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Preface

There has been increasing interest in recent years to develop a critical point
theory by which one can obtain additional information on the critical points
of a differentiable functional. What I mean by additional information is the
locations of the critical points related to closed convex subsets in Banach
spaces. This is the theme of the current book.

This book mainly reflects a significant part of my research activity during
recent years. Except for the last chapter, it is constructed based on the results
obtained myself or through direct cooperation with other mathematicians. On
the whole, the readers will observe that the main abstract existence theorems
of critical points in classical minimax theory are generalized to the cases of
sign-changing critical points. Hence, a new theory is built. To the best of
my knowledge, no book on sign-changing critical point theory has ever been
published.

The material covered in this book is for advanced graduate and PhD
students or anyone who wishes to seek an introduction into sign-changing
critical point theory. The chapters are designed to be as self-contained as
possible.

I have had the good fortune to teach at the University of California at
Irvine and to work with Martin Schechter for the years 2001 to 2004. During
that period, some results of the current book were obtained. M. Schechter
has had a profound influence on me not only by his research, but also by his
writing and his generosity. I am grateful to T. Bartsch and Z. Q. Wang for
sending me their interesting papers and enlightening discussions with Wang
when I visited Utah. Thanks also go to A. Szulkin and M. Willem for inviting
me to visit their prestigious departments years ago. Special thanks are also
given to S. Li who first introduced me into the variational and topological
methods ten years ago. I wish to thank the University of California at Irvine
for providing me a favorable environment during the period 2001 to 2004.
This book is supported by the NSFC (No. 10001019 & 10571096), the SRF-
ROCS-SEM, the Program of the Education Ministry in P. R. China for New
Century Excellent Talents in Universities of China.
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I thank the anonymous referees for carefully checking the manuscript and
for their suggestions which make the book much more readable. In particular,
suggesting adding the topics of Chapter 7.

Tsinghua University, Beijing Wenming Zou



Introduction

A theory is the more impressive,

the simpler are its premises,

the more distinct are the things it connects,
and the broader is its range of applicability.

Albert Einstein

Many nonlinear problems in physics, engineering, biology, and social sciences
can be reduced to finding critical points (minima, maxima, and minimax
points) of real-valued functions on various spaces. The first class of critical
points to be studied were minima and maxima and much of the activity in
the calculus of variations has been devoted to finding such points. A more dif-
ficult problem is to find critical points that are neither maxima nor minima.
So far we may say, to some extent, that there is an organized procedure
for producing such critical points and these methods are called global vari-
ational and topological methods. Roughly speaking, the modern variational
and topological methods consist of the following two parts.

Minimax Methods. Ljusternik and Schnirelman [214] in 1929 mark the
beginning of global analysis, by which some earlier mathematicians no
longer consider only the minima or maxima of variational integrals. In 1934,
Ljusternik and Schnirelman [215] developed a method that seeks to get infor-
mation concerning the number of critical points of a functional from topolog-
ical data. These ideas are referred to as the Ljusternik—Schnirelman theory.
One celebrated and important result in the last 30 years has been the moun-
tain pass theorem due to Ambrosetti and Rabinowitz [15] in 1973. Since then,
a series of new theorems in the form of minimax have appeared via various
linking, category, and index theories. Now these results in fact become a
wonderful tool in studying the existence of solutions to differential equations
with variational structures. We refer readers to the books (or surveys) due
to Brézis and Nirenberg [71], Nirenberg [232, 233, 235], Rabinowitz [255],

xi



xii Introduction

Schechter [275], Struwe [313], Willem [335], Mawhin and Willem [225], and
Zou and Schechter [351], among others.

Morse Theory. This approach towards a global theory of critical points
was pursued by Morse [229] in 1934. It reveals a deep relation between the
topology of spaces and the number and types of critical points of any function
defined on it. This theory was highly successful in topology in the 1950s
due to the efforts of Milnor [226] and Smale [303]. In the works of Palais
[239], Smale [304], and Rothe [264, 263], Morse theory was generalized to
infinite-dimensional spaces. By then it was recognized as a useful approach in
dealing with differential equations and in particular, in finding the existence
of multiple solutions (see Chang [92, 94]). The critical group and Morse index
also can be derived in some cases. Although there are some profound works
on Morse theory and related topics, the applications are somewhat limited by
the smoothness and nondegeneracy assumptions on the functionals. Readers
may consult Mawhin and Willem [225], Conley [106], and Benci [51], among
others.

However, both minimax theory and Morse theory essentially give answers
on the existence of (multiple) critical points of a functional. They usually
cannot provide many more additional properties of the critical points except
some special profiles such as the Morse index, critical groups, and so on.
I make no attempt here to give an exhaustive account of the field or a complete
survey of the literature.

There has been increasing interest in recent years to develop a theory by
which one can obtain much more information on critical points. The central
theme of the current volume is the theory of finding sign-changing critical
points. The book is organized as follows.

In Chapter 1, we provide some prerequisites for this book such as degree
theory, Sobolev space, and so on. Basically, these theories are relatively
mature and readily available in many existing books. However, we still spend
some pages on the flows of the ODEs in Banach spaces which play important
roles in this book. Well-trained readers may skip over this chapter to the next
parts.

In Chapter 2, we establish the relation between linking and the sign-
changing critical point. The linking introduced by Schechter is more general
and realistic. We say that a set A links another set B if they do not intersect
and A cannot be continuously shrunk to a point without intersecting B. This
kind of linking includes the original ones. But more examples can be found.
We show how the new linking produces sign-changing critical points.

We devote Chapter 3 to the sign-changing saddle point theory. The saddle
point theory can be traced back to Rabinowitz’s theory 30 years ago, which
gives the sufficient conditions on the existence of a saddle point. But it never
excludes the triviality of that point, nor the sign-changingness of it. We solve
this question.
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Essentially, in Chapter 4, we generalize the Brezis—Nirenberg critical point
theorem obtained in 1991 by judging the location and nodal structure of the
(PS) sequences and critical points.

Chapter 5 is about the even functionals. We obtain the relationship
between the classical symmetric mountain pass theorem and the sign-changing
critical points.

Chapter 6 discusses the parameter dependence of sign-changing critical
points. This theory is independent of the (PS) compactness condition.

In Chapter 7 we provide sign-changing critical point theories due Bartsch,
Chang and Wang, and Bartsch and Weth. The Morse index and the number
of nodal domains are included.

In each chapter, based on the new abstract sign-changing critical point
theory, applications are considered mainly on Schrodinger equations or
Dirichlet boundary value problems.

This book mainly consists of the results of my recent research. It is not
intended and nor is it possible to be complete. In fact, many other results
on sign-changing solutions of elliptic equations in recently years are not in
this book. I just cite them in the bibliography or quote some lemmas from
them. We refer the readers to the references in the bibliography written by
T. Bartsch, A. Castro, G. Cerami, K. C. Chang, M. Clapp, V. Coti-Zelati,
E. N. Dancer, Y. Du, N. Ghoussoub, F. A. van Heerden, N. Hirano, S. Li,
J. Q. Liu, Z. Liu, P. H. Rabinowitz, S. Solimini, M. Struwe, Z. Q. Wang,
T. Weth, C. Yuan, et al. for other interesting results on concrete elliptic
equations. Finally, although Chapter 7 involves some theories due to Bartsch
and others, I would like to mention the following additional topics due to
them: symmetry results for sign-changing solutions, in particular for the least
energy nodal solution; upper estimates on the number of nodal domains;
and some discussions of singularly perturbed equations and multiple nodal
solutions without oddness of the nonlinearity.



Chapter 1
Preliminaries

For readers’ convenience, we collect in this chapter some classical results on
nonlinear functional analysis and the elementary theory of partial differential
equations. Some of them are well known and their proofs are omitted. For
others, although their proofs may be found in many existing books, we make
no apology for repeating them.

1.1 Partition of Unity

Let E be a metric space with a distance function dist(-,-) on it. Let A C E
and O be a family of open subsets of E. If each point of A belongs to at least
one member of O, then O is called an open covering of A.

Definition 1.1. Let O be an open covering of a subset A of E. O is called
locally finite if for any u € A, there is an open neighborhood U such that
u € U and that U intersects only finitely many elements of O.

A well-known result on this line is the underlying proposition due to Stone
[308].

Proposition 1.2. Any metric space E is paracompact; that is, every open
covering O of E has an open, locally finite refinement ©. That s, © is a
locally finite covering of E and for any V; in O, we can find a U; in O such
that V; C U;.

Proposition 1.3. Assume that E is a metric space with the distance function
dist(+,-). Let O be an open covering of E. Then O admits a locally finite
partition of unity {\; }ics subordinate to it satisfying

(1) \; : E —[0,1] is Lipschitz continuous.
(2) {u € E : \j(u) # 0}ics is a locally finite covering of E.

W. Zou, Sign-Changing Critical Point Theory, doi: 10.1007/978-0-387-76658-4, 1
(© Springer Science+Business Media, LLC 2008



2 1 Preliminaries

(3) For each V;, there is a U; € O such that V; C U;.
(4) > icsMi(u) =1,Yu € E,

where J is the index set.

Proof. Because (F,dist) is a metric space with an open covering O, by Propo-
sition 1.2, there is an open, locally finite refinement ©; that is, © is locally
finite and for any V; of ©, we can find a U; of O such that V; C U,. Define

pi(u) = dist(u, E\V;), i€

Then p; is locally Lipschitz. Let

() = pi(u) i
M = o e

Then {\;};cs is what we want. a

1.2 Ekeland’s Variational Principle

We recall Ekeland’s variational principle (see Ekeland [137]).

Lemma 1.4. Let E be a complete metric space with a metric dist and I :
E — R be a lower semicontinuous functional that is bounded below. For any
T>0,e>0, let uy € E be such that I(uy) < infg I 4+ . Then there exists a
v, € E such that

(1.1) I(vy) < I(uy),
(12) diSt(Ul,’Ul) S 1/T,
(1.3) I(vy) < I(w) 4 eTdist(vy, w), for all w # vy.

Proof. Define a partial order < in E as the following.
u=veI(u) <I(v)—eTdist(v,u).

Then obviously,

u = u, for all u € F,
U=V, U= U=, for all u,v € F,
u=v,v=w=u=Xw, for all u,v,w € F.

Let C1 :={u € F:u =<wuy} and let us € Cy be such that

_ €
I(ug) < 1(1}11fI+ 5
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Then, let Cy := {u € F : u < us}. Inductively,

Unt1 € Cp i={u€ E:u =X u,}, I(un+1)<ié1ff+

By the lower semicontinuity of I and the continuity of dist(-,-), we see that
C,, is closed. Moreover,

For any v € C,,, then
(1.4) I(v) < I(uy,) — eTdist(v, uy).
Note that v € C,,_1; we have

(1.5) I(un) < inf T4 — < I(v) + —

Cn_1 2 on’

Combine Equations (1.4) and (1.5); we have that dist(v,u,) < (1/72").
Because v € C,, is arbitrary, we know that the diameter of C,, is less than or
equal to (1/72"~1), hence, approaches zero. Therefore,

() Cn={n1}.

n=1

We claim that v is what we want. Indeed, v; € C; implies that
I(vy) < I(uy) — eTdist(uq,v1) < I(uy).

For any w # vy, we observe that we cannot have w =< vy, otherwise w €
N,~, Cy, hence w = vy. That is, we must have

I(w) > I(v1) — eTdist(w, v1).

Finally, noting that

n—1 n—1

dist(uy, uy,) < Zdist(Ui,Ui+1) <

i=1 i

1

T2
1

<

Nl =

and that lim, . u, = v1, then we get that dist(uy,v1) < 1/7T. Thus, v,
satisfies Equations (1.1) to (1.3). This completes the proof. O

Notes and Comments. Readers may consult Ekeland [138], de Figueiredo
[147], Ghoussoub [156], Grossinho and Tersian [162], Mawhin and Willem
[225], Struwe [313], and Willem [335] for the variants of Ekeland’s variational
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principle and their applications. Ghoussoub [156] contains the Borwein and
Preiss principle and also the mountain pass principle which is presented as a
“multidimensional extension” of the Ekeland variational principle. A simple
and elegant generalization of Ekeland’s variational principle to a general form
on ordered sets was obtained in Brézis and Browder [66]. It was applied to
nonlinear semigroups and to derive diverse results from nonlinear analysis
including the variational principle and one of its equivalent forms, the Bishop—
Phelps theorem. Some other generalizations of Ekeland’s variational principle
can also be found in Li and Shi [203] and Zhong [339, 340].

1.3 Sobolev Spaces and Embedding Theorems

Let {2 be an open subset of RN, N € N. Denote

LP(82) :={u: 2 — R is Lebesgue measurable, |[u||r»(2) < oo},

1/p
lulloiar = ([ 1Pae) "0 1sp<b,
(P

where

If p = 400,

= = f
llloeqa = esssuplul = |, ML o Sop Il

where meas denotes the Lebesgue measure. If [Jul| (o) < 0o, we say that u
is essentially bounded on (2. Let
LP

loc

(2):={u: 92— R,uec LP(V) for each V CC 2},

where V CC 2 V C V C 2 and V is compact. Sometimes in this book
we denote |lul|zs(oy by [[ullp or |ul,.

We denote by supp(u) := {z € 2 : u(x) # 0} the support of v : 2 — R.
Let C2°(12) denote the space of infinitely differentiable functions ¢ : 2 — R
with compact support in {2. For each ¢ € C(f2) and a multi-index o =

(a1,...,ay) with order |a| :== a3 + -+ - + an, we denote
o™ OON
DY — A
¢ ox ! 8x‘;‘VN¢

Definition 1.5. Suppose u,v € L} (£2). We say that v is the ath-weak

loc
partial derivative of u, written D®u = v provided

« _ (1|
/ uD“pdz = (—1) / vodx
for all ¢ € C(£2).
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It is easy to check that the ath-weak partial derivative of wu, if it exists, is
uniquely defined up to a set of measure zero.
Let C™(£2) be the set of functions having derivatives of order < m being

continuous in §2 (m = integer > 0 or m = o). Let C™(§2) be the set of
functions in C™(§2) all of whose derivatives of order < m have continuous
extension to (2.

Definition 1.6. Fix p € [1,+o00] and k € N U {0}. The Sobolev space
Whe(0)

consists of all u : 2 — R which has ath-weak partial derivative Du for each
multi-index o with |a| < k and D%u € LP(£2).

If p = 2, we usually write
H*(Q)=Wk3(), k=0,1,2,....

Note that H°(£2) = L?(§2). We henceforth identify functions in W*P(£2)
which agree a.e

Definition 1.7. If u € W*?(§2), we define its norm to be

o 1/p
(Z\odgk f_Q ‘D u|pdx) ’ pE [17+OO)7

Z\alﬁk esssupg |[D%ul, D = +00.

||u||kap(n) =

Definition 1.8. We denote Wg’p(Q) the closure of C2°(£2) in WP (£2) with
respect to its norm defined in Definition 1.7. It is customary to write

Hy (2) = Wy (2)
and denote by H~1(2) the dual space to H{ (£2).

The following results can be found in Evans [141] and Adams and
Fournier [2].

Proposition 1.9. For each k =1,2,... and 1 < p < 400, the Sobolev space

(WHP(2), |- lwro(2))

is a Banach space and so is Wi'P(2). In particular, H*(2), H¥(2) are
Hilbert spaces; WP (RN) = Wh2(RN).

Definition 1.10. Let (E, ||-||g) and (Y, ||-|ly) be two Banach spaces, E C Y.
We say that F is continuously embedded in Y (denoted by E — Y) if the
identity id : £ — Y is a linear bounded operator; that is, there is a constant
C' > 0 such that ||ully < C|lu| g for all u € E. In this case, the constant C' > 0
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is called the embedding constant. If moreover, each bounded sequence in E
is precompact in Y, we say the embedding is compact, written E << Y.

Definition 1.11. A function u : 2 ¢ RY — R is Hélder continuous with
exponent v > 0 if

[u](’y) = sup |u(m) — u(y)‘

< 0.
TH#YEN |z —y["

Definition 1.12. The Hélder space C*7(£2) consists of all functions u €
C*(£2) for which the norm

lullcrn(2):= Y 1Dl + Y (D]

lo| <k llel=F

is finite. It is a Banach space. We set C*0(£2) = CF(2).

We have the following embedding results; see Adams [1], Adams and
Fournier [2], Evans [141], and Gilbarg and Trudinger [160].

Proposition 1.13. If 2 is a bounded domain in RN, then

L(9), kp < N,1<q < Np/(N — kp);
WiP(2) —{ C™(2), 0<a<k-m—N/p,
0<m<k—-—N/p<m+1.

Proposition 1.14. If 2 is a bounded domain in RY, then

L(02), kp < N,1<q < Np/(N — kp);
Wé“’P(Q) e $ C™(02), 0<a<k—-m-N/p,
0<m<k—N/p<m+1.

In general, WJ"(£2) cannot be replaced by W*?(£2) in Proposition 1.13.
However, this replacement can be made for a large class of domains, which
includes, for example, domains with a smooth boundary.

Definition 1.15. A bounded domain 2 C RY with boundary 0f2. Let k be
a nonnegative integer and o € [0, 1]. §2 is called C* if at each point z¢ € 952
there is a ball B = B(z) and one-to-one mapping ¢ from B onto D C RN
such that

(1) (BN 2) Cc RY :={z = (z1,22,...,25) € RV : 2y > 0}
(2) (BN onN) c ORY :={z = (z1,22,...,2n) € RN 12y =0}
(3) ¢ € CH*(B),p~1 € CkH*(D).

The following proposition is due to Gilbarg and Trudinger [160, Theo-
rem 7.26).
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Proposition 1.16. Let 2 be a C%' domain in RN. Then

(1) If kp < N, then WFP(2) < LP" (), where p* = Np/(N — kp); and
WEP() s L1(£2) for all g < p*.

(2)If0 <m < k—N/p <m+1, then WkP(2) — C™*(Q),a = k —
N/p —m; and W*P(02) < C™P(Q) for any 3 < a.

The following proposition can be found in Brezis [64] and Willem [335].
Proposition 1.17. The following embeddings are continuous.
H'RY) — LP(RY), 2<p<oo,N=1,2,
H'RY) — LP(RY), 2<p<2* N >3,

where 2* := 2N/(N —2) if N > 3; 2* = 400 if N = 1,2, is called a critical
exponent.

For N > 3, let
[Vaull3

S =
we HY(RN)\{0} ||u

2
2*
be the best Sobolev constant. Then, by Talenti’s [321] result,

VU3
o

2
2*

where

(N(N —2))(N=2)/4
(1 +laP) 272

U*(x) =

Note that if RV is replaced by a bounded domain, S is never achieved. We
frequently use the following Gagliardo—Nirenberg inequality, see Chabrowski
[88], Evans [141], and Nirenberg [231].

Proposition 1.18. For every v € H*(R"),
[vllp < el Vol3llvlg™

with N N9 N
p 2 q

where ¢ 1s a constant depending on p,~,q, N.

Note. In this book, from time to time the letter ¢ is indiscriminately used to
denote various constants when the exact values are irrelevant.

The following concentration-compactness lemma due to Lions [196] is also
a powerful tool in dealing with Schrodinger equations.
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Lemma 1.19. Let r > 0 and q € [2,2*). For any bounded sequence {w,} of
E = HY(RY), if

sup / |wp|%dz — 0, n — oo,
yERN JB(y,r)

where B(y,r) := {u € E : |lu—y| < r}; then w, — 0 in LP(RY) for
q<p<?2*.

Proof. We only consider N > 3. Choose p1,p2,t > 1, > 1 such that
pit =g, pot’ =2, /t+1/t =1, p1+p2 =p.

By the Holder inequality and Proposition 1.14, we have

/ |w,|Pdx
B(y,r)
1/t 1/t
< / Jwy, [P dx / wy |72t da
B(yﬂ‘) B(y,r)
1/t
<c (/ |wn|p1tdm> ||wn,
B(y,r)
1/t p2/2
<c / |wy, [Pt dx / (w2 + |Vw,|?)dz
B(y,r) B(y,r)
1/t p2/2
<c / |w,, [Pt dx / (w2 + |Vw,|?)dz .
B(y,r) B(y,r)

Covering RY by balls of radius  in such a way that each point of RY is
contained in at most N + 1 balls, we have

1/t
[ twnpde < e swp ([ )
RN yeRN B(y,r)

which implies the conclusion. O

b2
2*

1.4 Differentiable Functionals

Let E be a Banach space with the norm || ||. Let U C E be an open set of E.
The conjugate (or dual) space of E is denoted by E’; that is, E’ denotes the
set of all bounded linear operators on E. Consider a functional G : U — R.
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Definition 1.20. The functional G has a Fréchet derivative ' € E" at u € U
if
lim G(u+h) — G(u) — F(h)

= 0.
heE,h—0 1A

We denote G’ (u) = F or VG(u) = F and sometimes say the gradient of G
at u. Usually, G'(-) is a nonlinear operator. We use C*(U, R) to denote the set
of all functionals G that have a continuous Fréchet derivative on U. A point
u € U is called a critical point of a functional G € C*(U,R) if G'(u) = 0.

Definition 1.21. The functional G has a Gateaux derivative I € E' at u € U
if, for every h € E,
G(u+th) — G(u)

i t = 1(h).

The Gateaux derivative at u € U is denoted by DG (u). Obviously, if G has
a Fréchet derivative F' € E’ at v € U, then G has a Gateaux derivative
I € E atue U and G'(u) = DG(u). Unfortunately, the converse is not true.
However, if G has Gateaux derivatives at every point of some neighborhood
of u € U such that DG (u) is continuous at u, then G has a Fréchet derivative
and G'(u) = DG(u). This is a straightforward consequence of the mean value
theorem.

Sometimes, we use the concepts of the second-order Fréchet and Gateaux
derivatives.

Definition 1.22. The functional G € C!(U,R) has a second-order Fréchet
derivative at u € U if there is an L, which is a linear bounded operator from
E to E’, such that

’ el _
lim G'(u+h) — G'(u) — Lh

= O'
heE,h—0 [|72]] '

we denote G”(u) = L.
We say that G € C?*(U,R) if the second-order Fréchet derivative of G

exists and is continuous on U.

Definition 1.23. The functional G € C!(U,R) has a second-order Gateaux
derivative at u € U if there is an L, which is a linear bounded operator from
E to E’, such that

’ el B
PH}) (G'(u+th) tG (u) — Lth)v _o, thove E.

We denote D?G(u) = L.

Evidently, any second-order Fréchet derivative of G is a second-order
Gateaux derivative. Using the mean value theorem, if G has a continuous
second-order Gateaux derivative on U, then G € C?(U,R).
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Definition 1.24. Let f(z,¢) be a function on {2 x R, where (2 is either
bounded or unbounded. We say that f is a Carathéodory function if f(z,t)
is continuous in ¢ for a.e. x € 2 and measurable in x for every ¢t € R.

Lemma 1.25. Assume p > 1,q > 1. Let f(x,t) be a Carathéodory function
on 2 x R and satisfy

Fla, O] Sa+bltP/s,  V(xt) e 2 xR,

where a,b > 0 and §2 is either bounded or unbounded. Define a Carathéodory

operator by
Ou = f(z,u(x)), u € LP(02).

Let {wy}72, C LP(92). If ||wi — wol|, — 0 as k — 400, then
|Owy, — Owgllqg — 0

as k — oo. In particular, if £2 is bounded, then O is a continuous and bounded
mapping from LP(§2) to L1({2) and the same conclusion is true if 2 is un-
bounded and a = 0.

Proof. Note that
(1.6) wi () — wo(x), a.e.x € (2.

Because f is a Carathéodory function,

(1.7) Owy(z) — Owg(x), a.e.x € (2.
Let
(1.8) vp(z) := a + blwg ()P, k=0,1,2,....

Then by (1.6)—(1.8),
(1.9)  |Owg(x)| < vp(x) forall x € £2; vg(x) — vo(x) a.e.x € .

Because
[wi|? + wo|” — [|wg|” — [wo "] = 0,

by Fatou’s theorem, we have

/ lkim_‘i_nf(|w;€|p + [wol? — [Jwk [P — |wo|P])dx
— 400
(1.10) “

<liminf [ (Jwgl? + [wo|? — [Jwk|? — |wol?|)dz.
k—+oo J
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Combining (1.6)—(1.10), thus we see that

1.11 lim wi|? — |wp|P|dx = 0.
(111) Jim [l = ool

It follows that
(1.12) / | — vo|%dx < bq/ [|wg|P — |wo|P|dz — 0
Q Q

as k — oo. Because there is a constant C' > 0, C'y > 0 such that
|Owy, — Owg|?
< C(|Owg|? + [Owgl|?)
< C(lok|* + [vol?)
< Ci(Jvg — vol? + |vo|?)

a.e. x € {2, then by Fatou’s theorem,

k——+oo

/ lim inf (Cy (Jvg — vo|? + |vg]?) — |Owy, — Owg|?|)dx
(1.13) °
< lkim_ii_nf/ (C1(Jor — vol? + |vo|?) — |Owy, — Owg|?)dzx.
— T 00 0

By (1.7), (1.8), (1.12), and (1.13), we have

||OU)]€ — OU()Hq — 0.
Finally, if {2 is bounded, then for any u € LP({2), evidently we have
(1.14) 10ullq < ¢+ cllull2/,

where ¢ > 0 is a constant. Equation (1.14) remains true if {2 is unbounded
and a = 0. Therefore, O is a continuous and bounded mapping from LP({2)
to L2(£2) and the same conclusion is true if {2 is unbounded and a = 0. O

The following lemma comes from Willem [335].

Lemma 1.26. Assume p1,p2,q1,q2 > 1. Let f(x,t) be a Carathéodory func-
tion on 2 x R and satisfy

|f(z, )| < alt|Pr/9 +ble[P2/92 V(z,t) € 2 x R,

where a,b > 0 and §2 is either bounded or unbounded. Define a Carathéodory
operator by

Ou = f(z,u(x)), u € H =L (2)N LP*(N2).
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Define the space
Eo = L1 (2) + L=(12)

with a norm

l[ulle,
= inf{HU”qu(Q) + ||wHLq2(_Q) ru=v+w € &,v E qu(()),w S LqQ(Q)}

Then O = O1 + Oz, where O; is bounded continuous from LPi(£2) to
L% (82),1 = 1,2. In particular, O is a bounded continuous mapping from H
to 50.

Proof. Let £ : R — [0,1] be a smooth function such that £(¢t) = 1 for ¢t €
(—1,1); £&(t) =0 for ¢ € (—2,2). Let

¢($7t) :f(t)f(‘r>t)7 w(xvt) = (1—f(t))f($7t).

We may assume that p1/g1 < p2/ge. Then there are two constants d > 0,
m > 0 such that

|p(a, ) < P/, ()] < mlt]P o,
Define
Oru=¢(z,u),  ue Ll ()
Oou =9(z,u),  ue€ LP ().

Then by Lemma 1.25, O; is bounded continuous from LPi({2) to L% (£2),i =
1,2. It is readily seen that O = O; + O3 is a bounded continuous mapping
from H to &. (Il

The following theorem and its idea of proof are enough for us to see those
functionals encountered in this book are of C*.

Theorem 1.27. Assume k > 0,p > 0. Let f(x,t) be a Carathéodory function
on {2 x R and satisfy

(1.15) o) < alt]* + it V(wt) € 2 xR,
where a,b > 0 and §2 is either bounded or unbounded. Define a functional
u
J(u) ::/ F(z,u)dz, where F(x,u) :/ f(z,s)ds.
Q 0

Assume (E,|| - ||) is a Sobolev Banach space such that E — LPT1(0) and
E — L*TY(2); then J € CY(E,R) and

J'(u)h :z/nf(sc,u)hda:, Vh €E.
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Moreover, if E << L E «ses LPTL then J : E — FE' s
compact.

Proof. Because E — L*T1() and E — LPT1(2), we may find a constant
Co > 0 such that

(1.16) [wllxtr < Collwll, — lwllprr < Collwll,  Vw € E.
Recall the Young inequality and
(Is| + [t)™ < 277 (|s|” + |t|7), T>1,s8teR.
Combining the assumptions on f, for any v € [0, 1], it is easy to check that
|f(,u+yh)h] < Cu(jul @ + (AT 4 ul " 4 [,

where C1 is a constant independent of . Therefore, for any u, h € E, by the
mean value theorem and Lebesgue theorem,

lim J(u+th) — J(u)
t—0 t

= lim/ f(z,u+ 0th)hdx
(1.17) t=0Jn

= /Q f(z,u)hdx

= TO(u7 h)a

where 6 € [0,1] depending on wu,h,t. Obviously, Ty(u,h) is linear in h.
Furthermore, by (1.16),

|T0(u7h)|
< /Q (@, uhlde

< cllullZrallhllers + lullpy 1Plp+1)

< c(ffull™ + ulP) IR

It follows that Tp(u, h) is linear bounded in h. Therefore, D.J(u) = Ty(u,-) €
E’ is the Gateaux derivative of J at u. Next, we show that DJ(u) is contin-
uous in u. Let Ou := f(z,u),u € E. By Lemma 1.26, O = O; + O2, where
O, is bounded continuous from L*+1(§2) to L"+1/%(2) and O, is bounded
continuous from LPT1(2) to LPTY/%(2). For any v, h € E,

[(DJ(u) = DJ(v))h|

/(f(:c,u) — f(z,v))hdx
(9]



14 1 Preliminaries

/Q(Ou — Ov)hdzx

/ (O1u + O2u — O1v — Ogv)hdx
0

g/ |01u—01v||h|d1:+/ 1051 — O] |h]dz
2 (%

< Col|Oru = 010l ety /wllhll + CollO2t = O20| 1) p 12
It implies that
(1.18) |DJ(u) — DJ(v)| g
< Co([[01u — 010 (w11) /s + [|O2u = O20|| (p11) /)
where || - || g/ is the norm in E'. If vy — u in E C L"TY(£2) N LPTL(§2), then
010 — Ol (s t1)/s — 0,
1020k — Osul| p41)/p — O-

Therefore, DJ(vg) — DJ(u). This means D.J(u) is continuous in u. Hence,
J'(u) = DJ(u); that is, J € CY(E,R). Furthermore, if £ < LPT1 E <
L**1 then any bounded sequence {u;} in E has a subsequence denoted by
{uy} that converges to ug in LPT(£2) and in L*T!(£2). Hence, O1(uy) —
O1(ug) in LETD/%(0); Og(up) — Oa(up) in LPHD/P(0). Finally, D.J(uy) —
DJ(ug) in E’; that is, J’ is compact in E. O

1.5 The Topological Degree

Since the invention of Brouwer’s degree in 1912, topological degree has
become an eternal topic of every book on nonlinear functional analysis. There-
fore, we just outline the main ideas and results and omit the proofs. Readers
may consult the books of Berger [57], Chang [91], Deimling [134], Mawhin
[224], Nirenberg [234], and Zeidler [337] (also Brézis and Nirenberg [72] for
applications).

Definition 1.28. Let W C X := R" (N > 1) be an open subset and a
mapping J € CH(W, X). A point u € W is called a regular point and J(u) is
a regular value if J'(u) : X — X is surjective. Otherwise, u is called a critical
point and J(u) is the critical value.

To construct the degree theory, we need a simplified Sard’s theorem. Refer
to Sard [266].
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Theorem 1.29. Let W C X := RY (N > 1) be an open subset and J €
CY(W, X). Then the set of all critical values of J has zero Lebesgue measure
m X.

Definition 1.30 (Brouwer’s degree). Let W C X := RV (N > 1) be a
bounded open subset, J € C*(W, X), p € X\J(OW).

(1) If p is a regular value of J, define the Brouwer degree by

deg(J, W, p) := Z sign det.J' (v),
veJ 1 (p)

where det denotes the determinant.

(2) If p is a critical value of .J, choose p; to be a regular value (by Sard’s
theorem) such that ||p — p1]| < dist(p, J(OW)) and define the Brouwer
degree by

deg(‘]v Wa p) = deg(Ja W,pl)'

In item (1), J~!(p) is a finite set when p is a regular value. In item (2), the
degree is independent of the choice of py.

If J € C(W, X), we may find by Weierstrass’s theorem an approximation
of J via a smooth function.

Definition 1.31 (Brouwer’s degree). Let W C X := R" (N > 1) be a
bounded open subset, J € C(W, X), p € X\J(OW). Choose Je C2(W, X)
such that ~

sup [|J(u) — J(u)|| < dist(p, J(OW))

ueW

and define Brouwer’s degree by
deg(J, W, p) := deg(.J, W, p),
which is independent of the choice of J.

Proposition 1.32. Let W C X := RY (N > 1) be a bounded open subset,
Je C(W,X), pe X\J(OW).

(1)
. 1, e W,
deg(id, W, p) = { o pei

where id s the identity. B
(2) Let Wy, Wy be two disjoint open subsets of W, p & J(W\ (W7 UWa));
then
deg(Ja I/V?p) - deg(‘]7 Wlap) + deg(‘L WQap)'

(3) Let H € C([0,1] x W,RY), p € C([0,1],RY) and p(t) ¢ H(t,0W).
Then deg(H (t,-), W, p(t)) is independent of t € [0, 1].
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(4) (Kronecker’s theorem) If deg(J, W, p) # 0, then there exists a u € W
such that J(u) = p.

Theorem 1.33 (Borsuk—Ulam theorem). Let W be an open bounded
symmetric neighborhood of 0 in RN. Every continuous odd map f : OW —
RN~ has a zero.

Brouwer’s degree can be extended to infinite-dimensional spaces. This is
the Leray—Schauder degree for a compact perturbation of the identity.

Definition 1.34. Let E be a Banach space; M C E. A mapping J : M —
E is called compact if J(S) is compact for any bounded subset S of E.
Furthermore, if J is continuous, we say that J is completely continuous. In
this case, id — J is called a completely continuous field.

Theorem 1.35. Let E be a Banach space and M C E be a bounded closed
subset. Let J : M — FE be a continuous mapping. Then J is completely
continuous if and only if, for any € > 0, there exists a finite-dimensional
subspace E,, of E and a bounded continuous mapping J,, : M — FE,, such that

sup ||J(u) — Jp(u)|| < e.
ueD

Let E be a Banach space and W C E be a bounded open subset. Let
J : W — E be completely continuous and f = id — J. If p € E\ f(OW), then
by Theorem 1.35, there exists a finite-dimensional subspace F,, of F and a
bounded continuous mapping J,, : W — E,, such that

sup [[J(w) = Jn(u)|| < dist(p, f(OW)).

Denote W,, = E, NW; fu(u) = u — J,(u); then f, € C(W,,E,),p €
E\frn(0W,,). Hence, deg(fn, Wy, pr) is well defined.
Definition 1.36 (Leray—Schauder degree). Let f be the completely con-
tinuous field defined as above. Define the Leray—Schauder degree of f at
p € E\f(OW) by

deg(f,W,p) = deg(fn, Wn,p),

which is independent of the choice of E,,p, J,.

Proposition 1.37. Let W C E be a bounded open subset of the Banach space
E; f=1id — J is a completely continuous field, p € E\ f(OW).

(1)
L, peWw,

deg(id, W, p) :{ 0 DT

(2) Let Wi, Wy be two disjoint open subsets of W, p & f(W\(W1 U W3));
then

deg(fa W,p) = deg(fa Wlap) + deg(fv WQap)'
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(3) Let H € C([0,1] x W, E) be completely continuous, hy(u) = u— H (t,u),
p € C([0,1], E), and p(t) & hy(OW) for each t € [0,1]. Then

deg(h(-), W, p(t))

is independent of t € [0,1].
(4) (Kronecker’s theorem) If deg(f, W,p) # 0, then there exists a u € W
such that f(u) = p.

Theorem 1.38 (Borsuk—Ulam theorem). Let W be an open bounded
symmetric neighborhood of 0 in a Banach space E. A completely continu-
ous field f =id — J : W — E, where J is odd on OW ; p € E\f(OW); then
deg(f, W,p) is an odd number.

1.6 The Global Flow

Let (E, | - ||) be a Banach space. Consider the following Cauchy initial value
problem of the ordinary differential equation.

do

— = W(o(t,up)),
- 1 Wio(tu0)

o(0,up) =ug € E,

where W is a potential function. We are interested in the existence of a
solution to (1.19), which plays an important role in the following chapters.
First, we prepare two auxiliary results.

Lemma 1.39 (Gronwall’s inequality). If « > 0,y > 0 and f €
C([0,T],R™) satisfies

(1.20) f(t)§n+7/o F(s)ds, Ve lo,T],

then f(t) < ke for all t € [0,T].

Proof. By (1.20), we observe that (d/dt)(e™7" fg f(s)ds) < ke~ Integra-
ting both sides on [0, ], we get the conclusion. O

Lemma 1.40 (Banach’s fixed point theorem). Let D C E be closed. Let
H : D — D satisfy

(1.21) ||Hu — Hv|| < k|ju — v for some k € (0,1) and all u,v € D.

Then there exists a unique u* such that Hu* = u*.
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Proof. Let upy1 = Hu, (n = 0,1,2,...) with ug € D. Using (1.21)
repeatedly, we have ||ty i1 —tn|| < (1—k) " k™ ||ug —ug|| — 0 as n — +oc.
Therefore, {u,} is a Cauchy sequence. The conclusion follows from the con-
tinuity of H. O

We assume

(O) W : E — FE is alocally Lipschitz continuous mapping; that is, for any
u € E, there exists a ball B(u,r) := {w € E : |lw—ul| < r} with radius
r and a constant p > 0 depending on r and u such that

W (w) =Wl <pllw=woll,  Vw,ve B(u,r).

Moreover, ||[W(u)|| < a+ b||u|| for all w € E, where a,b > 0 are con-
stants.

Theorem 1.41. Assume (O). Then for any u € E, Cauchy problem (1.19)
has a unique solution o(t,u) (called the flow or trajectory) defined in a mazi-
mal interval [0, +00) of t.

Proof. For any fixed ug € E, by condition (O), we find a ball B(ug,r) :=
{w € E : ||lw—ugp| < r} with radius r and a constant p > 0 depending on r
and ug such that

W (w) = W(uo)| < pllw —uoll,  Vw € Blug,7).

Let A := supp(y, ) [W]. Then A < 4o00. Choose £ > 0 such that ep < 1,
e/A < r. Consider the Banach space

E:=C([0,¢],E) := {u:[0,e] — E is a continuous function}

with the norm [Jul| z := max;cjo o |lu(t)]| for each u € E.Let D:={uekE:
|u — uo|| z < r}. Define a mapping H : E — E by

t
Hu := uy —|—/ W (u(s))ds, ue k.
0
For any u,w € D we have
t
[0~ wollp < [ W (u(o))]pds < 22 < r
0

and

t
|Hu — Hwl|| 5 < max/ IW(u) — W(w)|
te[0,e] 0

pds < pellu —w

&

Therefore, H : D — D satisfies all conditions of Lemma 1.40. Hence, H has
a unique fixed point u* € D, which is a solution of Cauchy problem (1.19).
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On the other hand, assume that u(t) and v(¢) are solutions of the Cauchy
problem (1.19) corresponding to the initial data wy and wp, respectively.
Then

[ut) —o@)] 5

§Wm—mm+4nww@»—ww@mws

t
SH%—WﬂE+PAHMQ—U@mﬂh

By Lemma 1.39, [[u(t) — v(t)|| 5 < [Juo — vo|| z€”*. This proves the continuous
dependence on the initial data of solution of (1.19).

Summing up, (1.19) has a unique solution u(t) on the maximal existence
interval [0, o] which is continuously dependent on the initial data. Next, we
just show that o = +00. Assume that p < +00; then

u(t) = up —|—/0 W (u(s))ds.

Then by (O),
t
[u@] < fluol +a9+b/0 [[u(s)l|ds.

Lemma 1.39 implies that there is a constant C; dependent on wqg, 0, a, and b
such that ||u(t)]] < C;. Tt follows that

[u(t) —u(s)|| < Calt — .

This implies that the limit lim,_,_ u(t) = uy exists. Consider the following
Cauchy initial value problem.

do
(1.22) - = Wlo(t,w),
o(0,u1) =uy € E.

Similarly, it has a unique solution @(t) on a maximal interval [0, o;] with
initial data u; = u(p — 0). Let

o(t) = {@’ telo.d,
u(t—o), teloot+al

Then v(¢) is also a solution of (1.19) with the initial data up on the maximal
interval [0, o + p1]. This is a contradiction. a
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1.7 The Local Flow

Let (E,|| - ||) be a Banach space. Sometimes, we cannot expect the global
existence of the flow. But we have the following local results of the flow.

Theorem 1.42. Let uy € E,R > 0,B(ug,R) :={w € E : ||w — w|| < R}.
Assume that W : B(ug, R) — E is Lipschitz continuous:

([W(u) —W()|| < K|lu—2v| forall u,v € B(ug, R).

Then the following initial value problem

(1.23) W) — Wiotug)).  o(0,u0) = o
has a unique solution o : [—0,d] — B(ug, R), where
0<é <min{R/M' 1/K}, M':= sup |[[W(u)|.

uw€B(ug,R)
Proof. First, we note that
W)l < [IW (u) = W(uo)|l + [[W (uo)|
< Klju = uol| + [[W (uo)l
< 00,
thus it follows that M’ < oc. Define
C([-9,9], E) := {u(t) : [-0,0] — F is continuous}.

Then C([-9,0],E) is a Banach space with the norm |u|c := max;c_s s
lu(t)||. Let

D = {u(t) € C([=5,8), E) : |[u(t) — uo|| < R, ¥t € [~5,0]}.

Then D is a closed subset of C([—d,d], E) with respect to the norm || - ||c.
Define

Fu(t) =ug — /0 W (u(t))dt.

Then the solution of (1.23) is equivalent to the fixed point of F. For each
u(t) € D, we observe that

(1.24) 1Fu(t) — uo| = H/Ot W(u(t))dtH < M'§ < R;
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it follows that F' maps D into D. For any u(t),v(t) € D,
[Fu(t) — Fo(t)]|

A%WW)—W@»#H

<

<5 (. )~ (0

te[—o
< Kéflu —vllc;

then
|Fu — Follc < Ko|lu—v|c.

Note that K¢ < 1; then by Lemma 1.40, F' has only one fixed point o (¢, up)
in D. By (1.24), o(t,uo) € B(ug, R). O

Theorem 1.43. Let U be an open subset of E and W : U — E is locally
Lipschitz continuous. Then the following initial value problem

do(t
1) T o), o0u) =u e
has a unique solution o : [0,T (ug)) — U, where T'(ug) € (0, 0x] is the mazimal
time of the existence of the flow with initial data ug. If T(up) < 400 and
limy_,p(ug)—o0 o (t, uo) = ug, then ug € OU.

Proof. By Theorem 1.42, there exists a §; > 0 such that (1.25) has a unique

solution o1 (t, ug) : [0,81] — U. Let wyg = 01(d1,u9) € U. Because W is locally

Lipschitz continuous at wg, we may find a do > 0 such that the problem
do(t,wp)

(1.26) —a —W(o(t, wo)), (0, wo) = wo,

has a unique solution o5 (¢, wy) : [0,02] — U. Define

(t ) Gl(t,UQ), te [0,51],
ag(l,ug) =
0 02(t751,01(51,u0)), te [61,51+52].

Then o(t,ug) : [0,01 + d2] — U is also a solution of (1.25); that is, o1 (¢, ug)
can be extended to o(t,ug) from [0,6;1] to [0,0; + d2]. Keep going. We may
assume that o1 (¢, ug) is extended to an interval [0, \) on the right-hand side
of 0.

Next, we show that the solution of (1.25) on [0, \) is unique. Assume by
negation that (1.25) has two solutions &; (¢, ug) and &a(t, ug) on [0, A). Let

O ={te(0,)):&(tuo) = &2t uo)}-
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By Theorem 1.42, there exists a § > 0 and a ball B,,, centered at ug such that
(1.25) has a unique solution o*(¢t,ug) : [—0,9] — By,. If necessary, we may
choose § so small that & (¢, ug), & (t, ug) € By, for all ¢t € [0,0]. For i = 1,2,
define

a*(t,up), t € [-6,0),

Si(t7UQ)7 t e [0,(5]

Then 7;(t,up) : [-0,0] — By, (i = 1,2) are two solutions of (1.25). By
Theorem 1.42, we know that

ni(t, uo) 1= {

&(t,ug) = &(tug),  Vtel[0,4].

Therefore, O is a nonempty closed subset of [0, ). Take any ¢y € O; then
&1(to, ug) = &a(to, up) := h. By Theorem 1.42, there exists a d3 > 0 and a ball
By, centered at h such that (1.25) has a unique solution o**(¢, h) : [—J3, 03] —
By,. But, we know that &; (t—Fto, Uo),fQ(t—Fto, UO) for all t € [—53, 53] are also
solutions of (1.25) if d3 is small enough; we must have

& (t + to, uo) = &t + to, wo), V't e [—63,03).

That is, (tg—03,tg+03) C O. Therefore, O is not only closed but also open in
[0, \). Therefore, O = [0, A). This shows that the solution of (1.25) on [0, A) is
unique. Obviously, by the above arguments, we may get a maximal interval
[0,T(up)) of the right-hand side of 0 for the unique solution. Otherwise, we
can continue to extend the solution. Here T'(ug) < +oc0. Finally, if T'(ug) <
400 and limy_,p(u)—o o(t,u0) = ug, then ug € OU. Indeed, if uf ¢ OU,
then uf; € U. Because U is open and W is locally Lipschitz continuous, by
Theorem 1.42, we may get the solution starting from ug defined on a small
interval [0, ). Pasting the solutions defined on [0, T(ug)) and on [0, ), we get
a solution defined on [0,T'(ug) + ). This contradicts the fact that [0, T (ug))
is maximal. ]

The following theorem reveals the continuous dependence of the solution
of (1.25) on the initial data.

