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CHAPTER 1

INTRODUCTION

1.1 Introduction

Composites are one of the most advanced materials specialized to achieve the best
of the properties of constituent materials. They offer a number of advantages over metals
and other conventional materials in the aerospace and many other applications. For the
next generation space vehicles, composite materials are ideal for applications such as fuel
tanks. For reusable launch vehicles (RLVs) as well as expendable launch vehicles
(ELVs), composites are used to reduce the payload and increase fatigue life under
thermal and mechanical loading conditions for various structural parts. Materials with
high strength-to-weight and stiffness-to-weight ratios are essential and composites
exactly satisfy the needs. However, due to very high temperature variations in addition to
structural loads during the operation of space vehicles, composites are susceptible to
transverse matrix cracks. Difference in coefficient of thermal expansion and mismatch of

Poisson’s ratio between the adjacent plies can be one of the main reasons for the



initiation and propagation of matrix cracks. These cracks in the polymer matrix can lead
to the permeation of cryogenic fuel in fuel tank, which eventually might become a cause
of an accident. These matrix cracks typically tend to form and grow in direction parallel
to fibers through the thickness of ply direction. Along with the transverse cracks, there
are inter-laminar delaminations originating from the tips of these cracks due to stress

concentration.

(b)

Fig.1.1 Cross-ply laminate subjected to uniaxial loading and resulting damage.

A typical cross section of a cross ply laminate shows fibers and matrix in Fig. 1.1(a) with
application of uniaxial load in Y direction (along the 0° ply direction). Fig. 1.1(b) depicts
the cracks formed in middle 90° ply along with delaminations produced at the crack tips.
Delaminations and cracks may form an intersecting network of leak passages
through which high pressure cryogenic fuel can permeate. Fig. 1.2 shows how the cracks
in successive layers of a laminate interact to form a network of passages. As depicted by
the schematic in Fig.1.2, the crack opening displacements associated with the
delaminated transverse matrix cracks, when subjected to thermal and/or mechanical
loading, form a path through the entire thickness of the arbitrarily oriented ply laminate,

thereby allowing cryogenic fuel to permeate. To study the permeation problem, an



analytical solution is necessary to predict the delaminated crack opening displacement
(DCOD) developed in each of the plies, as later it will be shown that DCOD and crack
density are the two important factors which decide the permeability of a composite
laminate. After obtaining the solutions for DCOD, a mathematical model for predicting
permeability of symmetric cross-ply and arbitrarily oriented ply graphite-epoxy laminates
can be established. Cracks can exist not only in outermost (top) ply and the middle
(central/symmetric) ply but also in the intermediate plies. Generally ply laminates with
different arbitrarily oriented plies are used for optimizing the properties and strength to
weight ratio of structures and therefore it is necessary to develop a solution for DCOD

developed in the intermediate plies of such different orientation ply laminate.

PERMEATION OF CRYOGENIC

Z
o[1] = 45"
-
g[21=0° DELAMINATION
- OPENING
. DISPLACEMENT
8[3] = —45
o[4] = 90°
X SYMMETEIC ABOUT
T OAXIS

Fig.1.2 Permeation path at overlap of transverse cracks in arbitrary orientation plies



The representative volume element (RVE) of a [45/0/-45/90]s laminate shown in
Fig.1.2 has cracks in various oriented layers. The ply orientation angles are measured
with respect to the Y axis. Due to the different orientations of layers in arbitrarily
orientated ply laminate, the delaminated opening displacement of each ply under thermal
and mechanical loads is different and therefore has to be predicted individually. The
shaded region shows the overlap of cracks through which permeation can occur.

The composite material under consideration here is graphite epoxy IM7/PETI-5.
The properties of IM7/PETI-5 are as shown in Table 1.1 and are obtained from
mechanical characterization work performed by Gates et al [7].

Table 1.1. Material Properties of IM-7/PETI-5 Room Temperature (75°F)

En Es Es; G Gis Gos Vi2 Vi V23 [08] a2
(Msi) (Msi) (X 10° &/°F)
2420 1.28 1.28 0.73 0.73 048 0.3 0.3 0.34 -0.722 10.80

1.2 Thesis Outline

In Chapter 1, an introduction to the permeation problem in graphite-epoxy
laminate system used in cryogenic fuel tanks of reusable launch vehicles is presented
along with an outline of the thesis. Chapter 2 is comprised of literature review of work
done previously by other researchers. Chapter 3 gives the problem statement and scope
and objective of the thesis. Chapter 4 presents a development of solution for finding the
crack opening displacement associated with delaminations in arbitrarily oriented ply
laminates using five-layer model. Chapter 5 includes the use of a Three Layer model to
calculate cracks in the outermost layer. Chapter 6 presents an approach to predict the in

situ damage effective function (IDEF) and strain energy release rate. Chapter 7 discusses



the finite element models used to verify the results obtained from Five Layer and Three
Layer models. Chapter 8 discusses results obtained from Five Layer and Three Layer
models. Chapter 9 lists the conclusions based on the current study and the scope for

future study.



CHAPTER 2

LITERATURE REVIEW

The problem of high pressure cryogenic fuel permeation through delaminated
crack opening of composite laminates has been a matter of concern for a while due to
highly critical and potentially dangerous consequences. If permeation persists, the use of
composites as fuel tank material would be hazardous. Many researchers have studied the
phenomenon of permeation of cryogenic fuel through composite laminates. Experimental
as well as analytical and simulations studies have been performed.

McManus et al [1,2] observed that the permeability is strongly influenced by
loading conditions, crack density and ply orientation. They analytically predicted matrix
cracks in a composite laminate, together with the resulting degradations of laminate
properties, as functions of temperature or thermal cycles. A simple shear-lag solution for
the stresses in the vicinity of cracks and a fracture mechanics crack formation criterion

were used to predict matrix crack initiation and evolution. Experimentally, crack



densities were measured in a variety of laminates exposed to decreasing temperatures
using X-ray radiography and microscopic inspection.

Varna et al [3] experimentally investigated the transverse cracks in cross-ply
laminates to reveal the essential characteristics of their opening displacement under
tensile loads. The average crack opening displacement was studied as a function of the
longitudinal overall strain and the effects of matrix toughness and transverse ply
thickness on this parameter were examined. They predicted the average COD based on
shear-lag model and variational approach and found that the stiffness reduction in the
uncracked layer influences the COD of the interior layer.

Hong et al [4,5] used a modified shear lag model taking into account the concept
of interlaminar shear layer to predict the onset of a transverse crack and multiple
transverse cracking as well as stiffness reduction due to the effect of transverse cracks on
the thermomechanical properties of cross-ply laminated composites. They showed the
dependence of the degradation of thermomechanical properties on the laminate
configuration.

Nairn [6,7] used a variational energy approach to determine the two-dimensional
thermoelastic stress state in cross-ply laminates of type (0,/90,)s and (90,,/0,)s. The stress
analysis was used to calculate the energy release rate due to formation of a new
microcrack. Further development of same model to include effects of delaminations with
transverse matrix cracks was used to calculate the energy release rate for the initiation
and growth of a delamination induced by a matrix microcrack. He concluded that at low
crack densities, ((S)/90,)s laminates are expected to fail by microcracking and to show

little or no delaminations whereas after a certain critical value of crack density, which is a



function of laminate structure and material properties, the energy release rate for
delamination exceeds that for microcracking and delamination is predicted to dominate
over microcracking.

Roy and Benjamin [8] developed a simple expression for calculating the COD
based on shear lag analysis. A major limitation of shear lag analysis is that the
constraining layers are assumed as a homogenous medium without taking into account
the stacking sequence effects, and shear deformations within a cracked layer are ignored.
Also, it can be seen from Fig.1.2 that the increase in crack opening displacement due to
delamination plays an important role in determining the amount of permeation of
cryogenic fuel, which is not included in the standard shear lag model.

Berthelot and Corre [9,10] developed a shear lag theory based analytical model
for transverse cracking with delamination in cross-ply laminates subjected to tensile
loading to evaluate strain and stress distribution. In the portion of laminate without
delamination, the analytical model is based on a displacement approach which considers
that the longitudinal displacement depends on the longitudinal and transverse coordinates
in each layer. In the delaminated part, the analytical approach is reduced to the usual one-
dimensional analysis. They concluded that complete parabolic shear-lag analysis yields a
fairly good approximation of the strain and stress distributions obtained by finite element
analysis.

Noh and Whitcomb [11,12] developed an expression for calculating the crack
opening volume (COV) based on changes in the effective moduli of a cracked ply. They
studied the effect of various parameters such as adjacent ply orientation, material

properties of adjacent plies, initial properties of the cracked ply and cracks in adjacent ply



on COV. They observed that the crack opening could be predicted using two-dimensional
models when crack-tip delaminations are fully developed, and that interaction effects on
COD due to matrix cracks in adjacent plies can be ignored.

Zhang et al [13,14] analytically studied the delaminated transverse matrix
cracking of CFRP laminates under uniaxial tension. The model was based on first order
shear deformable laminate theory, applying force, moment and shear stress constitutive
equations to each sublaminate and analyzing the system using load and displacement
boundary conditions. They found that a Five Layer model was able to predict the crack
opening displacement in mid-layers, whereas a Three Layer model was useful for
prediction of cracks in outermost layers. They also developed the concept of an in situ
damage effective function (IDEF) for reducing stiffness of laminate as a function of
damage growth.

Gates et al [15] studied the effect of cryogenic temperature on materials properties
of IM7/PETI-5 and found that temperature, loading mode and aging time can all have
significant influence on residual strength and stiffness of the laminate, and this influence
is a strong function of laminate stacking sequence. They also observed that certain
material properties, such as laminate moduli, are not only nonlinear but they may also be
non-monotonic functions of temperature.

Bechel et al [16,17] developed an apparatus to experimentally observe the damage
development in graphite epoxy laminates. IM7/3K, IM7/5250-4 carbon/bismaleimide
cross-ply ([0/90]2S and [90/0/90/0/90/0/90/0/90]) and quasi-isotropic ([0/45/-45/90]s)
laminates were submerged in liquid nitrogen (LN2) and returned to room temperature for

various number of cycles. They observed that samples with ply thickness reduced by 30%



had lower surface cracks upto 200 cycles but at 1000 cycles, surface crack densities were
equal regardless of ply thickness. Fig. 2.1 shows cross section of laminate in which crack

in 90° layer (middle) is evident [16].

Fig. 2.1. Micro-crack in 90° ply block of a [0/90]2S specimen [17]

Roy and Benjamin [18] developed an analytical solution for predicting
permeation due to crack opening displacement and delaminations in graphite epoxy
systems IM7/PETI-5 cross ply laminates. This model is based on first-order shear
laminate theory embodied in a Five Layer and a Three Layer model. Using this approach,
the DCOD can be calculated for a cross-ply laminate with a given delamination length,
crack density and loading conditions. Prediction of permeability is achieved by using
Darcy’s law for isothermal, viscous flow of gases through porous media. The results
obtained from both five-layer and three-layer model are used as input to the permeability
model. Using this model, the permeability is calculated for an orthotropic laminate lay-up
for a given delamination length, crack density and loading conditions. The model is
restricted to the analysis of orthotropic cross ply laminates and cracks present in middle

(central) plies and the outermost (top) plies.

10



It is evident that in order to comprehensively study the permeability problem, it is
necessary to develop a mathematical model to find the opening displacement associated
with matrix cracks in the presence of delaminations. For any arbitrary ply orientation,
using the analytical solution for matrix crack opening displacement associated with
delaminations, an expression for permeability will be derived and verified using

experimental data.

11



CHAPTER 3

OBJECTIVE & APPROACH

As described in previous sections, in order to be able to develop a mathematical
model for prediction of permeability in graphite-epoxy laminates it is first necessary to
predict the crack opening displacement associated with delaminations in every layer of
arbitrary orientation that forms a path through the entire thickness of the laminate as
shown in Fig.1.2. Once the crack opening displacement is known for given set of thermal
and/or mechanical loads, the permeability can be predicted by modifying the model
previously developed by Roy and Benjamin [18].

In this study, an analytical methodology based on first-order shear laminate theory
[13] is applied to predict opening displacement associated with delaminations in [0/90/0];
cross-ply and [45/0/-45/90]s angle-ply laminate systems in a graphite-epoxy laminate
(IM-7/PETI-5) subject to thermal and mechanical loading conditions. Delamination
length and crack density are specified as input in the interest of simplicity. The Five

Layer and Three Layer models presented in this study are developed further from the

12



work originally presented by Zhang et al [13] and Roy and Benjamin [18]. The five-layer
model is used to predict DCOD in the intermediate layers where as the Three Layer
model is used to predict DCOD in outermost (top) layer. The DCOD obtained using five-
layer and Three Layer models are verified using two-dimensional and three dimensional
finite element analysis. A mathematical model to predict permeability in graphite-epoxy
laminate system [18] is used with the help of Darcy’s law for isothermal, viscous flow of
gases through porous media. The results obtained from five-layer model are used as input
to the permeability model. An approach to calculate the stiffness reduction factor is
presented as in situ damage effective function (IDEF), a function of crack spacing and

delamination length along with material properties.

