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Preface

Signal Processing (SP) is a subject of central importance in engineering and the
applied sciences. Signals are information-bearing functions, and SP deals with the
analysis and processing of signals (by dedicated systems) to extract or modify
information. Signal processing is necessary because signals normally contain
information that is not readily usable or understandable, or which might be dis-
turbed by unwanted sources such as noise. Although many signals are non-
electrical, it is common to convert them into electrical signals for processing. Most
natural signals (such as acoustic and biomedical signals) are continuous functions
of time, with these signals being referred to as analog signals. Prior to the onset of
digital computers, Analog Signal Processing (ASP) and analog systems were the
only tools to deal with analog signals. Although ASP and analog systems are still
widely used, Digital Signal Processing (DSP) and digital systems are attracting
more attention, due in large part to the significant advantages of digital systems
over their analog counterparts. These advantages include superiority in perfor-
mance, speed, reliability, efficiency of storage, size and cost. In addition, DSP can
solve problems that cannot be solved using ASP, like the spectral analysis of
multicomponent signals, adaptive filtering, and operations at very low frequencies.

Following the recent developments in engineering which occurred in the 1980s
and 1990s, DSP became one of the world’s fastest growing industries. Since that
time DSP has not only impacted on traditional areas of electrical engineering, but
has had far reaching effects on other domains that deal with information such as
economics, meteorology, seismology, bioengineering, oceanology, communica-
tions, astronomy, radar engineering, control engineering and various other
applications.

This book is based on the Lecture Notes of Associate Professor Zahir M.
Hussain at RMIT University (Melbourne, 2001–2009), the research of Dr. Amin Z.
Sadik (at QUT & RMIT, 2005–2008), and the Notes of Professor Peter O’Shea at
Queensland University of Technology.

Part I of the book addresses the representation of analog and digital signals and
systems in the time domain and in the frequency domain. The core topics covered
are convolution, transforms (Fourier, Laplace, Z, Discrete-time Fourier, and
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Discrete Fourier), filters, and random signal analysis. There is also a treatment of
some important applications of DSP, including signal detection in noise, radar
range estimation for airborne targets, binary communication systems, channel
estimation, banking and financial applications, and audio effects production.
Design and implementation of digital systems (such as integrators, differentiators,
resonators and oscillators are also considered, along with the design of conven-
tional digital filters. Part I is suitable for an elementary course in DSP.

Part II (which is suitable for an advanced signal processing course), considers
selected signal processing systems and techniques. Core topics covered are the
Hilbert transformer, binary signal transmission, phase-locked loops, sigma–delta
modulation, noise shaping, quantization, adaptive filters, and non-stationary signal
analysis.

Part III presents some selected advanced DSP topics.
We hope that this book will contribute to the advancement of engineering

education and that it will serve as a general reference book on digital signal
processing.

Prof. Zahir M. Hussain
Amin Z. Sadik

Peter J. O’Shea

May 2009
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Prerequisites:
Basic knowledge in calculus, programming, and circuit theory is recommended.

Objectives:
The book aims to facilitate the development of expertise in analyzing and

synthesizing signals, both natural and synthetic. It provides various tools which
can reveal the critical information contained in the time and frequency structure of
signals of interest. The book also provides advanced applications and topics in
signal processing, with MATLAB experiments to give practical experience in
implementing analog and digital signal processing systems.
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Theory and Selected Applications





Chapter 1
Analog Signals and Systems

1.1 Definitions, Classifications, and Overview

1.1.1 Definitions

A signal is a parcel of information (natural or synthetic) expressed as a function of
time and perhaps other variables such as the dimensions x, y, and z. This infor-
mation can be conveyed in various ways, e.g. by a sequence of amplitude values
corresponding to regularly spaced intervals of time.

A system is a physical or mathematical entity, typically realized in hardware or
software, which performs operations on signals to extract or modify information.
A low-pass filter is a system that removes high frequency content from a signal.

1.1.2 Representation of Signals and Systems

Signals and systems can be represented or characterized in various ways. A
common way is to express or approximate them with mathematical models—such
models facilitate relatively simple implementation of the relevant signals and
systems in hardware and/or software.

1.1.3 Examples of Signals

Some sample signals are provided below.

1. The angular displacement h(t) of an oscillating pendulum (see Fig. 1.1). This
signal corresponds to simple harmonic motion provided that the pendulum does
not deviate too far from the equilibrium or rest position [1].

Z. M. Hussain et al., Digital Signal Processing,
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2. Profit as a function of time and market variables.
3. Trend of a stock price as a function of time.
4. Brain (EEG), heart (ECG), or eye (EOG) signals.
5. Speech, music, or other naturally occurring sounds (see Fig. 1.2).
6. Video signals.
7. Atmospheric pressure as a function of time.
8. Unemployment ratio as a function of social, political, and economic variables.
9. Electronic image signals sent from a satellite or space station.

1.1.4 Classification of Signals

A signal can belong to one or more of the following categories.

Oscillating Pendulum

 Equilibrium

   
 S

tri
ng

 L
en

gt
h 

= 
L

   θ(t) 

(a)

      θ(t)=θ
max

cos(ω
o
t); ω

o
=√(g/L); g = 9.8m/s2

 A
n

g
u

la
r 

D
is

p
la

ce
m

en
t,

 θ
 (

 t
 )

 Time, sec

 Equilibrium
 t

(b)

Fig. 1.1 a Oscillating pendulum, b the displacement signal for the oscillating pendulum

 Time, sec

   
S

ig
n

al
 A

m
p

lit
u

d
e

 A bird sound

 Time, sec

   
S

ig
n

al
 A

m
p

lit
u

d
e

 A whale sound

Fig. 1.2 Sounds of animals

4 1 Analog Signals and Systems



1. Analog, discrete, and digital signals:

An analog signal is represented as a continuous function of time, and at any
point in time can have a continuum of values.
A discrete-time signal is represented only at discrete time instants, but at those
time instances can have a continuum of values.
A digital signal is a discrete-time signal which is quantized to specific (discrete)
levels (see Fig. 1.3).
Analog signals are typically processed only by physical systems (hardware),
while digital signals can be processed by hardware or software systems.

2. Real and complex signals: complex representation of signals and systems is a
useful mathematical abstraction which can help to simplify the analysis of
signals and systems. This kind of representation is particularly useful for
finding or analyzing information pertaining to delays (timing) and phase rela-
tionships. For example, suppose that there is an AC circuit with a voltage
source, v(t) = sin(xt) Volts, connected to a series combination of a resistor and
a capacitance. Suppose also that the resistor has a resistance of R Ohms and that
the capacitor has a capacitance, of C Farads). One can define a complex
impedance (i.e., a generalization or abstraction of conventional resistance) for
the resistor capacitor combination. This impedance is given by Z = R - j/
(xC). The advantage of using this kind of complex representation is that the
phase relationships between the current and the voltage in the circuit can be
easily obtained using Ohm’s law: V = IZ. It is easy to show that the current
leads the voltage by an angle of tan-1|Imag(Z))/Real(Z)|) = tan-1[1/(x RC)].

3. Periodic and non-periodic signals: a periodic time signal repeats its value at
time instants which are multiples of the ‘‘period’’ of the signal. For example,
the signal x(t) = cos(2pfot) ? sin(2pfot) is periodic with a period To = 1/fo
(corresponding to the inverse of the lowest frequency present in the signal). The
signal, x(t) = e-t, on the other hand, is non-periodic.

4. Deterministic and random signals: a deterministic signal is a time function
with a known and perfectly predictable structure. For example,
x(t) = sin(xot) is deterministic—its exact value is known at any point in time.
A random signal cannot be perfectly predicted. One can only estimate (or
‘‘guess’’) its value based on its statistical properties. For example, the thermal
noise, n(t), that occurs naturally in many electrical devices is a random signal,
as it cannot be predicted exactly. This kind of unpredictability often presents a
practical design and analysis challenge for engineers.

5. Single-channel and multi-channel signals: single channel signals are asso-
ciated with a single source, whereas multi-channel signals are associated with
multiple sources. For example, a black- and-white TV picture is a single-
channel signal, whereas a color TV picture is a three-channel signal.

6. Power and energy signals: Power is defined as the time average of energy.
A power signal is a signal with finite power over the time interval (-?, ?),
i.e.,

1.1 Definitions, Classifications, and Overview 5



P ¼ lim
T!1

1
T

ZT

�T

xðtÞ2
�� ��dt\1: ð1:1Þ

Hence, the energy E ¼ lim
T!1

R T
�T jxðtÞj

2dt should be infinite for power signals. An

energy signal is a signal with finite energy over the time interval (-?, ?), i.e.,

E ¼ lim
T!1

ZT

�T

xðtÞ2
�� ��dt\1: ð1:2Þ

It necessarily follows that P = 0 for energy signals. An example of a power signal
is x(t) = sin(xot), and the power of this signal is P = 0.5 W. For this same signal
E = ?. An example of an energy signal is x(t) = e-|t|. For this signal E = 1 J and
P = 0.
7. Mono-component and multi-component signals: if only one (possibly time-

varying) frequency component is present in a signal then that signal is said to be
mono-component. If more than one component is present then the signal is
referred to as multi-component. For example, the signal x(t) = sin(xot) ?

cos(5xot) is a 2-component signal; its spectrum (Fourier transform magnitude)
is shown in Fig. 1.4 for fo = 1 Hz. The two components are represented by
spikes at the relevant frequencies.

1.1.5 Analog and Digital Signal Processing

Most signals in nature are analog. To process those signals using digital systems,
analog-to-digital (A/D) conversion is first required. Once the analog signal has
been digitized it is typically processed by a digital signal processing (DSP) unit.
Subsequent to that, digital-to-analog (D/A) conversion is applied to recover the

 Analog (a)  Discrete−time (b)  Digital (c)

Fig. 1.3 A sinusoid in different versions: a analog, b discrete-time, and c digital version
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modified analog signal. A diagrammatic view of a general digital signal processing
system is shown in Fig. 1.5.

1.1.6 Digital Signal Processing Versus Analog Signal Processing

Digital signal processing has a number of advantages over analog signal pro-
cessing (ASP), namely:

1. DSP is less susceptible to noise and power supply disturbances than ASP.
2. DSP can more accurately and reliably represent signals and systems.
3. Storage of signals is easier in DSP.
4. DSP is more flexible and versatile, especially in changing the system param-

eters to accommodate changing environments (e.g., in adaptive filtering).

1.1.7 System Modeling

A single input–single output system can be represented mathematically in the time
domain as an operator or transformation T on the input signal, as shown in
Fig. 1.6.
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1.1.8 Classification of Systems

A system can belong to one or more of the following categories.

1. Analog, discrete-time, and digital (discrete-time quantized) systems. Analog
systems operate on continuous-time signals, discrete-time systems operate on
discrete-time signals and digital signals operate on discrete-time quantized
signals.

2. Time-varying (non-stationary) and time-invariant (stationary) systems: in a
time-invariant system, shifts in the input produce corresponding shifts in the
output. That is, if a system input x(t), gives an output y(t), then an input of
x(t - to) will give an output of y(t - to). This can be expressed more formally
as:
If

yðtÞ ¼ T ½xðtÞ�

then
yðt � toÞ ¼ T ½xðt � toÞ�

where to is a constant positive time-shift.
3. Causal and non-causal systems: the output of a causal system at time, t, is

only dependent on values of the input up to and including time t. The output is
not dependent on input values beyond t. Practically realizable systems must be
causal— otherwise they would need to be able to predict the future to generate
outputs.

4. Static (memoryless) and dynamic (with memory) systems: a system whose
output does not depend on either a previous or future value of the input signal
x(t) is called memoryless, i.e., y(t) is a function only of x(t). In a dynamic
system the output depends on inputs at either past or future values of time. An
inductor which has voltage as input and current as output is an example of a
system which is dynamic. The voltage across the inductor is v(t) = L�di/dt and
the current is iL ¼ ð1=LÞ

R t
�1 vLðtÞdt. Hence the inductor has a memory. The

same argument is applicable to a capacitor, which has current as input and

                System, T

         y ( t ) = T [ x ( t ) ]

 x ( t ),

  Input 

 Signal 

  y ( t ),

 Output 

 Signal 

Fig. 1.6 Signal processing system as an operator
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voltage as output, since vC ¼ ð1=CÞ
R t
�1 iCðtÞdt: On the other hand, a squarer

is a memoryless system, since y(t) = [x(t)]2.
5. Stable and unstable systems: if a system takes a bounded input signal (i.e.,

|x(t)| \?) and always produces a bounded output signal y(t), the system is said
to be bounded-input, bounded-output (BIBO) stable.

6. Linear and non-linear systems: a system which produces an operation T on a
signal is called homogeneous if it satisfies the scaling property:

T ½c � xðtÞ� ¼ cT ½xðtÞ�;

where c is an arbitrary constant. A system is referred to as additive if it satisfies
the additivity condition:

T ½x1ðtÞ þ x2ðtÞ� ¼ T ½x1ðtÞ� þ T ½x2ðtÞ�:

A linear system satisfies the superposition property, which is the combination
of scaling (homogeneity) and additivity:

T ½a � x1ðtÞ þ b � x2ðtÞ� ¼ aT ½x1ðtÞ� þ bT ½x2ðtÞ�;

where a and b are arbitrary constants.

Example 1 The system represented mathematically by y(T) = x(T) ? 2 is not
linear. To see this more clearly, assume that x(t) = a� x1(t) ? b�x2(t), where a and
b are constants. Then it follows that:

T ½a � x1ðtÞ þ b � x2ðtÞ� ¼ T ½xðtÞ� ¼ xðtÞ þ 2 ¼ a � x1ðtÞ þ b � x2ðtÞ þ 2;

whereas

a � T ½x1ðtÞ� þ b � T ½x2ðtÞ� ¼ a½x1ðtÞ þ 2� þ b½x2ðtÞ þ 2�
¼ a � x1ðtÞ þ b � x2ðtÞ þ 2aþ 2b:

Example 2 The system represented mathematically by y(t) = ln[x(t)] is non-
linear since ln[c �x(t)] = c �ln[x(t)].

Example 3 The system y(t) = dx(t)/dt is linear since it can be shown to satisfy
both homogeneity and additivity.

1.1.9 Linear Time-Invariant Systems

Linear time-invariant (LTI) systems are of fundamental importance in practical
analysis firstly because they are relatively simple to analyze and secondly because
they provide reasonable approximations to many real-world systems. LTI sys-
tems exhibit both the linearity and time-invariance properties described
above.

1.1 Definitions, Classifications, and Overview 9



1.2 Time-Domain / Frequency-Domain Representations

There are two approaches to analyzing signals and systems: the time-domain
approach and the frequency-domain approach. The two approaches are equivalent,
with both domains being connected by the well known Fourier transform [2].

This chapter focuses on analog signals and LTI systems. There are similar
representations and relationships for discrete-time and digital signals, and such
systems will be covered later in Chap. 2.

Within the time domain, LTI systems are typically characterized and analyzed
with the following alternative approaches:

1. representation with constant-coefficient differential equations,
2. formulation with constant-coefficient state-space matrix equations,
3. characterization with impulse responses.

This book will focus on the impulse response approach for the time-domain
representations of LTI systems.

1.2.1 Basic Functions and Relations

1.2.1.1 The Convolution Integral

The convolution of two functions h(t) and x(t), denoted by h(t)*x(t), is defined by:

yðtÞ ¼ hðtÞ � xðtÞ ¼
Z1

�1

hðkÞ � xðt � kÞdk ð1:3Þ

As seen in the above equation, convolution performs integration on the product of
the first function and a shifted and reflected version of the second function.

It will be seen later that the output of any LTI system can be obtained by
computing the convolution of the input signal and the impulse response of the
system.

Properties of the Convolution Integral

Convolution is:

1. Commutative: h(t) *x(t) = x(t) *h(t)
2. Associative: h(t) *[x(t) *v(t)] = [h(t) *x(t)] * v(t)
3. Distributive: h(t) *[x(t) ? v(t)] = h(t) *x(t) ? h(t) * v(t).

The above properties are important in predicting the behavior of various
combinations of LTI systems.

10 1 Analog Signals and Systems



1.2.1.2 The Dirac Delta Function

The Dirac delta function, denoted in the time-domain by d(t), is invoked frequently
in signal analysis. It is a generalized function, not an ordinary mathematical
function, and rigorous study of this function is complicated. It can be defined in
conjunction with an arbitrary continuous function x(t) by the integral:

Z1

�1

xðtÞdðt � toÞdt ¼ xðtoÞ;

where to is a constant.
In plain engineering language, d(t) is an even, tall, narrow spike of infinite

height with zero width concentrated at t = 0. Hence, d(t - to) is concentrated at
t = to. A loose engineering definition can be given by:

dðt � toÞ ¼
0; t 6¼ to
1; t ¼ to:

�

In practical diagrams, one normally represents d(t) by an arrow of unit length,
while a scaled delta function a d(t) is represented by an arrow of height = a (see
Fig. 1.7).

Properties of the Delta Function

The delta function has the following properties:

1. P1:
R1
�1 dðtÞdt ¼ 1 (unit area), or more generally,

Zb

a

dðt � toÞdt ¼ 1; a\to\b
0; otherwise:

�

 δ (t)
 0.5 δ (t−3)

     δ (t+3)

    − δ (t−2)

 1.0

 0.5

 0  1    2  3 −3
 Time, t

 Amplitude

Fig. 1.7 Representation of the delta function and shifted versions thereof
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2. P2: d(t) = d(-t) (even).
3. P3: x(t) * d(t) = x(t), or, more generally, x(t) * d(t - to) = x(t - to), where to

is a constant. That is, the convolution of a function x(t) with d(t) yields x(t).

Alternative Representations of the Delta Function

The Dirac delta function can also be defined as the limit of several even functions
that satisfy the above properties in the limit. These definitions include:

1. The limit of the weighted rectangular pulse (box), P2a(t) (see Fig. 1.8, left):

dðtÞ ¼ lim
a!0

1
2a

P2aðtÞ ¼ lim
a!0

1
2a

1; jtj � a
0; jtj[ a:

�

2. The limit of the weighted absolutely-decaying exponential:

dðxÞ ¼ lim
a!0

1
2a

e�
jxj
a :

3. The limit of the weighted triangular pulse (see Fig. 1.8, right):

dðtÞ ¼ lim
a!0

1
2a

K2aðtÞ ¼ lim
a!0

1
a

1� jtja ; jtj � a
0; jtj[ a:

�

1.2.1.3 The Unit Step Function

The unit step function is defined as:

uðtÞ ¼ 1; t [ 0
0; t\0:

�

 [1/(2a)] Π
2a

 ( t )

− a  a

 1/(2a)

t

 (1/a) Λ
2a

 ( t )

− a  a

 1/a

t

Fig. 1.8 Weighted rectangular and triangular pulses
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This function has a discontinuity at t = 0, where its value is undefined. If u(0) is
chosen as 0.5, u(t) is called the Heaviside unit step. The above definition is
equivalent to the following integral relation:

uðtÞ ¼
Z t

�1

dðtÞdt: ð1:4Þ

Hence, it follows that d(t) = du(t)/dt (see Tables, Formula 7).

1.2.2 Time-Domain Representation

This section discusses representation of analog signals and systems in the time
domain.

1.2.2.1 Mathematical Time-Domain Representation

An analog signal is represented in the time domain By simply defining its values
for all time. An LTI analog system is usually characterized in the time domain by
defining its impulse response for all values of time. The impulse response is the
output of the system when the input is the Dirac delta function, d(t). Typically the
impulse response is denoted by h(t), as shown in Fig. 1.9.

It can be shown that the input/output (I/O) relationship for the system is
described by the convolution of the impulse response h(t) and the input signal
x(t) [3]. This is expressed mathematically below:

yðtÞ ¼ hðtÞ � xðtÞ ¼
Z1

�1

hðkÞxðt � kÞdk: ð1:5Þ

Note: for causal systems h(t) = 0 for t \ 0, otherwise instantaneous antic-
ipating quantities like h(-s)x(t ? s), s[ 0, can appear in the above integral when
k = -s\ 0, this in turn implies that the system needs to predict future values of
the input in order to form the output.

               h ( t )

   LTI Analog System

y ( t ) = h ( t ) * x ( t ) 

 x ( t ),
 Input 
 Signal 

 y ( t ),
 Output 
 Signal 

Fig. 1.9 Time-domain representation of an LTI system
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Practical Measurement of the Impulse Response

It can often be difficult to generate an analog impulse function accurately in
hardware. It is typically easier to generate the unit-step function. One can show
that the impulse response of the system h(t) is related to the unit-step response
according to (see Tutorial 8):

hðtÞ ¼ dqðtÞ=dt: ð1:6Þ

1.2.2.2 Stability of Analog LTI Systems in the Time Domain

An analog system is BIBO stable if its impulse response is absolutely summable,
i.e., if

Z1

�1

jhðtÞj\1: ð1:7Þ

Example 1 Consider the system described by the impulse response

hðtÞ ¼ e�at; t� 0
0; t\0;

�

where a is a positive constant. This system is causal (since h(t) = 0 for t \ 0) and
stable since

R1
�1 jhðtÞj ¼ 1=a\1: This system can be representative of a series

capacitor-resistor circuit.

Exercise. Find the output of the above system when the input is x(t) = cos(t).

Example 2 The system e-|t| is non-causal since h(t) = 0 for t \ 0, but it is stable
since

R1
�1 jhðtÞj ¼ 2\1:

Although a time domain approach can be used for predicting the stability of
systems, it tends to be difficult to do so for complicated systems. The frequency
domain approach using the Laplace transform turns out to be more practical.
Frequency domain analysis is therefore considered next.

1.2.3 Frequency-Domain Representation

This section considers the representation and analysis of analog signals and sys-
tems in the frequency domain. Analysis in this domain is achieved with the help of
suitable transformations, which yield equivalent results to those that would be
obtained if time domain methods were used. The frequency domain, however, can
reveal further characteristics of signals and systems which are useful in dealing
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with practical systems. As suggested already, for example, stability analysis is
easier to perform in the frequency domain.

Ideally, transformations which are used in frequency domain analysis should be
unitary, i.e., they should be invertible, they should be energy preserving and they
should preserve the four key arithmetic operations (in the general sense).

The most important transformations in frequency domain analysis are:

1. The Fourier Transform: which is a transformation from the time domain to
the frequency domain.

2. The Laplace Transform (LT): which is a transformation from the time
domain to the generalized (complex) frequency domain.

Both the Fourier and Laplace transforms are unitary. That is, they are
invertible and energy is preserved in transiting from one domain to the other.

The Fourier transform of a signal is normally referred to as the spectrum of the
signal.

The Fourier series (FS) is a specific transform that is used only for periodic
signals.

The transforms above can be used to analyze all signals and systems under
some basic conditions that are met in almost all practical applications.

1.2.3.1 Fourier Series Representation of Periodic Signals

A periodic time signal x(t) with period To repeats its values every To seconds (see
Fig. 1.10). The Fourier series (FS) is a decomposition of a periodic time signal
into a linear combination of sine and cosine functions. The frequencies of these
functions are multiples of the fundamental frequency of the signal, fo = 1/To. Such
a representation of sines and cosines is called a trigonometric Fourier series.

Using Euler’s formula e ± jh = cos(h) ± jsin(h), one can obtain the ‘‘expo-
nential’’ or ‘‘complex’’ Fourier series from the trigonometric series. (As a point of
interest, Euler’s formula provides a connection between algebra and geometry, and
can be proved using a Taylor series expansion of ejh, cos(h), and sin(h) around
h = 0).

 T
o
 = 1 / f

o

 Time
    t

 A
m

p
lit

u
d

e

   s (t)

Fig. 1.10 A periodic signal
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Note that although the Fourier series reveals the frequency content of the signal,
it is not strictly speaking a frequency transform as the representation is still in
the time domain.

Trigonometric Fourier Series

If x(t) is a periodic signal with fundamental period To, then it can be expanded as
follows:

xðtÞ ¼ ao þ a1 cosðxotÞ þ a2 cosð2xotÞ þ � � � þ b1sinðxotÞ þ b2sinð2xotÞ þ � � �

¼ ao þ
X1
n¼1

½an cosðxntÞ þ bnsinðxntÞ�;

ð1:8Þ

where xo ¼ 2pfo ¼ 2p
To

, and:

ao ¼
1
To

ZTo

0

xðtÞdt; ðthe constant termÞ ð1:9Þ

an ¼
2
To

ZTo

0

xðtÞ cosðnxotÞdt; ð1:10Þ

bn ¼
2
To

ZTo

0

xðtÞsinðnxotÞdt: ð1:11Þ

Special Cases

1. If x(t) is odd, then x(t)cos(nxot) is odd, hence ao = an = 0, and the Fourier
series is a series of sines without a constant (zero frequency) term.

2. If x(t) is even, then x(t)sin(nxot) is odd, hence, bn = 0 and the Fourier series is
a series of cosines.

Example Consider the signals x(t) and s(t) depicted in Fig. 1.11. The signal
x(t) - 1/2 is odd, so one can use results related to odd functions in deducing the
Fourier series. The signal s(t) is even. The fundamental period of both signals is
To = 2. Using the formulae in (1.9)–(1.11), the Fourier series of these two signals
are found to be:

xðtÞ ¼ 1
2
þ 2

p
sinðxotÞ þ 1

3
sinð3xotÞ þ 1

5
sinð5xotÞ þ � � �

� �
; ð1:12Þ
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and

sðtÞ ¼ 1
2
þ 2

p
cosðxotÞ � 1

3
cosð3xotÞ þ 1

5
cosð5xotÞ þ � � �

� �
; ð1:13Þ

where xo ¼ 2p
To
¼ p.

Complex Fourier Series

Using Euler’s formula, one can write the trigonometric Fourier series in complex
exponential form. This form is:

xðtÞ ¼
X1

n¼�1
Xneþjnxot ¼

X1
n¼�1

Xneþj2pnfot ð1:14Þ

where,

Xn ¼
1
To

ZTo

0

e�jnxotdt ¼ 1
To

ZTo

0

e�j2pnfotdt; n ¼ 0; 1; 2; . . . ð1:15Þ

Relationship Between CFS and TFS Coefficients

The coefficients of the CFS and the TFS are related as follows:

Xo ¼ ao; ð1:16Þ

Xn ¼
1
2
ðan � jbnÞ; ð1:17Þ

and,

X�n ¼
1
2
ðan þ jbnÞ: ð1:18Þ

Exercise: Verify the above relations using Euler’s formula.

x(t)

  t
 1 0  2  3  4 −1

 1

s(t)

  t
 0  1.5  3  4.5

 1

Fig. 1.11 Two square waves
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1.2.3.2 The Fourier Transform

The Fourier Series (FS) is applicable only to periodic signals, with period To and
fundamental frequency fo = 1/To. One can adapt the FS to be able to analyze non-
periodic signals by setting To in the FS definition to To ? ?. With this setting the
FS tends to the Fourier transform (FT). The time domain signal and its FT are
often referred to as a Fourier transform pair, since the two quantities can be
obtained from one another by transformation/inverse transformation:

Xðf Þ ¼ FfxðtÞg ¼
Z1

�1

xðtÞe�2pftdt ð1:19Þ

xðtÞ ¼ F�1fXðf Þg ¼
Z1

�1

Xðf Þeþ2pftdt ð1:20Þ

The Fourier transform (FT) reveals the frequency content of an arbitrary a-
periodic (or non-periodic) signal, and is often referred to as the spectrum. If the
Fourier transform is applied to the system impulse response, one obtains the
frequency response or transfer function of the system. This function describes
the ratio of the system output to the system input as a function of frequency.

The Fourier transform X(f) of a real signal x(t) is generally complex. To plot the
Fourier transform spectrum, one typically plots a magnitude spectrum and a phase
spectrum. The magnitude spectrum is a plot of |X(f)| versus frequency f, while the
phase spectrum is a plot of \Xðf Þ versus frequency.If the signal which has been
Fourier transformed happens to be the impulse response of the system, the mag-
nitude and phase spectra are referred to as the system magnitude response and the
system phase response respectively.

Although the Fourier transform was initially introduced to analyze non-peri-
odic signals, it can be used to analyze periodic signals as well. For such signals
one obtains Fourier transform expressions containing Dirac delta functions.

Note: The CFS pair (1.14)–(1.15) is similar in structure to the FT pair (1.19)–
(1.20). For periodic signals with a period of To, it is easy to see that
Xn ¼ 1

To
X1pðf Þjf¼nfo

, where X1p(f) is the FT of one period of x(t), hence, X1p(f)/To is

the envelope of the CFS coefficients.

Example 1 Consider the signal x(t) = e-2tu(t) (a decaying exponential). Its FT is:

Xðf Þ ¼
Z1

0

e�2t e�j2pftdt ¼
Z1

0

e�tð2þj2pf Þdt ¼ 1
2þ j2pf

:

Amplitude spectrum ¼ jXðf Þj ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ 4p2f 2

p :
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Phase spectrum ¼ \Xðf Þ ¼ tan�1 2pf

2

� �
:

Implementation in MATLAB:

In MATLAB, Fourier transforms can be implemented with the help of the Fast
Fourier Transform (FFT) algorithm. While the FFT is, strictly speaking, applicable
only to digital signals, it can be used to give good approximations to FTs for analog
signals as well. An example of a signal and its spectra are shown in Fig. 1.12.
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Example 2 Consider the rectangular time pulse x(t) = PT(t). Its FT is obtained
as:

Xðf Þ ¼
ZT=2

�T=2

e�j2pftdt ¼ 1
�j2pf

e�j2pft
	 
T=2

�T=2¼
1

�j2pf
e�jpfT � ejpfT
	 


¼ 1
pf
:
ejpfT � e�jpfT

2j
¼ sinðpfTÞ

pf
ðUsing Euler0s FormulaÞ

¼ T
sinðpfTÞ

pfT
¼ TsincðpfTÞ:

The signal, along with its FT and magnitude spectrum, are shown in Fig. 1.13.
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Fig. 1.12 A decaying exponential signal with its magnitude and phase spectra

 1

 0

  x(t )

  t
  −T/2   T/2
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       2/T
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           3/T

  |X(f )|
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Fig. 1.13 A rectangular time pulse with its spectra
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Example 3 If x(t) = d(t), then its spectrum is given by:

Xðf Þ ¼
Z1

�1

dðtÞ e�j2pft|fflffl{zfflffl}
gðtÞ

dt ¼ gð0Þ ¼ 1:

(using the definition of the delta function from Tables, Formula 16) (see Fig. 1.14).
It is seen that for the infinitely narrow time domain delta function the corre-
sponding spectrum is infinitely wide. In general, if the time duration of a signal is
narrow, its frequency spread tends to be wide, and vise versa.

Properties of the FT

The properties of the FT are detailed in the Tables at the end of this book. The
reader should prove properties himself/herself as a means of deepening their
understanding of the Fourier transform (These proofs can be found in standard
references such as [3]). Some of these properties are discussed below.

1. Duality of the FT:

If xðtÞ !F Xðf Þ is a FT pair, then:

XðtÞ !F xð�f Þ is a FT pair

Note that the time and frequency variables are exchanged in the above relations. If
x(t) is even, then the duality relations become even simpler:

XðtÞ !F xðf Þ

Example 1 Previously it has been shown that

PTðtÞ !
F

T sincðfTÞ:

Using the duality property it follows that:

B sincðBtÞ !F PBðf Þ

x(t) = δ ( t )

 t, sec
 0

 FT 
X(f) = 1

 1

 f, Hz
 0

Fig. 1.14 The time-domain delta function and its spectrum
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Hence, a time-domain sinc function will be transformed into a frequency rectan-
gular box function in the frequency domain.

Example 2 It has previously been seen that:

dðtÞ !F 1

By duality it follows that:

1 !F dðf Þ

2. Time shift:

xðt � toÞ !
F

Xðf Þ e�j2pfto

3. Frequency shift:

If xðtÞ !F Xðf Þ; then xðtÞej2pfto !F Xðf � foÞ:

Example 3 Since

1 !F dðf Þ (as shown in Example 2 above)

then

ej2pfot !F dðf � foÞ;

Hence, the Fourier transform of a complex exponential is a frequency-shifted delta
function.

Fourier Transform of Sinusoids

From Euler’s formula one can write:

ejh ¼ cosðhÞ þ j sinðhÞ ð1:21Þ

e�jh ¼ cosðhÞ � j sinðhÞ ð1:22Þ

) cosðhÞ ¼ 1
2

ejh þ e�jh
� 

; sinðhÞ ¼ 1
2j

ejh � e�jh
� 

;

) cosðxotÞ ¼ cosð2pfotÞ ¼ 1
2

ej2pfot þ e�j2pfot
� 

;

)FfcosðxotÞg ¼ 1
2
dðf � foÞ þ

1
2

dðf þ foÞ;
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using the result from the previous example. Similarly,

FfsinðxotÞg ¼ 1
2j

dðf � foÞ �
1
2

dðf þ foÞ
� �

:

Hence, the magnitude spectra of sin(xot) and cos(xot) are identical, as shown in
Fig. 1.15. The phase spectra, however, would be different.

Fourier Transform of Periodic Signals

A periodic signal x(t) can be represented by a Fourier Series Expansion according
to:

xðtÞ ¼
X1

k¼�1
Xkeþj2npfot;

where {Xk} are the FS coefficients. Taking the Fourier transform of both sides
yields:

FfxðtÞg ¼ F
X1

k¼�1
Xkeþj2npfot

( )

¼
X1

k¼�1
Xk F eþj2npfot

� �
¼
X1

k¼�1
Xk dðf � kfoÞ:

Hence, the FT of a periodic signal x(t) with period To is a sum of frequency
impulses at integer multiples of the fundamental frequency fo (i.e., at f = kfo),
weighted by the FS coefficients.

Example The complex Fourier series expansion and Fourier transform of the
square wave shown in Fig. 1.16 are given respectively by:

xðtÞ ¼
X1

k¼�1

1
2

sinc
k

2

� �� �
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Xk

ej12pkt and Xðf Þ ¼
X

Xk d f � k

4

� �
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Fig. 1.15 Sine and cosine (with the same fo) have identical magnitude spectra
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Here To = 4 sec, fo = 1/4 Hz. The envelope of the Xk coefficients in the frequency
domain is obtained by substituting f for kfo = k/4, hence (1/2)sinc(k/2) becomes (1/
2)sinc(2f).

The above rectangular pulse is useful in many applications. Its general form is
given by:

P1
k¼�1 A PTðt � nToÞ, and its Fourier coefficients are Xk = (AT/

To){sinc(kfoT), where T is the duration of the ‘‘ON’’ state. The envelope of these
coefficients is given by E(f) = (AT/To)sinc (fT) = X1p(f)/To, where X1p ¼
F PTðtÞf g ¼ FT of one period.

MATLAB: The rectangular pulse train can be simulated in MATLAB as fol-
lows:

1.2.3.3 The Laplace Transform

The Laplace transform (LT) is a generalization of the Fourier transform in which
one decomposes a signal into the sum of decaying complex exponentials, rather
than simply complex exponentials. The incorporation of amplitude as well as
frequency information into the basis functions of the LT introduces a number of
advantages. Firstly, it enables the LT to deal with a wider class of signals—
including many signals which have no FT (such as the unit ramp tnu(t)). Secondly,
the LT formulation is more naturally suited to analyzing the stability of a system.
Because of these advantages, the LT is the main tool for representing and ana-
lyzing analog (continuous-time) feedback systems, where stability is of extreme
importance. There are two definitions of the LT as detailed below.

  x(t)

  t , sec 0  1  2 −1  5

 X(f)

    f , Hz

 0.5 δ (f)

 0.3183 δ (f−1/4) 0.3183 δ (f+1/4)

 −0.1061 δ (f−3/4)

Fig. 1.16 A square wave and its Fourier transform (full line) and the envelope of the Fourier
transform (dotted line)
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The Double-Sided Laplace Transform

The double-sided Laplace transform (DLT) definition incorporates an integral
which is evaluated across all possible values of time (both negative and positive):

XdðsÞ ¼ LdfxðtÞg ¼
Z1

�1

xðtÞe�stdt;

where s = r ? jx is the complex frequency variable. Note that:

LdfxðtÞg ¼ F xðtÞe�stf g:

The inverse DLT, L�1
d fXdðsÞg, can be used to recover x(t) as follows:

xðtÞ ¼ L�1
d fXdðsÞg ¼

1
2pj

Zr1þ1

r1�1

XdðsÞestds;

where r1 is any arbitrary value of r. Note that L�1
d requires integration in the

complex plane.

The Single-Sided Laplace Transform

In real-world applications one normally deals with casual systems in which the
impulse response is only non-zero for positive values of time. In recognition of this
fact, the single-sided Laplace transform (SLT) is defined to allow for only causal
signals and systems. That is, the integral within its definition is only evaluated for
positive and zero values of time. The SLT is very useful in calculating the response
of a system to a causal input, especially when the system is described by a linear
constant coefficient differential equation with non-zero initial conditions.

Note that the properties of the DLT are not exactly the same as those of SLT.
This book will concentrate only on the SLT, which will be referred to hereafter
simply as the Laplace Transform (LT). Its definition is:

XðsÞ ¼ LfxðtÞg ¼
Z1

0�

xðtÞe�stdt;

Note that 0- is used in the above definition rather than 0 to allow for analyzing
delta functions x(t) = d(t). The inverse transform (ILT) is given by:

xðtÞ ¼ L�1fXðsÞg ¼ 1
2pj

Zr1þ1

r1�1

XdðsÞestds:
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Properties of the LT

The properties of the LT can be found in Tables. Some of the most useful prop-
erties are:

ð1Þ dxðtÞ
dt

L
 !sXðsÞ � x 0�ð Þ

ð2Þ
Z t

0�

xðkÞdk L
 !

XðsÞ
s

These properties effectively transform differentiation and integration into
algebraic quantities. Because of these properties the LT can be used to transform
differential equations into algebraic equations. This has application in many areas,
most notably the analysis of electric circuits.

Region of Convergence of the LT

The region of convergence (ROC) is the region of the s-plane in which the LT is
convergent (i.e., has finite values).

Example Find the Laplace transform and its ROC for the signal x(t) = eatu(t),
where a is a constant.

Solution:

XðsÞ ¼
Z1

0�

xðtÞe�stdt ¼
Z1

0�

e�ate�stdt

¼
Z1

0�

e�ðaþsÞtdt ¼ e�ðaþsÞt

aþ s

� �1
0

¼ � 1
aþ s

lim
t!1

e�ðaþrÞt � e�jxt
n o

� e0
h i

The term e-jxt is always bounded, the ROC therefore depends on only the term
e-(a+r)t. Now,

lim
t!1

e�ðaþrÞt ¼ 1; when� ðaþ rÞ[ 0 or r\� a
0; when� ðaþ rÞ\0 or r[ � a

�
ð1:23Þ

Hence, the ROC is the region defined by r = Re{s} [ -a (see Fig. 1.17). For
values of a which do lead to a convergent LT, the LT is given by:

XðsÞ ¼ 1
sþ a

ðnote that a can be positive or negativeÞ:
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1.2.3.4 Mathematical Frequency-Domain Representation

An analog time-domain signal x(t) can be represented equivalently in the fre-
quency domain by its Fourier transform. Similarly, an LTI system with impulse
response h(t) can be represented equivalently in the frequency domain by its
transfer function, H(f) (see Fig. 1.18).

Recall that the system output can be described in the time domain as the
convolution of the input signal and the impulse response of the system:

yðtÞ ¼ hðtÞ � xðtÞ

Recall also that convolution in the time domain is transformed into multiplication
in the frequency domain, and vise versa (see Tables, Laplace Transform Pairs and
Theorems). In the frequency domain, therefore, the system output is given by the
multiplication of the transfer function by the Fourier transform of the input signal:

Yðf Þ ¼ Hðf Þ � Xðf Þ

where Yðf Þ ¼ FfyðtÞg and Xðf Þ ¼ FfxðtÞg. Similar results are obtained if one
uses the Laplace transform:

YðsÞ ¼ HðsÞ � XðsÞ

−5 0 5
−5

0

5
jω

σ

 ROC {LT[e−α t u(t)]}

σ = − α

Fig. 1.17 Region of
convergence (shaded) of the
Laplace transform for
x(t) = e-atu(t)

               H ( f )

   LTI Analog System

   Y ( f ) = H ( f ) • X ( f ) 

 X ( f ),
 Input 
 Spectrum 

 Y ( f ),
 Output 
 Spectrum 

Fig. 1.18 Frequency-domain representation of an LTI system
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Eigenfunctions of LTI Analog Systems

If the input signal to an LTI analog system is x(t) = ejxt, then

yðtÞ ¼ hðtÞ � xðtÞ ¼ xðtÞ � hðtÞ

¼
Z1

�1

hðkÞejxðt�kÞdk ¼ ejxt
Z1

�1

hðkÞe�jxkdk
ð1:24Þ

If one defines HðxÞ ¼
R1
�1 hðkÞe�jxkdk, then y(t) = ejxtH(x). That is, the

output of the system is just a scaled version of the input. In other words, ejxt is an
eigenfunction of the system, and the associated eigenvalue is H(x).

1.2.3.5 Stability of Analog LTI Systems-Frequency Domain

In a previous subsection system stability in the time domain was addressed. Here
system stability is considered in the framework of the complex frequency domain.
In this latter domain an analog system is typically characterized by its transfer
function, H(s) (i.e. by the Laplace transform of its impulse response h(t)). It can be
shown that any practical transfer function H(s), can be re-expressed as the ratio of
two polynomial functions of s: H(s) = N(s)/D(s). It can also be shown that an
analog system is BIBO stable if and only if [3]:

1. The degree of N(s) \ degree of D(s).
2. All poles (i.e., zeros of the denominator D(s)) are in the left half of the s-plane.

Example Plot the pole-zero diagram of the system

HðsÞ ¼ sðsþ 1Þ
ðsþ 2Þ2ðsþ 3Þ

and conclude whether the system is BIBO stable or not.

Solution: Zeros are located at s = 0, -1; poles are located at s = -2 (double) and
s = -3. The numerator polynomial is of a lower order than the denominator
polynomial, All poles are in the left half of the s plane. See the pole-zero diagram
in Fig. 1.19. The system is therefore stable.

1.2.4 Signal Correlation and Its Applications

The correlation between two deterministic energy signals s(t) and r(t), is defined
by the integral:
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Rsr ¼
Z1

�1

sðkÞrðsþ kÞdk ð1:25Þ

When the two signals being correlated are different it is common to refer to the
correlation integral as the cross-correlation function, If the two signals are the
same, the integral is typically referred to as the auto-correlation function.

This cross-correlation function is of the same form as the convolution integral
in (1.3), but the argument of the second function has a ‘‘+’’ sign in place of a ‘‘-’’
sign and also incorporates the time-delay s instead of the true time variable, t. Note
also that Rsr(s) = Rrs(s). The correlation gives an indication of how the two sig-
nals are ‘‘related’’ to each other when the time difference between them is s. In
other words, it is a measure of similarity between two signals separated by s. If
r(t) equals s(t), the correlation is referred to as the auto-correlation function of the
signal s(t), and is denoted by Rs(s). For a periodic deterministic signal x(t) with
period To, the auto-correlation function is defined as:

RxðsÞ ¼
1
To

ZTo

0

xðkÞxðsþ kÞdk

There are also correlation formulas for random signals that will be defined later.
It can be shown that the auto-correlation function has the following properties

(see Tutorial 26):

P1: Rx(s) is even (or symmetric about time-delay axis), Rx(s) = Rx(-s).

P2: Rx(s) always has its absolute maximum at the origin, s = 0.

(see, for example, Fig. 1.20, which shows the autocorrelation function of a non-
periodic signal).

The correlation integral between two signals tends to have a large maximum
value at s = 0 if the signals are exactly the same (auto-correlation), and has a finite
non-zero value over some range of s when the two signal are somewhat similar. It
tends to be approximately zero if the two signals are very dissimilar (as would be
the case, say, if one of the signals was a deterministic signal and the other was

jω

σxxx

 s − plane

0−1−2−3

Fig. 1.19 Pole-zero diagram
of the system
H(s) = s(s ? 1)/(s ? 2)2

(s ? 3)
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random noise). These properties of the correlation function are frequently used as
the basis for detecting signals in noise.

1.2.5 Signal Power and Energy

If x(t) is a signal, then its instantaneous power at any time t, is denoted by p(t), and
is defined as the power dissipated in a 1X-resistor when a voltage of amplitude
x(t) volts is applied. This power is given by the multiplication of the voltage and
the current as defined below:

pðtÞ ¼ jxðtÞj2;

where absolute value is used to cater for the possibility of complex signals.
Since energy is defined as the integral of power w.r.t. time, the instantaneous

energy (e(t)), of the signal at any time instant t, is given by:

eðtÞ ¼ pðtÞdt ¼ jxðtÞj2dt;

and the total energy E of the signal is given by:

E ¼ lim
T!1

ZT=2

�T=2

jxðtÞj2dt:

The total average power is the time average of the total Energy, and is given by:

P ¼ lim
T!1

E

T
¼ lim

T!1

1
T

ZT=2

�T=2

jxðtÞj2dt:

Signals are classified as power signals, energy signals, or neither. Power signals
have finite power (hence, infinite energy, according to the above definitions).
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Fig. 1.20 The signal x(t) = 7 e-t/2cos(3t) and its autocorrelation function
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Energy signals, on the other hand, have finite energy (hence, zero power). Most
signals in practice are either power or energy signals. There are signals, however,
that are neither power nor energy signals. The unit ramp x(t) = r(t) = tu(t), is one
such signal—it has infinite power and infinite energy.

1.2.5.1 Power in Periodic Signals

If x(t) is a periodic signal with a period To, then the total energy in this signal is:

E ¼ lim
To!1

ZTo=2

�To=2

jxðtÞj2dt!1;

but the signal power is finite. Periodic signals are therefore power signals, and the
power within them can be expressed as:

P ¼ 1
To

ZTo=2

�To=2

jxðtÞj2dt ¼ 1
To

ZTo

0

jxðtÞj2dt:

Example If x(t) = Asin(xot), then the signal power is given by:

P ¼ 1
To

ZTo

0

A2sin2ðxotÞdt ¼ A2

xoTo

ZTo

0

1
2
� 1

2
cosð2xotÞ

� �
xodt ðTables; Formula 3Þ:

Letting / = x0t and xoTo = 2p in the above equation yields

P ¼ A2

2p

Z2p

0

1
2
� 1

2
cosð2/Þ

� �
d/ ¼ A2

2p
1
2

/� 1
4

sinð2/Þ
� �2p

0

¼ A2

2
W/Ohm

The same result is obtained for the signal x(t) = Acos(xot).

1.2.5.2 Parseval’s Theorem

Parseval’s Theorem states that the power in periodic signals and the energy in non-
periodic signals can equivalently be obtained from the frequency domain
according to the following relations:

1. For periodic signals: P ¼
P1

k¼�1 jXkj2 where the {Xk} are the CFS
coefficients.
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2. For non-periodic signals: E ¼
R1
�1 jXðf Þj

2df , where X(f) is the FT of the signal.
A plot of |Xk|

2 versus f (defined at discrete frequencies f = kfo, fo being the
fundamental frequency) is known as the power spectrum, or the power spec-
tral density (PSD) of the signal. The function |X(f)|2 versus f is called the
energy spectrum or energy spectral density (ESD) of the signal.

1.2.5.3 The Wiener–Kinchin Theorem

The Wiener–Kinchin Theorem states that for a periodic signal x(t), its PSD is the
FT of its autocorrelation function:

RxðsÞ ¼
1
To

ZTo

0

xðkÞxðsþ kÞdk !
F s$f

X1
k¼�1

jXkj2dðf � k=ToÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

PSD

:

For an energy signal x(t), the ESD is the FT of its autocorrelation:

RxðsÞ ¼
Z1

�1

xðkÞxðsþ kÞdk !
F s$f jXðf Þj2|fflfflffl{zfflfflffl}

ESD

:

A similar relation for random signals will be presented later.

1.2.5.4 Examples

Example 1: A periodic current signal x(t) flowing through a 1X resistor has the
form:

xðtÞ ¼ 10 cosð2tÞ þ 4sinð6tÞ A;

1. Determine whether x(t) is a power or energy signal.
2. Find the complex Fourier series of x(t).
3. Find the fundamental period To and the fundamental radian frequency, xo.
4. Find the Fourier transform of the signal.
5. Plot the magnitude spectrum of the signal.
6. Plot the power spectrum of the signal.
7. Find the signal power from the time domain and from the frequency domain.

Solution:

1. Since x(t) is periodic, it is a power signal.
2. Since x(t) is already in the form of a trigonometric FS, one can just use Euler’s

formula (Tables, Formula 1) to obtain the complex FS:

1.2 Time-Domain / Frequency-Domain Representations 33



xðtÞ ¼ 10
1
2

ej2t þ e�j2t
� � �

þ 4
1
2j

ej6t � e�j6t
� � �

:

3. The fundamental frequency xo is determined by the lowest frequency in the
signal, i.e., xo = 2 (rad/s) = 2pfo = 2p/To, hence, the fundamental period is
To = p (s), and fo = 1/p (Hz). Note that if the two frequencies are not multiples
of each other, one cannot use the above method and the two components are in
fact two different periodic signals.

4. Using Fourier transform Tables, the following expression is obtained:

Xðf Þ ¼ 5 d f � 1
p

� �
þ d f þ 1

p

� �� �
� 2j d f � 3

p

� �
þ d f þ 3

p

� �� �
:

5. See Fig. 1.21 (left).
6. See Fig. 1.21 (right).
7. In the time domain, power is given by:

P ¼ 1
To

R To

0 jxðtÞj
2dt. Using the well-known result for the power in a sinusoidal

signal yields:
P = 102/2 ? 42/2 = 58 W. In the frequency domain one can apply Parseval’s
theorem to get: P =

P
Xk

2 = 22 ? 52 ? 52 ? 22 = 58 W.

Example 2 A current signal x(t) flowing through 1X resistor has the form
x(t) = e-t/10u(t) A.

1. Determine whether x(t) is a power or energy signal.
2. Find the Fourier transform of x(t).
3. Find the ESD of x(t).

Solution:

1. E ¼
R1
�1 x2ðtÞdt ¼

R1
0 e�2t=10dt ¼ 5 Joules, hence, x(t) is an energy signal.

2. From Tables-Fourier Transform Pairs, Xðf Þ ¼ 1
0:1þj2pf .

3. ESDðf Þ ¼ jXðf Þj2 ¼ 1
0:01þ4p2f 2 (J/Hz).
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Fig. 1.21 Magnitude spectrum and PSD of x(t) = 10 cos(2t) ? 4 sin(6t)
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1.3 Random Signals

1.3.1 Definition

A random signal is a signal whose values cannot be perfectly predicted or known
a priori. Rather, the signal values need to be characterized by a probability
function.

To understand and analyze such signals, it is necessary to use tools which are
derived from the theory of probability and statistics.

1.3.2 Overview of Probability and Statistics

1.3.2.1 Probability and Sample Space

Probability

Probability is a mathematical construct that describes the statistical regularity of
the outcomes of a repeating situation or experiment.

Sample space

The sample space is the set of all possible outcomes of a repeating experiment.

Example 1 In a coin-tossing experiment, outcomes are either ‘‘heads’’ or ‘‘tails’’,
hence the sample space is S = {h, t}. If tossing is repeated a large number of
times, then there will be approximately 50% heads and 50% tails. Mathematically
this is expressed as: p(h) = 0.5, p(t) = 0.5.

Note: If the sample space of a countable set of events {ek} is
S = {ek|k = 1, ..., N}, then

PN
k¼1 pðekÞ ¼ 1, i.e., the summation of the probabil-

ities of all possible events (outcomes) should be 1 (100%).

Example 2 In a die-tossing experiment, the possible outcomes are:

S ¼ 1� dot; 2� dots; 3� dots; 4� dots; 5� dots; 6� dotsf g:

If a die is tossed a large number of times N, then the expected number of each
possible outcome is N/6. Alternatively, one can say that the probability of each
possible outcome is 1/6.

Example 3 Consider a DC signal which is contaminated by random additive
noise. There is a change in amplitude from one sample to the next. The set of all
possible changes is given by S, where these changes depend on the probability
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function (distribution) of the noise process. Typically for a random noise signal,
S ¼ R (the set of real numbers).

1.3.2.2 Random Variables

A random variable X is a real-valued function whose domain is the set of all
possible events (i.e., the sample space S) of a repeating experiment.

X : S! M; where M � R ðM is a subset of RÞ

Example In a coin-tossing experiment, if one defines X(h) = 1, X(t) = -1, then
X:{h, t}: ? {1, -1} is a random variable.

Notes:

1. Random variables can be discrete (as in the above example) or continuous (as
in the amplitude of Gaussian noise).

2. In case of noise where S ¼ R, one can define the random variable X as the noise
amplitude itself. That is:

X : R! RjXðrÞ ¼ r 8r 2 R

1.3.2.3 Joint Probability

Assume that one has two experiments, Experiment 1 and Experiment 2. Assume
also that A is a possible outcome (or event) for Experiment 1 and that B is a
possible outcome for Experiment 2. Then the joint probability of A and B (denoted
by p(A \ B)) is the probability that A is the outcome of Experiment 1 and B the
outcome of Experiment 2.

Example If n(t) is noise, and one defines the events A = {n(t1) [ 0.1} and
B = {n(t2) [ 0.5}, then

pðA \ BÞ ¼ pfnðt1Þ[ 0:1 and nðt2Þ[ 0:5g:

that is, p(A \ B) is the probability that the sample of noise at t1 is greater than 0.1
and the sample of noise at t2 is greater than 0.5.

1.3.2.4 Conditional Probability

Conditional probability (CP) is the probability of an event A given that an event
B has already occurred. CP is denoted by the expression p(A|B). The conditional
probability and the joint probability are related to one another according to:
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pðAjBÞ ¼ pðA \ BÞ
pðBÞ :

1.3.2.5 Independent Events

The events A and B are independent when p(A|B) = p(A). Hence, using the above
formula: p(A \ B) = p(A)�p(B).

Example 1 A box contains 20 cubes, 15 of them red and 5 of them blue. Two
cubes are to be selected randomly (without replacement). What is the probability
that the 1st is red and the 2nd is blue?

Solution: Let R = {1st cube is red}; B = {2nd cube is blue}.

pðRÞ ¼ 15
20
¼ 3

4
; pðBjRÞ ¼ 5

19

pðB \ RÞ ¼ pðRÞ � pðBjRÞ ¼ 3
4
� 5
19
¼ 15

76
:

Example 2 Two coins are tossed. What is the probability that the first one is a
head and the second is a tail?

Solution: pðH \ TÞ ¼ pðHÞ � pðTÞ ¼ 1
2 � 1

2 ¼ 1
4 (because they are independent

events). If one had asked for the probability that a head and a tail was obtained
from two consecutive coin tosses (without specifying the order in which they were
obtained), the answer would be 2(1/4) = 1/2.

1.3.2.6 Probability Density Function

The pdf of a random variable X, pX(X), is a non-negative function (with a total area
of 1) that shows how the values of X would be distributed if a large number of
experiments (trials) were conducted. The constraints on the pdf are expressed
mathematically as:

pXðXÞ� 0;
Z1

�1

pXðxÞdx ¼ 1

pXðx1�X� x2Þ ¼
Zx2

x1

pXðxÞdx:

Note that x, x1, and x2 are values attained by the random variable X.

1.3.2.7 Statistical Mean

The statistical mean (or expected value) of a random variable X is defined as
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mX ¼ EðXÞ ¼
Z1

�1

xpXðxÞdx ð1:26Þ

and it represents the center around which the values of X are expected to be
distributed.

1.3.2.8 The Second Moment

The second moment of a random variable X is defined as

mð2ÞX ¼ E X2
� 

¼
Z1

�1

x2pXðxÞdx ð1:27Þ

and it represents the expected value of the square of the deviations of a random
variable X from its mean value mX.

1.3.2.9 The Variance

The second central moment (or variance) of a random variable is defined as

r2 ¼ varðXÞ ¼ E ðX � mXÞ2
n o

¼
Z1

�1

x� mXð Þ2pXðxÞdx:

The quantity rX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
varðXÞ

p
is called the standard deviation of X. The variance

indicates how far the values of X are spread around the mean. Hence, the vari-
ance gives a measure of the randomness of a random signal. The quantity

rX ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
varðXÞ

p
is called the standard deviation of X.

Note:

r2
X ¼ E X2 � 2mX þ m2

X

� �
¼ E X2

� 
� 2mXEðXÞ þ m2

X ¼ E X2
� 

� m2
X ð1:28Þ

1.3.2.10 The Gaussian pdf

The Gaussian pdf is an important probability density function which is often
encountered in real-world applications. A random variable X is said to be Gaussian
if its pdf is given by:

pðxÞ ¼ 1

r
ffiffiffiffiffiffi
2p
p e

ðx�mÞ2

2r2
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where m = the statistical mean, and r2 = the variance. Plots of this pdf for dif-
ferent values of mean and variance are shown in Fig. 1.22.

1.3.3 Signals in Noise

1.3.3.1 Gaussian Noise

Noise, n(t), that is encountered in electrical systems frequently has a Gaussian pdf
with zero mean, mn = 0. The pdf of this type of signal has the form:

pðnÞ ¼ 1

r
ffiffiffiffiffiffi
2p
p e

n2

2r2

Note that the power of zero-mean Gaussian noise is E ðn� mnÞ2
n o

¼ E n2
� �

ðsince mn ¼ 0Þ ¼ noise variance ¼ r2. (Prove this as an exercise!)
If there are two Gaussian noise signals, n1 and n2, with the variance of n2 being

greater than the variance of n1, then the pdf of n2 (pdf-2) has a wider spread around
its mean than n1’s pdf (pdf-1) (see Fig. 1.22, left). Furthermore, n2 has more power
than the first.

1.3.3.2 Signals in Gaussian Noise

If s(t) is a deterministic signal and n(t) is noise, then z(t) = s(t) ? n(t) is a random
signal. Consider now the case where s(t) = a (a constant). If n(t) is Gaussian noise
with zero mean and variance = r2, then the random variable z(t) is also Gaussian
with mean and variance given at any time by:

�z ¼ mz ¼ EfzðtÞg ¼ EfðsðtÞ þ nðtÞÞg ¼ Efðaþ nðtÞÞg ¼ Efag þ EfnðtÞg
¼ aþ 0 ¼ a;
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Fig. 1.22 Gaussian pdf’s with different means and variances
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and

varðzÞ ¼ E ðzðtÞ � mzÞ2
n o

¼ E nðtÞ2
n o

¼ r2:

Hence, the pdf of the signal z(t) at any time t is given by:

pðzÞ ¼ 1

r
ffiffiffiffiffiffi
2p
p e

1
2

z�a
rð Þ

2

While the above result was derived above for the case where s(t) is a constant, its
general form is actually valid for any time signal s(t). For example, if
s(t) = sin(xot), then �z = mz = s(t) = sin(xot) while the variance is still r2.

1.3.3.3 Power Spectral Density of Random Signals

A random signal n(t) can be classified as a power signal, and like other power
signals, has a PSD. This PSD is often denoted by Gn(f), and is defined as:

Gnðf Þ ¼ lim
T!1

1
T
E F nðtÞPTðtÞf gj j2¼ lim

T!1

1
T
E NTðf Þj j2;

where E denotes the expected value.

1.3.3.4 Stationary Random Signals

Signals whose statistics (i.e., mean, variance and other higher order moments) do
not change with time are referred to as stationary.

1.3.3.5 The Autocorrelation Function of Random Signals

The autocorrelation function of a random signal x(t) is defined by:

Rxðt1; t2Þ ¼ Efxðt1Þxðt2Þg:

In the above definition, the E denotes expected value, and this expected value
needs to be obtained by doing many experiments and averaging the results of all
those experiments. This kind of average is referred to as an ensemble average.

Rx (t1,t2) provides an indication of how strongly the signal values at two dif-
ferent time instants are related to one another.

1.3.3.6 Wide-Sense Stationary Signals

A random signal is WSS if its mean and autocorrelation are time-invariant, i.e.,
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EfXðtÞg ¼ mX ¼ constant;

and

RXðt1; t2Þ ¼ RXðt1 � t2Þ ¼ RXðsÞ;

where s = t1 - t2.
Every stationary signal is WSS, but the converse is not true.

1.3.3.7 Wiener–Kinchin Theorem for Random Signals

If x(t) is a WSS random signal, then:

Gxðf Þ F !RxðsÞ;

where Gx(f) is the PSD of the signal and Rx(s) is its autocorrelation function, i.e.,
Rx(s) = EfxðtÞxðt þ sÞg.

1.3.3.8 White Noise

A common type of noise encountered in nature is thermal noise, which is typically
Gaussian-distributed. If thermal noise has a PSD which is constant over all fre-
quencies (i.e. if the noise is ‘‘white’’), then its autocorrelation function is a
weighted delta function (according to the Wiener–Kinchin Theorem) (see
Fig. 1.23); this means that the values of the noise at different instances of time are
completely uncorrelated with each other. In practice, noise is rarely white; it is
normally band-limited. A more realistic model for the PSD of many practical noise
sources is therefore PSD = (g/2) P2B(f), with g being a constant. The use of the
arbitrary constant g/2 rather than g is a convention which is meant to signal to a
reader that a double-sided PSD (with positive and negative frequencies) is being
used. Only half of the total power appears in the positive side of the PSD.
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Fig. 1.23 PSD of white noise with its autocorrelation function
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1.3.3.9 Effect of Ideal Low-Pass Filter on White Noise

When a random signal enters a system with transfer function H(f), the output
signal is also random. The PSD of the output is equal to the input PSD multiplied
by the power transfer function of the system. i.e., the PSD of the output is the PSD
of the input multiplied by .|H(f)|2). Now assume a white noise input n(t) with
constant PSD is entering an ideal LPF as shown in Fig. 1.24. The output noise PSD
is then given by:

Gnoðf Þ ¼ jHðf Þj2Gnðf Þ ¼
g
2

P2Bðf Þ:

Hence, using the WKT, the autocorrelation function of the output noise is:

RnoðsÞ ¼ F�1fGnoðf Þg ¼
g
2

2B sincð2B sÞ ðsee Fig. 1.25Þ:

Therefore, the values of the output noise are no longer uncorrelated, except when
s = k/2B,k being an integer.
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Fig. 1.25 The autocorrelation function of white noise before (left) and after (right) ideal LP
filtering
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1.4 Applications of Analog Signal Analysis

1.4.1 Signal Detection in Noise

In Sect. 1.2.4 the autocorrelation function was defined for deterministic periodic
and non-periodic signals. The autocorrelation function of random signals was
defined in Sect. 1.3.3.5; that definition, however, requires ensemble averaging, and
in many practical situations, an ensemble of experimental realizations is not
available. For this reason it is common in practice to compute the autocorrelation
function of random signals using the definition in Sect. 1.2.4—that definition uses
a time average in its formulation rather than an ensemble average. This practice is
strictly valid only when the random signals are ergodic; i.e., for signals whose
ensemble average equals the time average. There are many signals for which this
represents a reasonable approximation to reality. With this approach, the definition
for the autocorrelation function of random signals becomes:

RxðsÞ ¼
1
T

ZT=2

�T=2

xðkÞxðsþ kÞdk;

while the cross-correlation between two random signals is defined as:

RxyðsÞ ¼
1
T

ZT=2

�T=2

xðkÞyðsþ kÞdk:

Naturally occurring noise is often un-correlated with deterministic signals. It is
also often very nearly uncorrelated with itself (i.e., almost white), so that its
autocorrelation function is almost a delta function (see Sect. 1.3.3.8). These
properties are exploited in many practical schemes for detecting signals in noise.
Consider, for example, the scenario in which a deterministic signal x(t) is trans-
mitted across a communication channel, and a corrupted signal y(t) =

x(t) ? n(t) is received, One often has to decide whether or not there is a message
present inside the received signal or not. One simple way to inform this decision is
to correlate y(t) with itself. The autocorrelation of the signal with itself is:

RyðsÞ ¼
1
T

ZT=2

�T=2

½xðkÞ þ nðkÞ�½xðkþ sÞ þ nðkþ sÞ�dk:

¼ RxðsÞ þ RnðsÞ þ 2RxnðsÞ

ð1:29Þ

If the noise is white then Rn(s) is a spike and Rxn(s) is approximately zero. Now for
most communication signals, Ry(s) exhibits a shape which is more than simply a
spike and/or a negligibly small background noise. If such a shape is present in the
received signal, then, one can infer that a true message is present.

1.4 Applications of Analog Signal Analysis 43



Example Consider the sinusoidal signal x(t) = sin(xot), with frequency
fo = 0.1 Hz. The power of this signal is 12/2 = 0.5 W. The signal and the absolute
value of its autocorrelation Rx(s) are shown in Fig. 1.26. A random white noise
signal n(t) with noise power 5 dB (=3.1623 W) is added to corrupt the sinusoid,
giving a noisy signal y(t) = x(t) ? n(t). The resulting signal-to-noise-ratio is
SNR = 0.1581, or -8.0103 dB. This represents quite a strong level of noise
interference. Nonetheless, when the noisy signal is correlated with itself, it is
possible to identify a regular non-random pattern with an absolute maximum around
the origin. This indicates that there is a deterministic signal imbedded in the noise.

MATLAB: The cross-correlation function can be simulated in MATLAB using
the command xcorr(x,y)*Ts.

1.4.2 The Matched Filter

The matched filter is a linear filter which is often used in detecting signals
embedded in random noise. When the matched filter is applied to a received signal,
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Fig. 1.26 Signal detection in noise using a correlator
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it produces the maximum signal-to-noise-ratio (SNR) enhancement possible for
any linear filter. To determine the form the matched filter must take to produce this
optimal enhancement, the problem of interest must first be properly defined.
Consider that the problem is to detect a particular symbol s(t) of finite duration
T. The following derivation will seek to determine the shape of the impulse
response for the required matched filter. It will actually be found that the optimal
impulse response h(t) is dependent on the symbol shape, and hence the name
matched filter.

Figure 1.27 shows a communication system with a matched filter. It should be
noted that the matched filter is applicable only when the receiving station knows
the symbol library at the transmitter.