Theorem 1.44. Let U be an open subset of E and W : U — FE is locally
Lipschitz continuous. Let o : [0,T(ug)) — U be the unique solution of the
ingtial value problem (1.25) with initial data ug € U, where T(up) € (0, 00]
s the maximal time of the existence of the flow with initial data ug. Then,
for each XA € (0,T(ug)) and € > 0, there exists an r > 0 such that for each
v € B(ug,r) == {w € E : |lw—w|| < r}, T(v), the mazimal time of the
existence of the flow with initial data v, is greater than \ and

lo(t,uo) —o(t,v)]| <&, VEE[0,A];

hence, o(t,v) — o(t,up) uniformly fort € [0, as v — uo.
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Proof. Because W : U — F is locally Lipschitz, there is an R > 0, K > 0
such that
W (u) =W()| < Kllu—of

for all u,v € B(ug, R) := {w € W : ||lw — uo|| < R}. By Theorem 1.42, the
initial value problem

(1.27) W) — Wioftug)),  o(0,u0) = o,

has a unique solution o : [=4,d] — E, o(t,up) € B(up, R) for all ¢t € [, ],
where

(1.28) 0<d:=6(R) <min{R/M',1/K}, M':= sup |[W(u)|.
uEB(’LLo,R)

The above arguments remain true if we replace R by R/5 and in this case, §
becomes §/5 . This observation is useful in the following step.

Step 1. Take any ¢, € [—0/5,0/5]; let uy = o(t1,up). We show that for any
ui with [Juj —uq|| < R/5, the solution o (¢, u]) with initial data u] exists on
[—d/5,d/5]. Moreover,

Y
llo(t,uy) — ot + ti,uo)|| < 3||luj — u1| Vit € {—g, g} )

In fact, when ¢, € [—4/5,8/5] and [|uf — ui|| < R/5, note that o(t1,up) €
B(ug, R/5), then ||uj —uo|| < R/5+ ||lur —wol|| < R/5+ R/5 =2R/5. Let

B(uj,R/5) :={w € E: ||w—uj|| < R/5}.

Then B(uj,R/5) C B(uo,3R/5) C B(ug, R). Therefore, o(t,u}) exists on
[-d/5,0/5]. Because

o(t,ur) = us 7/0 W(o(s,u1))ds,

t
o(tuf) = uf — / W (o (s, u))ds,
0

for all t € [-§/5,d/5], we see that

||a(t,u1) - a(t,uT)H

t
< s — ] + K / o (s, u1) — o (s, u) | ds
0
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for all ¢ € [0,0/5]. By Lemma 1.39 (Gronwall’s inequality), we have that
lo(t,ur) = o(t,up)ll < e flur — uil|
for all ¢ € [0,0/5]. In a similar way, this is also true for ¢ € [—§/5, 0]. Hence,
(1.29) lo(t,u1) = ot up)l| < €255 |fur — il
for all ¢ € [-6/5,6/5]. Finally,
o(t,ur) = ot +t1,up), vt € [-6/5,6/5].

Combining this with (1.29) and (1.28), we get the conclusion stated in the
beginning of Step 1.

Step 2. Take A € (0,T(up)) and € > 0. Any t* € [0, \] and let u* = o(t*, up).
By Step 1, there are §(t*) > 0, R(t*) > 0 such that for any s* € [—0(¢*), 6(¢*)],
o(s*,u*) = o(t*+5*,up), as long as ||w—o(t*+s*,ug)|| < R(t*), the solution
o(t,w) exists on [—0(t*),d(t*)] and
(1.30) lo(t,w) —o(t+t* + s*,u)| < 3|lw—o(t" + s, uo)ll
for all t € [—d(t*),0(t*)]. Consider the covering of [0, Al:

{(t" = 0(t"),t* + (")) : t* € [0, A]}.
Then we have a finite covering of [0, A]. We denote it by

(tr —6(t7), 67 +6(¢))), i=1,2,...,m.

Without loss of generality, we assume that

(1.31) 0=t <ty <---<tr, =X
(1.32) 1+ 6(81) € (tz = 0(t3), 13 + 0(t2));
(1.33) 1 +0(t1) +6(t3) € (53 = 6(83), 15 + 6(23));
(1.34) 1+ 6(81) +0(t3) +6(t3) € (t3 — 6(¢3), t3 + 5(¢3));
(1.35) O(tY) +0(t5) +0(t3) +---+ (L) > A
Let
1 . * *
(1.36) r= gt min{R(t}),..., R(t},),e}.
Now, for each v € B(ug,r), let s = 0; then |[v — wo| = |jv — o(t] +

st up)|| < r < R(t}). The argument for (1.30) implies that o(t,v) exists
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on [—0(t7),d(t7)] and that

(1.37) lo(t,v) —a(t + ] + s7,u0)| <3|lv—0c(t] +si,u0)|| <3r<e

for all t € [—40(7),0(¢7)]. Hence,

(1.38) lo(d(t7),v) — a(d(t]) + 1 + s7,uo)|| < 3r.

Choose sy = () +t5 + s¥ —t5; then by (1.32), we see that sj €
(—0(t3),0(t5)). Thus, (1.38) becomes

(1.39) lo(6(t7),v) — o(ts + s5,up)|| < 3r < R(t3).

The argument for (1.30) implies that o (¢, o (6(¢7),v)) exists on [—d(5), 0(¢5)]
and

(1.40) lo(t,0(0(t1),v)) — o (t + 5 + 85, u0) ||
= llo(t+6(t1),v) — ot + 15 + 53, uo)||
< 3[lo(8(t1),v) — a(tz + 53, uo) |
= 3[lo(0(t7), v) — o (0(E7) + t1 + 51, wo) |
< 3%r
for all ¢t € [—d(t3),d(¢3)]. This is also true if v = ug; that is,
(1.41) lo(t+ 6(t7),u0) — o(t + t5 + 55, u0)|| < 3°r.
By Equations (1.40) and (1.41), we have
(1.42) llo(t+6(t)),v) —o(t+8(t]),uo)| <2-3%r<e
forallte[ 5(t5),0(t5)].
In (1.42), we choose t = 0(t3) and s§ = 6(t3) + t5 + s5 — t%; then by (1.33),
€ [—0(t%),d(t5)]. Moreover,
(1.43) lo(8(t3) + 6(t7),v) — o (3(t5 + 55), uo) || < 3*r < R(t3).
The argument for (1.30) implies that
o(t,o(5(t7) + 6(t3),v)) = o(t +6(t1) +0(t3),v)
exists on [—0(t3),0(¢3)] and
(148) ol o(3() +8(13),0)) ~ olt 415 + 55 )|
= [lo(t +6(t1) + 0(t3), v) — o (t + 5 + 53, uo) |
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<3llo(0(t7) + 6(t3),v) = o (8(t3) + 13 + 53, uo) |
< 3%

for all ¢ € [—46(t%), 6(¢%)]. This is also true if v = ug; that is,

(1.45) llo(t+6(t7) + 6(3),u0) — o(t + 5 + 85, uo)|| < 3°r.

By (1.44) and (1.45), we have

(1.46)  |lo(t+6(t5) +6(t3),v) — a(t +0(t5) +6(t3),u0)|| <2-3%r < ¢

for all t € [—0(t5),d(t3)]. Combine (1.37), (1.42), and (1.46). We know that
o(t,v) exists on [0,(¢]) + d(t5) + 6(¢%)] and

lo(t,v) —o(t,uo)l <&, t €[0,6(t7) +6(t5) + 6(£3)]-
We continue this procedure, we observe that o(t,v) exists on
[0,6(7) + -+ -+ 6(¢5,)]

and
lo(t,v) —a(t,ug)| < e, t €[0,6(t7)+ -+t

This completes the proof of the theorem because 6(t7) + -+ -+ d(t%,) > A. O
Remark 1.45. From the proof of Theorem 1.44, it is easily seen that the unique

solution o(t,u) to (1.19) obtained in Theorem 1.41 is continuously dependent
on the initial data u. Hence, o € C*([0, +o0) x E, E).

Sometimes, we have to consider the local flow that starts from a point in a
closed subset and does not leave that set. We first have a necessary condition
for the existence of this kind of local flow.

Lemma 1.46. Assume that M is a closed subset of E. Let W € C(M, E),
ug € M. There exists a § > 0 such that the initial value problem

do(t, U())
(1.47) dt

a(0,up) = ug

=W(o(t,uo))

has a solution o(t,ug) : [0,0] — M. Then

=0.

(148) lim dist (UQ + )\W(UQ), M)
A—0t A

Proof. Note that

oA, ug) = ug + Ao’ (0,ug) + o(N), A—0F.
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If A — 0T, then o(\, ug) € M. Hence,

dist (Uo + )\W(Uo), M)
A
< lluo + AW (ug) — o (X, uo) ||
- A

which implies the conclusion of the lemma. (]

We observe that (1.48) holds automatically if ug is an interior point of
M. This means that (1.48) is actually a boundary condition. The next
result is about the existence of a polygonal approximation of the solution
of (1.47).

Lemma 1.47. Assume that M is a closed subset of E. Let W € C(M, E),
and uy € M. There exist M' > 0,b > 0 such that |[W(u)|| < M’ for all
u € M N B(ug,b), where B(ug,b) := {u € E : |lu— ugl < b}. Moreover,
assume that

dist(u + AW (u), M)

14 li = .
(1.49) Jim, 3 0, Yu e M

Let e, € (0,1),e, — 0 as n — oo. Then for each n there is a

o0 (o] )

and a sequence 0 = 10 <P <th < - <tP <.+ = b/(M'+1) asi —
such that

(1)t =0 <e,, =12 ;

(2) Jn(o,l;u(]) = Up, ||0n(t,’LL()) - O'n(S,U())H S (MI + 1)|t - 8|, Vs,t €
[0, 37715

(8) on(t?_1,u0) € M N Blug,b) and o,(t,up) is linear on [t]_,,t7] for
i=1,2,...;

on(t] uo)—on (65 ,up) n

(4) || f?*t?,l L — W(Un(ti—lauo))n < é&p;

(5) If u € M N B(ug,b) with |[u— o, (t1_ 1, uo)|| < (M +1)(tF =t ), then
W (u) = W(on(ti_y, uo))ll < en

Proof. For each fixed n > 1, we prove the lemma by induction. Obviously,
we may find a t§ > 0 and construct a o, (t,up) on [0,t}] that satisfies (1)
(5). Suppose that o, (t,up) is well defined on [0,¢* ] (t*, < b/(M’'+1))
and satisfies (1)—(5) above. Now we find ¢ > 0 and define o, (¢,up) on
[t™ 1, t?]. Let v; € [0,e,] denote the maximal number that has the following

properties.
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(1) t?;l +71 g M/Z)+1;
(i) If u € M N B(ug,b) with [|u — o, (t8 1, u0)|| < (M’ + 1)~;, then

W) = W (o (t-1,u0)) || < en;

(iii) dist (o (¢, uo) + %W (on(t 1, up)), M) < £,7i/2.

Here, the existence of the maximal +; is obvious. In fact, (ii7) comes from
(1.49). Now we choose t7' = tI' | + ;. By (iii), we take z € M such that

(1.50)  lon(ti1,uo) + (8 =t )W (on(ti1,u0)) — zl| < en(ti —1iy).

Define
(1.51)
z—on(th 1, up)

n n (t - t'?fl) + Un(t?flauo)a vVt € [ znfl’ ?}
ti 7ti—1

Un(t; UO) =

Then 0, (t7, ug) = z € M. By (1.50), we have

O'n(t?,’LLo) - U?’L(t?—l’uo)
(t? - t?ﬂ)

this is (4). By it, we have

(1.52)

- W(onwl,uo))H <en

Un(t?’uo) - Un(tznflvuo)
=t

<[t = s[([W(on(ti-1, wo))ll +€n)

< (M"+ 1))t — s

lon(t, uo) — on(s,uo)l =

\|t—s|

Therefore, (2) holds on [0, t?]. Furthermore,

o (83, uo) — ol

7
< llon (] u0) — on (], uo) |
j=1

%

<M+ 1) 1)

j=1
= (M4 1)(#)
<b;
that is, 0, (t7, ug) € B(uo,b). It follows (3). In view of (ii), (5) is evident. If

ti — b/(M' 4 1) asi — oo, then, by (2) there exists limy_p,/(ar/11) on(t, uo) =
u € B(ug,b). Let 0,(b/(M" + 1),up) = u. Then o,(t,up) is what we
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want. Therefore, to finish the proof of the lemma, it suffices to show that
t —b/(M' +1) as i — co. By negation, if t! — so <b/(M’'+1) as i — oo.
By (2), we know that there exists a limit:

lim 0, (2}, up) = 2" € M N B(ug,b).

11— 00

By the continuity of W, we have a p > 0 such that |W (w) — W (z*)|| <e,/3
as long as ||w — z*|| < 2(M' 4+ 1)p. By (1.49), there exists an g9 > 0 small
enough such that

(1.53) dist (2" + oW ("), M) < €0e,/3.
Choose 7 large enough such that
(1.54) so — tI' < eo, 2% — on(tl,u)|| < eo(M'+1), i > .

Thus, for t € [t],t7 + &0, © > i9, w € M N B(uop,b), and ||w — o, (t], up)|| <

1%

(M’ + 1)eg, then
lw = 2" < [lw = on(t7, uo)ll + [lon (t7, uo) — 2]
<2e0(M'+1) <2p(M' +1)
because €y > 0 was taken small enough. It follows that
W (w) = W(on(ti', uo))|l

< W (w) = W)+ [[W(2") = W(a(t, uo))|

- 2
—&n.
-3

In items (i)—(iii), if we replace ;11 by €o, (1)—(ii) are still true. By (1.54), we
see that 9 > ;41 (i > 4p). Because 7,41 is maximal, then (iii) is not true for
€o. That is,

dist (o, (t], uo) + oW (00 (L3, up)), M) > en60/2, i>ig.
Passing the limit as ¢ — oo, we get that
dist (2" + egW(2"), M) > £,,60/2,
which contradicts (1.53). O

Theorem 1.48. Assume that M is a closed subset of E. Let W € C(M, E),
ug € M. There exists an M' > 0,b > 0 such that ||W(u)|| < M’ for all
u € M N B(ug,b), where B(ug,b) := {u € E : |lu— ugl| < b}. Moreover,
assume that
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(1.55) i STV, M) e
A—0t A

Let g € C([0,00),R) be a nondecreasing function with g(0) = 0 and the
following ODE

(1.56) W () = g(u(t)), u(0) =0

has only the trivial solution 0. Furthermore, assume that

(1.57) W (u) = W)l <g(llu—=2l)),  u,veMnB(uo,b).
Then the initial value problem

do(t,up)
(1.58) dt

a(0,up) = uo,

= W(o(t, u)),

has a unique solution

O'(t,UQ) : |:O7 M/——f—:l:| — M ﬂB(uo,b) c M.

Proof. By Lemma 1.47, for each n > 1, there is a

on(t,ug) € C <[0, M’L—H] ,B(uo,b))

that satisfies (1)—(5). Now we show that the sequence {o, (¢, ug)} is convergent
uniformly in [0,b/(M’ 4 1)]. Let

b
7T(t) = ||an(t,u0) — O'm(t, u0)||7 te |:O7 M/——f—]_:| .
For each t € [0,b/(M’ +1)], we may assume that ¢ € (¢7,¢7,) N (¢7,7)
for some ¢ and j. Then by Lemma 1.47, we may estimate the Dini derivative
DT r(t) of w(t) as the following.
(t+h)—n(t)

D*r(t) = limsup T
h—0+t h

< lloy, (¢, u0) = o7, (£, wo) |

on (b1, o) — on(t, uo) B om (41, u0) — om(t]", uo)

n n m m
iy — 1 174y — 5
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Uﬂ(t?—klv UO) - Uﬂ(t?a UO)
. —tn
1+1 7

Wien (it uo)|

W on(ti', uo)) = Wlom(t]", uo))ll

o’m(tﬁlvuo) - Um(tm7u0) m
+ - roa— - = W(om(t]", uo))
Jj+1 J
(1.59) < g(llon(ti' uo) — om(t]" uo)ll) + (en +&m)-

Note that
llon (£ u0) = om (5", uo)|
< lon (i, uo) = on(t, uo)ll + llon(t, uo) — om(t, uo)l|
Hlom (t, wo) — om(t]"; uo)ll

< (M'+1)(en +em) +7(t)

= k(t).
Keeping in mind (1.59), we have

DYk(t) < g(k(t)) + (M +1)(en + em)-

It is routine to show that

(1.60) m(t) < K(t) < &um(t),  t€ [07 MLH]

where &, (t) is the maximal solution of the ODE
u'(t) =gu) + (M +1)(ep +em), w(0) = (M’ +1)(en + €m)-

Because (M’ + 1)(e, + m) — 0 as n,m — 00, Eum(t) — &(t) uniformly for
t€[0,b/(M'+1)] and &(¢) is a solution of

W(t) = glu),  u(0) =0.

Therefore, by the assumption of the theorem, (1.56) has only the trivial
solution 0. Then &(t) = 0 for all ¢ € [0,b/(M’ 4 1)]. Combine (1.60); the
sequence {0, (t,ug)} is convergent uniformly in [0,b/(M’ + 1)] and its limit
o(t,up) € C([0,b/(M" +1)], B(uo, b)) . Evidently, o(t,up) € M. To complete
the proof of the theorem, we have only to show that

(1.61) o(t,ug) = ug + /Ot W(o(s,ug))ds, te [O, M’L—&—J .
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For each t € [0,b/(M' 4 1)], we may assume that ¢ € [t}',t}, ] for some 7,n.
Then we have that

on(t,ug) — ug — /0 W(on(s,up))ds

t

< Un(t,uo) - Un(t?vlLO) - W(O’H(S,UO))dS
tn
: i
+Z on(t,uo) — on(ti_1,u0) — W(on(s,uo))ds| -
j=1 i1

By (4)—(5) of Lemma 1.47, we get that

on(t],uo) — on(tj_q1,u0) — W(on(s,up))ds

ti_1

< lom(t],u0) = on(tf_1,u0) = (¢ — 71 )W(on(tf_1, uwo))|

" / T IW (a1, 0)) ~ W(on(s,u0)) ds

-1
< 2e,(t] —t7_q).

Similarly, we have that

< 2€n(t - t:l)

t
on(t,ug) — on (8, ug) — / W (on(s,up))ds
tr

It follows that

(1.62) < 2e,t.

on(t,ug) — ug — /0/ W (on(s,up))ds

Recall (1.57) and note that oy, (t,ug) — o(t,up) uniformly in [0,b/(M' + 1)]
as n — 00; thus we readily have

[ Wontssuonds = [ wiots.uis

uniformly for ¢ in [0,b/(M’ + 1)]. Combining this with (1.62), we get (1.61).
That is, o(t,up) is the solution we want. Finally, we show the unique-
ness of the solution. Assume that there is another solution &(t,up) in
[0,0/(M" 4 1)]. Let w(t) = |lo(t,up) — d(t,ug)||, then 7(0) = 0 and the Dini
derivative
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DT a(t) < |lo'(t,uo) — &' (t,uo)||
< W (o (t,u0)) — W(G(t,uo))ll
< g(llo(t, uo) — & (t, uo)|)
= g(7 ().

It follows that 7(¢) = 0 because the problem (1.56) has only a trivial solution.
This completes the proof of the theorem. O

The following theorem is an immediate consequence of Theorem 1.48.

Theorem 1.49. Assume E is a Banach space, O C E is an open subset,
M C O is a closed subset of E, W : O — FE is locally Lipschitz continuous,
and

i @ EAW@), M) o
A—0+ A

Then for any given ug € M, there exists a § > 0 such that the initial value
problem

dO’(t, ’U,())
(1.63) dt

U(O, UO) = Up

= W(a(t, uo))

has a unique solution o(t,ug) defined on [0,6). Moreover, o(t,ug) € M for
all t € [0,5).

Notes and Comments. The ideas of Theorems 1.42-1.44 can be traced back
to Berger [57], Deimling [133], and Martin [221, 222]. Their proofs can also
be found in Guo [163]. Lemma 1.47 and Theorem 1.48 are taken from Guo
and Sun [164] and Lakshmikantham and Leela [188]. Theorem 1.49 can be
found in Brezis [65] (see also Deimling [133, 134] and Chang [94]). We also
refer readers to Barbu [26], Deimling [133], and Martin [222] for other results
on ODEs in abstract spaces.

1.8 The (PS) Condition

Let (E,|| - ||) be a Banach space and (-,-) denote the pairing of E with its
dual space. Our purpose is to find the critical points, that is, solve

(1.64) J'(u) =0,

where J is a C! functional on a Banach space E. Equation (1.64) is called
the Euler-Lagrange equation of the functional J. However, under many cir-
cumstances, we just can derive a sequence {u,} C E such that
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J(un) — ¢, J (up) — 0.

Obviously, to get a solution of (1.64), some kinds of compactness conditions
are necessary.

Definition 1.50. Any sequence {u,} satisfying

(1.65) sup |J (up)| < oo, J (un) — 0,

is called a Palais-Smale sequence ((PS) sequence, for short). If any (PS)
sequence of J possesses a convergent subsequence, we say that J satisfies the
(PS) condition.

The original idea of the (PS) condition was introduced by Palais [239],
Smale [305] and Palais and Smale [240] (see also H. Brézis et al. [67]). The
following weak version of the (PS) condition was proposed in Cerami [84].

Definition 1.51. Any sequence {u,} satisfying

(1.66) sup |J (uy)| < oo, (1 + [Jun|))J (un) — 0,

is called a weak Palais-Smale sequence (in short, w-PS sequence). If any
weak (PS) sequence of J possesses a convergent subsequence, we say that
J satisfies the w-PS condition. If the supremum in (1.66) is replaced by:
J(u,) — ¢ as n — oo, we say that .J satisfies the w-PS at level ¢, written as
(w-PS)..

Theorem 1.52. Let E be a Banach space, J € C'(E,R). Assume
J'(u) = Lu+ I'(u), u €k,

where L : E — E' is a bounded linear invertible operator and I' maps bounded
sets to relatively compact sets in E'. Then any bounded (PS)-sequence or weak
(PS)-sequence is relatively compact.

Proof. Let {u,} be a bounded (PS)-sequence or weak (PS)-sequence, then
J'(up) — 0. The conclusion follows from the relative compactness of I’ and
up = L7Y (up) — L7 (uy,). O

Assume that J € C'(E,R). Let K := {u € E: J'(u) = 0} and E := E\K.

Definition 1.53. A locally Lipschitz continuous map W : E — E is called a
pseudo-gradient vector fieldfor J if

o (J'(u),W(w) > 1|J'(w)]|? for all u € E,

o |[W(w)| <2||J'(u)]| for all u € E.
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Let W be a pseudo-gradient vector field of J. Consider the initial value
problem:

dn _
(1.67) dt
n(0,u0) = ug € E.

-W(n),

By Lemma 1.43, it has a unique solution (called flow or trajectory) n :
[0,T(up)) — E, where T(ug) € (0,00] is the maximal time of the existence
of the flow with initial data ug.

We consider a simple application of the (PS) condition (see, for example,
Guo and Sun [164]).

Lemma 1.54. Assume J € C'(E,R) is bounded below and satisfies the (PS)
condition. Then there is a sequence {n(t,,uo)} such that

N(tn,uo) — u, J(u*) < J(up), J'(u*) =0.
Proof. By the definition of the pseudo-gradient vector field, it easy to check

that
dJ(W(t7 uO))

<0.
dt -

Therefore,

irElfJ < J(n(t,ug)) < J(up), Vit e[0,T(ug)).

Let s > t,s,t € [0,T(up)); then by the definition of the pseudo-gradient
vector field,

||T](S7 UO) - 77(t7 UO) H

</ W (n(r, o))
<l ([ 1w wlar)

<o ([ 20 ot o). W uo>>>dr)1/2

1/2
< dfs — 1|1/ (J(uo) — inf J) .

If T'(up) < oo, then ||n(s,up) — n(t,up)|| — 0 as s,t — T'(up). Hence, there
exists a limit

li t, =u”.
HT}%_On( up) = u
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By Lemma 1.43, v* € dE C K. Hence, J(u*) < J(up) and J'(u*) = 0. If
T(up) = 00, note that

| 31 0t

< / (T (1(r, 1)), W (1(r, o)) )dr

= J(n(0,u0)) — J(n(t, uo))
< J(uo) — inf J.

It follows that there is a sequence ¢, — oo such that J'(n(t,,up)) — 0. By the
(PS) condition, up to a subsequence, 7(t,, ug) — v* with J'(u*) = 0, J(u*) <
J(UO) |

1.9 Lax—Milgram Theorem and Weak Solutions

We recall the Lax—Milgram theorem from linear functional analysis, which
will provide in certain circumstances the existence and uniqueness of a weak
solution to elliptic problems. Let, in this section, E' be a Hilbert space with
the inner product (-,-) and the associated norm || - ||. Let (-,-) denote the
pairing of F with its dual space.

Theorem 1.55. Assume that B : E x E — R is a bilinear mapping. There
are two constants a,b > 0 such that |Blu,v]| < a|ul|||v] for all u,v € E
and Blu,u] > b|lul|? for all w € E. For any given bounded linear functional
g: E — R, there exists a unique element u € E such that Blu,v] = (g,v) for
allve L.

Proof. For each fixed v € E, the mapping Blu, -] is a bounded linear func-
tional on F. By Riesz’s representation theorem, we may find a unique element
ug such that

(1.68) Blu, v] = (ug,v)

for all v € E. We define Mou := ug. Then Blu, v] = (Myu,v) for all u,v € E.
Tt is easy to see that My : E — F is linear and ||Moul|| < al|u|| for all u € E.
Note that

bllull* < Blu,u] = (Mou,u) < |[Moul|[ull.

It follows that Mj is a bounded one-to-one mapping with a closed range
R(My). We claim that R(My) = E. Otherwise, we have a v € R(My)*+,v # 0.
But this is impossible because b||v||? < [Bv,v] = (Mgv,v) = 0. By Riesz’s
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representation theorem again, we have a w € E such that (g,v) = (w,v) for
all v € E. Hence, we have a u € E such that Myu = w. Therefore,

Blu,v] = (Mou, v) = (w,v) = (g,v)
for all v € E. The uniqueness of u is obvious. O

In practice, one of the main research projects by means of critical point
theory is the existence of solutions to elliptic equations. For example,
consider

(1.69) —Au = f(x,u), re2cRY.

Then the corresponding functional is defined by
L2
I(u) = Sllull” = | F(z,u)dz,
2 7

where F(x,u) fo (x,5)ds. Roughly speaking, if I is of C! on a Sobolev
space (E, | - ||) and I'(u ) = 0 (critical point), then

(1.70) / Vu - Vwdx — / flz,w)wdx =0, Yw € E.
Q Q

The critical point u satisfying (1.70) is called a weak solution of (1.69) and
obviously u is not necessarily a classical solution of (1.69). In general, more
assumptions on the smoothness of 92 and of f are needed if the weak solution
wants to be a classical solution.

We just give a simple example and show how the regularity theory of an
elliptic equation can be applied to obtain a classical solution from a weak
solution. The following proposition is due to Gilbarg and Trudinger [160,
Theorems 6.6] (see also Struwe [313]).

Proposition 1.56. Suppose that u € Hfof(()) such that —Au = f in 2 with
feLP(2),1<p<oo. Then for any 2 CC 2, there holds

lull 202y < Cl[ullLe(2) + 1 fllzr(2))s

where C depends on 2,82, N, p. Assume in addition that §2 is a CY' domain
and that there exists a function ug € H*P(£2) such that u —ug € HyP(£2);
then

ull g2e 2y < Clull ey + 1 fll ey + llwoll m2r2)),
where C' depends on 2, N, p.

The following proposition is due to Gilbarg and Trudinger [160, Theorems
6.14 and 6.19].
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Proposition 1.57. Assume that 2 is a C**2 domain and f € CF(12).
Then the Dirichlet problem

—Au=f in {2, u=0 1ndf
has a unique classical solution u € CFF22((2).

The following proposition is due to Gilbarg and Trudinger [160, Theorem
9.15].

Proposition 1.58. Assume that 2 is a CY' domain and f € LP(§2),p > 1.
Then the Dirichlet problem

—Au=f in {2, u=0 1indf
has a unique classical solution u € WobP(2) NW?2P(£2).

The following result is due to Brézis and Kato [68] (see also Struwe [313]).

Lemma 1.59. Assume that §2 is a domain of RN (N > 3) and that f :
2 xR — R is a Carathéodory function such that

|f(x,t)] < alz)(1+ |ul), a.e. v € §2,

where a € LN/2(Q). Ifue H2(12) is a weak solution of

loc loc
—Au= f(z,u) in §2,

then u € LL (2) for any q < co. If u € Hy*(22) and a € LN/?(R2), then

loc

u € LI(02) for any q < oo.

Next, we give an example to illustrate when a weak solution becomes a
classical solution (see, e.g., Lu [218, Theorem 7.5.4]).

Theorem 1.60. Assume that §2 is a bounded domain of RN (N > 2), 2 is
of Ck*t2:2 (9 € (0,1)), and that f : 2 x R — R is a Carathéodory function
such that

(1) There exists T € (0,1] such that
fz,t) € CH (2 x [-M',M'|,R),  for any M’ >0,
(2) There are C > 0 and 2 < p < 2* such that
|f(x,t)] < C(+ |[uf™), ae xR
(8) There exists a function fo(x) € L>°(£2) such that

lim 7f(x, )

lim === = fo(x)  wuniformly for x € §2.
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Assume u € Hy?(£2) is a weak solution of
(1.71) —Au = f(z,u) in (2, u=0 on 0.

Then u must be a classical solution of (1.71). In particular, u € CF25($2),
where 3 = pr*T1.
Proof. Define
f(z,1)
o(x,t) = t
fO (ZL’), ift=0.

Then there are two constants a > 0,b > 0 such that

if ¢ 40,

(1.72) ¢z, t)| < fo(z) +a+bltP~2 < folz) +a+ blt[> —2
for all z € 2,t € R. By the assumption, u € H&’Q(Q) is a weak solution of
(1.73) —Au = ¢(x,u(x))u in £2, u=0 on 0.

If N > 3, by Proposition 1.13, u € L? (£2). By (1.72) and Theorem 1.25,
d(x,u(x)) € LN/2(§2). Then, Lemma 1.59 implies that v € L*(£2) for all
s > 2. This is naturally true if N < 2. Note the conditions (2)—(3) and use
Theorem 1.25 again; we see that f(x,u(x)) € L¥/®P~1(§2), Vs> 2. Choose
s >2,s > p— 1. By Proposition 1.58, the following problem

(1.74) —Aw = f(x,u(x)) in £, w=0 on 9N

has a unique solution

we Wy () NW>(R),  Vg= >1,5>2.

(p—1)

Because u is a weak solution of (1.71), combining (1.74), we have u = w. If
we choose ¢ = N/(1 — o), then ¢ > 2/(p— 1) if N > 2. By Proposition 1.13,
u € W, %(£2) implies that u € C%¢(£2); here 1 — N/q = 0. Then we may find
M’ > 0 such that

(@) <M, Voef,
u(z) —uly)| < Mz —yle,  zye 2.

Note that (2 is of C**2:2(p € (0,1)); then f satisfies. Condition (1) with &
replaced by 0,1,2,...,k — 1 (see Gilbarg and Trudinger [160, Lemma 6.35]
and Lu [218, Theorem 7.5.4]). Hence, there exists a C' > 0 such that

[f(@,u) = fy,v)| < Clz = y[" +[u—2|")

for all (z,u), (y,v) € 2 x [-M', M']. Therefore,
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[f (2, u(z)) = f(y,v(y))]
|z —y" + |u(z) —v(y)[")

c(
Cllz —y[" + (M")°[x —y|7)
c(

IN IN B

IN

7070 4 (M) — y|77)

for x,y € 2, where d is the diameter of {2. This shows that f(x,u(z)) €
C%e7(£2). By Proposition 1.57, (1.74) has a unique classical solution w = u
in C2 ¢7(2). By induction, if we assume that u € C*+1 27" (2), similarly, we
may prove that f(z,u(z)) € C* ™" (2) and u = w. By Proposition 1.57

14k, =

once again, we have that u € CF¥+2 7 77 (2). O

Finally, we want to review the unique continuation theorem.

Definition 1.61. Let {2 be a connected open subset of RY. We say that a
function W on {2 has the unique continuation property if and only if every
function u satisfying

(1.75) | Au(z)| < W(x)|u(z)|
which is equal to zero on some open set is identically zero on 2.

The following unique continuation theorem is due to Schechter and Simon
[277].

Theorem 1.62. Let u obey (1.75) and W € Lj (RN) with r = N — 2 if

N >5r>(2N—-1)/3 i N <5. Then if u =0 in a small ball, then u =0
everywhere.

Notes and Comments. The Lax-Milgram theorem can be found in Lax [189)
and Lax and Milgram [190]. We refer readers to Gilbarg and Trudinger [160],
Evans [141], Struwe [313], and Taylor [325] for the regularity theory of elliptic
equations. Results on unique continuation theorems also can be seen in Reed
and Simon [262].

Note. In this book, we are only devoted to and satisfied with finding critical
points (weak solutions) of differentiable functionals. All weak solutions are
indiscriminately called solutions.



Chapter 2
Schechter—Tintarev Linking

The relationship between the classical linking theorem and the sign-changing
critical point is established. The abstract theory is applied to elliptic equa-
tions with miscellaneous resonance.

2.1 Schechter—Tintarev Linking

Let E be a Hilbert space endowed with an inner product (-, ) and the asso-
ciated norm || - ||. Define a class of contractions of E as follows.

re,-)ec(o,1] x E,E), I(0,-)=id,

for each ¢t € [0,1),I'(t,-) is a homeomorphism of E
~ onto itself and I"*(¢,-) is continuous on [0, 1) x E;
" there exists a g € E such that I'(1,2) = x¢

for each € E and that I'(t,x) — zg ast — 1

uniformly on bounded subsets of F

Obviously, I'(t,u) = (1 — t)u € .

Definition 2.1. A subset A of E is linked to a subset B of Eif ANB =0
and, for every I' € @, there is a ¢ € [0, 1] such that I'(¢, A) N B # (.

Proposition 2.2. Let H € C(E,R"Y) and Q C E be such that Hy = H|q is
a homeomorphism of Q onto the closure of a bounded open subset 2 of RY.
Let p € 2; then Hy ' (002) links H='(p).

Proof. Assume by negation that H; ' (942) does not link H~!(p). Then there
is a I' € @ such that

(2.2) D(t, Hy ' (02) n H™ (p) = 0, t € [0,1].

W. Zou, Sign-Changing Critical Point Theory, doi: 10.1007/978-0-387-76658-4, 41
(© Springer Science+Business Media, LLC 2008
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That is,

(2.3) H(I(t, Hy '(02))) N {p} = 0, t € [0,1].
Set

(2.4) O(t):= HoI'(t,-)o Hy*.

Then we see that 6(t) € C(2,R"Y) for each ¢ € [0,1] and 6(0) = id on £2. If
I'(1,E) = g, then 6(1)x = Hxo # p for all x € 2 because by (2.2)—(2.4),

H(I'(1, Hy ' (002)) N {p} = 0.
By Brouwer’s degree,
deg(0(t), 2,p) = deg(6(1), 2,p) =1, vVt €]0,1].
This is a contradiction. O

Proposition 2.3. Let A, B be two closed bounded subsets of E such that E\ A
18 path connected. If A links B, then B links A as well.

Proof. Assume by negation that B does not link A. Then we may find a
I' € @ such that

(2.5) It,B)NA=0, Vtel01].

By the definition of @, we assume that I'(1, E) = xq, hence o € A. Let 2
be a closed ball such that A C (2. Note that E\A is path connected; then
there is a path v connecting z¢ € A to a point z1 € 2. Let to € [0,1) be such
that the diameter of I'(tp, B) — x¢ is less than min{dist(vy, A), dist(z1, 2)}.
Parameterize v in such a way that it is given by y(¢),to <t < 1,7(to) = o,
(1) = x1. Then

(2.6) (I'(to, B) +y(t) —xo) N A =0, to<t<1

and

(2.7) (I'(to, B) + x1 — o) N 2 = 0.

Define I'(t,z) for ¢t € [0, to]
fitz) = {F(t;,x) —ug+(t) forte [t(;, i]

By (2.5), we see that I'1(¢t, B)N A =0 for all t € [0, 1]. Hence,

(2.8) BNIy'(t,A) =0, Vte[o,1].



2.1 Schechter—Tintarev Linking 43
By (2.7),
(2.9) N1,B)NR =0
Let I, be any map in @ such that I'x(t, 2) C 2 for all t. Take
I(2t,)~t for all t € [0,1/2],

Talt) = {Fl(l, N loly(2t—1,-)  forall (1/2,1].

It is easy to check that I's € ¢. But Equations (2.8)—(2.9) imply that
BN I3t A) =10, t €10,1].

It contradicts the fact that A links B. O

Proposition 2.4. Let E = M @Y, where M,Y are closed subspaces with one
of them finite-dimensional. If yo € M\{0} and 0 < p < R, then the sets

A={u=v+sy:veY,s>0,|ul|=R}U[Y N Bz,
B:=MnaB,

link each other in the sense of Definition 2.1, where B, :={u € E : |lu|]| < r}.

Proof. We first consider the case of dimY < oo and identify Y with some
R”. We may assume that |yo|| = 1. Let

Q={syo+v:veY,s>0,|sy+v| <R}

Then A = 0Q in RN+, Let v = v +w with v € Y, w € M; we define Fu =
v+ ||w||yo. Then F|g = id and B = F~*(pyo). We can apply Proposition 2.2
to conclude that A links B. Because A and B are bounded and E\ A is path
connected, B links A as well. O

Proposition 2.5. Let E = M @Y, where M,Y are closed subspaces with
dimY < oco. Let Bg = {u € E : ||u| < R} and let A= 90BrNY,B = M.
Then A links B.

Proof. We identify Y with some RY and take 2 = BrNY,Q = f2. For
u=v+w,v €Y, we M, define the projection Fu = v. Because F|g = id
and M = F~1(0), we observe by Proposition 2.2 that A links B. O

Proposition 2.6. Let B be an open set in E and A = {a,b} such that a € B,
b ¢ B. Then A links 0B.

Proof. Let I' € @. If I'(1, E) = uog, then I'(t,a) (I'(t,b)) is a curve in F
connecting a (b, respectively) with wg. If ug & B, then I'(t,a) intersects 0B.
If ug € B, then I'(t,b) intersects 0B. Hence A links 0B. O
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Proposition 2.7. Let E = M ® Y, where M,Y are closed subspaces with
dimY < oo. Let B := {u € E : |ju| < R} and take A = dBrNY. Choose
20 # 0,20 €Y and let

B={ueM:|u|>6}U{u=szn+v:iveMs>0,|sz+v| =275}
Then A links B with respect to @ for any R > 6 > 0.

Proof. Let Q = Bg N'Y. For simplicity, we may assume that ||z = 1 and
that .
E—=V&Rapa M,

for each u = @ + s29 + v with @ € Y, v € M. Define

i+ (s+8— (8% |[ol*)/*)z,  for [v]] <4,
H(u) =
U+ (s+9)zo, for ||v]] > 4.

We observe that H|g = id and that H~1(dz¢) is precisely the set B. We
hence conclude by Proposition 2.2 that A links B. a

Proposition 2.8. Let E = M ® Y, where M,Y are closed subspaces with
dim N < c0. Let Bg := {u € E : ||ul]| < R} and take A = OBr NY. Choose
20 # 0,20 €Y, Ry > 0 and let

B={szp+v:s<0;v€ MRy >|v|]|>d}
U{fu=szg4+v:ve M,s>0,|sz+v| =4}
Then A links B with respect to @ for any R > 6 > 0.

Proof. Let Q@ = Br NY. For simplicity, we may assume that ||zp]| = 1 and
that R
E=Y ®Rzy® M.

For each u = @ + szg + v with @ € Y, v € M. Define

G+ (s+ 06— (62— |Jv]|*)/?)z, for ||v| < 6,
_)- vl =6, 5
H(u) =S @+ (s +0)z0 + T (8 + Do, for Ry > jo] >0,
L

-+ (s +s5+146)z, for ||v|| > Ry.

We observe that H|g = id and that H~'(dz¢) is precisely the set B. We
hence conclude by Proposition 2.2 that A links B. O

Proposition 2.9. If B is any subset of a bounded open set 2 C E, then 02
links B.
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Proof. Assume that 0f2 does not link B, and we seek a contradiction. In this
case, there is a I' € @ such that

(2.10) I'(s,02)NB =1, Vs e [0,1].
Hence,
(2.11) I'1,09):=u¢ B.

Let v be any point in B. We now show that

(2.12) II(s,v)|| = o0, ass— 1.

If this were not true, we would have by the definition of @ that
v=TI(s,0)["(s,0)] = u,

which contradicts (2.11). Therefore, (2.12) is correct and thus

(2.13) I (s,v) g

for s close to 1 because {2 is bounded. Note that v = I'"1(0,v) € B C £2; we
may have an so € (0,1) such that

(2.14) I'(sg,v) € 012
To see this, let
so =sup{s € [0,1]: I (t,v) € 2,Vt € [0,5s)}.

Then I'"(sg,v) € £2. Otherwise, there would be an interval containing s in
which I'~1(s,v) € £2; this contradicts the definition of so. But

25T Y (s,v) = I (so,v), ass— sg.

Hence, (2.14) holds and this means that v € I'(sg,0f2) which contradicts
(2.10). Thus, 042 links B. O

Proposition 2.10. Let E be a Hilbert space with the inner product (-,-) and
the corresponding norm ||-||. We assume that there is another norm |||« of E
such that ||ul|x < Cyllu|| for all uw € E; here Cy > 0 is a constant. Moreover,
we assume that ||u, —u*||, — 0 whenever u, — u* weakly in (E, | -||). Write
E = M&Y, where M,Y are closed subspaces with dimY < oo. If yo € M\{0}
with ||yol] =1 and 0 < p < R with

Rllyoll«

R lyoll? + ——
||y0||* 1+D*||y0||*

> p, D, > 0,p > 2 are constants.
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Let

A={u=v+sy:veY,s>0,|ul|=R}U[Y NBg|,

[lu]]¥ eIl }
B = {u eM: + =p;r,
l[ull* * llull + Daull«

where Br denotes the closed ball of E centered at zero with radius R. Then
A links B in the sense of Definition 2.1.

Proof. It is easy to check that AN B = (). We identify Y with some RY. Let
Q= {syo+v:veY,s>0,|syo+v|| <R}
Then A = 9Q in RN+, Let w = v +w with v € Y, w € M; we define

% [l llll«
(2.15) Eo(u) := { llull®  llull + Dyflull”
0, if u=0.

if u#0,

Then & : E — E is continuous. We define
Fu = v+ &o(w)yo.

Then for any u = v + syg € @, we see that s € [0, R] and F'(u) = v + £o(sy0)yo-
Here &o(syo) = 0 iff s = 0. Otherwise

p
_ el ool e

&o(syo =
(s30) ol Dol + o]

where a,b > 0 are two constants depending on yo only. Therefore, Fy = F|q is
a homeomorphism of Q onto the closure of a bounded open subset 2 of RN 11,
Let pyo € §2; then by Proposition 2.2, F; ' (92) = 0Q links F~!(pyo) = B.
That is,

A links B.

O
Proposition 2.11. In Proposition 2.10, if we choose yo € M with ||yo|ls = 1
and R > pllyol|, then A links B where B is replaced by B := {u € M :

[ull = p}-
Proof. Tt is obvious. O

Notes and Comments. Definition 2.1 was introduced by Schechter and
Tintarev [278] and Propositions 2.2-2.4 were proved there (see also Schechter
[275]). Propositions 2.5-2.7 and 2.9 can be found in Schechter [275]. Propo-
sition 2.8 is a new one. More examples can be seen in Schechter [273, 275]
and Schechter and Zou [280, 283]. The original approach to linking required
A to be of a special nature (e.g., the boundary of a manifold) in order to
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link a set B. This severely restricted the kind of sets that could be used. The
linking in the current book seems more general and realistic. It only means
that A cannot be continuously shrunk to a point without intersecting B.
We refer readers to Benci and Rabinowitz’s linking (infinite-dimensional and
compact maps) in [55], Silva’s linking of deformation type in [295], Corvellec’s
linking on metric spaces in [109], Tintarev’s isotopic linking in [328], Li an
Liu’s local linking at zero in [197] (see also Chang [93], Brézis and Nirenberg
[70], and Li and Willem [200]), Benci’s homological linking in [51] (see also
Perera [241] and Liu [207]), and Ramos and Sanchez’s homotopical linking
in [261].

2.2 Sign-Changing Critical Points via Linking

Let E be a Hilbert space endowed with the inner product (-,-) and the
associated norm ||-||. Consider the following type of functional G € C*(E,R)).
Its gradient G’ is of the form

(2.16) G'(u) = k(u)u — Ogu,

where k(u) : E — [1/2,1] is a locally Lipschitz continuous function; O¢ : E —
E is a continuous operator. Let K := {u € E : G'(u) = 0} and E := E\K.

Let V : E — E be a pseudo-gradient vector field for G(cf. Definition 1.53);
that is,

(1) (G'(w),V(u)) = 3||G(u)]|* for all u € E.

(2) |[V(w)| < 2||G"(u)| for all u € E.

By Theorem 1.43, the following initial value problem

do(t,u)
dt

o(0,u) =u € E,

= —V(a(t,u)),

has a unique solution (called flow or trajectory) o : [0,7(u)) — E, where
T(u) € (0,00] is the maximal time of the existence of the flow with initial
value u.

Let P be a closed convex and weakly closed subset of E such that
(P)\{0} # 0.

For any § > 0, define
(2.17) +D(6) ;= {u € E : dist(u, £P) < 4},
(2.18) D* :=D(5)U(-D(0)), S=FE\D"
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Then £D(§) are open convex, D* is open, £P C £D(§/2) C £D(4), and S
is closed. We make the following assumption.

(A1) There exists a 6 > 0 (small enough) such that O (£D(d)) C £D(6/2).

Lemma 2.11. Assume (A1). Then there exists a locally Lipschitz continuous
map Ly : E — E such that Lo(+D(8) N E) C +D(5/2) and that V(u) =
k(u)u — Lo(u) is a pseudo-gradient vector field of G. Furthermore, V' and Lg
can be chosen to be odd if G,k are even.

Proof. Note that ||G’(v)|| # 0 for any v € E. Define
- ’ 1 ’ 1 ’
Ov) = {u € B |G W] > 2Gw). [O6u - O] < LG <v>||}.

