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Abstract

Quantum entanglement is a fascinating physical resource that is central to the field of

quantum information processing with important applications in such areas as quan-

tum computing, quantum communication, quantum metrology, and quantum imag-

ing. It describes the physical phenomenon in which the quantum state of a multi-

partite system cannot be written as consisting of constituents that are independent

of each other. In this case, the state of the system is called an entangled state. In this

dissertation, the entanglement of photons–the elementary excitations of the quantized

electromagnetic field–is studied. A focus is made on a particular type of entangled

states of light called the d-mode N -photon NOON state, which consists of N photons

with the N photons as an ensemble appearing at d orthogonal modes simultaneously

and are inseparable.

In quantum metrology, a field that investigates the ultimate precision of measure-

ments of unknown physical parameters, the two-mode NOON state has been studied

extensively with respect to its ability to achieve super-resolution and super-sensitivity

in the estimation of a single parameter. A lot of theoretical research has been con-

ducted on the generation of two-mode NOON states, and two-mode NOON states

with up to 4 photons have been experimentally and efficiently produced. On the

xiv



other hand, recently there has been increasing interest in the study of the simultane-

ous estimation of multiple parameters. Accordingly, the multi-mode NOON state has

been attracting more and more attention in view of its potential for enhanced effi-

ciency as compared to using multiple two-mode NOON states separately to estimate

the parameters. Nevertheless, no known generation method of multi-mode NOON

states with more than 2 photons or 2 modes exists so far.

In this dissertation, several scalable generation methods of multi-mode NOON

states are proposed. These methods take advantage of multi-photon quantum in-

terference and they can theoretically be applied to produce NOON states with an

arbitrary number of modes and an arbitrary number of photons. The intrinsic gen-

eration probability for each method is calculated, and the methods are compared in

regards to their feasibility and efficiency. The advantages of using multi-mode NOON

states in quantum metrology are also analyzed and discussed in detail.
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Chapter 1: Introduction

1.1. Motivation

Quantum entanglement, which was first introduced by Schrödinger [1], is a physical

phenomenon describing the strong, nonclassical correlations between two spatially

separated quantum systems. In some sense, the elementary light particles (photons)

are prepared in such a way that the quantum states of different ensembles of pho-

tons cannot be separated. In fact, it has been found that the quantum law behind

entanglement is inherently nonlocal; that is, the measurement results obtained at one

position can affect the outcome at the other positions. Einstein famously called this

“spooky action at a distance”. As one of the most important quantum properties

of light, entanglement has been studied as an essence of quantum physics, and en-

tanglement has applications in the following areas: quantum computing, quantum

communication, quantum metrology, and quantum imaging.

Another important quantum property of light is squeezing, which describes the

phenomenon in which the measurement noise of two orthogonal quadratures of light

particles can be reduced in one component at the expense of increased fluctuations in

the other. According to Heisenberg’s uncertainty principle [2], there is a fundamental

limit to the measurement precision of two complementary variables of a particle,
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such as its position x and its momentum p. Here, the two complementary variables

refer to variables whose operators do not commute. Mathematically, this principle is

presented using their standard deviations ∆x and ∆p as

∆x∆p ≥
~
2
, (1.1)

where ~ is the reduced Planck constant. This indicates that two complementary

variables cannot be known exactly, simultaneously. The more precisely the position

variable is measured, the less precisely the momentum can be determined, and vice

versa. Squeezed states are a type of minimum-uncertainty state with the equality

in Eq. (1.1) being saturated, and the quantum noise for measuring one variable can

be reduced at the cost of increased measurement noise for the other variable. In

common preparations of squeezed states through nonlinear processes, the photons

in the states tend to appear in pairs, which is a favorable property for enhanced-

precision measurement in quantum metrology. In a sense, squeezing can be regarded

as a manifestation of quantum entanglement.

Another even more interesting entangled state of light is called the NOON state [3,

4], which is a quantum state with exactly N photons and all the N photons as an

ensemble are entangled and appear at different orthogonal modes simultaneously. A

related but different entangled state, called the Greenberger-Horne-Zeilinger (GHZ)

state [5], is a multi-mode state with entanglement among multiple single photons (at

least 3) in different modes, such as polarization modes or orbital angular momentum

modes. The NOON state provides a simple and intuitive way to see how beneficial
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entanglement is in quantum metrology. It has the ability to achieve super-resolution

and super-sensitivity with respect to the ultimate precision of measurements of un-

known physical parameters. The GHZ state, on the other hand, is the fundamental

unit for quantum computing, and it is of enormous benefit to quantum communica-

tion protocols. In this dissertation, I focus on the NOON state and its applications

in quantum metrology.

A wealth of theoretical research has been conducted on the generation of two-mode

NOON states [3, 4, 6–20], and their experimental realizations with up to 4 photons

have been demonstrated [21–23]. Two-mode NOON states can achieve enhanced

resolution [21, 22, 24–26] and enhanced sensitivity [4, 27–30] in the single parameter

estimation problem with a relatively low number of photons (low intensity). Thus,

they have been of great importance in biological microscopy that deals with target

samples that are sensitive to light. In this regard, the NOON state has been suc-

cessfully deployed as an imaging light source in such applications as tissue imaging

using quantum optical coherence tomography [31], refractive index sensing [32], super-

resolution fluorescent microscopy [33,34], enhanced phase contrast microscopy [35,36],

etc. Aside from the NOON state, other quantum probes have also been considered

for quantum metrology, such as the cat state [37], the Holland-Bernett state [38–40],

and the entangled coherent state [41,42], among others [43,44].

Recently, there has been increasing interest in the simultaneous estimation of

multiple parameters with respect to the potential for enhanced measurement effi-

ciency [45–56]. In this respect, the multi-mode NOON state could prove to be ad-

vantageous. Nevertheless, the problem of how to generate multi-mode NOON states
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with more than 2 photons and two modes is still unsolved. This leads to the pressing

research topic of how to generate multi-mode NOON states.

The contributions of this dissertation are as follows:

1. The advantages of using NOON states in quantum metrology are discussed.

In particular, a class of generalized multi-mode NOON-like states is introduced and

studied in the effort to achieve super-sensitivity in the simultaneous estimation of

multiple parameters more efficiently as compared with individual estimations. The

multi-mode NOON state is a special case in that class. The analytical form of the

lower bound of the uncertainty (the quantum Cramér-Rao bound) using this class

of state is calculated. On the other hand, an example of maximum-likelihood mea-

surement for the polarization of light with an arbitrary photon number is presented,

which is an optimal measurement in the sense that it maximizes the likelihood func-

tion, instead of saturating the quantum Cramér-Rao bound.

2. Several special cases of NOON-like states are compared with respect to their

achievable measurement precision, including multi-mode NOON states, entangled

coherent states, entangled squeezed vacuum states, and entangled squeezed coherent

states. It has been proved that the entangled squeezed vacuum state, with both

entanglement and squeezing properties, could result in the best precision among these

four cases with the same mean photon number.

3. Several approaches for creating the multi-mode NOON state with at least

three modes are proposed. The first method deploys cross-Kerr nonlinearity in order

to achieve the entanglement from a single Fock state, while the second method uti-

lizes multiple Fock states and keeps reducing photons from one of the multiple modes
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without the knowledge of the mode number in order to introduce entanglement among

different modes. Other methods take advantage of the Fock state filters, to reduce

non-NOON state components from an input state containing both NOON compo-

nents and non-NOON components, using either fixed-photon-number input states or

nondeterministic-photon-number input states with post-selection.

4. The intrinsic generation probability for each method is calculated and com-

parisons are made among them with respect to their feasibility and efficiency. It has

been shown that the method using multiple squeezed vacuum states as the input

sources is the most efficient method, and relatively more feasible to implement since

it requires the least number of optical devices, such as photon detectors, under the

same expected numbers of modes and photons.

This dissertation is organized as follows. In the rest of Chapter 1, the quantization

of the electromagnetic field is described as a preparation for future analyses in the

quantum picture. Then, several important states of light, including NOON states, and

basic optical devices are introduced with their mathematical representations. Two

types of measurement methods are introduced at the end of the chapter. In Chapter 2,

the advantages of the two-mode NOON state in quantum metrology are shown, where

the state’s ability to enhance resolution and sensitivity is demonstrated. Moreover,

the performance of a class of multi-mode NOON-like states in the simultaneous multi-

phase estimation is analyzed. In Chapter 3, the previous methods of generating two-

mode NOON states are summarized. In Chapter 4, the proposed methods for multi-

mode NOON states with at least 3 modes and a high photon number are discussed

in detail. These methods are then compared with respect to their feasibility and
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generation efficiency. In Chapter 5, conclusions from this research are made, followed

by the potential future work.

1.2. Quantization of the electromagnetic field

Light is an electromagnetic (EM) radiation that exhibits the properties of both waves

and particles, referred to as the wave-particle duality. In this dissertation, I focus on

the quantum mechanical features of light. These features require the quantization

of the EM field, such that light can be described as being emitted and absorbed in

quantized energy packages called photons.

The quantization of the EM field can be derived from the classical Maxwell equa-

tions. For convenience, at the beginning, the source-free Maxwell equations [57] are

adopted:

∇ ·B = 0,

∇× E = −∂B

∂t
,

∇ · E = 0,

∇×B =
1

c2
∂E

∂t
,

(1.2)

where c = 1/
√
µ0ε0, µ0 and ε0 are the magnetic permeability and the electric per-

mittivity of free space, and E and B are the electric field and the magnetic field.

Since the Maxwell equations are gauge invariant under the source-free scenario, the

Coulomb gauge is chosen for analysis as a convention. Under the Coulomb gauge, E
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and B are determined from the vector potential A(r, t) as:

B = ∇×A,

E = −∂A

∂t
,

(1.3)

with the Coulomb gauge condition

∇ ·A = 0. (1.4)

Combining equations (1.2), (1.3), adn (1.4), one can solve and obtain A(r, t) =

A(+)(r, t) + A(−)(r, t), with

A(+)(r, t) = (A(−)(r, t))∗ =
∑
k

ckuk(r)e−iωkt, (1.5)

which is expanded using a discrete set of orthogonal mode functions uk(r) with the

Fourier coefficient ck and frequency ωk for the kth mode. ωk satisfies

(∇2 +
ω2
k

c2
)uk(r) = 0, (1.6)

and the mode functions form a complete orthonormal set

∫
V

u∗k(r)uk′(r)dr = δkk′ . (1.7)
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Using the periodic boundary conditions, one can rewrite the vector potential as

A(r, t) =
∑
k

(
~

2ωkε0

)1/2 [
akuk(r)e−iωkt + a†ku

∗
k(r)eiωkt

]
, (1.8)

with † denoting the complex conjugate transposition operation. Then the electric

field is obtained using Eq. (1.3):

E(r, t) = i
∑
k

(
~ωk
2ε0

)1/2 [
akuk(r)e−iωkt − a†ku

∗
k(r)eiωkt

]
. (1.9)

The normalization factors are chosen properly, such that the amplitudes ak and a†k

are dimensionless.

In classical EM theory, ak and a†k are complex numbers. In order to quantize the

EM field, ak and a†k are chosen to be mutually adjoint operators, which satisfy the

boson commutation relations

[ak, ak′ ] = [a†k, a
†
k′ ] = 0, [ak, a

†
k′ ] = δkk′ , (1.10)

where [a, b] = ab − ba is the commutator of two elements a and b. ak and a†k are

recognized as the field operators, which can be adopted to describe the properties of

the EM field quantitatively in the quantum picture.

1.3. Basic states of light

In this section, after the quantum field operators ak and a†k are introduced, several

interesting states of light and their properties are discussed. Particularly, the photon

8



statistics for each state are denoted using field operators. In the quantum picture,

a state of light in mode k is usually represented using bracket notation |φ〉k with a

certain parameter φ, where the mode can be a spatial mode, a polarization mode, etc.

In the following subsections, three types of basic states are introduced: Fock states

|N〉, coherent states |α〉, and squeezed vacuum states |r〉, where N , α and r are the

photon number, the coherent amplitude, and the squeezing factor, respectively. An

introduction to the NOON state is given afterwards.

1.3.1 The Fock state

The Fock state is also called the photon number state, and it is a single mode quantum

state of light with exactly N photons, where the N photons are operated/measured as

an ensemble and are indistinguishable. Mathematically, the Fock state |n〉k in mode

k is an eigenstate of the photon number operator defined as a†kak:

a†kak|n〉k = n|n〉k, (1.11)

and the eigenvalue n is the number of photons for |n〉k. When there are no photons in

the system, the state |0〉 is called the vacuum state. The vacuum state in the quantum

picture is different from the vacuum state in classical optics since the former has non-

zero fluctuation. Using Eqs. (1.10) and (1.11), one can derive the following useful

9



equations for calculations:

ak|n〉k =
√
n|n− 1〉k,

a†k|n〉k =
√
n+ 1|n+ 1〉k,

(1.12)

which can be explained as that a†k (ak) working on a Fock state |n〉k creates (destroys)

one photon from the mode k. Since destroying one photon from a vacuum state

is impossible, ak working on a vacuum state gives zero probability; i.e., ak|0〉 =

0. Because of this property, a†k and ak are called the creation operator and the

annihilation operator, respectively.

A Fock state can also be represented by successively applying a†k to the vacuum

state:

|n〉k =
a†nk√
n!
|0〉k, n = 0, 1, 2, · · · . (1.13)

It is noticeable that the Fock state |n〉k is a fixed-photon-number state, whose photon

number variance is 0. Currently, there is no uniform strategy of generating the Fock

state with an arbitrary photon number perfectly. However, research has been done

in effectively creating Fock states with six photons using a superconducting quan-

tum circuit [58]. Higher photon-number Fock states were theoretically shown to be

achievable with schemes that make use of certain recycling strategies [59].

Specifically, when n = 1, |1〉k is a single photon state, which is the quantum bit

unit with main applications in quantum key distribution and quantum computing.

Single photons can be created deterministically using quantum dots [60], or condi-

tionally using a spontaneous parametric down-conversion process (SPDC) [61].
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In order to present a multi-mode quantum state, a tensor product is used as an

operator to connect different modes, denoted by ⊗. As an example, the quantum

state for two Fock states with n1 photons in mode 1 and n2 photons in mode 2 can

be written as |n1〉1 ⊗ |n2〉2. In this case, the tensor product ⊗ can be omitted, i.e.,

|n1〉1 ⊗ |n2〉2 = |n1〉1|n2〉2 = |n1, n2〉12 = a†n1

1 a†n2

2 |0, 0〉12/
√
n1!n2!. In the discussion of

single-mode quantum states, the mode number k is omitted in the following text for

convenience.

1.3.2 The coherent state

The coherent state |α〉 is a mathematical characterization of the output of an ideal

single-mode laser [62], which is the most common classical light source used in exper-

iments. It is the eigenstate of the annihilation operator a satisfying a|α〉 = α|α〉 with

the complex number α being the coherent amplitude. The coherent state can also be

represented using the displacement operator D(α) as |α〉 = D(α)|0〉 [57], where

D(α) = exp (αa† − α∗a). (1.14)

The displacement operator has the following properties:

D†(α)D(α) = D(α)D†(α) = I,

D†(α)a†D(α) = a† + α∗

D†(α)aD(α) =
(
D†(α)a†D(α)

)†
= a+ α.

(1.15)
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The equations in Eq. (1.15) can be proved using a lemma of the Baker-Campbell-

Hausdorff formula (BCH) [63]:

eXY e−Y = Y + [X, Y ] +
1

2!
[X, [X, Y ]] +

1

3!
[X, [X, [X, Y ]]] + · · · . (1.16)

As an example,

D†(α)a†D(α) = exp (α∗a− αa†)a† exp (α∗a− αa†)

= a† + [(α∗a− αa†), a†] +
1

2!
[(α∗a− αa†), [(α∗a− αa†), a†]] + · · ·

= a† + α∗(aa† − a†a)− α(a†a† − a†a†) +
1

2!
[(α∗a− αa†), [(α∗a− αa†), a†]] + · · ·

= a† + α∗ +
1

2!
[(α∗a− αa†), α∗] + · · · = a† + α∗.

(1.17)

Using the Zassenhaus formula [63]:

et(X+Y ) = etXetY e−t
2/2![X,Y ]et

3/3!(2[Y,[X,Y ]]+2[X,[X,Y ]]) · · · , (1.18)

the displacement operator can be separated by choosing t = 1, X = αa† and Y =

−α∗a:

D(α) = exp (αa† − α∗a) = eαa
†
e−α

∗ae−1/2[αa
†,−α∗a]e1/3!(2[Y,[X,Y ]]+2[X,[X,Y ]]) · · ·

= eαa
†
e−α

∗ae−|α|
2/2e1/3!(2[−α

∗a,|α|2]+2[αa†,|α|2]) · · ·

= e−|α|
2/2eαa

†
e−α

∗a.

(1.19)
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One can then expand the coherent state using Fock state basis with Eq. (1.19):

|α〉 = e−
|α|2
2

∞∑
n=0

αn√
n!
|n〉. (1.20)

As one can see from Eq. (1.20), the coherent state is a coherent superposition of

different Fock state components |n〉, following the Poisson photon distribution:

pCoh(n) =

∣∣∣∣e− |α|22 αn√
n!

∣∣∣∣2 = e−|α|
2 |α|2n

n!
, (1.21)

with the mean photon number n̄Coh = |α|2 and the photon number variance ∆2nCoh =

|α|2. The mean photon number and photon number variance for state |φ〉 are defined

as n̄ = 〈φ|a†a|φ〉 and ∆2n = 〈φ|a†aa†a|φ〉 − 〈φ|a†a|φ〉2, respectively.

1.3.3 The squeezed state

The single-mode squeezed state and the two-mode squeezed state are introduced in

this section.

A single-mode squeezed state is created through the single-mode squeezed operator

S1(r) = exp

[
1

2
(r∗a2 − ra†2)

]
, (1.22)

where r = |r| exp (iφ) is the complex squeezing factor. S1(r) satisfies the following

13



properties:

S†1(r)S1(r) = S1(r)S
†
1(r) = I,

S†1(r)a
†S1(r) = a† cosh |r| − ae−iφ sinh |r|,

S†1(r)aS1(r) =
(
S†1(r)a

†S1(r)
)†

= a cosh |r| − a†eiφ sinh |r|.

