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Abstract

Conformal field theory (CFT) has been under intensive study for many years. The
scale invariance, which arises at the fixed points of renormalization group in rela-
tivistic quantum field theory (QFT), is believed to be enhanced to the full conformal
group. In this dissertation we use two tools to shed light on the behavior of certain
conformal field theories, the supersymmetric localization and the quantum entangle-
ment Renyi entropies.

The first half of the dissertation surveys the infrared (IR) structure of the N' = 2
supersymmetric quantum chromodynamics (SQCD) in three dimensions. The re-
cently developed F-maximization principle shows that there are richer structures
along conformal fixed points compared to those in N'= 1 SQCD in four dimensions.
We refer to one of the new phenomena as a “crack in the conformal window”. Using
the known IR dualities, we investigate it for all types of simple gauge groups. We see
different decoupling behaviors of operators depending on the gauge group. We also
observe that gauging some flavor symmetries modifies the behavior of the theory in
the IR.

The second half of the dissertation uses the Renyi entropy to understand the CFT
from another angle. At the conformal fixed points of even dimensional QFT, the
entanglement entropy is known to have the log-divergent universal term depending
on the geometric invariants on the entangling surface. We make an observation about
the universal term in free four-dimensional CFT Renyi entropy. In particular, we
study the subleading term of three-dimensional Renyi entropy with circular entangling
surface for massive free scalar. Then, we study the importance of boundary terms in
computing Renyi entropy. We also resolve the issue of Renyi entropy around ¢ = 1

in N' = 4 Super-Yang-Mills theory.
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Chapter 1

Introduction

A very important role in physics is played by the concept of the symmetry. By finding
the underlying symmetries of a physics problem, we have a much better chance of
solving it. The symmetries often encountered are under spatial and time translations,
rotations and Lorentz transformations. Together they form the Poincare symmetry
of the Minkowski spacetime. The Lorentz symmetry forms the SO(1, d — 1) subgroup
of the Poincare symmetry.

In some QFTs the Lorentz group is enhanced to SO(2,d) conformal group. The

(d+1)(d+2)

2

@ for the rota-

conformal group has generators : d for the translation,
tions and boosts of the Lorentz group, one for the dilatation, and d for the special
conformal transformation. The dilatation generates a transformation which scales
the spacetime coordinates by a constant x — Az, and the special conformal transfor-
mation can be identified as a series of transformations which consists of an inversion,
followed by a translation, and then followed by another inversion.

Physicists have also discovered a class of QFTs with the supersymmetry. Super-
symmetry is a type of spacetime symmetry that relates a particle to the other particle

with all the same characteristics but a different spin. If a particle is a boson with an

integer spin, supersymmetry matches it with a fermion with a half-integer spin, vice



versa. Sometimes both supersymmetry and conformal symmetry are present at the
same time, especially at the conformal fixed point of the relativistic QFT. We will
discuss it in the chapter [2|

Supersymmetry solves many problems in theoretical physics. The most famous
application of supersymmetry is to solving the hierarchy problem in the standard
model : why is gravity so much weaker than the weak force? This has to do with
the mass of the Higgs boson being much smaller than the Planck mass. Without
supersymmetry, we have a hard time explaining why the Higgs boson mass should
be small because there is a quadratic divergence in the Higgs mass renormalization.
Supersymmetry solves this by introducing the superpartner which cancels that di-
vergence. Moreover, in cosmology, supersymmetry provides a strong candidate for
cosmological dark matter.

It may seem that supersymmetry is only viable in particle physics, but it is also
applicable to condensed matter physics and quantum optics. In condensed matter
physics, supersymmetry gives simpler solutions to many problems such as the random
magnetic field in the Ising-like model, linear polymer, and electron localization |2-4].
Also in quantum optics, supersymmetry helps realize dissipative dynamics. It is also
shown that supersymmetry can be realized in a cavity-QED system [5].

Having seen the broad range of usage of supersymmetry in physics, we will use
it in the quantum field theory to reveal an interesting feature of supersymmetric
quantum chromodynamics in three dimensions : can we find the range of how many
flavors in the theory for it to have an interacting fixed point in the infrared for various
gauge groups? If so, is there any transition on behavior within that window? The
corresponding problem in the four dimensions have been solved by Seiberg [6] (there
is an analogous conformal window in the non-supersymmetric case |7,8]). We study

the similar conformal window in the three dimensions [9}|10].



Scaling dimension is the value denoting how an operator behaves under the rescal-
ing of the spacetime = — Az. At a critical point (or in the scale invariant theory,

conformal theory), an operator ¢ with a scaling dimension A has a two point function

(p(x)d(0)) ~ 2722 (1.1)

Computing the scaling dimension is of interest due to the fact that it is related to the
critical phenomena of the QFT - it measures the critical exponent 7 in the contin-
uous phase transition, which measures the scaling exponent away from its canonical

dimension,

n=2A—(d—2). (1.2)

In the supersymmetric QFT, the scaling dimensions of chiral and anti-chiral operators
are used to observe the dynamics at the conformal fixed point using the fact that they
are proportional to the R-charge because of the superconformal algebra. Any operator
that is a chiral primary has a bound on its scaling dimension if we impose the theory
to be unitary. In four dimensions, the scaling dimension of the meson M? was used
as a probe, but we will see in chapter 2| that the scaling dimension of the monopole
is useful in three dimensions.

In the second half of the dissertation, we will consider a different but related
concept in the QFT, the Renyi entropy which is a generalization of the quantum
entanglement entropy [11,[12]. In quantum physics, it often happens that a group of
particles is entangled that the state of each particle cannot be determined indepen-
dently. We call it as quantum entanglement, and it is one of the features that cannot
be explained by classical physics. To quantify this intriguing phenomenon, physicists

have built many measures of it and the standard one is the entanglement entropy.



Entanglement and Reényi entropy has been widely used in quantum information [13]
and condensed matter physics [14-18].

In high energy physics, entanglement entropy has drawn great interest rather
recently after the work of Ryu and Takayanagi deriving the entanglement entropy of
boundary from the surface in dual geometry [19]. It became even more interesting
after its behavior under the renormalization group flow was revealed [20}21].

More interesting physics came out when the entanglement entropy was applied
to the conformal field theory (for review see [22-24]). In conformal field theory, it
is natural to map the theory to the sphere and compute its free energy on there.
It was shown that, in three dimensions, this three-sphere free energy coincides the
entanglement entropy with circular entangling surface up to overall sign and proved
it is monotonic under the RG flow [25], proving the known F-theorem.

This inspires one to work on what happens to the Renyi entropy of the conformal
field theories. In chapter [3} we present the work on the Renyi entropy by investigating
the structure of its universal terms and confirm its area dependent nature. After that
we present the work on the expansion of Renyi entropy around the order ¢ = 1 for

conformal field theory to resolve the conflict within the scalar field.

Organization of the dissertation

In the rest of chapter [1 we review the essential background theories that are used
in the main chapters. We first review the three-dimensional A" = 2 supersymmetric
theory, and how it is written on the curved three-sphere where we can write down the
exact partition function via localization method. Then, we move to the renormaliza-
tion group flow of QF T and quantities that parametrize this flow. In three dimensions,
F = —log Zgs does the job and maximizing it gives the correct R-symmetry at the
IR fixed point. Lastly, we briefly review the concept of entanglement entropy and its

generalization, the Renyi entropy.



In chapter 2| we study the IR structure of the N’ =2 SQCD in three dimensions.
The recently developed F-maximization principle [26] shows that there are richer
structures along conformal fixed points compared to that of N = 1 SQCD in four
dimensions. In the Veneziano limit, where we send the gauge group parameter N,
and number of flavors Ny to infinity while keeping there ratio z = Ny/N,. fixed, we
see that the three-sphere partition function starts to diverge at the critical value z..
Dual theory then has a converging partition function to define F' from z < z..

From z < x., emergent symmetry arises in the IR and mixes with the R-symmetry.
We give insight to this new global symmetry by studying the scaling dimension of the
monopoles exploiting the fact that conformal scaling dimension and R-charge have
exactly the same value at conformal fixed points. Monopoles have scaling dimension
A > % for x = z., but they hit the unitarity bound A = % at x = x. thereby
decoupling from the theory for x < z.. Emergent symmetry acts on the monopole
sector for x < x., fixing its scaling dimension to % We call this transition of theory
at * = x. a “crack in the conformal window”. Using the known IR dualities, we
investigate the crack in the conformal window for all possible types of simple gauge
groups. Surveying these gauge groups, we find that there is a general formula which
determines the scaling dimension of the flavor multiplet to the order of 1 /N]%

It turns out that gauging the flavor symmetry drastically changes the behavior at
the IR fixed point. We investigate this by looking at several examples including the
quiver gauge theory and different types of orthogonal gauge groups.

Chapter [3|explores the Renyi entropy of the CFT. At the conformal fixed points of
even dimensional QFT, the entanglement entropy is known to have the log-divergent
universal term depending on the geometric invariants on the entangling surface. We
make an observation about the universal term in free four-dimensional CFT Renyi
entropy. In particular, we numerically study subleading term in mi order of three-

R

dimensional Renyi entropy with circular entangling surface for massive free scalar.



Moreover, we check that Renyi entropy follows the perimeter law just as the entan-
glement entropy does.

We can also compute the Renyi entropy via CF'T partition function, but there is
an ambiguity due to the boundary terms. This actually corresponds to the choice of
regularization for singular conical space. Including the boundary term is the same as
putting a hard cutoff, while not including it corresponds to regularizing the conical
space by smoothing the singularity, which erases the boundary. We show the impor-
tance of the boundary terms by computing the second derivative of the Rényi entropy
for a general CFT, and we find perfect agreement except the conformal scalar field.
After correctly considering the boundary term, we eliminate the mismatch of Renyi
entropy for the scalar field. We also resolve the issue of Renyi entropy around ¢ = 1

in N/ = 4 Super-Yang-Mills theory.

1.1 3-d N =2 supersymmetric theory

Let us briefly review the N/ = 2 Supersymmetry in 3-d (we will follow the material

of [9]). It has four supercharges and its algebra is given by

{Qav QB} = {QouQﬁ} =0

{Qa, Qs} = 2043 P, + 2ieapZ |

(1.3)

which can be obtained from dimensional reduction of 4-d N' = 1 supersymmetry. The
spinor indices a and  run from 1 to 2, and Z is a real central charge which originated
from the reduced fourth momentum component P; in the dimensional reduction.
There is an abelian symmetry which rotates Q and @ in opposite directions, which
is called the U(1)z symmetry. We take the convention that @ has charge +1 and Q

has charge -1 under this symmetry.



The Poincare algebra contains two Casimir operators

P*=p,P"r | WZ=W,W*" (1.4)

where WH = %e“”p”Pl,MpU is the Pauli-Lubanski vector. These Casimirs commute
with all generators of symmetry group, which lets them determine the quantum num-
bers of different states in the irreducible representation. In the rest frame, P? = m?
and W? = —m?s(s + 1), so different particle states have different masses and spins.
However, W? is no longer a Casimir in the case of supersymmetry. Therefore, particles
of different spin belong to same supermultiplet.

The irreducible representations of 3-d A/ = 2 supersymmetry contains a chiral
multiplet and vector multiplet. A chiral multiplet contains complex scalar ¢, Dirac

fermion v, and auxiliary field f. In superspace notation, it can be written as

= ¢+ V200 — 00f . (1.5)
A chiral superfield of charge ¢ is invariant under the gauge transformation
 — ¢ 9P (1.6)

Similarly, we can define the anti chiral multiplet ®.
A vector multiplet contains gauge field A, real scalar o, complex gaugino A, and
auxiliary field D. In Wess-Zumino gauge, a vector multiplet V' can be compactly

written as

_ I 1
Viwvz = 00"0A,, + 000 + 000\ — 000\ + 599«99D ) (1.7)



It has a chiral and anti-chiral field strength supermultiplets
W, =—-DDe VD,e" , W, = —iDDe_VDaev. (1.8)
Under general non-abelian gauge transformation, W transforms as
W — e M Wet (1.9)

The lowest component of W is a gaugino, but we can also define a supermultiplet

whose lowest component is a scalar, so called linear supermultiplet ¥. It is defined

by

Y =D“D,V, (1.10)

which satisfies

DD, = D*D,¥ = 0. (1.11)

Its lowest component is now ¢. From these supermultiplets, we can write down the

classical lagrangian kinetic terms as
1 _
Ciinetic = — / 20 Te W2+he +Y / 2020 QeV Q; (1.12)
g f

where we denoted chiral multiplet as a set of flavor multiplet @)f, which is a su-

perquark. The Yang-Mills term of ((1.12)) can be also written in terms of the linear
supermultiplet (|1.10))

1 2 ) 2
Ly = 4g2/d 0420 Tr 32 . (1.13)
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For abelian factors of gauge group, we can also add Fayet-Iliopoulos (FI) term by

Ly =C / 20420V . (1.14)

where ( is a FI parameter.

It is important to know how we can parametrize possible sets of supersymmetric
vacua, which is the moduli space of vacua. There is a branch, called “Coulomb
branch”, where the real scalar o has a non-vanishing vacuum expectation value (VEV)
in the Cartan subalgebra of the gauge group. This breaks the gauge group G into
U(1)" for r = rank(G). In the Coulomb branch, U(1)" gauge fields can be dualized to
scalars 7/. They live on the r-dimensional torus defined by charge quantization rule.
o’/ and 47 can be combined into the chiral supermultiplet ® with scalar component
ol + iy,

The other branch of the moduli space is the “Higgs branch”. In , it contains

a potential term

; 0Q7!, (1.15)

and Higgs branch is where this () has the non-zero VEV, which requires VEV of
o to vanish. Hence, in general, the Coulomb branch and the Higgs branch do not
overlap. However, there can be a mixed branch where both (o) and (@) are non-zero

but ([1.15]) vanishes for some specific matter contents.

1.2 Supersymmetric partition function on S°

In this section, we will review how to put N' = 2 supersymmetric theory on the round

three-sphere, and how to compute its partition function. We will follow [26-28].



1.2.1 AN =2 Supersymmetry on S*

As mentioned in the previous section, 3-d N/ = 2 supersymmetry has four real super-
charges, equivalent to two complex spinors. We can write down the supersymmetric
action on the three-sphere S* by adding conformal coupling term to the fields and
modifying the action and transformation rules to close the supersymmetry algebra.
We will use the component field notation in this section. First, action for the Yang-

Mills part on S is 26,27

1 1 1
S = [dryg T (QF“”F,W 4+ Do Do + (0 + D)2 + iA/AV A+ i[AT, o] A — 2m> .

(1.16)

Fermionic symmetries are generated by the Killing spinor. The Killing spinor € sat-

isfies the condition

V€ =7,€ (1.17)

for some spinor €. For the suitable choice of vielbein basis on S®, we can make € o €
such that Ve = i%fyue. With this choice of Killing spinors, we choose supersymmetry
generator to be 6 = %(Q% +iQ%). Then each component of the vector multiplet obeys

transformation

1

0A, = _5/\T%6
1
0o = —5)\Te
) 1 :
60D = —%D#)\W“e + 1)\% + %[/\T, ole (1.18)

1
O\ = (—i’y’wa — D +iy"0,0 — 0)e

N =0.
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We can also write down the action for the matter part on S® as

Satter = 912 / &1 /G(Dud' D6 + A2 = Aol + i Py +id Do + g0’ + FIF

—iplo +igt Ny —ipTAp + (A — ;)ww + 2i(A — ;Wmé) :
(1.19)

We have written down the action for non-trivial R-charge A for the lowest component
for further purpose. Note that the second term of (1.19)) is a conformal coupling term
of scalar to the curvature of S3. Each component of the matter multiplet obeys

transformation

0p=0
5¢T = wTe
0 = (—iv"Dyp —iop + Ag)e
(1.20)
(51/JT = ¢ Ff

SF = 7 <—¢¢D#¢ +ioy + (; - A) b+ qu)

SFT=0.
Using ([1.18)) and (1.20]), we can verify that 6% = 0. Also, our choice of § satisfies
{6,6"} = My, + R, (1.21)

for rotation generator M5 and R-symmetry R and also generates the isometry

{6,0"}¢ = (—iv" D, + 0)p + A¢
{6,6"}4p = (=" Dy, + 0 )b + (A — 1) (1.22)

{6,6}F = (—iv"D, + 0)F + (A —2)F .

11



where v, = €ly,e is a Killing vector generated by Killing spinor €. For standard
dimension A = %, all actions, transformations and symmetries reduce to the standard

conformal theory on S3.

1.2.2 Localization of S? partition function

With the full N = 2 supersymmetric action on S? that we have written down, we can
proceed even further to do some exact calculation by the method called “Localiza-
tion”. Let us write down the Q-exact term 0V satisfying 52V = 0. Let us sketch the

idea of localization of the partition function. Consider a generic partition function

7 = / Dde5I (1.23)

Then we can add the positive definite term 6V to the lagrangian such that

Z, = / DdeSlal-1V (1.24)
and this Z, satisfies
ddZtt = / DOV e S0V — / DOS(Ve SI-0Vy — (1.25)

This says that the partition function is the same for any value of ¢t. If we take the
large negative value of ¢, then the path integral will only get contributions from the
neighborhood of 6V = 0. By expanding fields around the classical saddle point by

b = Dy + %515, the deformed action will have a form of

S[®] + t6V = S[Pg] + SV [Pg)®* + O (\2) (1.26)

12



where we have simplified all possible quadratic fluctuations by $2. Now the partition

function (1.24]) becomes

7= im 7, = / DPeSIPol+oVIRo]®” _ / D®ye 5120l PPVl _ / D®ye 5%l 7,
00

(1.27)
where Z; = det(6V[®g)) is a one-loop fluctuation part.
The simplest Q-exact term for AN/ = 2 theory is [26,]27]
SVian = 6(Tr((6A)TA))
(1.28)

5Vmatter = 5((5¢)T¢ + ¢T(5¢T)) )

which turns into

1 1
SV = Tr <2F‘”’FW + D,oD"o + (0 + D) + iX4*V A + i AT o]\ — 2m>
1
Vinatter = 000" @' + dload + 2i(A — i)wvﬂaﬂd) + A%Tp+ FTF

+ ! (zv gy 4 AL )P 2(12_ AW) b

(1.29)

One can easily show that these Q-exact terms have zero locus at

A,=0, 0=—D = const = 0y
(1.30)

Applying these to (1.27)) gives us the final localized partition function S* [26]

_ im Tr o2 : (1—A;+i0)
Z—/ IT e dagl&csmh(wa) IT  det(e ) (1.31)

o:cartan Chiral repR; = *
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where Tr is the Chern-Simons form, A; is the R-charge of the chiral multiplet, and

[-function is defined by

: | , ) |
I(z) = —21—7; — zlog(1 — ™) + % (71’2’2 + 7rLig(e%”)> . (1.32)

1.3 F-maximization

1.3.1 Renormalization group flow

Back in the 60s, renormalization was considered as a technique to get rid of ultravio-
let divergences in QFT perturbatively, especially in quantum electrodynamics (QED)
which successfully explained experimental results of electrodynamics in the very small
scale. Renormalization group (RG) by then was used to see the leading divergence
from the lower order for renormalizable theories, which can become perfectly con-
verging by introducing finite numbers of parameters.

In the 60’s and 70’s, a novel point of view emerged that renormalizability is related
to the behavior of theory at longer scales [29-33|. The concepts of relevant and irrele-
vant operators gives a deeper insight on renormalizability which in turn explains what
type of interactions survive at the scale we are interested in. Therefore, Wilsonian
RG shed light on QFT to show that we can connect physics at different scales.

Knowing that RG flow describes QFT at all scales, scientists started to ask the
question : what can be a good parameter which tells us where in the RG flow are
we? Zamolodchikov came out with the c-theorem in two dimension [34] by using
the stress-energy tensor two-point function. His c-function satisfies the property that
cyv > CIr, thereby serving as a parameter of RG flow. Moreover, at the RG fixed

point, c-function exactly matches with the Weyl anomaly ¢ which is defined by the

14



expectation of trace of the stress-energy tensor

(T3) = —5 8. (1.33)

a

where R is the curvature scalar. In four dimensions, the trace of the stress-energy

tensor again defines

C

abed
_7167'[‘2 Wabch - 2aE4 (134>

(13) =
where Wp.q is the Weyl tensor and E, is the Euler density. Cardy proposed the a-
theorem [35] : ayy > ajr. This a-theorem passed numerous checks for 20 years until

Komargodski and Schwimmer proved it by explicitly constructing a-function along

RG flow which matches with a in (1.34]) at the fixed point [36].

1.3.2 Superconformal theory and maximization principle

More interesting things happen when we add supersymmetry. In [37,|38], central
charges a and ¢ for 4-d N' = 1 superconformal theory can be completely determined

by U(1)g symmetry via t'Hooft anomaly matching such that

1
a:;’2<3TrRS_TrR) . o= (0T R ~5TrR). (1.35)

Then finding the a-anomaly coefficient reduces to finding the R-symmetry of the
superconformal theory. If there are abelian flavor symmetries, the R-symmetry is not

unique since it can be mixed with those flavor symmetries by

Ry = Ry + ZSIFI- (1'36>
1
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Intriligator and Wecht proposed the idea of a-maximization [39] that at the fixed
point correct R-symmetry maximizes a.

Jafferis came up with the corresponding idea in the N' = 2 superconformal the-
ory in three dimension [26], arguing that correct R-symmetry at the IR fixed point

extremizes F' (Z in original paper) which is defined by

F=—logZgs . (1.37)

Using the localization method, he showed in many examples that F-maximization
principle correctly reproduces the known R-charges of chiral primary operators. How-
ever, there are no a or ¢ in the odd dimension because the trace anomaly vanishes
in the odd dimension. Inspired by F-maximization, Klebanov et al. |[40,|41] proposed

F-theorem that (1.37)) satisfies Fyy > Fig.

1.3.3 Superconformal algebra

Superconformal algebra tells us that there is a relationship between conformal scaling

dimension and R-charge of the operator by

D(0) > “—~R(0). (1.38)

Moreover, this inequality becomes saturated when O is a chiral primary operator. In

3-d this implies

Ao = Ro . (1.39)
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Any operators in the unitary QFT in 3-d should satisfy the unitarity bound

Ao > (1.40)

N —

where the inequality is saturated if and only if O is a free field. Therefore, combining
the idea of F-maximization, (1.39)) and ([1.40]) enables us to explore the physics of 3-d
superconformal field theory at the fixed point, determining when operators decouple

from the theory. This will be the key idea of the chapter 2]

1.4 Entanglement and Rényi entropy in QFT

In chapter |3 we will present the work regarding the Renyi entropy in QFT, which is a
direct generalization of the entanglement entropy. For the convenience of the reader,
we introduce the concept of entanglement entropy and Renyi entropy, then sketch
how it is related to the F-theorem mentioned in the previous section for motivation.

Quantum entanglement is one of the most interesting phenomena of quantum
theory. In the early days of quantum mechanics, it seemed that this entanglement
could introduce the nonlocal spooky action culminated in the paper of Einstein et
al. [42], famously known as EPR paradox. Many resolutions of this paradox have
been suggested, including Bell’s theorem, but the common conclusion is that the
classical view of physics is not enough to explain the real world.

