7;;( — G14e™2% sin WTHC> (45)
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G11(k) = 2DgD1R11 A1 G12(k) = 2DgD1R11M13
G13 (Ii) = 2D0D2R13A13 G14(li) = 2D0D2R13A33 (46)

The second sum of Eq.(3.3-55) can be rewritten correspondingly with the
help of Eqgs.(17)—-(25):

(Do Sos — D3S06)S15 + (DoSos — D3So05)S16
+ (DoSo7 — D3So8)S17 + (DoSos + D3So7)S1s

= —e 0/2 (Gm(ﬁ) cos 2mrf 27;\,;0> €os AaC

- G03 (KZ) sin

0

+ G01( ) sin

2rk0\ .
+ G03 COS N >Sln>\a§

27kC

+

+

<G02 ) cos A\u8 — Goy (k) sin )\a9> cos

Goa(k) cos Au8 + Goz (k) sin )\a6> sin 27;\;%] (47)

(k) = 2R15D3As50
(k) = 2R15[Do(As1 + A71) + D3Ars]
Gos(k) = 2R15 D350
(k) = 2R15[Do(As3 + A7z) — D3Ar] (48)

K

K

Using Eqs.(42), (45), and (47) we may write the potential Aey(n,§) =
Aev(C,8) of Eq.(3.3-55) in the form of Eq.(6.1-61) of the differential theory:

A (6.0) = Heat?vad 2
ev b = —(C t CO o5,
4 sh?(py/2)
N/2-1
1 —Kny2,Ko,7#0 2k
- Ne*pla/z Z [(Glle)““e + Gy e)‘“e) cos ——
k=—N/2+1
—Ko,Kny/2
2mk(

- (Glze)\Ale + G146>\A20) sin
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<Kny2
<—Kp

9 2Kl 27k0
4 Zemb/2 Z (G()l(,‘{> cos — Go3(k)sin > cos Aa(
N K>—Kn/2 N N
r>Ko

+ (Gog(li) cos 2

KO

2
+ Go1(k) sin 7;9> sin A,

TK(
N

+ (Goa(k) cos Au8 + Goa (k) sin A,0) sin 27;\1;4} } (49)

2
+ (Goz(k) cos Aaf) — Goa (k) sin Xa0) cos

Following the spirit of Section 6.1 starting after Eq.(6.1-64) we use Fourier
series expansions to eliminate all terms in Eq.(49) with a time variation other
than sin(27x0/N) or cos(2mrk0/N). But a change is required. The summation
over x in Eq.(6.1-61) ran from k = 1 to k = N, and we chose the limits of the

sum in Eq.(6.1-65) as v = 1 and v = N,. In Eq.(3.3-56) the summation is from
—(N/2-1)tok=N/2-1. Th1s suggests to use the same limits for our
Fourier series expansion. Since negative values v = —1 to v = —(N/2 — 1) add

nothing new to what is obtained from positive values v =1 to v = N/2 — 1 we
restrict the range of summation to 1 < v < N/2—1. The exclusion of v = N/2
is important. With v = N/2 we get sin 76 for sin(27rv6/N). Table 6.2-1 shows
that the summation of siny# and cos~8 exists only for |y| < w. Hence, the
exclusion of N/2 and larger values is a must. We choose the following form of
the Fourier series:

N/2-1
=go+ Z 9si (V) sSin(2mv8/N) + ger (V) cos(2mv0 /N)]

N N
sk (V) = %/f (0)sin(2nv8/N)dl  gew(v) = %/ ) cos(2wv0/N)do
0 . 0
go = %/fﬁ(ﬂ)da, 0<0=t/At<T/At=N (50)
0

We apply this series expansion to the time-variable factors exp[(—p1/2 + Aa16]
and exp[(—p1/2 + Aa2)0] in the first sum in Eq.(49):

N/2-1
Frr(0) = e /27200 = g0+ N [goer (v) sin(2m00/N)

v=1

+ gew1(v) cos(2mv0/N)]  (51)
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N
2 _ . 27l
Gsr1 (v N/ (p1/2=221)0 g 7 do
0
1 4drv /N
—— 1— —(p1/2=Aa1)N
N (/2= ) + @ro/NE ¢ ) A
N
2 _ 2l
Ger1 (V) ﬁ/ —(P1/2=2a1)0 (g N do
0

1 p1 — 221 _ _
— 1 — e~ (P1/2=2a1)N
N (pi/2 —Aa? s @ NE L ) (53)

N
1 1 1
go1 = N/ —(p1/2=2a1)0 39 — - (1- e—(p1/2—AA1)N) (54)
0

N p1/2 - )\Al
N/2-1
fr2(0) = e~ (P1/27 24206 go2 + Z [gsk2(v) sin(27v0/N)
v=1

+ gera (V) cos(2mv8/N)]|  (55)

- 1 47TV/N ,(pl/Q,AA2)N
9:2() = N o T Ana)? - @ /N L€ ) 58)
1 p1 — 2Aa2 —(p1/2-Aa2)N
92l = NG Ta A + oM b
1 1
_ = 1 _ g~ (P1/2=Xa2)N
92" N o2 - >\A2( ‘ ) (58)

The terms of the first sum in Eq.(49) are rewritten with the help of
Egs.(51)—(58):

e—P19/2

N

27K 2mr(

[(Gn e’\A1‘9+G136’\A2‘9) cos —(G12 e’\A19+Gl4e’\A2‘9)} sin

) N/2-1
=-5 (LB(K/7 0) + ; [Ls,. (k,v) sin(2mv0/N)
2mk(

+ L, (k,v) cos(27r1/9/N)]> cos

1 N/2—-1
+ N(L%(n, 0)+ Y [Li(k,v)sin(2mv6/N)
v=1
2mk(

+ L;,.(k,v) cos(27ru9/N)]> sin
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for — Ky < k < Ky or ‘K)| > KN/2

L (k,0) = G11(k)go1 + G13(K)goz
LS, (k,v) = G11(K)gsr1 (V) + G13(K)gsra (V)
L&, (k,v) = G11(K)gen1 (V) + G13(K)gera (V)
Ly(k,0) = Gi2(k)go1 + G1a(k)go2
L3, (k,v) = Gr2(K)gsr1 (V) + Gra(K)gsn2 (V)
L, (k,v) = G12(K)ger1 (V) + Gra(K)Ger2 (V)

(61)

We turn to the second sum in Eq.(49). All terms of the sum are multiplied
by exp(—p16/2). There are four different functions for which we need Fourier

expansions:

e P19/2 cos(2mkO/N)
N/2—-1

= Ji3(k,0) + Z [J11(k, V) sin(27v8/N) 4+ Ji2(k,v) cos(2nv0/N)]  (62)

v=1

e P19/25in(2wkf/N)
N/2-1

= Ji6(k,0) + Z [J14(k, V) sin(2mv8/N) 4+ Ji5(k,v) cos(2nv0/N)]  (63)

v=1

e 1972 cos A0

N/2—1

= Jig(k,0) + Z [J17(k, V) sin(27v8/N) 4+ Jig(k,v) cos(2nv0/N)]  (64)

v=1

e P92 5in \ A0

N/2-1

= Joa(k,0) + > [Jao(k,v) sin(2mv0/N) + Jo (, v) cos(2rv0/N)|  (65)

v=1

The following twelve integrals are obtained with the help of a table (Grad-

shtyn and Ryzhik 1980, 2.663/1, 2.663/3, 2.664/1):
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N
1
-2 —p10/2 — (1 - e—P1N/2
Ji1(k,v) N/ cos(2wk0/N) sin(2wv0/N)d6 =N (1 e )
0
( 2n(k — v)/N ) (66)
,01/2 277 K+V)/N] ~ (p1/2)? + [2n(k — v)/N]?
= p16/2 _ P (1 _ N2
Ji2(k, V) =~ /e cos(2mk6/N) cos(2mv0 /N )db ON (1 e )
0

1 1
“\ G2 T T )/NE | (2R T (e v)/NP> (67)

N
1 p20)2 _p 1 — e—P1N/2
Jialr,v) = O/ 712 cos(2mf)/N)db = L GRS G (68)
N
Jia(k,v) = %/ —r19/2 5in(27k0 /N) sin(27v0 /N )df = 2N (1 - e‘plN/z)
0
1 1
" <<p1/2> BTN G B IAE)
Jis(k,v) = ¥ /e 19/2 5in(27k0 /N ) cos(2w0 /N)db % (1 - e*plN/Q)
0
2n(k —v)/N
(G B N G B aE) ™)
1 T 0/2 1 (2mk/N) (1—6_”1N/2)
Ji6(K,0) = No/e P10/%gin(2rKk /N)db = — N (o 27 - @nn V) (71)
2 7 1
Jir(k,v) = i /e‘pla/2 cos A0 sin(27v0/N)df = i (1 - e_plN/Q)
0
Aa + 27v/N B Aa — 27V/N
g ((p1/2>2 Ot 200N (/2P O m/N)?) (72

