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Chapter 1

Problem 1.1

A nucleus, originally at rest, decays radioactively by emitting an electron of mo-
mentum 1.73 MeV/c, and at right angles to the direction of the electron a neutrino
with momentum 1.00 MeV/c. ( The MeV (million electron volt) is a unit of energy,
used in modern physics, equal to 1.60 x 107% erg. Correspondingly, MeV/c is a
unit of linear momentum equal to 5.34 x 10717 gm-cm/sec.) In what direction does
the nucleus recoil? What is its momentum in MeV/c? If the mass of the residual
nucleus is 3.90 x 10722 gm, what is its kinetic energy, in electron volts?

Place the nucleus at the origin, and suppose the electron is emitted in the
positive y direction, and the neutrino in the positive z direction. Then the
resultant of the electron and neutrino momenta has magnitude

[Petv| = v/ (1.73)2 + 12 = 2 MeV/c,
and its direction makes an angle

173
1

with the z axis. The nucleus must acquire a momentum of equal magnitude
and directed in the opposite direction. The kinetic energy of the nucleus is

P 4MeV2c2  1.78-107?" gm

= m~23010%gm  1Meve2 1

0 = tan = 60°

This is much smaller than the nucleus rest energy of several hundred GeV, so
the non-relativistic approximation is justified.
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Problem 1.2

The escape velocity of a particle on the earth is the minimum velocity required
at the surface of the earth in order that the particle can escape from the earth’s
gravitational field. Neglecting the resistance of the atmosphere, the system is con-
servative. From the conservation theorem for potential plus kinetic energy show
that the escape velocity for the earth, ignoring the presence of the moon, is 6.95
mi/sec.

If the particle starts at the earth’s surface with the escape velocity, it will
just manage to break free of the earth’s field and have nothing left. Thus after
it has escaped the earth’s field it will have no kinetic energy left, and also no
potential energy since it’s out of the earth’s field, so its total energy will be zero.
Since the particle’s total energy must be constant, it must also have zero total
energy at the surface of the earth. This means that the kinetic energy it has at
the surface of the earth must exactly cancel the gravitational potential energy
it has there:

SO

1/2

o= [(2GMRY _ (2:(667- 10 m? kg™3 s72) - (5.98 - 10%* kg)
B Rr |~ 6.38 - 106 m
1m

= 6.95 mi/s.
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Problem 1.3

Rockets are propelled by the momentum reaction of the exhaust gases expelled from
the tail. Since these gases arise from the reaction of the fuels carried in the rocket
the mass of the rocket is not constant, but decreases as the fuel is expended. Show
that the equation of motion for a rocket projected vertically upward in a uniform
gravitational field, neglecting atmospheric resistance, is

dv  ,dm
m% = -0 E —mg,
where m is the mass of the rocket and v’ is the velocity of the escaping gases relative
to the rocket. Integrate this equation to obtain v as a function of m, assuming a
constant time rate of loss of mass. Show, for a rocket starting initially from rest,
with v’ equal to 6800 ft/sec and a mass loss per second equal to 1/60th of the initial
mass, that in order to reach the escape velocity the ratio of the weight of the fuel
to the weight of the empty rocket must be almost 300!

Suppose that, at time ¢, the rocket has mass m(t) and velocity v(t). The
total external force on the rocket is then F' = gm(t), with g = 32.1 ft/s2, pointed
downwards, so that the total change in momentum between t and ¢ + dt is

Fdt = —gm(t)dt. (1)
At time ¢, the rocket has momentum

p(t) = m(t)v(t). 2

On the other hand, during the time interval dt the rocket releases a mass
Am of gas at a velocity v’ with respect to the rocket. In so doing, the rocket’s
velocity increases by an amount dv. The total momentum at time ¢ + dt is the
sum of the momenta of the rocket and gas:

p(t + dt) = py + pg = [m(t) — Am][v(t) + dv] + Am[v(t) + v'] (3)

Subtracting (2) from (3) and equating the difference with (1), we have (to
first order in differential quantities)

—gm(t)dt = m(t)dv + v'Am

or

dv__ _ YV Am
- 9T me) dt
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which we may write as

dv v
2 - _g— 4
where
_Am _ 1
= Tat 60t

This is a differential equation for the function v(t) giving the velocity of the
rocket as a function of time. We would now like to recast this as a differential
equation for the function v(m) giving the rocket’s velocity as a function of its
mass. To do this, we first observe that since the rocket is releasing the mass
Am every dt seconds, the time derivative of the rocket’s mass is

dm _ _Am _
a -~ at "
We then have
dv _ dvdm _ dv

dt " dmdt | dm’
Substituting into (4), we obtain

dv v

gm0 )
or
d
dv = Ldm +v'—m.
v m

Integrating, with the condition that v(mg) = 0,

Now, y=(1/60)mg s~1, while v’ =-6800 ft/s. Then
m mo
—1930 ft/s- [ — — 1 Jn (0
v(m) = 1930 ft/s ( ; ) + 6800 ft/s n( )

For mg > m we can neglect the first term in the parentheses of the first term,
giving
v(m) = —1930 ft/s + 6800 ft/s - In (%) .

The escape velocity is v = 6.95 mi/s = 36.7 - 10® ft/s. Plugging this into the
equation above and working backwards, we find that escape velocity is achieved
when mo/m=293.

Thanks to Brian Hart for pointing out an inconsistency in my original choice
of notation for this problem.
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Problem 1.4

Show that for a single particle with constant mass the equation of motion implies
the following differential equation for the kinetic energy:
dT
E = F *V,
while if the mass varies with time the corresponding equation is
d(mT)
=F.
dt P
We have
F=p (3)
If m is constant,
F=mv
Dotting v into both sides,
1 d
F.v= v = Zm—|v|?
v=mv-¥=omo [v|
dr
el 6
i (6)

On the other hand, if m is not constant, instead of v we dot p into (5):

_ d(mv)

= mv dt

=mv - vd—m—i-md—v
- dt dt
_121 2 1 Qi 2
=2V g™ T3 W)
_li 2.2y _ d(mT)
=@ ™V ="
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Problem 1.5

Prove that the magnitude R of the position vector for the center of mass from an
arbitrary origin is given by the equation

1
M2R? = M;mir? -5 %:m,-mjrfj.

We have 1
R, = i z; mi%;

SO _ _
N O

z T M2 m;Z; m'Lm]xsz

K i _

and similarly

1
R = e megf + Zmimjyiyj
| i

1

RZ=_— m?

M? X,: ,,224' Z m,-mjzizj
2]

Adding,
s L D omird + > mim(ri )| - (M
R = i i

On the other hand,

2

— 2 2
rij—ri+rj—2r, rj

and, in particular, r% = 0, so

Z mimjr?j = Z[mimjrf + mim]’r; —2mym;(r; - 5)]
i’j

i#]
=2 Z mim;rs — 2 Z mimy;(r; - ;). (8)
i#] i#]

Next,

MY mirf=> m; (Z mirf) = mir} + Y mimr}. 9)
i j i i

i#j
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z,y)

Figure 1: My conception of the situation of Problem 1.8

Subtracting half of (8) from (9), we have

Iy
MZ miry — 3 Z igmim;ry; = Z miry + Zmimj(ri -1j)
i i

and comparing this with (7) we see that we are done.

Problem 1.8

Two wheels of radius a are mounted on the ends of a common axle of length b such
that the wheels rotate independently. The whole combination rolls without slipping
on a plane. Show that there are two nonholonomic equations of constraint,

cosfdzr +sinfdy =0

sin @ dx — cos 0 dy = a(d¢ + de')

(where 0, ¢, and ¢' have meanings similar to the problem of a single vertical disc,
and (z, y) are the coordinates of a point on the axle midway between the two wheels)
and one holonomic equation of constraint,

a /
6=C-3(6-¢)

where C' is a constant.

My conception of the situation is illustrated in Figure 1. 6 is the angle
between the x axis and the axis of the two wheels. ¢ and ¢' are the rotation
angles of the two wheels, and r and r' are the locations of their centers. The
center of the wheel axis is the point just between r and r':

1
(w,y) = i(rw +’I“;,,7‘y +7‘;).
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If the ¢ wheel rotates through an angle d¢, the vector displacement of its center
will have magnitude ad¢ and direction determined by 6. For example, if § = 0
then the wheel axis is parallel to the z axis, in which case rolling the ¢ wheel
clockwise will cause it to move in the negative y direction. In general, referring
to the Figure, we have

dr = adg[sin i — cos ] (10)
dr' = ad¢'[sinfi — cosb ] (11)

Adding these componentwise we have!
do = g[d¢ +d¢']sin @
dy = —g[d¢> +d¢'] cos
Multiplying these by sinf or — cosf and adding or subtracting, we obtain

sin @ dz — cos 0 dy = a[dp + d¢']
cosfdx + sinfdy = 0.

Next, consider the vector r15 = r —r' connecting the centers of the two wheels.
The definition of 8 is such that its tangent must just be the ratio of the y and
x components of this vector:

tanf = Yz
T12

1
— sec’0df = —y% dzia + — dyia.
Tio T12

Subtracting (11) from (10),

sec’ 0d0 = a[dp — d¢'] (_y_;z sinf — —— cos 0)

T1o T12

Again substituting for y12/212 in the first term in parentheses,
sec? 0df = —a[dp — d¢'] é(tane sin 6 + cos @)
or
df = —a[d$ — d¢'] i(sin2 8 cos 6 + cos® )

= —a[d¢ — d¢']xi cos . (12)
12

IThanks to Javier Garcia for pointing out a factor-of-two error in the original version of
these equations.
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However, considering the definition of , we clearly have
T _Tn
(a2, +9i)"? b

because the magnitude of the distance between r1 and rs is constrained to be b
by the rigid axis. Then (12) becomes

cosf =

o = —%[dqﬁ — d¢']

with immediate solution a
9=C—3[¢—¢’]-

with C a constant of integration.

Problem 1.9

A particle moves in the  — y plane under the constraint that its velocity vector is
always directed towards a point on the x axis whose abscissa is some given function
of time f(t). Show that for f(t) differentiable, but otherwise arbitrary, the constraint
is nonholonomic.