For the given pure quantum state |1), the density matrix is given by p = |¢) (¢].
The density matrix can neatly express the expectation value of operator A by
(Y| Ay = tr(pA). Under the complete basis |¢,) of the Hilbert space, if the

probability that the given state stays at |¢,) is p,, then the expectation value of
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operator can be written as

(A) =D _pn (dn] Aldn) = tr(pA) (1.41)

for p =3, Pn |n) (¢n| Wwhere p,, sums to one. This is the general form of the density
matrix for both pure and mixed states. Now we can define the von Neumann entropy

of the quantum system by

Svon Neumann — — tr(ﬂ lOg p) )
(1.42

— = pnlogpn

In the second line, we have substituted general form of p. This form of entropy is
called Shannon entropy, which defines the expected value of information contained
in the system. The direct generalization of the entanglement entropy is the Renyi

entropy [43}44]

Sy = 1iqtrpq (1.43)
where it approaches to the von Neumann entropy as ¢ — 1.

Von Neumann and Renyi entropy becomes more interesting when we have a quan-
tum system where its Hilbert space can be divided into separate Hilbert space by
H =HasQ®Hp. This time we can define the reduced density matrix in system A(B)
as paB) = trp(a (p) where we integrate out all degrees of freedom in system B(A).
Then the von Neumann entropy for this reduced matrix is S4 = — tr(pa log pa), which
is the entanglement entropy measuring the degree of entanglement of system A to the
other system B. Similarly, Rényi entanglement entropy for system A is written as

A 1
Sq = Htr[)%
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Let us discuss generalization of Entanglement entropy to QFT. In this case, the
whole system will be the spacetime in d-dimensions, and it is separated into two
systems A and B by some specific spacelike entanglement surface ¥ of dimension
d — 2. In this dissertation, we will use the density matrix of vacuum only p = |0) (0.
Then the entanglement entropy or Renyi entropy with entangling surface ¥ will be

same as we have defined before.

1.4.1 Relation to the F-theorem

The entanglement entropy we just have introduced is actually directly related to the
F-theorem we mentioned in section|1.3.2] At the conformal fixed point, entanglement

entropy coincides with F' by a minus sign [20}21]

Fes = —S(R), (1.44)

for three-sphere of radius R. However, QFT computation in practice always comes
with the lattice spacing (inverse of UV cutoff) e suffering us from the UV divergence.
Naively, we can think that there are R/e degrees of freedom per dimension, and the
holographic nature of entanglement entropy will give rise to the leading divergence
S ~ (R/e)*2. To remove this divergence, in d = 3, we can define renormalized

entanglement entropy

dS(R)

= (1.45)

F(R)=-S(R)+R
From ([1.44]), it is evident that renormalized entanglement entropy again coincides
with renormalized F' at the conformal fixed point. Casini and Huerta have shown
that any theory with Lorentz invariance requires entanglement entropy with circular

entangling surface that S”(R) < 0 [25]. Since F'(R) = RS”(R), and that F(R)

19



approaches to the value of F' at IR fixed point in large R limit [45], proves the F-
theorem that Fyv > Fir.

Moreover, Renyi entropy is directly related to the thermal free energy on the
hyperbolic cylinder [46]. The reduced density matrix on a disk of radius R in (2 +

1)—dimensions can be mapped to the hyperbolic cylinder by

6—27rRHt

where H, is the Hamiltonian on the hyperbolic cylinder. Putting this ((1.43)) we get

the Renyi entropy

:qfl_Fq

Sy -

, S1=-F1, (1.47)
where we get F, through the relation Z, = tre 27"t = ¢=%s. This Z, can be
thought of as the thermal partition function with the temperature 7' = 1/2wRq. The
Euclidean hyperbolic cylinder can be conformally mapped to the ¢-fold covering of
the three-sphere. Note that this and mean that the entanglement entropy is the
same as the three-sphere partition function that we talked before, especially, giving

us a connection between the concepts of chapter [2] and [3]
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Chapter 2

N =2 supersymmetric QCD in

three dimension

This chapter contains the edited version of [47], which was written in collaboration
with Igor Klebanov and Benjamin Safdi, and [48], which was written in collaboration

with Masahito Yamazaki.

2.1 Introduction

Supersymmetry has been one of the most important tools for understanding strongly
coupled dynamics in quantum field theory. Since supersymmetric theories are much
easier to deal with at strong coupling than their counterpart in non-supersymmetric
theories, there has been an enormous effort to understand the supersymmetric quan-
tum field theory. In four dimensions the infrared behavior of N' = 1 supersymmet-
ric QCD (SQCD) was surveyed [6,49-51] in the 1990’s, and many similarities were
found with the expected behavior of non-supersymmetric QCD. For example, the
SQCD theory with SU(N.) gauge group and Ny non-chiral massless flavors, where
each flavor multiplet consists of a fundamental and anti-fundamental chiral super-

field, (@, Q), flows to an interacting infrared fixed point in the Seiberg conformal
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3N,

window 5

< Ny < 3N, [6]. A similar conformal window is believed to exist for
the non-supersymmetric SU(N.) gauge theory coupled to massless flavors [8]. Its
upper boundary, Ny = 11N,/2, is determined by asymptotic freedom, but its lower
boundary is not yet known precisely.

The dynamics of gauge theories in three dimensions is of much interest due, in
part, to their relation to statistical mechanics and condensed matter physics. For
example, it is expected that the U(N,) gauge theory with N; massless flavors flows
to an interacting infrared fixed point when Ny > N, where N is some critical
number of flavors [52,53|. For large Ny the scaling dimensions of composite operators
may be calculated using the 1/N; expansion. For Ny < N the theory is thought to
flow to a gapped phase in the infrared, though this phenomenon is difficult to study
due to the strong coupling nature of the transition.

In order to gain more insight into the nature of the conformal window in 3-d
gauge theories, it is instructive to study such theories with NV = 2 supersymmetry,
which are under an improved theoretical control. The U(N.) gauge theory with
N¢ non-chiral flavors flows to an IR fixed point for Ny > N, while for Ny < N,
supersymmetry is broken [9]. For Ny > N, the N' = 2 superconformal theories
possess the Aharony duality [54] mapping them to U(Ny — N,) theories with Ny non-
chiral flavors along with extra neutral matter, in analogy with the Seiberg duality [6]
in 4-d NV = 1 theories. Also for the USp(2N,) gauge theory with 2N; non-chiral
flavors, for Ny > N, + 1, there is a dual theory with USp(2N; — 2N, — 2) gauge
group and 2Ny non-chiral flavors with additional chiral multiplets [54,/55]. When a
Chern-Simons term is added, this is generalized to the Giveon-Kutasov duality [56].
Similarly, theories with SU(N,) and O(N.) type of gauge groups also have their IR
duals [57-59].

In order to figure out how IR fixed point looks like, we need to know the IR

scaling dimensions (same as R-charges due to the superconformal algebra we saw
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in section [1.3.3)) of matter fields. In the past few years, localization on the three-
sphere [26/28] unveiled new features of 3-d N' = 2 theories. The S? partition function

is given by (without Chern-Simons terms, FI parameters and real masses)

1 .
Z do [ [sinh wov(o)]? 11 II ell(1=Retin(@)] (2.1)

|W| Cartan a:root ®: chiral multiplet p: weight of Re
where || is the order of the Weyl group, R¢ (Ag) is the representation under the
gauge group (R-charge) of the chiral multiplet ® and the function [(z) is defined by

T

I(2) := —zlog(1 — ™) + - <7r22 + Lig(egmz)) — . (2.2)
2 us 12

What makes 3-d N = 2 theories interesting is that its abelian R-symmetry can
be mixed with other abelian flavor symmetries in the IR, which seems to open up
uncertainty. The correct IR R-symmetry can be calculated using the principle of F-
maximization [26,40,(60], which states that the correct R-symmetry locally maximizes
the Euclidean three-sphere free energy F' = —log Z.

In section 2.2.3] we introduce three methods for F-maximization to determine IR
scaling dimension A. The first method is to numerically compute the distribution
of eigenvalues at the saddle point in the large N, limit using a procedure similar to
that of [61]. The second method is to extrapolate small N, results, by computing
integral numerically, to the large N, limit. Lastly, the third method computes
A analytically in an asymptotic expansion in 1/x (expansion in (z — 1) when z is
close to 1).

However, the three sphere partition functions do not always converge [62]. This
causes a problem, since we need S? partition function to determine the correct IR
scaling dimension. However, as we will see in the following sections, whenever the
electric theory has a divergent partition function, the magnetic partition function is

convergent. Therefore we can perform F-maximization using one of the dual theories.
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We will also show that convergence issue is equivalent to the positivity of the monopole
scaling dimension in section [2.2.2)]

In the Veneziano limit [63], where N, is taken to infinity while keeping the ratio
r = % fixed, we find that this divergence occurs at certain critical values x = x.. For
r < x. a new “accidental” global symmetry emerges in the infrared and mixes with
the IR R-symmetry. A key insight into the nature of this global symmetry is found by
studying the scaling dimension of the protected monopole operators, which are local
operators in three-dimensions, as functions of . We find that the monopole operators
are above the unitarity bound for > x. and reach the unitarity bound A = 1/2
at © = .. When x < z. the monopole fields become free and decouple, so that
the accidental global symmetry acts on the monopole sector. In the dual magnetic
theories, this global symmetry acts on chiral superfields, dual to the monopole fields
in the electric theory. This allows us to fix the dimensions of those chiral superfields to
1/2 then use F-maximization to fix the IR R-symmetry when x < z.. We refer to the
transition in the behavior of the theory at x = x. as “a crack in the superconformal
window.” The existence of the “crack” has interesting effects on the properties of
observables. For example, as we show in section 2.5, when F' is plotted at fixed Ny
as a function of N,, it is peaked at the “crack.”

From section to we consider SQCD with all types of gauge groups,
U(N,), SU(N,),USp(2N,) and SO(N,). We analyze the unitarity bound of the mat-
ter fields and convergence bound of the three-sphere partition function, then carry
out F-maximization explicitly to determine the correct IR scaling dimension in the
Veneziano limit. In all cases we find critical values x, > 1, generally around 1.45, be-
low which some of the monopole operators decouple. Once some operators decouple
we can re-do the F-maximization following the prescription of [64-66]. In section [2.6]

we find the formula for the IR scaling dimension A to any gauge group in the large

Ny limit, up to the order of 1/N7 (2.110).
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We also point out that a gauging of flavor symmetries can drastically modify the
IR behavior of the theory. In section , we see that gauging the U(1)p symmetry to
obtain the U(NNV,) SQCD from the SU(N,.) SQCD, which is interesting because mag-
netic theory works only works below z. for U(N.) SQCD while that of SU(N,) SQCD
works above z. as well. Things become more interesting in section [2.5] where we gauge
discrete symmetries Zg or Zs X Zsy in the SO(N,) SQCD to obtain O(N.)4, O(NV,)_,
Spin(N,) or Pin(V,) SQCD. In this case gauging changes the monopole operator with
the minimal charge. We find some examples where the monopole operator decouples
for SO(N.) and O(N,)y gauge groups, but not for O(N.)_, Spin(N,), Pin(N,) gauge
groups. When we move on to discuss possible generalizations of our procedure to
quiver gauge theories in section 2.7, gauging changes not only the IR scaling dimen-
sions, but also changes the convergence bound for the S® partition functions.

Lastly, in section 2.8, we turn into chiral A/ = 2 theory by turning on the Chern-
Simons (CS) coupling. The transition at © = z, we saw before disappears when we
add in a CS term at level k to the gauge sector. This is because there are no gauge
invariant BPS operators which can be constructed from the monopole operators in
the theories with k& # 0. The S partition function is converging everywhere above
the supersymmetry bound when the CS level is non-vanishing. It is still instructive

in this case to keep track of the scaling dimensions of the protected meson operators

— &

~ in the Veneziano limit. We find three different

N
=L and &

as functions of x = ~
c

types of behavior at small x depending on whether kK < 1, Kk = 1, or kK > 1. The
theories with x < 1 reach the supersymmetry bound at z = 1 — x, and at this point
the meson operators have dimension 1/2 and become free fields. The theories with
rk = 1 are quite special; at small x the scaling dimensions of the meson operators
approach % due to the cubic superpotential in the magnetic Giveon-Kutasov theory.
In the theories with x > 1 the meson dimensions approach unity at small x, which is

likely due to an enhanced higher spin symmetry in this limit [67-69].
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2.2 U(N,) SQCD

Let us start by discussing non-chiral N' =2 SQCD with U(XN,) gauge group without
Chern-Simons coupling and with N; flavor multiplets. It is known that this theory

has a stable supersymmetric vacuum when Ny > N, [9].

2.2.1 Dual Pairs

Electric Theory This theory has a U(Ny) x U(Ny) global flavor symmetry. How-
ever, the diagonal U(1)y, which rotates the @, and Q" by opposite phases, is gauged,
and this reduces the global flavor symmetry to SU(Ny) x SU(Ny) x U(1)4, where
the U(1) 4 rotates the two chiral superfields by the same phase. There is also a U(1)g
symmetry. At superconformal fixed points the scaling dimension of an operator is
equal to the absolute value of its U(1)r charge. The UV R-charges of the chiral
superfields (Q,, Q%) thus take the free value 1/2. The correct R-symmetry at the IR
fixed point may be a combination of the UV R-symmetry and the other global U(1)
symmetries.

There are also N, topological currents ji, = *tr I, where the field strength F
is proportional to a Cartan generator of U(N.). The monopole operators, which are
local operators in three-dimensions, are charged under the topological U(1)’s. More
specifically, in the presence of a monopole operator charged under the topological
U(1) with current ji,, = ~tr F' inserted at the origin, the field strength takes the

form

M 1
F="sd— .
2* =k (2.3)
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where M is an element of the Cartan subalgebra. The Dirac quantization condition

restricts

M = diag(qi,---,qn,), (2.4)

with integer ¢; > ¢2- -+ > qn., up to gauge transformations. Semi-classically we may
construct BPS field configurations in A/ = 2 theories by combining the field strength
in (2.3]) with background configurations for the adjoint scalar o in the vector multiplet.
The monopole can then be thought of as being the spin-0 component of a chiral
superfield. These chiral superfields parameterize the classical Coulomb branch of the
theory. However, in the quantum theory only two of these monopole operators survive
in the chiral ring, and these are the monopole operators with Cartan generators
M = diag(+£1,0,...,0) [9,/70]. We refer to these special monopole operators which
remain in the chiral ring as V; and V_. A summary of the global and gauge symmetries

of the theory is given in table [2.5]

U(Ne) | SUWNp)L SUNp)r U(1)a UML)y, U(l)r-uvv
N, N 1 1 0 0
? d (2.5)
Q|| N 1 N; 1 0 0
Ve o1 1 1 Ny 1 Nj—N.+1

For our purposes the most important property of the monopoles is their IR R-

charge. The monopoles acquire an R-charge [71-H73], with the result

Ay, = =N, + 14 N;(1—A), (2.6)
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where the first contribution is from the gauginos and the second is from the fermions
in the flavor multiplets. Here A is the IR R-charge of the flavor supermultiplets which
turns out to be same U(1)4 charge. The monopole operators also acquire a U(1)4
charge of —N; at one loop.

One might worry that is not exact since the topological U(1); under which
the monopole operators are charged can in principle mix with the R-symmetry. To
understand the resolution to this question, it is useful to review the relevant discrete
symmetries of the theory. The SYM theory is invariant under charge conjugation
symmetry and parity symmetry. Charge conjugation acts by exchanging the funda-
mental flavors with the anti-fundamental flavors. Parity symmetry acts by exchanging
the monopole operators V; and V_. Thus, charge conjugation symmetry implies that
the R-charge of the fundamental flavors equals the R-charge of the anti-fundamental
flavors, and parity symmetry restrict the R-charges of V, and V_ to be the same.
The R-symmetry cannot mix with U(1); since this would necessarily lead to different

R-charges for the two monopole operators.

Magnetic Theory Let us first assume Ny > N.. The magnetic theory has gauge
group U(N,) (remember the definition N, := N; — N,), and has dual quark ¢, anti-
quarks G, and the meson M = QQ and V.. The magnetic theory also has two
monopole operators Vi for the dual photons of magnetic gauge groups. The super-

potential is given by

Wmagnetic = qu -+ V+‘77 + V,V+ . (27)
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The theory again has the same flavor symmetry as the electric theory, under which

the fields transform as follows:

U(N.) | SU(Ny), SUNpr UM)a U(1); U()gr-uv
q V. N; 1 1 1
q || N. 1 Ny —1 1 (28)
M 1 Ny N, 2 0
Vi 1 1 1 ~-N;  +1 N, +1
Ve 1 1 1 Ny +1 —N.+1

For Ny = N,, the magnetic theory do not have a gauge group, and is described

by the chiral superfields Vi, M, with the superpotential

W =V, V_det(M) .

The charge assignment in this case is

SU(Ns)r SUWNp)r UML) U(1),
M| N N; 2 0
V. 1 1 N, o+l

2.2.2 IR Analysis

(2.9)
U(1)r-uv
0 (2.10)
N, +1

As already mentioned in Introduction, the R-symmetry mentioned above is only one of

the many possible R-symmetries in the UV, and the correct IR R-symmetry inside the

superconformal algebra is a mixture of the UV R-symmetry with global symmetries.

The correct combination is determined by the procedure of F-maximization [26].

Since non-Abelian flavor symmetries do not mix with the U(1) R-symmetry, we

can parametrize the R-symmetry as
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Rir = Ryv +aJa . (2.11)

Note that we do not need to consider the mixing with the topological U(1); symmetry,

since otherwise the parity is broken.

Unitarity Bound The dimensions of Q, Q, Vi, and M are given by

AQ7Q:CL, AVi:<Nf_Nc+1)_NfCL, A]MZQCI,7 (212)

which leads to the unitarity bound

Ny —N.+1% 1
Viia< 4—- 2 M:a>- 2.13
+: 0> Nf ) a = 4 ) ( )
which in the Veneziano limit simplifies to
1§a§1—1 (2.14)
4 x

Note this requires = > %, and we will find the crack before this value.

Partition Function As mentioned in the introduction, we need to write down the
S? partition functions [26-28] of the electric and magnetic theories. The partition

function of the electric theory is given by

measure

1o :
Zelectric = W / H do; H SlIlh2 [71'(0'2- - Uj)]
)

1<i<j<Nc

Nc
X [Jexp [NfI(1—A+io;) + Npl(1— A —ioy)]

i=1
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and that of the magnetic theory (for Ny > N.) by

M Vi

1 ,2_/\% -
Zmagnetic = ﬁexp Nf l(l — 2A) + 21 (1 — (Nc + 1) + Nf A)

C

9,49

measure ~

X/E@gII sinh?[r(; — 0;)] [[exp [Ny (A + o)) + Ny LA — i) |

1<i<j<Ne i=1

(2.16)

Convergence We have written down the expressions for the S? partition function,
however they are in general only formal integral expressions and are actually not
convergent.

We can analyze the convergence condition of the partition function by sending
one of the o;’s to infinity. In the limit o1 — 0o, we can extract the leading behavior

of the integrand from asymptotic expansions:

(A Fioy) = i%”% — o1 A+ O(a)) |
ak . (2.17)
[[ sinh?[x(0; — 0;)] = e2r Ve Va0t

Then we can derive the convergence bounds of the partition functions as

Ny — N, +1 1
electric: A< Ny = fNet

NN X (2.18)

magnetic: A > .
& Nf s

It turns out that these conditions are the same as the condition that the dimensions

of the monopole operators (V1 for the electric theory, Vy for the magnetic theory)
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are non-negative:

Vi AViI<Nf—NC+1)—NfAZO,
(2.19)

Vit Ap, =—=(Ny=N.— 1)+ N;A>0.

That we obtain the same conditions from two different considerations is not a
coincidence, and we will encounter the same phenomena in later sections. In fact, we
can think of this as a convenient way to obtain the R-charge/conformal dimension of
monopole operators.

When we analyze the convergence of the partition function, we go to infinity in
the Coulomb branch in the direction of the Cartan corresponding to a monopole
operator V. Since the Coulomb branch parameter is a dynamical version of the real
mass parameter, this has the effect of making the fields massive. We can integrate
out these massive modes, except that we then could have induced Chern-Simons term
with level k. and induced FI parameter (.. In the theories discussed in this paper,

we have keg = 0 however (g # 0, leaving to the expression
7 ~ / doy e~ 2mSenor (2.20)

and the dimension (or equivalently the U(1)g-charge) of the monopole operator V,

whose real part is e 2™, can be identified with Cog:
Cet = Ay . (2.21)

In our example, the partition function gives:

measure Q: Q

electric: (= —(Ne — 1)+ N;j(1—-A)=(N;—N.+1) - NsA |

(2.22)

measure q, (j
/_/\ﬂ

—~
magnetic: Ceﬁ‘:_(Nc_1)+NfA:_<Nf_NC_1)+NfA.
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and their positivity conditions indeed match with (2.19)).
As a side remark, this also explains clearly that the convergence condition is
weaker than the unitarity constraint: for a monopole operator V' the former requires

Ay > 0, while the latter requires Ay > 1.

magnetic valid

electric valid >
= V. decouples
- _ >

M decouples

Y
S

Nj—N.+1

l/
4
Ny

Ny—N.—1

Ny Ny—Ne3

Ny

Figure 2.1: The unitarity bound and the convergence bound for the 3d ' =2 U(V,)
SQCD with Ny flavors with Ny > N, plotted in terms of the mixing parameter a
(see (2.11))). The correct IR value of a should be determined from F-maximization.

2.2.3 F-maximization methods

To determine the correct R-symmetry in IR, we need to do the F-maximization, by
explicitly evaluating the integrals which we are interested in evaluating are given
in and (2.16). Evaluating these integrals directly in the large N, limit is
difficult when Ny is of order N,. We take three approaches to approximating these
integrals, and more importantly the critical R-charges, and we show that the different
approaches give consistent results. We will describe the methods applied for the U(V,)

case and generalizations to the theories with other gauge groups are straightforward.
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Method 1: The saddle point approximation

In the large N, limit we may evaluate the integrals in the saddle point approximation;
the integral localizes to the configuration of eigenvalues for which the integrand is an
extremum. Our first method numerically solves for this saddle point [61]. Since we
only take into account the contribution from the saddle point, our approximation to
the function A(z) is off by terms of order 1/N... We take into account finite N, correc-
tions by repeating the calculation at increasing values of N, and then extrapolating
to N, = oo.

To begin it is instructive to rewrite the integral in (2.15) in the form

2NC(NC—1) Nc d\:
7 _ / i) o~ FIN 2.23
N,! <g 271') c ’ ( )

where

F[\ =-— chog <sinh2 lW])
jé (2.24)
—Nfz [E <1—A+z‘;ir> +€<1—A—i2>\i>] :

™

The saddle point configuration minimizes F[A],

:07 iz]‘?"’?NC? (2.25>

and thus gives the dominant contribution to the partition function in the large N,
limit. The free energy F' = —log|Z| is then approximated by the real part of the
functional F'[\] evaluated on the saddle point.