Then {2(v) : v € E} is an open covering of E in the topology of E, and
we can find a locally finite refinement open covering {2(\) : A € A} of E,
where /A is the index set. For any A € A, only one of the following cases
occurs.

(1) 2)NDE) =0, 2())N(=D(9)) =0;
(2) 2(0)NDE) #0, £2(A)N(=D(5)) = 0;
(3) 2(0)NDE) =0, £2(A)N(=D(5)) # 0;
(4) £2(0) ND(6) N (=D(3)) # 0; i
(5) 2 NDE) #0, 2(N) N (=D(3)) # 0, 2(\)ND(E) N (~D(9)) = 0.

If the last case happens, we remove 2(\) from the covering and replace it with

Q2(M)\D(6) and 2(N)\(—D(8)). In this way, we rearrange them so that the
new covering has only the properties (1)-(4). In particular, the new covering
is still a covering of E. To see this, we take any w € E; then we have a (2( )
in the “old” covering {2(\) : A € A} of E such that w € 2()\). If 2()\)
is one of the cases (1)-(4), then w is covered by 2(\) which is also in the
new covering. If 2()\) is of case (5), then we may distinguish the following
cases.

e Ifw ¢ D(5), then w € 2(\)\D(d); hence, w is covered by the new covering.

o If w¢g —D(J), then w € f)()\)\( — D(9)); hence, w is covered by the new
covering.

e The remaining case is w € D(5) N (—D(J)); we now show that this will
not happen. Firstly, we observe that w ¢ D(d) N (—=D()). Otherwise, it
contradicts the fact that 2()\) is of Case (5). So, we must have the following
cases.

(a) w & D(5), w € —D(J); hence, w € ID( (—

N N(=D(
(b) w ¢ D(d),w ¢ —D(d); hence, w € ID(§) N (—ID (5))
(¢) we D), w¢g —D(J); hence, w € D(§) N (—ID(J)).
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Because 0 € D(6) N (—D(6)), which is open convex, then for these cases

(a)~(c),
tw =tw+ (1 —t)0 € D(6) N (=D(9)), te(0,1).

However, tw € 2(\) for t — 1~ because 2()) is open and w € 2(\). This
also contradicts the fact that 2(\) is of Case (5).
Therefore, we indeed get a new covering which has only the properties (1)—(4).
For each A € A, define

ay(u) -

) e B
S

AeA

o (u) == dist(u, E\$2)), o (u) =

then 0 < ¢x(u) < 1 and ¢, : E — E is locally Lipschitz continuous. For
each X\ € A, choose ay € £2()\) such that ay is arbitrary in Case (1); ay €
2(N\)ND(8) in Case (2); ay € 2(X) N (=D(8)) in Case (3); and ay € 2(N) N
D(0) N (=D(0)) in Case (4). Define

Lo(u) = Z P (u)Ocan, uek.
A€EA
Then Ly : E — FE is locally Lipschitz coninuous. Let
V(u) := k(u)u — Lou.

We prove that Ly and V' are what we want.

For any u € E, there are only finitely many numbers Aq,...,As € A such
that u € f?()\l) N---N f)(/\s). Moreover, there are w, ..., ws € E such that
Q2(N) € 2(w;) for i =1,...,s. Then

Lo(u) = éx,(u)Ocan,,
=1

where ay, € 2(\;) for i =1,...,s. Note that
[@cu — Oca,||

< ||@Gu — @GwiH + H@Gwi — @GCL)W ||

< e )

< slew)
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fori=1,...,s; it follows that

1©cu — Loul|

Ogu — Z o, (0)Ogay,

S

Z éx, (u)(Ocu — Ogay,)

=1
L
< §HG (w)]]
Hence
(2.19) IV (w)]
= ||k(u)u — Lo(u)||
< ||&(uw)u — Ogul| + ||Eau — Lo(u)||
< 6" )l + Zm @Gu—zm JOaa
3
(2.20) < 5IE @)

and [(G'(u), Ogu — Lou)| < 1||G'(uw)||>. Furthermore,
(221)  (G'(u),V(u)) = |G"(w)]* + (G'(u), Ocu — Lou) > %HG'(U)H2-

Inequalities (2.20) and (2.21) imply that V(u) := s(u)u — Lou is a pseudo-
gradient vector field for G. Next, we show that Lo(+D(8) N E) C +D(5/2).
In fact, for any w € D(d) N E, there are finitely many ¢y (u), say ¢y, (u)
(i=1,...,s), which are nonzero. Then

Lou = Zdb\ )Ocax,

and u € 2(\;) ND() for i = 1,...,s. Hence, ay, € 2(\;) N D(J) by the
definition of ay. It follows that ©gay, € D(J/2) by recalling the condition
(Ay). It implies that Lo(u) € D(0/2), because D(4/2) is also convex. This
proves that Lo(D(§)NE) C D(6/2). Similarly, we have that Lo(—D(8)NE) C
—D(6/2).

Finally, we show that V' and Ly can be chosen to be odd if G and « are
even. Let Lo(u) = 1(Lou — Lo(—u)); then Lo : E — F is odd and locally



2.2 Sign-Changing Critical Points via Linking 51

Lipschitz continuous. Define V := £(-) — Lo; then V : E—E is also odd and
locally Lipschitz continuous. We may show that Lo(+£D(d) N E) C £D(5/2).
Indeed, for any v € £D(§) N E, then —u € £D(d) N E and hence

Lo(£u) € £D(6/2), —Lo(—u) € £D(5/2).
Therefore,
- 1 1
Lou = §LOU + 5(—L0(—U)) S ZED((S/Q),
because £D(9/2) is convex. O

By checking the proof of Lemma 2.11, we readily have the following variant
of Lemma 2.11.

Lemma 2.12. Consider the functional G € C(E,R). Its gradient G’ is of
the form

G'(u) = u — Ogu.
Let My, Ms be two closed convex (or open convez) subsets of E. Suppose that
(Az) @G(Mz> Cc M;, i=1,2.
Then there exists a locally Lipschitz continuous map Lo : E — E such that
Lo(M;NE) C M;, i =1,2 and that V(u) := u — Lo(u) is a pseudo-gradient

vector field of G. Furthermore, V and Ly can be chosen to be odd if G is even
and M2 = 7M1.

From now on, let P denote a positive cone of E; that is, P is a closed
convex subset of E such that tP C P for all ¢ > 0 and P N (—P) = {0}. We
always assume implicitly that P # {0}. We call —P a negative cone. Consider
the following vector field,

(L + [[ul)?V (u)
(T ul* V() + 17

W(u) :=

Then W is a locally Lipschitz continuous vector field on E. Obviously,
W () < [lull +1
for all u € E. We denote
Kla,b) :={u € E: G (u) =0,a < G(u) < b},
G :={ue E:G(u) <c}, Br(0) :={u e E: ||u]| < R}.
Define
(2.22) ¢ :={I'ed:I'(t,D*)CD"}.

Then I'(t,u) = (1 — t)u € P*.
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Theorem 2.13. Suppose that (2.16) and (A1) hold. Assume that a compact
subset A of E links a closed subset B of S and

ag :=supG < by :=inf G.
A B

Define
d* ;= inf sup  G(u);
I'ed” p(jo,1],4)nS )
then
d* e [bo7 sup  G((1 - t)u)}
(t,u)€[0,1]x A
Furthermore, if G satisfies the (w-PS). condition for any ¢ with
ce [bo, sup  G((1- t)u)}7
(t,u)€[0,1]x A

then
Kld* —e,d*+e|N(E\(=PUP)) #£0

for all e > 0 small. Moreover, if d* = by, then K[d*,d*] C B.

Proof. Obviously, d* is well defined because A links B and B C S. Moreover,

d* € by, sup G((1—-1t)u)l.
(t,u)€[0,1]x A

We first consider the case of d* > by. By contradiction, we assume that
(2.23) Kld* —eg,d* + o] N (E\(-=PUP)) =0
for some g9 > 0 small enough. Then
(2.24) Kld* —eo,d" + 9] C(=PUP).
Case 1. Assume K[d* — gq,d* + £¢] # 0.
K[d* — eg,d* + €] is compact, thus we may assume that dist(K[d* — &g,

d* +Eo],8) =g > 0.
By the (w-PS) condition, there is an & > 0 such that

L+ JuD?IG @I

(2.25) T+ T 2IC @+ 1 -

for
we GTd" —&,d" +\(K[d* — 0, d" + £0))s, /25

where (T). := {u € E : dist(u,T) < c}. By decreasing &, we may assume
that & < d* — by, & < g¢/3; then
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(G'(u), W(u)) > £/8
for any
u e Gil[d* — {:T, d* =+ g]\(’C[d* — &0, d* =+ 50])50/2.
Let
2 ={ue E:|Gu)—d| >3}, 2 ={ueFE:|Gu)-—d| <2
and dist(u, 1)
ist(u, £
Hu) = .
() = Tst(a. 7)) + dist(w, 123)
Let f(u) : E — [0,1] be locally Lipschitz continuous such that

(2.26) Blu) = {1 for all u € E\(K[d* — g9, d* + €0])s, /2,

0 forall u € (K[d* —eo,d" + €0])s5,/3-
Let W(u) = 9(u)B(u)W (u) for u € E; W(u) = 0 otherwise. Then W is a

locally Lipschitz vector field on E. We consider the following Cauchy initial
value problem,

de(t,u) = "
. )]

©(0,u) = u,

which has a unique continuous solution ¢(t,u) in E. Evidently,

dG(p(t, u))

<0.
dt -

By the definition of d*, there exists a I' € * such that
rao,1,4)nS c G* *=.
Therefore, I'([0,1], A) is a subset of G4 ¢ U D*. Denote
Ay =T1(]0,1], A).

We claim that there exists a T > 0 such that (77, A1) € G¥ /4 U D*.
First, if w € D*, we show that ¢(t,u) € D* for all t > 0. Without loss
of generality, we may assume that u € D(J). Suppose there exists a ty > 0
such that ¢(tg,u) ¢ D(5). We may choose a neighborhood N, of u such
that A, C D(J) because D() is open. By the theory of ordinary differential
equations in Banach space, we can find a neighborhood A, of ¢(tg, ) such
that ¢(tg,) : My — Ny, is a homeomorphism. Because ¢(tg,u) & D(4), we
can take a w € N, \D(d). Correspondingly, we find a v € N, such that
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¢(to,v) = w. Hence, we may find a t; € (0,%9) such that p(t1,v) € 9D(4)
and ¢(t,v) & D(9) for all ¢ € (t1,10].

On the other hand, for any z € D(5) N K, W(z) = 0, hence

(2.28) dist(z + A(—=W(2)),D(§)) =0, for all A > 0.

For any z € D(6)NE, we have Ly(z) € D(6/2) because Lo(D(5)NE) C D(5/2)
in view of Lemma 2.11. Therefore, by a property of the cone P: 2P +yP C P
for all z,y > 0, we have

dist(z + A\(=W(z)), P)
= dist(z — MI(2)B(2)W (2), P)

e (1 MWEBE k)
- t<<l M+ D2V )2+ 1 )

MEBE L+ ),
@+ TRV + 1 “’)

: _ME)BEA+2)*6(2) ), A(E)B)A + 12])?
Sdm((l (1+||Z||)2|V(Z)Il2+1) T IRV IR 1

Lo(z),

W(EBE + )8 () MI()B(2)(1+ )2
(1 @+ 1DV E + 1 )” @+ 1DV + 1P>

< <1 M)+ 2])%k(2)

1+ |zID2V(2)]|2 +1 )dist(z,p)

M(2)B(2) (1 + ||=])*
T+l [V (2 +1

_ M(2)B(2)(1 + |lz])*k(2) AO(2)B(2) (1 + [[2])? o
= <1 L+ D2V ()] + 1 ) T TEIVER 1 2

dist(Lo(z), P)

< lo

for A > 0 small enough because £(z) > 3. That is, z + A(—W(z)) € D(d) for
A small. Once again, we get

(2.29) dist(z + A(=W(2)),D(5)) =0, for all A > 0 small enough.
Combining (2.28) and (2.29), we thus obtain

lim dist(z + )\(—W(z)),@(é)) —0, Wz € @((”.
A—0+ A
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Consider the following initial value problem

@ﬁ%gﬁﬁz_wwmwmw»%

©(0,¢(t1,v)) = @(t1,v) € D(J).

It has a unique solution (¢, ¢(t1,v)). By Theorem 1.49, there is a 6 > 0 such
that -
o(t,o(t1,v)) € D) for all t €[0,0).

Hence, by the semigroup property, p(t,v) € D(8) for all t € [t1,t; +9), which
contradicts the definition of ¢1. Therefore, ¢(t,u) € D* for all t > 0.

If u € Ay, u & D*, then we observe that G(u) < d* +&. If G(u) < d* — ¢,
then

Glp(t,w) < Glu) < d" —¢

for all t > 0. Assume G(u) > d* — . Then u € G Yd* — &,d* +&]. If
(2.30) dist(¢([0, 00), u), K[d* — €0, d" + £0]) < 60/2,

then there exists a t,,, such that dist(p(tm,u),S) > do/4; that is, @(tm,,u) €
D. Assume that

(2.31) dist(¢([0, 00), u), K[d* — e, d* + &¢]) > d0/2 > 0.

Similarly, we assume that G(¢(t,u)) > d* — & for all t > 0 (otherwise, we are
done). Then, by (2.26)—(2.31), we have that
(2.32)
L+ llet W) DG (ot )
> Wt ) = Ble(tu) =1
0+ T 6w IG (ol W) 1 et = gtett )

for all ¢ > 0. Therefore, by (2.32),

(2.33) G(p(24,u)) = G(u) + . dG(p(s,u)) < d* — 2z,
0

By combining the above arguments, we see that for any u € A;\D*, there
exists a T, > 0 such that (T, u) € G¢ ~¥/2UD*. By continuity, there exists
a neighborhood U, such that ¢(T,,U,) C G% —¢/3 U D*. Because A1\D* is
compact, we get a Ty > 0 such that (77, A;\D*) € G ~¥/*UD*. Then

(2.34) (T, Ay) € GV —¢/1y D™

Case 2. If K[d* — eo,d* + €9] = 0, then (2.26) holds with (K[d* — &g,
d* 4 €0])s,/2 = 0 and B(u) = 1. Then, trivially, (2.32)-(2.34) are still true.
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Now we define

F*( o {LP(QTls’u)a ERS [0,1/2],
n o(Ty, I'(2s —1,u)), se[1/2,1].

Then, I'* € &*. If s € [0,1/2], we have that
I(s,A)NS C p(2Tys,A)NS C G NS c GV /4,
If se [1/2, 1]7 then

I'(s,AANS C p(Th,I'2s —1,A))NS
Co(Th,A)NS
c(GTY#ruD NS
cG¥¥4nsS
c Gd*—é/4.
It follows that G(I'*([0,1],A) N'S) < d* — &/4, a contradiction.
Next we consider the case of d* = by. Here we have to construct a different

vector field and need a careful analysis of the flow. We prove that K[d*, d*|N
B # (). If it were not true, there would exist numbers €1, €2, €3 such that

% 1 i (<1

(2.35) T+ (L+ [l 2[G @)]? =

for |G(u) — d*| < g9 and dist(u, B) < €3. By decreasing €5, we may assume
that €9 < £1€3/16. Let

25 :={u € E:dist(u, B) < e3/2,|G(u) —d*| <e3/2},
24 :={u e E:dist(u, B) <e3/3,|G(u) — d*| <e2/3}.
Then K C E\{25. Choose I" € &* such that

(2.36) sup  G(u) < d*+e2/3.
r([0,1,A)nS

We can find a ug € I'([0,1], A) N BNS # 0 because A links B and B C S.
This implies that

(2.37) bo < Glug) < sup  G(u) < d* +e2/3;
r([0,1],4)ns

that is, ug € £24 C 25. Let

B dist(u, E\{23)
 dist(u, E\$23) + dist(u, £24)’

191 (u)
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and consider the following Cauchy initial value problem,

W = =1 (p1(t, )W (p1(t,u)),

v1(0,u) =u € E,
which has a unique continuous solution ¢4 (t,u) in E. Obviously, by (2.35),

dG (1 (t,u))

(2.38) o

< —gh(ei(tw).
If u e G¥+e2/3 then
G(p1(t,u)) < G(u) < d* +¢e9/3
for all t > 0. If there is a t; < e3/4 such that ¢;(t1,u) € (24, then either
G(p1(t1,u)) < d* —e3/3 or dist(pi(ti,u), B) > e€3/3. For the latter case,

we observe that dist(pq(t,u), B) > e3/12, and hence, ¢;1(t,u) ¢ B for all
t €[0,e3/4]. If p1(t,u) € 24 for all t € [0,e3/4], then

G@4%wnzcw+émwm%ww

« , €2 €3€1
<d —_ - —
+3 32
€2
<d - =.
- 6

That is, either
G(¢1(53/4,u)) <d"— 62/6 = by — 62/6

or p1(t,u) ¢ B for all t € [0,e3/4] and each u € G *=2/3_ Tt follows that
©1(e3/4,u) € B for any u € G4 *22/3_ Next we prove that for all u € A,t €
[0,e5/4], we must have @1 (t,u) € B. Note that if u € A,u ¢ S, then u € D*.
Following an argument similar to that of the proof of the first case, we see
that ¢1(t,u) € D*. Hence ¢4 (t,u) ¢ B C S for all t > 0. Therefore, we may
only consider the case u € ANS. Evidently, ¢1(g5/4,u) ¢ B. Furthermore,
by (2.38), we see that

Glor(tw) < Glu) — 2 /O 91 (o1 (£, 0))dt
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If o1 (t,u) € B, then G(p1(t,u)) > by = d*, and we must have ¥ (p1(s,u)) =
0 for s € [0,t]. This implies that ¢1(s,u) € 24 and either G(p1(s,u)) <
d* — e9/3 or dist(¢1(s,u), B) > e3/3 for all s € [0,t]. Both cases imply
©1(t,u) € B. This proves that ¢1([0,e3/4], A) N B = (). Let

<p1(2t63/4,u), O§t§1/2,
Fl(tﬂu) -
¢1(53/47F(2t717u))7 1/2§t§1

Then it is easy to check that I'y € &*. But by the above arguments,
I ([0,1],A)n B =0,
which contradicts the fact that A links B. O

Theorem 2.14. Suppose that (2.16) and (A1) hold and that O : E — E is
a compact operator. Assume that E =Y & M,1 < dimY < oo, and that

(1) G(v) < « for all v € Y, where « is a positive constant,

(2) G(w) > « for allw € B :={w:w € M,||w|| =p} C S8, where p is a
positive constant,

(8) G(swo +v) < Ty for all s > 0,v € Y; wy € M\{0} is a fized element,
and Ty is a constant.

If G satisfies the (w-PS). condition for all ¢ > 0, then there exists a sequence
{u,} € E\(=PUP) such that

T,
G/(un) — 07 G/(un) = ?u'ru G(un) — C,

where {T,} is a bounded sequence and ¢ € [«/2, 2Tp).

Proof. Define 1 € C*°(R) such that ¢y = 0 in (—o0,1/2) and ¢ = 1 in
(1,00),0 < ¢ < 1. We may assume that ||wg|| = 1. Write u € E as u =
v+w,v €Y, we M. Let

G(u) = G(u) — <T0+%>w(|“—”2>, n=1,2,....

n

Then

G (1) — G (u) = 2 (To + %) " (W> %

n
IG" () = G ()l < Tan™ /2.

We claim that G,, satisfies (w-PS) for each n sufficiently large if G' does.
In fact, assume that {uy} is a (w-PS) sequence: G,(ur) — ¢ and (1 +
|lug| )G (ur) — 0 as k — oo. If, for a renamed subsequence, ||ug|?/n > 1,
then ¢/ (||lug||?/n) = 0 and
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(1 + [Jug NG (ur) = (1 + [|u )G (ur) — 0.

bounded and (w-PS) follows immediately. To see this, note that

n n

Then {uy} has a convergent subsequence. If |lug]|?/n < 1, then {ux} is

Take n so large that

b(u) = r(u) — {2 (TO + %) Y’ (”1;”2> /n}

is bounded and bounded away from 0. Then

b(ug)up — Ogur — 0 as k — oo.

Because the {uj} is bounded, there is a renamed subsequence such that
both b(ug) and Oguy converge. Hence, this subsequence converges as well.
Thus, in both cases, the (w-PS) condition is satisfied. Moreover, G,,(v) < «
for all v € Y. For any w € M, if ||w|| = p, then ¥(||w||?/n) = 0 for n > 2p?
and consequently G, (w) = G(w) > «a. Choose |[swy + v|| := n'/? := R,.
Then R,, > p if n large enough, and

——

Gn(swo +v) = G(swo +v) — (Ty + 1/n)y (|sw0——i-112) 1

n n

Let
Bi={weM:|ul = p},

and
Ay ={veY |v| <R, }U{swog+v:s>0,v€Y,|swy+v|]|=Rn}

Then A, links B, and G,, satisfies all the conditions of Theorem 2.13. Hence,
there exists a u,, € E\(—P U P) such that

G’ (un) =0, Gp(uy) € |a/2, sup Gn((1—t)u)|.
(t,u)€[0,1]x A,,

Evidently,
IG" (un) = G (un)l| = |G (un)|| < Tin™ 2 =0,
a/2 < Gp(uy) < G(uy) < Gp(uy) +To + 1/n,

sup  Gp((1—t)u) < Tp.
(t,u)€[0,1]x A,
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Therefore, G(uy) — ¢ € [a/2,2Tp]. Finally,

/(1) = ') ~ Gl ) =2 (T4 1wt (el 2B

n n
where {T,} is a bounded sequence. O

The statement G’(u,) = (T,,/n)u, in Theorem 2.14 is quite helpful for
getting a sign-changing limit of the sequence {u,,}.

We now assume that there is another norm || - ||, of E such that ||ul/, <
Cyllul| for all w € E; here C, > 0 is a constant. Moreover, we assume that
llun, — u*||« — O whenever w,, — u* weakly in (E, | - ||). In the sequel, all
properties are with respect to the norm || - || if without specific indication.
Write E = M &Y, where Y, M := Y are closed subspaces with dimY < oo
and (M\{0}) N (=P UP) = ; that is, the nontrivial elements of M are
sign-changing. Let yo € M\{0} with [|yo]| =1 and 0 < p < R with

R
Rp_2||y0\|f + ﬂ > p, D, > 0,p > 2 are constants.

1+ Dy |lyoll«
Let

={u=v+syy:veY,s>0,lull=R}U[Y N Bgl,

Jel[% ([l flull« }
B = {u eM: + =pr.
lall®  lull + Duflull«

Then by Proposition 2.10, A links B in the sense of Definition 2.1. Choose

(2.39) ay, > sup G((1—t)u)+2.
[0,1]x A

Define

(2.40) B* == BNG".

Choose I'(t,u) = (1 — t)u € &*; then I'(t,a) € B for some (t,a) € [0,1] x A.
Moreover, I'(t,a) € G%, hence, B* :== BN G% # (). Set

(2.41) ¢ ={r ed": I (0,1],4) Cc G*}.
Then I'(t,u) = (1 — t)u € o* N P**.
Lemma 2.15. |jullx < ¢, Yu € B; here ¢1 is a constant.

(A3) Assume that for any a,b > 0, there is a ¢ = ¢(a,b) > 0 such that

Gu)<a and |jul. <b = |u] <e
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Lemma 2.16. Assume (Asz). Then we have that
dist(B* := BN G*,P) :=6; > 0.

Proof. By negation, we assume that dist(B*, P) = 0. Then we find {u,} C
B*,{p,} C P such that ||u, — pn| — 0. Then {u,}, hence {p,}, is bounded
in both (E, | -||) and (E,| - ||s). We assume that u,, — u* € E; p, — p* €
P weakly in (E, | - ||); w, — u* strongly in (E, || - ||«). Then we observe that
u* € M. Because

[ s [wn[l[unll

[unll®  Nunll + Dllun«

and |lu, — u*|lx — 0, then u* # 0. However, because u* = p*, we get a
contradiction in as much as all nonzero elements of M are sign-changing. [J

In view of Lemma 2.16, we may assume that B* C S as long as the § of
Condition (A7) is small enough; this is indeed true in our applications.

Theorem 2.17. Suppose that (2.16), (A1), and (As) hold. Assume

ap :=sup G < b} :=inf G.
A B>

Define
d* := inf sup  G(u);
Ie®** p(o0,1],4)ns @
then
d e by, sup  G((1-1t))].
(t,u)€[0,1]x A

Furthermore, if G satisfies the (w-PS). condition for any ¢ with

ce by, sup  G((1-tu),
(t,u)€[0,1]x A

then
Kld* —e,d* +¢]N (E\(fP U 77)) £

for all e > 0 small. Moreover, if d* = bf, then K[d*,d*] C B*.

Proof. 1t suffices to note that any flow ¢ considered in the proof of Theo-
rem 2.13 is nonincreasing in the sense that G(¢(¢,w)) is nonincreasing in t.
Then the proof of this theorem is the same as that of Theorem 2.13 where B
is replaced by B*. |

Theorem 2.18. Suppose that (As) holds. Theorem 2.1] is still true if we
replace B by B* and a, := Ty + 2.

Notes and Comments. The ideas of the proofs for Lemmas 2.11 and 2.12 first
come from Sun [316] (see also Guo [163] and a paper by Liu and Sun [211]). In
[316], D* itself is a convex set. In [211], it is assumed that O¢ (0D(6)) C D(d)
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and that G’ = id — ©¢. Lemma 2.11 and Theorems 2.13 and 2.14 are proved
in Schechter and Zou [288].

Condition (A;) is applied in Conti et al. [107]. In particular, [107] is the
pioneering paper where the neighborhood of a cone is introduced which satis-
fies the type of condition (A;). By using the invariant sets of flows and lower
(upper) solutions, Conti et al. obtained the existence of multiple solutions
with ordering relations. Similar ideas are also used in Conti et al. [108] for
the existence of many solutions for superlinear elliptic systems. Later, this
idea of the neighborhood of a cone is used by Bartsch et al., Liu and Wang,
Schechter and Zou, and Zou, among others.

In Theorem 2.14, T is an arbitrary constant that is not necessarily equal
to a. This novelty makes it powerful in applications, especially in dealing
with asymptotically linear equations. Note that Ty must be equal to a in
classical linking (cf. Benci and Rabinowitz [55], Brézis and Nirenberg [70], Li
and Liu [197], Li and Willem [200], Silva [295], and Tintarev [328]).

2.3 Jumping Dirichlet Equations

Consider the sign-changing solutions to the following Dirichlet boundary
value problem

(2.42) {Au = f(z,u), in {2,

’u[:O7 on 80,

where 2 C R" is a bounded domain with the smooth boundary 92 and
finite measure meas 2 := |{2].

Let E := H(£2) be the usual Sobolev space endowed with the inner
product

(u,v) ::/(VuVU)dm
Q
for u,v € F and the norm |jul| := (u, u)'/2. Let
O< A < <A <o

denote the distinct Dirichlet eigenvalues of —A on {2 with zero boundary
value. Then each A has finite multiplicity. The principal eigenvalue A\ is
simple with a positive eigenfunction ¢;, and the eigenfunctions ¢ corres-
ponding to A; (k > 2) are sign-changing. Let Ny denote the eigenspace of
Ak. Then dim Ny < co. We fix k and let E := N1 @ ---@® Ni. In this section,
we consider the case of

lim fat) _

t— 400 t t——00

(2.43)
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uniformly for x € 2. In particular,
A < fe(x) < e, where ¢ > 0is a fixed constant.

Throughout this section, we assume

(B1) f is a Carathéodory function and f(z,t)t > 0 for (x,t) € 2 x R;
}ir%(f(x,t))/t = 0 uniformly for z € 2.

(Bg) 2F(x,t) > Mt —coforallz € £2,t € R, where F(z,t) =

fg f(z, s)ds; ¢o > 0 is a constant.
By the above assumptions, we may find a Cr > 0 such that
(2.44) F(x,t) < iAl\tF +CpltP, VYezen, teR;
here 2 < p < 2*. Also, we can get another constant Ay > 0 such that
(2.45) 2F (z,t) < Agt*  for all x € 02, teR.
Recall the Gagliardo—Nirenberg inequality,
(2.46) lully < collull*[ulls =, weE,

where a € (0,1) is defined by

1 1 1 1
(2.47) —a<2—N> +(1—a)§.
On the other hand, we have a constant A, > 0 such that

(2.48) Jull, < Apllull,  we E.

Without loss of generality, we assume that A, > 1 and ¢, > 1. Set

1
(2.49) Af i=min { ———— (4422~ 1/ (p=2) L
g 4/112)0,(917 2) P
(2.50) T, = min{)\;l—a)(p—Q)’ )\ggl—a)},
1
(251) T2 ‘= min {7 (SCF)—(I/(P—Q))} .
64C%,

(B3) Assume that

%\ 2
Co < m(/lp) TlTQ.

The first result deals with the case of a jump not crossing eigenvalues: \; <
O+ (x) < Agr1. Resonance may occur at Agiq.
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Theorem 2.19. Assume that (B1)—(Bs) and (2.43) hold with A\, < B+ (z) <
Aet1. If either By (x) < Agy1 for x € 2 or f_(x) < Agq1 for x € (2, then
Equation (2.42) has a sign-changing solution.

If we strengthen the condition on f, we have the following theorem where
the jump is allowed to cross an arbitrarily finite number of eigen-values.

Theorem 2.20. Assume that (B1)—(Bs) and (2.43) hold. If A\, < B+(x) for
r € 82, and

(By) there exists a Co(x) € L*(£2) such that

(i) f(z,t)t — 2F (z,t) > Co(x), for (x,t) € 2 xR,
(i1) ‘tlli_r)noo(f(:v,t)t —2F(x,t)) =00 forxz e (.

then Equation (2.42) has a sign-changing solution.

Theorem 2.20 permits S (x) to be arbitrary bounded functions greater
than \; and to cross an arbitrarily finite number of eigenvalues of —A with
zero boundary value condition. Therefore, the jump has much more freedom.

For the Dirichlet boundary value problem (2.42), it is usually called jum-
ping nonlinearity at +oo if

flz,t)/t > a ae xz€ ast— —oo,
flz,t)/t = b ae z€R ast— 0.

The existence of solutions of (2.42) is closely related to the equation
—Au=but —au”, where u* = max{zu,0}.
Conventionally, the set
Y :={(a,b) € R*: —Au = bu™ — au™ has nontrivial solutions}

is called the Fuc¢ik spectrum of —A (see Dancer [127], Fuc¢ik [151], and
Schechter [269]). It plays a key role in most results of this aspect. However,
so far no complete description of X' has been found. If

D<A <o <A <o

are the distinct Dirichlet eigenvalues of —A on {2 with zero boundary value,
it was shown in Schechter [269] that in the square (A\;_1,\41)? there are
decreasing curves Cjp, Cja (which may or may not coincide) passing through
the point (A\;, A;) such that all points above or below both curves in the square
(the so-called type (I) region) are not in X', whereas points on the curves are
in Y. Usually, the status of points between the curves (referred to as the
type (II) region if the curves do not coincide) is unknown. However, it was
shown in Gallouét and Kavian [154] that when A is a simple eigenvalue, then
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points of the type (II) region are not in X. On the other hand, Margulies
and Margulies [223] have shown that there are boundary value problems for
which many curves in X emanate from a point (A\;, A;) when J); is a multiple
eigenvalue. Certainly, these curves are contained in region (II).

Next we proceed to prove the above theorems. Define

1
G(u) = gl - /Q Flz,u)ds, ucE.

Then G € C'(E,R) and G'(u) = u — Og(u),u € E, where Og : E — E is a
compact operator. Actually, Og(u) = (=A) 7 (f(z,u)).

Lemma 2.21. Under the assumptions of Theorems 2.19-2.20, G(u) — —o0
foru € Ey, as ||u]| — oo.

Proof. Rewrite G as

1 1

6w = gl [ (300@h? + 35 @ P+ Heow) ) ds, we B,

where H(x,u) := fou h(x,t)dt;

Bz, t) = f(@,t) — (B4 (@)t" — B (@)7);  t* = max{+t,0}.
Therefore,
G(u)

= 1||uH2 - H(x,u)dx
2
Q

1 T
2 </5—(1)25+(r)+/ﬁ_(m)<g+(m)> (B4 () (u™)” + B () (u”)7)

1 1
— st | B (e
B—(x)>B+(x)

—1 x) — o) (uw)2dx
24@%mmw<> By () (u")

1
——/ B (z)udx
2 J3_(2)<B+ (=)

1 z) — B () (u)3de — | H(z,u)dz.
5, s Be) =B @ [ )

Note min{f(x), 8- (x)} > A, and recall the variational characterization of
eigenvalues {\ }; we have the following estimates for any u € Ej,.
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1
<P -3 [ B ()utds
B—(x)>p+(x)
——/ ﬂ,(m)u2dx—/ H(z,u)dx
2 Jp_(@)<py (@) 7
1, 5, 1 , )
< slul® =5 [ min{By (), 8- (@) u’de — | H(z,u)dz
2 2

<l - | He.ude,

where § > 0 is a constant. The last inequality is due to the finite dimension
of Ej and the Schechter—-Simon Theorem 1.62. Therefore,

im &u?) < -4
lull—oo,ueEy ||ull

because )

lim M&0

t—o00 t
and dim Fj < oo. O
Lemma 2.22. Assume (By). Then

N
G(u) < Co|2 |, Vu € Ejp_1.

Proof. For u € Ej_1,

Glu) = 5llul* = | Fla.uyds

1 1 1
—||u\|2——/ )\k_luzder—/ codx
2 2/, 2 /o

col 12|
2 O

IN

<

For p > 2 given in (2.44), we let

up

|\% |wwgu w0,
(2.52) So(u) := S Mull®  flull + X¢]|ull,

0, if u=0,




2.3 Jumping Dirichlet Equations 67

where = (1 —a)(p —2). Then & : E — E is continuous. Set

1
(2.53) So:={u€ By : &) =p},  pi==>0.
8Cr
For u € Sp, by (2.48) we have
_ Nlullp ][]l
lall® ™ all + 37 ell
e[| [k —
- S llulp?

= 2(|ul N fullp) 2 llul?

(el
201

IN

2 -2
+ Apllullp

(Ap)"?|lul] -

RN A lullp
2(\y)

By the Gagliardo—Nirenberg inequality in (2.46) and (2.47),

- — a(p— 1—a)(p—2
(2.54) Jul|272 < b2 ||y (» Q)HU”é )(p—2)

But u € Ei- |; we see that

Mellull3 < flul® and  lullz < —7 [lull.
Ak
Hence,
-2 -2 -2y —((1—a)(p—2))/2)
(2.55) Jullp™ < g lulP77A, g :
Therefore,
A 1/2 _ o) (e
< W) ] (A2 Jul[P=2 (=) =2)/2

2\

1 1 2 p—2 —2
< <(/\§)1/2 + )\](c(la)(p2)/2)> (2Apcg )maX{HuHa Hqu }

Then we have that
)\gc(l—a)(p—Q))/2

p < max{]lul, [Jul "}
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Lemma 2.23. For all u € Sy,

Jull > A7 min{A 7T VIO mingp, p/ ),
Lemma 2.24. [[ul/2/|[ul]* < p, Vu € Sp.
Lemma 2.25. ||ull, < ¢, Yu € Sp.

Proof. If ||ul|, — oo, then so does |lu|| — oo; hence

Jall ]
lall + Ap ]

)

a contradiction. O

By (2.44), we know that F(z,u) < \1/4|ul? + CrluP, Vr € 2, u € R.
Consider the functional

1
Glu) = gl = [ P, ue (@)
Then
1 A1
G(u) > gl ~ 2 Jul - Crlul?

1

> Ll = Crllul

>

L
nmﬁ(——cr—ﬁ).
1O

Combining Lemma 2.23 and Lemma 2.24, we have the following.

Lemma 2.26. For any u € Sy, we have that

1
G('LL) Z (A;)leTQ 2 §|Q|CO

0| —

Lemma 2.27. Under the assumptions of Theorem 2.19, G satisfies the
(w-PS) condition.

Proof. Assume that {u,} is a (w-PS) sequence:
G(un) — ¢, (1 4+ |Jun|)G' (uyn) — 0.

By negation, we assume that ||u, || — co as n — 0o. Let w,, = uy, /||ty ||. Then
|lwy|| = 1 and there is a renamed subsequence such that w,, — w weakly in
E, strongly in L?(2), and a.e. in {2. Moreover,
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(G (un), v) = {tn, /fmun Yodz — 0

(wp,v /fxun dx — 0.
[[n |

By (2.43), we see that

and

—Aw = prwt — p_w™.
Because

G(un)/unl® = 1/2 - /QF(:v,un)dfﬂ/l\un\l2 -0,

we see that [,,(84(w?)? + B_(w™)?)dx = 1. It implies that w # 0. Let w :=
w_ +wy with w_ € By, wy € B, @ = w; —w_. Let g(x) = B4 (x) when
w(z) > 0; q(z) = f—(x) when w(z) < 0. Then we have that —Aw = g(x)w
and hence

sl = oo = [ ato)ws)ds - [ ao)w- e
i0) 2
It follows that

0 < fJwsl* = M w3 < Jlws |* ~ /QQ(w)(w+)2dl’

= Jleo_ |2 - /Q g(@)(w_)?de < Juw_|? — A /Q (w_)dz < 0.

That is, [|ws|]* = [, q(z . The only way this can happen is q(z) = A\
when w,( ) # 0 and q( ) = )\k+1 when wy (z) # 0 and therefore, either
w_ is an eigenfunction of Ay or w, is an eigenfunction of Axi ;. But the
first case cannot occur because f1 > Ag. If wy is an eigenfunction of Ag41,
then w is sign-changing. Because —Awy = S (z)wl — f_(z)wy, we have

B— = Mg41 on a subset of §2 of positive measure and 4 = Ap41 on an-
other subset of {2 of positive measure. This contradicts the assumption of the
theorem. O

Lemma 2.28. Under the assumptions of Theorem 2.20, G satisfies the
(w-PS) condition.

Proof. Assume that {u,} is a (w-PS) sequence: (1 + [|u,||)[|G’(u,)|| — 0 and
{G(uy)} is bounded. Then

(2.57)  G(uy) — %(G’(un),un> = /Q (%f(:c,un)un - F(a:,un)> dx < c
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and )
—lunl?® < c+/ F(z,up)de < c+/ Agu? de.
2 Q Q

If {||un||} is unbounded, then, for a renamed subsequence,

n—o0

w2
1 <2Ap lim / T dr.
o llun]

It follows that lim,, .o |u,|? = oo on a subset of 2 with a positive measure.
Combining this with (By), we have [, (3f(z,un)u, — F(z,uy,))dz — oo,
which contradicts (2.57). O

To prove Theorems 2.19 and 2.20, we apply Theorem 2.17. First, we let
P:={ue€ E:u(x)>0forae zec 2}

Then P (—P) is the positive (negative) cone of F and +P has an empty
interior. Let

A={u=v+syp:v € Er_1,5>0,]|ul| =R} U (Ex_1N Br(0)),

where yo € Ei- |, |lyo| =1 and R large enough. Let p be defined in (2.53).
By Proposition 2.10, A links Sy. Choose

(2.58) a, > sup G((1—t)u)+ 2.
(0,1]x A
Define
(2.59) B* :=S,NnG*.
In Lemmas 2.15 and 2.16, we chose || - ||, = - ||, Then by Lemma 2.16,

dist(B* := Sy N G**,P) :=d; > 0.

We define
D(po) :={u € E : dist(u, P) < po}-

Lemma 2.29. Under the assumptions of (By), there exists a po € (0,01)
such that Oc(£D (1)) C £D(po/2).

Proof. Write u* = max{+u,0}. For any u € E,

o — i _
lello = minflu = wllz

we(
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—— min |lu—w
< 573 i, =l

Iy
(2.60) = N dist(u, —P)
1

and, for each s € (2,2*], there exists a Cs > 0 such that
(2.61) |u®|s < Cydist(u, FP).

By assumption (Bj), for each &/ > 0 small enough, there exists a C.r > 0
such that

(2.62) flx, )t < e't? + Cut?, re,teR,
where p > 2 is a constant. Let v = ©g(u). Then by (2.60)-(2.62),
dist(v, —P)|Jv ||

< [l *P?

)

= (v

:/ flz,ut)vtde
Q

: / (¢'[u™| + Corut P~ 0™ |da
Q

< (gdm, ~P) + C(dist(u, —P))pl) ot
That is,
dist(Og(u), —P) < @) dist(u, ~P) + C(dist (u, ~P))""".

So, there exists a po < &; such that dist(Og(u), —P) < 3o for every u €
—D(po). Similarly, dist(O¢ (u), P) < 3o for every u € D(ug). The conclusion
follows. 0

Proofs of Theorems 2.19-2.20. By Theorem 2.17, there exists a u €
E\(—P UP) (sign-changing critical point) such that

G'(u) =0, Gu)e [bg—g, sup G((1—t)u)+§],
(t,u)€0,1]x A

where by = ¢o|£2|/2; € is small enough. O

Notes and Comments. The study of the Fucik spectrum began with
Ambrosetti and Prodi [17], Dancer [125], and Fuéik [151]. They first realized
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that the set X is an important factor in the study of semilinear elliptic
boundary value problems with jumping nonlinearities. There are many papers
on the existence of solutions to Dirichlet elliptic boundary value problems
with jumping nonlinearities; see Céc [75], Dancer [127, 128], Giannoni and
Micheletti [159], Hirano and Nishimura [169], Lazer and Mckenna [191, 192],
Liu and Wu [209], Margulies and Margulies [223], Marino and Saccon [220],
Perera and Schechter [244-246], Schechter [269, 272, 273, 275, 276], and
their references cited therein. They were mainly concerned with the exis-
tence results without sign-changingness of the solution. Dancer and Du [130]
(jumping at zero), Dancer and Zhang [132], Li and Zhang [201], and Schechter
et al. [279] got sign-changing solutions for Dirichlet zero-boundary value prob-
lems where the Fucik spectrum of Dirichlet boundary value problems is essen-
tial to their arguments. Note that in Schechter et al. [279], the authors first
proved that the sign-changing solutions of Dirichlet boundary value problems
are independent of the Fucik spectrum. The Fuéik spectrum for Schrodinger
equations is an open question. Lemma 2.29 is due to Bartsch, Liu and
Weth [37], whose earlier ideas can be found in Conti, Merizzi and Terracini
[107, 108].

2.4 Oscillating Dirichlet Equations
In this section, we consider the following case,

(2.63) lim inf fa.t) =04 (x); lim sup

t—4oco t t—too

AL Ne)

where 0,91 € L*(£2). Assumption (2.63) implies that the nonlinearities

are jumping and oscillating. Assume

(Bs) 2F(z,t) > max{\x_1t2, 04 (x)(tT)*4+0_(x)(t7)?} —co for z € 2,t € R;
co > 0 is a constant.

Theorem 2.30. Assume (B1),(Bs), and (Bs). For each pair of numbers
oy, B— in the interval (Mg, Ai41) there are numbers a— < A\ and B > Agy1
such that

atr <Oi(x) <Vi(x) < Py, e

Then Equation (2.42) has a sign-changing solution.

Theorem 2.31. Assume (By),(Bs), and (Bs). For each pair of numbers
a_, By in the interval (Mg, A\k+1) there are numbers ay < g and B— > Agyq
such that

ar <Oi(z) <Vi(z) <Be, TN

Then Equation (2.42) has a sign-changing solution.
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Theorem 2.32. Assume (By), (Bs), and (Bs). Suppose that
o]l < / Or (02 +0 (v )de, Yo By 0u(x) < ess, zEQ
RN

and that no eigenfunction corresponding to Ai41 satisfies
—Au+V(z)u =9 3u" —9_u",

and no function in Ex\{0} satisfies —Au + V(z)u = 04ut — 0_u~. Then
Equation (2.42) has a sign-changing solution.

Theorem 2.33. Assume (B1),(B3), and (Bs). Suppose that
M < 04(x) <Pi(x) < Mgy, €N
and that no eigenfunction corresponding to A\ satisfies
—Au=0,ut —0_u"

and that no eigenfunction corresponding to A\py1 satisfies —Au = 9 u™ —
Y_u~. Then Equation (2.42) has a sign-changing solution.

Some lemmas are necessary for proving the above theorems.

Lemma 2.34. For each pair of numbers a, B_ € (g, Apt1), there are num-
bers a— < A, B+ > Apy1 such that

(2.64) ul|* < /rz(a+(u+)2 +a_(u")?)dx, Vue E\{0};

(2.65)  ful* > /RN (B (uh)? + B-(u™)?)de,  Vue Ep\{0}.

Proof. To prove (2.64), we define

G :=  max (||u||2—/ a+(u+)2dx—/ )\k(u_)2dac>.
u€Ey,||ull2=1 e} 2

Because dim F, < oo, ¢y exists and is attained at a point ug € Ej with
|uol2 = 1. Then,

o = (ool = [ wwaddr) + [ (0 = )i e <

Note that both terms in the middle above are less than or equal to zero.
If |Juol|? — fQ Aguddr = 0, then ug € Ny, is an eigenfunction of \;z. Hence,
ué # 0 because the eigenfunction is sign-changing. Thus, the second term,
hence ¢y, is less than zero. Therefore, for all u € Ex\{0},
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[Jul|? - /Q(Oé+(u+)2 +a_(u")?)dz < (G0 + M — a_)/ w?dz < 0

9]

for an appropriate o < A;. To prove (2.65), we define

do = inf (||u2—/ Mot (u dm—/ﬁ )
uGElj,Huﬂgzl

Note that [, Ap+1(u)?dz < [|u|? for all u € Ei-; we see that

(2.66) Jul® - / Mot (u) 2 — / 6

> /Q()\k+1 — ) (") da
> 0.