The particle’s position is (z(t),y(t)), while the position of the moving point
is (f(t),0). Then the vector d from the particle to the point has components

do = 2(t) = f(t)  dy=y(). (13)
The particle’s velocity v has components
_dz _dy
Ve = vy = (14)
and for the vectors in (13) and (?? to be in the same direction, we require
v _ Yy
vy dg
or
dyfdt _dy _ y(t)
de/dt dzr z(t) — f(t)
S0 p p
Yy x
R0 (19)

For example, if f(t) = at, then we may integrate to find
Iny(t) = In[z(t) — a(t)] + C

or
y(t) =C - [2(t) — o]

which is a holonomic constraint. But for general f(t) the right side of (15) is

not integrable, so the constraint is nonholonomic.
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Figure 2: My conception of the situation of Problem 1.10

Problem 1.10

Two points of mass m are joined by a rigid weightless rod of length [, the center of
which is constrained to move on a circle of radius a. Set up the kinetic energy in
generalized coordinates.

My conception of this one is shown in Figure 2. 6 is the angle representing
how far around the circle the center of the rod has moved. ¢ is the angle the
rod makes with the z axis.

The position of the center of the rod is (z,y) = (acos@,asinf). The
positions of the masses relative to the center of the rod are (Trer,Yrer) =
+(1/2)(I cos ¢,1sin ¢). Then the absolute positions of the masses are

(z,y) = (acosf = % cos g, asinf + % sin ¢)
and their velocities are
(vg,vy) = (—asinff F % sin¢ ¢, acosfd + %cosqbq'ﬁ).

The magnitudes of these are

2, .

lv| = a6 + Z¢2 + al 0 ¢(sin @ sin ¢ + cos b cos @)
. 2 . . .
=a26% + lz¢2 + al @ ¢ cos(6 — ¢)

When we add the kinetic energies of the two masses, the third term cancels,
and we have

_1 2 _ 242 E'z
T—2va = m(a*8 +4¢).
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Problem 1.11

Show that Lagrange’s equations in the form of Eq. 1-53 can also be written as

T 8T
ZZ 9% ..
9¢;  Og; 9

These are sometimes known as the Nielsen form of the Lagrange equations.

Problem 1.12

A point particle moves in space under the influence of a force derivable from a
generalized potential of the form

U(,v)=V(r)+o-L

where r is the radius vector from a fixed point, L is the angular momentum about
that point, and o is a fixed vector in space.

(a) Find the components of the force on the particle in both Cartesian and spherical
polar coordinates, on the basis of Eq. (1-58).

(b) Show that the components in the two coordinate systems are related to each
other as in Eq. (1-49).

(c) Obtain the equations of motion in spherical polar coordinates.

Problem 1.13

A particle moves in a plane under the influence of a force, acting toward a center
of force, whose magnitude is

1 72 — 2fr
F:r—z(l‘T>’

where r is the distance of the particle to the center of force. Find the generalized
potential that will result in such a force, and from that the Lagrangian for the
motion in a plane. (The expression for F represents the force between two charges
in Weber’s electrodynamics).

If we take

1 v? 1 ()?
U(T)=;(1+c—2> :;+W
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then
ou _ 1 _ i
or ~  r2 22
and
40U _d (%) _ % 2
dt or — dt \r)  Er 2r?
% oU doUu 1 2ri — ()2
ri — (7
Q"'WJFEW‘??(”T)

The Lagrangian for motion in a plane is

Problem 1.14

If L is a Lagrangian for a system of n degrees of freedom satisfying Lagrange’s
equations, show by direct substitution that

dF(q17"'aqnat)
dt

also satisfies Lagrange’s equations, where F' is any arbitrary, but differentiable,
function of its arguments.

L'=L+

We have 8L 8L 8 dF
da ~ o oq dt (16)

and oL’ oL 0 dF
= & (17)

8¢ 0¢; | 0g; dt

For the function F' we may write
dF OF, OF
& =2 a0 o

and from this we may read off
odr _or
dg; dt — Og;’
Then taking the time derivative of (17) gives

4oL _doL  doF
dt 6(]7, - dt 6(]1 dt 6(],'




Homer Reid’s Solutions to Goldstein Problems: Chapter 1 13

so we have

oL'" doL' OL dOL 0 dF dOoF

5q; _ dt 04  Oq  diog | O dt | didg

The first two terms on the RHS cancel because L satisfies the Euler-Lagrange
equations, while the second two terms cancel because F is differentiable. Hence
L' satisfies the Euler-Lagrange equations.

Problem 1.16

A Lagrangian for a particular physical system can be written as

L'= %(aa’cz + 2biy + cy®) — g(axz + 2bzy + cy?),
where a, b, and ¢ are arbitrary constants but subject to the condition that b — ac #
0. What are the equations of motion? Examine particularly the two casesa =0 = ¢
and b = 0,c = —a. What is the physical system described by the above Lagrangian?
Show that the usual Lagrangian for this system as defined by Eq. (1-56) is related
to L' by a point transformation (cf. Exercise 15 above). What is the significance of
the condition on the value of b% — ac?

Clearly we have

OL OL . .
%——Kax—Kby %_max—l-mby
so the Euler-Lagrange equation for z is
OL d oL
_4d S bi) = —K _
il i - m(ai + bj) (az + by)

Similarly, for y we obtain
m(bj + cij) = —K (bx + cy).

These are the equations of motion for a particle of mass m undergoing simple
harmonic motion in two dimensions, as if bound by two springs of spring con-
stant K. Normally we would express the Lagrangian in unravelled form, by
transforming to new coordinates u; and us with

u1 = ax + by us = bx + cy.

The condition b?> — ac # 0 is the condition that the coordinate transformation
not be degenerate, i.e. that there are actually two distinct dimensions in which
the particle experiences a restoring force. If b = ac then we have just a one-
dimensional problem.
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Problem 1.17

Obtain the Lagrangian equations of motion for a spherical pendulum, i.e. a mass
point suspended by a rigid weightless rod.

Denoting the mass of the particle by m, the length of the rod by L, and
the angle between the rod and the vertical by 6, we have the particle’s linear
velocity given in magnitude by v = L, while its height is h = —L cos# (where
the fulcrum of the pendulum is taken as the origin of coordinates). Then

L=T-V = %mLzé2 + mgL cosf

so the equation of motion is

oL _ d OL

%—a% —gs1n0:L9.

Problem 1.18

A particle of mass m moves in one dimension such that it has the Lagrangian

m2gt

L=

+mi?V (z) — Vi(2),

where V is some differentiable function of z. Find the equation of motion for x(¢)
and describe the physical nature of the system on the basis of this equation.

We have
OL  ,dV dv
OL m?2i? .
% - 3 +2miV (x)
dOL 5 ... . .d
Hor =™ (£)°% + 2miEV (x) + 2mxdtV(:1:)
In the last equation we can use
d .dv
aV(w) =g

Then the Euler-Lagrange equation is

dv dv
Bl . PSRV AN . .2_ el
195 Ba =0 — m*(£)°% +2miV(z) + m s +2V(z) I
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or
(m:'i' + ‘;—Z) (m#® + 2V (z)) = 0.
If we identify F = —dV/dz and T' = ma? /2, we may write this as
(F-m&)(T+V)=0

So, this is saying that, at all times, either the difference between F' and ma is
zero, or the sum of kinetic and potential energy is zero.

Problem 1.19

Two mass points of mass m; and mgy are connected by a string passing through
a hole in a smooth table so that m; rests on the table and ms hangs suspended.
Assuming ms moves only in a vertical line, what are the generalized coordinates
for the system? Write down the Lagrange equations for the system and, if possible,
discuss the physical significance any of them might have. Reduce the problem to a
single second-order differential equation and obtain a first integral of the equation.
What is its physical significance? (Consider the motion only so long as neither m;
nor my passes through the hole).

Let d be the height of my above its lowest possible position, so that d =
0 when the string is fully extended beneath the table and m; is just about
to fall through the hole. Also, let # be the angular coordinate of m; on the
table. Then the kinetic energy of my is just mad? /2, while the kinetic energy
of my is myd?/2 + m;d®62/2, and the potential energy of the system is just the
gravitational potential energy of ms, U = maogd. Then the Lagrangian is

1 . 1 i
L= §(m1 +ma)d® + §m1d292 — magd

and the Euler-Lagrange equations are
4

dt

(m1 + ma)d = —mag + midb?

(mldzé) =0

From the first equation we can identify a first integral, myd?26 = [ where [ is a
constant. With this we can substitute for  in the second equation:

l2
(m1 +me)d = —mag +

m1d3

Because the sign of the two terms on the RHS is different, this is saying that, if
l is big enough (if m, is spinning fast enough), the centrifugal force of m; can
balance the downward pull of ms, and the system can be in equilibrium.
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Problem 1.20

Obtain the Lagrangian and equations of motion for the double pendulum illustrated
in Fig. 1-4, where the lengths of the pendula are /; and I, with corresponding masses
my and mo.

Taking the origin at the fulcrum of the first pendulum, we can write down
the coordinates of the first mass point:

z1 =1y sinb,

YL = —l1 C0391

The coordinates of the second mass point are defined relative to the coordi-
nates of the first mass point by exactly analogous expressions, so relative to the
coordinate origin we have

zy =1 + la8in by
Y2 = Y1 — la cos b
Differentiating and doing a little algebra we find
@f + 97 = 1767
CE% + yg = l%e% + l%Gg — 2l1l29192 COS(01 — 92)
The Lagrangian is

1 . . .
L= 5 (m1 +m2)l%0f+ %mﬂ%eg —mmigl1126165 COS(91 —92)+(m1 +m2)gl2 cos 0, +7’I’L29l2 cos 05

with equations of motion

d . : .
% [(m1 + mz)lfal — mslil205 COS(91 - 02)] = —(m1 + m2)gl2 sin 6,
and
i l20'2 - l10'1 COS(91 — 92) =—g sin02.
dt

If 6; = 0, so that the fulcrum for the second pendulum is stationary, then the
second of these equations reduces to the equation we derived in Problem 1.17.
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Problem 1.21

The electromagnetic field is invariant under a gauge transformation of the scalar
and vector potential given by

A= A+VI¥(r,i),
107

P> d— -

cot’

where ¥ is arbitrary (but differentiable). What effect does this gauge transformation

have on the Lagrangian of a particle moving in the electromagnetic field? Is the

motion affected?

The Lagrangian for a particle in an electromagnetic field is
L =T - q@(x(t) + LA((®) - v(2)

If we make the suggested gauge transformation, this becomes

=T —q|®(x(t)) — % %—f + % [A(x(1)) - v(t) + v - VE(x(1))]
x=x(t)

=T —q®(x(t)) + %A(x(t)) -v(t) + % [%—f +v-VE(x(t))

=T~ g@(x(0) + LAGx() - v(t) + L L w(x(r)

qd
=L+ zaq’(x(t))

So the transformed Lagrangian equals the original Lagrangian plus a total time
derivative. But we proved in Problem 1.15 that adding the total time derivative
of any function to the Lagrangian does not affect the equations of motion, so
the motion of the particle is unaffected by the gauge transformation.