13



CHAPTER 4

ANALYTICAL SOLUTION FOR DCOD USING

FIVE LAYER MODEL

4.1 Introduction to Five Layer Model

In this chapter, an analytical model has been developed to determine the
delaminated crack opening displacement (DCOD) in the intermediate plies of a
symmetric laminate with arbitrarily oriented plies. The model is based on first order shear
deformation theory. The load conditions considered here are mechanical uniaxial tensile
loading and thermal loading. Each layer is individually analyzed for crack assuming that
the other layers are intact. It can be easily understood that plies with fibers perpendicular
to load direction, i.e. 90° layer, are more susceptible to damage initiation. As the
transverse matrix cracks are studied in this model, layers with orientations other than 90°
are analyzed by resolving the applied forces into components parallel and perpendicular
to the fiber direction. This is done considering the rotation of co-ordinate system

accordingly to view those layers as having orientation of 90°. Appropriate

14



transformations in loads and properties are applied to full RVE for analysis of the
particular layer under consideration.

The damage mode in such 90° plies is transverse matrix cracks. These type of
cracks increase with increase in axial load. Along with transverse matrix cracks, there are
delaminations at the crack tips due to stress concentrations. Such matrix cracking with
delaminations in adjacent plies cause the openings called delaminated crack opening
displacement (DCOD), which are spaced through out the thickness of the laminate. These
DCOD are responsible for the permeation of cryogenic fuel through the laminates. A
representative schematic of such DCOD in a laminate is shown in fig. 4.1. The cracked
90° layer is shown with transverse crack and delaminations at the ends of the crack. The

laminate is considered symmetric about Y axis.

Delamination

. ] i}
=

2
X

Laminate symmetric about  lransverse Crack

Y Axis

Fig. 4.1. Transverse crack and delaminations under uniaxial tensile load in a Five

Layer Model
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4.2 Analytical Expression for Five Layer Model

In this section, the expression for delaminated crack opening displacement in the
Five Layer Model is developed for a general laminate configuration of [®/../0/90/¢/..\y]s.
As shown in Fig. 4.2, the RVE has a uniform crack spacing of ‘2S’ and local

delamination length of ‘2L°. The layers with arbitrary orientations @/../0 and /..y are not

damaged, whereas the crack exists in 90° layer.

-~ Five Layer Iiodel ~ Delamination
\ /i
| [41....10] A I
Constraining Layer 1 ;llJI l
(0% ! |7 .
s | e
Constraining Lager 2 b
foiud
gl __! 3
| f:|_|_ﬁ' ----- ‘| . Delamination Length
Constraining Lavyer 2 /
| 2L ""|
[507] 4
. - 1III i
Constrairing Layer 1 "5‘ 5
[&v.... 8] .I"'.Ir
~ Transverse Crack
™ .28 e

Crack spacing

Fig. 4.2. Crack spacing and delamination length in Five Layer Model
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Considering symmetry of laminate about Y axis and about crack, as well as symmetry of
loading, only one-quarter of this Five Layer laminate is modeled as shown in Fig. 4.3.
The modeled portion of laminate is divided into 6 different parts called sublaminates.
Sublaminates 1,2 and 3 are in the undamaged region of ‘y’ (S-L) whereas sublaminates 4,

5 and 6 are in the damaged portion of ‘y’ (L).

|
< Delarination Surface
h:li:h -y 1 (9] \ G
| i W
W2 ey 2 H07] ; 8 .
¥ : "
hE; 3 0% I /
._:l e ¥ - L L
s f e LA Jllr'l |

Midplane < ek St

Fig. 4.3. One-quarter of repeating interval of a Five Layer model case

Assuming that the displacements in y and z directions within each sublaminate

can be given by,
v(y,z) =V (y)+zp(y) (4.1)
w=W(y) (4.2)
Where, V(y) is the y displacement of mid-surface of the sublaminate.
B(y) is the slope of the sublaminate mid-surface in y direction.

W(y) is the z displacement of mid-surface of the sublaminate.
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The force and moment equilibrium equations for each sub-laminate are,

N, +T,—-T,=0 (4.3)

M D1 4T)=0 4.4
y QFS(Ti+Ty)= (44)
Q,+R-R =0 4.5)

where N, Q and M are axial force, shear force and bending moment resultants, P and T
denote interlaminar peel and shear stresses with subscripts t and b denoting top and
bottom surfaces. Combining the strain-displacement relations with Equations (4.1, 4.2)
and the in-plane stress-strain relationships of a lamina, the force-displacement

relationships of a sublaminate are,

Ty
Ny = AV, +B,, 8, ~Quh [ a,dT (4.6)
Tref
T
My =B,V +D,,8,, ~QuhZ [ a,dT (4.7)
Tref
Q= A44(ﬂ +W9y) (4.8)

where, Az, By, D2y and A4y are components of the A, B and D stiffness matrices from
classical lamination theory; T.r and Ty are reference and final temperatures; h is the
thickness of the lamina; Z is centroidal distance of the lamina from laminate midplane;
a, is the coefficient of thermal expansion in y-direction and is given by the nonlinear
function Co+C;T+C,T°. In the above equations, non-linear material properties with
respect to temperature T are used in calculating the thermal forces and moments. The
components of A, B, D and Q matrix are assumed to be nonlinear functions of

temperature T. It should be noted that for a two-dimensional orthotropic model the other
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stiffness components of the anisotropic sublaminate do not appear in the constitutive

equations due to the assumption of plane strain with respect to the width of the specimen.

By modifying the procedure given by Zhang et al [13] for applying it to present case, the

solutions for displacement in ‘y’ direction of sublaminate 4, 5 and 6 are derived as,

VO(y.2) =V I (y)+ 27 F9(y)
VO(y,2) =V O (y) + 22 8 (y)
VO(y,2) =V O (y)+ 22 FO(y)

B(3) 2] -0
Where, VM)Z_%(V/le R Z R A RN
2

VO =0y+6,

VO =0y+4,
LY =y rye
B =0e" +0,e

B =06y+6,

(4.9)
(4.10)

4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

The detailed procedure for obtaining laminate constants 0;, yi, ® and ®; for the case of

pure mechanical loading is given in Zhang et al [13]. Detailed analytical derivations

including thermal and mechanical loading are given in Appendix A.

From Equations (4.12-4.17), the delaminated crack opening displacement

(DCOD) calculated at the interface of sublaminate 4 and 5 at y=S for a given

delamination length L and crack density 1/2S is given by,

DCOD

:V(é)(s _h(3) h(Z)
)

v
)—VEs.—)

top
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h(3) _h(2)
=v(8, %) VI8, ) (4.19)

DCOD

bottom

Using Equations (4.15), DCOD for a given delamination length, crack density and
symmetric loading (mechanical and /or thermal) condition can be obtained for the Case 1

laminate configuration.
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CHAPTER 5

ANALYTICAL SOLUTION FOR DCOD USING

THREE LAYER MODEL

5.1 Introduction to Three Layer Model

In this chapter, an analytical model is developed to determine the delaminated
crack opening displacement (DCOD) in the outermost ply of arbitrarily oriented
symmetric laminate. The model derived depends on first order shear deformation theory.
The load conditions considered here are mechanical uniaxial tensile loading and thermal
loading. The top layer is individually analyzed for a matrix crack assuming that the other
layers are intact. It can be easily understood that plies with fibers perpendicular to load
direction, i.e. 90° layer, are more susceptible to damage initiation. As the transverse
matrix cracks are studied in this model, top layers with orientations other than 90° are
analyzed by resolving the applied forces into components parallel and perpendicular to

the fiber direction. This is done by considering the rotation of co-ordinate system
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accordingly to view those layers as having orientation of 90°. Appropriate
transformations in loads and properties are applied to full RVE for analysis.

The delaminated crack opening in the top layer is similar to that in intermediate
layers, except the top surface is traction-free. Matrix cracking with delaminations in
adjacent plies results in delaminated crack opening displacements (DCOD), which are
assumed to be equally spaced through out the thickness of the laminate. These DCOD are
responsible for the permeation of cryogenic fuel through the laminates. Representative
schematic of such DCOD in a laminate is shown in fig. 5.1. The cracked top 90° layer is
shown with transverse crack and delaminations at the end of the crack. The laminate is

considered symmetric about X axis.

]E r Delamination
_ Thiee Lager Modl !{“
:' 17
age
\ 1 DL
y
o/...f
| e |
' 2
0 -]

Fig. 5.1. Transverse crack and delaminations under uniaxial tensile load in a

Three Layer Model.
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5.2 Analytical Expression for Three Layer Model

In this section, the expression for delaminated crack opening displacement in a
Three Layer model is developed for laminate configuration of [90/6/.../ ®]. As seen in
Fig. 5.1, the above schematic is developed into RVE with crack spacing of ‘2S’ and local
delamination length of ‘2L°, the similar to the Five Layer model. The layers with
arbitrary orientations 0/.../® are assumed to be undamaged, whereas the crack exists in
the 90° layer.

Considering symmetry of laminate about X axis and about crack, as well as
symmetry of loading, only one-quarter of this Three Layer laminate is modeled as shown
in Fig. 5.2. The modeled portion of laminate is divided into 4 different parts called
sublaminates. Sublaminates 1 and 2 are undamaged region of ‘x’ (S-L) whereas

sublaminates 3 and 4 are in damaged portion of ‘x’ (L).

£ Delatrination Surface
=
i T
g
T
h(Zy . ) [0/.../9] 4
3 f S-L T L / -
Midplane J crack surface -

Fig. 5.2. One-quarter of repeating interval of a Three Layer model case
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Assuming that the displacements in x and z directions within each sublaminate

can be given by,
ux,z)=Ux)+zp(x)
w =W (X)
Where, U(x) is the x displacement of mid-surface of the sublaminate.
B(x) is the slope of the sublaminate mid-surface in x direction.
W(x) is the z displacement of mid-surface of the sublaminate.
The force and moment equilibrium equations for each sub-laminate are,

N, +T,-T,=0
h
M,X—Q+E(Tt+Tb)=0

Q,+P-P, =0

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

where N, Q and M are axial force, shear force and bending moment resultants, P and T

denote interlaminar peel and shear stresses with subscripts t and b denoting top and

bottom surfaces. Combining the strain-displacement relations with Equations (5.1, 5.2)

and the in-plane stress-strain relationships of a lamina, the force-displacement

relationships of a sublaminate are,

Tf
Ny =AU, +B, 5., _Gnh J a,dT

Tref

Ty
My =B, U, +D, 5, _Qlth_J. a,dT

T

ref

Q = A44(ﬂ +W,X)
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where, as in Case 1, Ajj, Byj, D11 and A4 are components of the A, B and D stiffness
matrices from classical lamination theory; T and Tr are reference and final temperatures
respectively; h is the thickness of the lamina; Z is centroidal distance of the lamina from
laminate midplane; o, is the coefficient of thermal expansion in x-direction and is given
by the nonlinear function C0+C1T+C2T2. In the above equations, non-linear material

properties with respect to temperature T are used in calculating the thermal forces and
moments. The components of A, B, D and Q matrix are assumed to be nonlinear

functions of temperature T. For the two-dimensional orthotropic model the other stiffness
components of the anisotropic sublaminate do not appear in the constitutive equations
due to the assumption of plane strain with respect to the width direction. By modifying
the procedure given by Zhang et al [13] for the present laminate, the solutions for

displacement in x direction of sublaminate 3 and 4 are derived as,

u?(x,2)=UPx)+z" Y (x) (5.9)

u®(x,2) =UP(x)+ 2% (x) (5.10)

Where, U® =y x+y, (5.11)
U =0x+6, (5.12)

B =y, (5.13)

S =6,x+6, (5.14)

A detailed analytical derivation including thermal loading is given in Appendix B
The DCOD calculated at the interface of sublaminate 3 and 4 at x=S for a given

delamination length L and crack density 1/28S is given by,
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h(2) _h(l)
DOD:u(‘”(S,T)—u‘”(S,T) (5.15)

Using Equation (5.15), DCOD for a given delamination length, crack density and
symmetric loading condition (mechanical and/or thermal) can be obtained for the Case 2

laminate configuration.
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CHAPTER 6

IN-SITU DAMAGE EFFECTIVE FUNCTION

6.1 Introduction

Composite laminates are macroscopically inhomogeneous materials as they
consist of layers of different orientations. But the individual layer can be considered as a
homogeneous anisotropic solid phase with a distribution of micro-cracks. In this section,
characterization of extension stiffness reduction of the constrained 90°layers is explicitly
expressed in terms of delamination length and transverse crack spacing by using the
obtained stress field in Five Layer and Three Layer models. The reduced stiffness of the
90° ply group normalized by the stiffness of an intact lamina was introduced by Zhang et
al [13,14] and is termed as IDEF. The model developed by Zhang et al [13,14] has been
modified to apply the present boundary and load conditions. In-situ damage effective
function (IDEF) has been defined for considering the changes in in-plane stiffness of

damaged laminate. Equivalent constrained models (ECM) such as Five Layer Model and
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Three Layer Model are used for stiffness degradation calculations. The stiffness reduction
in the laminate due to transverse cracking and its induced delaminations is assumed to be
attributed to the loss of the load carrying capacity of 90° plies. IDEF has been determined
by assuming that the stiffness of an “equivalent” laminate where the degraded 90° plies
are perfectly bonded is equal to that of the real cracked and delaminated laminate. IDEF
happens to be a function of transverse crack spacing as well as delamination length and
the in-situ constraining conditions of 90° plies.