(1.23)

One detailed calculation is shown below:

S†1(r)a
†S1(r) = exp

[
1

2
(ra†2 − r∗a2)

]
a† exp

[
1

2
(r∗a2 − ra†2)

]
= a† + [

1

2
(ra†2 − r∗a2), a†] +

1

2!
[
1

2
(ra†2 − r∗a2), [1

2
(ra†2 − r∗a2), a†]] + · · ·

= a† − r∗

2
(aaa† − aa†a+ aa†a− a†aa) +

1

2!
[
1

2
(ra†2 − r∗a2), [1

2
(ra†2 − r∗a2), a†]] + · · ·

= a† − r∗a− 1

2!
[
1

2
(ra†2 − r∗a2), r∗a] + · · · = a† − |r|e−iφa+

|r|2

2!
a† − e−iφ |r|

3

3!
a+ · · ·

= a†(1 +
|r|2

2!
+ · · · )− ae−iφ(r +

|r|3

3!
+ · · · ) · · · = a† cosh |r| − ae−iφ sinh |r|,

(1.24)

with Taylor expansions

coshx =
∞∑
n=0

x2n

(2n)!
, and sinhx =

∞∑
n=0

x2n+1

(2n+ 1)!
. (1.25)

Operating S1(r) on a coherent state gives a squeezed coherent state; i.e., |α, r〉1 =

S1(r)D1(α)|0〉1. When the coherent amplitude α = 0 (no coherent seeding), the state

is a single-mode squeezed vacuum state (SMSV), whose expansion using Fock states

14



can be calculated using the disentangling theorem [64]:

|r〉1 = S1(r)|0〉1 = exp

[
1

2
(ra†2 − r∗a2)

]
|0〉1

= exp

[
1

2
eiφ tanh |r|a†2

]
exp

[
−2 ln cosh |r|

(
1

2
a†a+

1

4

)]
exp

[
−1

2
e−iφ tanh |r|a2

]
|0〉1

=
1√

cosh |r|

∞∑
n=0

(
eiφ tanh |r|

)n √(2n)!

2nn!
|2n〉1.

(1.26)

The photons in SMSV tend to appear in pairs in the same mode. In other words,

only even-photon-number components exist in SMSV. The mean photon number for

SMSV is n̄SMSV = sinh2 |r| and the variance is ∆2nSMSV = sinh4 |r|+ sinh2 |r|.

The two-mode squeezed state, on the other hand, is related to the two-mode

squeezed operator

S12(r) = exp
(
r∗a1a2 − ra†1a

†
2

)
, (1.27)

which satisfies

S†12(r)S12(r) = S12(r)S
†
12(r) = I,

S†12(r)a1(a2)S12(r) = a1(a2) cosh |r| − a†2(a
†
1)e

iφ sinh |r|

S†12(r)a
†
1(a
†
2)S12(r) = a†1(a

†
2) cosh |r| − a2(a1)e−iφ sinh |r|.

(1.28)

Applying S12(r) on coherent states in either mode or both modes gives the two-mode

squeezed coherent state |α, r〉12 = S12(r)D1(α1)D2(α2)|0〉12. When α1 = α2 = 0

(no coherent seeding in either arm), the state is a two-mode squeezed vacuum state
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(TMSV), which can also be written in the Fock state basis as

|r〉12 = S12(r)|0〉12 =
1

cosh |r|

∞∑
n=0

(
eiφ tanh |r|

)n |n, n〉12. (1.29)

Similar to SMSV, only even total-photon-number terms exist here. Nevertheless,

the photons in TMSV occupy equally in two different modes, which could be differ-

ent spatial modes, orthogonal polarization modes, or both. Actually, combining the

two modes of a TMSV on a balanced beam splitter converts it into two spatially-

separated SMSVs, which will be proved after the introduction of beam splitters in

the next section. The mean photon number 12〈r|a†iai|r〉12 = sinh2 |r| and the variance

12〈r|a†iaia
†
iai|r〉12 − 12〈r|a†iai|r〉212 = sinh4 |r| + sinh2 |r| for each mode i (i = 1, 2) of

the TMSV is the same as those in the corresponding SMSV.

NLC NLC

pump laser pump laser

idler

signal

(a) Type-I SPDC (b) Type-II SPDC

photon pairs

(c1) momentum 

      conservation

ks ki

kPUMP

    (c2) energy 

     conservation

ws

wi
wPUMP

Figure 1.1. The schematic setup of Type-I and Type-II SPDC.

Experimentally, the squeezed vacuum state can be generated using a nonlin-

ear χ(2) crystal (NLC) through a spontaneous parametric down-conversion process

(SPDC) [65], as shown in Fig. 1.1(a) and (b), in accordance with the laws of conser-

vation of momentum and energy as shown in (c1) and (c2). When a high intensity
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pumping laser beam is injected into an NLC, some photons undergo spontaneous

down-conversion and exit from the crystal in pairs. For the type-I SPDC, the output

photon pairs have the same polarization and exit in the same spatial location, which is

essentially an SMSV. For the type-II SPDC, the output photon pairs are emitted into

two orthogonal modes–the signal mode and idler mode–in three possibilities: (1) the

same polarization but different exiting angles emitted from the same spatial location,

(2) the same exiting angle but different polarizations, or (3) different polarizations

and different exiting angles. All of these possibilities can be represented using the

TMSV. Since the output photons in the signal mode and the idler mode are identical

(other than certain temporal or spatial walk-offs that can be compensated), type-II

SPDC is commonly considered as a heralded single photon generator with the trig-

gering of single photon detection at the other arm [61]. In order to generate squeezed

coherent state, in addition to the pump laser, one/two seeding coherent laser beams

should be injected into the system, accordingly.

1.3.4 The NOON state

The mathematical expressions of the state of interest in this dissertation–the NOON

state–are given in this section. A two-mode NOON state with mean photon number

N can be written as

|NOON〉12 =
1√
2

(|N0〉12 + |0N〉12), (1.30)
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which is a superposition of two possibilities: all the N photons either exist in mode 1

or in mode 2. This state is different from the N -photon Fock state, in the way that

the N photons in the NOON state are entangled in two orthogonal modes 1 and 2

with equal probability, while the N photons in the latter appear in a single mode with

100% probability. There has been plenty of work done on the generation of two-mode

NOON states, and this work will be summarized in Chapter 3.

With more attention on the simultaneous multiple phase estimation, there is the

requirement for multi-mode NOON state:

|NOON〉12···d =
1√
d

(|N0 · · · 0〉 ± |0N0 · · · 0〉 ± · · · ± |0 · · · 0N〉)12···d, (1.31)

where d is the mode number. The N photons in the d-mode NOON state exist in

d orthogonal modes simultaneously, and the quantum states for different modes are

not separable.

1.4. Basic optical devices

After introducing several important states of light, the basic optical devices utilized to

generate NOON states are discussed in this section. These devices are beam splitters,

phase shifters, and photon detectors. Moreover, an important unit called the Fock

state filter is described. This filter plays an important role in the proposed multi-mode

NOON state generation methods.

A beam splitter (BS) is an optical device, which takes one or more incident light

beams and splits them into two or more modes. In this dissertation, only beam split-
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mode 2

mode 1

mode 2

mode 1

(a) beam splitter (b) phase shifter

y

(c) photon detector

BS

PS D

|1ñ2

|fñ1

(d) Fock state !lter

T
mode 1

BS

D

Figure 1.2. Notations of (a) a beam splitter, (b) a phase shifter, (c) a
photon detector, and (d) a Fock state filter.

ters with two input modes and two output modes are discussed, where one of the input

modes could be a vacuum mode. Beam splitters can be polarizing or non-polarizing.

A polarizing beam splitter (PBS) is defined by the two orthogonal polarizations, such

as horizontal and vertical (HV). Normally, a PBS transmits horizontally-polarized

photons and reflects vertically-polarized photons. A non-polarizing beam splitter re-

distributes the incident photons in two spatial modes. The notation of a BS is shown

in Fig. 1.2(a). The term “beam splitter,” or “BS,” refers to a non-polarizing beam

splitter in this dissertation.

Conventionally, a BS in modes 1 and 2 with transmissivity T = cos2 θ can be

represented using a unitary operator

U12(θ) = eiθ(a
†
1a2+a

†
2a1), (1.32)

or using the operator transformation formulae

a†1
BS−→ cos θa†1 + i sin θa†2

a†2
BS−→ cos θa†2 + i sin θa†1,

(1.33)

where a π/2 phase difference is introduced into the reflected arm. The two rep-
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resentations in Eqs. (1.32) and (1.33) are equivalent to each other; for example,

U12(θ)a
†
1U
†
12(θ) = cos θa†1 + i sin θa†2.

It can be shown that when two single photons |1, 1〉12 are combined on a balanced

50:50 BS with T = 1/2, the output state has the form

U12(
π

4
)|1, 1〉12 = U12(

π

4
)a†1a

†
2|0, 0〉12

=
(

cos
π

4
a†1 + i sin

π

4
a†2

)(
cos

π

4
a†2 + i sin

π

4
a†1

)
|0, 0〉12

=
i

2

(
a†21 + a†22

)
|0, 0〉12 =

i√
2

(|2, 0〉12 + |0, 2〉12),

(1.34)

where the |1, 1〉12 term is canceled due to interference and the two photons can only

appear in mode 1 or mode 2. This is a simple but important example of quantum

interference in which a 2-mode 2-photon NOON state is generated. The phenomenon

is called the Hong-Ou-Mandel effect (HOM) [66].

Another interesting phenomenon involving BS is that combining the two output

modes of a TMSV on a 50:50 BS gives two spatially-separated SMSVs. This is also
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mentioned in Section 4.4.2. The proof is as follows:

U12(
π

4
)|r〉12 = e

π
4
(a†1a2+a

†
2a1)

1

cosh |r|

∞∑
n=0

(
eiφ tanh |r|

)n |n, n〉12
=

1

cosh |r|

∞∑
n=0

e
π
4
(a†1a2+a

†
2a1)einφ tanhn |r|a

†n
1 a
†n
2

n!
|0, 0〉12

=
1

cosh |r|

∞∑
n=0

einφ tanhn |r|(a
†
1 + ia†2)

n(a†2 + ia†1)
n

2nn!
|0, 0〉12

=
1

cosh |r|

∞∑
n=0

einφ tanhn |r| i
n

2nn!

n∑
m=0

n!

m!(n−m)!
a†2m1 a

†2(n−m)
2 |0, 0〉12

=
1

cosh |r|

∞∑
m=0

∞∑
n′=0

ei(m+n′)φ tanh(m+n′) |r| i(m+n′)

2(m+n′)(m+ n′)!

(m+ n′)!

m!n′!
a†2m1 a†2n

′

2 |0, 0〉12

=
1√

cosh |r|

∞∑
m=0

eimφ tanhm |r| i
m

2mm!
a†2m1 |0〉1

1√
cosh |r|

∞∑
n=0

einφ tanhn |r| i
n

2nn!
a†2n2 |0〉2

= |r′〉1|r′〉2,

(1.35)

where r′ = |r| exp (φ+ π/2).

A phase shifter (PS) modulates the phase parameter on a certain mode, as shown

in Fig. 1.2(b). The phase shift ψ is accomplished by the operator exp (iψa†a) with a†

being the field operator to that mode.

A photon detector is used to detect the photons in one mode. In discrete-variable

quantum information processing (QIP), two types of photon detectors are commonly

used: single photon detectors (also called on-off detectors) and photon-number-

resolving (PNR) detectors. A schematic of a generic photon detector is shown in

Fig. 1.2(c). PNR detectors are theoretically sensitive enough to measure exactly

N photons, and they are able to distinguish between n- and (n + 1)-photon events
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(n = 1, 2, · · · ), whose measurement process can be written using the measurement

operator ΠN = |N〉〈N |. Since all of the current measurement processes are destruc-

tive, the post-measurement state after the detection on a certain mode is calculated

by tracing out the measuring mode after applying the measurement operator on the

state. For example, the evolution of the state |φ〉12 after detecting N photons in mode

1 can be expressed [67] as

ρ12 → ρ2 = Tr1

(
Π

(1)
N ρ12

)
= Tr1 (|N〉1〈N |φ〉12〈φ|) (1.36)

with ρ12 = |φ〉12〈φ|, where the trace operation on any operator O is calculated as

Tr(O) =
∑∞

i=0〈i|O|i〉 and ρ2 is the density operator of the post-measured state. On

the other hand, the commonly called single photon detector or, more properly, the

on-off detector, does not resolve the photon number. For such a detector with perfect

efficiency, the off event corresponds to |0〉〈0|, whereas the on event corresponds to∑
n≥1 Πn. In this dissertation, when a single photon detector is mentioned, this refers

to a PNR detector that registers the one-photon event only and ignores the other

events (zero-photon or multi-photon events). However, in practice, when the events

of more than one photon have small probability amplitudes, an on-off detector acts

pretty well as a single photon detector.

In the proposed strategies of creating the multi-mode NOON state, there is an

important unit that has been utilized frequently, called the Fock state filter (FSF) [68].

It can filter out a certain Fock state component from the incident beam and modulate

the amplitude of the other components– with the help of a single photon catalyst, a
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beam splitter with certain transmissivity, and a single photon detector. The setup of

the FSF is shown in Fig. 1.2(d). A detailed analysis of the FSF is conducted below.

Considering an input state as an arbitrary coherent superposition of the Fock

states in mode 1

|φ〉1 =
∞∑
n=0

Cn|n〉1 =
∞∑
n=0

Cn
a†n1√
n!
|0〉1, (1.37)

the output state after combining |φ〉1 with a single photon state in mode 2 on a beam

splitter is

U12(θ)|φ〉1|1〉2 =
∞∑
n=0

Cn√
n!
U12(θ)a

†n
1 a
†
2|0, 0〉12

=
∞∑
n=0

Cn√
n!

(cos θa†1 + i sin θa†2)
n(cos θa†2 + i sin θa†1)|0, 0〉12.

(1.38)

When there is one and only one photon detected at detector D, the un-normalized

state in output mode 1 is then

|φ〉′un-norm1 = Tr2

[
Π

(2)
N=1

∞∑
n=0

Cn√
n!

(cos θa†1 + i sin θa†2)
n(cos θa†2 + i sin θa†1)|0, 0〉12

]
= Tr2

[
|1〉2〈1|

∞∑
n=0

Cn√
n!(

ni sin θa†2 cosn−1 θa
†(n−1)
1 i sin θa†1 + cos θa†2 cosn θa†n1

)
|0, 0〉12

]
=
∞∑
n=0

Cn√
n!

cosn+1 θ
(
1− n tan2 θ

)
a†n1 |0〉1

=
∞∑
n=0

Cn cosn+1 θ
(
1− n tan2 θ

)
|n〉1.

(1.39)

If the transmissivity of the BS is chosen to be T = k/(k + 1) (i.e., θ = arctan 1/
√
k),
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the probability of the k photon component |k〉 appearing in the output state |φ〉′un-norm1

is zero. In other words, the k photon term is filtered out after the FSF. Comparing

Eq. (1.39) with Eq. (1.37), one can see that the amplitudes of the other components

are modulated by

cosn+1 θ
(
1− n tan2 θ

)
=

(
k

k + 1

)n+1
2 (

1− n

k

)
. (1.40)

It should be noted that the FSF functions by multi-photon interference. It can be

regarded as a generalization of the HOM effect, which corresponds to the case of

k = 1.

1.5. Measurement methods: pre-selection and post-selection

In this section, two general types of measurements commonly considered in the stud-

ies of QIP are introduced: pre-selection and post-selection. QIP schemes based on

pre-selection usually involve the explicit generation of the required quantum state,

while those associated with post-selection do not separate the required state from the

undesired components until the final detection stage, since all current measurement

techniques are destructive. Concretely, for multiple phase estimation with the NOON

state, the pre-selection scheme usually exploits the fixed-photon-number states, such

as Fock states, as the light sources (by triggering certain heralded modes), extracts

the NOON components from the photon sources explicitly, and uses it to probe the

target. That is, the NOON state is formed before interacting with the target. On

the other hand, the post-selection approach exploits nondeterministic-photon-number
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states–such as coherent states and squeezed states–as the photon sources, and only

the information carried by the functional NOON components are post-selected after

the quantum state is used to probe a target, with both the NOON and non-NOON

components present in the quantum state during the interaction with the target.

Pre-selection may be preferred for various reasons. One reason is that the number

of photons actually interacting with the target is exact as that of the photons needed

to be measured afterwards, if it can be exploited efficiently. In practice, post-selection

is more commonly utilized in QIP experiments since it is more feasible to produce and

manipulate nondeterministic-photon-number states. Both approaches are deemed

effective when they can accomplish the same QIP task. In the following discussion,

the post-selection approach is regarded to be as effective as pre-selection in generating

the multi-mode NOON state.
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Chapter 2: Applications of NOON states in quantum metrology and

quantum imaging

Before introducing the proposed generation approaches for multi-mode NOON states,

the advantages of NOON states in quantum metrology will be discussed in this chap-

ter.

Quantum metrology aims at studying the ultimate measurement precision of phys-

ical parameters, and this precision is limited by quantum theory [28,69]. In the case

of quantum phase estimation in imaging, a target can be characterized by the phase

shifts in light when the light passes through the object (known as the phase object).

The phase imaging is assumed in Chapters 3 and 4. In this case, the performance of

the measurement and estimation is reflected by two factors–resolution and sensitivity–

and these factors depend on the properties of the probing states, the interaction of

the states with the target, and the strategy of measurement. Resolution involves the

ability to distinguish two different pixels of the object, while sensitivity denotes the

signal-to-noise ratio of a single pixel. Compared to classical imaging, measurements

using quantum light (the NOON state in this dissertation) can enhance the ultimate

measurement precision, and hence obtain super-resolution and super-sensitivity.

On account of the diffraction of light, the resolution achieved with classical light
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is limited by the wavelength λ of the light; this limitation is called the Rayleigh-Abbe

diffraction limit [70]. When the quantum property entanglement of the NOON state

is introduced into the system, super-resolving measurements can be attained, and

the resolution can reach the de Broglie resolution λ/N , where N is the mean photon

number of the illumination light source. The N times resolution enhancement is

essential in quantum optics, which has been demonstrated in many studies [22,24–26].

The measurement sensitivity is bounded by the quantum Cramér-Rao bound

(QCRB) [69, 71], which sets the lower bound of the estimation uncertainty with any

possible measurement strategy, and it is denoted using the measurement variance in

this dissertation. It is visualized as the visibility of interference fringes in experiments.