Problem 1.22

Obtain the equation of motion for a particle falling vertically under the influence
of gravity when frictional forces obtainable from a dissipation function $kv? are
present. Integrate the equation to obtain the velocity as a function of time and
show that the maximum possible velocity for fall from rest is v = mg/k.

The Lagrangian for the particle is

1
L= §m22 — mgz



Homer Reid’s Solutions to Goldstein Problems: Chapter 1 18

and the dissipation function is k22/2, so the equation of motion is

d (0L 0L OF . ks
This says that the acceleration goes to zero when mg = kz, or 2 = mg/k, so
the velocity can never rise above this terminal value (unless the initial value of
the velocity is greater than the terminal velocity, in which case the particle will
slow down to the terminal velocity and then stay there).
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Chapter 3

Problem 3.1

A particle of mass m is constrained to move under gravity without friction on the
inside of a paraboloid of revolution whose axis is vertical. Find the one-dimensional
problem equivalent to its motion. What is the condition on the particle’s initial
velocity to produce circular motion? Find the period of small oscillations about
this circular motion.

We'll take the paraboloid to be defined by the equation z = ar?. The kinetic
and potential energies of the particle are

T= %(ﬁ + 1262 + %)

= %(7’"2 + 7262 + 4a?r%?)
V = mgz = mgar?.
Hence the Lagrangian is
m 2 2y .2 242 2
L= E[(l—i—éla )i + r?0%] — mgar®.
This is cyclic in 8, so the angular momentum is conserved:

| = mr20 = constant.
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For r we have the derivatives

oL .

o = 402mri? + mré? — 2mgar

oL

o7 = m+ 40®r?)r
d oL 2,2 2,24
—— = 1+4 .
T or 8mari< + m(l + 4a“r?)i

Hence the equation of motion for r is
8ma?ri? + m(1 + 4a2r?)it = 4a*mri? + mré? — 2mgar

or

2

m(1 4 4a?r2)i + dma?ri? — mré? + 2mgar = 0.

In terms of the constant angular momentum, we may rewrite this as

12
m(1 + 4ar?)i 4 dma’ri? — — + 2mgar = 0.
mr

So this is the differential equation that determines the time evolution of r.
If initially 7 = 0, then we have

" 12
m(1 + 4ar?)i + ——5 +2mgar = 0.
mr

Evidently, # will then vanish—and hence 7 will remain 0, giving circular motion—

if 2
— = 2mgar
mr

or

6 = 2ga.

So if this condition is satisfied, the particle will execute circular motion (assum-
ing its initial r velocity was zero). It’s interesting to note that the condition on
@ for circular motion is independent of r.
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Problem 3.2

A particle moves in a central force field given by the potential

where k and a are positive constants. Using the method of the equivalent one-
dimensional potential discuss the nature of the motion, stating the ranges of [ and
E appropriate to each type of motion. When are circular orbits possible? Find the
period of small radial oscillations about the circular motion.

The Lagrangian is

e—ar

m .
L= T[4 r2?] 4+ k.
2 r
As usual the angular momentum is conserved:
I = mr?0 = constant.

We have

> =mré* —k(1+ar) 3

oL
oF

so the equation of motion for r is

=mr

. k e—a’r‘
5 92 _ %
F=r - (1+ar) =

l2 —ar

k e
- Fq
- m( +ar)

(1)

2
r
The condition for circular motion is that this vanish, which yields

A k e—ar0/2
6=/ (1 + arg) e @)
m ,«3/2

What this means is that that if the particle’s initial 6 velocity is equal to the
above function of the starting radius rg, then the second derivative of r will
remain zero for all time. (Note that, in contrast to the previous problem, in this
case the condition for circular motion does depend on the starting radius.)

To find the frequency of small oscillations, let’s suppose the particle is exe-
cuting a circular orbit with radius ro (in which case the 8 velocity is given by
(2)), and suppose we nudge it slightly so that its radius becomes r = rg + x,
where x is small. Then (1) becomes

—arg k e—a[r0+x]

k
$—E(1+a’l"0) 7’8 —E(1+Q[T0+x])m

3)
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Since z is small, we may write the second term approximately as

k e—aro x
N (14 arg + ax)(1l — ax) (1—25)
0
k —aro k —aro 1
~ —(1+arp) re a—a(l—i—aro)—QM x
m 3 m e To
k e—a’r’o k e—a’r’o

Q

2
—(1+arg)—5— — —— <2a + =+ a27"0> x.
m r§ m r§ o

The first term here just cancels the first term in (??), so we are left with

. keamo 2 9
T=——7 2a 4+ —+aro | x
m rg o

The problem is that the RHS here has the wrong sign—this equation is satisfied
by an z that grows (or decays) exponentially, rather than oscillates. Somehow
I messed up the sign of the RHS, but I can’t find where—can anybody help?

Problem 3.3

Two particles move about each other in circular orbits under the influence of grav-
itational forces, with a period 7. Their motion is suddenly stopped, and they are
then released and allowed to fall into each other. Prove that they collide after a

time 7/4v/2.

Since we are dealing with gravitational forces, the potential energy between

the particles is

U(r)= —E

r
and, after reduction to the equivalent one-body problem, the Lagrangian is

_ M2 242 E
L'—Q[r +r0]+r

where g is the reduced mass. The equation of motion for r is

uit = prf? — o (4)

If the particles are to move in circular orbits with radius ro, (4) must vanish at
r = rg, which yields a relation between o and 6:

B\ /3
= ()

_ <4’j;1)1/3 (5)
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where we used the fact that the angular velocity in the circular orbit with period
Tis 0 =27/T.

When the particles are stopped, the angular velocity goes to zero, and the
first term in (4) vanishes, leaving only the second term:

L
pr?”

= (6)
This differential equation governs the evolution of the particles after they are
stopped. We now want to use this equation to find r as a function of ¢, which
we will then need to invert to find the time required for the particle separation
r to go from 7¢ to 0.

The first step is to multiply both sides of (6) by the integrating factor 27:

2
277 = ——k;f'
ur
or
d . d [ 2k
7=+ ()
from which we conclude
2k
72 == 4 C. (7)
T

The constant C' is determined from the boundary condition on 7. This is simply
that » = 0 when r = rg, since initially the particles are not moving at all. With
the appropriate choice of C in (7), we have

1/2
. r
L d ok \ 2 T 1
dt L r T
1/2
2k ro—7r
(= o= (8)
] 7o

We could now proceed to solve this differential equation for r(t), but since in
fact we're interested in solving for the time difference corresponding to given
boundary values of r, it’s easier to invert (8) and solve for (r):

0
At:/ (ﬁ> dr
ro \ AT
0 -1
:/ <ﬁ> dr
ro \ At
12 0 1/2
(1) / (ﬂ) dr
2k o \T0—T

0
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We change variables to u = r/rq,du = dr/rg :
_ (ﬁ)l/Q /2 ’ u ) du
- \2k o )i \1-u

Next we change variables to v = sin? z, du = 2sinz cos z d :

o (BN s [0
_2(%) Ty » sin® x dx

= ()%

Now plugging in (5), we obtain

/ 9 \ 1/2
ai= (30" () (3)

as advertised.

Problem 3.6

(a) Show that if a particle describes a circular orbit under the influence of an
attractive central force directed at a point on the circle, then the force varies
as the inverse fifth power of the distance.

(b) Show that for the orbit described the total energy of the particle is zero.
(c) Find the period of the motion.

(d) Find #, ¢, and v as a function of angle around the circle and show that all
three quantities are infinite as the particle goes through the center of force.

Let’s suppose the center of force is at the origin, and that the particle’s orbit
is a circle of radius R centered at (z = R,y = 0) (so that the leftmost point
of the particle’s origin is the center of force). The equation describing such an
orbit is

r(0) = V2R(1 + cos 20)'/2

SO

1 1
u6) = (0) B V2R(1 4 cos20)1/2 ®)
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Differentiating,
d_u B sin 26
df  V2R(1 + cos 260)3/2
d_u 1 2 cos 26 L sin? 260
d9 2R [ (1+cos20)3/2 " (1+ cos 20)5/2
1 1

- 2v/2R (1 + cos 26)5/2
Adding (9) and (10),

[2 cos 26 + 2 cos® 20 + 3 sin® 29] .

(10)

2
1
(leZ +u= VAR(L T cos20)7 [(1+ cos20)® + 2 cos 20 + 2 cos® 20 + 3sin” 26
cos
1
= AR T cos 2073 [4 + 4 cos 26]
B 4
V2R(1 + cos 20)3/2
= 8R%u®. (11)
The differential equation for the orbit is
d*u m d 1
W+“:_z_2ﬁv<ﬂ> 12)
Plugging in (11), we have
d 1
2,3 _ a L
SR u” = B duv (u)
S0
1 212 R? 2°R?
Vi-)=- Vi(r)=- 1
(u) m — (r) mr4 (13)
S0
812 R?
fr) = ——-73 (14)
which is the advertised r dependence of the force.
(b) The kinetic energy of the particle is
T =202 4 247 (15)

2
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We have
r = V2R(1 + cos20)'/?
r? = 2R?(1 + cos 20)

sin 26
._ Jap_ Smn20
" \/_R(l + cos 20)1/2

22 oR? sin20 .,
1+ cos26
Plugging into (15),
.2
. 20
T =mR%? | = 41+ cos20
" [1+cos29+ +eos
R262 sin? 20 4 1 4 2 cos 20 + cos? 26
=m
1+ cosd
= 2mR%¢?

In terms of [ = mr26, this is just
R
 omrt

But this is just the negative of the potential energy, (13); hence the total particle
energy 1T+ V is zero.

(c) Suppose the particle starts out at the furthest point from the center of force
on its orbit, i.e the point x = 2R,y = 0, and that it moves counter-clockwise
from this point to the origin. The time required to undergo this motion is half
the period of the orbit, and the particle’s angle changes from 6 = 0 to § = 7/2.
Hence we can calculate the period as

/2 dt
- @ 1
T 2/0 20

/2
:2/ 4
0 0

Using 6 = I/mr?, we have

/2
:2@/ r2(6) df
L Jo

AR*m

l
- 4R’m 37
-7
3nR*m

l

/2
/ (1 + 2cos 26 + cos? 26) df
0
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Problem 3.8

(a) For circular and parabolic orbits in an attractive 1/r potential having the same
angular momentum, show that the perihelion distance of the parabola is one
half the radius of the circle.

(b) Prove that in the same central force as in part (a) the speed of a particle at
any point in a parabolic orbit is /2 times the speed in a circular orbit passing
through the same point.