The significance of IDEF is due to the fact that the strain energy release rate can
be developed as a function of IDEF by calculating the potential energy of damaged
laminate element with a finite gauge length of crack spacing (2S) and unit width under
conditions of plain strain in the width direction. Potential energy can be found out by
subtracting the external work done due to tensile load from total elastic strain energy (U)
stored in a laminate element. Zhang et al [13,14] calculated total strain energy by
integrating the strain energy over laminate due to normal stress and strain. The shear
strains generated in the laminate were not considered. In this derivation, shear strain

energy is also included in calculating the total strain energy of the laminate.
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6.2 IDEF calculation

The axial strain &, produced in the laminate can be found out as given by Zhang et al
[14]. As the rotation of the end-section of constraining layers in both FLM and TLM is

zero, overall average axial strain in laminate is given as follows.

6.2.1 For Five Layer Model

(VO V)2 (S, +05+6)/2

&y S S

(6.1)

Therefore the extension stiffness of a damaged laminate in Y direction can be given

as

A, = (6.2)

The IDEF can be found out as given by Zhang et al [13,14]

(2)
2

_pd
Ay =2t (6.3)
6.2.2 For Three Layer Model

Using definitions of constants as defined in Three Layer model,

U“(s) 6,S+6,
E = =
g S S

(6.4)
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Agz =
é‘y
T

6.3 Total strain energy calculation approach

6.3.1 For Five Layer Model

Potential energy (PE) is

PE =U - Ng,2S

where U is strain energy of the laminate.

1 28
U =SAe, + [ AL (B + WD)+ (B + WD) )dy
0

(6.5)

(6.6)

(6.7)

(6.8)

A, has been defined by Zhang et al [13] as stiffness of damaged laminate in shear. By

substituting the values obtained from FLM (Appendix A), the resulting expression is

U=SA%e,’ +o - A44W1( o~ 4p8e™* 1)

6.3.2 For Three Layer Model

Potential energy (PE) is

30
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PE =U - Ng,28 (6.10)

where U is strain energy of the laminate.
1 28
U =SA%s’ +2 [ ALBY + Wiy dy 6.11)
0
By substituting the values obtained from TLM (Appendix B), the resulting expression is

U=SA%e, + % A0} (€' - 40Se™ ~1) (6.12)

6.4 Strain energy release rate calculation approach

6.4.1 SERR for Matrix cracking

Using the potential energy expression obtained in section 6.3.1 for initial crack
spacing of ‘2S’ and after formation of new cracks with crack spacing of ‘S’, approach
followed by McManus et al [1,2] was used. By Griffith’s energy approach, first partial
derivative of potential energy with respect to crack length gives the strain energy release
rate as

_on

GMC —
oa

(6.13)

where GM© is the strain energy release rate due to matrix cracking, ‘n’ is total
potential energy and ‘a’ is the crack length. Substituting and solving equations (6.7, 6.9)
and combining with the constants derived in Appendix A, we get

(3)

L B BY)
PE =(N + NT){S {Z;aj(smh(/ij(S — L))(y}” +%+ pﬁ”%+7§”)
1= 2 2
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N+NT

(28 —L+(L" -SL)—= a

(3)
+17; L( 0

= - (1))cosh(/1 (S-L)+

2 2

T¢
2 » —(N+N" - 26(222)h(2) _[ a;Z)dT)]

T

ref

(&' —4wSe*™® -1)
{za sinh(4;(S — L))( @S0 _gulS+h)y 9 geS _ ga(S-L) _gatSii))

j=1

(6.14)

Solving for GMC, we get
MC T N O B, , yuBy o
=(N+NT) Za (s1nh(/1 (S—- L))(7 Af) S0 TP (1) t )
=

T ©
NN o5 Ly2-snie)
A

D1 ( — Aél))cosh(/l (S-L)+

2 2

T
b (NN =200 | af)dT)]
2

Trer
q ﬂ (S L (3) B(3) o B(l W
+ Za (A cosh( ( ))(7/ (3) S0y T Pj (1) +7 )

{ N+NT 5
= (1))/1 sinh(4;(S—-L))+3S 2-L—4a (1)

> 2

(ea)(S—L) _ e{u(S+L))(2ewS _ ea)(S—L) _ ea)(S+L))(4a)e4wS _ 80)28920)5 _ 46092(08)
+ (e{u(S—L) _ ew(S+L))2(2ewS _ ea)(S—L) _ ea)(S+L))2

(6.15)
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6.4.2 SERR for delamination growth

Using the potential energy expression obtained in section 6.3.1 for initial crack
spacing of ‘2S’ and after formation of new cracks with crack spacing of °S’, approach
followed by Zhang et al [13,14] was used. First partial derivative of potential energy with
respect to delamination length gives the strain energy release rate as

G = or (6.16)
oL

where GLP" is the strain energy release rate due to delaminations, ‘m’ is total
potential energy and ‘L’ is the half delamination length. Substituting and solving
equations (6.7, 6.9) and combining with the constants derived in Appendix A, we get
(3) (1)

B
PE =(N + NT){ {Za (sinh(4;(S - L))(7{" + (3) +pi" = (1) +7{")

3 ! has— I+ NN s e osn e
+77] ( (3) A;l))cos( j( - ))+ ( - +( ) (1)

2 2 2

T
—(2)
v 5 (N+NT-2Q,,h® | a;”dT)]

T

ref

(e4a)S _4a)se2603 _ 1)
Za sinh(4,(S - L))( D) oSy (g _ o5 _ gatsly

j=1

(6.17)
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Solving for G°, we get

DL T 3 4 B(3) M B(l) M
=(N+N"){S Za (—4; cosh(4;(S - L))(7; AV 20 TP AL i)

j=1

—=)cosh(4;(S - L)) -7V, L( —)sinh(4,(S - L))

3)(
j 3) A;l)

3 (;) Agl)
—(2) N+NT o
+ (1)(N+NT 2Q22h<2>Tj aPdT) + 2 (-1+2L-9) m

3
+> a,(~4, cosh(4,(S - L))(€**® — 405> —1)

=1

(e(u(S—L) _ ew(s+L))(a)ew(st) _ wew(s+L))
X (ew(S—L) _ ew(S+L))2(2ewS _ @b _ ew(S+L))2

(a)ea)(S—L) + a)e{u(S+L))(2ea)S _ea)(S—L) _ ea)(S+L))
- (ew(S—L) _ ea)(S+L))2 (zewS _ ea)(S—L) _ ew(S+L))2

(6.18)
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CHAPTER 7

FINITE ELEMENT MODELING

For the verification of the analytically obtained results, 2-D and 3-D finite
element models are constructed. A two dimensional model was constructed to compute
the delaminated crack opening displacement occurring in laminates due to thermal and
mechanical loadings for given crack spacing and delamination length. Finite element
analysis was performed using commercial software ABAQUS, versions 6.3 and 6.4. Due
to symmetry of laminate geometry and loading conditions, only half of the laminate
representative volume element with single crack is analyzed. A plane strain assumption is
made in X-Z plane and a two dimensional mesh with 8 node plane strain element is used.

Two dimensional finite element was done on [0/90/0]s IM7/PETI-5 laminate as
shown in Fig. 7.1. The delaminated crack opening displacement was calculated from the
computed displacement of nodes at the delaminated 0°-90° layer interface. The crack
spacing considered is 4.4 inch and delamination length is 0.16 inch. This is verification of

Casel (Five Layer Model). Also, two dimensional analysis was performed on top layer of
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[0/90/0]s laminate for Case2 (Three Layer Model) as shown in Fig. 7.2 with same crack
spacing and delamination length as that of Casel.

Three dimensional analysis was performed on [0/90/0]s and [45/0/-45/90]s
laminates using a model as shown in Fig. 7.3. A three dimensional quadratic 20 node
brick element was used to create the mesh. Crack was modeled by creating extra nodes as
per the requirement in corresponding elements and thus, connectivity was also changed
for those elements. A crack spacing of 0.5 inches was used with delamination length of
0.01 inches. A considerably wide model (1 inch in Z direction and 0.5 inches in X
direction) was created to avoid the edge effects, for considering plain strain equivalence
in analytical model for X direction. Thickness of the full laminate is 0.048 inches (in Y

direction).
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Fig. 7.1. 2-D FEA model of Casel (Five Layer Model) for [0/90/0]s
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Fig. 7.2. 2-D FEA model of Case2 (Three Layer Model) for [0/90/0]s

2

PN

3 1

Fig. 7.3. 3-D FEA model mesh with quadratic 3-D 20 node brick elements, length

X=0.5 inches, width Z=1 inch, thickness of half laminate Y=0.024 inches
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CHAPTER 8

RESULTS AND DISCUSSION

From the analytical solutions of Three and Five Layer models for various

configurations of IM-7/PETI-5 graphite epoxy laminates, following results are observed.

8.1 FLM - FEM comparison

The results from the Five Layer Model were compared to Finite Element model
results as discussed in Chapter 7. It can be seen from the Fig.8.1 through Fig.8.9 that the
analytical model shows reasonable agreement with the 2D and 3D FEA results for
arbitrarily oriented ply laminates. Laminate configurations of [0/90/0], and [45/0/-45/90]s
are used for comparison.

First [0/90/0]s laminate is compared with 2D FEA solutions. The error observed is
as low as 1%. Fig.8.32 shows that the lines representing FLM and FEA solutions almost

match exactly.
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[0/90/0]s FLM-2D FEA comparison
§=2.2", L=0.08"
6.00E-04
5.00E-04 || —e— DCOD (TOP) FLM »
—=—DCOD FEA
= 4.00E-04 -
(%]
£
o 3.00E-04 -
3
A 2.00E-04
1.00E-04 /
0.00E+00 ‘ ‘ ‘ ‘ ‘
0 200 400 600 800 1000 1200
Load Nm (Ib/in)

Fig.8.1 [0/90/0], laminate, crack in 90° layer FLM-FEA comparison, mechanical load
For 3D FEA benchmark comparison, [45/0/-45/90]s laminate configuration is
used. The analytical model results are in reasonable agreement with the finite element
solutions with error ranging from 4% to 7% in various damaged layers for mechanical

and thermal load conditions.