_ = p10/2 — _ ,—p1N/2
Jis(k, V) =~ /e cos Ap0 cos(2mv0 /N )do = N (1 e )
0

1
< (p1/2)? a+ 27V /N)2 (/)1/2)2 +(Aa — 27rV/N)2) (73)
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N
1 1— e PN/2
—_ p19/2 _ pl 4
Jio(k, 0) N/e cos N0 = L et (74)
0
N
Jao(K,v) = 3/e P10/2 gin \,0sin(2700 /N)do = (1 - e*plN/z)
’ N 2N
0
« ! (75)
T O T IINE T O T
N
2 1
_ p10/2 — _ ,—p1N/2
Jo1(k, V) =N /e sin A,0 cos(2wv8/N)do =N (1 e )
0
" Aa —i— 27TV/N Ao — 27V/N (76)
37+ O+ 20N (27 4 O = 250/
1 1 A
Sl p10/2 = —(1—e N2y 22
Jaz(k, 0) =N /e sin A\,0 df N (1 e ) YOS (77)
0

The terms in the second sum of Eq.(49) are rewritten with the help of
Eqgs.(62)—(77):

<Kny2

2 <_ZKO ep10/2{<G (k) cos 2mrf Gos(k) sin 27r/<;9> cos A\x(
AT 01 — Gos a
N fi>—KN/2 N N
r>Ko
2mK0 . 2mkO |
+ (G03(/<) c0s — + Go1(k) sin v > sin A\,
. 2mkC
+ (Go2(rK) cos Aaf — Goa(k) sin A\, 0) cos
2
+ (Goa(K) cos A + Goa (k) sin A,0) sin 7;\7(}
<Kn/2 y
9 o [ Nt 27l 270
== Z Li.(k,0) +Z ( ) sin + L2 (k,v) cos >cos Aol
JV/‘@>7KN/2 N N
K>Ko N/2-1
2 2
+L5.(k,0)+ ; (L:S(Ka, v) sin 7;\1;9 + L2 (k,v) cos 7;\1;9> sin Aa(

N/2-1
. 2wl 20 2TK
+Loc(k,0)+ Z (LSC<KJ,V)SIHT—FLCC(HJ,V)COS N >cos NC

v=1
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N/2—1
+Los(x,0)+ Z (LSS(KJ, V) sin 27;\?0 +Les(k,v) cos 27;\?0>sin 27;\1;4}
(78)
for Ko < |k| < K2
L{.(k,0) = [Go1(k)J13(k, 0) + Gos(k) J16(k, 0)]
L:C(K,, I/) = [G01(I€)J11(/€, V) + G()g(li)J14(K, l/)]
Li(k,v) = [Goi(k) J12(k, V) + Gos (k) J15(k, V)] (79)
Ljs(k,0) = [Goz (k) J13(k, 0) — Gor (k) J16(k, 0)]
Li(k,v) = [Gos(k)Ji1(k, v) — Goi1(k)J1a(k, V)]
Li(k,v) = [Gos(k)J12(k, v) — Go1(k)J15(k, V)] (80)
L()C(I'i, 0) = [GOQ(KU)Jlg(/'i, 0) + G04(/€)J22(I€, 0)}
Ls(k,v) = [Goz(k)J17(K, v) + Goa(K) T2 (K, V)]
LCC(I{, l/) = [GOQ(H)Jlg (H, l/) + G04(I€)J21(H, I/)] (81)
LOS(KJ, 0) = [G04(H)J19(I€, 0) — GOQ(H)JQQ(H, 0)}
LSS(R, U) = [G04(I€)J17(/€, V) — GOQ(H)JQO(K/, Z/)]
Les(k,v) = [Goa(k) J1s (K, v) — Goa(K)Ja1 (K, V)] (82)

The sum of exp(—p2()/p3, Egs.(59) and (78) yields Aey (¢, 0) of Eq.(49).
We write this sum in a compacted form that shows only the variable ¢ explicitly:

Aev(C,0) = (cAt)*Vy [

+ Z <Cec(/<o, 6) cos 27;6( + Ces(k, 0) sin 2

Coc(k,0) =

e—P2€

4507 (p2/2)
N/2-1,20

k=—N/241

Tr(

+C2 (1, 0) cos Ao + C2 (15, 0) sin M)]

for — Ko <k < Ko, k# 0or |k| > Kn/2

1 C
IV [Lo(fﬁ 0)

N/2-1

20
+ Z (Lgn(n,y)sin 7;\1; + L¢,.(k,v) cos
v=1

2wl

N

)



272 6 APPENDIX

1 S
Ces(lﬂ‘/, 9) = m |:L0(I<&, 0)
N/2-1
+ ; <L25(n, v) sin 27;\?0 + L, (k,v) cos 27;0”
Ce(k,0)=0
Cé(k,0) =0 (84)
for Ko < |k| < Kny/2
1
Ceoc(k,0) = N |:L0C(H,0)
N/2-1
+ 2 <LSC(/$, V) sin 27;\?0 + Lee(k,v) cos 27;\1[/6)]
1
Ces(k,0) = N Los(k,0)
N/2—-1
+ 2 (LSS(K/, v) sin 27;\1;6 + Les(k, V) cos 27;\?0>]
a 1 a
Cec(’i>0) - 2_ LOC(K’7O)
N/2—-1
2 2
+ 2 (L:C(n, V) sin 7;\?0 + L2 (k,v) cos 7;\1;9)]
a 1 a
Ces(k,0) = N 0s(%,0)
N/2—-1
2 2
+ ; <L:S(Ii, V) sin 7;\1;9 + L2, (k,v) cos 7;\17/9>] (85)

Equation (83) has the form of Eq.(6.1-109). But the time variable term
ch pa8 of Awp(¢, ) in Eq.(6.1-109) does no longer occur. Furthermore, the two
spatial terms exp(—p2() and sin27x( in Eq.(6.1-109) have been replaced by
five spatial terms exp(—p2(), cos(27k(/N), ..., sin A,{) in Eq.(83).

6.5 CALCULATIONS FOR SECTION 3.4

The first two terms A (¢ £ 1,6) of Eq.(3.4-1) follow from Eq.(3.3-56) by
the substitution of ¢ + 1 for (:
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Aer(C £ 1,8) = (cAt)Vig ]
ev 9 = t el YN
(€210 = (dtVod S
N/2—1,0
2mk( 2rk . 2mk( . 27K
+ Z [ Cec(k, 0) (cos ~ coS N F sin N sin T)
K=—N/2+1
. 27wk 2TK 2rk( . 27k
+ Ces(k, 0) (sm cos N F cos N sin T)
+ C%.(k,0)(cos AaC cos Ay Fsin A Csin\y,)
+ C% (K, 0)(sin Aa€ cos Ay & cos Ay sin )\a)] } (1)
The difference (Zps/2)[Aev(¢ +1,0) — Aev (¢ — 1, 6)] becomes:
1
Amv1(<79) = §ZPS[A8V(< + ]-,0) - Aev(C - 170)]
h ps _
= — Zpy(cAt)2Vegd — L2 _epat
pe(eAt) o{4sh2(p2/2)e
N/2—1,70
. 27K . 27k( 27K¢
+ Z [ sin — (C’ec(/@, 0) sin N~ Ceos(k, 0) cos ~ )
K=—N/2+1
+8in A, [Co (K, 0) sin Ay ¢ — O (K, 0) cos ,\ag]} } (2)

We turn to Eq.(3.4-9) and substitute 6 £ 1 for 6 to obtain the summation
of Aee(C,0 £1):

e P26

éAev@,@ﬂ)AC = etV 15%(p2/2)sh o
N/2—1,#0
+ Z |: Cec(ﬁa 0+ 1)

k=—N/2+1

cos(2mk(/N
sin(2rk/N)

sin(2rk¢/N) .
sin(2mk/N) Cos(r, 0 £1)

L0 (s, £ 1) S8R (g4 1)< Aac] } (3)

sin A, sin A,

The term Apy2(¢,0) in Eq.(3.4-3) becomes with the help of Eqgs.(3.4-1)
and (3):
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¢
Ama(C0) = —Zp, S [Aee(C,0+1) = 2400(C,0) + Aen(C, 0 — 1]AC