(a) The equations describing the orbits are
12
mk

ﬁ _ (parabola.)
mk \ 1+ cosf P ’

Evidently, the perihelion of the parabola occurs when 6 = 0, in which case
r = 1?/2mk, or one-half the radius of the circle.

(circle)
T =

(b) For the parabola, we have

. 12 sin 6 .
T_%<(1+c059)2>9 (16)

sin 6
1+ cosf

SO

vt =72 4 r20?
sin” @ ]

242

= —_—= 1
o [(1—1—0039)2 *
Y sin? 0+ 1+ 2cosf + cos? 0
- (1 + cosh)?
—or2gr | L
1+ cos@

2mkr36?

2
%

in terms of the angular momentum [ = mr262. On the other hand, for the circle
r =0, so

2 .2p2 —
v =10 —mQTQ—% (18)
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where we used that fact that, since this is a circular orbit, the condition k/r =
12/mr? is satisfied. Evidently (17) is twice (18) for the same particle at the
same point, so the unsquared speed in the parabolic orbit is v/2 times that in
the circular orbit at the same point.

Problem 3.12

At perigee of an elliptic gravitational orbit a particle experiences an impulse S (cf.
Exercise 9, Chapter 2) in the radial direction, sending the particle into another
elliptic orbit. Determine the new semimajor axis, eccentricity, and orientation of
major axis in terms of the old.

The orbit equation for elliptical motion is

a(l —€?)

r(®) = 1+ €ecos(6 —6p)

(19)
For simplicity we’ll take 8y = 0 for the initial motion of the particle. Then
perigee happens when 6 = 0, which is to say the major axis of the orbit is on
the x axis.

Then at the point at which the impulse is delivered, the particle’s momentum
is entirely in the y direction: p; = p;j. After receiving the impulse S in the radial
(z) direction, the particle’s y momentum is unchanged, but its 2 momentum is
now p, = S. Hence the final momentum of the particle is py = Si+p;j. Since the
particle is in the same location before and after the impulse, its potential energy
is unchanged, but its kinetic energy is increased due to the added momentum:

52
Ey=FE;+—. 20
Hence the semimajor axis length shrinks accordingly:
k k a;

YT TR T 2B+ 5% /m 1+ S2/(2mE;y)’

(21)

Next, since the impulse is in the same direction as the particle’s distance from
the origin, we have AL = r X Ap = 0, i.e. the impulse does not change the
particle’s angular momentum:

Ly=L;=L. (22)
With (20) and (22), we can compute the change in the particle’s eccentricity:
2E¢L?
mk?

B \/1+2EiL2 L2852
mk?  m2k?’

€f = 1+

(23)
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What remains is to compute the constant 6 in (19) for the particle’s orbit after
the collision. To do this we need merely observe that, since the location of the
particle is unchanged immediately after the impulse is delivered, expression (19)
must evaluate to the same radius at § = 0 with both the “before” and “after”
values of a and e:
a(l- ) ap(l—e)
1+e  14epcosty

1_2
cos@ozi{u—l}.

€f

or

Problem 3.13

A uniform distribution of dust in the solar system adds to the gravitational attrac-
tion of the sun on a planet an additional force

F=-mCr

where m is the mass of the planet, C' is a constant proportional to the gravitational
constant and the density of the dust, and r is the radius vector from the sun to the
planet (both considered as points). This additional force is very small compared to
the direct sun-planet gravitational force.

(a) Calculate the period for a circular orbit of radius ro of the planet in this com-
bined field.

(b) Calculate the period of radial oscillations for slight disturbances from this cir-
cular orbit.

(c) Show that nearly circular orbits can be approximated by a precessing ellipse
and find the precession frequency. Is the precession the same or opposite
direction to the orbital angular velocity?

(a) The equation of motion for r is

.. 2
mr = ﬁ + f(r)
2 k
= - _ . 24
mr3 2 mCr (24)

For a circular orbit at radius r¢ this must vanish:

O—i—ﬁ—m(]r (25)
Comrg g 0
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— 1= \/mkro + m2Cr}

L

— 0= = ——5/mkro + m?>Cr{

mré
/ mC’rO
mr3
mCrd
~,/—= |1 0
v mrg [ * 2k ]

_or 372 mCrd
TE I {1 2%

C’Tg
aiad K=

Then the period is

where 79 = 27rr0/ m/k is the period of circular motion in the absence of the
perturbing potential.

(b) We return to (24) and put r = ro + 2 with z < r¢:
12 B k
m(ro +x)*  (ro +x)?

2
L (1—3 ) /€2 (1—2£>—m0r0—m0x

Using (25), this reduces to

. [ 32 2k
mr = — +—=
mry 7’0

mi = —mC(rg + x)

22

mC] T

or
P+ Wz =0
with
[312 2% ]1/2
w=|—5g——g—C
m2rg  mry
N
Cmzd o

where in going to the last line we used (25) again.
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Problem 3.14

Show that the motion of a particle in the potential field

k h

roor?

is the same as that of the motion under the Kepler potential alone when expressed
in terms of a coordinate system rotating or precessing around the center of force.
For negative total energy show that if the additional potential term is very small

compared to the Kepler potential, then the angular speed of precession of the ellip-

tical orbit is
2rmh

2r -
The perihelion of Mercury is observed to precess (after corrections for known plan-

etary perturbations) at the rate of about 40” of arc per century. Show that this
precession could be accounted for classically if the dimensionless quantity

_k
" ka

Q:

U

(which is a measure of the perturbing inverse square potential relative to the grav-
itational potential) were as small as 7 x 1078, (The eccentricity of Mercury’s orbit
is 0.206, and its period is 0.24 year).

The effective one-dimensional equation of motion is

L? k  2h
TS
L?+2mh  k
=t
L2+ 2mh+ (mh/L)?> — (mh/L)*  k
N mr3 + r2
[L+ (mh/L))? — (mh/L)? k

= +
mr3 r2

mr =

If mh < L2, then we can neglect the term (mh/L)? in comparison with L2, and
write
. [L+ (mh/L)?  k

= 4 — 26

mi " +3 (26)

which is just the normal equation of motion for the Kepler problem, but with
the angular momentum L augmented by the additive term AL = mh/L.

Such an augmentation of the angular momentum may be accounted for by



Homer Reid’s Solutions to Goldstein Problems: Chapter 3 14

augmenting the angular velocity:
. h . h
L =mr?0 — L<1+%>:mr29<1+%>
= mr?0 + mr?Q

where
mh  2wmh

120 L1

is a precession frequency. If we were to go back and work the problem in the
reference frame in which everything is precessing with angular velocity €, but
there is no term h/r? in the potential, then the equations of motion would come
out the same as in the stationary case, but with a term AL = mr2Q added to
the effective angular momentum that shows up in the equation of motion for r,
just as we found in (26).

To put in the numbers, we observe that

- (2) (2w
() () (1)
() () (4)

h 0 T
——(1—6)§

=(1- 62)7'fprec

SO

where in going to the third-to-last line we used Goldstein’s equation (3-62), and
in the last line I put fprec = €2/27. Putting in the numbers, we find

h 1° 1 revolution 1 century !
— = (1—.206%) - (0.24 yr) - 40" -1
ka ¢ ) (02437) (3600”) < 360° )( 100 yr—1 ) e

=71-10"8.
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Problem 3.22

In hyperbolic motion in a 1/r potential the analogue of the eccentric anomaly is F’
defined by
r =a(ecosh FF — 1),

where a(1 — e) is the distance of closest approach. Find the analogue to Kepler’s
equation giving ¢ from the time of closest approach as a function of F.

We start with Goldstein’s equation (3.65):

. /ﬁ/“"d—r
V2 [k 12
ro 7_2m7“2+E
m [ rdr
:,/5/ 2 —. 27)
ro A/ Er? 4+ kr — 5

With the suggested substitution, the thing under the radical in the denom-
inator of the integrand is

12 l2

Er? 4+ kr — — = Fa*(e? cosh® F — 2ecosh F 4 1) + ka(ecosh FF — 1) — —
2m 2m

l2

= Fa®e® cosh? F 4 ae(k — 2Ea) cosh F + (Ea2 — ka — %>

It follows from the orbit equation that, if a(e — 1) is the distance of closest
approach, then a = k/2E. Thus

k22, k% 2
= h® F — -
15 % B am
2 2
= f—E {€2COSh2F— <1+ %)}
k2 2 k2 2
= 42 [cosh® ' —1] = 42 sinh® F' = a%¢? E'sinh” F.

Plugging into (27) and observing that dr = aesinh F'dF, we have

F 2
m ma . .
t= HE/FO alecoshF —1)dF = ”ﬁ [e(sinh F — sinh Fp) — (F — Fp)]

and I suppose this equation could be a jumping-off point for numerical or other
investigations of the time of travel in hyperbolic orbit problems.
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Problem 3.26

Examine the scattering produced by a repulsive central force f = kr~3. Show that
the differential cross section is given by

_k (1 —z)dx

~ 2E22(2 —z)?sinTx

7(8)do

where x is the ratio ©/7 and E is the energy.

The potential energy is U = k/2r? = ku?/2, and the differential equation
for the orbit reads

df? T 2du 12
or 2 N
U m
W + <1 + l_2> u=20
with solution
u = Acosyf + Bsinvyl (28)
where
k
y=q1+ 2 (29)

l2

We’ll set up our coordinates in the way traditional for scattering experiments:
initially the particle is at angle § = 7 and a great distance from the force center,
and ultimately the particle proceeds off to r = oo at some new angle 8;. The
first of these observations gives us a relation between A and B in the orbit
equation (28):

u(@=m)=0 — Acosyr + Bsinyr =0

— A = —Btan~r. (30)

The condition that the particle head off to r = co at angle 8 = 65 yields the
condition

Acosv0s + Bsinyls = 0.
Using (30), this becomes

— cosyls tanym + sinyf; =0
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or

— cos Yl sinym + sinyfs cosyr = 0
— siny(f; —7) =0

— vls —m) =7

or, in terms of Goldstein’s variable z = 6/,

mk_ 1
2 (z-1)%

17

81

Now [ = mugs = (2mE)1/ 25 with s the impact parameter and E the particle

energy. Thus the previous equation is

FRNLEG
2652 (1 —1)2
or )
2ok -7
2F |z(z —2)

Taking the differential of both sides,

[2(x —1) (v —1)2 B (x—1)2]d

k
2sds = C2E |a(x—2) 2%2(x-2) a(z-—2)?

k [22(x —1)(z—2) — (2 — 1)%(z — 2) —a(x — 1)?

2E | xz2(z — 2)?
kT 2(1-2
2 [22%(x —2)?