It follows that dy > 0. It suffices to show that dy > 0. But, if this were not
true, we would have a sequence {u, } C Eif, ||u,||2 = 1 such that

= fJun? - / Mot (1) 2 — / (g1 — )y )2dz — 0
(] (]
as n — oo. It follows that

||un||2 S )\k+1 + dn

We may assume that u, — u. weakly in E and strongly in L?({2), hence,
|lus]|2 = 1. Therefore,

o= | Aea)Pde = [ Qv = B))Pde < lim d, =

This implies that u,, = 0 and

| = /Q Nosr (u,)2dz.

All these mean that u, is a positive eigenfunction of A\;41. This contradiction
completes the proof of the lemma. O

Lemma 2.35. Under the assumptions of Theorem 2.30, G satisfies the (PS)
condition.

Proof. Lemma 2.34 and the conditions of Theorem 2.30 imply that

(2.67) l|ul|? < /RN O (u)? +0_(u")?)dx, Yu € Ex\{0};
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(2.68) Jul® > / (O (uh)? +9_(u")?)dz,  Yu€ EF\{0}.
2

Now let {u,} be a (PS) sequence: |G’ (u,)|| — 0 and {G(u,)} is bounded. We
just have to show that {u, } is bounded. To show this, assume that ||u, || — oo.
Let @, = u,/||un||. Then 4, — @ weakly in E, strongly in L?(§2), and a.e. in
2. Because |f(x,un)|/||un| < Folt,|, we may assume that (f(z,u,))/||wn|
converges strongly in L?(£2) to a function h(z). Observe that

n e it
lim inf faun) > () lim inf fa.t)

In a similar way, we can show that

a(z)04(x) < liminf % < limsup % < a(x)d4(x), if u(x) > 0;
w(z)9_(x) < liminf f(|x, ur) < lim sup f(H:v,un) <a(x)f_(z), ifa(z)<O.
n—00 Un, n—o0 Unp,

This gives

I

(£)0: (2) < h(x) < A}y (), it alx) > 0,
(@) (2) < h(z) < A@)0_(z), if a(x) < 0.

Let q(x) = h(z)/a() if a(x) £ 0; otherwise, ¢(x) — 0. Then

(2.69) 0, (2) < q@) <V, (2), if ) > 0:

(2.70) 0_(2) < q() <V_(2), ifalz)<0.

On the other hand, G’ (uy) — 0 implies that

(2.71) (), v) — /Q h(@)odz = (a(x), v) — /Q o(z)ivdz = 0.

Let @ = v + w with ¥ € Eg, w € Ej-, and @ = w — v. Therefore, by (2.71),

(2.72) ol = o1? = [ a@)@Pde | )@

Recalling (2.67)(2.69) and (2.72), we have

0= /f2(9+(17+)2 +0_(v7)%)dz — ||o]?

< /Q o(2)(0)2dz — o]
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- / o(x) (@)2dz — ]2
2

< /Q (94 (@) +0_(@)2)da — [[a])?

<0.
It follows that
(2.73) /Q (04 ()2 + 0_(07)2)de = 0]
(2.74) [ @@t +0- (e = ol

Using (2.67) and (2.68) once again, we see that v = w = u = 0. Hence,

<G'(un), i 2> 1 [ TEm)y e,
[[un]| Ry Ul
providing a contradiction. O

By a similar argument, we can prove the following.

Lemma 2.36. Under the assumptions of Theorem 2.31, G satisfies the (PS)
condition.

Lemma 2.37. Under the assumptions of Theorem 2.32, G satisfies the (PS)
condition.

Proof. By the assumptions of the Theorem 2.32, we have

f|ul|? < /{2(9+(u+)2 +0_(u)?)dx, uc Ey;

lull* = e flull > / (04 (u)? +0-(u")*)dz, u€ Ej.
2
Then (2.74) still holds. Hence

/Q(Ak+1 ) (@) + /Q(Ak+1 9 )(@)2dz = 0.

It follows that ¥, = Apyq if @ > 0, and ¥_ = A1 if w < 0 and @ is an
eigenfunction of Agy1. Therefore,

—Aw + V(2)0 = M1 = 9w —I_w,
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which implies that w = 0. Furthermore,

[ @@ +0- e = [ alo)ede

2 2

Thus, g(z) = 04 (z) if @ > 0; ¢(x) =0_(z) if w < 0 and
—Au+V(z)u=0,a" —0_u".

It follows that w = v = 0. Using an argument similar to that used in proving
Lemma 2.35, we get a contradiction if the (PS) sequence is unbounded. [

Similarly, we have

Lemma 2.38. Under the assumptions of Theorem 2.33, G satisfies the (PS)
condition.

Proofs of Theorems 2.30-2.33. By Lemmas 2.22-2.26, we see that G(u) <
co|£2|/2 for all uw € Ex_; :=Y and G(u) > ¢o|2|/2 for all u € Sy. By (Bs),
(2.63), and (2.67), similar to the proof of Lemma 2.22, we have G(u) < Ty
for all u € Ej; here Ty is a constant. Then, GG satisfies all the conditions of
Theorem 2.18. Therefore, there exists a sequence {ui} € E\(—P UP) such
that

1
G/(uk) — 0, G'(uk) = Cru/k,G(uy) € |:4CO|Q|,2T0] ,

as k — oo, where the sequence {Cy} is bounded. By Lemmas 2.35-2.38,
up — u, where u satisfies

G') =0, Gu)e ECO|Q|,2TO}

We now show that u is sign-changing. In fact, because G’ (ug) — Crui/k = 0,
we have

+
2~ S | = / Flasui uigdr < 5[] + Ol

It follows that |[uif|| > so > 0, where s is a constant independent of k. This
implies that the limit u is sign-changing and G'(u) = 0, G(u) € [fco|12],2Tp].
]

Notes and Comments. The existence results of Theorems 2.30-2.33 are
essentially known (cf. Céc [75], Berestycki and de Figueiredo [58], Furtado
et al. [152, 153], Habets et al. [165], and Schechter [269]). But in those papers
the signs of the solutions cannot be decided. Theorems 2.30-2.33 are neither
consequences of the usual linking theorems nor straightforward results of the
methods developed in Bartsch [30], Li and Wang [199], and Bartsch et al. [37].
A similar result to that of Lemma 2.34 can be found in Céc [75], Lazer and
Mckenna [191], and Schechter [269].
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2.5 Double Resonant Cases

Consider the following case,

(2.75) A < ¥y(x) := liminf f@t) < lim sup @

[t|—o0 || — o0

= Wg(x) < )‘k-‘rl

uniformly for z € 2. We have the following.

Theorem 2.39. Assume that (B1)—(B4) and (2.75) hold with ¥y (x) # Ag.
Then Equation (2.42) has a sign-changing solution.

Lemma 2.40. Under the assumptions of Theorem 2.39, G(u) — —oo for
u € Ey and ||u]| — oo.

Proof. Because ¥y (x) > A\, ¥1(z) # Mg, and dim E), < oo, by the variational
characterization of the eigenvalues {\y}, there is a p > 0 such that

(2.76) ul|2 — / Uy (2)ulda < —pllull? for all u € By
(9]

In fact, this is an immediate consequence of the Schechter—Simon Theo-
rem 1.62. Furthermore, by (2.75), for ¢ > 0 small enough, there exists a
C. > 0 such that

1 1
5u'/l(ac)t2 — F(x,t) < 55752 + C.

for all x € £2,t € R. Therefore, combining (2.76),

G(u)

1 1 1
§Hu||2 _ 5/ ¥ (z)udx +/ (2W1(x)u2 _ F(x,u)> dz
fo) 7

1
< —%HUHQ—I—/Q <2su2+c€) iz

< l|\u||2+/ C.dz.
4 2

The lemma follows immediately. ]

A

N

Proof of Theorem 2.39. Similar to Lemma 2.28, G satisfies the (w-PS) con-
dition. The remainder is analogous to the proof of Theorem 2.20. We leave
the details to the readers. ]

Notes and Comments. To study the sign-changing solutions, several authors
developed some methods. In Bartsch [30], the author established an abstract
critical theory in partially ordered Hilbert spaces by virtue of critical groups
and studied superlinear problems. In Li and Wang [199], a Ljusternik—
Schnirelman theory was established for studying the sign-changing solutions
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of an even functional. Some linking-type theorems were also obtained in
partially ordered Hilbert spaces. The methods and abstract critical point
theory of Bartsch [30], Bartsch and Weth [45], and Li and Wang [199, 198]
involved the dense Banach space C(§2) of continuous functions in the Hilbert
space HJ(2), where the cone has a nonempty interior. This plays a crucial
role. To fit that framework, much stronger hypotheses (e.g., boundedness of
the domain and stronger smoothness of the nonlinearities) were imposed. In
[37], the method of dealing with superlinear non-odd f was based on Liu
and Sun [211] by using arguments of invariant sets. In [37], this idea of the
neighborhood of a cone due to Conti et al. [107] was applied and modified
by the authors to construct the invariant set. Their idea also can be traced
back to Bartsch [29].

Under the Ambrosetti-Rabinowitz’s super-quadratic (ARS, for short),
Wang [331] obtained the existence result of three solutions (one is posi-
tive, another one is negative) on a superlinear Dirichlet elliptic equation and
later in Bartsch and Wang [40], the authors proved for semilinear Dirichlet
problems that the third solution is sign-changing. This result was general-
ized to nonlinear Schrédinger equations in Bartsch and Wang [41] where the
(ARS) condition plays an important role. Recall the papers of Coti Zelati
and Rabinowitz [121, 122], where V(x) and f(z,t) were periodic for each
x variable and infinitely many sign-changing solutions were obtained by a
totally different theory.

In Bartsch and Wang [44], the existence of sign-changing entire solutions
defined on R™ was studied. They constructed a series of Dirichlet problems
on the ball and then expanded the ball to whole space.

Other papers on sign-changing solutions include Bartsch et al. [31], Castro
et al. [80, 81], Castro and Finan [82], Dancer and Du [129], Dancer and Yan
[131], and Schechter et al. [279]. Other variants of the linking theorem can be
found in Schechter [273, 267, 270, 274, 271]. Finally, we mention other papers
on resonant problems. In Arcoya and Costa [18], Bartolo et al. [27], Bartsch
and Li [36], Hirano et al. [171], and Hirano and Nishimura [169], the strong
resonant elliptic equation was studied. In Schechter [276] and Zou and Liu
[348], general resonant problems were considered.



Chapter 3
Sign-Changing Saddle Point

3.1 Rabinowitz’s Saddle Points

Let E be a Hilbert space with an inner product (-, -) and the associated norm
Il - ||. Assume that E has an orthogonal decomposition F = Y @ M with
dimY < oo. Consider a C!'-functional G defined on E.

Theorem 3.1. Suppose that G € C*(E,R) satisfies the Palais—Smale con-
dition. If there is a constant o and a bounded neighborhood D of 0 in'Y such
that

G‘{)DSO(, IJI\I/[fGZﬂ>OZ,

then G has a critical value > (.

This is the saddle point theorem. It can be found in the well-known
brochure of Rabinowitz (cf. Theorem 4.6 of Rabinowitz [255]). The saddle
point theorem is an elementary but very useful result that has been applied
in various variational problems (see, e.g., Rabinowitz [255] and Struwe [313]).
Some variants were obtained (cf., e.g., Benci and Rabinowitz [55] and Lazer
and Solimini [193]). The following generalization was given by Silva [299] (see
also Furtado et al. [152, 153]).

Theorem 3.2. Assume that G € CY(E,R) satisfies a weak Palais—Smale
condition. If

(3.1) ag := sup G # oo, by := inf G # —o0,
Y M

then G has a critical point.

Unfortunately, no more information on this critical point produced in the
above theorems was obtained. Theorem 3.2 does not get an estimate of the
critical value. Particularly, both theorems cannot exclude the trivial point 0 if
zero is a critical point because, in practice, inf; G < 0. Therefore, additional

W. Zou, Sign-Changing Critical Point Theory, doi: 10.1007/978-0-387-76658-4, 81
(© Springer Science+Business Media, LLC 2008
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conditions must be assumed in order to get a nontrivial critical point. For
example, in Furtado et al. [152] (see also Lazer and Solimini [193] for an
earlier version), under the hypotheses of Theorem 3.2, the authors assumed
furthermore that

(32) G € C%(E,R),G'(0) =0, G"(0) is a Fredholm operator and
3.2
either dimY <m(G,0) or m(G,0)<dimY,

where m(G,0)(m(G,0)) is the Morse index (augmented Morse index) of G
at 0. In this case, G has a nonzero critical point. Condition (3.2) was intro-
duced in Lazer and Solimini [193] which was related to Amann and Zehnder’s
theorem in [10]. Under the assumptions of (3.2) and of Theorem 3.1, the
authors of [193] also got a nontrivial solution including an estimate of the
Morse index. In all those papers, no further property on this nonzero critical
point was obtained even though (3.2) was imposed. Sometimes, in applica-
tion, Condition (3.2) is somewhat hard to verify and many more requirements
are needed.

The questions are twofold. If G'(0) = 0, when will the saddle point be
nontrivial if (3.2) is cancelled? But on the other hand, can we get a further
property for this point, say, sign-changingness or nodal structure of the saddle
point? We devote this chapter to these open questions. More precisely, we
generalize Theorem 3.2 by showing that there is another critical point in
addition to zero which is sign-changing with respect to a positive cone of
E. We do not need the assumptions as in (3.2). We apply the new abstract
result to study the existence of sign-changing solutions to the semilinear
elliptic boundary value problem of the form

—Au= f(z,u), in §2,
u =0, on 02,

and the Schrodinger equation

{—Au—l—V,\(x)u:f(:au), r e RV,

u(x) -0 as |z| — oo,

where 2 C R” is a bounded domain with smooth boundary 92 and f(x,) is
a Carathéodory function. We establish the existence results on sign-changing
solutions.

3.2 Sign-Changing Saddle Points

Let G € C}(E,R) have the gradient G’ of the form:

G'(u) = u— Og(u),
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where Og : E — E is a continuous operator. Let K := {u € E : G'(u) = 0}
and E := E\K. The locally Lipschitz continuous map V : F — E is a
pseudo-gradient vector field of G (cf. Definition 1.53). Let P denote a closed
convex positive cone of F and D(()i) be an open convex subset of £, ¢ =1,2. In
applications, we may choose D(()i) appropriately so that either D(()l) contains all

possible positive critical points or ’D((f) includes all possible negative critical

points. Let
(3.3) S:=6W, Ww:=0"uDd{.
We make the following assumptions.
(A1) 06(DJ") c DY, i=1,2.
Let

(1 + [[ul)?V (u)

(3.4) W) = eV P+ T

Then W is a locally Lipschitz continuous vector field on E. Let @ be the set
of contractions defined in (2.1) of Section 2.1. Obviously, for a fixed ¢y € E,
I'(t,u) == (1 —t)u+tey € P.

In this chapter, we always use the following weaker version of the (PS)
condition. It is a variant of Definition 1.51 due to Cerami [84].

Definition 3.3. The functional G is said to satisfy the (w*-PS) condition if
for any sequence {uy, } such that {G(u,)} is bounded and G’ (u,,) — 0, we have
either {u, } is bounded and has a convergent subsequence or |G’ (u,)||||wn || —
oo. If in particular, {G(u,)} — ¢, we say that (w*-PS). is satisfied.

(A2) There exists a 0 > 0 and zp € Y with ||zo|| = 1 such that
B:={ueM:|ul|>dtU{szo+v:ve M,s>0,|sz+v| =0 CS.

In applications, usually the first eigenfunction is positive, and the orthogonal
complement of the first eigenspace (C Y') contains sign-changing elements
and zero. Therefore, (A3) can be verified readily.

Theorem 3.4. Assume (A1) and (As). Let G be a C'-functional on E that
maps bounded sets to bounded sets and satisfies (w*-PS) and

by := inf G # —o0, ag :=sup G # oo.
M Y

Then G has a critical point in S with critical value > infg G.

In comparison with Theorems 3.1 and 3.2, we observe the following
novelties of Theorem 3.4. If zero is a critical point of G, we still obtain
another nonzero saddle point, no matter what inf g G is (possibly inf 5 G < 0).
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The nonzero saddle point is sign-changing, the critical value of which is not
necessarily nonzero. We do not need the assumptions as in (3.2) and G is
only of C!. To contrast Theorem 3.2, we get a lower bound of the critical
value. After finishing the proof of Theorem 3.4, we give an estimate of the
upper bound of the critical value.

In applications, by choosing different W, hence S, we may obtain different
locations of critical points. In particular, we can get nontrivial sign-changing
critical points even though infz G < 0.

Proof of Theorem 3.4. First of all, we define

(3.5) dg = Bltrjg/[G;

then df > —oo. We divide the proof into five steps.

Step 1. We show that there exists a flow ¢ € C([0,00) x E, E) such that
Ht,u) = u for any u € M U B and that G(9(t,u)) is nonincreasing with
respect to variable ¢ € (0,00) for every u € E. More important, ¥ has the
properties stated in Steps 2-4 below. By analyzing the flow carefully, we may
find a critical point in S.

To prove these, we first choose
5\ !
co = 64(ap — dj+1) <1n Z) + 1L

Then by the (w*-PS) condition, there exist e; € (0,1), Ry > § > 0 such
that

(3.6) IG" (@)X + fJull) = co

for all u € G=Yd} — £1,a0 + £1] with |lu|| > Ry, where § comes from the set
B in (Ay). Let g € (0,&1) and

2 ={u:Gu) >ap+e1 or G(u) <dj—er},

Qy = {u:d}—eo < Gu) < ap+eo},
Qy:={u=u"+ut:u” eY,ut € M,||u"|| < R},

2y ={u=u +ut:u" €Y,ut € M,||[u|| > Ry +1}.

(3.7)

Hence, B C 23. Define

dist(u, £21)

(3.8) 90 = Gt 20) + dist(w, 23

B dist(u, £23)
(3.9) Hu) = dist(u, 23) + dizt(u, )
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Let

()1 + ul)?V ()
(310) W)= { WOV = v e+ 1
0, u € K.

uweE,

For any u € 0K, note that 0K C I C {21 U {23; we distinguish the cases
u € 27 and u € 25\ 2. First, we assume that u € 2;. Then either G(u) >
ag+e1 or G(u) < df—e1. We consider G(u) > ag+¢; first. If G(u) = ag+e1
and ||u~|| > Ry, then ||G'(u)]|(1 + ||ul|) > co, which contradicts the fact that
u € OK. So we must have either

Glu)=ap+er with|u" || <Ry or G(u)>ag+e.

Both cases imply that there is an open neighborhood U, of u such that
U, C 21U 025 If G(u) < d§ — €1, in a similar way, we find a neighborhood
U, of u such that U, C 27 U §23. Second, if u € 23\, we may also find
this kind of neighborhood U, of u. These arguments show that W* is locally
Lipschitz continuous on whole E. Moreover, |[W*(u)|| < 1+ ||u|| on E. Now
we can consider the following Cauchy problem

dit,u) o
(3.11) a -
9(0,u) =u € E.

It has a unique solution ¥(t,u) : [0,00) x E — E satisfying the following
properties.

(1) 9(t,u) is a homeomorphism of E onto E for each ¢t > 0.
(2) I(t,u) =wu for all u e M UB.
(3) G(¥(t,u)) is nonincreasing with respect to ¢ > 0.

Step 2. We show that

(3.12) 9([0, +00), W) C W.

We first show

(3.13) 9([0, +00), W) C W.

By Lemma 2.11, there exists a locally Lipschitz continuous map O such that
oY nE) c D,

hence, ' 4
oDV nE)cDY, =12
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Because K C 21 U §25, then 9(t,u) = u for all t > 0 and u € W N K. Next,
we assume that u € 15(()1) N E. We show that 9(t,u) € 15(()1) for all t > 0. By
negation, assume that there is a Tp > 0 such that 9(Tp,u) & Do ; we may

find a number so € [0,Tp) such that J(so,u) € 825((,1) and J(t,u) & Dé ) for
t € (80, Tp]. Consider the following initial value problem

di(t, ¥(sg, u))
dt

9(0,9(s0,u)) = ¥(so,u) € E.

= —W*(9(t,9(s0, 1)),

It has a unique solution ¥(¢,9(sp,u)). For any v € @61), if v € K, then
W*(v) = 0. Hence,
v+ B(=W*(v)) =v e D§".
Assume that v € E N 75(()1); then O(v) € 75(()1). By Lemma 2.11 and noting
(1)
that D’ is convex, we have

v+ B(=W*(v))

g()l(w)(A + [[v])*V (v)
T+ [V @) +1

g()lw) (A + [lv]})?
(L[l IV (@) +1

_ (1 5 9@I@)A+]ol)* N
B <1 GOl +1>

-5

-p

(v—=0(v))

g+ ), s
BT AT @E IO € D

for B small enough. Summing up, we have

. - 5(1) B
lim dist(v + B(=W*(v)), Dy ) —0, o e DY,
B—0+ B

By Lemma 1.49, there exists an € > 0 such that 9(¢,9(so,u)) € @él) for

all t € [0,e). By the semigroup property, we see that J(¢t,u) € ’Dél) for all
t € [s0, S0 + €), which contradicts the definition of sg. Therefore,

9(]0,+00), DY) c DEV.

Similarly, 9([0, +00), D§) € D). That is, ¥([0, +00), W) € W. Thus (3.13)
is true. To prove 9([0, +00), W) C W, we just show that ([0, —l—oo),D(()l)) C
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Dél). By a contradiction, assume that there exists a u* € D(()l),To > 0 such

that ¢(Tp, u*) & D(()l). Choose a neighborhood U« of u* such that U« C 75(()1).
Then by the theory of ordinary differential equations in Banach spaces, we
may find a neighborhood Ug, of 9(Tp,u*) such that 9(Tp,-) : Uy — Ug,

is a homeomorphism. Because ¥(Tp, u*) ¢ D(()l), we take a w € UTO\T?(()D.
Correspondingly, we find a v € Uy~ such that ¥(Tp,v) = w; this contradicts

the fact that ¢([0, o), @(()1)) C 15(()1). This completes the proof of (3.12).
Step 3. For any R > 0, let
Ap={ueY :|ul = R}
We show that there exist Ry > 0, Ty > 0 such that
(3.14) I(Ty, Ap,) C GN—%0 .= {u e E: Gu) < dj —eo}.

Choose Ry = 2(Ry + 1), where R; comes from (3.6) of Step 1. Let ¢o(t) =
||9(t, w)||, where ¥ comes from (3.11). If g(u)l(u) # 0 for some u € E, then
by (3.6)—(3.8), we must have that

IG (@1 + [lull) = co > 1.

Hence,
(1l DV ()|
g(u)l(w)W(u)| <
gt W Il < T apv e +1
8(1 A+ [Jul)*|G" (w) ||
T A+ )G ())? + 1
860
1 .
< 1+cg( + [lul)
Therefore,
8¢,
(3.15) lg(w)i()W (u)]| < 5 +002 (1+|ul]) foralueE.
0
Furthermore,

dqbo(t) 800
< 1 .

0] < 014 ()

It follows that

(3.16) ¢o(t) = |19t w)| < 6(860/(1+C§))t(1 +ul]) =1 forallue E,t>0.

Choose 5
1
To := D In ?
800 4
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For any u € Y with |Ju|| = Rop = 2(Ry + 1), write

I(t,u) = 91(t,u) ® Ja(t,u)  with 91(¢,u) € Y,92(t,u) € M.
By (3.15) and (3.16),

102 (& )l = Hlull] < [[9(,u) — ull

- /Ot d9(t, )

8(20
~ 14+

/0 (1 -+ [0t w))dt

IN

t
8co / (1 + ”uH)e(co/(l-‘rcg))tdt
1 +C% 0

(3.17) (1 + [Jul|) (e(Beo/AteaDt _ 1),

It implies that
(3.18) [[9(t w)l| > [01(t, )]l > ull = (1 + Jul|) (e®/O+D — 1) > Ry +1

for all ¢ € [0,Tp]. Then, by (3.7) and (3.8), [(9(¢,u)) =1 for all ¢ € [0, Tp].
If there exists a t; € [0, Tp] such that G(V(t1,u)) < df — ¢, then

(3.19) G(0(To,u)) < dy — €o-

Otherwise,
ds —&0 < G(ﬂ(t,u)) < G(u) <ag < ag+ep

for all ¢t € [0,Tp]. By (3.6), (3.8), and (3.18), we have that
IG (@&, u)lI(L + ([0 w)ll) = co

and g(¥(t,u)) =1 for all ¢ € [0,Tp]. Therefore, if we keep in mind the choice
of cg, 9, and Ty, we then have

G(9(To,u))

= G(u) +/0 i dG(V(t,u))

™ o (L [PV ()
<ot~ [ <GW’ ”’<1+||z9<t,u>||>2||v<z9<t,u>>||2+1>‘“

o LT A+ P wDIG ()]
= et 8/0 A+ o wPlcwE 1"
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1 T cg
<ag— - dt
=0 8/0 1+ c2

< ds — £0-

Combining (3.19), we observe that
(3.20) I(Ty, Ar,) € GW~%0,  hence ¥(Tp, Ar,) N B = 0.

Step 4. In this step, we show that ¥(Ty, Ag,) links B with respect to ¢ and
then we can define a critical value of minimax type. First, we note that
I(t,u) = u for all w € B;Agr, N B = 0 and that 9(¢,-) : £ — E is a
homeomorphism for any ¢ > 0, we see that

(3.21) I(t,Ar,) N B =10 forall t>0.
Let I" be any map in @. Define
(2T, w) ift€10,1/2];
Fl (t, u) =
(2t —1),%To,u)) iftel1/2,1].

Then I} € @. Because Ag, links B by Proposition 2.7, there is a t; € [0,1]
such that I (t1, Ar,)NB # 0. Because 9(2tTy, Ag,)NB = for all ¢t € [0, §],
we must have 1 > % Hence,

(2t —1),9(Tp, Ap,)) N B # 0.

Invoking (3.21), this shows that ¥(Ty, Ar,) links B with respect to .
Now, take any I' € @, then I'([0,1],9¥(To, Ar,)) N B # (). Because B C S,
we see that

r([0,1],9(Ty, Ar,)) NS # 0.
Define

(3.22) dp == inf sup G.

Evidently, by (3.20),

(3.23) ap:= sup G <dj—eo<d<infG <dp.
(To,Ary) B

Step 5. We prove that K[dy — &,dy + &] NS # () for all £ > 0; here and in the
sequel, Kle, f]:={u € E: G (u) =0,e < G(u) < f}. Once this is done, note
that Kldy — &, do + £] is compact due to the (w*-PS) condition and that S is
closed; we may find a critical point in & with critical value dy > infp G.
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We assume by negation that K[dy — &,dg + ] NS = () for some & > 0 and
try to get a contradiction. In this case, K[dy — &, dy +&] C W. By the (w*-PS)
condition, K[do—&, dg+¢] is compact. We may assume that K[dy—&, dy+&] # 0
(otherwise, it is simpler).

It follows that

(3.24) diSt(K[do —&,do + é}, 8) = dp > 0.
Again, by the (w*-PS) condition, there is an €5 > 0 such that

A+ ful2IG @I
L+ (14 [lulD?G ()

(3.25)

for all
u e Gil[do — &9, do + €2]\(’C[d0 — g, do + 5])50/2,

where (A)s, := {u € E : dist(u, A) < dp}. By decreasing €5 and invoking
(3.23), we may assume that

(3.26) g9 < 5/3, g9 < dg — ap.

Particularly, we still have that K[dg — €2, dg + €2] N S = 0. Furthermore by
(3.25),

(3.27) (G (u), W (1)) > £2/8

for all u € G_l[do —&9,do + EQ]\(’C[dO —&,do + 5])50/2. Let

(3.28) 25 :={ue E:|G(u)—dy| > 3ea},
(3.29) 26 :={ue E:|Gu)—do| <29},
(3.30) £(u) dist(u, 25)

~ dist(u, Q) + dist(u, £25)

(3.31) K(u) = {1’ u € E\(Kldy — &,do + €])s, /2,

0, ue (K[do—¢,do+E])s,3
Take any v € OK.

If |G(v) — dp| > 3ea, then there is an open neighborhood U, of v such that

(3.32) €|y, = 0.
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If |G(v) — do| < 322, note 3e4 < &; we may find a §* << Jp/8 such that
(3.33) |G(w) —dp| <& forallw e U, :={we FE:|w-—ov|] <}

Because v € OK, there exists a v; € U, N K. Hence, v; € Kldy — &,dy +&]. Tt
follows that

dist(v, K[do — &,dp + £]) < dist(v,v1) < 6" < do/8.
Therefore, we may find an open neighborhood U, of v such that
dist(z, K[do — &,do + &]) < 8o/5, for all x € U,.
This implies that
(3.34) Klg, = 0.
Combining (3.28)—(3.34), the vector field defined by

w)k(u w) = E(u)r(u) (1 + ||ul))?V (u)
(335) Vi) = OV = Ve -1
N u € I,

weE,

is locally Lipschitz on whole E. We now consider the following Cauchy initial
value problem,
dm(t,u)
dt

m(0,u) =u € E,

— ¥ (m(t, ),

which has a unique continuous solution 7 (¢, ) in E. Evidently,

dG(m(t,u))

(3.36) o

<0.

Similarly to Step 2, we can prove that

(3.37) ([0, 00), W) C W.

By the definition of dy in (3.22), there exists a I" € ¢ such that
(3.38) r([0,1],9(Ty, Ar,)) NS C Gotez,
Therefore,

(3.39) 1'([0,1],9(Ty, Ag,)) € GhoTe2uw.
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Denote A* := I'(]0, 1], 9Ty, AR, )). Next, we show that there exists a T} > 0
such that m(Ty, A*) C Glo—=2/*yW.

In fact, if u € A* NW, then 7(t,u) € W for all t > 0 by (3.37).

If u e A*,u ¢ W, then we see that G(u) < dy + €o. If it happens that
G(u) < dy — 2, then by (3.36),

G(r(t,u)) < G(u) < dy—eg

for all ¢ > 0.
If G(u) > do — €2, then u € G~ [dy — e2,dg + &2]. If

dist(m ([0, 00), ), K[do — &, do + &]) < 6o/2,

then there exists a ¢y such that 7(¢ty,u) € W. Moreover,
(3.40)
dist(m(tn, u),S) > do/4, w(t,u) € W forall t > tx (by (3.37)).

Assume
dist(m ([0, 00), u), K[do — &,do + &]) > d0/2.

Similarly, we assume that G(7(t,u)) > dy — €2 for all ¢; then
m(t,u) € G do — &2, do + e2]\(K[do — &,do + €])5, /2-

Therefore, by (3.29)—(3.31),

(3.41) &(n(t,u)) = w(m(t,u)) =1 forallt>0.

Moreover, by (3.27) and (3.41),

24
G(V(24,u)) = G(u) +/0 dG(m(s,u))

24
< Gu) - /O (G (n(s,0)), W (n (s, u)))ds
(342) S do - 262.

By combining the above arguments (cf. (3.40)-(3.42)), for any u € A*\W,
there exists a T,, > 0 such that

(3.43

either (T, u) € Go—=2/2  or
dist(w(Ty,u),S) > 0p/4 and 7(t,u) €W forallt >T,.

By continuity, (3.43) implies that there exists a neighborhood U, of u €
A*\W such that
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(.44 either 7(T,,U,) C Go—=2/4  or dist(n(Ty,Uy),S) > 60/5
' and m(T,,U,) CW, hence, 7(t,U,) C W for all t > T,,.

Because A*\W is compact, by (3.43) and (3.44) we get a T1 > 0 such that
(3.45) w(Ty, A"\W) C GP~=*/*UW  hence, n(Ty, A") C GP==/*UW.
Now we define

m (2T s, u), s
7(Ty, (25 — 1,u)), 5

Then, I'* € &. We consider two cases.
Ifse [O, %], we have that

I'*(s,9(Ty, Ar,)) NS
C w(2Tys,9(To, Ar,)) NS
CG™NS (by (3.23) and (3.36))
(3.46) C Gho==2/% (by (3.26)).
If s e [%, 1], we have
I'(s,9(Ty, Ar,)) NS
C w(Ty, T'(2s — 1,9(Ty, Ar,))) NS
c (T, A")NS
C (GP==/*uwW)nS (by (3.45))
Cc Ghm=/tnS
(3.47) C Glo—ea/4,
It follows from (3.46) and (3.47) that
G(I™([0,1],9(To, Ar,)) N S) < do — £2/4,
which contradicts the definition of dy in (3.22). O

Remark 3.5. From the proof of Theorem 3.4, we may estimate the upper
bound of the critical value, which is helpful in applications. In fact, by (3.17),
for all u € Ag,,

(3.48) 19(To, w)]| < (1 + || Ro))(e®0/FeDTo 1) 4 Ry == Ry,
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Because I'(t,u) = (1 — t)u + teg € @ for a fixed ey € E with |eg]] = 1, by
(3.22) and (3.48),

dy := inf sup G
TE€P p([0,1], 9(To,Ary))NS

< sup G((1 —t)w + teg)
te[0,1], wed(To,ARy)

< sup G.
uw€E, ||lul|<Ra+|leoll

Therefore,

do € [infG, sup G|,
B uEE, |Jul|[<Rz+1

where Ry given in (3.48) depends on Ry, co, Ty, hence, on ag, df, Ry in (3.6).

Notes and Comments. Various versions of the weak (PS) condition were used
in Costa [112], Costa and Magalhaes [117, 111, 116, 113-115], Silva [293-298,
300], and the references cited therein. Other variants of the saddle point (link-
ing) theorem and its applications can be found in Amann [9], Ambrosotti and
Rabinowitz [15], Liu [208] (on product spaces with a compact manifold), and
Schechter [273, 267, 270, 274, 271]. The estimates of the Morse index for the
saddle point were given in Lazer and Solimini [193], Perera and Schechter
[243], Ramos and Sanchez [261], and Solimini [307]. In particular, by way
of the critical groups, the Morse indices of sign-changing solutions for non-
linear elliptic problems can be determined in the paper by Bartsch et al.
[31] where the functionals are of C? and the cones have nonempty interiors.
Another version of the saddle point theorem, called the sandwich theorem,
was obtained by Schechter (see Schechter [275, Theorem 2.9.1]). Theorem 3.4
was originally established in Zou [347] where the following stronger condition
was imposed: if DSV N DY = 0, then either DS = 0 or DI = . Actually,
this is unnecessary.

3.3 Schrodinger Equations with Potential Well

Consider the Schrodinger equation:

— AU Tr)u = T, U x N
(3.49) { A +V/\(> f( ’ )’ €ER ’

u(x) -0 as |z| — oo,
where f € C(RY x R,R). In this section, we study the basic properties

of the spectrum of —A + V). About the potential, we make the following
assumptions.
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(D1) Va(z) = Ago(x) + 1, g0 € CRM,R); go ># 0 and 2 :=

int(gy ' (0)) # 0;
(D2) There exist My > 0 and 79 > 0 such that

meas({z € By, (y) : go(z) < Mo}) — 0 as |y| — oo,

where B,,(y) denotes the ball centered at y with radius 7o;
(D3) 2:=g;"(0) and 942 is locally Lipschitz.

Condition (D7) means that V) has a steep potential well whose steepness is
controlled by A. Let

E= {u € HY2(RN): / go(z)uldr < oo}
RN
endowed with the norm

1/2
fulls = ([ (96P + (14 meyae)
RN
Equivalently, let E be the Hilbert space
Ey = {u € H'(R"): / (|Vul? + Va(z)u?)dx < oo}
RN
endowed with the inner product

(u,v)x = /RN (Vu 7 v+ Vy(z)uv)de

for u,v € Ey and norm |Jul|y = (u,u)i\/2
The operator Sy = —A + V, is a self-adjoint operator on L?(RY),
bounded below by 1. We write (-,-)r2 and || - || for the usual inner prod-

uct and the associated norm in L2(RY). We denote
(Sxu,u) 2 = / (|Vul? + Vau?)de, ue k.
RN

For given elements ¢1, ¢s, ..., ¢y, of E, set

Q)\(¢17"'7¢k:)
= inf{<S)\¢7 ¢>L2 tpEE, ||¢||2 =1, <¢7 ¢i>L2 =0, i=1,.. vk}
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For each k € N we define spectral values of Sy by the kth Rayleigh quotient

pr(Sx) == sup  Qx(¢1,- .., Pr—1).
G140k 1EE

Then ux(Sy) is nondecreasing with respect to k and A. By Reed and Simon’s
theorems [262, Theorems XIII.1 and XIII.2], either p(Sy) is an eigenvalue of
Sy or uk(Sy) = pr+1(Sy) = -+ = inf 0e55(Sy), the infimum of the essential
spectrum.

Choose a domain 2y C {2 with meas {29 < oo. Consider L := S)\\LQ(QO) =
—A+1. This operator is self-adjoint and positive with the domain VVO1 ’2(90) N
W22 (£2) and the form domain W, (£2y). Then the spectrum o (L) is discrete
and consists of eigenvalues py (L) with finite multiplicity and

0 <pa(L) < pe(L) < ps(L) < -+ — oo.

We may consider WO1 ’2(!20) as a subspace of E. Then as a simple consequence
of the Courant minimax description of the eigenvalues (cf., e.g., Reed and
Simon’s theorems [262, Section XIII.1]), we observe that

e (Sx) < pr(L)
for all k. We may assume that limy_, o p(S) := pg. Then
pr < g <

is a nondecreasing sequence because p(Sy) is nondecreasing in k for each A.
In particular, p, < px(L). Given an open set D in RY, define

Vul? + Vyu?)dz
p(=A+Vy, D)= inf LoV 2 )
u€H(D),uz0 ||U||L2(D)

Lemma 3.6. Assume (D1) and (Ds); then there exists a sequence 1; — 0O
such that -
lim lim p*(—A + Vy,RY\B,.(0)) = cc.

A—00 1— 00

Proof. We first show that (Ds) implies that

(3.50) lim lim p*(—A+ V), By, (y)) = 0.

A—00 Yy—00

Let
O(y) = {z € By, (y) : go(x) > Mo},

P(y) ={z € By, (y) : go(x) < Mo}.
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Then

(3.51) / (IVul> + Vau?)dz > (AMy + 1)/ u’dz.
O(y) O(y)

Now we fix p € (1, N/(N — 2)) and let ¢ = p/(p — 1) be the dual exponent.
By Sobolev’s inequality,

(3.52) lullov (B, () < clullwrios,, @), w € WH(Br,(y))-

By (3.52) and the Holder inequality

1/p
’LL2 r = (meas (1 1/q U2pd.’L'

< (meas (P(y)))l/q||U|‘%2P(Bro(y))
< c(meas (P(y)))l/q||UH%V1’2(BTO(ZJ)).
Note that meas (P(y)) — 0 as y — co. Then by (3.53),
w(=A+Vy, By (y))

_ . fBTO(y)(|VU|2 + Vau?)dz

weW1.2(Bry (y)), u#0 me(y) urde

— 00
as y — oo and A — oo. Thus, (3.50) is true. It follows that

(3.54) lim lim p*(—A+ V), B.(y)) =

A—00 Y— 00

holds for all » > 0.

Finally, we show that (3.54) implies the conclusion of the current lemma.
Choose 7; = irg (i > 1) and decompose R into a countable family of pair-
wise disjoint balls B, (7,,) such that RN\ B,. (0) is the union of all B, (x,)
with m € Index(i) := {m : z,, € RN\B,,(0)}. Let

A = inf T (Sx, Bry (€m)),

mé&Index(z)

then limy oo lim; o0 7i(A) = 0o. For each u € H'(RV\ B, (0)),

/ (|Vul? + Vau?)dzx
RN\B,, (0)
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= Y / (IVul? + Vyu?)dz

mé&lndex(i) (@m)

>%(N) Y ullfags,, )

mé&Index(i)

= 'Yi()‘)”uHQLHRN\B” 0))}
this implies the conclusion of the lemma. (]

Under (D;)—(Ds3), the Schrédinger operator —A + V) has a finite number
of eigenvalues below the infimum of the essential spectrum. More precisely,
we have the following.

Proposition 3.7. Assume (D) and (D2). Then

(1) inf oess(—A + V)) — 00 as A — o0; where oess denotes the essential
spectrum.

(2) For any k > 0, there exists a Ay such that —A + Vy has at least k
eigenvalues below the essential spectrum provided \ > Ay.

Proof. 1t suffices to show that

(3.55) lim gy = oo
k—o0

Assume by negation that limy_o pr = supy pr < cg < oco. By Lemma 3.6,
there exist A\g > 0 and r; > 0 such that

(3.56) 1 (Sxg, RV\B,, (0)) > 2¢p.

Let 45 (So, By, (0)) denote the kth Rayleigh quotient of the operator Sy on
the domain B, (0). Then

T 115(85, By, (0)) = oc.
Hence, there exists a kg € N with
15.(So0, By, (0)) = 2co.

Using the notation (S%, D) for the operator Sy on L?(D) with Neumann
boundary conditions, by Reed and Simon’s propositions ([262, Proposi-
tions 3-4, Section XIII.15]) we have for A > )¢ that

(SM RN) > (SAm RN)
> (83,+ Br.(0) U (RY\B,,(0))
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= (%, B (0)) @ (S5, R\ B, (0))
> (S5 B, (0)) @ (S5, R¥\ By, (0)).

By (3.56),
Py (S5, RY) > 1y (S5, Br; (0)) @ (S3,, RY\ B, (0))
= ik, (S0, Br,(0))
> 2cp.
But, pk, (Sx, RY) < g, < co; this is a contradiction. O

Lemma 3.8. Assume (D7) and (Dz). Then H}(2) —<— L?(02), where 2
comes from (Dy).

Proof. Let C(R) = RN\Bg, where By is the open ball centered at 0 with
radius R. We first show that for any ¢ > 0, there exists an R(c) > 0 such
that

(3.57) ||u||%2(QmC(R(s))) < €||U||§13(Q)’

1/2
[ull g ) == </Q(|Vu|2 +u2)da:) .

For this, we choose a countable set of coordinates z; € RY such that each
x of R belongs to at most x balls centered at z; with radius 7o (cf. (D1)).
Then for any R > 1o and u € HJ(£2),
/ u?dz.
B7'0 (ZDL)Q.Q

/ wlde <
C(R)NN

For any fixed p € (2, N/(N — 2)), we have

1/p
/ wlidr < Z / uPdx (meas(By, (z;) N ()))1/”/,
C(R)NN B (z:)NS2

|£1,|>R—'I"0

where

|zi|>R—ro

where p’ = p/(p—1). Note that H'(RY) — L24(R"); we may find a constant
¢ > 0 that is independent of z; such that

1/p
/ u*Pdx < c/ (|Vul|? 4+ u?)dx.
BTO (II)QQ BTO (zl)ﬁQ
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For any € > 0, by (D2), we have a R(c) > 0 such that
(meas(By, (z;) N .Q))l/p/ < i, for |z;| > R(g) — ro.
CK

Thus,

/ w?dx
C(R)NQ

€ 2 2
< —
<~ E /B (|Vul® + u)dx

|zi|>R~7o ro (#)N62

< s/ (IVul? + u?)da
C(R)NQ

< ellull g (o)
By this, it is easy to see that H}(§2) << L?(2). 0

Lemma 3.9. Assume (D1) and (D3). For any € > 0, there exist A > 0 and
R. > 0 such that
lullZ20.) < ellulX

for allu € Ey and A\ > A, where O, := {z € R" : |z| > R.}.

Proof. For any € > 0, similarly to the proof of (3.57), we may find an R, > 0
such that

(3.59) [ wde < S,
Q 2

=

where (2. := {x € RY : |2| > R, go(z) < Mp} (see (Dz)). Let

Q. :={z e RN :|z| > R.,go(x) > My}

Then
1
(3.59) /ﬁ u?dr < L1 /{~2 (Ago(z) + 1)u’dx
1 2
EPYTESLE
€
< 5”“”3

as A large enough. Combining (3.58) and (3.59), we get the conclusion of the
lemma. (]
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Consider the following eigenvalue problem.
(3.60) —Au+u=vu in (2 u=0 on 9.

Proposition 3.10. Under (D1)—(D3), (3.60) has positive isolated eigen-
values with finite multiplicity:

(3.61) 0<11 <V < - <VUp < Vg1 <---.
Proof. For each g € L%(£2), consider the Dirichlet problem on 2:
—Au+u=g in £, u=0 on 02

Define the following functional
I(u) = / (|Vu|? + u?)da 7/ gudz.
0 0

By Lemma 3.8, there is a unique u € H}(£2) such that I’(u) = 0. Define the
linear operator H : L2(2) — H(£2) by Hg = u. Then

1Hgl? = [lull* = I'(w)u + [ gudz < |lgllzze)llull yo)-
02

Combining this and Lemma 3.8, H : L?(£2) — L*(£2) is compact. Therefore,
by Hislop and Sigal [172, Theorem 9.10] (and Kato [183]), Equation (3.60) has
a discrete spectrum (eigenvalues), and each eigenvalue has finite multiplicity.
Obviously, the first eigenvalue is greater than zero. O

Let dim(v;) denote the dimension of the eigenspace corresponding to the
eigenvalue v;. Let dy = Zle dim(v;). Let 91 be the first eigenfunction of
(3.60) corresponding to v1. We may assume that ¢; > 0.

We may rewrite (3.61) with their multiplicity taken into consideration:

(362) 0< /Ll(L*) < /LQ(L*) < p,g(L*) < Nk(L*) ,

where L* := —A 4 1 on 2. Consider W,*(£2) as a subspace of W12(RN)
and note that (Sxu,u)x = (L*u,u),Yu € Wy>(£2). We see that

(3.63) fi(Sx) < pr(L7)

for all K € N and A > 0. Because
(3.64) pe = lim g (S)),
then

(3.65) e < (L)
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for all &k € N. By (3.55), limg—oo iz = o00. Furthermore, we have the
following.

Proposition 3.11. py, = pi(L*) for all k € N.