N/2-1,0
= —Zp(cA)Vig Y
k=—N/2+1
sin(27x(/N)
( [Coc(k,0 + 1) — 2Cec(k, 0) 4+ Coc(k, 0 — 1)]W
cos(2mk(/N)
_[Ces(h‘/, [ + 1) — 2Ces(:‘<6, 9) + Ces(K'7 0 — 1)]W
. . " sin A\, ¢
e, 0 +1) = 206 (, 0) + Cee( 0 — D] 5=
Aa
—[C&(5, 0 + 1) = 204 (5, 0) + Cey(k, 0 — 1”%) “
For Anys((,0) in Eq.(3.4-3) we obtain:
Amv3(C79) = _%Z g [Aev(Cve + 1) - AeV(C’e - 1)]AC
. N/2-1,70
= —Z(cAt)Veo Y.
2 k=—N/2+1
sin(2wk(/N)
( fCwti41) - Cucl0 — )2
cos(2mk(/N)
—[Ces(ﬁ,e + 1) - Ces(’ive - 1)]W
. " sin A\, ¢
H{Cee(r: 0 +1) = Ceels, 0 — )] ==
. u cos A\x(
_[Ces(’%70 + 1) - CeS(H70 N 1)] Sil’l)\a > (5)

The time functions Cec(%, 0 + 1) to C2(k, 0 — 1) follow from Eqgs.(6.4-84)
and (6.4-85) by the substitution of # + 1 for 6:

for — Ko <k < Ko, £#0, or |k| > Ky/2

Coclr, 0+ 1) = —ﬁ [Lg(n,ﬁ)

N/2-1
2nv(0 £ 1 2rmv(0 £ 1
+ ,; (Lgn(n, v) sin % + L¢,.(k, v) cos %)]
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- LJV{LC(E 0)

+N/i1 sin 2mv cos@icos 2mv sin%—y
N N N
+LE (ko) 276 27r_y - 2710 in27r_v
o (K, cos N cos N Fs I S I
Cos(k,0 £ 1) [ (%, 0)
N/2—
0+1 2mv(0 £ 1
z:: ( mn%JrLin(n,y)cos%)}
1
ZW{L(S)('%O)

N/2-1
2 2y 2mvf | 2wy
E L i — =+ in —
+ 2 [ SK(H,I/)(SIH N COs - T cos ——sin N)

+ LS, (k,v)| cos 26 cos %—V sin 276 sin %—V
cr 1% N N TN N

C2 (k0 £1)=0
Co(k,0£1) = 0 (6)

for Ko < |k| < Kny/2
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1
2N {LOS(H O)
+ N/i 1 sin 2mv CcoSs 27T—V + cos 2mv sin 27T—V
N N N N
Lo ) 2wl 2my . 2mvl . 2wy
es(k, V)| cos cos N F sin N sin N
1
Cé(k,0+1) = ZN[ .(x,0)
N/2—1
0+1 2rv(0 £ 1
+ Z ( ) sin —V(N ) + L2 (k,v) cos —WV(N ))]
1
= o5 1 Loe(x:0)
N/2—1

2mv0 2 2mv6 2
+ ; |:L(SZC(I€,V)<Sin 7;\1; cos%y:tcos 7; sin%)

+ L¢.(k,v)| cos 2mv cos %—V sin 276 sin %—V
cclfi N N TN N

Cé(k,0+1) = 6s(K,0)

1
2N
N/2-1

+ Z (La K,V SlanrLgs(n,y)cosW)]

1
LCL
QN{ 5.(5.0)

N/2-1

270 2 20 2
+ Z {L“ K,V (sin 7;\1; cos%:l:cos 7;\? sin%)

o 2mvo 2rv . 2mv@ | 2wy
+ L (K, U)(COS N Cos— Fsin——sin T)}} (7)

Using Eqs.(6) and (7) we may simplify the four terms in brackets of Eq.(4).
The variables C' are replaced by new variables D:

for — Ko <k < Ko, #0, or |k| > Ky/2

Dec(,0) = Cec(k,0 + 1) — 2Cec(k, 0) + Cec(k,0 — 1)
L N2

. 2wl c 27l
N Z sin —( .. (K, V) sin I + Lg, (K, v) cos i )
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Des(k,0) = —[Ces(k, 0 + 1) — 2Ces(k, 0) + Ces(k,60 — 1)]

N 2mvo 2mvo
N Z sin —( .. (K, V) sin I + LS, (k,v) cos N )
Di.(k,0) =0
D2(k,0) =0 (8)

for Ko < |k| < Kny2

Dec(K,0) = Coc(k, 0 + 1) — 2Cec (K, 0) + Cec(k,60 — 1)
N/2 1

. 2wl 2wl
= N Z sin? ( (k,v)sin ~ + Leo(k,v) cos ~ )

Des(k,0) = f[C'CS(n 0 +1) — 2Cs(k, 0) + Cos(k, 0 — 1)]
N/2 1

. 27l 2mvl
N Z sin? < (K, V) sin ~ + Les(k, V) cos N )

Dg.(k,0) = Cg. (H 9 +1) = 20%(k,0) + Cee(r,0 — 1)
N/2 1

2mvo 2mv0
=5 Z sin —( (k,v)sin 7;\1; + L. (k,v) cos 7;\7; >

Dg,(r,0) = —[Ceq (H 9 +1) = 2C5(5,0) + C&(k, 0 — 1)]
o N/21
a 2 a 2mvf
Z sin? — <L K,V)sin N + L (k,v)cos N ) (9)

The terms of Ay3(¢,0) in Eq.(5) may also be simplified significantly with
the help of Egs.(6) and (7) using new variables E instead of C"

for — Ko <k < Ko, k# 0, or |k| > Kn/2
Eeo(K,0) = Coc(k, 0 + 1) — Cec(k,6 — 1)

N/2—-1
1 . 27w 2w . . 2wl
IN 1/221 mnT(LH(m,I/)cos ~ — LS, (k,v)sin ~ )
Eus(k,0) = —[Ces(k,0 + 1) — Ces(k,0 — 1)]
N/2—-1

2 2
Z sm—( . (K, V) cos 7;\1;9 — L%, (k,v)sin 7;\?0>

Ee?s(’ia 0) =0 (10)
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for Ko < |k| < K2

Eeo(K,0) = Coc(k,0 + 1) — Cec(k,0 — 1)

_ 1N§1, 27rl/L ( ) 2wl Lee Jsi 2wl
=N 2 sin N\ Lse K, V) COS i ce(K, V) sin N

1 2mv 2mv0 2mvé
E sin — ( ss (K, V) cos ~ es(K, V) sin ~ )

1 N 2 2 2
= = Z sin %(Lsc(/@, V) cos 7;\1;9 —L¢ (k,v)sin 7;\1;9)

Egs("ia 0) = _[Cgs("ia 0+ 1) - Cgs(”? 0 — 1)}
N/2-1
1 2 2 2
=5 Z sin %(L:s(n,u) cos 7;\I;O—Lgs(m,y) sin 7;\1;0) (11)
v=1

Equation (4) for the component A,,v2(¢,0) may be rewritten into the fol-
lowing form using the six equations of Eqs.(8) and (9):

N/2-1,#0
Amv?(Cae) = 7ZpS(CAt)2V‘cO Z
k=—N/2+1
sin(2rk(/N) cos(2mk(/N)
(DEC(H’ ) sin(2rk/N) Des(1,6) sin(2rk/N)
. sin A\, ¢ a €os AaC
DO 4 DL TR ) (1)

The component Ap,y3(¢, 6) of Eq.(5) may be rewritten with the help of the
six equations of Egs.(10) and (11):

) N/2—1,#0
Anvs(C,0) = —EZ(CAt)QVeo >
k=—N/2+1
sin(2rk(/N) cos(2mk(/N)
(Eec(ﬂ’e) sin(2wk/N) + Bes(r,9) sin(2mwk/N)

. sin A\, ¢ “ €os A\a(
B 0SS (e 0) ) (19

a na
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We may combine Apy1(, 6) of Eq.(2), Amva(¢,0) of Eq.(12) and Ay (¢, 6)
of Eq.(13) according to Eq.(3.4-3):

Amv(Cy 9) = Amvl (Cv 9) + Amv2 (Cv 9) + AmvS (<7 9)

sh p N/2-1,20

= Z(cAt)Vig | — —L2 o=t
0"Vo| - T >N
Tr( 21K

+ Chs(k, 0) sin

(C’mc(n, 0) cos 2

+ C2 (K, 0) cos \u¢ + C2 (K, 0) sin /\ag)] (14)