The differential cross section is given by

| sds |
O="——.
o(0)d sin 6
Plugging in (32), we have
k

B (1-1x)
o (0)dfr = 2F Lc?(x —2)2 sin@] de

as advertised.

|

(32)
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Chapter 7

Problem 7.2

Obtain the Lorentz transformation in which the velocity is at an infinitesimal angle
df counterclockwise from the z axis, by means of a similarity transformation applied
to Eq. (7-18). Show directly that the resulting matrix is orthogonal and that the
inverse matrix is obtained by substituting —v for v.

We can obtain this transformation by first applying a pure rotation to rotate
the z axis into the boost axis, then applying a pure boost along the (new) z
axis, and then applying the inverse of the original rotation to bring the z axis
back in line with where it was originally. Symbolically we have L = R™'KR
where R is the rotation to achieve the new z axis, and K is the boost along the
Z axis.

Goldstein tells us that the new z axis is to be rotated df counterclockise
from the original z axis, but he doesn’t tell us in which plane, i.e. we know 6
but not ¢ for the new z axis in the unrotated coordinates. We’ll assume the z
axis is rotated around the x axis, in a sense such that if you're standing on the
positive x axis, looking toward the negative x axis, the rotation appears to be
counterclockwise, so that the positive z axis is rotated toward the negative y
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axis. Then, using the real metric,

0 0 0
cos? df + ysin?df (v —1)sindfcosdd —fysindd
(y—1)sindfcosdd sin®df +ycos>dd —Bycosdh
— B sin df — B cosdf y

1 0 0 0 10 0 0 1 0 0 0
I — 0 cosdfd sindd O 01 0 0 0 cosdfd —sindd 0O
| 0 —sindf cosdd O 0 0 v —pBy 0 sindfd cosdfd O
0 0 0 1 00 =By v 0 0 0 1
1 0 0 0 1 0 0 0
| 0 cosdd sindd O 0  cosdf —sindf 0
| 0 —sindf cosdd 0 0 ~sindd ycosdf  —pv
0 0 0 1 0 —fvysindd —Qycosdd
1
0
0
0

Problem 7.4

A rocket of length [ in its rest system is moving with constant speed along the z
axis of an inertial system. An observer at the origin observes the apparent length
of the rocket at any time by noting the z coordinates that can be seen for the head
and tail of the rocket. How does this apparent length vary as the rocket moves from
the extreme left of the observer to the extreme right?

Let’s imagine a coordinate system in which the rocket is at rest and centered
at the origin. Then the world lines of the rocket’s top and bottom are

xZ’ = {0,0’—|—L0/2,T} le = {0’07 _L0/2’T}'

where we are parameterizing the world lines by the proper time 7. Now, the rest
frame of the observer is moving in the negative z direction with speed v = ¢
relative to the rest frame of the rocket. Transforming the world lines of the
rocket’s top and bottom to the rest frame of the observer, we have

y, = {0,0,v(Lo/2 + vr),y(1 4 fLo/2¢)} (1)
z;, = {0,0,7(=Lo/2 + v7),7(r — BLo/20)}. (2)

Now consider the observer. At any time t in his own reference frame, he is
receiving light from two events, namely, the top and bottom of the rocket moving
past imaginary distance signposts that we pretend to exist up and down the z
axis. He sees the top of the rocket lined up with one distance signpost and the
bottom of the rocket lined up with another, and from the difference between the
two signposts he computes the length of the rocket. Of course, the light that
he sees was emitted by the rocket some time in the past, and, moreover, the
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light signals from the top and bottom of the rocket that the observer receives
simultaneously at time ¢ were in fact emitted at different proper times 7 in the
rocket’s rest frame.

First consider the light received by the observer at time ¢y coming from
the bottom of the rocket. Suppose in the observer’s rest frame this light were
emitted at time tg — At, i.e. At seconds before it reaches the observer at the
origin; then the rocket bottom was passing through z = —cAt when it emitted
this light. But then the event identified by (z,t) = (—cAt, o — A;) must lie on
the world line of the rocket’s bottom, which from (2) determines both A¢ and
the proper time 7 at which the light was emitted:

/2
—cAt  =7(=Lo/2+vT) 18\ Ly _
to — At = ’y(T =+ ﬂLo/QC) e T= 1— ﬁ to % = Tb(tO).

We use the notation 7,(¢o) to indicate that this is the proper time at which the
bottom of the rocket emits the light that arrives at the observer’s origin at the
observer’s time to. At this proper time, from (2), the position of the bottom of
the rocket in the observer’s reference frame was

2(1o(t0)) = —vLo/2 + vy7e(to)

1/2
=—’YL0/2+’U’Y{<%3> to—%} (3)

Similarly, for the top of the rocket we have

1/2
rolto) = (%") to+ 20

and

1/2
z(7e(to)) = 7Lo/2 + vy { Gj—L_ﬂ> fot 5_2} @

Subtracting (3) from (4), we have the length for the rocket computed by the
observer from his observations at time ¢ in his reference frame:

L(to) = v(1 4 B)Lo

1/2
()"
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Problem 7.17

Two particles with rest masses m, and mso are observed to move along the observer’s
z axis toward each other with speeds v; and vg, respectively. Upon collision they
are observed to coalesce into one particle of rest mass ms moving with speed vs
relative to the observer. Find mg and vs in terms of mq, ms, v1, and vo. Would it
be possible for the resultant particle to be a photon, that is m3 = 0, if neither mq
nor mey are zero?

Equating the 3rd and 4th components of the initial and final 4-momentum
of the system yields

Y1M1v1 — Y2MavU2 = Y3M3v3
Y1M1cC + YamacC = y3ms3c

Solving the second for mg yields

8! Y2 (5)

and plugging this into the first yields vs in terms of the properties of particles
1 and 2:

_ 711 — Y2mev2
Yim1 + ya2me

Then
vz mmafr — yamafe
B3 =— =
c Yima + y2mae
| Yim3 + 2y19emame + y3m3 — [vim3 8] + 13m3 05 — 2vivemamaf3i Bl
’ (r1ma + yame)?
_ yimi(1—B7) +yam3(1 — B3) + 2v1yamama(l — 1 32)
(y1m1 + y2mg)?
_ mE 4+ mj + 27172muma(l — 516)
(yim1 + y2m2)?
and hence
1 (y1m1 + y2ma)?
7= (6)

1—63  m?2+md+2y7emime(l — Bif2)

Now, (5) shows that, for ms to be zero when either m4 or mqy is zero, we must
have v3 = co. That this condition cannot be met for nonzero mi, msq is evident
from the denominator of (6), in which all terms are positive (since 8182 < 1 if
my or mg is nonzero).
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Problem 7.19

A meson of mass 7 comes to rest and disintegrates into a meson of mass 1 and a
neutrino of zero mass. Show that the kinetic energy of motion of the y meson (i.e.
without the rest mass energy) is

PAY:
(m—p) 2.
2

Working in the rest frame of the pion, the conservation relations are

1/2

mc® = (M204 + pi02) + pue (energy conservation)

0=p,+pv (momentum conservation).
From the second of these it follows that the muon and neutrino must have the

same momentum, whose magnitude we’ll call p. Then the energy conservation
relation becomes

mc? = (pPct + p?ch)Y? + pe
—  (re—p)? =P +p?
72— 2

— p= C.

27

Then the total energy of the muon is
EM _ (N2C4 +p262)1/2
2 2)2\ 1/2
2
— 2 <H2 + ( %) >

42
? 2 2 2 212
Z%(‘lﬁﬂ + (7% = 1?)?)
2
c
:%(WQ‘HR)

1/2

Then subtracting out the rest energy to get the kinetic energy, we obtain

2
C
K =E, — pé® = —(7° 4 i) — pc?

2
¢ 2 2
Z%(W + p” = 2mp)
2
c
= -

as advertised.
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Problem 7.20

A 7% meson of rest mass 139.6 MeV collides with a neutron (rest mass 939.6 MeV)
stationary in the laboratory system to produce a K meson (rest mass 494 MeV)
and a A hyperon (rest mass 1115 MeV). What is the threshold energy for this
reaction in the laboratory system?

We'll put ¢ = 1 for this problem. The four-momenta of the pion and neutron
before the collision are

Punm = (Pm 'Yﬂ'mﬂ')a Pun = (0» mn)

and the squared magnitude of the initial four-momentum is thus

pu Py = —|Pr|? + (Yrmr + myp)?
= _|p7r|2
= mfr + mi + 29 MMy,

= (mx + mn)2 +2(vr — L)mamy (7)

+ vfrmfr + mi + 29 mamy,

The threshold energy is the energy needed to produce the K and A particles
at rest in the COM system. In this case the squared magnitude of the four-
momentum of the final system is just (mg + ma)?, and, by conservation of
momentum, this must be equal to the magnitude of the four-momentum of the
initial system (7):

(mg + mA)2 = (my; + mn)2 + 2 — )mpmy,

(mg +ma)? — (my +my)?
2Mmamy,

Then the total energy of the pion is T = v,m, = (6.43 - 139.6 MeV) = 898
MeV, while its kinetic energy is K =71 — m = 758 MeV.

The above appears to be the correct solution to this problem. On the other
hand, I first tried to do it a different way, as below. This way yields a different
and hence presumably incorrect answer, but I can’t figure out why. Can anyone
find the mistake?

The K and A particles must have, between them, the same total momentum
in the direction of the original pion’s momentum as the original pion had. Of
course, the K and A may also have momentum in directions transverse to the
original pion momentum (if so, their transverse momenta must be equal and
opposite). But any transverse momentum just increases the energy of the final
system, which increases the energy the initial system must have had to produce
the final system. Hence the minimum energy situation is that in which the K and
A both travel in the direction of the original pion’s motion. (This is equivalent
to Goldstein’s conclusion that, just at threshold, the produced particles are at

=6.43

:>77r:1+
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rest in the COM system). Then the momentum conservation relation becomes
simply

Pr = DK + DA (8)

and the energy conservation relation is (with ¢ = 1)
(m3 + 922+ ma = (mi + i)V + (mF +pR)2 9)

The problem is to find the minimum value of p, that satisfies (9) subject to the
constraint (8).

To solve this we must first resolve a subquestion: for a given p,, what is the
relative allocation of momentum to px and pa that minimizes (9) ? Minimizing

Ep = (m +pi)"? + (m} +p3)">.
subject to px + pA = px, We obtain the condition

PK Pa mg
(m% +p%)172 — (m} +p})1/? pre=pyon (0

Combining this with (8) yields
ma MK

S S - K, 11
PA= P PK = P (11)

For a given total momentum p,, the minimum possible energy the final system
can have is realized when p, is partitioned between px and pp according to
(11). Plugging into (8), the relation defining the threshold momentum is

2 1/2 2
2 241/2 _ 2 MK 2 2 ma 2
(mz +pz) /" +mn (mK + (77% +mA> pﬂ> + (mA + (FK +mA> pﬂ>

Solving numerically yields p, ~ 655 MeV/c, for a total pion energy of about
670 MeV.