We numerically solve the saddle point equations following the prescription
in [61]. We solve the saddle point equations multiple times for each x, incrementing A

each time, until we find the configuration which locally maximizes F. Figure[2.2shows
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Figure 2.2: Eigenvalue distributions at the saddle point with x = 1.5 (orange), 2

(brown), and 5 (black), where z = % We have taken N, = 300 for this example.

The eigenvalues are manifestly antisymmetric about ¢ = %, wherei =1,..., N, labels

the Cartan of the U(N,) gauge group. As x approaches the lower bound z, ~ 1.45
the outer eigenvalues begin to repel each other.
a few eigenvalue distributions, computed at the critical A, at increasing values of x
with N. = 300. As can be seen directly from , the eigenvalues are antisymmetric
about ¢ = % The eigenvalues also remain order unity in the large N, limit, and as a
result the free energy scales as N2 at large N.. As x approaches x, ~ 1.45 the outer
eigenvalues begin to repel each other.

For each = we take into account finite N, corrections by computing A for a range

of N, between 100 and 500 and fitting the results to a function of the form

A Ay 3
A — 4+ — 1/N?). .
°+NC+N3+O(/C) (2.26)

The quantity Ag is then a good approximation to the function A(x) at N, = oo. We

illustrate this procedure in figure for x = 1.5. In that example we find Ay ~ .319.

Method 2: Extrapolating from small N,

Our second method numerically evaluates the partition function for 1 < N, < 4 over

a range of Ny. For each Ny we find the A which locally maximizes the free energy.
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0.3210°
0.3208"
0.3206"
0.3204]
0.3202" .

0.3200" *
0.3198" .

100 200 300 400 500 \°

Figure 2.3: A plot of A at x = 1.5 as a function of N, in the saddle point approx-
imation, where x = £. The black points come from numerically solving the saddle
point equations (|2 and performmg F-maximization. The orange curve is a best
fit to a function of the form (2.26)), with Ay & .319, Ay & .189, and Ay ~ —1.24.

We can then plot A at fixed x as a function of N,.. This is illustrated in figure [2.4]
where we also include a fit to a function of the form

Al(l') AQ(.T) i

A(z) = Ag(z) + vz T O(1/N9). (2.27)

The quantity Ag(x) should be the correct value for A(x) in the Veneziano limit. The
reason why the series in (2.27)) only includes inverse powers of N? is explained in the

following subsection.

Method 3: The 1/z and (z — 1) expansions

Our third method gives analytic approximations to A in the Veneziano limit at large
x and at z slightly above unity. These approximations are computed using the electric

and magnetic formulations of the theory, respectively.
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A(x=15)
0.39;

0.38:*
0.37-
0.36-
035
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0.32-
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Figure 2.4: A plot of A at x = 1.5 as a function of N.. The black points were
computed by numerically integrating for integer 1 < N, < 4. The smooth
orange curve fits these points to the expansion in (2.27); in this example we find
Ag =~ .320, A =~ .0934, and Ay ~ —.0319.

1/z expansion in the electric theory

In the limit Ny > N, the effects of the gauge field are small and the flavors are almost

free; A ~ % We perturbatively evaluate corrections to A = % in a 1/x expansion.

This expansion turns out to be a good approximation all the way down to = ~ x..
We begin by reviewing the theory with N. = 1 and x = Ny, since this example,

while technically the simplest, still illustrates the main points of the 1/z procedure.

The U(1) theory was discussed in some detail in [74]. The partition function as a

function of A is simply given by
+oo d\ . )
Z = /_ = N l-AtiZ)+(1-Ami)] (2.28)

In the limit of large Ny we may evaluate (2.28) in the saddle point approximation;
the partition function localizes around A = 0. At A = 0 the integrand in (2.28)) is
minimized at A = %, which shows that A = 1 + O(1/Ny).
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To calculate the higher order terms in the 1/N; expansion we begin by writing

A Ay
A= A0+N +W+ (2.29)

and rescaling the Cartan generator A to A = A(27)~',/N;. Substituting (2.29)

into (2.28)), we expand in powers of 1/N; to obtain

+oo 252 612 A? 24A/~\2 5\4
/ d)\W)\/2[1+ e e e A +] (2.30)

12N,

o \/Ff

We may perform the integrals in (2.30) term by term in the 1/Ny expansion. Doing

so leads to the free energy

1 7TNf 2 A2 1 1
Fry(A) = Nilog2 + =1 — L1 2A + = 2.31
v)(A) = Nylog2 + S log — (2 + 1+4>Nf+ (2:31)

Maximizing (2.31)) with respect to A; leads to A; = —2/72. This result can be

reproduced by using Feynman diagram techniques [47] , which generalizes into

Ay =— (2.32)

for arbitrary N..
It is useful to verify explicitly (2.32)) for a few small N, using the F-maximization
procedure. Increasing the rank of the gauge group to N, = 2, the partition function

is given by the double integral

7 = 2/+ dhdXy sinh? <)\1 5 )\2> ZeNf[e(l_A“%)”(l—A—i%)} . (2.33)
i=1

o (21)?

As in the U(1) case, we see here that in the large Ny limit the free energy is locally

maximized by A = 1/24+0(1/Ny). To calculate the subleading terms in A, we rescale
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the \; to \; = A\i(2m)~'/N; and we calculate the partition function as a function of

A in the 1/N; expansion:

2

™ +OO N 3 _ﬂ_2 12 32 ~ ~
- zzvfwf/_oo dhddge™ MV = X)? [1+
1 72 ~ - - - -

+ oy o (12884400 =20 424038 +3) + 723 + 1) + O(l/N?>] ,

(2.34)
which leads to
N
Fu(A) = (2N7) log 2 + [2 log (g” ~log zﬂ

(2.35)

) ]éf (5 + M8+ 7280 +001/N).

Maximizing ([2.35) with respect to A; yields A; = —4/7% consistent with (2.32)).

Carrying out this procedure for N. = 3 gives

N
Fuy@)(A) = (3Ny)log2 + B log <§7T> — 3log(2m) — log 2}
1 /51 3, , (2.36)

which is maximized by A; = —6/7%; again, this is consistent with ([2.32)).
Iterating the procedure described above, we are able to solve for A as a function

of Ny and N, to arbitrary order in 1/N;. Below we list the terms through order 1 /N}l,

1 2 —27%(5N? —2) + T2 N?
A(Nf,N.) =5 = N. ¢ :
Ny Ne) = 5 = Neras, 3mIN?
1474 (N2 — 1) — 87%(37N? — 18) + 1536 N
3m6N}

_Ncl

1
+ 15 7T8N}1

(2.37)
|27 (47N — 65N7 + 18) + 807! (49N} — 49N? + 4)

—320m%(156 N — 83N?) + 201600 Nﬂ +O(1/N}).
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The expression for A in (2.37)) simplifies in the Veneziano limit, with x = Ny /N, held
fixed, and gives the result (2.43)). It is also interesting to note that the corrections to
A(z) proceed in powers of 1/N?2.

We also find that the N, dependence of the free energy is given by

N?Z 1
F = N.Nplog2 + [2‘3 log(mNy) — 5]\/C(Nc —1)log(2m) — log(1!2!--- (N. — 1)!)

N, w2 —4 1

L N2 Z
o5 |- () )

NC2 512 — 11272 4+ 77t
N]% 2474

7 8
N2+ (57— 5) | +O/ND).
et \21 32 ]JFO(/ 7)
(2.38)
These 1/x expansions of A(z) and F'(z) are not convergent series, but rather asymp-

totic ones. Keeping the first few terms provides good numerical approximations at

large x.

(x — 1) expansion in the magnetic theory

Let’s now consider the limit where z is slightly above 1. We know that A = i at the
SUSY bound (z = 1), so it is tempting to search for an asymptotic expansion of the

form

1 ~ ~

Indeed, we may find such an expansion by perturbation theory in the Aharony dual
It is convenient to make the choice Ny = N, 4+ 1, so that the partition function of

the dual theory is given by

L4+1)20(1—2A
7 — w @e(NcH)[Z(AH%)H(Aﬂ%)} (2.40)
2 2T
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and so that (2.39) takes the form

1 A A,
A=-—+—+—"S4.... 2.41
TN TN T (241)
Substituting (2.41) into (2.40) and rescaling A — A/y/N., we may expand about

N, = oo to find

4 T 2

3log2 G 31
o8 +;+log(7r—2)+ 8T

log 2 log 2 1
F=—log|Z| = N? Og + N, (5 °8 +G>+loch
(2.42)

A <
+< 21(1—27rA1)+ >+O(1/NC).
Performing F-maximization at this order then gives A; = 1/(4x). Expanding F
to one more order in 1/N, and performing F-maximization for A, gives the result
in (2.45). A simple way to check this result is to repeat the analysis with Ny = N.+n
for other small n. In doing so we may also verify that F' is approximated by ([2.46)

in the Veneziano limit for x slightly greater than one.

2.2.4 Results

Using the three methods discussed in previous section, we obtain A in the Veneziano

limit as
1 2 2(36 —5m?)  2(m? —12)(Tn% — 64)
Alx) == — —
() 2 w2z + 3mia? 363
B 2(47 75 — 1960 * + 24960 72 — 100800)
15 w8z

2(189 8 — 12832 76 4 289424 71 — 2679360 w2 + 8847360) p

— 1 .

45 w1045 +0(1/2%)
(2.43)

In figure we plot the results for A as a function of . The electric theory stops

to work at some value x., which we call as the ”crack in the conformal window”, and
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we determine numerically that x, &~ 1.45. In figure [2.6| we plot F/N? as a function of

A A
0.40 0.33;

[ 0.32f A
035 [ '/' .

031/ 5

L r 9

L : ".'
0.30| 0.30]
0.25| 029, .

12 14 16 18 20 22 24% 1.40 1.45 1.50

Figure 2.5: A as a function of x = ]]\\]f—i in the Veneziano limit. The black points were
computed using the saddle point method (method 1, section and the orange
boxes were computed by extrapolating from the small N, numerical results (method
2, section . The dotted red curve is the convergence bound 1 — %; we find that
A meets the convergence bound at the critical value z. &~ 1.45. The smooth black
curves at large and small values of x are the analytic approximations and ,
respectively. In the region right of the red curve we use the electric formulation of
the theory, and in the region left of the red curve we use the magnetic formulation
modified by decoupling the fields V... The right plot is a zoomed in version of the left
one and includes only the numerical results from method 1.

x, and we compare it to the asymptotic expansion

F 1 3 1 24
(2.44)

2474

1 (512 —1127% 4 7
Ca?

)+ oue,
which we compute in section m The observation that F/N? is a monotonically
decreasing function of x is consistent with the F-theorem [20,25,40,[41], since we may
flow to theories with smaller x by giving mass to some of the flavor multiplets. We
also compute A as a function of x in the dual theory using the methods given in
section 2.2.3] and the results are presented in figure 2.5 In the magnetic theory we
may calculate analytic approximations to A and F'/N? as asymptotic expansions in
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F/NG?

2.0¢
15 _
05
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Figure 2.6: F/N? in the Veneziano limit as a function of z = % The free energy

decreases monotonically as a function of x, consistent with the F-theorem. The
black points were computed numerically using the saddle point method (method 1,
section [2.2.3)). The upper orange curve is the analytic approximation ([2.44)) and the

lower orange linear approximation at smaller x is given in (12.46)).

powers of (z — 1), with the results (see section [2.2.3])

Aw) = §+ -0+ ST a0 (@) e
and
F  log2 S5log2 G 9
N o +(a:—1)< 0 +7T>+O(x—1), (2.46)

where G =~ 0.916 is Catalan’s constant.

Note that A smoothly approaches 1/4 as x — 1 and also continuously connects
with the electric curve at x = x.. It appears that A and F' might be non-analytic at
r = x., though our limited numerical precision does not allow us to make a precise
statement. A general reason to expect a non-analyticity is that the global symmetry

of the theory changes at z..
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N,=1 N;=2 N,=3 N,=4 N;=5 N, =6 N, =7
o | /3 085 a30 4510 A6l 4674 ATI0
c=11 (8724) (1.934) (2.838) (3.679) (4486) (5.272)  (6.044)
Vool /4 3417 3852 4101 4263 4375
e = (2.079)  (4.722)  (6875) (3.817) (10.64)  (12.38)
Vsl _ 1/4 | 3058 3517 .3%0 400
¢ = (3812) (8.188) (11.81)  (15.0)  (18.0)
v i ] _ 14 | 2809 3216 357
c= (6.238)  (12.19) (1751)  (22.2)
vl ) _ _ 1/4 | | 2672 3086
c= (9.357)| | (16.62)]  (23.85)
- /4 | | 2643
Ne=61 - - : - ) (13.17)| | (21.67)
B 1/4
Ne=T1 - - - - - - (17.68)

Table 2.1:  The scaling dimension A of the flavor multiplets and the value of F' (in
parenthesis) at the conformal fixed points for a few small values of Ny and N. in the
N =2 SYM theory at vanishing Chern-Simons level. For N, and N where we have
to use the modified magnetic formulation of the theory with V. treated as free fields,
the results are enclosed in boxes.

2.2.5 RG flows and the F-theorem

Table summarizes our results for some small values of N, and Ny > N.. We note
that moving to the left along each row, which corresponds to RG flows associated
with making some flavors massive, decreases the value of F' in agreement with the
F-theorem [20,25,/40,/41]. This may also be seen in the Veneziano limit in figure .
On the Higgs branch the theory may flow from U(N,) with Ny massless flavors in the
UV to U(N, — 1) with Ny — 1 massless flavors in the IR. According to table [2.1] this
movement along the diagonals makes F' decrease in agreement with the F-theorem.
We note, however, that F' is not monotonic along the columns. In moving down
each column with Ny > 2, F first increases, peaks around the “crack in the conformal
window,” and then decreases towards the edge of the window, N, = N¢. This effect

becomes more pronounced for large Ny. In figure we plot F/NJ? in the Veneziano
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Figure 2.7: F /NJ% in the Veneziano limit as a function of N./Ny. The quantity is
peaked at the “crack in the conformal window”, N./Ny ~ 1/1.45. The black points
were computed numerically using the saddle point method (method 1, section .
The left orange curve is calculated from the analytic approximation (|2.44}), and the
right orange curve at larger values of N./Ny is calculated from ([2.46)).

limit as a function of N./Ny, and we see that this quantity is peaked at the crack,
N./N; ~ 1/1.45. Using figure we estimate that near the crack the value of
Fis Fo.a ~ 0.47N]%. This is much bigger than the value at the edge N, = Ny,
Frage = (]\;’% + 1) log2 ~ 0.35N7.

Let us propose a tentative interpretation of the non-monotonic behavior of F
at fixed Ny. In the standard electric U(N,.) theory, on the Coulomb branch the
gauge group may be broken to U(N, — 1) x U(1). The F-theorem then tells us that
Fyn.y > Fyw.—1) at fixed Ny. We observe this behavior for N, small enough that
the monopole operators V., responsible for the Coulomb branch, are not decoupled;
in the Veneziano limit this is the requirement N, < N;/1.45. For larger N, the
monopole operators of the electric theory are decoupled, and its Coulomb branch
is no longer available. Instead, we can go on the Coulomb branch in the modified

magnetic U(Ny — N.) theory, and this increases N,. In this regime, which in the

Veneziano limit corresponds to N, 2

Y

N;/1.45, the F-theorem implies that F is a

decreasing function of N, as may be observed in figure 2.7 and in table [2.1]
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Let us also note in passing that, in the 4-dimensional Seiberg conformal window,
the Weyl anomaly coefficient a is not a monotonic function of N, at fixed Ny. The

exact formula for SU(N,) gauge group with Ny non-chiral flavors is [37]

3 N#
= —[2N?-1-3=%| . :
a= 1 ( : Nf) (2.47)
In the Veneziano limit,
a 3

where y = (N./Ny)?. Clearly, a/N} is maximized at y = 1/3. This corresponds to
Ny = N./3, which lies slightly above the strongly coupled edge of the conformal
window, Ny = 3N,/2.

2.3 SU(N.) SQCD

Now consider SU(N,.) SQCD with N flavors, and its magnetic dual [57]. Note that
in three dimensions even a U(1) gauge group becomes strongly coupled in the IR, and

we indeed will find crucial differences from the case of U(N,) SQCD.

2.3.1 Dual Pairs

Electric Theory The electric theory has a gauge group SU(N,), as well as quarks
() in the fundamental representation and anti-quarks Q in the anti-fundamental rep-
resentation (these fields are 3d N = 2 chiral multiplets). We do not have a superpo-
tential term: Wejeetric = 0. The theory has N, — 1 independent monopole operators
corresponding to the Cartan of the gauge group, however most of them are lifted
by the instanton-generated superpotential, with the exception of a a single unlifted

monopole operator which is typically denoted by Y in the literature |9]. This should
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be contrasted with the case of a U(NV.) gauge group, where we have two unlifted
monopole operators Vi [9,/70].
The theory has SU(Ny), xSU(N¢)rxU(1) px U(1) 4 xU(1)g_yv flavor symmetries,

under which the fields Q, Q,Y transform as follows:

SU(N.) | SU(Ny), SU(Ny)r U(l)p U(1)a U(1)r-uvv

N, N 1 1 1 0
? 7 (2.49)
Q| 1 N; 11 0
vy | 1 1 1 0 —2N; 2(N;— N, +1)

Here the U(1) g-charge was denoted U(1)g—_uv, to emphasize that it is one of the many
possible U(1) R-symmetries of the UV theory and is not the IR U(1) R-symmetry
inside the superconformal algebra. We listed the U(1)g_yy-charge of the monopole
operator Y [71]; we will comment more on this later when we discuss the S® partition
function.

Note also that the theory has no topological U(1); symmetry: the topological
U(1); symmetry is generated by the current J = xTrF', however this vanishes since

the gauge field is traceless.

Magnetic Theory Let us first assume that Ny > N.. The electric theory then has
a magnetic dual [57] (see also [59]).
The gauge group is SU(Ny — N.) X U(1)giag = U(Ny — N,), and not SU(Ny — N,)

as one might naively expect. For notational simplicity we define N, by

N,:=N;—N, . (2.50)
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The theory has dual quark ¢ and anti-quark ¢, and also b and b. The meson M = QQ
and the monopole operator Y of the electric theory are now fundamental fields in the
magnetic theory. The magnetic theory also has two unlifted monopole operators X .

The theory also has a superpotential

Wmagnetic = qu + Yb?) -+ X_ + X_,_ . (251)

Note that this superpotential breaks the topological U(1); symmetry, which rotates
the fields X,.
The magnetic theory has the same flavor symmetry as the electric theory, under

which the fields transform as follows:

SU(N.) U(Daig | SUNy)L SUNpr U UM)a U(Dr-uvv
q V. F Ny 1 0 ~1 1
g N, -+ 1 Ny 0 -1 1
b 1 -1 1 1 N, Ny ~N.
b 1 1 1 1 ~N. Ny —N,
M 1 0 Ny Ny 0 2 0
Y 1 0 1 1 0 —2N; 2(N.+1)
X, 1 0 1 1 0 0 2

(2.52)

Since U(1)diag is an Abelian symmetry, there is no canonical normalization of its
charges; the charges above, which differ from those in [57] by a factor of N., are chosen
in such a way that it matches with the standard normalization when embedded into
the U(N,) gauge group.

The case of Ny = N, requires a separate analysis. In this case the magnetic theory

does not have any gauge fields, and is described by chiral multiplets Y, M, B, B with
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the superpotential
W =Y (BB — det(M)) . (2.53)

The fields Y and M are the monopole operator and the meson of the electric theory, as
before. The fields B and B are the baryons, which when N ¢+ > N, are gauge-invariant

and related to the b, b of the above-mentioned magnetic theory by the relation
B=g%b, B=g%b. (2.54)

The charge assignment of the fields M,Y, B, B is

SUNy) SUWNp)r U)p Ul)a U)r-uv
M| Ng N; 0 2 0
Y 1 1 0  —2N, 2 (2.55)
B 1 1 N. N, 0
B 1 1 -N. N, 0

The case of Ny < N, can be derived from the Ny = N, theory by mass deformation.
For Ny = N.—1 the Coulomb branch smoothly connects with the Higgs branch, giving
rise the to constraint Ydet(M) =1 [9]. When we have Ny < N, — 1, the instanton-
generated superpotential completely lifts the vacuum moduli space [75]. For this

reason we will concentrate on the case Ny > N, in the rest of this section.
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2.3.2 IR Analysis

Considering all Abelian symmetries in the theory, we can parametrize the R-symmetry

as

RIR = RUV + CLJA + bJB s (256)

where Ruyy, Rir, Ja, Jp are generators of U(1)r_uyv, U(1)r_1r, U(1)4, U(1)p, respec-
tively.
As we will see momentarily F-maximization gives b = 0, and b does not play

crucial roles below.

Unitarity Bound The dimensions of the operators Y, M are given by

Y : AYZQ(Nf—NC+1)—2NfCL,

(2.57)
M: Ay =2a .
The unitary bound Ay > % is given by
Ny— N, +3
Yia< L cT1 N0+4z1—1,
, f . (2.58)
M:a> -
a2,

where here and in the following the symbol ~ will denote the Veneziano limit.

Note that there are other gauge singlet operators, such as Gg and bb in the magnetic
theory, whose dimension could become smaller than the threshold value % However
these are not chiral primary operators, and hence the constraints from the unitarity
bound does not necessarily apply. For example, the operator qq is trivial in the chiral
ring thanks to the F-term relation for the field M, and hence is not a chiral primary.

The same applies to the operator bb.
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Partition function The partition function of electric theory is given by

N N measure
1 c c

Zslectric = 7 /H do; o (Z (TZ'> I sinb?’7(o; — o)]
! =1/ 1<i<j<N.

Q,0 (259)

Ne
x [Jexp [Ny l(1—a=+b=xio) .