The PSD of the output noise no(t) in Fig. 1.27 is:

Gnoðf Þ ¼ Gnðf ÞjHðf Þj2: ð1:30Þ
The output noise power is therefore:

r2 ¼
Z1

�1

Gnoðf Þdf : ð1:31Þ

The output signal component is:

soðtÞ ¼ F�1fHðf ÞSðf Þg ¼
Z1

�1

Hðf ÞSðf Þeþj2pftdf : ð1:32Þ

The output instantaneous SNR is:

SNRoðtÞ ¼ jsoðtÞj2=r2 (which is time-dependent): ð1:33Þ

Now it is necessary to find the H(f) that maximizes SNRo(t) when t = to, where
to is a specific time instant chosen by the sampler. This time instant is either 0 or
T. From (1.33) it follows that:

SNRoðtoÞ ¼
jsoðtoÞj2

r2
: ð1:34Þ
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Fig. 1.27 Matched filter and associated waveforms in a communication system
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From (1.32) one obtains:

jsoðtÞj2 ¼
Z1

�1

Hðf Þ|ffl{zffl}
g1ðf Þ

Sðf Þ|{z}
g2ðf Þ

ej2pfto df

�������

�������

2

: ð1:35Þ

Now the Schwartz inequality (Tables) states that:

Z1

�1

g1ðf Þg2ðf Þdf

������

������
2

�
Z1

�1

g1ðf Þdf

������

������
20

@
1
A

Z1

�1

g2ðf Þdf

������

������
20

@
1
A; ð1:36Þ

where equality holds in (1.36) only if:

g1ðf Þ ¼ k g�2ðf Þ ð1:37Þ

and where k is a constant. * means complex conjugation. Using (1.35) and (1.36), a
maximum value for |so(t)|2 is obtained as follows:

jsoðtoÞj2max ¼
Z1

�1

jHðf Þj2df

0
@

1
A

Z1

�1

jSðf Þj2df

0
@

1
A: ð1:38Þ

Using (1.31), (1.34), and (1.38) it follows that:

SNRoðtoÞ ¼

R1
�1 jHðf Þj

2df
� � R1

�1 jSðf Þj
2df

� �
g
2

R1
�1 jHðf Þj

2df
¼ E

g=2
: ð1:39Þ

where E ¼
R1
�1 jsðtÞj

2dt ¼
R1
�1 jSðf Þj

2df is the symbol energy. Using (1.37), this
maximum is obtained only when one chooses H(f) to be:

Hðf Þ|ffl{zffl}
g1ðf Þ

¼ k Sðf Þej2pfto|fflfflfflfflffl{zfflfflfflfflffl}
g2ðf Þ

2
64

3
75
�

¼ kS�ðf Þe�j2pfto : ð1:40Þ

Hence, the impulse response of this filter is given by:

hðtÞ ¼ F�1 Hðf Þf g ¼ F�1 kS�ðf Þe�j2pfto
� �

¼ kpðt � toÞ:

(using the time-shift property of the Fourier transform (see Tables). Note also that
pðtÞ ¼ F�1 S�ðf Þf g). From the conjugation property of the Fourier transform:

p(t) = s*(-t) = s(-t) [since s(t) is real]. Hence, the impulse response of the
matched filter is:

hðtÞ ¼ k sðt � toÞ: ð1:41Þ
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That is, the impulse response of a filter matched for a symbol is a scaled time-
reversed version of the symbol itself. Frequently k is chosen to be 1 in practical
applications (see Fig. 1.28).

1.4.2.1 Conclusion

If one wants a filter H(f) to give maximum SNR enhancement for a specific symbol
s(t) at t = to, one should match the filter to the symbol, such thath(t) = ks(to - t).

1.4.2.2 The Output of the Matched Filter at the Time of Optimal SNR

Assuming the system of interest is LTI, the output y(t) of the matched filter in
Fig. 1.27 is given by:

yðtÞ ¼ rðtÞ � hðtÞ ¼
ZtþT�to

t�to

rðkÞhðt � kÞdk ¼
ZtþT�to

t�to

rðkÞks½t � ðt � kÞ�dk; ð1:42Þ

At the sampling instant t = to one obtains:

yðtoÞ ¼ k

Z1

�1

rðkÞsðkÞdk ¼ k

ZT

0

rðkÞsðkÞdk: ð1:43Þ

That is, the output of the matched filter at the time of optimal SNR, t = to, is
simply the integration overTof the scaled product of the symbols(t) with the
received signalr(t).
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Fig. 1.28 Matched filter impulse response with various modifications of the original symbol
waveform
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1.4.2.3 The Matched Filter is a Correlator

From (1.42) it is possible to write that:

yðtÞ ¼ k

Z1

�1

rðkÞsððt � toÞ þ kÞdk ¼ kRrsðt � toÞ; ð1:44Þ

where Rrs(s) is the cross-correlation between the symbol and the received version
of it. Hence the matched filter is essentially a correlator. If r = s (noise-free
condition), kR(s) will have a symmetric shape with a maximum at s = 0, i.e., t -

to = 0 or t = to. This value is y(to) as in (1.43).

1.4.2.4 The Optimal Receiver

If there is a finite set of M symbols to be transmitted, {si(t)| i = 1, 2, ..., M} and
one wants optimal reception for these symbols, one should use a bank of M filters,
each matched to one symbol only (see Fig. 1.29). If the ith symbol si(t) was
transmitted, then the ith matched filter will have a maximum at the time of optimal
reception, while the other filters will have small values. Hence the receiver will
decide that si(t) was transmitted. In binary communication systems (such as
computer networks), one needs only two filters, matched to the two symbols that
represent logic ‘‘0’’ and logic ‘‘1’’.

1.5 Analog Filters

Filters play a significant role in signal processing and communication engineering.
This section will consider them in some detail.
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1.5.1 The Ideal Low-Pass Filter

The transfer function of an ideal LPF with cutoff frequency B Hz and gain A is a
rectangular box function in the frequency domain of width 2B. Using Tables, its
impulse response is found to be a sinc function:

Hðf Þ ¼ 2BP2Bðf Þ�!
F

hðtÞ ¼ 2AB sincð2BtÞ

This impulse response is shown in Fig. 1.30.
Since h(t) includes negative values, the ideal LPF is non-causal, and hence

unrealizable. If one allows a time-delay T in the system, the delayed impulse
response is shifted right by T, and one gets h(t - T), as shown in Fig. 1.31. This
introduces a linear phase into the transfer function. Since linear phase is a result of
only delaying the signal, it corresponds to a harmless phase changes in the transfer
function. Note that phase distortion only occurs when there are different delays
for different frequencies, while amplitude distortion occurs when there are dif-
ferent gains for different frequencies. Since h(t) has infinite length, there is still a
negative-time portion of h(t - T) despite the delay, but it is of small magnitude,
and approximation is possible by truncation.

There are many approximations to the ideal LPF that can be implemented in
practice. Two of these, the Butterworth and Chebychev-I filters will be studied in
the following subsections.
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Fig. 1.30 Transfer function and impulse response of an ideal low-pass filter
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Fig. 1.31 Quasi-ideal low-pass filter impulse response—it is a time shifted version of the ideal
low-pass filter impulse response
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1.5.2 Butterworth LPF

The magnitude frequency response of a Butterworth LPF (B-LPF) is given by:

jHðxÞj ¼ Gmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x

xc

� �2n
r ; ð1:45Þ

where Gm is the maximum gain, n is the filter order, and xc is the cutoff frequency
(see Fig. 1.32). The Butterworth LPF’s magnitude function is maximally flat at
x = 0, i.e., all its 2n - 1 derivatives are equal to 0 at x = 0. At x = 0 (DC), the
filter gain=Gm, and the power gain GPo = |H(0)|2 = Gm

2 —this is the maximum
power gain of the filter. At x = xc (cutoff), the filter gain¼ Gm=

ffiffiffi
2
p

, and the power

gain GPc ¼ jHðxcÞj2 ¼ G2
m=2 ¼ half the maximum power gain GPo. In dB terms:

GPc(dB) ¼ 10 log10ðGPo=2Þ ¼ GPo(dB)� 10 log10 2 ¼ GPo(dB)� 3

The cutoff frequency is also called the 3-dB frequency because the power is 3 dB
down from the power at DC.

As n increases, the cutoff becomes sharper, but more circuit components are
needed to build the filter. The Butterworth LPF has a flat response at x = 0. Its
transfer function for different orders can be obtained from Tables. The nth-order
B-LPF has n poles and no zeros in its transfer function.

1.5.3 Chebychev-I LPF

Chebychev-I filters tend to have sharper roll-off than Butterworth filters but have
ripple in the passband, as illustrated in Fig. 1.33. The magnitude frequency
response of a Chebychev-I LPF (C-LPF) is given by:

jHðxÞj ¼ Gmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2C2

n
x
xc

� �r ;

  | H (  ω ) |

   ωc   − ωc  0

  n = 2 

   n = 1

 G
m

Fig. 1.32 The magnitude frequency response of a Butterworth LPF
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where Gm is the maximum gain, n is the filter order, xc is the cutoff frequency, e is
a constant that determines the ripple in the passband of the magnitude response,
and Cn is the nth order Chebychev Polynomial defined by the iterations:

CoðxÞ ¼ 1; C1ðxÞ ¼ x; Cnþ1ðxÞ ¼ 2xCnðxÞ � Cn�1ðxÞ

For example, C2(x) = 2x2 - 1, C3(x) = 4x3 - 3x, C4(x) = 8x4 - 8x2 ? 1.
At x = 0 (DC), the gain Go is:

Go ¼
Gm; n odd

Gm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p

; n even

�
ð1:46Þ

while at x = xc (cutoff), the gain is:

Gc ¼ Gm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2

p
8n: ð1:47Þ

For 0 \ x\ xc, the gain fluctuates between Gm and Gc ¼ Gm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p

(see
Fig. 1.33). The maximum power gain variation, called ripple, is given by:

r (dB) ¼ 10 log10 1þ e2
� 

:

Like the B-LPF, the nth-order C-LPF has n poles and no zeros. However, for
the same order n, the C-LPF has a sharper cutoff than the B-LPF. Hence, if the
ripple is not disadvantageous in a specific application, Chebychev filters are
preferred over Butterworth filters. This is so because with Chebychev filters one
typically needs a lower order and hence, less hardware to achieve the same cutoff
sharpness.

1.5.4 Design of Butterworth and Chebychev-I LPF’s

This subsection addresses the design of both the filter transfer function H(s) and
physical hardware components needed for building Butterworth and Chebychev
filters. The physical components are an appropriate combination of resistors (R),
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Fig. 1.33 The magnitude frequency response of a Chebychev-I LPF
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inductors (I), and capacitors (C). That is, for the design considered here, the filters
are built up as passive RLC networks. Design using active components (op-amp’s)
is also possible, but will not be considered in this subsection.

Based on the required filter specifications (e.g., cutoff sharpness and stop-band
attenuation) the goal is to can find H(s) and a suitable RLC combination. The first
step in the design process is to determine the filter order N from standard tables.
Since Tables are usually only available for filters with a cutoff frequency of
xc = 1 rad/s, the filter specifications must first be transformed using frequency
denormalization. This is achieved by dividing all the critical frequency points (cut-
off frequency, stop edge frequency, etc.) by xc. This process is illustrated in the
example which follows.

1.5.4.1 Example of a Low-pass Filter Design

Example 1 Design a LPF with Gm = 1, afc = 50 Hz, and stop-band gain B-

40 dB w.r.t Gm for frequencies C140 Hz. Find the minimum order n required, if
the ripple B 1 dB and RL ¼ 100X.

Solution: xc = 2p(50) = 100 p, x1 = (2p)140 = 280p, hence x1N = x1/
xc = 2.8. Initially, a butterworth design will be trailed. Use the Gain vs. Nor-
malized frequency plots to determine the minimum order to achieve -40 dB for
xN C 2.8 (see Tables and the left hand side of Fig. 1.34). It is seen that n = 4 s
not adequate to meet the 40 dB attenuation at xN C 2.8 but n = 5 is. If a but-
terworth filter is used, therefore, one would need a fifth order filter to meet
specifications.
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Fig. 1.34 Gain plots versus normalized LPF’s for different filter orders
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Now a Chebychev filter will be tried. The specifications state the ripple must be
less than or equal to 1 dB. Potential designs for both 0.5 and 1 dB ripple will be
considered. Checking the C-LPF gain plot for r = 0.5 dB in Fig. 1.34 (right), it is
found that n = 4 is the minimum order which is adequate to meet specifications.
Checking the C-LPF gain plot for r = 1 dB shows that the minimum order
required is also n = 4. The r = 0.5 dB alternative is chosen as it corresponds to
the minimum ripple(hence, from Tables, e2 ¼ 0:122). The normalized transfer
function is obtained from Tables as follows:

HðsNÞ ¼
ao

0:3791þ 1:0255sN þ 1:7169s2
N þ 1:1974s3

N þ s4
N

:

Since n = 4 is even:

Go ¼ Gm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2

p
¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi
1:122
p

¼ 0:9441 ¼ HðsN ¼ 0Þ ¼ ao=0:3791! ao

¼ 0:3579:

The denormalized frequency response is given by:

HðsÞ ¼ ao

0:3791þ 1:0255 s
100pþ 1:7169 s

100p

� 2þ1:1974 s
100p

� 3þ s
100p

� 4

1.5.4.2 Circuit Design

From Tables one arrives at the circuit in Fig. 1.35 (left). It uses impedance and
frequency denormalization given by ISF: Z = RL = 100 and FSF:
W = xc = 100p.

1.5.5 Design of Butterworth and Chebychev-I High-Pass, Band-
Pass, and Band-Stop Filters

Standard Tables are also only available for LPF design, but can be adapted via
standard transformations to designing high-pass filters (HPFs), band-pass filters
(BPFs) and band-stop filters (BSFs),
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Fig. 1.35 Circuit Design of a 4th-order C-LPF
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The required transformations are:

LP! HP : xLN ¼
xc

x
; sLN ¼

xc

s
½xc is the HP cutoff�

LP! BP : xLN ¼
x2 � x2

g

xxb
; sLN ¼

s2 þ x2
g

sxb
½xb ¼ xu � xl; xg ¼ xuxl�

LP! BS : xLN ¼
xxb

x2 � x2
g

; sLN ¼
sxb

s2 þ x2
g

ð1:48Þ
An example filter design is presented later in this subsection to illustrate the use of
these transformations in filter design.

Note: Although Butterworth and Chebychev-I LPF’s have no zeros, the above
transformations indicate that BP, HP, and BS filters do have zeros.

1.5.5.1 Circuit Design

Standard Tables provide not only filter transfer functions, but also suitable circuits
for implementing those transfer functions. After obtaining the transfer functions
and circuit diagrams from the Tables, one needs to perform appropriate transfor-
mations to suit the original filter specifications. The standard transformations for
physical implementation are shown in Fig. 1.36.

1.5.5.2 Impedance Matching

For maximum power transfer in the passband, the load impedance RL should equal
(be matched to) the source impedance. In LPF design Tables, the values of R, L,
and C are given for RL = 1, x = 1, hence these circuits are normalized. For
impedance matching, normalized filter circuits should be denormalized by scaling
all R, L, and C values as follows:
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Z

W
; C ! C
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Fig. 1.36 Hardware analog filter transformations
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where:

Z ¼ Impedance Scaling Factor (ISF) ¼ RL

W ¼ Frequency Scaling Factor (FSF) ¼
xo; For LP and HP

xb; For BP and BS

�

Note: To denormalize the transfer function H(sLN) of a normalized LPF, one
simply uses the transformation s ? s/xc (xc being the required LPF cutoff fre-
quency) to get the true transfer function H(s). There is no need within this process
to find the true transfer function of the HP, BP, and BS filters—if the above
transformations from LPF are used withsLN ? s, the denormalization is included
implicitly.

1.5.5.3 Hardware Filter Design Rules Using Normalized LPF Standard
Circuits

• HPF Design:

1. Transform LPN ? HPN circuit components (Fig. 1.36).
2. Denormalize HPN ? HP (using ISF, FSF).

• BPF Design:

1. Denormalize LPN ? LP (using ISF, FSF).
2. Transform LP ? BP circuit components (Fig. 1.36).

• BSF Design:

1. Transform LPN ? HPN circuit components (Fig. 1.36).
2. Denormalize HPN ? HP(using ISF, FSF).
3. Transform HP ? BS circuit components (Fig. 1.36).

1.5.5.4 Example of a High-pass Filter Design

Example 2 Design a Butterworth HPF with Gm = 1, fc = 1 MHz, and stopband
gain B 20 dB for f B 500 kHz. True load resistance is RL ¼ 300X.

Solution:
xc = 2pM rad/sec; xc ¼ 2p 1

2 ¼ p rad/sec. From LP-HP transformations obtain
the normalized LP frequency that corresponds to the HP frequency x1, which is
xL = xc/x1 = 2.

From Butterworth curves in Tables check the order n that gives stop-band gain
B-20 dB for xLN C 2 [note that ‘‘B’’ for HPF is now ‘‘C’’ for LPF]. This yields
n = 4. This same result can also be reached mathematically as follows:
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n� 0:5 log A�2 � 1
� 

= logðxLNÞ
	 


¼ ½3:314� ¼ 4;

where A ¼ A xLNð Þ ¼ 10 AdB=20ð Þ. From Tables we get the normalized transfer
function as follows:

H sNð Þ ¼
ao

1þ 2:6131sN þ 3:4142s2
N þ 2:6131s3

N þ s4
N

:

For B-LPF, Go = Gm. Hence, Go ¼ 1 ¼ ao=1! ) ao ¼ 1.
The true transfer function will be given by:

HðsÞ ¼ ao

1þ 2:6131 2pM
s

� 
þ 3:4142 2pM

s

� 2þ2:6131 2pM
s

� 3þ 2pM
s

� 4

¼ s4

s4 þ 16:4Ms3 þ 134:8M2s2 þ 648:2M3sþ 1558:5M4
:

The resulting filter has four poles and four zeros.
Circuit Design:
Z = RL = 300 and FSF: W = xc = 2pM (see Fig. 1.37).

1.5.6 Chebychev-II Filters

The Chebychev-II Filter (a.k.a. the inverse Chebychev filter) has a maximally flat
pass band (no ripples) and an equiripple stopband. Its magnitude response is given
by:
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jHðxÞj ¼ Gmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 1

e2C2
n

x
xcð Þ

q :

1.5.7 Elliptic Filters

Elliptic filters have equiripple passband and stopband. As such, they provide the
lowest possible filter order for given specifications. However, they have worse
phase response (which is highly non-linear). Their magnitude response is given by:

jHðxÞj ¼ Gmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2En

x
xc

� �r ;

where En is the Jacobian elliptic function of order n.

1.5.8 MATLAB Analog Filter Design

Butterworth, Chebychev, and Elliptic filters (analog or digital) can be designed in
MATLAB using the commands butter, cheby1, cheby2, and ellip. The
maximum gain is always assumed to be 1. The filter order can be determined using
buttord, cheb1ord, cheb2ord, and ellipord—however, these latter
commands impose a cutoff frequency rather than allowing for an arbitrary one to
be specified.

Example:

1. Design an analog B-LPF with fc = 1 kHz and a stopband gain B-20 dB for
f C 3 kHz.

2. Design an analog Butterworth BPF with cutoff frequencies fl = 1 kHz and
fu = 2 kHz. Stopband gain is -20 dB for f B f1 = 0.5k and f2 C 2.5k Hz.

Solution:

1. First, the lowest possible order is found:
[n wo] = buttord(w1,w2,RdB,AdB,’s’);
where RdB is the maximum gain loss (below 0 dB) in the passband (defined at
the edge radian frequency x ¼ w1), w2 is the edge of the stopband with
attenuation AdB or less, and wo is the (imposed by MATLAB) cutoff frequency
(rad/s).
Typically one takes w1 ¼ xc and RdB = 3. The letter ‘s’ indicates an analog
filter (if omitted MATLAB would design a digital filter). In this example the
relevant parameters and commands are:
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which yields n = 3, fo = 1,400 Hz. The filter can now be designed using: [A
B] = butter(n,wo,’s’);

2. Following similar steps:

1.5.9 Active Filters

Inductors require more space in circuits than capacitors and resistors and are
generally less accurate. Active filters enable filters to be constructed without
inductors, simply by incorporating active components such as op-amps. As well as
eliminating the need for inductors, active filters have the advantage that they
can produce a gain, while passive filters cannot. Active filters are considered
briefly in what follows.

1.5.9.1 Overview of Active Amplifiers

This section very briefly reviews the key results from the theory of op amps. For a
detailed explanation of op-amps, the reader should consult standard Op-Amp
references such as [4]. The conventional inverting and non-inverting active
amplifier configurations are shown in Fig. 1.38.
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For the inverting amplifier:

V� ’ 0;
x

Z1
	 � y

Z2

(i.e. the current in Z1 continues almost totally to Z2 without entering the OP-AMP).
Hence:

y

x
¼ � Z2

Z1
:

For the non-inverting amplifier:

x

Z1
¼ � y� x

Z2
) y

x
¼ 1þ Z2

Z1
:

1.5.9.2 The Active Buffer

The voltage follower shown in Fig. 1.39 has very nearly a unity gain since:

y ¼ Vþ � V�ð ÞA ¼ ðx� yÞA;

where A is the no-load voltage gain of the OP-AMP (normally very large). Hence:

y

x
¼ A

1þ A
	 1:

The role of this circuit is to buffer the load from the signal generator—this
buffering is achieved because there is a very high input impedance with a unity
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Fig. 1.38 The inverting and
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amplifiers
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gain. This circuit concept will be used to generate active inductance in the fol-
lowing paragraphs.

1.5.9.3 The Active Inductance

Using an OP-AMP as shown in Fig. 1.40, it is possible to produce inductance
without the need for an actual coil as follows:

y 	 Vþðvoltage followerÞ ¼ x
Ro

Ro þ 1
jxC

i1 ¼ i2 þ i3 ¼
x� y

R
þ x

Ro þ 1=ðjxCÞ ¼
x� xR

Roþ1=ðjxCÞ
R

þ x

Ro þ 1=ðjxCÞ
Hence:

Input impedance ¼ zi ¼
x

i1
¼ Rþ jxCRRo

1þ jxCR
¼ Rþ RoK2

1þ K2
þ j

KðRo � RÞ
1þ K2

where K = xCR.
If Ro 
 R and K � 1, then K2 & 0 and:

zi ¼ Rþ jxL with L 	 CRRo:

1.5.9.4 Butterworth Active Filters

The transfer function of the circuit in Fig. 1.41 corresponds to a first-order But-
terworth LPF, as illustrated by the following mathematics:
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Y

Vþ
¼ 1þ R2

R1

� �
:Vþ ¼ X

Xc

Rþ Xc
¼ X

1=ðjxCÞ
Rþ 1=ðjxCÞ ¼ X

1
1þ jxRC

)
Y

X
¼ Y

Vþ
Vþ

X
¼ 1þ R2

R1

� �
1

1þ jxRC
¼ Gm

1þ jxRC
with Gm ¼ 1þ R2

R1
:

)jHðxÞj ¼ Gmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x

xo

� �2
r where xo ¼

1ffiffiffiffiffiffiffi
RC
p is the cutoff frequency:

Comparing this with the known form for the B-LPF magnitude gain:

jHðxÞj ¼ Gm=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðx=xcÞ2n

q
;

the above is seen to be a first-order B-LPF. Exchanging R and C as in Fig. 1.42
gives the B-HPF with magnitude response:

jHðxÞj ¼ Gmðx=xoÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x

xo

� �2
r

This is the standard form for the B-HPF as can be found from Tables:

HLP sNð Þj j ¼ Gm

1þ sN
; hence HHPðsÞj j ¼ Gm

1þ xo=s
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or,

HHPðxÞj j ¼ Gm

1þ xo=jx

����
���� ¼ Gmðx=xoÞ

x=xo þ 1=j

����
���� ¼ Gmðx=xoÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðx=xoÞ2
q

Note that the capacitor will be a disconnected element at DC (zero frequency) but
a short circuit at high frequency.
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Chapter 2
Discrete and Digital Signals and Systems

2.1 Introduction

Before an analog signal can be processed with a digital computer chip, the signal
need to be converted into digital form.

The first phase of the digitization process is to sample the analog signal at
discrete time instants t = nTs, where n is an integer (1, 2, 3,…) and where Ts is the
sampling period (i.e., the time interval between successive samples). Note that this
kind of sampling is uniform in the sense that Ts is constant, and the sampling
frequency is also constant at fs = 1/Ts. The result of sampling an analog signal in
this fashion is a discrete-time signal, also known as a pulse amplitude modulation
(PAM) signal.It should be noted that while uniform sampling is simple and
intuitively appealing, it is not always the most suitable way to perform sampling.
Non-uniform sampling can in some cases actually increase the range of frequen-
cies which can be processed. Nonetheless, for the sake of simplicity, this book will
focus only on uniformly sampled signals.

The second phase of the digitization process is to quantize the discrete-time
signal. The term quantization refers to the approximation of the sampled analog
values using a finite set of values. For example, in M-bit quantization there are 2M

allowable levels, and the signal amplitude must be approximated to one of these
levels. If, for example, the expected analog voltage limits are ±3 volts, the input
signal can be quantized in steps of D ¼ 6=2M volts. Typically the voltage quan-
tization levels are chosen to be symmetric around 0 volts.

In the quantization process approximation via rounding or truncation normally
occurs and some information is lost. The quantized signal therefore consists of a
true signal plus an error signal which is referred to as quantization noise. The
power of this noise is dependent on the quantization step, D; with this power being
given by D2=12 (see Sect. 3.6.1.1).

The third phase of the digitization process involves an encoding of the multibit
binary sequence into a practical and convenient form before it is used or trans-
mitted. This process is known as pulse code modulation (PCM), and the resulting

Z. M. Hussain et al., Digital Signal Processing,
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signal is known as a PCM signal. In PCM, each sample is represented by one of 2M

codewords, each of length M bits. If fs is the sampling rate, the data rate would be
Mfs bps. The binary encoding may correspond to the natural binary code (NBC),
which is a straightforward decimal-to-binary mapping of the index of the voltage
level (between 0 and 2M - 1). Alternatively the encoding may use one of the Gray
Codes, which, because it reduces bit transmission errors, is particularly relevant
for long range transmission.

Practical multibit analog-to-digital converter (ADC) tend to perform all three
phases mentioned above within the one device: sampling, quantization, and binary
encoding. The accuracy (resolution) of multibit ADCs is strongly dependent on the
number of bits M, and increasing the number of bits typically improves accuracy.

2.1.1 Digital Systems

Digital systems are hardware or software systems that process digital signals. Most
digital systems are built up using binary or ‘‘on–off’’ logic, and so the operation of
digital processors can be described using binary arithmetic.

In contrast to the resistors, capacitors and inductors which make up analog
systems, the common building blocks for DSP systems are shift registers, adders
and multipliers. These building blocks may be realized in either hardware or
software, and if implemented in hardware, usually incorporate flip-flops, logic
gates and synchronously controlled clocks. Like analog systems, discrete-time and
digital systems can be analyzed in either the time or frequency domains. Both
forms of analysis are considered later in this book.

2.2 Ideal Sampling and Reconstruction

Sampling is the process of selecting (and possibly storing) the values of a con-
tinuous-time signal x(t) at specific time instants which can be indexed by the ring
of integers Z = {…, -2, -1, 0, 1, 2, 3,… }. As long as the sampling arrangement
has been well designed, the discrete-time signal, denoted by x(n), reliably repre-
sents the original signal, at least under certain assumptions. In other words, with
appropriate design of the sampling strategy, it is possible to process analog signals
using digital systems without any loss of information.

2.2.1 Ideal Uniform Sampling

Suppose that an analog signal x(t) is sampled uniformly at a rate of fs = 1/Ts, One
can represent this kind of sampling mathematically as multiplication of x(t) by the
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impulse train pðtÞ ¼
P1

n¼�1 dðt � nTsÞ (See Fig. (2.1)). The resulting sampled
signal in the continuous-time domain is xs(t), which corresponds to a train of delta
functions weighted by the values of x(t) at integer multiples of Ts, i.e., weighted by
x(nTs). The discrete-time representation of the same sampled signal is x(n), which
is the sequence of actual values of x(t) at the discrete-time instants t = nTs. (Note
that x(n) is actually x(nTs), although, Ts is normally omitted from the notation for
simplicity). In practical DSP, the discrete-time representation (x(n)) is more
commonly used than the continuous-time representation of sampled signals (xs(t)).

2.2.1.1 Definitions for Some Important Discrete-Time Signals

Formal definitions for two important discrete-time signals are presented below.

The Discrete-Time Unit Pulse

The discrete-time counterpart for the continuous-time unit impulse (delta function)
is the discrete-time unit pulse. It is defined as:
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dðnÞ ¼ 1; n ¼ 0
0; n 6¼ 0:

�

The Discrete-Time Unit-Step Function

The discrete-time counterpart for the continuous-time unit step function is the
discrete-time unit step function. Its definition is:

uðnÞ ¼ 1; n� 0
0; n\0 :

�

Figure (2.2) shows graphical representations of the above two functions.

Time- and Frequency-Domain Interpretation of Sampling

The sampling process can be illuminated by using various properties from
Table 2.1. One of the key results from these Tables is that multiplication ‘‘�’’ in the
time domain is transformed into convolution ‘‘*’’ in the frequency domain and
vice-versa. With these properties the following time domain and frequency domain
mathematical descriptions can be obtained:

Time Domain

xsðtÞ ¼ xðtÞ � pðtÞ

¼ xðtÞ �
X1

n¼�1
dðt � nTsÞ

¼
X1

n¼�1
xðnTsÞdðt � nTsÞ

o o o

o

o o o

 1

 0
  n

δ(n)

    1 −1 −2   2   3
o o o

o o o o 1

 0
  n

 u (n)

    1 −1 −2   2   3

Fig. 2.2 The discrete-time
delta and unit-step functions

Table 2.1 Some common time windows

a b c Comment

Rectangular 1 0 0 Harsh Gibbs effect (strong oscillations)
Hanning 0.5 -0.5 0 Mild oscillations
Hamming 0.5 -0.46 0 Mild oscillations
Blackman 0.42 -0.5 0.08 Mild oscillations
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Frequency Domain

Xðf Þ ¼ Xðf Þ � Pðf Þ

¼ Xðf Þ � fs

X1
kn¼�1

dðf � kfsÞ

¼ fs

X1
n¼�1

Xðf � kfsÞdðt � nTsÞ

where we have been used Tables to find that:

X1
n¼�1

dðt � nTsÞ !
F

fs

X1
k¼�1

dðf � kfsÞ; ð2:1Þ

Xðf Þ � dðf � kfsÞ ¼ Xðf � kfsÞ; ð2:2Þ

xðtÞ � dðt � nTsÞ ¼ xðnTsÞdðt � nTsÞ: ð2:3Þ

The sampling process in the frequency domain is illustrated in Fig. (2.3). From
the above equations and Fig. (2.3) one can deduce that Xs(f) is essentially a col-
lection of repeated versions of X(f) scaled by fs. These repeated versions are often
referred to as ‘‘images’’. Hence, when a signal x(t) is sampled, its spectrum X(f) is:

1. scaled by fs and
2. repeated every fs.
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Due to the periodicity of Xs(f), there is redundant frequency information in the
spectrum or ‘‘discrete-time Fourier transform’’ (DTFT) of xs(t). All the non-
redundant information in Xs(f) is fully contained in the interval f 2 f�fs=2; fs=2g
Hz, or equivalently f [ {0,fs}. In the literature Xs(f) is normally plotted as a
function of the normalized frequency m = f/fs, or the normalized radian frequency,
X ¼ 2pm ¼ 2pf=fs ¼ xTs [see Fig. (2.3)]. Note that m and X have no units, and the
period of Xs(f) is 1.

For real signals the frequency content (information) in the interval [-fs/2,0) is a
reflected copy of the frequency content in [0, +fs/2), and therefore many authors
display only the frequency interval [0, +fs/2) or the normalized frequency interval
[0, 1/2] of discrete-time signal spectra.

Note also that Xs(f) is still continuous in the frequency variable. From a prac-
tical perspective one cannot compute Xs(f) for a continuous range of frequency
values on a digital computer—one can only compute it for a finite number of
frequency positions. For this reason, Xs(f) is usually only evaluated in practice at a
finite set of discrete frequencies. This discretization of the frequency domain of the
DTFT gives rise to the so-called discrete Fourier transform (DFT), which will be
studied later in Sect. 2.4.1.

2.2.2 Ideal Reconstruction

Consider the discrete-time Fourier transform (DTFT) of the sampled signal
xs(t) shown graphically in Fig. (2.3). It is not hard to see that one can reconstruct
the original spectrum X(f) from Xs(f) [and hence, the original signal x(t) from xs(t)]
by filtering the sampled signal with an ideal low-pass filter whose cutoff frequency
is B Hz.

Often in practice reconstruction occurs in a two stage process—the first
involves using a digital to analog converter (DAC) which applies a sample and
hold function, and the second stage involves applying a low-pass reconstruction
filter. Both stages are considered in more detail below.

2.2.2.1 Stage 1

When a digital signal is ready to be converted back to the analog domain, the
sequence of digitally stored values is usually fed synchronously into a DAC.
Almost all DACs apply a zero-order hold (sample-and-hold) function to the
sequence of input values [see Fig. (2.4)]. The sample and hold function is effec-
tively a filter with a rectangular impulse response hðtÞ ¼ PTsðt � Ts=2Þ: This
circuit simply holds the sample x(nTs) for Ts seconds. The corresponding filter
transfer function is a sinc function, as shown in Fig. (2.4).
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2.2.2.2 Stage 2

Note that the DAC converts the digital signal into an analog stair-step waveform,
which contains many high-frequency artefacts. This is because the sample and
hold is effectively a filter with a very slow roll off, and it does not fully eliminate
the energy in all the unwanted spectral images. To reconstruct a smooth replica of
the original signal, the stair-step function must be passed through a low-pass filter,
often called an anti-imaging filter. This filter ideally removes all frequency content
above the upper frequency limit, B.

For perfect reconstruction of the analog signal to occur within this two stage
process, three criteria must be satisfied. The first criteria is that there is no
quantization noise in the digital signal. The second criterion is that the sampling
frequency should be greater than twice the signal bandwidth B, i.e., greater than
twice the highest frequency present in the signal:

B� fs
2
: ð2:4Þ

This requirement is necessary so that the repeating spectra shown in Fig. (2.3) do
not ‘‘run into other’’. The minimum sampling rate needed to avoid reconstruction
errors (fs = 2B) is called the Nyquist rate. The third criteria is that the filtering
provided by the combination of the sample and hold function and the subsequent
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low-pass filter is ideal. That is, those two filters combine to form a filter with
a perfectly flat pass-band and a perfectly sharp cutoff at f = B Hz.

In practice none of the three criteria above are met perfectly. There is usually
a very small amount of quantization noise, there is typically a small amount of
spectral energy in the original analog signal above fs/2 and the reconstruction filter
is usually not ideal. The errors due to these imperfections, however, are often
small.

2.2.2.3 Frequency Aliasing

If B [ fs/2, replicas of the signal spectrum X(f) within the DTFT overlap, and part
of the information content from the input signal is lost [See Fig. (2.5) and compare
it with Fig. (2.3)]. This overlap is called frequency aliasing. To avoid aliasing one
normally band-limits the signal before sampling to remove the high frequency
content that may cause aliasing. This can be achieved using a LPF, which is often
called an anti-aliasing filter in this scenario.

One technique which is often used in practice to help reduce errors in recon-
struction is to increase the sampling rate of the digital system well above the
Nyquist rate. When this is done the spectral images in the DTFT are well separated
from each other, and when it is necessary reconstruct the analog signal, it is not as
difficult to filter out the unwanted images. In particular, the requirements on the
sharpness of the anti-imaging filter are relaxed when one increases the sampling
rate. Increasing the sampling rate not only relaxes the requirements on the anti-
imaging filter, but also on the front-end anti-aliasing filter—i.e., the increase in the
fs/2 value effectively allows the transition band of the anti-aliasing filter to be
wider.

Figure (2.6) shows a practical signal processing system which incorporates
the anti-aliasing filter, the sampling and ADC, the digital processing, the DAC and
the anti-imaging filter.
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2.3 Time-Domain / Frequency-Domain Representations

Like analog signals and systems, digital signals and systems can be analyzed either
in the time-domain or in the frequency domain. The two domains are equivalent,
provided that suitable transformations are used. The most common time-to-fre-
quency transformations for continuous-time signals are the Fourier transform and
the Laplace transform. The counterparts of these transforms for sampled signals
are the discrete-time Fourier transform (DTFT) and the z-transform. The DTFT is
useful for analyzing the frequency content of signals, while the z-transform
is useful for both analyzing the frequency content of signals and analyzing the
stability of systems. The DTFT and z-transforms will be defined and studied in
more detail in Sects. 2.3.2.2 and 2.3.3.

2.3.1 Time-Domain Representation of Digital Signals and Systems

This section considers the representation and analysis of digital signals and sys-
tems. Fundamental to time domain analysis of discrete-time signals is discrete-
time convolution, which is defined in what follows.

2.3.1.1 Discrete Linear Convolution

If x(n) and y(n) are two discrete signals, their discrete linear convolution w(n) is
given by:

wðnÞ ¼ xðnÞ � yðnÞ ¼
X1

k¼�1
xðkÞyðn� kÞ :

Note that k is a dummy variable of summation. The above formula is similar to
that of continuous-time linear convolution, except that summation is used instead
of integration.

If both x(n) and y(n) are finite signals of lengths N1 and N2 samples, respectively,
the length of w(n) is finite and Is given by L = N1 ? N2 - 1. Hence, if x(n) and
y(n) are of equal length N, then the result of the convolution is L = 2N - 1
samples long.

  LPF &
   A / D

     DSP

   r(n)

 Digital
 Signal

   & LPF
    D / A

   p(n)

 Digital
 Signal

  x ( t ),
Analog 
Input 
Signal

   y ( t ),
 Analog 
 Output 
 Signal

Fig. 2.6 Block diagram of a
practical signal processing
system
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Example (1) If x(n) = (0.8)n u(n) and y(n) = (0.4)n u(n), then their convolution
is:

wðnÞ ¼ xðnÞ � yðnÞ ¼ sum�1k¼1xðkÞyðn� kÞ ð2:5Þ

Since the variable of summation is k, x and y should be re-expressed as functions
of k:

yðkÞ ¼ ð0:4Þk; k� 0

0; k\0;

(

xðkÞ ¼ ð0:8Þk; k� 0

0; k\0

(

) yðn� kÞ ¼ ð0:4Þn�k; n� k� 0) ) k� n

0; n� k\0) ) k [ n

(

Examination of Fig. (2.7) reveals that the product x(k)y(n - k), is non-zero
only when n C 0. Hence it follows that:

 o  o  o

 o  o  o  o
 1

 0
      k

  x(k)=(0.8)ku(k)

     1   −1   −2     2    3

 o  o  o

 o
 o  o  o

 1

 0
      k

  y(k)=(0.4)ku(k)

     1   −1   −2    2    3

 o  o  o
 o

 o  o  o

 1

 0
      k

  y(−k)

     1   −1   −2    2    3

 o  o  o  o  o
 o

 o

 1

 0
      k

  y(2−k)

     1   −1   −2    2    3

      Overlap     

Fig. 2.7 Convolution of x(n) = (0.8)n u(n) with y(n) = (0.84)n u(n)
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wðnÞ ¼
Xn

k¼0

ð0:8Þkð0:4Þn�k; n� 0

¼ ð0:4Þn
Xn

k¼0

2k ¼ ð0:4Þn 1� 2nþ1

1� 2
[Tables, Formula 10]

¼ ð0:4Þnð2nþ1 � 1ÞuðnÞ:

Example (2) If there are two finite duration signals xðnÞ ¼ f2̂; 3; 4g and
yðnÞ ¼ f�1̂; 5g; where ‘‘̂:00 indicates that the sample is taken at n = 0, then their
convolution can be found directly from the general formula as follows:

wðnÞ ¼
X1

k¼�1
xðkÞyðn� kÞ (General formula)

wð0Þ ¼
X

xðkÞyð0� kÞ ¼ xð0Þyð0Þ ¼ ð2Þð�1Þ ¼ �2;

wð1Þ ¼
X

xðkÞyð1� kÞ ¼ xð0Þyð1� 0Þ þ xð1Þyð1� 1Þ ¼ ð2Þð5Þ þ ð3Þð�1Þ ¼ 7;

wð2Þ ¼
X

xðkÞyð2� kÞ ¼ xð0Þyð2� 0Þ þ xð1Þyð2� 1Þ þ xð2Þyð2� 2Þ
¼ ð2Þð0Þ þ ð3Þð5Þ þ ð4Þð�1Þ ¼ 11;

wð3Þ ¼
X

xðkÞyð3� kÞ
¼ xð0Þyð3� 0Þ þ xð1Þyð3� 1Þ þ xð2Þyð3� 2Þ þ xð3Þyð3� 3Þ
¼ ð4Þð5Þ ¼ 20;

wð4Þ ¼ wð5Þ ¼ � � � ¼ 0: ðNote that L ¼ N1 þ N2 � 1 ¼ 3þ 2� 1 ¼ 4Þ

2.3.1.2 Mathematical Representation of Digital Signals and Systems
in the Time Domain

While analog signals are normally specified as a function of continuous-time,
uniformly sampled digital signals are normally represented in the time domain as a
function of the sample number (or the sample count integer). Digital systems are
typically characterized in ways that are similar to those used in the continuous-
time domain. Rather than being represented by a continuous-time impulse
response, a digital system is fully specified by a discrete-time impulse response.
This impulse response is the output of the digital system when the input is the
discrete delta function, d(n). Within this book, the discrete-time impulse response
is denoted by h(n).

The system input/output (I/O) relationship is specified by the discrete linear
convolution of the impulse response h(n) and the input signal x(n):
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yðnÞ ¼ xðnÞ � hðnÞ ¼
X1

k¼�1
xðkÞhðn� kÞ ð2:6Þ

Note For causal digital systems h(n) = 0 for n \ 0.
A graphical illustration of a digital system is shown in Fig. (2.8).

Eigenfunctions of LTI Digital Systems

If the input signal to an LTI digital system is xðnÞ ¼ ejxnTs ¼ ejnX; then the output
is given by:

yðnÞ ¼ xðnÞ � hðnÞ ¼ hðnÞ � xðnÞ ¼
X1

k¼�1
hðkÞejðn�kÞX ¼ ejnX

X1
k¼�1

hðkÞe�jkX:

If one defines HðejXÞ ¼
P1

k¼�1 hðkÞe�jkX; then for an input of ejnX one obtains the
output yðnÞ ¼ ejnXHðejXÞ: Hence, ejnX is an eigenfunction, and the associated
eigenvalue is HðejXÞ (Compare with the analogous result obtained for continuous-
time systems in Sect. 1.2.3.4).

Analyzing the Stability of Digital Systems in the Time Domain

For a digital system to be BIBO stable, the output y(n) should be bounded when
the input x(n) is bounded, i.e.,

jyðnÞj\1 when jxðnÞj\A(which is a finite constant); 8n:

Using the inequality |a ? b| B |a| ? |b|, it follows that

j
X1

k¼�1
xðkÞhðn� kÞj �

X1
k¼�1

jxðkÞjjhðn� kÞj:

If |x(k)| \ AVk, then

jyðnÞj ¼ j
X1

k¼�1
xðkÞhðn� kÞj �A

X1
k¼�1

jhðn� kÞj �A
X1

m¼�1
jhðmÞj;

where m = n - k. Hence, a digital system is BIBO-stable if
P1

k¼�1 jhðkÞj\1:
(Compare with the condition for stability of analog systems found in Sect. 1.2.3.5).

               h ( n )

      Digital System

  y ( n ) = h ( n ) * x ( n ) 

 x ( n ),
Input 
Signal 

  y ( n ),
 Output 
 Signal 

Fig. 2.8 Discrete-time
domain representation of a
digital system
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2.3.2 Frequency-Domain Representation of Digital Signals
and Systems

2.3.2.1 Discrete-Time Fourier Series for Periodic Digital Signals

In the analog domain the continuous-time signal and the Fourier Series are related
according to:

xðtÞ ¼
X1

k¼�1
Xkeþj2pkfot , Xk ¼

1
To

Z To

0
xðtÞe�j2pkfotdt ð2:7Þ

If the analog signal x(t) is sampled with a rate of fs (sampling interval = Ts = 1/fs),
a discrete-time signal x(n) is obtained:

xsðtÞ ¼ xðnÞ ¼
X1

k¼�1
xðt ¼ nTsÞdðtÞ: ð2:8Þ

It will be assumed that the period of the above discrete-time signal is N sam-
ples, where N = To/Ts = fs/fo. If xs(t) is fed into the formula for the Fourier Series
in Sect. 1.2.3.1 one obtains:

Xk ¼ XðkÞ ¼ 1
N

XN�1

n¼0

xðnÞe�j2pkn=N [DFS pair]

The above expression is obtained with the result that
R To

0 dðtÞdt ¼ 1: The equation
linking time domain signals with Fourier series for discrete-time signals is
therefore given by:

xðnÞ ¼
XN�1

k¼0

XðkÞej2pkn=N , XðkÞ ¼ 1
N

XN�1

n¼0

xðnÞe�j2pkn=N[DFS pair]:

Note that, unlike the continuous-time FS, the summation for x(n) in the DFS
does not need to go from -? to ? due to the periodicity of both X(k) and the
discrete exponential ej2p kn/N in k. That is, the DFS coefficients are periodic (with
period N).

2.3.2.2 The Discrete-Time Fourier Transform for Non-Periodic Digital
Signals

Recall from Sect. 2.2 that the formula for the discrete-time Fourier transform
(DTFT) for non-periodic signals is:
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Xsðf Þ ¼ Xðf Þ � Pðf Þ

¼ Xðf Þ � fs

X1
kn¼�1

dðf � kfsÞ ¼
X1

k¼�1
Xðf � kfsÞ

:

The DTFT consists of a sum of scaled and infinitely repeated versions of the
spectrum of the original analog signal, x(t). This is depicted in Fig. (2.3).

2.3.3 The z-Transform

The Laplace transform (LT) was previously seen to be very useful for stability
analysis of continuous-time signals. One can obtain similar stability analysis
capabilities for discrete-time signals by using a discrete-time counterpart to the
LT. If one substitutes the expression for a discrete-time signal, xs(t) into the
expression for the LT in Sect. 1.2.3.3 and simplifies, one obtains the discrete-time
Laplace transform (DTLT):

XðsÞ ¼ XðesTsÞ ¼
X1

n¼�1
xðnÞe�nsTs : ð2:9Þ

The DTLT is, like the DTFT, periodic, and can be shown to have the equivalent
alternative expression:

XsðsÞ ¼ fs

X1
k¼�1

Xðs� jkxsÞ:

where X(s) is the LT of the original analog signal. It is convenient to define a new
variable z ¼ esTs ; which can be substituted into (2.9) to obtain the following
transform:

XðzÞ ¼
X1

n¼�1
xðnÞz�n: ð2:10Þ

The above relation is called the z-transform (ZT). It is evident that the z-transform
is reduced to the Fourier transform if one substitutes z ¼ ejX:

Unlike the DTFT the ZT is not necessarily periodic in the frequency variable.
This non-periodicity is due to the additional factor a in the exponent (esTs ) which
results in a decaying or expanding factor (ea) in the overall transform.

Under certain conditions (that are normally satisfied in practical signals and
systems), the ZT exists as a pair, i.e., there is a z-transform and an inverse
z-transform (IZT). Like the LT, the ZT has a region of convergence (ROC).
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Computation of the IZT can be quite involved as it requires integration in the
complex z-plane. For this reason, it is advisable to use Tables to determine the
IZT.

2.3.3.1 The Single-Sided ZT

As with the LT, one can define double-sided and single-sided transforms. Mim-
icking the approach used for the LT, this book will focus only on the single-sided
ZT, which is defined as:

XðzÞ ¼
X1
n¼0

xðnÞz�n : ð2:11Þ

Example (1) If x(n) = an u(n), then its ZT is given by:

XðzÞ ¼
X1
n¼0

xðnÞz�n ¼
X1
n¼0

anz�n ¼
X1
n¼0

ðaz�1Þn

¼ 1� ðaz�1Þ1

1� az�1
½from Tables; Formula 10� ¼ 1

1� az�1
¼ z

z� a
ðif jzj[ aÞ:

:

Figure (2.9) shows this function for a = 3.

Example (2) If x(n) = u(n), then from Example (1), its ZT is given by z/(z - 1)
for |z| [ 1, i.e., the ROC is |z| [ 1).

Example (3) If x(n) = d(n), then it ZT is given by XðzÞ ¼
P1

n¼0 dðnÞz�n ¼
1þ 0þ 0þ � � � ¼ 1:

  Re ( z )

  Im ( z )

  | X ( z ) |Fig. 2.9 A plot of the mag-
nitude of the z-transform
X(z) = z/(z - a) for a = 3
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2.3.3.2 The Time-Shift Property of the ZT

Assume that y(n) = x(n - M), i.e., assume that y(n) is a time delayed version of
x(n) with the delay being M samples. Then:

YðzÞ ¼
X1
n¼0

yðnÞz�n ¼
X1
n¼0

xðn�MÞz�n:

Letting k = n - M and assuming that x(k) = 0 for k \ 0 gives

YðzÞ ¼
X1

k¼�M

xðkÞz�k�M ¼ z�M
X1
n¼0

xðkÞz�k ¼ z�MXðzÞ :

That is, a delay of M samples in the time-domain corresponds to a multiplication
by z-M in the z-domain.

2.3.3.3 Relationship Between the FT and ZT of a Discrete-Time Signal

It has been seen previously that to retrieve the FT from the LT, one substitutes
s = jx. In similar fashion one can recover the DTFT from the ZT by putting
z ¼ esTs ¼ ejxTs : Since jejxTs j ¼ 1; the DTFT is effectively the ZT evaluated along
the unit circle of the complex z-plane, i.e., along |z| = 1.

It should be noted that FT plots are in general 2-D, while LT and ZT plots are
3-D. The extra dimension is due to the additional variable, a in the LT and ZT
formulations.

2.3.3.4 Relationship Between the LT and the ZT for Discrete-Time Signals

Recall that the ZT is obtained from the LT by making the assignment z ¼ esTs

¼ eðaþjxÞTs : Since z ¼ esTs ¼ eðaþjxÞTs ¼ eaTs ejxTs ; the magnitude of z is r ¼ jzj
¼ eaTs and the phase of z is:

h ¼ tan�1 ImðzÞ
ReðzÞ

� �
¼ tan�1 sinðxTsÞ

cosðxTsÞ

� �
¼ xTs

(using Euler’s formula to expand ejxTs ).
Hence, the z ¼ esTs ¼ eðaþjxÞTs assignment inherent in the Laplace to z-trans-

form mapping causes the imaginary axis in the s-plane (i.e., s = 0 ? jx) to map to
the circumference of the unit circle in the z-plane (i.e., |z| = 1). This is illustrated
graphically in Fig. (2.10). The left half of the s-plane (with a\ 0) is transformed
into the interior of the unit circle in the z-plane (i.e., |z| \ 1), while the right half of
the s-plane is transformed into the exterior of the unit circle (i.e., |z| [ 1).
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Note that this relation is not a general relation between analog and digital
representations. It is only applicable to s-plane and z-plane representations of
discrete-time signals, since it is based on the relation between the DTLT and
ZT.

2.3.4 Mathematical Representation of Signals and Systems
in the Frequency Domain

A discrete-time signal x(n) can be represented by its DTFT in the frequency
domain . Similarly, a digital system with impulse response h(n) can be represented
in the frequency domain by its transfer function, Hsðf Þ ¼ HðejxTsÞ ¼ HðejXÞ ¼
which is the DTFT of its impulse response h(n) [See Fig. (2.11)].

Recall that characterization of the system function is achieved in the time
domain via the impulse response. The output of a system can be obtained for a
given input via discrete linear convolution of the impulse response with the input:

yðnÞ ¼ hðnÞ � xðnÞ

In the frequency domain, the system function information is contained in the
transfer function. The system output for a given input is found by multiplying the
transfer Hs(f) by the DTFT of the input signal Xs(f):

Ysðf Þ ¼ Hsðf Þ � Xsðf Þ;

where Ys(f) = DTFT[y(t)] and Xs(f) = DTFT[x(t)]. This relation can also be
written with the alternative notation YðejXÞ ¼ HðejXÞ � XðejXÞ; where X ¼ xTs: A
similar relation is obtained in the z-domain:

YðzÞ ¼ HðzÞ � XðzÞ:

 0   α

  jω

 s−plane

 0  Re ( z )

 Im ( z )

 | z | = 1
 Unit Circle

 (−1,0)  (1,0)

 z−plane

Fig. 2.10 Mapping the s-plane onto the z-plane using z ¼ esTs
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Again, analogously to the continuous-time case, convolution in the discrete-
time domain is transformed into multiplication in both the frequency domain and
the z-domain:

xðnÞ � yðnÞ !Z XðzÞ � YðzÞ ð2:12Þ

xðnÞ � yðnÞ !Z XðzÞ � YðzÞ ð2:13Þ

(See also Tables, z-Transform Pairs and Theorems).

2.3.4.1 Relationship Between the ZT Transfer Function and the Frequency
Response

The (periodic) frequency response HsðxÞ ¼ HðejxTsÞ of a digital system can be
obtained from its ZT-transfer function H(z) with the substitution z ¼ ejxTs as
follows:

HðejxTsÞ ¼ HðzÞjz¼ejxTs :

2.3.4.2 Stability of Digital Systems in the z-Domain

It has been shown previously that a digital system is BIBO-stable if its impulse
response is absolutely summable, i.e., if

P1
k¼�1 jhðkÞj\1: Practically it is often

difficult to analyze the system stability in this way. Equivalently, a causal digital
system is BIBO-stable if and only if all the poles of its z-transfer function H(z) are
inside the unit circle (i.e., |zp| \ 1, where zp is the location of the pth pole in the z-
plane). [Note that this condition is for causal digital systems only, otherwise the
condition would be that the ROC of H(z) should contain the unit circle].

Example (1) If the system impulse response is h(n) = an u(n), then its z-transfer
function is H(z) = z/(z - a) [from Tables. This system has a zero at z = 0, and a
pole at z = a. It is BIBO-stable if |a| \ 1, i.e., if the pole is within the unit circle

    H
s
 ( f ) = H ( ejΩ )

       Digital System

  Y
s
 ( f ) = H

s
 ( f ) . X

s
 ( f ) 

  [or: Y ( ejΩ ) = H ( ejΩ ) . X ( ejΩ ); where Ω = ωT
s
] 

  X
s
 ( f ) = Y ( ejΩ ),
 Input 
 Spectrum 

  Y
s
 ( f ) = X ( ejΩ ),

 Output 
 Spectrum 

Fig. 2.11 Frequency-domain representation of a discrete-time system
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Example (2)) The difference equation that describes the recursive system in Fig.
(2.12) is given by:

yðnÞ ¼ xðnÞ þ byðn� 1Þ; ð2:14Þ

where, b is a multiplicative constant (gain). Taking the ZT of both sides of (2.14)
yields:

YðzÞ ¼ XðzÞ þ bz�1YðzÞ:

Re-arranging terms leads to

½1� bz�1�YðzÞ ¼ XðzÞ:

)HðzÞ ¼ YðzÞ
XðzÞ ¼

1
1� bz�1

¼ z

z� b

:

From Tables (z-Transform Pairs), the IZT is h(n) = bnu(n).

The system frequency response is:

HðxÞ ¼ HðzÞjz¼expðjxTsÞ

¼ ejxTs

ejxTs � b
¼ ej2pfTs

ej2pfTs � b
¼ ej2pf=fs

ej2pf=fs � b

¼ ej2pm

ej2pm � b
¼ ejX

ejX � b

where m = f/fs and X ¼ 2pm are the normalized cyclic frequency and normalized
angular frequency, respectively. The magnitude and phase responses are:

HðxÞj ¼ jHðejxTsÞj ¼ jejxTs j
jejxTs � bj ¼

1
j½cosðxTsÞ � b� � j sinðxTsÞj

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½cosðxTsÞ � b�2 � ½sinðxTsÞ�2

q \HðxÞ

¼ \HðejxTsÞ ¼ � tan�1 b sinðx � TsÞ
1� b cosðx � TsÞ

� �

As a special case, let b = 0.5 and fs = 1 Hz (i.e., Ts = 1 s). At f = 0.1 Hz (i.e.,
x = 2p(0.1) = 0.6283rad/s), the magnitude response is jHðejxTsÞj ¼ 1:506 and

  b  z−1

 x ( n )    y ( n )
Fig. 2.12 An example of a
recursive digital system
(leaky integrator)
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the phase response is \HðejxTsÞ ¼ �0:458 rad. Figure (2.13) shows the magnitude
and phase response of this system as a function of the normalized frequency.
If one needs to recover the actual response versus frequency from the normalized
frequency response one simply scales the frequency axis by fs.

From Fig. (2.13) one can see that the shape of the transfer function is that of a
LPF; the circuit is in fact what is sometimes referred to as a leaky integrator. If
b = 1, it would be an integrator, as will be seen later.

2.4 A Discrete-Time and Discrete-Frequency Representation

The DTFT of a discrete-time signal x(n) is still continuous in the frequency var-
iable, and hence it is not possible to implement with practical digital technologies
such as computers. It is necessary, then, to find a discrete-time and discrete-
frequency representation for practical analysis. This doubly discrete representation
will be referred to as the Discrete Fourier Transform (DFT).

2.4.1 The Discrete Fourier Transform

In practice one has to restrict oneself to computing the Fourier transform at a
limited number of representative sample frequencies. It was seen previously that
with appropriate precautions no information is lost provided that certain require-
ments on the sampling rate are met. In particular, it is necessary that the sample
rate in the time domain is at least twice as high as the highest frequency com-
ponent present in the analog signal. It will be seen here that there is an analogous
result for frequency domain sampling—one does not lose any information by
sampling in the frequency domain, provided that certain conditions are met on the
frequency sampling rate.

  ν =  f / f
s

  | H ( e j 2 π  v ) |

 2

 0.5  − 0.5   1  − 1 

  ν =  f / f
s

 θ , rad/s
 π

  −π
 0.5  − 0.5   1  − 1 

Fig. 2.13 Magnitude and phase response of a leaky integrator
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Consider now the problem of sampling the DTFT in the frequency domain. It is
assumed that the frequency sampling is uniform, and that the spacing between
samples is Fs. Now it is critical that this frequency domain sampling does not lead
to information loss. That is, it is necessary for the time domain signal to still be
perfectly recoverable, despite this sampling.

It is now required to determine the maximum frequency sampling interval
which ensures no loss of information. Assume initially that this rate is Fs = fs/
N. This choice implies that the number of samples in the frequency domain is the
same as the number of samples in the time domain. Then the resulting DFT is
defined by:

XsðkÞ ¼
XN�1

n¼0

xsðnÞe�j2pkn=N :

Now consider the inverse Fourier Transform of Xs(k). By using an analysis very
similar to that done in Sect. 2.3.2.1 it is possible to show that the inverse is given
by:

xpðnÞ ¼
1
N

X1
k¼�1

XsðkÞej2pkn=N () XsðkÞ ¼
XN�1

n¼0

xpðnÞe�j2pkn=N

Now it is important to realize that both Xs(k) and e-j2pkn/N are periodic, and
because of this periodicity, xp(t) is also periodic, with period N. This indicates that
just as sampling in the time domain causes periodicity in the frequency domain, so
sampling in the frequency domain causes periodicity in the time domain. Fur-
thermore, with a frequency sampling interval of Fs = fs/N the periodicity is seen
to be N, which is just adequate to prevent the time domain images from ‘‘running
into each other’’. That is, the frequency sampling interval of Fs = fs/N is just
enough to prevent time-domain aliasing. If the sampling interval were any greater
aliasing in the time domain would occur.

In summary then, sampling in the time and frequency domains causes repetition
in both domains. The DFT is normally obtained from the DTFT by sampling at a
rate of Fs = fs/N, because this is just enough to avoid time-domain aliasing. With
this sample rate the number of samples in both the time and frequency domains is
N. Although the time and frequency domains both repeat doubly discredited
systems, it is common to only display one image. With this in mind the usual
definitions for the DFT and inverse DFT (IDFT) are:

xðnÞ ¼ 1
N

XN�1

k¼0

XðkÞej2pkn=N () XðkÞ ¼
XN�1

n¼0

xðnÞe�j2pkn=N : ð2:15Þ

Note that

IDFTfDFT ½xðnÞ�g ¼ 1; ð2:16Þ

that is, the DFT and IDFT are reversible transforms.
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2.4.1.1 Approximation of the FT Using DFT

The DFT can be used to approximate the original (continuous-time) FT. The
quality of the approximation depends largely on the sampling rate used in the time
domain. As long as the time domain sampling rate is greater than the highest
frequency present in the original analog signal, and the frequency domain sam-
pling rate is Fs = fs/N, the approximation is perfect.

The effectiveness of the DFT for approximating the Fourier Transform derives
from the fact that the DFT is simply a sampled version of the DTFT, which is in
turn a scaled and periodic version of the FT (see Sect. 2.3.2.2).

2.4.1.2 Relationship Between the DFT and the DFS Coefficients

A simple comparison between the DFS of a periodic sequence (with period N) and
the DFT of one period of this sequence reveals that the two related by a simple
multiplicative constant:

Xk;DFS ¼ Xk;DFT=N; ð2:17Þ

where Xk,DFS is the pertinent DFS coefficient and Xk,DFT is the corresponding DFT
sample. This is reminiscent of a similar relation in the analog domain, where the
FS coefficients of a periodic signal (of period =To) are related to the FT of a single
period of the same signal according to:

Xk ¼ X1pðf Þ=To jf¼kfo ; ð2:18Þ

where Xk is the pertinent FS coefficient DFS and X1pðf Þ jf¼kfo is the corresponding
FT value.

2.4.1.3 The Fast Fourier Transform

Calculation of the Discrete-Fourier Transform directly according to the definition
in (2.15) requires of the order of N2 computations, i.e, it requires O(N2) arithmetic
operations. These calculations cannot normally be done in real-time, as is required
for many practical applications. For this reason many scientists and engineers have
sought alternative techniques for rapidly calculating the DFT. The first to devise an
efficient algorithm was probably Gauss, but his work went largely un-noticed until
about 1990. In 1965, however, the so-called Fast Fourier Transform (FFT) was re-
invented and popularized. [see J. W. Cooley and J. W. Tukey, ‘‘An algorithm for
the machine calculation of complex Fourier series,’’ Mathematics of Computation,
vol. 19, pp. 297–301, 1965]. In contrast to calculation via the direct definition, the
FFT algorithm can be implemented in O(N log(N)) operations. This algorithm
provided not only economy of time in run-time operation, but also economy of
computational and storage elements in hardware for DFT implementation.
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The FFT algorithm can generally support real-time processing (at least on
modern computers and DSP chips).

MATLAB the Fast Fourier Transform algorithm is available on MATLAB as
fft.

2.4.1.4 Circular Convolution and Its Relation to the Linear Convolution

In time and frequency discretized systems the time domain signal and the fre-
quency domain signal are both periodic. Within these doubly discretized systems,
it is not only the input signal which is periodic, but also the impulse response and
frequency transfer function. To appreciate the implications of this last fact, con-
sider two time-domain signals x(n) and h(n) which are both periodic. Their linear
convolution

xðnÞ � hðnÞ ¼
X1

k¼�1
xðkÞhðn� kÞ ð2:19Þ

diverges in general (i.e., does not exist). This is because both signals are infinitely
long and so the sum within (2.19) can easily be infinite. With periodic signals,
therefore, it is more natural to define a modified form of convolution known as
circular convolution. As will be seen subsequently, this is the kind of convolution
which is implemented implicitly in doubly discretized systems.

Assuming that two signals have identical periods of length N, then one con-
siders only one period of each signal and defines circular convolution as:

xðnÞ � hðnÞ ¼
XN�1

k¼0

xðkÞh½ðn� kÞN �;

where pN = p modulo N for any integer p. The circular convolution xðnÞ �
hðnÞ�� > is also periodic with the same period N.

Recall that the linear convolution of two non-periodic finite-length signals
x(n)*h(n) has length L = Nx ? Ny - 1. If one desires therefore to have xðnÞ �
yðnÞ ¼ xðnÞ � hðnÞ over one period of the periodic signals x(n) and h(n), then one
has to artificially extend the length of both signals by zero-padding both x(n) and
h(n) to be of length L = Nx ? Ny - 1. That is, one adds extra samples to x(n) and
h(n), with these samples having the value 0.

2.4.1.5 I/O Relations Using Circular Convolution and the DFT

One of the key areas of application for the DFT is digital filtering. In DFT based
digital filtering one has an input signal x(n) and an impulse response h(n), and the
filtered output y(n) is given by the convolution of x(n) and h(n). Implementation of
the filtering in the time domain, however, requires O(N2) operations, assuming
both x(n) and h(n) have N samples. One can take advantage of the efficiency of the
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FFT algorithm and implement the filtering in the frequency domain instead. This
alternative is discussed in the following paragraphs (Fig. 2.14).

Since convolution in the time domain is equivalent to multiplication in the
frequency domain, it is tempting to

1. take the FFTs of x(n), and h(n) to obtain X(k) and H(k), respectively,
2. multiply X(k) and H(k) together to obtain Y(k), and
3. then take the inverse FFT to obtain yc(n).

This three-step procedure, however, would yield the wrong result in general. To
see why the procedure is flawed, imagine that x(n) and h(n) are both N samples
long. Then X(k), H(k), Y(k) and yc(n) would all be N samples long as well. Since
yc(n) is supposed to be the convolution of x(n) and h(n), however, it should be
N ? N - 1 samples long rather than N samples.

The reason for the flaw in the three step procedure above is that multiplication in
the DFT (or FFT) domain implicitly corresponds to circular convolution in the time
domain. For true filtering to occur, one must have linear convolution rather than
circular convolution, and so one must zero-pad both x(n) and h(n) to be of at least
length L = Nx ? Nh - 1, where Nx is the length of x(n) and Nh is the length of h(n).
If one performs this zero-padding, the circular convolution inherently implemented
in the FFT domain becomes equivalent to linear convolution in the time domain.

2.5 Signal Correlation, Power, and Energy

2.5.1 Definitions

This subsection presents formulae for correlation, power, and energy of discrete-
time signals. These formulae are analogous to those for analog signals, but with
integrations changed to summations. The formulae are presented below.