[45/0/-45/90]s DCOD (top) Comparison for FLM-FEA
$=0.25", L=0.01", Crack in 0°
2.00E-04
1.80E-04
1.60E-04 /’

. 1.40E-04

‘Fé 1.20E-04

= 1.00E-04

8 8.00E-05 -

8 6.00E-05 —e&—FLM (TOP)| |
4.00E-05 —=—FEA (TOP)|—
2.00E-05
0.00E+00 ‘ ‘ ‘

0 500 1000 1500 2000
Load Nm (Ib/in)

Fig.8.2 [45/0/-45/90]s laminate crack in 0° layer FLM-FEA comparison

DCOD (TOP) mechanical load
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[45/0/-45/90]s DCOD (bottom) Comparison for FLM-FEA
$=0.25", L=0.01", Crack in 0°
2.50E-04
2.00E-04 | /
S 1.50E-04
£
a .04 |
8 1.00E-04
o
5 00E-05 —e—FLM (BOTTOM) ]
—m—FEA (BOTTOM)
0.00E+00 ‘ ‘ ‘
0 500 1000 1500 2000
Load Nm (Ib/in)

Fig.8.3 [45/0/-45/90]s laminate with crack in 0° layer FLM-FEA comparison

S=0.25"and L=0.01", DCOD (BOTTOM) mechanical load

[45/0/-45/90]s Thermal DCOD (top) FLM-FEA comparison
§=0.25", L=0.01", Crack in 0°

1-40E-04
H4uE-U4

N 1.20E-04
1.00E-04 |
3
= 8.00E-05
Q I Falalal =ial~
9 —e—FLM (TOP) 6:00E-05
e || = FEA(TOP) 4.00E-05
2.00E-05
‘ ‘ ‘ ‘ 0-00E-+00
600 500  -400  -300  -200  -100 0

AT °F

Fig.8.4 [45/0/-45/90]s laminate with crack in 0° layer FLM-FEA comparison

S=0.25"and L=0.01", DCOD (TOP) thermal load
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[45/0/-45/90]s Thermal DCOD (bottom) FLM-FEA
comparison
§=0.25", L=0.01", Crack in 0°

SN

E 1 N0NE_NA
= 1.00E-04
£ \'
= :
S 6.00E-05 |
a —e—FLM (BOTTOM)
- 4.00E-05
—m FEA (BOTTOM)
2.00E-05
0-BOE+06
600 -500  -400  -300  -200  -100 0

AT °F

Fig.8.5 [45/0/-45/90]s laminate with crack in 0° layer FLM-FEA comparison

S=0.25"and L=0.01", DCOD (BOTTOM) thermal load

[45/0/-45/90]s DCOD (top) Comparison for FLM-FEA
S$=0.25", L=0.01", Crack in -45°
2.50E-04
2.00E-04
S 1.50E-04 /
£
o
8 1.00E-04
—e—FLM (TOP)
5.00E-05 —m—FEA (TOP)| |
0.00E+00 ‘ ‘ ‘
0 500 1000 1500 2000
Load Nm (Ib/in)

Fig.8.6 [45/0/-45/90]s laminate with crack in -45° layer FLM-FEA comparison

S=0.25"and L=0.01", DCOD (TOP) mechanical load
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[45/0/-45/90]s DCOD (bottom) Comparison for FLM-FEA
8=0.25", L=0.01", Crack in -45
4.50E-04
4.00E-04 /
3.50E-04 /
3.00E-04
2.50E-04 /
2.00E-04
1.50E-04
1.00E-04 —e—FLM (BOTTOM)
5 00E-05 —m—FEA (BOTTOM)
0.00E+00 ‘ ‘ .
0 500 1000 1500 2000
Load Nm (Ib/in)

Fig.8.7 [45/0/-45/90]s laminate with crack in -45° layer FLM-FEA comparison

S=0.25"and L=0.01", DCOD (BOTTOM) mechanical load

[45/0/-45/90]s Thermal DCOD (top) FLM-FEA comparison
8=0.25", L=0.01", Crack in -45

R 2.00E-04
DCOD (inch)

v 1.50E-04
1.00E-04

—e—FLM (TOP)
L I~ aTal=iNaV~
—m—FEA (TOP) oPUEE5
: : : : 0.00E+00

600  -500  -400  -300 -200  -100 0
BT

Fig.8.8 [45/0/-45/90]s laminate with crack in -45° layer FLM-FEA comparison

S=0.25"and L=0.01”, DCOD (TOP) thermal load
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[45/0/-45/90]s Thermal DCOD (bottom) FLM-FEA
comparison, $=0.25", L=0.01", Crack in -45°

2.00E-04
E 1.50E-04
a
8 1.00E-04
(8]
[a]
— —e—FLM (BOTTOM) 5.00E-05
—mFEA (BOTTOM)
; ; ; ; 0:00E-+00
-600 -500 -400 -300 -200 100 0

AT °F

Fig.8.9 [45/0/-45/90]s laminate with crack in -45° layer FLM-FEA comparison

S=0.25"and L=0.01", DCOD (BOTTOM) thermal load

The crack shapes obtained from FLM and FEA are also compared. It can be seen
from Fig.8.10 through Fig.8.17 that FEA predicts a “V” shape DCOD while FLM/TLM
give a straight line for crack shape as FLM/TLM models are based on first order shear
deformation theory where only linear variation of displacement is considered through

each layer.
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[45/0/-4590]s FLM-FEA crack profile comparison through
thickness of ply 0° 5=0.25", L=0.01", AT=49%5°F

0.004 0249573

. —e—FLM i

o — = FEM /f'ﬁ;g% |
g 001 — T z“f’ﬁw/ |
R

e, S Cull
02 @Q\. |
0003 ¢ .

0.25
0.245574

¥ Coordinate (inch)

Fig.8.10 [45/0/-45/90]s laminate with crack in 0° layer FLM-FEA crack shape

comparison, S=0.25”and L=0.01" AT = -495°F

[45/0/-4590}s FLMFEA crack profile comparison through
thickness of ply F
5=0.25", L=0.01", Nm=1000 Ik/in

0.004 (245579

0.003 R
—e—FLM g

0.002 T
—s—FEA

— 0.0 X

i % 0245874

- D T 2 T T T
0.001

0.002 D.zqf;a&\
0.003 4 5240805

£0.004

Z (in

¥ Coordinate {inch)

Fig.8.11 [45/0/-45/90]s laminate with crack in 0° layer FLM-FEA crack shape

comparison, S=0.25”and L=0.01" N,,=1000 Ib/in
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[450/45/90]s FLM-FEA crack profile comparison
through thiclness of ply 45°,
5-0.25", L=0.01", AT=A95°F

0.004 :
FLM 0245787 .

003 +— » 240704
s —=u FEA /'/-/-"’/J
0001 ST

= 2t
[X]
_E D = L T T
™00
0.2 h;wl
i = O 0
I:Il:l:la LS R - I:I. 25“.
-0.004
¥ Coordinate {inch)

Fig.8.12 [45/0/-45/90]s laminate with crack in -45° layer FLM-FEA crack shape

comparison, S=0.25”and L=0.01" AT = -495°F

[45/0/-4590}s FLM-FEA crack profile comparison through
thickness of ply 45°
5=0.25", L=0.01", Nm=1000 Ih/in

o.ooa 0240872
0o || 4 FLM j- 0240853
b0 | (= —=FEA e

= 0o

= “

-0.0m
00 44 zk./
-0.003 B0

-0.004

¥ Coondinate {inchj

Fig.8.13 [45/0/-45/90]s laminate with crack in -45° layer FLM-FEA crack shape

comparison, S=0.25”and L=0.01"", N,,=1000 Ib/in
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[45/0/-45/90]s TLM-FEA crack profile comparison through
thickness of ply 45° $=0.25", L=0.01", Nm=1000 lh/in
0.004
—4—TLM
0.003 A\T Initial position
0.002 —k—FEA
= 0.001 \\
u
£ 0 . %
N gpd4E0t 2 A97E-01 2A00E01 Z803E01
-0.002 T
-0.003
-0.004
Y Coordinate {inch)

Fig.8.14 [45/0/-45/90]; laminate with crack in 45° layer TLM-FEA crack profile

comparison, S=0.25”and L=0.01", N,,=1000 Ib/in

{50/ 4590]s TLM-FEA crack profile comparison through
thickness of ply 45° 5=0.23", L=0.01", AT =49F
—— TLI
Iritial position
0.004 —& FEA
0.003 X
0.00zZ \\
%- 0.0
= 0 T
M [ EA94ED 2 A97E-01 2 EHEO] 2 ERED
.002
£.003
{.004
¥ Coordinate {inch)

Fig.8.15 [45/0/-45/90] laminate with crack in 45° layer TLM-FEA crack profile

comparison, S=0.25"and L=0.01", AT = -495°F
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H50/4590]s FLM-FEA crack profiles comparison
through thickness of phy 90° 502", L=0.01", Nm=1000
Ibfin
—a—FLM
0.0040 s o
00 Initial postion
: //. —m—FEA
0.00e20 /
% a.0mo
£ 00mo T
B 0 % 4050 HZER00
000
{0030 é/ /
{10040
¥ Coordinate {inch)

Fig.8.16 [45/0/-45/90]s laminate with crack in 90° layer TLM-FEA crack profile

comparison, S=0.25”and L=0.01", N;,=1000 Ib/in

#4510/ 45/90]s FLM-FEA crack profiles comparison through
thickness of ply90° S=025", L=0.01", AT = 49%5°F
0.0040 —e—FLM
EIIEIEBEI e —=— |nitial position
| —k— FEA
00020 //-

— 00010

5

£ 00000 / :

N0 ool [0 24560 0 240 028010
-0.00:20 ‘/j |
-0.0030 i |
-0.0040

Y Coordinate (inch)

Fig.8.17 [45/0/-45/90]; laminate with crack in 90° layer TLM-FEA crack profile

comparison, S=0.25”and L=0.01", AT = -495°F
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Fig. 8.18 and Fig. 8.19 give the comparison between FLM/TLM and FEA results

in form of % error for mechanical and thermal loads.

[45/0/-45/90]s ! 125 inch
L 0.01 inch
N 1000 Ih/im

Layer FLM 3D FEA

Do CCoD

inzh inch %o error
o top 1. 16E-4 121 429 FLIM
0] bottom 1.31E-0d 139 o652 FLI
A5 top 1.98E-4 | 121E- 579 FLM
45 bottom I5TE-M | 278E4 661  FLM
45" bottom 581E-05 | 572806] 161 TLM

Fig.8.18 [45/0/-45/90]; laminate with crack in layers FLM-FEA DCOD comparison,

S=0.25"and L=0.01", N;x=1000 Ib/in

[45/0/-45/90]s s 025 inch
L 001 inch
AT 495 °F

Lawer FLM D FEA

DCOD DCOD

inch inch %o error
o top 1.27E-4 132604 3.79 FLM
0 bottom 1.35E-04 | 141E-04 426 FLM
45" | 1op 213E-04 | 223E-04 448 |  FLM
A5° Bottoim 2 25E-04 2 28E-04 529 FLM
45 bottom 116E-04 | 114604  180| TLM

Fig.8.19 [45/0/-45/90]s laminate with crack in layers FLM-FEA DCOD comparison,

S=0.25"and L=0.01", AT = -495°F
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8.2 Effect of crack density on DCOD

A [0/90/0]s configuration is considered using delamination length as 0.01 inch and
crack spacing S (or crack density CD) is varied as CD=1/2S, under a thermal load of -
495°F. Keeping the same delamination length, various load conditions are also applied as
mechanical force of 1000 Ib/in. Also, another laminate configuration [45/0/-45/90];s is
observed under similar load conditions for different cases of cracks in 0°, -45° and 45°
layers separately. Results in Fig.8.20 through Fig.8.27 show that up to crack density of 5
cracks per inch, the DCOD remains constant and then decreases with increasing crack
density. The higher the value for half crack spacing, the lower the crack density.
Therefore, the effect of delaminated crack opening remains constant for lower crack
density values. This can be attributed to the fact that as number of cracks per inch
increases, maximum normal tensile stress in the cracked layer decreases because the
crack spacing is less than the critical length necessary for complete load transfer from the

undamaged plies. This is observed in FLM as well as TLM solutions.

[0/90/0]s (FLM), dT=-495°F, L=0.01"
DCOD vs Crack Density
14
13 —e— DCOD (TOP)
= ] —=— DCOD (BOT)| |
[Z]
.5 1.2 -
<
<
w 1.1
x
0
o M
a
0.9
0.8 ‘
0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.20 [0/90/0]s laminate with crack in 90° layer (FLM) for AT =-495°F, L=0.01"



[0/90/0]s (FLM), Nm=1000 Ib/in, L=0.01"
DCOD vs Crack Density
3.6

3.4 —e— DCOD (TOP)

3:2 I_:—'\ —=— DCOD (BOT)
DR N

2.8
2.6

24
22 N

2

DCOD x E-04 (inch)

0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.21 [0/90/0]5 laminate with crack in 90° layer (FLM) for Ny, = 1000 Ib/in, L=0.01"

[45/0/-45/90]s (FLM), dT=-495°F, L=0.01"
DCOD vs Crack Density in -45° layer
2.3
22
S 211
£
ST 2
3 \I
w 1.9
x
8 1.8 |
o . —a— DCOD (TOP)
(=] .
—a— DCOD (BOT)
1.6 |
1.5 ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.22 [45/0/-45/90], laminate with crack in -45° layer (FLM) for

AT =-495°F and L=0.01"
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[45/0/-45/90]s (FLM), Nm=1000 Ib/in, L=0.01"
DCOD vs Crack Density in -45° layer
2.8
26 —e— DCOD (TOP)
' —=— DCOD (BOT)
= 24 1
o
£ 22
gl 2 | \.
w
x 1.8
(=]
O 1.6
o
0 44/
12 *H\\
1 ‘ ‘ ‘ ‘ ’
0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.23 [45/0/-45/90]s laminate with crack in -45° layer (FLM) for

Ny, = 1000 Ib/in and L=0.01"

[45/0/-45/90]s (FLM), dT=-495 °F, L=0.01"
DCOD vs Crack Density in 0° layer
1.4

135 —e— DCOD (TOP) | |

—=— DCOD (BOT)
= 13
[3]
(=
= 1.25
<
2 \
w 12
x
=) ,
8 1.15
a 1.1+
1.05
1 . . . . .
0 5 10 15 20 25 30

Crack Density (/inch)