In virtue of the discreteness of photons, there are always fluctuations in determining

the photon counts at the detectors, which leads to the fact that the uncertainty of

estimation can never reach zero. Nevertheless, it is of great importance to look for

an optimal measurement that can minimize the uncertainty in quantum estimation

theory. It has been proved that, when using classical light sources, the uncertainty

(noise variance) is bounded by the standard quantum limit (SQL) of precision with

a scaling of 1/N . On the other hand, when taking quantum properties such as en-

tanglement and squeezing into consideration, one can beat the SQL and approach

the Heisenberg limit (HL) with a scaling of 1/N2, which has an N times benefit

over its classical counterpart. Extensive theoretical and experimental work has been

conducted to show the super-sensitivity of the single phase estimation problem, espe-

cially with the two-mode NOON state [27,72]. Practically, the current understanding

of super-sensitive quantum measurements has been applied to applications of differ-
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ent kinds, such as quantum microscopy, material characterization, etc. Recently, the

improved efficiency of measuring multiple phases simultaneously using multi-mode

entangled states compared to the independent estimation of multiple parameters has

been reported [45,55].

2.1. Super-resolving measurements using two-mode NOON states

In this section, two techniques of achieving super-resolution are discussed: the tradi-

tional quantum lithography method and the optical centroid measurement method.

2.1.1 The quantum lithography scheme

Quantum lithography (QL) has been studied as an approach for achieving super-

resolution in quantum imaging, by exploiting quantum properties, including entan-

glement [3,22,73,74]. It makes usage of quantum entangled states as the illuminating

sources, and adopts either multi-photon absorption or coincidence detection to mea-

sure out the N -photon events with all of the N photons appearing at one single mode,

in order to extract the information carried by the NOON state components.

One experimental demonstration of the two-mode NOON state with up to 3

photons in constructing super-resolving measurements [22] is shown as an exam-

ple in this section. The experimental setup of NOON state generation is shown

in Fig. 2.1(a). For the 3-photon scenario, the authors produced an HV-polarized

NOON state by manipulating the polarizations of 3 single photons. This was exper-

imentally implemented by combining two single photons (down-converted photons)

coming from down-conversion with horizontal (H) and vertical (V) polarizations on
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Figure 2.1. Production and detection of a 3-photon NOON state [22]. (a)
The experimental generation setup of the 3-photon NOON state. (b) The
measurement analyser for |2, 1〉±45◦. HWP: half-wave plate. PP: partial
polarizer. QWP: quarter-wave plate. PM fibre: polarization-maintaining
fibre.

an HV-polarized PBS. Then the two photons pass through a half wave plate (HWP),

and a partial polarizer (PP) performed by Brewster-angle interfaces which transmit

H-polarized photons with transmissivity 1 and transmit V-polarized photons with

transmissivity 1/3, followed by the selection of no photon detected at the reflected

beam. The state evolves as follows:

a†Ha
†
V |0〉

HWP−−−→
(
a†H + a†V

)(
a†H − a

†
V

)
|0〉

PP−→
(
a†H +

1√
3
a†V

)(
a†H −

1√
3
a†V

)
|0〉 = a†60◦a

†
−60◦|0〉.

(2.1)

Afterwards, another polarizer is adopted to combine a third H-polarized photon com-

ing from the local-oscillator with the state above, developing a 3-photon NOON state
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entangled in the left and right circular polarizations and followed by a quarter-wave

plate (QWP) to transform the left/right circular polarizations to linear HV polariza-

tions:

a†0◦a
†
60◦a

†
−60◦|0〉

basis change−−−−−−−→ |3, 0〉LR − |0, 3〉LR
QWP−−−→ |3, 0〉HV − |0, 3〉HV . (2.2)

Figure 2.2. Super-resolving phase measurement [22] with (a) single detec-
tions of |0, 1〉±45◦, (b) 2-fold coincidence detections of |1, 1〉±45◦, (c) 3-fold
coincidence detections of |2, 1〉±45◦, and (d) 3-fold coincidence detections of
|2, 1〉±45◦ after the background subtraction.

In order to measure the NOON state generated above, Fig. 2.1(b) gives an ex-

ample of measuring one of the NOON possibilities in ±45◦ bases when the phase

parameter φ is added in the vertical mode. The measurement results with detected
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photon number N = 1, 2, 3 are plotted in Fig. 2.2, where Fig. 2.2(a), Fig. 2.2(b),

Fig. 2.2(c), and Fig. 2.2(d) correspond to the measurement using single detections

of |0, 1〉±45◦ , 2-fold SPCD of |1, 1〉±45◦ , 3-fold SPCD of |2, 1〉±45◦ and 3-fold SPCD

of |2, 1〉±45◦ after background subtraction of photons coming from unexpected down-

converted or local oscillator, respectively.These plots illustrate that the wavelength of

the phase measurement resulting from 3-fold SPCD is 1/3 times the wavelength with

single photon detection. In other words, when using the produced 3-photon NOON

state for phase estimation, the input 405-nm photons stimulate phase oscillation three

times faster than when using single photons only. This corresponds to the 3 times

the enhanced resolution, in theory. This demonstration of super-resolution over sin-

gle infrared photons is encouraging, especially for imaging of light-sensitive targets,

where high-intensity light or short-wavelength light may potentially be destructive to

samples.

2.1.2 The optical centroid measurement scheme

The traditional QL procedure requires N -photon absorbers or N -fold coincidence de-

tection in order to measure out the NOON components. The efficiency using this

procedure is limited by the low multi-photon detection rate and the experimental

infeasibility, especially for large N . With this in mind, Tsang proposed the use of

optical centroid measurements (OCM) to supplant multi-photon absorption or coin-

cidence detection. The resolution achieved using this OCM scheme can also beat the

Rayleigh diffraction limit [24]. This OCM scheme uses all of the N -photon events

(both NOON and non-NOON) measured by the optical intensity measurements, re-
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gardless of the N -photon distribution, and this greatly improved the efficiency. Later,

in 2011, Shin and colleagues reported a proof of principle experiment to demonstrate

the enhanced resolution using the OCM scheme with 2 photons, and they proposed an

improvement over OCM that involved the use of the photon-number-resolving (PNR)

detectors [25]. In 2014, Rozema et al. further verified the phenomenon for 2-, 3-, and

4-photon scenarios [26].

Figure 2.3. Optical centroid measurements [24]. (a) For the input state
|Ψ〉, a spatially resolving intensity measurement Â†(x)Â(x) is made using
the photon counting detection array. (b) The centroid X is calculated
from the measured intensity pattern. (c) The intensity marginal centroid
distribution pm(x) can be obtained by repeating the measurements on X.

The OCM measurement scheme is sketched in Fig. 2.3, which consists of, respec-

tively, (a) the spatially intensity measurement, (b) the calculated centroid from the

measured intensity pattern, and (c) the intensity centroid distribution after repeated

measurements. Instead of measuring the events with all N photons in the same mode
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using multiple N -photon absorbers, OCM makes usage of a photon counting detector

array, such that any N -photon event with any photon number distribution over the

sensor array carrying the image information is measured by spatially resolving inten-

sity measurements Â†(x)Â(x), which can be denoted using the measurement operator

Π (x1, · · · , xn) = |x1, · · · , xn〉〈x1, · · · , xn| where xi (i = 1, · · · , n) is the intensity in

pixel mode i and
∑n

i=1 xi = N . The intensity centroid position is then calculated

as X = 1
N

∑n
i=1 ixi, where each detection corresponds to an N -photon absorber reg-

istration at one mode, as in the traditional QL scheme. Eventually, the intensity

marginal centroid distribution pm(x) can be obtained by repeating the measurements

on X. As a result, more events are taken into account in OCM, which fundamentally

guarantees the method’s higher efficiency.

Note that the size of each pixel on the detection array is chosen to be small enough,

such that the probability of more than one photon falling on the same pixel is much

smaller than the probability of only one or zero photons. Under this assumption,

single photon detectors can be substituted for the photon counting detectors in the

detection array. Defining the momentum for each photon as kn (n = 1, 2, · · · , N),

they are restricted by the Rayleigh-Abbe diffraction limit to a finite bandwidth as

|kn| ≤ 2π sin θ/λ. Using the OCM scheme, one can calculate that the minimum

feature size of the marginal intensity centroid distribution is limited by the bandwidth

of the total momentum |K| =
∑N

n=1 |kn| ≤ 2πN sin θ/λ, which leads to the de Broglie

resolution with scaling λ/N .

The OCM scheme Tsang proposed theoretically overcame the difficulty with the

NOON state measurements, and it inspired further experimental demonstrations of
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this phenomenon. Later, the 2-photon super-resolution obtained using the OCM

scheme was verified by Shin et al. [25]. As stated in Tsang’s paper, the pixel size

should be small enough such that one can neglect the events with more than 2 pho-

tons appearing in the same mode. Nevertheless, it is a difficult condition to obtain in

practice. To address this, Shin et al. proposed the use of high-efficiency PNR detec-

tors [75, 76], which have the ability to distinguish between different photon number

states. They experimentally created a 2-photon NOON state using BBO crystal, and

conducted the measurements using three approaches: the traditional QL approach,

OCM with a single photon detector array, and OCM with a PNR detector array.

Despite the fact that all three approaches attained the same twofold increase in the

resolution, the OCM using PNR detectors had the highest fringe visibility, and hence

it is the most efficient scheme of all three, followed by OCM with single photon

detectors and, lastly, the traditional QL approach.

Later in 2014, Rozema and colleagues demonstrated super-resolution with the

NOON state using OCM with up to four photons [26], where the NOON state is

generated by combining a coherent light beam with a squeezed vacuum state, as

discussed in Section 3.5. Moreover, they compared NOON-state interference with

classical super-resolution attained using classical light with the OCM scheme. Despite

the fact that both schemes can reach the twofold resolution enhancement, as shown

in Fig. 2.4(a) and (b), it is illustrated in Fig. 2.4(c) that the visibility achieved using

the NOON state (red) is higher, more stable, and independent of the photon number

N when N = 2, 3, 4, compared with the exponentially decreasing visibility of the

classical counterpart (blue).
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Figure 2.4. Plots of the centroid distributions with OCM using (a) classical
light and (b) NOON states [26]. (c) A plot of visibility versus the photon
number.

2.2. Super-sensitive imaging using NOON states

2.2.1 Single phase estimation using two-mode NOON states

In this section, the standard quantum limit and the Heisenberg limit are studied with

regard to classical light sources [77] and two-mode NOON states, respectively.

The standard quantum limit

A Mach-Zehnder interferometer (MZI) is commonly utilized to measure and deter-

mine the relative phase shift between two modes. It has applications in high-precision

spectroscopy [78] and optical interferometry [4, 79, 80]. The schematic setup is illus-

trated in Fig. 2.5. MZI has been applied in a wide range of fundamental studies

on quantum entanglement, quantum computing, quantum cryptography and other
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active research areas.

laser beam |añ

D1

q

A

C

D

A’

B’

B

D2

signal arm

reference arm

Figure 2.5. The schematic setup of Mach-Zehnder interferometer.

In classical optics, a laser beam, which is a coherent optical field, propagates into

an interferometer with a phase difference θ between the signal arm and the reference

arm. At the output end, θ is recovered by measuring the intensities of the two output

pulses at D1 and D2, which are

nC = 〈c†c〉 =
1− cos θ

2
N, nD = 〈d†d〉 =

1 + cos θ

2
N, (2.3)

where N = |α|2 is the mean photon number of the input coherent state. Therefore,

the information about the phase θ can be extracted from θ = arccos ((nD − nC)/N).

The phase sensitivity is optimized at θ = (m+ 1/2)π with m ∈ Z, since it maximizes

the derivative of the photocurrent with a small change in θ. For small displacements

around the optimal point, the phase shift θ is approximately

θ =
nD − nC

N
− π

2
. (2.4)

36



Then the optimal variance of measuring θ is

Var(θ) =
Var(nD) + Var(nC)− 2Cov(nD, nC)

N2
. (2.5)

When the optical field is stationary over time, the photon detection events are un-

correlated between the photo detectors; i.e., Cov(nD, nC) = 0. The output states at

modes C and D are still coherent states following the Poissonian distribution; i.e.,

Var(nC) = nC and Var(nD) = nD. Therefore, when there is no loss in the system,

the statistical variance of measuring the phase parameter θ is

|δθ|2SQL = Var(θ) =
1

N
, (2.6)

which is the so-called standard quantum limit (SQL). The SQL sets a lowest bound

of the measurement uncertainty one can approach using classical light sources only.

The Heisenberg limit

The SQL has been proved to be the best sensitivity achievable using pure classical

sources, such as laser beams. However, in certain experimental applications, such as

biomedical microscopy, where the target object is light-sensitive, high-intensity laser

beams have the potential to damage the specimen. This leads to a reconsideration of

the phase estimation problem in the photon scaling, taking advantage of the quantum

entanglement and squeezing properties in order to achieve higher sensitivity with as

few photons as possible. In the classical estimation theory, the uncertainty |δθ|2 of
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estimating an unknown parameter θ is bounded by the Cramér-Rao inequality [81]:

|δθ|2 ≥ 1

I(θ)
, (2.7)

with I(θ) the Fisher information defined as

I(θ) =

∫
dθ̂

1

p(θ̂|θ)

(
∂p(θ̂|θ)
∂θ

)2

, (2.8)

in which θ̂ is the estimator of θ, and p(θ̂|θ) is the probability of obtaining the es-

timate θ̂ when the initial phase has the value θ. According to the Born rule, the

probability is calculated as p(θ̂|θ) = Tr(ρθΠθ̂), where ρθ is the density operator of

the input state after interacting with phase θ and Πθ̂ is the positive operator-valued

measure (POVM) satisfying identity
∫
dθ̂Πθ̂ = I that can always give a non-negative

estimation probability.

To calulate the optimal sensitivity in the quantum picture, the symmetric log-

arithmic derivative (SLD) Lθ is introduced as a mathematical tool. It is defined

as

Lθρθ + ρθLθ
2

=
∂ρθ
∂θ

, (2.9)

with ∂θ denoting the partial derivative with respect to θ. Substituting Eq. (2.9) into
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Eq. (2.8), one can find the upper bound for the Fisher information:

I(θ) =

∫
dθ̂

Re(Tr(ρθΠθ̂Lθ))
2

Tr(ρθΠθ̂)

≤
∫
dθ̂

∣∣∣∣∣Tr(ρθΠθ̂Lθ)√
Tr(ρθΠθ̂)

∣∣∣∣∣
2

=

∫
dθ̂

∣∣∣∣∣Tr

( √
ρθ√

Tr(ρθΠθ̂)
Πθ̂Lθ

√
ρθ

)∣∣∣∣∣
2

≤
∫
dθ̂Tr

( √
ρθ√

Tr(ρθΠθ̂)
Πθ̂

√
ρθ√

Tr(ρθΠθ̂)

)
Tr (
√
ρθLθΠθ̂Lθ

√
ρθ)

=

∫
dθ̂1 · Tr (ρθLθΠθ̂Lθ)

= Tr
(
ρθL

2
θ

)
,

(2.10)

where the second inequality comes from the Cauchy-Schwarz inequality. Therefore,

in the quantum analogy, the Quantum Cramér-Rao inequality turns into

|δθ|2 ≥ 1

I(θ)
≥ |δθ|2QCRB =

1

Tr (ρθL2
θ)
, (2.11)

where |δθ|2QCRB = 1/Tr (ρθL
2
θ) is so-called the quantum Cramér-Rao bound (QCRB).

QCRB provides an ultimate bound on the uncertainty of precision, given any mea-

surement system, although there are only specific measurements that can saturate

this bound. The optimal measurement saturating the QCRB can always be obtained

for single parameter estimation [71,82] and, recently, the necessary and sufficient con-

ditions for optimal projective measurements acting on pure states are reported [83].

In addition, the optimal measurement depends on the choice of the metric. Another

choice is to find the maximum-likelihood measurement that maximizes the likelihood
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function. An example for the maximum-likelihood measurement of polarization of

light is given in Appendix A.

When a two-mode NOON state |φ〉 = 1/
√

2(|N0〉 + |0N〉)A′B′ is probed, the

state after passing the phase object in the signal arm can be written as |φθ〉 =

1/
√

2(exp (iNθ)|N0〉+ |0N〉), where only the most common linear phase interaction

is considered in this dissertation. Its SLD is simply calculated to be Lθ = 2(∂|φθ〉〈φθ|+

|φθ〉∂〈φθ|) with ∂|φθ〉 = iN/
√

2 exp (iNθ)|N0〉. Then one can calculate

〈φθ|∂|φθ〉 =
iN

2
, and ∂〈φθ|∂|φθ〉 =

N2

2
, (2.12)

Substituting ρθ = |φθ〉〈φθ|, Lθ and Eq. (2.12) into the |∆θ|2QCRB as in Eq. (2.11), one

can calculate the lowest bound of the uncertainty

|δθ|2QCRB =
1

Tr (ρθL2
θ)

=
1

4Tr (|φθ〉〈φθ|(∂|φθ〉〈φθ|+ |φθ〉∂〈φθ|)(∂|φθ〉〈φθ|+ |φθ〉∂〈φθ|))

=
1

4〈φθ|(∂|φθ〉〈φθ|+ |φθ〉∂〈φθ|)(∂|φθ〉〈φθ|+ |φθ〉∂〈φθ|)|φθ〉

=
1

4(〈φθ|∂|φθ〉〈φθ|∂|φθ〉+ 〈φθ|∂|φθ〉∂〈φθ|φθ〉+ ∂〈φθ|∂|φθ〉+ ∂〈φθ|φθ〉∂〈φθ|φθ〉)

=
1

4(N
2

2
+ iN

2
iN
2

)
=

1

N2
= |δθ|2HL,

(2.13)

which is the so-called the Heisenberg limit. It has been proved that the NOON state

can beat the standard quantum limit and reach the Heisenberg limit with an N times

benefit, and hence it has the potential to achieve super-sensitivity in experiments. The

super-sensitive measurements attained using NOON states have been experimentally
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demonstrated with 4 photons in [29], and they have been verified in applications, such

as optical coherence tomography of a biological sample [31], protein concentration

sensing [32], and microscopy [35,36].

2.2.2 Simultaneous multiple phase estimation using multi-mode NOON

states [55]

Inspired by the single parameter estimation, there has recently been increased interest

in simultaneous multi-phase estimation in view of the potential O(d) improvement in

estimation efficiency over the individual estimation of d phase shifts using d copies

of two-mode NOON states [45]. Only the case in which each phase parameter corre-

sponds to one spatial mode is investigated here since, when there are couplings among

different parameters, it was found that quantum entanglement may not necessarily

be advantageous [84,85].