1/2
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Problem 7.21

A photon may be described classically as a particle of zero mass possessing never-
theless a momentum h/A = hv/c, and therefore a kinetic energy hv. If the photon
collides with an electron of mass m at rest it will be scattered at some angle 6 with
a new energy hi'. Show that the change in energy is related to the scattering angle
by the formula

N — X =2\ sin? g,

where A, = h/mc, known as the Compton wavelength. Show also that the kinetic
energy of the recoil motion of the electron is

2(%)

sinzg
v .
1+2 (%) sin®6/2

Let’s assume the photon is initially travelling along the z axis. Then the sum
of the initial photon and electron four-momenta is

0 0 0
0 0 0
Pui = Puy + Pue = h/)\ + 0 = h/)\ (12)
h/A me me+ h/A

Without loss of generality we may assume that the photon and electron move
in the xz plane after the scatter. If the photon’s velocity makes an angle § with
the z axis, while the electron’s velocity makes an angle ¢, the four-momentum
after the collision is

(h/N')sin@ De Sin ¢ (h/A')sin 6 + pe sin ¢
0 0 0
Puf = Py + Pue = (h/X\) cos@ + Pe COS @ | (h/N)cosb + pecos e
h/N /m2e? + p? (R/XN') 4+ /m?c? + p?
(13)

Equating (12) and (13) yields three separate equations:

(h/XN')sin@ + pesing = 0 (14)
(h/X') cos + pecosp = h/A (15)
h/N + /m2c? + p2 = mc+ h/A (16)

From the first of these we find

sin ¢ = —LsinO = cos¢p =
A'pe

1/2
N,
1+ (A’pe) sin 9]
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and plugging this into (15) we find

h*  h? h?
P2 = ﬁ+ﬁ—2wc039. (17)

On the other hand, we can solve (16) to obtain

2
1 1 1 1
2 _ 2
pi=nh (X_Y> +2mCh<X_Y>'
Comparing these two determinations of p. yields

cos@-l—%(/\ —-A)

or
me 1

0
.2 /
—=— X\ =-X))=
sin” o = o ( )
so this is advertised result number 1.
Next, to find the kinetic energy of the electron after the collision, we can

write the conservation of energy equation in a slightly different form:

h
mc—l—x vmc—i—y

(- )me=K = h(——%)

(5)
(

2\ sin’ 9/2) )
AN+ 2\ sin?(0/2))

_ﬁ( 2xsin?(6/2) )
A1 4 2ysin®(0/2)

Il
>

where we put x = A/

Problem 7.22

A photon of energy & collides at angle 6 with another photon of energy E. Prove
that the minimum value of £ permitting formation of a pair of particles of mass m
is

2m?ct

Eon = E(1 —cosf)’

We’ll suppose the photon of energy E is traveling along the positive z axis,
while that with energy £ is traveling in the zz plane (i.e., its velocity has
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spherical polar angles 6 and ¢ = 0). Then the 4-momenta are

E FE
b1 = (0707 ] _>
cC C

P2 = <§ sind, 0, § cosf, é)
c c c

E +Ecosb E+€>

E .
pt:p1+p2:<_51n9707 y
C C C

It’s convenient to rotate our reference frame to one in which the space portion
of the composite four-momentum of the two photons is all along the z direction.
In this frame the total four-momentum is

1 E+¢&
P = <0’0’E\/52+E2+2E8C089’ %) . (18)
At threshold energy, the two produced particles have the same four-momenta:
P3 =p4 = (07 Oapv (m202 + p2)1/2) (]‘9)

and 4-momentum conservation requires that twice (19) add up to (18), which
yields two conditions:

2p = %\/52+E2+2E50039 — p2c?
o mII TR — Bt — AP =

Subtracting the first of these from the second, we obtain

(€2 + E* + 2EE cos0)
(€% + E* + 2E€)

1
1
1
1

m2ct = %g(l —cosb)
or
P 2m?2ct
E(1 —cosb)

as advertised.
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Chapter 9

Problem 9.1

One of the attempts at combining the two sets of Hamilton’s equations into one
tries to take ¢ and p as forming a complex quantity. Show directly from Hamilton’s
equations of motion that for a system of one degree of freedom the transformation

Q = q+ip, P=Q"

is not canonical if the Hamiltonian is left unaltered. Can you find another set of
coordinates @)’, P’ that are related to @, P by a change of scale only, and that are
canonical?

Generalizing a little, we put
Q=ulg+ip), P=v(qg—ip). (1)
The reverse transformation is
1/1 1 1 /1 1
L(e ). emi(le ).
n v 29 \ W v

The direct conditions for canonicality, valid in cases (like this one) in which the
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transformation equations do not depend on the time explicitly, are

oQ _ Op

g OP

0Q — 9q

op oP

oP  Op @
dq — 0Q

oP  Oq

ap  0Q

When applied to the case at hand, all four of these yield the same condition,
namely

1
H= Y
For p = v = 1, which is the case Goldstein gives, these conditions are clearly
not satisfied, so (1) is not canonical. But putting p = 1,v = — L we see that

21
equations (1) are canonical.
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Problem 9.2

(a) For a one-dimensional system with the Hamiltonian

1

H =
2¢2’

P
2

show that there is a constant of the motion

D="_py
2

(b) As a generalization of part (a), for motion in a plane with the Hamiltonian

H = |p|" —ar™",
where p is the vector of the momenta conjugate to the Cartesian coordinates,
show that there is a constant of the motion

p=2"T_pm
n

(c) The transformation @ = Ag,p = AP is obviously canonical. However, the same
transformation with ¢ time dilatation, Q = Ag,p = AP,t' = A\?t, is not. Show
that, however, the equations of motion for ¢ and p for the Hamiltonian in part
(a) are invariant under the transformation. The constant of the motion D is
said to be associated with this invariance.

(a) The equation of motion for the quantity D is

dD oD
aTr —{D,H}‘FE

The Poisson bracket of the second term in D clearly vanishes, so we have
1
=5 HY —H
1 1 1
=Z{pq,p2}—1{pq,q—2}—H. (3)
The first Poisson bracket is
(pa,p?) — 9(pa) 0v*)  O(pa) O(p°)
’ dqg Op dp Oq
=(p)(2p) -0
= 2p? (4)
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Next,

q? dqg  Op dp  Oq
2
—0- ()
2
-z ()

Plugging (4) and (5) into (3), we obtain

2
b _p 1 g
dt 2 242
=0.
(b) We have
H = (p} +p5 +p3)"? — a(ai + 23 +23) "/
0
OH /o
9z, anz;(2? + 23 + 23)7"/27!
— 9 (02 + P2 4 p2)V/2- 1
op; np;(p7 + p3 + p3)
Then

_ O(p1w1 + pawa + p3x3) OH  O(p1wy + pawa + paxs) OH
{p " H} B zl: { Oz Op; Opi Oz;

= Z {np?(pf +p§ + pg)nm—l _ anmf(ﬂﬁf + x% + x%)—n/2—1}

7

=n(pf +p3 +p3)"™/? — an(a} + 23 + 23)"/? (6)

so if we define D = p-r/n — Ht, then

dD oD
a7 — WD HY = e
1 oD
= E{P'RH}—E

Substituting in from (6),

p|* —ar™" — H
=0.
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(c) We put
o)=ra (k). PY=tp (% Y
M) P \2)
Since g and p are the original canonical coordinates, they satisfy
q ap p ®)
_ 0H 1
P=79¢ ¢

On the other hand, differentiating (7), we have

aQ _

dt’
dP e
@~ w3

which are the same equations of motion as (8).

Problem 9.4

Show directly that the transformation
1.
Q=log| —sinp |, P =gqcotp
p

is canonical.

The Jacobian of the transformation is
9Q  9Q
M= | §b 8P
dq [5)

_ —é cotp
"\ cotp —gescip )
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Hence

( -3 cotp )( 0 1 >< —% cotp )
cotp —gesc?p -1 0 cotp —gesc?p
—% cotp cotp —q csc? D

< cotp —qcsc2p ) ( % —cotp )

( 0 csc?p — cot? p )
J

cot?p —csc? p 0

so the symplectic condition is satisfied.

Problem 9.5

Show directly for a system of one degree of freedom that the transformation

2 2
Q:arctan%, P:%<1+ ];2)
p 2 asq

is canonical, where « is an arbitrary constant of suitable dimensions.

The Jacobian of the transformation is

9Q  9Q
M = d9q  Op
or 9P
dq op
(5) e~ () sy
_ W T e
aq L
S0
a 1 p
- (p 1+(ﬂ)7 aq aq o
MJIM = a pl _ ([« 1 agq 1
_(_q) b P g \2 + 2 aq)2
o)y sy T e
0 1
-1 0
=J

so the symplectic condition is satisfied.
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Problem 9.6

The transformation equations between two sets of coordinates are
Q = log(1 4 ¢'/* cos p)
P =2(1+ q'/? cosp)q'/?sinp

(a) Show directly from these transformation equations that @, P are canonical
variables if ¢ and p are.

(b) Show that the function that generates this transformation is

Fy = —(e¥ —1)*tanp.

(a) The Jacobian of the transformation is

9Q  9Q
M= | 9
or 9P
dq  Op
(l) qil/Qcosp o ql/gsinp
_ 2) 14q1/2cosp 1+q1/2 cosp
—-1/2 ) : ) 1/2 9 205 _ 9gsi 2
q smp+ 2cospsinp 2q/“cosp+ 2qcos®p gsmn” p
(l) qil/gcosp o ql/gsinp
_ 2/ 14q'/2 cosp 1+q1/2 cosp
1/2

¢ 2sinp+sin2p 2¢'/%cosp + 2qcos2p

Hence we have

~1/2 cosp q_1/2

1 q
~ 9 1/2
MIM = (2) 1—1|-/¢]2 . cos p
. q sinp
14+q1/2 cosp

sinp + sin 2p
2q1/2 cosp + 2g cos 2p

y ¢ 2sinp+sin2p 2¢'/%cosp + 2qcos2p
l) qil/2 cos p ql/2 sinp
14+q1/2 cosp 14+q1/2 cosp
0 cos? p+sin? p—i—ql/2 COS p COS 2p+q1/2 sin psin 2p
_ 1+q1/2 cosp
o cos p+sin p+q1/2 COs p cos 219—1—(,‘(1/2 sin p sin 2p 0
14+q1/2 cosp
-1 0

=J

so the symplectic condition is satisfied.
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(b) For an F3 function the relevant relations are ¢ = —9F/9p, P = —0F/0Q.
We have

F3(p,Q) = —(e¥ — 1)’ tanp

0
r
P= _?9_623 =2e9(e? — 1) tanp
r
= ——%p?’ = (9 —1)%sec? p.