2.5.1.1 Autocorrelation of Non-Periodic Discrete-Time Energy Signals

RxðkÞ ¼
X1

n¼�1
xðnÞx�ðnþ kÞ:

 H ( k ) = DFT [ h ( n ) ]

      Digital System

  y ( n ) = x ( n )  h ( n ) 

  Y ( k ) = X ( k ) .  H ( k ) 

 x ( n )

 X ( k ) 

  y ( n )

  Y ( k ) 

Fig. 2.14 I/O relations in a
digital system
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2.5.1.2 Autocorrelation for Periodic Discrete-Time Power Signals

RxðkÞ ¼
1
N

XN�1

n¼0

xðnÞx�ðnþ kÞ;

where N is the signal period.

2.5.1.3 Energy in Non-Periodic Discrete-Time Energy Signals

RxðkÞ ¼
X1

n¼�1
TsjxðnÞj2

Compare the above formula with the corresponding formula for analog signals:

E ¼
R1
�1 jxðtÞj

2dt:

2.5.1.4 Power in Periodic Discrete-Time Power Signals

P ¼ 1
N

XN�1

n¼0

jxðnÞj2:

2.5.1.5 Parseval’s Theorem

For periodic signals: P ¼ 1
N

XN�1

n¼0

jxðnÞj2 ¼
XN�1

k¼0

jXðkÞj2|fflfflffl{zfflfflffl}
PSD

:

For non-periodic signals: E ¼
X1

n¼�1
TsjxðnÞj2 ¼

Z fs

0
T2

s jXsðf Þj2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ESD

df ;

where Xs(f) = X(ej2pf Ts) is the DTFT.

2.5 Signal Correlation, Power, and Energy 87



2.5.1.6 The Wiener-Kinchin Theorem

For periodic signals: RxðkÞ !jXkj2|ffl{zffl}
PSD

:

For non-periodic signals: RxðkÞ !T2
s jXsðf Þj2|fflfflfflfflfflffl{zfflfflfflfflfflffl}

ESD

;
:

2.6 Digital Filters and Their Applications

The advancement of digital computers during the 1960s paved the way for many
analog electronic circuits to be emulated in digital computers. The advantages of
this kind of digital emulation are many—greater accuracy, greater flexibility,
lower cost, lower power requirements, greater reproducibility, etc. This section of
the book focuses on a particular type of digital emulation-namely the emulation of
conventional filters with digital computer hardware. This type of emulation is
commonly referred to as digital filtering.

2.6.1 Ideal Digital Filters

Ideal digital LP, HP, BP, and BS filters can be defined by simple analogy with
analog filters. In exploiting the similarities between digital and analog filters,
however, it is also important to keep in mind that there are some key differences.
One of the key differences is that there is a periodicity in the frequency response of
digital filters.

2.6.1.1 Mathematical Formulation

The Digital LPF

The transfer function of a digital LPF over the principal frequency domain
(- fs/2, fs/2) is given by

HLðf Þ ¼ HLðej2pfTsÞ ¼ 1; 0� jf j � fc
0; fc� jf j � fs=2:

�

[see Fig. (2.15)].
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Digital Filter Transformations in the Time-Domain

Similar definitions to that of the LPF can be created for HPF, BPF, and BSF filters,
These definitions are provided below, and illustrative plots for the corresponding
transfer functions are provided in Fig. (2.15).

1. LP! HP : from Fig. (2.15) it is seen that the transfer function of a HPF with
cutoff frequency fc is a spectrally-shifted version of a LPF with the same cutoff
frequency, i.e.,

HHðf Þ ¼ HLðf 	 fs=2Þ;
X1

n¼�1
hHðnÞe�j2pnfTs ¼

X1
n¼�1

hLðnÞe�j2pnðfþfs=2ÞTs

¼
X1

n¼�1
hLðnÞð�1Þne�j2pnfTs

ð2:20Þ

noting that e-j2pn (fs/2)Ts = e-jnp = (- 1)n. A simple examination of the above
equation indicates that:

hHðnÞ ¼ ð�1ÞnhLðnÞ:

i.e., the impulse response of a highpass filter can be obtained from a lowpass one
by simply inverting every second sample.
2. LP ? BP: from Fig. (2.15) it is apparent that:
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Fig. 2.15 Transfer functions of ideal digital filters
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HBPðf Þ ¼ HLðf þ foÞ þ HLðf � foÞ:

where fo = (f1 ? f2)/2 and the cutoff frequency of the LPF HL(f) is fc = (f2 - f1)/2.

) hBPðnÞ ¼ 2 cosð2pnfo=fsÞhLðnÞ½from Tables�:

3. BP ? BS: From Fig. (2.15) one can see that HBs(f) = 1 - HBP(f), hence,

hBSðnÞ ¼ dðnÞ � hBPðnÞ ¼
1� hBPð0Þ; n ¼ 0
�hBPðnÞ; n 6¼ 0:

�

2.6.2 Linear-Phase Systems

Ideally, it would be convenient if a filter had

1. a magnitude response which did not vary with frequency,and so introduced no
amplitude distortion,

2. a zero phase response and hence had no phase distortion.

However, these ideals are not achievable in practical filters. A zero phase
response implies that the filter’s impulse response is symmetric about n = 0 and
this in turn implies that the filter is non-causal (see Sect. 1.5.1). Practical filters
cannot be non-causal and cannot therefore have zero phase response.

A practical impulse response can be obtained from the ideal (non-causal)
impulse response by inserting a delay which positions all (or nearly all) of the
impulse response after n = 0. This delay introduces a linear phase shift to the
transfer function according to Fourier and z-transform Tables:

hðn� PÞ !F HðzÞz�P ) HðejxTsÞejxPTs ¼ Hðej2pfTsÞej2pfPTs :

The introduced phase shift is linear with negative slope.
Since a linear phase change in the frequency domain corresponds to a simple

time-delay in the time domain, it does not cause any change to the overall shape of
the filtered signal. This essentially means that no phase distortion occurs. On the
other hand, a non-linear phase response can damage the information content of a
signal. Therefore, it is desirable in the practical design of a digital filter to aim for a
linear phase. Generally, the transfer function of a linear phase digital system is
given by:

HðejxTsÞ ¼ jHðejxTsÞjejxs ¼ AðejxTsÞejxs

where AðejxTsÞ is real (i.e., is a zero-phase system), and the phase shift is linear and
is given by / = xs, where s is a constant).
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2.6.3 Classification of Digital Filters

Digital filters can be classified into two major categories according to their impulse
response length:

1. A finite impulse response (FIR) digital filter: has an impulse response with a
finite number of non-zero samples.

2. An infinite impulse response (IIR) digital filter: has an impulse response with an
infinite number of non-zero samples.

2.6.4 FIR Digital Filters

2.6.4.1 Structure and Implementation of FIR Filters

A causal FIR filter can be specified mathematically by the following difference
equation [see Fig. (2.16)]:

yðnÞ ¼ hðnÞ � xðnÞ;

¼
XN�1

k¼0

hðkÞxðn� kÞ

¼ h0xðnÞ þ h1xðn� 1Þ þ � � � þ hN�1x½n� ðN � 1Þ�

where hk is used in place of h(k) for notational simplicity. Taking the z-transform
of both sides yields:

YðzÞ ¼ h0XðzÞ þ h1z�1XðzÞ þ � � � þ hN�1z�ðN�1ÞXðzÞ½Using Tables�:

Hence, the transfer function is given by:

HðzÞ ¼ YðzÞ=XðzÞ ¼ h0 þ h1z�1 þ � � � þ hN�1z�ðN�1Þ ð2:21Þ
Remembering that a z-1 corresponds to a single sample delay, one can imple-

ment the causal FIR filter using delay elements and digital multipliers as shown in
Fig. (2.16).

2.6.4.2 Software Implementation of FIR Filters

The I/O relation in (2.6) could easily be implemented using a software program on
a DSP chip or a digital computer. However, implementation according to the
definition in (2.6) would require O(Nh Nx) operations. As suggested in
Sect. 2.4.1.5, a more efficient implementation is possible in the frequency domain
with the use of FFTs. One uses the relations:
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YðkÞ ¼ XðkÞ � HðkÞ�!ifft yðnÞ ¼ Y�1ðkÞ:

remembering that it is necessary to zero-pad both the input signal and impulse
response up to Nx ? Nh - 1 samples so as to avoid undesirable circular convo-
lution effects.

2.6.4.3 FIR Filtering of Long Data Sequences

In many applications (e.g., speech processing), the signal x(n) can be very long. In
this case, one cannot perform FIR filtering using the above technique efficiently
since the fft computation time would be very large. Also, saving all of the input
data would put a significant strain on the computer memory. Furthermore, real-
time processing would be impossible since it would be necessary to wait until the
end of the signal to start processing. Instead one can exploit the fact that an FIR
filter is a linear system, and obeys the superposition property. Hence, one can
partition the data record x into a sequence of blocks, each of relatively small length
K, noting that K [[ M, M being the filter length. Each of these blocks can be
filtered separately and the resulting outputs combined to yield an overall output.
The process is called the overlap-add method and is illustrated in Fig. (2.17).

MATLAB the above overlap-add method could be implemented on MATLAB
using the instruction fftfilt(x,h), where x is the signal and h is the FIR filter
impulse response.

2.6.4.4 Pole-Zero Diagram and Stability of FIR Filters

The FIR transfer function in (2.21) can be written as:

HðzÞ ¼ YðzÞ=XðzÞ ¼ 1
zN�1

� �
½h0zN�1 þ h1zN�2 þ � � � þ hN�1�;

which shows that an FIR filter with impulse response of length N has N - 1 zeros
and a multiple pole of order N - 1 at the origin (z = 0) (Since this multiple pole is
inside the unit circle, it poses no stability problems).

             h ( n )

    Digital  FIR  Filter

 y ( n ) = x ( n ) * h ( n ) 

  x ( n )   y ( n )

  z−1   z−1   z−1

  h
o

  h
1

  h
2    h

2M

  y ( n )

 x ( n )

Fig. 2.16 A finite impulse
response (FIR) digital filter
and its implementation (with
N = 2M ? 1) being odd
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MATLAB the pole-zero diagram can be plotted on MATLAB using
zplane(A,B), where A and B are the numerator and the denominator polyno-
mials coefficients (in descending powers of z). See also the example pole-zero plot
for the Digital Differentiator in Sect. 2.6.6.3.

2.6.4.5 Linear-Phase FIR Filters

A sufficient (but not necessary) condition that a FIR filter of impulse response
h(n) with length N is a linear-phase system is that h(n) is either:

1. that the impulse response is symmetric around the midpoint of the filter, i.e.,
h(n) = h(N - n - 1), or:

2. that the impulse response is anti-symmetric around the mid-point of the filter,
i.e., h(n) = - h(N - n - 1).

x1 x2 x3
Input
Data

K

x1z1 0

M-1

x2z2 0

M-1

x3z3 0

M-1

K K

y11y1 y12

M-1
Output

Data

y22y2 y23

M-1

y32y3 y33

M-1

y21

y31

y = [ y11      y12+y21      y22      y23+y31      y32      y33]

Fig. 2.17 Overlap-add method for processing long data sequence
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If N is an odd integer, i.e., N = 2M ? 1, the midpoint of symmetry is
no = M. If N is an even integer, i.e., N = 2M, the midpoint of symmetry is
no ¼ M � 1

2 [see Fig. (2.18)].
The frequency response of a linear phase FIR filter (symmetric or anti-sym-

metric) is given by:

HðejxTsÞ ¼ HðzÞ jz¼expðjxTsÞ

¼ AoðxÞe�jxTsMþja; N ¼ 2M þ 1(odd); a ¼ 0 or p

AeðxÞe�jxTsðM�1=2Þþjb; N ¼ 2M(even); b ¼ 0 or p

� ð2:22Þ

where Ao(x) and Ae(x) are arbitrary real-valued functions.

Example If h(n) = d(n) ? d(n - 1), then:

N ¼ 2; M ¼ 1; ; no ¼ ðN � 1Þ=2 ¼ M=2 ¼ 1
2
; and

HðejxTsÞ ¼ 1þ e�jxTs ¼ 2e�jxTs=2½ðejxTs=2 þ e�jxTs=2Þ=2�
¼ 2e�jxTs=2 cosðxTs=2Þ:

Hence, the magnitude response is given by AeðejxTsÞ ¼ 2j cosðxTs=2Þj; and the
phase response is / = - xTs/2.

In the z-domain, the system function is H(z) = 1 ? z-1 = (z ? 1)/z, so that there
is a pole at z = 0 and a zero at z = - 1 [see Fig. (2.19)]. It is essentially a LPF. [As
an exercise plot the frequency response vs. true frequency f (Hz) or x (rad/s)!]. The
pole-zero diagram can be found on MATLAB using zplane(A,B), where
A=[1 1] and B=[1 0].

2.6.4.6 Efficient Hardware Implementation of Linear Phase FIR Filters

Recall that the transfer function of a general FIR filter of length N is:

  n
o
 = M = 3

                     1            1 
  n

o
 = M −       = 2    

                     2            2 

   N = 7 (odd)     N = 6 (even)   

    n        n    

   h ( n )       h ( n )    

(a) (b)
 0 1 2 3 4 5 6 0 1 2 3 4 5

Fig. 2.18 Symmetric impulse response for a FIR filter. a odd length. b even length
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HðzÞ ¼ YðzÞ=XðzÞ ¼ h0 þ h1z�1 þ � � � þ hN�1z�ðN�1Þ:

A straightforward hardware implementation which follows directly from the
expression in (2.21) is shown in Fig. (2.16). If the filter is designed to have linear
phase (as many FIR filters are), then its impulse response is typically symmetric or
anti-symmetric and one can exploit this symmetry to halve the number of coef-
ficient multipliers. These elements are generally costly and consume a lot of
hardware resources. An efficient implementation which takes advantage of the
coefficient symmetry is shown in Fig. (2.20) for odd and even length impulse
responses.

2.6.5 Design of FIR Digital Filters

2.6.5.1 Time-Domain Design

The frequency response of an ideal digital LPF over the principal frequency
domain (- fs/2,fs/2) is given by:

HLðf Þ ¼ HLðej2pfTsÞ ¼ 1; 0� jf j � fc
0; fc� jf j � fs=2:

�

The impulse response of this filter can be obtained from (see Tables to be:

hLðnÞ ¼
2fc
fs

sinc
2fc

fs
n

� �
:

This impulse response and its Fourier transform are depicted in Fig. (2.21).
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Fig. 2.19 Impulse and frequency response of the filter hðnÞ ¼ dðnÞ þ dðn� 1Þ
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Since there are non-zero values of h(n) for for n \ 0, the ideal LPF is non-
causal, and is hence physically unrealizable. It cannot therefore be used to process
real-time signals. In addition,

P
jhLðnÞj ! 1; and so the filter is also unstable.

Since -?\ n \?, the ideal LPF is an IIR filter. A practical 2M ? 1 sample
FIR approximation to the ideal LPF can be obtained by first shifting hL(n) right by
M samples to get H1(n) = hL(n - M). Note that this time-shift causes only a phase
shift in the frequency domain (see Tables, Fourier Transform Properties), and
hence |H1(f)| = |HL(f)|. Second, h1(n) needs to be truncated (symmetrically around
n = M) by putting h1(n) = 0 for n \ 0 or n [ 2M (total length is N = 2M ? 1).
This process yields a finite impulse response hLt(n), which is symmetric about
n = M, as shown in Fig. (2.22) for the scenario where M = 5, N = 11, fc = 1.25,
and fs = 5 Hz.

As would be expected intuitively, larger values of M tend to give rise to
better approximations of the ideal impulse response. It is important to note that
when the original infinite length time domain impulse response is truncated, the
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Fig. 2.20 Efficient imple-
mentation of a linear-phase
FIR digital filter with sym-
metric impulse response
h(n) a with odd length
N = 2M ? 1, b with even
length N = 2M
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effect on the frequency domain is a reduction in the sharpness of the transition
band. In particular there is an introduction of ripples into the transfer function
HLt(f), with the appearance of these ripples often being referred to as the Gibbs
Phenomenon [see (Fig. 2.23)]. This phenomenon is discussed further in the next
subsection.
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Fig. 2.21 Transfer function of the ideal digital LPF and its impulse response
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Fig. 2.22 Magnitude and impulse responses of a practical digital LPF, where the impulse
response is obtained by truncating the ideal response using a rectangular time window
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Gibbs Phenomenon

The Gibbs phenomenon pertains to the oscillatory behavior in the frequency
response corresponding to a truncated digital impulse response sequence. In
the previous subsection the approximated impulse response was obtained by
truncating a shifted version of the ideal low-pass impulse response (h1(n) =

hL(n - M)) to get the truncated impulse response hLt(n).This truncation process is
equivalent to multiplying h1(n) in the time domain by a rectangular time window
wr(n) = PN(n - M). This time window has a Fourier transform of the form

Wrðf Þ ¼ N
sincðNf=fsÞ
sincðf=fsÞ

e�jM2pf=fs ;

which is a sinc-like frequency function with a major lobe and many side lobes as
seen in Fig. (2.23). This multiplication in the time domain is equivalent to con-
volving H1(f) with Wr(f) in the frequency domain. This convolution with a function
having substantial side-lobes is the reason for the oscillations which appear in the
magnitude response.

To reduce the effect of the oscillations in HLt(f), one can multiply the ideal
impulse response with a non-rectangular window which has lower amplitude side-
lobes. Some suitable windows include the Hamming window, the Hanning win-
dow, the Blackman window, the Gaussian window and the Kaiser window [1] If
one does use this kind of smooth windowing one typically needs a longer impulse
response to have an equivalent quality of approximation.
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Fig. 2.23 The rectangular time window and its magnitude spectrum (with total length N = 11
points, mid-point M = (N - 1)/2 = 5 points, and sampling frequency fs = 5 Hz)
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General formula

A general formula may be used to describe many smooth windows used in
practice. This formula is: wðnÞ ¼ aþ b � cosðnp=MÞ þ c � cosð2np=MÞ; 0� n
� 2M length 2M ? 1

Some common smooth windows conforming to this formula are listed in
Table 2.1 and Fig. (2.24).

2.6.5.2 Frequency-Domain Design

So far the design of FIR filters has focused on approximating the desired impulse
response (i.e., the time-domain characterization of the filter). An alternative
approach is to design the filter by approximating the desired filter transfer function
(or frequency representation). This is the approach that is used in the so-called
frequency sampling method described next.
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Fig. 2.24 Rectangular and Hanning windowing of the impulse response of an ideal digital LPF
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A. Design of FIR Digital Filters by Frequency-Sampling

A intuitively appealing approach to designing a FIR filter is to simply take the
desired frequency transfer function and then inverse Fourier transform to find the
filter’s impulse response. Within a digital computer, however, one cannot specify
the Fourier transform, only the samples of the desired Fourier transform. In other
words one can define the samples of a desired frequency response HdðejxTsÞ ¼
HdðejXÞ; then use the IDFT to find the impulse response h(n). Often in digital
filters it is the transition band which is particularly critical and so it is necessary
to specify this portion of the transfer function most accurately. This implies that
one needs to have one or more samples within the transition band if one is to
achieve good filter designs. It is also important to note that if one seeks to
specify too sharp a transition band one will be confronted by the Gibbs Phe-
nomenon-substantial ripple will then manifest in both the pass-band and the stop-
band.

Example The goal is to design a 33rd order LPF with cutoff frequency fc = fs/4
(or, Xc ¼ 2p=4 ¼ p=2). With the frequency sampling method it is necessary to use
a 33-point DFT to define the samples of the desired frequency response HdðejxTsÞ:
This desired response is the ideal rectangular response over the principal domain
0 \ f \ fs which is sampled to yield the set of samples fHdðkÞ j k ¼ 0; 1; . . .; 32g:
The frequency sampling method is illustrated in Fig. (2.25) for two scenarios, The
first scenario is where no samples are specified in the transition band, and the
second is where one sample is specified in the transition band. Once the samples
have been specified the IDFT can be taken to recover the filter’s impulse response.
Figure (2.25) shows the DTFT magnitudes of the impulse response so obtained. It
is seen in Fig. (2.25) that when no transition band sample is specified the ripple in
both the pass and stop bands is significantly greater [Note that Hd(9) and Hd(24)
are the transition samples, chosen to be 0.5].

B. Optimal Frequency-Sampling FIR Filter Design

The frequency-sampling method described above is straightforward but it is an ad
hoc| method. It is possible to design filters which are optimal in the sense of
minimizing the maximum error between the desired frequency response and the
actual frequency response. These types of filters are referred to as equiripple, and
can be designed using the. Parks-McClellan algorithm. The latter utilizes Remez
and Chebychev approximation theories to design optimal equiripple linear-phase
FIR filters.

MATLAB the Parks-McClellan algorithm is available on MATLAB as:

h ¼ remezðN� 1; Fd; AdÞ:
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This command yields the impulse response of a length-N (i.e., order N - 1)
linear phase FIR filter with desired magnitude response, given by the vectors Fd
and Ad. Fd is a vector of normalized frequency points, ranging from 0 to 1
(corresponding to the range 0 \ f \ fs/2 Hz), and Ad contains the desired mag-
nitudes for points in Fd. Example: To design an optimal FIR filter in MATLAB
with the specifications in the previous example, one can use:

h ¼ remezðN� 1; ½0 0:5 0:6 1�; ½1 1 0 0�Þ

Figure (2.26) shows the actual frequency response as compared to the ad-hoc
frequency-sampling approach described in Sect. 2.6.5.2-A.
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2.6.6 Applications of FIR Digital Filters

2.6.6.1 Communication Channel Equalization

Telephone and wireless channels often behave like band-limited filters with fre-
quency response H(f). This filtering is in general an undesirable frequency
dependent distortion which needs to be eliminated - it can be removed via the use
of an equalizer as explained below.

The transfer function of the channel can be estimated by sending a training
signal [e.g., a unit pulse function d(n) along the channel and then measuring the
impulse response h(n) and the corresponding transfer function Hðf Þ ¼ FfhðnÞg].
An equalizer (or inverse filter) with a frequency response He(f) = 1/H(f) is then
applied to counteract the channel distortion. Normally one chooses an FIR filter
(also called a transversal filter), and the frequency sampling approach is often used
to design He(f).

2.6.6.2 The Moving Average Filter

Sometimes it is necessary to smooth data before making a decision or interpre-
tation about that data. Averaging is a commonly used smoothing technique and
this averaging can be implemented with simple FIR filters. For example, the stock
market prices fluctuate from day to day, and even sometimes hour to hour, To
observe trends some form of smoothing or averaging is necessary. Typically, one
takes an average of the stock price over several days before deciding the actual
trend of prices. Note that the global average is misleading in these cases and
cannot be used—rather, local or moving average should be used. (See Fig. (2.27)).

Since data x(n) is assumed to be continuously flowing in for the stock market
scenario, local averaging is done at each instant n. If, for example, averaging is
performed over three consecutive samples, the output becomes:
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Fig. 2.26 Frequency response of a LPF designed by remez (dotted curve for ad-hoc frequency-
sampling design)
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yðnÞ ¼ 1
3
½xðnÞ þ xðn� 1Þ þ xðn� 2Þ� ð2:23Þ

For example, at n ¼ 2; yð2Þ ¼ 1
3 ½xð2Þ þ xð1Þ þ xð0Þ�; at n ¼ 3; yð3Þ ¼ 1

3 ½xð3Þ þ
xð2Þ þ xð1Þ�: Comparing the above Eq. (2.23) with the general FIR equation:

yðnÞ ¼ hðnÞ � xðnÞ ¼
XN�1

k¼0

hðkÞxðn� kÞ

¼ h0ðnÞ þ h1xðn� 1Þ þ � � � þ hN�1x½n� ðN � 1Þ�

it is seen that (2.23) represents an FIR filter with N = 3 taps: hð0Þ ¼ hð1Þ ¼
hð2Þ ¼ 1

3 : Although these filter coefficients are all equal in this case they can be
different in general. For example, in the stock market studies one may give more
weight (importance) to the current sample [i.e., x(n)] than to others, e.g.,

hð0Þ ¼ 0:5; 50% weight to the current price (today)

hð1Þ ¼ 0:3; 30% weight to the previous price (yesterday)

hð2Þ ¼ 0:2; 20% weight to the first price (2 days ago)

Figure (2.27) shows an example of a changing price over 35 days along with the
overall average and the moving average with h(n) = [.1 .1 .1 .1 .1 .1 .1 .1 .1 .1]
(M = 10 taps with equal weight).

2.6.6.3 The Digital Differentiator

Time Domain Approach

The derivative of a signal x(t), dx(t)/dt, can be approximated in the digital domain
(when the sampling period Ts is small and x(t) is slowly varying) by the relation:

yðnÞ ¼ ½xðnÞ � xðn� 1Þ�=Ts ð2:24Þ

as shown in Fig. (2.28). Comparing with the general form of an FIR filter:
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yðnÞ ¼ hðnÞ � xðnÞ ¼
XN�1

k¼0

hðkÞxðn� kÞ

¼ h0ðnÞ þ h1xðn� 1Þ þ � � � þ hN�1x½n� ðN � 1Þ�

It can be seen that (2.32) represents a FIR filter with two non-zero samples impulse
response {h(n) = (1/Ts)d(n) - (1/Ts)d(n - 1)}, i.e., h(0) = - h(1) = 1/Ts. From
this one can find the system transfer function by taking the z-transform of both
sides of (2.32):

YðzÞ ¼ 1
Ts
½XðzÞ � XðzÞz�1� ¼ ½ð1� z�1Þ=Ts�XðzÞ

) HðzÞ ¼ YðzÞ
XðzÞ ¼

ð1� z�1Þ
Ts

Now consider the magnitude and phase response:

HðejXÞ ¼ HðzÞ jz¼expðjXÞ¼
1
Ts
½1� e�jX�

¼ 1
Ts

e�
1
2jX½eþ1

2jX � e�
1
2jX�

¼ 1
Ts

e�
1
2jX½2j sinðX=2Þ�

¼ 2j

Ts

� �
e�

1
2jX sin

1
2

X

� �
:

Hence, the magnitude response is given by:

jHðejXÞj ¼ 2
Ts

� �
j sin

1
2
X

� �
j ¼ 2fs sin

1
2

xTs

� �				
				 ¼ 2fsj sinðpf=fsÞj;

and the phase response is:
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Fig. 2.28 Digital differentiator-I with frequency response and p-z diagram
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/ ¼ �X
2
þ p

2

� �
þ c;

where c = p is to compensate for the change of sign in sinð12 XÞ:
The magnitude and phase responses are plotted in Fig. 2.28. It is seen that the

digital differentiator is a high-pass filter.

Frequency Domain Approach

From Fourier transform Tables one can find the transfer function of the continu-
ous-time differentiator as:

HaðxÞ ¼ jx ð2:25Þ

which can be transformed into the digital domain as follows:

HðejXÞ ¼ jX=Ts; �p�X\p: ð2:26Þ

Figure (2.29) shows the magnitude and phase responses of the above transfer
functions (compare with Fig. (2.28)). Note that Fig. (2.29a) represents a theoretical
magnitude response, as practical differentiators are band-limited within a cutoff
frequency xc.

The impulse response of the above filter can be found to be:

hðnÞ ¼ 1
2p

Z p

�p

jX
Ts

ejnXdX

¼ 1
Ts

cosðnpÞ
n

sinðnpÞ
pn2

; �1\n\1
ð2:27Þ

For a practical design, the above impulse response should be shifted by 2M ? 1
samples and then truncated. The shifting operation is described by:

hðnÞ ¼ 1
Ts

cos½ðn�MÞp�
ðn�M=2Þ

sin½ðn�MÞp�
pðn�MÞ2

; �1\n\1; ð2:28Þ

while the truncation window w(n) is specified by:

hwðnÞ ¼ wðnÞ � hðnÞ; 0\n\2M ð2:29Þ

If a linear phase is required, then the truncation window should be symmetric so
that one can get h(n) = - h(2M - n). The filter in (2.29) can be implemented
using the approach in Sect. 2.6.4.6.
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2.6.6.4 The Digital Matched Filter

Recall from Sect. 1.4.2 that in the analog domain the impulse response h(t) of the
optimum filter for receiving a transmitted symbol b(t) (0 B t B T) is given by the
T-shifted (delayed) mirror image of the symbol, i.e.,

hðtÞ ¼ bðT � tÞPTðt � T=2Þ:

For orthogonal binary transmission, two matched filters are needed, one mat-
ched to the ‘‘0’’ and the other matched to the ‘‘1’’. Figure (2.30) shows a digital
matched filter for orthogonal binary signalling with the sampling frequency at the
receiver equal to five times the bit rate. If bipolar signalling is used (i.e., +Vcc
represents ‘‘1’’ and -Vcc represents ‘‘0’’), then one sample per bit is possible, but
in practical signalling schemes there are normally at least 4 samples per bit.
Increasing the sample rate increases the accuracy of detection, especially in noise,
and it does not affect the transmission bandwidth (which depends on the data rate
1/T only). If the sample rate is N samples per bit, then an N-stage shift register is
needed to store the samples before each symbol is detected for each filter (see Fig.
(2.30)).

In digital matched filters it is necessary to have good synchronization between
the transmitter and the receiver to decide the start time (t = 0). The coefficients of
the ith matched filter fhiðnÞ j n ¼ 0; 1; . . .;N � 1g; which is matched to the ith
symbol (bit), are given by:

hiðnÞ ¼ biðN � 1� nÞ; n ¼ 0; 1; . . .;N � 1
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Fig. 2.29 Frequency response for an analog and digital differentiator-II
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The output of the ith matched filter at the kth sampling instant is given by the
convolution:

MiðnÞ ¼
XN�1

n¼0

rðk � nÞhiðnÞ

where r(t) is the received signal. Decisions (comparisons) are made only when
kN ¼ N � 1 [every 5 samples for the scenario represented in Fig. (2.30)]. Note that
in Fig. (2.30) the simpler notation hn = h1(n) and cn = h0(n) is used-under noise-
free condition and full synchronization with the transmitter at k = 4 (after 5
samples) the shift register has the following contents: a = 1, b = 1, c = 1,
d = - 1, e = - 1. Hence, Mo = 1, M1 = 5 [ Mo, and the decision is that ‘‘1’’
was transmitted. As an exercise try to find the decision of the circuit after 10 and
15 samples.
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2.6.7 IIR Digital Filters

2.6.7.1 Structure and Implementation of IIR Digital Filters

An IIR digital filter is a system whose impulse response h(n) has an infinite
number of non-zero samples. To implement IIR filters in practice, recursion is
often used. That is, to create the output, not only are previous values of the input
used, but also previous values of the output. This kind of recursive implementation
is essentially a feedback system. The general formula for the I/O relations of a
recursive IIR filter are:

yðnÞ ¼ boxðnÞ þ b1xðn� 1Þ þ � � � þ bMxðn�MÞ
� a1yðn� 1Þ � � � � � aNyðn� NÞ:

: ð2:30Þ

The above equation is often referred to as a difference equation. Taking the
z-transform of both sides of the equation yields:

YðnÞ ¼ boXðzÞ þ b1z�1XðzÞ þ � � � þ bMz�MXðzÞ
� a1z�1YðzÞ � � � � � aNz�NYðzÞ:

)HðzÞ ¼ YðzÞ
XðzÞ ¼

bo þ b1z�1 þ � � � þ bMz�M

1þ a1z�1 � � � � � aNz�N
¼

PM
i¼0 biz�i

1þ
PN

k¼1 akz�k
:

ð2:31Þ

Hence, unlike FIR filters, IIR filters can have poles at locations other than z = 0.
In fact, the above equations can also represent a FIR filter if one puts
a1 = a2 = ... = 0. Normally, the number of poles N is larger than the number of
zeros M, and the order of the filter is decided by the number of its poles. For the
IIR filter to be stable, all poles should be inside the unit circle.

2.6.7.2 IIR versus FIR Filters

IIR filters usually have lower orders than FIR filters with similar performance
with respect to sharpness of cutoff, passband ripple, etc. Because of the lower
orders IIR filters tend to require fewer delay elements and digital multipliers for
hard-ware implementation, and they require fewer computations in software
implementations.

One of the key disadvantages of IIR filters is that because of their inherent
use of feedback, they can have stability problems. Quantization effects are also
much more serious in IIR filters, again due to their use of feedback. Addition-
ally, it is generally not possible to have a linear phase transfer function with IIR
filters.
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2.6.7.3 Direct Form Implementation of IIR Digital Filters

From the general equation for an IIR filter:

YðnÞ ¼ boXðzÞ þ b1z�1XðzÞ þ � � � þ bMz�MXðzÞ
� a1z�1YðzÞ � � � � � aNz�NYðzÞ;

one can readily construct a hardware realization, as shown in Fig. (2.31). The
structure shown is called the direct form-I, realization. This form requires
M ? N ? 1 multipliers, M ? N adders, and M ? N memory locations.

Now the transfer function for an IIR filter can also be written as:

HðzÞ ¼
PM

i¼0 biz�i

1þ
PN

k¼1 akz�k
¼

XM
i¼0

biz
�i

 !
1

1þ
PN

k¼1 akz�k

 !

¼ H1ðzÞH2ðzÞ ¼ H2ðzÞH1ðzÞ :
:

The above expression suggests an alternative realization for the filter, and the new
realization is called the direct form-II implementation (Fig. 2.32). Importantly the
direct form-II requires only max(M, N) memory locations (or delay elements) in
contrast to the direct form-I, requires M ? N ? 1. The new realization needs the
same number of adders and multipliers as the direct form-I. The coefficients {ai}
and {bi} are usually chosen to be real to avoid complex processing. It can be
shown that with real coefficients the poles and zeros are either real or in complex-
conjugate pairs.
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2.6.7.4 Practical Implementation of IIR Digital Filters

Since the feedback structure of IIR filters exaggerate quantization errors, these
filters are often built up in practice as cascaded first- and second-order units rather
than in direct forms - this can be shown to reduce the vulnerability to quantization
errors. Ideally one would use only first order sections, but this would necessitate
using complex arithmetic. To avoid this latter possibility it is necessary to use
second order sections wherever there are complex conjugate poles or zeros.

Example Implement the IIR digital filter whose transfer function is given by:

HðzÞ ¼ 2ðz� 1Þðzþ 2Þðzþ 3Þ
zðzþ 0:5Þðz2 þ 0:3zþ 0:1Þ :

It is seen that there are two complex conjugate poles since z2 ? 0.3z ? 0.1 has
two complex conjugate roots. Hence, it is best to use a cascaded form of imple-
mentation and write the transfer function as follows:

HðzÞ ¼ 2ðz� 1Þðzþ 2Þðzþ 3Þ
zðzþ 0:5Þðz2 þ 0:3zþ 0:1Þ

¼ 2z�1 1� z�1

1þ 0:5z�1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
1st�order unit

0
BBB@

1
CCCA

1þ 5z�1 þ 6z�2

1þ 0:3z�1 þ 0:1z�2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2nd�order unit

0
BBB@

1
CCCA :

The implementation diagram is shown in Fig. (2.33).
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2.6.8 Design of IIR Digital Filters

Often IIR digital filters are designed by converting analog prototype filters (such as
Butterworth, Chebychev, and Elliptic filters) into digital filters via suitable
transformation methods. The basic prototype filter type is an analog low-pass filter,
and filter transformations are necessary to obtain LP, HPF, BPF, or BSF digital
filters.

Typically the required digital filter specifications are initially transformed into
their analog counterparts to help in designing the proper analog prototype. For this
to be effective the transformation should:

1. preserve stability and
2. map the jx axis into the circumference of the unit circle ejX:

There are two approaches for transforming digital IIR filters into analog
prototypes:

1. Time-domain matching using the impulse response,
2. Frequency-domain matching using the frequency response.

2.6.8.1 Time-Domain Design: Impulse Response Matching

In the impulse response matching method (a.k.a. the impulse invariance method),
the impulse response of the digital IIR filter is simply taken to be a sampled
version of the impulse response of the analog prototype filter. That is,

hðnÞ ¼ haðnTsÞ; n ¼ 0; 1; 2; . . .:

If the transfer function of the analog prototype filter Ha(f) is bandlimited to
(- B, B) and fs/2 C B, then there would be no aliasing. This in turn would imply
that the digital transfer function HðejXÞ would be a scaled and repeated copy of
Ha(f). With this understanding it becomes apparent that the impulse response
matching method is not suitable to design a digital HPF, due to aliasing problems.
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  z−1   z−1
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Fig. 2.33 Implementation of 2ðz� 1Þðzþ 2Þðzþ 3Þ=½zðzþ 0:5Þðz2 þ 0:3zþ 0:1Þ�
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The analog filter s-domain transfer function is Ha(s) = LT{ha(t)}. Now the
poles of Ha(s) are transformed to the poles of H(z) through the relation z ¼ esTs :
The method can be summarized as follows (see, for example, A. V. Oppenheim
and R. Schafer, Discrete-Time Signal Processing, Prentice-Hall, 1989):

1. Expand the analog transfer function by partial fractions as
PM

m¼1
cm

s�pm
. Note that

pm’s can be non-distinct.
2. The required transfer function is

HðzÞ ¼ Ts

XM
m¼1

cm

1� epmTs z�1
¼ Ts

XM
m¼1

cm
z

z� zm

where zm ¼ epmTs are the poles in the z-domain.

Note 1 If there is no aliasing, HðejXÞ ¼ HaðxÞ when �p�X� p:
Note 2 Since the relation X ¼ xTs is applicable, the jx axis is transformed into

the circumference of the unit circle ejX ¼ ejxTs :

Note 3 Since the poles are transformed according to z ¼ esTs , stability is
preserved.

Example Using the impulse invariance method, design a digital Butterworth LPF
with the following specifications:

1. Ts = 0.01 sec (hence, fs = 100 Hz),
2. fc = 10 Hz (therefore xc = 20 p rad/sec),
3. Gm = 1, gain B 0.1 (i.e., -20 dB) for 20 B f B fs/2 = 50 Hz).

Solution:
It is necessary to first find an analog Butterworth LPF with the above specifica-
tions. The gain should be less than -20 dB for a normalized frequency of fc C

20/10 = 2 (normalized w.r.t fc). From the graph in Tables—Stopband gain for a
B-LPF, the filter order is found to be n = 4. From Tables—Denominator Poly-
nomial Coefficients for Normalized LPF’s, the transfer function of this normalized
filter is seen to be:

HNðsÞ ¼
ao

1þ 2:6131sN þ 3:4142s2
N þ 2:6131s3

N þ s4
N

Now H(N(s)|s=0 = a0 = Gdc = Gm = 1, and sN = s/xc. Substituting these val-
ues for ao and sN into the above equation, yields:

HaðsÞ ¼
1:55e7

1:55e7þ 6:48e5sþ 1:34e4s2 þ 164:1s3 þ s4
:

Ha(s) can then be expanded using partial fractions. This can be easily done in
MATLAB using B = [1 164.1 1.34e4 6.48e5 1.55e7],A = [1.55e7],
[R,P,K] = residue(A,B) where R gives the coefficients cm, P gives the poles

112 2 Discrete and Digital Signals and Systems



pm, and K is empty if degree(A)\degree(B). For the Butterworth filter above, the
poles and coefficients are found to be the following complex conjugate pairs:

c1 ¼ �27:8þ j11:6;

p1 ¼ �23:6þ j58:3;

c2 ¼ c1
�;

p2 ¼ p1
�;

c3 ¼ 27:8� j73:7;

p3 ¼ �58:4þ j22:3;

c4 ¼ c3
�;

p4 ¼ p3
�:

The z-domain poles are:

z1 ¼ expðp1TsÞ ¼ 0:65þ j0:43;

z2 ¼ z1
�½sinceðexÞ� ¼ eðx

�Þ�;
z3 ¼ 0:54þ j0:12;

and z4 = z3
*. Therefore,

HðzÞ ¼ Ts
c1z

z� z1
þ c1

�z

z� z1
� þ

c3z

z� z3
þ c3

�z

z� z3
�

� �

¼ Ts
r1z2 � r2z

z2 � r3zþ r4
þ q1z2 � q2z

z2 � q3zþ q4

� �

where r1 = - 0.55, r2 = - 0.26, r3 = 1.3, r4 = 0.6, q1 = 0.55, q2 = 0.47,
q3 = 1.08, and q4 = 0.3. The above grouping of terms is to have real coefficients
for easier hardware implementation.

MATLAB the above problem can also be solved using the MATLAB command
[Az Bz] = impinvar(A,B,fs).

To check that the impulse responses are similar use:

t = 0:Ts:1
sys1 = tf(A,B)
h1 = impulse(sys1,t)
sys2 = tf(Az/Ts,Bz,Ts)
h2 = impulse(sys2,t)
plot(t,h1,t,h2’:’)

Note In filter design the following MATLAB commands may prove useful:
B = roots(A): Finds the roots of a polynomial whose coefficients are in A [e.g.,
B=roots([1 2 3]) finds the roots of (descending order)].
A = poly(B): Converts the roots (in B) to a polynomial.
C = conv(A,B): Multiply two polynomials A and B (Also, find the convo-

lution sum).
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X =fzero(’fun’,xo): Finds a zero of the function ‘‘fun’’ (which is either
a library function or defined in another file) near xo [e.g., fzero(’x/3-
sin(x)’,pi/2) gives 2.2789].
zplane(A,B): Plots the pole-zero diagram of a transfer function H(z) =

A(z)/B(z).
h = freqs(A,B,w): computes the complex frequency response of the analog

filter H(s) = A(s)/B(s) at the angular frequencies in the vector w.
h = freqz(A,B,f,fs): computes the complex frequency response of the

digital filter H(z) = A(z)/B(z) at the frequencies in the vector f, with sampling
frequency fs.

2.6.8.2 Frequency-Domain Design: Frequency Response Matching

The impulse invariance method enforced a time-domain correspondence between
the analog and digital impulse responses. The frequency response matching
approach enforces a frequency-domain correspondence between the analog and
digital transfer functions. Assume that one starts with an analog filter transfer
function Ha(s), which needs to be transformed into a digital transfer function H(z).
Unlike the time domain matching approach, it is not possible to achieve an exact
correspondence between Ha(s) and H(z)-this is because the H(z) displays repetition
in frequency whereas Ha(s) does not.

As a first attempt at achieving a frequency domain correspondence between the
digital and analog filters, one can use the natural mapping:

H esTs

 �

¼ HaðsÞ for � p�xTs� p:

Hence,

H ejxTs

 �

¼ HaðxÞ for � p�xTs� p:

The relationship z ¼ esTs is enforced in this approach. Thus,

s ¼ lnðzÞ
Ts

:

It is apparent that this transformation is non-linear and it is therefore impossible in
general to obtain H(z) as a rational function of z. However, an approximation
to this relation is possible. If z is near 1, the Taylor expansion of ln(z) is (z - 1) -

(z - 1)2/2 ? O{(x - 1)3}, while the expansion of (z - 1)/(z ? 1) is [(z - 1) -

(z - 1)2 ? O{(x - 1)3}]/2. Hence, ignoring the smaller terms, the following
approximation can be used: ln& 2(z - 1)/(z ? 1). Then s can be approximated
by:

s 
 2
Ts

z� 1
zþ 1

:
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This relation is called the bilinear transform. It should be noted that the
approximation in used above is true only when z is near 1, which means that the
low frequency region maps quite reliably from the analog domain to the digital
domain. At higher frequencies, however, there is considerable error in the
approximation. It will be seen subsequently that the bilinear transform actually
introduces a warping of the analog frequency axis, and the warping is most severe
at high frequencies. This warping causes the analog frequency range 0 ? ? to be
mapped into the digital frequency range 0 ? p.

To gain further insights into the nature of the bilinear transform one can put
z ¼ rejX [recall that the frequency response of any digital system H(z) can be
found by substituting z ¼ rejX]. Substituting the polar form for z ð¼ rejXÞ in the
bilinear transform s 
 ð2=TsÞðz� 1Þ=ðzþ 1Þ gives:

s 
 2
Ts

rejX � 1
rejX þ 1

¼ 2
Ts

½r cosðXÞ � 1� þ jr sinðXÞ
½r cosðXÞ þ 1� þ jr sinðXÞ

¼ 2
Ts

r2 � 1
1þ r2 þ 2r cosðXÞ þ j

2r sinðXÞ
1þ r2 þ 2r cosðXÞ

� �
:

Since s ¼ rþ jx :

r ¼ 2
Ts

r2 � 1
1þ r2 þ 2r cosðXÞ and x ¼ 2

Ts

2r sinðXÞ
1þ r2 þ 2r cosðXÞ

Now for r = 0, |z| = r = 1 and so z ¼ ejX: Hence, the s = jx axis in the analog
domain is transformed into the z ¼ ejX unit circle, where the new relation between
X and x is given by:

x ¼ 2
Ts

sinðXÞ
1þ cosðXÞ ¼

2
Ts

tan
X
2

� �

) X ¼ 2 tanðxTs=2Þ:
ð2:32Þ

The above equation is non-linear, as illustrated graphically in Fig. (2.34). The
infinite analog frequency domain (x = 0 ? ?) is mapped onto the principle
digital frequency range X ¼ 0!p:

If r\ 0, then r \ 1 (hence the LHS of the s-plane is mapped inside the unit
circle), and for r[ 0, r [ 1.

It can be shown that filter design using the bilinear transform is independent of
Ts [2]; hence, one can put Ts = 2 (for convenience) and use the following trans-
form instead:

s ¼ z� 1
zþ 1

with X ¼ 2 tan�1ðxÞ ¼ 2 tan�1ð2pf Þ
� 

: ð2:33Þ
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The bilinear transformation can be applied to transform all analog Filters, while
the impulse invariance method cannot be applied to HPFs. This is so because there
is no problem with aliasing, as this transform maps the whole jx axis to the unit
circle. That is, it is a 1-to-1 mapping. The impulse invariance transform z ¼ esTs ;
on the other hand maps every sector of length 2p on the jx axis to the unit circle -
it is a multi-to-1. The price paid for the resilience to aliasing problems is the
deformation or warping of the original analog frequency response. It should be
noted that this warping is for the frequency response of the transformed analog
filter only; it does not imply that the input signal spectrum is also warped.

Example Design a low-pass digital IIR filter with cutoff frequency Xc ¼ 0:6 using
a third order Butterworth analog filter.

Solution: From Tables-Denominator Polynomial Coefficients for Normalized
LPF’s, the transfer function of the analog B-LPF is given by:

HaðsNÞ ¼
1

1þ 2sN þ 2s2
N þ s3

N

De-normalizing yields,

HaðsÞ ¼
1

1þ 2ðs=xcÞ þ 2ðs=xcÞ2 þ ðs=xcÞ3

The cutoff frequency is obtained as follows: xc ¼ tanðXc=2Þ ¼ tanð0:3Þ ¼
0:3093 
 0:3 rad/s. Hence,

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6

 Analog
 frequency

 f, (Hz)

 π

 − π

  Digital frequency,  Ω

Fig. 2.34 Frequency domain relationship between analog frequency and digital frequency under
the natural transformation z ¼ esTs , where X = xTs (dashed curve, Ts = 2) and the bilinear
approximation s ¼ ð2=TsÞðz� 1Þ=ðzþ 1Þ, where X ¼ 2 tan�1ðxÞ (solid curve)
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HðzÞ ¼ 1

1þ 6:6 z�1
zþ1þ 22:2 z�1

zþ1

� �2
þ37 z�1

zþ1

� �3 :

2.6.8.3 MATLAB IIR Filter Design Using the Bilinear Transformation

one can design IIR digital filters in MATLAB using analog prototypes selected
according to our requirements. The most important MATLAB filters are but-
ter, cheby1, cheby2, and ellip.

Example Using MATLAB, design the following digital IIR filters. Use the
bilinear transform and start with either a Butterworth, Chebychev or Elliptic
prototype filter:

1. LPF at fs = 10 kHz with cutoff fc = 2,000 Hz, maximum ripple allowed in the
passband is r = 1 dB, and minimum stopband attenuation = 60 dB starting at
3,000 Hz. Sharpest transition with lowest order is required.

2. HPF with fc = 2,000 Hz, minimum stopband attenuation= 60 dB for frequen-
cies below 1,000 Hz, and other specifications as above.

3. BPF with passband 2,000-3,000 Hz, minimum stopband attenuation = 60 dB
for frequencies below f1 = 1,000 Hz or above f2 = 4,000 Hz, and other
specifications as above.

4. BSF with stopband 1,000-4,000 Hz, minimum stopband attenuation= 60 dB
for frequencies between 2,000 and 3,000 and other specifications as above.

Solution:

1. Since the specification requires the sharpest transition and lowest possible
order, an elliptic filter is the appropriate choice for the prototype. The corre-
sponding digital IIR digital elliptic filter has Fc = fc/(fs/2) = 2000/(10k/2) =

0.4, F2 = f2/(fs/2) = 0.6, rd = 1, and AdB = 60. The order is obtained as fol-
lows:
[n fo] = ellipord(Fc,F2,3,AdB)
which gives n = 5 and fo = 0.4. Having found the order one can determine
the filter transfer function:
[b a]= ellip(n,1,60,fo)
where b and a are vectors representing the numerator and the denominator
coefficients, respectively.

2. F2 = f2/(fs/2) = 0.2, Fc = 0.4, Since the other specifications are as for the
previous example, an elliptic prototype filter must again be used. Its order is
found with the command:
[n fon] = ellipord(fcn,f2n,3,AdB)
which gives n = 4, fo = 0.4. The filter transfer function is determined with the
command:
[b a] = ellip(n,rdB,AdB,[F1 F2],’high’)
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3. The solution to this and the following examples proceed similarly to the pre-
vious ones. Fc1 = 0.4, Fc2 = 0.6, Fc = [Fc1 Fc2], F1 = 0.2, F2 = 0.8, F =

[F1 F2],
[n fo] = ellipord(Fc,F,3,AdB)
which gives n = 3 and fo = [0.4 0.6].
[b a] = ellip(n,rdB,AdB,fo)

4. Fc1 = 0.2, Fc2 = 0.8, Fc = [Fc1 Fc2], F1 = 0.4, F2 = 0.6, F = [F1 F2],
[n fo] = ellipord(Fc,F,3,AdB)
which gives n = 3 and fo = [0.4 0.6]
[b a] = ellip(n,rdB,AdB,fo,’stop’)

Figure (2.35) shows the magnitude response of the above filters plotted against
the normalized frequency m = f/fs [note that normalization in MATLAB is dif-
ferent from many other parts of the literature; in its plots MATLAB typically uses
the ratio f/(fs/2) for normalized frequency instead of f/fs.

2.6.8.4 MATLAB FIR/ IIR Filter Design and Analysis Toolbox

If the following statement is entered on the MATLAB command line:
� fdatool
a filter design toolbox will pop up. This toolbox supports many different digital

filter design techniques and provides a user-friendly filter design interface. It also
enables the user to export the designed filter coefficients to the MATLAB
workplace.
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Fig. 2.35 Magnitude response of elliptic IIR filters: LPF, HPF, BPF, and BSF
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2.6.9 Applications of IIR Digital Filters

2.6.9.1 The Digital Integrator

If the sampling interval Ts is small, then a digital summer provides a good
approximation to an integrator. That is:

ZT

0

xðtÞdt 

XN

n¼0

xðnÞTs ¼ Ts

XN

n¼0

xðnÞ ðwhere N ¼ T=TsÞ: ð2:34Þ

Now

yðkÞ ¼
Xk

n¼0

xðnÞ ¼ xðkÞ þ
Xk�1

n¼0

xðnÞ ¼ xðkÞ þ yðk � 1Þ: ð2:35Þ

Hence,

YðzÞ ¼ XðzÞ þ z�1YðzÞ

) HðzÞ ¼ 1
1� z�1

:
ð2:36Þ

Therefore, the integrator transfer function is Hi(z) = Ts H(z). The transfer function
magnitude and phase is plotted in Fig. (2.36) and it is apparent from the magnitude
plot that the digital integrator is low-pass in nature. It is the inverse of the digital
differentiator, which is a high-pass filter.

MATLAB the pole-zero diagram can be plotted in MATLAB using
zplane(A,B), where A is the vector of numerator coefficients and B is the
vector of denominator coefficients. In the above example A = [1 0] and B = [1 -

1] since H(z) = z/(z - 1).
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Fig. 2.36 The digital integrator with its frequency response and p-z diagram
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2.6.9.2 The Alpha Filter

It was seen in Sect. 2.6.9.1 that the integrator difference equation is y(n) =

Ts[x(n) ? y(n - 1)]. If properly scaled, the integrator can be adapted to become
an averager. Modifying (2.35) to introduce this scaling yields:

yðnÞ ¼ ð1� aÞxðnÞ þ ayðn� 1Þ: ð2:37Þ

where a is a real positive integer which is less than 1. The choice of a depends on
the importance of the current sample x(n) as compared to the previous average of
data. The transfer function is given by:

HðzÞ ¼ 1� a
1� az�1

¼ ð1� aÞz
z� a

;

with one pole at z = a and one zero at z = 0. The implementation of the alpha
filter is depicted in Fig. (2.37). Using Tables-z Transform Pairs and Theorems, the
impulse response of this filter is given by

hðnÞ ¼ ð1� aÞanuðnÞ;

hence, the output of the system in the time-domain is specified by:

yðnÞ ¼ xðnÞ � hðnÞ ¼
X1

k¼�1
xðn� kÞhðkÞ

¼ ð1� aÞ xðnÞ þ axðn� 1Þ þ a2xðn� 2Þ þ � � �
� 

Noting that (1 - a)[1 ? a ? a2 + _] = 1, the above I/O formula is remi-
niscent of the moving average FIR filter, except that the number of ‘‘coefficients’’
is now infinite. This IIR averager is much easier to build than the N-tap FIR
moving average filter, with almost similar performance. See Fig. (2.37) for a
comparison using the same financial data as was used in Fig. (2.27). As in the FIR
example of moving average, a few early samples in the plot should be ignored.

Like the integrator, this system behaves as a LPF. Since averaging is not
sensitive to whether the phase response is linear or not, the alpha filter has a great
deal of appeal for many applications (e.g., in SNR estimation for communication
systems).

2.6.9.3 The Sinusoidal Digital Oscillator

An oscillator is a system that generates a specific waveform without an input,
except perhaps for an initial impulse or a particular setup of the initial conditions.

120 2 Discrete and Digital Signals and Systems



To design a digital sinusoidal oscillator, one essentially needs a filter whose
impulse response is sinusoidal. From Tables- z Transform Pairs and Theorems,
such a filter transfer function is specified by:

hðnÞ ¼ sinðbnÞuðnÞ !ZT
HðzÞ ¼ sinðbÞz

z2 � 2 cosðbÞzþ 1
ð2:38Þ

To build H(z), one can write it as HðzÞ ¼ sinðbÞz�1= 1� 2 cosðbÞz�1 þ z�2½ �; the
implementation of which is shown in Fig. (2.38). In this expression b corresponds
to the normalized radian frequency Xo ¼ xoTs; and hence the frequency of
oscillation is:

fo ¼ xo=2p ¼ ðb=TsÞ=2p ¼ ðb=2pÞfs Hz;

provided that |b| \ p. The two poles of this system are the roots of the equation
z2 - 2cos(b)z ? 1 = 0, which are given by:

p1;2 ¼ cosðbÞ 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ðbÞ � 1

p
¼ cosðbÞ 	 j sinðbÞ ¼ e	jb: ð2:39Þ

Hence, the poles are exactly on the circumference of the unit circle, as shown in
Fig. (2.39), and the system is strictly speaking, neither stable nor unstable.
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2.6.9.4 The Digital Resonator

The magnitude response of the digital oscillator was seen to consist of two very
sharp two spikes. Analogously, one can design a digital resonator, which is a
narrowband BPF centered around a resonant frequency fo. Such a resonator could
be useful for extracting a fundamental sinusoid (with frequency fo) corrupted by
harmonics or other sinusoids. Note that if one attempts to design a resonator using
classical filter design techniques, one needs a prohibitively large filter order. To
ensure stability, the poles should be inside the unit circle, i.e., p1;2 ¼ re	Xo ; with
r very near to 1. A possible transfer function for the resonator can then be:

H1ðzÞ ¼
1

ðz� p1Þðz� p2Þ
¼ 1

z2 � 2r cosðXoÞzþ r2
: ð2:40Þ

The magnitude response for this resonator is shown in Fig. (2.40) as the dotted
curve. Note that this curve has non-zero values well beyond the frequency of
interest, Xo.

A transfer function which also satisfies the above criteria with better stopband
attenuation is:
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Fig. 2.39 Magnitude response and pole-zero diagram of the digital oscillator
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HðzÞ ¼ ðz� z1Þðz� z2Þ
ðz� p1Þðz� p2Þ

¼ ðz� z1Þðz� z2Þ
z2 � 2r cosðXoÞzþ r2

: ð2:41Þ

Note that he transfer function in (2.41) has in addition to a pair of poles, two zeros.
These zeros are chosen to null the frequency response HðejXÞ at the digital fre-
quency borders f = 0 and f = ± fs/2. That is:

1. H(ej0) = H(1) = 0 can be enforced by putting z1 = 1.
2. Hðe	j Omegas=2Þ ¼ Hðe	jpÞ ¼ Hð�1Þ ¼ 0 can be enforced by putting z2 = -1.

Having the two zeros at these two positions, the frequency response is ‘‘pulled
down’’ more effectively away from the positions of frequency resonance. That
is, the stopband attenuation improves.

To facilitate implementation of the resonator, it is helpful to write its transfer
function as a function of z-1:

HðzÞ ¼ z2 � 1
z2 � 2r cosðXoÞzþ r2

¼ z2 � 1
1� 2r cosðXoÞz�1 þ r2z�2

:
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Fig. 2.40 A digital resona-
tor. a Magnitude response
with fo = 2 Hz, r = 0.9,
fs = 10 Hz (Solid with 2
zeros; dotted: without zeros).
b Implementation using
Direct Form-II
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This transfer function can be implemented as shown in Fig (2.40). If r is very close
to 1, then the 3-dB (half-power) bandwidth Bf and the maximum gain Gm of this
system are approximated, respectively, by:

Bf 

1� r

p
fs(Hz) and Gm 


1
ð1� r2Þ sinðXoÞ

Equivalently, the bandwidth can be written as:
Bx = 2p.Bf = 2(1 - r)fs (rad/s), (where x = 2pf, radian frequency), Bm ¼

Bf =fs ¼ 1�r
p ; (where m = f/fs, normalized frequency), and BX ¼ Bx=fs ¼ 2ð1� rÞ;

(where X ¼ x=fs ¼ 2pf=fs ¼ 2pm; normalized frequency).

2.6.9.5 A Digital DC Blocker

In some applications an undesirable DC voltage can appear in the information
signal. For example, in some audio applications a DC offset can be added to the
recoded sound from the microphone. The ADC may also add some unwanted DC
to the digitized signal. This DC component carries no information, and in audio
applications cannot even be heard. Nonetheless, in some cases it can hinder pro-
cessing and cause instabilities. For example, the DC component may drive the
signal outside the dynamic range of the processing system which will cause signal
clipping. Hence, DC removal is often desirable before other forms of processing
are pursued.

For DC removal, it is necessary for the magnitude response to be zero at
f = 0 Hz and unity elsewhere. This kind of frequency response can only be
approximated in practice. To block DC one can place a zero at z = 1, and to
ensure that there is approximately unity gain for non-zero frequencies, one addi-
tionally needs a pole very near to the zero at z = 1, and inside the unit circle. The
following transfer function has the necessary form:

HðzÞ ¼ 1� z�1

1� az�1
; a close to 1: ð2:42Þ

   z−1    z−1

   α −1

x(n)   y(n)

 Direct Form I

   z−1

   α    − 1

  x ( n )  y ( n )

   Direct Form II

Fig. 2.41 A digital DC
Blocker
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Fig. 2.42 Frequency and time-domain performance of the DC Blocker
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Figure (2.41) shows a block diagram of a DC blocker, while Fig. (2.42) shows
its practical performance with sinusoidal dc-shifted signals. It is evident that this
performance is dependent on how close a is to 1. When a = 0.99, the filter
removes the DC from the (low-frequency) 20 Hz sinusoid, but it also introduces a
phase change and an attenuation.

2.6.9.6 An Application of FIR / IIR Digital Filters: Simulation of Acoustic
Effects

A piece of music played in a concert hall does not sound the same as if it is played
in a living room. This is due to the echoes (early reflections) and the reverberations
(late reflections) which vary from setting to setting. One can actually simulate a
concert hall in a living room using the following steps:

1. Equalize the audio transfer function of the room, Hr(z). That is, eliminate any
special effects that the living room is inherently creating. This is done by first
sending an audio impulse d(n), and then measuring the impulse response hr(n).
The transfer function is then given by Hr(z) = fft{hr(n)}. Then one designs an
equalizing filter He(z) = 1/Hr(z), with say the Remez algorithm.

2. Simulate the echoes and the reverberations as follows:

• For echoes: y(n) = x(n) ? ax(n - N). This is so because an echo is a direct
reflection of the delayed input signal. Hence, H(z) = 1 ? az-N. This is an
FIR filter. In practice, choose NTs C 0.05

 A
m

p
lit

u
d

e

 Direct
 sound

 Echoes  Reverberations
 Time

        c ( n )

 Audio source 

 H
e
 ( z ) Equalizer    Listener

 s ( n )

 y ( n )

 x ( n ) x ( n )

 A bank of reverb filters

 A bank of echo filters

 Direct sound

Fig. 2.43 Audio effects. Above an audio signal and its reflections in a listening venue. Below
simulation of specific acoustics in another venue
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• For reverberations: s(n) = x(n) ? b�s(n - M). This is so because a rever-
beration is an accumulation of previous reflections of the signal. Hence,
H(z) = 1/(1 - b z-M). This is an IIR filter with M poles.

Figure (2.43) shows a block diagram of the above procedure.
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Chapter 3
Selected Topics in Applied Signal
Processing

3.1 Introduction

Signal processing has found application in hugely diverse areas. It is used, for
example, to

• decode and receive signals in mobile telephony,
• monitor and guide airborne vehicles,
• detect geological structures which might signal the presence of oil and other

minerals,
• automatically tune televisions,
• create special audio effects such as surround sound,
• construct intelligent voice mail systems,
• facilitate computer-based person identification,
• automate ploughing and irrigation in agriculture,
• create special effects in robotic toys,
• provide location information for GPS,
• etc.

This chapter will explore a number of sample applications.

3.2 Binary Signal Transmission

In many applications signals are transmitted from one location to another in
baseband mode (i.e., as signals whose spectra have only low frequency content).
Baseband transmission cannot be used, however, if the signal has to be transmitted
through the air via antennas. In such cases modulation is needed so that the signal
can be converted to a form which can be effectively radiated from an antenna. This
section will consider baseband binary signal transmission, which is important in
many applications, especially in communications between computers and digital
signal processors operating in the same neighborhood.

Z. M. Hussain et al., Digital Signal Processing,
DOI: 10.1007/978-3-642-15591-8_3, � Springer-Verlag Berlin Heidelberg 2011
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3.2.1 Binary Transmission Using Orthogonal Signals

In binary communication systems, binary data (which is a sequence of ‘on’ or ‘off’
signals) is transmitted through a channel. The signals which are used to convey the
on or off information are normally orthogonal (or uncorrelated) signals, and will
be denoted by s0(t) and s1(t). One possible pair of orthogonal signals for s0(t) and
s1(t) is shown in Fig. 3.1.

If the data rate is R (bps), then the time duration of s0(t) and s1(t) is T = 1/R. If
the number of data bits transmitted over the channel is large, then the on’s and
off’s are equally probable and p(on) = p(off) = 1/2. As the data moves through
the channel it almost invariably acquires noise. For many channels encountered in
practice, this added noise can be well modeled as additive white Gaussian noise
(AWGN). As the name suggests, this noise is Gaussian noise and is wideband (i.e.
approximately white) to the data. It will be assumed here that the power spectral
density (PSD) of the added noise is = g/2 (Watts/Hz). Hence, the received signal
has the following form:

rðtÞ ¼ siðtÞ þ nðtÞ; i 2 f0; 1g; 0� t� T:

In binary transmission systems, the receiving station knows the shape of the two
possible signals being transmitted, and hence optimal detection in noise can be
achieved through a bank of two matched filters. It will be assumed that s0 and s1

are as shown in Fig. 3.1, and that s0 is transmitted, starting at time t = 0. Then the
outputs of the two matched filters (correlators) at t = T are:

r0 ¼
ZT

0

rðtÞs0ðtÞdt ¼
ZT

0

½s0ðtÞ þ nðtÞ�s0ðtÞdt

¼
ZT

0

s2
0ðtÞdt þ

ZT

0

nðtÞs0ðtÞdt ¼ E þ n0

t

1

s
o
 ( t )

T0

t

1

−1

s
1
 ( t )

T

T/2

Fig. 3.1 Two signals which
are orthogonal (uncorrelated)
over the period T
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r1 ¼
ZT

0

rðtÞs1ðtÞdt ¼
ZT

0

½s0ðtÞ þ nðtÞ�s1ðtÞdt

¼
ZT

0

s0ðtÞs1ðtÞdt þ
ZT

0

nðtÞs1ðtÞdt ¼ 0þ
ZT

0

nðtÞs1ðtÞdt ¼ n1

It is seen from the above that output of the filter matched to s1(t) is simply
noise, whereas the output of the filter matched to s0(t) is equal to the autocorre-
lation of s0(t) plus noise.

The discrepancy in outputs of the two different matched filters provides the
basis for deciding whether the on or off signal has been transmitted. Further
analysis is provided below.