The functions Cpc(k, 0) to C2.(k,0) have the following values:

for — Ko <k < Ko, & #0, or |x| > K2

2TK Ds(k,0) ) Eos(x,0)

Cinc(k,0) = +ps (Ces(fi 0) sin N sin(2nk/N) 2sin(27k/N)

B 2Tk Dec(K’a 0) Eec(’i’ 0)
Chns(K,0) = —ps <Cec(/f 0) sin N + Sin(27r/€/N)> 2sin(27k/N)
Che(r,0) =0
Cial.0) =0 "
for Ko < |k| < Kxy/2
271'/1 Des('%a 0) Ees(ﬁ’ 0)
Cine(K,0) = +ps <Ces K, 0) sin - s1n(27m/N)> 2sin(27k/N)
2K DeC(I'i, 9) Eec(ﬁv 0)
Chs(%,0) Ps <Cec %, 0) sin sin(27m/N)> 2sin(2mk/N)
gs(n,ﬁ) Eg‘s(/ﬁe)
2. = +ps (C’ o (k,0)sin X\, Sin A + 2sin A,
. D (k,0)\  E2(s,0)
c2, Ps <CC K, 0) sin Aa + Sin . 2sin \, 16)
Equations (15) and (16) will be needed in a form that shows the time

variation explicitly. Using Eqs.(6.4-84), (8), and (10) we obtain from Eq.(15):

for — Ko <k < Ko, #0, or |k] > Ky/2

N/2—1

1 2wl 27l
Cone (5, 0) = 4N{L00(fe 0+ > (Lm(n, V) sin 7; + Loa(k, 1) cos 7JTV” )]
v=1
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2
Loo(k,0) =ps sin %LZ(/@, 0)

2nk  4sin®(7v/N)
L =pPs nm— — —~ 7 S y _—
o1 (5, v) =p. (sm N sin(27k/N) (V) + sin(2rk/N

. 2k 4sin®(7v/N) sin(2rv /N

L —pf sin 28 _ZSM VI ps (g ) STV s

02 V) =p (Sm N sin(Zﬂ%/N)) e (1) sin(2wk/N (V)

(17)
N/2—-1
1 . 2mKO 2wl
Cms(ﬁ,Q):m[Log,(n,O)—&— l; <L04(f$,u)sm N + Los(k, v) cos ~ )}
2
Los(k,0)=pssin ﬁLS(;{, 0)

N
Loa(k,v) —ps<sin ZWTH - %) L, (k, V)*mfziﬁ(ﬂ, v)
_ . 27k 4sin2(7r1//N) c )
Los(k,v) —ps<s1n N W) Ly (kyv)— m
(18)

We turn to Eq.(16). To show the time variation explicitly we use again
Eq.(6.4-84) as well as Eqgs.(9) and (11):

for Ko < |k| < Kny2

N/2—1

1 . 2wl 2mvl
Cmc(m,é?):ﬁ[Loo(m,O)—l— ; <L01(f<a,1/)sm ~ + Lo2(k, v) cos N )]
2
Loo(k,0)=pssin %LOS(H, 0)
B . 2nk  4sin®(7v/N) sin(27v/N)
Lm(”’”)f’s(smwm Les(my )+ 5o T Fes ()
21k 4sin®(7v/N) sin(2nv/N)
L == Ps i AT o AT LCS bl _~—LSS b
o2k, v)=p (sm N sm(27m/N)> (k) sin(2mwk/N) (,v)
(19)
N/2-1
1 . 2wl 2wl
Cms(,@,e)—ﬁ{Log(n,O)Jr ; <L04(/<;,1/)sm N + Los(k,v) cos N )]

2
Los(k,0)=—pssin %LOC(R, 0)

B . 27k 4sin®(7v/N) sin(27v/N)
L04(K,, Z/) = —{ps<sm T — W) LSC(KZ, I/) + WLCC(/{, V):|
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TABLE 6.5-1

281

LOCATION OF THE DEFINITION OF VARIOUS CONSTANTS AND FUNCTIONS.

constant or function
2

dA

Ry1, Ri3, Ris

Aa

AAL, Aa2
P1
P2

Ps
Po
©r

Por

7Yo1, Y03, Y055 Yo7
Y115 V135 V155 V17
Ao, Ao3, Aos, Aoz
A11, A13, A1s, Arr
Aio, A1, Az, Ags

A3o, Az1, Azz, Ass

Aso0, Ast, Asz, Ass

Ao, A1, Az, Avs

Cé.(k,0), C&(k,0), Cec(k,0), Ces(k,0)
C&C(K” 9)’ CI?]S(K7 9), Omc(’%’ 9)7 Cms("iy 9)
DO(”)) DI(KJ)’ D2(H’)7 DS(K)

Dec(k,0), Des(k, 0)

Dgc(/{,, 9)7 Dgs(/'{,, 9)7 Dec(’iv 9), Des(f@ 9)
Ee.(k,0), E2(k,0)

E2 (k,0), E%(k,0), FEec(k,0), Eos(k,0)

Goi(k), Goz(k), Goz(k), Goa(k)

Gll(ﬂ), G12("'€), G13(H)7 G14(H)

L§(k,0), Lg,(k,v), L (K, v)

L(S)("ia 0)? L:n(ﬂa V)7 Lfm(’%v V)

Lgc(ﬁ7 0)’L(SIC(H7 I/)7L3C(H’ V)7L85 I{" 0)7LZS( Ccs
Loc(k,0), Lgc (K, v), Lee (K, v), Los(k, 0), Les (K, V)
L?)O(’ia 0)7 Lgl(’ia 0)7 LSZ(”? 0), LSS(Ha 0)» L84(
Loo(k,0), Lo1(k,0), Lo2(k, 0), Loz (k, 0), Loa(

equation

3.2-31
6.4-9, -13, -15
3.2-60

3.2-61

3.1-1

3.1-1

2.1-49, 3.4-1

2.1-51

3.2-15

3.2-15, -16, -22
3.3-22, -26, -30, -34
3.3-42, -46, -50, -54
3.3-21, -25, -29, -33
3.3-41, -45, -49, -53
6.4-10

6.4-14

6.4-16

6.4-21

6.4-85
6.5-15 to -22
3.3-9, -10, -12, -15
6.5-8

6.5-9

6.5-10

6.5-11

6.4-48

6.4-46

6.4-60

6.4-61

k,v), L% (k,v) 6.4-79, -80
Les(k,v) 6.4-81, -82
,0), Las (k,0) 6.5-21, -22
L




282 6 APPENDIX

Loswu):—[ps(sm%’“—%)Lm( )= O L)

(20)
N/2—-1
a A a . 2ml 2mvf
C’mc(/i,e):m[Loo(ﬁ,O)—l— Z <L01(I<J,I/) sin T+L02(/€, v) cos N )]
v=1
Lo (K, 0)=pssin Ay L (k, 0)
N ) 4sin®(nv/N) .., sin(2rv/N) _,
Ly (k,v) =Ps<sm Aa— W) Les(rov)+ — g Les(mv)
) 4sin®(mv/N) sin(27v/N)
Ly (k,v) :ps<sm Aa— BT Li(k,v)— WL:S(/@, v)
(21)
N/2-1
1 2mv0 2mv0
C;S(K,O)ZW{L&(/{,O)—F 3 (Lgm,y) sin ——+ L (i, v) cos T )]
v=1
Lis(k,0)=—pssin \, L3, (k, 0)
a ) 4sin®(rv /N .., sin(2nv/N) _,
Lm(&”)‘{ﬂs(sm/\aW)%dlﬁ ) W Li(r,v)
a . 4sin®(nv /N .., sin(2rv/N) _,
LO5(/~$,1/):—{ps<sm/\a—W Li (k,v) W L (k,v)
(22)

In order to help find all the constants and functions required for repeated
substitutions to obtain Cp(k,0) to Cus(k,0) we provide a listing in Table
6.5-1.