=1

Here and in the following we use the shorthanded notation that 4+ inside the expression

means the sum of the corresponding two expressions. For example,
(l—axtbtio) =Il(l—a+b+io;)+1(l—a—0b—io) . (2.60)

For the magnetic theory, let us first consider the case Ny > N.. We then have

M Y
1 —— -
Zmagnetic = ﬁ exp Nf l(l — 2@) +l (]_ + 2Nf a — 2<Nc 4+ 1))

C

measure

x/da/:ﬁldoiéczv;ai) [[ sinhr(o; — o))]

1<i<j< N

q9,9

bb

X ﬁexp lNﬂ(a:l:iaij:i]\}[a)] X exp {l(1+Nc—Nfa:i:Ncb$ia>} ,

=1 c

(2.61)

where 0; (o) parametrizes the Cartan of SU(N,) (U(1)giag). The o-dependence inside
the integrand can be eliminated by the shift o; — o; — N%o, after which the delta

function constraint becomes o = 25&1 0;, i.e. ¢ is the diagonal part of the U(N,)
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gauge group. After a trivial delta-function integral over ¢ we obtain

1 2
Zmagnetic = WGXP {Nf l(l —2(1) —|—l(1 —|—2Nfa— Z(Nf — Nc—|— 1))}

Ne
X /H do; 11 sinh?[7(0; — 0;)]
=1 1<i<j<N;-N,
Nj—N.
x [ exp[Nyl(a=io;)] x exp

i=1 i=1

Nc
l<1+Nc—Nfaj:Ncb:|:iZai)] :

(2.62)

The case of Ny = NN, is much simpler thanks to the absence of the gauge group in

the magnetic theory. We have

M Y B,B
=exp |NFI(1 —2a)+1(1 —2+2N.a)+1(1— N(a£b))| . (2.63)

7 Ng=Ne

magnetic

Note that this expression can also be obtained by formally setting Ny = N, in (2.62).

magnetic valid everywhere
electric valid

—-3

< Y decouples

B S — —

M decouples

Y
Q

1 Nf$—NC—|—1
4 Nf
Ny—Nc+3-

Ny

Figure 2.8: The unitarity bound and the convergence bound for 3d N/ = 2 SU(XV,)
SQCD with N; flavors with Ny > N, plotted in terms of the mixing parameter
a (see (2.56), with b = 0). The correct IR value of a should be determined from

F-maximization.
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Convergence As before in U(N,) case, we can analyze the convergence condition
of the partition function by sending one of the o;’s to infinity (in this case we need
to send one to infinity and another to minus infinity, for the consistency with the
traceless constraint Y-, 0; = 0), while keeping other o;’s finite. Using , we see

that the convergence bounds of the partition functions are

Ny —N.+1 1
electric: a < fN+ ~1——,
! 35 (2.64)

magnetic: converges for any values of a .

Note that for numerical computations the practical convergence bound is slightly
stronger than this, since as we approach the convergence bound the computational
time becomes increasingly large.

Again, we can either derive this from the positivity of the dimension of the

monopole operators

Y . AYZQ(Nf—Nc—f-l)—QNf(IZO,

(2.65)
X:t : AXi =2 Z 0 5
or from the positivity of the effective FI parameter
measure Q7Q~
———
electric:  (f = — (N — 1)+ Ny(1—a) =Ny —N.+1— Nsa, (2.66)
measure q,§ b,l;
—_——— N —_——~
magnetic: (g = — (N, — 1)+ Nra+14+ N.— Nra=2, (2.67)

Duality as Equality In the literature, the duality between two 3d N' = 2 theories

is often translated to an equivalence of the S3 partition functions:

Zelectric — Zmagnetic - (268>
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Such equivalences have been verified in [57,/62,76-78].

There are subtleties to the identity , however. In fact, as we have already
seen in (2.64), we find that as a function of the parameter a the right hand side
always converges, whereas the left hand side converges only when «a is small enough,
invalidating .

We can see this problem more sharply for the Ny = N, theory. The magnetic
partition function has poles at 2N.a = Z\{1}, as follows from the definition of the
function [(z). The electric partition function, however, does not show any singular
behavior at these points.

This is not in contradiction with the existing results in the literature. In the
analysis above we assumed that a is a real parameter, however in the literature a
takes values in the complex plane, where the imaginary part of a plays the role of
the real mass parameter for the U(1)4 flavor symmetry. The S® partition function
is known to be a holomorphic function of this complexified parameter |26} 79], and
we can then regard the both sides of as complex functions of a, establish
the identities in the regions where the real part of a is small, and then analytically
continue into the whole complex plane. This is what is usually meant by the identity
(2.68)).

However, we do not wish to turn on imaginary parts of a for the purpose of this
paper. When we turn on the real mass parameter for the U(1) 4 symmetry, the quarks
Q,0 gets a mass and hence can be integrated out in the deep IR, thereby dramatically
changing the IR behavior of the theory. We need to keep a real, for the numerical
analysis of the F-maximization below.

This means that we need be careful in interpreting the equality , at least for
the purpose of F-maximization—When only one of the two sides converge, we should
use that convergent partition function to determine the IR conformal dimensions,

whereas if the both sides converge they should give the same value of the F-function
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(possibly up to an overall constant independent of the parameter a) and they both
give the same IR conformal dimensions]]

In the case of the SU(N,) SQCD discussed here, the result shows that the
magnetic partition function is convergent for all the values of the parameter a. This is
in sharp contrast with the case of the U(V,) SQCD discussed in the previous section,
where the region for the convergent magnetic partition function was complementary
to that of the electric partition function; the overlapping region exists only for fine-

tuned values of IV, and Ny, and vanishes in the Veneziano limit.

2.3.3 Results

We can determine the values of a and b by maximization of the free energy F', by
explicitly computing the S the partition functionS and as in

Maximizing F with respect to b straightforwardly gives b = 0. We can then
numerically search for the maximal value of F' with respect to a. Note that it is
crucial for our numerical analysis that F' takes a maximal value, not just an extremal
value.

In table [2.2) we present values of @ and F" at IR for small N.. For the values Ny =
N.=3,4,5,6 (in entries in red boxes in Table we find that after performing the
first F-maximization that the unitarity bound is violated for some operators,
which let us to decouple corresponding operators. The details of the decoupling varies

for different values of Ny and N, as shown in the diagonal entries of Table [2.2]

Tt is possible to render the expression convergent by deforming the integration contour at infinity.
However, the meaning of such a deformation, and the connection with the F-theorem, is not clear.
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Ny=2 N;=3 Ny =4 N;=5 N;=6
N o | 2862 3687 4064 A277 4412
¢ 71 (5.3743)  (7.6517) (9.6090) (11.4143) (13.1306)
N.o—3 ) 2222 [M] 322 3632 3898
¢ (3.9915) (14.0933) (17.4956) (20.5698)
N —4 ) ) s [MY, B] 2912 3353
° (6.5849) (22.4819) (27.5200)
N.—5 ] ] ] LMY, B] 2693
¢ (9.7041) (16.9044)
L [Y, M, B]
J— _ _ _ _ 12 Y 9
Ne=6 (13.5164)

Table 2.2: The scaling dimension A of the flavor multiplets (above) and the maximal
value of F-function (below), at the conformal fixed points for a few small values of
Ny and N, in 3d N = 2 SU(N.) SQCD with Ny flavors. We have computed this
from the electric theory, except for the diagonal entries and the blue-colored entries
where we used a simpler magnetic theory for more efficient numerical evaluation.
For N, = Ny = 3,4,5,6 either one or two operators hit the unitarity bound, and
consequently we need to decouple them and repeat the F-maximization with the
modified F-function , until the procedure terminates. For N, = Ny = 4,5,6 we
find a sequence of decoupling of operators, leaving to a free IR theory eventually—
for example, for N, = N; = 4 operators M and Y decouple first, and the baryon
B becomes free after the second F-maximization, Similarly, for N, = Ny = 6 we
find that first Y decouples, then M, and finally B becomes free. Such a decoupling
pattern is shown inside the bracket in the red box. Note that the value of the scaling
dimension Ag shown here is the value after all the possible decoupling effects are
taken into account, and not the value after the first F-maximization.

After decoupling an operator, we need to again do F-maximization with the mod-

ified F-function, which are for example given by

: 1
JM decoupling _ NC2Z (2> +1 (QNCa — 1) + 2[(1 - Nc(l) )

magnetic
i 1
Py = N21(1 — 2a) + 1 (2) +21(1— N.a) (2.69)
- 1 1
MY decoupling 2
Fmagnetic P = Nc l (2> l <2> + 2[(1 - Nca) ,

depending on whether only M, only Y or both M and Y decouple. For the choice
of Ny = N. = 4,5,6 we find after the second (and third for Ny = N, = 6) F-
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maximization that we need to decouple further operators, and consequently find that
all the operators M, Y, B become free, leaving to a free IR theory.

Something interesting happens for Ny = N, > 6. After the first F-maximization,
we find that the monopole operator Y decouples. After decoupling Y, we find that
the modified F-function apparently has no maximum. We propose to interpret this
as a signal for the decoupling of the baryon B. After yet another F-maximization we
find that the meson M also becomes free, leading to the critical value a = 1/4 and
the trivial IR fixed point. One consistency check of this proposal is that the critical
value a = 1/4 is consistent with the analysis of the Veneziano limit shown below in
Figure [2.9

Note also that the value of the F' at the critical value decreases as we decrease
the value of Ny. This is consistent with the F-theorem [25]40,41,[80], since we can
give a mass to one of the flavors, thereby reducing the number of flavors by one. It is
probably worth pointing out that for a fixed flavor number Ny the value of the free

energy F' could decrease as we increase N..

In Table the monopole operator decoupling happens only in the diagonal Ny =
N.. However, this is an artifact of the choice of small N, N; values. The constraint
from the unitarity bound becomes stronger as we increase the value of N., Ny,
and therefore we expect to find more and more examples of (N., Ny) with monopole
decoupling.

Expanding F' in Nif gives us the scaling dimension of flavor multiplets as

2
Ao(NLNy) = L 2(N. — &) .\ (24N? =48 + 35) — (%5 — ¥ + ) oL
Ge T N, N7 N}
(2.70)
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In the Veneziano limit, this reduces to

1 2 8(36—51%) 1
Dolw) =5 — -+ =33 +0 (:1;3) . (2.71)

The combined plot of the numerical data points as well as the large x expansion
of (2.71)) is shown in Figure 2.9 We find that the crack in the conformal window for

SU(N,) case is around z. =~ 1.46.

A Ag
040 - 0.330 -

035

0.30+ 0315+

[ LI 0310}

0.25) o °
[ 0305}

0‘207 N I I I I X o300 . ooty e e e
1.0 12 14 16 18 2.0 1.40 142 1.44 1.46 1.48 150

Figure 2.9: Ay as a function of x = N;/N. in the Veneziano limit. Points were
computed by extrapolating small N, numerical results. The dotted line is the unitarity
bound (2.58). We find that Ag(x) hits the unitarity bound at the critical value
2.~ 1.46. The black curve at large values of z is the analytical approximation (2.71)).
In the region right to the red curve, we use electric theory, while in the left region we
use magnetic theory with monopole Y decoupled when needed. The right plot is a
zoomed-in version of the left one around the critical value z..

2.4 USp(2N.) SQCD

Let us next consider the USp(2N,.) theory.ﬂ We find that the structure here is similar

to the case of the U(N,) theory. In particular, we find a small window where the

2Readers not interested in USp or SO gauge groups can proceed directly to the discussion of
quiver gauge theories in section
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electric and magnetic descriptions hold simultaneously, which shrinks to a point in

the Veneziano limit.

2.4.1 Dual Pairs

Electric Theory The electric theory is given by the quarks () and the monopole

operator Y. We do not have a superpotential term: Wpeetric = 0. The theory has

SU(2Ny) x U(1)4 x U(1)g_yy flavor symmetry, under which the quark @ and the

monopole operator Y transform as follows:

USp(?Nc) SU(QNf) U(l)A U(l)R—UV
Ql 2N. 2N/ 1 0
Y 1 1 —2N; 2(Ny—N,)

(2.72)

Magnetic Theory For Ny > N.+ 1, the dual magnetic theory has USp(2N; —

2N, — 2) gauge symmetry with 2Ny chiral multiplets, dual quark ¢;, and additional

single chiral multiplets M and Y [54]. The Coulomb branch of this magnetic theory

is parametrized by the monopole operator Y.

The charge assignment is given by

USp(2N; —2N.—2) |  SU(2N;)  U(1)a U(D)r_uv
q 2N, 2N, ~1 1
M 1 N¢(2N;—1) 2 0
Y 1 1 —2N;  2(N;—N,)
Y 1 1 2N;  —2(N;—N.—1)

The theory also has a superpotential

Wmagnetic = qu + YY/ .
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For Ny = N, + 1, we expect that the magnetic theory is trivial. We propose that

the magnetic theory in this case is described by Y and M, with the superpotential

W =Y Pf(M) . (2.75)

We can verify that this theory is consistent with the charge assignment, which is given

as

SU(2Ny) Ul)a U()g_uv

M | Ny(2Ny—1)| 2 0 (2.76)

Y 1 —2N; 2

We have a deformed moduli space Y Pf(M) = 1 for Ny = N, [55], and the
supersymmetry is broken for Ny < N.. We therefore concentrate on the case Ny > N,

below.

2.4.2 IR Analysis

Let us parametrize the IR R-symmetry by

Rigr = Ruyy +aJda (2.77)

where the notation is the same as in the previous section.

Unitarity Bound The dimensions of the operators Y and M are

Ay = Q(Nf — Nc) — 2Nf(l s AM =2a . (278>
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The unitary constraint is given by

Ny —
Y:ia<———=
& (2.79)
M:a>

] =

Partition Function The S partition function of the electric theory is given by

1 i . .
Zelectric = W / 1:{ dai H [2 Slnh[ﬂ-(ai + Uj)]2 Slnh[/ﬁ(O‘i - Uj)]]2

1<i<j<N,

. 0 (2.80)
x [[12sinh(270;)] exp 2N (1 — a £ io;)] .
i=1
For the magnetic theory, we have
1
Fmnetic = QNNA(N, N, 1)
Y M

X exXp l(l — Q(Nf — Nc) + 2Nfa) +Nf(2Nf — 1)[(1 — 2@)

Nj—N.—1 (2.81)
X / [I do: []  [2sinhfn(o; + 0;)]2sinh[r(o; — o;)]2
i=1 1<i<j<N;—Ne—1
Njp—Ng—1 d
x J] [2sinh(270;)]* exp 2Ny l(a + i0;)]
i=1
for Ny > N, + 1 and
Y M
Zmagnetic = €xp |l(—=1 4+ 2Na) + N¢(2Ny — 1)I(1 — 2a) (2.82)

for Nf:NC+1.
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Using the expansion ([2.17)) again, we determine the convergence bound to be

Ny — N,
<f7%1_1’
Nf T
Ny—N.—1 1
SN Neml L

Nf xr

electric: «a
(2.83)

magnetic: a

magnetic valid

electric valid >
~< Y decouples
- _ >

M decouples

Y
S

N;—N.

Figure 2.10: The unitarity bound and the convergence bound for 3d N' = 2 USp(2XV,)
SQCD with Ny flavors with Ny > N.+ 1, plotted in terms of the mixing parameter a
(see (2.77)). The correct IR value of a should be determined from F-maximization.
The structure here is very similar to the U(N,) SQCD case (Figure [2.1).

2.4.3 Results

We can numerically maximize the F' again for small values of IV, and Ny. The results
of the numerical computation is summarized in Table [2.3]

For Ny = N, > 2, we see that the monopole Y always saturates the unitarity
bound, thus we set its scaling dimension at % This modified magnetic theory forces

. Inside the table Y is the only operator which decouples in the IR, so the

NI

a =
structure here is much simpler than that of the SU(N.) SQCD discussed in previous

section.
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2Ny =4 2N;=6 2N;=8 2N;=10 2N;=12

oN —o | 2861 3687 4064 4277 4412
T % 1 (2.1502)  (4.4275)  (6.3848)  (8.1901)  (9.9064)

ON. — 4 ) g .3305 3711 .3962
° (5.5452) | (10.8766)  (15.2865)  (19.2927)

ON — G ) ) Ly .3038 3456
°T (10.0506) |  (18.8447)  (26.1131)

1y] 2822

= - - _ 4

2N, =8 (15.9423)| | (27.9908)

1 Y]

= - - - _ 4

2Ne = 10 (23.2204)

Table 2.3: The scaling dimension Ag of the flavor multiplets and the maximal value
of F-function (in a parenthesis), at the conformal fixed points for a few small values
of N. and Ny in 3d ' = 2 USp(2N.) SQCD with Ny flavors. For the red boxes in the
diagonal (i.e. 2N = 2(N.+1)) entries, the monopole operator Y is decoupled after the
first F-maximization. In most of the entries we used the electric partition functions,
except in the red-colored (along the diagonal) and blue-colored (at 2N, = 8,2N; = 12)
boxes we used magnetic partition functions, since the magnetic description is more
suitable for numerical computations.

We can again check the consistency with the F-theorem by decreasing the values
of Ny for a fixed N..

Expanding F' in Nif gives us the scaling dimension of flavor multiplets as

1 4N.+2 3(96N? 4+ 96N, + 24) — 7w2(40N? + 48N, + 14 1
Ag(No Np) = L= + (96N; + + 24) 7r2( o+ + 14) oL
2 212Ny 124 N§ Ny
(2.84)
In the Veneziano limit, this reduces into
1 2 8(36 — 57?) 1
A = - _ o). 2.85
e e e e (:1:3) (2:85)
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On the other hand, when z is close to 1, (x — 1) expansion we get Ag(z):

1 1 4 — 18w + 572

Ag(z)=—-+ —(x—1)+ 12— (z—1)*+0((x —1)*) . (2.86)

In Figure [2.11] we have plotted these results including the numerical data points
coming from the several explicit integrations for small values of N, and Ny. We find
good agreement between numerical and analytical results, and the critical value for

x is given by . ~ 1.42.
AQ

040 -

035|

0.30

0.25

0.20 :
10

Figure 2.11: A as a function of x = Ny/N, in the Veneziano limit. The points were
computed by extrapolating small N, numerical results. Dotted line is the convergence
bound (2.83). We find that Ag(z) hits the convergence bound at the critical value
x. ~ 1.43. The black curves at large and small values of = are the analytical approx-
imation ([2.85) and , respectively. In the region right to the red curve, we use
electric theory (coloured in red), while in the left region we use magnetic theory with
monopole Y decoupled (colored blue).
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2.5 SO(N,) SQCD

Let us now discuss the case of the SO(N,) gauge group. The duality for this case is
worked out in [58] (see [78}[81,[82] for a closely related discussion for O(N,) theories).
We should keep in mind that the details of the duality depends on the global
properties of the gauge group (e.g. SO(N,), O(N.), Spin(N,) or Pin(N,)), as well as
the set of local operators we include in the theory. For example, for the O(N,)
gauge group, we have two choices, denoted by O(N,)4 [58]. In the following we first
deal with the case of the SO(N.) gauge group, and then come back to the cases of
O(N.)+,O(N,)_, Spin(N,) and Pin(N.) gauge groups in section [2.5.4]

2.5.1 Dual Pairs

Electric Theory The electric theory has quarks () in the fundamental representa-
tion, and as usual we have Wepectric = 0. The theory also has the monopole operator
Y, the baryon B, as well as a composite “baryon-monopole operator” f3.

The theory has SU(Ny) x U(1)4 x U(1)g_yu continuous flavor symmetry, under
which the fields Q, Q,Y transform as follows:

SO(N,) SU(Ny) U(1)a UD)p_vv Z§ 7ZY 7
Q@ N. Ny 1 0
M 1 N;(N;+1)/2 2 0 +1 41 41
Y 1 1 —N; Ny—N.+2 +1 -1 -1
B 1 (N N, 0 -1 41 -1
6 1 (Ng)Ne2 —~(Ny = N.+2) N;—N.+2 -1 -1 +1
(2.87)

Here (Ny)3°? and (Nj)Ye represents totally antisymmetric representations. We

have listed their discrete symmetry ZS, Z3* and Zé\;l (we here list charges only for
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gauge-invariant fields). We can easily check that Zé‘;‘ is a combination of Z$ and Z}*,
and is not independent. These discrete symmetries will play crucial roles when we

change the gauge groups later in section [2.5.4]

Magnetic Theory Let us consider the case Ny > N, + 1. First, the magnetic
theory has dual quarks ¢. The meson M as well as the monopole operator Y of the
electric theory, are now fundamental fields in the magnetic theory. It also has the
monopole operator Y, the baryon B, and the dual baryon-monopole .

Note that the baryon B and the baryon-monopole 5 do not appear as fundamental
fields of the magnetic theory (compare this with the case of SU(V,) theory). Rather

they are identified with their magnetic counterparts B, B , by an identification
(B.B) « (5, B). (2.88)
This theory has a superpotential

‘Nj—N. _

YY . 2.89
- (2:89)

1
Wmagnetic = §qu +
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The theory has the same flavor symmetries as the electric theory, under which the

fields transform as follows:

SO(N; — N, +2) SU(Ny) U(1)a U pvy ZS 7P 7M
¢ | Ny—N.+2 Ny -1 1
M 1 SNg(Ny+1) 2 0 +1 +1  +1
Y 1 1 —N; Ny—=N.+2 +1 -1 -1
Y 1 1 Ny N.—Ny 41 -1 -1
B 1 (Ng)Ne ~(Nj=N,+2) Nj=N.+2 -1 -1 +1
6 1 (Ng)2 N, 0 -1 +1 -1

(2.90)

Note that the charge assignment for Z3* and Zé\;‘ symmetries here is consistent with
the identification ([2.88|).
When Ny = N, — 1, the magnetic theory has no gauge group, contains fields Y’

and M, with superpotential given by (see [78,81,82] for O(V,) case)
W = Y?det (M) + Mqq . (2.91)

The charge assignment is given by

SU(Ny) UM)a Ud)r-vv
N; -1 1
4 ! (2.92)
M | N§(Ny+1) 2 0
Y 1 —N; 1

and as before this case should be treated separately from the rest.
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For lower values of Ny, we have the quantum-corrected moduli space for Ny =
N. — 2 [82], and the supersymmetry is broken for Ny < N, — 2. We will hereafter

concentrate on the case Ny > N, — 1.

2.5.2 IR Analysis

Let us parametrize the IR R-symmetry by

Rir = Ruv +aJa (2.93)

where Ryy, Rir, Ja are generators of U(1)r_uv, U(1)r_1r, U(1) 4, respectively, as be-

fore.

Unitarity Bound Let us consider the electric theory. The dimensions of the oper-

ators are given by

MiAMIZCL,
Y:Ay:(Nf—Nc—i-Q)—Nfa,
(2.94)
B: Ag=N_.a,
ﬁiA5:<Nf—NC+2)—CL<Nf—NC+2).
The unitary bound A > % gives
M:a>-,
N; — N, 1
Yi:ia< +2%1——,
Nf xz
| (2.95)
B : —
“=9N,
Ny — N, +
ca< 2 1
Fras§ TN
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Notice that in the Veneziano limit, the unitarity bound for the monopole operator Y
depends on the value of x, whereas that for the baryon-monopole /3 is independent of

x.

Partition Function Let us write down the S® partition functions of electric and
magnetic theories. The precise expression depends on whether NV, is even or odd.

For N, even with N, = 2r, the electric partition function is given by

Zolectric = ] / H do; [2sinh[r(0; + 0;)]2sinh[7(0; — 0;)]]

1<z<]<r

Q (2.96)

x [Jexp [Ny I(1 —a=+ioy)],

i=1

while N, odd with N, = 2r 4+ 1, we have

Zeloctric = ] /H do; H [2sinh[r(0; + 0;)]2sinh[7(0; — 0;)]]

1<i<j<r

Q (2.97)

T

x [[12sinh[ro;]]? Hexp [N l(1 —a+£io;)] .

i=1 =1

The magnetic partition function is similar, and for Ny—N.+2 even (Ny—N.+2 =:

27)
M
1 . N#(Ns+1)
Zumagnotie = 5 &b | 1(1 = (Ny = Ne+2) + Nya) + =1L 220(1 - 2a)
/ H do; [2sinh[r(0; + 0;)]2sinh[7(0; — 0;)]] (2.98)

1<z<j<7"
q

X ﬁexp [Ny l(a £io;)] .