Since at every time instant t the noise n(t) is a sample function of a AWGN
process with PSD = g/2, both n0 and n1 are Gaussian. (Note that integration is
essentially a summation, and the sum of weighted Gaussian random variables is
also Gaussian (see [1]). Also, both n0 and n1 have zero means since:

Efn0ðtÞg ¼ E
ZT

0

s0ðtÞnðtÞdt

8<
:

9=
; ¼

ZT

0

s0ðtÞEfnðtÞgdt ¼ 0 ¼ Efn1ðtÞg 8t;

where Ef�g is the expectation functional, i.e., Efxg ¼
R

xpðxÞdx: The variances of
n0 and n1, ri(i [ {1, 2}), are given by:

ri ¼ Efn2
i g ¼ E

ZT

0

siðtÞnðtÞdt �
ZT

0

siðsÞnðsÞds

8<
:

9=
;

¼
ZT

0

ZT

0

siðtÞsiðsÞEfnðtÞnðsÞgdtds

¼
ZT

0

ZT

0

siðtÞsiðsÞRnðt � sÞdtds fsince nðtÞ is WSSg

¼ g
2

ZT

0

ZT

0

siðtÞsiðsÞdðt � sÞdtds

¼ g
2

ZT

0

s2
i ðtÞdt ¼ g

2
E

where E is the energy of the signals s0 and s1 [remembering that s1
2(t) = s0

2(t)].
The above statistics can be used to estimate the reliability of detecting the

correct symbol in a binary transmission system. The derivation of this reliability
measure is done below.
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3.2.1.1 Probability of Error

The matched filter based receiver compares r0 and r1. It will decide that an ‘‘off’’
was transmitted if r0 [ r1, and that an ‘‘on’’ was transmitted if r1 [ r0. If an ‘‘off’’
was transmitted, then an error will occur only if r1 [ r0. The probability of such an
error is given by:

Pe ¼ Prðr1 [ r0Þ ¼ Prðn1 [ E þ n0Þ ¼ Prðn1 � n0 [ EÞ:

Let x = n1 - n0. Since n0 and n1 are zero-mean Gaussian variables, x is also a
zero-mean Gaussian random variable, with variance given by:

rx ¼ Efðn1 � n0Þ2g ¼ Efn2
1g þ Efn2

0g � 2Efn1n0g ¼ 2ðEg=2Þ ¼ Eg: ð3:1Þ

Note that to obtain the result in (3.1) the following result was used:

Efn1n0g ¼ E
ZT

0

ZT

0

s0ðtÞs1ðsÞnðtÞnðsÞdtds

8<
:

9=
;

¼
ZT

0

ZT

0

s0ðtÞs1ðsÞEfnðtÞnðsÞgdtds ¼ 0:

Hence, the pdf of the random variable x is given by:

pðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
2prx
p e�x2=2r2

x :

From (3.2) it is possible to find the probability of error. More detail in this process
is provided in the following [see also Fig. 3.2].

Pe ¼ Prðx [ EÞ ¼
Z1

E

pðxÞdx ¼ 1ffiffiffiffiffiffiffiffiffiffi
2prx
p

Z1

E

e�x2=2r2
x dx:

Now let r = x/rx, then

Pe ¼ Prðx [ EÞ ¼
Z1

E

pðxÞdx ¼ 1ffiffiffiffiffiffi
2p
p

Z1
ffiffiffiffiffiffiffi
SNR
p

e�r2=2dr

¼ 1
2
� 1

2
erf

ffiffiffiffiffiffiffiffiffiffi
SNR

2

r ! ð3:2Þ

where the error function erfðyÞ ¼ 2
p

R y
0 e�u2

du is a reference function in MATLAB,
and SNR is the signal-to-noise ratio defined by:
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SNR ¼ E

g
;

The probability of error Pe in correctly detecting a data symbol is often used as the
basis for performance evaluation of communication systems. Although the prob-
ability of error Pe in (3.2) was obtained under the assumption that an ‘‘off’’ was
transmitted, the same kind of result would have obtained if an ‘‘on’’ was trans-
mitted. Hence, the average probability of error is given by:

Peav ¼ Pe:

Figure 3.3 shows the general shape of Pe versus SNR.

3.2.2 Binary Transmission Using Antipodal Signals

Two signals s0(t) and s1(t) are said to be antipodal if s0(t) = -s1(t) = s(t). One
possible antipodal configuration is the use of ± V as the two different signals. An
alternative configuration is depicted in Fig. 3.4.

If one uses orthogonal signals for transmission, normally a bank of two matched
filters are needed for optimum reception. However, if one uses two antipodal
signals, only one matched filter is needed. The received signal is r(t) =

± s(t) ? n(t), and the matched filter is matched to s(t).
Assume that two antipodal signals are used for transmission in a binary base-

band communication system. Following the same kind of analysis as was used for
orthogonal signals, the following result can be obtained (see [2]):

Output of the matched filter ¼ �E þ na;

where na ¼
R T

0 nðtÞ � sðtÞdt; and the variance of na ¼ g
2 E (i.e., the same as that of

n0 and n1 for orthogonal transmission). The decision process used for antipodal
transmission is as follows: if r [ 0, then s(t) was assumed to be transmitted (which
represents the ‘‘on’’ symbol), otherwise -s(t) is assumed to have been transmitted.

    p ( x )

 x
0 E

Fig. 3.2 Gaussian pdf. Note
that the shaded area repre-
sents Pr(x [ E)
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The probability of error in reception for the antipodal signals can be shown to be
(see [2]):

Pe ¼
1
2
� 1

2
erf

ffiffiffiffiffiffiffiffiffiffi
SNR
p� �

: ð3:3Þ

Comparison of (3.3) with (3.2) reveals that Pe for antipodal signal transmission is
less than Pe for orthogonal signal transmission at the same SNR. Therefore,
antipodal signal transmission is more efficient for baseband binary communica-
tions. However, orthogonal signals are more efficient (and in fact, optimal) in non-
baseband modulation schemes where random phase is introduced to the signal
during the transmission process. In such schemes antipodal transmission is inap-
propriate because the phase scrambling makes it very difficult to reliably dis-
criminate symbols at the receiver (see, for example, [3, Sect. 2.5]).
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3.3 The Hilbert Transform and the Analytic Signal

3.3.1 The Analog and Digital Hilbert Transform

3.3.1.1 The Analog Hilbert Transform

The ideal Hilbert transform filter (HT) is an all-pass filter which changes the phase
of the input signal by -90�. The transfer function of the analog HT is given by:

Hðf Þ ¼ �j; f � 0
þj; f \0:

� �
¼ �j sgnðf Þ:

Using Tables (Fourier Transform Pairs), the transfer function can be inverted to
obtain the impulse response:

hðtÞ ¼ F�1fHðf Þg ¼ 1
pt

ð3:4Þ

Figure 3.5 shows the magnitude and phase responses of an ideal analog HT.
For a Hilbert Transform filter, the input signal is often referred to as the in

phase signal and the output is known as the quadrature signal. The quadrature
signal is often used in communications applications and can be obtained for any
arbitrary signal x(t) according to the relation:

yðtÞ ¼ HTfxðtÞg ¼ x̂ðtÞ ¼ 1
pt
� xðtÞ: ð3:5Þ

The Fourier transform of x̂ðtÞ is given by:

Yðf Þ ¼ X̂ðf Þ ¼ �j sgnðf ÞXðf Þ: ð3:6Þ

from which it is evident that jX̂ðf Þj ¼ jXðf Þj:

The Inverse HT

Since H2ðf Þ ¼ ½�j sgnðf Þ�2 ¼ �1; a succession of two HT’s will be equivalent to
a scalar multiplication by (-1). That is,

 f
 0

 1
 |H(f)|

 f
   0

 + π/2

 − π/2

  φ (f)Fig. 3.5 The magnitude and
phase responses of an ideal
analog HT
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HT ½HTfxðtÞg� ¼ �xðtÞ
) HTfxðtÞg ¼ HT�1f�xðtÞg ¼ �HT�1fxðtÞg
) HT�1fxðtÞg ¼ �HTfxðtÞg:

ð3:7Þ

In other words, the inverse Hilbert Transform is simply the negative HT.
Q : As an exercise show that the HTs of cosðxotÞ; sinðxotÞ; and d(t) are given

respectively by sinðxotÞ;� cosðxotÞ; and 1/(pt).

3.3.1.2 The Digital Hilbert Transform

In the digital domain the HT is defined as:

HdðejXÞ ¼ �j; 0� f � p
þj; �p\f \0:

� �

with:

) hdðnÞ ¼
1

2p

Zp

�p

HdðejXÞejnXdX ¼
2
p

sin2ðnp=2Þ
n ; n 6¼ 0

0; n ¼ 0:

� �
ð3:8Þ

MATLAB

The HT can be implemented in the digital domain either as an IIR filter or as a FIR
filter. For IIR based implementation the following instruction can be invoked:
[num den]=hilbiir(Ts, Delay, BW,TOL). IIR based implementation has
the advantage of being lower order, and hence giving less delay, but it is vul-
nerable to instability. FIR based implementation results in greater delay but has no
instability problems. It can be implemented using the following statements:

F=[.01 .99];.
g=[1 1];
h=remez(M-1,F,g,’hilbert’);
num=h;den=[1 zeros(1,M-1)];
H=freqz(num,den,f,fs);

Alternatively one can perform an FIR based implementation by first designing
the impulse response with a truncation and widowing of the ideal response hd(n).
This kind of implementation can be realized in MATLAB with the following
commands:

M=1999;n=0:M-1;
b=(M-1)/2;

hd=(2/pi)*((sin((pi/2)*(n-b))�2̂)./(n-b));
hd(b+1)=0;w_han=hanning(M).’;
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h=hd.*w_han;
num=h;
den=[1 zeros(1,M-1)];
H=freqz(num,den,f,fs);

Figure 3.6 shows the results of this implementation and its application to a
sinusoid.

3.3.2 The Analytic Signal

Most practical signals are real and have a positive frequency spectrum as well as a
mirror image negative frequency spectrum. It is possible to synthesize a so-called
analytic signal which has a no negative frequency content. The analytic signal
z(t) associated with a real signal x(t) is defined as:

zðtÞ ¼ xðtÞ þ HTfxðtÞg ¼ xðtÞ þ j � x̂ðtÞ ð3:9Þ

) Zðf Þ ¼ Xðf Þ þ j½�jsgnðf Þ�Xðf Þ ¼ Xðf Þ½1þ sgnðf Þ�

) Zðf Þ ¼ 2Xðf Þ; f � 0
0; f \0:

� �
ð3:10Þ

The analytic signal z(t) associated with the original signal z(t) can be generated
in MATLAB using the command:

z=x+j*hilbert(x)

 f
s
 / 2 = 500−f

s
 / 2 = −500

 1

 0

 | H ( ej2π f ) |

 f,  Hz

(a)

 

 

 t 0 0.2

 x (t) = cos( ω
o
t)

x̂(t) = sin( ω
o
t)

(b)

Fig. 3.6 FIR implementation of the digital HT. a The HT magnitude response. b HT applied to
the sinusoid xðtÞ ¼ cosðxotÞ; which results in a 90� phase shift. Note that the first few samples of
x̂ðtÞ are incorrect, hence ignored in the plot
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3.3.3 Applications of the Hilbert Transform and the Analytic
Signal

3.3.3.1 Spectral Economy and Computation of the Instantaneous
Frequency

Since the analytic signal has only half the spectral bandwidth of the original real
signal, it is spectrally economical and is therefore often used in communications
applications. It is used, for example, in single sideband suppressed carrier mod-
ulation schemes (see Sect. 3.3.3.2).

The analytic signal also plays an important role in giving a meaningful general
definition for the instantaneous frequency of a signal x(t) with a continuously time-
varying frequency. Assume that zðtÞ ¼ xðtÞ þ jx̂ðtÞ ¼ aðtÞ exp½j/ðtÞ� is the analytic
signal associated with a general amplitude and frequency modulated signal x(t).
The instantaneous frequency (IF) of z(t) is given by:

xiðtÞ ¼
d/ðtÞ

dt
ð3:11Þ

3.3.3.2 Single Side-Band Amplitude Modulation

Natural information-bearing signals normally have relatively low frequency content.
For example, the frequency content of human speech signal ranges from about 200 to
3k Hz, while audio signals in general can reach up to approximately 20k Hz. For long-
range transmission of speech and audio from one antenna to another, it is often
necessary to do a transformation to the radio-frequency portion of the spectrum.

Therefore, one needs to increase the frequency of the signal (without changing
the information content) before radio transmission. This translation of the signal
information from the low frequency region to the high frequency region is called
modulation. Practically important examples of modulation are found in mobile
phone systems, which translate baseband speech signals up to around 900 MHz
before transmitting these signals through the air. Similarly, TVs which operate in
the range 300–800 MHz region, and satellite links operate in the frequency range
from a few hundred MHz to more than 40 GHz.

Amplitude modulation (AM) is widely used in communication systems. The AM
modulator multiplies the message x(t) by a high-frequency sinusoid called the
carrier, cðtÞ ¼ cosðxctÞ; to get the AM signal yðtÞ ¼ xðtÞ cosðxctÞ: The spectrum
of this signal is (Tables–Fourier Transform Pairs):

Yðf Þ ¼ 0:5 Xðf � fcÞ þ 0:5Xðf þ fcÞ

This type of modulation is called double-sideband suppressed-carrier (DSBSC) AM,
since the negative part of the original spectrum appears now in the effective positive
frequency part, hence consuming a place in the active bandwidth (BW). Since x(t) is
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real, its magnitude spectrum is symmetric, hence the negative frequency part in the
original spectrum is redundant. For spectral economy it is better to remove
the redundant part of the spectrum [which is called the lower sideband (LSB), while
the original positive part is called the upper sideband (USB)]. This is accomplished
by using a Hilbert transformer and forming an analytic sign The resulting system is
called single-sideband suppressed-carrier (SSBSC) amplitude modulation. Figure 3.7
shows a circuit diagram for implementing SSBSC AM generation.

3.3.3.3 Spectrum of the SSBSC AM Signal

From Fig. 3.7 one can write that:

pðtÞ ¼ xðtÞ cosðxctÞ ð3:12Þ

and

qðtÞ ¼ x̂ðtÞ sinðxctÞ: ð3:13Þ

The USB is given by yL(t) = p(t) ? j * q(t) and the LSB is given by yU(t) =

p(t) - jq(t). Figure (3.8) shows the spectra associated with SSBSC AM.

3.3.3.4 Demodulation of SSBSC AM Signals

Figure 3.9 shows the SSBSC AM signal demodulator. Assuming noise-free and
Doppler-free conditions, the multiplier produces the following mathematical
transformations:

rðtÞ ¼ yLðtÞ cosðxctÞ
¼ xðtÞ cos2ðxctÞ þ x̂ðtÞ sinðxctÞ cosðxctÞ
¼ 0:5xðtÞ þ 0:5xðtÞ cosð2xctÞ þ 0:5x̂ðtÞ sinð2xctÞ

Using Tables ðUseful Formulas-3Þ

ð3:14Þ

 HT

 x ( t )

 − 90o  s ( t ) = y
L
( t )

 cos ( ω
c
 t )

  sin ( ω
c
 t )

  p ( t ) = y ( t )  [in−phase]

      q ( t )    [quadrature]

Fig. 3.7 SSBSC AM generation
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The LPF in Fig. 3.9 will then filter out all the signal terms given in (3.14) except
the 0.5x(t) term. This remaining term is simply a scaled version of the original
signal.

3.4 Phase-Locked Loops

The phase-locked loop (PLL) represents a very important application in signal
processing and communications. The initial idea for the PLL came as early as 1919
in the context of synchronization of oscillators. The theory of PLL was based
initially on the theory of feedback amplifiers, and found early application in
communications and motor servo systems. Due to the rapid development of
integrated circuits (ICs) subsequent to the 1970s, PLLs gained a strong foothold in
many areas of applications. Some of these applications include filtering, frequency
synthesis, motor-speed control, frequency modulation, demodulation, signal
detection, frequency tracking, etc.

The PLL is basically a device that tracks the phase and frequency of an
incoming signal. It is a feedback system that adjusts the phase and frequency

 f
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slowly according to a feedback error signal. Because it adjusts slowly it is unable
to follow perturbations due to noise—it is therefore quite resilient to the effects of
noise. There are two major categories of PLLs, namely, analog PLLs (APLLs) and
digital PLLs (DPLLs). Both of these are covered below.

3.4.1 Analog Phase-Locked Loops

Figure 3.10 shows a block diagram of an analog phase-locked loop. A PLL is a
feedback system that essentially tries to replicate the oscillation present in the
input signal but shifted down by the carrier frequency, and without the random
noise present in the input. It also tries to ensure that the output phase is as near as
possible to the input phase. As will be seen subsequently, the PLL is very useful
for demodulating frequency modulated (FM) signals.

The PLL consists of three major parts: the phase-error detector (PED), the loop
filter which is a LPF which diminishes random noise, and the voltage-controlled
oscillator (VCO).

Consider a frequency-modulated input signal with the following form:

xðtÞ ¼ cos½/ðtÞ� ¼ cos½2pfct þ hðtÞ� ¼ cos 2pfct þ 2pa
Z t

0

mðtÞdt

2
4

3
5 ð3:15Þ

where m(t) is the message signal which must be transmitted in a communications
system. The instantaneous frequency (IF) of the signal is given by:

f ðtÞ ¼ 1
2p

d½/ðtÞ�
dt

¼ fc þ amðtÞ ð3:16Þ

Hence, the frequency of the signal is varied in proportion to the message signal,
i.e., x(t) is a frequency modulated (FM) signal. Note that if the phase /(t) were to
vary linearly with the message, i.e., if h(t) = am(t), then x(t) would be a phase-
modulated (PM) signal.

The VCO in the PLL is an oscillator whose output frequency varies linearly
with its input voltage, as specified by the following equation:

               LPF

              VCO 

 x ( t )
    e ( t )

    v
o
 ( t )

    PED

y ( t )

Fig. 3.10 A block diagram of a generic analog phase-locked loop
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voðtÞ ¼ sin½2pfct þ hoðtÞ� ¼ sin 2pfct þ 2pc
Z t

0

yðtÞdt

2
4

3
5 ð3:17Þ

where c is a constant. Hence, the VCO frequency is given by:

fvco ¼ fc þ cyðtÞ ð3:18Þ

Note that if ho(t) = h(t), then from Eqs. 3.16 and 3.18 it follows that:

yðtÞ ¼ a
c

mðtÞ

i.e., if the output phase follows the input phase the PLL will demodulate the FM
signal. The following analysis will show that this is exactly what does happen—
the output phase locks to the input phase and authentic FM demodulation occurs.
This occurs (as will be seen in the analysis) provided that some non-restrictive
conditions are met.

From Fig. 3.10, Eqs. 3.15, 3.17, and Tables (Useful Formulas—4), it is possible
to write:

eðtÞ ¼ xðtÞvoðtÞ ¼
1
2

sinð4pfct þ ho þ hÞ þ 1
2

sinðho � hÞ

The LPF rejects the high frequency component of e(t) , giving the following filter
output:

yðtÞ ¼ 1
2

sinðho � hÞ ð3:19Þ

Then from (3.18) and (3.19) one gets:

dho

dt
¼ K sinðho � hÞ

where K = pc. For small differences between the input and output phases (i.e., for
small phase errors) the following approximation can be made:

dho

dt
	 K ðho � hÞ:

Taking the Laplace transform of both sides yields:

sHoðsÞ ¼ K ðHo �HÞ: ð3:20Þ

From Tables–Laplace Transform Pairs, and Eqs. 3.16 and 3.18 one gets:

YðsÞ
s
¼ HoðsÞ

2pc
and

MðsÞ
s
¼ HðsÞ

2pa
: ð3:21Þ
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Equations 3.20 and 3.21 give:

YðsÞ ¼ �a=cK

s� K
MðsÞ ð3:22Þ

For a large value of the loop gain, i.e., if |K| 
 1, Eq. 3.22 can be re-written as:

YðsÞ 	 �a
c

MðsÞ ) yðtÞ 	 �a
c

mðtÞ: ð3:23Þ

Equation 3.23 indicates that under the assumptions made in the previous para-
graphs, the PLL produces a scaled version of the message signal at the output.
Demodulation of the FM signal therefore occurs.

3.4.2 Digital Phase-Locked Loops

Digital phase-locked loops (DPLLs) were introduced in the 1970s to alleviate
some of the inaccuracies associated with analog systems. They are analogous in
structure to analog PLLs (APLLs) (see Fig. 3.11). APLLs are still widely used, but
DPLLs are attracting more attention due to the significant advantages of digital
systems compared to their analog counterparts. These advantages include superior
accuracy, faster locking speed, greater reliability, and reduction in size and cost.
A more detailed discussion of the advantages brought by DPLLs is provided
below.

1. APLLs suffer from the sensitivity of the VCO which decides the center fre-
quency to temperature and power supply variations. They therefore need initial
calibration and periodic adjustments. DPLLs do not suffer from such problems.

2. The most common error detectors used in APLLs utilize analog multipliers
which are sensitive to d.c. drifts, a problem that does not exist in DPLLs.

3. DPLLs can operate at frequencies much higher than APLLs. Also, DPLLs can
operate at very low frequencies, whereas the latter pose serious problems for
APLLs. These problems are related to the reliable operation of the analog low-
pass filter in extracting the lower frequency component. These problems also
dictate that longer times are needed for effective filtering, and so the locking
speed of the PLL is reduced.

               DF

              DCO 

 x ( n )
    e ( n )

    v
o
 ( n )

    PED

y ( n )

Fig. 3.11 A block diagram of a generic digital phase-locked loop
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There are many kinds of DPLLs. The interested reader is referred to [4, 5] for
more details.

3.4.2.1 The Sinusoidal DPLL (SDPLL)

Among DPLLs, non-uniform sampling sinusoidal PLLs are particularly popular.
Thy are simple to implement and suitable for relatively wide locking ranges. Fig-
ure 3.12 shows a block diagram of a generic SDPLL. It consists of a sampler/ADC
unit which serves effectively as a PED, a digital low-pass filter (DF), and a digital
voice-controlled oscillator (DCO) which produces a constant amplitude (but variable
frequency) output pulses that control the sampling instants of the Sampler/ADC unit.

Different SDPLLs can be obtained by having different D-LPFs. First and
second-order filters are both commonly used in practice for SDPLLs. The first-
order SDPLL uses a digital filter of zero-order, i.e., it consists of just a multipli-
cative constant G1. A second-order 00 typically uses a digital filter with the
following transfer function (see also Fig. 3.13):

HðzÞ ¼ G1 þ G2
1

1� z�1
:

where G1 and G2 are appropriately chosen constants. This transfer function can be
implemented in parallel form as shown in Fig. 3.13. The output of this filter is
given by:

yðkÞ ¼ G1xðkÞ þ G2

Xk

i¼0

xðiÞ

 Sampler &

      ADC

       x ( k )

    N−bits
   DF

 DCO
               Output Pulses,    v

o
 ( k )

 y ( k )

 x ( t )

 Input Signal,Fig. 3.12 A block diagram
of a generic sinusoidal digital
phase-locked loop

 z−1

 G
2

  G
1

 x ( k )  y ( k )

Fig. 3.13 The digital filter of
the 2nd-order SDPLL

146 3 Selected Topics in Applied Signal Processing



The output of the DF modifies the input of the DCO to vary its phase (also its
frequency) such that it locks onto the phase (and frequency) of the input analog signal
x(t). If no input is applied to the DCO, it has a free running frequency equal to fo Hz.

The Digital Controlled Oscillator

The Digital Controlled Oscillator consists of a programmable counter, a binary
subtracter, and a zero detector as shown in Fig. 3.14. Subtraction is performed
using a 2’s complementer and a full adder.

When the input number is N = 0, the DCO period between pulses is
To = MTc = Mo/fc, where fc is the clock frequency and Mo is a constant number.
Hence, the DCO frequency is fo = 1/To, the free running frequency (or the center
frequency). If N = 0, the DCO period is T = (Mo - M)Tc = To - NTc, hence the
DCO frequency is f = 1/T (See Fig. 3.14). The SDPL adjusts itself such that, after
a few sampling instants, the DCO frequency f matches the input signal frequency.

3.4.2.2 Operation of the SDPLL

When the sampler takes a sample of x(t) at the kth sampling instant, the ADC
converts the analog value x(k) into an N-bit digital value x(k). Then the DF
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modifies x(k) to yield y(k), which in turn modifies the DCO input number. As the
DCO input is changed, so is the sampling period T(k) of the ADC. Note that the
sampling process is non-uniform, i.e., fs is not constant. Under certain conditions,
convergence or locking will occur such that T(k) approaches Tm = 1/fm (where fm
is the carrier frequency of the input analog signal x(t)). Figure 3.15 shows the
waveforms associated with the SDPLL.

Analysis of the SDPLL

Assume that the input signal x(t) is a sinusoidal signal with the form:

xðtÞ ¼ A sinðxt þ hoÞ þ nðtÞ;

where A is the signal amplitude, x = 2pf is the signal instantaneous frequency,
ho is a constant phase, and n(t) is additive noise. The locking range of the loop is
the range of instantaneous frequencies that the loop can track. Since the locking
range is dependent on the deviation of x from the loop center frequency xo, it is
more convenient to write the above equation in the following form:

xðtÞ ¼ A sin½xot þ hðtÞ� þ nðtÞ; ð3:24Þ

where h(t) is the information-bearing phase given by:

hðtÞ ¼ ðx� xoÞt þ ho ¼ Dxt þ ho:

After sampling, the input signal at the kth sampling instant t(k) the input signal will
have the following form:

xðkÞ ¼ A sin xotðkÞ þ hðkÞ½ � þ nðkÞ; ð3:25Þ

where the input phase at the kth sampling instant is defined as follows:

/ðkÞ ¼ xotðkÞ þ hðkÞ: ð3:26Þ

 T(1)  T(2)

 x ( t )

 t (0)  t (1)  t (2)
 Time

 x ( k )
 x ( 1 )  x ( 2 ) x ( 3 )
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o
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Fig. 3.15 Waveforms associated with the SDPLL
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The sampling interval of the DCO at the kth sampling instant is given by:

TðkÞ ¼ To � yðk � 1Þ ð3:27Þ

(see Figs. 3.12 and 3.14).
Note that the kth output sample of the DF, y(k), effectively determines the

sampling period, T(k ? 1). The kth sampling instant t(k) is given by the cumu-
lative sum of all sampling periods:

tðkÞ ¼ tð0Þ þ
Xk

0

TðiÞ:

For simplicity it is assumed that the initial time instant is zero, i.e., t(0) = 0.
Hence, the kth sampling instant is:

tðkÞ ¼ kTo �
Xk�1

0

yðiÞ ð3:28Þ

From Eqs. 3.26 and 3.28, the input signal phase at the kth sampling instant can be
written as follows:

/ðkÞ ¼ hðkÞ � xo

Xk�1

0

yðiÞ: ð3:29Þ

Hence, at the (k ? 1)th sampling instant, the input signal phase is given by:

/ðk þ 1Þ ¼ hðk þ 1Þ � xo

Xk

0

yðiÞ: ð3:30Þ

The phase equations (3.29) and (3.30) will determine the system difference
equation for the SDPLL of any order.

3.4.2.3 The First-Order Noise-Free SDPLL

The first-order SDPLL is widely used, although it gives a non-zero steady-state
phase error. Its digital filter transfer function is H(z) = G1 (constant), hence its
output is given by:

yðkÞ ¼ G1xðkÞ ¼ G1A sin½/ðkÞ� ð3:31Þ

From Eqs. 3.29 and 3.30 the following phase difference equation is obtained:

/ðk þ 1Þ � /ðkÞ ¼ hðk þ 1Þ � hðkÞ � xoyðkÞ: ð3:32Þ
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Using Eqs. 3.28 and 3.31 gives the following difference equation:

/ðk þ 1Þ ¼ /ðkÞ � K2 sin½/ðkÞ� þ Ko ð3:33Þ

where Ko ¼ 2pðx� xoÞ=xo and K2 = x G1A. If K1 is defined to be K1 = xoG1 A,
and W is defined as the frequency ratio W = xo/x, then K2 = K1 (x/xo) =

K1/W. The parameters W and K1 control the system operation range as discussed
below.

Locking Conditions

If locking occurs, then /(k ? 1) = /(k) = /ss (/ss being the steady-state phase
error). Using Eq. 3.33 it follows that:

Ko ¼ K2 sinð/ssÞ ) /ss ¼ sin�1ðKo=K2Þ ð3:34Þ

) Ko=K2j j\1 ð3:35Þ

Equation 3.35 leads to the following condition (prove as an exercise!):

K1 [ 2p 1�Wj j ð3:36Þ

Now the theory of Fixed Point Analysis states that the equation g(w) = w has a
solution w* only if the following condition is satisfied (see [6]):

g0ðw�Þj j\1 ð3:37Þ

Hence, Eq. 3.33 has a solution as in Eq. 3.31 only if:

1� K2 cosð/ssÞj j\1

) 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

2 � K2
o

q����
����\1

) K2
2 � K2

o\4

which gives the following condition:

K1\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ 4p2ÞW2 � 8p2W þ 4p2

p
ð3:38Þ

Equations 3.35 and 3.38 specify the frequency locking region of the 1st-order
SDPLL as illustrated in Fig. 3.16. Hence, if the frequency of the incoming signal is
such that x=xo ¼ 1=W 2 R, where R is the region of locking in the (W,K1) plane,
then the SDPLL is capable of tracking this frequency. It is then also capable of
eventually locking on the input phase. Note that as K1 approaches 2, the locking
range becomes wider. Practically, locking occurs when j/ðk þ 1Þ � /ðkÞj\�,
where e is a small positive number.
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Phase Plane Diagram

Phase plane diagrams represent the phase at the (k ? 1)th sampling instant, /
(k ? 1), as a function of the phase at the kth sampling instant, /(k). Such diagrams
are useful for studying the convergence behavior of the SDPLL.

For the first-order SDPLL, the system equation is given by (see Eq. 3.33):

/ðk þ 1Þ ¼ /ðkÞ � K2 sin½/ðkÞ� þ Ko:

If one puts x = /(k) and y = /(k ? 1), one gets the following simple equation:

y ¼ gðxÞ ¼ x� K2 sinðxÞ þ Ko:

If one assigns a value for / (0), then successive phase errors {/ (k)|k = 1? ? }
can be found and plotted (modulo 2p) by successive projections on the curves
y = x and y = g(x). This is shown in Fig. 3.17 for ho = 2.5 rad, to = 0,
K1 = 1.7, center frequency fo = 1 Hz, and input frequency fi = 0.83 Hz (hence
W = 1.2). The locking point is a point of intersection between the two curves.
Note that the values of W and K1 are inside the locking region R. Figure 3.17
also shows the sampling process with the phase error process for the same
parameters. Figure 3.18 depicts the frequency tracking process under the above
circumstances.

SDPLL in Noise

Figure 3.19 shows the frequency tracking probability density function for the same
circuit parameters as above in the presence of AWGN noise. It is seen that the pdf
(f) has a maximum at approximately f = fi. Hence, the SDPLL can detect the input
frequency in the presence of noise, even for low SNRs. Figure 3.20 shows the
variance of this frequency estimate as a function of the SNR. As expected, it
decreases when SNR increases.
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Fig. 3.16 Locking region of
the 1st-order SDPLL
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3.4.2.4 The Second-Order Noise-Free SDPLL

The first-order SDPLL locks on a non-zero steady-state phase error /ss ¼ sin�1

ðKo=K2Þ: This can be an unwanted characteristic when the PLL is used for syn-
chronization. In such a case the second-order loop may be necessary as it locks on
zero phase error. The second-order SDPLL utilizes a proportional and an accu-
mulation path digital filter:

  φ
 (

k+
1)

, r
ad

  φ (k), rad

  π

  − π

 π − π   φ(0)

  φ(1)

  φ(2)

  φ(3)
  φ

ss

 y = x

 t, sec

 t(0)  t(1)  t(2)  t(3)

  T(1) ← →   T(2) ← →       T(3) ← →

 0   1   2

 φ
 (

k)
, r

ad

 t, sec

 t(0)  t(1)  t(2)  t(3)

 0
  1  2

 π

 −π

Fig. 3.17 Locking process of the 1st-order SDPLL for ho = 2.5 rad, to = 0, K1 = 1.7,
fo = 1 Hz, and fi = 0.83 Hz (hence W = 1.2). Above phase plane diagram. Middle sampling
process. Below phase error process
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yðkÞ ¼ G1xðkÞ þ G2

Xk

i¼0

xðiÞ:

Following the same steps as for the first-order loop, it can be shown that:

/ðk þ 2Þ � 2/ðk þ 1Þ þ /ðkÞ ¼ K2 sin½/ðkÞ� � rK2 sin½/ðk þ 1Þ� ð3:39Þ

where r ¼ 1þ G2
G1
: Recall that K2 ¼ xG1A; K1 ¼ x0G1A; W ¼ xo=x; K2 ¼

K1ðx=xoÞ ¼ K1=W .
At locking it is true that /(k ? 2) = /(k ? 1) = / (k) = /ss, hence the above

equation becomes:

0 ¼ K2ð1� rÞ sin½/ss� ð3:40Þ

which implies that the locking phase /ss is zero.

Lock Range

To apply fixed-point analysis as for the first order SDPLL, one must have an
expression of the form g(x) = x. Since the 2nd-order SDPLL is characterized by a
2nd-order equation, one will need to have a vector expression: g(x) = x. To obtain
this type of expression, one can write:
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Fig. 3.19 Frequency tracking pdf using the 1st-order SDPLL with ho = 2.5 rad, to = 0,
K1 = 1.7, fo = 1 Hz, and fi = 0.83 Hz (hence W = 1.2) in AWGN for different SNRs
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xk ¼
/ðkÞ

/ðk þ 1Þ

� 	
¼ uk

vk

� 	

Then, using Eq. 3.40 one has:

xk þ 1 ¼ ukþ1

vkþ1

� 	
¼ /ðk þ 1Þ

/ðk þ 2Þ

� 	

¼ vk

2vk � uk þ K2 sinðukÞ � rK2 sinðvkÞ

� 	
¼ f ðxkÞ

hðxkÞ

� 	
¼ gðxkÞ

The problem is now expressed in a form which can be analyzed with fixed point
analysis:

g(x) = x with x ¼ u
v

� 	
and gðxÞ ¼ f ðxÞ

hðxÞ

� 	
; where f(x) = v and hðxÞ ¼

2v� uþ K2 sinðuÞ � rK2 sinðvÞ:
As there is a function of two variables, one should use the Jacobian (instead of

the derivative):

g0ðxÞ ¼ of=ou of=ov
oh=ou oh=ov

� 	
¼ 0 1
�1þ K2 cosðuÞ 2� rK2 cosðvÞ

� 	

The fixed point is x� ¼ u�

v�

� 	
¼ 0

0

� 	
ðmod 2pÞ, at which:

g0ðx�Þ ¼ 0 1
�1þ K2 2� rK2

� 	
:

For this system to have a fixed point as above, one should have:

jkij\1 8i

where ki are the eigenvalues of L = g0 (x*), i.e., roots of |k I - L| = 0. Hence we
get:

r [ 1

and

0\K2\
4

r þ 1

which define the locking range of SDPLL2.

3.4.2.5 PM Demodulation Using the SDPLL

Using Eq. 3.29 for the 1st-order SDPLL yields:

/ðkÞ ¼ hðkÞ � x0

Xk�1

i¼0

yðiÞ ¼ hðkÞ � K1

Xk�1

i¼0

sin½/ðiÞ� ð3:41Þ
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If one puts K1 = 1 and assumes that /(i) is small near locking, then it follows that:

hðkÞ 	
Xk

i¼0

/ðiÞ ð3:42Þ

Equation 3.42 suggests that the information-bearing phase h (t) can be recovered
by summing the phase errors.

If x(t) is a PM signal, then it has the following form:

xðtÞ ¼ A sin /ðtÞ½ � ¼ A sin½xot þ a � mðtÞ|fflfflffl{zfflfflffl}
hðtÞ

�

where m(t) is the message and a is a constant (the modulation index). It is clear
that /(t) is varying linearly with m(t), and that h(t) = a�m(t) is the information-
bearing phase previously considered in the study of the SDPLL.

Now consider a single-tone message m(t), i.e.,

mðtÞ ¼ a sinðxmtÞ:

In this case:

xðtÞ ¼ sin½xot þ b sinðxmtÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
hðtÞ

� ðwhere b ¼ a � aÞ:

The instantaneous frequency (IF) of any sinusoidal PM signal is given by:

xðtÞ ¼ dh
dt
:

Hence, for the signal x(t) above:

xðtÞ ¼ x0 þ b � xm cosðxmtÞ:

The maximum and minimum values of this frequency are given by:

xmax ¼ xo þ b � xm and xmax ¼ xo � b � xm:

From Eq. 3.36 using K1 = 1 with a first-order loop:

2p
2pþ 1

\
x
x0

\
2p

2p� 1
) 2p

2pþ 1
\

x0 � bxm

x0
\

2p
2p� 1

) 0\b
xm

x0
\

1
2pþ 1

	 0:13 ð3:43Þ

Hence, b xm should be specified by the above range, otherwise the SDPLL will not
be able to demodulate the PM signal. Equation 3.38 is not effective here as its
range exceeds K1 = 1 (see Fig. 3.16).
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Figure 3.21 shows the circuit diagram for PM demodulation using 1st-order
SDPLL.

3.5 Linear Estimation and Adaptive Filtering

A transmitted signal x(n) is normally corrupted by random noise during the
transmission process so that the received signal y(n) may be relatively difficult to
detect. To enhance detectability, it is advisable to use the best possible means to
reduce the effects of the noise. If one knows the sent signal exactly, one can use
matched filtering. In many situations, however, only partial (as opposed to exact)
information about the signal is available. The general process of forming an
approximation to the noise free signal based on partial information is called
estimation. This section deals with the issue of estimation, and in particular esti-
mation based on the use of linear filters. Throughout the section the estimated
signal will be denoted by x̂ðnÞ:

There are various different forms of partial information which may be avail-
able. One may, for example, know the spectral region occupied by the sent signal,
and the spectral region occupied by the undesirable noise. Often the noise will
occupy a wider bandwidth than the signal and so one can simply use a BPF to
remove all noise outside the band of the sent signal—the filtered signal could then
be considered to be the estimated signal. This is a very simplistic approach to
estimation, and one that may well not be optimal. During the 1940s Norbert
Wiener studied the problem of how to optimally estimate a sent signal, given a
knowledge of the sent signal’s spectrum and the received signal’s spectrum. He
found that the optimal estimate is given by the output of the filter whose transfer
function is:

HoðsÞ ¼
SyxðsÞ
SxxðsÞ

eas ð3:44Þ

where a is the delay of the Wiener filter Ho(s), Sxx(s) is the PSD of the original
signal, Syx(s) is the cross spectral density (CSD) between the original and observed
signals.
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Fig. 3.21 Circuit diagram for PM demodulation using SDPLL1
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The so-called Wiener filtering formulation in (3.44) is a frequency domain
solution, and is difficult to implement in practice because it requires a knowledge
of both the sent signal’s spectrum and the cross-spectrum between the sent and
received signals. A time-domain implementation of Wiener filtering turns out to be
much more amenable to practical implementation. This time-domain solution is
discussed in the following paragraphs.

Because of the Wiener–Kinchin theorem, the spectral formulation given in
(3.44) can be re-expressed with auto- and cross-correlation functions rather than
spectra. This re-formulation is based on the minimization of the mean-squared
error between the observed signal y(n) and a reference signal d(n), which is ideally
equal to the original signal x(n). In practice it often differs from x(t) by some error
signal. That is, the time domain approach still needs prior knowledge of the
autocorrelation function of the observed signal autocorrelation Ry and the
observed/desired signal’s cross-correlation, Ryd : The time-domain FIR Wiener
filtering solution is given by:

hopt ¼ R�1
yy Ryd

h iT
ð3:45Þ

In itself, the solution presented in (3.45) has limited usefulness because of the
unavailability of the autocorrelation functions needed a priori to implement (3.45).
By using adaptive implementations however, it is possible to adaptively estimate
the initially unknown quantities and so arrive at a solution which is very close to
that provided in (3.45). In what follows, both non-adaptive and adaptive imple-
mentations of Wiener filter will be considered.

Figure 3.22 shows a general model for linear estimation.

3.5.1 Non-adaptive FIR LMS Filter

There are two kinds of filters for implementing the Wiener solution. These are FIR
nd IIR versions of the so-called least mean-square (LMS) filters. This book will
concentrate on the FIR LMS filter, largely because of the advantage they have with
respect to stability. If the filter length is M ? 1, then from Fig. 3.22 it follows that:
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          d ( n )
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Fig. 3.22 Generic linear estimation model
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x̂ðnÞ ¼
XM
k¼0

hðkÞyðn� kÞ ð3:46Þ

Often it is convenient to write the above equation in matrix form as follows:

x̂ðnÞ ¼ hyTðnÞ ¼ yðnÞhT ð3:47Þ

where

h ¼ ½hð0Þ hð1Þ hð2Þ; . . .; hðMÞ�;

which is the impulse response vector, and

yðnÞ ¼ ½yðnÞ yðn� 1Þ yðn� 2Þ; . . .; yðn�MÞ�;

which is the observed signal vector at the time instant n. The error is given by:

eðnÞ ¼ dðnÞ � x̂ðnÞ ð3:48Þ

and the mean-squared error (MSE) is given by:

emse ¼ Ef½eðnÞ�2g ¼ Ef½dðnÞ � x̂ðnÞ�2g ¼ Ef½dðnÞ �
XM

k¼0

hkyðn� kÞ�2g ð3:49Þ

To minimize emse it is necessary that:

oemse

ohj
¼ 0 8j ð3:50Þ

where for simplicity, the designation hj = h(j) is made. From Eqs. 3.47, 3.49, and
3.50 it is possible to write:

oemse

ohj
¼ E 2eðnÞ: oeðnÞ

ohj

� �

¼ �2EfeðnÞyðn� jÞg
¼ �2Efyðn� jÞ½dðnÞ � yðnÞhT �g ¼ 0; j ¼ 0; 1; . . .;M

ð3:51Þ

Now Eq. 3.51 can be written in matrix form as follows:

�2EfyTðnÞ½dðnÞ � yðnÞhT �g ¼ 0

) EfyTðnÞdðnÞg � EfyTðnÞyðnÞhT �g ¼ 0

) Ryd ¼ RyyhT

where Ryy is the observed signal autocorrelation, while Ryd is the observed signal
cross-correlated with the desired signal. Hence, the optimal filter coefficients (in
the MSE sense) are given by:
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hopt ¼ R�1
yy Ryd

h iT
ð3:52Þ

which is known as the Wiener–Hopf Equation.

3.5.2 Adaptive Filters

An adaptive filter is a programmable filter whose coefficients (i.e., impulse
response values, {h(k)}) are changed or adapted. Normally one seeks to adapt the
coefficients so as to give an optimal estimate x̂ðnÞ of the original signal {x(n)} at
the time instant n, and an adaptive feedback algorithm is used to update the filter
coefficients. The measure of optimality is typically based on the information
available for the given application. Illustrative examples will be presented later in
this Sect. 3.5.7.

Because of their ability to adapt the coefficients, adaptive filters cannot only be
used for ‘‘homing in’’ on the optimal Wiener solution for time-invariant scenarios,
they are also useful for applications in which conditions are continuously varying.
They can, for example, be used to compensate for time-varying channel condi-
tions. Figure 3.23 shows a generic adaptive filter structure.

3.5.3 Choice of the Desired Signal

In communications systems, a ‘‘training sequence’’ is sent before transmission of
data. The receiver knows this signal and utilizes a copy of it as the desired signal
d(n). As such the adaptive filter can adapt coefficients to the point of near opti-
mality during the short period in which the training sequence is transmitted.

In noise cancelers, d(n) can be selected to be the observed data y(n), or a
delayed version thereof. This signal differs from the true signal x(n) in that it
contains additive random noise. In such a scenario, the adaptive filter is usually
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Fig. 3.23 Generic adaptive filter configuration
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specified to adapt slowly, so that it cannot respond very effectively to the rapid
changes inherently present in the noise component of the signal, only to the
relatively slowly changing components of the true desired signal. For this reason
the choice of y(n) as a reference signal often serves as a very reasonable
replacement for the ideal signal x(n).

3.5.4 The Adaptive LMS Algorithm

The adaptive LMS algorithm is probably the most popular adaptive filtering
technique is use today. In this algorithm the filter coefficients are adapted
according to the 6-line procedure given in the following paragraph. This algorithm
was developed by Widrow & Hoff, and can be shown to realize the optimal Wiener

filtering solution which minimizes the MSE: emse ¼ Ef½eðnÞ�2g ¼ Ef½dðnÞ �
x̂ðnÞ�2g at every time instant n (see [7]).

Definition of the Adaptive LMS Algorithm:
hðkÞ ¼ ½hoðkÞ h1ðkÞ h2ðkÞ; . . .; hMðkÞ�, the filter coefficients at the kth instant.
yðkÞ ¼ ½yðkÞ yðk � 1Þ yðk � 2Þ; . . .; yðk �MÞ�, observed signal vector at kth

instant.
The algorithm can be described in vector form (MATLAB-like code) as follows:

h(0) = 0; % Initialize the filter coefficients.
for n = 1: N % N = length(y);

x̂ðnÞ ¼ hðn� 1ÞyTðnÞ; % Filter output (this is matrix multiplication).
eðnÞ ¼ dðnÞ � x̂ðnÞ;
hðnÞ ¼ hðn� 1Þ þ l � eðnÞyðnÞ; % l is the step-size.

end

3.5.5 Choice of Adaptation (Convergence) Coefficient
and Filter Length

The choice of the adaptation coefficient l affects the estimation accuracy and the
convergence speed of the algorithm. Small values of l give better final accuracy
but slower convergence. Large values do the contrary. Very small or very large
values for l can cause significant errors, and hence, a compromise between these
two extremes is desirable. Because quick convergence is achieved by making l
large, and good final accuracy is attained by making l small, many authors have
proposed that l itself be adapted as the filter runs. At the start of the algorithm l is
made large, and after (approximate) convergence is reached, l is made small. For
the sake of simplicity, however, this book will assume that l is invariant once the
algorithm commences.
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As well as having to select l, one needs to select an appropriate filter length.
A larger filter length M ? 1 is likely to give better estimation, but it also intro-
duces more delay into the output. Again, a compromise is desirable.

3.5.6 Hardware Implementation of Adaptive FIR Filters

The adaptive LMS algorithm can be implemented in either digital hardware or
software. A digital hardware implementation is depicted in Fig. 3.24. Note that
adaptive filters really only became practical with the advent of digital signal
processing—the intelligence required to implement these algorithms is generally
problematical for analog hardware.

3.5.7 An Example of LMS Filtering

Example Consider a 2-tap FIR adaptive LMS filter. If y(4) = 0.25, y(5) =

0.5, d(4) = 1.03, d(5) = -0.27, and hð4Þ ¼ ½1:2 3:7�, use the LMS algorithm
with l = 0.02 to update the impulse response of the filter.

Solution: Applying the LMS filter algorithm to the above data specifications gives:

hð5Þ ¼ hð5Þ þ l½0:5 0:25�eð5Þ
eð5Þ ¼ dð5Þ � x̂ð5Þ ¼ dð5Þ � hð4ÞyTð5Þ

¼ �0:27� ½1:2 3:7�
0:5

0:25

� 	
¼ �1:79

hð5Þ ¼ hð4Þ þ 0:02½0:5 0:25�ð�1:79Þ
¼ ½1:2 3:7� � ½0:0179 0:0089� ¼ ½1:18 3:69�:
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Fig. 3.24 Hardware implementation of the adaptive LMS filter
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3.5.8 Application of Adaptive Filtering to Noise Reduction
in Narrow-Band Signals

For noise removal in narrowband signals of unknown frequency one can use
adaptive LMS filters. In such applications one can set the desired signal d(n) to be
equal to the observed signal (d(n) = y(n)), as shown in Fig. 3.25. Note that with
this arrangement: i) the filter operates only on previous samples of the signal (not
the current one) and ii) the filter coefficients are adapted until the current output
from the filter matches the current observed sample as closely as possible. Now
ideally the desired signal should not be derived from the (noisy) observed signal
but from a noise free version of the observed signal. However, if the filter coef-
ficients are forced to adapt slowly, the filter will be unable to adapt to the rapid
fluctuations of the noise component of the observation—they will adapt mostly to
the noise-free version of the observed signal. The adaptive filter therefore func-
tions reasonably effectively. The arrangement is illustrated in Fig. 3.26 which
shows adaptive noise reduction for a sinusoid with unknown frequency.
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Fig. 3.25 Noise reduction
using an adaptive filter
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3.5.9 Application of Adaptive Filtering to Channel
Equalization

3.5.9.1 Reducing Intersymbol Interference

A communication channel can introduce noise and other forms of distortion which
adversely affect the transmitted data. One kind of distortion which is particularly
important in communication systems is so-called intersymbol interference.

Consider the scenario where it is desired to transmit a square pulse across a
communications channel. This pulse has a sinc function spectrum, which has an
infinite bandwidth. The square pulse is therefore compact in time, but infinite in
frequency extent. If the square pulse enters a communications channel which
acts as an ideal low-pass filter, the output signal will be bandlimited in fre-
quency, but it will be stretched in the time-domain. In fact it will have infinite
extent in the time-domain, due to the fact that the output is the convolution of
the input with the filter impulse response, and the latter is infinitely long. This is
in accord with the fact that any signal with finite frequency spectrum is infinitely
long in the time domain. As will be seen in the following paragraphs, this fact
has significant implications for digital pulse transmission in communication
systems.

A communication channel has normally a limited bandwidth, Bc, and hence acts
like a LPF (with transfer function Hc (f)). Consider for simplicity a baseband
antipodal signal transmission, where rectangular data bits are transmitted as ± 1,
with symbol duration T (see Sect. 3.2.2). The channel will cause each data symbol
to be stretched in time beyond its allocated interval T, and this stretching will
interfere with the receiver’s ability to reliably detect the true data value at any given
time. This kind of interference is referred to as intersymbol interference (ISI). ISI
tends to become worse as the data rate R = 1/T bps increases. The number of other
‘parasitic’ symbols incorporated into the current symbol period depends on the data
rate R and the channel bandwidth Bc. The higher the data rate the worse the ISI, and
the lower the bandwidth the more the ISI becomes a problem.

In practice, there is a significant effect on ISI from only a finite number of
symbols on either side of the current symbol. The practical effect of the ISI can
therefore be modeled via a distortion or filtering with a finite impulse response. i.e.
one can model the ISI as a filtering produced by a tapped delay line with a finite
number of taps fho; h1; . . .; hMg. If the channel is distortionless, then ho = 1 and
hk ¼ 0 8k 6¼ 0. For practical channels which have some distortion, at least some
of the hk 8k 6¼ 0 are non-zero.

In the case of baseband antipodal binary transmission, the distortionless channel
output (i.e., the observed signal seen at the matched filter detector) would be
y(k) = ± 1 + noise, assuming a sampling rate at the receiver similar to that at the
transmitter. A decision here can be made as follows: if y(k) C 0, then +1 was
transmitted, otherwise -1 was transmitted. This decision is not reliable if sig-
nificant if ISI exists; and the matched filter is insufficient for detection.
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In practice, ISI is negligible in telephone channels for data rates less than 2400 bps.
For higher data rates, ISI is a problem that degrades the system performance.

One way to reduce the effect of ISI is to smooth the corners of the rectangular
pulses (that represent the symbols) to reduce the effective bandwidth of each
symbol. This is called pulse shaping, and this shaping is done by filtering the
original rectangular pulses with special-purpose filters such as the raised-cosine
filter. This filter has a transfer function which is given by:

Hðf Þ ¼
T 0� jf j � 1�a

2T
T
2 ½1þ cos pT

a ðjf j � 1�a
2T Þ� 1�a

2T � jf j � 1þa
2T

0 jf j[ 1þa
2T

8<
:

9=
;

where the constant 0 B a B 1 is called the roll-off factor and T is the symbol period.
This filter is useful in reducing ISI as long as the data rate R = 1/T \ 2W,W being
the channel bandwidth. The rate R = 2W is called the Nyquist rate.

The impulse response h(t) of the raised-cosine filter is given by:

hðtÞ ¼ sinc
t

T

� � cosðpbt
T Þ

1� 4b2t2

T2

Not only does the raised cosine filter reduce the time extent of the ISI, but it also
shapes the interference intelligently. In particular, the raised cosine filter transforms
the rectangular pulse into an oscillating pulse which happens to be zero at all
symbol detection points before and after the current data symbol as shown in
Fig. 3.27. That is, whenever a data symbol needs to be detected, the interference
from all prior and subsequent symbols is zero at that point. This is so because the
impulse response h(t) is zero at all nT (where n is an integer), except at n = 0.
Therefore, if the transmitted waveform is correctly sampled at the receiver at
t = nT, the original symbol values can be recovered exactly in the absence of noise.
Note that a matched filer is necessary at the receiver to reduce the effect of noise.

   t

   Rx Pulses

T−T 2T 3T

Fig. 3.27 Successive data
impulses (train of 1s) filtered
using a raised-cosine filter
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3.5.9.2 The Adaptive Channel Equalizer

Pulse shaping using a raised-cosine filter can alleviate the ISI problem, but it does
not adequately deal with noise. As discussed in Sect. 3.5.8, an effective way to
reduce noise (as well as ISI) is to use an LMS adaptive filter to equalize the effects
of the channel distortion and noise.

An efficient approach to design an equalizer is to utilize an adaptive FIR Filter.
Such filters are called adaptive transversal filters) in communications, and they
adapt their coefficients during the transmission of a known initial training signal to
counterbalance the effect of the channel, i.e., they adapt the filter so as to produce
an equalizing transfer function He(f) = 1/Hc(f).

The adaptive LMS filter algorithm can be used to design an efficient channel
equalizer, with the length M of the filter depending on the number of symbols the
ISI can span. Of course, larger M tends to give better equalization, but more delay,
so a compromise is necessary. Figure 3.28 shows channel estimation/equalisation
using an adaptive LMS filter with M = 11, SNR = 30 dB, and a data length of
500 symbols. The transmitted symbols are a pseudo-random (training) sequence of
the form ±1, known to the receiver, and hence are used as the desired signal, d(n).

After the initial adjustment (training mode), the receiver switches to the deci-
sion-directed mode, where the receiver starts to process actual data rather than
simply training the equalizer.

3.6 Sigma-Delta Modulation & Noise Shaping

In this section the topic of single-bit signal processing is addressed, along with the
related topics of quantization and oversampling.
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Fig. 3.28 Channel estima-
tion using an 11-taps adaptive
LMS filter
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3.6.1 Quantization

Sampling is the first step to preparing an analog signal for processing with digital
techniques. After a signal is sampled it is often referred to as a pulse amplitude
modulation (PAM) signal. Sampling alone is not enough to fully prepare an analog
signal for digital processing, since the amplitude can take an infinite number of
possible values; quantization therefore needs to be subsequently applied. This
process involves representing the analog amplitudes using a finite number of
levels.

After quantization, data is typically encoded into a multibit binary sequence
before it is transmitted. This process is known as pulse code modulation (PCM),
and the resulting signal is known as PCM signal. In PCM, each sample is repre-
sented by one of 2M code words, each of length M bits. If fs is the sampling rate,
the data rate is Mfs bps.

Normally multibit analog-to-digital converters (ADCs) perform all of the
above-mentioned operations: sampling, quantization and binary encoding. The
accuracy (resolution) of multibit ADC depends on the number of bits, M. This
accuracy can be increased by increasing the number of bits, M, but this obviously
requires more sophisticated hardware.

Quantization can be uniform or nonuniform, as discussed below.

3.6.1.1 Uniform Quantization

In uniform quantization, the quantization levels are uniformly distributed over the
full allowable range. For example, if the input voltage is limited to ±V volts, then
the whole range 2V is divided into N = 2M steps that represent any analog voltage
between -V and +V. The approximation accuracy is dependent on the quantization
step D ¼ 2V=N: The quantization error e is given by:

�D
2

\e\
D
2
:

If it is assumed that the analog signal takes all values between -V and +V with
equal probability, then the quantization error e is uniformly distributed over
ð�D=2;D=2Þ: Hence, the pdf of e is:

pðeÞ ¼ 1
D
:

The mean of this error is zero since:

me ¼
ZD=2

�D=2

e � pðeÞde ¼
ZD=2

�D=2

eð1=DÞde ¼ 0 ð3:53Þ
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Since the mean is zero, the quantization noise power is equal to the variance, and is
given by:

r2
q ¼

ZD=2

�D=2

e2pðeÞde ¼
ZD=2

�D=2

e2ð1=DÞde ¼ D2

12
ð3:54Þ

which is independent of the number of bits M.

3.6.1.2 Nonuniform Quantization

For some applications (such as speech communications), uniform quantization is
not efficient. In voice communication channels, very low speech amplitudes are
common, while large amplitudes are rare. From Eq. 3.54 above, the quantization
noise power r2

q is constant for constant step-size D; hence, the quantization signal-
to-noise ratio SNRq is worse for low amplitudes than for large amplitudes. In
speech communications, therefore, smaller quantization steps should be used for
weaker amplitudes, and larger steps for larger amplitudes. This is the basis of
nonuniform quantization. It can be achieved by first distorting the original signal
using a logarithmic compression transfer function as shown in Fig. 3.29a, then
using a uniform quantizer with a linear transfer function as shown in Fig. 3.29b.
The final transfer function is shown in Fig. 3.29c. The compression curve has
steeper slope for weak amplitudes, hence, it magnifies them more than large ones.

The compression law currently used in North America for speech is given by:

y=ymax ¼
lnð1þ ljxj=xmaxÞ

lnð1þ lÞ sgnðxÞ;

where l is a parameter whose standard value = 225. The sgn function is used to
handle negative inputs. In the receiver, inverse compression, also called expansion,
is performed to counteract the distortion of data by compression.
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Fig. 3.29 Nonuniform quantization: compression followed by uniform quantization
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3.6.2 Oversampling and Its Applications

In many applications it is advantageous to increase the sampling rate fs of a signal
above the Nyquist rate. In this subsection two applications for this type of
‘oversampling’ are explored.

3.6.2.1 Quantization SNR Improvement

It was shown in Sect. 3.6.1.1 that the (uniform) quantization noise power is given
by pn ¼ r2

q ¼ D2=12: Quantization noise, like other kinds of noise, is broadband.
After sampling, all of the noise power will be spread over one frequency period,
with this period being equal to fs. If it is assumed that there is a flat spectrum for
the quantization noise, then the quantization noise PSD will be as follows:

Gqðf Þ ¼
ðD2=12Þ

fs
:

Now if the sampling frequency in increased to fs2 = 2fs, then the spectrum will be
of period fs2 = 2fs. Hence, the noise power (which is unchanged) will be spread
over 2fs rather than fs, and the new PSD of the noise will be given by:

Gq2ðf Þ ¼
ðD2=12Þ

fs2
¼ ðD

2=12Þ
2fs

¼ 1
2

Gqðf Þ:

If one passes this noise through a low-pass filter with pass band in the interval
(-fs/2, fs/2), the output noise power will be:

pn2 ¼
Zfs=2

�fs=2

Gq2ðf Þdf ¼ 1
2

Zfs=2

�fs=2

Gqðf Þdf ¼ 1
2

pn:

Hence, the quantization noise power is halved by oversampling by two and then
low-pass filtering. An oversampling ratio (OSR) of R followed by LPF will
decrease the quantization noise power by R, and will hence improve the SNRq

by R.

3.6.2.2 Relaxing Conditions on the Anti-Aliasing Filter

Suppose one wishes to sample an analog signal at fs = 2BHz. It is then ideally
necessary to use an anti-aliasing filter to ensure that all frequencies above BHz
are removed, while all frequencies below BHz are removed. The most obvious
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way to achieve this filtering is use an ideal analog ‘brick wall’ filter, but such
filters are impossible to implement in practice. Fortuitously, increasing the
sampling rate relaxes the conditions on the LPF, enabling a lower order filter to
be used.

As an illustration of the advantages of oversampling, consider the audio
compact disc (CD). The audible spectrum extends up to 20 kHz. Hence, one needs
a sampling frequency of at least 40 kHz. CD’s use fs = 44.1 kHz and 16-bits
quantization. The stop band for this system extends from 20 to 22.05 kHz, and
within this band the filter must produce an 80 dB drop (so as to prevent aliasing).
This requires a 50th-order analog Butterworth filter (with a cutoff frequency of
20 kHz). Such a large order Butterworth filter is highly impractical. In addition to
space problems, large filter orders are very difficult to realize because they are
more vulnerable to errors due to the tolerances of the filter components.

The solution to the above problem is to increase the sampling rate to
4fs = 176.4 kHz. Now to prevent aliasing, there needs to be an 80 dB roll-off
between 88.2 and 20 kHz. This requires only a 5th-order Butterworth filter with a
cutoff frequency of 20 kHz, which is a significant reduction in analog components.
After the analog anti-aliasing filtering is applied a digital filtering is applied to
achieve a very sharp cutoff. Subsequent to that filtering, downsampling to
fs = 44.1 kHz occurs. This downsampling is necessary for reduction of storage
requirements without any loss of information. Figure 3.30 explains the above
process.

3.6.3 Delta Modulation

In multibit A/D conversion the signal samples are quantized and encoded. The
samples are usually coded into M bit code words, where M is typically 16. As an
alternative to conventional multi-bit conversion, one can quantize just the
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Fig. 3.30 Anti-aliasing cutoff and attenuation in CD. Shaded areas should be removed by an
analog filter, while the area in between can be removed later by a digital filter
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difference between the current sample and the previous sample; with such an
approach, a smaller number of bits is required for encoding. The disadvantage of
using this type of differential quantization is that a memory is needed to maintain
knowledge of the previous sample. A slightly different approach involves com-
paring the current sample to its predicted value (determined from previous sam-
ples) rather than the previous sample, then encoding the difference. The encoding
here is called differential PCM (DPCM). The disadvantage of DPCM is that it
needs a feedback loop and associated memory.

One way to achieve DPCM is the delta modulation (DM) system shown in
Fig. 3.31. This DM is a first-order analog feedback system that consists of a
quantizer clocked at the sampling rate fs and an integrator (I). The integrator does a
linear prediction x̂ðnÞ of the current sample x(n), based on the previous sample
x(n - 1) and the most recent error. The quantized output is a comparator that
gives either 1 (logic-1) if xðnÞ� x̂ðnÞ and -1 (logic-0) if xðnÞ\x̂ðnÞ: Only a 1-bit
word is needed for encoding, since the output is either logic-0 or logic-1. The
integrator has a scaling factor D; which is referred to as the step-size.

The operation of the DM can be further explored with an example. Consider the
input analog signal shown as a dotted curve in Fig. 3.32. It is xðtÞ ¼
0:8 sin½2pð0:1Þt þ 0:1� volt. The sampling frequency is fs = 10 Hz (i.e., Ts = 0.1
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sec), and the quantization step is D ¼ 0:21 volt. It is assumed that at t = 0, the
integrator output is zero (i.e., x̂ð0Þ ¼ 0), and the quantizer output is 1. At t = 0, the
integrator starts integrating, and since its input is 1, the output grows linearly with
time. Its output is D

R t
0 1:dt ¼ t: At the next sample instant t = Ts, the error is

eðtÞ ¼ xðtÞ � x̂ðtÞ\0 since the estimate x̂ðtÞ ¼ D ¼ 0:21 is more than the signal
xðtÞ ¼ sinð0:2p � Ts þ 0:1Þ ¼ 0:162: Accordingly, the quantizer output flips to -1
and remains at that value until the next sampling instant t = 2Ts. In the mean-
while, because the integrator input is negative, its output decreases linearly with
time until t = 2Ts. At t ¼ 2Ts; xðtÞ[ x̂ðtÞ; hence e(t) [ 0, and the quantizer output
flips to +1. This causes the integrator to linearly increase again. At t = 3Ts, the
error remains positive and so there is no change in the quantizer output, etc.

The 1-bit output of the DM effectively turns out to be a pulse width modulated
waveform. That is, the greater the amplitude of the input signal, the more often the
binary output is ‘‘on’’. To demodulate the output signal one needs to take the signal
estimate x̂ðnÞ; and then use a low-pass filter to remove the heavy quantization
noise.

The accuracy of A/D conversion increases when either (i) the step-size is
decreased, or (ii) when successive samples are highly correlated as is normally
achieved if the samples are closely-spaced in time. Now the samples will be
closely spaced if a high sampling rate is used, and for this reason DMs and other
low-bit quantization systems usually use high sampling rates. These rates are
typically much higher than the Nyquist rate corresponding to the input signal,
hence the name oversampling A/D converters.

Because timing can be controlled much more easily and accurately than voltage
levels, increasing the sampling rate tends to be less expensive than increasing the
word length. For this reason 1-bit ADCs are less expensive than multibit ADCs,
and are widely used for audio applications.

If the step-size is decreased to the point where the slope of the DM integrator
(i.e., D=Ts) is less than the slope of the input signal, a slope-overload distortion
will occur. In this case, the DM is unable to correctly encode the signal, as
illustrated in Fig. 3.33 for the scenario where xðtÞ ¼ 2 sin½2pð0:1Þt þ 0:1�; fs ¼
10 Hz; and step-size D ¼ 0:1. On the other hand, if a large D is used such that the
DM slope is much larger than the signal slope in some interval, another kind of

   kT
s

 1

 −1

Fig. 3.33 Slope-overload distortion in DM
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distortion known as granular noise) occurs. The solution for these two problems is
to use a DM with adaptive step-size.

3.6.3.1 Digital DM System

The discrete version of the DM system operates in a similar fashion to the analog
one, and is depicted in Fig. 3.34.

3.6.3.2 Sigma-Delta Modulation

An sigma-delta modulator (SDM) is a 1-bit processing system which is based on
the DM, but which has greater resilience to slope overload and granular noise.
Recall that slope overload occurs when successive samples are not sufficiently
correlated. Now low frequency signals tend to have low correlation between
samples, but high frequency ones do not. To reduce problems with the processing
of high frequency signals, one can simply place an integrator in front of the DM.
The integrator tends to attenuate high frequency components, so that they are more
amenable to coding with a single bit. A block diagram for the Sigma DM (SDM) is
shown in Fig. 3.35.
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Fig. 3.34 First-order digital delta modulator and demodulator
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It is not hard to show that the representation in Fig. 3.35 has an equivalent
input/output relationship to that in Fig. 3.35; the former is more hardware efficient.
and so it more frequently used in practice for implementing SDMs. An analysis of
the SDM is performed below. It will be seen that the SDM has the remarkable
property of being able to shape the quantization noise away from the spectral band
occupied by the signal. This means that the SNR in the band of interest can be
made very high.

The SDM can be represented in the s-domain as shown in Fig. 3.36. The
quantization noise can be represented as additive noise with transfer function N(s).