Proof. Let ¢ » € E be a normalized eigenfunction of Sy corresponding to
i (Sx). Hence, [[@ka[[L2ry) =1 and

(3.66) / (Ver AV + Vappav)de = Mk(S,\)/
RN

©rvdz,
RN

for all v € CF(RY). Combining this with (3.62)—(3.65), we may assume
that
(3.67)

Yk — @ weakly in I/VLQ(RN)7 Yk — @k strongly in L2(RN)

as A — oo. We claim that ¢, € W01’2(!2). In fact, by (Ds3) it suffices to show
that o5 = 0 a.e. in RV\£2. However, if this were not true, there would exist
a compact 2, C RV\2 and a ¢; > 0 such that

(3.68) lim goiy)\dx = / vidr > ci.
2 2

A—00

By (D1), we get a co > 0 such that go(x) > co for all x € £2y. Therefore, by
(3.68),

90($)<P%,Adff > ACZ/ Sﬁi,Adx — 090,

(L) > lowal2 = A /
20

0
as A — oo. This is a contradiction. Next, we prove that
(3.69) ||90k,/\||L2(RN) - ||<Pk||L2(RN), A — o0.

First, by Lemma 3.9 and Equations (3.63) and (3.66), for any € > 0 we find
an R, > 0 such that

(3.70) Jim lerallZzo.) < /2,
where O, := {x € RV : |z| > R.}. Choose R. so large that

(3.71) lerlZ2(0.) < €/2.

Combine (3.70) and (3.71); we get (3.69), which implies that |[¢k| r2(0) = 1.
In (3.66), we take any v € C5°(£2) and let A — oo. We see that

/ (VerVu + ppu)de = ,uk/ prvde.
Ie) o)

This completes the proof of the lemma. O
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Notes and Comments. Lemma 3.6 and Proposition 3.7 were established in
Bartsch et al. [38]. Lemma 3.8 and Proposition 3.10 were obtained in van
Heerden and Wang [168]. Lemma 3.9 was also due to van Heerden and Wang
[168]. Proposition 3.11 was given in Liu et al. [210], which was essentially
based on van Heerden [166]. Equation (3.49) with a potential well was also
considered recently in Stuart and Zhou [309] where the existence results had
been obtained.

3.4 Flow-Invariant Sets

In this section, we construct the invariant set of the gradient flow. Let
be the first eigenfunction of (3.60) corresponding to vy = u1(L*), and ¢
be the first eigenfunction corresponding to wi(Sy). We may assume that
P > 0,91 > 0.

Lemma 3.12. Assume that

t
(3.72) lim inf @ >y uniformly for z € RN.

t—0

If Ut (z) is a positive solution of Equation (3.49), then there exists a constant
to > 0 such that
tor(x) < Ut (2), vV xRN

and
topr(x) <UT(z), V zeRN.

Proof. By (3.72), we have two positive constants 1,9 such that

t
(3.73) @ >vi+e, V| e(e), xeRV.

Choose R > 0 such that U™ (z) < &5 for |#| > R. Choose tq > 0 so small that
(3.74) to1(x) < Ut (z), for|z| < R.

We just have to show that (3.74) is true for all z. By negation, we assume
that © := {z € RY : toi1(x) > Ut (2)} # 0; then © C {z € 2 : |z| > R}.
Moreover,

(3.75) — A(toy1) + toyy = vitoyr  in 6,
(3.76) AU+ VU' = f(2,UY) in 6,
(3.77) toy1(z) = Ut (z) on 00,

(378) fo% < ou 11 8@,
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where v denotes the outer unit normal on 96. By (3.73),

(3.79) /8 totr (U — F(z,U))dz < — /@ (toth1) (e1)U Fda: < 0.

But by (3.75)—(3.78) and the divergence theorem,

(3.80) [ tona* - fa, U)o
e
(3.81) = / (to1 AUT — U™ A(toyn))da
e
+
(382) = A@ to’l/)l <8LZ/ - to a@dﬂ) ds
(3.83) > 0;

it contradicts (3.79). The second conclusion can be proved analogously. [

Given any u1,us € Ey such that u;(z) > us(z) for all z € RY. Define

flz,ui(z)), fort > uy(x),
gz, t) = < f(x,t), for us(z) <t < wy(x),
flz,uz(x)), fort < us(zm).

Set )
J(u) = —||u||%\ — / G(x,u)dz, u € Ey,
2 -

where G(z,u) = [, g(z,t)dt.

Lemma 3.13. Assume that there exists an Fy > 0 such that
(3.84) |f(z,t)] < Folt|  for all (z,t) € RN x R;
then J satisfies the (PS) condition and J(u) — oo as |ju|| — oo.

Proof. By the assumption, we observe that
1

(3.85) J(u) > S lullf — C/ (Jua] + |uz|)|uldx
2 RN

1
> SlullX = ellluallz + [luzll2) ull.

This implies the second part of the lemma. Now let {v,,} be a (PS) sequence;
that is,
sup |J(vp,)| < 00,  J'(vy,) — 0.
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By (3.85), we see that {||v,|/»} is bounded. Then, up to a subsequence, v, — v

weakly in E\ and strongly in L7 (RY), with v a solution of

—Au+ Vyu = g(z,u).

Furthermore,

T = [ (gl on)on — gla,v)o)ds

RN

lvnllX = llvlIX

A
Q
=
_l’_

IN
2
:
N~—
+
o
e
[\
=
—
<
=
+
3
[\v]
N
—
<
S
+
=
=
8

This means ||v,|[x — |[v]|x. The (PS) condition is satisfied. O

Lemma 3.14. Assume that (D1)—~(D3), (3.72), and (3.84) hold. Moreover,
there exists an L > 0 such that f(x,t)+ Lt is increasing in t. If there exists a
positive (negative) solution uy (ug, resp.) to Equation (3.49), then there exists
a minimal positive (mazimal negative) solution UT (U™, resp.) to Equation

(3.49).
Proof. We assume the existence of a positive solution u;. Define

flzyui(x)), for t > uy(x),
g(l’,t): f(ﬂ?,t), fOI‘OStSUl(J?),
0, for t < 0.

Consider the solution u € F) of the equation

—Au+ Vy(x)u = g(x,u), r e RV,
(3.56) A () (z,u)
u(r) -0 as |z] — oo.
Let
(3.87) J(u) == 1||u||>\ —/ G(z,u)dz,
2 RN

which is of C*. We claim that any solution u of (3.86) belongs to the interval
[0,u1]; that is, 0 < u(z) < ui(z) for z € RY. Otherwise, the open set
O :={z e R" :u(z) > ui(z)} # 0 and

—Au+ Vi(z)u = f(z,u1) = —Auy + Vy(x)u;.
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Hence,
—A(u —uy) + Va(z)(u —uy) =0.

Because u(z),ui(z) — 0 as |z| — oo, the maximum principle implies that
u(x) = ui(z) for x € O, a contradiction. Similarly, we have u(xz) > 0. By
Lemma 3.12, there exist constants tg > 0 such that

(3.88) 0 < toh1(x) < up(x), vV zecRY.
By (3.72), we may choose #y so small that
1
Fz,ti1) > 50 + 22, te(0,t],s € RY

and that £, is not a critical point (solution) of .J (of (3.86)) for all ¢ € (0, to].
Therefore,

J(tyr) = %Ht%ﬂ,\ - /RN G(z,t)1)dx
= Sl - /RN F(a, ) de

t2
_nt /wfda:f/ MEEL 22y
2> Jo 0 2

<0

for all t € (0,tp]. Hence infg J < 0. Because f(x,t)+ Lt is increasing in ¢, we
may assume that L = 0. Otherwise, we may replace the norm ||ul|x by the
equivalent norm ||ull, := [gn [(Vu|? + Vau? + Lu?)dz. Note that 0,u; are
solutions to (3.49) and f(x,t) is increasing in ¢; we have that

0< (—A+Vy) Hf(zu) <up  if0<u<u.

By (3.87),
’ J'(u) =u—(=A+Vy)"lg(z,u).

Because
0<(=A+W)g(z,u) = (—A+V))f(z,u) <u

if 0 < wu < uy, then by Lemma 2.12, there exists an operator Ly such that
Lo([0,u1]) C [0, u1]

and that V' = id — Ly is the pseudo-gradient vector field of .J, where [0, u1] :=
{u € Ey :0<wu<u}. Foreach t € (0,t], note that ey is not a critical
point of J. We consider the initial value problem:
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% = —V(o(s,t11))
O’(O,twl) =t

By Lemmas 3.13 and 1.54, there exist
(3.89)
o(sptr) —uy  (n—o00),  J(up) <J(tr) <0, J'(uf) =0

for each t € (0,tp]. Recalling Lemma 1.49 and noting Lo([0,u1]) C [0, u1], we
may assume that
0<o(s,tyr) <u, s> 0.

Therefore, we may assume that
uy € [0,uq], t € (0,10]
for each t € (0,%p]. By (3.89), we get a critical point u; of .J such that
0 <uf <uy.
Then uj is also a solution of (3.49). Because J(u;) < 0, we may assume that
0<uy <uy.
That is, u} is a positive solution of (3.49) for all ¢ € (0, to]. Obviously,

inf J < J(u;) <0, J(uy) =0.
Ex

By the (PS) condition, there is a Ut such that uj — U™ (¢ — 0) in E) and
uf(x) — Ut (z) >0 for x € RY. Evidently, U is a solution of (3.49). Next,
we show that Ut (z) > 0. If Ut = 0, then by L7 _ estimates on any ball
Br :={z € RV : |z| < R} (R > 0), we have ||[u]|1=(5,) < clufx, where
¢ is independent of ¢. For any € > 0, there is a Ty such that ((f(z,t))/t) >
(v1+¢) for |s] € (0,Tp). For this Ty, we find a R > 0 such that uy <uj <Tp
for |z] > R and all ¢ € (0,tp]. For this R, we find a t € (0,%) such that

[uill Lo (r) < cllugllx <To, V€ (0,1).
Because u} is a solution of (3.49), that is,
—Auf + Vyui = f(z,uf),
hence,

(3.90) —Auf + Vauy > (11 + e)uy.
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Let p1(Sy) be the first eigenvalue of Sy with eigenfunction ¢;(A) > 0. Then
vy > 1 (Sy). Multiplying (3.90) by ¢1(A) and integrating, we have

() [ wion (o
— [ Fain(sds
RN

> (1(Sy) + ) / wl 1 (N,

RN

a contradiction. Finally, we show that U™ is indeed minimal. Assume that
U is another positive solution to (3.49); then we find a ¢; < o such that

t1(x) < Up(x), forallz € RV, t € (0,t1].
Then, for each ¢ € (0,¢;] we may find a flow o(s, 1) such that

0 <o(s,ty) < Uy, s> 0.

Therefore,
Uy > o(st,thr) — uf, n — 00; Vite (0,t].
Let t — 0; we have
Uy >UT.
In the same way, we may find a maximal negative solution. O

By (3.72), for g9 > 0 small enough, we find a ty > 0 such that

t
(3.91) @ > vy + e > u1(Sy) + eo, T e R,N7 t € (0,1o).
Let
(3.92) Py :={ucE\:u>¢1(N)},

where ¢1()) is the positive eigenfunction of pq(Sy). Then Py is closed and
convex. By Lemmas 3.12 and 3.14, we may assume, up to multiplying ¢ (\)
by a small coefficient, that Py (—Py) includes all positive (negative) solutions
of (3.49) if they exist. Moreover, we may choose

(3.93) $1(A) < to.
Let

(3.94) Do(e, ) = {u € E, : dist(u, Py) < ¢}
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and
(3.95) Jo:=(—A+Vy)"

Theorem 3.15. Under the assumptions of Lemma 8.1/, there exists an
e* >0 and A* > 0 such that

1
Jo(£Do(e, \)) C £Dy (56, )\> for alle € (0,€%),\ > A™.
Proof. For any u € Ey, let w = max{¢1(\), Jou} € P§. Therefore,
(3.96) dist(Jou, Py) < || Jou — w]|x.
Because w is either Jyu or ¢1(\), we have
(3.97) [ Jou - w3

= <J0u — (;51(/\), J()u — ’U)>>\

= /R (SAWou = 61(A) + ValJou = d1 (V) (Jou — w)da
= /RN (f(z,u) — 1 (Sxn)p1(N)) (Jou — w)dz

(3.98) = / (1 (Sx)o1(N) = f(z,u))(w — Jou)dx.
RN
Keeping (3.93) in mind and noting that f(z,t) is increasing in ¢, then

(3.99) flz,u) > f(z,t0) > (1(N) +€0)to > (p1(Sx) + €0)P1(N),

for u > ty. Hence,

/RN(f(l‘, u) — p1(Sx)P1 (V) (Jou — w)dz.

(3.100) < / o 861 3) = F ) o0 Sy

Because f(x,u) > Fyu for u < 0 (see (3.84)), combining (3.93), we have
that

(3.101) /( - (11 (Sx\)d1(A) — f(z,u))(w — Jou)dx
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Sl (11 (S2)61 (N) — (11 () + 0)u)(w — Jow)de

>u>0

+/ (11 (Sx)P1(N) — Fou)(w — Jou)dx
u<0

smm&wm@/ (61(N) — ) (w — Jou)da

EA>u>0

+ (11(Sx) + Fo) / (¢1(A) — u)(w — Jou)dz

u<0

< (u(S) + &0 + Fo) /F(¢1(/\) —u)(w — Jou)dz

(3.102) < (1 +20+ Fo) /F (610N — u)(w — Jou)da,

where

p1(Sx)e1(N)
(111(Sx) +€0)’

I:={xcR" ruz) <&\ (2))

Ex =

Given R > 0, we may find an € > 0 such that

(3.103)  (d1(N) —w) > —o

———p1(\) > e, forzxel,|z|<R.
- NI(S/\)+€O¢1( )2 ¢er =

On the other hand, u(z) < ¢1(X\) on I'; combining the definition of P, we
observe, for any I C I, that

(3104) ||¢1(>\) —U”Lp(p/) = ienlg* ||v_u||L}7(I"/)7 Vpe [2,2*]
UEEX
Therefore, by the Sobolev inequality and (3.103) and (3.104),

(3.105) / (P1(N) — u)(w — Jou)dx
raflal<R}

< c(R) lp1(N) — u|2*71(w — Jou)dzx
rn{lz|<R}

< B 1 (N) = ull 7oy lw = Joully

< ¢(R)(dist(u, Pj\*))Q*_lﬂw — Jou|x,
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where ¢(R)s are constants depending on R, whose values are irrelevant to
each other. On the other hand, by (3.104)

(3.106) / (6 (N) = w)(w — Jou)dz
In{|z|>R}

< o1 (N) = ullL2(ragjz)>ry llw — Joull2
< o1 (N) = ullL2(pagja)>rp llw — Joull2

(3.107) < inf flu—vlz2ragzsryllw — Joulls.
veEPY

For the constant 1
A(vy + g9 + Fy)’

by Lemma 3.9, we have R., > 0, A, > 0 such that

!
g =

(3.108) Jnf [ = vllL2(ragja1> rY)

< inf |u—
< nf e = vllee e my

< inf &'[lu— v\
A

= £'dist(u, Py).
Combining (3.96)—(3.108), we have
dist(Jou, Py)
< (v1 4 0 + Fo)(e'dist(u, Py + ¢(R)(dist (u, P§))? 1)

1. . c¢(R), .. L
< (ZdlSt(u’PA) + 4—8,((11545(%13)\))2 1) :

Therefore, if dist(u, Py) < € < £*, where ¢* is small enough, then

1 R) o« 1 1
dist(Jou, Py) < (ZE + %52 —1> <3e< 55*;

that is,

Jo(Do(e, \)) € Dy (%m) . e (06

This completes the proof for the case of “+” of the theorem. The proof for
the case of “—” is similar; we omit the details. O
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Notes and Comments. Theorem 3.15 and other lemmas of this section were
established in Liu et al. [210]. The ideas of decreasing flow-invariant sets can
also be found in Sun [315], Sun and Hu [317], and Sun and Xu [318]. More
references have been mentioned in previous notes and comments.

3.5 Sign-Changing Homoclinic-Type Solutions

We form the following hypotheses on the nonlinearity f.
(E1) f € C(RVxR,R); there exist Hy > 0, L > 0such that | f(z,t)| < Hylt|
for all (z,t) € RY x R and that f(x,t) + Lt is increasing in .
(E2) 11 < liminfy Lo((f(x,t))/t) < limsup,_,o((f(x,t))/t) < v; uniformly
for z € RV.
(E3) 2F(z,t) < wt?, 2 € RNt € R, where k < vp1;.
(E4) limpy oo (2F (z,))/t* = 6(z) > v uniformly for z € RY, where
0(x) # vg.
We need the following alternatives to guarantee the (w*-PS) condition. That
is, either
(E5) f(z,t)t —2F(z,t) > H(z) € LY(RY) for x € Rt € R and
| l‘im (f(z,t)t —2F(x,t)) =00 for each z € RV,
t|—oo
or

(E¢) f(z,t)t — 2F(z,t) < H(z) € L*RY) for x € RVt € R and

‘ llim (f(z,t)t — 2F(x,t)) = —0o  for each x € R,

t|—o0

Theorem 3.16. Assume (D1)—~(D3), (E1)—(F4), and (E5) (or (Eg)). Then
there exists a A > 0 such that Equation (5.49) has a (nontrivial) sign-
changing solution for each X > A.

By Condition (E5), f is allowed to be jumping (or oscillating) between 14
and v, around zero in the sense that

flz, )/t —a ast— 0T, fla,t)/t b ast— 0",

where a,b € (v1, ). By assumption (Ey), the resonance might be happening
at vy. Due to our assumptions (E2) and (E4), the energy functional does not
have mountain pass geometry.

Then by (D1), Ex — H*(RY) is continuous. Consider

(3.109) Gi(u) = %Hu”i - /RN Pz, u)dz.

Then G, € C'(E),R) and G} = id — Jy, where Jy := (—A + V))~1 f. The
weak solution of (3.49) corresponds to the critical point of G.
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By Proposition 3.7, for A large enough, the operator —A + V) has at least
dy, eigenvalues:
p1(Sx), 12(Sx), -+ Ha,(Sx)

with corresponding eigenfunctions ¢1(\), ¢2(A), ..., dq, (A) and [|¢;(N)|l2 =1
forallt=1,...,dg. Set

Edk ()‘) = Span{(bl (/\)a ¢2()‘)7 (R ¢dk ()‘)}
Lemma 3.17. Assume (E4). Then there exist A1 > 0,C7 > 0 such that
Ga(u) <Cy  forallue Eg,(A):=Y and X> A;.

Proof. Tt suffices to show that G(u) < 0 for u € Ey, (\) and ||ul| large enough.
By a contradiction, we assume that there is a sequence {u, } C Eq, (A\) with
|tn|lx — oo such that G(uy,) > 0. By (E4), we write

0(x)

F(J?,U):T

|ul® + P(z,u),

where P(z,u) = o(|u|?) uniformly for + € R as |u| — co. Furthermore,
we observe that [|ul|3 < pa, (Ex)|ul3 for all u € By, (\) and pa, (Ex) < vy
for A large enough. Moreover, by the standard elliptic theory (here we need
dim By, (A\) < oo and the Schechter—Simon theorem (cf. Theorem 1.62) on
the unique continuation property for Schréodinger operators), we may prove
that there exists an €9 > 0 such that

Hu||§ — /RN 0(;10)u2dx < —50||u|\§, for any u € Eg, (M\).

Note dim Eg4, (\) < oo; we assume that w,/||u,|[x — wo in Eg, (\) with
lwo|[x = L. Then by (Ej),

1 1 nl? P n
= — —/ 9(1’)‘16—'2(156 + (x—’qé)dx
2 2 /mwy [JullX ry  ulls

— 1o 1/ 0(z)widx + o(1)
2 2 RN

this is impossible. O
Lemma 3.18. Assume (E2). Then there exists a Ay > 0 and a § > 0 inde-

pendent of A such that Gx(u) > ¢ > 0 for all u € Eg () with |ulx =0
and all X > As.
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Proof. By (E3), there are to > 0,v* < v such that f(z,t)t < v*t? for all
z € RV and |t| < ty. Therefore,

(3.110) 2F (x,t) < v*t? for all x € RN, Jt| < to.
Furthermore, by (E1),
(3.111) 2F(z,t) < 2Hot* — Hot?  for |t| > tg,x € RV
By Proposition 3.7 and (3.55),

Jim pn(EX) = pin; i g, — 00

We first choose A > A* such that pg, (Fy) approaches pg, = vg; hence
ta, (Ex) > v* because v, > v*. Next, we choose A large enough (say
A > A**) such that the Schrodinger operator —A + V) has d,, eigenval-

ues p1(Ey), ..., fa, (Ex). In particular, we may want d,, large enough so
that
(3.112 (2Ho + ra,, (Ex) — 207 (uay (Bx) — v°) > 407,

)
( ) (td,, (Ex) — 2Ho)(pa, (Ex) — V") > 3207,
(3.114) . (Ex) — 2Ho — 412Hy — v*] > 0,
(3.115) V' ttd,, (Ex) > 2Hopa, (Ex).

For any u € Bz (), we write u = v + w with
v € Xg (A) & Xap oy (N) -+ @ Xg,, (A)

and w € EF (X\), where d,, is given in (3.112)-(3.115) and X4, () (i =
k,...,m) is the eigenspace associated with pg4, (E»). Let
(2Ho + pa,, (EN)) o (Ha (Ex) +v7) o

(3.116) 1= 1 w” + 1 v — F(z,u).

If v+ w| < tg, then by (3.110) and (3.112) and the choice of uq,, (Ey), we
see that

2H E E * 1

(3117) 0> 0 +:U‘dm( )\)’LUQ + :udk( >\) tv 2 — —I/*(U + w)2
4 4 2
2H Ey) —2v* Ey) —v*

> Mot pa, (B =27 o pan (BN =V 0

- 4 4
- (((QHO + fia, (Bx) = 207) (pa, (Bx) —v)'/? V*> low|
- 2

> 0.
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If |v 4+ w| > to, then by (3.111), we conclude that

o> (Fan(EX) = 2Ho 5 (e (BX) +v7) — 4Ho ,
4 4
Hyt3

—9Hyvw + ;°>
(3.118) =1y + 13,
where

E\) —2H, Ey) —v*
(3.119) 19 := Ha (B) Ow? + (ay (E5) = v )v2 — v ow,

8 4

FEy\) — 2H 2Hy — v* Hot?

(3.120) 13 := Hdy, () 02 2207V 2 (2Hy — v*)ow + =20

8 2

Next, we estimate ¢t and ¢3. If

(Hay (B)) — V")

2 o] =] 2 0,

then by (3.113),

Ey) — 2H, Ey) —v*
(3.121) 1 > Muﬂ T <M|U| _ 1/*|w|> lv| > 0.

8 4
Otherwise,
E _ *
(Mk( )\) v )|v|—u*|w|§0,
4
by the choice of ug, (Ey) in (3.113); we deduce that
Hd,, (E) — 2Ho 4(v*)? ) 2, Ha(BEx) — V" 4
3.122) 19 > ™ — w4+ —————v° > 0.
( ) 2 ( 8 Hd,, (E)\) —v* 4
On the other hand, by (3.114),
FEy) —2H 2Hy — v* Hor?
l3 = f /\8) Ow? — ( 02 v )vz—(QHo—z/*)var—OrO
> ta,, (Ex) — 2H08— 42Hy — v*|v* w2
B 2H0 —vt+ |2H0 — V*|1)2 i Hot(z)
2 2
Hot?
(3.123) > —(1+4|2Hy — v*|)v* + %

Choose

1/2
(S = HOt(Q) / s
2(1+ |2Hy — v*|)C2,
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where C), is a constant such that

[0]loo < Crnllv]lx

for all
v e Xdk ()‘) S2] Xdk+1(>\) - D de (/\)7

which is finite-dimensional. Now, ||u||x = d; then
[0]loc < Cmllvllx < Cllufx = Cmd.

Hence, t3 > 0. Therefore, by (3.118)—(3.123), ¢; > 0. Finally,

G (u)

=Gr(v+w)
1

= 5ol + ) = [ Fude

RN

1 2 1 2 1 2 1 2

> iz + Lyl + L @B+ s, B~ [ Fla,u)da
4 4 4 1 .
1 v 1 2H,

>— (1= ———— v2—|——<1——) w2—|—/ tidx
: ( M@(ﬁa)>||A (-2 Y+ [
1 . v* 2H0 )} 2

>-mn (11— — |, (1 - —— u

1 {< umx£a>) ( ra () 1A
1 v*

>-(1—-————16% (by (3.115

4 ( Mdk(EA)> (by ( 2

>0

Now, we choose

M:=E;, z€Ez; \Ez with|z]|\=1,
(3.124) B:={ue M :||u|lx >} U{u=szpg+v:s>0,0€M,|ul\=0d},
where § comes from Lemma 3.18.

Lemma 3.19. There exists a Az > max{Ay, As} such that infy; Gy >0 and
infg Gy >c>0 for all A > As.

Proof. For any u € M with |lul[x > ¢, by (E3),

1
Gafu) = glulf = [ Flaws
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1
> ful3 -2 [ wPda
2 2 RN
1 K
> (1 — 5 2
- 2( #dHl(EA)) ey
1 K
—(1— ul)?
3 (125 ) g
21<1 " >52
3 Vi+1
> 0.

Combining Lemma 3.18, we have infg G) > ¢ > 0. The proof also implies
that infM G)\ 2 0. O

Lemma 3.20. Under the assumptions of Theorem 3.16, there exists a Ay > 0
such that G satisfies the (w*-PS) condition for each A > Ay.

Proof. Let {uy,} be a (w*-PS) sequence:
G\ (u,) — 0, Gx(uy) — c.

We assume that {||w, ||x||G5 (un)|[x} is bounded (otherwise, we are done). We
are going to show that {||u,|x} is bounded and has a convergent subsequence.
Note that

(3.125) ‘Gx(un) - %(G&(un)vum
_ ’/RN (%f(a:,un)un _ F(x,un)) do
<c

and

1
ﬂ%ﬁ§c+/ F(2,up)dz
RN

< c+c/ |ty |?dex.
RN

If {||un|[x} is unbounded, then, for a renamed subsequence,

u2

(3.126) 1<c¢ lim ——dx

n—oo Jrn flunl
By Lemma 3.9, for any € > 0 there exists an R > 0 and a A4 > 0 such that

(3.127) [olF2ms) <ellvl,  YoeExn A=Ay,
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where B := {z € R" : |z| > R}. Applying (3.126) to (3.127), we may find

R>0 such that )

us

lim ——dx >c>0.

=0 JIz|<R llunll5
It follows that lim, .. |u,|? = oo on a subset 2 with positive measure.
Combining this with (E5) or (Fg), we have

Mw ( S —F(x,un)) dz

which contradicts (3.125). Thus, we see that {|lu,||x} is bounded. Next, we
show that {u,} has a convergent subsequence. Suppose that u, — u weakly
in By and u, — u strongly in L2 (R") for some u € E\. Then G} (u) = 0.
Recall that |G (uy,)|| — 0; then

— 0Q,

wn — ull? = o(1) + T, Uun) — flx,u))(u, —u)dr
o(1) + H Up| + |ul)|u, — uldz
+ T, un) — flx,u))(u, —u)dr

o(1) +H0/ |, —u|2d1'+2H0/ |y — ul?dz
lz|>R lz|>R

+ /|m<R(f(l',un) - f(x,u))(un _ U)dx

1/2
1
< o(1) + 5 lun — ull3 + 2Houn — ull ( / |u|2dx>
|z|>R

+ /Iw<R(f(:c,un) — f(z,w))(up — u)dz.

It implies that we may make ||u,, — u||x small enough by choosing R, n large
enough; that is, ||u, — ul|x — 0. O

Let P and Dy(e, A) be as in (3.92) and (3.94).

Lemma 3.21. Under the assumptions of (D1)—~(Ds) and (E1), there exists a
As > 0 such that

(3.128) dist((By(\)*:, £P5) >0, for all A > As.
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Proof. We just prove the case of “+”; the other case is analogous. If
dist((E1(\) ™+, P3) = 0,

then there would exist {w,, } C (F1()\))*, {e,} C P; such that dist(wy, e,) —
0 as n — oco. Then

<en,gb1()\)>)\ = <€n - wm(bl()‘»)\ + <wna¢1(>‘)>>\ —0 asn— oo

However, e,, > ¢1(\) implies that

(ens 10 = (B s r W)z > pa(B) [ (61(0)%de >0

a contradiction. O

Proof of Theorem 3.16. By Lemmas 3.17 and 3.18, we have

infGy >0, sup Gy < o0
M %

for A large enough. Choose € € (0, dist((E1(A))*, P5)) small enough. Let
DY :i=Dy(e), DY :=-Dyle)y S=EW, W:=D"uD{?;

then Lemma 3.21 implies that (A1) and (As) (cf. (3.124)) of Theorem 3.4
hold. Therefore, we have a critical point uy € S with G (uy) > infg G > 0;
then wu, is sign-changing. |

Notes and Comments. After the paper by Bartsch et al. [38], there are some
papers on (3.49). In van Heerden and Wang [168] and van Heerden [166],
the authors studied using the mountain pass theorem, the existence of one
positive solution to (3.49) with asymptotically linear nonlinearities and of
multiple solutions if f(z,t) is odd in ¢. In van Heerden [166], under the
assumptions that f(z,t) is odd in ¢ and that

tin 2 0) € )
‘t}gnoo f(:?t) 1= ¢{(00) € (Vi V1)

uniformly for € R, where k # m, the authors obtained multiple solutions.
In Liu et al. [210] it was proved by the genus-method of the even functional
(see also Li and Wang [199]) those solutions obtained in van Heerden [166]
are sign-changing. If min{k, m} = 0 (vy := —00), under which the mountain
pass theorem can be applied readily, a positive and a negative solution are
also obtained. The existence of a solution to asymptotically linear scalar field
equations was considered in Stuart and Zhou [310] and Li and Zhou [194].
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Theorem 3.16 was originally obtained in Zou [347] where an alternative
result was given.

The first paper where modern global variational methods were employed in
order to find homoclinic type solutions (for a Hamiltonian system) seems to
be Coti Zelati et al. [120]. The Hamiltonian considered there was strictly con-
vex and superlinear. Subsequently multibump type solutions for this system
have been found in Séré [290, 291]. Existence of multibump type solutions
has been shown in Coti Zelati and Rabinowitz [121] (see also [123]) for the
second-order Hamiltonian systems and [122] for a semilinear elliptic PDE on
RY with periodic potentials and nonlinearities under the assumption of the
superlinearity condition. In these papers the multibumps have been obtained
starting from a mountain pass point at a level ¢, under the assumption that
there are only finitely many geometrically distinct homoclines below a some-
what higher level ¢ + . In the very recent paper of Arioli et al. [20], it is
shown that a multibump construction can be carried out from any isolated
homocline having a nontrivial critical group.

If the potential V' and the nonlinearity f are periodic in variable x, we
also refer readers to van Heerden [167], Kryszewski and Szulkin [185], Liu
and Wang [212], Schechter and Zou [281, 284], Troestler and Willem [329],
Willem [335], and Willem and Zou [336] for the existence results. In partic-
ular, in [122, 212] the authors obtained infinitely many sign-changing solu-
tions. Interested readers may also consult the following papers for homoclinic
orbit problems for Hamiltonian systems and Schrédinger equations; they
are Ackermann [4] (multibump solutions by using nontrivial local degree),
Ackermann and Weith [5] (multibump solutions for periodic Schrédinger
equations in a degenerate setting), Bartsch and Ding [33, 34] (no multi-
bump type solutions), Rabinowitz [258] (handbook), Rabinowitz and Tanaka
[259], Alama and Li [7] (on multibump bound states), Li and Wang [206]
and Szulkin and Zou [320], among others. We also mention the paper by
Arioli et al. [19] where multibump solutions have been found for an infinite
lattice of particles (a Fermi-Pasta—Ulam type problem). The paper of Berti
and Bolle [60] considers the homoclines and chaotic behavior for perturbed
second-order ODE systems and PDEs. For the Schrodinger equation

(3.129) —Au+ V(x)u = |u]* "2y, z € RV, u € R,

where 2* is the critical Sobolev exponent, V' is 1-periodic in x1,...,xy and
the spectrum o(—A+ V) C (0, 00), the first result is due to Arioli et al. [20].
They show that if V' changes sign and N > 4, then (3.129) has a solution
u # 0 which is a minimizer for the associated functional on the Nehari mani-
fold. Moreover, there exist multibumps whenever this solution is isolated.
Hence, it implies that (3.129) always has infinitely many solutions that are
geometrically distinct. The nonlinear term can be much more general and not
odd there. Some computations on nontrivial critical groups are given in [20].



Chapter 4
On a Brezis—Nirenberg Theorem

4.1 Introduction

Let E be a Hilbert space with the inner product (-,-) and the associated
norm || - ||. Assume that E has an orthogonal decomposition £ =Y @& M
with dimY < oo. In Brezis and Nirenberg [70], it is assumed that G is
a Cl-functional on E satisfying the Palais-Smale condition. Suppose that
there is a continuous map p* of the boundary of the half ball:

K:={u=svy+w:weY,s>0,lul <R} R >0,
into E/, where v is a fixed unit vector in M, with the following properties,
pru)=u,  VueY, o |ul| <R
Ip*(W)|| >r0 >0, VYuek, |u|=R

and G(p*(u)) <0 for all u € 9K. Assume furthermore that for some positive
p <To,
G(u) >0 forue M,|ul = p.

Then G has a nonzero critical point uy where G(ug) > 0.

The question is when will this critical point be sign-changing? In this chap-
ter we are concerned with this problem on the location and nodal structure of
the critical point. More precisely, we generalize Brezis and Nirenberg’s result
(cf. [70]) by giving a sufficient condition on the existence of sign-changing
critical points.

4.2 Generalized Brezis—Nirenberg Theorems

Let G € CY(E,R) and the gradient G’ be of the form
(4.1) G'(u) = u— Og(u),

W. Zou, Sign-Changing Critical Point Theory, doi: 10.1007/978-0-387-76658-4, 121
(© Springer Science+Business Media, LLC 2008
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where Og : E — E is a continuous operator. Let K := {u € E: G'(u) = 0}
and E := E\K. Let Dy be an open convex subset of E. Denote S := E\D,
D := —Dy U Dgy. Assume

(A1) Oc(£Dy) C £Dy.

Lemma 4.1. Assume that (A1) holds. Let G € CY(E,R) and let B, M*
be two closed and disjoint subsets of E. Assume that M* is compact and
IG'(w)|| = 6 > 0 for all w € M*. Then there exists a deformation ¢ €
C([0,+0) x E, E) satisfying

(1) ¥(t,u) =u for allu € B and t > 0; ¥(0,u) = u for allu € E.
(2) |¢(t,u) —u|| <t forallu e E and t > 0.
(3) There exists a tg > 0 and an open neighborhood Uy~ of M* such that

52

G(t ) - Gu) < — gt

for all w € Ups~ and t € [0, to].
(4) ¥([0, +00), D) € D; ([0, +00), D) C D.

Proof. Let 61 > 0 and
My = {u e E : dist(u, M*) < 4},
My :={u € E : dist(u, M*) < 61/2}.
Because M* is compact, we may take a d; > 0 small enough such that
(4.2) |G (w)|| > /2 for all u € My; M, N B =
here M is the closure of M. Let

() — dist(u, E\ M)
(u) = dist(u, E\M;) + dist(u, M) "

Define

V(u)

0(u)—7 73>
L+ [[V(w)l?

0, for u € IC,

(4.3) W (u) = forue E,

where V' (u) is the pseudo-gradient vector field provided by Lemma 2.12. Note
that if u € 9K, then u ¢ M; by (4.2) because K is closed. Hence we may
find a neighborhood U, of u such that U, C E\M; C E\M; and 6(U,) = 0.
Then W is a locally Lipschitz continuous vector field from E to E. Moreover,
IW(u)|| <1on E for allu € E.
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Consider the following Cauchy initial value problem

d(t,u)

(4.4) -

= _W('I/J(t?u))v 1/)(07“) =u€kF.

By Theorem 1.41, (4.4) has a unique continuous solution v: [0,00) X E — E.
Evidently, 1 (t,u) = u for all w € B and t > 0 and |[¢(t,u) — u|| < t for all
u € F and t > 0. Choose

Up = {u € E : dist(u, M*) < §;/10},

which is an open neighborhood of M*. For any v € Up;« and 0 < t < tg :=
91/3, choose w € M* such that |ju — w| < 6;/8. Then

dist (1 (t, u), M*) < [t u) — w|| < 116, /24 < 5,/2.

Therefore, 1((0,d1/3],Unr+) C Ma, and hence, Ups« C Ma, 6(1(t,u)) = 1,
and |G/ (¢¥(t,w))|| > /2 for all ¢ € [0,¢0] and u € Ups+. Hence,
G(t u) — G(u)

_ [ dG((s,u))
= /0 s ds

V(s u))
L+ [V (¢(s,w))l?

< [ bwls (@ W), )ds

1t G s, w)?
== d
2/0 1+ |G (o (s, u)? ™
0%t
= 81242

for all t € [0, o] and u € Ups+. Finally, we show that
([0, +00),D) €D, ([0, +00),D) C D.

The idea is similar to that in Theorem 2.13. By Lemma 2.12, we first observe
that
O(+Dy N E) C (£Dy) = O(£Dy N E) C (£Dy).

Because K C E\My,(t,u) = u for all t > 0 and u € D N K. Assume that
u € Dy N E. If there is a Ty > 0 such that V(Ty,u) & Dy, then we may
find a number sy € [0,Tp) such that ¢ (sg,u) € 0Dy and ¥ (t,u) € Dy for
t € (s9,Tp]. Consider the following initial value problem

W = —W(W(t, (50, 1)),

¥(0,1(s0,u)) = (so,u) € E.
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It has a unique solution (t,v(sg,u)). For any v € Dy, if v € K, then
W(v) = 0. Hence, v + A(=W(v)) = v € Dy. Assume that v € E N Dy.
By Lemma 2.12 and noting that Dy is convex, we have

v+ p(=W(v))

v — () — L.

L+ [V ()2

v+p< 1+||Vv()v)||2) (v—0(v))

_(;_ __ pb(v) ; pb(v) Y
= (1 1+|v<v>|2> TV EC®

for p small enough. It implies that v+ p(—W (v)) € Dy for p >0 small
enough. Summing up, we have
dist ~W(v)),D -
i BHOTPEW)D) _ -y, e p,
p—0+t P

By Lemma 1.49, there exists an ¢ > 0 such that (t,9(so,u)) € Dy
for all ¢ € [0,e). By the semigroup property, we see that 1 (t,u) € Dy
for all t € [sg,s0+¢), which contradicts the definition of sy. Therefore,
([0, +00), Dg) C Dy. Similarly, ([0, +00),—Dy) C —Dy. Consequently,
¥([0,+00),D) C D. To prove 1([0,+0oc),D) C D, we just show that
([0, +00),Dy) C Dy by a contradiction. Assume that there exists a u* €
Do, To > 0 such that ¥(Tp,u*) € Dy. Choose a neighborhood U, of u* such
that U, C Dy. Then by the theory of ordinary equations in Banach space,
we may find a neighborhood Uy, of ¢ (T, u*) such that ¢(Tp,-) : Uy — U,
is a homeomorphism. Because 1(Tp, u*) € Dy, we take a w € Uz, \Dy. Cor-
respondingly, we find a v € Uy+ such that ¥(Tp,v) = w; this contradicts the
fact that ([0, 00),Dy) C Dy. O

Definition 4.2. Let B be a closed subset of E. Define a class F of compact
subsets of E satisfying

(1) ANS #0 for all A e F.
(2) For any o € C([0,1] x E, FE) satisfying o(t,z) = z for all (¢,x) in
({0} x E)U([0,1] x B), there holds o(1, A) € F for any A € F.

Class F is called a homotopy-stable family with extended boundary B.

Lemma 4.3. Assume (Ay). Let B be a closed subset of E and assume that
it has a homotopy-stable family with extended boundary B. Define

c= inf sup G
AEF ANnS
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and assume that there is a closed subset II of E with
ANIITNS\B # 0, VAeF

and

supG < ¢ <inf G.
B I7

Then there exists a sign-changing (PS) sequence {um} such that
G (um) — 0, G(um) — ¢, U € S, dist(tyy, IT) — 0.

Proof. For any € € (0,100719), there is an A € F such that

(4.5) c<supG<c+e.
AnS

Let
I = {u € E : dist(u, I) < £'/?}.

Let £ C C([0,1] x E, E) be the set of mappings ¢ satisfying
Y(tu)=u,  V(tu) € ({0} x E)U([0,1] x (A\Il.) U B))
and

sup l(t, u) —ul| < cc.
(t,u)€[0,1]x E

Then L is a complete metric space equipped with the metric

d(¢,9") = sup{[[¢(t,u) — &' (t,u)|l : (t,u) € [0,1] x E}.

Consequently, (1, A) C F for any ¢ € L. Define
(4.6) é1(u) = max{0,e — e/ 2dist(u, IT)},

(4.7) pa(u) = emin{1, dist(u, (A\II.) U B)},
Go =G + ¢1 + o
Also, define © : £ — R by
O(h) = sup Go(¥(1,A) N S).

Then © is a lower semicontinuous function on £. Note that

(4.8) O() = sup (G +¢1+¢2)
P(1,A)NS

(4.9) >  sup (G +¢1)
B(1,A)NSNIT

>cHe.
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Therefore, d := infyer © > c+e. Let Y =1id (i.e., ¥(t,u) = u,V(t,u)); then
Y € L. By (4.5)—(4.7),

d < O) = sup(G + ¢1 + ¢2) < ¢+ 3e.
ANS

Hence,

< i .
o) < irgli@—i—%

By Ekeland’s variational principle (cf. Lemma 1.4), we have a 19 € L such
that O (1) < O(¥), d(¢o,v) < 4c'/? and

(4.10) O() > O(vo) —e/?d(v,v0)/2, V€ L.

Let
M*:={u e (l,A) NS : Go(u) = O(th)}.

Because A is compact and 9o(1, A) NS # 0, M* # (). Next we show that
M* N ((A\IIl.) U B) = 0.

In as much as
Yo(1,A)NII NS\B # 0,

we may find a ug in IT C II satisfying ¢o(ug) > 0. For any u € M*, we have

4.11 =
1 Gol) =, 5

> max
Po(1,A)NIINS

(G + ¢1+ ¢2)

= max
Yo (1,A)NIINS
Z c+e+ QSQ(’UJ()).

On the other hand, for any u € (A\Il.) U B, we may assume that u € S
(otherwise, u & M™).
If u € (A\II.) NS, we see that ¢1(u) = ¢a(u) = 0. Then by (4.5),

(4.12) Go(u) =G(u) < supG < c+e.
Ans

If uw € BNS, then by (4.6) and (4.7), Go(u) < ¢+ . Both cases imply that

sup Gop<c+e.
((A\II.)uB)NS

By (4.11) and (4.12),

(4.13) M* N ((A\II.) U B) = 0.
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Next, we show that there exists a u. € M* such that ||G’(u.)|| < £'/° and
c—e < G(u.) < ¢+ 3e. In particular, u. € S and dist(u, IT) < 5¢'/2.
First we note that any u. € M* implies that u. € (1, A),u. € S, and

Go(us) = maXGo(’l/)()(].,A) ﬂS) = 9(’@[10) 2 d
and O(1y) < O(1)) < ¢+ 3e. Then
c+e < Go(ue) = G(ue) + ¢1(ue) + da2(ue) < ¢+ 3e;

it implies that
c—e < Gu) <c+ 3e.

Choose w € A such that u. = (1, w). By the definition of ¢y and (4.13), we
see that w € IT.. Hence, dist(w, IT) < £'/2, because d(vg, 1) < 4c'/?. Hence,
dist (ue, IT) < 5e'/2.

By way of contradiction, assume that ||G’(u)|| > €'/® for all u € M*. We
apply Lemma 4.1 to the set M* and B U (A\Il.); we have a ¢ € C([0,1] x
E,E), tp > 0 (assume ty < 1) and an open neighborhood Uy« of M* such
that

(1) 0(0,u) =u for all u € E.

(2) o(t,u) =wu for all u € BU (A\II.) for all ¢t > 0.

(3) |lo(t,u) —u| <t for all uw € E for all ¢t > 0.

(4) G(o(t,u))—G(u) < —(2/°/(8 + 2¢%/%))t for all u € Ups+ and t € [0, o).

In addition, we have

(4.14) o(t,D) C D, o(t,D) C D, vt € [0, 00).
Define
w)\(tvu) = O-(t>\a ¢0(t7u))7 A € [07 1]
Then 9, (t,u) € £ and
d(¢)\7¢0) = Sup{”¢k(t7u) - wO(t7u)” u € Evt € [07 1]} S A.

Hence, by (4.10),
O(¥) = O(¢o) —'/2)/2.

Because
(4.15) O(1hx) = sup Go(¥a(1,4) N S)

Go(¥a(1,un))

and A is compact, there is a uy € A such that O(y)) =
( 14), (1 U)\) eS.

and ¥y (1,uy) = o(A\¥o(1,uy)) € S. Furthermore, by
Consequently,

(4.16) Go(¥a(1,u)) > O(thg) — '/2A/2
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= sup Go—¢e'/2)\/2
$o(1,4)NS

Z G()(’(/Jo(l,u)) — 81/2)\/2

for all u € A with ¥(1,u) € S. Because A is compact, we may assume that
ux — ug € A as A — 0. Then (1, up) € S. Moreover, by (4.16),

Go(o(1,up)) = sup Gy
wo(l,A)ﬂS

and therefore, 1o (1,ug) € M*. It follows that ¥o(1,uy) € Up+« for A small
enough. Hence,

(4.17) G(a(1,un)) — G(o(1,un))
= G(a(A\ o1, un))) — G(o(1,un))
g2/5)\
= 84 2e2/5

for A small enough. Note that

(4.18) |1 (Yo(1,un)) — d1(a(1,un))l
< M| (1,up) — o(1,uy)||
< \el/?

and that

(4.19) |p2(o(1,un)) — d2(Pa(1,ux))

< elloa(l, un) — o(1,un)|l
< Jde.

By combining (4.13)—(4.19), we get

22/5

1/2 1/2
—8+252/5)\§€ A/242eX+e/2A

This implies € > 96710, a contradiction. ([l

Lemma 4.4. Assume (Ay). Let K be a compact subset of E and o be a
given continuous function from a closed subset Ko of K into E and consider
the family

I''={yeC(K,E):y=v on Koy}

Let I be a closed subset of E. Assume that v(K) NS N I\ (Ko) # 0 for
any v € I'. Define
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c=inf sup G.
Y€l (KNS

If
sup G <inf G,
Yo (Ko) 1

then there exists a sequence {u,,} such that
G (um) — 0, G(um) — ¢, Um € S.
Moreover, dist(uy,, IT) — 0 if ¢ = inf;y G.
Proof. Let
F={A:A=1(K), vel'},  B=(Ko).