=1
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For Ny — N, 4+ 2 =: 27 + 1 with Ny > N.+ 1 (i.e. 7 > 0), we have

M
Y
1 Ne(Ny+1
Zrmagnetic = > exp [{ (1 —(Ny— N.+2)+ Nsa)+ f<2f)l(1 — 2a)
/ [[do; ] [2sinh[r(o; + 0;)]2sinh[n(0; — 0;)]]? (2.99)
=1 1<i<j<F
q
x [[12sinh(mo;)]* x [ exp [Ny l(a £ io})] .
i=1 i=1
For Ny = N, —1 (i.e. 7 = 0), we have
. M
q
Zimagnetic = exp |1 (Nya) + Mza —2a)+NsI(1—a)| . (2.100)

The convergence bounds of the partition functions are given in the following form,

which hold irrespective of whether N., Ny — N, + 2 are even or odd:

Ny —N.+2 1
electric: a<fN+%1—,
f T
2.101
) Ny — N, 1 (2.101)
magnetic: a> ——~1——.
Nf Xz

In this case there is a small overlapping region where both electric and magnetic
descriptions are valid. However the width of the overlapping region shrinks to zero
in the Veneziano limit. It is therefore expected that we really should not expect both

electric and magnetic descriptions to be valid, except for only for limited values of N,

and Ny.
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magnetic valid

Y

electric valid
M decouples Y decouples _
B decouples £ decouples

> (0
1 Ny=Net
17 4 - Ny—Nc+2

2N, Nf_Nc ; M
T : Ny
N Lo
Ny

Figure 2.12: The unitarity bound and the convergence bound for 3d /' = 2 SO(XV,)
SQCD with Ny flavors with Ny > N, — 1, plotted in terms of the mixing parameter a
(see (2.93])). The correct IR value of a should be determined from F-maximization.
Depending on the value of a, decoupled operators might be either none, only Y, or
both Y and . While the baryon-monopole 5 could in principle decouple, this does
not happen in the exampled we studied, both numerically and analytically.

2.5.3 Results

We have done the F-maximization for several small values of N, and N f.ﬂ As com-
mented before, one interesting feature of the SO(N,) theories is the existence of the
baryon-monopole operator 8. This means that the baryon-monopole g, in addition
to the baryon B, could decouple in the IR. In the examples we studied in Table [2.4]
however, we find that § never decouples (this is also the case in the Veneziano limit,
to be discussed below, see Figure [2.13).

We also compute the Ag(N,, Nf) for both odd and even N, in the large N limit.
The S? partition functions take slightly different forms for each case, however it is

natural to think that the value of Ag(NN,, Nf) should coincide between the two cases

3Note that part of the entries have appeared in [81], which gives the critical values of a consistent
with ours, in the first F-maximization. In several cases, however, the monopole operators decouple
and we need to do another F-maximization, to determine the correct U(1) R-symmetry.
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N,=1 N;=2 N;=3 N;=4 N;=5  N;=6
N —g| 13 4085 4370 4519 4611 4674
©T 1 (8724)  (2.6271)  (3.5311)  (4.3723)  (5.1795)  (5.9655)
N3l - 2775 [Y] 3532 3923 4149 4297
¢~ (1.8721) | (3.8607)  (5.4647)  (6.9098)  (8.2670)
vo_al ] 2324 [Y] 3175 3602 3865
¢~ (2.9315) | (6.7624)  (9.1754)  (11.3076)
N5l - ] ] 2663 [Y] 2909 3358
¢ (4.7671) | |(8.7275)|  (11.8361)
N6l - ] ] ] 2635 [Y] 2686
¢ (6.7334) | |(11.3107)

Table 2.4: The scaling dimension A of the flavor multiplets (above) and the maximal
value of F-function (below), at the conformal fixed points for a few small values of N;
and N, in the 3d N = 2 SO(N,) (or (O (N.)) SQCD with N flavors. For the diagonal
entries (Ny = N.—1) we have used the partition function of the magnetic theory, and
for entries in the red box we need to decouple the monopole operator Y. All other
entries are computed in the electric theory, except in the blue boxed and diagonal
entries where we used the magnetic theory for better numerical computations.

in this limit. The analytic calculation by order in Nif shows that odd/even cases give

the same answer, which reads

1 2N,—2 (24N? — 48N+ 24) — w2 (22N2 — 8N, + 1) 1
A NC Ny) = — — ¢ ¢ 3~ ¢ 3 ol —
oWNe: Np) =5 = oy, TN} TN
(2.102)
In the Veneziano limit this expansion reduces to
1 2 8(36 — 5m?) 1
Ap(z) = + — O () , 2.103
e(@) 2 T + 127422 + a3 ( )

In the case of the magnetic theory, we can expand A(N,, N¢) in order of Ni which

gives us

1 1 N/—N.+2 (N;j—N.+2)? 1
Ao(N., Nj) =~ + — — 1, 2.104
oNeo Np) = 3+ - N, 872(m — 2) 0 N3 (2.104)
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which reduces in the Veneziano limit into

11 (26 — 7Tm)m — 8

872(r — 2) (=1 +O0((x = 1)°) . (2.105)

A
0.38 -

036[

034

032
0.30[

028

0.26] :

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 X
10 12 14 16 18 2.0 2.2

Figure 2.13: A as a function of x = N;/N, in the Veneziano limit. Points were
computed by extrapolating small N, numerical results. Dotted line is the unitar-
ity bound (2.95)). We find that Ag(z) hits the unitarity bound at the critical value

. ~ 1.45. The black curves at large and small values of x are the analytical approx-

imation (2.103]) and (2.105)), respectively. In the region right to the red curve, we
use electric theory, while in the left region we use magnetic theory with monopole Y

decoupled.

2.5.4 O(N,)+, Spin(N,) and Pin(N,.) Gauge Groups

Dual Pairs Let us consider other gauge groups, O(N.)+, Spin(N.) and Pin(N,).
Note that all these gauge groups have the same Lie algebra as that of SO(V,). These
dualities can be obtained by gauging discrete Zs symmetries of the SO(N,) electric
and magnetic theories.

When we gauge a single Z, symmetry, there are three choices: Z¢, Zp and Z yy,

leading to O(N.)4, O(N.)_ and Spin(JV,) theories, respectively, for the electric theory.
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We can apply the same gauging to the magnetic theory. In fact, all terms which
appear in the magnetic superpotentials (see and ) have charge +1 under
any of the three Z, symmetries, and hence the gauging is consistent with the super-
potential. There is one big difference from the electric case, however: the role of the
Zipq and Z y; should be exchanged, following from the identification ([2.88).

When we gauge two Z, symmetries, there is only one choice, obtaining the
Pin(N.)_ theory because we are gauging all the discrete symmetries.

These gauging patterns are summarized in Figure 2.14]

O(NV,)—
z z$
7¢ ZM or ZM
SO(N,) 4+ S RN O(NVe) + S R BN Pin(N,)
% %
Spin(N,)

Figure 2.14: By gauging either Z¢, Za and Z,; symmetries of the SO(N,) theory
we obtain O(N.)y, O(N.)_ and Spin(N,) gauge groups. By further gauging the
remaining Zs, we obtain the Pin(V,.) theory. This figure represents the gauging of
the electric theory, and for the magnetic theory we should exchange the role of Z x4
and Z ;. As we will explain later, the gauge groups boxed in red and those boxed in
blue have different monopole operators, differing by a power of 2 (see (2.108])).

This immediately implies that the correct Aharony-like duality works as [58]

O4+(N.) ¢— O4(Nf—N.+2),
O_(N.) «— Spin(Ny — N.+2) ,

(2.106)
Spin(N.) ¢— O_(Ny — N.+2),

Pin(N,) «— Pin(Ny — N.+2) .
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This should be compared with the SO duality

SO(N,) — SO(N; — N, +2) . (2.107)

When we gauge discrete Z, symmetries, we project out the fields which has charge
—1. For example, when we gauge the ZS symmetry (charge conjugation symmetry)
we obtain the dualities for O, gauge groups. In this case, the baryon B and the
baryon-monopole 3 are projected out, while their combinations such as B? and BJj,
remain in the theory.

Similarly, when we gauge either Z or Z ; symmetry, the monopole operator in

itself is projected out, and we instead have its square:

Yspin = Yo_ = Ypin := Y72 . (2.108)

IR Analysis We now come to a natural question: does the gauging of the discrete
symmetries discussed above have any impact on the IR behavior of the theory?

It turns out most of the preceding analysis for SO gauge groups does not require
any modification. This is because we are primarily interested in F-maximization,
which requires only the S? partition function with no operators inserted, and hence
is insensitive to gauging of discrete symmetries.

There is one big change, however. While we have the same set of operators, gaug-
ing makes some of the gauge-invariant operators gauge-variant. Since the unitarity
bound applies only to gauge-invariant operators, gauging the discrete symmetry will
in general change the unitarity bounds.

In the analysis for the SO gauge groups we did not find any examples where
the baryon B, the meson M, or the baryon-monopole 5 decouple. We can therefore

concentrate on the monopole operator Y. As we discussed above, the change for Spin,
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Ny=1 N;=2 N;=3 N;=4 N;=5 N, =6
N _q| 13 4085 4370 4519 4611 4674
¢ (0.8724) (2.6271) (3.5311)  (4.3723)  (5.1795)  (5.9655)
N3 ) 2696 .3532 3923 4149 4297
¢ (1.8664) (3.8607)  (5.4647)  (6.9098)  (8.2670)
N ) 2324 3175 3602 3865
¢ (2.9316)  (6.7624)  (9.1754)  (11.3076)
N5 ] ] ] 2663 [Y] 2909 3358
¢ (4.7671) | | (8.7275)|  (11.8361)
N o—6 ) ] ] ] 0.2635 [Y] 2686
¢ (6.7334) | |(11.3107)

Table 2.5: The scaling dimension A of the flavor multiplets and the maximal value
of F-function (in the parenthesis), at the conformal fixed points for a few small

values of Ny and N. in the 3d N' = 2 Spin(N.) (O_(N,) or Pin(N,)) SQCD with N;
flavors. For the diagonal entries (N; = N. — 1) we have used the partition function
of the magnetic theory, and for entries in red box we need to decouple the monopole
operator Y. All other entries are computed in the electric theory, except in the blue
boxed and diagonal entries where we used the magnetic theory for better numerical
computations. Compare this with Table
O_ and Pin gauge groups is that the gauge-invariant monopole operator is not Y,
but rather Y, = Y2 (2.108), whose scaling dimension is twice that of Y.

This immediately means that the unitarity bound for Y in (2.95)) is replaced by

Ny —N.+1 1
Yom:a< —4——— 4 ~1—- =, 2.109
P @= N f T ( )

As expected, the difference from the SO case gauging disappears in the Veneziano
limit.

We can redo the IR analysis, obtaining the new table as in Table 2.5 Clearly
the difference can only happen when the monopole operator Y decouples in the SO

theory. In the table this happens when Ny = N, — 1 = 2,3, when the monopole

operator Y no longer decouples.
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2.6 Digression on Group Theory

While the analyses in sections [2.3] and are treated separately, some of the
structures can be understood in a more unified manner from the representation theory
of the Lie algebras, as one might expect.

To give an example for this phenomenon, let us point out that the scaling dimen-

sion of the quarks and anti-quarks Ag = Ap, in the large Ny expansion up to the

1

order of 5, can be uniformly represented as
f

1 4Cp 1 96C% —7°(8CE + 5CrCa) 1 O( 1

Ag(Ny Ny) = = — —=F =), en
oWNe V) =5 ==, 7 N? N;}) (2.110

where C'r and C'4 are quadratic Casimirs in fundamental and adjoint representation,

respectively. Concretely, we have

N 1
N —— =N. . — —
U( C) CVF 92 ) OA c Ncy
N2 -1
SU(NC> . CF: c y CA_NC )
Q;Nc 1 (2.111)
USp(2N.) : Cip = C4+ C Ca=N.+1,
N, -1
SON): Cr==—, Ca=N.—2,

with which we can verify that (2.110|) reproduce the formulas (2.43), (2.70)), (2.84) and

(2.102). We expect the formula (2.110]) to apply to SQCD with other gauge groups,

e.g. exceptional gauge groups. Quadratic Casimirs appear in the (2.110) because

they can be computed via Feynman diagrams (cf. |47, Appendix B]). Note that in
the leading Veneziano limit we always have Cp ~ %, Cy ~ N, washing differences
among gauge groups away. This is the reason why the plots of Ay (in Figures ,

and [2.13)), as well as the critical value z., are similar among different choices of

gauge groups with the same ranks.
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2.7 Gauging and Quiver Gauge Theories

The difference between U(N,) theory and the SU(/V,) theory is an example where the
gauging of a flavor symmetry dramatically modifies the IR dynamics. We have also
seen in section that gauging of discrete symmetries also changes the IR decou-
pling. These can be thought of as particular examples of more general phenomena
where the gauging of a flavor symmetry modifies the IR dynamics of the theory.

As yet another example of this type, we study gauging of the SU(N;) flavor
symmetry of the SQCD, to obtain a quiver gauge theory with a product gauge group.
We discuss the effect of the gauging to the IR R-symmetry, and to the decoupling of
monopole operators. Such quiver gauge theories naturally arise in string theory (see
e.g [83,|84] and references therein), and (as we will discuss later in the next section)

for example in the compactifications of M5-branes.

2.7.1 Electric Gauging

Let us start with the U(N.) SQCD with N, flavors, discussed in section

As shown in (2.5)), this theory has SU(Ny), x SU(Ny)g symmetry. Let us choose
to gauge the diagonal SU(Ny) of these two SU(Ny) symmetries, which we denote
by SU(Ny)v. The resulting theory then has U(N.) x SU(N) gauge symmetry, and
SU(Nf)a x U(1)4 x U(1); x U(1)g—uv Havor symmetry, where SU(Ny) 4 is the axial
(anti-diagonal) combination of SU(Ny¢), x SU(Ny)g. As a result of this gauging, we
obtain a quiver gauge theory, whose quiver diagram is shown in Figure [2.15]

One remark is that the resulting theory has a symmetry exchanging N, and Ny.
In fact, the gauge group can equivalently be taken as (U(N.) x U(Ny)), with matters
in the bifundamental representations @ : (N, Ny) and Q : (N, N;). This is a

quiver gauge theory, and since we only have bifundamental matters, the overall U(1)
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Figure 2.15: A Quiver diagram for the electric quiver gauge theory considered in
this section. The quiver gauge theory can be obtained by gauging the SU(M) flavor
symmetry of U(N) SQCD with M flavors, or by gauging the U(N) flavor symme-
try of SU(M) SQCD with N flavors. Note that the gauge group can be thought of
SU(N)xU(M),U(N)xSU(M) or (U(N)xU(M))/U(1), all describing the same the-
ory. The theory therefore has symmetry exchanging N and M. The arrows represent
bifundamental N = 2 chiral multiplets.

of the (U(N.) x U(NNy)) gauge group trivially decouples, leading to the (U(NV,) x
U(Ny))/U(1) >~ U(N.) x SU(Ny) gauge group as before.

In the rest of this section we use the notation N := N, M := Ny, to make this
symmetry more manifest. In fact, now that the symmetry is manifest we can regard
the same quiver gauge theory as obtained from the gauging SU(N)y flavor symmetry
of the U(M) SQCD with N flavors, with N and M reversed from above (Figure|2.15]).

Now, the question we ask in this subsection is whether or not this gauging of the
SU(M) symmetry has any effect in the discussion of the IR scaling dimension and
the decoupling of monopole operators.

The best way to see this is to write down the S? partition function as the parameter

a corresponding to the mixing of the U(1)4 symmetry:

M
Zy(nyxsu(u)(a) N' Vil /HdUzZHdﬂy (j;m)

x JI sinb’[x(os —oy)] T sinb®[x(pi — py)] (2.112)
1<i<j<N lsi<jsM
bifundamental Q, Q

x [T [T exp (1 — a+io; —ip;) + U1 — a —io; + ip;)] .
i=1i=1
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Note that the integral is kept invariant under the simultaneous shift of o; and p;, and
this represents the overall decoupled U(1) commented on before. The same partition

function can also be written as

Zwanxuanyum(a) = 5 M,/Hdazﬂdm (ZUZ+ZPJ)

measure

x [I sinb*[x(oi—o)] [ sinh?[x(pi — p;)]

1<i<j<N 1<i<j<M

bifundamental Q, Q

x [T [T exp (1 — a+io; —ip;) + (1 — a—io; +ip;)] .
i=1i=1

(2.113)

In either way, it is clear that gauging dramatically changes the partition func-
tion as a function of the parameter a, and consequently the IR R-charges/conformal
dimensions of the theory. In fact, this is to be expected since we have a manifest
symmetry between N and M after gauging; by contrast N. = N, Ny = M theory and
N. = M,Ny = N clearly have different IR dynamics, as we have seen in the rest of
this paper.

This symmetry between N and M is actually a source for trouble, when we con-
sider the convergence bound for the electric S* partition function. The convergence
bound before gauging was worked out in , and since now we have symmetry
and N and M, we should impose the same constraint with N and M (N, and Ny)

exchanges. This gives

M-N+1 N—M+1> (1 1)
< min ,

CL<H111’1( M s N M N

(2.114)

and in particular a will be negative unless N = M.
Note that the convergence constraint is ameliorated by including flavor matters
to gauge groups SU(N) and SU(M). Suppose that we include k flavors (I flavors) to
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gauge groups SU(N) and SU(M). The convergence constraint then reads

M-N+k+1 N-M+1+1
a < min , , 2.115
n (M1 —— 2.115)
and in particular the constraint in practice goes away for the sufficiently large k& and
[. Such flavors are natural from string theory constructions, however we will set

k =1 =0 in the discussion below, to simplify analysis.

2.7.2 Magnetic Gauging

To avoid this convergence issue, one might be tempted to switch to the magnetic
description. Instead of gauging the flavor symmetry of the electric theory, we can
choose to gauge the flavor symmetry of the magnetic theory.

For the case M > N > 1, we can first go to the magnetic theory of SU(N) SQCD
with M flavors, and then gauge the U(M) ~ SU(M) x U(1)p flavor symmetry of the
theory. Note that these magnetic descriptions break the symmetry between N and
M, clear from the fact that we need to take M > N for the magnetic descriptions.

The resulting partition function is given by (compare this with (2.62))):

SU(N)xU(M) 1 L i 3
A . = 77/ do; || dpjdp o '
magnetic (M _ N)l M| z:l—[l “ 221_{ piap ;p]

measure
X [T sinb’[r(os—0;)] [I sinb®[x(pi — p;)] €™
1<i<j<M—N 1<i<j<M
M

Y
M
x [] exp[l(1 —2a+ip; —ip;)|exp [l (1+2Ma—2(M — N +1))

t,j=1

q,q b,b

M-N M
x I IIexpll(a=xio; Fip;)] xexp

i=1 j=1

l<1+(M—N)—Maiin$i > aj)].

1<j<M-N

(2.116)
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Equivalently, we can start with the U(/N) SQCD with M flavors, and then gauge the

SU(M) flavor symmetry (compare (2.16))):

Vi

11
Zsgmeie ) = A=V P (M =N+ )b+ Ma)

M—N M M
x [ 11 do: [T dpsa | 3 s
i=1 j=1 j=1
X H sinh2[7r(al- —0;j)] H sinhQ[ﬂ(pi — ;)]
1<i<j<M-N 1<i<j<M
M q,q
M—N

—

Il
—

x [ exp[l(1 —2a+ip; —ip;)] X exp [l (a£i(o; — pj))] -

ij=1 i

1

(2.117)

Using the duality between XY Z-model and N' = 2 U(1) theory with single flavor, we

can easily show that (2.116]) and (2.117)) are equivalent up to a constant phase.
Unfortunately, the convergence bound for (2.116[) and (2.117]) is satisfied for

M—-N-—-1
G>T and CL<0, (2118)

where the first (second) inequality comes from the convergence of the o (p) integrals.

In other words the partition function (2.116) and (2.117) cannot be used for any

practical F-maximization.
The situation is better for the case M = N. We can then gauge the SU(M = N)

flavor symmetry of the magnetic U(V) theory, leading to the partition function

M

Vi

_ 1 N ol N .
Zﬁ%ﬁtic = N exp [[((Na = b)] H /dpj 0 (Z Pj) H exp [[(1 — 2a + ip; — @Pj)} .
: i=1 j=1

3,j=1

(2.119)
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We can instead choose to gauge the U(N) ~ SU(N)y x U(1)p flavor symmetry of the

magnetic SU(M) theory, leading to the expression

Y B,B
1
Z ametic = N &P [[(1-2+2Na)] /dp e*™ exp [I(1 — Na % ip)]
M (2.120)

X /Hdpj§ (ij) II exp [I(1 —2a+ip; —ip;)] -

i,j=1

We can easily show that these partition functions converges when a < % .

It is natural to expect that the magnetic quiver theories discussed here are dual
to the electric quiver gauge theories discussed before. We have implicitly assumed
that the order of two operations, gauging the flavor symmetry and going to the dual
magnetic description, commute with each other. Since the duality at hand is an IR
duality, gauging the flavor symmetry could change the behavior under the RG flow,
and hence spoil the IR duality.

However, we expect that this does not happen when the gauge coupling for the
newly-gauged flavor symmetry is much smaller than other gauge couplings. If in the
UV the gauge coupling for SU(N) is much larger than that for the SU(M) gauge
group, one can imagine that the strong coupling effect of SU(N) kicks in first, and
then the dynamics of SU(M) does not matter until at much lower scales. We can then
discuss the dynamics of SU(N) and SU(M) gauge groups separately. Since the S®
partition function is independent of gauge couplings, the equality of the S® partition
functions should hold for any value of the gauge coupling, giving further evidence for

the duality after gauging.

Numerical Results The numerical analysis of the quiver case is computationally
more challenging than the SQCD case, and as we have seen the convergence bound

tends to be more strict. Therefore, let us consider the simplest case of N = M
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N=2 N=3 N=4 N-=5
2172 1962 .1804 1567
(3.5322) (7.5009) (12.1339) (15.2490)

Table 2.6: The critical value of the parameter a and the critical value of the F-
function (in the parenthesis), for the SU(N) x U(N) ~ (U(N) x U(N))/U(1) theory,
computed from the magnetic partition function (2.119)). Notice that the critical value
of a is different from that in Table before gauging the U(V) flavor symmetry. In
all these cases there is no indication that any operator decouple in the IR.

magnetic theory in here. We can then do F-maximization for the partition function
(2.119) (compare with Table 2.2). The numerical results for the values N = M =
2,3,4,5 are summarized in Table [2.6]

There are two remarks on this result. First, the value of a at the maximum is
different from that before gauging, as expected. Another non-trivial result is that
none of these cases exhibit operator decoupling. This is partly because the meson
M of the magnetic theory, after gauging, is now an adjoint field with respect to the

newly-introduced gauge symmetry, and hence is not gauge invariant. Therefore there

is no need to consider the unitarity bound of the meson itself.