Since
R t
�1 rðtÞdt �!L 1

s RðsÞ [Tables–Laplace Transform Pairs and Theorems], the
integrator is represented as 1/s.

From Fig. 3.36 one can write:

YðsÞ ¼ EðsÞ
s
þ NðsÞ ¼ XðsÞ � YðsÞ

s
þ NðsÞ

Hence,

YðsÞ ¼ 1
1þ s

XðsÞ þ s

1þ s
NðsÞ ¼ H1ðsÞXðsÞ þ H2ðsÞNðsÞ;

where the signal transfer function H1ðsÞ ¼ 1
1þs is a LP function, while the noise

transfer function H2ðsÞ ¼ s
1þs is a HP function (see Fig. 3.37). Since the input

signal is restricted to having low-frequency content, the band of interest is the low
frequency band. From this it is clear that the SDM passes the signal energy but
attenuates the quantization noise in the band of interest. That is, the noise transfer
function is a HP function, and the quantization noise accumulates outside the band
of interest, as shown in Fig. 3.38. This highly advantageous property of the SDM
is known as noise shaping.
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Fig. 3.36 Sigma-delta
modulation system in the
s-domain
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3.7 Non-Stationary Signal Analysis

The Fourier transform (FT) is an important signal processing tool. In computa-
tion, the FT can convert the somewhat complicated convolution operation into
the relatively simple multiplication operation. For signals, the FT acts like a
prism that reveals the frequency spectrum of the signal and the weight of its
frequency components. Note that the frequency spectrum given by the FT is the
average spectrum over all time, from -? to +?. This is quite useful for signals
whose frequency content is stationary (not changing with time). i.e., it is useful
for single-tone sinusoids, a sum of single-tones, a square wave, a rectangular
pulse, etc. However, for frequency modulated signals, speech, and biomedical
signals, the FT often fails to reveal the time-varying characteristics of the signal.
The averaging process inherent in the FT smears the time varying spectral fea-
tures. Although the FT is still important in studying these signals, it may not be
sufficient in itself.

3.7.1 The Need for Time-Frequency Analysis

The finite-length linear frequency-modulated signals:

xðtÞ ¼ sin½2pðfot þ et2Þ�PTðt � T=2Þ

and

yðtÞ ¼ sin½2pffoðT � tÞ þ eðT � tÞ2g�PTðt � T=2Þ;

 2nd−order SDMFig. 3.38 Signal and noise
magnitude spectra in SDM
for a sinusoidal input
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where fo = 1 Hz, T = 10 s, and the modulation index is e = 0.2. The instanta-
neous frequency (IF) of x is fx = (1/2p)d/x /dt = fo ? 2et (which is a linear
function of time), while the instantaneous frequency of y is fy = |(1/2p)d/y/
dt| = fo ? 2e(T - t). The magnitude of the FT’s of these two signals are identical,
as shown in Fig. 3.39.

In this case the magnitude spectrum is not sufficient to reveal the underlying
characteristics of the signal. No information is in the FT, since one can reconstruct
the signal using the inverse FT. The time information is hidden in the phase
response, but it is not easy to deduce much information about the time-varying
nature of the signal from the complicated phase-magnitude relations. Using a time-
frequency representation (TFR), however, it is possible to obtain the contour plots
shown in Figs. 3.40 and 3.41, which reveal the true IF laws of the two Linear FM
signals. (The particular time-frequency distribution is the Choi–Williams distri-
bution, with parameter r = 11 [8].)

In addition to the above dilemma of the FT, there is a more important problem
that the FT cannot deal with. If the signal is composed of more than one FM
component, it is even more difficult to observe the underlying structure from the
FT. Many practical sounds do indeed consist of multiple time-varying frequency
components (eg. EEG, ECG, and animal sound signals).

In particular, consider first the two sinusoidal pulses with the same frequency
occurring at different times as shown in Fig. 3.42. It is evident that the magnitude
Fourier spectrum cannot reveal the time-frequency structure of the signal, while
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Fig. 3.39 Two different Linear FM signals with identical Fourier magnitude spectra
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the time-frequency distribution shows the number of components as well as their
frequencies and durations.

Second, consider the sum of the two Linear FM signals r(t) = x(t) ? y(t), where
xðtÞ¼ _sin½2pðf1t þ e1t2Þ�PTðt � T=2Þ; yðtÞ¼ sin½2pðf2tþ e2t2Þ�PTðt � T=2Þ; f1¼
2 Hz; f2 ¼ 3 Hz; e1 ¼ 0:1; e2 ¼ 0:2, and T = 10 s. The FT cannot reveal the mul-
ticomponent nature of this signal, while the TFR can, as shown in Fig. 3.43. Here
the Choi–Williams distribution is used, with r = 41.

Third, consider a bird sound represented in Fig. 3.44. The TFR can reveal
the IF laws of the signal components, while one cannot get this information
from the FT.

3.7.2 Some Important TFRs

A TFR is a two-dimensional transform of the signal into the time-frequency
(t–f) plane. Signal components are typically observed in the t–f plane by
ridges around the IF laws of the components.

Below some of the commonly used TFRs are introduced.
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3.7.2.1 The Short-Time Fourier Transform

The short-time FT, or windowed FT, is the simplest TFR. Instead of transforming the
whole signal s(t) all at once using the FT, it is transformed on a block-by-block basis
using a moving time-window, centered at the time instant t, The STFT is defined as:

qðt; f Þ ¼
Z1

�1

sðkÞhðk� tÞe�j2pfkdk ¼ FT
k!f
fsðkÞhðk� tÞg

where h(t) is a suitable time-window such as a hamming window. Usually one
refers to the above TFR as the STFT(t, f).

The spectrogram is obtained from the STFT by simply taking the squared
magnitude of the STFT.

3.7.2.2 Cohen’s Class of TFRs

Many of the TFRs used in common practice can be shown to be members of a
generalized class known as Cohen’s class, or the quadratic class. The general
formula for this class is:
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qðt; f Þ ¼ FT
s!f
fpðt; sÞg

where: pðt; sÞ ¼ Gðt; sÞ �
ðtÞ

Kzðt; sÞ;Kzðt; sÞ ¼ zðt þ s=2Þz�ðt � s=2Þ is the instanta-

neous autocorrelation, z(t) is the analytic signal associated with the original signal
s(t), and G(t, s) is known as the kernel of the TFR. The kernel completely char-
acterizes the particular TFR and is in general a symmetric 2D low-pass shaped
function in the time-lag (t, s) domain. Further details on Cohen’s Class and TFRs
in general can be found in the book [8].

3.7.3 The Discrete Cosine Transform

In multimedia communications it is often necessary to transmit a large amount of
data in a short period of time. This is one of the challenges for 4G mobile
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communications, and one of the ways to meet this challenge is to compress data
efficiently. This section briefly discusses data compression using the discrete
cosine transform (DCT).

Many popular transforms in signal processing decompose a given time-domain
signal x(t) into a weighted sum of elementary functions or signals. This group of
elementary functions is known as the basis of the transform. Often transforms are
chosen to have basis functions which are orthogonal (or uncorrelated), because of
the many advantages that such basis functions bring. These advantages include:

i. reduced computation compared to that required with non-orthogonal basis
functions,

ii. good immunity to noise,
iii. invertibility, and
iv. compact representations for many naturally occurring signals.

The general class of invertible orthogonal transforms is defined using an
orthogonal basis f/ðkÞjk ¼ 0; 1; . . .;N � 1g as follows:

XðkÞ ¼
XN�1

n¼0

xðnÞ/�kðnÞ

xðnÞ ¼ 1
N

XN�1

k¼0

XðkÞ/kðnÞ

where:

1
N

XN�1

n¼0

/kðnÞ/�mðnÞ ¼
1; m ¼ k
0; m 6¼ k

� �
:

For the DFT /k (n) = exp(j2pkn/N). Note that in the case of the DFT, X(k) is a
complex function even if x(n) is real. In some applications, it is preferable to have
a real transform for a real signal. One such real transform is the Discrete Cosine
Transform (DCT). The definition for the DCT and its inverse is:

XðkÞ ¼
ffiffiffiffi
2
N

r
wðkÞ

XN�1

n¼0

xðnÞ cos
pkð2nþ 1Þ

2N

� 	
k ¼ 0; 1; . . .;N � 1

xðnÞ ¼
ffiffiffiffi
2
N

r XN�1

n¼0

wðkÞXðkÞ cos
pkð2nþ 1Þ

2N

� 	
n ¼ 0; 1; . . .;N � 1

where wðkÞ ¼ 1=
ffiffiffi
2
p

; k ¼ 0
1; k ¼ 1; . . .;N � 1

� �
:

This transform is given in MATLAB� as dct(x) and idct(X). It is closely related
to the DFT/IDFT and can be calculated using a similarly efficient algorithm. It is
worth noting that Parseval’s Theorem is preserved by the DCT as reflected in the
following equation:
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XN�1

n¼0

x2ðnÞ ¼
XN�1

k¼0

X2ðkÞ:

3.7.3.1 An Application of the DCT: Data Compression

The DCT is used in speech and image compression due to its tendency to compress
much of the signal energy in its low-indexed (informally, low-frequency) coeffi-
cients. This enables higher indexed coefficients to be discarded or transmitted with
a reduced number of bits. In many applications, more than 50% compression of the
data can be achieved without virtually any loss of information.

To transmit the FFT information, one needs N/2 real numbers from the real part
and N/2 from the imaginary part (using the symmetry of the FFT), or a total of N
numbers. However, for the DCT, one needs only N/2 real numbers. In audio and
video compression, since the human eye and ear are less sensitive to high fre-
quencies, it is often possible to transmit just N/5 of the coefficients or even less, as
shown in Fig. 3.45
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Fig. 3.45 Image compression using the DCT, with R indicating the % ratio of the number of
transmitted coefficients to the total number of DCT coefficients, assuming noise-free channel.
The image is obtained from MATLAB using ‘‘load woman’’
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Part III
Advanced Topics





Chapter 4
The Impact of Finite Wordlength
Implementation

4.1 Introduction

In the practical implementation of DSP systems, whether in hardware or software,
one needs to take into account the effects of finite wordlength. If the wordlength is
very long (say 32 bits) then these effects may be minimal, but for a shorter
wordlength the limitations can be significant. In assessing the importance of finite
wordlength effects three different factors need to be considered, namely:

i. the intended application and the cost of failure of the DSP system,
ii. the type of host architecture, and

iii. the arithmetic format used in the implementation, e.g., fixed- point or
floating- point.

There are various sources of errors arising from finite wordlength effects. The
first chief source of errors is the quantization error which arises when A/D con-
version occurs. As seen previously, the power of the quantization noise is deter-
mined by the number of bits of the A/D converter. The second chief source of error is
‘‘roundoff or truncation’’ errors that arise when arithmetic operations are performed
inside the DSP processor(s). For instance, an error typically occurs when one takes
the product of a signal sample rounded to b bits and a filter coefficient, which is also
rounded to b bits. The overall product is 2b bits length, but the product is typically
rounded to b bits to accommodate the internal register/data bus size. This overall
error is dependent upon the type of number format (i.e., fixed-point or floating-point
representation). Note that there are also various different forms of fixed-point
representation, with each yielding its own particular quantization error contribution.

4.2 Overview of Number Formats

Typically, DSP processors, general-purpose computers, and special-purpose digital
VLSI systems use binary number representations. Generally, the binary number

Z. M. Hussain et al., Digital Signal Processing,
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format consist of two parts: the integer part and the fractional part, with a binary
point separating them:

10111|fflffl{zfflffl}
integer

� 101|{z}
fraction

ð4:1Þ

where � represents the binary point. Generally, the decimal equivalent of a binary
number aB�1 aB�2. . .a0 � a�1 a�1. . .a�b consisting of B integer bits and b fractional
bits is obtained as follows

XB�1

n¼�b

ai2
i; ð4:2Þ

where ai [ {0,1}. There are two main types of binary representations: fixed-point
and floating-point, with these being discussed below.

4.2.1 Fixed-Point Format

The binary point in this representation is fixed at a specific location as suggested
by its name. This representation is often used in implementing DSP algorithms
because of its simplicity. In implementing DSP algorithms, fixed-point numbers
are frequently scaled to be represented as fractions, as shown in Fig. 4.1. The
scaling followed by fractional representation helps to ensure that overflow and loss
of crucial information does not occur when arithmetic operations are performed.
The leftmost bit s represents the ‘sign’ bit, where the number is positive if s = 0
and it is negative if s = 1. The b bits to the right of the binary point represent the
other signal information.

The exact signal value represented by the non-sin bit in fixed point represen-
tation depends on the type of format used. There are several fixed-point conven-
tions commonly used, namely, the 2’s complement, the sign-magnitude and the
offset binary conventions [1]. The offset binary convention, which is mainly used
in bipolar D/A converters, can be converted to the 2’s complement convention by
simply complementing the sign bit.

s 1a 2a
 b–1

a
b

a

Binary point

Fig. 4.1 Fractional fixed-point format
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The dynamic range of a fixed- point number conforming to the format in
Fig. 4.1 ranges between -1 and +1. The least-significant bit (LSB), which also
corresponds to the quantization step D is equal to 2-b.

4.2.2 Floating-Point Format

One can expand the effective dynamic range of numbers by using floating-point
format. That is, for the same number of bits, floating-point representation provides
wider dynamic range than is possible with fixed-point format. This improved range
is due to the fact that floating-point representation provides a variable resolution.
The general format for floating-point number representation is

b ¼ M 2E; ð4:3Þ

where M is a fractional part (M [ [ -1,1)) that represents the so-called mantissa,
and E is the exponent. Both the mantissa and the exponent are signed numbers.
Therefore, the dynamic range is determined in large part by the exponent E.

IEEE standard 754 floating-point formats for 32-bits (single-precision) and
64-bits (double-precision) are widely adopted in most modern floating-point DSP
processors. Figure 4.2 shows the IEEE single precision format, where, in addition
to the sign bit, there is a 23 bit mantissa and a BE = 8 bit exponent. When the sign
bit (bit 32) S = 0, the number is positive while it is negative when S = 1. The
mantissa M is a 2’s complement positive binary fraction (bits 0–22) such that it
occupies the range 0 B M \ 1. The exponent field contains the value, E - 127
and is 8 bits long, i.e., the exponent field supports exponent values between -127
and 126. Then, using the IEEE single-precision floating-point scheme, a number
can be represented as follows

b ¼ ð�1ÞS ð1 �MÞ 2E�127; ð4:4Þ

where 0 \ E \ 255. With this format, the range of a number is from 1.18 9 10-38

to 3.4 9 10+38.

4.3 The Quantization Process

Quantization can be defined as the process of mapping infinite-precision (or high-
precision) numbers into lower-precision ones, with the purpose of creating more

ExponentS Mantissa

022233031

Fig. 4.2 IEEE single-precision floating-point format
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compact representations. This compactness is achieved at the expense of an
induced error (quantization noise), which is expressed as

eqðnÞ ¼ Q½xðnÞ� � xðnÞ; ð4:5Þ

where Q[x(n)] represents the quantized value of x(n).
The quantization error depends on the representation format (in particular,

fixed-point or floating-point) and on the method of quantization being used, spe-
cifically, whether truncation or rounding is used [1].

4.3.1 Quantization of Fixed-Point Numbers

A common practice in DSP is to represent data in a digital machine either as a
fixed-point fraction or as a floating-point binary number with the mantissa as
fraction. In each of these formats, three different forms can be used to represent a
negative number.

As indicated in Fig. 4.1, the fixed-point format assumes that a number is rep-
resented with b ? 1 bits, with the most significant bit (MSB) conveying the sign of
the number and the remainder of the bits constituting a binary fraction. That is, the
binary point is just to the right to the sign bit. With this format the LSB is
equivalent to 2-b and represents the quantization step-size.

Several different variants of fixed-point representation are commonly
used. These variants include 1’s complement, 2’s complement, sign-magnitude,
and offset binary (see, for example, Mitra [1]). When one converts from one
format to another, it is frequently necessary to quantize. This quantization is
usually performed with a simple rounding or truncation, as discussed more fully
below.

4.3.1.1 The Rounding Method

In rounding, the number is quantized to the nearest quantization level. Assum-
ing b bits are used to represent the number’s magnitude, then the quantization step
is 2-b. After rounding, therefore, the maximum rounding error is 2-b/2. Conse-
quently, the range of the rounding error eqr is

�1
2
ð2�b � 2�kÞ\eqr �

1
2
ð2�b � 2�kÞ: ð4:6Þ

Figure 4.3a shows the transfer characteristics of the rounding quantization
method, where D ¼ 2�b is the quantization step. Notice that the rounding error is
independent of the format being used to represent the negative fractions. This is so
because the rounding operation is decided by the magnitude of the number.
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4.3.1.2 Truncation Method

This method is achieved by truncating a fixed-point number of wordlength k ? 1
bits to b ? 1 bits. The quantization error (eqt = Q[x] - x) would depend on the
polarity of the number x. For positive x, the error eqt will be always less than or
equal to 0 (i.e., eqt B 0). Therefore, the range of the error is given as

�ð2�b � 2�kÞ� eqt� 0: ð4:7Þ

On the other hand, for negative number x, the truncation error depends on
the negative number convention used to represent x. Three negative number
conventions are commonly adopted: 1’s complement, 2’s complement, or sign-
magnitude notation.

x

(a)

)(xQ

2

 

)(xQ

(b)

x

)(xQ

(c)

x

Legend

Quantized

Infinite-precision

Fig. 4.3 Transfer characteristics of a quantizer for (a) rounding; b 1’s complement and sign-
magnitude truncation; c 2’s complement truncation.True signal is dashed line, quantized signal is
full line
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It can be shown for negative fraction x in 1’s complement notation that the
truncation error is always positive and spread over the range

0� eqt�ð2�b � 2�kÞ: ð4:8Þ

The same truncation error is found in the sign-magnitude notation as the
magnitude of the truncated number Q[x] is smaller than that of the original neg-
ative number x. The truncation error of the 1’s complement and sign-magnitude
notations is shown in Fig. 4.3b.

However, negative numbers represented in 2’s complement notation has dif-
ferent truncation error as it is always negative. It can be shown that the error range
in this case is

ð2�b � 2�kÞ� eqt � 0; ð4:9Þ
as shown in Fig. 4.3c.

4.3.2 Quantization of Floating-Point Numbers

In fixed-point variables, the increment between adjacent numbers is always the
same. In floating-point format, on the other hand, the increment between adjacent
numbers varies considerably over the allowable number range. Therefore, it is
much more informative to consider what is known as the relative quantization
error ef. Considering the floating-point format in Fig. 4.2, it is apparent that the
quantization error is given by Q(x) = 2EQ(M). The relative quantization error, ef,
is defined as

ef ¼
QðMÞ �M

M
: ð4:10Þ

It can be shown that the relative rounding error efr of a floating-point number
(regardless of whether one uses 1’s complement, 2’s complement, or sign-mag-
nitude format) has the range

�D\efr �D; ð4:11Þ
for all positive and negative numbers. On the other hand, the relative truncation
error using the 1’s complement and sign-magnitude conventions is given by

�2D\efr � 0; ð4:12Þ
for all positive and negative numbers. Finally, the relative truncation error for 2’s
complement convention is

efr ¼
�2D\efr � 0; for x [ 0
0� efr\2D; for x\0

�
ð4:13Þ

For more details, see Porat [3].
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4.3.3 Impact of Quantization on DSP System Implementation

Quantization is known to have several undesirable effects on the practical
implementation of LTI systems. These effects are conveniently explained by
considering an example. Consider the first-order IIR digital filter as shown in
Fig. 4.4a, whose constant coefficient difference equation is

yðnÞ ¼ ayðn� 1Þ þ xðnÞ; ð4:14Þ

where the input signal x(n) is a digitized version of a bandlimited analog signal
xa(t). The output signal y(n) is ultimately fed into an ideal reconstruction filter to
yield the bandlimited analog signal ya(t), while a is a gain parameter. Ideally, all
discrete-time parameters and signal variables would have infinite-precision. In
such a case, the corresponding transfer function would be given by

HðzÞ ¼ 1
1� a z�1

: ð4:15Þ

In real-world DSP implementations, the system shown in Fig. 4.4a is commonly
implemented using a finite-wordlength fixed-point digital machine. This discreti-
zation process, in fact, transitions the system from being linear to nonlinear.
Figure 4.4b shows a realistic model of that non-linear system, in which various
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Fig. 4.4 DSP system implementation. a Ideal, b practical
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quantizers have been introduced to represent the appropriate round-off/truncatoin
effects. The origins of these different types of quantization sources are:

1. A/D conversion QI.
2. D/A conversion QO.
3. Coefficient quantization QC.
4. Arithmetic operation quantization QA.

Because of the nonlinearity introduced into DSP systems via quantization,
spontaneous oscillations can sometimes occur, and these oscillations are often
referred to as limit cycles. Conveniently, these limit cycles only tend to occur in
recursive (IIR) digital filters with poles that are operating close to the margin of
stability.

Unfortunately, precise analysis of the model given in Fig. 4.4b is almost
impossible, since the quantization is a nonlinear process and depends on the input.
The latter, of course, is unknown a priori. In addition, the possibility of overflow
exacerbates the difficulty of analysis. One can perform an approximate analysis
through the adoption of some assumptions based on using a stochastic model that
eventually linearizes the problem. This, however, is only an approximation and
needs to be used with care.

MATLAB: The Fixed-point numeric object fi can be used to convert the
double-precision representation normally used in MATLAB to fixed-point format.
The fi object has the following three general types of properties:

• Data Properties.
• Mathematical (fimath) Properties.
• Numeric type (numerictype) Properties

Each one of these classes of properties automatically generates several relevant
options that can be accessed to set the required fixed-point operations.

Example 1 Design an FIR digital lowpass filter using fixed-point representation
with 12 bit wordlength and a 32-bit accumulator. The required filter specifications
are as follows:

Sampling frequency fs = 4000 Hz
The passband-edge frequency, fpass = 300 Hz
The stopband-edge frequency, fstop = 1000 Hz
maximum peak-to-peak ripple, Rpass = 0.015
minimum stopband attenuation, Rstop = 0.2

Solution : The first step is to design the filter in the default MATLAB double-
precision representation. The Parks-McClellan optimal equiripple FIR order esti-
mator firpmord can be used to find the approximate order M (see MATLAB
signal processing toolbox documentation):
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Note that if the filter does not satisfy the required specifications, then the order
should be increased.

Next, convert the filter coefficient to fixed-point representation with the
required fixed-point parameters:

Display the fixed-point coefficients:

4.4 Coefficient Quantization Error in Digital Filters

When one seeks to implement a desired digital filter transfer function H(z) (FIR or
IIR) one generally implements a modified transfer function ĤðzÞ, due to the effects
of quantization of the filter parameters. For this reason it is important to try and
design digital filter structures that exhibit minimal sensitivity to coefficient
quantization errors. The following subsections discuss this issue in more detail.

4.4.1 Coefficient Quantization Error in IIR Filters

Quantization of the coefficients of a rational function results in the movement of
the poles and zeros of that transfer function from their original, infinite-precision
locations. Consequently, the actual system frequency response will be different
from the desired one. An extreme scenario is that some of the poles overshoot the
unit circle boundary in the z-transform, resulting in an unstable IIR structure.

A very important question to answer is: How can the harmful effects due to
quantization of IIR filter coefficients be minimized?
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To begin to answer this question, it is useful to recall the expression for the
Direct Form transfer function of an IIR filter, assuming infinite-precision
coefficients:

HðzÞ ¼
PM�1

i¼0 biz�i

1�
PN�1

i¼1 aiz�i
: ð4:16Þ

Now, the modified transfer function which arises as a result of quantized
coefficients is given by:

ĤðzÞ ¼
PM�1

i¼0 b̂iz�i

1�
PN�1

i¼1 âiz�i
: ð4:17Þ

where âi ¼ ai þ Dai and b̂i ¼ bi þ Dbi are the quantized coefficients. Note, the
locations of the zeros and poles are affected by the errors Dbi and Dai, respec-
tively. Detailed analysis in Ref. [2] shows that direct-form implementations such
as those given in (4.17) exacerbate problems due to coefficient quantization. These
problems are particularly significant when the poles/zeros are tightly clustered.
Moreover, as the order of the IIR transfer function increases, the sensitivity to
coefficient quantization errors increases accordingly.

It has been found that one can significantly improve the problems due to
coefficient quantization by realizing the overall filter as a conglomerate of first-
and second-order filter sections. Note that one needs both first and second order
sections in general so as to avoid complex filter coefficients.

The realization of the filter can be achieved by either (i) doing a partial fraction
expansion of the overall transfer function, and then operating all of the first and
second order sections in parallel, or (ii) factorizing the overall transfer function
into first and second order sections and then operating all of these sections in
sequential cascade.

When an overall filter is implemented as a conglomerate of first and second
order sections, each pole or pair of poles (zeros) is realized independently of the
remaining poles (zeros), and thus the movement occuring in a certain pole or pair
of poles does not affect the others. Hence, cascade-form implementation is much
less sensitive to coefficient quantization errors than direct-form implementation.

Now, in considering the coefficient quantization sensitivity, one may also
wonder whether the type of structure used to implement the second-order section
itself would make any difference. The answer is ‘yes’. To understand this more
fully, consider the following example.

Example 2 A second—order IIR filter has the transfer function:

HðzÞ ¼ 1
1� a1z�1 þ a2z�2

: ð4:18Þ
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One can easily show that this second-order system is stable as long as |a1| \ 2
and |a2| \ 1. To graphically appraise the sensitivity of the filter implementation,
one can do the following:

(a) Assume Direct Form—I realization: Plot all the possible locations of the
complex stable poles when the coefficients a1 and a2 are represented in sign-
magnitude format with 5-bit word-length.

(b) Realize the second-order IIR filter using coupled form and repeat the z-plane
plot as in (a).

This second-order system is stable as long as |a1| \ 2 and |a2| \ 1. There are a
number of possibilities for implementing this filter. The first way to implement it is
with a Direct Form—I realization, with this realization being illustrated in Fig. 4.5.
An alternative way to implement the filter is with the so-called coupled form
realization. This form uses the real and imaginary parts of the filters pole locations
explicitly in the transfer function expression. The real part of the pole pair is
rsin(h), the imaginary part of the pole pair is rsin(h) and the coupled-form
expression is:

HðzÞ ¼ r sinðhÞ
1� 2r cosðhÞz�1 þ r2z�2

: ð4:19Þ

The coupled-form implementation structure is shown in Fig. 4.6. To implement
this structure, the coefficients rcos(h) and rsin(h) must be quantized. A plot of all
possible stable pole positions is shown in Fig. 4.7, assuming that 5-bit quantization
is used. As can be seen in the figure, the pole positions are distributed uniformly
within the unit circle. On the other hand, Fig. 4.8 shows the set of all possible pole
locations when one uses 5-bit quantization in a direct form realization. The pole
locations are seen to be non-uniformly distributed, i.e., there is a bias in the
distribution of pole locations when one uses direct form filter implementations. For
this reason, coupled- form representations give rise to more reliable implemen-
tations than direct form realizations. However, there is a price to be paid for this
advantage, namely, more hardware complexity, as the multipliers are doubled in
number when compared to the direct-form implementation.
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4.4.2 Coefficient Quantization Error in FIR filter

As an FIR filter contains only zeros, one only needs to be concerned about the
zeros, rather than both the poles and zeros. Consider an Mth order linear-phase FIR
filter with infinite-precision impulse response coefficients {h(i)}i=0

i=M-1. Suppose the

quantized version of this impulse response is the set fĥðiÞg. Then the corre-
sponding quantized transfer function can be expressed as

ĤðzÞ ¼
XM�1

m¼0

ðhðmÞ þ qðmÞÞz�m ¼ HðzÞ þ QðzÞ; ð4:20Þ

where q(m) represents the quantization error. A reasonable assumption is to let
q(m) be an uncorrelated zero mean random Gaussian process with variance rq

2.
This means that the quantized coefficients can be modeled as a linear combination
of the original coefficients and their quantization error (see Fig. 4.9). This suggests
that the actual filter is comprised of an ideal filter plus an ‘error filter’. The
frequency response of this error FIR filter is

QðejxÞ ¼
XM�1

m¼0

qðmÞe�jxm: ð4:21Þ

This filter has a number of interesting properties. First, the mean of the filter
coefficients in the frequency domain is zero:

EfQðxÞg ¼ E
XM�1

m¼0

qðmÞe�jxm

( )
¼ 0; ð4:22Þ

where Ef:g is the expectation operator. Second, since the original, infinite-preci-
sion FIR filter is symmetrical (due to its linear-phase property), Q(x) will also
have this property. Therefore, because M is odd, (4.22) can be re-written as

QðxÞ ¼ e�jðM�1
2 Þx 2

XM�3
2

m¼0

qðmÞ cos
M � 1

2
� m

� �
x

� �
þ q

M � 1
2

� �8<
:

9=
;: ð4:23Þ
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)(zH
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Fig. 4.9 Quantized-coeffi-
cient model of an FIR filter
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The variance of the error filter frequency response rQ
2 can then be calculated as

r2
Q ¼ EfQðxÞQHðxÞg ¼ r2

q 1þ 4
XM�3

2

m¼0

cos2 M � 1
2
� m

� �
x

� �2
4

3
5

¼ r2
q M � 1þ sinðMxÞ

sinðxÞ

� � ð4:24Þ

where r2
q is the variance of the error as a result of coefficients quantization. It can

be shown that (4.24) reduces to

r2
Q� r2

qð2M � 1Þ; ð4:25Þ

(See Ref. [2])
Equation 4.25 gives us a bounding formula for the error in the frequency

response. Assume now that each coefficient is quantized to b bits via rounding, and
that there is a uniformly distributed error in each of the frequency domain coef-
ficients given by r2

q ¼ D2=12, where D ¼ Full-scale=2b is the quantization step.
With these assumptions, the error bounding relation becomes

r2
Q�ð2M � 1ÞD

2

12
ð4:26Þ

The bound given in (4.26) is useful for estimating accuracies in filter design. It
can be seen that for a certain level of tolerable error in the frequency response, the
larger the FIR filter length M the finer the quantization step D should be. Similarly,
as in the case of high-order IIR filters, improved high-order FIR filter operation
can be achieved by realizing the filter as a cascade of short (second-order) sections
rather than with one large FIR filter. However, as usual, the price paid to obtain the
cascade structure is more multiplication operations compared to that of the direct
form structure. Additionally, the errors induced by quantization are less dangerous
than in the case of IIR filters, because they do not have the potential to send the
filter into unstable modes.

MATLAB: The Matlab object dfilt provides a convenient means to realize
and simulate both FIR and IIR filters in a variety of structures. The possible
structures include direct-form, second-order sections, lattices, and state-space
formulations. Readers interested in further detail are referred to Mitra [1].

4.5 Quantization Errors in Arithmetic Operations

The key elemental processing operations used in DSP are multiplication and
accumulation. Note that accumulation is effectively addition to an existing sum.
As these mathematical operation are commonly carried out using fixed-point
digital machines, additional errors can be introduced with each operation. As each
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weighted sample accumulates, the result becomes larger and hence needs more
integer bits for perfect accommodation. When overflow is possible, there is a need
to intervene. To prevent accumulator overflow, there needs to be truncation (shift-
right operation) to a smaller wordlength.

For analysis purposes, the following assumptions are adopted. First, the arith-
metic error sequence {qA(n)} is considered to be a wide-sense stationary white
process which is uniformly distributed over the range of the quantization error.
Second, {qA(n)} is uncorrelated with both any relevant input sequences and all
other quantization error sources. To facilitate understanding, the possible sources
of arithmetic errors are introduced in the following subsections.

4.5.1 Multiplier and Accumulator Errors in Fixed-Point
Arithmetic

4.5.1.1 Multiplier Error

When a sample is multiplied by some constant - coefficient value, there will be a
scaling of the noise present on the signal sample. Additionally, there is a possible
error due to the fact that the product is often truncated after a multiplication. This
truncation occurs because the multiplication of two arbitrary numbers creates a
product which is the sum of the wordlength of the multiplier and the multiplicand.

4.5.1.2 Accumulator Error

The accumulation of error due to the addition of noisy samples depends on the
type of noise involved. Generally, the addition operation of two binary numbers
would result in one bit increase in the integer part, no increase in the number of
bits of the fractional part, and the impact on the noise will depend on the nature of
the noise. If the noise is not a white random process, the signal-to-quantization
ratio (SQR) could be very substantially degraded. Additionally, when digital
registers cannot accommodate all the bits of the final accumulated result, the least-
significant bit(s) of the result must be discarded. Therefore, if some of these
truncated bits are noise- free bits, the SQR can deteriorate accordingly.

4.5.2 Scaling in Fixed-Point Arithmetic

A major pitfall in practical implementation of digital filters in fixed-point arith-
metic is the possibility of overflow. An overflow in 2’s complement arithmetic, for
instance, causes polarity reversal, which can lead to very harmful consequences.
Therefore, careful attention should be paid to mitigate against overflows. One also
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needs to devise strategies to deal with overflows properly if and when they do take
place. It is worth noting that floating-point implementation of digital filters
overcomes the problem of overflow. However, fixed-point implementation is still
the more popular implementation option due to its attractiveness in terms of cost
and speed.

By scaling in fixed-point arithmetic, one seeks to ensure that the signals do not
overflow the dynamic range permitted by the number system. This scaling can
effectively be implemented by adopting the fixed-point fractional representation.

4.5.2.1 Scaling of Direct Form IIR Filter

To illustrate the scaling technique, consider a first-order IIR filter as shown in
Fig. 4.10. To be consistent with the fixed-point fractional format, let x(n) be in the
range [-1,1) and let its impulse response and transfer function be h(n) and H(z),
respectively. Then, the output signal w(n) at node d is given by the convolution

wðnÞ ¼
X1
k¼0

f ðn� kÞxðkÞ; ð4:27Þ

where f(n) is the impulse response from the input to the node d (which is equals
h(n) in this simple case). The signal w(n) will not in general be in the required
range. One may put a general bound for w(n) as follows

jwðnÞj�
X1
k¼0

jxðn� kÞjjf ðkÞj� xmax

X1
k¼0

jf ðkÞj; ð4:28Þ

where xmax represents the upper bound of the input signal.
Now in the case at hand, xmax \ 1, and so the bound reduces to

jwðnÞj �
X1
k¼0

jf ðkÞj: ð4:29Þ

Now, for |w(n)| \ 1, the summation
P

k=0
? |f(k)| must be less than unity, and

therefore the node d must be scaled down by a factor of c such that

c ¼ 1P1
k¼0 jf ðkÞj

: ð4:30Þ

+)(nx )(ny

1 z -

a

d
)(nw

nodeFig. 4.10 First-order IIR
filter

200 4 The Impact of Finite Wordlength Implementation



For instance, in the first-order IIR filter shown in Fig. 4.10, f(n) = an U(n).
Then the summation in (4.30) is reduced to

c ¼ 1
1

1�jaj
: ð4:31Þ

For a = 0.975, the scale will be c = 1/40. The price to be paid for this
avoidance of overflow is a reduction in the SNR which accompanies the scaling.

In practice, the digital filter structures are much more sophisticated than the
first-order IIR filter considered above. Therefore, one typically needs to scale
several nodes to ensure no computational overflow. So, to put (4.30) in a general
form, let fm(n) and Fm(z) denote the impulse response from the input to the mth
internal node and its corresponding transfer function, respectively. Then, the
scaling factor for the mth node is given by

cm ¼
1P1

k¼0 jfmðkÞj
: ð4:32Þ

If all nodes satisfy this scaling condition, then the entire structure is said to be
scaled. However, it can be shown that normally, only those nodes that are inputs to
multipliers must be scaled [4]. Consider the system depicted in Fig. 4.11, for
example. In this system every ‘‘multiplier’’ is merely a delay version of the signal
w(n). Hence, it is adequate to simply scale node d1 along with the output node d2.
It is worth mentioning that there are several approaches for scaling. The scaling
technique described in (4.32) is both necessary and sufficient to guarantee a
complete overflow free structure, however, it is relatively strict. A less stringent
scaling technique can be realized by ensuring that the following condition is
verified
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cm ¼
1P1

k¼0 jfmðkÞj
2: ð4:33Þ

While the above structure is less strict than that in (4.32), overflows are still
possible [3].

4.5.2.2 Scaling of Cascade-Form IIR Filters

For the cascade implementation of a high-order IIR filter, scaling is required to
avoid overflow in individual second and first-order sections in addition to the final
output node. A systematic rule, known as the ‘pole-zero pairing rule’, has been
developed to minimize the output noise power. The idea behind this rule is that
grouping a pole with an adjacent zero tends to reduce the peak gain of the relevant
section (Fig. 4.12).

In brief, the pole-zero pairing rule states the following Porat [3]. First, in the
z-plane, the complex pole pair that is closest to the unit circle should be paired
with its nearest complex zero pair. This procedure of matching pole and zeros pairs
is repeated until all the poles and zeros are paired. Second, the second-order
sections developed from the pairing process are ordered according to their peak
magnitude response either in descending or ascending order.
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MATLAB: The conversion of the zero-pole-gain filter parameters to second-
order sections form with optimum pole-zero pairing can be achieved by using the
MATLAB function zp2sos. This function generates the following L 9 6 matrix

sos ¼

b01 b11 b21 1 a11 a11

b02 b12 b22 1 a12 a22

: : : : : :
: : : : : :
: : : : : :

b0L b1L b2L 1 a1L a1L

2
6666664

3
7777775

where the rows contain the numerator coefficients (b’s) and the denominators
coefficients a’s of the second-order sections that constitute H(z).

Example 3 A sixth-order elliptic low-pass filter has the following specifications:

Pass-band peak-to-peak ripple = 0.4 dB
Minimum stop-band attenuation = 40 dB
The pass-band-edge frequency = 0.3
Implement this filter using second-order sections.

Solution: First, the required elliptic filter can be designed to determine the poles,
zeros, and the gain. This can be achieved readily using the MATLAB function
[Z, P, G] = ellip (6, 0.4, 40, 0.3). Then, convert zero-pole-gain filter
parameters to second-order sections form using the function sos = zp2sos (Z,
P, G). Now, the matrix sos contains the coefficients of three second-order
sections. The overall filter transfer function is then given by

HðzÞ ¼
Y3

i¼1

HiðzÞ; ð4:34Þ

where,

H1ðzÞ ¼
1þ 0:9163z�1 þ z�2

1� 1:215z�1 þ 0:4474z�2

H2ðzÞ ¼
1� 0:6758z�1 þ z�2

1� 1:1499z�1 þ 0:7568z�2

H3ðzÞ ¼
1� 0:9713z�1 þ z�2

1� 1:1301z�1 þ 0:9444z�2
:

ð4:35Þ

4.5.2.3 Scaling of Direct-Form FIR Filters

The scaling rules are similar to those already discussed for IIR filters. However,
the the case of FIR filter design is simpler because the transfer function is confined
to zeros only. i.e. there are no poles.
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Consider the FIR direct-form structure shown in Fig. 4.13(a), which assumes
that every coefficient multiplier output is quantized before the addition operation is
performed. According to the linear noise model shown in Fig. 4.13(b), the total
noise will be equal to the superposition of all the noise components. Accordingly,
the output noise variance is given by

r2
t ¼ Mr2

q; ð4:36Þ

where r2
q is the quantizer noise variance. Recall that under the assumption of

round-off based arithmetic, r2
q = 2-2b/12. For a symmetric linear-phase FIR

filter, the output noise variance would be approximately half of that value, as the
number of required multipliers is halved.

As the input to each multiplier branch in the FIR structure is just a delayed
version of the original input signal x(n), the coefficients could be scaled if an
overflow is expected. Otherwise, only the output node needs to be scaled. Cascade
form implementation of FIR filters is reduced to ordering of zero-pair sections
(since FIR filters have no poles), rather than pairing and ordering, as was the case
for IIR filters.
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Fig. 4.13 Direct-form implementation of FIR filter, a the effect of arithmetic quantization, b the
linear noise model
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Modern digital signal processors are equipped with optimized hardware
structures to deal with multiply-accumulate operations. These structures include
such things as double-length accumulators and pipelined multipliers.

4.6 Limit Cycle Phenomena

In the absence of any applied signal, the output of a stable IIR filter, implemented
with infinite-precision arithmetic, decays asymptotically to zero. On the contrary,
the same IIR filter implemented with finite-wordlength arithmetic can under some
circumstances, exhibit sustained oscillations with periodic patterns. The potential
instabilities exist due to the fact that quantization is a nonlinear process.

The phenomena of instability in the absence of applied input is sometimes
called ‘zero-input limit cycles’, and tends to take place when there is feedback in
the filter. For that reason, limit cycles do not tend to appear in FIR filters; this fact
constitutes a significant advantage of FIR filters over IIR filters.

Limit cycles typically manifest as periodic patterns or oscillations and are
highly undesirable. They are particularly problematical in audio applications as
they can be audible and highly distracting.

There are two basic types of limit cycles: quantization and overflow limit
cycles. Both of these types are described further below.

Limit cycles due to quantization arise as a result of successive truncation or
rounding of products of an IIR structure. This type is also known as ’granular’
limit cycles. The following example provides an illustration of the phenomenon.

Example 4 Consider the first-order IIR filter shown in Fig. 4.13, which can be
represented by the following infinite-precision difference equation

yðnÞ ¼ a yqðn� 1Þ� þ xðnÞ; jaj\1: ð4:37Þ

Use signed 5-bit fractional arithmetic to implement this filter. Compare the
output of the filter after and before quantization. Assume the quantization type is
rounding.
Solution: The above difference equation becomes nonlinear and can be
re-written as

+)(nx )(ny
q

1 z -

a
)1(  ny

q

(.)Q
-

Fig. 4.14 A first-order IIR
filter with product rounding
quantizer Q(.)
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yqðnÞ ¼ Q½a yqðn� 1Þ� þ xðnÞ; ð4:38Þ

where Q[.] represents the rounding operation with a quantization step of

D ¼ 2�ð5�1Þ¼2�4
. Figure 4.14 shows the equivalent structure. In this case, both the

actual output yq(n) and the coefficient a are represented by signed fractional 5-bit
numbers. Their product is a signed 9-bit number being rounded to a signed 5-bit
number to accommodate the internal registers length. For a = 0�1101 = 0.8125,
Fig. 4.15a shows the infinite-precision output which is decaying asymptotically to
zero. Figure 4.15b, on the other hand, depicts a steady-state oscillatory output
yq(n) of period 1 and magnitude 0.125.

For a \ 0, Fig. 4.16a and b show the zero-input response of infinite-precision
arithmetic implementation of a first-order IIR filter and its quantized version,
respectively. The limit cycle period in Fig. 4.16b is 2 with magnitudes of ±0.125.

It is worth mentioning that the appearance of limit cycles in yq(n) can be
represented by a linear system with a pole on the unit circle, specifically at
z = sgn(a). The amplitude intervals to which the limit cycles are restricted are
known as ’dead bands’. To define the dead band of the first-order IIR filter under
consideration, recall (4.38) which can be re-written as

Q½a yqðn� 1Þ� ¼ sgnðaÞ yqðnÞ; ð4:39Þ
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Fig. 4.15 Zero-input response of a first-order IIR filter with a = 0.815, a infinite-precision,
b fixed-point 1 ? 4 bits
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as x(n) = 0. Since the rounding error is bounded by �D=2, then

jQ½a yqðn� 1Þ� � a yqðn� 1Þj�D
2
: ð4:40Þ

Substituting (4.39) into (4.40), yields

jyqðn� 1Þj � D
2ð1� jajÞ: ð4:41Þ

or, for a steady-state output yq

jyqj �
D

2ð1� jajÞ: ð4:42Þ

This relation imposes an upper limit on the magnitude of granular limit cycles.
Recall that in Example (4), yq(n - 1) B 0.1689. This result satisfies the condition
given in (4.42). Notice that granular limit cycles occur due to the small error
introduced by rounding quantization. According to (4.42), the magnitude of this
oscillation is proportional to the quantization step size D, and this magnitude can
therefore be reduced by increasing the number of precision bits.
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Fig. 4.16 Zero-input response of a first-order IIR filter with a = -0.815, a infinite-precision,
b fixed-point 1 ? 4 bits
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Limit Cycles Due to Overflow This type of oscillation takes place when the
quantizer input exceeds the dynamic range. The magnitude of these limit cycles is
large and can not be mitigated by adding more bits of precision as with granular
limit cycles.

Recall that in the 2’s-complement arithmetic system, if one adds two numbers
whose sum is greater than the allowable dynamic range, the carry will propagate
into the sign bit. Therefore, overflow tends to create very large errors due to the
switching of the result’s sign. To avoid this type of oscillation, an alternative
addition characteristic, called ’saturation-overflow’, is adopted. With this approach
steps are taken to ensure that the size of the error does not increase unexpectedly.
Saturation-overflow is achieved simply by clipping the result of accumulation if an
overflow is detected. This strategy limits the overflow error and prevents a change
of sign. This method is commonly used in signal processors and A/D converters
that use 2’s-complement numbers.
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Chapter 5
Multirate Digital Signal Processing

5.1 Introduction

The digital signal processing systems presented to date in this book have been
single-rate systems, as the sampling rate has been fixed. There are, however, many
applications where it is necessary to change the sampling rate of the signal at
different stages in the signal processing chain. Such discrete-time systems are
referred to as Multirate Systems. There are varying reasons for wanting to change
the sample rate. In some applications it is changed to reduce computation, while at
other times it is changed to improve accuracy and mitigate against quantization
errors. At other times again, the sample rate may be changed to conserve band-
width. In all sampling rate alterations, however, it will be assumed that the Nyquist
criterion is always met and that there is therefore no aliasing.

Multirate systems play a particularly pivotal role in the areas of filter banks,
digital to analog conversion, de-noising, and compression.

This chapter reviews the fundamentals of multirate signal processing and
introduces some important multirate DSP applications.

5.2 Basic Elements of Multirate Processing

Multirate DSP systems require sampling-rate conversion at various stages of the
processing chain, and this conversion is usually achieved with either decimation
(i.e., sample rate reduction) or interpolation (sample rate increase). To perform
decimation and interpolation one typically uses three basic building blocks,
namely linear time invariant (LTI) low-pass filters, down-samplers and the up-
samplers.

The following sub-sections discuss the implementation of decimation and
interpolation, in both the time domain and frequency domains. Throughout these
sub-sections it will be assumed that the sampling rate of the original signal is fs.

Z. M. Hussain et al., Digital Signal Processing,
DOI: 10.1007/978-3-642-15591-8_5, � Springer-Verlag Berlin Heidelberg 2011
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5.2.1 The Down-Sampler and the Up-Sampler

A reduction in the sampling rate by a factor of M (where M is a positive integer) is
achieved by retaining every Mth sample and discarding the other samples. The
device that performs this operation is called a down-Sampler, and the output of this
downsampler is a sequence whose sampling rate is 1/M times that of the input
sequence. Figure 5.1 shows a block diagram of the down-sampler. Its operation in
the time-domain can be described mathematically as

yðnÞ ¼ xðnMÞ: ð5:1Þ

According to the above equation, all input samples with indices equal to integer
multiple of M are kept, while all others are discarded.

MATLAB: down-sampling can be achieved using either the ‘‘downsample’’
command, or equivalently, the vector command: y ¼ xð1 : M : lengthðxÞÞ:
Figure 5.2 shows a sinusoid with frequency = 0.0356 Hz downsampled by a factor
of M = 3. It is obvious that the sampling interval �Ts of the downsampled signal
(Fig. 5.2b) is M = 3 times larger than the the original signal period, Ts.

An increase in the sampling rate by a factor of L (where L is a positive integer)
is achieved by inserting L - 1 zero samples between each of the existing input
signal samples. Mathematically, up-sampling can be expressed as

ŷðnÞ ¼ xðn=LÞ; n ¼ 0;�L;�2L; . . .
0; otherwise

�
ð5:2Þ

From (5.2) it is apparent that the number of samples in the upsampled signal is
L times the number of input signal samples. Figure 5.3 shows the block diagram of
an up-sampler.

MATLAB: Up-sampling (expanding) can be implemented in MATLAB using
the command ‘‘up-sample’’, or alternatively, by using the following vector com-
mand scripts:

ŷ ¼ zerosð1; L � lengthðxÞÞ;
ŷð1 : L : lengthðŷÞÞ ¼ x;
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Fig. 5.1 Block diagram of a
down-sampler
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As an illustration of the upsampling process, Fig. 5.4 depicts the input sequence
xðnÞ ¼ sinð0:05pnÞ being up-sampled by a factor of L = 3.

Important properties of down-sampling and up-sampling are summarized as
follows.

Upsampling and downsampling are:

• linear operations.
• time variant operations.
• commutative provided that M and L are relatively prime.

Note that the integers M and L are said to be ‘‘relatively prime’’ if they share no
common factor in their prime factorization.

Down-sampling and up-sampling can be viewed as modifications of the existing
sampled signal by eliminating sample values and inserting zero valued samples,
respectively.
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Fig. 5.2 Downsampling process (M = 3)
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5.2.2 Frequency-Domain Representation

As mentioned earlier, although down-sampling and up-sampling are linear oper-
ations, they are time variant. They therefore do not conform to standard LTI
transfer function relationships. It is nonetheless informative to examine the input
and output spectra of the down-sampling and up-sampling processes. Consider the
z-transform of the downsampler defined in (5.1), yields

YðzÞ ¼
XN�1

n¼0

xðMnÞz�n: ð5:3Þ

One can not get a useful input-output relationship from (5.3) because of the way
the input signal is expressed. To solve this problem, one may introduce the
sampling sequence cM(n) as

cMðnÞ ¼
X1

i¼�1
dðn� iMÞ ¼ 1; for n ¼ 0;�M;�2M; . . .

0; otherwise

�
ð5:4Þ

which can equivalently be expressed as (See Miscellaneous DSP Problems-D, Q1)

cMðnÞ ¼
1
M

XM�1

k¼0

ej2p
Mkn: ð5:5Þ
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Fig. 5.4 Up-sampling process (L = 3)
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Then, the down-sampled signal can be expressed as

�yðnÞ ¼ xðMnÞ cMðMnÞ; ð5:6Þ

and its z-transform is

�YðzÞ ¼
X1

n¼�1
xðMnÞ cMðMnÞz�n ð5:7Þ

As cM(n) is zero for any n that is not an integer multiple of M, (5.7) can be
simplified to

�YðzÞ ¼
X1

n¼�1
xðnÞ cMðnÞz�

n
M: ð5:8Þ

Substituting (5.5) into (5.8) yields

�YðzÞ ¼ 1
M

X1
n¼�1

XM�1

k¼0

xðnÞ ej2p
Mknz�

n
M ð5:9Þ

which can be simplified to

�YðzÞ ¼ 1
M

XM�1

k¼0

X1
n¼�1

xðnÞ ðz1=Mej2p
MkÞ�n

( )
ð5:10Þ

That is,

�YðzÞ ¼ 1
M

XM�1

k¼0

Xðz1=Mej�2p
M kÞ ð5:11Þ

To clarify the implications of (5.11), it is convenient to switch to the Fourier
transform representation by letting z = ejx

�YðejxÞ ¼ 1
M

XM�1

k¼0

Xðejx�2pk
M Þ ð5:12Þ

According to (5.12), the spectrum of the down-sampled signal �YðejxÞ is composed
of a scaled (by 1/M) summation of M shifted and frequency stretched versions of
X(ejx). This implies that if the input spectrum X(ejx) extends from -p to p as

shown in Fig. 5.5a, then its down-sampled spectra Xðejx�2pk
M Þ with M = 3 suffers

from aliasing as shown in Fig. 5.5b. Then, the output spectrum �YðejxÞ is different
from the original spectrum shape due to the aliasing effect.

Because of the inherent potential for aliasing when downsampling is used, it is
necessary to force a prior bandlimiting X(ejx) to x 2 ½�p=M; p=M� by using low-
pass (anti-aliasing) filtering. This situation is illustrated in Fig. 5.6 where the
output spectrum of M = 3 fold down-sampling is alias-free because the input
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spectrum that is limited to ±p/3. This situation is similar to case of using an anti-
alias filter to band limit the continuous-time signal before sampling.

Generally, to avoid aliasing when downsampling low-pass signals, the input
signal bandwidth before down-sampling xB is kept within the limit xB 2
½�xB=M;xB=M�: The same principle applies for the case of bandpass signals with
asymmetrical shape spectrums. (See Miscellaneous DSP Problems-D, Q2).

In contrast to down-sampling, up-sampling process is much easier to analyze in
the frequency domain. Referring to (5.2), the z-transform of a signal which is
up-sampled signal by a factor of L is

ŶðzÞ ¼
X1

n¼�1
ŷðnÞz�n ð5:13Þ

As the non-zero samples occur only when n = ± mL (where m is an integer)
then (5.13) can be re-written as

ŶðzÞ ¼
X1

m¼�1
xðmÞz�mL ¼ XðzLÞ: ð5:14Þ
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Fig. 5.6 Properly bandlimited spectrum prior to down-sampling
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Fig. 5.5 The effect of down-sampling on signal spectrum: a original, b down-sampled
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By letting z = ejx, (5.14) becomes ŶðejwÞ ¼ XðejwLÞ; which implies that the up-
sampled spectrum is compressed and repeated L times in the frequency range
½�p; p�: This is illustrated in Fig. 5.7 for L = 3.

The spectrum repetition phenomenon which occurs in upsampling is called
‘‘imaging’’, as it contains L - 1 undesired replicas in the baseband. These images
need to be removed with an anti-image low-pass filter or ‘‘interpolation filter’’.
This low-pass filtering has the effect of ‘‘interpolating’’ the zero-valued samples
that have been inserted during the up-sampling process.

Fractional changes L/M of the sampling rate can be achieved by combining a
down-sampler with factor M, followed by an up-sampler with factor L. as will be
discussed later.

5.3 Sampling Rate Conversion Using Multirate Structures

5.3.1 Decimation

A decimator includes both a down-sampler and a lowpass filter to ensure that no
aliasing occurs when the sampling rate is changed. A block diagram of the deci-
mator is shown in Fig. 5.8. The output of the decimator is at a lower sampling rate
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Fig. 5.8 Decimator
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Fig. 5.7 Up-sampling by a factor of L = 3
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than the input, and thus has a lower bandwidth ð�f s=2Þ than the input (fs/2). To
avoid aliasing and thus ensure correct reproduction of the signal spectrum in �f s=2;
the input signal bandwidth must be limited to jxBj\p=M: The output of the
decimation filter is given by

u1ðnÞ ¼
X1

i¼�1
xðiÞhðn� iÞ; ð5:15Þ

where h(n) is the impulse response of the LTI low-pass filter H(z). According to
(5.1), �yðnÞ ¼ u1ðMnÞ: Then, the decimator output in the time-domain can be
expressed as

�yðnÞ ¼
X1

i¼�1
xðiÞ hðMn� iÞ ¼

X1
i¼�1

hðiÞ xðMn� iÞ: ð5:16Þ

Compared to traditional convolution, the operation in (5.16) corresponds to a
reduction computation by a factor of M (since only 1-out-of every M outputs is
needed from the filter).

From (5.11), the decimator output in the z-domain can be simplified to obtain

�YðzÞ ¼ 1
M

XM�1

k¼0

Hðz1=Mejpk
MÞXðz1=Mej2pk

M Þ: ð5:17Þ

Example 1 An audio signal is sampled at fs = 22,050 Hz. Its spectrum is shown in
Fig. 5.9a. This signal is to be decimated by a factor of M = 3. Therefore, prior to
down-sampling, it is necessary to limit its spectrum to ��f s=2 ¼ �fs=ð2� 3Þ ¼
�3675 Hz: This is done by passing the signal through an appropriate low-pass
filter as shown in Fig. 5.9a (the dotted line). The threefold decimated spectrum is
depicted in Fig. 5.9b which represents a zoomed in version of the original spec-
trum in the frequency band ±3675 Hz. If one listens to the decimated signal, the
loss of high frequency components can clearly be detected, but the decimated
signal is faithful to the lowpass portion of the original one.

5.3.2 Interpolation

The reverse process to decimation is ‘‘interpolation’’. The first stage in the
interpolation process is up-sampling by an integer factor L, which is realized by
inserting L - 1 zero samples between adjacent input signal samples. This up-
sampled signal has a sampling rate which is L times the original sampling rate

ðf̂ s ¼ LfsÞ; and a spectrum that correspondingly has L times as many repeated
images of the original signal spectrum (see Fig. 5.4). To correctly obtain the
interpolated signal, one needs to low-pass filter the upsampled signal. This fil-
tering eliminates all the extra spectral images introduced by the upsampling.
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This so-called interpolation filter should be an ideal low-pass filter with a cutoff
frequency of p/L. The block diagram of an interpolator is shown in Fig. 5.10.

In the time-domain the L-times up-sampling operation is characterised in (5.2).
This operation can be re-written as

u2ðLpÞ ¼ xðpÞ; where p ¼ 0;�1;�2; . . . ð5:18Þ

The final interpolation filter output is

ŷðnÞ ¼
X1

p¼�1
xðpÞ hðn� LpÞ: ð5:19Þ
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Fig. 5.9 Example 1: decimation of an audio signal
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The output in the z-domain can be expressed as

ŶðzÞ ¼ HðzÞXðzLÞ: ð5:20Þ

As with the case of decimation, interpolation filters can be implemented rela-
tively efficiently. Many of the input samples are zero and so there is a reduction by
a factor L in the number of add-multiply operations needed for realizing the filter.

5.3.3 Rational Number Sampling Rate Conversion

The sampling rate conversions that have been considered so far have involved
integer changes in sampling rate (via either decimation or interpolation). There are
many applications, however, that require the alteration of the sampling rate by
some rational number, i.e., by L/M, where both L and M are arbitrary positive
integers. There are even some applications (such as the pitch control of audio
signals) that require irrational factor sampling rate conversion. This subsection
will address only rate conversion by rational numbers. As shown in Fig. 5.11, a
sampling rate change of L/M should be realized by cascading an L-fold interpolator
with an M-fold decimator. As decimation destroys information while interpolation
does not, the decimator should be preceded by the interpolator. In this case the
time-domain expression of the output is

YðzÞ ¼
X1

p¼�1
hðMn� pLÞ xðpÞ; ð5:21Þ

where p is as defined in (5.18).
For computationally efficient implementation of the structure shown in

Fig. 5.11, the interpolation filter Hu(z) and the decimation filter Hd(z) can be
replaced by an equivalent single filter H(z). This replacement is achievable since

)(nx )(ny
)(zHd)(zHu

)(zH

ML
Fig. 5.11 Rational-rate
(L/M) sampling rate conver-
sion scheme; R = max(M, L)
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both Hd(z) and Hu(z) are operating with the same sampling rate. The H(z) design
parameters, though, depend on the exact change in sample rate required. The filter
must be able to perform both the interpolation and decimation effectively. To
achieve this it is necessary that the normalized cutoff frequency of H(z) be
p/max{L, M}.

MATLAB: Sampling rate conversion of a sequence can be achieved using the
following MATLAB functions:

• decimate and interpolate: to decimate and interpolate a sequence by an
integer factor, respectively.

• re-sample and upfirdn: to decimate/interpolate a sequence by a rational
ratio. These functions offer several options.

Example 2 Three different sampling rates are employed in digital audio appli-
cations, specifically, 44.1 kHz for digital music CDs, 48 kHz for digital audio tape,
and 32 kHz for broadcasting. Down-converting from 48 to 44.1 kHz is equivalent
to a sample-rate conversion by a rational factor of L/M = 44.1/48 = 147/160. The
scheme shown in Fig. 5.11 can be used for the conversion. In this case M [ L and
therefore the Low-pass filter design specification is dominated by the decimation
process. That is, after being up-sampled by a factor of 147, the signal should be
bandwidth limited to ±p/160 before down-sampling. Figure 5.12 compares the
input and the output sequences.

It is worth noting that the complexity of the rational sampling rate convertor is
dependent on the complexity of the ratio L/M. For instance, when transferring
digitally recorded music from digital tape to CD, the interpolated signal bandwidth
will be 147 9 48 kHz = 7.056 MHz. From a practical perspective, moving audio
signals to the megahertz range is undesirable. The techniques presented in the next
section provide a means to overcome this kind of problem.
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Fig. 5.12 Down-converting
from 48 to 44.1 kHz
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5.4 Efficient Implementation of Multirate Systems

5.4.1 Noble Identities

Two important identities are presented here for facilitating flexibility in the
implementation of multirate systems. These identities relate to decimation and
interpolation, and are shown in Fig. 5.13a and b, respectively. These identities are
useful for simplifying the analysis and design of sophisticated multirate systems.
They allow the different components of decimators/interpolators to be commuted as
needed. As will be seen subsequently, these identities pave the way for significant
computational savings to be obtained in multi-rate system implementations.

5.4.2 Polyphase Decomposition

Consider the following z-transform domain input signal:

XðzÞ ¼ 1þ 2z�1 þ 3z�2 þ 4z�3 þ 5z�4 þ 6z�5 þ 7z�6:

To perform a polyphase decomposition of this signal into two components, one
just regroups the terms into even and odd powers of z:

XðzÞ ¼ ½1þ 3z�2 þ 5z�4�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl} þ z�1 ½2þ 4z�2 þ 6z�4�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl} :
X0ðz2Þ X1ðz2Þ

or equivalently,

XðzÞ ¼ ½1þ 3z�2 þ 5z�4�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl} þ z ½2z�2 þ 4z�4 þ 6z�6�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl} :
X0ðz2Þ X1ðz2Þ

where X0(z2) and X1(z2) are the polyphase components of the original signal. These
components are functions of z2, and it can easily be shown that X(z) = X0(z2) ? z-1

X1(z2). This polyphase decomposition can be viewed as the decomposition of the

(a)

(b)

)(nx
)(zHM

)(ny)(ny
)( MzH M

)(nx

)(nx )(ny
)( LzHL )(nx L

)(ny
)(zH

Fig. 5.13 Useful identities: a
decimation identity, b inter-
polation identity
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original sequence into two subsequences, with each subsequence being a sequen-
tially shifted version of the original sequence. Furthermore, because each of these
two subsequences incorporates every second sample, they may be considered to be
downsampled subsequences of the original input sequence.

More generally, for any sequence {x(n)} with a z-transform given by

XðzÞ ¼
X1

n¼�1
xðnÞz�n;

a re-arrangement into M components can be achieved according to

XðzÞ ¼
XM
k¼0

z�kXkðzMÞ; ð5:22Þ

where

XkðzÞ ¼
X1

n¼�1
xðMnþ kÞz�n; 0� k�M � 1: ð5:23Þ

This decomposition of the input is illustrated in Fig. 5.14, where fxkðnÞg is the
kth subset of the parent sequence and the sub-sequences are related to each other
according to
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Fig. 5.14 M-band polyphase
decomposition of a sequence
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xkðnÞ ¼ xðMnþ kÞ; 0� k�M � 1: ð5:24Þ

or,

xðnÞ ¼
XM�1

k¼0

xðMnþ kÞ: ð5:25Þ

FIR based decimators can be implemented very efficiently by replacing the
conventional low-pass FIR filter with its polyphase decomposition. To understand
this more fully, recall the decimation structure shown in Fig. 5.8. The M-band
polyphase decomposition of the filter transfer function H(z) can be represented as

HðzÞ ¼
XM�1

k¼0

z�k HkðzMÞ; ð5:26Þ

and the direct realization of (5.26) is depicted in Fig. 5.15. According to the
decimation noble identities (Fig. 5.13a), this M-band FIR polyphase filter can be
replaced by its equivalent structure as shown in Fig. 5.16. As illustrated in
Fig. 5.16, the FIR sub-band filter H0(z) is the M-fold decimated version of H0(zM),
and H1(z) is the M-fold decimated version of H1(zM) and so on. By using this
polyphase decomposition approach the computational requirements can be
reduced by a factor of M, since the FIR filter can work at the lower (down-
sampled) sampling rate fs/M.

Similar to the case of decimation, the interpolator shown in Fig. 5.10 can be
implemented using the polyphase decomposition technique. Utilizing the Noble
identity for interpolation (see Fig. 5.13), an efficient L-band interpolation structure
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Fig. 5.15 Polyphase decomposition of an FIR decimation filter
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can be realized as illustrated in Fig. 5.17. Generally, the computation can be
reduced by a factor of L compared to the traditional (single-rate) FIR filter real-
ization. It is worth noting that in the case of linear-phase FIR filters, further
reduction in the computation requirements can be gained due to the symmetry of
the filter coefficients.
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Fig. 5.16 Efficient imple-
mentation of the polyphase
decimation FIR filter shown
in Fig. 5.15
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It can be shown that polyphase decomposition filters are, in fact, all-pass filters
with variable phase-shifts [1] and this is the genesis of the term ‘‘polyphase’’
filters.

Example 3 Consider the following linear-phase FIR low-pass filter of length
N = 6. Note that the filter has a symmetric impulse response.

HðzÞ ¼ hð0Þ þ hð1Þz�1 þ hð2Þz�2 þ hð2Þz�3 þ hð1Þz�4 þ hð0Þz�5

Implement an M = 3-fold decimation filter using the polyphase decomposition
technique.

Solution:
The three sub-filters can be obtained by inspection as:

H0ðzÞ ¼ hð0Þ þ hð2Þz�3;

H1ðzÞ ¼ hð1Þ þ hð1Þz�3;

H2ðzÞ ¼ hð2Þ þ hð0Þz�3:

Note that H0(z) and H2(z) have mirror image impulse responses while H1(z) has
a symmetric impulse response. These relations can be utilized to further reduce the
computational requirements.

These sub-filters operate on the input sequence according to the structure shown
in Fig. 5.15.

5.4.3 Multistage Implementation

So far only single-stage decimation and interpolation structures have been con-
sidered. In many applications requiring large decimation/interpolation factors,
however, single-stage implementation is often computationally too inefficient. In
addition, for rational sampling rate conversion applications the intermediate
sampling frequency after interpolation may be very high, making implementation
problematical. This was evident in Example 3. To tackle these problems, multi-
stage implementation can be utilized. As an illustration, Fig. 5.18 shows an r stage
implementation of a M-fold decimator. This multi-stage realization is achieved by
splitting M into factors M ¼ M1M2Mr: Obviously, in order to do that, M should be
a composite integer. The filters H1(z), H2(z), and H3(z) should be designed such

1M 2M)(1 zH )(2 zH )(zHr rM

Fig. 5.18 Multistage implementation of an M-fold decimator
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that aliasing is avoided and overall pass-band and stop-band tolerances are
satisfied.