Fig.8.24 [45/0/-45/90] laminate with crack in -45° layer (FLM) for

AT =-495°F and L=0.01"
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[45/0/-45/90]s (FLM), Nm=1000 Ib/in, L=0.01"
DCOD vs Crack Density in 0° layer

1.25
12 +—-—k—\l —e— DCOD (TOP) i
1 1'5 —=— DCOD (BOT)
E .
R AN
S 105
1 \-
x
[a]
9 095 \
2 o9
0.85
0.8 : : : : :
0 5 10 15 20 25 30

Crack Density (/inch)

Fig.8.25 [45/0/-45/90]; laminate with crack in -45° layer (FLM) for

N = 1000 1b/in and L=0.01"

[45/0/-45/90]s (TLM), dT=-495 °F, L=0.01"
DCOD vs Crack Density in 45° layer
0.5826
0.5824 L_Lv
05822 \’\\ —e—DCOD|_|
fé 0.582
3 0.5818
< 0.5816
w
x 0.5814
a
8 0.5812
Q 0581
0.5808
0.5806 \e
0.5804 ‘ ‘ ‘ ‘
0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.26 [45/0/-45/90], laminate with crack in top 45° layer (TLM) for

AT =-495°F and L=0.01"
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[45/0/-45/90]s (TLM), Nm=1000 Ib/in, L=0.01"
DCOD vs Crack Density in 45° layer

0.582

0.58 b_k_\
\ —e— DCOD
0.578

0.576

0.574
0.572 \
0.57

0.568

DCOD x E-04 (inch)

0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.27 [45/0/-45/90]s laminate with crack in top 45° layer (TLM) for

N = 1000 1b/in and L=0.01"

8.3 Effect of delamination length on DCOD

Similar to the cases in first part, a [0/90/0]s configuration is considered using two
different sets of crack spacing as S=0.25” and S=2.2” for various delamination lengths L,
under a thermal load of -495°F and mechanical force of 1000 Ib/in. Also, another
laminate configuration [45/0/-45/90]s is observed under similar load conditions for
different cases of cracks in the 0°, -45° and 45° layers separately. Results from Fig.8.28
through Fig.8.41 show that DCOD increases linearly with the increase in delamination
length for a given value of crack density and load. This is observed in FLM as well as

TLM solutions.
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[0/90/0]s (FLM), dT=-495°F, S=0.25"
DCOD vs Delamination Length

14

12 )A
= 10 -
2]
£
5 8
<
w ) / —e—DCOD (TOP)
= I
a —m—DCOD (BOT)
S 4
a

2 4

O T T T T

0 0.05 0.1 0.15 0.2 0.25
L (inch)

Fig.8.28 [0/90/0]s laminate with crack in 90° layer (FLM) for

AT =-495°F and S=0.25”

[0/90/0]s (FLM), Nm=1000 Ib/in, $=0.25"
DCOD vs Delamination Length

/

/

/ —e—DCOD (TOP)

—=—DCOD (BOT)

DCOD x E-04 (inch)
—_ N w N (6] D ~ [o°) [(e)

o

0.05 0.1 0.15 0.2 0.25
L (inch)

o

Fig.8.29 [0/90/0]s laminate with crack in 90° layer (FLM) for

N = 1000 1b/in and S=0.25"
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[0/90/0]s (FLM), dT=-495°F, S=2.2"
DCOD vs Delamination Length

100
90 /
80 Zad
s 70
c
= 60
<
Q
w
x
[a]
o ——DCOD (TOP)
8 —a— DCOD (BOT)

L (inch)

Fig.8.30 [0/90/0]s laminate with crack in 90° layer (FLM) for

AT =-495°F and S=2.2”

[0/90/0]s (FLM), Nm=1000 Ib/in, $=2.2"
DCOD vs Delamination Length
50
45 /
40 /
5 35 1
f=
< 30
3
w25
& 20
8 15 —e—DCOD (TOP)
o 10 4 —m—DCOD (BOT)
5
0 T T T T
0 0.5 1 1.5 2
L (inch)

Fig.8.31 [0/90/0]s laminate with crack in 90° layer (FLM) for

N, = 1000 1b/in and S=2.2”
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[45/0/-45/90]s (FLM), dT=-495°F, $=0.25"
DCOD vs Delamination Length in -45° layer

14

12 4

10

. —e—DCOD (TOP)
/ —m—DCOD (BOT)
2 i

0 T T T T
0 0.05 0.1 0.15 0.2 0.25

L (inch)

DCOD x E-04 (inch)

Fig.8.32 [45/0/-45/90]; laminate with crack in -45° layer (FLM) for

AT = -495°F and S=0.25”

[45/0/-45/90]s (FLM), Nm=1000 Ib/in, S=0.25"
DCOD vs Delamination Length in -45° layer
16
14 N
—~ 12
K=
(%]
£ 10 |
3
m 8
x
a 64
(]
(5]
o 44
) —e—DCOD (TOP)
% —m—DCOD (BOT)
0 T T T T
0 0.05 0.1 0.15 0.2 0.25
L (inch)

Fig.8.33 [45/0/-45/90], laminate with crack in -45° layer (FLM) for

N = 1000 Ib/in and S=0.25”
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[45/0/-45/90]s (FLM), dT=-495°F, $=2.2"
DCOD vs Delamination Length in -45° layer
100
90 -
80 s
5 70
[=
= 60 A
3
w50 A
< 40 —e—DCOD (TOP)
8 —=—DCOD (BOT)
8 30
o
20
10 -
O T T T
0 0.5 1 1.5 2
L (inch)

Fig.8.34 [45/0/-45/90]; laminate with crack in -45° layer (FLM) for

AT = -495°F and S=2.2”

[45/0/-45/90]s (FLM), Nm=1000 Ib/in, $=2.2"
DCOD vs Delamination Length in -45° layer

120

—e—DCOD (TOP)

100
_mDCOD (BOT) /.

[o2]
o

(2]
o

DCOD x E-04 (inch)

N »
o o
I

A

1 1.5 2
L (inch)

o
o
o

Fig.8.35 [45/0/-45/90]s laminate with crack in -45° layer (FLM) for

N, = 1000 Ib/in and S=2.2”
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[45/0/-45/90]s (FLM), dT=-495°F, $=0.25"
DCOD vs Delamination Length in 0° layer
14
12 ] /'
= 10
o
= /
< 8
<
W /
x 6
[=)
8 4 / —e—DCOD (TOP)
a —=—DCOD (BOT)
2 4
0 T T T T
0 0.05 0.1 0.15 0.2 0.25
L (inch)

Fig.8.36 [45/0/-45/90], laminate with crack in 0° layer (FLM) for

AT =-495°F and S=0.25”

[45/0/-45/90]s (FLM), Nm=1000 Ib/in, S=0.25"
DCOD vs Delamination Length in 0° layer

14
12 /.
= 10 /
o
€ /
S 8
Q
w
X 6
[a]
S 4 _e—DCOD (TOP)
e _mDCOD (BOT)
2,
0 T T T T
0 0.05 0.1 0.15 0.2 0.25

L (inch)

Fig.8.37 [45/0/-45/90], laminate with crack in 0° layer (FLM) for

N = 1000 Ib/in and S=0.25”
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[45/0/-45/90]s (FLM), dT=-495°F, S=2.2"
DCOD vs Delamination Length in 0° layer

100
90 /
80 /
70
60 -
50
40

30
20

10 /
o

DCOD x E-04 (inch)

—e—DCOD (TOP)
—m—DCOD (BOT)

0.5 1 1.5 2
L (inch)

Fig.8.38 [45/0/-45/90], laminate with crack in 0° layer (FLM) for

AT =-495°F and S=2.2”

[45/0/-45/90]s (FLM), Nm=1000 Ib/in, S=2.2"
DCOD vs Delamination Length in 0° layer

90
80 |
70 /

S 60

£

g 50 |

w

440

(=]

g 30

8 —e—DCOD (TOP)

—m—DCOD (BOT)

10 |
0 T T T

0 0.5 1 1.5 2
L (inch)

Fig.8.39 [45/0/-45/90]; laminate with crack in 0° layer (FLM) for

N, = 1000 Ib/in and S=2.2”
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[45/0/-45/90]s (TLM), dT=-495°F, $=0.25"
DCOD vs Delamination Length in 45° layer
14
12 4
= 10 4
2]
£
< 81
<
w
x 6
a
[e) —e—DCOD
o 4|
a
2 4
O T T T T
0 0.05 0.1 0.15 0.2 0.25
L (inch)

Fig.8.40 [45/0/-45/90]; laminate with crack in 45° layer (TLM) for

AT =-495°F and S=0.25”

[45/0/-45/90]s (TLM), Nm=1000 Ib/in, S=0.25"
DCOD vs Delamination Length in 45° layer

—
>
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(o]

DCOD x E-04 (inch)
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N S
@)
Q
!
O

0 0.05 0.1 0.15 0.2 0.25
L (inch)

Fig.8.41 [45/0/-45/90]s laminate with crack in 45° layer (TLM) for

N, = 1000 1b/in and S=0.25"
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8.4 Effect of mechanical force on DCOD

A [45/0/-45/90]s configuration is considered using a set of crack spacing and
delamination length as S=0.25” and L=0.01". A mechanical force of 1000 Ib/in is applied
on the laminate for different cases of cracks in 0°, -45° and 45° layers respectively.
Results depicted in Fig.8.42 through Fig.8.44 show that DCOD increases linearly with
the increase in mechanical force. This can be seen in FLM as well as TLM solutions. The
force is varied from 600 1b/in to 1500 Ib/in and is biaxial in nature. The thermal load in

this case is zero.

[45/0/-45/90]s (FLM), dT=0°F, S=0.25", L=0.01"
DCOD vs Mechanical Force, Crack in -45° layer
4.5
4
35 ——DCOD (TOP) /
= —a—DCOD (BOT)
© 3
£
gl 2.5
w
x 2 4
a
O 1.5
a
1 4
0.5
O T T T
0 500 1000 1500 2000
Nm (Ib/in)

Fig.8.42 [45/0/-45/90], laminate with crack in -45° layer (FLM) for

S=0.25"and .=0.01”, no thermal load
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[45/0/-45/90]s (FLM), dT=0F, $=0.25", L=0.01"
DCOD vs Mechanical Force, Crack in 0°
2
1.8
1.6
5 1.4
[=
= 1.2
p:
% 0o pa
x
208 2
S 06 —e—DCOD (TOP)
Q04 —=— DCOD (BOT)
0.2
0 T T T
0 500 1000 1500 2000
Nm (Ib/in)

Fig.8.43 [45/0/-45/90], laminate with crack in 0° layer (FLM) for

S=0.25"and .=0.01”, no thermal load

[45/0/-45/90]s (TLM), dT=0°F,
DCOD vs Mechanical Force
§=0.25", L=0.01", Crack in 45" layer

0.8 /

ot i
i

DCOD x E-04 (inc
o
~

0.3 /
02 —e—DCOD
0.1
0 T T T
0 500 1000 1500 2000

Nm (Ib/in)

Fig.8.44 [45/0/-45/90]; laminate with crack in 45° layer (TLM) for

S=0.25"and .=0.01”, no thermal load
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8.5 Effect of temperature difference on DCOD

A [45/0/-45/90]s configuration is considered using a set of crack spacing and
delamination length as S=0.25” and L=0.01". A thermal load of AT = -495°F is applied
on the laminate for different cases of cracks in 0°, -45° and 45° layers respectively.
Results depicted in Fig.8.45 through Fig.8.47 show that DCOD increases linearly with
the increase in temperature difference. This can be seen in FLM as well as TLM
solutions. The AT is varied from -495°F to 0°F. No mechanical force is considered in this

case.

[45/0/-45/90]s (FLM), Nm=0 Ib/in,
DCOD vs Temperature difference
§=0.25",L=0.01", Crack in -45° layer

—e—DCOD (TOP)
-’\\ _mDCOD (BOT)

-600 -500 -400 -300 -200 -100 0
AT °F

o
»

N

DCOD x E-04 (inch)

Fig.8.45 [45/0/-45/90] laminate with crack in -45° layer (FLM) for

S=0.25"and L=0.01", no mechanical load

64



[45/0/-45/90]s (FLM), Nm=0 Ib/in,
DCOD vs Temperature difference
$=0.25",L=0.01", Crack in 0" layer

N
[«2)

N
~

NN

ETN
N

0.8

DCOD x E-04 (inch)

—e—DCOD (TOP)
—=— DCOD (BOT)

fa)
o

-600 -500 -400 -300 -200 -100 0
AT °F

Fig.8.46 [45/0/-45/90], laminate with crack in 0° layer (FLM) for

S=0.25"and L=0.01", no mechanical load

[45/0/-45/90]s (TLM), Nm=0 Ib/in,
DCOD vs Temperature difference
$=0.25",L=0.01", Crack in 45" layer
0.7
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T T T T T O
-600 -500 -400 -300 -200 -100 0
AT °F

Fig.8.47 [45/0/-45/90]s laminate with crack in 45° layer (TLM) for

S=0.25”and L=0.01", no mechanical load
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8.6 Combined effect of mechanical and thermal load on DCOD

A [45/0/-45/90]s configuration is considered using a set of crack spacing and
delamination length as S=0.25" and L=0.01". A varying thermal load and a mechanical
force of 1000 Ib/in are applied on the laminate for different cases of cracks in the 0°, -45°
and 45° layers separately. Results depicted in Fig.8.48 through Fig.8.50 show that DCOD
increases linearly with the increase in temperature difference. This can be seen in FLM as

well as TLM solutions. The AT is varied from -495°F to O°F.