6.6 CALCULATIONS FOR SECTION 3.5

According to Eq.(3.2-60) we have the relation A, = pg,. A good approx-
imation of yg, is provided by Eq.(3.2-21). Figure 6.6-1 shows A, as function
of k for this approximation. We may represent A, by the following simpler
functions:

Ao = 27k /N for —-N/4 <k < N/4, k#0
=n—2mk/N for N/4<kKk<N/2
=—m—2mk/N for —-N/2 <Kk < —N/4 (1)

We note that the points k = —N/2, 0, N/2 are excluded in Eq.(1). The
representation of Eq.(1) is applied to certain of the integrals of Egs.(3.5-24)
and (3.5-25) that are used in Eq.(3.5-26). The number N in the following
formulas is even.
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1—-cos2NX, =1—cosdnr =0 for —-N/4 <k < N/4
=1—cos2n(N +2k)=0 for N/4<r<N/2
=1—cos2n(N +2k)=0 for —-N/2<k<—-N/4 (2)

N 1 sin2NXA,\ N 1 sindrk\ N
2 2N, ) 2 drk ) 2

for —N/4A<k<N/4, K#0

N sin27r(N — 2k) N
__< - m> )
for N/A< Kk < N/2, k# N/2

N sin 2w (N + 2k) N
- ( m) )
for —N/2<k<—-N/4, k# —N/2 (3)

N 1_~_sin2N)\a N 1+sin47m N
2 2N), | 2 4tk ) 2

for —N/4A<k<NJ/4, K#0

(i)

|2

2
for N/A <k < N/2, kK # N/2
N sin 27r(N + 2k) N
:3< 27(N + 2r) ):3
for —N/2< k< —-N/4, k# —N/2 (4)

sin(NA,—27k) sin2n(k—k)
NX, — 276 27(k — K)
_sin(N —4k)
(N —4r)
_ sinw(N+4k)
(N +4k)

=1 for —-N/4<k < N/4, k#0
=0 for N/4<k<N/2, k# N/4

=0 for -N/2< k< —N/4, Kk #-N/4 (5)
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/2

I

’<:§
/4

~ N/4

N/4 N/2

L—m/4

—m/2

FIGURE 6.6-1. Plot of A\, as function of k using the approximation of Fig.3.2-1.

sin(NA, +27k)  sindnk

N, — 27k

sin?(NX,/2 — k) sin® 7k — k)

= = — < kK<
Trn 0 for —-N/4 <k < N/4, Kk #0
inTN
:Sli; =0 for N/A<r<N/2
_sin(—7N)
f_ﬂ—Nfo for —-N/2 <k < —N/4 (6)

a2 ) =0 for —-N/4A< k< N/2, k#£0
:SH;Q(}T\;;\;/E ;1432)5) =0 for N/4<Kk<N/2
:Sirf&% /i ;2)“) —0 for —N/2<rk<-N/4 (7
:SiriN;jvzﬂ:O for N/4<k<N/2
:% —0 for -N/2<rk<-N/4  (8)

Using Egs.(2) to (8) we reduce Eq.(3.5-26) to the following shorter form:
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1
5fogoLQT?’c‘*m

6
U= ZUi
=1

{[cgngh(

oC
C ec
+ Cms 80

66(ec
00

+C§ OCes

mc 80
N
+[C§§2+<%> + 0%

a \ 2
a(2 8C’es
n [cec n (—80 )

+ CE

+ 281 (k) [ng CS, +

0C},. s+

oC
al ec

+ ms 89

+

+ 25, (k) [cgg CS, +

+ O+ S (
aca,
20

¢ 86’315
¢ 00

285

N/2—1,70

b

k=—N/2+1

)+

66(es
00

2
oC, oC,
< mc C ms
) resZgs v i
)]

OCmc
00

2 \ ((9Cms
90
202\’
0 ) |
a 21

o 4 <—acms>

00
oC
al mc
(Oes -

8C? . Cme
90 90 }
9Chms

90

oC?

al ec

+ C& 50
oca

al es

+ Cmc 96

902 0Cee 1
==+

00 00 2

2
+ O3+

a
eC

90
0C Cex | 1
0 06 2

Cms) O+

<02§

oC
ms ¢
T 99 Ce T Cmi g

al 8095 + :s
00

8C2, 9Cns

+ CXCS +

mc — mc

. ) e e

Some of the brackets are retained in this equation to facilitate comparison with
Eq.(3.5-26). The newly introduced function S;(x) is defined as follows:

Si(k) =1 for —N/4 <k < N/4, k#0

=0 for -N/2< k< —-N/4, NJA<k<N/2, k=0 (10)

The functions C$. to 0C2_/00 are listed in Egs.(3.5-27) to (3.5-34). Fur-
thermore, the first square C§S2 in Eq.(9) has been worked out in Eqs.(3.5-35) and
(3.5-36). There are 39 more such squares or products in Eq.(9) that still have to
be elaborated. We simplify this task by writing only the constant part but not
the time variable part - meaning the terms containing sine or cosine functions
of . We have learned in Section 3.5 that the approximation of Fig.6.5-1 fails
close to K = —N/2, 0 and N/2. Hence the interval Ko < |s| < Ky, for which
Eq.(3.5-36) holds is of more interest than the interval for which Eq.(3.5-35)
holds. It will be used for Egs.(11)—(15):
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for Ko < |k| < Kny/2

0(532(”’ 9) = Ul(fi) i (KJ (9)
2

nim = (2 (35 (Lasm,m+%Nglwzs(mu)wis(n,un)
C2 (5, 6) = Un (k) + Va(x, 6)

22/ 1V 1 N2 1
v = (5) (a) (0 + 5 X (i) + 22

2
(50%(;, 0)> = Us(k) + V3(~, )

2 N/2—1

0 =3 (zw) 2 (222 w2t + 2

<aces(n, 6’))2 = Ua(x) + Va(x,0)

90
0 = (o) N/E_j (22 e + 220

< (1, ) 2Cm agi ) _ Us() + Vi (s, 0)

Us(r)=" (%)2 Ngl 22 [Les () Lo (5, )~ L (5, 2) Lo, )]
< (1, 0) 2Cm 8;”” O _ Uy() + Vi (i, 0)

o= () N/Z:j B Lacls, ) L (5,0)  Lecliss 1) Lot )
CS. (%,0) 80‘3;(9"’9) — Us(k) + Vi (r, 0)

N/2—
Ur(k)= ( ) Z: 27”/ Lss(%,v) Los (K, v) — Les (%, v) Loa (K, V)]
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0Ces(k, 0)
o0

2 N/2—-1
US(R)W<%> > Q’TT”[LCS(R,u)Lm(ﬁ,y)fLss(n,V)Log(n,y)}

v=1

Chic(k, 0) = Us(k) + Vs(5, )

CS(k,0) = Uy (k) + Vo (k, 0)

Ua(k) = (%‘)2 (%)2 (Lg3(ﬁ, 0)+3 lezijll[L§4(n, v) + L3 (s, y>]>
CSa(%,0) = Uro(r) + Vio(r,v)
i) = (22 () (om0 + 3 32 1805+ Eit )
<80%‘(9ﬁ’9)>2 = Ui (k) + Vii(k,0)

171 VY fom\?
Un(k) = 5 (W) Vz::l <T> [L31 (K, v) + Ly (k, v)]
(50%2“(”)2 — Upa(k) + Via(x, 0)
o) = 3 () N/; (222 880+ Lt ) (1)
C2%(k,0) = Uns (k) + Via(s, 0)
st = () (15000 + 3 N:fj:[Lsfm, )+ 12 (0]
(80‘%—(:’0)>2 = Uha(k) + Via(k, 0)
0t = 3 (o) N/Z (222 e + 122

oC2 . (k,0)

Cag(li, 9) = U15(:‘€) + V15(I€7 0)

00

A 1 2Nt 2mv
Uit = 3 (55 ) 3 AP )~ Ll L (50
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oC? (k,0
C&%(“ﬂ)% = Usg(k) + Vis(k,0)
)\ 2 N/2— 1
Do) = 5 (gi7) 2 e )~ Ea o) o)

0% (k,0) = Upz (k) + Vir(, 0)
N/2—-1

0ot = 32 () (E85.0) 5 3 (2850 + 28850

v=1

(60&5—2&0)> = Uss(k) + Vis(k,0)

) = () 2 (222 Wit + L) (12)

C(eacCQ(’ia 0) = UIQ(KJ) + Vlg(K,, 0)

Uiate) = 32 (g ) (E820000 + Sl e + 2 2)

v=1

(@(;3_(99)> _ Uno(K) + Vao(r, )

N/2-1

Ut = () 3 (22 )+ L)

v=1

9Chs(k,0) _ Us1(k) + Vai(k, 0)

A1 o
a ™ a a a a
Unt) =% (55 ) 2 SFIL8s(s LA o)~ L)l )

v=1

(%’es—(fi,ﬁ) = UQQ(H) + V22(K’3 0)

A1V o
Unt) = ¢ (57 ) 20 S ) )~ Ly ) s )

v=1
2
C2%" (k,v) = Uss(k) + Vas(k,0)
N/2-1

Ut = () (18600043 3 W) + 285

v=1
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<6Cm8_<9>) — Una(w) + Vau(, )