In this section, a class of multi-mode NOON-like states for multi-parameter quan-

tum metrology in optical phase imaging is studied and the results were published

in [55], in which the multi-mode NOON state is one specific case in that class. The

analytical form of the QCRB attained using this class of state is calculated. In par-

ticular, the performances of four different quantum state scenarios are compared:

multi-mode NOON states, entangled coherent states, entangled squeezed coherent

states, and entangled squeezed vacuum states.

The model of the simultaneous multi-phase estimation following [45] is depicted

in Fig. 2.6. The class of state studied here is a balanced (d + 1)-mode NOON-like

state, where the Fock state component |N〉 in the NOON state is substituted with a
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Figure 2.6. The model of the simultaneous multi-phase estimation [55].
(a) The schematic model of d-phase estimation. (b) The discretized phase
imaging model.

state |ψ〉 with arbitrary photon statistics:

|Ψ〉 = b
d∑

m=0

|0〉0|0〉1 · · · |ψ〉m · · · |0〉d. (2.14)

The normalization coefficient is given by

b =
1

√
d+ 1

√
1 + d|〈ψ|0〉|2

(2.15)

where |〈ψ|0〉|2 could be nonzero. This is obtained from the identity property of a
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quantum state 〈Ψ|Ψ〉 = 1:

1 = 〈Ψ|Ψ〉 = b2
( d∑
n=0

〈0|0〈0|1 · · · 〈ψ|n · · · 〈0|d
d∑

m=0

|0〉0|0〉1 · · · |ψ〉m · · · |0〉d
)

= b2
( d∑
n=m=0

〈0|0〈0|1 · · · 〈ψ|m · · · 〈0|d|0〉0|0〉1 · · · |ψ〉m · · · |0〉d

+
d∑

n=0

〈0|0〈0|1 · · · 〈ψ|n · · · 〈0|d
d∑

m6=n=0

|0〉0|0〉1 · · · |ψ〉m · · · |0〉d
)

= b2 ((d+ 1) + (d+ 1)d〈ψ|0〉〈0|ψ〉) = b2(d+ 1)
(
1 + d〈|ψ|0〉|2

)
.

(2.16)

By convention, the m = 0 mode is chosen as the reference. The total mean photon

number for this state is

n̄ ≡ 〈Ψ|

(
d∑

m=0

a†mam

)
|Ψ〉 =

ñ

1 + d |〈ψ|0〉|2
, (2.17)

where ñ = 〈ψ|a†a|ψ〉 is the mean photon number for the single mode state |ψ〉. One

can note that n̄ ≤ ñ is always true, which is owing to a finite probability of state

|ψ〉 containing no photons. The equality is satisfied only when |〈ψ|0〉|2 = 0 as in the

case, for example, of a NOON state. In practical sensing problems, n̄ may be more

meaningful than ñ since it characterizes, on average, how many photons are used for

the simultaneous parameter estimation.

The linear phase shift induced into the probing state is denoted as

Uθ = exp
(
iθ · Ĥ

)
= exp

(
i

d∑
m=1

θmĤm

)
=

d∏
m=1

exp
(
iθmĤm

)
, (2.18)

where θ = (θ1, θ2..., θd) represents d independent phases and Ĥm = a†mam is the
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photon number operator for the mode m. In writing Eq. (2.18), the assumption has

been made that the reference mode has a phase set to zero, which can be practically

realized by phase-locking the reference arm with some external reference [86]. The

inclusion of the reference mode is to make the comparison with the multi-mode states

reported in the previous works more explicit [45, 53]. The output state after the

propagation process then reads as

|Ψθ〉 = Uθ|Ψ〉 =
d∏

n=1

exp
(
iθnĤn

)
b

d∑
m=0

|0〉0|0〉1 · · · |ψ〉m · · · |0〉d

= b
d∑

m=0

|0〉0 exp
(
iθ1Ĥ1

)
|0〉1 · · · exp

(
iθmĤm

)
|ψ〉m · · · exp

(
iθdĤd

)
|0〉d

= b
d∑

m=0

|0〉0 · · · exp
(
iθmĤm

)
|ψ〉m · · · |0〉d.

(2.19)

Given the probe state and the evolution operator, the QCRB can be calculated,

which is inversely proportional to the quantum Fisher information:

|δθ|2 ≥ |δθ|2QCRB = Tr(I−1θ ), (2.20)

where Iθ is the d × d quantum Fisher information matrix, which is calculated using

the SLD in [87] as

[Iθ]l,m =
1

2
〈Ψθ|(LlLm + LmLl)|Ψθ〉. (2.21)

The condition for the QCRB being saturated is Im〈Ψθ|LlLm|Ψθ〉 = 0 [88], where

Ll = 2 (|∂lΨθ〉〈Ψθ|+ |Ψθ〉〈∂lΨθ|) is the symmetric logarithmic derivative over the
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mode l. One can then calculate

∂l|Ψθ〉 = ib|0〉0 · · · Ĥl exp
(
iθlĤl

)
|ψ〉l · · · |0〉d, (2.22)

〈Ψθ|∂l|Ψθ〉

= b · ib
d∑

m=0

〈0|0 · · · 〈ψ|m exp
(
−iθmĤm

)
· · · 〈0|d|0〉0 · · · Ĥl exp

(
iθlĤl

)
|ψ〉l · · · |0〉d

= ib2〈0|1|0〉1 · · · 〈ψ|l exp
(
−iθlĤl

)
Ĥl exp

(
iθlĤl

)
|ψ〉l · · · 〈0|d|0〉d

= ib2〈ψ|Ĥ|ψ〉,

(2.23)

and

∂m〈Ψθ|∂l|Ψθ〉

= (−i)b · ib〈0|0 · · · 〈ψ|m exp
(
−iθmĤm

)
Ĥm · · · 〈0|dib|0〉0 · · · Ĥl exp

(
iθlĤl

)
|ψ〉l · · · |0〉d

= b2δlm〈0|0 · · · 〈ψ|m exp
(
−iθmĤm

)
Ĥm · · · 〈0|d|0〉0 · · · Ĥl exp

(
iθlĤl

)
|ψ〉l · · · |0〉d

= b2δlm〈0|0|0〉0 · · · 〈ψ|l exp
(
−iθlĤl

)
ĤlĤl exp

(
iθlĤl

)
|ψ〉l · · · 〈0|d|0〉d

= b2δlm〈ψ|Ĥ2|ψ〉.

(2.24)

From Eqs. (2.23) and (2.24), one can see Re (〈Ψθ|∂lΨθ〉) = 0 and Im (〈∂mΨθ|∂lΨθ〉) =
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0, which leads to the saturation condition

Im〈Ψθ|LlLm|Ψθ〉

= 4Im〈Ψθ| (|∂lΨθ〉〈Ψθ|+ |Ψθ〉∂l〈Ψθ|) (|∂mΨθ〉〈Ψθ|+ |Ψθ〉∂m〈Ψθ|) |Ψθ〉

= 4Im (〈Ψθ|∂l|Ψθ〉〈Ψθ|+ ∂l〈Ψθ|) (∂m|Ψθ〉+ |Ψθ〉∂m〈Ψθ|Ψθ〉)

= 4Im
(
〈Ψθ|∂l|Ψθ〉(〈Ψθ|∂m|Ψθ〉+ ∂m〈Ψθ|Ψθ〉) + ∂l〈Ψθ|∂m|Ψθ〉

+ ∂l〈Ψθ|Ψθ〉∂m〈Ψθ|Ψθ〉
)

= 4Im
(
0 + b2δlm〈ψ|Ĥ2|ψ〉+ (−i)b2〈ψ|Ĥ|ψ〉(−i)b2〈ψ|Ĥ|ψ〉

)
= 4Im

(
b2δlm〈ψ|Ĥ2|ψ〉 − b4〈ψ|Ĥ|ψ〉2

)
= 0

(2.25)

is always true for the entangled state considered here. Eventually the (l,m) element

in the quantum Fisher information matrix can be calculated as

[Iθ]l,m =
1

2
〈Ψθ|(LlLm + LmLl)|Ψθ〉

= 2
(
b2δlm〈ψ|Ĥ2|ψ〉 − b4〈ψ|Ĥ|ψ〉〈ψ|Ĥ|ψ〉+ b2δlm〈ψ|Ĥ2|ψ〉 − b4〈ψ|Ĥ|ψ〉〈ψ|Ĥ|ψ〉

)
=
(

4b2δlm〈ψ|Ĥ2|ψ〉 − 4b4〈ψ|Ĥ|ψ〉2
)
,

(2.26)

which leads to the quantum Fisher information matrix

Iθ = 4b2〈Ĥ2〉I − 4b4〈Ĥ〉2O, (2.27)

where 〈...〉 denotes 〈ψ|...|ψ〉 with the mode number index m in Ĥ omitted for sim-

plicity, and I and O respectively represent the d× d identity matrix and the matrix

46



with all elements equal to 1. Using a mathematical tool for calculating the inverse of

a matrix:

((p− q)I + qO)−1 =
−q

(p− q)(dq + p− q)
O +

1

p− q
I, (2.28)

one can obtain the inverse of Eq. (2.27) by substituting p = 4b2〈Ĥ2〉 − 4b4〈Ĥ〉2 and

q = −4b4〈Ĥ〉2 into Eq. (2.28):

(Iθ)−1 =
4b4〈Ĥ〉2

4b2〈Ĥ2〉(−d4b4〈Ĥ〉2 + 4b2〈Ĥ2〉)
O +

1

4b2〈Ĥ2〉
I

=
〈Ĥ〉2

4〈Ĥ2〉(〈Ĥ2〉 − db2〈Ĥ〉2)
O +

1

4b2〈Ĥ2〉
I.

(2.29)

Finally, the expression of the quantum Cramér-Rao lower bound is obtained:

|δθ|2QCRB = Tr(I−1θ ) =
d

4〈Ĥ2〉

(
1

b2
+

1

R− b2d

)
, (2.30)

with R ≡ 〈Ĥ2〉/〈Ĥ〉2, which gives a lower bound of the total variance of measuring d

phase parameters simultaneously.

Equation (2.30) gives the analytical form of the QCRB for any quantum probe

with the form, as in Eq. (2.14). It should be noted that |δθ|2QCRB is strictly positive

here, for if it were zero, the required condition would be

R = (d− 1)b2 =

(
d− 1

d+ 1

)
1

1 + d|〈ψ|0〉|2
< 1, (2.31)

which contradicts the nonnegativity of the variance 〈Ĥ2〉 − 〈Ĥ〉2.

Specifically, four input scenarios are compared in the following under the assump-
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tion that all input states are available: the multi-mode NOON state |Ψ〉N [45], the

entangled coherent state (ECS) |Ψ〉c, the entangled squeezed vacuum state (ESVS)

|Ψ〉sv, and the entangled squeezed coherent state (ESCS) |Ψ〉sc [89]:

|Ψ〉N = bN

d∑
m=0

|0〉0|0〉1 · · · |N〉m · · · |0〉d,

|Ψ〉c = bc

d∑
m=0

|0〉0|0〉1 · · · |α〉m · · · |0〉d,

|Ψ〉sv = bsv

d∑
m=0

|0〉0|0〉1 · · · |r〉m · · · |0〉d,

|Ψ〉sc = bsc

d∑
m=0

|0〉0|0〉1 · · · |α′, r′〉m · · · |0〉d.

(2.32)

Note that the two-mode ESVS has been reported in [90,91]. Without loss of generality,

the amplitudes α and α′ and the squeeze factors r and r′ are assumed to be real

numbers. The mean photon numbers for the balanced multi-mode entangled states

above are

n̄N = ñN = N,

n̄c =
ñc

1 + de−α2 =
α2

1 + de−α2 ,

n̄sv =
ñsv

1 + d/ cosh r
=

sinh2 r

1 + d/ cosh r
,

n̄sc =
ñsc

1 + de−α′2(1−tanh r′)/ cosh r′
=

α′2 + sinh2 r′

1 + de−α′2(1−tanh r′)/ cosh r′
,

(2.33)

.

For the balanced multi-mode NOON state, its total minimum uncertainty takes a
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simple form:

|δθ|2N =
d(d+ 1)

2n̄2
N

=
d(d+ 1)

2ñ2
N

=
d(d+ 1)

2N2
, (2.34)

calculated using bN = 1/
√
d+ 1, RN = 1 and Eq. (2.30), where the number of phases

d and the photon number N are independent parameters. This bound when using

the multi-mode NOON state is in the scaling of the Heisenberg limit with O(1/N2),

and in the scaling of O(d2) with respect to the mode number d. On the other hand,

under the same footing of the N -photon source, if d two-mode NOON states with

N/d photons in each state are used to measure d parameters individually, the lowest

uncertainty for each phase measurement is in the scaling of d2/N2. The total variance

is then |δθ|2ind = d3/N2. The simultaneous estimation of d phases then has an O(d)

advantage over the bound for individual estimation with the scaling O(d3) and hence

the former is more efficient [45].

To compare the QCRB with respect to different quantum probes, the mean total

photon number n̄ given by Eq. (2.17) was chosen as the common footing. With this

condition, Eq. (2.30) can be rewritten as a function of a defined factor f ≡ 〈Ĥ〉/〈Ĥ2〉:

|δθ|2QCRB =
d(d+ 1)

4
f

(
1

n̄
+

1
(d+1)
f
− dn̄

)
. (2.35)

It is noted that f is related solely to the expectations with respect to the single mode

state |ψ〉, whereas d and n̄ are the features of the entire multi-mode state |Ψ〉. When

d and n̄ are fixed, |δθ|2QCRB is a monotonic increasing function of f . Due to the

variance (〈Ĥ2〉 − 〈Ĥ〉2) ≥ 0, one can get 0 ≤ f ≤ 1/n̄, where the upper bound is
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derived as below:

f =
〈Ĥ〉
〈Ĥ2〉

≤ 〈Ĥ〉
〈Ĥ〉2

=
1

ñ
=

1

n̄(1 + d|〈ψ|0〉|2)
≤ 1

n̄
. (2.36)

The upper bound is saturated when 〈Ĥ2〉 = 〈Ĥ〉2 and |〈ψ|0〉|2 = 0, i.e., the NOON

state, which leads to

|δθ|2QCRB ≤
d(d+ 1)

2n̄2
. (2.37)

This means that any entangled state |Ψ〉 in this class with 〈Ĥ2〉 > 〈Ĥ〉2 can achieve

a lower estimation uncertainty than the NOON state with the same mean photon

number (i.e., |δθ|2QCRB ≤ |δθ|2N).

In order to compare the QCRB among the four scenarios, their corresponding f

factors are calculated:

fN =
1

ñN
, fc =

1

ñc + 1
, fsc =

(
ñsc +

α′2e2r
′
+ 2 sinh2 r′ cosh2 r′

α′2 + sinh2 r′

)−1
,

fsv =
1

ñsv + 2 cosh2 r
.

(2.38)

When the mean total photon numbers are fixed (i.e., n̄N = n̄c = n̄sc = n̄sv), the

following equation sets have no solutions:


α2 ≥ α′2 + sinh2 r′

e−α
2 ≥ e−α

′2(1−tanh r′)/ cosh r′

(2.39)
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
α′2 + sinh2 r′ ≥ sinh2 r

e−α
′2(1−tanh r′)/ cosh r′ ≥ 1/ cosh r

(2.40)

which prove that α2 < α′2 + sinh2 r′ < sinh2 r, equivalent to

ñN < ñc < ñsc < ñsv. (2.41)

Under the conditions as in Eq. (2.41), one can obtain

1 <
α′2e2r

′
+ 2 sinh2 r′ cosh2 r′

α′2 + sinh2 r′
< 2 cosh2 r, (2.42)

since e2r
′
> 1 and cosh2 r′ > 1. Using Eq. (2.41) and Eq. (2.42), it is easy to derive

the inequalities fN > fc > fsc > fsv, which leads to the relations of the QCRB for

the four specific cases as

|δθ|2N > |δθ|2c > |δθ|2sc > |δθ|2sv. (2.43)

The entangled squeezed vacuum state has the lowest uncertainty, followed by the

entangled squeezed coherent state, the entangled coherent state, and the NOON

state. This suggests that with the same number of photons, the entangled squeezed

vacuum state can reach the highest sensitivity in quantum metrology.

To illustrate the inequality in Eq. (2.43) explicitly and more exactly, the QCRB

for the four scenarios with respect to the mean total photon number n̄ under the

condition of d = 5 phases are plotted in Fig. 2.7. Since the mean photon number

51



NOON

ECS

ESVS

ESCS, r' = 1

102

10-1

100

101

1 1008060402010
mean photon number

QCRB

10-3

10-4

10-2

Figure 2.7. Plots of the QCRB [55] for the NOON state (blue), the ECS
(red), the ESCS with r′ = 1 (green), and the ESVS (yellow) with respect
to the mean photon number n̄ using Eqs. (2.35) and (2.38). The number
of phases is taken to be 5. For the NOON state, the discrete points are
interpolated to provide a better visualization.

of the squeezed coherent state depends on both α′ and r′, its squeeze factor r′ = 1

is fixed for proper comparison. Note that Fig. 2.7 confirms the observation in the

previous paragraph. Moreover, the ESVS QCRB is an order of magnitude smaller

than the NOON QCRB for a wide range of the mean photon number, which stimulates

future research interests on the entangled squeezed vacuum state and its experimental

realization.

2.3. Summary

In this chapter, the super-resolving and super-sensitive single phase estimation using

the two-mode NOON state were discussed. Both the quantum lithography scheme

and the optical centroid measurement scheme were studied as methods for observing

super-resolution interference fringes. The quantum standard limit and the Heisenberg

limit were derived as the lower bounds of the measurement uncertainty using clas-
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sical sources and quantum sources, respectively. Moreover, the potential of a class

of multi-mode NOON-like states in efficiently achieving the Heisenberg limit with

respect to sensitivity in simultaneous multi-phase estimation were studied. Among

the four specific cases, the multi-mode entangled squeezed vacuum state has the low-

est uncertainty under the footing of the same mean photon number, followed by the

entangled squeezed coherent state, the entangled coherent state, and the NOON state.

53



Chapter 3: Generation of two-mode NOON states

In this chapter, several existing methods of generating two-mode NOON states are

reviewed.

3.1. Method using cross-Kerr nonlinearity

In 2001, Gerry et al. [6] proposed a nonlinear scheme for generating two-mode NOON

states aided by the cross-Kerr interaction. A cross-Kerr nonlinear medium with non-

linearity degree χ = π is embedded into a Mach-Zehnder interferometer, which is

able to create an N -photon entanglement from an N -photon Fock state input with

the help of a single photon state.