[45/0/-45/90]s (FLM), Nm=1000 Ib/in,
DCOD vs Temperature difference
§=0.25",L=0.01", Crack in -45° layer

6
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\I\U.
2 i
—e—DCOD (TOP) 3

[ 1
T

—m—DCOD (BOT)

DCOD x E-04 (inch)

fal
o

-600 -500 -400 -300 -200 -100 0
AT °F

Fig.8.48 [45/0/-45/90], laminate with crack in -45° layer (FLM) for

S=0.25"and .=0.01”, mechanical load N,,=1000 1b/in
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[45/0/-45/90]s (FLM), Nm=1000 Ib/in,
DCOD vs Temperature difference
$=0.25",L=0.01", Crack in 0° layer
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-600 -500 -400 -300 -200 -100 0
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Fig.8.49 [45/0/-45/90]s laminate with crack in 0° layer (FLM) for

S=0.25"and L.=0.01”, mechanical load N,=1000 1b/in

[45/0/-45/90]s (TLM), Nm=1000 Ib/in,
DCOD vs Temperature difference
§=0.25",L=0.01", Crack in 45° layer
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Fig.8.50 [45/0/-45/90]s laminate with crack in 45° layer (TLM) for

S=0.25"and L.=0.01”, mechanical load N,=1000 1b/in
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8.7 Permeability model results

Using expressions derived by Roy and Benjamin [18] for permeability of
composite laminates, permeability of complete laminate can be calculated. A
configuration [45/0/-45/90]; is considered for finding out the permeability under different
mechanical and thermal loads and crack spacing values. Results from Fig.8.51 through
Fig.8.56 show permeability variation depending upon mechanical load, thermal load,
crack spacing, crack opening volume and delamination length.

The effect of adjacent ply cracks is considered negligible in order to superimpose
the DCOD values of adjacent layers for calculating normalized permeability, as per Roy

and Benjamin [18].

[45/0/-45/90]s Effect of mechanical load on normalized
permeability, $=0.25", L=0.01"
3.50E-10
3.00E-10
2.50E-10 -
o 2.00E-10 +
°
@ 1.50E-10
/ —e—Bo/C
1.00E-10 /
5.00E-11
0.00E+00 ‘ ‘ ‘
0 500 1000 1500 2000
Nm (Ib/in)

Fig.8.51 [45/0/-45/90]s laminate S=0.25"and L=0.01"

Effect of mechanical load on normalized permeability
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Fig.8.51 shows a parabolic increase in normalized permeability through laminate
as the mechanical force increases, due to more delaminated crack opening displacement.

Thus, it is clear that increasing DCOD causes higher permeation.

[45/0/-45/90]s Effect of temperature difference on normalized
permeability, $=0.25", L=0.01"

(8}
°
om
-600 -500 -400 -300 -200 -100 0

AT °F

Fig.8.52 [45/0/-45/90]; laminate S=0.25"and L=0.01"

Effect of thermal load on normalized permeability

Similarly, with more thermal load due to temperature difference, there is more

DCOD and thus, increased permeation. This can be seen from Fig.8.52. These trends

match with those presented by Roy and Benjamin [18].
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[45/0/-45/90]s Effect of crack density on normalized
permeability, Nm=1000 Ib/in, L=0.01"
2.50E-10
2.00E-10 /
1.50E-10 -
Q
o
m
1.00E-10 4
—e—Bo/C
5.00E-11
0.00E+00 \ \ \ \ \
0 5 10 15 20 25 30
cracks/ inch

Fig.8.53 [45/0/-45/90]s laminate L=0.01", N,,=1000 Ib/in

Effect of crack spacing on normalized permeability

Fig.8.53 shows that initially, the normalized permeability increases rapidly with
increase in crack density. After a certain value of crack density, the rate of increase in
normalized permeability is reduced. This can be attributed to the reduction in peak tensile
stress in cracked layers which in turn reduce the DCOD values. The same reasoning can
be applied to explain the nature of the variation of normalized permeability with an
increase in delamination length. Fig.8.55 depicts the variation in normalized permeability
due to increase in delamination length. As L increases, normalized permeability also
increases initially and rate of increase reduces as delamination length is further increased.

However the normalized permeability still increases, albeit at a slower rate due to
the fact that it directly depends on the total crack opening volume, which increases as the

crack density increases in a laminate. This can be seen from Fig.8.54.
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[45/0/-45/90]s Crack Opening Volume variation with
increase in crack density
—e—COV

0.003
£ 0.0025 Pad
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S § 0.0015
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S 0.001
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S 0.0005 -
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0 T T T T T
0 5 10 15 20 25 30
Crack Density (/inch)

Fig.8.54 [45/0/-45/90]s laminate L=0.01", N,,=1000 Ib/in

Effect of crack density on crack opening volume COV

[45/0/-45/90]s Effect of delamination length on normalized
permeability
Nm=1000 Ib/in, $=0.25"

7.00E-09

6.00E-09 Plad

5.00E-09 -

4.00E-09 -

Bo/C

3.00E-09 -
2.00E-09 -
1.00E-09 /
0.00E+00 ‘
0 0.05 0.1 0.15 0.2

L (inch)

Fig.8.55 [45/0/-45/90]s laminate S=0.25"

Effect of delamination length on normalized permeability
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The reduction in the peak tensile stress values in damaged layers with increase in

crack density is depicted in Fig.8.56 for mechanical load of 1000 Ib/in.

Maximum normal stress in undamaged layers
for Nm=1000 Ib/in, L=0.01"

2000 \ ——o] |
% 1500
2
/2]
[}
£ 1000
» \
500 -
O T T T T T
0 5 10 15 20 25 30

Crack Density (/inch)

Fi1g.8.56 [45/0/-45/90]s laminate L=0.01", N,,=1000 1b/in

Effect of crack density on maximum tensile stress in cracked layer

8.8 Damage growth prediction

Damage growth was also predicted using the model developed. Effect of load on
crack density as well as delamination length was observed as shown in Fig. 8.57 through
Fig. 8.60. It was observed that as load increases beyond a certain value, crack density
increase slows down due to reduction in maximum tensile stress in cracked layer.

Delamination length increases almost linearly with increasing load.
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Effect of mechanical tensile load on
crack density
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Fig.8.57 Effect of mechanical tensile load on crack density

Effect of thermal load on crack density
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Fig.8.58 Effect of thermal load on crack density
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Effect of mechanical tensile load on
delamination length
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Fig.8.59 Effect of mechanical tensile load on delamination length

Effect of thermal load on delamination
length
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Fig.8.60 Effect of thermal load on delamination length
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CHAPTER 9

CONCLUSION

An analytical model has been developed to find the delaminated crack opening
displacement for IM-7/PETIS graphite epoxy laminates with arbitrary ply
orientations. The DCOD solutions are in reasonable agreement with the finite
element results and therefore can be used to predict the normalized permeability
of any given laminate configuration under given conditions of mechanical biaxial
tensile and thermal loads and the state of damage. These observations are limited
to IM-7/PETIS graphite epoxy laminate system.

Delaminated crack opening displacement of any intermediate layer can be
determined using the Five Layer Model solution obtained in this study. The
analytical model shows better agreement with 2D FEA results for cross ply
laminates. The maximum error observed for [45/0/-45/90]s laminate is
approximately 7%.

Using this analytical model, delaminated crack opening displacement in an

individual layer anywhere in the thickness of the laminate can be determined. The
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resulting DCOD for all layers then can be used to calculate the normalized
permeability of full laminate with arbitrarily oriented plies. This was not possible
with the previous model [18], which could be applied to only cross ply laminates.
Trends in normalized permeability and DCOD are found to be in agreement with
those observed by Roy and Benjamin [18]. Normalized permeability is found to
increase initially as the crack density and delamination length increase, and then
the rate of increase is slow as saturation crack density is approached in laminates.
Permeability is seen to increase parabolically with an increase in biaxial tensile
mechanical force and thermal loads.

The model presented here can be applied to predict evolution of matrix cracks and
delaminations with increasing load; however, the initial state of damage must be

specified as input to the model
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APPENDIX A

FIVE LAYER MODEL LAMINATE ANALYSIS

A.1 Introduction

In this section, an expression for Delaminated Crack Opening Displacement
(DCOD) derived based on a two-dimensional first-order shear laminate theory is applied
to the five-layer model (FLM) laminate of ply orientation [0,/6,/90,]s shown in Fig.A.1.
Assuming symmetry of geometry and loading, only one quarter of the five-layer laminate
is modeled as shown in Fig.A.2, corresponding to case 1 as discussed earlier. The
sublaminates (other than the cracked one) are not considered to be symmetric about their
midplanes, due to more than one orientations resulting in the presence of bending
extension stiffnesses By,. Transverse matrix cracks are assumed to exist in the 90° plies
with uniform crack spacing of 2S. Local delaminations of length 2L are assumed to

initiate and grow in a symmetric manner from the tips of each transverse matrix crack
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and span the entire width of the laminate. The modeled portion of length S is divided into
six sublaminates, three sublaminates in the laminated portion and three sublaminates in
the delaminated portion, numbered as shown in Fig.A.2. Plane strain condition is
assumed in the width direction (X-direction) of the model. Three local coordinates are

used for the model as shown in Fig.A.2.

‘\/* Five-Layer Model

Del ami nati on

T
\ [/..../0] f | I
Constrainming j |
Laser 1
(909 I 2
I RS
Constraimng !
Layer 3 |
fowedd
A 3
[/ Delamination Length
Constrainming /
Laver “"- 2L -"“‘
(209 4
Constraining
Layer 1 5
[6V..../0]
‘— Tran sverse Crack
et — 25 -

Crack spacing

Fig.A.1 Five Layer model for the cracked and delaminated laminates (Case 1)
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: Delatnination Surface ~,
1-(:‘;] I 1 [6/.../6] i \ 6
@ oy 3 [90°) | T
t- | —
1-{3; —y 3 [@... y] i 4 /
|
Midplans Fs ! reck purfice

Fig.A.2 Quarter of the repeating interval of the Five Layer model laminate (Case 1)

Assuming that the displacements in y and z directions within each sublaminate
can be given by,
v(y,2) =V (y)+z5(Y) (A.la)
w=W(y) (A.1b)
Where,
V(y) is the y displacement of mid-surface of the sublaminate.
B(y) is the slope of the sublaminate mid-surface in y direction.
W(y) is the z displacement of mid-surface of the sublaminate.