101 2 om?
2 2
va)=3(3w) 2 () i)+ Bidten) (13)
The following terms are needed in the interval —N/4 < x < N/4 only.
We continue to determine them for the interval Ky < || < Ky /2 but terms
multiplied by S1(x) in Eq.(9) are summed only from —N/4 to N/4 rather than
from —N/2 + 1 to N/2 — 1; the value k = 0 remains excluded:

for Ko < |k| < Kny/2

ZCSSC(Hv Q)Cecs('%a 0) = U25([€) + ‘/25(’@ 9)
47rn)\a< 1

e () (Bt 0250

U25(K’) = 2N

1 N/2—1
5 3 Lalun) I8 000) + Lalnn) (50

v=1

0C2 (k) OCec(r, 0
2 ec(K’v ) (KJ ):UQG(K/) +1/‘26(n, 0)

00 00
1 2 N/271 2my 2
U= (557) 3 (5 ) Bl Elsst) e o)
aC'mc 79
038, 0) 29 1) 4 Vi, 0)
A 1 2N/271271'1/
Ul =5 () 22 o I v)~ Lo L)
oCc? (k,0
Ol 0) 08 (,6) =Uas(s) + Vas(,6)
27k (1 2N/27127r1/ a a
UQg(H) = T ﬁ VZ::I T[LOI (Ha V)LCS(Ha V) *LOQ (""37 V)LSS(’{v V)]
0Cec(k, 0
Cis(, 9)% =Usg (k) + Vag(k, 0)
M/ 1NV o .
U= (357 ) 20 00 ) L) L)
902,

Crcns(’iv 0) = U3O(H) + V3o (H,, 9)
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N/2—1
m( 1V 21y
U= (57 ) 2 S lbon(ka) 50~ Lon(ia L2 0]

v=1

2G5 (K, 0)Cis (K, 0) = Usa (r) + Vau (5, 6)

2

() = 52 (557 ) (Eosti. 08 0)
N
+5 2 [oaleu) o)+ sl s,

v=1

2acm5gc,9) aomgén, D) ) 4 Vi)
1 2 N/2 1 2my 2

) = (57 ) 30 (52 a8 5:0) + Laati, ) iy )]

(14)

The terms Uss(k), Vas(k,0) to Uss(k), Vas(k,8) in lines 10 to 13 of Eq.
(3.5-26) do not occur in the approximation of Eq.(9). Hence, we jump from
Usz(k) in Eq.(14) to Uyg(k):

for K() < |/<&‘ < KN/Z

202 (1, 0)CS, (K, 0) = Usg() + Vag(k, 0)

4k, [ 1V
Uso() = 25 (ﬁ) (LSC("%O)L%("%O)

1 N/2-1

#3 2 IlP)halror) + Kl sl
LIC(5.0) OCus(r0)

00 00
N/2-1

)= (5 ) 30 (222 a0+ Lt )

v=1

= U50(I<v) + Vso(lﬂ, 9)

OCs(k,0)

C*(k,0) 50

=Us; (I’i) + Vi1 (K, (9)

Ao 1 VN 2mw
U= (357) 2o T lonlto) ) Lo () L)
903, (5. 0)

90 Cgc(’i?e):U52(K) + V52(H” 9)
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k[ 1 2 N/2 127r1/
Usa) =5 (g7 ) 2 SR B8l Buc)~ L) L)
v=1
OCes(k, 0
038 5, 0) 2920 7 ) 1 Vi 0)
M (1 VN 2m
Usa) =5 (557 ) 30 R85 Ll ) L) L)
v=1
aC=. (k,

o6 0) 0, 5, 0)=Usa(s) + Vaa(,6)

2 N/2—1
Usst) =5 (g7 ) 2 Tl ) 8 )~ Lo ) s )

2055 (%, 0)Chic (K, 0) = Uss (k) + Vas (k, 0)

2
Uss(k) = 47?:7)\ <2N> (Loo(fi 0)L{o(x,0)
V2
+5 3 o) 8y 5.0) + Lon( 1) ()]
v=1

8C’a s(K,0) OCms(k,0)

=Uss(k) + Vss(k,0)

00 a0
1 2 N2 9mN?
7r a a
U= (g7) 22 (57 oo )it ) L) i)
(15)
In analogy to Eq.(3.5-41) we may write:
for Ko <|x| < N/4
32 32 56
Uen(r) = Z )+ Z U;( Ui (k,0) = ZV}(KJ,O)—F Z V;(k,0)
j=1 j=49 j=1 j=49
for N/4 < |k| < K2
24 24
Uan(k) = Y Uj(k), Un(s,0) =D Vj(k,0) (16)
j=1 j=1

Since we are usually not interested in distinguishing between positive and
negative period numbers k we may replace U; (k) in Eq.(16) by U, (k) + U;(—k)
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and write Uen(x) for the interval 0 < k < N/2 — 1 rather than —N/2 4+ 1 <
k< N/2-1:

for Ko <k < N/4

32 56
Uen(k) = Y _[U;(5) + U (=R)] + Y [Uj(5) + Uj(=k)] = Uena ()
Jj=1 j=49
for N/4 < Kk < K2
24
Uen(k) = D _[Uj () + Uj(—K)] = Uenz(x) (17)
j=1

If we want to extend the range for x in Eq.(16) to the interval —N/2+1 <
k < N/2—1 we must write the 40 equations of Eq.(11) to (15) for the intervals
—Ko <k <Ko, k#0and Ky < |s] <N/2-1.

We want the relative frequency r(k) or the probability of the energy
Ucx (k). If we ignore the intervals —Ko < & < Ko, & # 0 and Ky < |k| <
N/2 — 1 we obtain in analogy to Eq.(2.3-53):

U. U.
T(”Q) = 7"1(/‘@) + T’Q(fi), 1"1(143) = N—l(/{)7 TQ(K) _ N2(l€)
SCK SCK
<N/4 <Kny2
SCK - SCKl + SCK27 SCKI - Z UCNl(H)7 SCK2 = Z UcN2(:‘€)
x>Ko k>N/4
Ko = N(p} — 4p3)"/?/dm, Knjz = (N/2 — Ko) (18)

Equation (18) is formally equal to Eq.(2.3-53) except for the upper limit Ky,
rather than N/2 of the sum.

6.7 CALCULATIONS FOR SECTION 4.4

The evaluation of Eq.(4.4-4) calls for the integration with respect to ¢ of
the expressions for U*¥, (9¥*/00)(0¥/00) and (0V*/I¢)(0¥/0() in Eqgs.(4.4-
5), (4.4-8) and (4.4-9). A large number of simple steps is required. We write
them in some detail since it is difficult to make so many steps without mistake
even though each one is simple. First we rewrite the squared sums in these
equations:
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N, 2
<Z —AMSIT(H/NT) sin 7,0 sin 2;H<>

—1 Ve T
N
1 <= M2A212(k/N- 2
=3 Z MAslz(s/N-) )(1 — c0s 2,.0) sin? ALY
k=1 Tk T
N2 & A2X21p (s /N, ) I (/N omkC . 2mjC
+ Z sin v, 8 sin ;6 sin sin (1)
= i VeYi T Ny
N, 2
2
<ZIT(I<L/NT) cos 7,0 sin 7m§>
= NT
N,
1 2
=3 Z (k/N:)(1 + cos 2,.0) sin? ;Tv—ﬁc
No7d Mo 27k 275¢
+ Z ZIT k/N:)It(j/N-)cos~,.b cosy;0sin N Sin— (2)
k=1 j=1 T T
. 2mrAAs ] (k/N;) 2mkC 2
(; 1]\?{1 " sin 7,0 cos N >
1 <= (27kA A3l (K/N; 2
—§Z< A BTH/ )> (1 — cos 2v,.6) cos? TG
N., . . .
. ’”i (277)\1)\3)2HJIT(/@/NT)IT(j/NT)
k=1 j=1 7n7j
2 2mj
X sin 7,0 sin ;0 cos TG cos ;}K (3)
The following integrals will be needed:
N 2 2\1/2
/exp[—()\z—)\2)1/2dd§:N 1_eXp[_()\2 _)\1) NT] (4)
2 T 2 _ y2\1/2
/ 2NN,
N 2(X2 — A\2)1/2 N
— ( 2 1) T} (5)

1 —exp|
exp[—2(\2 = X\HY2()d¢ = N,
0/ > 22— 222N
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exp[—(A2 — A2)Y2(]sin(2wk( /N, ) d¢

o\;