BS1

|0ñb

BS2

cross-Kerr

BS3

BS4

|Nña

|0ñd

|1ñc
D1

mode b

mode a

PS

mode c

mode d

mode a

mode b

(|N0ñ + |0Nñ)ab

D2

Figure 3.1. Nonlinear cross-Kerr method.

The experimental arrangement of the cross-Kerr nonlinearity method is sketched
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in Fig. 3.1. It is composed of a Fock state input, a cross-Kerr nonlinear medium,

a single photon input, four 50:50 beam splitters BSj (j = 1, 2, 3, 4), a phase shifter

PS with ψ = −Nπ/2, and two single photon detectors D1 and D2. Mathematically,

the cross-Kerr nonlinear effect applying on modes a and d can be represented by the

unitary operation

UK = eiχa
†ad†d. (3.1)

The degree of nonlinearity χ is proportional to the third-order nonlinear susceptibility

χ(3) and the length of the medium, which is here taken to be χ = π. BS1 and BS3,

BS2 and BS4 work conjugately with each other, where θ1 = θ2 = −θ3 = −θ4 = π/4.

The MZI that is composed of the cross-Kerr medium, BS1, and BS3 then acts as

a Fredkin gate, which is calculated to be

UF = U †abUKUab = e
i
2
χd†d(a†a+b†b)e

1
2
χd†d(ab†−a†b). (3.2)

Then the output state after the Fock state and the single photon input passing through
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the four beam splitters and the cross-Kerr medium evolves into

U †cdUFUcd|N, 0, 1, 0〉abcd

= e−i
π
4
(c†d+cd†)e

i
2
χd†d(a†a+b†b)e

1
2
χd†d(ab†−a†b)ei

π
4
(c†d+cd†)|N, 0, 1, 0〉abcd

= e−i
π
4
(c†d+cd†)e

i
2
χd†d(a†a+b†b)e

1
2
χd†d(ab†−a†b)|N, 0〉ab

1√
2

(|1, 0〉cd + i|0, 1〉cd)

=
1√
2
e−i

π
4
(c†d+cd†)e

i
2
χd†d(a†a+b†b)

(
|N, 0〉ab|1, 0〉cd + ie

1
2
χ(ab†−a†b) a

†N
√
N !
|0, 0〉ab|0, 1〉cd

)
=

1√
2
e−i

π
4
(c†d+cd†)e

i
2
χd†d(a†a+b†b)

(
|N, 0〉ab|1, 0〉cd + i

(cos χ
2
a† + sin χ

2
b†)N

√
N !

|0, 0〉ab|0, 1〉cd
)

=
1√
2
e−i

π
4
(c†d+cd†)

(
|N, 0〉ab|1, 0〉cd + ie

i
2
χ(a†a+b†b)|0, N〉ab|0, 1〉cd

)
=

1√
2

1√
2

(
|N, 0〉ab(c† − id†)|0, 0〉cd + ie

i
2
χN |0, N〉ab(d† − ic†)|0, 0〉cd

)
=

1√
2

1√
2

(
|N, 0〉ab(|1, 0〉cd − i|0, 1〉cd) + ei

π
2
N |0, N〉ab(i|0, 1〉cd + |1, 0〉cd)

)
=

1

2

[(
|N, 0〉ab + ei

π
2
N |0, N〉ab

)
|1, 0〉cd − i

(
|N, 0〉ab − ei

π
2
N |0, N〉ab

)
|0, 1〉cd

]
.

(3.3)

After a phase shifter with ψ = −Nπ/2 is placed to the output mode b, whenever a

photon is detected at D1 or D2, the heralded state in modes a and b is a two-mode

NOON state:

|φ〉(Kerr)
ab ∝ 1√

2
|N0〉12 ± |0N〉12. (3.4)

In this setup, a quantum-optical Fredkin gate is adopted, combined with an auxil-

iary MZI, and they work together to generate a two-mode NOON state. Similarly, if

the Fock state in mode a is changed into a coherent state |α〉–under the same setup–a

two-mode entangled coherent state proportional to (|α, 0〉+|0,−iα〉) can be obtained.
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3.2. NOON state projective measurement

In 2005, a method of creating polarization-entangled NOON states using non-collinear

type-II parametric down-conversion and NOON state projective measurement was

proposed [12]. The state output from the non-collinear type-II SPDC process can be

written as

|ψ〉 =
1

cosh2 r

∞∑
n=0

√
n+ 1 tanhn r|ψ−n 〉, (3.5)

where |ψ−n 〉 = 1/
√
n+ 1

∑n
m=0(−1)m|n−m,m〉a|m,n−m〉b with |x, y〉i representing

x horizontally-polarized photons and y vertically-polarized photons in spatial mode

i. If the photons in the two polarization modes of the spatial mode a is detected

to be an HV-polarized NOON state by the projective measurement proportional to

(|N0〉HV + |0N〉HV )(〈N0|HV + 〈0N |HV ) (or denoted using the field operators (aNH ±

aNV )), then the state in spatial mode b is heralded to be a NOON state also.

Figure 3.2. NOON state projective measurement [13].

The NOON state projective measurement can be expanded to

aNH ± aNV =
N−1∏
n=0

(aH − aV eiδn) (3.6)
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with δn = 2πn/N . This can be realized using the experimental setup illustrated

in Fig. 3.2, where the to-be-measured state is split evenly into N beams and each

beam is measured with a single photon detector corresponding to an operator bn =

(aH − aV eiδn)/
√

2, with the help of PBSs and PSs. Whenever all of the N detectors

click simultaneously, known as N -fold single photon coincidence detection (SPCD),

an N -photon NOON event is detected. Applying this measurement scheme to spatial

mode a of the non-collinear type-II squeezed state, as shown in Eq. (3.5), a heralded

two-mode NOON state is obtained in mode b.

The drawback of this method is that the non-collinear type-II SPDC produces

light sources with relatively low brightness because of the inefficient collection of

the generated photons and the small nonlinear coefficient. In this regard, Nielsen

et al. [15] proposed to exploit two type-II SPDC nonlinear crystals, each of which

produces a TMSV entangled in horizontal and vertical polarizations. Then under

the triggering of the NOON state projective detection on the vertical mode of the

first NLC and the horizontal mode of the second one, the state in the remaining two

modes are triggered to be a NOON state.

3.3. Method using dual-Fock states

In 2002, Kok et al. [9] proposed a method of generating two-mode NOON states using

2 independent N -photon Fock states, where the entanglement comes from repeatedly

reducing one or two photons (depending on the parity of N) from either of the two

input modes without the knowledge of their originating modes. This method, which

works differently for even-N and odd-N , is discussed in detail below.

58



BS1

|0ñb

BS2

|Nña

|0ñc

D2

D1

PS: y1

... ...

mode 2

mode 1

|Nñd

y2 yN/2

BS3

b’

c’

d’

a’

(a) (b)

BS1

|0ñb

BS2

|Nña

|0ñc

PS: y1

|Nñd

PBS

b’

c’

d’

a’
H

V

D1
b’’

c’’

b’’

Figure 3.3. Method using dual-Fock states. (a) The full setup with even
N . (b)The basic-block setup for odd N .

For the even-N NOON state generation, the experimental setup, which is com-

posed of N/2 basic blocks, is sketched in Fig. 3.3(a). Each basic block contains two

identical beam splitters BS1 and BS2, a 50:50 beam splitter BS3, two single photon

detectors D1 and D2, and one phase shifter PS. The transmissivity of both BS1 and

BS2 for the kth block (k = 1, 2, · · · , N/2) is Tk = (N − k)/(N − k + 1), which is

optimally chosen in order to split two photons off from the dual-Fock states |N,N〉ad

with the highest probability. Then the output modes b′ and c′ are recombined using

a 50:50 beam splitter BS3, whose outputs are measured by D1 and D2. Whenever

a twofold SPCD is measured at D1 and D2, two photons are reduced, either from

mode b′ or mode c′, as a consequence of the two-photon quantum interference, whose

process can be written mathematically as (a2− d2). Similarly, when N/2 blocks with

the corresponding Tk and phase shift ψk = 2πk/N at mode c′ are applied, a total of
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N photons are reduced from either mode a or mode d, leading to a NOON state:

N/2∏
k=1

(a2 + ei2ψkd2)

 |N,N〉ad = (aN ± dN)|N,N〉ad ∝ |N, 0〉ad ± |0, N〉ad, (3.7)

where the upper (lower) sign applies to N = 2+4q (N = 4+4q), with q = 0, 1, 2, · · · .

For odd-N , a new degree of freedom (polarization, in this case) is introduced into

the experiment in order to avoid the non-detection triggering. The inputs are now

instead dual-Fock states with orthogonal polarizations (e.g., horizontal and vertical

polarizations). The main structure is still the same, except for some changes in the

basic block, as shown in Fig. 3.3(b). Instead of reducing two photons, the kth block

(k = 1, 2, · · · , N) only reduces one photon each time, where the transmissivity of BS1

and BS2 are chosen to be T ′k = (2N − k)/(2N − k + 1). BS3 is in lieu of by a PBS,

which transmits horizontal photons and reflects vertical photons. A single photon

detector is adopted to project one photon coming from either mode b′ or mode c′.

Repeating this process N times with the corresponding Tk and the same phase shift

ψk = 2πk/N (k = 1, ..., N) produces a two-mode NOON state:

[
N∏
k=1

(a+ eiψkd)

]
|N,N〉ad = (aN ± dN)|N,N〉ad ∝ |0N〉ad ± |N0〉ad, (3.8)

where the upper (lower) sign applies to N = 3+4q (N = 5+4q), with q = 0, 1, 2, · · · .
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Figure 3.4. Method using a two-mode N-photon input.

3.4. Method using a two-mode N-photon state

In 2002, a method of two-mode NOON state generation, which is achieved by re-

ducing the non-NOON components with the help of Fock state filters, was proposed

independently by two groups [7, 8]. Their setup is sketched in Fig. 3.4.

The input state for this procedure is a two-mode N -photon state,

|ψ〉12 =
N∑
n=0

cn|n,N − n〉12, (3.9)

with cn =
√
N !/ (n!(N − n)!2N), created from splitting an N -photon Fock state using

a 50:50 beam splitter and applying a PS with phase factor e−iπN/2 in the reflected

arm of the BS to cancel out the π/2 phase difference between the two arms. Then,

M = bN/2c (b·c being the floor function) basic blocks (shown as dashed boxes) are

deployed sequentially, the kth of which is composed of 2 FSFs with BS transmissivity

cos2 θk = k/(k + 1). The state after adding 2 single photons in the kth block evolves
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into a 4-mode state:

U13(θk)U24(θk)|ψ〉12|1, 1〉34 = eiθk(a
†
1a3+a1a

†
3)eiθk(a

†
2a4+a2a

†
4)|ψ〉12|1, 1〉34

=
N∑
n=0

cn√
n!(N − n)!

(
cos θka

†
1 + i sin θka

†
3

)n (
cos θka

†
3 + i sin θka

†
1

)
(

cos θka
†
2 + i sin θka

†
4

)N−n (
cos θka

†
4 + i sin θka

†
2

)
|0〉1234.

(3.10)

Then the 2-fold SPCD at D1 and D2 projects the state into

N∑
n=0

cn√
n!(N − n)!

(
ni sin θka

†
3(cos θka

†
1)
n−1i sin θka

†
1 + cos θka

†
3(cos θka

†
1)
n
)

(
(N − n)i sin θka

†
4(cos θka

†
2)
N−n−1i sin θka

†
2 + cos θka

†
4(cos θka

†
2)
N−n

)
|0〉1234

=
N∑
n=0

cn√
n!(N − n)!

(
−n sin2 θk cos θk

n−1a†3a
†n
1 + cosn+1 θka

†
3a
†n
1

)
(
−(N − n) sin2 θk cos θk

N−n−1a†4a
†(N−n)
2 + cos θk

N−n+1a†4a
†(N−n)
2

)
|0〉1234

=
N∑
n=0

cn√
n!(N − n)!

cosn+1 θk cosN−n+1 θk

(
−n tan2 θka

†
3a
†(n)
1 + a†3a

†n
1

)(
−(N − n) tan2 θka

†
4a
†(N−n)
2 + a†4a

†(N−n)
2

)
|0〉1234

reduce modes 3 and 4−−−−−−−−−−−−→
N∑
n=0

cn√
n!(N − n)!

(cos θk)
N+2a†n1 a

†(N−n)
2

(
1− n tan2 θk

) (
1− (N − n) tan2 θk

)
|0〉1234

=
N∑
n=0

cn(cos θk)
N+2

(
1− n tan2 θk

) (
1− (N − n) tan2 θk

)
|n,N − n〉12.

(3.11)

It is seen that when θk is chosen to be arctan (1/
√
k), (1− k tan2 θk) = 0, and hence

any events with k or (N − k) photons in the output state can be canceled out.
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When this state passes through each block from k = 1 to k = M = bN/2c with

θk = arctan (1/
√
k), all terms with 1 and (N−1), 2 and (N−2), to bN/2c and dN/2e

photons are discarded, eventually leaving the state as a two-mode N -photon NOON

state.

This method for the even-N scenario can be simplified by combining 2 Fock states

on the 50:50 BS, such that only even-photon-number components exist in the output.

Under this settings, only M = bN/4c sets of basic FSF blocks are required to cancel

out the non-NOON components.

3.5. Method of mixing a coherent state with a squeezed vacuum state

Almost all of the previous work on NOON state generation requires fixed-photon-

number states, i.e., Fock states. In 2007, Hofmann and Ono [16] theoretically pro-

posed a method with the illuminating sources being nondeterministic-photon-number

states only. They showed that by combining the SMSV from type-I SPDC and pho-

tons from a coherent laser, one can generate an arbitrary-photon-number NOON state

with fidelity higher than 90% under the post-selection of total N -photon components.

This was later demonstrated experimentally by Afek et al. [23].

A schematic setup and a detailed experimental layout of the state preparation and

NOON detection are shown in Fig. 3.5(a) and Fig. 3.5(b), respectively, where the PNR

detections at D1 and D2 are achieved by detecting single photons after splitting the

output into multiple modes. They defined the pair amplitude ratio of the coherent

intensity |α|2 and tanh |r|: γ = |α|2/ tanh |r|, which determines the fidelity of the

output state from combining a coherent state |α〉 and an SMSV |r〉 on a balanced
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Figure 3.5. Method using a coherent state and a squeezed vacuum
state [23]. (a) A schematic setup of the MZI using a coherent state and
a squeezed vacuum state from SPDC. (b) A detailed layout of the state
preparation and detection. LBO: lithium triborate crystal. BBO: bar-
ium borate crystal. BPF: bandpass filter. PMF: polarization-maintaining
fiber. LC: liquid crystal.

BS with the prefect NOON state. By optimizing the parameter γ with respect to

each photon number N , it is demonstrated that the output of combining these two

states gives rise to perfect NOON states with up to N = 3. The fidelity for higher-N

scenarios is larger than 90% for most of the cases. Later on, follow-up work has

shown that mixing the coherent state with other states–such as photon-subtracted

squeezed vacuum state [92–94] and even/odd coherent states [95]–can further improve

the performance.
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Table 3.1. Comparisons among different methods for two-mode NOON
state generation.

Section Input requirement Major strength Major weakness
3.1 one |N〉, one |1〉 highest efficiency high nonlinearity
3.2 non-collinear type-II SPDC pre-selection only infeasible input
3.3 two |N〉 arbitrary N low efficiency
3.4 one |N〉, O(N) |1〉 arbitrary N O(N) FSFs required
3.5 one |α〉, one |r〉 feasible inputs post-selection required

3.6. Summary

The major strength and weakness of each of the previous methods for the generation

of two-mode NOON states are summarized in Table 3.1. Method 3.1 is the least

feasible method due to the requirement of a high degree of cross-Kerr nonlinearity

χ = π in spite of its potentially highest generation efficiency. Method 3.2 requires

an infeasible light source produced by a non-collinear type-II SPDC process and a

perfect NOON projective measurement, and these things are difficult to achieve in

experiments. Methods 3.3 and 3.4 can potentially generate the NOON state with an

arbitrary photon number N , but the main weakness of method 3.3 is its extremely

low efficiency (shown in Section 4.2), and the main weakness of method 3.4 that it

requires O(N) number of Fock state filters. Method 3.5 is the most feasible method

since it only requires experimentally-producible light sources, a coherent state from

a laser, and a squeezed vacuum state from type-I SPDC. Since nondeterministic-

photon-number states are utilized, proper post-selection is required to extract the

NOON components after the quantum state interacts with the phase object.
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Chapter 4: Generation of multi-mode NOON states

In this chapter, several scalable generation methods of multi-mode NOON states

are proposed for the first time. Sections 4.1, 4.2, and 4.3.1 are the multi-mode ex-

tensions of two-mode NOON state generation, as summarized in Sections 3.1, 3.3,

and 3.4, respectively. Sections 4.3 and 4.4 illustrate a handful of schemes assisted

by Fock state filters, including a design for a 4-photon NOON state using single

photons (Section 4.3.2), high-N NOON state generation using (1) d coherent states

(Section 4.4.1), (2) d single-mode squeezed vacuum states (Section 4.4.2), and (3)

one two-mode squeezed vacuum state (Section 4.4.3). Comparisons are made among

these methods with regard to their feasibility and efficiency.

4.1. Method using cross-Kerr nonlinearity [96]

This method is inspired by the two-mode NOON state generation using cross-Kerr

nonlinearity [6], as described in Section 3.1, where an N -photon entanglement be-

tween two spatial modes is created with the assistance of a cross-Kerr medium with

nonlinearity degree χ = π embedded in an MZI. For future reference, in this disser-

tation, this process is referred to as the entanglement generator. In order to extend

this method into the multi-mode scenario, a cascading layout (essentially a binary
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tree) among multiple entanglement generators is deployed to successively add the en-

tanglement mode into the system and eventually create an N -photon entanglement

among multiple spatial modes.

BS1

|0ñb

BS2

cross-Kerr

BS3

BS4

|Nña

|0ñd

|1ñc
D1

mode 2

mode 1

PS

basic block: entanglement generator

... ...

mode (d-1) mode d

mode (d-1)

d-1 times

mode c

mode d

mode a

mode b mode 1

mode 2

4

3

2

1

(|N0ñ + |0Nñ)12

Figure 4.1. d-mode NOON state generation using cross-Kerr nonlinearity.