2.7.3 General Quivers

Having discussed quiver gauge theories with two nodes, we can discuss a more general
3d N = 2 quiver gauge theories, whose matter content is determined by a quiver dia-
gram, i.e. an oriented graphﬁ We can then gauge the appropriate flavor symmetries,
whose effect is to concatenate two quiver diagrams and to generate a more compli-
cated quiver diagram (Figure . For example, if we glue two quivers @)1, Q> at a

node to obtain a new quiver (), then partition function for the larger quiver () can

4We also need to specify the superpotentials, however this choice does not really modify the
qualitative features of the conclusions below.
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be schematically written in the form

Zgloi, o3)(a1, az) = /dag Zyector|02] Zg, (01, 02)(a1) Zg, |02, 03] (as) , (2.121)

where Zector[02] 18 the contribution from the vector multiplet which is gauged under
the gluing, and a; 2 denote the parameters repressing the flavor symmetries of the

theories (91 2.

1 Qe

OO00C

' gauging/gluing
Q
Figure 2.16: We can generate a larger quiver () by gluing together two quivers ) and
Q2. In gauge theory language the circle (the square) represents the gauge (global)
symmetry, each of which can be for example U(N,) or SO(N,) with different values
of N, for different nodes. Gluing in this context means to take two flavor symmetries
(represented by two squares in the middle, which we assume to contain the same flavor
symmetry group) and gauge the diagonal subgroup of the product. The partition

function behaves nicely under this gluing, however not the F-maximization nor the
IR behavior.

As before, the extremum of Zg[oy, 03](a1, a2) as a function of a1 (a2) is in general
different from that of the Zg, |01, 02](a1) (Zg,[02,03](az)). This means that to tell
whether the monopole operator for the gauge group in the quiver )7 decouples or
not, we need to know in advance the detailed data for the quiver ()2, no matter how

large the quiver () may beE] This is in sharp contrast with the case of 3d N = 4

°In the spirit of [85] one might be tempted to say that there is a “long-range entanglement in the
theory space”. It would be interesting to explore this point further, and connect the discussion here
to the entanglement in the dual statistical mechanical model discussed in [861[87].
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supersymmetry, where the IR decoupling of the monopole operators can be checked
locally at the quiver diagram, by verifying the inequality Ny > 2N, (cf. [88,[89] for

recent discussion in gravity dual).

2.8 Adding the Chern-Simons term

Let us conclude this chapter with studying U(N..) theory with the Chern-Simons term.
It is instructive to understand what happens to the monopole operators when we turn
on a Chern-Simons term at level k, which explicitly violates parity. The Chern-Simons
term gives a topological mass [90] my ~ ¢*k to the monopole operators, completely
lifting the Coulomb branch of the theory. Even though the monopole operators do
not exist along the Coulomb branch, one may still worry that these operators exist at
the origin of the moduli space. This turns out not to be the case. By looking at the
Gauss law constraint, one sees that the monopole operators are not gauge invariant
when k& # 0. To construct gauge invariant operators out of the monopole operators,
one must act with flavor modes. However, the resulting dressed monopole operators
are no longer chiral [77].

When |k| > 0 we may use the electric theory to describe the IR fixed point for

the values of Ny and NNV, which satisfy the condition

K[+ Ny = N >0 (2.122)

for a supersymmetric vacuum. Now we do not have to worry about the dimensions of
the monopole operators hitting the unitarity bound. The S? partition function nicely

illustrates this observation. The partition function of the U(N,); gauge theory at CS
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level k with Ny non-chiral flavors is given by

1 Nedhi 22\ [N o [ A= NT) X e Y
_ i ikgh . i [((1—A+igt)+6(1—A—igh))
Z_Nc!/<i:1_[12ﬂe 4><g4smh 5 gef 2 P

(2.123)

When £ is non-zero we may always rotate the contour of integration so that (2.123)

converges exponentially.

2.8.1 The Giveon-Kutasov duality

Magnetic dual descriptions of the IR fixed points are also available when we turn on
Chern-Simons terms; they are described by the Giveon-Kutasov duality [56]. The
Giveon-Kutasov dual of the electric theory is similar to the Aharony dual of the
k = 0 theory, whose matter content is given in table 2.8 except that the fields V.
and V. are no longer present. The dual gauge group is U(|k| + Ny — N,)_, and the
superpotential of the dual theory is simply W = ¢,M¢q® (a,b =1,...,N;). The S*

partition function of the dual theory is

7 eNF1-24) / |k|+1]\if[NC dN\;i g k+Nl—iNc4 L2 Ai — A
= — e Wir sinh® | ———=
(|k] + Ny — N)! 2m 2

i=1 i<j
|k|+Ns— N
oY )\
H eNf [E(A+igt)+H(A—igh)] '
i=1

(2.124)

We may use the magnetic formulation of the theory everywhere above the supersym-
metry bound; on the three-sphere this gives results identical to the electric formula-
tion [62]. The special case where |k| + Ny — N, = 0 is similar to the k =0, Ny = N,
case; the dual theory has no gauge group, and a simple calculation using

shows that F' is maximized at A = 1/4.
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Figure 2.17: A as a function of z = % in the Veneziano limit at various value of

k = |k| /N.. The black, brown, and orange points correspond to x = 0.01, 0.4, 0.9,
respectively. The points were computed numerically using the saddle point method,
described in section [2.2.3] The smooth curves at larger values of x come from the
analytic approximation to A in . The linear approximations at small x were
plotted using the analytic approximation (|2.126)).

2.8.2 Meson scaling dimensions

It is instructive to keep track of the scaling dimension 2A of the gauge invariant
mesons My in the Veneziano limit. When we take the Veneziano limit in the theory
with a CS level, we keep fixed both k = Evﬂ and r = %—i We separately consider the
regimes 0 < k < 1, kK = 1, and > 1. In the first regime, when 0 < k < 1, the
supersymmetry bound is given by z =1 — s, with A(z =1 — k) = ;. When & = 1,
the supersymmetry bound occurs when x = 0, and when £ > 1 we do not reach
the supersymmetry bound for any value of x. The different regimes are considered

separately below.

A when 0 <k <1

We calculate A for various values of 0 < k < 1 using the methods in section [2.2.3],
with the results shown in figure We may use either the electric or magnetic

formulations of the theory to calculate A, and we verify numerically that they indeed
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give identical results. As in the theory with k = 0, we calculate analytic approxima-
tions to A about © = oo and x = 0 using the electric and magnetic descriptions of

the theory, respectively. The first few terms in the expansion about z = oo are

8k 16 (312 — 20)K2
a3 64

Az, k) = Az, =0) + +0(1/2°), (2.125)

where A(z, k = 0) is the result in (2.43)), while the leading behavior in the expansion

about x = 0 is given by

1 z2+r-1
A =-+——+0 —1)%). 2.126
@m0 =1+ ma—m TO@E+r-17) (2.126)
An interesting observation, which may be seen in figure [2.17] is that 0, A diverges at
small x as k — 1 from below. We will see in the following sections that A behaves

qualitatively differently at small x when x > 1; in particular, when £ > 1 we find

that A > % for all z.

The case Kk =1

The theory with |k| = N, is special since the magnetic dual is a U(Ny) gauge theory
at CS level FN,, depending on whether £ = =N, with N; non-chiral flavors (¢%, G,)
and Nj? neutral mesons M{; the rank of the dual gauge group does not grow with
N.. Recall that this theory is also subject to the superpotential W = G, Mgq®. It is
interesting to analyze this theory in the limit Ny < N, since in this limit the large
CS level makes the U(Ny) gauge theory weakly coupled. At the level of the partition
function this is seen by noting that in this limit the matrix integral localizes

near the origin A; = 0, and the free energy reduces to

1. N,
F(A) = N} (-m —2A) —20(A) + 5 log N, + Const> +O(N;/N2),  (2.127)
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Figure 2.18: A as a function of x = JJ\\; in the Veneziano limit with x = K;‘ = 1. The
smooth orange curve at the large x was computed from the analytic approximation
, while the smooth orange curve at the small x, which approaches 1/3 at
T = 0, comes from the analytic approximation in . The black points were
computed numerically using the saddle point method (method 1, section [2.2.3)).

where the logarithmic term comes from the U(Ny)y, supersymmetric Chern-Simons

Ny
Nc

theory. In the limit Ny < N, the free energy is maximized by A = % Asz =
is increased from zero to infinity, A is seen to increase monotonically from % to %
Using the methods of section [2.2.3] we may solve perturbatively for A at small x in

the dual theory, with the result

11 81(4v3m —9) ) s
Alw) =5 324<99—20f +27+8W(2W_3\/§)>x+0(x). (2.128)

At large x we may use the 1/z expansion from the electric theory in (2.125). In

figure we plot these two analytic approximations along with the numerical results.

Theories with x > 1

We now discuss the theory with £ > 1 in the Veneziano limit. The behavior of A as a

function of z = 2L is qualitatively different at small x from the behavior when x < 1

Ne
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and when x = 1. An important observation is that when x > 1 the scaling dimension

A approaches 1 at small x, i.e. when N; is kept fixed while N. and k are sent to

2
infinity. This behavior is likely due to the higher spin symmetry in this limit [67-69).
The leading correction to A at small x can be worked out in perturbation theory.

Writing
Az, k) = ; —zf(k) + O(z?), (2.129)

we can expand f(k) at large k by perturbation theory in the electric theory. Using
the methods in section 2.2.3 we find
1 2

+ 5 +O(1/x%). (2.130)

1) =55 % o1x

At values of k near unity it is possible to approximate f(x) by perturbation theory

in the magnetic theory, giving

2 1

f(r) = =t O((k—-1)"), (2.131)

which shows that f(k) diverges as kK — 1 from above. In figure we plot the
analytic approximations to f(k) at small and large values of x along with numeric
results.

Let us stress that our results for A in the large N, limit at fixed Ny and A = N, /k

are not symmetric under A — 1 — A. For small A\ we have [91]

1 NN,

Ap == — 2.132
Q 2 2k2 ? ( 3)
while for A — 1
1 IN
Ap==——T 4 2.133
QT T k- Ny (2.133)
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Figure 2.19: The function f(k), defined in (2.129)), plotted over a range of x > 1.
At values of k slightly greater than one, f(k) is well approximated by ([2.131]), which
is the upper orange curve in the plot. The lower orange curve is the approximation
at large  given in (2.130). The points were computed numerically using the saddle
point method described in section [2.2.3]
The lack of symmetry under N, — k — N, is due to the fact that the A/ = 2 Giveon-
Kutasov duality does not relate the isomorphic theories; the electric theory has no
superpotential, but the magnetic theory has a cubic superpotential.

At large values of = we may still use the analytic approximation to A in (2.125)). In
figure we plot A as a function of x for a few different x > 1 in order to illustrate

the general behavior in this regime. We also include the analytic approximations at

small and large values of x in their regimes of validity.
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Figure 2.20: A as a function of x = ]I\\[,f with k = % = 1.2 (black), Kk = 2 (brown) and
k = 4 (orange). The linear approximations at small z were computed using
with f(k) plotted in figure [2.19 - The analytic approximations at large =z, Wthh are
shown as smooth curves, come from . The points were computed numerically

using the saddle point method described in section [2.2.3]
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Chapter 3

Rényi entanglement entropy

This chapter contains the edited version of [92], which was written in collaboration
with Lauren McGough and Benjamin Safdi, and [93], which was written in collabo-

ration with Aitor Lewkowycz, Benjamin Safdi, and Eric Perlmutter.

3.1 Introduction

Quantum entanglement is a powerful tool for characterizing the ground states of
many-body quantum systems and continuum quantum field theories (QFTs). A useful

way of quantifying quantum entanglement is through the Rényi entropies |43} /44]

log tr p?
Sq:w, g>0. (3.1)
—q

The reduced density matrix pg is computed by taking the trace of the ground state
density matrix p = |0)(0| over the degrees of freedom living outside of the entangling

region.
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A particularly interesting special case is the entanglement entropy (EE) (for re-

views, see 23,94, 95]):
S =1lim S? = —tr(pglog pr) . (3.2)
q—1

At the conformal fixed points of even d-dimensional relativistic QFTs, the EE Sy,
across any smooth (d — 2)-dimensional entangling surface ¥ has a loge divergence,
where € is the short-distance cutoff, in addition to the power-like divergent terms
x e n=1,...,(d —2)/2. When d = 2, the coefficient of the loge term is
proportional to the central charge of the conformal field theory (CFT) [22-24]. In
d = 4, Solodukhin [96] has proposed thatE|

Sy, = ozA—f + [a/ Es + L/ ((trk2 - 1/{;2) - C’“babﬂ loge +O(%), (3.3)
€ 180 Jx 2407 Jx 2
where the coefficients a and ¢ are the two Weyl anomaly coefficients in 4-d CF'T,
normalized so that they both equal unity for a real scalar field.

The Rényi entropies should also possess an expansion analogous to (3.3). In
(14 1)-dimensional CFT, it is known that the universal term scales o (1+ ¢~!) with
the Rényi parameter ¢ [22-24]. In (3 + 1)-dimensional CFT, we do not expect the
universal term in the Rényi entropy to be completely determined by a and ¢ [97].
However, in this chapter we provide evidence for non-trivial structure in that term.
As in , the universal term in the Rényi entropy has an expansion in terms of
geometric invariants on the entangling surface. In Sec. [3.2] we conjecture a simple
relation between the coefficient of extrinsic curvature term and that of Weyl tensor

term that holds across all ¢ and for free (3 + 1)-dimensional CFTs.

L Ay, is the area of the entangling surface, and E is the 2-dimensional Euler density on . The
extrinsic curvature is given by kflb, where a,b = 1,2 are local indices on ¥ and 7 = 1, 2 label the two
independent normal vectors. The quantity C® ,;, is the trace of the pullback of the spacetime Weyl
tensor onto X.
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In sec. we numerically compute the CFT Renyi entropy across an S! entan-
gling surface in the (2 4 1)-dimensional free scalar theory. Since 1/(mR) term in
this computation related to the universal term in (3 4+ 1)-dimension, this helps us
provide solid evidence to our conjecture. Also, this Renyi entropy itself matches with
the result obtained by conformally mapping the CFT Rényi entropy to the thermal
free energy on H? [46]. In Sec. we provide numerical evidence for a calculable,
cutoff-independent contribution to the area-law term in (2 + 1)-dimensional massive
Rényi entropy [1].

In the second half of this chapter, we focus on the different aspect of Renyi en-
tropy. Progress in understanding the CF'T' Rényi entropies across spherical entangling
surfaces was made recently by expanding near ¢ = 1 [98]; the corrections to the EE
in d spacetime dimensions away from ¢ = 1 are given by connected correlators of
the Hamiltonian H of the CFT conformally mapped to R x H ! at temperature
T = 1/(2rR), where H%! is the (d — 1)-dimensional hyperbolic space of radius R.
However, for a theory of free scalar fields in various dimensions, the naive application
of this expansion seems to conflict with taking derivatives of known results for S,.

The Hamiltonian H on the hyperbolic space for computing quantum entropy is
given by H = [ga— ddilx\/ﬁTW, where 7 is the time-like coordinate and 7., is the
time-time component of the stress tensor. In Sec. we review how this Hamilto-
nian is related to the expansion of Renyi entropy around ¢ = 1. However, we show
that potential ambiguities in the definition of T, familiar from ordinary QFT — the
presence or absence of total derivative terms — must be properly accounted for.

We compute the Rényi entropies via CFT partition functions on two different
spacetimes. One is the hyperbolic cylinder, S* x H?!, where the S' has circum-
ference 2mrRq. In this frame, there is an apparent choice between conformal and
non-conformal stress tensors that differ by a total derivative term. This is directly

related to different ways of regularizing the boundary of H?!. The other spacetime
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is a conically-singular version of flat Minkowski space, C, x R¥2 with a deficit angle
27(q — 1) along the entangling surface; this is the spacetime generated directly by
the replica trick. In this frame, there are different ways of regularizing the conical
singularity that may differ by boundary terms. To compute the conventional Rényi
entropies, one regulates the conical singularity by putting in a hard cut-off a distance
e away from the entangling surface. In here, boundary terms appear in the modular
Hamiltonian localized a short distance away from the entangling surface.

We show the necessity of including these boundary terms through explicit com-
putations. In Sec. [3.6] using the connected three-point function of H built from the
conformal stress tensor, we derive S;_, for a general CF'T, where the primes denote
derivatives with respect to q. We perform the calculation by utilizing a conformal
mapping back to R?, where the stress tensor three-point function is fixed by confor-
mal symmetry up to three calculable, theory-dependent constants. We then check

!

our result for S/, against derivatives of previous results for S,. Applied to CFTs

q
with Einstein gravity duals and to free Dirac fermions across dimensions, and to free
vector fields in d = 4, we find perfect agreement; applied to the conformal scalar, we
find an apparent mismatch instead.

The resolution to this issue was laid out above: in taking derivatives of S, with
respect to ¢, one must take into account boundary contributions from the singular
cone. In Sec. [3.7] we substantiate this statement with three different (matching)
calculations of S7_,, performed on the spaces C; x R*?, ¢ and on S' x H*'. We
also apply these conclusions to the computation of S;_,; in N = 4 super-Yang-Mills.
Due to the boundary terms in the stress tensor, this quantity depends on the ‘t Hooft
coupling A, consistent with known results at weak and strong coupling. If one were to
neglect the boundary terms, non-renormalization of the central charges would seem

to incorrectly imply non-renormalization of S;_; instead.
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3.2 Universal structure in Rényi entropy

In (3 + 1)-dimensional CFT, the loge term in the Rényi entropy should take the
form [99)

q . fa(q) fo(q) s 1. fe(q) a
S5hoge = [ 180 /2E2 * %400 /2 (trk* - Pk )~ 2407?/20 ba"] loge, — (3.4)

where the functions f,.(q) are independent of the entangling surface. These func-
tions must also approach the correct anomaly coefficients at ¢ = 1 so as to re-
produce 3.3): fu(1) = a, foe(1) = cf| In the theory consisting of ng free real
scalars, the functions f,(¢) and f.(¢) have been computed explicitly, yielding the
results [46,99-H102]

. (3.5)

Previous to this work, the function f,(¢) has remained completely unknown for
any theory away from ¢ = 1. In Sec. we compute the function f,(¢) numerically
for the free scalar theories. Within the numerical precision of our calculation, we find

that f,(¢) = f.(q) in these examples. This leads us to the following conjecture,

Conjecture: f,(q) = f.(q) in (3 + 1)-dimensional CFTs. (3.6)

For free massless scalars, the universal term in the (3 4 1)-dimensional Rényi
entropy across a cylinder of radius R is related to the 1/(mR) term in the large (mR)
expansion of the (2 + 1)-dimensional Rényi entropy across a circle of radius R for the

corresponding massive theories. A special case of this result was pointed out for the

2In addition, f/(1) = —(97*Cr)/2, where Cr is the coefficient of the vacuum two-point function
of stress-energy tensors, in units where Cr = 1/(37%) for a real scalar field [98].
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EE (¢ = 1), and Huerta |103] made use of this result to provide numerical checks
of (3.3).

We generalize the calculations in [103] away from ¢ = 1. As is the case with
EE [103-107], it is natural to expect the Rényi entropies to have an expansion at
large (mR)

o] q
C’12n

R
Sq:aq?—%ﬁqm(ZwR — 1 —|—Z (R (3.7)

The 77 are expected to be related to topological EE [108,109]. We discuss the 87 in
Sec. 3.4

By dimensional reduction, the coefficient C?,_,, in the free massive theories is
related to the universal term in the Rényi entropy in the corresponding massless
theory in (2n + 4)-dimensions. The entangling surface in the higher-dimensional
theory should be thought of as 72" x S, where T?"! is the (2n + 1)-torus, whose
volume is taken to be large compared to R*"*!, with R the radius of the S!. This
has been noted previously for the EE [103]/105,/110], and the arguments leading to

the conclusion for the Rényi entropy are the same. In particular,

(€)™ = =T @) 33

In deriving these relations, we used the fact that when the 4-d entangling geometry

is S' x S!, where the first S! has a length L much larger than the radius R of the

second S!, then (3.4)) evaluates to S|jogc = fé’io) =loge.

Note : Recently, it has been noticed that this conjecture does not hold for the

holographic theories [111]. It still holds for all free theories.
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3.3 Numerical Rényi entropy

By computing C%,, we may use to infer f,(¢). We compute C?; using the numer-
ical method for calculating Rényi entropy proposed in [104], which is a straightforward
generalization of the Srednicki procedure for numerically calculating EE [12103},104,
112]. The Srednicki procedure has been used recently to numerically calculate EE
with circular entangling surfaces in free massive theories [45,|103}/110,/113].

First, let us talk about how Rényi entropy can be computed across a circular
entailing surface in free 3-dimensional CFT [12,/103,/104}/112]. For our purposes, the
Hamiltonian is most conveniently expressed by expanding in modes of integer angular
momentum n and discretizing the radial direction into N units. The method relies

on the observation that the resulting Hamiltonian takes the form

1 1 g
H=>H,, Hn=§Zw3+§Z¢isz¢j, (3.9)
n i ij
where 7; is the conjugate momentum to ¢;, and 4,j run from 1,..., N. The matrix

K9 has non-zero elements [103]

3 . 2 . L 4 1/2
KM =2 4 n24em?, K;zzz_i_%_i_mZ, Krz{lJrl:K?zlJrl,z:_Z_'— / '
2 i i(i+1)
(3.10)

For each n, the two-point correlators X;; = (¢;¢;) and P;; = (mm;) are directly

related to K,

X, = ; (KY?),  Po= ; (K.Y, (3.11)

and are thus easily computed. We find the ¢ Rényi entropy across a circle of radius

R=r+ % in lattice units by constructing the truncated matrices X" = (Xij)1<‘ -
LT
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and P" = (Pi‘)lgi,jgr’ for each n. The Rényi entropy is then given by (3.20)) with

S8 =

| 1\ 1\
trl XrPr+=) —(JxrPr—=) |, 3.12
n 1—qrog[( ""+2> ( nin 2)] (3.12)

To compute the ¢ Rényi entropy across a circle of radius R = r + %, we define a
1<i,j<r

truncated C7 = (Cij) = for each n. The Rényi entropy S%(R) is then given by

n

a trlog [(1 — CH)Y+ (Cr)7] . (3.13)

SR =X 81, Si=o

We take our radial lattice to have N = 200 points. We study entangling circles of
radii 30 < r < 50 in lattice units, and mass m = 0.01k, 0 < k < 8. We compute the
S4 for 0 < |n| < 2000

The primary sources of error in the numerical method are finite lattice size effects
and finite angular momentum cutoff effects. We address the latter source of error by
summing the asymptotic expansions of the S,, at large n, from the angular momentum
cutoff to infinity. Finite lattice size effects are most pronounced for small angular
momentum modes [114]. To adjust for this, for small n we compute the S? on larger
lattices and extrapolate to obtain the value as the lattice size approaches infinity.
Specifically, we carry out the corrections for angular momentum modesn =0,1...,5
on lattices of size N = 200 + 10 -¢ for ¢ = 0,...,49. Denoting the lattice size as IV,
we fit the resulting data to

by by log N 1 colog N dy ds log N

N2 N2 N4 N4 NG N6 (3.14)

and extrapolate to N — 0o to obtain the lattice-size-corrected value.