(27”{/N‘r){1 — eXp[—()\% — )‘%)1/2]\[7']}

=N T R+ e/ AN ©)
N,
[ expl=48 — )] cos(zmng N7) dg
0
_ oy Q8 ANV — exp[- (A — AD)VEN} )
T S N+ Rre/N AN
N,
/sin(27r/<;§/NT) sin(2mj¢/N,)d¢ = % for k =3
0
=0 for k # j (8)
N,
/cos(27mC/NT) cos(2mj¢/N;)d¢ = % for k =j
0
=0 for K # j (9)

According to Eq.(4.4-4) we need the integral of U*¥ with respect to . We
obtain from Eq.(4.4-5) with the help of Eq.(1):

NT
/ T d¢ = 202 <(1 — cos2A\; \36)
0

exp[—2(A3 — A})'/*¢d¢

O\F

— 2(1 — COS 2)\1)\30))\1/\3 sin )\1)\30

N, Ny
30 N / expl-03 — 492 sin

k=1 K

N

N.
T A3 (K /N, 27K
+Z 173 Tg / ) COS2’YK, / 2 CdC

— Vi
k=1 0
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N #j N 242
MA3Ir(k/N7) It (j/N-)
+2 > Y A e
k=1 j=1 k1

f o2 2
xsinmﬁsin’yj@/sin ;Tvﬁc in 276

Lac) o
The integrals are listed in Egs.(5), (6) and (8):

NT
/\I/*\I' d¢ = U2N, [2(1 — cos 2A\1 \36)
0

1 —exp[—2(\3 — A\)V/2N,]
22— A2 N,
— 4(1 — COS 2)\1)\30))\1/\3 sin )\1)\30

2/ N )L — expl—(03 — A) V2N, )
[A3 — A2 + (2mK /N, )2]N.

N

I N.

X —T(H/ r) siny,ﬁ(
Y

k=1

+ Z MQ — cos 27,{9)) (11)

1 V7

We recognize that there are some terms in Eq.(11) that do not depend on
0 while most vary according to sinusoidal functions of 8. We denote these
constant terms with a subscript c:

U — (/ m(2)0472\11 ‘I’dC) L2 mgc47'2 \Isz
cr  h?

1—exp[-2003 — M)V2N,] | {5 A3 (k/N,)
X 2 2 1/2 + Z 2
()‘ - A ) k=1 Tk

L2 24,2 )\2)\2[2 N
== m"; T 92N, Z¢ for Ny > 1, A2 £22  (12)

o vz

The remaining terms with sinusoidal functions of 6 and time-average equal to
zero are denoted with a subscript v:

Uv1(8) =

L2 24,2 1_ —9 )\2 )\2 1/2N
e T g2y, ( P20 — M) N o n el

er R? 22— A2 N,
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— 4(1 — COS 2)\1)\30))\1/\3 sin )\1)\30

N,
3 In(k/N;) (27k/No){1 — exp[—(A3 — A})/2N]} sin 7,0
2 D2 — X2 + (27k/N, 2N "
N.
ks )\2)\21’2 K Nr
Z%/)cosz%(o
k=1 e
L? mgetr? AIA3I7 (k/N-)
. UIN, Y ST cos 2, Np>1 (13
S o 3 A . et

We turn to the integral over (00*/90)(0¥/06) in Eq.(4.4-4). Equation
(4.4-8) yields with the help of Eqgs.(1) and (2) the following result:

/3‘1’ ng = 4/\2)\2\112<

C9(\2 _ \2\1/2
90 90 exp[ 2(/\2 )\1) C]d(

O\;

0

N,
—2 Z It (k/N-) (COS 7,0 cos A1 A30
k=1
T 2
+ isinfy,ithin)\l)\;;G) /exp[,o\g _ /\%)1/24} sin ;Tvlicdg
Ve ) _7—
1SS AR (/) T et
LMD g [
k=1 K 2
+ fji MBI (5/ NI (G/NT) G ina0 /Tsm 2 o 2TIC
k=1 j=1 VeYi " / N, N,
0
1 -
+§; T(k/N- )(1+C032’Y,@9/Sln =2
N-,#j N 27TJC
+ Z ZIT(K&/NT)ITU/NT)cos'y,.ﬁcos% / C) (14)
k=1 j=1 J

We substitute the integrals from Egs.(4), (5) and (8):

/3‘1“*3%4 w2N w( — exp[-2(\3 — A})/2N,]

J 00 00 2(/\% _)\%)1/2]\[
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N
= 1
-8 Z It (k/N;) ( cosy.0 cos Ay A30 + — sin .0 sin )\1)\36’>
k=1

Ve

% (2mr/No){1 - exp[—()\% - A%)l/zN‘r]}
(A3 — A+ (27K/N7)2N

N N
2 A2M212(k/N, =
+ Z %(1 — cos 2v,.0) + Z I2(k/N;)(1 + cos 27n9)> (15)
Vi -
k=1 k=1
As in the case of Eq.(11) there are terms that do not depend on 6 and
others that vary with sinusoidal functions of §. We denote the constant terms

again with a subscript c:

N,
12 ( [ov ov
2 CT

L2
_ L oV o¥ _ L2 242
Ue 06 00 dC)C cT Ve AL

N,

_ _ 2 2 1/2 242
" {4 1 — exp[—2()\3 1/)\2 N;] ZIT %/N) ()\ TA3 )]
2(A5 = A7)

cr K

2 N~ AZ\2
= ZUINAIN2 ZI%(H/NT)( 3 - 1) N>1 (16)
k=1

The remaining terms with sinusoidal functions of # and time-average zero are
denoted with a subscript v:

L2 2 2412
Uia(6) = ZIIN AN

(2 /N1 — expl =0 = 32N}
{ SZIT IND T R (2 NN

242
- ZIT k/N:) (A 1A )0052759]

. L? -
= —\I!2N AN ZI%(,-;/NT)(1—

1
X ( cos Y0 cos A1 A36 + 7— sin 7,6 sin >\1>\3e9>

A
123> cos2y.0, N>1 (17)

The final integral over (0¥*/9¢) (0¥ /I(¢) in Eq.(4.4-4) yields with the help
of Egs.(4.4-9), (1) and (3) the following expression:
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N
88\12* ?gdc = 2\1/2{A2(1 — cos 2\ As) /eXp[f2(A§ = AD)!2d¢
0
N,
_4s1n)\1/\39;% Yk <>\ O/exp N 1/2<] JZ_/deC
- 27r/4:()\% _)\%)1/2 Ny 2 amigz 21K
— N /exp[ (A3 = A7) /7( cos TTdC>
0
i QF i (M) 1 — cos 2v,0) 7T ? QWHC
2 o V& 0

"2 I XN I (/N In (/N

2 2
+ sm'y,.ﬁsm7j9/sm 7m§s W]Cdg“}
k=1 j=1 V&3 N
1 & [ 2mkM Al (k/N;) N 2 ¢
TRA1A3LT (R T 2 TR
2= _
+ {221< N ) (1 cos2ny0)/ dg
K= 0
N7, #j N-
an?kj NN I (k/N;)IT(j/Ny) . .
+ ,; ; N2y, sin 7y,.0 sin y;0

N,
2 2
X /cos ;TVH WJC C]} (18)
0

Substitution of the integrals of Egs.(5) to (9) brings:

" our ow
¢ aC

_ _9(\2 _ \2\1/2
9= d¢ = U2N, [2/\3(1cos2A1A39)1 exp[~2(%; 1/21) -]

N,
— 8sin A1 A36 Z M?’I:—WNT) sin .6
k=1 r
o (2 2rr/No)f1 — exp[—(AF — ADVEN, ]}
(A3 — A%+ (27K/N;)2]N.
_2mR(A3 = AP (A3 — AD{1 —exp[-(A3 — AD)/2N]}
N, [A3 — A2 + (2mK /N, )2]N.
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N 2
= (A2 X3lr(k/N,
+ E (—1 2 :/i / )) (1 — cos2v,0)
k=1

N 2
N Z (2#/@&?\;[:;:”/]\]7)) (1 — cos 27:‘439)] (19)

k=1

As before in Egs.(11) and (15) there are terms that do not depend on 6
while others have sinusoidal functions of 8. The constant terms are denoted by
a subscript c:

.,.