The experimental setup is sketched in Fig. 4.1. The setup is composed of (d− 1)

entanglement generators (shown as dashed boxes), each of which is almost identical

to the one in Section 3.1. It is important to point out that the N -photon Fock state

input is outside the entanglement generator, and only one Fock state is required for

the whole procedure. For the multi-mode scenario, only one detector is deployed in

each entanglement generator as the pre-selection. This will be explained later.

From Eq. (3.3), one can obtain that the Fock state after the first generator trig-

gering on the single photon detection at D1 evolves as

|N〉1 →
1

2
(|N0〉12 + |0N〉12), (4.1)

which involves the entanglement of N photons in modes 1 and 2. Note that the

right hand side of Eq. (4.1) is not normalized so as to show the probability amplitude
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relative to the input state explicitly. This enables the intrinsic efficiency of the method

to be calculated later. Then the scheme of adding more entanglement modes into the

system is done by repeatedly applying another entanglement generator in a cascading

configuration, where each of the output modes from the previous generator is aligned

with the input of the following one. An example of adding one more entanglement

mode is shown below, where mode 1 of the state in Eq. (4.1) is injected into the

second generator. Together with the single photon |1〉c in the second generator, the

state evolves as follows with mode 2 unchanged:

1

2
(|N0〉12|1〉c + |0N〉12|1〉c)y|N〉1|1〉c creates another entanglement in modes 1 and 3

1

2

(
1

2
(|N0〉12|0〉3 + |00〉12|N〉3) + |0N〉12|1〉c

)
y|0〉1|1〉c triggers single photon detection at D1 and gives vacuum in modes 1 and 3

1

2

(
1

2
|N0〉12|0〉3 +

1

2
|00〉12|N〉3 + |0N〉12|0〉3

)
=

1

2

(
1

2
|N00〉123 +

1

2
|00N〉123 + |0N0〉123

)
,

(4.2)

which is a three-mode NOON state with unbalanced coefficients. Since the |0〉1|1〉c

term can only trigger a single photon detection at D1, only one detector in each

generator is required for the multi-mode scenario. In order to balance the amplitude

for each NOON component |N00〉123, |00N〉123 and |0N0〉123 in Eq. (4.2), a third

generator with single photon |1〉c′ is required with input aligned with mode 2 of the
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state in Eq. (4.1) where modes 1 and 3 stay unchanged, and this leads to a balanced

four-mode NOON state:

1

2

(
1

2
|N00〉123 +

1

2
|00N〉123 + |0N0〉123

)
|1〉c′ysame process as in Eq. (4.2), where entanglement in modes 2 and 4 is created

1

22
(|N000〉1234 + |00N0〉1234 + |0N00〉1234 + |000N〉1234) .

(4.3)

Comparing this state with Eq. (4.1), an amplitude modulation of 1/2 is added after

the second and third generator. This method can only be utilized to generate a

NOON state with mode number d = 2m (m = 1, 2, · · · ) since the amplitudes of the

NOON components need to be balanced. For the d-mode NOON state generated

eventually by repeating this process using (d− 1) entanglement generators aligned in

the cascading configuration, as discussed above, the amplitude will be modulated by

1/2 m times with m = log d, which gives a d-mode N -photon NOON state

|φ〉(4.1)1···d ∝
1

2log d

(
|N0 · · · 0〉+ |0N0 · · · 0〉+ · · ·+ |0 · · · 0N〉

)
1···d

=
1

d

(
|N0 · · · 0〉+ |0N0 · · · 0〉+ · · ·+ |0 · · · 0N〉

)
1···d

=
√
p(4.1)

1√
d

(
|N0 · · · 0〉+ |0N0 · · · 0〉+ · · ·+ |0 · · · 0N〉

)
1···d

(4.4)

triggered on a (d− 1)-fold SPCD.

In order to facilitate the comparisons among different methods in the future, the

intrinsic generation probability is calculated. This probability is also the percentage

of the obtained NOON components with respect to unity of a normalized NOON
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state, under the assumptions that all of the optical devices, including the detectors

and the beam splitters have unity efficiency and are lossless, for the sake of simplicity.

The generation efficiency for this method is then calculated to be

p(4.1) = d|1
d
|2 =

1

d
. (4.5)

It should be stated that the imperfection of resources can be compensated for by

multiplying the efficiency for each device on the intrinsic generation efficiency as

calculated above.

4.2. Method using d N-photon Fock states [96]

Based on a different entanglement generating scheme by reducing photons from one

of the dual-Fock states without knowing the originating mode [9], as discussed in

Section 3.3, another cascading method is proposed in this section. This method

adopts a d N -photon Fock states to generate d-mode N -photon NOON state with

d = 2m (m = 1, 2, · · · ).

Figure 4.2(a) illustrates the full setup for the even-N NOON state generation,

where each of the (d− 1) entanglement generators (shown as black dashed boxes) is

almost the same as that in Fig. 3.3(a). It is noticeable that only the first generator

has two Fock states as the input, while each of the others takes one Fock state inside

the generator and one mode of state from the previous generator. The state passing
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Figure 4.2. d-mode NOON state generation using d Fock states. (a) The
full setup with even N . (b) The sub-block setup inside the entanglement
generator with odd N .

through the first entanglement generator can be calculated as

|φ〉(4.2,even)12 ∝

N/2⊗
k=1

Mk

 |N,N〉ad, (4.6)

where

Mk = b′′c′′〈11|eiψkc′†c′U(θk) =
i√
2

(
b′c′〈20|+ ei2ψk b′c′〈02|

)
U(θk) (4.7)

is the measurement operator for the kth sub-block. b′′c′′〈11| denotes the 2-fold SPCD

at D1 and D2, e
iψkc

′†c′ is the phase shift operator with ψk = 2πk/N added on mode c′,

and U(θk) = exp [iθk(a
†b+ ab† + c†d+ cd†)] is the unitary operator for the combined

BS1 and BS2 with transmissivity Tk = cos2 θk = (N − k)/(N − k+ 1). Note that this

expression is equivalent to the post-measurement state, as in Eq. (1.36), where the

state notation instead of the corresponding density operator is used for calculation

here. Using the mathematical induction in Appendix B, Eq. (4.6) can be calculated
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to be

|φ〉(4.2,even)12 ∝
(
− i

2

)N/2 N/2∏
k=1

sin2 θk cos2(N−k) θk(a
2 + ei2ψkd2)

 |N,N〉ad
=

(
− i

2

)N/2 N/2∏
k=1

sin2 θk cos2(N−k) θk
(
aN ± dN

)
|N,N〉

=

(
− i

2

)N/2√
N !(

1

N
)(

1

N − 1
) · · · ( 1

N/2 + 1
)

(
N − 1

N
)(N−1)(

N − 2

N − 1
)(N−2) · · · ( N/2

N/2 + 1
)N/2 (|0N〉 ± |N0〉)

=

(
− i

2

)N/2√
N !(

1

N
)(

1

N − 1
) · · · ( 1

N/2 + 1
)

(
1

N
)(N−1)(N − 1)(N − 2) · · · (N

2
+ 1)(

N

2
)N/2 (|N0〉 ± |0N〉)

= c(4.2)a(|N0〉 ± |0N〉)12,

(4.8)

where

c(4.2)a =
(−i)N/2

√
N !

2NNN/2
. (4.9)

The upper (lower) sign in Eq. (4.8) applies to N = 2 + 4q (N = 4 + 4q) with

q = 0, 1, 2, · · · .

The way to extend this method to the multi-mode case is similar to that in Sec-

tion 4.1. When the output mode 1 of the first generator is aligned with the input

of the next block, together with another Fock state |N〉3 from the second generator,

the input then becomes a superposition of |N0N〉123 and |0NN〉123. The first term

creates another entanglement between modes 1 and 3: c(4.2)a(|N00〉123 + |00N〉123),

while the second term is transferred into c(4.2)b|0N0〉123, with the coefficient

c(4.2)b =

(
−i
2

)N/2 √
N !

NN/2
. (4.10)
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Similar to the method in Section 4.1, when this process is repeated (d−1) times with

d = 2m, m = 1, 2, · · · , the d-mode NOON state is finally obtained:

|φ〉(4.2,even)1···d ∝ c
log2 d
(4.2)ac

d−log2 d−1
(4.2)b (|N0 · · · 0〉 ± |0N0 · · · 0〉 ± · · · ± |0 · · · 0N〉)1···d , (4.11)

whose generation probability is

peven(4.2) = d
∣∣∣clog2 d(4.2)ac

d−log2 d−1
(4.2)b

∣∣∣2 =
1

dN−1

(
N !

2NNN

)d−1
. (4.12)

For odd-N , the polarization degree of freedom is required as stated in Section 3.3.

The setup of the sub-block shown in Fig. 4.2(b) is exactly the same as that in

Fig. 3.3(b). Its extension to multi-mode scenario is also the same as discussed above

for even-N .

4.3. Methods using Fock state filters and fixed-photon-number states

4.3.1 Generation using an evenly-distributed N-photon state [96]

Inspired by paper [8], a method of creating the d-mode N -photon NOON state using

a d-mode evenly-distributed N -photon state source is presented. The main idea is

to utilize FSFs to cancel out non-NOON components from an input containing both

NOON components and non-NOON components. Since a fixed-photon-number state

is chosen as the incident beam, only pre-selection is needed.

The required d-mode evenly-distributedN -photon state can be created by splitting

an N -photon Fock state using (d − 1) beam splitters, as shown in the green box
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Figure 4.3. d-mode NOON state generation using an evenly-distributed
N-photon state.

in Fig. 4.3, where the jth BS (Uj) has transmissivity Tj = 1/(d + 1 − j), (j =

1, 2, · · · , d−1). The transmissivity of each BS is optimally chosen to split one photon

off from the incident beam each time with the highest probability. This splitting

setup has the same effect as applying a 50:50 BS on each output mode of the previous

BS to split it into two modes. In the latter case, the mode number has to be d = 2m

(m = 1, 2, · · · ) such that the amplitudes for the NOON components are balanced.

This splitting strategy is adopted in Section 4.4.3. Since a beam splitter usually

introduces a π/2 phase shift to the reflected beam, a phase shifter (PSj) is applied

to each mode to cancel out this effect. The unitary operation of the d phase shifters

is given by UPS =
∏d

j=1 exp
[
−iπ

2
a†jaj(j − 1)

]
. Then the state after this splitting and
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phase shifting process is an evenly-distributed N -photon state:

|ψ〉(4.3.1)1···d = UPSUd−1 · · ·U1|N〉1 =
1√

N !dN/2

(
a†1 + a†2 + · · ·+ a†d

)N
|0〉1···d

=
1

dN/2

∑
n1+n2+···+nd=N

√
CN
n1,...,nd

|n1, ..., nd−1, nd〉1···d

= |ψ〉NOON
1···d + |ψ〉non-NOON

1···d ,

(4.13)

which contains both the NOON component (un-normalized)

|ψ〉NOON
1···d =

1

dN/2
(|N0 · · · 0〉+ · · ·+ |0 · · · 0N〉)1···d , (4.14)

and the non-NOON component (un-normalized)

|ψ〉non-NOON
1···d =

1

dN/2

∑
n1+n2+···+nd=N,
n1 6=N,··· ,nd 6=N

√
CN
n1,...,nd

|n1, ..., nd−1, nd〉1···d. (4.15)

The coefficient CN
n1,...,nd

= N !/ (n1!n2!...nd!) denotes the multinomial distribution.

This state is then fed into M1 = bN/2c sets of FSFs (the black dashed boxes),

where the kth set contains d FSFs with BS transmissivity k/(k + 1). The state after

adding d single photons in the kth block evolves into a 2d-mode state:

[
d⊗
j=1

Uk
j,d+j

]
|ψ〉1···d|1, · · · , 1〉d+1,...,2d

=
1

dN/2

∑
n1+n2+
...+nd=N

√
N !

n1!n2!...nd!

[ d∏
j=1

(
cos θka

†
j + i sin θka

†
d+j

)nj
(

cos θka
†
d+j + i sin θka

†
j

) ]
|0〉1···2d.

(4.16)
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Then the d-fold SPCD at {Dj} projects the state into

|ψ〉(4.3.1),k1···d ∝ 1

dN/2

∑
n1+n2+···+nd=N

√
N !

n1!n2!...nd!
(cos θk)

N+d

[ d∏
j=1

(
1− nj tan2 θk

) ]
|n1, · · · , nd〉1···d.

(4.17)

When this state |ψ〉(3.4)1···d in Eq. (4.13) passes through each block from k = 1 to k =

M1 = bN/2c with θk = arctan (1/
√
k), the kth block cancels out all the non-NOON

components with k or (N − k) photons in any mode, since the total photon number

in the system is fixed at N . Eventually only the terms with N photons in one mode,

and vacuum in all the other modes, survive. This is essentially a d-mode N -photon

NOON state:

|φ〉(4.3.1)1···d ∝ c(4.3.1)(|N0 · · · 0〉+ |0N0 · · · 0〉+ · · ·+ |0 · · · 0N〉)1···d, (4.18)

where

c(4.3.1) =
1

dN/2

M1∏
k=1

[
(cos θk)

N+d
(
1−N tan2 θk

)]
=

(−1)M1(N − 1)!

dN/2
√
M1 + 1

N+d
(N −M1 − 1)!M1!

.

(4.19)

The intrinsic generation probability of the d-mode N -photon NOON state using this

method is then

p(4.3.1) = d|c(4.3.1)|2 =
(N − 1)!2

dN−1(M1 + 1)N+d(N −M1 − 1)!2M1!2
. (4.20)
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4.3.2 Generation of a 4-photon NOON state using single photons

In this section, a specific scenario of generating a 4-photon d-mode NOON state with

d = 2m (m = 2, 3, · · · ) is illustrated using indistinguishable single photon sources.

Theoretically, it is possible to reach an even higher photon-number NOON state

using a similar process of mixing single photons, as given in this section, but only the

4-photon case is discussed here, since the coherent mixture of multiple perfect single

photons becomes more and more challenging and costly with an increasing photon

number.

1/2

BS12

|1ñ

1/2
|1ñ

|1ñ

|1ñ 1/2

1/2

1/2

1/2 2/3
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Figure 4.4. 4-photon NOON state generation using single photons.

The setup is sketched in Fig. 4.4, where 4 single photon states are combined using

four identical 50:50 BSs (BS12, BS34, BS23, and BS14), such that there is a non-zero

possibility that all 4 photons simultaneously appear in every one of the four modes.
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The state evolves into

U14U23U12U34|1, 1, 1, 1〉1234

=
1

16

[
a†41 + a†42 + a†43 + a†44

]
|0000〉1234

+
1

8

[
−a†21 a

†2
3 + a†21 a

†2
2 + a†21 a

†2
4 + a†23 a

†2
4 − a

†2
2 a
†2
4 + a†22 a

†2
3 + 4a†1a

†
3a
†
2a
†
4

]
|0000〉1234

=

√
6

8
(|4000〉1234 + |0400〉1234 + |0040〉1234 + |0004〉1234)

+
1

4
(|2200〉1234 − |2020〉1234 + |2002〉1234 + |0220〉1234 − |0202〉1234 + |0022〉1234)

+
1

2
|1111〉1234.

(4.21)

The 4 modes of this state in Eq. (4.21) are then split into d = 2m modes by applying

(m − 2) sets of 50:50 BSs (dashed green boxes) at each output mode, successively.

Finally, two sets of FSFs with BS transmissivity 2/3 and 1/2 are adopted to cancel

out the unexpected components with 1, 2 or 3 photons in each mode and leave the

output state a 4-photon NOON state.

In order to show the efficiency of this method, a simplification is made in which

only the amplitudes of events with 4 photons in one certain mode are calculated,

since the non-NOON components will be canceled out by the FSFs. Since each set

of splitting modulates the 4-photon NOON component by
(
1/
√

2
)4

, the amplitude of
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the NOON components after (m− 2) sets of the splitting process is calculated below:

[
d−4∏
k=1

Uk

] √
6

8
(|4000〉1234 + |0400〉1234 + |0040〉1234 + |0004〉1234)

→

(
1
√

2
4

)m−2 √
6

8
(|40 · · · 0〉+ |040 · · · 0〉+ · · ·+ |0 · · · 04〉)1···d

=

√
6

22m−1 (|40 · · · 0〉+ |040 · · · 0〉+ · · ·+ |0 · · · 04〉)1···d.

(4.22)

Then, after the amplitude modulation introduced by the two sets of FSFs, the state

turns into

√
6

22m−1 (|40 · · · 0〉+ |040 · · · 0〉+ · · ·+ |0 · · · 04〉)1···d

→
√

6

22m−1

[
(

√
2

3
)d+4(1− 4

2
)

][
(

√
1

2
)d+4(1− 4

1
)

]

(|40 · · · 0〉+ |040 · · · 0〉+ · · ·+ |0 · · · 04〉)1···d

=

√
6

22m−132m−1+1
(|40 · · · 0〉+ |040 · · · 0〉+ · · ·+ |0 · · · 04〉)1···d.

(4.23)

The efficiency is then given by (d = 2m)

p(4.3.2) = d|
√

6

22m−132m−1+1
|2 =

1

23m−332m+1
=

8

d33d+1
. (4.24)

Actually, this scheme can be simplified for the case of d = 4, as shown in Fig. 4.5,

where a phase shifter with π/2 is applied after BS34 in mode 3, such that the 4 single
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Figure 4.5. Four-mode 4-photon NOON state generation using single pho-
tons. Transmissivity as shown.

photons passing through 4 beam splitters and a phase shifter evolves into:

U14U23e
iπ/2a†3a3U12U34|1, 1, 1, 1〉1234

=

√
6

8
(|4000〉1234 − |0400〉1234 − |0040〉1234 + |0004〉1234)

+
1

4
(|2002〉1234 − |0220〉1234)

+

√
2i

4
(|2110〉1234 − |1201〉1234 − |0112〉1234 + |1021〉1234) .

(4.25)

In this case, only one set of FSFs with BS transmissivity 1/2 is required to cancel

out terms with 2 photons (i.e., all non-NOON components). The efficiency for this

4-mode 4-photon NOON state is 1.46× 10−2.

4.4. Methods using FSF and nondeterministic-photon-number states

In this section, a universal model for multi-mode NOON state generation using

nondeterministic-photon-number states and post-selection with the assistance of Fock
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state filters is proposed. The main difference between this section and Section 4.3 is

that the illuminating light sources utilized in this section are easier to implement in

experiments. These states include coherent states and squeezed vacuum states. Since

such a state is usually the superposition of different photon-number components, the

photon number of the state is not well determined, and hence proper post-selection of

terms with the total number of photons equal to N is required in order to extract the

N -photon NOON components for quantum metrology applications. In the following,

we assume that the application is in estimating a phase object with (d− 1) unknown

phases.