5.4.3.1 Interpolated FIR Filter Design

Interpolated FIR (IFIR) design technique is a common approach to realise filters
within multistage sampling rate converters. The rationale behind IFIR design is as
follows. One normally requires many filter taps to obtain very sharp cutoffs with
FIR filters. One can, however, use an elegant ‘‘slight of hand’’ to get sharp cutoffs
without a large number of taps. To achieve this one first up-samples—recall that
after up-sampling by a factor M there are M times as many images. Because these
images must fit in a relatively small spectral area (i.e., they are compressed rep-
licas), they tend to have sharp cutoffs. The second stage in the IFIR approach is to
filter out the additional images using a low order filter. Then only the single
transfer function image (with a sharp cutoff) is left.

To illustrate the IFIR approach, consider an example in which a M = 3-fold
single-stage decimation filter H(z) is required. The desired frequency response of
this filter is shown in Fig. (5.19a), where xp and xstop are the pass-band and stop-
band normalized frequency edges, respectively. In this case, the transition band
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Fig. 5.19 Multistage implementation of a threefold decimator using IFIR approach. a The
desired frequency response, b the threefold stretched filter response G(z), c the threefold
upsampled version of G(z), i.e., G(z3), d the required lowpass filter response I(z), e the overall
IFIR filter
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will be xstop - xp. The equivalent IFIR design is begun by assuming a threefold
‘‘pre-stretched’’ filter G(z) as shown in Fig. (5.19b). Then, G(z) is upsampled by
the same factor M = 3. This yields the filter G(z3), which has the desired mag-
nitude response (H(z)) along with M - 1 image replicas, as shown in Fig. (5.19c).
To eliminate the unwanted image replicas, another low-pass filter I(z) should be
cascaded with G(z3). The pass-band of I(z) should be the same as the original one
(with a cutoff of xp), while the stop-band edge would extend from xp to the edge
of the adjacent image, that is at 2p

3 � xstop (see Fig. (5.19d)). This second stage
filter therefore has very relaxed cutoff requirements and can be implemented
without a great deal of computation.

For a given filter specification, the overall order of IFIR designed filters tends to
be significantly lower than for conventional filter designs.

MATLAB: The MATLAB function ifir can be used to design both G(zL)
(where L is the interpolation factor) and the image-suppressor filter I(z).

Example 4 The conventional decimator shown in Fig. 5.20a is to be implemented
as a cascaded structure using the IFIR technique. The input signal x(n) is originally
sampled at 210 kHz and needs to be down-sampled to 7 kHz. The pass-band and
stop-band frequencies are 3 and 3.5 kHz, respectively. The anti-aliasing filter
H(z) needs to be designed as an equiripple linear-phase FIR filter with the fol-
lowing specifications: The pass-band ripple is dp = 0.02 and stop-band ripple is
ds = 0.001. Compare the computation complexity of the conventional and cas-
caded implementations.

Solution:
The MATLAB function firpmord (Parks-Maclellan FIR order estimator) is

used to obtain the order of the FIR filters. According to the given specifications,
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Fig. 5.20 Multistage imple-
mentation of the decimator in
Example 4 using IFIR design
technique
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the order of the conventional single-stage anti-aliasing filter H(ejx) is
Nsingle = 1279.

Now the conventional single-stage filter H(ejx) is to be replaced by the cascade
implementation of G(ej15x)I(ejx) using the IFIR approach as explained above. To
meet the desired specifications, the pass-band ripple of G(ej15x) and I(ejx) should
sum up at most to that of H(ejx). Then, one may assume that the peak pass-band
ripple is taken as dp/2. On the other hand, to be conservative, the stop-band ripples
of G(ej15x) and I(ejx) are assumed to be equal to that of H(ejx). In this case, the
specifications of the IFIR cascaded filters are as given in Table 5.1.

The order of the pre-stretched low-pass filter G(ejx) is found to be NG = 91.
Thus, the order of its interpolated version is multiplied by a factor of 15, i.e.,
G(ej15x), will be N15

G ¼ 15� 19 ¼ 1365: Then, the order of the anti-imaging filter
I(ejx) is NI = 91. This new IFIR equivalent combination I(ejx) G(ej15x), as
illustrated in Fig. 5.20b, has a total of N15

G þ NI ¼ 1365þ 91 ¼ 1456 coefficients.
This, obviously, seems an increase in the order as compared to the single-stage one
NH = 1279. However, if one utilizes the decimation Noble identity, as shown in
Fig. 5.13a, then the filter G(ej15x) and the the subsequent 15-fold down-sampler
can be replaced by the same down-sampler followed by the filter G(ejx). This is
shown in Fig. 5.20c. By doing that, the overall filter order reduces to Noverall ¼
NG þ NI þ 91þ 91 ¼ 182: Thus a reduction in the overall filter order of
NH=Noverall ¼ 1279=182 ’ 7 is achieved.

The IFIR technique leads to the design of a cascaded implementation (G(z) and
I(z)) which meets the required specifications using a much lower order. If a
multiple stage approach is preferred, one may repeat this approach on the multiple
stages. The different stages are obtained by factorizing M ¼ M1M2MN :

Note that the multistage implementation approach can be applied for interpo-
lation filters as well.

Reference

1. Vaidyanathan, P.P.: Multirate Systems and Filter Banks. Prentice Hall, USA (1993)

Table 5.1 Specifications of
the IFIR filters in Example 4

Filter fp (kHz) fstop (kHz) dp dstop Order

G(z) 45 52.5 0.01 0.001 91
I(z) 3 10.5 0.01 0.001 91
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Appendix A: Tutorials

Tutorial 1

Q: Plot the unit step function u(t). Also plot the functions u(-t), u(t - 3),
u(-t - 3) u(t + 5), u(-t + 5), and y(t) = u(t) - u(t - 1).

Solution:

uðtÞ ¼ 1; t� 0
0; t\0

� �
;) ) uð�tÞ ¼ 1; �t� 0

0; �t\0

� �
¼ 1; t� 0

0; t [ 0

� �

Generally we have:

uðt � aÞ ¼
1; t � a� 0

0; t � a\0

� �
¼

1; t� a

0; t\a

� �
;

uð�t � aÞ ¼
1; �t � a� 0

0; �t � a\0

� �
¼

1; t� � a

0; t [ � a

� �

Shift rules:

If g(t) is a function and a [ 0, then the direction of horizontal shift from
original location is found as follows:

Function Shift direction

g(t + a) - (Left)
g(t - a) + (Right)
g(-t + a) + (Right)
g(-t - a) - (Left)
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  t
 1

   u(t)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

  t

   u(−t)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

  t

  u(t−3) (right shift)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

  t

  u(−t−3)=u[−(t+3)] (left shift)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

  t

   u(t+5)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

  t

  u(−t+5)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

  t
 y(t)=u(t)− u(t−1)  u(t)

  −u(t−1)
 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

Tutorial 2

Q1: Find the I/O (input–output) relation of the system shown below.

  Time−delay, T
o

  2

 x ( t )

   Input
   signal

    y ( t )

   Output
   signal

Solution: First, we should define the important internal points as shown below:

      Delay,  T
o

  2

 x ( t )    y ( t )
    r ( t )     r ( t−T

o
 )

Now we write the system equations as follows:

yðtÞ ¼ rðt � ToÞ; rðtÞ ¼ xðtÞ � 2yðtÞ;
) yðtÞ ¼ xðt � ToÞ � 2yðt � ToÞ:
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This is a feedback system since the I/O equation includes a delayed version of
the output itself.

Q2: Find the I/O (input–output) relation of the system shown below.

      Delay,  T
o x ( t )     y ( t )

Ans. y(t) = x(t) + x(t - To) - y(t - To).

Tutorial 3

Q: Determine whether the analog time-delay To (To is constant) is:
1. Memoryless, 2. causal, 3. linear, 4. time-invariant, 5. stable.

 Time−delay,  T
o
   x ( t )     y ( t )

Solution:
1. Since y(t) = x(t - T0), the output equals the input at a past time instant, t - To,

hence it is a memory system.
2. The output y(t) is not a function of x(t + t0), t0 [ 0, hence it is causal (does not

depend on future values of the input).
3. Let T represents the system transformation.

For the input x(t) = ap(t) + br(t) we have:

yðtÞ ¼ TfxðtÞg ¼ xðt � T0Þ ¼ a � pðt � T0Þ þ b � rðt � T0Þ
¼ a � TfpðtÞg þ b � TfrðtÞg

Hence, the system is linear.

4: Tfxðt � t0Þg ¼ xðt � t0 � T0Þ ð1Þ

We have: y(t) = x(t - T0), hence,

yðt � t0Þ ¼ xðt � t0 � T0Þ ð2Þ

From Eqs. 1 and 2 we get:

yðt � t0Þ ¼ Tfxðt � t0Þg:

Hence, T is time-invariant.
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5. If |x(t)| B c Vt (bounded), then we have |x(t - T0)| B c Vt.
Hence, |y(t)| B c Vt and the system is BIBO-stable.

Tutorial 4

Q: Find the output of the following linear time-invariant system for a unit-step
input (i.e., find the step response). Verify that the impulse response is the time
derivative of the step response.

 h ( t ) = e−at u ( t ) 

        ( a > 0 )
 x ( t ) = u ( t )   y ( t )

Solution: We have: yðtÞ ¼ uðtÞ � hðtÞ ¼
R1
�1 uðkÞhðt � kÞdk:

Step 1: Formulas of functions using t:

uðtÞ ¼ 1; t� 0
0; t\0

� �
and hðtÞ ¼ e�atuðtÞ ¼ e�at; t� 0

0; t\0

� �
:

Step 2: Formulas of functions using k:

uðkÞ ¼
1; k� 0

0; k\0

� �
and

hðt � kÞ ¼ e�aðt�kÞ; t � k� 0! k� t

0; k [ t

( )
:

Step 3: Integrate to find the convolution. The range of integration can be found
graphically as the zone of non-zero overlap between the two functions.
This can be done by moving h(t - k) from left to right (i.e., by varying
t from -? to ?) while keeping u(k) fixed (see the plot below).

Case 1: t [ 0

yðtÞ ¼
Z t

0

exp½�aðt � kÞ�dk

¼ ð1=aÞ½expf�aðt � kÞg�t0 ¼ ð1=aÞ½1� expð�atÞ�:

Case 2: t \ 0
No overlap ) u(k)h(t - k) : 0 Vk ) y(t) : 0.
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   t
 1

   u(t)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 1

   u(λ)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   t
 1

   h(t)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 1

   h(λ)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ

   h(−λ)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ

  h(t − λ)                            [Case 1: t > 0]
          λ  =  t

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ

  h(t − λ)                            [Case 2: t < 0]
          λ  =  t

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   t

 1/a
  y(t)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

Tutorial 5

Q: Evaluate y(t) = x(t) * h(t), where x(t) and h(t) are as shown.

   t
 1

  x(t)

 0 1 2 3 4 5 6 −5
   t

 1
  h (t)

 0 1 2 3 4 5 6 −5

Solution: The convolution is given by y(t) = x(t) * h(t) = $-?
? x(k)h(t - k)dk.
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Step 1: Equations of x(t) and h(t):

xðtÞ ¼ 1; 0� t� 3
0; elsewhere

� �
and hðtÞ ¼ 1; 0� t� 2

0; elsewhere

� �
:

Step 2: Equations in terms of k:

xðkÞ ¼ 1; 0� k� 3
0; elsewhere

� �
and

hðt � kÞ ¼ 1; 0� t � k� 2
0; elsewhere

� �
¼

1; t � 2|ffl{zffl}
start

� k� t|{z}
end

0; elsewhere

( )

Step 3: Integrate to find y(t).

Case 1: t \ 0 or t [ 5! yðtÞ � 0 (no overlap).
Case 2: 0\t� 2! yðtÞ ¼

R t
0 dt ¼ t:

Case 3: 2\t� 3! yðtÞ ¼
R t

t�2 dt ¼ 2:
Case 4: 3\t� 5! yðtÞ ¼

R 3
t�2 dt ¼ 5� t:

    λ
 1

   x ( λ )

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 1

  h ( λ )

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ 

 1   h ( − λ)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 t−2 t

 start end   h ( t − λ ) [Case 1: t < 0]

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 t−2 t

 start end   h ( t − λ ) [Case 2: 0 < t ≤ 2]

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 t−2 t

 start end  h ( t − λ ) [Case 3: 2 < t ≤ 3]

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 t−2 t

 start end  h ( t − λ ) [Case 4: 3 < t ≤ 5 
  → 1 < t − 2 ≤ 3]

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ
 t−2 t

 start end  h ( t − λ ) [Case 5:  t > 5]

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   t

  y ( t )
 2

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6
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Tutorial 6

Q: Find the convolution of the functions x(t) and h(t) as shown below.

   t
 1

   r (t )

 0 1 2 3 4 5 6 −5
   t

 2           s(t )

 0 1 2 3 4 5 6 −5

Solution: The convolution of r(t) and s(t) is given by:

yðtÞ ¼ rðtÞ � sðtÞ ¼
Z1

�1

rðkÞsðt � kÞdk:

Step 1: Write the equations of r(t) and s(t) as follows:

rðtÞ ¼ 2; 0� t� 2
0; elsewhere

� �
:

To find the equation of s(t), we consider 2 points (as it is a straight line):
(t1, s1) = (-2, 0) and (t2, s2) = (2, 2).

)
s� s1

t � t1
¼ s2 � s1

t2 � t1
) s ¼ t

2
þ 1) sðtÞ ¼ t=2þ 1; �2� t� 2

0; elsewhere

� �

Step 2: Write the above equations in terms of k, then sketch r(k) and s(t - k):

rðkÞ ¼ 2; 0� k� 2
0; elsewhere

� �
and

sðt � kÞ ¼ ðt � kÞ=2þ 1; �2� t � k� 2
0; elsewhere

� �

¼
ðt � kÞ=2þ 1; t � 2|ffl{zffl}

start

� k� t þ 2|ffl{zffl}
end

0; elsewhere

( ) :

[Note: 2 B t - k B 2 ) -2 - t B -k B 2 - t ) t - 2 B k B

t + 2].
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Step 3: Integrate to find y(t). Consider the intervals of overlap between r(k) and
s(t - k). These intervals can be defined using the endpoints of r(k)
(which is fixed here) and s(t - k) (which is moving according to the
shift t, noting that positive t gives positive shift).

Case 1: End of s(t - k) \ Start of r(k) ) t + 2 \ 0 ) t \ -2. No overlap,
hence, y(t) = 0.

Case 2: As the end of s(t - k) [i.e., k = t + 2] moves right (when t increases),
s(t - k) moves right as well. The first overlap with r(k) occurs when the
end of s(t - k) [i.e., k = t + 2] exceeds the start of r(k) [i.e., k = 0].
Now consider that the end of s(t - k) is inside r(k), hence,
0 B t + 2 B 3, or equivalently -2 B t B 1. In this case we have:

y ¼
Ztþ2

0

½1�|{z}
rðkÞ

½ðt � kÞ=2þ 1�|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
sðt�kÞ

dk ¼ t2=4þ t þ 1

(where -2 B t B 1, as shown above).

      λ

 2

 1
   r ( λ )

   s ( t − λ )

 Case 1: t < − 2, no overlap.

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

 t − 2 t + 2
 (start−2)  (end−2)

    (start−1)     (end−1)

   λ

 1

   r ( λ )

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ

 2
  s ( λ )  s ( − λ )

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

   λ 

 2  s ( t − λ)

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

 t − 2 t + 2
 (start)  (end)
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Case 3: As the end of s(t - k) [i.e., k = t + 2] exceeds the end of r(k) [i.e.,
k = 3], s(t - k) will fully overlap r(k) until the start of s(t - k) [i.e.,
k = t - 2] reaches the start of r(k) [i.e., k = 0]. Hence, we consider
two conditions: t + 2 [ 3 and t - 2 \ 0, which give t [ 1 and t \ 2, or
equivalently 1 \ t \ 2. In this case we have:

y ¼
Z3

0

½1�|{z}
rðkÞ

½ðt � kÞ=2þ 1�|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
sðt�kÞ

dk ¼ ð3=2Þt þ 3=4

(where 1 \ t \ 2, as shown above).

     λ

      2
   r ( λ )   s ( t − λ )

 Case 3: 1 < t < 2.

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

 t − 2 t + 2
Case 4: As the start of s(t - k) [i.e., k = t - 2] moves beyond the start of r(k)

[i.e., k = 0], overlap takes place only between k = t - 2 [start of
s(t - k)] and k = 3 [end of r(k)]. Hence, we consider the condition
0 B t - 2 B 3, or equivalently, 2 B t B 5. Here we have:

y ¼
Z3

t�2

½1�|{z}
rðkÞ

½ðt � kÞ=2þ 1�|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
sðt�kÞ

dk ¼ 15=4þ t=2� t2=2

where 2 B t B 5, as shown above).

     λ

 2

 1
   r ( λ )

   s ( t − λ )

 Case 2: − 2 ≤ t ≤ 1.

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

 t − 2 t + 2
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     λ

 2

   r ( λ )

   s ( t − λ )

 Case 4: 2 ≤ t ≤ 5.

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6

 t − 2 t + 2
Case 5: If the start of s(t - k) [i.e., k = t - 2] moves past the end of r(k) [i.e.,

k = 3], no overlap occurs. The condition here is written as t - 2 [ 3,
or equivalently t [ 5. Here y(t) = 0.

Summary of Results

yðtÞ ¼
t2=4þ t þ 1; �2� t� 1
ð3=2Þt þ 3=4; 1\t\2

ð15=4Þ þ t=2� t2=4; 2� t� 5
0 elsewhere

8>><
>>:

9>>=
>>;

Q: Solve the above problem as yðtÞ ¼ sðtÞ � rðtÞ ¼
R1
�1 sðkÞrðt � kÞdk. You

should get the same answer, since convolution is commutative.

     λ

 2

   r ( λ )          s ( t − λ )

 Case 5: t ≥ 5, no overlap.

 0 1 2 3 4 5 6 7 −1 −2 −3 −4 −5 −6

 t − 2 t + 2

    t

 2

   y ( t ) =  r ( t ) *  s ( t )

 0 1 2 3 4 5 6 −1 −2 −3 −4 −5 −6
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Tutorial 7

Q: Show that dðtÞ ¼ lima!0
1

2a P2aðtÞ [a [ 0]. What is the importance of this
result?
Solution: We should prove that the function gðtÞ ¼ 1

2a P2aðtÞ (shown below)
satisfies the definition and properties of the delta function as a! 0.

 0
   t

  a  − a

 1/(2a)

 g ( t ) = (1/2a) Π
2a

 ( t )

 0
   t

 1/(2a)

 g ( t − t
o
) 

 t
o
   a  − a

The delta function is defined as
R1
�1 xðtÞdðt � toÞdt ¼ xðtoÞ for any continuous

function x(t) [see Tables]. Applying the same integral to g(t) we get:

Z1

�1

xðtÞgðt � toÞdt ¼ 1
2a

Ztoþa

to�a

xðtÞdt ð1Þ

The Mean Value Theorem for integrals states that for any continuous function
s(t) we have:

Zd

c

sðtÞdt ¼ ½d � c�sðtmÞ;

where tm is a number between c and d (c \ tm \ d). Applying this theorem to Eq. 1
above we get:

Z1

�1

xðtÞgðt � toÞdt ¼ 1
2a

Ztoþa

to�a

xðtÞdt ¼ 1
2a
½ðto þ aÞ � ðto � aÞ�xðtmÞ ¼ xðtmÞ;

where to - a \ tm \ to + a. As a! 0, we have tm ! to; and hence

Z1

�1

xðtÞ lim
a!0
fgðt � toÞgdt ¼ lim

a!0

Z1

�1

xðtÞgðt � toÞdt ¼ lim
a!0
fxðtmÞg ¼ xðtoÞ:

Appendix A: Tutorials 239



The distinguishing Properties of the delta function are evenness, unit area, and
spiky shape (Tables). These properties are satisfied by the above function:

Evenness: we have g(- t) = g(t).
Unit area:

R1
�1 gðtÞdt ¼ ð1=2aÞð2aÞ ¼ 1:

Spiky shape: lim
a!0

gðtÞ ¼ lim
a!0

1
2a jtj\a
0 elsewhere

� �
¼ 1 t ¼ 0

0 elsewhere

� �
:

This result justifies the use of narrow pulse to approximate the delta function in
practical applications, noting that it is impossible to generate an exact delta function.

Tutorial 8

Q: Show that the unit-step response q(t) of any LTI system is related to its

impulse response h(t) by: hðtÞ ¼ dqðtÞ
dt :

Solution: The I/O relation for LTI systems gives: qðtÞ ¼ hðtÞ � uðtÞ ¼
R1
�1 hðkÞ

uðt � kÞdk.
The unit-step function is given by:

uðkÞ ¼ 1; k[ 0
0; elsewhere

� �

Hence, uðt � kÞ ¼
1; t � k [ 0) k\ t|{z}

ðendÞ
0; elsewhere

8<
:

9=
;:

Now we have qðtÞ ¼
R t
�1 hðkÞdk.

Therefore, q0(t) = h(t) [see Tables].

            h ( t )x ( t )    ρ ( t )

   λ
 1

     u ( λ )

 0

   λ
 1      u ( − λ )

 0

   λ 

 1      u ( t − λ)

 0  λ = t
     (end)
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Tutorial 9

Q: For the periodic square wave x(t) shown below, find:
(A) The complex Fourier series, (B) the trigonometric Fourier series.

 x ( t )
 1

  t, sec 
  0   T

o
 / 2   T

o
   3T

o
 / 2   − T

o
  − T

o
 / 2 

Solution:
(A) Since x(t) is periodic, it has Fourier series expansion [Tables]:

xðtÞ ¼
X1

k¼�1
Xkeþj2pkf0t

From the above figure, the signal fundamental frequency is fo = 1/To Hz. The
Fourier coefficients (for k=0) are given by [see Tables]:

Xk ¼
1
To

ZTo
2

0

xðtÞe�j2pkfotdt ¼ 1
To

ZTo
2

0

e�j2pkfotdt

¼ 1
To

� �
1

�j2pkfo

� �
e�j2pkfot
� �To

2

0 ¼
1� e�jkp

j2pk
¼ 1� ð�1Þk

j2pk

[Note that we used fo To = 1 and e-jp = cos(p) - jsin (p) = -1].

For k = 0 we have: Xo ¼ 1
To

R To
2

0 xðtÞdt ¼ 1
2 :

Now:

1. If k is even, i.e., k = 2n, then Xk = X2n = 0 (if n = 0)
2. If k is odd, i.e., k = 2n + 1, then Xk ¼ X2nþ1 ¼ 1

jpð2nþ1Þ :

) xðtÞ ¼ 1
2
þ 1

jp

X1
n¼�1

1
2nþ 1

ejð2nþ1Þ2pf0t

(B) From above we have:

xðtÞ ¼
X1

k¼�1
Xkeþj2pkf0t ¼ X0 þ

X1
k¼1

Xkej2pkf0t þ X�ke�j2pkf0t
� �

¼ a0 þ
X1
k¼1

akcosð2pkf0tÞ þ bksinð2pkf0tÞf g
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where we used Euler’s formula to get:

a0 ¼ X0; ak ¼ Xk þ X�k; bk ¼ jðXk � X�kÞ:

Hence, ao = X0 = 1/2.
If k is even (k=0), then ak = bk = 0 (see above).
If k is odd, then:

ak ¼ a2nþ1 ¼ Xð2nþ1Þ þ X�ð2nþ1Þ ¼ 0 and bk ¼ b2nþ1 ¼
2

ð2nþ 1Þp :

Therefore, we can write the signal x(t) as follows:

xðtÞ ¼ 1
2
þ
X1
n¼0

b2nþ1sinð2pð2nþ 1Þf0tÞ

¼ 1
2
þ 2

p
sinðx0tÞ þ 1

3
sinð3x0tÞ þ 1

5
sinð5x0tÞ þ � � �

	 

:

Q: If x(t) above is passed through the system shown below, find the output
y(t) and the average power in x(t) and y(t).
Ans. Px = 0.5; Py = 0.47.

   LPF, H ( f )   x ( t )     y ( t )

    H(f )

     f

   1

 − 4 / T
o

  0     4 / T
o

Tutorial 10

Q1: Show that x(t)d(t - to) = x(to)d(t - to).
Solution: Let g(t) be any function that is continuous at t = to, and let /
(t) = g(t)x(t). Then using Tables we get:

Z1

�1

gðtÞ xðtÞdðt � toÞ½ �dt ¼
Z1

�1

gðtÞxðtÞ½ �dðt � toÞdt ¼
Z1

�1

/ðtÞdðt � toÞdt ¼ /ðtoÞ:
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Now: /ðtoÞ ¼ gðtoÞxðtoÞ ¼ xðtÞ
R1
�1 gðtÞdðt � toÞdt ¼

R1
�1 gðtÞ½xðtoÞdðt � toÞ�dt:

Hence we have:
R1
�1 gðtÞ ½xðtÞdðt � toÞ�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

sðtÞ

dt ¼
R1
�1 gðtÞ ½xðtoÞdðt � toÞ�|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

rðtÞ

dt

Since g(t) is arbitrary, the above equation implies that:

sðtÞ ¼ rðtÞ; or xðtÞdðt � toÞ ¼ xðtoÞdðt � toÞ:

Q2: Consider the cascaded and parallel systems shown in Figs. a and b. Find the
equivalent impulse responses for the equivalent system shown in Fig. c.

Solution:

(a) Let y1 (t) = x(t) * h1 (t).

)

yðtÞ ¼ y1ðtÞ � h2ðtÞ ¼ ½xðtÞ � h1ðtÞ� � h2ðtÞ ¼ xðtÞ � ½h1ðtÞ � h2ðtÞ�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
hðtÞ

) hðtÞ

¼ h1ðtÞ � h2ðtÞ

where we used the associative property of convolution.

(b) Let y1 (t) = x(t) * h1 (t), y2 (t) = x(t) * h2 (t).

)

yðtÞ ¼ y1ðtÞ þ y2ðtÞ ¼ xðtÞ � h1ðtÞ þ xðtÞ � h2ðtÞ ¼ xðtÞ � ½h1ðtÞ þ h2ðtÞ�|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
hðtÞ

) hðtÞ

¼ h1ðtÞ þ h2ðtÞ

where we used the distributive property of convolution.

  h(t)  x (t)  y (t )

(c)

 h
1
(t) x (t)  h

2
(t)  y (t)

(a)

 h
1
(t)  x (t) 

 h
2
(t) 

(b)

    y (t )

Appendix A: Tutorials 243



Tutorial 11

Q: For the periodic pulse train pðtÞ ¼
P1

k¼�1 dðt � kTÞ find:
(A) Complex Fourier series (FS), (B) trigonometric FS, (C) Fourier Transform
(FT).

 p(t)

 t

 1

 0  T
o

 2T
o

 3T
o

 4T
o

 −T
o

 −2T
o

 −3T
o

 −4T
o

Solution:
(A) pðtÞ ¼

P1
k¼�1 Pkeþj2pkfot; where xo ¼ 2pfo ¼ 2p

To
is the fundamental

frequency, To being the fundamental period, and the Fourier coefficients are
given by [see Tables]:

Po ¼
1
To

ZTo=2

�To=2

pðtÞdt ¼ 1
To

ZTo=2

�To=2

dðtÞdt ¼ 1
To

Pk ¼
1
To

ZTo=2

�To=2

pðtÞe�j2pkf0tdt ¼ 1
To

ZTo=2

�To=2

dðtÞe�j2pkf0tdt ¼ 1
To

) pðtÞ ¼ 1
To

X1
�1

ej2pkf0t

(B) pðtÞ ¼ ao þ
P1

k¼1½akcosðkxotÞ þ bksinðkxotÞ�, where [see Tables]:

ao ¼ Po ¼
1
To
; ak ¼ Pk þ P�k ¼

2
To
; bk ¼ jðPk � P�kÞ ¼ 0:

) pðtÞ ¼ 1
To
þ 2

To

X1
k¼1

cosðkxotÞ:

(C) Using part (A) we have [using Tables]:

FfpðtÞg ¼ F 1
To

X1
k¼�1

ej2pkfot

( )
¼ 1

To

X1
k¼�1

F ej2pkfot
� �

¼ 1
To

X1
k�1

dðf � kfoÞ ¼ fo

X1
k�1

dðf � kfoÞ

Hence, a pulse train in the time domain is Fourier-transformed to a pulse train in
the frequency domain.

244 Appendix A: Tutorials



Tutorial 12

Q1: Show that xðtÞcosx0t !F 1
2 Xðf � f0Þ þ 1

2 Xðf þ f0Þ:

Solution: From Tables we have:

cosx0t !F 1
2
dðf � f0Þ þ

1
2
dðf þ f0Þ:

Let cðtÞ ¼ cosx0t;Cðf Þ ¼ F cosx0tf g. Using Tables we have:

F xðtÞ � cðtÞf g ¼ Xðf Þ � Cðf Þ ¼ Xðf Þ � 1
2

dðf � f0Þ þ
1
2
dðf þ f0Þ

	 


¼ 1
2

Xðf � f0Þ þ
1
2

Xðf þ f0Þ�

where we used the relation X(f) * d(f - f0) = X(f - fo) from Tables.

Q2: (A) Find F xðtÞ ¼ e�a tj j; a [ 0
� �

: (B) Using part (A), find F 2
1þt2

n o
:

Solution:
(A)

Xðf Þ ¼
Z1

�1

xðtÞe�j2pftdt ¼
Z1

�1

e�a tj je�j2pftdt

¼
Z0

�1

eate�j2pftdt ¼
Z1

0

e�ate�j2pftdt ¼ 1
a� j2pf

þ 1
aþ j2pf

¼ 2a

a2 þ ð2pf Þ2
:

(B)

xðtÞ !F Xðf Þ ) XðtÞ !F xð�f Þ ½duality ðTablesÞ�

) XðtÞ !F xðf Þ ½if xðtÞ is even�

 P(f )

 f

 1/T
o

 0  f
o

 2f
o

 3f
o

 4f
o

 −f
o

 −2f
o

 −3f
o

 −4f
o
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Using duality of FT and part (A) above we get: F 2
1þð2ptÞ2
n o

¼ e� fj j:

From Tables (scaling property) we have: sðktÞ $ 1
kj j S

f
k

 �
:

Applying this to the above result we get:

F 2

1þ ðtÞ2

( )
¼ 2pe�2p fj j

Tutorial 13

Q: Determine the impulse response of the ideal bandstop filter whose frequency
response is shown below.

 H ( f )
 1

 − f
1

 f
1

 − f
2

 f
2

 f, Hz
 0

Solution: It is better that we arrange H(f) in terms of well-known functions. In
this question it can be written as follows:

Hðf Þ ¼ 1� Gðf Þ;

where G(f) is shown below.
To find an explicit formula for G(f), let f0 ¼ f1þf2

2 ;B ¼ f2 � f1:

) Gðf Þ ¼
Y

B

ðf � f0Þ þ
Y

B

ðf þ f0Þ ¼ Xðf � f0Þ þ Xðf þ f0Þ;

where Xðf Þ ¼
Q

Bðf Þ.
Now from Tables we have:

1. sincðLtÞ !F 1
L

Q
Lðf Þ ) L � sincðLtÞ !F

Q
Lðf Þ [multiply both sides by L]

Hence, for this question we have: BsincðBtÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
xðtÞ

 !F
Y

B
ðf Þ|fflfflffl{zfflfflffl}

Xðf Þ

:

2. xðtÞcosð2pf0tÞ !F 1
2 Xðf � f0Þ þ 1

2 Xðf þ f0Þ;

) 2xðtÞcosð2pf0tÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
gðtÞ¼2B sincðBtÞcosð2pf0tÞ

 !F Xðf � f0Þ þ Xðf þ f0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Gðf Þ

) hðtÞ ¼ F�1 1� Gðf Þf g ¼ F�1 1f g � F�1 Gðf Þf g ¼ dðtÞ � gðtÞ
¼ dðtÞ � 2B sincðBtÞ cosð2pf0tÞ:
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 G ( f )

 1

 − f
1

 f
1

 − f
2

 f
2

 f, Hz
 0

 X ( f )

 1

 − B/2   B/2
 f, Hz

 0

Tutorial 14

Q: (A) Determine the impulse response of the ideal band-stop filter whose
frequency response is shown in Fig. 1 below.
(B) Determine the impulse response of the ideal band-stop filter whose frequency
response is shown in Fig. 2 below.

Solution:
(A) The frequency response H(f) can be written as:

H(f) = 1 - G(f), where Gðf Þ ¼ K2fcðf Þ [see the figure below].

 H ( f )

 1

 − f
c

 f
c

 f
 0

 1

 f
 0

 G ( f )

 1

 − f
c

 f
c

 f
 0

From Tables we have: KTðtÞ !
F T

2 sinc2ðT2 f Þ; and:

xðtÞ !F Xðf Þ ) XðtÞ !F xð�f Þ ½dualityðTablesÞ�

) XðtÞ !F xðf Þ½If xðtÞ is even�

)
B

2
sinc2 B

2
t

� �
 !F KBðf Þ )

2fc

2
sinc2ð2fc

2
tÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

gðtÞ

 !F K2fcðf Þ|fflfflffl{zfflfflffl}
Gðf Þ

) hðtÞ ¼ F�1fHðf Þg ¼ F�1f1� Gðf Þg ¼ dðtÞ � fc sinc2ðfctÞ:

 H ( f )

 1

 − f
c

 f
c

 f, Hz
 0

(1)

 H ( f )

 1

 − f
c

 f
c

 − 2f
c

 2f
c

 f, Hz
 0

(2)
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(B) In this part, the frequency response reminds us of the modulation property. It
can be written as:

Hðf Þ ¼ Gðf � fcÞ þ Gðf þ fcÞ:

Hence, using Tables or Tutorial 13 we get:

hðtÞ ¼ 2gðtÞcosð2pfctÞ ¼ 2fcsinc2ðfctÞ � cosð2pfctÞ:

Tutorial 15

Q: Show that:

(A) xðtÞ � yðtÞ !F Xðf Þ � Yðf Þ
(B) xðtÞ � yðtÞ !F Xðf Þ � Yðf Þ

Solution:

(A)

FfxðtÞyðtÞg ¼
Z1

�1

xðtÞyðtÞe�j2pftdt

¼
Z1

�1

F�1fXðf ÞgyðtÞe�j2pftdt

¼
Z1

�1

Z1

�1

XðkÞeþj2pktdk

2
4

3
5yðtÞe�j2pftdt

¼
Z1

�1

XðkÞ
Z1

�1

yðtÞe�j2pðf�kÞtdt

2
4

3
5

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Yðf�kÞ

dk

¼
Z1

�1

XðkÞYðf � kÞdk ¼ Xðf Þ � Yðf Þ:
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(B)

FfxðtÞ � yðtÞg ¼
Z1

�1

Z1

�1

xðkÞyðt � kÞdk

2
4

3
5e�j2pftdt

¼
Z1

�1

xðkÞ
Z1

�1

yðt � kÞe�j2pftdt

2
4

3
5

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Let v¼t�k

dk

¼
Z1

�1

xðkÞ
Z1

�1

yðvÞe�j2pf ðvþkÞdv

2
4

3
5dk

¼
Z1

�1

xðkÞe�j2pf kdk

0
@

1
A

Z1

�1

yðvÞe�j2pfvdv

0
@

1
A

½since k and v are independent�
¼ FfxðtÞg � FfyðtÞg ¼ Xðf Þ � Yðf Þ

Tutorial 16

Q: Find the s-domain voltage transfer function and the voltage impulse response
for the analog systems shown below. Assume zero initial conditions (IC’s).

 L = 4 H

 R = 2 Ω

 +

 _
 ν

i

 +

 _

 ν
o
 = ν

R

 i
R

(a)

 R = 2 Ω

   L = 4 H

 +

 _
 ν

i

 +

 _

 ν
o
 = ν

L

 i
L

(b)

 R = 2 Ω

 C = 2 F

 +

 _
 ν

i

 +

 _

 ν
o
 = ν

C

 i
C

(c)

Solution:

vLðtÞ ¼ LdiðtÞ=dt|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
voltage across L

 !L
Tables

VLðsÞ ¼ L½sIðsÞ � ið0�Þ� ¼ Ls � IðsÞ ½zero IC’s�:

Hence, inductor impedance is represented in the complex-frequency domain as:

XLðsÞ ¼ VLðsÞ=IðsÞ ¼ sL ½zero IC0s�:
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Now vRðtÞ ¼ R � iðtÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
voltage across R

 !L VRðsÞ ¼ RIðsÞ ) XRðsÞ ¼ VRðsÞ=IðsÞ ¼ R:

iCðtÞ ¼ CdvCðtÞ=dt|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
current through C

 !L
Tables

ICðsÞ ¼ C � ½sVCðsÞ � vCð0�Þ� ¼ Cs � VCðsÞ ½zero IC’s�

) XCðsÞ ¼ VCðsÞ=ICðsÞ ¼ 1=sC:

To summarize impedance transformations to the s-domain (zero IC’s):
R ) R; L ) sL; C ) 1/(sC).
Now we can transform the above circuits to the s-domain using L-Tables:

(a) HðsÞ ¼ VoðsÞ=ViðsÞ ¼ 2=½4sþ 2� ) hðtÞ ¼ L�1fð1=2Þ½1=ðsþ 0:5Þ�g ¼
0:5e�0:5t

(b) HðsÞ ¼ 4s
4sþ2 ¼ 4sþ2�2

4sþ2 ¼ 1� ð1=2Þ
sþð1=2Þ ) hðtÞ ¼ dðtÞ � ð1=2Þe�1

2t.

(c) HðsÞ ¼ 1=ð2sÞ
ð1=2sÞþ2 ¼ 1

1þ4s ¼ 1
4

1
sþð1=4Þ ) hðtÞ ¼ 1

4 e�
1
4t.

    4 s

 2 

 +

 _
 V

i
 ( s )

 +

 _

 V
o
 ( s )

(a)

      2 

    4 s

 +

 _
 V

i
 ( s )

 +

 _

 V
o
 ( s )

(b)

     2 

   1
  2s

 +

 _
 V

i
 ( s )

 +

 _

 V
o
 ( s ) 

(c)

Tutorial 17

Q: Find the current and voltage across the capacitor below after the switch is
closed at t = 0.

 +     R                        _  

   C

 +

 _

   ν
i   V (d.c.)

 +

 _

 ν
c

 i
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Solution: Let the capacitor initial voltage be Vo (volts). After the switch is closed,
a d.c. voltage of V volts will suddenly be applied, hence, vi (t) = Vu(t) volts.

iðtÞ ¼ iCðtÞ ¼ C
dvCðtÞ

dt|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
current through C

 !L
Tables

IðsÞ ¼ C � ½sVCðsÞ � vCð0�Þ� ¼ C½sVCðsÞ � Vo�;

or simply:

I ¼ C � ½sVC � Vo� ð1Þ

vc ¼ vi � iR !L VC ¼ Vi � IR ¼ V=s� IR ð2Þ

From (1), (2) we get:

I ¼ 1
R

V � Vo

sþ 1=RC
¼ Io

1
sþ 1=RC

ð3Þ

[where Io = (V - Vo)/R.]
From Tables: i(t) = Io e-t/RC u(t) amperes.
Substituting (3) in (2) we get: VC ¼ V ½1s � 1

sþ1=RC� þ
Vo

sþ1=RC

From Tables: vc (t) = [V(1 - e-t/RC) + Vo e-t/RC]u(t) volts.

Tutorial 18

Q: The switch S in Fig. 1 below has been closed for a long time. Find the current
across the capacitor after the switch is opened at t = 0.

Solution: As the switch was closed for a long time, both vC (0-) and iL (0-) are
zero. Even if there was an initial voltage Vo on C and an initial current Io in L when
S was closed, the final current and voltages in the right loop will all be zero. This is
due to the consumption of energy by R2. To prove this, consider the right loop
where the switch has been closed as shown in Fig. 2.

 +  R
1
  −   +  R

2
 −  

 i ( t )

   C

 +

 _

 ν
c

 S

(1)

  L

   _     +   ν
L

 +

 _

   ν
i V (d.c.)
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Let R = R2. Now VR = IR.

iðtÞ ¼ C
dvC

dt
 !L IðsÞ ¼ C½sVCðsÞ � vCð0�Þ� ! I ¼ C½sVC � Vo�

! VC ¼
I

Cs
þ Vo

s

vLðtÞ ¼ L
diðtÞ

dt
 !L VLðsÞ ¼ L½sIðsÞ � ið0�Þ� ! VL ¼ L½sI � Io�:

VC þ VL þ VR ¼ 0! I

Cs
þ Vo

s
þ sLI � LIo þ IR ¼ 0

! I ¼ LCIos� CVo

LCs2 þ RCsþ 1

I ¼ Io

s� Vo
LIo

s2 þ R
L sþ 1

LC

¼ Io

s� Vo
LIo
þ ð R

2L� R
2LÞ

ðsþ R
2LÞ

2 þ ð 1
LC � R2

4L2Þ
¼ Io

sþ a

FðsÞ � n
xo

FðsÞ

	 


where

a ¼ R

2L
; x2

o ¼
1

LC
� R2

4L2
; FðsÞ ¼ ðsþ aÞ2 þ x2

o; n ¼ Vo

LIo
þ R

2L

� �
=xo:

) iðtÞ ¼ Ioe�at½cosðxotÞ � nsinðxotÞ�uðtÞ:

If I0; then iðtÞ ¼ �ðVo=LxoÞe�atsinðxotÞuðtÞ:

If D ¼ R2

L2
� 4

LC
[ 0;we use partial fractions to get :

iðtÞ ¼ k1e�b1t þ k2e�b2t
� �

uðtÞ;with:

b1; b2 ¼
R

2L
	 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

L2
� 4

LC

r
[ 0;

k1 ¼ �Ioðk � b1Þ=b ðwhere k ¼ Vo=ðLIoÞ; b ¼ b2 � b1Þ
k2 ¼ Ioðk � b2Þ=b for Io 6¼ 0;

while k1 = -k/

b (where k = Vo/L) and k2 = k/b for Io = 0.
Unless R = 0, all above expressions for i(t) tend to zero after a long time, so are
the expressions for vL (t) = Ldi(t)/dt and vR = i(t)R. Hence, vC ¼ �ðvL þ vRÞ ! 0
as well.

 +     R
2
    −  

  i ( t )

   C

 +

 _

 ν
c

  L
     _     +    ν

L

(2)
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Now back to the main question. Let R = R1 + R2. We have viðtÞ ¼ VuðtÞ !
ViðsÞ ¼ 1=s. Using L rules with zero IC’s we get:

VC ¼ I=ðCsÞ;VL ¼ LsI:

viðtÞ ¼ vR þ vC þ vL ! 1=s ¼ IRþ I=ðCsÞ þ LsI

! I ¼ ð1=LÞ
s2 þ ðR=LÞsþ 1=ðLCÞ

If D \ 0, we get: I ¼ ð1=xoLÞ½xo=FðsÞ� ! iðtÞ ¼ ð1=xoLÞe�atsinðxotÞuðtÞ:
If D [ 0, we get I = (1/L)[a1/(s + b1) + a2/(s + b2)] where a1 = 1/b, a2 = -1/b,
hence

iðtÞ ¼ ð1=bLÞ½e�b1t � e�b2t�uðtÞ:

Tutorial 19

Q1: Find the transfer function of the feedback system shown below. All signals
are voltages.

         D ( s )

          G ( s ) 

 X ( s )

    x ( t )

 Y ( s )

 y ( t )

Solution: First, we define important auxiliary points [i.e., e(t) and r(t)] as shown
below.

         D ( s )

          G ( s ) 

 X ( s )

   x ( t )

 Y ( s )

 y ( t )

      E ( s )

      e ( t )

      R ( s )

      r ( t )

Now we write the system equations as follows:

eðtÞ ¼ xðtÞ þ rðtÞ ð1Þ

This equation is in the time-domain. It is easier to transform to the s-domain using
L, since the convolution in the t-domain would be transformed into a simple
multiplication in the s-domain. Taking the L of both sides of (1) we get:

EðsÞ ¼ XðsÞ þ RðsÞ ð2Þ

Appendix A: Tutorials 253



Similarly,

RðsÞ ¼ GðsÞYðsÞ ð3Þ

YðsÞ ¼ DðsÞEðsÞ ð4Þ

Using (2), (3), and (4) we get: Y(s)[1 - D(s)G(s)] = D(s)X(s)

) HðsÞ ¼ YðsÞ
XðsÞ ¼

DðsÞ
1� DðsÞGðsÞ :

Q2: Find the transfer function of the following feedback system.

 +
 _    D ( s )

   G ( s ) 

 X ( s )
    x ( t )

 Y ( s )
  y ( t )

 +

 +
   R ( s ) 

Tutorial 20

Q: The relationship between FfxðtÞg and LfxðtÞg is given by:

FfxðtÞg ¼ LfxðtÞgjs¼jx

or : XðxÞ ¼ XðsÞ s¼jx

��
where x = 2pf. This holds on the condition that:

Z1

�1

xðtÞj jdt\1 ½i.e:; xðtÞ is absolutely integrable�:

Now decide whether X(x) can be found from X(s) for the functions:
1. d(t), 2. u(t), 3. tn u(t), n is integer C0.

Solution:
1.
R1
�1 xðtÞj jdt ¼

R1
�1 dðtÞdt ¼ 1\infty. Hence, X(x) = X(s)|s=jx.

From Tables: DðsÞ ¼ LfdðtÞg ¼ 1. ) DðxÞ ¼ DðsÞ s¼jx

�� ¼ 1.

2.
R1
�1 uðtÞj jdt ¼

R1
0 uðtÞdt ¼

R1
0 1:dt!1.

Hence, we cannot use X(x) = X(s)|s=jx.
Note that the Laplace transform of u(t) is: UðsÞ ¼ 1

s (Tables), and the Fourier
transform of u(t) is: Uðf Þ ¼ 1

2 dðf Þ þ 1
j2pf (Tables).
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Therefore, UðxÞ ¼ pdðxÞ þ 1
jx [Using the relation dð2pf Þ ¼ 1

2p dðf Þ from

Tables.]
It is apparent that U(x) = U(s)|s=jx.

3. The function tnu(t) has no Fourier transform, but it has Laplace transform
given by n!

snþ1.

Tutorial 21

Q: Expand the following expression using partial fraction expansion, then find

yðtÞ : YðsÞ ¼ 2s2þ13sþ12
ðsþ1Þðs2þ5sþ6Þ :

Solution: To find the inverse Laplace transform ðL�1Þ for an expression of the
form:

YðsÞ ¼ NðsÞ
DðsÞ ¼

a0 þ a1sþ � � � þ amsm

ðs� p1Þðs� p2Þ � � � ðs� pnÞ
;

we apply partial fraction expansion rules as follows:

YðsÞ ¼ c1

s� p1
þ c2

s� p2
þ � � � þ cn

s� pn
:

Notes:

1. If m = degree [N(s)] C n = degree [D(s)], perform long division first.
2. For complex conjugate poles pk+1 = pk

* we have ck+1 = ck
*.

3. For a pole of multiplicity r at s = pk there will be r terms:
ck1/(s - pk) + ck2/(s - pk)

2 + ��� + ckr/(s - pk)
r in the expansion.

Now back to the main question.

YðsÞ ¼ 2s2 þ 13sþ 12
ðsþ 1Þðs� p1Þðs� p2Þ

) s2 þ 5sþ 6 ¼ 0) p1;2 ¼
�5


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52 � 4� 6
p

2
¼ �2;�3:

Hence, YðsÞ ¼ 2s2þ13sþ12
ðsþ1Þðsþ2Þðsþ3Þ. Let YðsÞ ¼ a

sþ1þ b
sþ2þ c

sþ3.

)
2s2 þ 13sþ 12

ðsþ 1Þðsþ 2Þðsþ 3Þ ¼
a

sþ 1
þ b

sþ 2
þ c

sþ 3

To find a do the following:

1. Multiply by ðsþ 1Þ : 2s2þ13sþ12
ðsþ1Þðsþ2Þðsþ3Þ ¼ aþ bðsþ1Þ

sþ2 þ
cðsþ1Þ

sþ3 .

2. Put s = -1: 2�13þ12
ð�1þ2Þð�1þ3Þ ¼ aþ 0þ 0! a ¼ 1

2.
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Similarly we get: b = 6 and c = -9/2.
From Tables we find L�1 of Y(s) as follows:

yðtÞ ¼ ae�t þ be�2t þ ce�3t ¼ 1
2

e�t þ 6e�2t � 9
2

e�3t:

MATLAB: The above question can be solved on MATLABr as follows:

A ¼ ½2 13 12�; B ¼ ½1 6 11 6�; ½R; P; K� ¼ residueðA; BÞ

where R gives the coefficients ci, P gives the poles pi, and K is empty if degree(A)
\ degree(B). Note that B can be obtained using B = conv([1 1],[1 5 6])
{multiplication of two polynomials}.

Tutorial 22

Q: A linear electrical system is described by the second-order differential
equation:

y00ðtÞ þ 5y0ðtÞ þ 6yðtÞ ¼ xðtÞ ð1Þ

with initial conditions:

yð0Þ ¼ 2; y0ð0Þ ¼ 1:

If the input voltage is given by x(t) = e-t u(t), find the output y(t).
Solution: From L Tables we have:

y0ðtÞ !L sYðsÞ � yð0�Þ ¼ sYðsÞ � 2

y00ðtÞ !L s½sYðsÞ � yð0�Þ� � y0ð0�Þ ¼ s2YðsÞ � 2s� 1

xðtÞ ¼ e�tuðtÞ !L XðsÞ ¼ 1
sþ 1

Taking L of both sides of Eq. 1, we get:

½s2YðsÞ � 2s� 1� þ 5½sYðsÞ � 2� þ 6YðsÞ ¼ 1
sþ 1

YðsÞ½s2 þ 5sþ 6� ¼ 2sþ 11þ 1
sþ 1

¼ 2s2 þ 13sþ 12
sþ 1

) YðsÞ ¼ 2s2 þ 13sþ 12
ðsþ 1Þðs2 þ 5sþ 6Þ

) yðtÞ ¼ 1
2

e�t þ 6e�2t � 9
2

e�3t ðFrom Tutorial 21Þ
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Tutorial 23

Q: Find the autocorrelation function of xðtÞ ¼
Q

1ðt � 0:5Þ:
Note that x(t) is a deterministic signal.
Solution: From Tables: R(s) = $-?

? x(k)x(s + k)dk. Note that R(s) = x(s) * x(-s).
We follow the same steps that are necessary to find the convolution of two signals.

From Tables:
Q

TðtÞ ¼
1; �T=2� t� T=2
0; elsewhere

� �

) xðkÞ ¼
Y

1
ðk� 0:5Þ ¼

1; �0:5� k� 0:5� 0:5

0; elsewhere

� �
¼

1; 0� k� 1

0; elsewhere

� �

) xðsþ kÞ ¼
1; 0� sþ k� 1

0; elsewhere

� �
¼

1; �s|{z}
start

� k� 1� s|ffl{zffl}
end

0; elsewhere

8<
:

9=
;

Note that since we have x(s + k) inside the integral, a positive k-shift s will give
negative shift to the function w.r.t the y-axis (contrary to the case of convolution).
Now we move the function x(s + k) from left to right while x(k) is fixed. We get
the following cases:

   λ

 1    Π
1
( λ )

 0 1 −1

   λ
 1

    x( λ ) = Π
1
( λ − 0.5)

 0 1 −1

   λ
 1

  x( τ + λ ) [ τ > 0 ]

 0 1 −1
 − τ  1 − τ

 (Start)   (End)

   τ

 1   R ( τ )

 0 1 −1

Case 1: 1� s\0 ði.e.; s[ 1Þ ) RðsÞ ¼ 0 [no overlap].
Case 2: 0� 1� s\1 ði.e.; 0\s� 1Þ ) RðsÞ ¼

R 1�s
0 dk ¼ 1� s:

Case 3: 0� � s� 1 ði.e.;�1� s� 0Þ ) RðsÞ ¼
R 1
�s dk ¼ 1þ s.

Case 4: �s[ 1 ði.e.; s\� 1Þ ) RðsÞ ¼ 0 [no overlap].
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Notice that R(s) is Case even, with an Case absolute maximum at s = 0.
MATLAB: The above question can be solved on MATLABr as follows:

x ¼ stepfunðt; 0Þ � stepfunðt; 1Þ; y ¼ xcorrðxÞ � Ts;

Tutorial 24

Q: A white noise signal n(t) is passed through a RC circuit as shown. Find the
autocorrelation function of the output noise.

        R 

   C 

 +

 _
 n

i
 ( t )

 +

 _

 n
o
 ( t )

Solution:

Hðf Þ ¼ XC

Rþ XC
¼

1
jxC

Rþ 1
jxC

¼ 1
1þ j2pfCR

;

Gnðf Þ ¼ g=2 !F
WKT

RnðsÞ ¼
g
2
dðsÞ;

Gn0ðf Þ ¼ Hðf Þj j2Gnðf Þ ¼
g=2

1þ 4p2f 2R2C2
¼ g

2

1
R2C2

1
R2C2 þ ð2pf Þ2

¼ g
4RC

2 1
RC

1
RC

 �2þ 2pfð Þ2
:

) Rn0ðsÞ ¼ F�1 Gn0ðf Þf g ¼ g
4RC e�

sj j
RC [Tables; Wiener–Kinchin Theorem].

Note that RnðsÞ ¼ E nðtÞnðt þ sÞf g, where E is the statistical expectation functional
[Compare with the deterministic signal in Tutorial 22].

 R
n

o

 ( τ )

 0
   τ

    η 

 4RC 
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Tutorial 25

Q1: A random telegraph signal x(t) with autocorrelation function Rx (s) =

e-a|s| , a being a constant, is applied to an RC circuit as shown. Find the power
spectral density (PSD) of the output random signal y(t).

           R 

   C 

 +

 _
 x ( t )

 +

 _

 y ( t )

Solution: We have: Hðf Þ ¼ 1
1þj2pfRC

) Gxðf Þ ¼ FfRxðsÞg ¼ Ffe�ajsjg ¼ 2a

a2 þ ð2pf Þ2
½Tables; using WKT�:

) Gyðf Þ ¼ Hðf Þj j2Gxðf Þ ¼
1

1þ ð2pf Þ2R2C2

( )
2a

a2 þ ð2pf Þ2

( )
:

Q2: A random noise current signal x(t) has a Case double-sided PSD normalized
to unit resistance given by:

Gxðf Þ ¼ e�0:01 fj j W=Hz=X ðAmp2=HzÞ:

The signal is passed through an ideal BPF with lower cutoff frequency at 1 kHz
and upper cutoff frequency at 5 kHz as shown. Determine the noise power at the
output if the load resistance is 100 X.

  R
L
 = 100 Ω H ( f )

 x ( t ) y ( t )

 H ( f )

   f, kHz
 1

 − 5 − 1 0 1 5

Solution: The normalized output power is:

Py ¼
Z1

�1

Gyðf Þdf ¼
Z1

�1

Gxðf Þ Hðf Þj j2df ¼ 2
Z5k

1k

e�0:01f df ¼ 0:008 W=X:

The total output noise power is 100 Py = 0.8 W.
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Tutorial 26

Q: The autocorrelation function of a signal x(t) is defined as follows:

RxðsÞ ¼

R1
�1

xðkÞxðsþ kÞdk; If x is an energy signal

1
To

RTo=2

�To=2

xðkÞxðsþ kÞdk; If x is a periodic power signal

E xðtÞxðt þ sÞf g; If x is WSS random signal

f¼ lim
T!1

1
T

RT=2

�T=2

xðkÞxðsþ kÞdk when x is ergodicg

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

with the following properties:

1. Rx (-s) = Rx (s) [i.e., it is an even function].

2. Rxð0Þ ¼

Eðsignal energyÞ; If x is an energy signal
Pðaverage signal powerÞ; If x is a periodic power signal

P ðaverage signal powerÞ ¼ Efx2ðtÞg; If x is WSS random signal

�!ergodic
lim

T!1

R T=2
�T=2 x2ðtÞdt

8>>><
>>>:

9>>>=
>>>;

Rx (s) has an absolute maximum at s = 0, i.e., |Rx (s)| B Rx (0)
Wiener–Kinchin Relations:

RxðsÞ !
F

jXðf Þj2|fflfflffl{zfflfflffl}
ESD

If x is an energy signal

jXkj2|ffl{zffl}
PSD

If x is a periodic power signal

Gxðf Þ|fflffl{zfflffl}
PSD

If x is WSS random signal

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;

Prove properties 1, 2, and 3 for energy signals.

Solution:

1. Rxð�sÞ ¼
R1
�1 xðkÞxð�sþ kÞdk �!v¼�sþk R1

�1 xðsþ vÞxðvÞdv ¼ RxðsÞ:
2. Rx (0) = $-?

? x2 (k)dk = E (always positive).

3. RxðsÞj j2�
R1
�1 jxðkÞj

2dk
R1
�1 jxðsþ kÞj2dk ¼ ½

R1
�1 jxðkÞj

2dk�2 [using
Schwarz’s inequality, Tables.]

For real signals: xðtÞj j2¼ x2ðkÞ ! R2
xðsÞ�R2

xð0Þ ! RxðsÞj j �Rxð0Þ:
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Tutorial 27

Q: A random current signal x(t) has a two-sided, normalized (to unit resistance)
power spectral density (PSD) given by:

Gxðf Þ ¼
0; 0\ fj j\1 Hz

0:01
fj j ; 1\ fj j\1 Hz

� �
Amp2=Hz

The signal is passed through a filter whose transfer function is HðsÞ ¼ 1
s :

1. Determine the magnitude transfer function of the filter.
2. Determine the power transfer function of the filter.
3. Determine the average power (normalized to 1 X) of the output signal y(t).

Solution:

1. HðxÞj j ¼ HðsÞj js¼jx¼ 1
jxj j ¼ 1

x or Hðf Þj j ¼ 1
2pf .

2. Hðf Þj j2¼ 1
4p2f 2 :

3. P ¼
R1
�1 Gxðf Þ Hðf Þj j2df ¼ 2

R1
1

0:01
f

1
4p2f 2 df ¼ 0:000253 W=X:

Tutorial 28

Q: A signal x(t) = 4cos(x0 t) is transmitted through two additive white Gaussian
noise (AWGN) channels and received as s1 (t) = x(t) + n1 (t) and s2 (t) = x(t) +
n2 (t), where SNR1 = 10 dB and SNR2 = 0 dB. Find:

1. The expected values of s1(t) and s2(t).
2. Noise power in both cases.
3. Roughly plot the pdf of n1(t) and n2(t). Which one has more spread around the

mean?

Solution:

1. Since we have AWGN, then E n1ðtÞf g ¼ E n2ðtÞf g ¼ 0 [at any time t].
Note that E nðtÞf g ¼ statistical mean of n(t) = m = $-?

? np(n)dn, while the

time mean is mt ¼ 1
T

R T
0 nðtÞdt; T being the total time. If t is discrete, then

mt ¼ 1
N

PN�1
k¼0 nðkÞ: If n(t) is ergodic, then m = mt.
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) E s1ðtÞf g ¼ E xðtÞ þ n1ðtÞf g ¼ E xðtÞf g þ E n1ðtÞf g
zfflfflfflfflffl}|fflfflfflfflffl{0

¼ xðtÞ:

Similarly: E s2ðtÞf g ¼ xðtÞ.

2: SNR1 dB ¼ 10 log10ðSNR1Þ ! SNR1 ¼ 10SNR1ðdBÞ=10 ¼ 10:

SNR1 ¼ Px=Pn1 ) Pn1 ¼ Px=SNR1 ¼ Px=10:

Px ¼ 42=2 ¼ 8) Pn1 ¼ 8=10 ¼ 0:8 � �00:96 dB:

Similarly: Pn2 ¼ 8 � 9 dB:

3. Gaussian pdf is given by: PðnÞ ¼ 1ffiffiffiffi
2p
p

r
e�ðn�mÞ2=2r2

where m = mean,

r2 = variance.
Both n1 and n2 have zero means. Their variances are:

r2
1 ¼ Pn1 ¼ 0:8! r1 � 0:9 and r2

2 ¼ Pn2 ¼ 8! r2 � 2:8:

Since n2 has more power, i.e., more variance, we expect that it has wider spread
as shown.

     n

  p
1
 ( n ),   p

2
 ( n )

 σ
2
 = 2.8

  m
1
 =  m

2
 = 0

 0

 σ
1
 = 0.9 →

Tutorial 29

Q: Range Estimation by Radar: A narrow pulse s(t) is transmitted by the radar
station towards the airplane. The pulse will hit the plane and reflect back to the
radar, where a matched filter (correlator) is utilized to estimate the distance
between the plane and the radar. Explain how the correlator is used for range
estimation.
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dd

tt

bb

a t +aoot
00

tt

b

0 t +ao
t -ao

to
s (t ) r (t ) = s (t -t )

o

h (t ) = s (-t )

r (t ) y (t )

correlator

R (t -t )
os

Solution: The received signal r(t) is a delayed version of the transmitted signal
s(t), which is also corrupted by noise. It is given by: r(t) = s(t - t0) + n(t).
The correlator is a matched filter with impulse response given by:

hðtÞ ¼ sð�tÞ ½A reflected version of sðtÞ around vertical axis�:

yðtÞ ¼ rðtÞ � hðtÞ ¼
Z1

�1

rðkÞhðt � kÞdk ¼
Z1

�1

rðkÞsðk� tÞdk

¼
Z1

�1

½sðk� toÞ þ nðkÞ�sðk� tÞdk

�!v¼k�t ¼
Z1

�1

sðvþ t � toÞsðvÞdvþ
Z1

�1

nðvþ tÞsðvÞdv ¼ Rsðt � toÞ þ RnsðtÞ:

Note: since h(t) = s(- t), the system convolution is essentially a correlation.
Since the correlation is a measure of similarity, RnsðtÞ � 0.
From Tutorial 21, the autocorrelation Rs(t - to) of a square pulse s(t) is a
triangular function with a maximum at t - to = 0, or t = to. Hence, if the pulse
width a is very small, we have just a pulse at the time instant t = to at the receiver,
from which we can decide the time delay to.
Now 2d = cto (where c = velocity of signal propagation � 108 m/s).
Hence, the distance to the airplane is d = cto/2.

Tutorial 30

Q: In binary baseband communication, binary data (a sequence of 0’s and 1’s)
are transmitted through a channel using two orthogonal signals, s0(t) [to represent
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logic 0] and s1 (t) [to represent logic 1]. If the data rate is R bps, then the time
duration of s0 and s1 is T = 1/R (s). A bank of two matched filters and a
comparator are used at the receiver for optimal detection of signals in noise. In this
question assume noise-free transmission, with s0 and s1 as shown, and R = 1 kbps.

1. Find the energy of s0 and s1 over T s.
2. Show that s0 and s1 are orthogonal.
3. Find the outputs of the two matched filters at the receiver as functions of time

over (0, T), knowing logic 0 was transmitted and received as r(t).
4. What is the decision of the receiver in step (3) above at t = T?

  t
 1

   s
o
 ( t )

 T 0

  t
 1

 − 1

    s
1
 ( t )

 T

 T/2

Solution:
1. Eo = $0

T s0
2(t)dt = T = 0.001 J; E1 = $0

T s1
2 (t)dt = 0.001 J.

2.
R T

0 s0ðtÞs1ðtÞdt ¼
R T=2

0 dt �
R T

T=2 dt ¼ 0! so and s1are orthogonal.

3

r0 ¼ Output of the 1st correlator ¼
Z t

0

rðtÞsoðtÞdt ¼
Z t

0

s2
oðtÞdt ¼ t

r1 ¼ Output of the 2nd correlator ¼
Z t

0

rðtÞs1ðtÞdt ¼
Z t

0

soðtÞs1ðtÞdt

¼

Rt
0

dt ¼ t; 0\t� T=2

RT=2

0
dt �

Rt
T=2

dt ¼ T � t; T=2\t� T

8>>>><
>>>>:

9>>>>=
>>>>;

4. At t = T, the receiver makes a decision based on the output of the comparator.
Since ro (T) = T [ r1 (T) = 0, the decision is that logic 0 was transmitted. No
error is expected since we considered a noise-free condition.

  t

 T
   r

o
 ( t )

 T 0

  t
 T / 2

   r
1
 ( t )

 T 0 T / 2
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Tutorial 31

Q: A random signal frequently encountered in application is a sinusoid with
random phase as follows: s(t) = Acos(xo t + h) where h is a random variable
uniformly distributed over (0, 2p). Find the autocorrelation function of s(t).

  θ

 p ( θ )

 2π 0

  b

Solution: Uniform distribution implies that: 2pb = 1; hence, b = 1/(2p). The pdf
of h is given by:

pðhÞ ¼ 1=ð2pÞ; 0� h\2p
0; elsewhere

� �
:

Since s(t) is a random signal, its autocorrelation is given by:

RsðsÞ ¼ E sðtÞsðt þ sÞf g ¼ E A2cos ðxo þ hÞ|fflfflfflfflffl{zfflfflfflfflffl}
x

cos½xoðt þ sÞ þ h�|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
y

8><
>:

9>=
>;

¼ E A2

2
½cosð2xot þ xosþ 2h|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

xþy

Þ þ cosðxos|{z}
y�x

Þ�

8<
:

9=
; ðusing TablesÞ

¼ A2

2
E cosð2xot þ xosþ 2hÞf g þ A2

2
E cosðxosÞf g

¼ A2

2

Z2p

0

cosð2xot þ xosþ 2hÞ 1
2p|{z}
pðhÞ

dhþ A2

2
cosðxosÞ

¼ A2

2
cosðxosÞ

Note: If we sample s(t) with a sampling rate of fs = 1/Ts = 1/(To/4) = 4fo, the
resulting samples are uncorrelated since Rs (Ts) = Rs (To/4) = 0.

    τ
 A2/2

 R
s
 ( τ )

  0

  ω
o
 τ = π/2

 [i.e., τ = T
o
/4]

   ω
o
 τ = π/2

  [i.e., τ = T
o
]
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Tutorial 32

Q: The pulse x(t) shown in Fig. a below is sent along a communication line. At
the receiver, a matched filter h(t) = x(-t) is used for optimal detection.