It was shown in [113] how, in the scalar theory, one may determine the leading,
relevant eigenvalues of /X7 Py that go into determining SY(R) (see (3.12)) in a 1/n
expansion at large n. A key point in the derivation is that the matrices K, are
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diagonal to leading order in 1/n. The result is that the matrix /X7 Pr + 5 has one

eigenvalue equal to [113]

r?(r +1)2

1
+ 16n4

+0(1/nf), (3.15)

with all other eigenvalues equal to unity to higher order in 1/n. Similarly, the leading

eigenvalue (away from zero) of the matrix /X7 Pr — L is [113]

r2(r+1)*

fgut 00/, (310

Notice that the leading-order terms in the eigenvalues are independent of the mass
m.

We may calculate the 1/n expansion of the S? by substituting the eigenval-

ues (3.15) and (3.16)) into (3.12)). The leading-order behavior of the expansion depends

on whether or not ¢ > 1. If ¢ > 1, we find

go_ 4 41

S T +o(1/n%), (3.17)

while if ¢ < 1,

S1 =

1 <r2(r +1)?

= “io ) +o(1/n%). (3.18)

Note that when ¢ = 1 there is (logn)/n* term in the expansion, while this term is

absent away from ¢ = 1. To sum up, we have large n behavior of S! as

ﬁ g<l1

59 ~ . (3.19)
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These expressions demonstrate that our numerical methods break down when
q < i, since for lower values of ¢ the sums over n are not convergent. We restrict our
discussion to g greater than these critical values. Now we compute the contribution

S4 of the n*™ mode to the Rényi entropy:

ST=S8+2> 51, (3.20)

n=1
This prescription works for integer and non-integer ¢, including ¢ < 1. After calcu-
lating the Rényi entropy S%(mR) as a function of the dimensionless parameter mR,

we calculate a renormalized quantity

Fi(mR) = —SY(mR) + ROrS‘(mR) . (3.21)

The renormalized Rényi entropy has the nice features of being cutoff independent and
of approaching the renormalized EE [25,45] as ¢ — 1. We extract the coefficient C?,
from the 1/(mR) term in the large-mR expansion of this function. More specifically,
we compute F9(mR) over a range of mR values between 0.7 and 2.5 , and we fit this
data to a function of the form

ct, 0y

FimR) ~ — +

mR " (mR)® (3.22)

We take the C’Zl as our approximations to the C?;. The results of these computations
are shown in Fig. We find that the numerical calculations of C?; agree with the
analytic predictions to within 3% across a broad range of ¢ in the free theories.

We also extract the massless renormalized Rényi entropies, S = F?(0). These
quantities are of interest because the massless, free theories are conformal, so each
S? may be computed analytically by mapping the computation of the Rényi entropy
across the circle to the calculation of the thermal partition function on H? [46,97,115].
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Figure 3.1: The coefficient C?; of the 1/(mR) term in the large mR expansion of the
Rényi entropy (see (3.91)) for the complex scalar theory. This coefficient is related to
the fi,(¢) coefficients appearing in (3.4]) in the (3 + 1)-dimensional Rényi entropy for
the massless CF'Ts through . The orange curves show the predictions from our
conjecture that f,(¢) = f.(¢), with the f.(¢) given in (3.5). The black points are the
results of the numerical calculations. The numerical results agree with the analytic
prediction to within 3% for all q.

Taking the radius of H? to be R, the temperature is 1/(2rRq). The Rényi entropy

S? is then related to the thermal free energy F = —log|Z,|, where Z, is the

herm

Euclidean partition function on S' x H? (the S* has circumference 27 Rq), through

the relation [97,/100]

1
F‘therm ) (323)

1
herm

1—g¢q

Sq:qFt

Recently, computations [46] on S' x H? lead to the conjecture

(7

therm

)scalar _ /oo A\ tanh(ﬂ\/X)log(l . 6_27”1\&) + q?ﬁ.(i) (324>
0 i

for the complex scalars . We stress that these computations involved various nontrivial

elements, such as the regularization of the volume of H? and the regularization of the
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Figure 3.2: The massless Rényi entropies S? in the free complex scalar theory as
functions of the Rényi parameter q. The orange curves are the analytic predictions
coming from the mapping to S* x H? (see (3.24)). The black points are the results
of the numerical computation. We find that the numerical results agree with the
analytic predictions to within 2% across all q.

sum over eigenvalues. We test these results by direct numerical computations of S9
at different values of ¢. In Fig. we compare the analytic predictions (3.24)) to the
numerical results. Excellent agreement is seen, to within the numerical accuracy of

the computation, over a wide range of q.

3.4 Calculable contributions to the perimeter law

In the previous section, we numerically calculated the renormalized Rényi entropies
Fi(mR) across a circle of radius R in the free massive (2 + 1)-dimensional theories.
We extracted the coefficients C?; and S? from the F¢(mR) and then compared the
results with analytic predictions. However, there are interesting, physical aspects of
the massive Rényi entropies S?(mR) that are not captured by the F?(mR).

By construction, the F9(mR) are not sensitive to terms in the SY(mR) that are

linear in R; in particular, we cannot extract the §? coefficients (see (3.91)) from the
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renormalized Rényi entropies. In this section, we extract the 57 coefficients directly
from the numerically calculated Rényi entropies.

In [116] it was conjectured, using the results in [117-119], that ' = —1/12 both
for the massive real scalar and Dirac fermion theories. That work assumed that for
a general entangling surface ¥, the B'-term in the entanglement entropy obeys a

perimeter law,

S D B mis, (3.25)

where /5, is the perimeter of the entangling surface Y. To calculate 3, the authors
chose a simple entangling geometry — the waveguide geometry — where the entangle-
ment entropy could be calculated explicitly using the heat kernel method.

Ref. [103] checked the analytic prediction for B! by numerically calculating
the massive entanglement entropy in the free scalar and fermion theories. Impor-
tantly, [103] used a circular entangling surface in flat spacetime. Perfect agreement
was found between the numerical results and the analytic prediction. This calculation
provided evidence for the perimeter-law scaling .

It is natural to ask if the 49 term in the Rényi entropy should also obey a perimeter
law; if it does, then we may use the waveguide geometry to calculate the 57 explicitly.
The results may then be applied to the circular geometry. The calculation in the

waveguide geometry was performed in [1], and it was found that

_1+q

q_
P 24q

(3.26)

in both the real scalar and Dirac fermion theories.
Note that 37 oc (1 + ¢~ ') has the same ¢ dependence as the universal term in
(1 + 1)-dimension Rényi entropy [22-24]. This fact is not accidental, and it has a

simple explanation. Using the heat kernel method, the free-field Rényi entropy in the
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waveguide geometry is proportional to an appropriate integral over the heat kernel on
C,x St, where C, is the two-dimensional cone with deficit angle 27(1—¢) [1,/116]. The
heat kernel on this space factors into that on C, and that on S*. The two-dimensional
Rényi entropy in the free theories may also be found by computing an appropriate
integral over the heat kernel on €, and so it is not surprising that 3¢ inherits the
same ¢ dependence.

We check that applies also to circular entangling surfaces in flat spacetime
by generalizing the numerical calculation in [103] away from ¢ = 1. For each ¢ and

each mass value m, we fit the numerically-computed Rényi entropy to the function

1
S =0bi(m)R + bj(m) + bq—l(m)ﬁ ; (3.27)
where R is the radius of the circle. The data b{(m) are dominated by the UV-

divergent perimeter-law term, while the $? perimeter-law term makes a subleading

contribution. To separate the two contributions, we fit the data to the function

bi(m) = a§m? + 2r B9 m + &f . (3.28)

The coefficient &d accounts for finite lattice-size corrections, and &g is the cutoff-
dependent contribution to the perimeter law.

To further improve the numerical precision, we repeat the calculation using lattices
of varying size, between N = 200 and N = 350. For each ¢, we fit the resulting data
for 37 to B+ /N + B4/N2. We take 5 as our approximation to 9. Our numerical
results are compared to the prediction in Fig. [3.3l We find that 8! deviates
from —1/12 by less than 0.1% in both the scalar and fermion theories. At large ¢
the deviation from is ~2%. We emphasize that the numerical results for 3¢
are sensitive, at the few percent level, to the form of the fits , , and the

large-N extrapolation. In particular, in Fig. it may be seen that at large ¢ the
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Figure 3.3: The coefficients —/37 in the large-mR expansion of the free-field Rényi
entropy . An explicit computation of the 57 in the wave-guide geometry [1]
combined with the assumption that the §%-term obeys the perimeter law, as in (3.25]),
leads to the analytic prediction (3.26)) (solid orange) for both the real scalar and Dirac
fermion theories. Our numerical results for 8! agree with to better than 0.1%,
while the 57 at large ¢ agree with the analytic expression to within ~2%.

fermion results are systematically above the scalar ones. This gap decreases with
increasing lattice size N. While the large-N extrapolation helps bring the two results
into agreement, we are left with a small, residual error. Practical limitations prevent
us from further increasing the lattice size.

The numerical procedures described in Sec. were subject to less difficulty. One
reason for this is that the calculations in Sec. involved the renormalized entropies
while the calculation of §¢ involves the Rényi entropies directly. The process of
separating the non-universal, cutoff-dominated component of the area law from the
universal component is non-trivial and introduces additional lattice sensitivity. A
direct, analytic calculation of the B¢ for the circular entangling surface would be

useful.
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3.5 Rényi entropy and the modular Hamiltonian

Let us gear toward another aspect of Renyi entropy. We begin by considering CFT
Rényi entropies across spherical entangling surfaces in d flat spacetime dimensions.
These quantities may be calculated from the thermal free energy on the hyperbolic
space H?™! where the temperature is T' = 1/(27rRq), and R is the radius of H¢!,
which we subsequently set to unity [21,97]. The thermal partition function may
be calculated by Wick rotating and considering the space ’Hg = S! x H% ! with

compactified Euclidean time:

ds?qg = dr? + du® + sinh® u dQ?_,, T ~T+27q. (3.29)

When ¢ = 1, we define H? = ’Hg:l. Defining F, = —log Z,, with Z, the Euclidean

partition function on Hg, the Rényi entropy is given by

Fi1— F,
S, =1 7a, (3.30)
l—gq
The partition function on Hg is naturally written as
Z,=tr (e*Q“qH*) , (3.31)

where H, is the Hamiltonian that generates translations along the S!'. Using this
relation, it was pointed out in [98] that derivatives of S, with respect to ¢ generate

connected correlation functions of H.. In particular, expanding S, in the vicinity of

q = 1 leads to
- 1 10 n
Sq:Sl—i_Qﬂ-ngl(n—l—l)!aqEq‘q:l (q—l) y Sl = —fl—i‘El, (332)
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where E, = (H.),. The subscript ¢ is a reminder that the expectation value is to be

computed at inverse temperature 2rq. We may further simplify (3.32)) by writing

q=1

OB, _, = (—1)"(2m)" (HoH, - H)o (3.33)

n+1
The Hamiltonian H. is simply related to the stress tensor, H, = [ga—1 dd_lx\/gTTT.
Because the field theory is conformally invariant, it is natural to assume that the
stress tensor is the conformal one. We will show that this statement depends on the
boundary conditions at infinity. One particularly important exceptional theory is

that of the free conformally coupled scalar field. For the scalar to be conformal, we

need to add a conformal mass term to the Lagrangian: £ D 8(‘1d121) \/§Rgb2. Note that
on HY the curvature scalar is given by R = —(d — 2)(d — 1). This term contributes
to the stress tensor in two ways: (1) there is a contribution to 7, that comes from
varying /g, and (2) there is a contribution that arises from varying R. The second
contribution leads to T, O V?¢?, where the Laplacian is only over the coordinates
on HY !, It is important to remember that in deriving this term, one must integrate
by parts on H?!'. Here, the boundary conditions on the hyperbolic space become
important.
Following the normal procedure leads to the conformal stress tensorf|
1 (d—2) d—2

T = (0,0)? — 20,00"¢ + -~ R$* + —— V2. 3.34
We will show that for the scalar theory, when we regularize the space ”HZ by putting
a cutoff at infinity, it is in fact what we call the “non-conformal” stress tensor
(d—2)

1 1z
Ty = (0:0) = 300000 + SRS’ (3.35)

3Note that since the metric is a direct product of S* x H¢ 1, R, =0
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that enters into HTE] This stress tensor can be thought of as arising from not inte-
grating the variation of the curvature scalar by parts.

Because these two stress tensors differ only by a total derivative, it may appear
that this difference does not affect H,. This is in fact not the case, since we are
introducing a boundary at some large value of the u coordinate, which we call ug [21].
Note that ug is related to the UV cutoff € of the theory through the relation € ~ e™"0.
In particular, the regularized volume of the hyperbolic space is found by subtracting

off the power-law divergences in € from the integral

Vol(H4™1) = Vol(S472) /UO dusinh®? . (3.36)
0

This leads to the result [21},100,(120]

d

(

2 T, d odd

o]

Jl

Vol(He-1y = (-1)l

(3.37)

=
NI
~—

—2log(R/e€), d even.

Note that in even-dimensional theories, the loge dependence of the Rényi entropy

arises through the regularized volume of H?!.

3.5.1 Boundary conditions and entanglement: singular vs.

regularized cone

For certain theories, there is an ambiguity in the definition of the EE. In the replica
trick method [121], the EE is defined through a partition function on a conically
singular manifold. There is infinite curvature concentrated at the tip that needs to
be regulated. The ambiguity arises from the fact that one can do so in (at least) two

different ways: we refer to these as the “singular cone” and the “regularized cone”.

4Due to the presence of the curvature term in ([3.35), this is not the same thing as the “unim-
proved” stress tensor.
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This is similar in spirit to the ambiguities that arise when trying to separate the
Hilbert spaces of gauge theories in the lattice (see |122] and references therein).

In the singular cone, one places a hard-wall at a fixed distance € from the singu-
larity [121]. Note that this space has R = 0 and a boundary. In the regularized cone,
we can instead smooth out the singularity as we get closer to the tip [119]. To do
this, one changes the metric such that near the tip the space is locally flat, but far
from the tip the metric is unchanged. The regularized cone has R"(q) # 0 and no
boundary.

The singular cone and the regularized cone have natural interpretations in terms
of how we treat the boundary of the space 7-[5 [123]. In the first case, we simply cut
the space off at some large value for the u coordinate ug. In the second case, we take
T—! = 27q at small u, but then we “regulate” the spacetime so that at large u, the
inverse temperature reverts to 7! = 27. In the first case, the curvature scalar is
simply R = —(d — 2)(d — 1), independent of ¢, while in the latter case the curvature
receives g-dependent corrections R"(q) at large uﬂ

In many situations, the method used to regulate the cone/ ’Hfj /Rindler space does
not affect physical quantities. However, the choice of regularization does affect the-
ories for which §5/00g # 0. In these cases, one must integrate by parts to derive
the stress tensor. If we are using the singular cone method, we must be careful when
integrating by parts, since the spaces have boundaries.

This discussion is reminiscent of computations of quantum black hole entropy
via the conical singularity method. In [124], the contribution of quantum fields to
black hole entropy was considered. The usual way to compute black hole entropy
[125] consists of evaluating the gravitational action as a function of the temperature

and then taking derivatives with respect to the temperature. This prescription, in

5Note that if we were working in Rindler space, which is conformally equivalent to ’HZ [21], the
regularized cone method maps to the regularized manifold described in [119], which does not have
a boundary.
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which we have a family of smooth geometries labeled by the temperature, can be
thought of as being analogous to the regularized cone. When computing the quantum
contribution to the black hole entropy from conformal scalars near a black hole (and
trying to express it as EE), there is a “contact term” on the horizon. This can be
understood as the Wald entropy due to the quantum fields, coming from their direct
coupling to curvature of the regularized cone: in other words, Spy = Sgr + (Swald)-
This type of term also appears in the contribution of bulk quantum fields to 1/N-
corrected holographic EE [126,127]. In this case, the prescription is to compute bulk
EE across the Ryu-Takayanagi surface, supplemented by possible Wald-type terms.

Returning to Rényi entropy, the previous discussion makes clear that the definition
of the Hamiltonian H, is sensitive to the choice of regularization. In the scalar
theory, working on the singular cone gives the non-conformal stress tensor T’., while
the regularized cone gives the conformal stress tensor T, as will be discussed.
This is because if we are in the regularized cone, we can integrate by parts without
problems, while additional boundary terms arise when integrating by parts in the
singular cone [123].

With regard to computing EE and Rényi entropy, one might be tempted to ask,
“which regularization of the cone should we use?” The singular cone is the regular-
ization appropriate for the conventional definition of EE. For example, we will see
that the singular cone method matches the results of lattice calculations of Rényi and
EE as well as previous analytic calculations of these quantities, while the regularized
cone method does not. Accordingly, in taking g-derivatives as in (3.32]), we should be

using the non-conformal stress tensor in our definition of H..

3.5.2 Warmup: stationarity on S!' x H?

There is a straightforward example that illustrates the fact that it is the non-conformal

stress tensor T, that enters into the Hamiltonian for the scalar field. We consider
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the connected two-point function

L, daa@ e @y = [ dao@) [ dy/ow)(Tn e @) (3:38)

If T, were the conformal stress tensor, then this quantity would vanish, since

(T ()% (2))g=1 = 0 = (¢"(2))g=1 - (3.39)

This follows from the fact that H3 is related to flat space by a conformal transfor-
mation, and the two-point function of the conformal stress tensor with a primary
operator in flat space vanishes, along with the one-point function of the primary op-
erator. This argument is used in [128] in the general context of perturbations of EE
by the addition of relevant operators, but as we see here, the situation is more subtle.
We may calculate the quantity in by calculating the partition function of
the massive scalar field on ’Hg. The action of the theory is given by
m2

7¢2 , (3.40)

12
sV

1= [ oV |50 -

so that when m? = 0 the theory is conformal. The Euclidean free energy F,(m?) of

this theory was calculated as a function of m? and ¢ in [46]:

F,(m?) = /O T aD) [log (1 - e ) L xg At 2], (3.41)

with the density of states given by

_ Vol(H?)
 Ar

D(A\)dA tanh(mv/\)d\. (3.42)

Note that A parameterizes the eigenvalues of the m? = 0 Laplacian on H?.
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The two-point function in (3.38) is related to F,(m?) through the equation

/ B g () L2 () — _71T 00, Fim®)| | (3.43)

The resulting integral is UV divergent, but we may regularize the integral through a
cut-off in A\ ~ 1/€2. The scaling follows from the fact that A has mass dimension two.

Then,

/H3 d3x\/g(7)<HT¢2( Dt = 4/1/E 7)\ —7T/OOO desch(2mV/\)

26 16

(3.44)

The fact that the finite, é-independent term above is non-vanishing tells us that H,
is computed from the non-conformal T,,.
We may understand this fact is a somewhat more illuminating way by an ex-

plicit computation of (H, [ ¢2>C°““. Because of ([3.39), we only have to compute

((V202) [ &%)ey

1
/ @ag(w) (6 ()25 = =S Vol () / du sinh u

/0 d¢0/02 dr (V262(0)¢? (u, do, 7)ycomn

00 . 2m cosTcoshu — 1 (3.45)
= —/ du sinh u dr

0 0 16(cos T — cosh u)?
__T
167

where ¢ is the H? angular coordinate. Note that we have used translation invariance
to place the first ¢? at the origin and factor out a regulated volume of the hyperbolic

space. The regulated volume also introduces a UV divergent term, but the important

observation is that the finite term above matches that in (3.44)). In computing (3.45)),
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we explicitly used the propagator for the scalar field on H3:

<¢(U1, ®1, 7'1)¢(U27 ®2, 72)>q=1 =
1 (3.46)

47T\/2 cosh(uy) cosh(ug) — 2 cos(¢py — ¢o) sinh(uy) sinh(ug) — 2 cos(m — 7o) .

An alternative way to evaluate ([3.43)) is to calculate (¢?), at finite ¢ in the m? =
0 CFT. The calculation of (¢?), was performed in [129], where it was found that

4m(¢*)q = —(q¢ — 1)F. Then, a straightforward calculation leads again to the result

in (3.44):

= —Vol(E)3,(¢), =~ (3.47)

3.6 The Rényi entropy near ¢ =1

In this section we calculate the Rényi entropy perturbatively in ¢, near ¢ = 1, using
the formalism of Sec. We begin by discussing S;_; and then we discuss S;_;.
Throughout this section, we will work in an arbitrary spacetime dimension d, unless

otherwise stated.

3.6.1 S,_; and the two-point function of H;

We may calculate S;_, using (3.32) and (3.33):

Si_y = =2 (H H, )i (3.48)

q=1

Then, using the relation between H, and 7)., and translation invariance, we may write

Sy = =2 VOUE) [ d" /5T (0) T ()27 (3.49)

Hd—-1 q:1
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For now, we assume that T, is simply the conformal stress tensor, with no additional
boundary terms, and we use conformal invariance to evaluate the integral above. This

calculation was performed in [98], where it was shown that

72+ (d/2)(d — 1)
!

' = —Vol(H") aT )

g=1 —

Cr. (3.50)

Cr is the coefficient of the stress-tensor two-point function, whose normalization we
define shortly. We will re-derive (3.50) from a perspective that will be useful when

/

calculating S”_,. Then, we will address the scalar theory, for which 77, has additional

q
boundary terms.

Note that in we are free to choose arbitrary values for the Euclidean times
of the two stress tensors. We will fix the first stress tensor to be at 71 = 0, and we
let 79 = 7 be arbitrary for the second stress tensor. We will then see explicitly that
the final result does not depend on 7.

The connected correlation functions on H? may be calculated by utilizing a con-

formal transformation between that space and flat R? [21]. Writing

dsga = dt* + dr® + r2d25_, (3.51)

it may be verified that the coordinate transformation

L sin T ’ . sinh u (3.52)
coshu + cost coshu + cosT
conformally maps R? to H%:
2 2 7.2 1
dsga = Q°ds3a Q= —— (3.53)

coshu + cosT
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The conformal stress tensor transforms simply under the conformal transforma-
tion;

N i-2dX" dX"

Top(@) = Tap(x) + Sap(x),  Tap(z) = T g5 Lan(X) (3.54)

where the z# are coordinates on H? and the X are coordinates on RY. The stress
tensor Ty, (X) is that in flat spacetime. The tensor S,s(x) is an anomalous term that
vanishes in odd d, while in even d, Sag(x) = (Tos(x))ya

In both even and odd dimensions d, connected correlation functions of T,5(z) on
H? are equal to connected correlation functions of Ths(z) in flat spacetime. This is
trivial in odd d, since in that case the anomalous term vanishes, while in even d this

may be verified through a direct calculation [98].