Then one checks that F is a homotopy-stable family with extended bound-
ary B,
ANIINS\B # 0, VA e F,

and
supG < inf G < c.
B I7

If inf;; G < ¢, then for any A € F, there is a ug € AN S such that

¢ < sup G = G(up).
ANS

Hence

{ue E:Gu)>ctNSNA\B#0

and
supG < ¢ < iIIYl/fG, where II' = {u € E : G(u) > c}.
B

Apply Lemma 4.3 to F, B, II’, and S; we get a sign-changing sequence {u,, }
such that

G (um) — 0, G(um) — ¢, Um € S, dist (tp,, ") — oo.

If inf ;7 G = ¢, then supy G < ¢ = inf; G. Apply Lemma 4.3 to F, B, I, and
S. Then we get a sign-changing sequence {u,,} such that

G () — 0, G(um) — ¢, Um € S, dist (ty,, IT) — oo.

O

Lemma 4.5. Let E =Y & M with dimY < oo. Assume that z € M with
llz]l = 1 and that there is a continuous map o : 0K — E, where

K:{y+52’y€}/,5207”u“§R}’
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satisfying

(1) v0(y) =y for anyy € Y, ||yl < R.
(2) [[vo(u)|| > 7 >0 foru € K, |lul| = R.

LetKoz(')K,
I''={yeC(K,E):vy=79 on Koy}

Let F=MnNS,, p<r, where S, :={ue E: |u| = p}. Then y(K)NF # 0
forally eI

Proof. Let P: E — Y be the projection onto Y along M. Let Yy =Y & Rz.
Define H : K — Y} as the following.

H(u) = Py(u) + [ (id = P)y(u)|2.

Let
U ={(y,0):y €Y, |yl <R}

and Yy = {u € K : |Ju|| = R}. Then 0K = X U X5. By the assumption,
H(u) # pz for any u € OK. Therefore, deg(H, K, pz) is well defined. Let

H(t,u) =tH(u)+ (1 —t)H*(v), te€[0,1, uc€ oK,
where
u if ue Xy
H*(u) = H(u)
—— R ifue&Xs.
[ (u)] ’

Note that H(u) = u for u € Xy and |H(u)|| > r > 0 for u € Y. Then it is
easy to check that H(t,u) # pz for all uw € Kt € [0, 1]. Because the degree
depends only on the boundary values of H(t,-), we have that

deg(Ha K, pZ) - deg(H(ta ')a K, pZ) - deg(H*a K7 pZ)

To compute the degree on the right-hand side of the above identities, we note
that v € Xy; then H*(u) = u # pz. And H*(X5) C Xy, H* = id on 9X5.
Because Y5 is homeomorphic to a ball, there is a continuous deformation
H*(t,u) connecting H*(u) to the identity in Xy with H*(¢t,u) = id on 0%,
for all ¢ € [0, 1]. Therefore,

deg(H*, K, pz) = deg(id, K, pz) = 1.
Tt follows that deg(H, K, pz) = 1; this completes the proof of the lemma. O

Theorem 4.6 (Generalized Brezis—Nirenberg Theorem). Assume
(A1). Let E=Y & M with dimY < co. Assume that z € M with ||z|]] = 1
and that there is a continuous map o : OK — E, where

K:{y—i—szyEY,SZOaHUHSR}’v
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satisfying
(1) 0(y) =y for any y € Y, |yl < R and |lyo(u)l]| = r > 0 foru € K,
[ul = R.
(2) G(yo(u)) < a for allu € OK, where a is a constant may be < 0 or > 0.
(3) For some positive p < r, infyns, G > a, where S, = {u € E :
l[ull = p}-
(4)MnS,CS.

Then there exists a sequence {u,,} such that
G (um) — 0, G(upm) — c€R, Um € S.
If G satisfies the (PS) condition at level ¢, then G has a sign-changing critical
point in S.
Proof. Let Ko = 0K,

I''={yeC(K,E):vy=79 on Koy}

Let F = M NS,. By Lemma 4.5, v(K) N F #  for all v € I". Hence, by (1)
and (3), v(K) NS N F\y(Koy) # 0 for any v € I'. Define

c=inf sup G.
ey (K)ns

By (2) and (3),
sup G <infG.
Yo (Ko) F

By Lemma 4.4, there exists a sign-changing sequence {u,,} such that
G’ () — 0, G(um) — ¢, Um € S.

Moreover, dist(uy,, F') — 0 if ¢ = infrp G. By the (PS) condition, we get a
sign-changing critical point in S. (]

Notes and Comments. Lemma 4.5 is due to Brezis and Nirenberg [71]. An
earlier version of Definition 4.2 was given by Ghoussoub [156, 157].
Theorem 4.6 reveals the relationship between the classical linking theorem
and sign-changing solution. We refer readers to Rabinowitz [255], Schechter
[275], Struwe [313], Willem [335], and Zou and Schechter [351] for some earlier
linking theorems without the nodal structure information.

4.3 Schrodinger Equations

Consider the existence of a sign-changing homoclinic orbit to the Schrédinger
equation:
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(4.20) —Au+ Vy(x)u = f(z,u), r € RV,

that is, a solution satisfying u(z) — 0 as |x| — oo. Suppose that V) satisfies
all the conditions (D;)-(D3) of Chapter 3. By the theory of the previous
chapter, the Schrodinger operator —A+ V), has a finite number of eigenvalues
below the infimum of the essential spectrum. The eigenvalue problem

—Au+u=rvu in (2 u=0 on 92
has positive isolated eigenvalues with finite multiplicity:
O<y << < VUp < VUpg1 < -+

Let dim(»;) denote the dimension of the eigenspace corresponding to the
eigenvalue v;. Let dj, := Zle dim(v;). We make the following hypotheses on
the nonlinearity f.

(G1) f € CRY x R,R); there exist Hy > 0, L > 0 such that
|f(x,t)] < Holt|,  ¥(z,t) e RN xR

and f(x,t) + Lt is increasing in t.

(G3) There is a k > 2 such that 2F(x,t) > vp_1t% for all z € RV, t € R. In
particular, liminf; o((f(x,t))/t) > v uniformly for z € RY.

(G3) 2F(x,t) < (v +vi—1)/2)t? for all x € RN and |¢| < Tp, where Ty > 0
is a constant.

(Ga4) lminfpy oo (2F(2,1))/t? = Hoo > vgs limyy_o(f (2, t)t)/(F(x,t) =
7o > 2 uniformly for z € R, where 7 is a constant.

(Gs) limyy oo (f(@,8)t —2F (2,1))/|t|® = ¢ > 0 uniformly for z € RY, where
B € (1,2) is a constant.

(Gg) f(z,t)t —2F(x,t) > 0 for all x € RVt € R\{0}.

The above assumptions include the following case.
flz,t)/t = a ast— —oo, flz,t)/t = b ast— oo.

Here a,b are allowed to be any (different) numbers greater than vj. In
other words, the jump at infinity may cross an arbitrarily finite number of
eigenvalues in the spectrum of —A+ V). In particular, a and b may belong to
the continuous spectrum of —A + V) and therefore the resonance may occur
at the continuous spectrum.

Theorem 4.7. Assume (D1)—(D3) and (G1)—(Gg). Then there exists a A > 0
such that Equation (4.20) has a sign-changing solution for each A > A.

Let FE be the Hilbert space

E\ = {u c HY(RY): /RN(|Vu|2 + Vi(z)u?)dz < oo}
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endowed with the inner product (u,v)x := [gn(Vu v v+ Vi(z)uv)dz for
u,v € E) and norm |july := (u,u>i/2. Then by (D), Ex — H'YRY) is
continuous. Consider

(4.21) Gi(u) = %nuni - /RN Pz, u)dz.

Then G € CH(E,,R) and G4 = id — Og, where Og = (—A + Vy)71f.
The weak solutions of (4.20) correspond to the critical points of G,. By
Proposition 3.7, for A large enough, the operator —A + V) has at least dy,
eigenvalues:

p1(Sx)s 12(SN); -y pa, (Sx)

with corresponding eigenfunctions ej(A),e2(A), ..., eq, (A) and |e;(N)|2 = 1
foralli=1,...,dg. Set

Eg, (M) :=span{e;(A),ea(N), ..., eq, (N}

By (3.63) 1 (Sx) < pin(L*) for all n € N. Note that p,(S)) — p, as A — 0o
for all n > 0. By (3.55), lim,,—.co ftn, = 00. By Proposition 3.11, p,, = p, (L")
for all n € N.

Lemma 4.8. Assume (G2). Then there exists a Ay > 0 such that
Ga(u) <0 forallue Eq,_,(A\) and X> Aj.

Proof. We first observe that ||ul|3 < pa, ,(Sx)|ul3 for all u € B4, (A) and
,udkil(S)\) S Vi_1. Then by (GQ),

1
Glu) = 3l = | Pla.uyds

1 1
<=5 [ vevids

IN

1 Vi—1 ) 2
(- —2=L )
2( PG ANL
0.

IN

O

Lemma 4.9. Under the assumption of (Dy), there exists a A > 0 such that
Ga(u) — —o0 foru € Eq, (\) as ||u|| — oo for each X > As.

Proof. First, we observe that

(4.22) ull2 —/ Howlds < —slul?,  Vue Eq (V)
RN
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where £ = (Hoo — pta, (Sx))/pta, (Sx) > 0 because g, (Sy) < v < Heo.
Furthermore, note that dim Eg, (A\) < co. We may find an R > 0 such that

Hou?
) [ kst | |F(z, w)ldz < Zul3
rR¥\BR0) U3 4 RY\BR(0) 8

for all u € Eg, (\). Here and in the sequel, Br(0) := {z € R : |z| < R}. It
follows from (4.22) and (4.23) that

(4.24) llul|2 — / Hou?dx < f%{é“u”i for all u € Eq, (N).
Br(0)

Furthermore, by (G4), for ¢ > 0 small enough, there exists a C. > 0 such
that

1 1
51aro<,752 — F(z,t) < 55152 +C., VaxzeBgr(0), tcR.

Therefore, combining (4.22)—(4.24),
Ga(u)

<

1 1 1
< —lul? - —/ H u’dx +/ (—Hoou2 — F(m,u)) dx
2 2 JBx(0) Br(0) \2

7/ F(z,u)dx
RN\Br(0)

3 1
< Bl + Epu)? +/ (—5u2 + c€> dz

K
<-Fhulg+ [ Cun

Br(0)
The lemma follows immediately. ]

Lemma 4.10. Assume (G2). Then there exists a Az > 0 and a py > 0
independent of X\ such that

Ga(u)>e>0

Jor allu € By (N) with ||ul| = po and all X > As.

Proof. This is similar to the proof of Lemma 3.18. We give it here for com-
pleteness. Note that

(4.25) 2F(x,t) < 2Hot? — HoTg for |t| > Ty,  x € RV,

where Tj comes from (Gg). We first choose A large enough (say A > A*)

such that pg, (Sy) approaches pg, = vy; hence jig, (Sy) > A because vy, > A,
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where A = (v +v_1)/2. Next, we choose \ large enough (say A > A**) such
that the Schrodinger operator —A + V), has d,,, eigenvalues

Iu‘l(SX)7 L) :U'dm(SA)'

In particular, we may want d,,, large enough so that

(426) (2H0 + ta,, (SA) — 2A)(Mdk (S)\) ) > 4/12
(4 27) ,u,dm(SA) 2 2H0,

(4.28) (114, (Sx) — 2Ho) (pa,, (Sx) — A) > 3247,
(4.29) pa,, (Sx) — 6Hy + 24 > 0,

(4.30) fd,, (Sx) > %Iioudk(sﬂo

For any u € B (\), we write u = v+ w with

veE Xg,(A\)®Xa (N DB Xg,, (N)
andw € Eg (), where d,, is given in (4.26)(4.30) and Xg4,(\) (i = k,...,m)
is the elgenspace associated with pg, (Sy). Let

(431) gy o= CHoF i (S0) 2 ("‘d’“(si) N 2 o +w).

If |v + w| < Tp, then by condition (G3) and the choice of pq,, (Sy), we see
that

(2Ho + p1a,, (S3) o (pa, (Sx) +4) 02

1

4 4 2

(2Ho+ﬂd (SA))—2/Iw2+ (kay (S) +4) — 24
4

[

(4.32) 6, >

v? — Alow|

v

2
>0. (By (4.26))

If |v 4+ w| > Ty, then by (4.25), we conclude that

(433) 6, > <<Mdm(5)\) +2Hy) —4Hy ,

(11, (Sx) + A) — 4Hy

HoT?
(4.34) + T v? = 2Hovw + — 0)

=0y + 03,
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where
(4.35) )
y = Ha (5N + 2o Ay o, <udk<si) N2 o
(4.36) )
03 := Han (1) +82H0 — 4Ho w? — 2H02_ Av2 — (2Ho — Avw + HO_TO2.
If

then by (4.27),

2H, — AH, —A _
(4.37) 6 > Hdy, (5)) +8 0 O w? + <“dk(52) v| — A|w|> v > 0.

If

) = o) A <0,

by the choice of g, (Sy) in (4.27) and (4.28), we deduce that
(4.38) 0o

(/Ldm(S)\) + 2H0 — 4H0 4/12 > w2 + Hd, (S)\) - A 2
0.

%

— (
8 /’I’dk(S)\) - A 4

Y%

On the other hand, by (4.29),

(#ta,, (Sx) +2Hy) —4Ho

(4.39) 03 > w S w
(2H0 — /I) 2 (2H0 - /I) Ho’/‘g
2 y T
2H,) — 6Hy + 24
(440) Z (IU/dm (SA) + 80) 6 0 + w2
6Hy — 34 , HyT?
Uty
6Hy —3A , HyTg
> — .
> 1 V7 + 9
Choose

B 2Ho T2 1/2
PO=\6H, —34)C2, )
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where Cp, is a constant such that ||v]|. < Cp,||v|| for all
veE Xy N® Xy, (N)D- @ Xqg,(N)
which is finite-dimensional. Then ||u|| = pg and
[0]oc < Cmllvll < Cllull = Crmpo.
Hence, 03 > 0. Therefore, by (4.33)-(4.39), 6; > 0. Finally,
Ga(u)
=Gir(v+w)
= 50l + ) = [P0+ wydo

1
4

Y

1 1
ZI0l3 + 2l + Fra, (S0 1ol3

1
s, (SOl - [ Plowds
RN

1 A 1 2H,

“(1- —— 2+—(1——°) 2+/ 61d
4( ud,xsn) o+ (1= 2 Yl + [ ouds
1 . A 2H, )

- 1——— ) (1 - —2

4mm{( udk(SA)) ( udm,(SA)>} e

(- s )

v

Y

\
N

O

Lemma 4.11. Under the assumptions of Theorem 4.7, for each c, there exists
a Ay > 0 such that Gy satisfies the (PS) condition at level ¢ for each A > Ay.

Proof. Let {uy,} be a (PS) sequence at level ¢:
G\ (uy) — oo, Gi(u,) — c.

We first show that {||u,||x} is bounded. By (G4), let &g > 0 be such that
Ty — €0 > 2. Hence, there exists an Ry > 0 such that

(4.41) flz,u)u > (mg — €0) F(x, u)

for all z € RY and |u| < Ry. On the other hand, by (G5) and (Gg), we may
choose ¢ > 0 small enough such that

(4.42) f(z,u)u — 2F (z,u) > clul’
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for all z € RN and |u| > Ry. Then

1 1 1
4.4 5 n2 n n_F s Un d
@) (5= hald+ [ (=i - P o

< c+ o(1)||unlA-

Hence, by (4.42) and (4.43) and (G;) and (Gg), we get that
(4.44) [lunlX

< et o(D)]luallx

1
+c / (F (,up) — f(x,un)un> dx
\un\SRo |un\>Ro o — €0

1
<c+o(l )||un|\>\—|—c (F T, Up) — - f(x,un)un) dx
1

|un|>R0

1
smommec( )/ F s unde
2 7m0 =¢€0/ Jjun>Ro

< c+0(1)||un|\,\—|—c/ |ty | da.
|un|ZRO

Furthermore,

1
3 (Ga(n), un)x < e+ o(1) [unl |

and (G5) and (Gg) and (4.42) imply that

G)\(’U,n) —

c+o(D)||unllx > /RN (%f(m,un)un - G(x,un)> dx

4.4 WP dz.
(4.45) zgﬁw%mx
Choose
_2-p(N+2)
T 2N +4—-Np)’

Then 6 € (0,1) and, by (4.45) and the Holder inequality,
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(1-0)2/8 20N/2N+4
< / |y, |P da / |, | PN FD/N e
|un|>Ro |un|>Ro

< (e eflunll) 27 flun 13-
It follows by (4.44) that
a3 < o(D)llunlix + ¢+ e(e + ellun[3) 207 Jun|IF.

Note that 2(1 —0)/8+ 260 < 2 because 8 € (1,2) and 6 € (0,1). Thus, we see
that {||un|/x} is bounded. Suppose that w, — u weakly in E\ and u, — u
strongly in L2 (RY) for some u € E,. Then G)(u) = 0. By Lemma 3.9, for

loc

any € > 0 there exists an R > 0 and a A > 0 such that
(4.46) Hmﬁ%%)gﬂm& Yo € Ej, A> A,

where B, := {z € RY : |z| > R}. Recall that ||G} (u,)|| — 0 and G\ (u) = 0.
Thus,

[

— o(1) + / (F (@ n) — £, 0)) 1ty — w)de

RN

<o)+ [ (unl+lublun —uldz

|z| =R

i /|x<R(f(x’u”) = f(@,u)(un — u)dz

< o(1) +Ho/

[u||wn, 7u|2dw+2Ho/ [y, — ul?dx
|z|>R

|| >R

+/Ix<R(f(x,un) — f(z,u) (un — u)da

1/2
1
< o(1) + 5 lun — ull3 + 2Houn — ull ( / |u|2dx>
|z|>R

+ /IwSR(f(x7un) — f(z,u))(u, — u)d.

Obviously, we may make |u, — ul|x small enough by choosing R,n large
enough; that is, ||u, — ul|x — 0. O

Let Py := {u € E\ : u > ¢1(\)}, where ¢1(\) is the positive eigenfunc-
tion of u1(Sy). Then P, is closed and convex. By Lemma 3.21, all positive
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solutions belong to Py. By Lemma 3.21 and the proof of Theorem 3.15, we
have the following.

Lemma 4.12. Under the assumptions of (D1)—~(Ds) and (G1), there exist
g0 > 0 and As > 0 such that

dist(S, N (Ey(\), =Py UPy) >e0 >0  forallp>0

and
Oc(£Dy(g)) C £Dy(e) for alle € (0,e0),A > A5,

where S, :={u € Ey : ||u|]|x = p}, Do(e) ={u € E : dist(u, Py) < e}.

Proof of Theorem 4.7. Let S = Ex\\(—Do(¢) U Dy(e)). Then a critical point
of Gy in § is a sign-changing solution of (4.20). Let Y = E4,_,(\),M :=
Eg4,_,(A\)*; then dimY < oo and Ey =Y @ M. Assume that z € M\ FE4, (\)*
with [|z]| = 1. Let

K:={y+sz:yeY,s>0,|ul <R}

Then there exists a A > 0 such that for each A\ > A, Ga(u) < 0 for all
u € 0K with R large enough (by Lemmas 4.8 and 4.9). For some positive p,
by Lemma 4.10, infasns, G > a. By Lemma 4.12, M N S, C §. Combining
the (PS) condition of Lemma 4.11, the second conclusion of Lemma 4.12 and
Theorem 4.6, G has a sign-changing critical point in S. (]

Notes and Comments. Evidently, PxN(—Py) = 0. Then, —Dy(e)NDy(e) = 0
if £ small enough. Moreover, (1 —t)(£Py) ¢ P, (1 —t)(£Dy(e)) ¢ £Dy(e)
for some t € [0,1]. So, we cannot construct linking as in Chapter 2. The
results of Chapter 2 cannot be directly applied to (4.20). The methods of Li
and Wang [199] and Schechter et al. [279] need the functionals to be of C2.



Chapter 5
Even Functionals

5.1 Introduction

Let E be a Hilbert space with the inner product (-, -) and the associated norm
|| - |I. We first recall a well-known result.

Suppose that G € C!(E,R) is even and satisfies the (PS) condition. Let
Y, M C E be two closed subspaces of F with dimY < oo, dimY —codimM =
1, G(0) = 0. Assume that there exists v > 0,p > 0 such that G(u) > ~ for
u € Q(p) :={u € M : |lu]| = p} and that there exists an R > 0 such that
G(u) <0 for all w € Y with ||Jul]| > R. Let

I'={¢peC(E,E):¢isodd ;p(u) =uifue,|ul| > R}

Then the number
bi= inf, Sup G(p(u)) = v
is a critical value of G.

In applications on superlinear problems, one can prove that v — oo
by choosing a sequence of subspaces Y. In this manner, one can obtain
infinitely many critical points. This is a well-known version of the symmetric
mountain pass theorem due to Ambrosetti and Rabinowitz (see Ambrosotti
and Rabinowitz [15] and Rabinowitz [255]). This result has been applied to
elliptic equations, Hamiltonian systems, and other variational problems to
get infinitely many solutions.

In this chapter we are concerned with when the critical points of the
symmetric mountain pass theorem will be sign-changing.

5.2 An Abstract Theorem

Let G € C!(E,R) and the gradient G’ be of the form

G/(’LL) =u-— KG(u)a

W. Zou, Sign-Changing Critical Point Theory, doi: 10.1007/978-0-387-76658-4, 141
(© Springer Science+Business Media, LLC 2008
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where K : E — E is a continuous operator. Let K := {u € E : G'(u) = 0}
and E := E\K, Kla,b] :={u € K : G(u) € [a,b]}. Let P be a positive cone
of E. For pg > 0, define

(5.1) Dy :={u € E : dist(u, P) < po}-

Then Dy is an open convex set containing the positive cone P in its interior.
Set
D .= DO @] (—’Z)())7 S= E\D

In this chapter, we use the following assumption.
(A) Kg(i’Do) C £Dy.
Let

(L + [Jull)?

(5.2) = DAV @R+ 1

where V is a pseudo-gradient vector field of G from Lemma 2.12. Then m(u)
is locally Lipschitz continuous. Write W (u) = 7(u)V (u). Then W is a locally
Lipschitz continuous vector field over E. Obviously, |[W (u)| < |ju|+1 for all
u € E. Moreover, W (u) is odd if V (u) is odd.

Lemma 5.1. Assume that E = E+E with dim E < 00, dim E—codim E > 1.
Let ¢ : E — E be a continuous and odd mapping and

O :={ueckE:|ul| <R},

Ti={ueE:|u| =p},

where R > p > 0. If {(u) =u for all u € 0O, then
cO)YNT #£ 0.

Proof. Let Ug == {u € £ : [¢w)|| < p} N {u € E : ||u]| < R}. Because ¢ is
odd, then U is an open bounded symmetric neighborhood of 0 in E. Write
E = E' ®E; then E' C F and dimE > dimE’. Let P : E — E’ be the
projection onto E’. Then P¢ : 0U; — E' is a continuous odd map. By the
Borsuk-Ulam theorem (cf. Theorem 1.33), there exists a u € QU such that
P¢(u) = 0; that is, ((u) € E. Note that ((u) = u for u € @ and R > p;
we may check that u € OU. implies that ||((u)|| = p. This completes the
proof. O

Theorem 5.2. Assume (A). Let Y, M be two subspaces of E with dimY <
oo; dimY — codim M = 1. Suppose that

Q(p) :=={ue M :|ul| =ptCS.
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Assume that G € CY(E,R) is even and that there exist v > 0,3 € R such
that

Gu) >~ forallu e Q(p), Gu) <p, foralueY.

If G satisfies the (w*-PS). condition (see Definition 3.3) at level ¢ for each
c € [, 0], then
Kly—e,B8+eln(E\(-=PUP))#0

for all e € (0,7).

Proof.
Step 1. We claim that there exists a o € C(]0,00) x E, E) such that o(¢,u) is
odd in u and that o(t,u) = u for any u € G° U Q(p) for all ¢ > 0. Moreover,
o possesses some properties stated in the next steps.

To prove this, we choose ¢g = 72(3 — v + 1)(In(5/4))~! + 2; then by the
(w*-PS). condition, there exist 1 € (0,7), Ry > 2p such that

IG (@)1 + llull) = co

for all u € Gy — &1, 3 + &1] with |Jul| > Ry. Let g9 € (0,21),e0 < 1 and

(5.3) Uy :={u € E :cither G(u) <y —¢e1 or G(u) > B+e1},
(5.4) Uy:={ucE:v—ey<Gu) < B+eo},

(5.5) Us:={ueE:|ul <R},

(5.6) Uy:={ucE:|ul >R +1}.

Then Q(p) C Us, K C Uy U Us. Moreover, for any u € K, there exists a
neighborhood U, of u in E such that either U, C U; or U, C Us. Define

B dist(u, Uy)
(5.7) q(u) = dist(u, Uy) + dist(u, Us)’
) i dist(u, Us)

- dist(u, Us) + dist(u, U4);
both ¢(u) and j(u) are locally Lipschitz continuous functions on E. Set
W (u) = j(u)q(u)W(u)

for u € E and W*(u) = 0 otherwise, where W (u) is odd because G is even.
Then by construction, W* is locally Lipschitz continuous and odd on E.
Consider the following Cauchy problem
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do(t,u) . olt

o(0,u) =u € E.

Note that [|[W*(u)]] < (1 4 |lul|); the unique solution o(t, ) : E — FE is a
homeomorphism and has the following properties.

(1) o(t,u) is odd in u € E.
(2) o(t,u) = u for all u € G° U Q(p) for all t > 0.
(3) G(o(t,u)) is nonincreasing with respect to ¢t > 0 for any u in E.

Step 2. We show that
(5.10) o([0,+00),D) C D, o([0,+00), D) C D.

We first observe by Lemma 2.12 that Lo(+Dy N E) C (D) implies that
Lo(£Do N E) C (£Dy). Obviously, o(t,u) = u for all t > 0 and v € DN K.
Next, we assume that v € Dy N E. If there were a t, > 0 such that
o(ty,u) € Do, then there would be a number sy € [0,) such that o(sg,u) €
0Dy and o(t,u) € Dy for t € (sg,to]. Consider the following initial value
problem

do(t,0(s0,w) _ i ole
(5.11) o = Wit also,w)).

a(0,0(sg,u)) = o(sp,u) € E.

It has a unique solution a(t o(sg,u)). For any v € Dy, if v € K, then
W*(v) = 0; hence v+A(—W*(v)) = v € Dy. Therefore, we assume that v € E.
Noting v € Dy implies that dist(v, P) < ug. By Lemma 2.12, for any p € P, we
have

[o + A(=W*(v)) - pll
= [lv + A(=j(v)g(v)7(v)(v = Lo(v))) — pl|
= [I(1 = Aj(v)g(v)m(v))v + Aj(v)q(v)m(v) Lo(v)
—Aj(v)g(v)m(v)p — (1 = Aj(v)g(v)m(v))p]|
= (1 = Aj(v)g(v)m(v))[lv = pll + Aj(v)g(v)m (V)| Lo(v) — p|
< (1= Xj(v)g(v)m(v))po + Aj(v)g(v)m(v)po

= Ho
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for A small enough. It means that

lim S FACWT@) Do) _ oy,
A0+ A

By Lemma 1.49 and (5.1), there exists a § > 0 such that o(t, (s, u)) € Do
for all t € [0,0). By the semigroup property, we see that o(t,u) € Dy for all
t € [so, S0 + d), which contradicts the definition of sg. Therefore,

(512) J([07+OO),'D()) - ’Do.
Similarly,
(5.13) ([0, 4+00), —Dy) C —Dp.

That is, o([0, +00), D) C D. To prove o ([0, +o0), D) C D, we just show that
o([0,+00),Dy) C Dy by negation. Assume there exist u* € Dy,ty > 0 such
that o(to,u*) € Do. Choose a neighborhood U, of u* such that U,- C Dj.
Then by the theory of ordinary differential equations in Banach space, we
may find a neighborhood Uy, of o(tg, u*) such that o(tg,) : Uy — Uy, is a
homeomorphism. Because o (tg, u*) € Dy, we take a w € Uy, \Dy. Correspond-
ingly, we find a v € U,,» such that o(tg,v) = w, which contradicts (5.13). We
get (5.31).

Step 8. There exists a Ty > 0 such that
(5.14) o(To, (GP\Bg,(0)) NY) C GV,
where Ry = 2(R; + 1). Note that

800

It W) < %

(14 [ful);

then by calculation, ||o(, u)|| < e®c0/@+D(1 4 ||u||)—1 for all u € E, ¢ > 0.
We choose Ty = 9(3 — v + 1). For any u € (G”\Bg,(0)) NY, then |lu| > Ry
and G(u) < g, and it follows that

/Ot do(t, u)

800 ¢
1 t dt
£ [ o))

ot~ ull = |

IN

IN

800 ¢ 2
1 (800/(4+Co))tdt
4 C% /0 ( ||UH)€

(L [Juf(elSeo/ @Dt 1),
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It implies that [|o(t,u)] > |lull — (1 + ||ul])(e®/@+e)t — 1) > Ry +1 for all
t € [0,Tp]. Hence, j(o(t,u)) =1 for all ¢ € [0, Tp]. If there exists a t1 € [0, Tp]
such that G(o(t1,u)) < v — &9, then G(o(Tp,u)) < —ep and we are done.
Otherwise,

7o <Glo(t,u) <Gu) < B < B+eo

for all ¢ € [0,Tp]. It implies that
IG" (ot u) (1 + [lo(t, w)ll) = co
and ¢q(o(t,u)) =1 for all ¢t € [0, Tp]. Therefore,

G(o(Tp,u))

To
— Glu) + /0 dG(o(t, u))

s [T (=0 ot 0 PG o . V(o (k)
‘G(”/o( @+ ot wD2Vio @ a) + 1 )"“

T Lot P ot )
<a - | (8<1+||o<t,u>|>2||G'<o<t,u>>||2+2>dt

we get (5.32).
Step 4. Let D(R) := Bgr(0)NY,R > Ry, R > p, and
I'={®:9ecC([0,0) x E, E),®(t,u) is odd in u,P(0,-) = id,
D(t,0(Toh,u)) = o(Tp,u),Yu € ID(R),Vt € [0,00); P(t, D) C D},
Then id € I'. We claim that
o~ '®(1,0(Ty, D(R))) N Q(p) # 0,

where o 1(+) := o~ (Tp, -). Set

D*(u) == o b(1,0(Tp,u)),
which is odd. Note ¢*(u) = u for all u € OD(R); by Lemma 5.1,

" (D(R)) N Q(p) # 0.
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Hence, by Steps (1) and (2),

®(1,0(To, D(R)) N Q(p) # 0, @(1,0(To, D(R))) NS # 0.
Consider

5.15 b= inf sup G(u).
( ) PEL yed(1,6(To,D(R))NS ()

Obviously, b is well defined and 3> b > v > 0.
Step 5. We prove that
Klb—&b+eln(E\(-PUP))#0

for all £ € (0,+). That is, there is a sign-changing critical point.
By negation, we assume that

Klb—&b+eN(E\(-PUP)) =0
for some £ € (0,7); then
(5.16) Klb—&b+¢& C (-=PUP).

Case (i). Assume K[b—&,b+ ] # (). Because K[b—&,b+ £] is compact in F,
by the definition of S, we must have

dist(K[b — &,b+&],S) := dp > 0.
By the (w*-PS). condition for ¢ € [y, 5], there is an 5 € (0,£/3) such that

(1 + [[ulD?[IG" (w) || .
L+ (T + [u)?G (w)]* —

(5.17)

foru € G71[b—ez, b+ex]\(K[b — &,b + &])5,/2; here and in the sequel, (A) :=
{u € E : dist(u, A) < ¢}. By decreasing €9, we may assume that g9 < £0/3,
where g9 comes from Step 1. Then

(G'(u), W (u)) = e2/8
for any u € G71b — e2,b + &3] \(K[b — &,b + €])5, /2. Let
Us={uecE:|Gu)—>b| > 3ea},
Us ={uec E:|Gu)—b| <2}.
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Let y(u) : E — [0, 1] be locally Lipschitz continuous such that

(@ 1 for all u € E\(K[b—&,b+ £])s,/2
y(u) ==
0 forallue Kb—¢ b+ &])s,/s-

Consider di U

h(u) P ISt(uv .5) )

dist(u, Us) + dist(u, Us)

Let W(u) == y(u)h(u)W (u) if u € E and W(u) = 0 otherwise; then W is a
locally Lipschitz vector field on E. We consider the following Cauchy initial
value problem,

%tw) — —W(n(t,u)),
n(ovu) =uc Ea

which has a unique continuous odd solution 7(t,w) in E. Evidently,

dG(n(t, u))
—g <0

By the definition of b in (5.35), there exists a @ € I" such that
®(1,0(Ty, D(R))) NS C G2,

Therefore,
&(1,0(Ty, D(R))) C G*Te2 U (E\S).

Denote A := &(1,0(Ty, D(R))). We claim that there exists a T3 > 0 such
that

(5.18) n(Ty, A) C G*==2/* U D.

In fact, if u € AN D, then similar to Step 2, n(t,u) € D for all ¢t > 0.
If u e A,u € D, then we see that G(u) < b+ eq. If G(u) < b— eq, then

Gn(t,u)) < G(u) <b—e
for all t > 0. If G(u) > b — &g, then u € G71[b —e9,b + &5]. If
dist(n([0, 00),u), K[b —&,b+ &]) < &o/2,
then there exists a ¢, such that 7(t,,,u) € S. Moreover, we may choose m
so that dist(n(ty,,u),S) > 56 > 0.

Assume
dist(n([0, 00), w), K[b — &,b+ &]) > do/2.
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Similarly, we assume that G(n(t,u)) > b — ez for all ¢ (otherwise, we are
done); then

n(t,u) € G — e, b+ e\ (Kb — &b+ &])s, o
Hence,

h(n(t,u)) = Ly(n(t,u)) = L(G'(n(t,u)), W(n(t,u))) = 2/8

for all ¢ > 0. Therefore,
24
(5.19) G(n(24,u)) = G(u) +/ dG(n(s,u)) < b—2eq.
0

By combining the above arguments, for any u € A\D, there exists a T;, > 0
such that either n(T,,u) € G*~¢2/2 or dist(n(T,, u),S) > £80. By continuity,
there exists a neighborhood U,, of u such that either n(T,,U,) C Gb—=2/3 or
dist(n(Ty, Uy),S) > 160. Both cases imply that

(T, Uu) C G*=2P U (B\S).
Because A\D is compact in E, we get a Ty > 0 such that
(5.20) n(Ty, A) C GP—=2/4 U (E\S).

Case (i1). If K[b—&,b+&] = 0, then (5.17) holds with (K[b — &b+ &])5, /2 = 0.
Then, trivially, (5.19) and (5.20) are still true.
Now we define
S (t,u) = n(tTy, P(t,u)).

Then @**(t,u) is odd in wu for every ¢ and **(0,u) = u. Moreover, if u €
OD(R), then G(u) < 8 and G(o(Tp,u)) < v —ep (by Step 3) < b — 3eq; that
is, 0(Tp, u) € Us. Therefore,

O (t,0(To,w)) = n(tTy, D(t, 0(Ty, u)))
n(tTh U(T07 u))
O'(To,u),

for all ¢ > 0. Evidently, by the construction of n, ®**(¢,D) C D. Then
@** € I'. But
G(@**(1,0(To, D(R)))NS) < b—e9/4,

a contradiction. O

Again, let Y, M be two subspaces of F with dimY < oo,dimY —
codim M > 1 and (M\{0}) N (=P U P) = 0; that is, the nontrivial ele-
ments of M are sign-changing. We assume that P is weakly closed; that is, if
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P 3 up — u weakly in (E, || - ||), then u € P. In all applications of this book,
this is satisfied automatically. Next we assume that there is another norm
| - |s of E such that ||u|, < Cy||ul for all w € E; here Cy > 0 is a constant.

Moreover, we assume that ||u, — u*|x — 0 whenever u, — u* weakly in
(B, -1I). Write E = M, @ M. Let

Wl .
* = e M: — s
Q*(e) {“ Tl T Tl & Dalall

where p > 0, D, > 0,p > 2 are fixed constants. Evidently, we have
Lemma 5.3. |jul, < c1, Yu € Q*(p); where c; > 0 is a constant.

We first make the following assumption.

(A7) Assume that for any a,b > 0, there is a co = ¢2(a,b) > 0 such that

G(u) <aand |lul[« <b = |ul| <co.

Lemma 5.4. Assume (A%). For any a > 0, we have that
dist(Q*(p) N G*,P) :=6(a) > 0.
Proof. By negation, we assume that
dist(Q*(p) NG*,P) = 0.

Then we find {u,} C Q@*(p) N G*, {p,} C P such that ||u, — p,|| — 0. Then
by Lemmas 5.3 and (A}), {un}, hence {p, }, is bounded in both (E, || -||) and
(E,] - |l«)- We assume that

u, ~u* €E,  p,—p"€P weaklyin (E,| -||);
u, — u*  strongly in (E, || - [|+)-
Then we observe that u* € M. Because

[ |15 [unlllunlle
[unll? * Nlunll + Dallunll«

and |ju, — u*|x — 0, then u* # 0. However, because u* = p*, we get a

contradiction because all nonzero elements of M are sign-changing. O
Let
Iy :={h:heC(Oy,E), hlpe, =id, h isodd},
where
Oy = {u eY . Ju| < Ry}, Ry > 0.
Note that both || - ||, and || - | are equivalent in Y; we have a constant gy

such that
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lull < oy llull,, for all u € Y.
We assume that Ry > gy + 2 and

Ry p RY
(5.21) (Q_Y) + RY <Q_Y) >p
R%/ RY + D*C*RY
Lemma 5.5. h(Oy)NQ*(p) #0, YV h €Iy.
Proof. Let
T
6 (u) := +
@)=+ Tall T Dl

if u# 0 and $*(0) = 0. Then 5* : E — E is continuous. Let
U:={ueY:fh)<ptn{uveY :|ul| < Ry};

then U is a neighborhood of zero in Y. Let P : E — M; be the projection;
then Poh : QU — Mj is odd and continuous. By the Borsuk—Ulam theorem,
we have that P o h(u) = 0 for some u € OU. Hence, h(u) € M. We claim u ¢
Hu €Y : ||lu| < Ry}. Otherwise, ||u|| = Ry and then h(u) = u, P(u) = 0.

It follows that »
[[ull¥ ([l «

lull®  llull + Dyl ="
Note that |Jull+ < Cy|lu|l < Cyoy||ull+« in Y. Therefore,

()", m (&)

RZ " Ry + D,C,Ry

(L) g (L)

+
[ull llull + DiCylull

[ell¥ [l ffeell
=l flull + Dallull«

< p;
this is impossible in view of (5.21). So, our claim is true. It means
uedHueY:["(h(uw) < p}, lu]] < Ry, u€y.
Hence,
h(u) € M,

lr(@llx _ IallliACw)]

T T+ Db, ~° = MW €70
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We need the following assumption.

(A%) lim  G(u) =—oc0, supG:=p.
Y

ueY,||u||—oo

By Lemma 5.4 and (A7) and (A3), we may assume
(5.22) Q™ =Q*(p)nG’ c S,
where Q** is a bounded set by Lemma 5.3 and (A}). Let

5.23 inf G := 7.
(5.23) Inf gl

It is easy to check that Q** NY # (). Then 3 > ~.

Theorem 5.6. Assume (A) and (Ay) and (A3). If the even functional G
satisfies the (w*-PS). condition (see Definition 3.3) at level ¢ for each ¢ €

[v, 8], then
Kly—e,B8+eln(E\(-PUP))#0

for all e > 0 small.

Proof. The proof is the same as that of Theorem 5.2. We just sketch the main
points.

Step 1. We claim that there exists a o € C([0,00) x E, F) such that o (¢, u)
is odd in v and that o(t,u) = u for any u € Q** for all ¢ > 0. Moreover, o
possesses some properties stated in next steps.

To prove this, we choose ¢g = 72(8 — v + 1)(In5/4)~! + 2, then by the
(w*-PS). condition, there exist 1 > 0, Ry > 2p such that

G (@)1 + [lull) = ¢

for all u € Gy — €1, B + 1] with |lul| > R;. Let gg € (0,€1),e0 < 1 and

(5.24) Uy :={u € E :either G(u) <y—e1 or G(u)>B+e1},
(5.25) Uy:={u€eFE:v—eo<Gu) <B+eo},

(5.26) Us:={u€ E:|ul <Ri},

(5.27) Uy:={u€E:|ul| >R+ 1}.

If necessary, we may enlarge Ry such that Q** C Us, K C Uy UUs. Moreover,
for any u € IC, there exists a neighborhood U, of u in E such that either
U, c Uy or U, C Us. Define

B dist(u, Uy)
 dist(u, Uy) + dist(u, Up)’

(5.28) q(u)
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B dist(u, Us) )
 dist(u, Us) + dist(u, Us)’

(5.29) j(u)

both g(u) and j(u) are locally Lipschitz continuous functions on E. Set
W (u) = j(u)q(u)W(u)

for u € E and W*(u) = 0 otherwise, where W (u) is odd because G is even.
Then by construction, W* is locally Lipschitz continuous and odd on E.
Consider the following Cauchy problem

do(t,u) . olt
s WL W o(t,w)),
o(0,u) =u € E.

Note that [|[W*(u)]] < (1 4 |lul|), the unique solution o(t,-) : E — E is a
homeomorphism and has the following properties.

(1) o(t,u) is odd in u € E.
(2) o(t,u) = u for all u € Q** for all ¢t > 0.
(3) G(o(t,u)) is nonincreasing with respect to ¢t > 0 for any u in E.

Step 2. We show that

(5.31) a([0,+00),D) C D, a([0,+00),D) C D.
It is the same as that of Theorem 5.2.

Step 8. There exists a Ty > 0 such that

(5.32) o(To, (GP\Bg,(0)) NY) C GV,
where Ry = 2(Ry + 1). It is the same as that of Theorem 5.2.

Step 4. Let D(R) := Br(0)NY,R > Ry, R > p and by Condition (4%), we
may choose R so large that

(5.33) sup G<y—e—1.
u€Y,|lul|=R

Thus, OD(R) C Uy of step 1. Hence

(5.34) o(t,u)=u forall uwe dD(R),t>0.
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Let

¢ € C([0,00) X E,E), &(t,u)is odd in u; P(0,-) =1id
D(t,0(Ty,u)) = o(To,u), Yuec OD(R), Vtel0,00)
G(P(t,0(Th,w))) < G(u), Yue D(R), Vte|0,00)
o(t,D) C D

Then id € I'. Set
&*(u) :== P(1,0(Tp,u)),

which is odd. Note &*(u) = u for all u € dD(R) and
G(9*(u)) < G(u) < B, ue D(R).
By Lemma 5.5 (we may enlarge R = Ry),
*(D(R)) N Q™ # 0.
Hence,
B(1,0(Ty, D(R) N Q™ #0,  &(1,0(Ty, D(R))) NS # 0.
Consider

5.35 b= inf sup G(u).
( ) PEL yed(1,6(To,D(R))NS ()

Obviously, b is well defined and 3 > b > ~.
Step 5. Similarly to Step 5 of Theorem 5.2, we get that
Q**(ta u) = n(tTla Q)(ta U))
Then &**(t,u) is odd in w for every ¢ and &**(0,u) = u. Moreover, if u €
OD(R), then G(u) < 8 and G(o(Tp,u)) < v —ep (by Step 3) < b — 3eq; that
is, o(Tp, u) € Us. Therefore,
O (t,0(To,u)) = n(tTy, P(t,0(To,u)))
=n(tTy,0(To, u))

O'(To,u),

for all ¢t > 0. Evidently, by the construction of n, **(¢, D) C D. Moreover,

G(P*(t,0(Ty,u))) < G(P(t,0(Th,u))) < G(u), Vu € D(R).
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Therefore, &** € I'. But

G(@"(1,0(To,D(R))) NS) <b—e2/4,
a contradiction. O

Notes and Comments. Lemma 5.1 can be found in Rabinowitz [255] and
Willem [335]. A recent paper by Bartsch et al. [37] studied the sign-changing
critical points of even functionals by using genus. An estimate of the num-
ber of nodal domains was given there. In particular; Li and Wang [199],
a Ljusternik—Schnirelmann theory was established for studying the sign-
changing critical points of even functionals of C2.

5.3 A Classical Superlinear Problem

We consider the following superlinear elliptic equation.

{ —Au= f(z,u) in {2,

(5.36)
u =0 on 012,

where (2 is a smooth bounded domain of RY (N > 3). Assume
(J1) f: 92 xR — R is a Carathéodory function with subcritical growth:
If(z,u)] <c(l+|ul*"") forallu e R and € £,

where s € (2, 2%); f(z,u)u > 0 for all z € 2,u € R, and f(z,u) =
o(Jul) as |u| — 0 uniformly for x € 2.
(J2) There exist ;> 2 and R > 0 such that

0<pPleu) < flup, w€2  |u> R,

where F(x,u) fo f(z,v)dv.
(J3) f(z,u)is odd in u.

Theorem 5.7. Assume (J1)—~(J3). Then (5.86) has infinitely many sign-
changing solutions.

Let E := H{(£2) be the usual Sobolev space endowed with the inner
product

(u,v) := / (Vu 7 v)de
2
for u,v € E and the norm |ul| := (u, u)*/?. Let

D<A < oo < A <0
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denote the distinct Dirichlet eigenvalues of —A on {2 with zero boundary
value. Then each A has finite multiplicity. The principal eigenvalue \; is
simple with a positive eigenfunction ¢q, and the eigenfunctions ¢y corre-
sponding to A\g (k > 2) are sign-changing. Let Ny denote the eigenspace of
Ak. Then dim Ny < oo. We fix k and let Ey, := N1 @ --- @ Nj. Let

1
Glu) = 5 Juf]? - / Fla,u)de, ueE.
2 (9]
Then G is of C}(E,R) and

(G (u),v) = (u,v) —/ f(z,u)vdz, veEE,
Q
G’ =id — Kg.
Lemma 5.8. Assume (J1) and (J2) hold; then G satisfies the (PS) condition.