The second of these may be solved to yield @ in terms of ¢ and p:
Q = log(1 4 ¢"/? cosp)
and then we may plug this back into the equation for P to obtain
P = 2q1/2 sinp 4 gsin 2p

as advertised.

Problem 9.7

(a) If each of the four types of generating functions exist for a given canonical
transformation, use the Legendre transformation to derive relations between
them.

(b) Find a generating function of the Fy type for the identity transformation and
of the F3 type for the exchange transformation.

(c) For an orthogonal point transformation of g in a system of n degrees of freedom,
show that the new momenta are likewise given by the orthogonal transforma-
tion of an n—dimensional vector whose components are the old momenta plus
a gradient in configuration space.

Problem 9.8

Prove directly that the transformation

Q1 =q1, P =p1—2p
Q2 = pa, P, = -2q —qo

is canonical and find a generating function.

After a little hacking I came up with the generating function
Fi3(p1,Q1,q2,Q2) = —(p1 — 2Q2)Q1 + q2Q2
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which is of mixed Fj, F} type. This is Legendre-transformed into a function of

the Fi type according to

Fi(q1,Q1,92,Q2) = Fi3 +p1q1-

The least action principle then says

. ) . . oFs . O0F3 -
prd1 + pade — H(gi, pi) = P1Q1 + PaQs — K(Qi, P)) + 21 + =21
Op1 0Q
OF13.  O0Fi3 - . )
+ S0+ B0, g +
902 G2 90, Q2 +p1q1 + @1
whence clearly
oF
n=-7 B _ v
P1
0F13
p=-28_ 9
1 30, p1 — 202
=—p1—2p2
OF13
P2 = 9% = Q2
OF;
P2:—8Ql§=—2Q1—Q2 =21 — @2 v

Problem 9.14

By any method you choose show that the following transformation is canonical:

x:%(\/ﬁsinéh-i-]%), Pz :%(V2P1COSQ1_Q2)

«

yzé(\/2P1008Q1+Q2)7 Py = 2(v2P181HQ1—P2)

where « is some fixed parameter.

this problem in the (Q;, P;) coordinates, letting the parameter « take the form

B
ot 1B,
C

From this Hamiltonian obtain the motion of the particle as a function of time.

Apply this transformation to the problem of a particle of charge ¢ moving in a plane
that is perpendicular to a constant magnetic field B. Express the Hamiltonian for

We will prove that the transformation is canonical by finding a generating
function. Our first step to this end will be to express everything as a function
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of some set of four variables of which two are old variables and two are new.
After some hacking, I arrived at the set {z, Q1,py, Q2}. In terms of this set, the
remaining quantities are

y= (%x - %m) cot Q1 + éQ2 9)
Pz = (%250 - %m) cot Q1 — %Q2 (10)
P = (azst - %xpy + %pf,) csc? Q1 (11)
P, = %117 + %py (12)

We now seek a generating function of the form F(z, @1, py, @2). This is of mixed
type, but can be related to a generating function of pure F; character according
to

Fl(xan’yaQZ) = F(xan’py’Q2) — YDy-

Then the principle of least action leads to the condition

Pai + Pyl = P1Q1 + PaQ2 + g—ix + g—iﬁy + g—ngl + 5—52622 +ypy + pyy
from which we obtain

Pa = g—i (13)

y= —g—i (14)

P = —g—é (15)

Py = —%- (16)

Doing the easiest first, comparing (12) and (16) we see that F' must have
the form

« 1
F(%, Ql,py,Q2) = —§JjQ2 - aprZ + g(x,Ql,py)' (17)
Plugging this in to (14) and comparing with (14) we find
1 1,
9(x,Q1,py) = —5Py + 502 Py cot Q1 + ¥(z, Q1). (18)
Plugging (17) and (18) into (13) and comparing with (10), we see that
2
8—¢ =2 reot Q1

ox 4
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or
21’2

bla, Q1) = - ot Qu. (19)

Finally, combining (19), (18), (17), and (15) and comparing with (11) we see
that we may simply take ¢(Q1) = 0. The final form of the generating function
is then

«a 1 a?z? 1 1
F(iEanapy’Q2) = — <§LE + Epy> Q2 + < 3 - §£Epy + ﬁp‘i) cot Ql

and its existence proves the canonicality of the transformation.
Turning now to the solution of the problem, we take the B field in the z
direction, i.e. B = Bgk, and put

B, “ “
A=22 (—yi+xj).
2
Then the Hamiltonian is

1 q 2
H(x,y,pzpy) = 5 (p - EA)

1 4Bo \* ¢Bo \*
- 2m <px+ 2c y) T\ 2 "

1 [ a? 2 o? 2
i[5 (59

where we put a? = ¢B/c. In terms of the new variables, this is

H(Q1,Q2, P, P) = L -(a\/ﬁcosQl)z + (a\/ﬁsian)Q]

2m |

2
a
m

= wcPl

where w. = ¢B/mec is the cyclotron frequency. From the Hamiltonian equations
of motion applied to this Hamiltonian we see that 2, Py, and P, are all constant,
while the equation of motion for Q) is

_— (_,_)c e Ql = wct —|— ¢
for some phase ¢. Putting r = /2P /o, g = Pa/av, yo = Q2/c we then have
. mwe
z = r(sinw.t + ¢) + o, Pr = [r cos(wet + @) — yo)

mMwe [

y = r(coswet + @) + Yo, Py = rsin(wet + @) + xo)

in agreement with the standard solution to the problem.
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Problem 10.3

Solve the problem of the motion of a point projectile in a vertical plane, using
the Hamilton-Jacobi method. Find both the equation of the trajectory and the
dependence of the coordinates on time, assuming the projectile is fired off at time
t = 0 from the origin with the velocity vy, making an angle a with the horizontal.

The Hamiltonian is

2 2
P Py
H = o + om + mgy
so the Hamilton-Jacobi equation becomes
om \ Oz 2m \ 9y Tt =
We seek a solution of the form
S(,v,y,B,t) =vz + f(y,E) - Et 2)

where v and E are to be the (constant) transformed momenta. With this ansatz
for S, (1) becomes
2 2
gl 1 (of
S 4+ — [ =L =F
2m * 2m (8y) +mgy
or

8_f=

9mE — 2 — 2m2qy.
By V2mE — 42 — 2m?gy
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Integrating,

Yy
fly) = / dy'/2mE — 2 — 2m2gy’
]3/2

1
= ~3mig [ZmE — 2 —2m?gy

Then Hamilton’s principal function (2) is

S =nr— [2mE — 9% — 2m®gy] 2 _ gy,

1
3m2g
The (constant) transformed coordinates conjugate to the constant transformed
momenta F and vy are

_os
" OE

1
=—-—— [2mE — 9% —2m?gy
mg

_os
o

B
] 1/2 . 3
B2

]1/2

— v 2 2
—a:-l-m—zg[ZmE—fy —2m gy 4)

Turning these inside out to obtain 2 and y as functions of time and the constants,
we find

Finally, from the given initial conditions we obtain the following equations for
the constants E,+, 1, 52 :

s(t=0)=0 = ﬂ2+%ﬂ1=0
gt =0) =y sina = —gf1 =vsina

z(t =0) = vy cosa = l=vgcosa
m
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we obtain

Y = mug COs &

Vo .
[ =——sina
v3 .
B2 = — cosasina
g
2
muy,
E=—"
2

and the solutions for z(t) and y(t) become

2
y(t) = v sinat — %

z(t) = vo cos at.

Problem 10.6

perpendicular to the plane, so that

Azéer.

motion if the canonical momentum py is zero at time ¢ = 0.

A charged particle is constrained to move in a plane under the influence of a central
force potential (nonelectromagnetic) V = 1kr?, and a constant magnetic field B

Set up the Hamilton-Jacobi equation for Hamilton’s characteristic function in plane
polar coordinates. Separate the equation and reduce it to quadratures. Discuss the

I got alittle confused on the introduction of the polar coordinates in this problem
and found it useful to start with the Lagrangian in Cartesian coordinates:

. . . k
L="(2+9)+Lx A) - Z(a% +4?)
2 c 2
Inserting the vector potential A = %B(—yi + zj),
B
=@ 490 + L (- i) - o(@ +9).

Now we go over to polar coordinates according to

z =rcosé, & =7rcosf —rfsinf

y = rsind, § = 7sin6 + rf cos b
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and obtain

qB

_ M .2 | 252
L= 2(r +r0)+2c

ﬁé—gﬂ.

To go over to the Hamiltonian we introduce the canonical momenta:

_8 — "
pr——ﬁ = mr
oL 2y 4B 4
po = é——mr 0+ 2cr

Then the Hamiltonian is
H =p,# +pgb— L
. 1
= %(fz +720%) + Ekr2

1 gB ,\> 1, ,
(pg—z—cr> +§kr.

_ T 2
—Zmpr+

2mr2

The Hamilton-Jacobi equation is

1 (98\*> 1 (38 ¢B,\> 1, , 0§
55(53 +Zﬁ5Gﬁ_§?> Tk e =0 ©)

Since 6 is cyclic its corresponding conjugate momentum must be constant, and
we look for a solution of the form

S(r,0, E,a,t) = f(r,E,a) + af — Et. (6)

Equation (5) becomes

1 (af\> 1 ¢B ,\> 1 ,
— | =L - — =F
2m (87‘) T o (a 2’ ) T 2kr

with formal solution

r 2
f(r) = / dr' \|2mE — mkr’? — 2 (a- ﬂr’2 .
r'2 2¢

If a = 0 this simplifies to

f(r)= /r dr' \/2mE - m?(w + w2)r?

and the problem becomes just that of the normal harmonic oscillator, with

frequency
w=4/wg + w?
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where
k
Wo = —
m
is the natural frequency of the particle in the nonelectromagnetic potential well,

and
qB
We= —

" 2me
is half the cyclotron frequency of the particle in the given magnetic field. (Why
does half the cyclotron frequency enter the problem?)

Problem 10.7

(a) A single particle moves in space under a conservative potential. Set up the
Hamilton-Jacobi equation in ellipsoidal coordinates u,v, ¢ defined in terms of
the usual cylindrical coordinates r, z, ¢ by the equations

r = asinhvsinu, 2z = acoshvcosu.