The universal model is sketched in Fig. 4.6(a). The model is composed of a d-mode

input state, M basic blocks (dashed boxes), and a post-selection of total N -photon

terms at the final stage after the state interacts with the phase object characterized by

(ϕ1, ϕ2, · · · , ϕd−1). Note that the dth mode is used as the reference mode. Each basic

block then contains d identical FSFs (purple boxes), canceling unexpected non-NOON

components from the probing state. The block number M is optimally determined

according to the photon number distribution of the input d-mode state in order to

minimize the number of FSFs required.

Specifically, three input scenarios are investigated in this section, which are (1)

the coherent mixture of d coherent states (Fig. 4.6(b1)), (2) the coherent mixture of

d single-mode squeezed vacuum states or d/2 two-mode squeezed vacuum states with

the two modes of each TMSV combined on a 50:50 BS (even-N) (Fig. 4.6(b2)), and

(3) one TMSV split into d modes (even-N) with canceled relative phase shifts among

d arms (d = 2q with q = 1, 2, · · · ) (Fig. 4.6(b3)). These three input scenarios are
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Figure 4.6. (a) The universal model for d-mode N-photon NOON state
generation using FSFs, nondeterministic-photon-number states and post-
selection. (b) Different input choices: (b1) a coherent mixture of d coher-
ent states, (b2) a coherent mixture of d SMSVs or d/2 TMSVs, (b3) single
TMSV split into d modes.

discussed in detail below, and the generation probability for each method is calculated.

4.4.1 Generation using d coherent states [96]

The first input choice being studied here is a coherent mixture of d identical coherent

states, as shown in Fig. 4.6(b1), which is denoted as |α〉1|α〉2 · · · |α〉d. This work

was published in [97, 98]. The detailed state transformation steps for this case are

derived below, while simplification, as adopted in Section 4.3.2, is taken for the other

two scenarios. The d coherent states passing through M basic blocks result in a
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tensor product of d coherent-like states with missing 1- to M -photon terms. In order

to generate a multi-mode NOON state with N photons, M is optimally chosen to

be M1 = bN/2c, which minimizes the number of basic blocks required for each N .

Under this configuration, when the post-selection on a total of N photons in all of

the output modes is performed, one can project out the multi-mode NOON state in

the final detection stage.

More explicitly, the state after adding d single photons using d beam splitters in

the kth block can be written as

[
d⊗
j=1

Uk
j,d+j

]
|α, · · · , α〉1···d|1, · · · , 1〉d+1,...,2d =

d⊗
j=1

[
Uk
j,d+j|α〉j|1〉d+j

]
=

d⊗
j=1

[
e−
|α|2
2

∞∑
nj=0

αnj

nj!

(
cos θka

†
j + i sin θka

†
d+j

)nj (
cos θka

†
d+j + i sin θka

†
j

)
|0〉j,d+j

]
,

(4.26)

where Uk
j,d+j = exp

[
iθk(a

†
jad+j + aja

†
d+j)

]
is the unitary operator of BSj with trans-

missivity cos2 θk in the jthe FSF (j = 1, 2, · · · , d). A d-fold SPCD at {Dj} is then

applied, projecting the state into

|ψ〉(4.4.1),k1···d ∝
d⊗
j=1

[
e−
|α|2
2

∞∑
nj=0

αnj

nj!

[
cosnj+1 θk

(
1− nj tan2 θk

)]
a†j
nj |0〉j

]
. (4.27)

Repeatedly applying this basic block M1 times with different θk (k = 1, · · · ,M1), the

output state becomes

|ψ〉(4.4.1)1···d ∝
d⊗
j=1

[
e−
|α|2
2

∞∑
nj=0

αnj

nj!

[ M1∏
k=1

cosnj+1 θk
(
1− nj tan2 θk

) ]
a†j
nj |0〉j

]
. (4.28)
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If θk is chosen to be θk = arctan (1/
√
k) (i.e., cos2 θk = k/(k+1)), any term in |ψ〉(4.4.1)1···d

with nj = k for any mode j is canceled out. In other words, the 1- to M1-photon

terms in any of the d modes disappear after the M1 basic blocks, leaving the output

state as

|ψ〉(4.4.1)1···d ∝
d⊗
j=1[

e−
|α|2
2

[
1√

M1 + 1
|0〉j +

∞∑
nj=M1+1

αnj√
nj!

(
1

M1 + 1

)nj+1

2 (nj − 1)!(−1)M1

(nj −M1 − 1)!M1!
|nj〉j

]]
.

(4.29)

Finally, after the output state (4.29) probes onto a target for multiple phase

estimation, a post-selection on a total of exactly N photons in all the output modes

1 · · · d is performed as sketched in the right half of Fig. 4.6(a). Then only the NOON

state components having all of the N photons in one mode |N〉 and no photons in

any other mode |0〉 can contribute to the final detection. Eventually, the d-mode N -

photon NOON state generated upon the post-selection and triggering can be obtained

as

|φ〉(4.4.1)1···d ∝ c(4.4.1)(|N0 · · · 0〉+ |0N0 · · · 0〉+ · · ·+ |0 · · · 0N〉)1···d, (4.30)

where

c(4.4.1) = e−d
|α|2
2

(−1)M1αN(N − 1)!
√
M1 + 1

N+d√
N !(N −M1 − 1)!M1!

. (4.31)

The intrinsic generation probability of the d-mode N -photon NOON state using d
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coherent states is

p(4.4.1) = d|c(4.4.1)|2 =
de−d|α|

2|α|2N(N − 1)!

(M1 + 1)N+dN(N −M1 − 1)!2M1!2
, (4.32)

which is a function of |α|2, N , and d. It can be maximized at |αopt
(4.4.1)|2 = N/d, giving

popt(4.4.1) =
e−NNN−2N !

dN−1 (M1 + 1)N+d (N −M1 − 1)!2M1!2
. (4.33)

Under this optimization, the use of a coherent mixture of d coherent states with

|αopt
(4.4.1)|2 = N/d is equivalent to splitting a single coherent state with intensity

|αsingle|2 = N into balanced d modes.

4.4.2 Generation using d single-mode squeezed vacuum states [99]

In this section, the coherent mixture of d single-mode squeezed vacuum states is

considered to be the probing state, which is equivalent to the coherent mixture of

m = d/2 two-mode squeezed vacuum states with the two output modes of each

TMSV combined on a 50:50 BS, in order to generate a d-mode NOON state with

N = 2n photons (n = 1, 2, · · · ). The phase of the SMSV or TMSV is chosen to be 0.

This work is in preparation to be submitted soon.

It is interesting to note that the SMSVs contain the even-photon-number com-

ponents only. That is to say, only even-photon-number non-NOON components

need to be filtered out. This enables the reduction of the number of basic blocks

to M2 = bN/4c, with BS transmissivity in the kth block being T2 = 2k/(2k + 1).
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Moreover, with this input choice, the generations of the multi-mode NOON states

with N = 4x and N = 4x + 2 (x = 1, 2, · · · ) require the same x basic blocks. The

only difference is the post-selection of N photons in the readout. In other words, x

basic blocks can be utilized to effectively generate NOON states with up to (4x+ 2)

photons.

The coherent mixture of d SMSVs is shown in Fig. 4.6(b2). As a result of the

post-selection of total N photons at the output ends, all of the events with less or

more than N photons are discarded at the final detection stage. Under the condition

of total N photons in all d modes, the probing state

d∏
x=1

1√
cosh r

N/2∑
y=0

(tanh r)y

y!2y
a†2yx |0〉x (4.34)

then successively passes through M2 = bN/4c sets of FSFs, where the BSs with trans-

missivity 2k/(2k+1) in the kth block filter out terms with 2k and (N−2k) photons in

any mode. Eventually, all of the even-photon-number non-NOON components with

2, 4, · · · , (N−2) photons in each mode are discarded. This means that any term with

y = 1, 2, · · · , (N/2− 1) in Eq. (4.34) is canceled out after the FSFs, if only N -photon

events are of concern. Therefore, only the term with all of the N photons coming

from one SMSV
d∑

x=1

1
√

cosh r
d

(tanh r)N/2

(N/2)!2N/2
a†Nx |0 · · · 0〉 (4.35)

survives after the whole setup and post-selection. Then, counting in the amplitude
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modulation on the NOON components introduced by the FSFs, the state evolves into

|φ〉(4.4.2)1···d

∝
d∑

x=1

1
√

cosh r
d

(tanh r)N/2

(N/2)!2N/2

[
M2∏
k=1

cosN+d θ′k(1−N tan2 θ′k)

]
a†Nx |0 · · · 0〉

=
d∑

x=1

(tanh r)N/2
√
N !(−1)M22(N+d)M2+1M2!

N+d−1

coshd/2 r
√

2
N
N(2M2 + 1)!(N+d)/2(N/2−M2 − 1)!

|N〉x|0 · · · 0〉,

(4.36)

with θ′k = arctan (1/
√

2k). The generation efficiency is

p(4.4.2) = d
∣∣ (tanh r)N/2

√
N !(−1)M22(N+d)M2+1M2!

N+d−1

coshd/2 r
√

2
N
N(2M2 + 1)!(N+d)/2(N/2−M2 − 1)!

∣∣2
= d

tanhN rN !

coshd rN2

22(N+d)M2−N+2M2!
2(N+d−1)

(2M2 + 1)!N+d(N/2−M2 − 1)!2
,

(4.37)

which can be maximized at sinh2 ropt(4.4.2) = N/d, giving

popt(4.4.2) =
dd/2+1

√
N
N−2

(N − 1)!22M2(N+d)−N+2M2!
2(N+d−1)

√
d+N

d+N
(2M2 + 1)!N+d(N/2−M2 − 1)!2

. (4.38)

4.4.3 Generation using one two-mode squeezed vacuum state [99]

Since any d-mode input state containing both NOON components and non-NOON

components for a certain N has the potential to generate a NOON state with the help

of FSFs, the scenario of using only one TMSV split into d = 2p modes (p = 1, 2, · · · )

is discussed in this section to generate a d-mode N = 2n NOON state. M1 = bN/2c

basic blocks with BS transmissivity k/(k + 1) are used for this input choice.

Since the post-selection of total N photons is adopted, only the components in
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the input with exactly N = 2n photons

1

cosh r
tanhn r|n, n〉12 (4.39)

are of interest. Modes 1 and 2 are then combined on a 50:50 BS, giving a state

ei
π
4
(a†1a2+a1a

†
2)

1

cosh r
tanhn r|n, n〉 =

(i tanh r)n

cosh rn!2n

n∑
x=0

Cx
na
†2x
1 a

†2(n−x)
2 |0, 0〉12, (4.40)

where only x = 0 and x = n terms trigger the final NOON detection, with the same

reason as in Section 4.4.2. Afterwards, balanced 50:50 BSs are applied on each of the

output modes successively in order to split each mode into two modes. Phase shifters

with −π/2 are adopted in each reflected arm of BSs to cancel out the relative phase

difference. The contributed NOON components can be expressed as

(i tanh r)n

cosh rn!2n
1

√
2
N(log2 d−1)

(
a†N1 + a†N2 + · · ·+ a†Nd

)
|0, 0〉12

=
d∑

x=1

(i tanh r)n
√
N !

cosh rn!dN/2
|N〉x|0 · · · 0〉.

(4.41)

The above NOON state components, afterM1 sets of FSFs and amplitude modulation,

turn into

|φ〉(4.4.3)1···d

∝
d∑

x=1

(i tanh r)n
√
N !

cosh rn!dN/2

M1∏
k=1

cosN+d θk(1−N tan2 θk)|N〉x|0 · · · 0〉

=
d∑

x=1

(i tanh r)N/2
√
N !(−1)M1(N − 1)!

cosh r (N/2)!dN/2M1!(N −M1 − 1)!(M1 + 1)(N+d)/2
|N〉x|0 · · · 0〉.

(4.42)
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The efficiency is then

p(4.4.3) =
tanhN rN !(N − 1)!2

cosh2 rdN−1(N/2)!2M1!2(N −M1 − 1)!2(M1 + 1)N+d
, (4.43)

which is optimized at sinh2 ropt(4.4.3) = N/2, giving

popt(4.4.3) =
2
√
N
N
N !(N − 1)!2

(N + 2)N/2+1dN−1(N/2)!2(M1 + 1)N+d(N −M1 − 1)!2M1!2
. (4.44)

Both N and M1 appear in the calculations in this section since they denote the photon

number and the number of basic blocks, respectively, notwithstandingN = 2M1. Note

that this setup can be simplified for two-mode NOON state generation, since only

even-photon-number terms exist in that case, which corresponds to Section 4.4.2.

4.5. Comparisons and summary

In this section, comparisons among the proposed methods of generating multi-mode

NOON states are made with respect to their feasibility and efficiency. The major

strength and weakness of each method are summarized in Table 4.1.

The cross-Kerr method in Section 4.1 requires the simultaneous application of

multiple cross-Kerr nonlinear media, whose nonlinearity degree χ = π is extremely

large and experimentally difficult to reach using current technologies. However, it

has the highest generation efficiency p(4.1) = 1/d, inversely proportional to the mode

number d, and it requires relatively low number of single photon detectors, BSs and

PSs. Such a large nonlinearity, if achieved, could be used to make an efficient optical
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quantum computer, but this is regarded as impossible with current technologies. Even

though the nonlinear method seems promising, it is practically infeasible.

The method in Section 4.2 requires the coherent generation of d Fock states whose

photon number N is exactly the mean photon number for the expected NOON state.

The coherent generation of multiple Fock states is infeasible to achieve, and it requires

more optical devices compared to other methods for fixed d and N . The action of

reducing 1 or 2 photons successively from N(d − 1)-fold SPCD in order to generate

entanglement results in an extremely low efficiency that is not even comparable with

the other methods.

With all the above concerns, the efficiency comparisons below are only made

among the methods using a single Fock input in Section 4.3.1, a 4-photon NOON

state generation using 4 single photons in Section 4.3.2, the methods using multiple

coherent states in Section 4.4.1, multiple SMSVs or TMSVs in Section 4.4.2, and a

single TMSV in Section 4.4.3.

The intrinsic generation efficiencies for these five input scenarios, under the as-

sumption that all of the devices are lossless, is shown below with the corresponding
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optimization conditions:

p(4.3.1) =
(N − 1)!2

dN−1(M1 + 1)N+d(N −M1 − 1)!2M1!2
,

p(4.3.2) =
8

d33d+1
,

popt(4.4.1) =
e−NNN−2N !

dN−1 (M1 + 1)N+d (N −M1 − 1)!2M1!2
, where |αopt

(4.4.1)|
2 = N/d,

popt(4.4.2) =
dd/2+1

√
N
N−2

(N − 1)!22M2(N+d)−N+2M2!
2(N+d−1)

√
d+N

d+N
(2M2 + 1)!N+d(N/2−M2 − 1)!2

,

where sinh2 ropt(4.4.2) = N/d,

popt(4.4.3) =
2
√
N
N
N !(N − 1)!2

(N + 2)N/2+1dN−1(N/2)!2(M1 + 1)N+d(N −M1 − 1)!2M1!2
,

where sinh2 ropt(4.4.3) = N/2.

(4.45)

In Eq. (4.45), the generation efficiencies for the last three scenarios are optimized

with respect to the coherent amplitude α of the coherent state or the squeezing factor

r of the SMSV or TMSV, which are all attained when the mean total photon number

of the d-mode probing state is N .

To illustrate the comparisons among the different methods more straightforwardly,

the generation efficiencies for fixed photon number N = 4 and fixed mode number

d = 4 are plotted in Fig. 4.7(a) and 4.7(b), respectively. Note that the efficiency of the

four-mode 4-photon NOON state generation using single photons is calculated with

the simplified setup in Fig. 4.5, in which only one set of FSFs is required. Generally

speaking, the generation efficiency decreases exponentially with an increasing mode

number d or photon number N . The method using single photons in Section 4.3.2

has the highest efficiency for the case of d = 4 and N = 4, although it drops quickly
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Figure 4.7. Generation efficiencies for (a) fixed photon number N = 4, and
(b) fixed mode number d = 4. The discrete points are connected for better
visualization.

with a higher mode number. Since a perfect single photon source usually requires a

high-cost nonlinear crystal with a probabilistic triggering process or quantum dots,

it is more meaningful to minimize the number of single photons required. In general,

method 4.4.2, using a coherent mixture of d SMSVs or d/2 TMSVs (green), is the

most efficient and stable method, followed by almost a tie between method 4.3.1 using

a single Fock state (red) and method 4.4.3 using a single TMSV (yellow), and the

least efficient method 4.4.1 using coherent states (blue), in general. It makes sense

to some circumstance that the method using coherent states is least efficient, since

classical light sources are adopted as the probing states. Recently, 15dB squeezed

states of light were detected experimentally [100], corresponding to a squeezing factor

r ≈ 2.4. Given this, the optimization condition sinh2 ropt(4.4.2) = N/d for method 4.4.2

is achievable when N and d are comparable. It is also more feasible in the sense

that it requires relatively fewer FSFs, which necessitate single photon catalysts and

single photon coincidence detection. As an example, using method 4.4.2, both the
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four-mode 4-photon and four-mode 6-photon NOON generations require only 1 set

of 4 FSFs. This is considerably easier than the other methods, which all require,

respectively, 2 and 3 sets of 4 FSFs. This is also why the plot using scenario 4.4.2 in

Fig. 4.7(b) displays a slower decline from the 4-photon case to the 6-photon case.
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Chapter 5: Conclusion and future work

5.1. Conclusion

In this dissertation, three types of scalable generation methods of multi-mode NOON

states are proposed. These methods can theoretically create NOON states with a

high mode number d and a high photon number N . The first method, in Section 4.1,

uses multiple cross-Kerr nonlinear media with strong nonlinearity degree χ = π to

create an N -photon entanglement with the help of single photons. This method has

the highest efficiency, but the nonlinearity requirement is very difficult to achieve.

The second method, in Section 4.2, deploys multiple entanglement generators in a

cascading configuration, and each generator creates an entanglement by reducing

1 or 2 photons successively from either of the dual-Fock state inputs, without the

knowledge of which mode the photons come from. This method is the least efficient

method, and it is infeasible in the sense that it requires multiple N -photon Fock states

as the input. The third type of methods utilizes Fock state filters, which can cancel

out the Fock state with any photon number k depending on the BS transmissivity.