Lemma 5.9. G(u) — —o0 as ||u| — oo, for all u € E.

Proof. Because dim E}, < oo, then by (J2),

G(u) - 1 / F(x,u)dxﬁ
o

< - - —00

[[ul> — 2 [l
as ||u|| — oo, u € Ej. The lemma follows immediately. O
Consider another norm || - ||, := || - ||s of E, s € (2,2*). Then ||ulls < Cy||ul]

for all w € E; here C, > 0 is a constant and |Ju, — u*||« — 0 whenever
u, — u* weakly in (E,| - ||). Write E = Ey_1 © Ei- . Let

* lellz . Il
@)= {uent,: [+ — ol
Ul Tl + Da .

where p, D, are fixed constants. Evidently, we have the following.
Lemma 5.10. ||ul|s < ¢1,Vu € Q*(p); where ¢1 > 0 is a constant.

By the assumptions, we may find a C'r > 0 such that
(5.37) F(z,t) < i)\1|t|2 +Cplt]*,  Vzef, teR;
here 2 < s < 2*. For any a,b > 0, there is a ¢co = ¢2(a,b) > 0 such that
Gu)<a and J|ulls<b = |ul]<ca.

By Lemma 5.9,

lim  G(u) = —o0,
weY,||u||—oco
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where Y = Ej. Then (A7) and (A3) are satisfied. We define
sup G := (.
Y

Let
Q™ :=Q(p)NG", inf G i=1.

Set P :={u € E : u(x) > 0 for a.e. z € 2}. Then P (—P) is the positive
(negative) cone of E and weakly closed. By Lemma 5.4, there is a 6 := ()
such that dist(Q**,P) := §(5) > 0. We define

Do(po) :={u € E : dist(u, P) < po},
where 1 is determined by the following lemma.

Lemma 5.11. Under the assumptions of (J1) and (J3), there exists a po €
(0,9) such that K (£Do(po)) C £Do(po)-

Proof. The proof is quite similar to that of Lemma 2.29. O

Let
D := —Dy(p0) U Do(po), S = E\D.

We may assume

(5.38) Q™ :=Q*(p)nGP CS.

Proof of Theorem 5.7. By Theorem 5.6,
Kly—e,B8+eln(E\(-PUP))#0

for all € > 0 small. That is, there exists a up € E\(—P U P) (sign-changing
critical point) such that

G/ (u) = 0,Gluy) € [y 1,8 - 1].

Next we estimate the v = infg«« G. Similarly to Lemma 2.23, by choosing
the constants D, and p, for all u € Q*(p), we may get

Jull > A7 min{A[ O XD mingp, !/ 072y,

By Lemma 2.26, for any u € Q*(p), we have that

1
G(u) > g(Az)ZTlT%
where A%, Ty, Ty are defined in (2.49)—(2.51) with p replaced by s, a € (0,1)

is a constant, and A%, T are independent of k. In particular,
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T, := min{)\,(cl_a)(s_m, )\,(cl_a)} — 00, ask — oo.

Therefore, v — oo as k — o0; hence the proof of Theorem 5.7 is finished. [J

5.4 Composition Convergence Lemmas

Sometimes we mneed strong convergence results for the composition of
nonlinearities with a weakly convergent sequence. The following result is the
well-known Brézis-Lieb lemma (cf. Brézis and Lieb [69]).

Lemma 5.12. Let 2 be an open subset of RN and let {u,} C LP(£2),00 >
p > 1. Assume that {u,} is bounded in LP(§2) and that u,(x) — u(z) a.e.
on §2. Then

lim [ (Jup|? — |un — ulP — |ulP)dx = 0.
=0 o
Proof. For any € > 0, there exists a c¢. > 0 such that
|la+ b7 — [al?| < elal” + cc[b|.
Let D,, = |upn|P — |un — ulP — |u|P; then

|Dy| < elun — ul? + (cz + 1)|ul.

Let L, = (|Dy| — elun, — ulP)*; then 0 < L,, < (cc + 1)|ulP and L, (z) — 0
a.e. on {2 as n — oo. By Fatou’s lemma,

l[ullp < liminf [jun[l, < Co,
n—0oo

where Cj is a constant. Therefore, Lebesgue’s theorem implies that f o Ln (2)
dx — 0 as n — oo. Note that

[funl” — |un —ul? = [ul?| < Ly, + eluy — ul;
we have that

1imsup/ [lun]P = |, — ul? — |ulPldz < 2eCy.
o

n—oo
This implies the conclusion of the lemma. O
The following result is known as Strauss’ lemma (cf. Strauss [311]).

Lemma 5.13. Let F, H : RV xR — R be Carathéodory functions satisfying

(5.39) sup  |F(x,t)] < oo, sup  |H(x,t)] < oo
zeRN |t|<c zeRN ,|t|<c
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for each ¢ > 0 and

(5.40) lim L&Y

\t|l—>oo Ao t) =0 uniformly for x € RN,

Assume that {u,} and u* are measurable functions on RN such that

(5.41) C = sup/ |H (2, uy,)|dx < oo
n RN
and that
(5.42) lim F(x,un(z)) =u* a.e. on RN.

Then for each bounded Borel set 2 C RN, we have

(5.43) lim |F (2, upn(z)) — u*(z)|dx = 0.

n—oo 0

Furthermore, if

F(x,t
(5.44) \t|1§0 H((i: t)) =0 uniformly for x € RY
and
(5.45) lim w,(x) =0 wniformly in n,

|z]— o0

then F(z,un(z)) — u* in LY(RY).

159

Proof. To prove the first conclusion of the lemma, it suffices to show that
{F(x,u,(x))} is uniformly integrable. By (5.39) and (5.40), for any ¢ > 0,

there exists a ¢. > 0 such that
(5.46) |F(z,u,(2))| < co +e|H(z,un(z))| on RY for all n.
For each R > 0, we have that

(5.47) meas(2 N {z € RN : |F(z,u,(2))| > R})

1
R Jon{zeRN:|F(zun, (2))|> R}

1
< = (cs meas {2 +€sup/ |H($7Un($))|d55>
R .

n

— 0
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as R — oo. Combining (5.46), (5.47), and (5.41), we have that

lim |F(x,u,(x))|dz = 0.
R—00 Jon{aeRN | F(zun (z))|>R}

This implies the uniform integrability of {F(x, u,(x))}.

To prove the second part of the lemma, take any e > 0; by (5.44) and
(5.45) we may find a K > 0 such that

(5.48) [F (2, un ()] < el H (2, un(z))|

for all |z| > K and all n. By (5.46)—(5.48), we have that

/ |F(x,up)|dx
RN

§/ (c€+5|H(x,un)\)dx+5/ |H (z,up,)|dx
o <K RN

< 0

uniformly for all n. Invoking Fatou’s lemma, we observe that u* € L*(R").
By (5.48),

(5.49) / lu*|dz < eC.
|| > K
By the first part of the lemma, we find an ngy such that
(5.50) / (2, un(2)) — w'|dz <,  if n > no.
lz|<K
Inequalities (5.48)—(5.50) imply that
/ |F(z,uy,) —u*|de <2eC+e if n>ny.
RN

This completes the proof of the lemma. O

Lemma 5.14. Let g : RY x R — R be a Carathéodory function satisfying
lg(z, )| < c(|t| +|t]* 1) for all 2 € RN and t € R. Furthermore,

t
(5.51) |1‘im |ng(§73 =0, wniformly for rcRY.
t|—oo

If w, — u* weakly in HY(RY) and u,, — u* a.e. on RN, then

lim (G(x,uy) — Gz, u") — G(x,up — u™))de = 0,

n—oo JpN

where G(z,u) = [ g(x,s)ds.
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Proof. For any fixed R > 0, by the mean value theorem we have a g € (0,1)
depending on z, R such that

(5.52) / G(z,up)dx
RN
:/ G(:E,un)dx—l—/ G(z,up —u* +u)dx
lz|<R lz|>R
:/ G(z,up)dx
z|<R

Jr/ (G(z,up —u*) + g(z, (uy, — u™) + fu”)u™)dx.
|2|>R

By Lemma 5.13, we know that

(5.53) lim (G(z,up) — G(z,u"))dr =0
e Jlal<R

and that

(5.54) lim G(z,u, —u")dx = 0.

n—oo |x|§R

By the assumption on the growth of g and the Holder inequality, we have
that

(5.55)

/ 9@, (un — u*) + fu*)u)dz
z|>R

= C/ (18u" + (un + )| [u*| + |Bu” + (up — u*)|* ~u*|)dw
|z|>R

1/2 1/2
<c / |u*|?dx / |Bu* + (up + u*)2de
|| >R lz|>R
1/2" (N+2)/2N
be / a2 da / 1Bu* + (up + u*) [ da .
[z|>R || >R

Because

1/2 1/2"
(/ |u*|2dx> — 0, (/ |u*|2*d:v> —0 asR— o0
lz|>R lz|>R
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and {u,} is bounded in H'(R"), we know that (5.55) can be made small
enough as R is sufficiently large. Finally, we write

(5.56) ‘/RN (G(z,uy) — Gz, u") — G(x,u, — u*))de

<

_|_

/ (G, up) — G, u™))da
|z|<R

/ G(z,u, —u*)dx
lz|<R

4 4 / o, (wn — u*) + Bu)u* do
|z|>R

/ G(z,u")dx
|2|>R

By (5.53)—(5.56), by choosing R large enough and then letting n — oo, we
may make (5.56) as small as we like. This completes the proof. O

Notes and Comments. Lemma 5.12 can be found in Willem [335].
Lemmas 5.13 and 5.14 are adopted from Chabrowski [88] with more applica-
tions there.

5.5 Improved Hardy—Poincaré Inequalities

We first establish the following improved Hardy—Poincaré inequalities.

Theorem 5.15. Let £2 be a bounded subset of RN (N > 2). Then there is a
constant C' > 0 such that

2 (N -2)° Lz > 2
(5.57) /Q (|Vu| ) FE dx > C|lull3

for all u € HL(02).

Proof. Obviously, it is true when N = 2. We assume that N > 3. We make
a symmetrization that replaces 2 by a ball By := {w € H}(2) : |w| < R}
with the same volume as 2 and the function u by its symmetric rearrange-
ment. It is well known that the rearrangement does not change the L2-norm.
Therefore, it is enough to prove the results in the symmetric case. Moreover,
by a simple scaling, we assume that R = 1. We define the new variable

N-2)/2

v(r) = u(r)r r= |zl

N —2 2 2
/ |Vul?dz — g/ u—zda:
By 4 B T

= Nwn (/Ol(v’)Qrdr — (N - 2)/()1U(T)U’(T)d7°> ,

Then
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where wy is the volume of B;. Taking for instance u € C(l)(Bl), the last
integral is zero and then

N —2)? 2 !
/ |Vu|*dr — %/ u—zdx = NwN/ (v')*rdr.
B, B T 0

By the Poincaré inequality in two dimensions, we have

1 1
/ (V") 2rdr > C/ v3rdr.
0 0

1
/ lu|?dx = NwN/ v?rdr,
By 0

the proof is done by density. |

Because

Theorem 5.16. Let 2 be a bounded subset of RN (N > 3). Then for any
p € [1,2) there exists a constant C(p, §2) > 0 such that

(N —2)? u?
69 [ (Ivup - B ) dez O Dl
7] 4 ||

for all uw € HL($2).
Proof. We divide the proof into several steps.

Step 1. Assume {2 is a ball centered at zero and u is radial. By scaling we
may assume that {2 is the unit ball B = By (0). Because v = u(r),r = |z|, we
have to show that there exists a constant C' = C'(p, B) > 0 such that

1 2/p 1 02,2
(5.59) C |/ [PrN —tdr < lu' | — =27 rNtdr
0 0 4 r2

holds for every smooth function u(r) defined for r € [0,1] and u(1) = 0. By
density, it is true for radial functions in H}(B). By changing the variables,
we have that

1 2.2 1
N —2
(5.60) / (|u'|2— ()“2) rN_ldr:/ ' [2rdr,
0 4 T o

where v(r) = rN=2)/24(r). On the other hand,

1
/ [/ [PrN = dr
0

:/01

N -2

5 PNy

p
rmN=2/2 () — =N 2y(r)
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1 1
<C) [ 1PNy O ) [N
0 0

=A+Q.

Furthermore,

o az< ([ Wdr)p“ (/ )

Choose ¢ > max{p,4p/(N(2 —p))} and let

N
5<N1pp)q>1;
2 q) q—p

(2— 10)/2

o[ we)”

then

1 r/q 1 (a—p)/q
(5.62) Q< (/0 71|qrd7“> (/0 rsdr) .

By the standard embedding of H}(Bs) into L?(Bsz) in the two-dimensional

ball, we see that
/ [v[Prdr < C(p (/ [v/ |27’dr>

Combining this with (5.60)-(5.62), we get (5.59). The result is proved for
radial functions in a ball.

Step 2. Assume {2 is a ball centered at zero and w is nonradial. Once again,
we assume that {2 = B. By using spherical coordinates z = (r,0) in B, we
decompose u into spherical harmonics to write

u= Z ug(r)eg(o)
k=0

where {ex} constitute an orthogonal basis of L?(SN~1) consisting of eigen-
functions of the Laplace—Beltrami operator, which has eigenvalues ¢, =
k(N +k—2), k>0.In particular, eg(c) = 1 and ug(r) is the projection of
u € H}(B) onto the space of radially symmetric functions. Then

(5.63) /Q (|vu|2 - W:ﬁ) do

o'} 1 2
Z N —2
Noow / <|u§€2 ( 1 ) :fk kuk> rN_ldr,

k=070
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where Nwy is the Hausdorff measure of the (N — 1)-dimensional unit sphere.
By Step 1, the radial term

1 2,2
N —-2)*u _
oy | (|us|2 - (T—) PN dr 2 Clluolsas)-

By Theorem 5.15, it is easy to estimate that
(5.65)

1 2,2 2 1
N -2 4
/0 (|u§€|2 Gt 1 ) —1612“ + ck—zs) rNldr > ~_op fk2)2 /0 )|~ Ldr.

Using the fact that ¢4 > N —1 > 0 for £ > 1, the sum in (5.63)

over k = 1,2,... is bounded below by C|ju — “OH?LP(B)' Joining this and
9

(5.63)—(5.65), the theorem follows in the ball.

Step 3. Assume 2 is a general domain. Assume that 0 € 2 and B,(0) C £2.
We introduce a smooth cutoff function ¢ such that 0 < ¢(x) < 1 with ¢(x) =
Lforallz € B,/2(0) and ¢(x) = 0 when |z| > a. Let w; = u¢ and wy = u—wy;
we have that

/Q (|vu|2 - Mg) dx

_ s (N-272wf / s (N-2)2wji
/Q(|Vw1| 2 dx + Y |Vws| 1 =2 dx

(N — 2)2 w1 w2
)

5.66) +2 Vwy - Vwy —
(5.66) + /Q ( w, - Vs
Because (1 —2¢)V¢ =0 on 9(B,\B,/2), we have that
/ uVu - (1 —2¢)Ve)dr = 71/ w?div((1 — 2¢)Ve)d.
o 2 JB\Bua )2

Therefore,

/ Vwy - Vwadx
2

/¢(17¢)|VU|2dx7/ \v¢|2u2dx+/ uVu - ((1 —2¢)Ve)dzx
2 2 2

5.67 —C | v?de.

( ) > /Qu T

Moreover, note that the support of ws is disjoint with the origin; we have
that
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5.68 / 2d +/ 2de < C | wdz.
( ) Q \9U|2 n |510|2 n

Furthermore, if we apply the result already proved in a ball to w; € Hg(B,),
we have that

N —2)? w?
oy [ (19wl - S oz Cllg,
0 T

Combining (5.66)—(5.69), we obtain the conclusion of the theorem. O

The constant ((N —2)?/4) (N > 3) is known as the best Hardy constant
that is not attained in H}(2).

Notes and Comments. Theorem 5.15 was established by Brézis and Vazquez
n [73]. Theorem 5.16 can be found in Vdzquez and Zuazua [330]. Related
studies were made in Catrina and Wang [83] and Wang and Willem [333]
where Caffarelli-Kohn—Nirenberg-type inequalities with remainder terms
were established. We also refer the readers to the paper by Adimurthi et al.
[3] where the improved Hardy—Sobolev inequality was given in WO1 P(0).

5.6 Equations with Critical Hardy Constant
We consider the following nonlinear elliptic equation with inverse-square
potential and critical Hardy constant.

N — 2
(5.70) —Au — (42)|Z|2 = f(z,u) in £,

u=0 on 012,
where (2 is a smooth bounded domain of RY (N > 3). Assume
(I) f:2 xR — R is a Carathéodory function with subcritical growth:
|f(z,u)| <ec(l+ulf) foraluc R and =z € £,

where s € (2,2%); f(z,u)u > 0 for all z € 2,u € R and f(z,u) =
o(|u]) as |u| — 0 uniformly for x € £2.
(I2) There exist p > 2 and R > 0 such that

0 < pF(z,u) < f(z,u)u, x € 2, lu| > R,

where F(z,u) = [ f(z,v)dv.
(Is) f(z,u) is odd in w.

Theorem 5.17. Assume (I1)—(I3). Then (5.70) has infinitely many sign-
changing solutions.
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To prove the above theorem, we introduce the working space F which is
obtained by the completion of C§°(2) with respect to the norm

(-2 )

associated with the inner product

(u,v) = /Q <Vu-VU - WJQ) da.

Consider the following eigenvalue problem

_9)2
(5.71) —Au — (N42)2|2 = lu in §2,
u=0 on 0f2.
The first eigenvalue of (5.71) is given by
A =inf{|ul|? : u € E, ||Juls = 1}.
By Proposition 1.16, E < W1P(§2) << L?(2) for p — 2~. The minimizing

sequence is compact in L?(§2). By standard argument, we may assume that
the first eigenfunction ¢; is positive in 2. The second eigenvalue is given by

Ao = inf{||u2 tu € E,/ uprde =0, ||ufl2 = 1}
Q

which possesses a sign-changing eigenfunction ¢o. Similarly, we can charac-
terize the nth eigenvalue \,, with a sign-changing eigenfunction. By standard
elliptic theory, A, — 0o as n — oo.

For s given in (I1), s < 2N /(N — 2), we may choose p such that s <
pN/(N —p),p < 2. By Proposition 1.16,

(5.72) WhP(2) ——s LY(12), Vt < Np/(N —p).

Let )
G(u) = §||u||2 —/ F(z,u)dz, ue k.
Q

Then G is of C*(E,R) and
(G (u),v) = (u,v) —/ f(z,u)vdz, vEE,
o

G =id - Kg.
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Lemma 5.18. Assume (I1) and (I3) hold; then G satisfies the (PS)
condition.

Proof. Assume that {u,} is a (PS) sequence; ||G'(uy)]| — 0 and {G(u,)}
is bounded. A routine argument implies that {||u,||} is bounded. By Theo-
rem 5.16 and (5.72), {u,} is compact in L*(£2). By (1),

||UT' - Um||2 = /Q ‘f(xaun) - f($7um)”un - um‘dl' + 0(1)

1/s
<c (/ [t — um|sdx> +o(1)
Q
— 0.
This completes the proof of the lemma. O

Let Ny denote the eigenspace of \j; then dim N < co. Let Ep := N; &
<o @® Ni, k> 2.

Lemma 5.19. G(u) — —o0 as ||u|]| — oo, for all u € Ej.

Proof. Because dim Ej, < oo, then by (I3),

) (1 [ Floy,
full> =2 Jo [lull

as ||u|| — oo, u € Ej. The lemma follows immediately. O

Proof of Theorem 5.17. This is similar to the proof of Theorem 5.7; we leave
it to the readers. O

Notes and Comments. If (N — 2)? /4 is replaced by a constant y which is less
than the best Hardy constant, Equation (5.70) is called a subcritical potential
equation. The existence of solutions for this case was studied in Cao and Peng
[78], Chen [102], Egnell [136], and Ferrero and Gazzola [145] (see also Sintzoff
and Willem [302] for a more general equation with unbounded coefficients). If
N = 2, a nonlinear elliptic problem (with singular potentials) was considered
in Caldiroli and Musina [77] and Shen et al. [292]. The sign-changing solutions
have not been considered there.

5.7 Critical Sobolev—-Hardy Exponent Cases

Consider the Dirichlet boundary value problem with critical Sobolev-Hardy
exponents and singular terms:
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ult=2
—u  inf2, u=0 on 92,

(5.73) —Au = Au|""2u+p 7]

where 2 < r,q¢ < 2*(s), §2 is a smooth bounded domain of RV, N > 2,
0<s<2and 2*(s) := (2(N — s))/(N — 2) is the Sobolev—Hardy exponent.

We have the following main theorems in this section. Theorems 5.20 and
5.21 concern (5.73) with Sobolev—Hardy critical singular terms.

Theorem 5.20. Assume 2 < r < 2*(s),q = 2*(s). Then there exists a oy > 0
such that Equation (5.73) has a sign-changing solution for any X > 0, u €

(OMLLO)'

Theorem 5.21. Assume 2 < r < 2*(s),q = 2*(s). Then for any X >0,
Equation (5.73) has an unbounded sequence of sign-changing solutions

(1x, uk) satisfying

1 A 27(s)
3 [1vubar=2 [ jurar- s [0 T -
2 Jo rJo 24(s) Jo |zf*

Theorems 5.22 and 5.23 concern (5.73) with Sobolev critical nonsingular
terms and subcritical singular terms.

Theorem 5.22. Assume 2 < g < 2*(s),r = 2*(s). Then there exists a Ao > 0
such that Equation (5.73) has a sign-changing solution for any p >0, X\ €

(0, Ao).

Theorem 5.23. Assume 2 < q < 2*(s),r = 2*(s). Then for any p >0,
Equation (5.73) has an unbounded sequence of sign-changing solutions (i, u)
satisfying

1 A . q
f/ | 7 ug|Pdz — *k / lug|? OF A |uk|s dx — o0, k — 0.
2Ja 25(s) Ja q.Ja ||

Next we provide a result for the existence of infinitely many sign-changing
solutions to Equation (5.73) with Sobolev—Hardy subcritical and singular
terms.

Theorem 5.24. Assume 2 < q,r < 2*(s). Then for any p > 0,A > 0,
Equation (5.73) has an unbounded sequence of sign-changing solutions (uy)
satisfying

1 A q
7/ |Vuk|2dx—f/ |uk.|rdx—ﬁ/ [ dx — oo, k — 00.
2 Ja rJo qJo |zff

Let E := H}(£2) with the norm [Jul| = ([, |V u|2dx)1/2. We define

1 A - ul?
GA,M(u):§/Q\vu|2dx—;/Q\u| da:—g/n :mlsdx.
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Then Gy, € C'(H{(£2),R). Recall the Sobolev—Hardy inequality, which is
essentially due to Caffarelli et al. [76]; there is a constant C' > 0 such that

|u|2*(s)

o |z

2/(2"(s))
(5.74) C ( dx> < / \Vul?de  for all u € E := Hy?(02).
2

The best Sobolev—Hardy constant (i.e., the largest constant C' satisfying the
above inequality for all u € Hy(£2)) is given by

. Jo | v ul’de
5.75 s 1= ns(82) = f —.
(5.75) s = p1s(92) ueHgl(r}Z),u;éo 2 2/2(s)

Lemma 5.25. Let us be the Sobolev—Hardy constant given by (5.75). Then

(1) If 2 < r < 2%(s),q = 2%(s), then for any A > 0 and any p > 0, Gy,
satisfies the (PS). condition for all

e 2_s H;L—s 1/(2—s)
2(n —s) \ uN—2 '

(2) If 2 < q < 2*(s),r = 2*(s), then for any X > 0 and any p > 0, G,
satisfies the (PS). condition for all

1 uy 1/2
c < N )\N—Q .

(3) If 2 < q,r < 2%(s), then for any X > 0 and any p > 0, G, satisfies
the (PS). condition for all c.

Proof. (1) Assume that {u,} is a sequence in E satisfying

9_ g ,LLNis 1/(2—s)
(5.76) Gy pulup) —c< 3N = 5) <quv_2> , A\ pu(tn) = 0.

Then

2 (s)
(5.77)  { 'Mt(un),u,):/ IV, [2dz — defx/ || da;
' Q o 7l Q

hence,

(5.78) 2¢ + 1+ o(1) |y |

> QGA,u(Un) - <G/>\,,u(un)’ Un)

2 ks 2
2u<1——*>/ [un| d+A<1—-)/|un|’“dx.
2 o |zf* r)Jo
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Combining (5.77) and (5.78), {uy} is bounded in E. By Lemma 5.12 and the
Sobolev—Hardy embedding theorem, it is easy to show that

_2f 2(5 2%
(5.79) /'“” L I Ul /‘“' da + o(1).

jz]° o lel

Furthermore, note that
|un|2*(s)
———dx
o lz°
is uniformly bounded in n and that w/|z|*/?" € L?")(2) for any w €
H}?(£2). We may show that

2% (s)— 2% (s)—
(5.80) / [un| wdx—>/ Jul® ™ u

|=[* |I|S

We now assume that u,, — u weakly in E. For any v € E, by (5.80), we have
that (G}, ,(u),v) = 0. Therefore,

, . |u\2 ()
0=¢( )\,H(u),u) = [Vu| — Mu|" — dx.
0 |1'|

It follows that
(5.81) G pu(u) > 0.
Therefore, by the assumption of item (1),

(5.82) Gopu(un —u) = G p(un) — Gapu(u) + o(1)

2 s (u 1/(2-s)
< 1) < 5 .

Because
(5.83) o(1) = (G} . (un), up — u)

= (G u(un) = Gy L (u), tn — w)

— |27
= / (|Vun _ vu|2 _ N%) dx + o(1).
[0 ||

Combining (5.82) and (5.83),

_ 1/(2—s)
1 1 9 2—s ulN=s
. S "= < .
(5.84) (2 2*(5)) IVu Vullz <c< 5N —3) (HN_Q)
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By the Sobolev—Hardy inequality and (5.84), we finally have

— |27
o(1) = / <|Vun — Vul|? - u|unu> dz
17 Edh
) (2" ())/2
> / |V, — Vul?da — p(ps) "2 )/2 (/ |V, — Vu|2dx>
o) 17}

> c/ |V, — Vuldz.
Q

Thus, u,, — u in E.

(2) This is similar to Case (1).

(3) It is easier than that of Cases (1) and (2). Because 2 < ¢, < 2*(s) are
subcritical, the compactness of the Sobolev—Hardy embedding and Sobolev
embedding can be applied. O

Next we just give the proof of Theorem 5.24; the others can be done
analogously. We leave them to the readers. For simplicity, we write G , = G.
Denote by
D<A < A< <A <o >0

the eigenvalues of —A with zero boundary value. Then the principal eigen-
value A\ is simple with positive eigenfunction ¢, and eigenfunction ¢y cor-
responding to A\g(k > 2) is sign-changing. Let Ny denote the eigenspace of
Ak; then dim Ny < co. Let By := N1 & --- & Ni, k > 2. We use p;,4(2) to
denote the best Sobolev—Hardy constant:

2
P M,
uEE,u#0 ‘ulq 2/q

(fQ |z|s )

Let
1/q
ul® g )
p o Bhdr — ull (J, fafde)
q |lu ula 1/q
o =Juent,: © M b (g, )
Al Jullul, 1

rllull* "l + Delull, 4
where D, is a fixed constant. Evidently, we have

Lemma 5.26. (fg(\u|q/\x|s)dx)1/q < e, lully < e, Yu € Q*(p); where
c1 > 0 is a constant.
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Lemma 5.27. For any a,b,c > 0, there is a d > 0 such that

1/q
G(u)<a,  lullr<b and (/ d:c) <c = u<d
2

Lemma 5.28. For any a > 0, we have that
dist(Q*(p) NG, P) :=d6(a) > 0.

Proof. Note that

(2-5)/2
< Culul® ([ ura)
(9]

= Culull*[|ullg™

and

Jo quaz
x| _
S < il

where 0 = ((2¢—2s)/(2—35)) € (2,2%), and Cy,C% are constants from
Hardy and Sobolev inequalities. Then the rest is similar to that of Lemma 5.4.
(]

Let
Iy ={h:he€ C(By,E), hlpo, =1id, h is odd},

where
Oy :={u €Y :|ul| < Ry}, Ry >0,Y = Ej.

We assume Ry large enough.
Lemma 5.29. h(Oy)NQ*(p) #0, Vh € Iy.
Proof. Let

B (u) =

Ju|?
ploTEde  Aluly ol
¢ a7 ful® "l + Duulls

full (J, 1)

“ 1/q
Jull + D. ([, 1k da)

if u# 0 and $*(0) = 0. Then 5* : E — E is continuous. Let

+p

U:i={ueY:0"(hu) <1/4n{ueY :||u] < Ry}.
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Then U is a neighborhood of zero in Y. Let P : E — My := Ej._1 be the
projection; then Poh : U — M is odd and continuous. By the Borsuk—
Ulam theorem, we have that P o h(u) = 0 for some u € 9U. Hence, h(u) €
M = E . We claim u ¢ 9{u € Y : |ju|| < Ry }. Otherwise, ||u| = Ry and
then h(u) = u, P(u) = 0. It follows that 8*(u) < 1. But this is impossible if
we choose Ry large enough. So, our claim is true. It means

ue@{ueY:ﬁ*(h(u))<i}, llul| < Ry, uey.
Hence, h(u) € M, 5*(h(u)) = L. Hence, h(u) € Q*(p). O

— 1
Lemma 5.30. lim  G(u) = —o0, supG = < 0.
u€Y,|lul|—oo Y

Consider G'(u) = G ,(u) = u— Kgu,u € E, where
Ke(u) = (=) (AJul "™ u + plul " ?u/|2]").

Lemma 5.31. Assume 2 < q,r < 2*(s). Then there exists a jio € (0,0) such
that Ka(£Do(p0)) C £Do(po), where 6 = 6(8) comes from Lemmas 5.28
and 5.30.

Proof. The proof is similar to that of Lemma 2.29. However, because it
involves the Hardy potential, there are still something to be done. First,
we have, for any u € E,,, that

e =

|l min ||u — wl;

we(FP)
<C; min |lu—w|
we(FP)

= Cydist(u, ¥P)

for each t € [2,2*]; C; > 0 is a constant depending on t. By the Hardy
inequality, we have that

u* . U
—| = min ||— —w
|||y weFP) || |z] 5
. U w
< min ||— — —
we(FP) |||z |z]]|y

< c dist(u, FP).
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Let v = K(u). Therefore,
dist (v, FP)||v||
< [lo*?

= <U7 vi>

r—2 |u|q_2 +
= Al + p——r | uwv " dz
+|q—1
S/ <>\|u:|:|'r'1_|_lu|u ‘S >|’Ui|d1'
Q ||

(¢—1)/q + 1/q
—_ w|? v=|?
< efluly 1IIUiMLM(/ | sdx> < | de>
o || o ||

< el [ o

lut|? 5/2 i , (2—s)/2
n (/ de) (/ k(2= —s)dx>
(7] 2
*q 1/q
x( o dx)
o |z

< (e dist(u, TP) "1 4 ¢ dist(u, TP) 4V [oF].

(¢—1)/q

Because r — 1 > 1,¢ — 1 > 1, we may choose jy < ¢ small enough so that
dist(Kg(u), FP) < po for every u € FDg(po). The conclusion follows. a

Proof of Theorem 5.2/. Let
D := —Dy(p0) U Do(po), §:=FE\D.

By Lemma 5.28, we may assume Q** := Q*(p) N G® C S. Here, Q** is a
bounded set. Let infgs«+ G := . It is easy to check that Q** NY # (. Then
G > . It is easy to see that Theorem 5.6 is also true for the above Q**.
Similar to the proof of Theorem 5.7, infg+ G := v — 00 as k — oo if we

choose an appropriate D, . Hence, we may get the conclusion of Theorem 5.24.
|

Notes and Comments. Lemma 5.25 was due to Ghoussoub and Yuan [158,
Theorem 4.1]. The existence result of infinitely many solutions of Theorem 4.5
was first proved in Ghoussoub and Yuan [158], where the authors claimed
that one solution among them is positive and another one is sign-changing;
the signs of others had not been decided there. Here we give a confirma-
tion. In [158], the quasilinear type of (5.73) is considered and sign-changing
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solutions were obtained by Ghoussoub’s dual methods. In [158], for semilinear
(5.73), they needed either \ large enough or n > (2r+2)/(r — 1) correspond-
ing to the case of Theorems 5.20 and 5.21 and that n > (2(¢ —s)+2)/(¢—1)
corresponding to the case of Theorems 5.22 and 5.23. Finally, we refer read-
ers to papers by Garcia Azorero and Peral Alonso [155], Ferrero and Gazzola
[145], and Ruiz and Willem [265] on the elliptic (parabolic) equations with
the Hardy potential, where the existence of positive solutions was studied.



Chapter 6
Parameter Dependence

As we have seen in the previous chapters, the (PS)-type compactness condi-
tion (or weak (PS)) plays a crucial role. To verify this condition, one has to
prove the boundedness of the (PS) (or weak (PS)) sequence which requires
some special assumptions and procedures. These of course are severe restric-
tions. They strictly control the growth of the nonlinearity. In this chapter,
we show the readers how to get a bounded and sign-changing Palais—Smale
sequence directly from the linking. The classical Palais-Smale compactness
condition and its variants are completely unnecessary.

6.1 Bounded Sign-Changing (PS)-Sequences

Let E be a Hilbert space with the inner product (-,-) and the corresponding
norm | - ||. Let A, B be two closed subsets of E. Suppose that G € C!(E,R)
is of the form:

1
Gu) = gllul® = J(w),  uweE,

where J € C!(E,R) maps bounded sets to bounded sets. Define

Ga(u) = %||u||2 —Jw), Aed= (; 1) .

Let Ky := {u € E : G\ (u) = 0} denote the set of all critical points of G.
The gradient G, (v) = Au—J'(u), where J' : E — E is a continuous operator
independent of A. Let E\ := E\Ky. Let P (—P) denote a closed convex
positive (negative) cone of E. Assume

(A1) There exists a g > 0 such that
1
dist(J'(u), £P) < gdist(u, +P)
for all w € £ with dist(u, =P) < po.

W. Zou, Sign-Changing Critical Point Theory, doi: 10.1007/978-0-387-76658-4, 177
(© Springer Science+Business Media, LLC 2008
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For the fixed pg > 0, we define

(6.1) +Dy = {u € E : dist(u, £P) < po},
(62) D .= DQ ] (—Do),
(6.3) S =E\D, +D; :={u € E : dist(u, £P) < po/2}.

Then Dy and D; are open convex, D is open, =P C £D; C £Dy, and S is
closed. Obviously, we have

(6.4) J'(£Dy) C £D;.
Let @ be the class of contractions of E defined in (2.1) of Chapter 2. Define
(6.5) Q" :={I'ed:I'(t,D)CD foralltel0,1]}.

Then I'(t,u) = (1 — t)u € D*.
(A2) Let A be a bounded subset of E and link a subset B of F; B C S and

ap(A) :==sup Gy < by(A) := i%fG,\ for any A € A.
A

Theorem 6.1. Assume that (A1) and (A2) hold. Define

co(A) ;= inf sup Ga(u);
oY) Ie® p(o0,1],4)ns ()

then
oA € [N, s Ga((1— )]
(t,u)€[0,1]x A
Moreover, for almost all A € A,
(1) If co(N) > bo(N), then there is a sequence {u,,} depending on A such
that

sup |[um || < oo, Um € S, G\ () — 0, G (um) — co(N).

(2) If co(X) = bo(N), then there is a sequence {um} depending on X such
that

sup |[um || < oo, dist(u,,S) — 0, G\ (um) — 0,

Ga(um) — co(N).

Proof. Because A links B, we readily have co(A\) > bg()\). In fact, for any
I' € * we first observe that I'([0,1], A) N B # {); recall that B C S. Then
we have I'([0,1], A) NS # 0. Therefore,
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sup Gy > sup Gy
r([0,11,A)nS r([0,11,A)NB

> inf G
r([0,1],A)NB

> = .
> 1%fG>\ bo(N)

Then co(\) > bp(A). Evidently,

co(A) < sup GA((1 = t)u)
(t,u)€[0,1]x A

because I'(t,u) = (1 — t)u € &*. Observe that the map A — ¢o(A) is nonde-
creasing. Hence, ¢j(\) := (dco(N))/d\ exists for almost every A € A.
From now on, we consider those A where ¢{()\) exists. For a fixed A € 4,

let A, € (A, 2X\) N A be a nonincreasing sequence so that A\, — A as n — oo.
Then there exists an 71(\), which depends on A only, such that

(6.6) (N —1< co(An) = co(N)

< W <cp(A)+1 for n>n(N).

We prove the theorem step by step.

Step 1. In this step, we show that there exist I, € &* kg := ko(\) > 0 such
that |lu|| < ko := (2¢h(\) + 6)/? whenever u € I,([0,1], A) N S with

Ga(u) = co(A) = (An = A),

where kg := (2¢)()\) 4+ 6)'/2, is a constant depending on \ and indepen-
dent of n. In fact, by the definition of ¢y()), there exists a I3, € &* such
that

(6.7) sup Ga(u)
I, ([0,1], A)NS

S Sup G)\n (u)
I (]0,1], A)NS

< co(An) + (An = A).

If
Ga(u) = co(A) = (An = A)
for some u € I,([0,1], A) NS, then by (6.6) and (6.7), we have that

1||U||2 _ G)\n(u) — G)\(’LL)
2

(6.8) -
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< CO()‘n) + <>‘n - )‘) - CO()‘) + ()‘n - )‘)

It follows that

(6.9) luall < (265 (X) +6) = ko(X) = ko;

here kg depends on A\ only.

Step 2. In this step, we show that Gy (u) < ¢o(A) + (¢f

u e I,([0,1], A) NS, we see that

(6.10) G ()

< sup G, (u)
I, ([0,1], A)NS

< CO()‘n) + ()‘n - /\)
< co(N) + () +2)(An — N).

o(A) +2)(An, — A) for
all uw € I,([0,1],A) N S. By the choice of I, and (6.6) and

(6.7), for all

Step 3. In this step, we assume that co(\) > bo(A) and construct the flow.

For € > 0, we define

[ull < ko +2,
Q.(n,A\):={uekE:

Co(A) = 200 — A) < Ga(u) < co(A) + 2¢ } '

Choose n*(A) > (A) (7(\) comes from (6.6)) such that

(6.11) (c6(A) +2) (A — A) <&,
(6.12) An — A <eg,
(6.13) A — A< Co()\) — bo(/\)

for all n > n*(\). We show that

6.14 inf G ()| = 0.
(6.14) weo it yns 1CA @

Then the conclusion (1) of the theorem follows from (6.14).

First, Q.(n*(A\), A\) NS # (. Indeed, if

Ga(u) < co(A) = (An = A)
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for all w € I,([0,1], A) NS, then
co(A) < co(N) — (A — A,

a contradiction. Therefore, there exists a u € I,,([0,1],4) NS such that
Ga(u) > co(A) — (A — A); it follows that |lu]] < ko. Furthermore,
(6.11)—(6.13) imply Gx(u) < co(A) + &. Therefore, u € Q.(n,A\) NS # 0
for all n > n*(\). Moreover, we observe that

(6.15) Q. (n,A\) C Q.(n"(A\),A) for all n > n"(N).

To show (6.14) by negation, we assume that there exists an €* > 0 such that

@iz . *
—a > for all u € Q.(n*(\), M) NS;
R TEAD] (7 (%), )

here * only depends on n*(\), A, and &, not on n. Therefore, by (6.15), we
still have

! 2
IGIE o o o a e Q:(n, NS,  Yn>n"(N).

(6.16) W =

We seek a contradiction that will confirm the claim of (6.14). Let

(6.17) O1:={ueE:||ul| <ko+1};
(6.18) Oy :={u€ E:|ul > ko+ 2}
(6.19) o, {u . either Gy (u) < co(A) —2(\, — \) } ;
or Gx(u) > co(N) + 2¢
(6.20) Oy :={u€E:cgN)— (A —A) <Gr(u) < co(N) + €}
Define
(6.21) () = dist(u, ©2)
' " dist(u, ©y) + dist(u, O)’
(622) q(u) . diSt(u,@g)

- dist(u, O3) + dist(u, O4)
Recall the definition of S in (6.3), let
O(a) :={ue E: dist(u,P) < a}U{u e E: dist(u, —P) < a}, a > 0.

Then O(«a) is an open neighborhood of the positive and negative cones

—PUP. Let §* := E\O(uo/2), which is an open neighborhood of S, where
o comes from (6.3). Define
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() = dist(u, O (o /4))
T dist(u, O(po/4)) + dist(u, S*)°

(6.23)

Recall Condition (A;) and Lemma 2.11; we have a locally Lipschitz continu-
ous map O) : F\ — FE such that

O\(£Dg N E,\) C £D,

and that Vy(u) := Au — Ox(u) is a pseudo-gradient vector field of G.
By (A1), we observe that £y C (=P)UP US for any A € A. Hence,
0Ky C (=P)UPUS for any A € A. Therefore, for any u € 0Ky, if

(6.24)
lu|| < ko + 2, co(A) —2(Ap, = A) < Gx(u) < co(A) +2¢ and u ¢ P,

then u € Q.(n, \) N'S. By (6.16), there is an open neighborhood U, of u
such that |G (w)]| ’Uu > ¢* /2, which contradicts the fact that u € 9K,. This
means that at least one of the inequalities of (6.24) is not true. It follows that
there exists a neighborhood U, of u such that either U, C @5 or U, C @3 or
U, C ©(uo/4). Therefore,

Y(u)g(u)r(u) =0 for all u € U,.
Consequently, if we define

V(u)q(u)m(u)
(6.25) Wi(u):={ 1+ [[Valu)
0, for u € Ky,

Va(u), for u e Ey,

then Wy is a locally Lipschitz continuous vector field from F to E and
[W3(u)|| <1 on E. Consider the following Cauchy initial value problem

Aol
Y(t,u) =u € E.

By Theorem 1.41, (6.26) has a unique continuous solution (flow) : [0, 00) x
E— FE.

Step 4. In this step, we also assume that co(A\) > by(A) and show that the
flow 1 has some properties. We show that

(6.27) ¥([0,400),D) C D,  ¥([0,+00),D) C D.

We first observe that Ox(£Dp N E\) C (£D) implies that Ox(+Dg N Ey\) C
(£Dy). Obviously, ¥(t,u) = u for all t > 0 and u € DN K. Next, we assume
that u € Dy N Ey. If there were a ty > 0 such that ¢(tg, u) € Dy, then there
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would be a number s¢ € [0,%) such that ¥ (s, u) € Dy and 1 (t,u) & Dy for
t € (so,to]. Consider the following initial value problem

W = W (e, (50, 1)),

(0,9 (s0,u)) = (s, u) € E.

It has a unique solution (¢, (so,u)). For any v € Dy, if v € K\, then
W3 (v) = 0. Hence, v+ p(—W5 (v)) = v € Dy. Assume that v € EyNDy. Note
that v € Dy implies dist(v, P) < . By Lemma 2.11 and a property of the
cone P: P + yP C P for all z,y > 0, we have

dist (v + p(— W (1)), P)

ai (o0 (-T2 TR0T) 0P
ai (v +0 (<52 ) O = 0re )
(

0))rw)) | e )
t<1 Auwwwm)*p O“”P>

ist

L+ [[Va()l

) LONRRICT GO
«1 Avwwwm) PTG

)
I(v)g(v)7(v) _ ap2wav)n(v)
puwwwmp+@ A1+||va )P>

D(v)g(v)m(v) I(v)g(v)m(v)
(1 pA1+IIVA(v)H P

)dlbt(’u P) + p—————dist(Ox(v), P)

_ d()g(v)T(v) Iw)a(w)7(v) o
(1 AHWV@N>m+pLHWWW2

1
< 1o (because A > 5)

for p small enough. It implies that v + p(—=W;(v)) € Dy for p > 0 small
enough. It follows that
. - * @ ~
i B8 HPEWR@). Do) _ oy o p,
p—0F P

By Lemma 1.49, there exists a 6 > 0 such that (¢, ¢¥(so,u)) € l?o
for all ¢ € [0,6). By the semigroup property, we see that ¥(t,u) € Dy
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for all t € [§o,50 + 62, which contradicts the definition of sg. Therefore,
¥([0,+00),Dy) C Dy. Similarly, 3([0,+00),~Dy) C —Do. That is,
([0, +00), D) C D. Similar to previous chapters, ¥ ([0, +0), D) C D.

Step 5. In this step, we also assume that co(A) > bg(N). Note that * is
independent of n; we may choose n**(A) > n*(\) such that

6*
2 — ————  for all n > n""(\).
(6.28) An — A< a0 13) or all n > n**(\)

For each n > n**()\), we define

1/}(287’“)’ O S S S
(6.29) Ii(s,u) := .

Then I} € . Moreover, by (6.27) of Step 4, I € &* for all n > n**(\).
For each fixed n > n**(\), we consider the following two cases. Both of
them lead to a contradiction that confirms (6.14).
If uw € I7%([0,1/2], A) NS, then u = 1)(2s0,ug) for some so € [0,1/2] and
ug € A. Therefore, by (6.11),

(6.30) Ga(u) = Gr(¥(250,u0))

Ga(
< Gx(uo)

Ifue IH([3,1],4) NS, we write u = I'*(s1,u1) for some s; € [1,1] and
u; € A. Then u=¢(1,1,(251 — 1,u1)) € S.
If GA(Ln(251 — 1,u1)) < co(A) = (A — A), then

(631) G)\(U) = G)\(I,Z}(l,Fn(Qsl - 1,U1)))
< GA(Y(0, I (251 — 1,w1)))
< GA(In(2s1 — 1, uy))

< co(A) = (An = A).