Using (13.49) and (3.54)), we find that

) 1 d+2
s :_lv 1(Hd 1)\/01 (572) / du sinh? 2 [()
cos T + coshu

((1 + cos 7 cosh u)2<Ttt(0)Ttt(t; 7)) rd (3.55)

+2sin 7sinh u(1 + cos 7 cosh w) (T3(0) T3, (¢, 1) )ga

+sin? 7 sinh? (T}, (0) T}, (t, T))Rd)} :

where t and r are related to 7 and u through (3.52). The flat-space two-point functions

of conformal stress tensors are given by [130]

[ab cd(x)

(T O Teaf) = o™ (3.56)
where
1 1 TaTe
Iab,cd(x) - 5 (Iac<x>lbd(x) + ]ad(x)lbc(x)) - g(sabécch Iac(x) - 6&0 —2 2

(3.57)
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Equation simplifies considerably if we take 7 = 7, for then we only need the
two-point function (73,(0)73(0,7))ga. With this specific choice of 7, it is straightfor-
ward to verify for all dimensions d. With arbitrary 7, it is more illuminating
to work in a specific dimension d, as otherwise the equations are cumbersome. The
simplest example is d = 2. In this case, becomes

1 = —C’T7T22 log(R/€) /OOO du (1>4

cosT — coshu (3.58)

(cos(27') cosh(2u) — 4 cos T coshu + 3) :

It is interesting to study the behavior of the integrand above near ©u = 0. The
leading term is O(u0>, and the coefficient is proportional to sin(7/2)~%. So long as
T # 0, 27, the expansion near u = 0 is well behaved. If 7 = 0 or 27, on the other-hand,

4

then the integrand oc u™* near u = 0, and the integral does not converge. Restricting

T # 0,27, we may perform the integral in (3.58)) explicitly, and we find

2
S = —%CT log(R/e), (3.59)

q

independent of 7, and consistent with (3.50). We learn that we should be careful
to avoid taking the different stress-energy tensors inside the correlators at coincident
Euclidean times, otherwise we may find divergences. We will see explicitly that the

same phenomenon is realized in the calculation of S;_,.

3.6.2 S(’]’:l and the three-point function of H,

The calculation of S7_, is more complicated than that of S;_;, primarily because the
three-point function of stress-energy tensors is less constrained than the two-point
function. We make the choices m = 0 and 7 = 7 for the first two stress tensors, but

we leave 73 = 7 arbitrary. Our final result for S;_; should be independent of 7, which
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serves as a consistency check. We may then write

8
U, = 3*;\/ ol (H) Vol(592) Vol (5-2)
e’} T d+2
/ du / dv / df sin® 3 0 sinh? 2 usinh® 2 v [(1)
0 0 0 cos T 4 cosh u
1 d
(ogrr—) (0 + cosm coshiu) (Ta(0)Tu(0, ) Tult, )5 (3.60)

+2sin 7 sinh u(1 + cos 7 cosh w) (T3 (0) Ty (0, 7" )T (8, 7)) i ™

+sin? 7 sinh® u(Ty (0) T (0, ') T (8, 7)) |

where ¢ and r are again given by (3.52)), and r’ = sinhv/(coshv — 1). We begin by

considering the theory in d = 2, where the three-point function takes a simple form.

Warmup: d =2

In complex coordinates (z,z) = (t +ir,t — ir), the three-point functions in d = 2 are

given by

c o _ c
- T 0 T = T = conn - -
2222(21 — 29)% (T(0)T(21)T(22)) 222(z7 — %)

(3.61)

(T(O)T(20)T(22))*™ =

where ¢ is the central charge. Here, T'(z) = 27T,, and T(Z) = 2nT5;, while T,; = 0
by conformal symmetry. We may relate the specific three-point functions appearing

in (3.60) to the ones above through

(T (0)T (0, ) Toa (8, 7)) 52" = —(Te(0) Tut (0, ) T (£, 7)) 5™

T(0)T (w)T'(z))conn T(@)T(z))eonn
_(TO)T(w)T(z)) (;)(3()()()) .
<T(0)T(w)T(z))C0“n — <T(0)T(w)f(5)>conn

(2m)? :

(T (0) T3 (0, )Ty (, 7)) 2™ = i
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Using (3:62), (3:61), and (3:60), we find

clog(R/e) 1 oo 00
Spa ==t g [ [

2 cos¢<cosh(v —u) — cosh(u)) — cos 27 cosh(v — 2u) — coshv + 2 (3.63)

cosh?(v/2) ( cos T + cosh(v — u)>2(cos T — coshu)?

The integral is convergent so long as 7 # 0,m,27w. That is, we are not allowed to
take coincident Euclidean times for any of the stress-energy tensors. If 7 = 0,27, the
integrand is ill-behaved at u = 0; if 7 = 7, the integral diverges along the line v = u.
Restricting 7 to lie away from these three points, we may integrate exactly,

and we find

S = glog(R/e). (3.64)

This is independent of 7. It is furthermore consistent with the known d = 2 formula]

C

Si=7¢ (1 + ;) log(R/e) . (3.65)

Sy, in general d

In general dimension d, we may still evaluate (3.60]) explicitly because the three-point
functions of stress tensors in flat space are fixed by conformal invariance up to three
theory-dependent coefficients, which we label as A, B, and C, following the notation
of |1304/131]:

1

conn v, /V'(m - Z)[ T, /U'(y - Z)
<Tuv($)Tpa(y)Ta6(Z)>Rd = £ ’x _ Z|2d |; _p Z|2d tu’V’,p’cf’,aﬁ(Z) . (3-66)

®Note that (3.65) is also consistent with (3.59)) upon setting Cr = ¢/(27?).
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Here, t,/1 yor.03(Z) is a tensor structure depending on the coefficients A, B, and

C [131], and

Z, = Zg—(y_i)“. (3.67)

As may be seen in (3.60), we need three types of three-point functions of stress
tensors, differing by the stress-tensor indices. The simplest three-point function takes

the form

1 8(A+C)— (104 + B+ 10C)d + 4.Ad?

<ﬂt(x)ﬂt(y)ﬂt(z)>Rd = ’x o Z‘Zd ‘y . Z‘Qd (ZQ)g4d2

)

(3.68)

Using (3.66) and following the definition of ¢,/ yor.05(Z) in [131], we find another
two three-point functions

A

conn 1 1 Z ZZ
(T ()T (y) Tus(2)) 2™ = oy AP (th)é‘ {2A(—4+d(4 + d((-1+d)’

+ (=24 d)*2+d)Z:Z, — (=24 d)*(2 + d) 22)))
+BA+d2+d(—2—d+2(—4+d)Z;Z + 42+ d — d*) Z?
+(=2+d)d(4 + d)Z})))
—20(8 4 d(12 + d(—4 + 3d + 4(—4 + d*) Z; Z,
—2(8+d(—2+3d))Z2 +d(8 + d(2+ d)Z})))}

(3.69)
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1
T T T E P conn —
(Tt () Ty (y)T35(2)) g AP |z — Z,Qd ly — z|2d (Zz)g

{dZ:Z;(2A(-8 + & + (=2 + d)*d(2 + d) Z})

+ Bd(10 — 2d — & + (=2 + d)(4 + d(6 + d)) 22)

+2C(—8+d(2+ 1622 + d(4 +d — (2+ d)(4 + d) Z2))))

+ 0 {Bd(—2+ (=2 + d)d(1 — (-2 + d) Z}))

+2A(8 + d(12 — 3d — 2d* + (=2 + d)(8 + d(8 + 3d)) Z2))

+2C(8 + d(2+4d — d? + (=16 + d(4 + (—10 + d)d)) Z2))},
(3.70)

7 L 7o Zi
where Z; = 7 Z; = 7

We then proceed by substituting the explicit three-point functions into (|3.60)
and performing the integrals over u, v, and . While the intermediate steps involve
complicated evaluations, the final result is a simple expression in terms of A, B, and
C:

S// 47Td+1

- = ST T 1)V01(Hd‘1) ((4d” = 10d + 8)A — d B — (10d — 8)C) .

(3.71)

3.6.3 Explicit checks of 5/,

In this subsection we explicitly calculate S;_, in a variety of examples where S, is
known for general ¢, and we compare the resulting expressions with the perturbative
results of the last subsection. The same check was performed in [98] for S;_;, with
agreement in all cases considered. We consider both free theories and theories with
holographic duals in a variety of dimensions. We find agreement in all examples
except those involving free scalar fields. As already mentioned, the free scalar fields
are more complicated because in that case T’ has additional boundary contributions.

We discuss the free scalar theory in the following subsection.
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Theories with gravitational duals

Consider CF'Ts in arbitrary dimension d that admit holographic limits with Einstein

gravity duals, for simplicity. The bulk action is taken to be

1

S pu—
201

/ A2\ /=g(R + 2A) . (3.72)

The 3-point function coefficients A, B,C for such theories at strong coupling were
computed holographically in [132]:
1 2d'T(d)

201 md(d — 1)°
1 2d%(d® — d? + 1)T'(d)

Agin(d) =

in d) = — .
Benld) = =55 — ag— 19 (3.73)
1 d3(2d® —2d —1)I'(d
Crin(d) = — 5775 : d 3> @
204 21d(d — 1)
Substituting these expressions into (3.71)), one finds
1 4m(4d? —8d
S, = Vol(H* ) m(4d” = 8d +3) (3.74)

2007 3(d— 1)

We now compare this to the non-perturbative result for S,, obtained holographi-
cally in [97]. Because the calculation can be mapped to a thermal free energy calcu-

lation on H¢

o> at strong coupling one can compute the free energy of the dual black

hole spacetimes. These are asymptotically AdS black hole solutions of Einstein grav-
ity with hyperbolic spatial slices and continuously tunable temperature 77! = 27q.
With the asymptotic AdS radius set to unity, one finds [97]

1
S, = iqlvOl(del)gT_l (2—ad —22?), (3.75)
q P
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where x4, the radial position of the horizon as a function of ¢, is defined as

1
T, = o (1 + \/1 —2d¢® + d2q2) : (3.76)

Taking two derivatives of (3.75)) at ¢ = 1, one recovers (3.74)).

Free fields

The values of (A, B,C) for free fields can be found in [130,/131]. Substituting these

values into (3.71]), we obtain the following results. For Dirac fermions, we find

|4 d (d— 2) T, d odd
9252 = (=2)"Le)y/mr <2> 3 (3.77)
d(d+2)I (T) —4log(R/e), d even,
while for complex scalars,
5255 — (_p)l4)pe () 154 - 48 + 524~ 16 7, d odd
e 2) 6(d—1)*d+2)l(d+1) —2log(R/e€), d even.

(3.78)

Note that we have given the scalar-field predictions above an extra tilde. This is to
distinguish these results, which come from the general formula , from the results
of the explicit calculations of S;f . We need to distinguish the two results because they
disagree. As previously advertised, the disagreement is due to the fact that for the
scalar theory, there are additional boundary contributions to the stress tensor that
are important.

To make the discussion above more explicit, we now compare the results
and to computations of S, for all q.

e Dirac fermions
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In d = 3, we may use the results of [46], where it was shown that

FrP =2 /OO dz z coth(mz) log (1 + 6_27"’2) + qiz) . (3.79)
0 m

In even dimensions the computations are simpler. In d = 4, one finds [133]

oo (1+9)(T+37¢)

. 204 log(R/e) . (3.80)

This can be extended to d = 6,8 by computing the functional determinant of the
Dirac operator on H{ (see the appendix B of [93]). Taking two derivatives of all of

these, we find

T2
. D _
d:3 @quzl——@,
)
d=4: 0;S2, = T log(R/e),
4 (3.81)
d=6: 0;52, = 2—710g(R/e) :
11
. 2¢oD  _
d= 8 : aquzl = _ﬁ ].Og(R/E) .

In each case, the results match (3.77)).
e Complex scalars

In d = 3, we may again use the results of [46], where it shown that for complex

conformal scalars

> - 3¢(3)
S 2mqz
F, = —2/0 dz z tanh(7z) log (1 —e ) +q FRCRE (3.82)

In d = 4, similar computations give the well-known result [100]

gs__(1+9(1+¢)

] 180 leslfi/e). (3.83)
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S2 for complex conformal scalars in d = 6 and 8 are also known as well (see the

appendix B of [93]). Computing their second derivatives, we find

2m?
. 208
d:3 8qu:1——B
1
d=4: 0.57, = —§10g(R/e) :
] (3.84)
d=6: 0.5, = 5—410g(R/6) :
1
d=28: 835’5:1 = —%bg(R/e).
This time, in each case we find a mismatch with (3.78]):
~ 113
. 9288 _ 2 oS
d - 3 . 8qu:1 — @ ° aquzl
5 8
. 92385 _ 20
d:4 aqsqzl - § 'aquzl
- 13, (3.85)
d - 6 . 8qu:1 - @ . aquzl
~ 313
. 9285 _ 2aS
d:8 aq g=1—" %aqsqzl

o  Mazwell field in d =4

We may also consider the Maxwell field in d = 4, where the theory is conformal.

In this case, an explicit computation of the Rényi entropy gives [99)

_1+g+31¢* +91¢°
180¢3

Sy = log(R/e) . (3.86)

Using this result, one finds 975,_; = —(4/9)log(R/e). This matches the general
formula (3.71]) upon using (A, B,C) for the Maxwell field [130}/131].

3.6.4 .1 for the free scalar field

Earlier, we explained the source of the apparent mismatch (3.85); our computations

leading to (3.71)) used the conformal stress tensor. But as mentioned in Sec. this
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is incompatible with the ordinary definitions used in computing Rényi entropy. It is
important to correctly take the boundary contributions to 7., into account in order
to match the known results for S7_;.

Before moving on to the calculation, note that S;_, suffers no such ambiguity.
The reason is that, as we will see below, (H®MH ) — (HeM ooty oc (Feont [ v2¢2))

which vanishes because of conformal symmetry. Here, H™ uses the conformal stress

tensor, while H, is the correct Hamiltonian that includes the boundary terms.

Mapping to flat space with a conical singularity

Instead of evaluating <HTHTHT>Z‘§1H directly, it turns out to be convenient to instead
calculate (H,), and then afterwards take two derivatives with respect to ¢ and evalu-
ate the result at ¢ = 1. This is convenient is because conformal symmetry constrains
(¢*), = alq), independent of the coordinates on 7-[3. This then means that

(T = Ty = gy V@ = (T, (340

We now proceed by conformally mapping (7<), to a more convenient back-
ground, where the quantity has already been computed in d = 3 and d = 4. In
particular, we utilize a mapping from 'H;l to the singular cone, C, x R*2. Writing the

metric on ’Hfj in Poincaré coordinates as

d2? + Y022 dy?

dS?Hd = d7'2 + 5 , T ~T+ 27Tq (388)
a z
we find
2 15 2 3.2 232 g
dsyg = ZstquRdfz , dse, wpa—2 = dz” + 2°d7” + > dy; . (3.89)
i=1
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C, is the two-dimensional flat space with a conical singularity at the origin z = 0,
since 7 has period 2mgq.

By symmetry and scaling arguments, we know that

con d—2 F(q)
(T (7, 2, ;) Yo BT = et (3.90)

for some function F(¢) that vanishes at ¢ = 1. It then follows that

m _ 27 d—1 m
OpSy|,_, = = Vol(H™) 07 Fla)| _, (3.91)
where we have used the conformal mapping
conf HZZ conf H 3.92
<TTT (T7 Z7yi)>q - <TTT (7-7 Z7yi>>1 = F(q) : ( ’ )

In d = 4, (T°), was computed in the background of the cone in [132], with the

result
2 2 2
g —1) (¢ —1)3(2b—c) — 2a(q” + 3
prg ~ T 0 - D30 —0) ~20(g’ + )] (3.93)
2304072¢*
where
a = 24ng + 2np + 144ny, , b= —8ng —44np — 248ny,, c = —240ny ,
(3.94)

and ng, np, ny are the numbers of complex scalars, Dirac fermions, and vector

fields, respectively. Substituting (3.93) into (3.91), we may verify that this for-
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mula agrees with the explicit results for the free scalar, fermion, and vector field

in (3-83), (3-80), (3.86)), respectively[]

For the d = 3 scalar, the expression for F'(¢) is somewhat more complicated than

the functions found in d = 4. The calculation was performed in [136], with the result

00 1 coth(u

Flo =g [ i (nthmi - q11(<//qq)>> - (3.95)
Substituting into (3.91f), we may verify explicitly that the formula above is
in agreement with the explicit computation of the Rényi entropy on HZ performed
in [46] (see the result quoted in (3.82)).

The scalar-field result for S;_; may also be understood by an explicit computation
of (H.H,H,):2}, so long as we include the correct boundary contributions to the
stress tensor. In Appendix we perform this check in two ways. The first method
involves conformally mapping this correlation function from H? to the sphere S¢. The
second method involves directly computing <1T-[TILITHT>Z‘):I‘1n on H.

The mapping from the H? to S¢ has a subtlety that is worth some explanation.
With the inclusion of the boundary terms, the stress tensors do not transform nicely
under conformal transformations. To circumvent this fact, we use the observation
that on HZ, (T;-) = (T<),. Then, we conformally map the one-point function of
Tt to the one-point function of the conformal stress tensor on the multi-covered
sphere, take two derivatives with respect to ¢, which brings down two non-conformal
stress tensors, and then set ¢ = 1. In the end, we see that on S% we need to evaluate

the three-point function of one conformal stress tensor with two non-conformal stress

tensors. This is shown explicitly in the following section.

"It was recently shown in [134] that in a general d = 4 CFT, F(q) is proportional to f.(q), a
function appearing in the log term of the Rényi entropy for generic entangling surfaces [135].
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3.7 Additional checks for the scalar S5/,

Here we explicitly calculate <HTHTHT>;°:“1H for the scalar field, including the correct
boundary terms. We verify that once the boundary terms are included, the calcula-

tions agree with the explicit results for S7_,.

3.7.1 The three-point function on the sphere

The calculation on the sphere utilizes the following conformal transformation from

H? to S

ds3a = dr* + dp® + sinh? pdQ7_,

1. 1
= 9(81112 0dr* + df* + cos® 0dS)3_,) = 0

(3.96)

dS%fd .

where sinh p = cotf. Under the conformal transformation, the scalar propagator

transforms by

(D(2)p(y))sa = QAx) T Q)T (D) DY) )a - (3.97)

Now, we may calculate the three-point function of modular Hamiltonians

() = [ /g1 [ @ /g [ a2 s /5T (1) Tor (22) s (1))
(3.98)

with the stress tensors T}, given by

1 1
T;?y = ,u¢au¢ - §g,ul/(a¢)2 + £<aRuV - 59MVR)¢2 - a§<vuvu - guuv2)¢2 . (399)

131



d—2
i(d—1)°

where £ = and o = 1 (conformal) or a = 0 (non-conformal). Let us introduce

a new notation, whereby T = T and T, = T° , and correspondingly for H} and

T
HY.

To calculate the three-point function (7721 (xq)T%2 (z4) T3 (x3))™, it is convenient
to first compute G(x1 — x4)G (292 — x5)G(x3 — x6). Then one may take derivatives of
this combination of Green’s functions, along with taking appropriate limits for the
coordinates, to recover the three-point function of stress tensors.

We are allowed to set ;1 = 0 in the correlation function and factor out a regulated

volume of the hyperbolic space, Vol(H?1). It is then a straightforward if tedious

exercise to compute the three-point function:

— d=3
(HIH°H?) = oo (3.100)
— i log(R/e), d=4,
_L@, d=3
(H'H'H!) = 00 128 (3.101)
—sisolog(R/e), d=4.

Here, H! denotes the modular Hamiltonian with the conformal stress tensor on the
sphere, while H? denotes the non-conformal stress tensor. Using , we may
obtain the second derivatives of the Rényi entropy at ¢ = 1.

The three-point function of conformal stress tensors in agrees with the
results in (3.85)). However, as discussed in Sec. the correct three-point func-
tion to compute for reproducing the S;_; is that in (3.100). This was explained in
Sec. Indeed, the results in are consistent with the explicit calculations
of Sp_; given in (3.84)).
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3.7.2 The three-point function on S! x H¢!

Now we will calculate the three-point functions directly on H?. In this case, we need
to consider additional boundary terms at infinity that are needed to have a well-
defined variational principle. That is, we need to add the boundary action Spary =
% oo /9000, s0 that 6.540Spary = 0, when evaluated on solutions to the equations

of motion. Therefore, the non-conformal stress tensor becomes

[1.=] ((am))? — S0u0"6 + S((dd__zl))w) [ 5000

=H’+ B,

(3.102)

where H? refers to the modular Hamiltonian formed with the usual non-conformal
stress tensor and B is the additional boundary term needed on H¢.

While the three-point function (H!H!H!) doesn’t receive corrections from the
boundary term B, the three-point function (H!H°H?) does receive important correc-

tions. The necessary calculation is

(HLHOHS) = (HYHOR) + 2(HLAOB) + (HIBB) (3109

In d = 3, an explicit calculation gives (H!HOH?) = —17/(1920x), (HH°B) =
—1/(1287) and (H!BB) = 1/(1287). In d = 4, we find (HH°H?) = 0 = (H:H°B)
and (H!BB) = —1/(247%)log(R/¢). Substituting these results into ([3.103)), we re-
cover the expected results given in .

To summarize, we have seen explicitly that the mismatch noted in is ex-

plained by the boundary contributions to the Hamiltonian.
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3.8 Rényi entropy in N = 4 super-Yang-Mills

As a corollary to the previous results, we are able to resolve a puzzle raised in [9§]
about the behavior of S;’:l in A/ =4 SYM as a function of the ‘t Hooft coupling \.
The puzzle is as follows. Because S;_, is fixed by the stress-tensor 3-point function on
R*, one expects that this quantity is independent of the coupling \: OS_1(A) = 0.
One may check this conjecture by comparing the explicit Rényi entropies at weak

and strong coupling in the large-N limit. However, using the free field results for

scalars, fermions and vectors, and comparing the known holographic result, one finds

that 98]
}\iir(l) S;’zl()\) # ,\h—>Holo ngl()\) . (3.104)
In particular,
lim S!_(\) = —%N2 log(R/€) lim S/ (\) = —ﬁN2 log(R/¢) (3.105)
Ao el 3 ’ Aooo 4=1 27 '

/

Evidently, S;_,()) is given by some non-trivial function of \. What failed about the
non-renormalization argument?

The culprit is the contribution of the scalar field. As we have shown, one should
really be using the non-conformal stress tensor in the three-point function on R*. This
object is not subject to a non-renormalization theorem. In particular, the difference
between stress tensors, T — T, ~ V2¢?, is a conformal descendant of the Konishi
operator. This operator is not protected by supersymmetry and decouples at strong
coupling, where it acquires an anomalous dimension A ~ A4, Therefore, the non-

renormalization conjecture is incorrect, and S;_;()) is indeed a non-trivial function

of \.
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This is consistent with the result of Sec. [3.6.3 The general lesson is that at strong
coupling, the regularized and singular cones merge into one prescription, because the
boundary terms in the stress tensor are suppressed.

As a further check on this interpretation, the A-dependence of S/_;(A) should not
be visible at any order in perturbation theory around A = co. We can confirm this
at first non-trivial order in o’ corrections: in [137], the first correction to (3.74) in
type IIB supergravity due to O(a’®) corrections involving the metric and five-form

was computed. The correction scales like (¢ — 1)3; this completes the argument.
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