1. Assume that the noise at the receiver has a flat spectrum, but is bandlimited to
10 kHz. The variance of noise is r2. What is the maximum signal power to
noise power ratio (SNR) at the input of the matched filter (i.e., what is SNRi at
the time of optimal detection)?

2. What is the maximum SNR at the output of the matched filter, SNRo?
3. What is the ratio ðSNRojmaxÞ=ðSNRijmaxÞ?
4. Repeat the above steps for s(t) in Fig. b.

  t

 1

 x ( t )

T=1 0

(a)

  t

 1

 s ( t )

T=1 0

(b)

 x(t)

 Transmitter ( Tx )

 n(t)

  AWGN Channel

   Sampler 
   [at t = t

o
]

  Receiver ( Rx )

 r(t) = x(t) + n(t)

 SNR
i
(t) = |x(t)|2 / σ2

  MF

  H(f)

  z(t) = y(t) + n
o
(t)

  SNR
o
(t) = |y(t)|2 / σ

o
2

  t
 1

 x ( t )

 1 0
 f

 η/2

 G
n
 ( f )

 B  0 −B
 t

 1
 h ( t )

  0 −1

Solution: Since h(t) = x(to - t) will maximize SNRo at t = to, we expect.
SNRo|max at t = 0 here, as to = 0. Note that to is the time of optimal reception. We
can reach this result from x(t) * h(t) as follows:

yðtÞ ¼ xðtÞ � hðtÞ ¼
Z1

�1

xðkÞ hðt � kÞ|fflfflfflffl{zfflfflfflffl}
¼xðk�tÞ

dk �!v¼k�t ¼
Z1

�1

xðvþ tÞxðvÞdv ¼ RxðtÞ

Following Tutorial 23, we find y(t) as shown below.

  t

 1

 y ( t )

    1     0    −1
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1.

SNRiðtÞ ¼ jxðtÞj2=r2 ¼ 1=r2 8t 2 ð0; TÞ ð1Þ

2.

SNRoðtÞjmax ¼ jyð0Þj
2=r2

o ¼ 1=r2
o (using the figure above) ð2Þ

Now we find r0
2 as follows:

Pn ¼ r2 ¼
Z1

�1

Gnðf Þdf ¼
ZB

�B

g
2

df ¼ gB ð3Þ

Pn0 ¼ r2
0 ¼

Z1

�1

Gn0ðf Þdf ¼
Z1

�1

Gnðf Þ Hðf Þj j2df ¼ g
2

ZB

�B

Hðf Þj j2df ð4Þ

Since h(t) = x(- t), we have

Hðf Þ ¼ Xð�f Þ ½Tables� ð5Þ

Since x(t) is real, we have

Xð�f Þ ¼ X�ðf Þ ð6Þ

) Hðf Þj j2¼ Hðf ÞH�ðf Þ ¼ X�ðf ÞXðf Þ ¼ Xðf Þj j2 ð7Þ

From (4) and (7) we have:

r2
o ¼

g
2

ZB

�B

Xðf Þj j2df ð8Þ

Since |X(f)| is a sinc function [Tables], then |X(f)|2 decays rapidly and we have:

r2
0 �

g
2

Z1

�1

Xðf Þj j2df ð9Þ

Using Parseval’s theorem we have:

r2
o �

g
2

Z1

�1

Xðf Þj j2df ¼ g
2

Z1

�1

xðtÞj j2dt ¼ g
2

Z1

0

1 � dt ¼ g
2

ð10Þ

From (2) and (10) we have:

SNRoðtÞjmax ¼ 1=r2
o ¼ 2=g ð11Þ
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3. From (1), (2), (3) and (11) we have:

SNRoðtÞjmax

SNRiðtÞjmax

¼ 1=r2
0

1=r2
¼ r2

r2
0

¼ g � B
g=2
¼ 2B ¼ 20000

Tutorial 33

Q1: Find the magnitude and phase response of the constant time-delay system.

  Time−delay,    T   x ( t )     y ( t )

Solution: The time-delay I/O equation is y(t) = x(t - T).
Taking the Fourier transform we get: Y(f) = X(f)e-j2pfT [Tables].

) Hðf Þ ¼ Yðf Þ=Xðf Þ ¼ e�j2pfT ½) hðtÞ ¼ dðt � TÞ; using Tables�:

Hence, the magnitude response is |H(f)| = 1 (constant), i.e., the time-delay is an all
pass filter. The phase response is /ðf Þ ¼ \Hðf Þ ¼ �2p � fT . Note that the phase is
frequency dependent in a linear relationship (hence the name linear phase).

  f

 1

 |H ( f )|

 0   f

 φ ( f )

 0

 φ(f) = (−2πT) f

Q2: Find the magnitude and phase response of the Hilbert transformer defined by:

Hðf Þ ¼ �j; f � 0
j; f \0

� �
:

   Hilbert Transformer,  H ( f )  x ( t )     y ( t )

Solution: Hðf Þ ¼ �jsgnðf Þ ! hðtÞ ¼ 1=ðp�Þ [Tables, Duality of F ].
) Hðf Þj j ¼ j � jsgnðf Þj ¼ 1 (constant), i.e., Hilbert transformer (HT) is an
all-pass filter.
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/ðf Þ ¼ \Hðf Þ ¼ \½0� jsgnðf Þ� ¼ tan�1ð�1
0 Þ ¼ tan�1ð�1Þ ¼ � p

2 ; f � 0
tan�1ð10Þ ¼ tan�1ðþ1Þ ¼ p

2 ; f \0

� �
:

Hence /(f) is constant for physical frequencies f C 0.

Comparison: A constant time-delay T gives a constant (frequency-independent)
time-delay and a frequency-dependent phase shift /(f); HT gives frequency-
independent (constant) phase shift (90�) and frequency-dependent time-delay
[td = (p/2)/x].

  f

 1

 |H ( f )|

 0   f

 φ ( f )

 0
 + π/2

 − π/2

Tutorial 34

Q1: Design a BP Chebychev-I 1 dB ripple filter with center frequency
f0 = 10 kHz, bandwidth BW = 1 kHz, maximum gain Gm = 1, and stopband
gain B-10 dB for f B f1 = 7 kHz and f C f2 = 13 kHz. True load resistance is
RL ¼ 10 X:

Solution:

xu ¼ x0 þ xb=2 ¼ 2pð10kÞ þ 2pð1kÞ=2 ¼ 21pk rad/s

where xb ¼ BW ¼ xu � xl:

xl ¼ x0 � xb=2 ¼ 2pð10kÞ � 2pð1kÞ=2 ¼ 19pk rad/s:

xg ¼
ffiffiffiffiffiffiffiffiffiffiffi
xlxu
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð21pkÞð19pkÞ

p
¼ 19:97pk rad/s.

Using LP ? BP transformation (Tables): xN ¼
x2�x2

g

xxb
; we find the normalized LP

frequencies that correspond to f1 and f2 as follows:
x1N = -7.25 and x2N = 5.32.
We check the order n that gives gain B-10 dB for |x2N| B xN B |x1N|; or
5.32 B xN B 7.25. From Chebychev-I curves (Tables), n = 1 gives gain B-

10 dB for xN = 7.25, but not for xN = 5.32. Hence, n = 2 is the suitable choice.
From Tables we obtain the normalized transfer function as follows:

HðsNÞ ¼
a0

1:1þ 1:09sN þ s2
N

) Gdc ¼
GMffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 0:25
p ¼ a0

1:1
) a0 ¼ 0:98:
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Using the transformation LPN ? BP (Tables), we obtain the final transfer
function:

HðsÞ ¼ 0:98

1:1þ 1:09
s2þx2

g

sxb

� �
þ s2þx2

g

sxb

� �2

which is a 4th-order filter. Note that since sN !
s2þx2

g

xbs is quadratic, number of

poles is doubled by using this transformation.
Circuit Design: Using Tables, the scaling factors Z = 10 and F = xb = 2pk, and
the relation xg

2 = 1/(LC), we design the BPF circuit as shown below.

∼

 R
s
=3Ω

 0.57
   F

 3.13H

  R
L
=1Ω

 Denorm.
 →

∼

 R
s
=30Ω

 9μF

 4.8mH

  R
L
=10Ω

 LP→BP

 ∼ 

  30Ω

 28
 μH

 4.8mH

 9μF

   52nF

 10Ω

Tutorial 35

Q: Find the values of k for which the analog system shown below is stable (k is
real).

                1
          s ( s + 1 )

  Constant gain,   k 

 x ( t )  y ( t )

Solution: Using same approach as in Tutorial 19, we find the transfer function of
the system as follows:

HðsÞ ¼ 1
s2 þ sþ k

¼ 1
ðs� p1Þðs� p2Þ

p1;2 ¼
�1


ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4k
p

2
¼ � 1

2

 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4k
p

¼ � 1
2



ffiffiffiffiffiffiffiffiffiffiffi
1
4
� k

r

For the system to be stable, its poles p1 and p2 should be in the left half of the
s-plane.
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Since k is real,
ffiffiffiffiffiffiffiffiffiffi
1
4 � k

q
is either real (if 1

4 � k) or pure imaginary (but not complex)

(if 1
4 \k). If

ffiffiffiffiffiffiffiffiffiffi
1
4� k

q
is imaginary, then both p1 and p2 will be in the left half of the

s-plane and the system is always stable.

Now assume
ffiffiffiffiffiffiffiffiffiffi
1
4� k

q
is real, i.e., k� 1

4. For stability we need the following

condition:

� 1
2
þ

ffiffiffiffiffiffiffiffiffiffiffi
1
4
� k

r
\0 ðto keep p1\0Þ:

)
1
4
� k\

1
4
! k [ 0:

Combining k� 1
4 and k [ 0 gives 0\k� 1

4 as the overall condition in this case.
Now we summarize the real and imaginary cases above:

1. Case 1 (the root is imaginary): k [ 1
4

2. Case 2 (the root is real): 0\k� 1
4

The combination of the two cases gives the final condition k [ 0.

Tutorial 36

Q: Design a passive bandpass Butterworth filter with the following specifications:

1. 4th-order
2. Center frequency = 10 kHz
3. Bandwidth = 3 kHz
4. True load impedance = 600 X
5. Maximum gain = 1.

Solution:

xl ¼ x0 �
xb

2
¼ 17kp; xg ¼

ffiffiffiffiffiffiffiffiffiffiffi
xuxl
p ¼ 19:77kp

The scaling factors are: ISF = Z = 600 and FSF = F = xb = 6kp.
Since LP ? BP transformation is quadratic (Tables), we need a 2nd-order LPF as
the LP-prototype. Its transfer function is found from Tables as follows:

HðsNÞ ¼
ao

bo þ b1sN þ s2
N

where bo ¼ 1 and b1 ¼ 1:41:

Gd:c ¼ Gm ¼ 1 ¼ ao

bo
! ao ¼ bo ¼ 1:
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Using the LP ? BP transformation sN ¼
s2þx2

g

sxb
(from Tables), we get the transfer

function of the BPF as follows:

HðsÞ ¼ 1

1þ 1:41
s2þx2

g

sxb
þ s2þx2

g

sxb

� �2

Circuit Design: Using Tables, the scaling factors Z = 600 and F = xb = 6pk,
and the relation xg

2 = 1/(LC), we design the BPF circuit as shown below.

∼

 R
s
=1Ω

 1.41
   F

 1.41H

  R
L
=1Ω

 Denorm.

∼

  600Ω

 0.125
 μF

 45mH

   600Ω

 LP BP

 ∼ 

  600Ω

 2.07
 mH

  45mH

 0.125
 μF

    5.76μF

  600Ω

Tutorial 37

Q: Find the transfer function of the following active filter and explain its function.

    R
1  _

 +

 v−

 + v+
 +

    R
2

  Y

  C

    R
  X

Solution:

Y

Vþ
¼ 1þ R2

R1

� �
;

Vþ ¼ X
Xc

Rþ Xc
¼ X

1=ðjxCÞ
Rþ 1=ðjxCÞ ¼ X

1
1þ jxRC

)
Y

X
¼ Y

Vþ
Vþ

X
¼ 1þ R2

R1

� �
1

1þ jxRC
¼ Gm

1þ jxRC

where Gm = 1 + R2/R1 is the gain of the filter.
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The magnitude response is:

jHðxÞj ¼ Gmffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðxxo

Þ2
q

where xo ¼ 1ffiffiffiffiffi
RC
p :

Now we have:

Hð0Þ ¼ Gm;

Hð1Þ ¼ 0;

jHðxoÞj ¼ Gm=
ffiffiffi
2
p

:

Hence, the system is a LPF with cutoff frequency xo ¼ 1ffiffiffiffiffi
RC
p :

Tutorial 38

Q: Determine and plot the spectrum at all points shown in the signal processing
system below. Consider only the frequency range 0–40 Hz.

   H
a
(s)

   100/(s + 100)

 Anti−aliasing
   LPF

  f
s
 = 40 Hz

Sampler
 & ADC

 r(t)
    H(z)

 p(n)

    DSP

  Differentiator
   (1−z−1)

   H
r
(f)

 v(n)

 Reconstruction
    LPF

   (1/f
s
)sinc(f/f

s
)

 x(t) = 
 sin(10πt)

 y(t)

Solution: The signal frequency is 2pfo ¼ 10p! fo ¼ 5 Hz.

Xðf Þ ¼ 1
2j

dðf � foÞ �
1
2j

dðf þ foÞ ðTablesÞ ) Xðf Þj j ¼ 1
2

dðf � foÞ þ
1
2
dðf þ foÞ:

For |R(f)| we have: A ¼ 0:5 Haðj2pfoÞj j ¼ 0:5 100
j10pþ100

���
��� ¼ 0:47 (see the figure

below).
For |V(f)| we have: B1 ¼ 18:8 Hðej2pf0TsÞ

�� �� ¼ 18:8 1� e�j2p5=40
�� �� ¼ 14:4, and

B2 ¼ 18:8 Hðej2pðfs�foÞTsÞ
�� �� ¼ 18:8 Hðejð2p�2pfoTsÞÞ

�� �� ¼ 18:8 Hðe�j2pfoTsÞ
�� �� ¼ B1:

For |Y(f)| we have:

C ¼ B1 Hrðf0Þj j ¼ 14:4
1

40

���� sinc
5

40

� ����� ¼ 0:35 and D ¼ B2 Hrð35Þj j ¼ 0:05:

Note: no need here to divide (1 - z-1) by Ts for accurate differentiation, since the
sampler performs this function.
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  C

  D
  f

 |Y(f)|

  0.47f
s
=18.8   18.8

  f

 |P(f)|      B
1

     B
2

  f, Hz

 |V(f)|

    0.5

  f

 |X(f)|      A

  f

 |R(f)|

  5 0 35 4020

  5 0 35 4020   5 0 35 4020

  5 40 020   5 40 020

Tutorial 39

Q: If the interest rate r is fixed and there are no account fees, then a savings
account in a bank represents an LTI system. Let x(n) denote the amount of money
deposited (or withdrawn) in the nth day, and y(n) be the total amount of money in
the account at the end of the nth day. Assume r is compounded daily.

1. Find the impulse response h(n) of the system using a time-domain approach.
2. Find the system output [using h(n)] at the nth day.
3. Find the system difference equation, the transfer function H(z), and the impulse

response h(n). Can we use the fft to find the output y(n)?

Solution:
1. We need an input which is a delta function d(n). Put $1 in the opening day

(n = 0) and $0 afterwards. Now we have:

yð0Þ ¼ xð0Þ ¼ dð0Þ ¼ 1; yð1Þ ¼ 1þ r;

yð2Þ ¼ yð1Þ þ ryð1Þ ¼ yð1Þð1þ rÞ ¼ ð1þ rÞ2: Similarly: yðnÞ ¼ ð1þ rÞn:

This is the impulse response of the system, {h(n)}.

2. yðnÞ ¼ xðnÞ � hðnÞ ¼
Pn

k¼0 xðkÞhðn� kÞ ¼
Pn

k¼0 xðkÞ½1þ r�n�k:

For example, if r = 0.01% = 0.0001 and we put $100 in the opening day, $50
in the next day, $50 in the 3rd day, and nothing afterwards, then at the end of

the year we have: yð365Þ ¼ xð0Þð1þ rÞ365 þ xð1Þð1þ rÞ364 þ xð1Þð1þ rÞ363 ¼
$207:41:

3. New balance = old + r � old + new deposit
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) yðnÞ ¼ yðn� 1Þ þ ryðn� 1Þ þ xðnÞ ¼ ð1þ rÞyðn� 1Þ þ xðnÞ
) YðzÞ ¼ ð1þ rÞz�1YðzÞ þ XðzÞ ) YðzÞ½1� ð1þ rÞz�1� ¼ XðzÞ

) HðzÞ ¼ YðzÞ
XðzÞ ¼

1
1� ð1þ rÞz�1

¼ z

z� ð1þ rÞ ! hðnÞ ¼ ð1þ rÞn ðTablesÞ:

This is an IIR filter, with a pole at z = 1 + r and a zero at z = 0. It is unstable.
We can use the FFT if {x(n)} has finite length and we are interested in y(n) for a
finite range of n, i.e., if 0 B n B M, where M is a finite number.

   y ( n )  x ( n )

     1 + r   z −1

Tutorial 40

Q: An engineer wants to make a decision about the trend of a fluctuating stock
price. Based on a study of the stock market, he found that a period of 3 days is
sufficient for a temporary decision, where the importance (weight) of the price at
any day is twice that at the previous day. How can this engineer use the fft
algorithm to estimate the weighted average of the stock price over the last week,
knowing that the last seven prices were {12, 9, 10, 13, 8, 6, 9} dollars?
Solution: We need a 3-tap moving average FIR filter (N = 3). We should find its
impulse response first.
Assume that the percentage weight of today’s price is a ) h(0) = a.
The weight of yesterday’s price will be a/2 )h(1) = a/2.
The weight of the price 2 days ago will be (a/2)/2 = a/4 )h(2) = a/4.
Now we have 1 ¼ aþ a

2þ a
4, from which a = 0.57. Hence, the tap weights are:

h0 = 0.57, h1 = 0.28, and h2 = 0.14. The average price suitable for a decision
will be the output of the FIR filter:

yðnÞ ¼ hðnÞ � xðnÞ ¼
XN�1

k¼0

hðkÞxðn� kÞ; where h ¼ ½ho h1 h2� and

x ¼
½12 9 10 13 8 6 9�
0 1 2 3 4 5 6

The length of {y(n)} sequence is L = Nh + Nx - 1 = 3 + 7 - 1 = 9.
For efficient computation (especially in real applications, where Nh and Nx can be
very large), we should use the fft as follows:
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1. Zero-pad h to get hz = [ho h1 h2 0 0 0 0 0 0] and x to get xz = [12 9 10 13 8 6 9
0 0].

2. Compute: Hz = fft(hz), Xz = fft(xz), and Yz = Xz Hz.
3. Find yz = ifft(Yz) to get

yz ¼ y ¼ ½6:8 8:5 10 11:5 9:7 7:5 8 3:4 1:2�
0 1 2 3 4 5 6 7 8

Consider only the central 5 values of {y(n)}, i.e., items no. 2, 3, …, 6.
Note: the coefficients {h(n)} can be adaptive based on change of market variables.

Tutorial 41

Q: Find x(n) if

(A) XðzÞ ¼ 3
z�2 ;

(B) XðzÞ ¼ 1
z2�3zþ2 :

Solution:

(A) XðzÞ ¼ 3
z�2 ¼ 3z�1 z

z�2 ¼ 3z�1RðzÞ:
From Tables we find: r(n) = 2n u(n) and

z�1RðzÞ !ZT
rðn� 1Þ ¼ 2n�1uðn� 1Þ.

Hence we have x(n) = 3r(n - 1) = 3 � 2n-1 u(n - 1).

(B) z2 � 3zþ 2 ¼ 0) p1;2 ¼ �ð�3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�3Þ2�4ð1Þð2Þ
p

2ð1Þ ¼ 1; 2:

XðzÞ ¼ 1
ðz�p1Þðz�p2Þ ¼

1
ðz�1Þðz�2Þ ¼ a

z�1þ b
z�2 (where we used partial fraction

expansion).

To find a:

1. Multiply by z� 1 : z�1
ðz�1Þðz�2Þ ¼ aþ b z�1

z�2

2. Put z ¼ 1 : 1
ð1�2Þ ¼ aþ 0! a ¼ �1.

Similarly we find b = 1.

) XðzÞ ¼ �1
z� 1

þ 1
z� 2

¼ ð�1Þz�1 z

z� 1
þ z�1 z

z� 2
:

From Tables and (A) above we find:

xðnÞ ¼ �uðn� 1Þ þ 2n�1uðn� 1Þ ¼ ½2n�1 � 1�uðn� 1Þ:

Note: Normally in such questions, it is better to expand X(z)/z rather than X(z).
Applying this to Q2 above, we get xðnÞ ¼ 1

2 dðnÞ þ ½2n�1 � 1�uðnÞ: Show that the
two answers are equivalent.
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Tutorial 42

Q: Find the values of b for which the system shown below is stable, knowing that
b is real.

   y ( n ) x ( n )

       b   z −1

 z −1

Solution: We first define intermediate signals r(n), g(n) as shown below.

   y ( n ) x ( n )

       b   z −1

 z −1

   r ( n )

   g ( n )

We write the system equations as follows:

yðnÞ ¼ rðnÞ þ gðnÞ ð1Þ

gðnÞ ¼ yðn� 1Þ ð2Þ

rðnÞ ¼ xðnÞ � byðn� 2Þ ð3Þ

From (1), (2), and (3) we get:

yðnÞ ¼ xðnÞ þ yðn� 1Þ � byðn� 2Þ ð4Þ

Taking the ZT of both sides of (4) and re-arranging terms we get:

YðzÞ½1� z�1 þ bz�2� ¼ XðzÞ ) HðzÞ ¼ YðzÞ
XðzÞ ¼

1
1� z�1 þ bz�2

¼ z2

z2 � zþ b

The system has two poles at p1;2 ¼ 1

ffiffiffiffiffiffiffiffi
1�4b
p

2 :

Since b is real, then
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4b
p

is either real or pure imaginary, but not complex.

Case 1:
If 1 [ 4b (i.e.,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4b
p

is real positive), then zp

�� ��\1) �3\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4b
p

\1: þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4b
p

\1! 0\b
�3\�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4b
p

! �2\b

�
) 0\b (intersection of

b [ -2 and b [ 0.)
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Case 2: If 1 B 4b (i.e.,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4b
p

is pure imaginary), then

zp

�� ��\1) 1
 j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4b� 1
p���

���\2) b\1:

Hence, combining Case 1 and Case 2 we get 0 \ b \ 1.

MATLAB: try  b = 0.8; r = roots([1 -1 b]); a = abs(r)

Tutorial 43

Q: Find the values of b for which the system shown below is stable, knowing that
b is real.

   y ( n ) x ( n )

  b / 2  b / 3

 z −1

Solution: It is better to define some auxiliary points on such diagrams. In this
question we define r(n), hence the other side of z-1 will be r(n - 1).

   y ( n ) x ( n )

  b / 2  b / 3

 z −1

   r ( n )

   r ( n − 1 )

yðnÞ ¼ rðnÞ þ ðb=3Þrðn� 1Þ ð1Þ

rðnÞ ¼ xðnÞ þ ðb=2Þrðn� 1Þ ð2Þ

It is not easy to find the I/O relationship from the time domain equations. Hence,
take the z-transform of (1) and (2) as follows:

YðzÞ ¼ RðzÞ þ b

3
z�1RðzÞ ¼ 1þ b

3
z�1

	 

RðzÞ ð3Þ

RðzÞ ¼ XðzÞ þ b

2
z�1RðzÞ ) XðzÞ ¼ 1� b

2
z�1

	 

RðzÞ ð4Þ
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) HðzÞ ¼ YðzÞ
XðzÞ ¼

1þ ðb=3Þz�1

1� ðb=2Þz�1
¼ zþ ðb=3Þ

z� ðb=2Þ ð5Þ

The system has a zero at z = -b/3 and a pole at z = b/2.
For stability we should have: b=2j j\1!) jbj\2:

Q: From Eq. 5 above, find the impulse response h(n) and the difference equation
of the above system.

Tutorial 44

Q: Using the impulse invariance method, design a digital Chebychev LPF with
the following specifications:

1. Ts = 0.01 s (hence, fs = 100 Hz),
2. fc = 10 Hz () xc ¼ 20p rad/s),
3. Gm = 1, gain \ 0.1 (i.e., -20 dB) for 30 B f B fs/2 = 50 Hz),
4. 3 dB ripple is allowed in the passband.

Solution: We need an analog Chebychev filter with the above specifications,
with gain less than -20 dB for normalized frequency fn C 30/10 = 3 (normalized
w.r.t fc). From Tables we find the filter order n = 2, with normalized transfer
function:

HNðsÞ ¼
ao

0:7079þ 0:6449sN þ s2
N

Since n is even, we have Gdc ¼ Gm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p

¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1:9953
p

¼ 0:7079.
Hence, ao/0.7079 = 0.7079 )ao = 0.5. The denormalized analog transfer
function is obtained by the substitution sN = s/xc = s/(20p) to get:

HaðsÞ ¼
1974

2795þ 40:5sþ s2

Using Partial Fraction Expansion (Tutorial 19), we can write Ha(s) as follows:

HaðsÞ ¼
c1

s� p1
þ c2

s� p2
;

where p1 = -20.25 + 48.18i, p2 ¼ p1 ¼ �20:25� 48:18i, c1 ¼ �20:2i;
c2 ¼ c1 ¼ 20:2i:
The z-domain poles are:

z1 ¼ expðp1TsÞ ¼ 0:68þ 0:45i; z2 ¼ expðp2TsÞ ¼ z1 ¼ 0:68� 0:45i:
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Hence, the transfer function of the digital filter would be:

HðzÞ ¼ Ts c1
z

z� z1
þ c2

z

z� z2

	 


¼ Tsz c1
1

z� z1
þ c1

1
z� z1

	 


¼ Tsz
c1ðz� z1Þ þ c1ðz� z1Þ
ðz� z1Þðz� z1Þ

	 


¼ Tsz
ðc1 þ c1Þz� ðc1z1 þ c1z1Þ

z2 � ðz1 þ z1Þzþ jz1j2

¼ 0:15z

z2 � 1:36zþ 0:667
:

Tutorial 45

Q: Using the impulse invariance method, design a digital filter with sampling
frequency 100 Hz and impulse response that matches the response of the following
3rd-order analog Butterworth filter:

HðsÞ ¼ 1
ðsþ 1Þðs� pÞðs� pÞ ;

where p = -0.5 + 0.866i

Solution: Using Partial Fraction Expansion, we write the transfer function as
follows:

HaðsÞ ¼
1

sþ 1
þ c

s� p
þ c

s� p
;

where c = -0.5 - 0.28i.
The z-domain poles are:

z1 = exp (p1 Ts) = exp (- Ts) = 0.99,
z2 = exp (pTs) = 0.995 + 0.0086i,
z3 ¼ z2 ¼ 0:995� 0:0086i:

) HðzÞ ¼ Ts
z

z� 0:99
þ c

z

z� z2
þ c

z

z� z2
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Tutorial 46

Q: Using the bilinear transform, design a 4th-order BP Butterworth digital filter
with center frequency Xo ¼ 1:5, maximum gain Gm = 1, and bandwidth Xb ¼ 0:4.
Solution: Since the transformation LP ? BP is quadratic (Tables), we need a
2nd-order prototype analog LPF. The transfer function of this filter is given by
(Tables):

HðsNÞ ¼
ao

bo þ b1sN þ s2
N

where bo = 1 and b1 = 1.41.

Gd:c ¼ Gm ¼ 1 ¼ ao

bo
) ao ¼ bo ¼ 1:) HðsNÞ ¼

1
1þ 1:41sN þ s2

N

:

xu ¼ tanðXu=2Þ ¼ tan Xo þ
Xb

2

� �
=2

	 

¼ tanð1:7=2Þ ¼ 1:14

xl ¼ tanðXl=2Þ ¼ tan Xo �
Xb

2

� �
=2

	 

¼ tanð1:3=2Þ ¼ 0:76

xb ¼ xu � xl ¼ 0:38; xg ¼
ffiffiffiffiffiffiffiffiffiffiffi
xlxu
p ¼ 0:93

Using the LP ? BP transformation sN ¼
s2þx2

g

sxb
(from Tables), we get the transfer

function of the analog BPF as follows:

HðsÞ ¼ 1

1þ 1:41
s2þx2

g

sxb
þ s2þx2

g

sxb

� �2

Using the bilinear transformation s = (z - 1)/(z + 1), we obtain the transfer
function of the required BP digital filter as follows:

HðzÞ ¼ 1

1þ 1:41
½ðz�1Þ=ðzþ1Þ�2þx2

g

½ðz�1Þ=ðzþ1Þ�xb
þ ½ðz�1Þ=ðzþ1Þ�2þx2

g

½ðz�1Þ=ðzþ1Þ�xb

� �2

Tutorial 47

Q: A radar station received the two signals at two different time intervals. A
correlator is used to analyze these signals using their autocorrelations. The
correlator outputs are as shown below. Comment on the structure of these signals.
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Solution: Figure a shows approximately a delta function with some disturbance,
hence the first signal is just a broadband noise. The pdf, mean, and variance
(power) of this noise can be found from the input signal itself.
Figure b shows a symmetric shape with disturbance everywhere and a maximum at
the origin, along with a narrow spike at the origin, hence the second signal is a
piece of information corrupted by broadband noise.

Tutorial 48

Q:
(A) Find the Hilbert transform of x(t) = sin (xot). signals.
(B) Find the Hilbert transform of x(t) = sin (xot) + d(t).
(C) Find the analytic signal z(t) associated with the real signal x(t) = cos (xo t).
(D) Compare the spectra of these signals and comment.

Solution:
(A) Let H½sinðxotÞ� ¼ yðtÞ.

The transfer function of H is Hðf Þ ¼ e�jp=2 ¼ �j; f [ 0
eþjp=2 ¼ j f \0

� �
¼ �jsgnðf Þ.

From Tables: Xðf Þ ¼ 1
2j dðf � foÞ � 1

2j dðf þ foÞ. Hence we have:

Yðf Þ ¼ Hðf Þ � Xðf Þ ¼ �jsgnðf Þ½ 1
2j

dðf � foÞ �
1
2j

dðf þ foÞ�

¼ � 1
2

dðf � foÞ �
1
2
dðf þ foÞ ) yðtÞ ¼ �cosðxotÞ ðTablesÞ

(B) Let H½dðtÞ� ¼ dðtÞ;H½sinðxotÞ� ¼ yðtÞ, and H½xðtÞ� ¼ zðtÞ.
From Tables, Dðf Þ ¼ FTfdðtÞg ¼ 1

) Dðf Þ ¼ �jsgnðf Þ � Dðf Þ ¼ �jsgnðf Þ

(a) (b)

282 Appendix A: Tutorials



From Tables we have: dðtÞ ¼ 1=ðp � tÞ; an from (A) we have: y(t) = -cos
(xo t).
Since H is a linear system, we have: zðtÞ ¼ yðtÞ þ dðtÞ ¼ �cosðxotÞ þ 1=ðp � tÞ:
(C) zðtÞ ¼ xðtÞ þ jHfxðtÞg:

Using an approach similar to that in (A) above, we have

HfcosðxotÞg ¼ sinðxotÞ:
Hence; zðtÞ ¼ cosðxotÞ þ jsinðxotÞ ¼ ejxot:

Now from Tables we have:

Xðf Þ ¼ 1
2
dðf � foÞ þ

1
2

dðf þ foÞ; Zðf Þ ¼ dðf � foÞ:

(D) Using the analytic signal, the negative part of spectrum is removed, while the
positive part is scaled by 2. This indicates that the use of the analytic signal
will lead to spectrum economy.

Tutorial 49

Q: Consider a first-order sinusoidal DPLL (SDPLL) under noise-free conditions,
center frequency fo = 1 Hz, and input signal x(t) = sin (6t + p/4).

1. Find the system equation in terms of the digital filter gain G1.
2. Find the steady-state phase error /ss in terms of G1.
3. Find the range of G1 that ensures locking on the above incoming frequency.
4. Choose a value for G1 inside the locking range and find the corresponding /ss.
5. Assuming t(0) = 0, plot x(t) with the first three DCO pulses for the abovevalue

of G1.

Solution:
1. From Tables we find the system equation as follows:

/ðk þ 1Þ ¼ /ðkÞ � x:G1sin½/ðkÞ� þ ðx� xoÞTo ð1Þ

We have: x = 6 rad/s, xo = 2p rad/s, and To = 1 s.
Hence, the system equation will be given by:

/ðk þ 1Þ ¼ /ðkÞ � 6G1sin½/ðkÞ� � 0:28 ð2Þ

2. From (2) we have:

/ss ¼ /ss � 6G1sin½/ss� � 0:28) /ss ¼ sin�1ð�0:047=G1Þ ð3Þ

3. Locking conditions are as follows:
Condition 1: From (3) we have:

j � 0:047=G1j\1) G1 [ 0:047 ð4Þ
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Condition 2: From (2) we have:

gðwÞ ¼ w� 6G1sinðwÞ � 0:28 ð5Þ

) g0ðwÞ ¼ 1� 6G1cosðwÞ:

) If a solution /ss of (5) exists, then g0(/ss) = 1 - 6G1cos (/ss).
Fixed point analysis says that (Tables):

/ssexists ifjg0ð/ssÞj\1) j1� 6G1cosð/ssÞj\1 ð6Þ

From Tables: cosð/ssÞ ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2ð/ssÞ

q
.

From (3) we have

j/ssj\p=2) cosð/ssÞ[ 0 ð7Þ

Hence, using (3) and (7) we have:

cosð/ssÞ ¼ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2ð/ssÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð0:047=G1Þ2

q
: ð8Þ

Now substituting (8) in (6) we get:

j1� 6G1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 0:0022=G2

1

q
j\1) j1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36G2

1 � 0:08
q

j\1

) �1\1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36G2

1 � 0:08
q

\1

) �2\�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36G2

1 � 0:08
q

\0

) 0\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36G2

1 � 0:08
q

\2

) 0\36G2
1 � 0:08\4

) 0:047\G1\0:33

ð9Þ

4. We have / (0) = p/4, x(0) = sin (p/4) = 0.7.
Using (9), let G1 = 0.1. Hence:

yð0Þ ¼ G1xð0Þ ¼ 0:1ð0:7Þ ¼ 0:07;

Tð1Þ ¼ To � yð0Þ ¼ 1� 0:07 ¼ 0:93 s;

tð1Þ ¼ Tð1Þ ¼ 0:93 s;

/ð1Þ ¼ x:tð1Þ þ p=4 � 0:08 rad;

xð1Þ ¼ sin½/ð1Þ� ¼ 0:08;

yð1Þ ¼ G1xð1Þ ¼ 0:1ð0:08Þ ¼ 0:008;

Tð2Þ ¼ To � yð1Þ ¼ 1� 0:008 ¼ 0:99;

tð2Þ ¼ Tð1Þ þ Tð2Þ ¼ 1:92;

/ð2Þ ¼ xtð2Þ þ p=4 � �0:26 rad:

284 Appendix A: Tutorials



Tutorial 50

Q: The phase equation of a first-order sinusoidal DPLL is shown below. Find
approximately the steady-state phase error /ss.

Solution: First, we plot the curve y = x. If there is a steady-state, this curve will
have two intersections with phase equation curve; one of them is the steady-state
point, where its projection on the y-axis gives /ss. To determine which one is the
steady-state point, we choose randomly some value for the initial phase / (0), and
then plot the phase plane diagram by successive projections on the equation and
y = x. For the above figure we choose /(0) = -1.5 and we find /ss � �0:5:

 t, sec

 t(0)  t(1)  t(2)
  T(1)   T(2)

  0 1 2

  φ
 (

 k
+1

 )
, r

ad

  φ ( k ), rad

  π

 − π

 π − π

  φ
 (

 k
+1

 )
, r

ad

  φ ( k ), rad

  π

 − π

 π − π

 y = x

 φ
ss

 φ
o

 φ
1

 φ
2
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Tutorial 51

Q: Design a digital controlled oscillator (DCO) with a clock rate of 1 MHz and a
center frequency of 10 kHz. Draw the block diagram and the output signal for an
input sequence of 0, 30, -30, 70,…. Indicate sampling times.

Solution: We have fc = 1 MHz, hence, Tc = 1/fc = 1l s.
The center frequency is fo = fc/Mo = 10 kHz.
Hence, the free-running input number is Mo = fc/fo = 100.
For the given sequence, the values of the counter initial number are Ro = 100 -

0 = 100; 100 - 30 = 70; 100 - (-30) = 130; and 100 - 70 = 30;
respectively.
Hence, the sampling times are
0 (initial), 100 Tc = 100l s, 170 l s, 300 l s, and 330 l s.
An illustrative (not to scale) diagram is shown below.
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Tutorial 52

Q: A block diagram of a delta modulation system is shown below, along with the
input signal. The step of the integrator is arranged to be 0.2 V, while the sampling
frequency is fs = 1 kHz. Plot on the same figure the estimated signal and the
output waveform. Assume that the integrator output was initially zero and the
quantizer output is 1. Suggest a demodulation circuit.

 1

 −1

 Clock ( f
s
 )

 −1

  Quantizer

   Integrator

      ∫

 x ( t ) y ( t )

      e ( t )

^ x ( t )

Solution: The sampling period is Ts = 1/fs = 1/1000 = 1 ms. The plots are as
shown below.

 k    t, ms

 1

 −1

 1

 −1

 0 1 2 3 4 5 

 0 1 2 3 4 5 

20

   t, ms20

 T
s
  

      y ( t )       ^      x ( t )

Appendix A: Tutorials 287



Tutorial 53

Q: Use MATLAB to design a fourth -order elliptic lowpass filter with the
following specifications:

Pass-band peak-to-peak ripple, Rp = 0.6 dB
Minimum stop-band attenuation Rs = 18 dB
The normalized pass-band-edge frequency wp = 0.63 Then, implement this filter

by changing the filter properties to fixed-point representation.

Solution: We may use the dfilt object for this purpose.
The first step is to design the filter using the Matlab default double-precision
format:

M ¼ 4; Rp ¼ :6; Rs ¼ 18; wp ¼ :63; ½Den; Num� ¼ ellipðM; Rp; Rs; wpÞ;

Digital filter implementation using direct form—I:

H ¼ dfilt:df1ðDen; NumÞ

Second step is to convert the filter coefficients to fixed point format:

H.Arithmetic = ’fixed’
get(H)
H.FilterInternals = ’SpecifyPrecision’

Note: ‘‘SpecifyPrecision’’ enables you to set your own wordlength and fraction
length for the output and accumulator-related properties.
Now set the hardware specifications:

set(H,’InputWordlength’, 16,...
’InputFracLength’, 13,...
’ProductWordLength’, 24,...
’AccumulatorWordLength’, 28,...
’OutputWordLength’, 16);
H

Verify that the object dfilt has made an appropriate auto-scaling (Hint: check the
range of the filter coefficients).

Tutorial 54

Q: Verify the equivalence of the identities shown in the figure below. What is the
potential of these identities?
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Solution: In both cases H(z) = z-1, that is a time delay. In Fig. a, the right-hand
side can be expressed as

yðnþ 1Þ ¼ xðMnÞ
yðnÞ ¼ xðMðn� 1ÞÞ ¼ xðMn�MÞ

while the left-hand side is

vðnÞ ¼ xðn�MÞ
yðnÞ ¼ vðMnÞÞ ¼ xðMn�MÞ

that is, both sides are of Fig. a are equivalent. The up-sampler shown in Fig. b
can be verified similarly. In both cases the right-hand side implementation is more
computationally efficient since after the down-sampler or before the up-sampler
the filter H(z) will operate at lower sampling rate. On the other hand, the left-hand
side implementation is wasteful as it processes a lot of zero terms.

(b)

)(nx )(nyLz  L )(nx L
)(ny1 z --)(nv

)(nx 1 zM
)(ny)(nyMz  

M
)(nx - -)(nv

(a)
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Appendix B: Miscellaneous Exercises

Miscellaneous DSP Exercises—A

Q1: Explain the meaning of a ‘‘signal’’. Give five examples of real-life signals.
Q2: State five classes of signals with brief explanations.
Q3: Draw a block diagram for an analog/digital signal processing system.
Q4: Show whether the Hilbert transform [that gives constant 90� phase shift for

all sinusoidal signals of the form x(t) = sin(xt + c)] is:
(a) Memoryless, (b) causal, (c) linear, (d) time-invariant, (e) BIBO stable.

Q5: Define the Dirac delta function. How can we approximate it in applications?
Q6: How can we represent an analog system and its I/O relationship?
Q7: Both Fourier and Laplace Transforms are used to represent analog systems.

Which one is the more general?
Q8: State the conditions in the time-domain that an analog system is BIBO

stable. What are the equivalent conditions in the frequency domain?
Q9: Explain what is the physical meaning of the cross-correlation integral. State

an application for this integral.
Q10: What kind of signals can Fourier series represent? Is the Fourier series a

frequency transform? Can it reveal the frequency content of the signal?
Q11: How does the trigonometric Fourier series of an odd periodic signal look

like?
Q12: Can we use Fourier series to represent energy signals?
Q13: Can we use Fourier transform to represent periodic signals? How?
Q14: From the basic definition of Fourier transform, find and plot the amplitude

and phase spectra of the signal x(t) = exp(-5t)u(t). Is this an energy or
power signal? Why?

Q15: What is meant by the duality of the Fourier transform?
Q16: Using Tables, find the Fourier transform of the following signals and plot

their magnitude spectra:
1. sin(2t + 1), 2. cos(5t), 3. 1, (4) d(t), 5. u(t), 6. sgn(5t), 7. P1 (t), 8.
sinc(t - 5), 9. sinc(t) cos(20t).
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Q17: State Parseval’s theorem for periodic and non-periodic analog signals and
define the power and energy spectra and spectral densities.

Q18: Explain why the single-sided Laplace transform is sufficient for engineering
applications.

Q19: From the basic definition, find the Laplace transform and its ROC for the
signal x(t) = exp(t)u(t).

Q20: Plot the pole-zero diagram of the system H(s) = s(s + 1)/
[(s2 + 5s + 6)(s + 5)]. Is the system stable? Justify your answer.

Q21: What is the sample space of the die tossing experiment? How can we
represent outcomes of this experiment using a random variable? Is this
random variable continuous or discrete? Plot the pdf of this random variable.

Q22: Two dies are tossed. What is the probability that the first is 1 and the second
is 6?

Q23: Explain the physical meaning of the statistical mean and variance of a
random variable.

Q24: Plot and find the mean and the variance of the following Gaussian pdf

pðxÞ ¼ 1ffiffi
p
p e�x2

.

Q25: Two Gaussian noise processes n1(t) and n2(t), where the first has more
power than the second. Approximately plot the pdf’s of the two noise
random variables. Are n1 and n2 energy or power signals?

Q26: Find the mean and variance of the random signal x(t) = sin(wt) + n(t),
where n(t) is Gaussian noise with variance = 0.1.

Q27: State the Wiener–Kinchin theorem for WSS random signals.
Q28: Define the autocorrelation function of a random variable X(t).
Q29: Explain the meaning of white noise. What is the effect of an ideal LPF on

the correlation between white noise samples?
Q30: Outline the principle of a matched filter. State an application for matched

filters in binary communications (Plot the block diagram).
Q31: Show that the matched filter is essentially a correlator.
Q32: Show that the ideal analog LPF is a non-causal system. How can we modify

this theoretical system to be practically realizable?
Q33: What are the advantages of active filters over passive filters?
Q34: What is the importance of impedance matching between successive stages

of an electrical system? How can we attain this aim when designing analog
passive filters?

Q35: What does the 3-dB point of a filter mean?
Q36: If a sixth-order analog BPF is required, what is the order of the prototype

normalized LPF? Why?
Q37: Find the transfer function and draw the circuit diagram of a second-order

Butterworth LPF with cutoff frequency fc = 50 Hz, maximum gain
Gm = 1, and RL = 10 X.

Q38: What is the function of the following circuit? Find the transfer function and
plot approximately its magnitude frequency response (Fig. B.1).

Q39: What does uniform sampling mean?
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Q40: The signal x(t) = sinc(t - 5) is sampled with fs = 2 Hz. Plot the
magnitude spectrum of the digitized signal x(n). Is there aliasing? How
can we reconstruct x(t) from x(n)?

Q41: Explain what frequency aliasing means.
Q42: Find the convolution of the two signals: xðnÞ ¼ f2̂; 3; 4g and

yðnÞ ¼ f1̂;�5g.
Q43: Explain the meaning of the DTFT and the DFT. How can we represent

digital systems and their I/O relationships in the time and the frequency
domains using these transforms? Which transform is more useful in
practice?

Q44: Which is more general: the DFT or the ZT? How can we represent digital
systems and their I/O relationships using the ZT? How is the ZT related to
DTFT?

Q45: State the conditions in the time-domain that a system is BIBO stable. What
are the equivalent conditions in the z-domain?

Q46: What is the relationship between the s-plane and the z-plane?
Q47: Explain why the single-sided z-transform is sufficient for engineering

applications.
Q48: Explain why the digital subsystem H(z) = z-1 represents a unit delay for

causal systems. How can we implement this system using digital hardware?
Q49: What is meant by the FFT?
Q50: Find the difference equation, the transfer function, the impulse response,

and the frequency response of the digital system shown in figure below,
noting that fs = 1 Hz. Is it FIR or IIR filter? LP or HP? What do you expect
the function of this system? Does it have an exact linear phase? Plot the
pole-zero diagram. Is the system stable?

Q51: a) What is the energy of the digital signal x(n) = 0.5 n Ts u(n), knowing that
fs = 100 Hz? (Ans. 0.726 J) (Hint: use Tables for summation.)

Q52: What is the energy of the analog signal x(t) = 0.5 t u(t)? (Ans. 0.721 J)
Q53: How can we make the circular convolution of two finite digital sequences

x(n) (length N1) and h(n) (length N2) equal to their linear convolution?
Q54: State the advantages of DSP over ASP.
Q55: Explain the function of the moving average digital filter. Is it FIR or IIR?

State a real-life application for this filter.
Q56: Design a digital integrator. Is it FIR or IIR? LP or HP?
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Fig. B.1 Problem Q38
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Q57: Implement the following digital system in cascade:

HðzÞ ¼ ð2z� 5Þðzþ 1Þ
z3 þ 5z2 þ 6zð Þ :

Q58: Why do we normally choose complex poles as conjugates in digital
systems?

Q59: How can we equalize the distorting effect of a communication channel?
Q60: What are the advantages of FIR over IIR filters?
Q61: Explain Gibbs phenomenon and how it can be dealt with in digital systems.
Q62: Design an ideal FIR HPF with cutoff frequency = 20 Hz, knowing that the

sampling frequency is fs = 100 Hz. (Hint: use Tables to find h(n) for LPF,
then convert to HPF).

Q63: Plot the pole diagram of the sinusoidal digital oscillator. How can we
deduce the frequency of oscillation from these poles?

Q64: Simulate the following DSP systems using MATLAB (find the output time
signal for arbitrary causal input x(n) and the frequency response of the
system):
(a) The system shown in Fig. B.3 (b) The system shown in Fig. B.2.

Q65: Design a digital DC blocker with fs = 20 kHz that attenuates the frequency
f = 20 Hz by -0.1 dB.

Q66: A signal x(t) = sin(t) is corrupted by AWGN n(t) with SNR = 0 dB.
Simulate the noisy signal s(t) = x(t) + n(t) using MATLAB and find the
spectra of all signals. Design a Butterworth analog LPF to reduce noise and
find the output of this filter.

Q67: A random signal n(t) is received and saved as a data file with fs = 1 kHz
and length N = 1000 samples. Write a MATLAB code to find the pdf of
this signal.

Q68: An analog signal has a time duration of 3 ms. How long would be the
frequency range of this signal?

Answer to Q4 (Hilbert Transformer):

1. We have yðtÞ ¼ xðxt � p=2Þ ¼ x x t � p=2
x

� �h i
. Hence, there is a time-delay of

p=2
x , where the new time axis is tn ¼ t � p=2

x . Therefore, the system has memory.
2. It is causal since there is no time-advance.
3. Consider only positive frequencies, hence the phase shift is -p/2 [see Tutorial

33]. Consider sinusoids in complex exponential form.
Let zðtÞ ¼ aejðx1tþcÞ þ bejðx2tþdÞ, where a, b, c and d are constants. We have:

  z −1

 y ( n )

 x ( n )
Fig. B.2 Problem Q50
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T½zðtÞ� ¼ zðtÞe�jp=2:

T aejðx1tþcÞ
h i

þ T bejðx2tþdÞ
h i

¼ aejðx1tþcÞe�jp=2 þ bejðx2 tþdÞe�jp=2

¼ aejðx1 tþcÞ þ bejðx2tþdÞ
h i

e�jp=2 ¼ T½zðtÞ�: Hence, it is linear:

4. Let y(t) = T[x(t)] = ej(xt + c - p/2) (output of HT). Now

T½xðt � toÞ� ¼ T ej xðt�toÞþc½ �
h i

¼ ej xðt�toÞþc�p=2½ � ¼ yðt � toÞ:

Hence, it is time-invariant.
5. Clearly it is BIBO stable, as it does not affect the magnitude of the signal.

Miscellaneous DSP Exercises—B

Q1: Explain why we cannot use the impulse invariance method to design high
pass digital filters (Hint: due to aliasing).

Q2: Show that the bilinear transformation preserves stability between the analog
prototype filter and the digital filter (Hint: show that the LHS of the s-plane
is transformed inside the unit circle in the z-plane, as shown in the Lecture
Notes).

Q3: Can we use the bilinear transformation to design a digital HPF from an
analog prototype HPF? (Hint: yes, since there is no aliasing).

Q4: Explain how the analog frequency is transformed using the bilinear
transformation (see Tables).

Q5: Can we use the global average to find the trend of prices in a stock market?
Why? What kind of filter do you suggest for this purpose? Why? (Hint: no,
since the price trend is non-stationary, i.e., time-varying. We use either an
FIR moving average filter, or an alpha filter. We prefer the alpha filter for its
simple structure).

Q6: Explain how we estimate a communication channel transfer function using
an FIR filter.

  z −1

  z −1

       2 

       3          − 1

  x ( n )   y ( n )

Fig. B.3 Problem Q64

Appendix B: Miscellaneous Exercises 295



Q7: Where do you expect the poles of a digital resonator to be located in the z-
plane?

Q8: (a) Draw a block diagram for a generic FIR filter of order N.
(b) Plot the impulse response of this filter.
(c) What is the condition on this filter to have a linear phase transfer

function?
(d) Plot the impulse response of a linear FIR filter and draw an

efficient block diagram assuming N is odd.

Q9: Two digital filters have impulse responses given by h1(n) = {1, 2, -1, -1, 2, 1}
(starting at n = 9) and h2(n) = {1, 2, -1, 5, -1, 2, 1} (starting at n = 0).

(a) Which one is an FIR filter? (Ans. both)
(b) Which one have a linear phase transfer function? (Ans. both, as they

have symmetric impulse response.)
(c) Plot the above impulse responses.
(d) Draw the efficient implementation diagrams of these filters.

Q10: (a) Plot the transfer function of an ideal digital LPF with cutoff frequency
10 Hz and sampling frequency 50 Hz. Use the frequency range [–100,
100 Hz].

(b) Roughly plot the impulse response of this filter.
(c) repeat part (a) for a high-pass filter with cutoff 10 Hz.

Q11: Explain Gibbs phenomenon. How can we alleviate the effect of this
phenomenon? (Hint: when we truncate the infinite impulse response of an
ideal digital filter using a time window, we get magnitude ripples in the
filter transfer function, with maxima at the ends of the transfer function.
This ripple is significant when we use a rectangular widow.)

Q12: Explain why we need just one matched filter at the receiver of a binary
communication system with antipodal signals (symbols).

Q13: Explain the basic operation of the optimal receiver in a binary communication
system with orthogonal signals. [Hint: it consists of two matched filters, one
matched to the symbol that represents logic ‘‘0’’, the other to ‘‘1’’ (explain how
we choose the impulse responses). If ‘‘0’’ was transmitted, the output of the
first matched filter (which is matched to ‘‘0’’) will be higher than that of the
second (which is matched to ‘‘1’’). This is because the matched filter is a
correlator. Hence, the comparator will decide that ‘‘0’’ was transmitted.
Similar reasoning if ‘‘1’’ was transmitted, where the output of the second filter
will be higher this time. Draw a block diagram.]

Q14: A signal x(t) = sin(x t) was corrupted by a white Gaussian noise n(t) with
variance 0.1. Find the statistical mean, time mean, and variance of the
signal s(t) = x(t) + n(t). [Ans. Statisticalmean = mean {x(t) + n(t)} = mean
{x(t)} + mean {n(t)} = x(t) + 0 = x(t), thetimemean = mean{x(t)} + mean
{n(t)} = 0 + 0 = 0. Note that since n(t) is ergodic, its time mean = its
statistical mean.]
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Q15: The analog Hilbert transform is a linear system that shifts the phase of the
input signal by –90�. Explain the operation of this system in the frequency
domain and in the time domain.

Q16: Define the analytic signal and explain how it can be used for spectral
economy.

Q17: Explain with an example why we modulate signals before radio
transmission.

Q18: The figure below shows SSBSC AM generator. Show how this structure is
used for spectral economy. Suggest a demodulation circuit (Fig. B.4).

Q19: Explain the operation of the first-order sinusoidal DPLL with a sinusoidal
input. State and comment on the system equations. Draw the block diagram
and the sampling process.

Q20: What are the main advantages of digital PLLs over analog PLLs?
Q21: Draw the block diagrams of a generic analog PLL and a generic DPLL.
Q22: Explain the meaning of the locking range of a DPLL.
Q23: Explain how can the DPLL track the frequency of a sinusoidal signal

corrupted by noise. [Hint: the peak of the PLL frequency pdf will estimate
the input frequency, if the original frequency is inside the loop locking
range.]

Q24: How do you expect the relation between the variance of the PLL frequency
and the input SNR? [Ans. the variance decreases when SNR increases; it
approaches zero (hence the frequency pdf will approach a spike over the
true input frequency) if the SNR is very high.]

Q25: For a sinusoidal input signal x(t) = A sin [xot + h (t)], the phase equation in a

first-order SDPLL is given by /ðkÞ ¼ hðkÞ � xo
Pk�1

i¼0 yðiÞ, where y(i) is the
output of the digital filter at the ith sampling instant, and h(k) is the
information-bearing phase. Explain (with a block diagram) how to
demodulate PM signals using SDPLL.

Q26: Find the system equation for the second-order SDPLL.

 HT

 x ( t )

 − 90o  s ( t ) = y
L
( t )

 cos ( ω
c
 t )

  sin ( ω
c
 t )

  p ( t ) = y ( t )  [in−phase]

      q ( t )    [quadrature]

Fig. B.4 Problem Q18
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Q27: Explain the basic operation of an adaptive filter. State how can we choose
the reference signal in communications and noise reduction. Draw a block
diagram for an adaptive noise canceler.

Q28: The algorithm for adaptive Wiener filter is as follows:

Define:
hðkÞ ¼ ½hoðkÞh1ðkÞ h2ðkÞ � � � hMðkÞ�, the filter coefficients at the kth instant.
yðnÞ ¼ ½yðnÞyðn� 1Þ � � � yðn�MÞ�, the observed signal vector at the time
instant n. The algorithm can be described in vector form (MATLAB-like
code) as follows:

h(0) = 0; % Initialize the filter coefficients.
For n = 1: N % N = length(y);
x̂(n) = h(n - 1) * yT(n); % Filter output (this is matrix multiplication).
e(n) = d(n) – x̂(n);
h(n) = h(n - 1) + l * e(n) y(n); % l is the convergence-accuracy
coefficient.
end Show how to implement this algorithm using DSP hardware.

Q29: What is the basis of finding the coefficients of the Wiener filter? [Ans.
minimizing the mean-squared error between the estimated signal and the
reference signal.]

Q30: What is meant by the intersymbol interference (ISI)? Explain how an
adaptive filter with a training sequence can be used for ISI reduction.

Q31: What are the mean and variance of uniform quantization noise?
Q32: Explain why we need non-uniform quantization for audio applications, and

how to achieve this kind of quantization.
Q33: How can we improve the signal-to-quantization noise ratio? Explain [Hint:

by oversampling.]
Q34: Explain how the oversampling process can assist in reducing the order of

the anti-aliasing filter of the compact disc system.
Q35: With a block diagram, explain the operation of the analog delta modulation

system. Suggest a demodulation circuit. What is the slope overload? What
is the granular noise? How can we improve the accuracy of this system?
Implement the system in the digital domain.

 1

 −1

 Clock ( f
s
 )

 −1
   ∫ x ( t ) y ( t )

Fig. B.5 Problem Q37
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Q36: Why do we need an adaptive delta modulation system? An adaptive
algorithm for the step size is given by: Dn ¼ Dn�1KyðnÞyðn�1Þ, where K[1
is a constant. Implement this algorithm using DSP hardware. Draw the
block diagram of the adaptive modulator and the demodulator.

Q37: A block diagram of a sigma-delta modulator is shown below. Suggest a
decoder. Represent this system in Laplace domain and show how it can be
used for noise shaping (Fig. B.5).

Q38: Why is the sigma-delta modulator more appropriate for audio applications
than the delta modulator?

Q39: Design a circuit for DC blocking.
Q40: Design a digital SD modulator and demodulator.

Miscellaneous DSP Exercises: C

Q1: A fifth-order elliptic low-pass filter with the following specifications:

Pass-band peak-to-peak ripple = 0.5 dB
Minimum stop-band attenuation = 40 dB
The pass-band-edge frequency = 0.3p Use Matlab to implemented this filter
with second-order sections.

Q2: A 12-bit A/D converter is used to sample an analog signal. The sampled
signal x(n) is stored in the lower bits of DSP processor such that the
corresponding maximum dynamic range will be 1/16. Then x(n) is to be
passed to a 16-bit IIR filter whose transfer function is

HðzÞ ¼ 1
1� 0:98z�1

:

Scale the output signal such that its upper limit does not exceed unity.
Q3: Consider the first-order IIR filter described by the infinite-precision difference

equation

yðnÞ ¼ �0:625yðn� 1Þ þ xðnÞ:

Show whether this system would trap into limit cycle when implemented
using 4-bit (a) rounding arithmetic, (b) truncation arithmetic. Let x(n) = 0 and
y(0) = 3/8. Find the magnitude and frequency of the oscillation for each case,
if any.

Q4: A second-order IIR filter described by the following infinite-precision
difference equation

yðnÞ ¼ �a1yðn� 1Þ � a2yðn� 2Þ þ xðnÞ:

Derive the dead band bound that govern the occurrence of limit cycles in this
structure when implemented using rounding arithmetic.
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Miscellaneous DSP Exercises: D

Q1: Prove that cMðnÞ ¼ 1
M

PM�1
k¼0 e�j2pkn=M .

Q2: Figure B.6 shows the spectrum of a band-pass signal. Show that down-
sampling this signal by M = 3 produces an alias-free spectrum.

Q3: Write a MATLAB code to change the sampling rate from 48 to 44.1 kHz as
explained in Example (2), Chap. 5.

Q4: Consider the sinusoidal signal x(n) = cos (0.1 pn). Determine the frequency
spectrum of the 3-fold down-sampled version.

Q5: Prove the decimation and interpolation identities shown in Fig. 5.13.
Q6: Given the following specifications of the sampling rate conversion DSP

system shown in Fig. 5.11: L = 2, M = 3 and the input audio signal is
sampled at 6 kHz, whereas the output signal sampling rate should be 9 kHz.
Determine the filter length and cutoff frequencies for the required filter
(window design method could be used).

Q7: The signal x(n) was sampled at a frequency fs = 10 kHz. Consider the
following two cases: (a) Resample x(n) at a new sampling frequency fs1 = 22
kHz. (b) The signal signal x(n) is to be resampled to a new sampling
frequency fs2 = 8 kHz.

Q8: Consider the transfer function of a FIR filter: H(z) = 0.25 + 0.5 z-1 + 0.75
z-2 + z-3 + 1.25 z-4 + 1.5 z-5. Use polyphase decomposition technique to
implement a factor of M = 3 decimator.

Q9: A single stage decimator structure is used to reduce the sampling rate of a
signal from 12000 to 500 Hz. The specifications of the single-stage
decimator low-pass FIR filter H(z) are: pass-band edge = 225 Hz, stop-band
edge = 250 Hz, pas-band ripple = 0.004, and stop-band attenuation = 0.001.
Assume H(z) as an equiripple linear-phase FIR filter.



Q10: To convert the CD audio at the sampling rate of 44.1 kHz to the MP3
sampling rate of 48 kHz, a conversion factor of L/M = 160/147 is needed.
Single-stage scheme would require an unfeasible FIR filter sizes for
interpolation and decimation. How would you tackle this problem?
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Appendix C: Tables and Formulas

Basic Definitions

The rectangular pulse: Pðt=TÞ ¼ PTðtÞ ¼
1; jtj � T=2
0; elsewhere

� �

The triangular pulse: Kðt=TÞ ¼ KTðtÞ ¼
1� 2jtj=T ; jtj � T=2

0; elsewhere

� �

The unit step function: uðtÞ ¼ 1; t� 0
0; t\0

� �
,

The sinc function: sincðtÞ ¼ sinðptÞ
ðptÞ

The signum function: sgnðtÞ ¼ 1; t� 0
�1; t\0

� �

Useful Formulas

1: e
j/ ¼ cosð/Þ 
 jsinð/Þ (Euler);

je
j/j ¼ 1;

cosðxÞ ¼ coshðjxÞ ¼ ðejx þ e�jxÞ=2;

sinðxÞ ¼ ð1=jÞsinhðjxÞ ¼ ðejx � e�jxÞ=ð2jÞ;

2: cos2ð/Þ þ sin2ð/Þ ¼ 1;

tanðxÞ ¼ sinðxÞ=cosðxÞ;
cos2ð/Þ ¼ ð1=2Þ þ ð1=2Þcosð2/Þ;
sin2ð/Þ ¼ ð1=2Þ � ð1=2Þcosð2/Þ
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3: cosðx
 yÞ ¼ cosðxÞcosðyÞ 	 sinðxÞsinðyÞ;
sinðx
 yÞ ¼ sinðxÞcosðyÞ 
 cosðxÞsinðyÞ;
tanðx
 yÞ ¼ ½tanðxÞ 
 tanðyÞ�=½1	 tanðxÞtanðyÞ�;
sinð2xÞ ¼ 2sinðxÞcosðxÞ; cosð2xÞ ¼ 2cos2ðxÞ � 1:

4: cosðxÞcosðyÞ ¼ ð1=2Þ½cosðx� yÞ þ cosðxþ yÞ�;
sinðxÞsinðyÞ ¼ ð1=2Þ½cosðx� yÞ � cosðxþ yÞ�;
sinðxÞcosðyÞ ¼ ð1=2Þ½sinðx� yÞ þ sinðxþ yÞ�;

5: tanðx=2Þ ¼ sinðxÞ=½1þ cosðxÞ� ¼ ½1� cosðxÞ�=sinðxÞ;
sinðx=2Þ ¼ 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1� cosðxÞ�=2

p
;

cosðx=2Þ ¼ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½1þ cosðxÞ�=2

p
:

6: sinhðxÞ ¼ ðex � e�xÞ=2;

coshðxÞ ¼ ðex þ e�xÞ=2;

tanhðxÞ ¼ sinhðxÞ=coshðxÞ;
sinh�1ðxÞ ¼ lnðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1
p

Þ;
cosh�1ðxÞ ¼ lnðxþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1
p

Þ;

tanh�1ðxÞ ¼ 1
2

ln
1þ x

1� x
;

cosh2ðxÞ � sinh2ðxÞ ¼ 1;

7: df ðyÞ=dx ¼ ½df ðyÞ=dy�½dy=dx�;

d

Z t

a

f ðuÞdu

2
4

3
5=dt ¼ f ðtÞ; where a is constant
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8: dxa=dx ¼ axa�1;Z
xadx ¼ xaþ1=ðaþ 1Þ; ða 6¼ �1Þ;

d lnðxÞ=dx ¼ 1=x;Z
x�1dx ¼ lnðxÞ;

9: df ðyÞ=dx ¼ ½df ðyÞ=dy�½dy=dx�;
d sinðxÞ=dx ¼ cosðxÞ;
d cosðxÞ=dx ¼ �sinðxÞ;
d tanðxÞ=dx ¼ �1=cos2ðxÞ;
dex=dx ¼ ex;

dcx=dx ¼ lnðcÞcx;

d tan�1ðxÞ=dx ¼ 1=ð1þ x2Þ;
d tanh�1ðxÞ=dx ¼ 1=ð1� x2Þ;

d sinh�1ðxÞ=dx ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ 1

p
;

d cosh�1ðxÞ=dx ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � 1
p

;

d sin�1ðxÞ ¼ �d cos�1ðxÞ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2
p

:

10:
XN�1

n¼0

rn ¼ ð1� rNÞ=ð1� rÞ; r 6¼ 1

N; r ¼ 1

� �
;

XN�1

n¼0

ðaþ nrÞ ¼ N

2
½2aþ ðN � 1Þr� ¼ N

2
½first þ last�:

11: If logbðyÞ ¼ x, y ¼ bx;

logbðxyÞ ¼ logbðxÞ þ logbðyÞ;
logbðx=yÞ ¼ logbðxÞ � logbðyÞ;
logbðxnÞ ¼ n logbðxÞ; x0 ¼ 1;

logb b ¼ 1;

logbðyÞ ¼ logcðyÞ= logcðbÞ;
logaðaxÞ ¼ x:
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Natural logarithm: lnðxÞ ¼ logeðxÞ; e � 2:718281828459 � � � ;
Common logarithm: log10 (x).