If Ga(Ih(251 — L,u1)) > co(A) — (A — A), we show that (6.31) still
holds.

We first observe that I5,(2s; — 1,u;) € S. Otherwise, I},(2s; — 1,u1) € D
implies that u = ¢ (1, I},(2s1 —1,u1)) € D by (6.27), which is a contradiction
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because u € S. Recall Step 1; we have ||I},(2s1 — 1,uq)|| < ko. Furthermore,
by (6.11)-(6.15),

I, (251 —1Lu1) € Qc(n,A)NS C Q(n*(A), A)NS.
Therefore, by (6.16),

IGA (I (251 — 1, w1))||? .

6.32 .
(6.32) T4+ |G — L) = ©

On the other hand, because ||[W3 (u)|| <1 for all u € E, we have that

[, T (251 — 1, u1)) = (0, T (281 — L)) || <t
and that
(6.33) [t Tn(2s1 — 1,u1))|
<t+ || In(2s1 — 1, u)|
<ko+1.
for all ¢ € [0,1]. There are two subcases again.
If Ga((t, I (251 — 1,u1))) < co(A) — (An, — A) for some ¢ € [0, 1], then
(6.34) Ga(u) = GA(P(1, T (251 — 1,u1)))
< GA(Y(t, Tn(251 — 1, u1)))
< co(A) = (An = A).
Hence, we have an inequality as (6.31).
If Ga(w(t,I(251 — L,u1))) > co(A) — (A, — A) for all ¢t € [0,1]. By
(6.11)-(6.13),
(6.35) GA(Y(t, 17 (251 — 1,u1)))
< GA(Lh(281 — 1,u1))
< cop(A) +e.
On the other hand, insert (6.27) again; (1, 1,(2s; — 1,u1)) € S implies
that ¥(t, [, (2s1 — 1,u1)) € S for all t € [0,1]. Combining (6.15), (6.33), and
(6.35), we have that

(6.36) W(t, 1251 — Liug)) € Qe(m,A)NS C Q(n"(N), A)NS
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for all ¢ € [0,1]. By (6.16) and (6.36),

||Gi\(/(/)(tvrn(251 - 17u1)))||2 .
14 [|GA (0 (t, T (251 — 1,uq)))]] >e* foralltel0,1].

(6.37)

Moreover, by (6.21)—(6.23), (6.33)—(6.35),

(6.38) D(p(t, (281 — 1,w1)))
=q(¥(t, I'n(251 — 1,u1)))
= m(yp(t, Tn(251 — 1,u1)))
=1

for allt € [0, 1]. Combining the definition of the pseudo-gradient vector field
and (6.37) and (6.38), it follows that

GA(P(t, In(281 = 1,u1))) = GA(In (281 — 1,u1))

ds

P AGA(P(s, T (251 — 1,u1)))
</0 ds

¢ ’ VA(¢(57Fn(251 - 17u1)))
</ - <Gk(¢(8’”(281 ~ L)) T (s T @ — Lun)))] > s

L[ G, T2~ L))
= 2/0 T+ [Va(d(s, Lo (@51 — Lun)]
1 / G (s, T2y = 1w
=71 )y 141G, @0 Ta(@s1 — Lun))
< fls*t.
- 4
It follows that
6.39)  G(u)
= GA(¥(1, (251 — 1,u1)))
< Ga(ln(251 = 1,u1)) — 35*
< co() + (ch(A) +2)(An = X) — 3" (by (6.11))

<co(A) = (A —A).  (by (6.29))
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Summing up (6.30), (6.31), (6.34), and (6.39), we have
G(u) < co(A) = (An = A)

for all uw € I%(]0,1], A)NS and all n > n**(\). This contradicts the definition
of ¢p(A) because I € &*. The contradiction guarantees the truth of (6.14)
which deduces Conclusion (1) of the theorem.

& In the next steps 6-11, we consider the case of ¢o(\) = bo(A). We prove
that the Conclusion (2) of Theorem 6.1 is true.

Step 6. A is bounded, therefore dy := max{||u|| : v € A} < co. For ¢ > 0,
T > 0, we define

[ull < ko(A) + 4+ da,

(6.40) (e, T,\) = {u cekE: } .
|Ga(u) —co(N)| < 3¢, d(u,S) < AT

We claim that 2(e,7,)\) # 0 for any ¢ > 0,7 > 0. Indeed, by (6.11), we
choose n large enough such that

(6.41) sup Ga(u) < sup G, (u)
wel, ([0,1], A)NS uwel, ([0,1], A)NS
< C()()\) + 3e.

Because A links B, there exists a pair of numbers (sg,ug) € [0,1] x A such
that I, (sg,ug) € B C S. Hence, dist(I7,(s0,up),S) =0 and

(6.42) GA(In(s0,u0)) > bo(A) = inf G\
=co(A) > co(N) — (A — A) > co(N) — 3e.
By Step 1, ||, (s0, uo)|| < ko. Hence, I3, (so,u0) € 2(g, T, \) # 0.
Step 7. We prove that
(6.43) inf{||G\(u)|| : v € 2(¢,T,\)} =0 foralle,T € (0,1),

which implies Conclusion (2) of the theorem.
By a contradiction, we assume that there exist § > 0,1 > 0,7} € (0,1)
such that

(6.44) |G\ (uw)|| > 36 for all u € 2(e1,T1, N).
Choose n*(\) so large again that

(645) (A=A <er, (N +2)n —A) < e, (An — ) < 0T
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and
62
4 - < T} fi 11 n>n"(N\).
(6.46) (An )\)_(c{]()\)+2)(1+35) 1, forallm >n*(\)
Define

(6.47)  £2"(n,e1,T1,N)
lul| < ko+4+da,
=qu€E: co(A) = (An—A) < Ga(u) < co(A) + 361,
dist(u, S) < 4T.

By (6.45) and (6.46) and the same arguments as those in (6.41) and (6.42),

(648) Q*(n,sl,Tl,/\) 7£ @, Q*(R,El,Th)\) C Q(€1,T1,)\).
Define
(649) @5 = 95(81,T1,)\)

Jull < ko + 3+ da,
=qu€eFE: |Gx(u)—co(N)| < 2eq,
dist(u, S) < 3T
Then, by the same arguments as in Step 6, @5 # 0. Let
dist(u, E\2(g1,T1,\))

6.50 =

(6:50) W) = Gt 85) + dist(u, B\ 2(z0, T V)
and define

(6.51) @6 = @6(61,T1,)\)

lull < ko +2 4 da,
=qu€eFE: |Gy(u)—co(N)| <eq,
dist(u,S) < 2T
Then, by a similar argument as that in Step 6, Og # 0 and

(652) Og C Of C Q(El,Tl,A).
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Define

- dist(u, E\Os)
(6.53) C(u) = dist(u, ) + dist(u, E\Os)

For any u € 0K, if u € 2(e1,T1,A) (a closed subset), then by (6.44),
there exists an open neighborhood U, of w such that |G} (w)|| > 26 for
all w € U,. This is impossible because u € 9Ky. So, u & 2(e1,T1, ).
Hence, we may find a neighborhood U, of w such that U, C E\f2(e1,T1, ).
By (6.50),

E(w)y=0 for all w € U,.

Therefore,
§(u)¢(u)

(6.54) Wi (u) == { 1+ [[Va(w)l
0, for u € Ky,

Va(u), for u € Ej,

is a locally Lipschitz continuous vector field from F to E. Moreover,
(1) Wi (uw)|| <1forall u € E,
(2) (G\(u), W5*(u)) > 0 for all u € E, )
(3) For any u € Oj, then u € @5 C 2(e1,T1,\) C E) and &(u) = 1,
|G"(u)]| = 36 (by (6.44)).

Hence,

€
(6.55) (Gawh )

V)\(u) >

TL+[[Vau)l
1G4 (w12

A+ IGW)I)

< 952

= 4(1+30)

(eaw

Consider the following Cauchy initial value problem

L) s )

wl(O,u) =u€c k.

It has a unique continuous solution t7: [0,00) x E — E. Note that if
C(p1(t,u)) # 0, then by (6.53), ¢1(t,u) € Os. Therefore, by (6.55), we
have that
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dGA (W1 (tw) _ 95°

(6:56) dt = 4(1+390)

C(Wr(t,u)) <0

forallu e F and t > 0.

Step 8. We show that

(6.57) ¥1(]0, +00),D) C D, ¥1([0,4+00),D) C D.

The idea is similar to that in Step 4. We give a brief proof for completeness.

We first observe that Oy (£DyNE)) C (+D;) implies that Ox(£DyNEy) C
(£D;). Obviously, by (2.47), ¥ (t,u) = u for all t > 0 and u € DN K. Next,
we assume that u € Dy N Ey. If there were a ty > 0 such that vy (to,u) & Do,
then there would be a number sy € [0,%y) such that ;(so,u) € 9Dy
and vy (t,u) & Doy for t € (sg,to]. Consider the following initial value
problem

OO0 0D e 1, 1 (50,0),

1,[}1(0,’@[}1(50,10) = 1/)1(50,“) cFE.

It has a unique solution 1y (¢, %1 (s, u)). For any v € Dy, if v € K, then
W3*(v) = 0. Hence, v + B(—=W3*(v)) = v € Dy. Assume that v € E\NDy.
Note that v € Dy implies that dist(v, P) < po. By Lemma 2.11, we have

dist(v + B(=W*(v)), P)

8 (T ) v
(v)C()

ast v+
ait (08 (73 Ry ) Gv - 0xe).P)
st

(1 _ patew ) + ﬁMOx(v),ﬂ
< dist ((

o ||vA<v>||
() )W)
SEAT >||7’+( munvmv)n)P)

= dist

L+ [[Va(u)l

. ) o)
! ”HHVA@)H) VBT RGO

§(v)¢(v) E)¢(v) .
(1 — ﬁ)\—HV,\(v)H) dist(v, P) + 6—1 AT dist(Oy(v), P)
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)W) L)) o
(1_m1+llv()ll> ho+ B Ao 2

1
< o (because A > 5) .

Hence, v + B(—W;*(v)) € Dy for 8 > 0 small enough. It follows that

lim dist(v + B(=W3*(v)), Do) =0, Vv € Dy.
B—0TF 5

By Lemma 1.49, ([0, +00), Dy) C Dy. Similarly, ([0, +00), —=Dg) C —D.
That is, ([0, +oo) D) C D. The same as the proof of Step 4, we have
w([O,—i—oo)J)) c D.

Step 9. We claim: ¢4 (¢t,u) € B for all t € [0,71] and u € A.
For u € A, by (6.56), we have that

(6.58)  Ga(v1(t,u)) < Ga(u) < ao(A) S bo(A) =co(A),  Vie(0,T1]
and

(6.59) GA(¥1(t, u))

= Ga(u) + /0 t —dGA(zz;(U’ ) 4o

t 2
<60~ [ s lo)s

for all ¢ € [0, 71]. If the claim of this step is not true, then there are ¢y € [0, 71]
and u € A such that ¢y (tg,u) € B. Then

G)\(i/)l(to,u)) Z Co()\) = bo()\) = I%fGA

By (6.58) and (6.59), we see that

/ 1+35 C(1(o,u))do = 0.

Hence, ((¢1(o,u)) = 0 for o € [0,tg]; that is ¢ (o,u) & Og, Yo € [0,t0].
In particular, ¥q(tg,u) ¢ Og. Therefore, one of the following three cases
occurs.

(6.60) le1 (to, w)|| > ko + 2 + da,

(6.61) [GA(¢1(to, u)) — co(A)] > €1,
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(662) diSt(’l/)l(tQ,u),S) > 2T7.

Because
|41 (to, w) — 1 (o’ u)|| < |to — o],

then
191 (to, w)|| < [J1h1(0,u)|| + Ty < da +1;

it implies that (6.60) can never be true. If (6.61) holds, then G (¢ (to,u)) <
co(A) —e1 (by (6.58)). Hence, 1 (to, u) ¢ B because inf g Gy = bo(N) = cp(A).
Evidently, (6.62) implies that ¢ (to,u) ¢ B. Therefore, the claim of Step 9
is true.

Step 10. We claim: 11 (T1, I,(2s — 1,u)) € B for all u € A and all s € [3,1].
For any fixed u € A and s € [%7 1], if I,(2s — 1,u) € D, then by (6.57),

vi(Th, [, (2s — 1,u)) € D C E\S C E\B.
Next, we assume
(6.63) I,(2s—1,u)es
and divide the proof of the claim into two cases.
Case 1. If 11 (0, (25 — 1,u)) € Op for all o € [0, T}], we have that
GA(U(Th, (25 — 1,u)))

=G\([L (25— 1,u)) + /OT1 dG(¥r (o, 1;7;(25 - 1>U)))d0

< GA(Fn(QS - 17”))

94
*/ ————((1(0, (258 — 1,u)))do  (by (6.56))
o 4

1+ 39)
952
=GA(In(2s — Lu)) — mTl (by (6.53))
< o) + (N +2)(An — A) — ﬁﬂ (by (6.11) and (6.63))
< eo() - 4(%‘36)@, (by (6.46))

which implies that ¢ (71, I, (2s — 1,u)) € B because co(A) = bg(N).
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Case 2. If there exists a ¢y € [0,T}] such that
wl(to,Fn(QS — 1,u)) ¢ @6;

then one of the following alternatives holds.

(6.64) 1 (to, Tn(25 — 1,0))| > ko + 2+ daa.
(6.65) |GA(Y1(to, 17 (25 — 1,u))) — co(A)| > e1.
(666) dist(z/)l(to,F7l(2s — 1,“)),8) > 277.

Assume that (6.64) holds. We show that ¢ (T1, I[,(2s—1,u)) € B. Otherwise,
if 9y (T1, [n(25 — 1,u)) € B, then

(6.67) bo(A) = co(A)
< Ga(1(Th, I (25 — 1,u)))
< GA(Fn(25 — 1, u)).
By (6.63), (6.67), and Step 1, ||I5,(2s — 1,u)|| < k. Furthermore, because
[¥1(t0, [ (25 — 1)) — ¥1(0, I'n(2s — 1, u))|| < to,
it follows that
191 (to, I7(25 — 1, u))|| < ko +to < ko + 1,

which contradicts (6.64). Hence, ¢ (T1, [, (2s — 1,u)) & B.
Assume that (6.65) holds, we show that ¢ (71, [, (2s — 1,u)) ¢ B. Note,
by (6.11), (6.63), and (6.47), that

Ga(¥1(to, [n(2s — 1, u)))
< GA(1(0,10(2s — 1, u)))
— G ([n(25 — 1,u))
< CO(/\) +ée1.

Therefore, (6.56) and (6.65) imply that

Ga(1 (T, T (25 — 1, 1))
< Ga(¥a(to, In(2s — 1, u)))
< co(N) —e1.

Tt follows that o1 (T4, I5,(2s — 1,u)) € B because cy(A) = by(N).
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Assume that (6.66) holds. Note that
[1(t u) — (', w)|| < [ =t
It therefore follows that
[1(8, T (25 — 1, u)) — w]|
2 [P (to, In(2s — 1,u)) — wl| — [t —tol,
for all w € B, t € [0, T}]. Hence,
dist(v1 (t, I,(2s — 1,u)),B) > T
for all t € [0,7}]. In particular,
(6.68) U1 (Ty, T (25 — 1,u)) & B.

That is, each case of (6.64)—(6.66) implies (6.68).
Cases 1 and 2 complete the proof of the claim in Step 10.

Step 11. To get the final contradiction, we have to introduce a new mapping:

F*( ) wl(QSThu): OS3S1/2,
S,u) =
' Yi(Ty, Ln(25 — Lu)),  1/2<s <1

Then I} € &* (in view of Step 8). However, by Steps 9 and 10, I'}(s, A) N
B = for all s € [0,1], which contradicts the fact that A links B. We get the
final contradiction. This justifies (6.43) in Step 7 which implies Conclusion
(2) of the theorem. O

The first case of Theorem 6.1 implies that {u,,} is a sign-changing bounded
(PS) sequence. For the second case, note that we may choose an open neigh-
borhood Sy of S such that B C S C Sy C E\(—P UP) (see the definition of
S in (6.3)); hence, {u,} is still a sign-changing bounded (PS) sequence. For
both cases, if {u,,} has a convergent subsequence, then its limit must belong
to & because S is closed. That is, G has a sign-changing critical point in
S for almost all A € A. Note that the classical Palais—Smale compactness
condition is not needed.

Theorem 6.2. Under the assumptions of Theorem 6.1, if J' is compact, then
for almost all X € A, G has a sign-changing critical point in S.

For a special choice of linking sets A and B, we obtain the following weaker
version.

Theorem 6.3. Assume that (A1) and (As) hold. Suppose that E =Y @& M,
1 <dimY < oo and that
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(1) Gx(v) <6y for allv €Y and A € A, where 05 > 0 is a constant,

(2) Gx(w) > by for allw € {w : w € M,|w|| =pr} CS and X € A; where
P 18 a positive constant,

(3) Ga(swg +v) < Cy for all s > 0,0 € Y, and X € A, wg € M with
|lwoll = 1 is a fized element, and Cy is a constant.

If J' is compact, then for almost all X € A, G has a sign-changing critical
point in S.

Proof. Define x € C*(R) such that x = 0 in (— oo,%) and y = 1 in
(1,00),0 < x < 1. Writeu € Fasu=v+w,v € Y,w € M. Let

GLAW=GMM—(%+%>XCEE) n=19.

n
Then
C ey 1\ (Y v
(6.69) Ao = Gh(u) =2 (C’oJr n) X < - -
2
= Au— J'(u) — 2 (co + 1) X <”“” ) =
n n Jn
= u—J' (u)
and
(6.70) 1GA(w) = G p(w)]] < Cr~ /2.

Moreover, G, n(v) < 6y for all v € Y. For any w € M, if ||w| = px, then
x([lw|?/n) = 0 for n > 2p3 and consequently

G,\m(w) = G)\(’LU) > 0.
Choose |[swo 4 v| := n'/? := R,,. Then R, > py if n is large enough, and

G, n(swo +v)

T oll?
= Gx(swg+v) — (Co+1/n)x <|sngv>
1
< ——.
n
Let
Bi={we M: ul = p),
and

Ap={veY |v]| <R} U{swog+v:s>0,veY,|swy+v| =Ry}
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Then A, links B (cf. Chapter 2), B C S, and sup, G < infp G,V € A.
Furthermore, for any v € E with dist(u,P) < po, by (A1) and (6.69), we
have

dist(.7' (v), P)
< dist(J'(u), P) + dist (2 (Co + %) X (M) E,P)

n n

u]f?

< dist(J' (u), P) + 2 (Co + %) X' ( ) %dist(u,P)

n

< —dist(u, P)

e

for n large enough. Then G, satisfies all the conditions of Theorem 6.1.
Because J' is compact, by standard argument, the bounded (PS) sequence
has a convergent subsequence. Therefore, for almost all A € A, there exists a
u, € S such that

Gl)\,n(un) = 07

Gan(up) € [0, sup Grn((1—t)u)].
(t,u)€[0,1]x A,,

Evidently,
IG5 (n) = GA ()| = [[GA(un) | < C1n™H2 =0, (by (6.70))
5/\ S G)\,n(un) S G)\(un) S G)\,n<un> + CVO + 1/71,

sup Gan((1—=1t)u) < Cp.
(t,u)€[0,1] x A,,

Therefore, G (uy,) — ¢ € [0x, 2Cy] as n — oo. Finally,

G\ (un) = G\(un) = G ,(un)

1 n 2 n
n n n

n
— 2y, =0,
n

where {C),} is a bounded sequence. That is, for almost all A € (3, 1), we find
u, € S such that
G\_(c, jn)(un) =0,

which implies the conclusion of the theorem. (Il
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We now assume that there is another norm | - ||, of E such that |jul, <
Cyllu]| for all uw € E; here C, > 0 is a constant. Moreover, we assume that
|lun, — u*|lx — O whenever u,, — w* weakly in (E,| - |). In the sequel,
all properties are with respect to the norm || - || if without specific indi-

cation. Write E = M @Y, where Y, M := Y are closed subspaces with
dimY < oo and (M\{0}) N (=P U P) = 0; that is, the nontrivial elements
of M are sign-changing. Let yo € M\{0} with ||yo| = 1 and 0 < p < R
with

R
RP2|lyol? + ﬂ > p, D, > 0,p > 2 are constants.

1 +D*||y0||*
Let

A={u=v+sy:veY,s>0,|ul|=R}U[Y NBg,

[e[% [[eaf ]« }
B = {u e M: + =p;,.
lul®  Jlull + Dallull«

Then by Proposition 2.10, A links B in the sense of Definition 2.1. Choose

(6.71) a, > sup GA((1 —t)u) + 2.
(t,u)€[0,1]x A, X€[1/2,1]

Define

(6.72) B*:=Bn G‘fh.

Choose I'(t,u) = (1 — t)u € &* (cf. (2.22)); then I'(t,a) € B for some
(t,a) € [0,1] x A. Moreover, I'(t,a) € G{},, hence, B* := BN G}, # (. Set
(6.73) &5 = {I e & : I([0,1], A) € G% 1.

Then I'(t,u) = (1 — t)u € 2* NP3". Note that G}* C GY,.

Lemma 6.4. ||ul|. < ¢1, Yu € B; here ¢1 is a constant.

Lemma 6.5. Assume that for any a,b > 0, there is a ¢ = c¢(a,b) > 0 such
that
Gijo(u) <a and |lull, <b = |lu|| <e.

Then we have that
dist(B* := BN G?;Q,P) =01 > 0.
Proof. This is the same as that of Lemma 2.16. (]

Therefore, we may assume that B* C S as long as the ug of Condition
(A7) is small enough; this is indeed true in our applications.
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(A3) Assume

ag(A) :=sup Gy < bo(A) := %ﬁG’\ for any \ € A.
" h

(A3) Assume that for any a,b > 0, there is a ¢ = ¢(a,b) > 0 such that
Gio(u) <a and |ull, <b= |lul| <e
Theorem 6.6. Assume that (A1), (A%), and (A%) hold. Define

co(A) := inf sup Gi(u);
o) Ie®3” r(0,1),4)ns @

then
o) € [bo(N),  sup  GA((1-tu).
(t,u)€[0,1]x A

Moreover, for almost all X € A,

(1) If co(X) > bo(X), then there is a sequence {um} depending on A such
that

sup ||um || < oo, Um € S, G\ () — 0, Gx(um) — co(N),

m

(2) If co(X) = bo(X), then there is a sequence {um,} depending on X such
that

sup | um || < oo, dist(u,,S) — 0, G\ (um) — 0,
m

Ga(um) — co(N).
Proof. Keep in mind that the flow is descending. If A\; < Ao, then we have
oo

Therefore, co(A) is nondecreasing. Replace B by B* and ¢* by #3*; then the
proof is the same as that of Theorem 6.1. (]

Notes and Comments. The novelty of Theorem 6.3 is the sign-changing pro-
perty of the critical point via a weaker linking geometry. It should be noted
that in the original form of the saddle point theorem (cf. Rabinowitz [255]),
it is required that

G(swog+v) <0 forall s >0, vey, |lswo +v| =R
holds for some R > p. To get this, one has to show that

lim sup{G(swo +v) : s > 0,v € Y, ||swo +v|| = R} < 0.

R—oo
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This is much more demanding than that of Theorem 6.3. This was also
observed in Schechter [268, 275] where the Palais—Smale condition was
required and no nodal structure of the critical point was obtained. In the
proof of Theorem 6.1, we have used the idea of the so-called “monotoni-
city method”, because G is monotonically depending on A. This trick was
introduced by Struwe in [312, 313] for minimization problems and essentially
developed by Jeanjean [178, 180-182] for one positive solution of the moun-
tain pass type. Some ideas adopted here and in the sequel come from Jeanjean
in [178]. Further developments were made by Schechter, Szulkin, Willem, and
Zou in [282, 286, 287, 320, 336, 344, 346] for (only the existence of solutions
of) elliptic systems, homoclinic orbits of Hamiltonian systems, Schrodinger
equations, and so on.

6.2 Bounded (PS) Sequences via Symmetry

In this section, assume that £ = @jenX; with dim X; < oo for any j € N,
where N denotes the set of all positive integers. Set Ej = EszlXj, Z =
®52 kX and

By ={u€ Ex : |ull < pr}.

We write Y = E,, M = Z;,. Then dimY < oo; dimY —codimM > 1. Assume
that (M\{0})N (=P UP) = 0; that is, the nontrivial elements of M are sign-
changing. We assume that P is weakly closed; that is, if P 3 up — u weakly
in (E,| - 1), then w € P. In all applications in this book, this is satisfied

automatically. As before, we assume that there is another norm | - ||, of F
such that |jullx < Cyl|u| for all u € E; here Cy > 0 is a constant. Moreover,
we assume that ||u, —u*||, — 0 whenever u,, — u* weakly in (E, ||-||). Write
E =M, ® M. Let
ul[¥ e[«
*(p):=<ueM: | =pr,
@)= {wear i+ il =

where p > 0, D, > 0,p > 2 are fixed constants. Evidently, we have

Lemma 6.7. ||ull« < ¢1,Yu € Q*(p), where ¢1 > 0 is a constant.

Lemma 6.8. Assume (A%). For any a > 0, we have that
dist(Q*(p) N GY 3, P) := d(a) > 0.

Proof. Similar to Lemma 5.4. |



200 6 Parameter Dependence

Let
v € C([0,1] X By, E)
~(t,)|op, = id for each t € [0,1]

v ~(t,u) is odd in w;y(t,D) C D for all ¢t € [0, 1]
sup G (7([0, 1], Bg)) < maxp, G1(u) :=ag

Iy(\) =

then v = id € I'x(\). Note that both || - ||, and || - || are equivalent in Y; we
have a constant py such that

lu]] < oy |lullx, foralluecY.
We assume that pp > oy + 2 and

o\’ D
(6.74) (QpY%) * pkp+k l()g*YO)*pk

> p.

Lemma 6.9. h(t,B;) NQ*(p) #0, VY h €I\, Vtelo,1].

Proof. Let
[ s [Jeaf |1«
B (u) :=
ull>  Jull + Dl
if u # 0 and *(0) = 0. Then * : E — FE is continuous. Set h(t,-) = h().
Let

Ui={uecY:f"(hu) <p}n{ueY :|ull <p};

then U is a neighborhood of zero in Y. Let P : EE — M, be the projection;
then Poh : QU — Mj is odd and continuous. By the Borsuk—Ulam theorem,
we have that P o h(u) = 0 for some u € OU. Hence, h(u) € M. We claim
ue o{ueY :||lul| < pr}. Otherwise, |ul| = pi and then h(u) = u, P(u) = 0.
It follows that

[ell¥ [l llull« )

ful®  flull + Dufluf =

Note that ||ull, < Cy|lul] < Croy|lullx in Y. Therefore,

P
P P
(&), (&)

or pr + D, Cipy

- (“g%”)p . | (ng%u)

lul> " lull + DiCyllu]
ull¥ [Feellffeell
Tl Null + Dl

< p.



6.2 Bounded (PS) Sequences via Symmetry 201

This is impossible in view of (6.74). So, our claim is true. It means

wedueY  Fhw) <p)  lul<p,  wev.
Hence,
h(u) € M,
Gl * TRl DT, =7 = M0 €20
(Il
Let

N :=Q*(p) N GT?Q, ap := max G1.
By
By Lemma 6.8, we have that
dist(Ng, P) := d(ag) > 0.
Therefore, we may assume that Ny C S. Define

ak()\) = %13)1:(0)\, bk()\) = lj{flka)\,

Ck()\) = G)\.

inf max
YELK(N) v([0,1], BR)NS
(A3z) Assume ag(X) < bi(A) for any X € A.

Theorem 6.10. Assume that (A1), (A%), and (As) hold and that Gy is even
for all X € A. Then, for almost all X € A, there is a sequence {u,,} depending
on \ such that

sup || um || < oo, U € S, G\ (um) — 0,
m

Ga(um) — cx(\) € [bk(A), max Gl(u)].

E€By,

In particular, if J' is compact, then for almost all A € [1/2,1], G has a sign-
changing critical point in S with critical value in [by(N), max,ep, G1(u)].

Proof. By the intersection lemma 6.9, for any v € I'x()\), we have that
then v([0,1], Bx) NS # (. Therefore,

sup Gy > sup G
~([0,1],Br)NS 7([0,1],Bx) NNy
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> inf G
7([071]7Bk)me

> inf G\
Ny

= bi(N).
Then ¢ (\) > b (\). Evidently,

cr(N\) < sup Ga(u) < max Gq(u),
wEB;, u€e By

the right-hand side is a constant independent of .

Note that I;(A2) C I'k(A1) if A1 < Ag. Then ¢ (A) is still nondecreasing.
Similar to the proof of Theorem 6.1, ¢ () := (deg(N))/dX exists for almost
every A € (3,1). From now on, we consider those A where ¢} (\) exists. For
a fixed A € A, let A\, € (), 2X\) N A be a nonincreasing sequence so that
An — A as n — oo. Then there exists an 72(\), which depends on A only, such
that

An) — cr(A
(6.75) (N —1< w <c,(\)+1 forn>n(N).
We prove the theorem step by step.

Step 1. We show that there exists a v, € Ih(\) and dy := do(A) > 0 such
that

llul| <dy whenever u € v,([0,1], Bx) NS with Gx(u) > cx(X) — (A — A),

where dy is dependent on A and independent of n.
In fact, by the definition of ¢ (\), there exists a ~,, € I'x(\) such that

(6.76) sup Ga(u) < sup G, (u)
uw€Y, ([0,1], Bx)NS uw€Yn ([0,1], Bx)NS

< ek(An) + (A = ).

If Gx(u) > e (N) — (A, — A) for some u € 4, ([0,1], B,) NS, then by (6.75)
and (6.76), we have that

1 G -G
(6.77) Slhull? = w < () +3.
It follows that
(6.78) lul] < (2¢,(\) + 6)'/2 := do(N) := do;

here dj is dependent on A only.
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Step 2. By the choice of 7, and (6.75) and (6.76), we see that
(6.79) Ga(u) < Gy, (u)
< er(A) + (e (N) +2)(An — A)
for all u € v,([0,1], Bx) N S.
Step 3. For € > 0, we define

Jull <do+2,
He(n,A):=<uekE: .

cr(N) = 20\, — A) < Ga(u) < cx(N) +2¢
Choose n*(A) > i(\) (fi(\) comes from (6.75)) such that

(6.80) (hN)+2)(Mn—A) <& A—A<e 20 —A) < (N —ar(V)
for all n > n*(X). Then,

He(n*(\), \) NS #0

for all n > n*(\). Indeed, by the definition of ¢ ()), there exists at least
one u € v, ([0, 1], Br) NS such that G (u) > ci(A) — (A, — A); it follows that
|lul] < do. Furthermore, (6.79) and (6.80) imply G x(u) < ¢i(\)+e. Therefore,
uw€ He(n,A)NS #0 for all n > n*(\). Evidently,

(6.81) He(n, A) C He(n*(A),A)  for all n > n*(A).
We show that

.82 inf ! =0.
(6:82) oG] =0

Then the conclusion of the theorem follows from (6.82).
To prove (6.82) by negation, we assume that there exists an ¢* > 0 such
that

(6.83) |G\ (uw)|| > &* forall u € Ho(n*(N\), \)NS;
here * only depends on n*(\), A, and &, not on n. Therefore, by (6.81),
(6.84) |G\ (uw)]| > e* forall u € Ho(n, A)NS, Vn >n*(N\).
We now proceed to seek a final contradiction. Let

O :={ue b |ul| <do+1}

:={ueFE:|ul>d+2}
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either Gy (u) < cg(A) —2(A, — A) or
Qg:{ueE: A1) S () = 200 = ) };

Ga(u) > cx(A) + 2¢

Qp:={ueFE:c(N)— (A=) <Ga(u) <cp(N) +e}.

Define

- dist(u, 27)
(6.85) Blu) := dist(u, 21) + dist(w, 25)
(6.56) ) g

" dist(u, 23) + dist(u, 24)
Recall the definition of S in (6.3); let
O(a) :={ue E: dist(u,P) < a}U{u e E: dist(u, —P) < a}, a > 0.

Then O(«a) is an open neighborhood of the positive and negative cones

—P U P. Let §* := E\O(po/2), which is an open neighborhood of S, where
o comes from (6.3). Define

a0/
(6.87) m(u) = dist(u, ©(po/4)) 'fdiSt(u’S*)'

Recall condition (A3) and Lemmas 2.11 and 2.12; we have a locally Lipschitz
continuous map O, : E\ — E, such that O\(£Dy N EA) C £Dq and that
Va(u) := du— Oy (u) is a pseudo-gradient vector field of G . In particular, we
may choose Oy, hence V), to be odd because G is even for all A. By (4;),
OK, C (=P)UPUS for all A € A. Then for any u € Ky, if

(6.88)
Jul| <do+2,  cx(N) —2(An —A) < Ga(w) < (M) +2¢ and u & £P,

then, u € Hc(n, A\) NS. By (6.84), there exists a neighborhood U, of u
such that |G4(w)||ly, > €*/2. This is impossible because u € O0K,. This
means that at least one of the inequalities of (6.88) is not true. It follows
that there exists a neighborhood U, of u such that either U, C {2 or
U, C 23 or U, C O(ug/4). Therefore, f(u)é(u)r(u) =0 for all u € U,.

Consequently,
Blu)(u)m(u)

Wi(u) =< 1+ [Va(u)]l
0, for u € ICy,

Va(u), for u € Ej,

is a locally Lipschitz continuous vector field from E to E and [|[W; (u)|| < 1
on E. Moreover, note that 2;(i = 1,2,3,4) and O(a) are symmetric sets;
we see that G(u),{(u), m(u) are even. Therefore, Wy (u) is odd in u. Let 9:
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[0,00) X E — E be the unique continuous solution of the following Cauchy
initial value problem

dip(t,w)
dt

=W (W(t,u)), P(0,u) =ue E.

By the same arguments as in Step (4) of the proof of Theorem 6.1,
(6.89) ¥([0,+00),D) C D,  ([0,+0),D) C D.

Step 5. Choose n**(\) > n*(\) such that

(e9)?

(6.90) S TSy Ty

for all n > n**()\). For each n > n**()\), we define

(6.91) Yi(s,u) = (1, v (s, u)), s €0,1].

Then by (6.80), (6.86), and (6.89), v € I'y(A). Take any u € 7;5([0,1], Bx) N
S; we write u = v} (s1,u1) € S for some s; € [0,1] and uy € By. Then
U = w(17’)’n(317U1)) €S.

If G (n (51, 11)) < ex(A) — (A — A), then
(6.92) Ga(u) = GA((1,7n(s1,u1)))
< Ga((0,7n(s1,u1)))
= Ga(n(s1,11))
< k(A = (An = A).

If Ga(Yn(s1,u1)) > cp(N) — (A — A), we show that (6.92) still holds.
We first observe that ~,(s;,u1) € S. Otherwise, v, (s1,u1) € D implies
that u = ¥1(1,v,(s1,u1)) € D by (6.89), which is a contradiction because
u € S. Recall Step 1; we have ||y, (s1,u1)| < do. Furthermore, by (6.79) and
(6.80),

Yn(s1,u1) € He(n,A\) NS C Ho(n*(A), A)NS.

Therefore, by (6.84),

(6.93) 1G3 (n (51, u1)) || = €™

On the other hand, because |[W;(u)|| <1 for all u € E, we have that

||7/}(t’7n(517u1)) - Z[J(O,’Yn(sl,ul))” <t
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and that
(6.94) vt (s, u))| <t + [[ym(s,ua)l| Sdo+1  forallt € [0,1].
If Ga(¥(t,Yn(s1,u1))) < ek (A) — (A — A) for some t € [0,1], then
(6.95) Ga(u) = GA(¥(1,ym(s1,u1))) < cr(A) = (An = A);

then we have an inequality as (6.92).
Now we assume G (¢ (¢, ¥n(s1,u1))) > cp(A) — (A — A) for all ¢ € [0,1].
By (6.79)—(6.81),

(6.96) Ga(Y(t; vnls1,u1))) < Galm(s1,u1)) < cr(A) + e

By (6.89), ¥(1,v,(s1,u1)) € S implies that ¥ (¢, v, (s1,u1)) € S for all t €
[0,1]. Combining (6.81), (6.94), and (6.96), we have that

(6.97) Y(t, v (l,u1)) € He(n,A) NS C He(n™(A), A)NS
for all t € [0,1]. By (6.84),
(6.98) IGA Wt (1, ) > & for all £ € [0, 1],

Moreover, by (6.85), (6.86), (6.94), and (6.96),

(6.99) Bt a1 u1))) = (W vn (1, 1))
= m(p(t, (L, u1)))
=1

for all ¢ € [0,1]. Combining the definition of the pseudo-gradient vector field
and (6.98) and (6.99), it follows that

Gt n(s1,u1))) — Ga(Yn(s1,u1))

L AGA((s, (51, u1)))
<A dS dS

e V(5. (51, 0)))
<[ - <GA(¢(S”"(S““”)’ T VA0, v, w )] > s
1 G (s )
< / T+ Va0, (s u)
1 G (s m )P
< / T Gy (@57 (r, a)))]
1
— 414

S

S
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It follows that

(6.100)  G(u) = GA(Y(1,vn(s1,u1)))

(£5)*

1
< Ga(ym(s1,u1)) — 1112

(by (6.79))
<A = (A —A).  (by (6.90))
Summing up (6.92), (6.95), and (6.100), we have
Gu) < cr(d) = (A =)

for all w € +/([0,1], Br) N S and all n > n**(\). This contradicts the defin-
ition of ¢ (\) because v € I',(A) (cf. (6.91)). The contradiction guarantees
the truth of (6.82) from which the conclusion of Theorem 6.10 follows. [

Notes and Comments. A classical theorem for the existence of critical points
of even functionals is the so-called symmetric mountain pass theorem due to
Ambrosetti and Rabinowitz [15] (see also Rabinowitz [251, 253, 254, 257])
by which we may get infinitely many critical points without nodal structure.
A related result to Theorem 6.10 is known as the fountain theorem because
the critical points spout out like a fountain. The earlier form of the fountain
theorem and its dual were established by Bartsch in [28] and by Bartsch and
Willem in [50] (see also Willem [335]), respectively. Other applications can
be found in Bartsch and Willem [48, 49] and Bartsch and de Figueiredo [35]),
a variant version of which is given in Zou [342]. In all these papers, the sign
of the critical point cannot be decided.

6.3 Positive and Negative Solutions

In this section, we establish a parameter depending on the mountain pass
theorem inside the cones, by which we may get positive and negative solutions
directly. Assume eZ € £P. Let

W = {¢ € C([0,1],£Dy) : $(0) = 0,6(1) = €5 }-

We introduce the following assumption.

(Ag) B(N):= inf sup Gy>max{G(0),Gr(ed)} :=ps forall A€ A.
PEFE g([0,1))

Theorem 6.11. Assume that (A1) and (Ag) hold. Then for almost all X € A,
there are two sequences {u,,(£)} C £Dy depending on A such that
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sup [lum (£)[ <00, Gi(um(F)) =0,

Ga(um(£)) — B£(A)  asm — oo,

where

BN € o Te(N). MT2(N) = max Ga(tes)
Furthermore, if both {u,(+)} have convergent subsequences (for instance,
J' is compact), then for almost all X € (%, 1), G\ have two critical points
ut € £P.

Proof. We only consider the case of “4”. As before, 3, (\) exists for almost
all A € A. For this kind of A, choose \,, € (\,2)\) N (%, 1) such that A\, — A
and

B (An) = B+ (V)

(6101) L) 1< 5L

< B (N\)+1, asn large enough.

By the definition of 84 (), there exists a ¢, € ¥ such that

(6.102) sup G < sup Gy, < G:(An) + (A —A).
én([0,1]) én([0,1])
Hence,
(6.103) Ga(u) < Gy, (u)
< sup Gy,
#n([0,1])

< B (V) + (L) +2)(An = A)
for all u € ([0, 1]). By (6.102), it is easy to check that
(6.104) lull < ko := (26 (A) + 6)/?
it Ga(1) = By(\) = (A — A) and u € én ([0, 1]). Define
A(e, A) == {u € Dy : [Jul| < ko + 3,]|Ga(u) — BL(N)| < e}

We first observe that A(e,\) # 0. To see this, choose n large enough such
that
(L (M) +2)(An = A) <
By (6.103), Gx(u) < B+(N) +¢€ for all u € ¢, ( ]) Evidently, by the defini-
)

[0,
tion of B4 ()\), we cannot have G (u) < B4+ (\) — ()\ =) for all u € ¢,,([0, 1]).
That is, there exists at least one u € ¢,,(]0, 1]) such that

(6.105) Gau) = B4 (V) = (hn = A) 2 B (V) — &5
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hence, |lul| < ko, u € A(e, A) # 0. We just need to prove that
(6.106) inf{||G\(u)| : uw € A(e,\)} = 0.

By way of negation, assume that there exists an €9 > 0 such that |G\ (u)||
g for u € A(ep, A). Without loss of generality, we may assume g9 < (84 (\)
p+)/3. Choose n large enough such that

>

Mn—A) <eo/5, (e (A) +2)(An — A) < 20/5,

£

A= A28 = p) A< sy )

Then by (6.103),
(6.107) Ga(u) < B+ () + (4 (M) +2)(An — A)
< Br(N) +¢e0/5
for all u € ¢,,(]0,1]). Define
l[ul| < ko + 3,
(6.108) A (g0, M) == qu €Dy Br(A) = (An —A) < Gar(u),
Ga(u) < B+(N) + eo

Then, by a similar argument, A*(gp,\) # 0 and A*(go,\) C A(eo, \).

Define
[ull < ko +2,
M, =< ueDy: )

Bi(A) — 222 < Gy(u) < Br(N) + 2

lull < ko +1,
My :=<ueDy: '
Br(N\) — % < Ga(u) < BN + %D

Then My C My C .A*(80,/\). Let

() = dist(u, E\ M)
" dist(u, Ma) + dist(u, E\M;)’

n(u)—v)‘(u)
Vii(u) = L+ [[Va(u)]l”
0, u € Ky,

UGEA,
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where V) comes from Lemma 2.12. Then Vy(u) is a locally Lipschitz
continuous vector field on E. Consider the following initial value problem,

% = VOt ),
9(0,u) =u € E.

Tts unique solution ¥(¢,u)(t > 0) satisfies
(6.109) |9t u) —ul| <t

(6.110) o <73 1+ ||GA@(t,w)] —

Therefore, by (6.107) and (6.110),
(6.111)
GA(’[?(L’LL)) < GA(’U’) < BJr()‘) + 50/57 Voue ¢n([07 1])u vt > 0.

If u € ¢,,(]0,1]) such that Gx(u) > F+(\) — (An — A)/4, then by (6.104),
|lu|| < ko; hence, u € My. Therefore, by (6.110) and (6.111), we must have

(6.112) GA(9(t,u)) < Ga(u) < Br(A) = (Ao — A)/4,

for all u € ¢,([0,1]) and u & My, Vt > 0.
If u € ¢, ([0, 1]) N Mo, we show that (6.112) is still true for ¢t = 1.
Suppose that ¢; is the largest number (may equal co) such that 9(¢,u) €
My for 0 <t <ty.Ift; < 1, because ¥(t1+ s,u) € Ms for s > 0 small enough
and in view of (6.111), we have either

(6113) ||’l9(t1 + S,U)H >ko+1
(6.114) G (9(t1 + 5,1)) < Be(A) — (An — A)/4.

We claim that the second conclusion of (6.113) is true. Otherwise,
Ga(u) = GA(I(t1 + s,u))
= B (A) = (An = A)/4
Z Br(A) = (A =),
which implies by (6.102) that ||u|| < ko. By (6.109),

[0t + s, uw)l] < flull + 1 + 5 < ko +1;
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that is, the first alternative of (6.113) fails too. Now, use (6.110) again; we
must have

(6.115) GA(¥(1,u)) < Ga(9(t1 + s,u)) < B (N) = (A — N) /4.
If t4 > 1, then 9(t,u) € My for 0 <t < 1. 1If
(6.116) CA((1L,w) > Br (V) — O — N)/4,
then by (6.110), Ga(u) > B4 (X) — (A, — \)/4, it implies that |ju|| < ko and
then by (6.109), ||9(¢t,u)|| < ko + 1 for all ¢ € [0,1]. Combining (6.110),
(6.111), and (6.116), we observe that
I(t,u) € My C Alep, N)
for all ¢ € [0,1]. Hence, x(¥(t,u)) =1 for all ¢ € [0, 1]. It follows that
GA(9(1,u)) — Ga(u)

M dGA(9(s,w)) )
_/0 ds d

BN N (AR
< / (9(s,u)) a

=1 L+ [|G(9(s, u))|
62
= 401 +0 €0)
Furthermore, by (6.107),
(6.117) GA(9(1,u))
2
S —qmy T Qe = V) +2)
< g LY

by the way we have chosen n. Anyway, (6.116) cannot be true. Recall (6.112),
(6.115), and (6.117); we have that

(6.118) GA(I(Lu) < B+(N) — (A = N)/4,  Vu € ¢u([0,1]).
Similar to the proof of Step 4 of Theorem 6.1, we have
(6119) 19([07+OO)7D0) C Dy.

If we define
¢*(t) :==I(1, Pn(?)),
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then because 0, ea' & My, we have that
¢"(0) = 9(1, ¢ (0)) = ¥(1,0) =0,
¢"(eg) = V(L énleg)) = V(1 eq) =€,

Combining this and (6.119), we see that ¢* € ¥*. But (6.118) contradicts
the definition of G, (\). Then we get the first part of Theorem 6.11. As for
the second part, we just note that (A;) implies that Xy N Dy C P. O

Notes and Comments. The classical mountain pass theorem can be found
in Ambrosetti and Rabinowitz [15] (see also Rabinowitz [251, 253, 254]).
A version of the parameter-depending mountain pass theorem on whole space
was first established in Jeanjean [178] which also produces a bounded (PS)
sequence. But the sign of the limits was not decided there. In general, to
get positive or negative solutions to elliptic equations, more techniques and
theory (e.g., the trick of truncating function and the maximum principle)
are needed. Here, 