For what forms of V (u,v, ¢) is the equation separable?

(b) Use the results of part (a) to reduce to quadratures the problem of a point
particle of mass m moving in the gravitational field of two unequal mass
points fixed on the z axis a distance 2a apart.

(a) In cylindrical polar coordinates, the Lagrangian is

L= % (7”2 F 242 4 z?) —V(r,2,8). ()

We have

7 = av coshvsinu + ausinh v cosu

2 = avsinh v cosu — au cosh v sin u.

Plugging into (7),

L= " [0 4 i) comh 2w + s vsintu] —Viuv,g). ()
The conjugate momenta are
Py = g—f}' = ma®? cosh 2v
Py = g_f; = ma®1i cosh 2v
Py = 8_L = ma?¢sinh? v sin® u

99
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and the Hamiltonian is

H=Y pgi—L
i

ma’ 15 .o 12 12 2
= [(v + 4*) cosh 2v + ¢* sinh” v sin u] +V(u,v,9)

___r p: P

= V(u,v, ).
2ma? cosh2v = 2ma? cosh 2v + 2ma? sinh? v sin? +V(uv,¢)

This is of the form in Goldstein’s (10-44) with a = 0 and the T matrix defined

by
1 sech 2v 0 0
T ! = 0 sech 2v 0 : 9)

T a2
ma 0 0 (csch v escu)?

Then the form of the potential necessary for separability is, from Goldstein (?7?),

Viu,g) = ) + L0y MO

cosh2v = ginh?vsin®u’

To write down the three separated Hamilton-Jacobi equations we need to find
a matrix ¢ satisfying

¢1_j1 = [T_l]jja 7=123 (10)

and with the additional condition that first, second, and third rows of ¢ depend
only on v, u, and ¢ respectively.
To find such a matrix, we postulate the form

filv) fa(v)  f3(v)
¢ = ma® 0 g1(u) ga(u)
0 0 1

with inverse

_1_
P mEham \ T " -

1 ( gi(u) —f2(v)  fo(v)ga(u) = f3(v)gr(w) )

where x denotes entries about which we don’t care. From (10) and (9) we obtain
the conditions

1 1
maZ f,(v) _ ma? cosh 2v
—f2lv) 1
ma2fi(v)gi(u)  ma? cosh2v
f2(v)g2(u) — f3(v)gr (u) _ 1

ma? f1(v)g1(u) " ma?sinh? vsin® u
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A little inspection shows that there is no solution, which means the form we
postulated for ¢ doesn’t work, so we need to go back and try something else,
except this is the point at which I decided I would temporarily shelve this
problem.

(b) The potential energy is
_G mma e mme
VT2 + (2 —a)? V2 + (z +a)?
__Gm mo, ™
a |coshv—cosu coshv+ cosu

V(’I“, Z) =

which doesn’t appear to be of the form required for

Problem 10.8

on time, such that the Hamiltonian has the form

2
H=F _ mAtzx,
2m

cipal function, under the initial conditions t = 0, x = 0, p = muy.

Suppose the potential in a problem of one degree of freedom is linearly dependent

where A is a constant. Solve the dynamical problem by means of Hamilton’s prin-

The Hamilton-Jacobi equation is
1 (88\? a8
We postulate a solution of the form
S(z,t) = f)z + g(t).
Then (11) becomes

1 ! ! —
%P(t) —mAtz + f'(t)x + ¢'(t) = 0.

Matching powers of z, we obtain
1

f'(t) = mAt = f@t) = §mAt2 + fo

and
§) = —5- 1)
2
= —% [%mAﬁ + fo]

L [ma
T 2m 4

t* + mAfot? + fg]
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S0
mA? Afo f2
=+ 3+ Lt 4 g
The Hamilton’s principal function is
1 mA? Afo f2
= — A2 —_5__3__0t_
S(z,t, fo) 5™ t“x + fox 0 t 5 t o
The constant transformed coordinate conjugate to fy is
= =f=x- 3 -2
5% P %

Turning this inside-out,
A t
T=8+ 1+ fi.
6 m

To to satisfy the conditions z(t = 0) = 0, &(¢ = 0) = vy, we must take 5 =0
and fy = muvg, and we then have

T t+At3
= —1°.
"%

Problem 10.13

A particle moves in periodic motion in one dimension under the influence of a
potential V (z) = F|z|, where F is a constant. Using action-angle variables find the
period of the motion as a function of the particle’s energy.

The Hamilton-Jacobi equation is

1 (owW)®
i (3 ) *Flel=5
The action integral is
ow
=9 4 12
J o dx (12)

Zo
= 4/ V2mE — 2mF|z|dz
0

(where £x4 are the extremes of the particle’s orbit, and where we have restricted
the integral over the whole period to an integral over the first quarter-period
and multiplied by 4 to compensate)

4

=-7= {[2mE — 2mFzo*’? — 2mE) 2}
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but the first term here vanishes since E = Fxg, so

4

Expressing the Hamiltonian in terms of J, we then obtain
2/3
o L (3mEN
2m 4
The frequency is

V ol a_E
aJ
1 (3mF>2/3J_1/3
T 3m \ 4

Plugging in from (13),
_ 1 (3mF\P 4 TV
T 3m \ 4 3mF 2mE
__F (14)
4vV2mE

On the other hand, on the basis of elementary considerations we could reason as
follows: If the particle starts out with momentum p = v2mFE, and it is always
under the influence of the constant force F' = dp/dt, then the time it takes for
the particle’s initial momentum to decay to zero, which is one-fourth the total
period of the motion, is

= b= VImE
dp/dt F
The total period is just 47, /4 and the frequency is
F
4v/2mE

v=1/41,4 =
in accordance with (14).

Problem 10.14

A particle of mass m moves in one dimension under a potential V = —k/|z|. For
energies that are negative the motion is bounded and oscillatory. By the method of
action-angle variables find an expression for the period of motion as a function of
the particle’s energy.

The Hamilton-Jacobi equation is

1 [0S\*> &k &S
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We seek a solution of the form S = W(z, E) — Et, in which case

2
g L (WN _k
2m \ Oz ||
or
a9z |z]

1/2
W _ fom [i _ |E|] ,

or |z]

1/2
B_W v2m [E + i]

since we know the energy is negative. Then the turning points of the motion
are at = £k/|E|, and the action variable is

7= § pdg (15)
= 4\/%/:/'EI [S - E] v dz

1 1/2
= 4k\/ me /0 [% - 1] du. (16)
1rq 1/2 1 _
/ [——1] du=/ \/1 udu
o LU 0 u

Change variables to a = u!/2, 2da = du/+/u :

1
=2/ V1 -02da
0

Now change to a = sinz, da = cosxdz :

w/2
=2 / cos? zdz
0

2m
J =27k —.
V |E]|

Then the (constant) Hamiltonian expressed in terms of the action variable is

We have

N3

50 (16) becomes

8mn?k?

H=F = J2
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The frequency associated with the corresponding angle variable is

_0H _ 16mn2k?
T aJ J3
B
= . 17
mkv2m (17)

It’s interesting to compare this with the solution we obtained to Problem 3.3,
since in that case the motion of the particles (after the orbital motion is stopped)
is one-dimensional with the kind of force law considered here. In that problem
the energy of the two-particle system would be

Booge K
E=- - —

5 rod o
Plugging in our expression (equation (5) in solutions to Chapter 3) for r¢ in
terms of 7, we find

(km/m)” 3

E= .

™2

Then the frequency of the motion, from (17), is v = % The time for the
particles to fall into each other would be just a quarter-period, so on this theory
we would get

1
time for particles to fall into each other = Yo %

whereas the answer we obtained in Chapter 3 was 7/ 4+/2. But I can’t figure out
where I am making a mistake.

Problem 10.16

A particle of mass m is constrained to move on a curve in the vertical plane defined
by the parametric equations

y =1(1 — cos2¢)
z = 1(2¢ + sin 2¢).
There is the usual constant gravitational force acting in the vertical y direction. By

the method of action-angle variables find the frequency of oscillation for all initial
conditions such that the maximum of ¢ is less than or equal to 7 /4.

The kinetic energy is

T =2 +9?)

mle [(2¢ sin 2¢)2 + (2 + 2¢ cos ¢)2]

= 8ml? cos® ¢¢?.
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The potential energy is

V = mgy = mgl(1 — cos 2¢)
= 2mygl sin® ¢. (18)

Then the Lagrangian is
L = 8mi? cos® p¢* — 2mglsin® ¢

so the canonical momentum conjugate to ¢ is

Py = g—z = 16mi? cos? ¢

and the Hamiltonian is

H=E=pyp—L
= 8mi? cos? ¢¢” + 2mglsin? ¢

2
p¢ 2

=——+42 .

32ml2 cos? ¢ + 2mylsin®¢

Solving for ps as a function of E and ¢, we have

1/2
Py = 4V2mE cos ¢ [ - Zngl sin? ¢] .

The action variable for periodic motion is
7= § pods
$o 2 1/2
= 161vV2mE / cos ¢ [1 _Imgl e ¢] do
0

E
Put u = g/z—’zﬂﬂsinqS:
1 [
=16E E V1 —u2du.
0

Here the upper integration limit is

mgl

Uy = sin ¢

where ¢ is the maximum value attained by ¢. On the other hand, referring back
to (18), 2mglsin® ¢ is just the potential energy of the particle at its maximum
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height, which is just its total energy since it has zero kinetic energy at that

point. Hence
|E
=4/==1
Uo E
The action integral is then

1
J= 16E\/g/ V1-u?du
0
= SE\/g ‘u\/ 1—u?+sin™" u‘

= 47K £
g

Then the Hamiltonian expressed in terms of the action variable is

1
0

1 /g
H=E=—,/%
47 lJ

and the frequency is just
,=OH _ 1 9
o] 4\l

Problem 10.17

the “proper” action-angle variables to eliminate degenerate frequencies.

A three-dimensional harmonic oscillator has the force constant k; in the z and y
directions and k3 in the z direction. Using cylindrical coordinates (with the axis of
the cylinder in the z direction) describe the motion in terms of the corresponding
action-angle variables, showing how the frequencies can be obtained. Transform to

The Lagrangian is
, 1 1
% [7"2 +726% + 22] - §k1r2 - §k3z2.
with canonical momenta

pr =mr
Po = mrzé
Py = mZ2.
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The Hamiltonian is
H=) pig—L
m. : . 1 1
=% [7'2 + 7202 + zz] + §k1r2 + §k322
_pm P P

1 1
TR R R

T 2m 2mr?  2m 2 2

14