N.
R A b 202 - AN

el )
| fqﬂN Z(M?JT—WM) [A%+ <2N7r_f)2} N>1 (20

el Ve

0

The terms with sinusoidal functions of 6 and time-average zero are denoted
with a subscript v:

2 2 _ y2)1/2
Us3(0) = L_quNT{ oxz 1= xP[2(% _ /21) M) s 2a050
cT 2(A3—=X2)"° N,
2K )\3IT(K?/N )
— 8sin )\1)\392 Non A2 — (A2 - )\%)1/2}
1 — exp[—(A§ — A}) V2N, |

.
D3 =X — @nr/NAIN, )

~ i <—A1A3IT(“/NT)>2 [)\% + (?"C)Q} cos 2%9}

k=1 ’YK T

2 2
=L —uN Z(M) {A%(?;“”cosme, N>1
T (21)

1 Ve

6.8 CALCULATIONS FOR SECTION 5.4

The evaluation of Eq.(5.4-2) requires the integration with respect to ¢
of the expressions for U*¥, (9¥*/00)(0¥/90) and (0¥*/I¢)(0¥/IC¢) in Egs.
(5.4-3), (5.4-6) and (5.4-8). Many simple steps are required. We write them
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in some detail to make it easier to check their correctness. We start with
Eq.(5.4-3), go to Eq.(5.4-6) and end with Eq.(5.4-8):

<Ko 2
< Z M sin (3,0 sin M)

Pt sin G, N
1 X IZ(k/N) 5 2mK(
=3 K;ﬁg M(l — c0820,0) sin ~

<ko,#j <ko

It(k/N)It(j/N) . . . 2mk( . 2mj(
4 Z Z Sin G sin 5, sin (3,0 sin (3,0 sin N smT (1)

K>—Ko j>—kKo

<Ko 2
( Z —IT(K/N)/BK cos B0 sin 27;\I:C>

P sin O,
1 2 In(w/N)B , 27
z Z (W) (1 + cos 23.6) sin® -
K>—KQ
<ko,7£j <Ko .
It (k/N)I1(j/N)B.B; _ 2mkC . 2miC
+ Z Z Sin B, sin cos 3,8 cos 3,0 sin sin — (2)
K>Ko J>—Ko
<Ko 2
It(k/N) 2mk 2mK(
< Z smﬂ N sin G0 cos N
K>—Ko
1 & /2rklp(k/N)\> 5 2mK(
=5 Z (W) (1 — cos 283,0) cos? ~
K>—Ko
<ko,#j <Ko .
2nkIT(k/N) 27rjIT(j/N) ) . 27 kK( 2mj¢
+ Z Z N sin 3, g, sin 3,6 sin 3;0 cos R

K>—Ko j>—Ko

3)
According to Eq.(5.4-2) we need the integral of U*¥ with respect to {. We
obtain it from Eq.(5.4-3) with the help of Eq.(1):

N

N
/q, Vd¢ = 2\1/2<(1 — cos 21 A30) /exp 2002 — A)Y2()d¢
0 0
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— 4)\1)\3 COs )\1A3 sin )\1)\30

<Ko N
<> I 50 [ expl-0 — 32 sin 22 ac

K>—KQ 0

<K N
Ak /N) 27m<
+ATA] D Y L2 (1 — cos 28,0) / 2 2d¢

K>—K0

0
<ko,#j <ko
In(s/N) F2 (/) |
2,2 T T
+ 273 E E sin B, sin 3, sin 3,0 sin 3,0

T 2,
x / <) (1)

The integrals are evaluated in Eqgs.(6.7-5), (6.7-6) and (6.7-9) if we substitute
Ly =2wKk/N, t; =2mj/N and N = N;:

K>—Ko J>—Ko

1— exp[—2(\3 — A2)V/2N]
2\ - AY)PN

N
/\1/*\11 d¢ = ¥2N {2(1 — cos 2A\;1 \36)
0

- 4)\1)\3 COS )\1)\3 sin )\1)\30
<Ko It m/N (2rr/N){1 — exp[—()\g — )\%)1/2]\7]}
> sin 5,0 A 4
K>—kKg Slnﬂ” [)‘2 - >‘1 + (27”{/N) ]N
<Ko 2
I N
+ATAS Z %(1 —cos26.0)| (5)

ko r S B

Some terms in Eq.(5) do not depend on 6 while most vary according to sinu-
soidal functions of . The constant terms are denoted with a subscript c:

N
mact At L? m3c*(At)?
L= 0 prdc ) = —— 0 2N
Uer cAt (/ <>C cAt h?
0

_ _ 2 y2\1/2 <Ko 72
% (21 exp[—2(A3 — A7) N]+)\2)\2 Z IT(”/N)>

2\ - AN VR e sin® By
L? 7”0C (At) 2A71212 X2 I%(“/“) 2 2
= — —\I/ NATA; E ———= for N>1, A A 6
cAt h? Pl sin? B, or N>1, A A% (6)

The terms with sinusoidal functions of 6 and time-average equal to zero in
Eq.(5) are denoted with a subscript v. We obtain:



302 6 APPENDIX

0- G ( [ eu)

L? m3c*(At)
_ CAtOT\I/fN[ 2cos 2A1 30

1 — exp[—2(A\3 — A\2)Y/2N]
2002 - A2 N

w (/ )
— 41 A3 cos A1 A3 sin A\ 30 Z ———~sinfG,.0
K>—Ko ﬁﬁ

o (2rr/N){1 — exp[=(A3 — )\2)1/21\7]}
A2 — X2 + 27k /N)’|N

<Ko 2
I N
—MA2 Z T(KT/,B) cos 20,0

sin
K>—K0
L moc (At) 2071212 X I%(“/N)
= -———"UIN —_r 2 for N > 1
Al = ATA3 ; —yy cos28.0 for N>>1 (7)
K>—Ko

We turn to the integral over (0U*/06)(0¥/09) in Eq.(5.4-2). Equation
(5.4-6) yields with the help of Eqgs.(1) and (2):

exp[—2(A3 — A})Y/%¢Jd¢

/‘N ‘N’dg = 4)\2)\2\112{

00 96
0
X Ir(k/N)
-9 Z T [A1 A sin A; A5(0+1) sin 8.0+ B, cos A1 A3(0+1) cos (,.6)
K>—Ko Slnﬁﬁ
N ) C
. 27K
[ expl-(4 = X)1/2sin T g
0
1 & [Ir(k/N) T 52
+)\%>\§[§ Z <%> (1 —cos28.0 / ﬂ%C
K>—KQ r 0
<ko,#j <ko
It(k/N)IT(j/N) WI{C 271'3(
+ Z Z S0 B, sin B, sin 3,60 s1nﬁjt9/ ——d(
K>—Ko J>—Ko
N
L1 <Z Ir(5/N)Bs \* (14 c0s 20,0 / 27m<
2 sin B, "

K>—K0 0
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sin B sin B; N

K>—Ko J>—Ko

<ko,7#j <Ko N
RS Le(w/NIe(G/NIBBs s 3 9 cos 8,6 /Sm 27;54 gin 279€ C}
0
(8)

Using Eqs.(6.7-5) to (6.7-9) brings:

X C9(\2 _ \2\1/2
/ aa\]; aa\;l dC AZ)\Z\IIZN eXp[ 2(>\2 1/21) N]
J 2(A2-X3)°N
<Ko
I N
-8 Z T H/ [A1 Az sin A; A3(0+1) sin 8,0+ B,; cos A1 A3(0+1) cos 5,.0)
K>—KQ

(2mr/N){1 — exp[—(A] — A})/2N]}
. D2 — X2+ (2rr/N)2N
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As in the case of Eq.(5) there are terms that do not depend on 6 and others
that vary with cos26.0. We denote the constant terms again with a subscript
c:

N
L? ov* 9w
Uez = Es( 20 90" )

. L2 2A71212 X2 It(k/N) ? 242 2
= S VINATA > (W) (MA2+82), N>1 (10)

K>—KQ

The remaining terms with functions having sinusoidal time variation and time-
average zero are denoted with a subscript v:
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The final integral over (00*/9¢)(8¥/IC¢) in Eq.(5.4-2) yields with the help
of Egs.(5.4-8), (1) and (3) the following expression:
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2k(
N 4
1
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0

N
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2 2
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(12)
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The required integrals are listed in Eqgs.(6.7-5) to (6.7-9):
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As before in Egs.(5) and (9) there are terms that do not depend on 6 while
others have a sinusoidal function of 8 with time-average zero. The constant

terms are denoted with the subscript c:

L? N8\I'* ov
v = [ G 52%)

cAt ¢ aC
L oo W Iv(s/N) ’ 2 27k \'
= G VINAA H;HO (W) [A1+ (T) } N>1 (14)

The terms with sinusoidal function of 6 and time-average zero are denoted with
a subscript v:
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