The force and moment equilibrium equations for each sub-laminate are,

N, +T,-T,=0 (A.2a)
h

M,, -Q +5(Tt +T,)=0 (A.2b)

Q,,+Fh-R =0 (A.2¢)

83



Where N, Q and M are axial force, shear force and bending moment resultants, P
and T denote interlaminar peel and shear stresses with subscripts t and b denoting top and
bottom surfaces. Combining the strain-displacement relations with Equations (A.la,
A.lb) and the in-plane stress-strain relationships of a lamina, the force-moment

relationships of a sublaminate are,

T¢
Ny = AV, +B,, 8, ~Quh [ a,dT (A.3a)
Tref
T
My =B,V +D,,8, ~QuhZ [ a,dT (A.3b)
Tref
Q=A,(B+W,) (A.3c)

Where, Ay, Bay, Dy and Ays are components of the A, B and D matrix from
classical lamination theory. For the two-dimensional orthotropic model the other stiffness
components of the anisotropic sublaminate do not appear in the constitutive equations
due to the assumption of plane strain with respect to the width of the specimen. h is the
thickness of the lamina; Z is centroidal distance of the lamina from laminate midplane;
a, is the coefficient of thermal expansion in y-direction and is given by the nonlinear
function Co+C,T#C,T#. In the above equations, non-linear material properties with
respect to temperature Tr are used in calculating the thermal forces and moments. The
components of A, B, D and Q matrix are assumed to be nonlinear functions of
temperature Tr. Substitution of Equations (A.3a-A.3c) into Equations (A.2a-A.2c) gives,

AN, +ByB,, T, —T,=0 (A.4a)

By’ |5, _ h Bolp, (0, Baly _
[D”_Ejﬁ’” A44(ﬂ+W,y)+(2 AZJTt+(2+AZJTb_0 (A.4b)
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Ay (B, W, )+R P, =0 (A.4c)
A.2 Laminated Portion: Sublaminates 1, 2 and 3

Modifying the derivation procedure given by Zhang et al [13] and including
thermal loading according to Roy and Benjamin [18], the solutions for force, moment,

and displacement for sublaminates 1,2 and 3 are derived as,
Y= a;PVsinh(4;y) (A.52)
j=1

Where, i=1, 2 , 3 denotes sublaminates 1, 2 & 3 and constants Pj“) (=1, 2, 3) are given

as,

) (2)
Pj B /lj * aA, " — (@ - a12a23)ﬂ“j *
o 0 %) 2, %2
Pj(z) (a”ﬂ’i A, )(a222'j *—AT)-a, /11' * 623A44(1) — (a8, — alzan)ﬂ“j *

(A.5b)

3) —
P =1 (A.5¢)
Where a; are functions of the elastic constants of the lamina and given in Zhang
[13], 4; = /4, *and 4;* (=1, 2, 3) are roots of the equation given below,

2 2 2 %3
(a11a22a33 + 2a123'133'23 —a58,," —a;,8,; —a,34; )/1
(3) 1) (2) 2p 3 2 (D 2p (2 2
_(a11a22A44 +a33a22A44 +a33a11A44 —a; A44 —ay; A44 —a; A44 )ﬂ**

(2) 3) (D 3) (2) (1) (D) (2) 3) _
+(auA44 A44 +a22A44 A44 +a33A44 A44 )/1*_A44 A44 A44 =0

(A.5d)

The displacements of the mid-plane of the sublaminates are,
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VO =>"a,y,Vsinh(4,y) + s,y (A.6)
j=1

The force and moment resultants are,

. 3 . . —_— . . Tf .
NM(I) = Zaﬂj“) COSh(ﬁ‘j y)+ Azz(l)am _sz(l)hm .[ ay(l)dT (A7)
j=1 Tref
- 3 . . fr— . . . Tf .
MM(u) _ zajéj(u) cosh(ﬂjy)-k BZZ(I)a3+i _sz(l)h(l)z_(l) J‘ ay(')dT (A.8)
i=1 T

ref
Where o; (i=1, 2...4) are undetermined constants and the remaining constants are

given in Zhang et al [13] and Roy and Benjamin [18].

A.3 Delaminated Portion

A.3.1 Sublaminate 4

The peel and shear stresses at top and bottom surface of the sublaminate 4 are
given as,
=0 T%=0 (A.9a, b)
PY=0 (A.9¢c)
The symmetry of the laminate implies,
W@ (y)=0 (A.9d)

Substituting Equations (A.9a-e) into Equations (A.4a-c)

AN, 4B B, =0 (A.10a)
3) (822(3))2 (4) 3) p4)
Dy, - A0 By =AY =0 (A.10D)
2
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A44(3) (4) — Pb(4) (A IOC)

Yy

The mid-plane displacement of sublaminate 4 can be given by

vy, ) =VO(y)+ 278D (y) (A.11)
BY =ye” +ye” (A.12a)
Where
o / A,
(3) (822(3))2
D22 - 3)
2
From Equations (A.10a, ¢)
(4) B(S) ® —@
\% Z—A?) (. e” +y.e )ty y+y, (A.12b)
2

Substitution of Equations (A.12a, b) into Equations (A.3a, b) results in,

Ty
NM(4) = A22(3)l//3 _(522(3)h(3) .[ ay(3)dT (A-132)

Tref

(4 (3) (B(3) )2 - (3 A BGIKRB)73) f (3)
My =| Dy _% o(ye” —y,e ) +Byy ;-Qy, hZ _[ a,dT
2 T

ref

(A.13b)

Where y  (k=1, 2, 3 & 4) are undetermined constants derived in further section.
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A.3.2 Sublaminate 5

The peel and shear stresses at top and bottom surface of the sublaminate 5 are

given as,
7,5 =0 T =0 (A.14a, b)
PO =0 RO =0 (A.14c, d)
The crack in sublaminate 5 implies,
WO (y)=0 (A.14e)

Substituting Equations (A.14a-¢) into Equations (A.4a-c)

AN, =0 (A.15a)
D,,”4,, " -A2 8% =0 (A.15b)
AL =0 (A-150)

The midplane displacement of sublaminate 5 can be given by

vO(y,2) =V (y) + 22 (y) (A.16)
=6 + 0, (A.17a)
Where
2
From Equations (A.15a, ¢)
VO =0.y+0, (A.17b)

Substitution of Equations (A.17a, b) into Equations (A.3a, b) results in,

Tf
Ny = An®0, - Q. [ o @dT (A.182)

Tref
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T
My = DRy (G - 0,e™) = Qu*hPZ [ 0, dT  (A.18b)

T

ref

Where 6« (k=1, 2, 3 & 4) are undetermined constants derived in next section.

A.3.3 Sublaminate 6

The peel and shear stresses at top and bottom surface of the sublaminate 6 are

given as,
T, =0 T®=0 (A.19a, b)
P© =0 R® =0 (A.19¢)

Substituting Equations (A.13a-e) into Equations (A.4a-c)

AN, 4B,Y8, =0 (A.20a)

@ _ (Bzz(l))2 (6) _ ()] (6) (6)y _ b

D22 AZ (1) ﬂayy A44 (,8 +va ) - 0 (A20 )
2

A (B, WY =0 (A.20c)

The midplane displacement of sublaminate 6 can be given by

vO(y,z) =V (y) + 2V BO(y) (A.21)

Integrating Equation (A.20c¢),

ALY (B +W.L) =constant (A.22a)
At y=S,

A, (B +V\/,(y(’)) - Q®
Also, at y=S, due to symmetry about S, shear stress

Q®4+QW =0
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so at y=S, Q¥=-Q" andas fY(s)=0

constant = - A,®' (B (s)) =0
So, AL (B +WT) =0 (A.22b)
which gives Wi = - (A.22¢)

Therefore from Equation (20b)

D, - BV 5 w_g A22d
N By = (A.22d)

2
BO=0y+0, (A.23a)

2
mﬂwz_ﬁg__@y+@ (A.23b)

And

VO=0y+6, (A.23c)

Substitution of Equations (A.23 a-c) into Equations (A.3a, b) results in,

T¢

Ny = AD6, + BLO, @, "n [ VT (A.242)
Tref
Tf

My = BYO,+D00,-Q"hZ0 [ o, T (A.24)
Tref

Where 6« (k=5, 6, 7, 8 & 9) are undetermined constants derived in next section.

A.3.4 Determination of the Constants a;, 0; and yy

In order to determine the eighteen constants, the same number of independent

boundary and continuity conditions has to be described. Assuming the laminate is
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subjected to tension force N and thermal load AT, the interfacial continuity conditions

and boundary conditions are enforced as,
N, 7(S)=0
pU(S)=0
p(S)=0

) h(2) © h(l)
vO(S - L—)=vO(S-L——
( 5 ) ( 5 )

(©) S h(z) 4 h(S)
V(S - L——)=v*(S—L,—
( 5 ) ( 5 )

N, ¥ (S)+N,,“(S) :%N

Ny P(0)+ Ny, 2(0)+ Ny, (0) =N

VOGS -L)=V©(S-L)
VAS-L)=VO(S-L)
VOGS -L)=VP(S-L)
pU(S-L)=p(s-L)
pP(S-L)=p"(S~-L)

AU -L)=p(S-L)
W@ -L)=0

Ny (S-L)=N,”(S-L)

N,?(S-L)=N,*(S-L)

M,y P(S—L)=M, (S -L)
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(A.252)
(A.25b)

(A.25¢)

(A.25d)

(A.25¢)

(A.250)

(A.25g)

(A.25h)
(A.251)
(A.25))
(A.25k)
(A.25])
(A.25m)
(A.25n)
(A.250)
(A.25p)

(A.25q)



M,?(S-L)=M,?(S-L) (A.251)
Substituting Equations (A.17a-q) into Equations (A.5a-A.16b) and solving for the
unknowns, the solutions for a;, 0; and i can be derived.

The values of a, (i=1, 2....6) are derived as,

o, =a, = a, =N (A.262)
A,
Where,
Tf Tf Tf
N, 2[(522(%‘” J‘ ay“)dT +(§22‘2)h(2) J‘ ay(z)dT @22(%(3) J‘ ay“)dT
Tref Tref Tref
(A.26Db)

By solving the three equations given below, the values ofa,, a,and o,can be

derived.

< B
a.<cosh(A.(S—-L))| 4, —
A B R

(3) rqo(5-L) o(S+L) (3)
D22 (e —€ ) 2

sinh(4,(S - L)){ w(e”5D 4 gD) [Dg) B (BY) H} o (a2

P(N+Ny)

M-

1l
—_

Ty
a, [77%3) cosh(4,;(S - L))] = ! ~ Q@ I ay(z)dT] (A.27b)

J 2 T,

ref

3 . ) (2) h(z) 2)
2 a;sinh(4;(S - L)) 7" = y” = =P -
j=1

: P.“)J =0 (A.27¢)

The values of y, (k=1, 2, 3) are derived as,

iai sinh(Z,(S - L))
i=1

V= (ea)(S—L) _ ew(S+L))

(A.28a)
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¥, = _l//lezws (A.28b)

3
> an cosh(4;(S - L))
i1

N+NT
v, = (A.28¢)
’ 3 A,
3 M .
V= Zajyj( )Slnh(/ﬁtj(s -L)-y5(S-L)
j=1
3) T
+B2 st _gusn) NEN (g (A.28¢)
2 2
The values of 0, (k=1, 2...9) are derived as,
3
> a;P* sinh(4;(S - L))
- o
=0 (a.280)
3
> a;P| @ sinh(4;(S — L)) - 4; cosh(4;(S — L)) [(e ™)
6, =1 (A.28b)
2
QWHh® Tt o)
6,=| ~25 j a,2dT (A.28¢)
2 Tret

: N+N, Q2h® 't
0,=> a;y\sinh(1,(S - L))+ Y L2 j a,PdT [(S-L)  (A.28d)
j=1 2 2T

ref

3
> a;P"sinh(4;(S - L))
= j:1

%= L (A.28¢)
b =65 (A.28)
Tf
_282)05 -2 (g)w3 +N+N; _2Q_22(2)h(2) J‘ ay(z)dT
o M = (A.28g)

2
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: 1 Lz A22(3) 822(1)
6, =Y a;y, " sinh(2,(S - L)) + 2y, (S - L)+ 25 6,(S - L)

i A, 2

— Tf |

N +N; -2Q,,”h® j a,dT Can
~(S-L) TG T - ZZ T (A28h)
2 2
0, = —%95(32 -1 (A.28i)

All the 18 constants, namely o;, 0; and y (1=1, 2...6; j=1, 2...9; k=1, 2, 3) were
solved above and used in the solutions for force, displacement and moment equations.
The remaining constants used in the various expressions are given in Zhang [13] and Roy

and Benjamin [18].

A.3.5 Delaminated Crack Opening Displacement (DCOD)

The delaminated crack opening displacement (DCOD) calculated at the interface

of sublaminate 4 and 5 at y=S for a given delamination length L and crack density 1/2S is

given by,
h(l) h(2)
DCODtop = V(é)(s,—T) - V(S)(S,T) (A29a)
h(3) _h(2)
DCODbottom = V(4)(897) - V(S)(SaT) (A29b)
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Using the above equations, DCOD for any given delamination length, crack
density and loading condition (mechanical and/or thermal) can be obtained at any

intermediate position of a sublaminate.

95



APPENDIX B

THREE LAYER MODEL LAMINATE ANALYSIS

B.1 Introduction

In this section, an expression for DCOD derived based on a two-dimensional first-
order shear laminate theory is applied to the three-layer model (TLM) laminate shown in
Fig.B.1. Assuming symmetry of geometry and loading, only one quarter of the three-
layer laminate is modeled as shown in Fig.B.2, corresponding to case 2 as discussed
earlier. Transverse matrix cracks are assumed to exist in the 90° plies with uniform crack
spacing of 2S. Local delaminations of length 2L are assumed to initiate and grow in a
symmetric manner from tips of each transverse matrix crack and span the entire width of
the laminate. The modeled portion of length S is divided into four sublaminates as shown
numbered in Fig.B.2. Plain strain condition is assumed in the width direction of the

model. Two local coordinates are used for the model as shown in Fig.B.2.
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Delatri tiation

Three-Layer Model |

[
e

0/.../0
R |

0/....0

| 2L |
3 a2 7 T
28

¥

i

Fig.B.1 Three-layer model for the cracked and delaminated laminates (case 2)

£ Delatrination Surface
_I\
1 T
e R N
g
T
Wy | ; [6/.../9] 4
=3 f 5L o= L / o
Midplane -/ crack surface

Fig.B.2 one quarter of the repeating interval of the three-layer model laminate (case 2)
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Assuming that the displacements in x and z directions within each sublaminate

can be given by,
u(x,z) =U(x)+zB(x)
w =W (X)
Where,

U(x) is the x displacement of mid-surface of the sublaminate.