Within the methods using FSFs, four specific input scenarios are discussed: an evenly-

distributed N -photon d-mode state in Section 4.3.1, a coherent mixture of d coherent

states in Section 4.4.1, a coherent mixture of d single-mode squeezed vacuum states
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(even-N) in Section 4.4.2, and one two-mode squeezed vacuum state (even-N) split

into d modes in Section 4.4.3. The method using a coherent mixture of multiple

SMSVs has the highest generation efficiency among these four scenarios, followed

by almost a tie between the methods using an N -photon state and a single TMSV,

and finally the method using coherent states has the lowest generation efficiency.

The method using multiple SMSVs is also more feasible in the sense that it requires

relatively fewer FSFs and its optimization is achievable when N and d are comparable.

Specifically, an example of generating a four-mode 4-photon NOON state using single

photons only is also discussed in Section 4.3.2, which is 4 times more efficient than the

method using multiple SMSVs, despite its lower feasibility as a consequence of the

single photon requirement. The efficiency of this method drops quickly as d increases.

The benefits of the NOON state in achieving super-resolution and super-sensitivity

are discussed. Specifically, the simultaneous estimation of multiple phase parameters

is studied using a whole class of multi-mode NOON-like entangled states, where the

non-vacuum Fock component in the NOON state can be replaced by any photon-

number-distribution state. It is shown that any state in that class can reach the

Heisenberg limit with respect to the photon number N , and have an O(d) efficiency

enhancement over the individual estimation using multiple two-mode NOON states.

Moreover, it is proved that under the same mean photon number, there are plenty

of multi-mode entangled states, such as the entangled squeezed vacuum state, which

can perform better than the multi-mode NOON state in quantum metrology.
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5.2. Future work

The next step of the proposed theoretical work on multi-mode NOON state genera-

tion lies in its experimental realization, taking into consideration the imperfection of

quantum states, and losses in beam splitters and the measurement process [39, 101].

Although it seems to be impossible to produce multi-mode NOON states with an

arbitrary mode number or photon number at this point, in view of the low efficiency,

it should be stated that no existing papers have demonstrated multi-mode NOON

states with more than 2 photons. This means the realization of 3-/4-photon NOON

states with three modes is already a breakthrough, if these states can be achieved

effectively.

Now, the two experimental difficulties of the proposed work are the coherent

generation of multiple single photons and the coincidence photon-number-resolving

detections. The single photon generation has always been an active research field,

for both quantum communication and quantum metrology, and this has been widely

studied using quantum dots [102–108], or the recently-presented time multiplexing

technique [109], in order to reach high levels of purity, indistinguishability, and effi-

ciency. High-efficiency photon-number-resolving detectors have also been reported to

be experimentally achievable with high photon number sensitivity [76,110,111]. With

these developments, the experimental demonstration of the proposed theoretical work

would be a promising future achievement.
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Appendix A: Universal optimal measure for the polarization estimation

of light with arbitrary photon statistics [112]

As mentioned in Section 2.2.1, optimal measurement has different definitions depend-

ing on the choice of metric. One choice is the ability to saturate QCRB with respect

to the uncertainty limit, and the other choice is the ability to maximize the likelihood

function, where the measurement is called the maximum-likelihood POVM. In this

appendix, a universal continuous optimal maximum-likelihood measurement of the

polarization of light with arbitrary photon statistics is given as an example. This

work was published in [112].

The polarization of light is an important resource with widespread applications.

It is used for encoding information in quantum communication protocols, and it can

provide additional information in remote sensing and microscopy. In the Fock basis,

a polarized single photon is given by |1〉r = a†r|0〉, where

a†r = cos
θ

2
a†H + eiφ sin

θ

2
a†V , (A.1)

in which θ and φ are the spherical coordinates of the polarization vector r on the

Bloch sphere shown in Fig. A.1, and aH and aV are the annihilation operators for the

north pole and the south pole, which are designated as the horizontal and vertical
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Figure A.1. Bloch sphere. θ and φ are spherical coordinates of the polar-
ization vector r. H and V denote the horizontal and vertical polarizations,
respectively.

polarizations, respectively.

The operator ar satisfies the commutation relation

[ar, a
†
r′ ] = r〈1|1〉r′ ≡ frr′ . (A.2)

Note that |frr′ |2 = 1
2

(1 + r · r′) is the fidelity between two pure qubits with polar-

izations r and r′. The n photon Fock state basis is then produced by applying the

creation operator a†r successively, i.e.,

|n〉r =
a†nr√
n!
|0〉. (A.3)

It can be shown that r〈n|m〉r′ = fnrr′δnm, where δnm is the Kronecker delta.
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The light source considered here is a multi-photon light beam with a fixed but

unknown polarization vector r0 and the different photon number modes are incoherent

with each other. Its density operator is generally written as

ρ(r0) =
∞∑
n=0

Pn|n〉r0〈n|, (A.4)

in which Pn is the probability of the occurrence of n photons.

The operator

Π(r) =
∞∑
n=0

n+ 1

4π
|n〉r〈n|, (A.5)

is then found to be a continuous measurement that can generate a maximum-likelihood

estimate r of any polarization r0 of state ρ(r0) on the Bloch sphere, i.e., r0ML
=

arg maxr∈S P (r|r0) = r, which is obtained by maximizing the likelihood function

P (r|r0) = Tr [Π(r)ρ(r0)] = Tr

[
∞∑
n=0

n+ 1

4π
|n〉r〈n|

∞∑
n=0

Pn|n〉r0〈n|

]

=
∞∑
n=0

n+ 1

4π
Pn〈n|r|n〉r0〈n|r0|n〉r =

∞∑
n=0

n+ 1

4π
Pn|〈n|r|n〉r0|2 =

∞∑
n=0

n+ 1

4π
Pn |frr0|

2n .

(A.6)

According to quantum estimation theory [69], the maximum-likelihood POVM

Π(r) satisfies the following conditions:

[Υ−W (r)] Π(r) = Π(r) [Υ−W (r)] = 0 (A.7)
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and

Υ−W (r) ≥ 0, (A.8)

where

W (r) ≡
∫
S

dr0 p(r0)C(r, r0)ρ(r0) =
ρ(r)

4π
(A.9)

is the Hermitian risk operator with a uniform prior distribution p(r0) = 1/4π and a

delta cost function C(r, r0) = δ(r − r0). Here Υ is a Hermitian Lagrange operator

defined by

Υ ≡
∫
S

dr W (r)Π(r). (A.10)

Note that the integration is over the Bloch surface S with dr = sin θdθdφ. The proof

of Eq. (A.5) satisfying the conditions (A.7) and (A.8) is shown below. First of all,

it should be noted that Eq. (A.5) forms a legitimate continuous POVM (in r), viz.,

Π(r) > 0 and ∫
S

Π(r)dr = I, (A.11)

where

I ≡
∞∑
n=0

In ≡
∞∑
n=0

[
n∑

m=0

|m〉H〈m| ⊗ |n−m〉V 〈n−m|

]
=
∞∑
n=0

|n〉H〈n| ⊗
∞∑
m=0

|m〉V 〈m|

(A.12)

is the identity operator of the infinite dimensional Fock space and In is the identity

operator of the n photon subspace. In addition, substituting Eqs. (A.9) and (A.5)
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into Eq. (A.10), one obtains

Υ =

∫
S

dr
ρ(r)

4π

∞∑
n=0

n+ 1

4π
|n〉r〈n| =

∫
S

dr

∑∞
n=0 Pn|n〉r〈n|

4π

∞∑
n=0

n+ 1

4π
|n〉r〈n|

=
∞∑
n=0

n+ 1

16π2
Pn

∫
S

dr|n〉r〈n| =
∞∑
n=0

n+ 1

16π2
Pn

4πIn
n+ 1

=
1

4π

∞∑
n=0

PnIn,

(A.13)

which is Hermitian; i.e., Υ = Υ†. Then substituting Eqs. (A.9), (A.5) and (A.10) into

Eq. (A.7), one obtains

Π(r) [Υ−W (r)] =
∞∑
n=0

n+ 1

4π
|n〉r〈n|

[
1

4π

∞∑
n=0

PnIn −
ρ(r)

4π

]

=
Pn
4π

∞∑
n=0

n+ 1

4π
|n〉r〈n|

(
∞∑
n=0

In −
∞∑
n=0

|n〉r〈n|

)

=
Pn
4π

(
∞∑
n=0

n+ 1

4π
|n〉r〈n| −

∞∑
n=0

n+ 1

4π
|n〉r〈n||n〉r〈n|

)
= 0,

(A.14)

which verifies Eq. (A.7). To prove Eq. (A.8), I first organize the operator Υ−W (r)

into a more suggestive form:

Υ−W (r) =
1

4π

∞∑
n=0

Pn (In − |n〉r〈n| ⊗ |0〉−r〈0|) , (A.15)

where the polarization −r is perpendicular to r. Now In can be expanded in any

orthogonal polarization basis:

In =
n∑

m=0

|m〉r〈m| ⊗ |n−m〉−r〈n−m|. (A.16)

Therefore Υ − W (r) is a non-negative definite operator. So far, both Eqs. (A.7)
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and (A.8) have been proven, and hence Π(r) in Eq. (A.5) is a maximum-likelihood

POVM.
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Appendix B: Proof of Eq. (4.8) using the mathematical induction

In order to prove Eq. (4.8), mathematical induction can be utilized. Given the to-be-

proved equation

x∏
k=1

Mk|NN〉ad =

(
− i

2

)x x∏
k=1

sin2 θk cos2(N−k) θk

x∏
k=1

(
a2 + ei2ψkd2

)
|NN〉ad, (B.1)

the base case at x = 1 is calculated as follows:

M1|N,N〉ad =
i√
2

(b′c′〈20|+ ei2ψk b′c′〈02|)U(θ1)
a†Nd†N

N !
|0〉

=
i√
2

(b′c′〈20|+ ei2ψk b′c′〈02|)(cos θ1a
′† + i sin θ1b

′†)N(cos θ1d
′† + i sin θ1c

′†)N

N !
|0〉

= − i√
2

(b′c′〈20|+ ei2ψk b′c′〈02|)C
2
N

N !(
sin θ1

2 cos θ1
2N−2a′†(N−2)b′†2d′†N + cos θ1

2N−2 sin θ1
2a′†Nc′†2d′†(N−2)

)
|0〉

= −iC
2
N sin θ1

2 cos θ1
2N−2

N !

(
a′†(N−2)d′†N |00〉a′d′ + ei2ψka′†Nd′†(N−2)|00〉a′d′

)
= −iC

2
N sin θ1

2 cos θ1
2N−2

N !

√
(N − 2)!N !

(
|N − 2, N〉a′d′ + ei2ψk |N,N − 2〉a′d′

)
= − i

2
sin2 θ1 cos2(N−1) θ1(a

′2 + ei2ψkd′2)|N,N〉a′d′

= − i
2

sin2 θ1 cos2(N−1) θ1(a
2 + ei2ψkd2)|N,N〉ad,

(B.2)
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which satisfies Eq. (B.1). Then assuming Eq. (B.1) holds for x = y with y =

2, 3, · · · , N/2− 1:

y∏
k=1

Mk|NN〉ad =

(
− i

2

)y y∏
k=1

sin2 θk cos2(N−k) θk

y∏
k=1

(
a2 + ei2ψkd2

)
|NN〉ad, (B.3)

one can calculate the case with x = y + 1:

y+1∏
k=1

Mk|NN〉ad = My+1

y∏
k=1

Mk|NN〉ad

=
i√
2

(b′c′〈20|+ ei2ψy+1
b′c′〈02|)U(θy+1)

(
− i

2

)y
y∏
k=1

sin2 θk cos2(N−k) θk

y∏
k=1

(
a2 + ei2ψkd2

)
|NN〉

=

(
− i

2

)y y∏
k=1

sin2 θk cos2(N−k) θk
i√
2
b′c′(〈20|+ ei2ψy+1〈02|)U(θy+1)

y∑
m=0

N !

(N − 2m)!(N − 2y + 2m)!

Cmy combs of m xi∑
xi∈[1,y], xi 6=xj

ei2(ψx1+ψx2+...+ψxm)a†(N−2y+2m)d†(N−2m)|0, 0〉

=

(
− i

2

)y y∏
k=1

sin2 θk cos2(N−k) θk
i√
2
b′c′(〈20|+ ei2ψy+1〈02|)

y∑
m=0

N !

(N − 2m)!(N − 2y + 2m)!

∑
xi∈[1,y], xi 6=xj

ei2(ψx1+ψx2+...+ψxm)

(cos θy+1a
† + i sin θy+1b

†)(N−2y+2m)(cos θy+1d
† + i sin θy+1c

†)(N−2m)|0, 0〉

(B.4)
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= −
(
− i

2

)y y∏
k=1

sin2 θk cos2(N−k) θk sin2 θy+1 cos2(N−y−1) θy+1
i√
2
b′c′(〈20|+ ei2ψy+1〈02|)

y∑
m=0

N !

(N − 2m)!(N − 2y + 2m)!

∑
xi∈[1,y], xi 6=xj

ei2(ψx1+ψx2+...+ψxm)

(
C2
N−2y+2ma

†(N−2y+2m−2)b†2d†(N−2m) + C2
N−2ma

†(N−2y+2m)c†2d†(N−2m−2)
)
|0, 0〉

= −i
(
− i

2

)y y+1∏
k=1

sin2 θk cos2(N−k) θk

y∑
m=0

N !

(N − 2m)!(N − 2y + 2m)!∑
xi∈[1,y], xi 6=xj

ei2(ψx1+ψx2+...+ψxm)

(
C2
N−2y+2ma

†(N−2y+2m−2)d†(N−2m) + C2
N−2me

i2ψy+1a†(N−2y+2m)d†(N−2m−2)
)
|0, 0〉

=

(
− i

2

)y+1 y+1∏
k=1

sin2 θk cos2(N−k) θk

y∑
m=0

∑
xi∈[1,y], xi 6=xj

ei2(ψx1+ψx2+...+ψxm)

( N !

(N − 2m)!(N − 2y + 2m− 2)!
a†(N−2y+2m−2)d†(N−2m)

+
N !

(N − 2y + 2m)!(N − 2m− 2)!
ei2ψy+1a†(N−2y+2m)d†(N−2m−2)

)
|0, 0〉

=

(
− i

2

)y+1 y+1∏
k=1

sin2 θk cos2(N−k) θk

( y∑
m=0

∑
xi∈[1,y], xi 6=xj

ei2(ψx1+ψx2+...+ψxm) N !a†(N−2y+2m−2)d†(N−2m)

(N − 2m)!(N − 2y + 2m− 2)!

+

y+1∑
m′=1

∑
xi∈[1,y], xi 6=xj

e
i2
(
ψx1+ψx2+...+ψxm′−1

)
ei2ψy+1N !a†(N−2y+2m′−2)d†(N−2m

′)

(N − 2y + 2m′ − 2)!(N − 2m′)!

)
|0, 0〉

(B.5)
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=

(
− i

2

)y+1 y+1∏
k=1

sin2 θk cos2(N−k) θk

(
a†(N−2y−2)d†(N)

(N − 2y − 2)!
+

y∑
m=1

( xi 6=xj∑
xi∈[1,y]

ei2(ψx1+ψx2+...+ψxm) +

xi 6=xj∑
xi∈[1,y]

ei2(ψx1+ψx2+...+ψxm−1+ψy+1)
)

N !a†(N−2y+2m−2)d†(N−2m)

(N − 2y + 2m− 2)!(N − 2m)!

+ ei2(ψ1+ψ2+...+ψxy+ψy+1)a
†(N)d†(N−2y−2)

(N − 2y − 2)!

)
|0, 0〉

=

(
− i

2

)y+1 y+1∏
k=1

sin2 θk cos2(N−k) θk

(
a†(N−2y−2)d†(N)

(N − 2y − 2)!

+

y∑
m=1

∑
xi∈[1,y+1], xi 6=xj

ei2(ψx1+ψx2+...+ψxm) N !a†(N−2y+2m−2)d†(N−2m)

(N − 2y + 2m− 2)!(N − 2m)!

+ ei2(ψ1+ψ2+...+ψxy+ψy+1)a
†(N)d†(N−2y−2)

(N − 2y − 2)!

)
|0, 0〉

=

(
− i

2

)y+1 y+1∏
k=1

sin2 θk cos2(N−k) θk

y+1∑
m=0

xi 6=xj∑
xi∈[1,y+1]

ei2(ψx1+ψx2+...+ψxm)

N !a†(N−2y+2m−2)d†(N−2m)

(N − 2y + 2m− 2)!(N − 2m)!
|0, 0〉

=

(
− i

2

)y+1 y+1∏
k=1

sin2 θk cos2(N−k) θk

y+1∏
k=1

(a2 + ei2ψkd2)|NN〉ad.

(B.6)

Therefore, Eq. (B.1) is proved to be valid for any x ≤ N/2. When x = N/2, it

gives Eq. (4.8).

115


	Acknowledgements
	List of Tables
	List of Figures
	List of Abbreviations
	Abstract
	Introduction
	Motivation
	Quantization of the electromagnetic field
	Basic states of light
	The Fock state
	The coherent state
	The squeezed state
	The NOON state

	Basic optical devices
	Measurement methods: pre-selection and post-selection

	Applications of NOON states in quantum metrology and quantum imaging
	Super-resolving measurements using two-mode NOON states
	The quantum lithography scheme
	The optical centroid measurement scheme

	Super-sensitive imaging using NOON states
	Single phase estimation using two-mode NOON states
	Simultaneous multiple phase estimation using multi-mode NOON states Zhang2017

	Summary

	Generation of two-mode NOON states
	Method using cross-Kerr nonlinearity
	NOON state projective measurement
	Method using dual-Fock states
	Method using a two-mode N-photon state
	Method of mixing a coherent state with a squeezed vacuum state
	Summary

	Generation of multi-mode NOON states
	Method using cross-Kerr nonlinearity Zhang2017a
	Method using d N-photon Fock states Zhang2017a
	Methods using Fock state filters and fixed-photon-number states
	Generation using an evenly-distributed N-photon state Zhang2017a
	Generation of a 4-photon NOON state using single photons

	Methods using FSF and nondeterministic-photon-number states
	Generation using d coherent states Zhang2017a
	Generation using d single-mode squeezed vacuum states Zhang2018
	Generation using one two-mode squeezed vacuum state Zhang2018

	Comparisons and summary

	Conclusion and future work
	Conclusion
	Future work

	References
	Universal optimal measure for the polarization estimation of light with arbitrary photon statistics Zhang2016
	Proof of Eq. (4.8) using the mathematical induction