12. Power series expansion: 1=ð1� xÞ ¼ 1þ xþ x2 þ x3 þ � � � ð for jxj\1Þ;

sinðxÞ¼ x�x3=3!þx5=5!���� ;
sin�1ðxÞ¼ xþx3=6þ3x5=40þ5x7=112þ35x9=1152þ��� ;
cosðxÞ¼1�x2=2!þx4=4!���� ;
cos�1ðxÞ¼p=2�x�x3=6�3x5=40�5x7=112���� ð for jxj\1Þ;
tanðxÞ¼ xþx3=3þ2x5=15þ17x7=315þ62x9=2835þ��� ð for jxj\p=2Þ
tan�1ðxÞ¼ x�x3=3þx5=5���� ð for jxj\1Þ;
tan�1ð1þxÞ¼p=4þx=2�x2=4þx3=12þx5=40þ���
ex¼ xþx2=2!þx3=3!þ��� ð for jxj\1Þ;
lnð1þxÞ¼ x�x2=2þx3=3�x4=4þ� ð for jxj\1Þ

13. The convolution integral: xðtÞ � hðtÞ ¼
R1
�1 xðkÞhðt � kÞdk;

14. The correlation integral: RxyðsÞ ¼
R1
�1 xðtÞyðsþ tÞdt;

Autocorrelation: RxðsÞ ¼
R1
�1 xðtÞxðsþ tÞdt:

15. Discrete convolution: xðnÞ � hðnÞ ¼
P1

k¼�1 xðkÞhðn� kÞ;
16. Dirac delta function, d(t): It is defined by the integral

Z1

�1

xðtÞdðt � toÞdt ¼ xðtoÞ;

where x(t) is any continuous function.
Note that: dðatÞ ¼ ð1=jajÞdðtÞ; dð�tÞ ¼ dðtÞ;

R1
�1 dðtÞdt ¼ 1.

17: xðtÞ � dðt � toÞ ¼ xðt � toÞ; xðtÞdðt � toÞ ¼ xðtoÞdðt � toÞ

18. Gaussian distribution: pðkÞ ¼ 1
r
ffiffiffiffi
2p
p e�ðk�mÞ2=2r2

; m ¼ mean; r2 = variance

19. Schwarz’s inequality: j
R

g1ðxÞg2ðxÞdxj2�ð
R
jg1ðxÞj2dxÞð

R
jg2ðxÞj2dxÞ

(equality holds only when g1 (x) = kg2
* (x), k being a constant.)

20. Roots of the quadratic equation: ax2 + bx + c = 0 are given by

r1;2 ¼
�b


ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4ac
p

2a
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21. Complex cubic roots of 1: Call them {uk|k = 0, 1, 2}. Let z = 1. Then:

z ¼ 1 ¼ 1ej2p )
ffiffiffi
Z3
p
¼ ðej2kpÞ1=3fk ¼ 0; 1; 2; . . .g

¼ ejk2p=3 ¼ 1; ej2p=3; ej4p=3
n o

¼ 1;
�1
 j

ffiffiffi
3
p

2

� �
¼ fukjk ¼ 0; 1; 2g:

Complex cubic roots of a real number a = h3 are {rk = huk | k = 0, 1, 2}.

22. Roots of the cubic equation: x3 + ax2 + bx + c = 0.

Let p ¼ b� a2

3
;

q ¼ cþ 2a3 � 9ab

27
;

h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q

2



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2

4
þ p3

27

r
3

s
ð
 : take eitherþ or �; but choose carefully when

p ¼ 0 so that h 6¼ 0;

rk ¼ hukfk ¼ 0; 1; 2g:

Then: xk ¼ p
3rk
� a

3� rk

23. ðxþ yÞn ¼
Pn

k¼0 Cðn; kÞxn�kyk where Cðn; kÞ ¼ n!=½k!ðn� kÞ!�:

Laplace transform pairs and theorems

x(t) X(s) Property Transform pair

d(t) 1 Linearity axðtÞ þ byðtÞ !L aXðsÞ þ bYðsÞ
u(t) 1

s
Scaling xðatÞ !L Xðs=aÞ=jaj

tn

n! uðtÞ 1
snþ1 Time shift (delay) xðt � toÞ !

L
XðsÞe�sto ; to [ 0

e-at u(t) 1
sþa

s-Shift xðtÞe�at !L Xðsþ aÞ
tn

n! e�atuðtÞ 1
ðsþaÞnþ1 Convolution xðtÞ � yðtÞ !L XðsÞYðsÞ

sin(xo t)u(t) xo
s2þx2

o
Conjugation x�ðtÞ !L X�ðs�Þ

cos(xo t)u(t) s
s2þx2

o
Initial value theorem limt!0 xðtÞ ¼ lims!1 sXðsÞ

t sin(xo t)u(t) 2xos
ðs2þx2

oÞ
2 Final value theorem limt!1xðtÞ ¼ lims!0 sXðsÞ

t cos(xo t)u(t) xo

ðs2þx2
oÞ

2 Time differentiation dxðtÞ=dt !L sXðsÞ � xð0�Þ
e-at sin(xo t)u(t) xo

ðsþaÞ2þx2
o

Time integration R t
0� xðuÞdu !L XðsÞ

s

e-at cos(xo t)u(t) sþa
ðsþaÞ2þx2

o

Multiplication by tn tnxðtÞ !L ð�1Þn dnXðsÞ
dsn ; n= integer
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Fourier transform pairs and theorems

x(t) X(f) Properties

P(t/T) = PT (t) T sinc(Tf) axðtÞ þ byðtÞ !F aXðf Þ þ bYðf Þ
Kðt=TÞ ¼ KTðtÞ T

2 sinc2ðT2 f Þ xðatÞ !F Xðf=aÞ=jaj
sinc(Lt) 1

L PLðf Þ xð�tÞ !F Xð�f Þ
e-at u(t), a [ 0 1

aþj2pf x�ðtÞ !F X�ð�f Þ; x�ð�tÞ ¼ X�ðf Þ
te-at u(t), a [ 0 1

ðaþj2pf Þ2 XðtÞ !F xð�f ÞXðtÞ !F xðf Þ; x even
e-a|t| , a [ 0 2a

a2þð2pf Þ2 xðt � toÞ !
F

Xðf Þe�j2pfto

e�a2t2
ffiffi
p
p

a e�ðpf=aÞ2 xðtÞej2pfot !F Xðf � foÞ
1 d(f) xðtÞcosð2pfotÞ !F 1

2 Xðf � foÞ þ 1
2 Xðf þ foÞ

d(t) 1 dnxðtÞ=dtn !F ðj2pf ÞnXðf Þ
sgn(t) 1

jpf
R t
�1 xðuÞdu !F Xðf Þ

j2pf þ 1
2 Xð0Þdðf Þ

u(t) 1
2 dðf Þ þ 1

j2pf xðtÞ � yðtÞ !F Xðf ÞYðf Þ
cos(2pfo t + ho) 1

2 ejho dðf � foÞ þ 1
2 e�jho dðf þ foÞ xðtÞyðtÞ !F Xðf Þ � Yðf Þ

sin(2pfo t + ho) 1
2j ejho dðf � foÞ � 1

2j e�jho dðf þ foÞ If x(t) is real, then X(- f) = X* (f)P
n=-?
? d(t - nTs) fs

P
k=-?
? d(f - kfs), where fs ¼ 1

Ts

e ± j2pfo t d(f;fo)

z-Transform pairs and theorems

x(n) X(z) Property Transform pair

d(n) 1 Linearity axðnÞ þ byðnÞ !Z aXðzÞ þ bYðzÞ
u(n) z

z�1 z-Scaling anxðnÞ !Z Xðz=aÞ
an u(n) z

z�a Convolution xðnÞ � yðnÞ !Z XðzÞYðzÞ xðnÞ�
yðnÞ !Z XðzÞ � YðzÞ

nan u(n) az
ðz�aÞ2 Conjugation x�ðnÞ !Z X�ðz�Þ

(n + 1)an u(n) ð z
z�aÞ

2 z-Differentiation nxðnÞ !Z �zdXðzÞ=dz
sin(bn)u(n) sinðbÞz

z2�2cosðbÞzþ1
Time integration Pn

k¼�1 xðkÞ !Z 1
1�z�1 XðzÞ

cos(bn)u(n) z2�cosðbÞz
z2�2cosðbÞzþ1

Time differentiation xðnÞ � xðn� 1Þ !Z ð1� z�1ÞXðzÞ
Time shift (delay) xðn� mÞ !Z z�mXðzÞ
Initial value
theorem

If x(n) = 0 for n \ 0, then
xð0Þ ¼ limz!1 XðzÞ
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Denominator polynomial coefficients for normalized LPF’s

n bo b1 b2 b3 b4 b5 b6

Butterworth
1 1.0
2 1.0 1.4142
3 1.0 2.0 2.0
4 1.0 2.6131 3.4142 2.6131
5 1.0 3.2361 5.2361 5.2361 3.2361
6 1.0 3.8637 7.4641 9.1416 7.4641 3.8637
7 1.0 4.4940 10.0978 14.5918 14.5918 10.0978 4.4940

0.5-dB passband ripple Chebychev (e2 ¼ 0:1220)
1 2.8628
2 1.5162 1.425
3 0.7157 1.5349 1.2529
4 0.3791 1.0255 1.7169 1.1974
5 0.1789 0.7525 1.3096 1.9374 1.1725
6 0.0948 0.4324 1.1719 1.5898 2.1718 1.1592
7 0.0447 0.2821 0.7557 1.6479 1.8694 2.4127 1.1512
1.0-dB passband ripple Chebychev (e2 ¼ 0:2589)
1 1.9652
2 1.1025 1.0977
3 0.4913 1.2384 0.9883
4 0.2756 0.7426 1.4539 0.9528
5 0.1228 0.5805 0.9744 1.6888 0.9368
6 0.0689 0.3071 0.9393 1.2021 1.9308 0.9283
7 0.0307 0.2137 0.5486 1.3575 1.4288 2.1761 0.9231
3-dB passband ripple Chebychev (e2 ¼ 0:9953)
1 1.0024
2 0.7079 0.6449
3 0.2506 0.9283 0.5972
4 0.1770 0.4048 1.1691 0.5816
5 0.0626 0.4080 0.5489 1.4150 0.5745
6 0.0442 0.1634 0.6991 0.6906 1.6628 0.5707
7 0.0157 0.1462 0.3000 1.0518 0.8314 1.9116 0.5684
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Normalized low-pass filter LC element values

n Rs C1 L2 C3 L4 C5 L6 C7

LPF Butterworth LC element values ðRL ¼ 1 XÞ
2 1.0 1.4142 1.412
3 1.0 1.0 2.0 1.0
4 1.0 0.7654 1.8478 1.8478 0.7654
5 1.0 0.6180 1.6180 2.0 1.6180 0.6180
6 1.0 0.5176 1.4142 1.9319 1.9319 1.4142 0.5176
7 1.0 0.4450 1.2470 1.8019 2.0 1.8019 1.2470 0.4450
LPF 0.5-dB ripple Chebychev LC element values ðRL ¼ 1 XÞ
2 1.9841 0.9827 1.9497
3 1.0 1.8636 1.2804 1.8636
4 1.9841 0.9202 2.5864 1.3036 1.8258
5 1.0 1.8068 1.3025 2.6914 1.3025 1.8068
6 1.9841 0.9053 2.5774 1.3675 2.7133 1.2991 1.7961
7 1.0 1.7896 1.2961 2.7177 1.3848 2.7177 1.2961 1.7896
LPF 1-dB ripple Chebychev LC element values ðRL ¼ 1 XÞ
2 3.0 0.5723 3.1317
3 1.0 2.2160 1.0883 2.2160
4 3.0 0.6529 4.4110 0.8140 2.5346
5 1.0 2.2072 1.1279 3.1025 1.1279 2.2072
6 3.0 0.6729 3.8725 0.7706 4.7107 0.9692 2.4060
7 1.0 2.2043 1.1311 3.1472 1.1942 3.1472 1.1311 2.2043

 ∼   V
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      . . . . . 

   L
n
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  Normalized  frequency, ω/ωc

 Stopband gain vs. norm. freq. for C−LPF ( r = 0.5 dB)
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Useful Definitions and Relations

Complex Fourier Series (FS):

xðtÞ ¼
X1

k¼�1 Xkeþj2pkfot; where:

Xo ¼
1
To

ZTo

0

xðtÞdt;

Xk ¼
1
To

ZTo

0

xðtÞe�j2pkfotdt

Trigonometric FS:

xðtÞ ¼ ao þ
X1

n¼1
ancosð2pnfotÞ þ bnsinð2pnfotÞ; where:

ao ¼ Xo; an ¼ Xn þ X�n; bn ¼ jðXn � X�nÞ:

[Note that Xn’s are the coefficients of the Complex FS.]

  Normalized  frequency, ω/ωc

 Stopband gain vs. norm. freq. for C−LPF ( r = 3 dB)

 n = 1

 n = 2

 n = 3

 n = 4

 n = 5
 n = 6

 n
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Fourier Transform (FT) pair:

Xðf Þ ¼
Z1

�1

xðtÞe�j2pftdt;

xðtÞ ¼
Z1

�1

Xðf Þeþj2pftdf

(Single-sided) Laplace Transform (LT):

XðsÞ ¼
Z1

0�

xðtÞe�stdt; where:

s ¼ rþ jx; x ¼ 2pf :

Discrete-Time Fourier Transform (DTFT) pair:

Xsðf Þ ¼
X1

n¼�1 xðnÞe�j2pnTsf ;

xðnÞ ¼ 1
fs

Zfs

0

Xsðf Þeþj2pnTsf df

Some important DTFT pairs:

1. 2fc
fs

sinc 2fc
fs

n
� �

 !DTFT
P2fcðf Þ;� fs

2 \f \ fs

2

(Periodic rectangular pulse, period = fs)

2. PNðnÞ !
DTFT

NsincðNf=fsÞ= sincðf=fsÞ [a sinc-like function]

The DTFT modulation property:

If xðnÞ !DTFT
Xsðf Þ, then: xðnÞcosð2pfo=fsÞ !

DTFT
Xsðf � foÞ þ Xsðf þ foÞ

Discrete Fourier Transform (DFT) pair:

XðkÞ ¼
XN�1

n¼0
xðnÞe�j2pkn=N ;

xðnÞ ¼ 1
N

XN�1

k¼0
XðkÞeþj2pkn=N

(Single-sided) z-Transform (ZT):

XðzÞ ¼
X1

n¼0
xðnÞz�n

Low-pass to band-pass transformations

xLN ¼ x2 � x2
g

� �
=ðxxbÞ; sLN ¼ s2 þ x2

g

� �
=ðsxbÞ; where:

xb7 ¼ xu � xl; xg ¼
ffiffiffiffiffiffiffiffiffiffiffi
xuxl
p

:
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Low-pass to high-pass transformations

xLN ¼ xc=x; sLN ¼ xc=s:

Low-pass to band-stop transformations

xLN ¼ xxb= x2 � x2
g

� �
; sLN ¼ sxb= s2 þ x2

g

� �
; where:

xb ¼ xu � xl; xg ¼
ffiffiffiffiffiffiffiffiffiffiffi
xuxl
p

:

Circuit denormalization

R! RZ; L! L Z
W ; C ! C

ZW, where:
Z = Impedance scaling factor (ISF)
W = Frequency scaling factor (FSF)

Hardware analog filter transformations

   L

     C

     LP   BP
 & HP   BS

  L

    C

  L     C

  ω
g

2 = 1 / (LC)

 i.e.,  L = 1 / (ω
g

2 C)

 and  C = 1 / (ω
g

2 L)

  L

 C

    LP  HP

  L
1
 = 1 / C

  C
1
 = 1 / L

 e.g., if  C = 2 F,

 then  L
1
 = 1/2 H

Hardware filter design rules (using normalized LPF standard circuits)
HPF design:

1. Transform LPN ? HPN circuit components
2. Denormalize HPN ? HP

BPF design:

1. Denormalize LPN ? LP
2. Transform LP ? BP circuit components

BSF design:

1. Transform LPN ? HPN circuit components
2. Denormalize HPN ? HP
3. Transform HP ? BS circuit components

Magnitude response of Butterworth LPF:

jHðxÞj ¼ Gm=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðx=xcÞ2n

q
;

where Gm = maximum gain.
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Butterworth DC gain: Gdc = Gm

Magnitude response of Chebychev-I LPF:

jHðxÞj ¼ Gm

, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2C2

n

x
xc

� �s

where Co(x) = 1, C1(x) = x, Cn+1(x) = 2xCn(x) - Cn-1(x).
Chebychev DC gain:

Gdc ¼
Gm n odd

Gm=
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ e2
p

n even

�

Matched filter: h(t) = s(T - t).
Inverting and non-inverting amplifiers:

           Z
1  _

 +

 v−

 + v+
 +

  Z
2

   Y
  X

  Y / X =  − Z
2
 / Z

1

  Inverting Amplifier

           Z
1  _

 +

 v−

 + v+
 +  X

  Z
2

  Y

  Y / X =   1 + Z
2
 / Z

1

  Non−inverting Amplifier

Hilbert Transformer (HT): H(f) = -jsgn(f) with h(t) = 1/(p � t).
Hilbert Transform of x(t) is: x̂ðtÞ ¼ xðtÞ � hðtÞ or: _Xðf Þ ¼ �j sgnðf ÞXðf Þ.
The analytic associate of x(t) is: zðtÞ ¼ xðtÞ þ j_x ðtÞ
Digital HT:

HðejXÞ ¼ �j sgnðXÞ; jXj\p; hðnÞ ¼
2
p

sin2ðn�p=2Þ
n ;
0

n 6¼ 0
elsewhere

� �

Bilinear Transform: s) z�1
zþ1 with X ¼ 2 tan�1ðxÞ ¼ 2 tan�1ð2pf Þ:

Impulse invariant transform:

HaðsÞ ¼
XM
m¼1

cm

s� pm
) HðzÞ ¼ Ts

XM
m¼1

cm
z

z� zm
where zm ¼ epmTs :

Digital domain frequency: X ¼ 2p � v ¼ 2p � f=fs ¼ x=fs ¼ xTs

Sinusoidal PLL system equation: /ðkÞ ¼ hðkÞ � x0
Pk�1

i¼0 yðiÞ
Sinusoidal PLL: 1st-order system equation:

/ðk þ 1Þ ¼ /ðkÞ � K2sin½/ðkÞ� þ Ko

where Ko ¼ 2pðx� xoÞ=xo and K2xG1A:

If K1xG1A and W ¼ xo=x; then K2 ¼ K1ðxo=xÞ ¼ K1=W :
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Note that G2 = 0 in this case.
Sinusoidal PLL: 2nd-order system equation:

/ðk þ 2Þ � 2/ðk þ 1Þ þ /ðkÞ ¼ K2sin½/ðkÞ� � rK2sin½/ðk þ 1Þ�;
where r ¼ 1þ G2=G1:

Fixed point analysis: g(x) = x has a solution x* only if jg0ðx�Þj\1:

Jacobian matrix: oðu;vÞ
oðx;yÞ ¼

ou=ox ou=oy
ov=ox ov=ou

	 

where u, v are functions of x, y.

Eigenvalues {k} of a matrix X:

jkI � Xj ¼ 0; where I is the identity matrix:

 Sampler &

      ADC

       x ( k )

    N−bits
   DF

 DCO
               Output Pulses,    v

o
 ( k )

 y ( k )

 x ( t )

 Input Signal,

Integrator H(z) = 1/(1 - z-1); Differentiator H(z) = (1 - z-1)/Ts

Error functions:

erfðxÞ ¼ 2ffiffiffi
p
p
Zx

0

e�v2
dv

QðxÞ ¼ 1ffiffiffiffiffiffi
2p
p

Z1

x

e�v2=2dv ¼ 1
2

erfc
xffiffiffi
2
p
� �

¼ 1
2
� 1

2
erf

xffiffiffi
2
p
� �

For x [ 0 we have:

QðxÞ � 1ffiffiffiffiffiffi
2p
p e�x2=2

X5

k¼1

bkgk; where

g ¼ 1=ð1þ 0:2316419xÞ;
b1 ¼ 0:3198; b2 ¼ �0:3565; b3 ¼ 1:7814;

b4 ¼ �1:8212; b5 ¼ 1:3302

Direct forms of IIR implementation:

yðnÞ ¼ boxðnÞ þ b1xðn� 1Þ þ � � � þ bMxðn�MÞ � a1yðn� 1Þ � � � � � aNyðn� NÞ

HðzÞ ¼
PM

i¼0 biz�i

1þ
PN

k¼1 akz�k
¼

XM

i¼0
biz
�i

� � 1

1þ
PN

k¼1 akz�k

 !
¼ H1ðzÞH2ðzÞ ¼ H2ðzÞH1ðzÞ:
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Appendix D: DSP Lab Experiments

Experiment # 1: Computing the Convolution Integral

Introduction

The convolution integral of two functions x(t) and h(t) is one of the most
significant topics in signal processing. This is so because the output y(t) of any
linear time-invariant system is given by the convolution integral of the input signal
x(t) and the system impulse response h(t) as follows:

yðtÞ ¼ xðtÞ � hðtÞ ¼
Z1

�1

xðkÞhðt � kÞdk ¼ hðtÞ � xðtÞ ¼
Z1

�1

hðkÞxðt � kÞdk:

Steps of finding the convolution can be found in the tutorials. In this experiment
we discuss the numerical implementation of this integral.

Due to the finite word-length and memory on the computer, we can only deal
with finite length discrete-time signals. Analog signals and systems should be
approximated by their discrete counterparts. This approximation should be
mathematically well founded.

First, we should note that if x(t) and h(t) are finite-length functions defined over
the intervals a1� t� b1 and a2� t� b2, respectively, then the interval of their
convolution y(t) will be a1 þ a2� t� b1 þ b2.

From Calculus we have:

yðtÞ ¼
Z1

�1

xðkÞhðt � kÞdk ¼ lim
Dk!0

X1
k¼�1

xðkDkÞhðt � kDkÞDk:

Hence, we can approximate the above continuous-time convolution as follows:

yðtÞ � Dk
X1

k¼�1
xðkDkÞhðt � kDkÞ

" #
:
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The variable t is considered as a constant in the above integration and
summation. It has the characteristics of the dummy variable k, hence, it can be
approximated as t � nDk, for some integer n. The above equation will be better
written as follows:

yðnÞ � Dk
X1

k¼�1
xðkÞhðn� kÞ

" #
;

where Dk has been removed from expressions of the form kDk for easier
notation and suitability for implementation on the digital computer.

MATLABr is currently the best tool for mathematical modeling. In addition to
the basic mathematical features, it has some dedicated toolboxes like the signal
processing toolbox, the communications toolbox, and the control toolbox. Also,
symbolic solutions are possible through the MATLAB symbolic toolbox. In this
book we adopt MATLAB for DSP simulations.

Straightforward calculation of the above discrete convolution using for-next
loops is time-consuming and not suitable for DSP purposes, especially for real-
time processing of long signals (like speech signals). As we will see later in this
course, this problem is closely related to that of calculating the Fourier transform
of a signal. Scientists have discovered efficient algorithms for calculating the
above summation by making use of symmetric terms in the discrete Fourier
transform. This algorithm is called the Fast Fourier Transform (FFT), which is
available on MATLAB as fft and ifft (for inverse Fourier Transform).

The above discrete convolution can be implemented on MATLAB as follows:

y ¼ Ts � convðx; hÞ;

where y is the output vector, Ts is the time step (equivalent to Dk), x and h are
two vectors representing the two signals to be convolved. Note that * on MATLAB
means scalar or matrix multiplication, while .* means vector multiplication (i.e.,
multiplication of corresponding elements in the two vectors).

The accuracy of computation would be dependent on Ts. However, the less Ts
the more computation time. Therefore, there is a compromise between speed and
accuracy.

Using y = Ts * conv(x,h) gives a function whose length is larger than
both x and h. In many applications we need to fit all signals using the same word
length. In this case, we can use the following fft-based algorithm:

y ¼ Ts � ifftðfftðxÞ � fftðhÞÞ; % If we do not allow negative time;

or

y ¼ Ts � fftshiftðifftðfftðxÞ � fftðhÞÞÞ; % If we allow negative time:
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MATLAB Simulation

Task 1

Write a MATLAB code to find the convolution of the two continuous-time
finite-length signals x(t) and h(t) as shown in Fig. D.1.

• Open a new m-file and give it a name (e.g., DSP_Exp1.m) and save it in your
directory.

• Choose a unified interval for x and h (i.e., a1 = a2 = -10, b1 = b2 = 10).
• Take Ts = 0.01 and define the time vector t.
• Express x and h first in terms of the unit step function, which is denoted in

MATLAB as stepfun(t,to). On MATLAB command line, type [help
stepfun to see how this function works. Plot all step functions associated with
the functions x and h, then plot x, h, and their convolution y on the same
graph.

• Plot the theoretical convolution (see the Note below) and the numerical result on
another graph.

• Define all axes using xlabel and ylabel commands.
• Limit the axes lengths using axis([x_min x_max y_min y_max])

command.
• Define all functions using text(a,b,‘text’) command to write on figures.
• Find the convolution using the fft-based algorithm and compare with the first

method.

Note: Using Fig. D.1 we have:

yðtÞ¼ hðtÞ �xðtÞ¼
Z1

�1

hðkÞxðt�kÞdk¼
Z3

0

xðt�kÞdk¼
Z0

0

3e�2ðt�kÞuðt�kÞdk

�!v¼t�k¼�
Zt�3

t

3e�2vuðvÞdv¼
Z t

t�3

3e�2vuðvÞdv

¼

0; t\0½Since uðvÞ¼ 0 for v\0�

3
Rt
0

e�2vdv¼ð3=2Þð1� e�2tÞ t�0&t�3\0! 0� t\3

3
Rt

t�3
e�2vdv�ð3=2Þe�2tþ6 t�0&t�3�0! t�3:

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
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Task 2

Write a code to invert the function x(t) around the y-axis to get x(- t). Then a
code to find the shifted versions x(t + to) and x(- t + to). Take to = 3 and -3. Plot
all functions on the same graph. Comment on these operations.

Task 3

The Dirac delta function d(t) is an important tool in signal processing. Roughly
speaking, it is equivalent to a pulse of infinite height and very narrow width
(approaching zero). It is defined by the following integral:

Z1

�1

gðtÞdðt � toÞdt ¼ gðtoÞ

where g(t) is a continuous function, to is a constant. The delta function has the
following properties:

P1:
R1
�1 dðtÞdt ¼ 1 (unit area),

P2: d(t) = d(-t) (even),
P3: x(t) * d(t) = x(t), or, generally, x(t)*d(t - to) = x(t - to), where to is a

constant.

The Dirac delta function can also be defined as the limit of several even
functions that can satisfy the above properties in the limit. These definitions
include:

1. Limit of the weighted rectangular pulse (box), P2aðtÞ (see Fig. D.2, left):

dðtÞ ¼ lim
a!0

1
2a

P2aðtÞ ¼ lim
ða!0Þ

1
2a

1; jtj � a
0; jtj[ 0

� �

2. Limit of the weighted absolutely-decaying exponential:
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Fig. D.1 A plot of signals h(t) = P3 (t - 1.5) and x(t) = 3e-2t u(t)



dðxÞ ¼ lim
ða!0Þ

1
2a

e�jxj=a

3. Limit of the weighted triangular pulse K2aðtÞ (see Fig. D.2, right):

dðtÞ ¼ lim
ða!0Þ

1
a

K2aðtÞ ¼ lim
ða!0Þ

1
a

1� jtja ; jtj � a
0; jtj[ 0

� �

The above definitions are of practical importance since they can be used for
approximating the delta function.

On MATLAB, use stepfun to define a weighted rectangular pulse that
approximates d(t) and call it d. Choose a = 11 * Ts. Replace h in the above
code with d. To see whether this approximation is successful, convolve d with x.
According to P3 above, you should obtain y � x. Plot your results and comment.

Task 4

In Task 3 we chose the pulse width as a = 11 * Ts. This choice will decide
the accuracy of approximating the delta function. To see the effect of this choice,
consider different widths for the rectangular pulse (hence, different
approximations for the delta function). Let the width parameter a = r * Ts,
where r is an integer ranging from 1 to R. Take R = 100. For each value of r
(hence, for each approximation of the delta function), find the mean squared error
(MSE), which is defined as follows:

eðrÞ ¼ 1
N

XN

n¼1

½yrðnÞ � xðnÞ�2

where N is the total number of samples in each signal. Use the function mean in
MATLAB (type [help mean) to find the above summation. If you use
y = conv(d,x), the interval of y is larger than that of x, you should extend x
range (by zero padding) to be able to find the above summation. Plot MSE versus
a = r * Ts and comment on the shape of the resulting curve.

 [1/(2a)] Π
2a

 ( t )

− a a

 1/(2a)

 t

 (1/a) Λ
2a

 ( t )

− a a

 1/a

 t

Fig. D.2 The weighted rectangular and triangular pulses
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Task 5

In the above code, use the other two approximations for the delta function and
repeat the procedure in Task 4. Plot the three MSE curves on one figure and
compare your results. Decide which approximation is better for practical
implementation of the delta function. Take Ts = 0.005, repeat the same steps,
and see whether the MSE is reduced.

Experiment # 2: Generation and Demodulation of AM Signals

Introduction

Information-bearing signals are normally of low-frequency nature. For example,
the frequency content of the human speech signal ranges from 200 to 4 kHz, while
audio signals (in general) can reach up to 20 kHz. For long-range transmission of
signals, we should convert them to radio waves and transmit them through
antennas. The antenna dimensions [length or diameter (for dish antenna)] should be
proportional to k/4 or k/2, k being the wavelength, where c = kf = 3 9 108 m/s.
Hence, for baseband radio transmission of a speech signal through, we need an
antenna of length c=ð4� 4000Þ � 18:7 km: Therefore, we should increase the
frequency of the signal (without changing the information) before radio
transmission. This is called modulation. In fact, high frequency is also more
resistive to noise in space. Mobile phones operate near 900 MHz, UHF TV operates
in the range 300–800 MHz, and satellite links operate in the frequency range from
few hundred MHz to 40 GHz or more.

Amplitude modulation (AM) is widely used in communication systems. The
standard AM modulator multiplies the message m(t) by a scaling factor b (called
the modulation index) and a high-frequency sinusoid called the carrier,
cðtÞ ¼ AccosðxctÞ, and then add the result to the carrier (for synchronization
purposes) to get the standard AM signal

xðtÞ ¼ Ac½1þ bmðtÞ�cosðxctÞ ð1Þ

The magnitude spectrum of this signal is given by:

Xðf Þ ¼ Ac
1
2

dðf � fcÞ þ dðf þ fcÞ
)
þ b

2

(
Mðf � fcÞ þMðf þ fcÞ

)( #"
ð2Þ

For demodulation of the AM signal at the receiver, an envelope detector is
usually used. However, if the AM signal is weak and the modulation index is
small, it is better to use a square-law device followed by a low-pass filter as shown
in Fig. D.3 below, where r(t) is the received AM signal and s(t) is the demodulated
signal.
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Under noise-free conditions, we have r(t) = x(t). Hence, the squarer output will
be as follows:

yðtÞ ¼ x2ðtÞ ¼ A2
c 1þ bmðtÞ½ �2½cosðxctÞ�2

¼ A2
c 1þ 2bmðtÞ þ b2m2ðtÞ
� � 1

2
þ 1

2
cosð2xctÞ

	 

:

The LPF will remove the high frequency components. Hence, the output signal
will be given by

sðtÞ ¼ 0:5A2
c þ A2

cb:mðtÞ þ 0:5A2
cb

2m2ðtÞ;

which contains a d.c. term, the original message (scaled by Ac
2 b), and an error

term 0.5Ac
2 b2 m2 (t), which we cannot get rid of by filtering. The relative error is

given by:

e ¼ 0:5A2
cb

2m2ðtÞ
A2

cbmðtÞ ¼ bmðtÞ=2 ð3Þ

To reduce error, we should have jbmðtÞ=2j\\1 8t. Hence, this method is
efficient only if the message is weak and the modulation index is small.

MATLAB Simulation

In this experiment we will simulate the generation and demodulation of standard
AM signals as explained above.

Task 1

Write a MATLAB code to generate a standard AM signal. First, generate a
sinusoid with frequency fo = 2 Hz and a carrier with frequency 10 Hz. Take all
amplitudes to be 1. Select a value for the modulation index and generate the
modulated signal that would be transmitted. Plot all time signals and their spectra.

Task 2

Write a code to simulate the function of the receiver. First comes the square-law
device, followed by the LPF. Use an ideal LPF with a carefully chosen cutoff

     [ ⋅ ]2      LPF       r ( t ) 

        y ( t ) 

       s ( t )

Fig. D.3 Demodulation of standard AM signals using a square-law device
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frequency f1 (Take f1 = 3fo). Filter the squared received signal, then plot the
demodulated signal in the time and frequency domains. Compare with the original
signal. Change the modulation index and comment on the results.

Task 3

Repeat Tasks 1 and 2 above for the rectangular pulse P2ðt � 2Þ, using the same
carrier.

Experiment # 3: Random Signal Analysis

Introduction

A random process is a function of two variables: an event and time. A realization
of the random process is called a ‘‘sample function’’. All sample functions
constitute an ‘‘ensemble’’. At a specific time instant t = to, the values of sample
functions are represented by a ‘‘random variable’’. For example, noise n(t)is a
random process.

If we have a signal x(t) = acos (xo t) and this signal is corrupted by noise n(t),
then the result would be the random signal y(t) = acos(xo t) + n(t).
To study the statistical properties of noise and noisy signals, we may repeat the
realization of the random signal y(t) many times. If we have three realizations
(repetitions) of the noise process n(t) with a given noise power, we get the sample
functions or ‘‘Realizations’’ as shown in Fig. D.4.

The ‘‘ensemble average’’ at t = to is given by:

nav ¼ ½n1ðtoÞ þ n2ðtoÞ þ n3ðtoÞ�=3

If we have a large number of realizations and the process is stationary, then we
may have:

Ensemble average ðmÞ ¼ Time average ðmtÞ

In this case we call the process ‘‘ergodic’’. For ergodic processes we can calculate
the ensemble mean using the time mean, which is much easier and does not require
more than one realization. On MATLAB, this is obtained by using the instruction
‘‘mean’’. Note that the ensemble mean for the above signal at the time instant t is
given by:

m ¼ EfnðtÞg ¼
Z1

�1

npðnÞdn

where p(n) is the probability density function (pdf) of noise, and Ef:g is the
statistical expectation.
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MATLAB Simulation

In this experiment we will study the statistical properties of a sinusoidal signal
imbedded in AWGN (additive white Gaussian noise) at different SNRs (signal-to-
noise-ratios).

Task 1

Write a MATLAB code to generate M = 10 realizations of a sinusoidal signal
x(t) = acos (xo t) corrupted by AWGN process n(t) to give the noisy signal
y(t) = acos (xo t) + n(t). Take fo = 0.2 Hz, a = 1, and SNR = 1 dB. Show that
the ensemble mean of noise is approximately zero, and the ensemble mean of the
noisy signal is the deterministic signal s(t). This approximation is improved if we
take a larger number of realizations M (e.g., 50, 100). Plot the time signals and
their spectra for the first realization; also plot the ensemble means.
Repeat the above steps for different SNR values (e.g., -5, -1, 0, 1, 3, 10).

Task 2

For each realization in Task 1, find the pdf of noise pn (n) and take the average of
all realizations. Compare this pdf with the theoretical pdf given by:

pnðnÞ ¼
1ffiffiffiffiffiffi
2p
p

r
e�n2=2r2

Show practically that

Z1

�1

pnðnÞdn � 1

 Realization 1

 Realization 2

 Realization 3

  t = 0   t = t
o

  t, sec 

  t, sec 

  t, sec

Fig. D.4 Sample functions of a noise process
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Compare this result with the theoretical result, which is 1 exactly.
Find the mean and variance of one realization and compare with the theoretical
values. As in Task 1, consider different SNRs.

Task 3

Find the autocorrelation function of the signals x(t), n(t), and y(t). Find the cross-
correlation Rxn (s) between the signal x(t) and the noise process n(t).

Experiment # 4: Filter Design with Application to Noise Reduction

Introduction

MATLAB provides built-in codes for designing analog and digital filters. In this
experiment we will consider Butterworth and Chebychev-I filters. You can type on
the command line [help butter and [ help cheby1 to know the design
parameters of these filters. As an application of filtering, we will design a filter for
the purpose of reducing noise that corrupts a narrowband signal of known
frequency (if the signal frequency is unknown, then this approach fails and we
need an adaptive filter for noise reduction).
White Gaussian noise n(t) is a broadband signal since it is uncorrelated (i.e. its
autocorrelation function is a weighted delta function, hence its power spectral
density is constant for all frequencies as shown in Fig. D.5.
Normally, we are interested in a specific frequency band (-B \ f \ B) for
practical applications. For example, in speech signal processing, the important
frequency band is about 4 kHz, and the whole audible spectrum is less than
20 kHz. Since noise power is given by

pn ¼
Z1

�1

Gnðf Þdf ;
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Fig. D.5 Spectrum of a time delta function



then we can reduce this power by applying a filter (LPF or BPF) to extract only the
area of interest in the spectrum.

MATLAB Simulation

In this experiment we will design filters for the purpose of noise reduction in
narrowband signals.

Task 1

Consider a signal x(t) corrupted by additive Gaussian noise n(t), where x(t) = asin
(xot), with a ¼ 1; fo ¼ 1 Hz; 0� t� 10 s; and SNR = 2 dB. Plot the time signals
x(t) and s(t) = x(t) + n(t) with their spectra. Design a LPF (Butterworth and
Chebychev 3 dB ripple) of minimum possible order K such that the attenuation is
less than -80 dB for f [ 10 Hz. You should carefully specify the appropriate cut-
off frequency fc. Plot the filter transfer function given by

Hðf ÞdB ¼ 20 log10 jHðf Þj;

and vary K until you reach the proper order. Then filter s(t) and plot the time
output signal y(t) with its spectrum and compare with s(t).

Task 2

In this task we study the effect of the sampling frequency on a recorded signal, and
we conclude that if we want to process a recorded signal, we should know its
sampling frequency. Listen to any test audio signal, e.g., Ohno.wav (can be
downloaded from http://free-loops.com/download-free-loop-3022.html), using a
media player (just double-click on the file icon). On MATLAB use x = wav-
read(‘Ohno’) to convert the audio file to a vector of numerical values (volt-
ages) suitable for mathematical processing. The sampling frequency of Ohno can
be read from the media player; it is fs = 22 kHz. Try changing fs to 35 kHz then
re-write the signal on another file using the statement

Ohno1 ¼ wavwriteðx; fs; ‘Ohno1:wav0Þ;

Now listen to the new file. Change the sampling frequency to 15 kHz and repeat
the process.

Task 3

In this task we consider audio effects as explained in the lecture notes. Implement
an FIR filter with 4 coefficients to simulate echoes, and then listen to the resulting
audio signal. Change the magnitude of the coefficients and listen again.
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Task 4

Now listen to a single-tone test audio signal saved as ‘‘stone’’ (e.g., 440 Hz sound
from http://www.mediacollege.com/audio/tone/download/). Find its sampling
frequency fs (it is 44.1k Hz). Read the signal as x. Add Gaussian noise n (of
power = -20 dB) to the signal and write the result as s = x + n in your directory
as an audio signal using wavwrite(s,fs,’stonen.wav’). Listen to the
corrupted signal and compare with the original one. Plot the time signals x and s
with their spectra versus the normalized frequency ranges fn = f/fs and
fN = f/(fs/2). Now design a digital filter (LPF Butterworth) of order 10 and
normalized cut-off frequency wcr=wc/(fs/2), where wcr is the cut-off fre-
quency which should be chosen carefully to reduce noise. Plot the frequency
response of the digital filter using freqz. Then filter the discrete signal s to get the
signal y. Plot y and its spectrum Y, then compare with the original and noisy
signals.

Experiment # 5: A Sinusoidal Digital Oscillator

Introduction

A digital oscillator is a system that generates an output waveform (like a sinusoid)
without a need for an input signal, except for a D.C. supply and perhaps a trigger
(like a delta function) at the starting time. The theory of operation is based on the
fact that a digital system with poles on the circumference of the unit circle in the z-
plane is neither stable nor divergent, but oscillatory (or, marginally stable).
To design a digital sinusoidal oscillator, we need a transfer function in the z-
domain whose impulse response is a sinusoid. Using Tables we can reach at the
following z-transform pair:

hðnÞ ¼ sin½ðnþ 1Þb� !Z HðzÞ ¼ sinðbÞz2

z2 � 2cosðbÞzþ 1
ð1Þ

Since n represents the time count, b would represent the normalized radian
frequency Xo ¼ xoTs, hence the frequency of oscillation is fo ¼ xo=2p ¼
ðb=TsÞ=2p ¼ ðb=2pÞfs Hz; and we should have jbj\p.
Note that the two poles of this system are the roots of z2 - 2cos (b)z + 1 = 0,
which are given by:

p1;2 ¼ cosðbÞ 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ðbÞ � 1

p
¼ cosðbÞ 
 jsinðbÞ ¼ e
jb ð2Þ

Hence, the poles are exactly on the circumference of the unit circle, and the system
is neither stable nor unstable (oscillatory). Figure D.6 shows the implementation
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diagram of this system. The pole-zero diagram and frequency response are shown
in Fig. D.7.

MATLAB Simulation

In this experiment we will design a second-order IIR filter to perform as a
sinusoidal oscillator.

Task 1

The generated sinusoid has an amplitude A = 1 and frequency fo = 1 Hz. Choose
the sampling frequency of the system as fs = 100 Hz (fs  fo). Write the transfer
function of the system as in Eq. 1 above, from which find the frequency response
of the system and plot it.

Task 2Now analyze the system using zplane function on MATLAB. Find the
poles of the system using roots. Find the angles of these poles, from which find
the frequency of the oscillator.
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Fig. D.7 PZ-diagram and frequency response of the sinusoidal digital oscillator
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Task 3

Define the system true time and plot the theoretical impulse response as in Eq. 1.

Task 4

Analyze the system using tf, impulse, and freqz. Plot all results.

Task 5

Now simulate the oscillator circuit as shown in Fig. D.6. Enter a delta signal and
find the output. Plot and compare with previous methods of finding the impulse
response.

Task 6

Find the effect of changing the sampling frequency on the system. Reduce the
sampling frequency to 10 Hz and compare.

Task 7

With fs = 100 Hz and A = 1, try to generate 2, 10, 45, 60, and 70 Hz sinusoids.
See what happen if fo [ fs/2. Change the amplitude and plot the resulting output
signals.

Experiment # 6: Sampling and Reconstruction

Introduction

To process analog (i.e., continuous-time) signals using digital technology, we
should convert these signals into digital signalsthrough sampling and A/D
conversion. In most applications, sampling is uniform, i.e., the sampling interval Ts

and the sampling frequency, fs = 1/Ts, are constant. Ideal sampling can be
formulated as multiplication of the analog signal x(t) by the a train of time
impulses pðtÞ ¼

P1
n¼�1 dðt � nTsÞ as shown in Fig. D.8 The spectrum of this

time impulse train is the frequency impulse train Pðf Þ ¼ fs
P1

k¼�1 dðf � kfsÞ.
The above multiplication in the time domain would be a convolution in the
frequency domain between the frequency impulse train and the spectrum of the
analog signal, X(f), which results in the scaling (by fs) and repetition (every fs) of
this spectrum as shown in Fig. D.9, where we used the normalized frequency
v = f/fs. The new spectrum is called the discrete-time Fourier transform (DTFT).
Reconstruction of the sampled signal (back to the analog signal) is possible
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through an analog low-pass filter on the condition that the sampling frequency is
more than twice the signal bandwidth B, i.e.,

B� fs
2
:

The sampling rate fs = 2B is called the Nyquist rate; which is the minimum rate
for safe sampling. If B [ fs/2, replicas of the signal spectrum X(f) that constitute
the DTFT will overlap, and part of the information is damaged. This overlap is
called frequency aliasing. Hence, in practice, we normally bandlimit the signal
before sampling to remove the unimportant frequency content that may cause
aliasing. This can be achieved using a LPF (which is called anti-aliasing filter). If
the sampling frequency is near the Nyquist rate, the anti-aliasing filter should have
a sharp cutoff at f = B, otherwise aliasing may occur. If fs  2B, we can relax this
condition on the anti-aliasing filter. This is important in hardware implementation
to reduce the LPF complexity.
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Fig. D.8 Sampling process in the time-domain
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MATLAB Simulations

Task 1

Write a MATLAB code to simulate the sampling process of an analog signal.
Since analog signals are approximated on the computer, you should distinguish
between the simulation sampling period (frequency) and the actual sampling
period (frequency). Take the system sampling period to be T = 1e-4 s. With a
time limit of 10 s, generate the global time and frequency vectors. Sinusoidal and
linear FM signals are important in applications. Simulate a sinusoid of frequency
20 Hz (hence, to avoid aliasing, the sampling frequency should be more than
40 Hz). Plot the time signal and its spectrum.

Task 2

Use the MATLAB function square to simulate the time impulse train. Its duty
cycle (the ‘‘ON’’/‘‘OFF’’ duration ratio) should be very small to simulate impulses.
Its frequency would be the actual sampling frequency. Plot it in the time and the
frequency domains and verify the theoretical formulas stated above.

Task 3

Now multiply the analog signal by the sampling signal (the impulse train). Plot the
resulting spectrum for a sampling frequency of 25, 100, and 500 Hz and check for
aliasing.
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Task 4

Design an analog 9th-order Butterworth LPF with cutoff frequency of 50 Hz and
filter the sampled signal. Plot the output signal and its spectrum and compare with
the original analog signal for sampling frequency of 50, 100, and 500 Hz and
check for aliasing.

Task 5

Now generate a LFM signal of initial frequency 10 Hz and modulation index of
0.7. Note that the sinusoid is a periodic function (hence, its spectrum is impulses)
while the LFM is non-periodic (hence, its spectrum is a continuous function of
frequency). From the spectrum we see that the maximum frequency in the LFM is
about 50 Hz, hence, we expect the sampling frequency to be at least 100 Hz to
avoid aliasing. Try fs = 50, 100, and 500 Hz then compare the results.

Task 6

In this task we study the audio effect of aliasing. Download and listen to an audio
signal such as Ohno.wav which was used before in Experiment 4. On MATLAB use
[x,fs,bits] = wavread(‘Ohno’) to convert the audio file Ohno.wav to a
vector of numerical values (and know its original sampling frequency and number
of quantization bits). The sampling frequency of Ohno can be read fs = 22 kHz.
Try downsampling Ohno to fk = fs/k (k integer) then re-write the signal on
another file using the statement wavwrite(x,fs1,‘Ohno1.wav’). Now
listen to Ohno1.wav. At what value of k does aliasing start to occur? Why?

Experiment # 7: Binary Signal Transmission

Introduction

In binary communication systems, binary data (which is a sequence of 0’s and 1’s)
are often transmitted through a channel using two orthogonal signals, s0 (t) and s1

(t). One possible signal configuration is shown in Fig. D.10.
If data is large, then 0’s and 1’s are equally probable (p(1) = p(0) = 1/2) and
statistically independent. The AWGN channel adds Gaussian noise (wideband,
approximately white) with power spectral density (PSD) = g/2 (W/Hz). Hence, the
received signal will be in the following form:

rðtÞ ¼ siðtÞ þ nðtÞ; i 2 f0; 1g; 0� t� T :
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Assuming that s0 and s1 are as shown in Fig. D.10, and that s0 was transmitted,
the outputs of the two matched filters at the time instant t = T are as follows:

r0 ¼
ZT

0

rðtÞs0ðtÞdt ¼
ZT

0

½s0ðtÞ þ nðtÞ�s0ðtÞdt

¼
ZT

0

s2
0ðtÞdt þ

ZT

0

nðtÞs0ðtÞdt ¼ E þ n0

r1 ¼
ZT

0

rðtÞs1ðtÞdt ¼
ZT

0

½s0ðtÞ þ nðtÞ�s1ðtÞdt

¼
ZT

0

s0ðtÞs1ðtÞdt þ
ZT

0

nðtÞs1ðtÞ ¼ 0þ
ZT

0

nðtÞs1ðtÞ ¼ n1

Both n0 and n1 are Gaussian and have zero means. The variances of n0 and
n1, ri

2(i = [ {1, 2}), are given by:
r2

i ¼
g
2

E;

where E is the energy of the signals s0 and s1 [Note that s1
2 (t) = s0

2 (t)].
Now if s1 (t) was transmitted, then r0 = n0, r1 = E + n1 with same statistics as
above.

Probability of Error

The matched filter compares r1 and r0. It will decide that a ‘‘0’’ was transmitted if
r0 [ r1, and that ‘‘1’’ was transmitted if r0 \ r1. If ‘‘0’’ was transmitted, then error
will occur only if r1 [ r0.
It can be shown that the above probability of error can be expressed as follows:
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Fig. D.10 Orthogonal signals for binary transmission
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Pe ¼
1
2
� 1

2
erf

ffiffiffiffiffiffiffiffiffi
SNR

2

r !

where the error function erfðyÞ ¼ 2ffiffi
p
p
R y

0 e�u2
du is a reference function in

MATLAB, and SNR is the signal-to-noise ratio defined by:

SNR ¼ E=g;

and is normally given in dB as SNRdB, where SNRdB ¼ 10 log10ðSNRÞ.
The probability of error Pe is the basis for performance evaluation of
communication systems.
The same probability of error Pe is obtained if ‘‘1’’ was transmitted. Hence, the
average probability of error is given by:

Pe; av ¼ Pe:

Figure D.11 shows the general shape of Pe against SNR.

Binary Transmission Using Antipodal Signals

Two signals s0 (t) and s1 (t) are said to be antipodal if s0 (t) = -s1 (t). One
possible configuration is to use two voltage levels, ±V. Figure D.12 shows another
configuration.
Using orthogonal signals, we need a bank of two matched filters for optimum
reception. However, if we use two antipodal signals, we need only one matched
filter. The received signal is r(t) = ±s(t) + n(t). Following the same analysis as for
orthogonal signals, we find the following results:

• Output of the matched filter z = ±E + na (where na ¼
R T

0 nðtÞsðtÞdt),
• Variance of na ¼ g

2 E (same as that of n1 and no for orthogonal transmission).

• Probability of error ¼ Pe ¼ 1
2 � 1

2 erfð
ffiffiffiffiffiffiffiffiffiffi
SNR
p

Þ: The decision will be as follows: if
z [ 0, then s(t) was transmitted (which may represent ‘‘1’’), otherwise -s(t) was
transmitted.

Hence, Pe using antipodal signals is less than Pe using orthogonal signals for the
same SNR. Therefore, if no modulation is used later in the system, antipodal signal
transmission is more efficient for baseband binary communications.

MATLAB Simulation

In this experiment we will consider simulation of baseband binary signal
generation and transmission, as well as performance analysis using the error

Appendix D: DSP Lab Experiments 337



function. This is important in many applications like communications between
computers operating in the same neighborhood.

Task 1

Simulate a binary communication system with two orthogonal signals. Use the
flowchart shown in Fig. D.13. Take E = 1 and generate N = 1000 bits data
sequence {d(n)}. To generate a sequence of equiprobable 1’s and 0’s, use ‘‘rand’’
function on MATLAB, which gives you a random number uniformly distributed
over the interval (0,1). Use the simple rule: if rand [0.5, then d(n) is ‘‘1’’,
otherwise ‘‘0’’. However, you should use a smart algorithm for data generation that
avoids the use of loops. Mix data with noise to simulate transmission and matched
filter reception, then find the probability of error as a function of the SNR. Better to
use a separate function for the probability of error calculation. Compare with the
theoretical curve.
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Fig. D.11 Probability of error versus SNR in baseband binary communications
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Task 2
Using the same approach (but one matched filter), simulate a binary

communication system with two antipodal signals. Find the probability of error
versus SNR. Compare with the theoretical result and with orthogonal signal
transmission.

Task 3

Simulate the above system without matched filters and compare with results in
Tasks 1 and 2 above.

Experiment # 8: Simulation of the Sinusoidal Digital
Phase-Locked Loop

Introduction

The sinusoidal DPLL (SDPLL) is an important system in signal processing and
communications. Like other PLLs, the SDPLL is a feedback system that arranges
its local frequency to be equal to the input frequency. It can be used for signal
detection, frequency tracking, and synchronization. Unless the incoming frequency
x is equal to the center frequency xo, the first-order SDPLL (which utilizes a
multiplication constant G1 only in its filter) has always a non-zero steady-state
phase error, /ss. The 2nd-order SDPLL [which utilizes a first-order digital filter
H(z) = G1 + G2/(1 - z-1)] always locks on zero /ss. A block diagram of the
SDPLL is shown in Figure D.14 below. The sampler here operates as phase error
detector (PED).

  Random 
  number 
  generator

    Binary 

      data 
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 to  "0"

 Filter
 matched
 to  "1"
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  Comparator

  Error Counter

  Original data
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Fig. D.13 Flow chart of a binary communication system simulator
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The input x(t) is assumed to be a sinusoidal signal as follows:

xðtÞ ¼ Asinðxt þ hoÞ þ nðtÞ:

The phase difference equation for the 1st-order SDPLL is given by:

/ðk þ 1Þ ¼ /ðkÞ � K2sin½/ðkÞ� þ Ko

where Ko ¼ 2pðx� xoÞ=xo and K2 = x G1A. If we define K1 = x0G1 A, and
the frequency ratio W = xo/x, then we have K2 = K1 (x/xo) = K1/W.

The locking range is determined by the conditions:

K1 [ 2pj1�W j

and

K1\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4þ 4p2ÞW2 � 8p2W þ 4p2

p
:

It should be noted that extreme points in this range does not ensure locking for
all values of the initial phase error. The steady-state phase error is given by:

/ss ¼ sin�1ðKo=K2Þ:
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Fig. D.14 Block diagram of the SDPLL with associated waveforms
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MATLAB Simulations

Task 1

Write a MATLAB code to simulate the locking process of the 1st-order
SDPLL. First, plot the locking range. Then, let A = 1, xo = 2p (rad/s), W = 0.9,
K1 = 0.8 and take ho = / (0) = 0 rad. Hence, the incoming frequency is f = fo/
W = 1/0.9 = 1.1 Hz. Make sure that the loop is inside the lock range. As we
expect locking normally in less than 50 cycles, consider only 50 samples. Plot the
input signal and the sampled signal. Also plot the phase /(k) and the instantaneous
frequency [x(k) = 2p/T(k)] as functions of time. Check with the theoretical value
of /ss. Vary the initial phase / (0) = ho to take on the values -3, -2, -

1, 0, 1, 2, 3 and see the difference in the locking process. Does the initial phase
affect /ss?

Task 2

Repeat Tasks 1 and 2 for various combinations of (W,K1) as follows: (0.9,1.5),
(1.2,1.7), and (1.4,3). Let (W,K1) be outside the locking range and plot the phase
and frequency transients.

Task 3

Plot the phase plane diagram of the 1st-order SDPLL for Tasks 1 and 2.

Experiment # 9: Adaptive Wiener Filter for Noise Reduction
and Channel Estimation

Introduction

Wiener filter is an optimum filter for estimation or prediction signals corrupted by
noise or distorted by the transmission channel. Adaptive Wiener filter is a
programmable filter whose coefficients [i.e., its impulse response non-zero values,
{h(k)}] are changed (adapted) according to the current available samples of the
observed signal {y(n)} and a desired (reference) signal {d(n)}, to give an optimal
estimate x̂ðnÞ of the original signal {x(n)} at the time instant n [see Fig. D.15]. An
adaptive filter utilize s a feedback algorithm to update the filter coefficients at each
time instant n; hence, it can compensate for time-varying channel conditions.

The filter coefficients are adapted according to an algorithm, which can be
implemented by hardware or simulated on a microprocessor or a computer. The
adaptive FIR Wiener filter algorithm is a least mean-squared (LMS) error
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algorithm, based on minimizing the MSE error emse ¼ Ef½eðnÞ�2g ¼ Ef½dðnÞ �
x̂ðnÞ�2g at every time instant n as we have shown earlier.

Define:
hðkÞ ¼ ½hoðkÞ h1ðkÞ h2ðkÞ� � �hMðkÞ�, the filter coefficients at the kth instant.
yðkÞ ¼ ½yðkÞ yðk � 1Þ yðk � 2Þ� � �yðk �MÞ�, observed signal vector at kth

instant.The algorithm can be described in vector form (MATLAB-like code)
as follows:

h(0) = 0; % Initialize the filter coefficients.
for n = 1 : N % N = length(y);
x̂ðnÞ ¼ hðn� 1ÞyTðnÞ; % Filter output (this is matrix multiplication).
eðnÞ ¼ dðnÞ � x̂ðnÞ;
h(n) = h(n - 1) + l * e(n)y(n); % l is the step-size.
end

The choice of l will affect the estimation accuracy and the convergence speed
of the algorithm. Small values of l will give better accuracy but slower
convergence. Large values will do the contrary. Very small or very large values
for l will cause significant errors. Hence, a compromise would be optimal.

Larger filter length M + 1 gives better estimation, but more delay.
Application 1: Noise reduction in narrowband signals: For estimation of

narrowband signals (like single-tone sinusoids) with known frequency band, we
can use a normal LPF for noise reduction, but for unknown frequency band, we use
adaptive Wiener filter with d(n) = y(n) and input sequence {y(n - 1)}, as shown
in Fig. D.16.

Application 2: Channel estimation: In mobile communications, a ‘‘training
sequence’’ is sent before transmission of data. The receiver knows this signal and
utilizes a copy of it as the desired signal d(n). The adaptive Wiener filter can
arrange its optimal coefficients during the short period of transmitting the training
sequence before actual data are transmitted. Hardware or software implementation
of the above algorithm is possible.
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  noise
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     Adaptive 
         Filter

        Observed 
            signal 
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     Estimate of x ( n ) 
   ^   x ( n )

  Error,   e ( n )

          d ( n )
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Fig. D.15 Adaptive filter configuration
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MATLAB Simulation

Task 1

On MATLAB simulate the signal y(k) = x(k) + n(k), where x(k) = sin (xo

kTs), Ts = 0.01, the time vector is 0 \ t \ 10 (s), fo = 2 Hz, n(t) is Gaussian
noise, SNR = 2 dB. Assume that you know fo and try to reduce noise using a LPF
(choose the cutoff frequency carefully).

Task 2

Now assume you don’t know the signal frequency. Implement the adaptive
Wiener filter for the purpose of noise reduction as shown in Fig. 2. Choose the
number of taps M + 1 = 101, l = 0.001 and plot all signals. Vary M + 1 to 5, 10
and compare.

Task 3

With M + 1 = 101, vary l to take the values 1e-4, 2e-4, 5e-4, 1e-3, 2e-3,
5e-3, 1e-2, 2e-2 and find the mean-squared error (MSE) as a function of l.
Find lmin, the value of l that gives minimum MSE, and plot the corresponding
signals and spectra.

Task 4

Assume that the communication channel causes ISI that spans 11 symbols,
where the channel transfer function is

Hc ¼ ½:05� :063:088 � :126� :25:9047:250:0:126:038:088�;

Assume channel noise of variance -40 dB. Generate a random sequence of
length N = 20 binary symbols of 0’s and 1’s (take number of realizations R = 20
and R = 200) and use them as the transmitted signal which will pass through the
channel Hc, also use them as a reference signal (the receiver knows these
sequences). The channel estimated transfer function will be given by the inverse of
the filter updated transfer function, He(z). Plot |1/Hc(f)| and |He(f)| and compare.
Plot the mean-squared error signal (MSE) used by the filter versus the number of
realizations. Compare this with the MSE in Hc estimation.

      z −1   Adaptive
      filter

   ̂
  x ( n )

  d ( n )

 y ( n )

Fig. D.16 Noise reduction using an adaptive filter

Appendix D: DSP Lab Experiments 343



Task 5

Re-run Task 4 several times (for R = 20 and 200) and check how this affects
the MSE of the adaptive filter error signal. Change channel noise to -20 dB and
check the MSE for a given R and N.

Task 6

Take R = 200 and N = 50, 500, 1000 and compare the MSEs.

Task 7

Change the channel noise to -20 dB with R = 200, N = 500 and check the
MSE. Re-run the code and check this result.

Experiment # 10: Delta Modulation System

Introduction

Delta modulation (DM) system is a single-bit differential PCM system that utilizes
higher sampling rates to reduce the number of bits necessary for quantization,
hence it reduces the cost of the system since increasing the sampling frequency is
less expensive than increasing the word length. This makes DM suitable as ADC
for audio applications, where the signal band is 20 kHz, hence the DM can use
moderately high sampling frequencies.

DM system can be built in the analog domain or in the digital domain.
However, it is not possible to implement an adaptive analog DM, hence we prefer
the digital DM. Figure D.17 shows a digital DM system that consists of a 2-level
quantizer and an integrator in the feedback loop. If the step D is small and the input
signal has a steep slope, the DM can loose tracking and a slope overload occur. To
avoid this problem, adaptive DM should be used. Figure D.18 shows an adaptive
DM system.

344 Appendix D: DSP Lab Experiments

 1

 −1
   Quantizer

   Integrator

  

 Clock ( f
s
 )

 −1
 Δ   

 x ( t )

 x ( n )

 y ( n )
   e ( n )

  ^  x ( n )

                            [ DM Encoder ]
     z−1

    Δ   Σ
 Integrator

 [ DM Decoder ]

 LPF  ∼ x ( t )

Fig. D.17 DM configuration



MATLAB Simulation

In this experiment we will simulate DM and adaptive DM systems and compare
their performance using sinusoidal and LFM input signals.

Task 1

On MATLAB generate the signal x(k) = Asin(xokTs), with sampling period
Ts = 0.02 s, amplitude A = 0.5 V, frequency fo = 1 Hz, and time vector
0 \ t \ 10 (s). With a step of D ¼ 0:07, simulate the delta modulation system
in Fig. D.17. Plot the input signal, the estimated signal, and the output of the DM
system along with their spectra. Can you find the effect of quantization on the
output signal spectrum? The output signal is a square wave, however, its spectrum
reveals a sinusoidal content.

Task 2

Implement the DM demodulator shown in Fig. D.17. Use a digital 4th-order
Butterworth low-pass filter. Plot the demodulated signal and its spectrum and
compare with the original signal.

Task 3

Vary the quantization step to 0.03, 0.1, and 0.2. Check the quantization noise
and the slope overload.

Task 4

Repeat Tasks 1, 2, and 3 for a linear FM signal with amplitude 0.2 V, initial
frequency 0.5 Hz, and modulation index of 0.5.

Task 5

Now implement the adaptive delta modulation system as shown in Fig. D.18,
with an initial step of 0.03 and a step modification constant K = 1.3. For
sinusoidal and LFM inputs, plot the input signal and its modulated version along
with their spectra. Compare with the non-adaptive DM system.
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DSP Project

Part 1: Problem Solving Using MATLAB

(A) Prime numbers

(A-1) A prime number (p) is an integer that has no factors or divisors except 1
and itself. The first 12 prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23,
29, 31, and 37. Note that 2 is the only even prime number. Prime
numbers play a significant role in coding and computation algorithms
and circuits.

(A-2) Write a MATLAB code to find whether a given integer x is a prime.
(A-3) Write a MATLAB code to find the number of primes less than or equal to

a given real number x (not necessarily an integer). This is called ‘‘prime
counting function, p(x)’’. For example, p(10) = p(10.9) = 4.

(A-4) Prime number theorem As x becomes large, p (x) approaches x= lnðxÞ.
Prove using MATLAB simulation.

(B) Non-linear equations
Using MATLAB, find whether the equation cos(x) = x2 has a solution over
the interval [ - 3, + 3].
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Fig. D.18 Adaptive DM system
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(C) 3D plotting
Plot the function z(x, y) = cos(x)exp(- |y|) and its first derivatives. Plot a few
2D cross-sections of z.

(D) Computation algorithms are of fundamental importance in designing new
generations of faster and more efficient computers and digital signal
processors (DSP). Mersenne primes (MP’s) are important in computation
algorithms and hardware as they enable binary arithmetic while using
‘‘Number Theoretic Transforms’’. An integer m is a Mersenne Primeif it is a
prime number of the form m 5 2p 2 1, where p is a prime. There are only 44
MP’s discovered so far. The first 9 MP’s are 3, 7, 31, 127, 8191, 131071,
524287, 2147483647, 2305843009213693951 (corresponding to p 5 2, 3, 5,
7, 13, 17, 19, 31, 61), while the last known MP is m44 5 232582657 2 1
(discovered in 2006 and is composed of 9808358 digits). Write a MATLAB
code to find the first 5 MP’s.

Part 2: System Implementation

Choose Project-2a or Project-2b as follows.

Project-2a: Hardware Design of Digital Systems

I. Design a digital integrating or differentiating circuit. Using ADC/DAC,
apply analog sinusoids (from a signal generator) with different frequencies
and find the magnitude and phase spectra. Verify the function of the circuit
on the oscilloscope.

II. Design a first-order digital phase-locked loop or a digital delta modulation
system and verify the circuit operation using a sinusoidal signal generator
and an oscilloscope.

Project-2b: Software Analysis of the Sinusoidal Digital Phase-Locked Loop

A: Frequency Tracking of a Sinusoid
Task 1: Noise-Free Analysis
Using MATLAB, simulate the 1st-order sinusoidal DPLL shown in Fig. D.19

Consider a sinusoidal input signal, plot the locking range of the loop, and study the
loop behavior for different circuit parameters. Consider the phase plane, the
sampling process and the transient phase and frequency. For a fixed frequency
ratio W and initial phase (but different combinations), find the effect of the loop
gain K1 on the locking speed. Locking is practically reached when the difference
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between successive phase errors is smaller than some positive number (e.g., 0.01).
Also find the effect of the initial phase error on the locking speed assuming the
frequency ratio and the loop gain are fixed.

Task 2: Noise Analysis
Consider a sinusoidal input signal corrupted by an AWGN noise. Find the pdf

of the SDPLL output frequency for different SNRs. Discuss whether the SDPLL
can estimate the input frequency in noisy environments. Take several
combinations of the loop gain and the frequency ratio. Plot the variance of the
loop frequency estimate as a function of SNR.

B: Demodulation of PM Signals Using SDPLL
The first-order SDPLL can demodulate PM signals as shown in Fig. D.20

below. Using MATLAB, simulate the PM demodulation circuit and study its
behavior under noise-free conditio ns for different values of the modulation index.

C: Second-Order SDPLL
The second-order SDPLL utilizes a proportional-plus-accumulation filter and

locks on zero phase. Simulate this loop and study its performance (as a frequency
estimator) in Gaussian noise. Note that two initial phases should be considered.
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