B(x) is the slope of the sublaminate mid-surface in x direction.

W(x) is the z displacement of mid-surface of the sublaminate.
The force and moment equilibrium equations for each sub-laminate are,

N, +T,=T,=0
h
M, —Q +§(Tt +T,)=0

Q, +P—P,=0

(B.1a)

(B.1b)

(B.2a)

(B.2b)

(B.2¢)

where N, Q and M are the axial force, shear force and bending moment resultants

respectively. P and T denote interlaminar peel and shear stresses with subscripts t and b

denoting top and bottom surfaces. Combining the strain-displacement relations with

Equations (B.1a, B.1b) and the in-plane stress-strain relationships of a lamina, the force-

displacement relationships of a sublaminate are,

Ty
Ny =AU, +B, 5., _(jnh J a,dT

Tref

Ty
My =B,U, +D, 5., _Gllhz__[ a,dT

T

ref

Q=A,(L+W,,)
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Where, Ajj, By, Dy and Ays are components of the A, B and D matrix from
classical lamination theory. For the two-dimensional orthotropic model the other stiffness
components of the anisotropic sublaminate do not appear in the constitutive equations

due to the assumption of plane strain with respect to the width of the specimen. h is the
thickness of the lamina; Z is centroidal distance of the lamina from laminate midplane;
o, 1s the coefficient of thermal expansion in x-direction and is given by the nonlinear

X

function C0+C1Tf+C2Tf2. In the above equations, non-linear material properties with

respect to temperature Tr are used in calculating the thermal forces and moments. The
components of A, B, D and Q matrix are assumed to be nonlinear functions of

temperature Tr. Substitution of Equations (B.3a-B.3c¢) into Equations (B.2a-B.2c) gives,

AllU’XX+Bllﬂ’XX +Tt _Tb =0 (B4a)

B )5 _ h B (M Bl
[Dn —E]ﬂw Ay (ﬁ+W,X)+(2 A“jTt +(2 + AJTb =0 (B.4b)
A44 (ﬂm +W’xx)+ Pt - Pb =0 (B4C)

B.2 Laminated Portion: Sublaminates 1 and 2

Following the derivation procedure given by Zhang [13] and Roy and Benjamin
[18] with modifications for asymmetric sublaminates 2 and 4 resulting in existence of By,
for these sublaminates, the solutions for force, moment, and displacement for sublaminate

1 and 2 are given as,
B = a,P,sinh(4,X) + a,P, sinh(4,X) (B.5a)

B = a,sinh(4,X) + a, sinh(4,X) (B.5b)
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The displacements of the mid plane of the sublaminates are,

U® =" sinh(4,X) + a,p," sinh(4,X) + a,X
U® = a7, sinh(4,X) + a,7,” sinh(1,X) + a,

The force and moment resultants are,

Tf
N, =an" cosh(4,x) +a,n" cosh(4,x)+ A, Ve, —Q,,’h .[ a,dT

Tref

T
N,,* = o,n® cosh(4,X) + a,n'” cosh(A4,x) + A, Ve, —Q,,Ph? _[ a,PdT

T

ref

Ty
M, " =a,&" cosh(4,x) +a, &, cosh(4,x) —Q,,PhVZ ™" J. a,dT

T

ref

T

M, ? =& cosh(4,X) + a,&,'” cosh(4,x) + B, P, = Q,,PhPZ? J. a,VdT

Tref

(B.6a)

(B.6b)

(B.7a)

(B.7b)

(B.8a)

(B.8b)

Where a; (i=1, 2...4) are undetermined constants and the remaining constants are

given in appendix C, which are not exactly same as given by Zhang [13] due to existence

of B,®.

B.3 Delaminated Portion

B.3.1 Sublaminate 3

The symmetry of the laminate and condition of traction-freedom at the upper

surface of the sublaminate 3 implies,

Wox)=0 T,2=0 T®=0 PRY=0 PY=0
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Applying Equations (B.4a-c) to Equations (B.9a-e),

AU, @ =0 (B.10a)
D, "8, -A,"BY =0 (B.10b)
A44(” ,XB) -0 (B.10c)

From Equation (B.10c) and Equation (B.10a)
BY =y, (B.11a)
U® =y X+, (B.11b)

Substitution of Equations (B.11a, b) into Equations (B.3a, b) results in,

Tf
NM(3) = All(l)l//z _Gll(l)h(l) .[ ax(l)dT (B.12a)
Tref
Ty
M, ® =-Q,Ph®OZ® J a, VdT (B.12b)
Tref

B.3.2 Sublaminate 4

The peel and shear stresses at top and bottom surface of the sublaminate 4 are

given as,
TV =0 TP =0 (B.13a,b)
P®=0 (B.13c)
Due to symmetry of laminate,
W@ (x)=0 (B.13d)

Substituting Equations (B.13a-d) into Equations (B.4a-c)

A”(”U ,XX(4) _Bll(z) @ _ (B.14a)

' XX
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2) _ (811(2))2 A _ A 2 pi) _
Dll IB’xx A44 ﬂ _0 (B14b)

A
APp, =P (B.14c¢)
From Equations (B.14a-c)
BY =0 +0,e™ (B.15a)
' @
where, w, =
| \/(Df? Gl
A7
(4) B(z) X —w,X
U :_A,(z)(e e+ 6,67+ 60.,x+6, (B.15b)

Substitution of Equations (B.15a, b) into Equations (B.3a, b) results in,

Tf
NM(4) = A11(2)93 _611(2)h(2) .[ ax(Z)dT (B.162)

Tref

(2)
MM(‘”:(Qle“)zx—é’ze“‘}lx)(fo) A i Ja)z +B}}0, -Q,Ph®Z*? j a,2dT

(2)
T

ref

(B.16b)
B.4 Determining Constants a;, 0; and yy

In order to determine the eleven constants the same number of independent
boundary and continuity conditions has to be described. Assuming the laminate is
subjected to tension force N and thermal load AT, the interfacial continuity conditions

and boundary conditions are enforced as,

LP(S)=0 (B.17a)

NM(‘”(S):%N (B.17b)
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N (04N, (0) = N

N, (S)=0

3) h(l) 4) h(2)
U -L———)=u®(S-L,—
( 5 ) ( 5 )

U®S-L)y=U®(S-L)
UP(S-L)=U?(S-L)
pUS-L)=pY(S-L)
pP(S-L)=pY(s-L)
N, (S -L)=N,“(S-L)
M, P(S-L)=M,P(S-L)
M, (S—L)=M, D (S-L)
Substituting Equations (B.17a-1) into Equations (B.5a-B.16c¢) gives,

0.e”° +0,° =0

Ty
A, 20, - (j“u)h(z) J‘ a,PdT = % N

T

ref

1 1

An(l)o@ + A11(2)a4 = 5 N +E N,
T T
Where, N; =2|Q,"h® I a,VdT +Q,Ph® j a,2dT
Tref Tref

T
All(l)l//z _Q_u(l)h(l) _[ ax(l)dT =0

T

ref

oy, sinh(4,(S - L)) + a272(1) sinh(4,(S—L))+a,(S-L) =y, (S-L)+y;
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(B.17¢)

(B.17d)

(B.17¢)

(B.17f)
(B.17g)
(B.17h)
(B.17i)
(B.17j)
(B.17K)

(B.171)

(B.18a)

(B.18b)

(B.18c¢)

(B.18d)

(B.18¢)



a,y,? sinh(4,(S — L)) + a,y,"” sinh(4,(S - L)) + a,(S — L)

(1)
—_ B,
&)
2

(0> +0,7)+0,(S-L)+6,
a,P, sinh(4,(S — L)) + &, P, sinh(4,(S - L)) =y,
o, sinh(4,(S — L)) + a, sinh(4,(S — L)) = (6> + 0,e7>C)
—ayn;” cosh(4,(S — L)) — ey, cosh(4,(S — L) + A Par, = A0,
a,&" cosh(4,(S — L)) + o, &, cosh(4,(S - L)) =0

o, & cosh(4,(S - L)) + a,&, cosh(A4,(S - L)) + B, Ve,

(2)\2
(Bn
AY
1

S—L -, (S-L 2 (2)
:(glewz( )—4926 ! ))(Du)_ jw2+811 0,

From Equation (B.18a)
0 ,=-0e>"°

From Equation (B.18b)

T
N —2Q,Ph® J‘ a,PdT

Tref
0, = 2A|1(2)
From Equation (B.18c)
N + N,
a3 = 4 =
A,
From Equation (B.18d)
Ty
Qlla)h(l) I a.VdT
Tref
v, = 1)
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(B.18f)

(B.18g)
(B.18h)
(B.18i)

(B.18j)

(B.18K)

(B.19a)

(B.19b)

(B.19¢)

(B.19d)



Substituting Equation (B.19a) in Equation (B.18h) gives,

B [al sinh(4,(S — L)) + &, sinh(4,(S — L))]

1 (ea)z(S—L) _ e{uz(S+L)) (B19e)
Substituting Equation (B.19¢) in Equation (B.18k) gives,
h<2> hO
a,sinh(4,(S - L) ” +——n" +—P,
2 2
h(Z) h®
+a, sinh(4,(S - L))| ¥ + Ty -7+ > —P, [=0 (B.199)
Equation (B.181i) can be modified as,
an* cosh(4,(S = L))+ a,7s” cosh(4,(S - L)) = A, (6, ~ ) (B.19g)

Equation (B.19f) and Equation (B.19g) can be solved for o, and o, as shown below,

P (B.19h)
P
_ ¢ _
o= AL —a) (B.19i)
RQ -PS
h(2) h(l)
Where, P =sinh(4,(S - L))| ® + 7—]/1“)+7Pl

(2) h (1) h®
Q =sinh(4,(S—L))| ) +—— 0+ P

R =7 cosh(4 (S — L))
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S =n{* cosh(4,(S - L))
From Equation (B.18g)
v, = P, sinh(4,(S — L)) + &, P, sinh(4,(S — L)) (B.19k)
From Equation (B.18e)

vy =,V sinh(4,(S — L)) + o, sinh(4,(S — L) + (@, —p,)(S— L) (B.19))

From Equation (B.18f)
0, = 0{1]/1(2) sinh(4,(S - L))+ a272(2) sinh(4,(S — L))+ (e, —6;)(S—L)

(M

+%(91e”2(“) +0,6CV)  (B.19m)
2

All the 11 constants, namely o;, 0; and yi (1=1, 2...4; j=1, 2...4; k=1, 2, 3) were

solved above and used in the solutions for force, displacement and moment equations.

B.5 Delaminated Crack Opening Displacement (DCOD)

The delaminated crack opening displacement (DCOD) calculated at the interface
of sublaminate 3 and 4 at y=S for a given delamination length L and crack density 1/2S is
given by,

—h®

) (B.20a)

h(2)
DCOD = u<4>(s,7) —u®(s,

Using the above equations, DCOD for any given delamination length, crack

density and loading condition (mechanical and/or thermal) can be found.

106



APPENDIX C

CONSTANTS IN THREE LAYER MODEL LAMINATE

ANALYSIS

C.1 List of Constants in Three-Layer Model Laminate Analysis

A= 2(A|1(1) + Anm)

A
All(l)

Z:

@y (2) @) p 2 )
azzlel(Z)_Bll +(_2Bll +h An )An

A 2A,A,

h(l)(h(l)Al(Q) _ 28(2))A| M
a, =8, = 12A| 4 :
1

hMzpa @pa O
a, = D“(l) + All All
2A,

_ —b++/b* —4ac

2a

212 , /122

Where,
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(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)



2
a=a;a,—q,

_ (2) €8}
b—_(a11A44 +a22A44 )

1 2
c= A44( )A44( ))

For j=1 and 2, the constants are,

2
L apd
i 2 [©)
all//i’j _A44

Pj(h(l)A”(2) + h(2)AH(2) _ 2B”(1))

n _
yi =

| Al
@ _ _ Pj(h(l)A”(l)) + 28”(1) i h(Z)A”(l)
| A

(1) (Au(l)]/l(l))/ll
(1) (All(l) (1))/1
(2) _(B @ 4 Al (2)7/ (2))21
(2) (811(2) + AI (2)7 (2))/1
gj(l) — (D“(l)';)j + Bll(l)yj(l))/lj

5 2) _ D”(z)ﬂ,
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(C.7)

(C.8)

(C.9)

(C.10)

(C.11)

(C.12)

(C.13)

(C.14)

(C.15)
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